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Introduction

Given a map f: M — B of closed topological manifolds, is f homotopic to the projection map
of a fiber bundle of closed manifolds? The fibering problem has a long tradition in geometric
topology: since the 1960s it has been intensively studied and has accompanied the development of
the subject, from surgery theory and the s-cobordism theorem applied in the fibering theorems of
Browder and Levine |[BL65] and Farrell [Far71] to algebraic K-theory used by Steimle in [Stel2].
In this thesis we discuss this problem starting from the work of Farrell, Liick and Steimle [FLS09],
which provides two obstructions whose vanishing is a necessary condition for a map of closed
manifold to be homotopic to a fiber bundle. Moreover, we compare what they achieved with
Farrell’s fibering theorem [Far71| over a circle and Steimle’s stable fibering theorems [Stel2],
which both provide a complete set of obstructions for their cases.

Let us briefly describe what is presented. The main idea to investigate the fibering problem
is to take advantage of the notion of fibration. Fibrations are in fact so similar to fiber bundles
that is quite easy to see if they are actually fiber bundles, but at the same time they are so
general that any map f: M — B can be converted into a fibration f: FIB(f) — B such that
its total space FLB( f) is homotopy equivalent to M. The strategy is first to reduce the problem
to the fibration f and then to check what happens during the "conversion" of the map f into f.
Note that if f is homotopic to a fiber bundle, then the fiber of f has necessarily the homotopy
type of a finite CW-complex. Therefore, this will always be assumed during the discussion.

Let us focus our study to fibrations. A big difference between fibrations and fiber bundles
is that the fiber transport of a fiber bundle along a path is a homeomorphism, while that of a
fibration in general is not. The first obstruction () is therefore meant to measure how "simple"
is the fiber transport of the fibration falong a loop in B. Since by construction this is homotopy
invariant and fiber bundles have "simple" fiber transport, then if f is homotopic to a fiber bundle,
the obstruction 6(f) necessarily vanishes.

At this point, we go back to the general problem and we focus on the conversion of the map
f into the fibration ]? The idea is to check whether we lose any "fiber bundle information"
during this operation. The second obstruction 741, (f), therefore, aims to measure how "simple"
is the homotopy equivalence M =» FIB(f). By construction this has obviously to vanish for fiber
bundles. Therefore, by homotopy invariance, if f is homotopic to a fiber bundle, then gy, (f)
vanishes.

The tool we want to use to measure the "simplicity" of a map is the Whitehead torsion: a
map is said "simple", or rather, a simple homotopy equivalence, if its Whitehead torsion vanishes.
However, this is defined in general in the category of finite CW-complexes, while we mainly work
with spaces that only have the homotopy type of a finite CW-complex, for example with closed
manifolds. Therefore, we have to extend the definition of Whitehead torsion to this kind of spaces.
The idea is to choose for any such space a finite CW-model up to simple homotopy equivalence
and to use it to compute the torsion. We call this a simple structure. Equipping a space with a
simple structure is particularly easy for closed manifolds because they have a canonical choice of
finite C'W-model, but it is quite long for the total space of a fibration, for example for FIB(f),



since this in general is not a manifold. The construction of a simple structure for the total space
of a fibration will be of great importance for us and it will be studied extensively.
At the end of this investigation we obtain the following theorem.

Theorem 0.1. Let f: M — B be a map of closed manifolds with path-connected B. Suppose
that for some b € B the homotopy fiber of f has the homotopy type of a finite CW-complex. Then
if f is homotopic to a map g: M — B which is the projection of a locally trivial fiber bundle with
a closed manifold as fiber, both O(f) and T(f) vanish.

Once this has been proved, it is natural to ask whether, or rather, when, the converse impli-
cation also holds. In second half of this thesis we give an answer to this question in the following
two different ways.

First of all, we focus on the particular case of smooth maps f: M — S' from a smooth
manifold M to a circle. The idea is to compare the obstructions 6(f) and 7qp(f) with Farrell’s
obstructions of [Far71|. It turns out that these invariants do not coincide, but the vanishing of
0(f) and 7xp(f) implies the vanishing of Farrell’s obstructions. Therefore, by Farrell’s fibering
theorem, we conclude that in this case the converse implication of Theorem 0.1 also holds.

Secondly, we study the fibering problem in the more general context of algebraic K-theory.
The idea is to apply the same strategy described above, but taking advantage of the more powerful
tools of algebraic K-theory. In this way we actually obtain a complete set of obstructions, but for
the more general stable fibering problem presented in [Stel2]. More precisely, the obstructions
0(f) and 7, (f) generalize naturally in algebraic K-theory to Steimle’s obstructions and their
vanishing is both a necessary and sufficient condition for a map f: M — B of manifolds to stably
fiber, where stabilization is given by crossing M with disks of sufficiently high dimension.

The work is structured as follows. In Chapter 1, we present the tools that we need to
apply our strategy. In particular, first we introduce the category of fibrations, then we define
fiber transports and fiber trivialization and finally we explain how to convert any map into a
fibration.

In Chapter 2, we focus on the Whitehead torsion theory and we extend it to spaces of the
homotopy type of a finite CW-complex. More precisely, first we recall the classical Whitehead
torsion, then we introduce simple structures to get the new notion of Whitehead torsion and
we describe the simple structure on the total space of a fibration and finally we present as an
example the case of closed manifolds by equipping them with a preferred canonical choice of
simple structure.

In Chapter 3, we give a first answer to the fibering problem. Namely, we describe the
obstructions 6(f) and 74 (f) and we prove Theorem 0.1.

In Chapter 4, we study the particular case of smooth maps f: M — S' from a smooth
manifold M to a circle. In particular, first we explain how in this case the two obstructions
0(f) and 7hp(f) can be summarized in one single invariant 74p'(f) and we investigate the case
of mapping tori and h-cobordisms, then we describe a Bass-Heller-Swan decomposition for the
Whitehead group of 71(M) and finally we present Farrell’s work [Far71] and we compare its
obstruction with 74p(f). We obtain that for this kind of maps the vanishing of 6(f) and 7’ (f)
is both a necessary and sufficient condition for f being homotopic to a fiber bundle.

In Chapter 5, we give an overview to Steimle’s work [Stel2]. In detail, we introduce the
parametrized and excisive A-theory characteristics, we extend the notion of Whitehead torsion to
algebraic K-theory and we prove that Steimle’s obstructions form a complete obstruction theory
in algebraic K-theory for existence and uniqueness of the stable fibering problem. Moreover, we
show that this is actually the generalization of the fibering problem.

Finally, I would like to thank Christoph Winges for the interesting thesis topic he gave me
and the excellent support during this work.



Chapter 1

The category of fibrations

In this chapter we present the category of fibrations and its properties. The notion of fibration is
fundamental to solve the fibering problem. In fact, it generalizes the concept of fiber bundles in
such a way that it no longer requires the local structure of the map, but maintains axiomatically
the fiber transport property. Moreover, it is so general that any map can be converted into a
fibration. In other words, it allows us to easily reduce the fibering problem to this category and,
thus, simplify it.

The work is structured as follows. In Section 1.1, we present the category of fibrations and
we define fiber transports and fiber trivializations. Moreover, given a fibration p: £ — B, we
use them to describe the fiber transport functor

T: B — ho(Top)

from the grupoid of B to the homotopy category of Top, the category of topological spaces. This
will be useful in the following to work with fibers in a functorial way. Finally, in Section 1.2, we
recall how to convert a map into a fibration.

The main references are [Whi78, Chapter I|, [Die08, Chapter 5] and [Swi75, pp. 341-345].

Notation 1.1. Throughout this thesis, we denote I = [0, 1].

1.1 Fiber homotopy equivalences and fiber trivializations

In this section we describe the category of fibrations. In particular, we define it and we study
fiber homotopy equivalences, fiber transports and fiber trivializations. Moreover, we prove some
of their particular properties that will be useful in the following chapters.

The category of fibrations

Let us start with the definition of fibrations between topological spaces.

Definition 1.2. (i) A map p: F — B in Top, the category of topological spaces, is a fibration
if it has the homotopy lifting property, that is, if given a map f: Z — E for a topological
space Z and a homotopy H: Z x I — B such that po f = H(—,0), there exists a homotopy
H':Z x1— FE with H(—,0) = f and po H = H:

ZX{O}%ZL;E

ZxI —" . p
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(ii) Let p: E — B and p': E' — B’ be fibrations. A map of fibrations (f, f): p — p’ consists
of a commutative diagram
E-1.p

Pl lp’
B— B

We denote by Fib the category whose objects are fibrations and morphisms are maps of
fibrations.

Let us consider the subcategory Fib(B) of Fib whose objects are fibrations p: E — B
with fixed base space B and whose morphisms p — p’ from p: £ — B to p': B/ — B are
maps of fibrations of the kind (f,idg): p — p/, that is, maps f: E — E’ such that p' o f = p.
Then Fib(B) has the following natural notion of homotopy equivalence, called fiber homotopy
equivalence, which is based on the notion of fiber homotopy.

Definition 1.3. Let p: E — B and p’: E' — B be objects of Fib(B) and X be in Top. Then:

(i) A homotopy H: X x I — E is called a fiber homotopy if p o H is stationary, that is,
po H(x,t) =po H(z,0) for all (z,t) € X x I.

(ii) Two maps fo, fi: X — E with po fy = po f are called fiber homotopic fy ~, fi if there
is a fiber homotopy H: X x I — E with H(—,0) = fy and H(—,1) = fi.

(iii) A fiber homotopy equivalence f: E — E' from p to p’ is a morphism (f, idg): p — p’ in
Fib(B) such that there exists another morphism (g,id): p" — p with go f ~, idg and
f og Xy ldE/
g
o iy

N/

B

Fiber homotopies respect the homotopy lifting property, as explained in the following lemma.

Lemma 1.4. Let p: E — B be in Fib. Consider two fiber homotopic maps f,g: X — E over
B. Let F and G be solutions of the two following homotopy lifting problems, respectively.

Xx{O}LzE X x {0} —2o B
S S
XxI——B XxI—— B

Then F and G are fiber homotopic over B.

Proof. At first, note that the two homotopy liftings problems are over the same homotopy h:
this is well-defined because f and g are fiber homotopic over B. Now, let H: X x I — E be a
fiber homotopy between f and g and let h’: X x I x I — B be the homotopy which is constantly
h, that is, such that h/(z,t,s) = h(x,s). Denote by A the subset {0} x TUI x {0,1} and define
l: X xA— E by
Uxxixqoy = F, Uxxixqiy =G, lxxfoxr = H

Note that this is well-defined because F(z,0) = f(z) = H(z,0) and G(z,0) = g(x) = H(z,1).
Now, by using the standard homeomorphism I x I — I x I which carries A to {0} x I, we may
interpret the homotopy lifting property for p as saying that there is a lifting L: X x [ x [ = F
of b’ which is [ on X x A. The map L is then a fiber homotopy between F' and G. OJ
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The fiber transport functor

Let us now construct the functor 7': 7B — ho(Top). Recall that, given a space B, we denote by
7w B the grupoid of B, that is, the category whose objects are the points of B and whose morphisms
are the homotopy classes of paths in B. Moreover, we denote by ho(Top) the homotopy category
of Top. As the name "fiber transport functor" says, the idea is that, given a fibration p: F — B,
the functor T maps any point b of B to the fiber of p over b and any homotopy class of paths of
B to its associated fiber transport. Therefore, to describe it rigorously, we have first to define
the fiber transport of a fibration p along a path. We do it by considering the general situation
of a pullback of p along any map f: X — B and then by applying it to the case X = {x} and
f:{x} = B, x—b.

Notation 1.5. Let p: F — B be in Fib. We denote the pullback of p along a map f: X - B
by py: f*E — X.

e, E
pfl lp
X—— B

Note that py is in Fib as well. Indeed, recall that f*E = {(z,e) € z x E|f(z) = p(e)} with
topology induced by product topology and consider the following commutative diagram.

Zx{0}=27Z 2> f*E

[ lpf

ZxI —9% L x

A lifting G': Z x I — f*E of the homotopy G is given by the same G in the first coordinate and
by a lifting to E of foG: Z x I — B in the second one.

Lemma 1.6. Let p: E — B be in Fib. Then:

(i) Let H: X x I — B be a homotopy fo ~ f1: X — B. Let H': fOE x I — E be a solution
of the homotopy lifting problem for H o (pg, x idr): fGE x 1 — B and fo: f§E — E.

f3E —3 E

ngxIWXxITB

Define gy : fE — fiE by H'(—,1) and py, using the pullback property of fiE. Then
(gm,id): fEE — f{E is a fiber map and H' is a homotopy fi o gu ~ fo.

(i) Let K: X x I — B be a second homotopy such that fo ~ f1 and M: X x I xI — B
be a homotopy relative X x {0,1} between H and K. Then M induces a fiber homotopy
L: foE xI— f{E from gy to gk .

Proof. Throughout this proof, we denote by k:Z > Ea lifting to £ of any map k: Z — B.

(i) By construction, we have H'(—,1) = flfo\zivo and thus poH'(—,1) = po(fl/o\};co) = fiopf,-
Therefore, the outer square of the following diagram commutes and g : fiE — f{E exists
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and is well-defined by pullback property.
foE

Moreover, again by pullback property, we have that gp is a fiber map since py, o gy = py,

and that H’ is a homotopy f1 o gy ~ fo since fi o gy = H'(—,1) ~ H'(—,0) = fo.

(i) As with H, let K': f{E x I — E be a solution of the homotopy lifting problem for the
homotopy K o (pys, x idr): fGE x I — B and the map fo: foE — E and let gi be defined
by K'(—,1) and py, using the pullback property of fE. As in the proof of Lemma 1.4,
denote by A the subset {0} x T UI x {0,1} and define M": ffE x A — E by

M/

fiExix{oy = H', M|pparqy =K, M|ppqoyxr = fo

Note that M’ is well-defined, since H'(¢’,0) = fo(e') = K'(€’,0) for any ¢ ¢ € fiE. More-
over, by definition of M, we have po M' = M o (pg, x ida)]
homeomorphism I x I — I x I which carries A to {0} x I and the homotopy lifting property
for p, there is a lifting M': ffE x I x I — E of M o (pg, x id; xid;) which extends the
definition already given on fjE x A. Consider following the map.

L: fEx1— fiE, (¢, t) — (pg,(e), M'(¢',1,1))
Note that it is well-defined because

poM'(€/,1,t) = Mo (ps, x idy xidf)(e’,1,t) = M (py, (), 1,¢) = f1(py, (¢"))

Now, we have L(e’,O) = (ps(€),H'(¢',1)) = gpu(e') and similarly L(¢’,1) = gx(¢').
Furthermore, py, o L(€/,t) = py,(€') = py, o L(€’,0). Hence, L is a fiber homotopy from gg
to gK. O

Remark 1.7. Note that gy is not uniquely defined in general, because it depends on the choice
of a lifting H'. However, since different liftings are homotopic, it is uniquely defined up to
homotopy.

The map gy: fgE — f{E plays the role of transport between pullbacks and so, in the
particular case where X = {x}, of fiber transport. Therefore, we are interested in investigating
its properties.

Lemma 1.8. In the situation of the previous Lemma 1.6, the map gr: f§E — f{E is a fiber
homotopy equivalence.

The proof of this lemma follows by the following more general property of the map gp.

Proposition 1.9. Let p: E — B be in Fib. Consider three maps fo, f1, fo: X — B in Top and
let HyK: X xI — B be homotopies such that fy ~ f1 and f1 >~ fo, respectively. Denote by H x K
the homotopy which is the "concatenation” of H and K, that is, the homotopy H+ K : X xI — B
defined by

Hv Ko t) = H(z,2t) if 0
nh= K(z,2t—1) if %

Then, using the notation of Lemma 1.6, there is a fiber homotopy gk © gr p;, GHAK -
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Proof. Let H': ffExI — Eand K': f{ ExI — E be liftings of Ho(py, xid;) and Ko(py, xidr),

respectively, with H'(—,0) = fo and K’(—,0) = fi. Then gy and gk fit in the following
commutative diagram.

. H'(—,1)
X
Y e
\\QK ’ (1.1)
o ~
Pfo b [BE 22 N F
Nf? P
x 2,5

Similarly, let (H*K)': fiExI — E be alifting of (H % K)o (pg, xidr) with (H*K)'(—,0) = fo.

We have
\\‘)/(_71)
gH*}‘(
v >

P ip (1.2)

foE

Consider the homotopy M: ffE x I x I — B defined by M(€',t,s) = H * K(pf(o)(e’),t) for

e € ffFE and t,s € I. As in the proof of Lemma 1.4, let A = {0} x TUI x {0,1} and define the
map M': ffE x A — E by

MI

fipxixqoy = (H* K)', M'|ppepxpy = H (K'o (g xidy)), M’

FEEx{0}xI = %

where H'* (K'o(gy xidy)) is the "concatenation" of the homotopies H' and Ko (g xidy). Note
that M’ is well-defined, since (H * K)'(¢/,0) = fo(¢') = H' % (K' o (gu x id;)) (€, 0). Moreover,

we have po M/ = M‘fO*Ex/L Indeed, we have
po(Hx*K) = (H * K)o (pg, xidy)
po fo=foopployxr = (H* K)o (pg, xidg)
H id if
po(H/*(K/o(ngidI))): O(pfoxl I) ' ' 1
Ko ((pf1 ° gH) X 1d[) = Ko (pg, xidy) if
:(H*K)O(pfo XidI)

IAIA
—_ N

= O
IA A

Hence, by using the standard homeomorphism I x I — I x I which carries A to {0} x I and by
the homotopy lifting property, there exists a lifting M': ffE x I x I — E of M which extends
the definition given on fjE x A. Consider, now, the following map.

L: fEx I — f3F, (¢, t) = (pgo(€'), M'(,1,1))

Note that it is well-defined since po M'(¢’,1,t) = M(e',1,t) = (H « K)(py,(¢'),1) = fa(py, (€')).
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Moreover, it is a homotopy such that gx o gy ~ gmg«x. Indeed, we have
L(¢'.0) = (pg(¢). M'(¢/,1,0))
= (po(e), (H + K)'(¢',1))
= (pfz (QH*K(el))vﬁ(gH*K(el)D

= gH*K(el)

where we have used the commutativity of diagram (1.2), and

Pa(e); o (gn x i) (¢',1))
Pao(¢) K o (gn x idp)(e/, 1)
(€

(
(

= (pfo ), K'(gu(e), 1))
(b

(pfo(e’ M'(€,1, 1))
K

(9x o gu(e")), f2(9x © QH(GI))>

K ogu(e')

where we have used the commutativity of diagram (1.1). Finally, L is a fiber homotopy since
pf, o L(€',t) = py,(e') = ps, o L(€’,0). Thus, L is a fiber homotopy from gk o gg to gr«x. O

The proof of Lemma 1.8 now follows easily by Proposition 1.9.

Proof of Lemma 1.8. Define H=: X x I — B to be the homotopy H "reversed", that is, the
homotopy such that H~ (x,t) = H(xz,1—t). Then, by Proposition 1.9, we have gg-ogr ~ 9g«H--
Moreover, since there is an obvious homotopy M : X x I x I — B from H * H~ to the constant
homotopy fo: X x I — B, (z,t) — fo(x), by Lemma 1.6(ii) we obtain gg- o gy ~ gg,. Now,
by definition, we have that gy, is (homotopic to) the identity ids:g. Hence, we conclude that
gu- © gy ~1dg;p. Similarly, also gy o gg- ~ idgrp. Therefore, the map gy is a homotopy
equivalence. Finally, since all the homotopies that we have used are fiber homotopies, gy is a
fiber homotopy equivalence. O

Before considering the particular case X = {x}, let us study how the map gz behaves in case
of restrictions and fiber homotopy equivalences. These properties will be particulary useful in
the following chapters.

Lemma 1.10. Consider the situation of Lemma 1.6 and let Y be a subspace of X. Denote by
K:Y x I — B the homotopy Hly«; between the restrictions foly and fi|y. Then, under the
identification (foly)*E = (fo E)|ly and (fily)*E = (f{E)|y, we have that gx is fiber homotopic
to gH|y.

Proof. Consider the lifting H': ffE x I — E of H of Lemma 1.6. Then it is clear that the
restriction of H' to (foly)*E % I is a solution of the homotopy lifting problem of Lemma 1.6 for
the homotopy K. Therefore, we can conclude by Lemma 1.6(ii). O

Lemma 1.11. Let p: E — B and p': E' — B be in Fib and ¢: E — E' be a fiber homotopy
equivalence. Consider a homotopy H: X x I — B between two maps fo, f1: X — B and let
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g [GE — f{E and ¢y : f§E — f{E" be defined as in Lemma 1.6. Then the following diagram
commutes up to fiber homotopy.

foe
foB —= f5E'
ng lgH
* fl | /
fE — [{E

where f7p is the map on pullbacks induced by the following diagram for i =0,1.

E

H H i

/

SECLENGY > SV S 5

Proof. Let v: E' — E be a fiber homotopy inverse of . Consider the following diagram

) \/[ fOTZJXidI

where the map fJ1 is defined in the same way as fj¢ and the middle rectangle is a homotopy
lifting problem with solution H’. Obviously, also the outer rectangle defines a homotopy lifting
problem and its solution is given by the map

H'=poH o(fiy xidy): f{E' xI — F'

Now, the maps fo: ffE'x {0} — E’ and po fyo fi1) are fiber homotopic. Hence, by Lemma 1.4,
the map H” is fiber homotopic to the solution H"” of the following homotopy lifting problem.

fSE/ X {0} fo — E/

fiBE'x] —— X xI —— B

In particular, the maps H"(—,1) = ¢ o H'(—,1) o f§¢ and H"(—,1) from fjE' to E’ are
fiber homotopic. Therefore, using the definition of pullback, the maps ps,: ffE — X and
P, fOE — X and the definition of g and gj;, we obtain that f{'¢ o gy o fi¢ and g} are fiber
homotopic and the lemma holds. O

We reduce now to the case of fibers. In particular, we apply Lemma 1.6 with X = i*} and
f: X — B, %+ b for some b € B, so that the pullback is the fiber Fy, = p~1(b) and f is the
inclusion Fj — FE.

Definition 1.12. Let w: I — B be a path in B and consider its homotopy class [w]. Apply
Lemma 1.6 to X = {*} and the homotopy H = w between the maps fy, fi: X — B such that
fi(¥) = w(i) for i = 0,1. We define t[w]: F,,9) — Fy,1) to be the homotopy class of the maps
gr and we call it the fiber transport along w.

Remark 1.13. (i) The fiber transport has the following properties:

e if v and w are path with v(1) = w(0), then t[w] o t[v] = t[v * w];
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e the constant path ¢, induces the identity on Fy.

Indeed, the first one follows by Proposition 1.9 and the second one is obtained by defining
H to be the constant homotopy.

(ii) Using the notation of Lemma 1.6, for each x € X the map Fy ;) — FY,(y) induced by gu
represents the fiber transport along the path H(x,—).

We can now finally define the fiber transport functor 7.
Definition 1.14. Let p: E — B be in Fib. We define the fiber transport functor

T: 7B — ho(Top)

from the grupoid 7B of B to the homotopy category of Top to be the functor which maps any
b € B to its fiber F}, and any homotopy class [w] of paths in B to its associated fiber transport
t{w].

Remark 1.15. This functor is well-defined by Remark 1.13.

Fiber trivializations
To conclude this section, let us introduce the notion of fiber trivialization and study its properties.

Definition 1.16. Let p: £ — B be in Fib and f: X — B be a map in Top. Consider x € X
and b € B. Let w: I — B be a path from b to f(x). A fiber trivialization of f*E with respect to
(b, z,w) is a fiber homotopy equivalence T': Fy, x X — f*E over X such that the map Fj, — Fi ()
induced by T represents the fiber transport t[w] for p along w.

Fyx X —L
\\p
X—>B

Remark 1.17. The notion of fiber trivialization is well-defined. More precisely, any fiber homo-
topy equivalence T': F, x X — f*E induces a map Fy, — Fy(y). Indeed, if (e,7) € Fj x X with
x fixed, then we have

pofoT(ex)= foppoT(e,x)= f(pr(e,x)) = f(x)
Therefore, f o T(—,x) is a map Fy — Fy ().

Lemma 1.18. Consider the situation of Definition 1.16 and suppose that X is contractible.
Then:

(i) There exists a fiber trivialization with respect to (b, z,w).
(i) Any two fiber trivializations with respect to (b, x,w) are fiber homotopic.

(iit) LetT;: Fp, x X — f*E be a fiber trivialization with respect to (b;, x;,w;) fori = 0,1. Choose
a path v: I — X from xqg to x1. Let t: Fy,, — Fy, be a representative of the fiber transport
of p along wo * f(v) * wy . Then we get a fiber homotopy such that T1 o (t x idx) =2, To.

Fpyx X —29 5 pox X

N

f'E
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(iv) Let H: X x I — B be a homotopy such that fo ~ fi1. Let v be the path in B from fo(x)

to fi(x) given by H(x,—) and let wy be a path from b to fo(x). Put wy = wy xv. Let
Ti: Fy x X — fXE be a fiber trivialization of f'E with respect to the triple (b,x,w;) for
i=0,1and let gg: fGE — f{E be the fiber homotopy equivalence of Lemma 1.6(1). Then
we get a fiber homotopy over X such that g o Tp ~p Th.

FbXX

AN

ol ——gr— [iE

Proof. (i) Consider the situation of Definition 1.16. By contractibility of X, there exists a

(if)

homotopy G: X x I — X relative {z} from the constant map const,: X — {z} — X to
the identity idx. Define H: X x I — B to be the homotopy

(2.1) s w(t) fo<t<i
’ foG(z,t) if<t<1

from the constant map const,: X — {b} — B to f. This is well-defined by definition
of the path w. Then, by Lemma 1.6(i), since the pullback of p along the map const is
Fy x X, there exists a fiber homotopy equivalence T' = gp: F, x X — f*E. Now, the path
H(z,—): I — B is (homotopic to) the path w. Therefore, by Remark 1.13(ii), the map

foT(—,z): Fy = Fy(y) induced by T represents the fiber transport t[w]. Hence, T"is a
fiber trivialization with respect to (b, z,w).

Let Ty, Th: Fp x X — f*E be two fiber trivializations of f*E with respect to (b, z,w).
Consider the following homotopy lifting problem

Fyx X x {0,1}UF}, x {z} x [ =2 f*E

Fyx X xI1 X

prx

where pry: F, x X x I — X is the projection map (e,z,s) — x onto X and the map
A Fy x X x{0,1} U Fy x {z} x I — f*E is defined by

To(e,y) ifs=0
(6, Y, 5) = Tl(e, ) ifs=1
( [w](€)7x) fy=ux

Note that A\ is well-defined since both Ty and 77 are fiber trivializations. Moreover, the
left vertical map of diagram (1.3) defines a strong deformation retract by [Whi78, (5.2)].
Indeed, we have

Fyx X x {0,1} U Fy x {z} x I = (F},,0) x (X, {z}) x (1,{0,1})

and {0,1} and ) are neighborhood deformation retracts of I and Fj, respectively, and {z}
is a strong deformation retract of X. Therefore, we can conclude by [Whi78, Lemma (7.15)]
that there exists a solution H: Fj, x X x I — f*E of the previous lifting problem (1.3).
Such H is by construction exactly the required fiber homotopy Ty ~ T7.
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(iii) By construction, using the notation of Lemma 1.6, we have that ¢ x idx = gx for the
homotopy K: X x I — B defined by K(x,t) = wo * f(v) * wy (t) for x € X and t € I.
Moreover, by part (i) and (ii) of this lemma, we may assume without loss of generality that
T1 = gu, where Hy: X X I — B is a homotopy from the constant map const,, to f such
that Hy(z1,t) = wi(t). Therefore, by Proposition 1.9, there exists a fiber homotopy such
that

Ty o (t X idx) = 0H, ° 9K = 9Kx*H,;

Now, the map K * H; is a homotopy from the constant map consty, to the map f such
that K « Hy(z1,t) = (wo * f(v) xwy ) * wi(t). Moreover, we obviously have that

wo * f(v) *xwy *wy >~ wp* f(v)

Therefore, the map T o (t X idx) is up to fiber homotopy a fiber trivialization with respect
to (bo, z1,wo * f(v)). Let H: X x I — B to be the homotopy of part (i) from consty, to f
that realizes T o (t X idx) as such fiber trivialization. Then, H may be obviously written
up to homotopy as

(.1) wo(2t) fo<t<i
H:L'7 = —~
H(z,2t—1) if3<t<1

where H is a homotopy relative {wo} from consty(,,) to f such that fl(xl,t) = f(v).
Therefore, H realizes T o (t x idy) also as fiber trivialization with respect to the triple
(bo, 2o, wp). Hence, we can conclude by part (ii).

(iv) Assume without loss of generality by part (i) and (ii) that for ¢ = 0,1 we have T; = gp;,
where H;: X x I — B is a homotopy from the constant map const, to f such that
H;(x,t) = w;(t). Then, by Proposition 1.9, we obtain that gy o gp, is fiber homotopic
to gH,«m, which is a fiber trivialization with respect to wg * v = w;. Therefore, we can
conclude by part (ii). O

1.2 Turning map into a fibration

In this section we recall how to convert any map into a fibration. This will be of great importance
in the following chapters to reduce the fibering problem to the category of fibrations.

Proposition 1.19. Let f: X — B be a map in Top. Define the space FIB(f) to be the set
FIB(f) = {(z,w) € X x B'|w(0) = f(x)}

with the product topology, where B is the space of maps I — B with the compact-open topology.
Consider the following maps:

F:X 5B, (z,w) e w(l)
Ar: X — FIB(f), T+ (x, const f(y))
py: FIB(f) = X, (z,w) =z
Then, f: X — B is in Fib, the map Ay is a homotopy equivalence and piy s a homotopy inverse

of Ay. Moreover fo Ap=Ffand four~f.

Proof. We prove first that Ay is a homotopy equivalence with homotopy inverse py. Obviously,
we have that yy o Ay =idx. On the other hand, the composition Ay o ys(z,w) = (v, consts(,))
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is homotopic to idprg(s) via a homotopy H: FIB(f) x I — FIB(f) defined by (z,w,t) — (z,w;)
where wy: I — B is the path wi(s) = w(t - s). Therefore, we can conclude.
Now, the equation foA; = f follows by a direct computation. Moreover, by pre-composition

with py, it also holds that fopuy ~ f Hence, it remains only to show that f is in Fib. For this,
consider the following homotopy lifting problem.

7z % FIB (f)

Lo s

ZXITHB

Write the map go as go(z) = (h(2),w.) for h: Z — X and w,: I — B. Define G: ZxI — FIB(f)
by

G(z,t) = (h(z),wz *x Gz, — - t))
where the second coordinate is the path w, followed by the path G(z, —t): I — B, s = G(z,s°t).
This is well-defined because G(z,0) = f o go(z) = w.(1). We claim that G is a solution of the

prev1ou5 homotopy lifting problem. Indeed, it is a continuous map, at level 0 it is (homotopic
t0) go(z) = (h(2),w,) and fo G(z,t) = w, * G(z,— - t)(1) = G(z, t). Hence, fis'in Fib . O

Definition 1.20. The map f: FIB(f) — B of the previous proposition is called the fibration
associated to f. Its fiber over b is called the homotopy fiber of f over b and is denoted by
hofib( f)p.

To conclude this chapter, we study how this construction fits with fibrations and homotopies.

Lemma 1.21. (i) If f: E — B is already in Fib, then A\y: E — FIB(f) is a fiber homotopy
equivalence. In particular, the homotopy fibers of f are homotopy equivalent to the actual

fibers.

(is) If H: X x I — B is a homotopy such that f~g: X — B, then it induces a fiber homotopy
equivalence H: FIB(f) — FIB(g).

Proof. (i) Consider the following homotopy lifting problem

FIB(f) —; E
f
FIB(f) <1 —— B

where G: FIB(f) x I — B is a homotopy defined by (e, w,t) — w(t). Denote by n the
map G(—,1): FIB(f) — E. Then, we claim that 7 is a fiber homotopy inverse of Af.
Indeed, let us first show that A; o7 is homotopic to the identity. Consider the homotopy
H: FIB(f) x I — FIB(f) defined by H(e,w,t) = (é(e,w,t),w’) where w’: I — B is the
restriction of the path w to [t,1]. We have that H is such that idpg(s) = Ay o 7. Indeed,
at level 0 we have

H(ea w, 0) = (é(ea w, 0)7 w) - (:uf(ev ’IU), U}) = (67 w)
and at level 1 it holds

H(e,w,1) = (n(e,w),consty,y) = As(n(e, w))
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(if)

Moreover, H is a fiber homotopy, since

foH(e,w,t) =w'(1) =w(l) = f(e,w) = f o H(e,w,0)

Therefore, Ay o7 is fiber homotopic to the identity idprps).-
It remains to prove that 1o A; is fiber homotopic to idg. For this, let K: £ x I — E be

the homotopy defined by K (e, t) = G(/\f(e), t). Then, K is a fiber homotopy, since for any
t € I it holds

foK(et)=fo G(Af(e),t) = G(Af(e),t) = G(e,consty,,t) = f(e)

Moreover, we have that

K(e,0) = G(Af(e),0) = pus(Ap(e)) =e
and B
K(e,1) = G(Af(e),1) =noAs(e)
Therefore, K is a fiber homotopy such that idg ~no Ay.

Let H: X x I — B be a homotopy such that f ~ g: X — B. Let H": X xI — B
be the homotopy H "reversed". Define H: FIB(f) — FIB(g) by H(z,w) = (z,v) where
v: I — B is the path given by

(H(z,2t) if0<
v(t) = {w(2t— 1) i) <

The path v is well-defined because H~ (z,1) = H(z,0) = f(z) = w(0). We claim that
H is a fiber homotopy equivalence. Indeed, it is obviously a fiber map, because we

~

have :q\(fl(x,w)) = w(l) = f(z,w). Moreover, if we apply the same construction to
the homotopy H ™, then we get a fiber homotopy inverse H~ of H. Let us prove that
H-0oH ~ B idpip(s)- The other composition is completely dual, since H = (H~)~. Con-

sider the map H~oH. It sends the element (x,w) € FIB(f) to an element (z,u) € FIB(f)
where u: I — B is the following path:

H(z,2t) fo<t<i
u(t)= H (x,4t—2) if i<t <3
w(4t —3) if 3 <t<1

Define the homotopy K: FIB(f) x I — FIB(f) by K(z,w,s) = (x,us) where us: I — B
is the following path:

H(z,2ts) fo<t<i
ug(t) = H™ (2,1 —s+ (4t —2)s) if$<t<?
w(4t — 3) if 2 <t<1

Then K is well-defined because us(0) = H(z,0) = f(z). Moreover, at level 0 it is (homo-

g

topic to) idprp(y) and at level 1 it is H~ o H. Finally, it is a fiber homotopy, since

~ ~ ~

foK(z,w,s) =us(1) =w(l) = f(z,w) = f o K(x,w,0)

Therefore, K is a fiber homotopy such that H-oH ~ 7 idpg(s) and we can conclude. [



Chapter 2

Whitehead torsion and simple
structures

The obstructions to fibering a manifold measure the "simplicity" of a certain homotopy equiva-
lence. This chapter is devoted to the development of the tools to make this kind of measurements.
In particular, we focus on the notion of Whitehead torsion of a homotopy equivalence. The goal is
to extend it from the category FCW of finite C'W-complexes, which is the natural environment
of this tool, to the category Man of closed topological manifolds, where the fibering problem
is defined. The natural idea to do this is to choose some preferred finite C'W-model on closed
manifolds and compute the torsion using it. More generally, since our strategy consists turning
maps into fibrations and the total space of the fibration associated to a map of closed manifolds
is not in general a closed manifold, we consider the category TFCW of spaces of the homotopy
type of a finite C'W-complex, of which Man is a subcategory, and we equip its object with a
new structure, called simple structure, which consists on the choice of a CW-model up to simple
homotopy equivalence. Then, we can define the new Whitehead torsion simply as the classical
one computed on the level of these structures.

The work is structured as follows. In Section 2.1, we review the classical Whitehead torsion
in FCW. In Section 2.2, we introduce the notion of simple structure, we extend the Whitehead
torsion theory to TFCW and we explain how simple structures fit with all the canonical con-
struction of this category, in particular with fibrations. Finally, in Section 2.3, we present the
particular case of Man as an example by simply defining the preferred simple structure on a
closed manifold.

2.1 The Whitehead torsion

The aim of this section is to present briefly the notion of Whitehead torsion and to summarize
its more important properties. A more detailed description may be found for example in [Coh73]
or in [LM23|.

Let G be a group and consider the group K (ZG) as defined in [LM23, Section 3.2]. We define
the Whitehead group Wh(G) of G to be the quotient of K;(ZG) with the subgroup generated by
the elements [+g] with g € G, where [£g] is the equivalence class in K7 (ZG) of the (1 x 1)-matrix
with entry +¢g € ZG. Moreover, if X is a space, we define the Whitehead group Wh(wX) of X
to be

Wh(rX)= € Wh(m(C))
Cemp(X)

Note that the rule X — Wh(7nX) defines a functor Wh: Top — Ab from the category of

13
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topological spaces to the category of abelian groups. We denote by f.: Wh(7X) — Wh(7Y)
the group homomorphism given by Wh(f) for any morphism f: X — Y in Top.

The Whitehead torsion is now a map which assigns to any homotopy equivalence f: X — Y
in FCW an element 7(f) € Wh(nY). An explicit algebraic construction may be found in
[LM23, Section 3.3].

The most important properties of the Whitehead torsion are listed in the following lemma.
Lemma 2.1 ([LM23, Theorem 3.1]|). The Whitehead torsion has the following properties:

(i) (Homotopy invariance) Let f ~ g: X — Y be homotopic maps in FCW. Then the ho-
momorphism fi, g«: Wh(nX) — Wh(nY) agree. In addition, if f and g are homotopy
equivalences, then

m(f) =7(9)

(i) (Composition formula) Let f: X — Y and g: Y — Z be two homotopy equivalences in
FCW. Then

7(go f)=7(9) + g-7(f)

(11i) (Sum formula) Consider the following diagram in FCW

ai

X() c > X1
fi
fO\J bl\
a2 Yo < “ J Yy
Xy — 2 X 2

o
~

where the front and back squares are pushouts. Assume that f; is a homotopy equivalence
for any v =1,2,3 and that f is the map induced by fo, f1 and fo and the pushout property.
Let jo: Yo = Y be the map j1 oi1 = jooia. Then f is a homotopy equivalence and

7(f) = ()7 (f1) + (J2)«7(f2) — (Jo)«7(fo)

(iv) (Product formula) Let fi1: X1 — Y1 and fo: X9 — Yo be two homotopy equivalences between
connected objects of FCW. Define i1: Y1 — Y1 X Y and is: Yo — Y7 X Y5 to be the
inclusions y — (y,y2) andy — (y1,y) for some base point yo € Yo and y; € Y1, respectively.
Then

T(f1 % f2) = x(Y1) - (i2)«7(f2) + x(Y2) - (i1)«7(f1)

where the integer x(Y;) denotes the Euler characteristic for j =1,2.

(v) (Topological invariance) Let f: X — Y be a homeomorphism in FCW. Then

m(f) =0
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Simple homotopy theory

In the last part of this section, we show briefly the geometric interpretation of Whitehead
group and Whitehead torsion: the simple homotopy theory. References for this subsection are
[LM23, Section 3.4] and [Coh73, Chapter 2].

Notation 2.2. For any CW-complex X, we denote by X,, the n-skeleton of X.

Consider the upper hemisphere Sﬁ_l of S"~1. Note that the pair (D", Si_l) has a natural
relative C'W-structure, given by an (n — 1)-cell to obtain S”~! and an n-cell to get D™. Denote
by S"2 C Si_l the equator. Let X be in FCW and ¢: Si_l — X be a map such that
@(S"2) C X,_o and p(ST") C X,,_1. Let Y be the space defined by the following pushout
square

Si_l X

]
D" — Y

where 4 is the canonical inclusion. Then Y has the following canonical C'W-structure:

F(X1) ifk<n-—2
Yi=47i(Xp 1) Up(S™Y) ifk=n-1
J(XR)Up(D™)  ifk>n

In other words, Y is obtained from X by attaching one (n — 1)-cell and one n-cell. Moreover,
the map j is a homotopy equivalence. We call such a j: X — Y an elementary expansion and
any homotopy inverse of j an elementary collapse.

Definition 2.3. We say that a map f: X — Y in FCW is a simple homotopy equivalence if

there is a sequence of maps X = X|0] Jo, X[1] ELN X[2] EENSE N X[n] =Y in FCW such
that f; is either an elementary expansion or an elementary collapse for any ¢ =0,...,n — 1 and

f is homotopic to the composition f,_10---0o fo.

Now, fix a space X and let C(X) be the set of finite CW-complexes Y relative X such that
the inclusion X — Y is a homotopy equivalence. Define Wh&®°(X) to be the set C(X) modulo
the equivalence relation generated by cellular isomorphisms and elementary expansions. By
[Coh73, (6.1)], the addition [Y]+[Z] = [Y Ux Z] makes Wh&®°(X) an abelian group with the zero
element given by [X]. This group is called the geometric Whitehead group of X and is isomorphic
to the Whitehead group Wh(nX) by |[LM23, Theorem 3.37|. In other words, Wh&®°(X) is the
geometric interpretation of Wh(7X'). As with Wh(—), note that also Wh#®°(—) defines a functor.
We denote again by f. the group homomorphism Whe®(f): Wh&*(X) — Whe®(Z) for a map
f: X = Z in Top.

Consider now a homotopy equivalence f: X — Z in FCW. Then, by [Coh73, Section 22],
the geometric interpretation of the Whitehead torsion 7(f) of f is given by the element f, [cyl( f )}
in Whg®°(Z), where cyl(f) is the mapping cylinder of f seen as a finite C'W-complex relative X
and f, is defined as above.

In this geometric framework, it is not difficult to understand that the Whitehead torsion
measures the "simplicity" of a homotopy equivalence. More precisely, it is the obstruction for a
homotopy equivalence to be a simple homotopy equivalence, as stated in the following lemma.

Lemma 2.4 (Obstruction property, [Coh73, (22.2)]). A homotopy equivalence f: X — Z in
FCW is a simple homotopy equivalence if and only if 7(f) € Wh(Z) vanishes.
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2.2 Simple structures

In this section we extend the notion of Whitehead torsion of a homotopy equivalence from the
category FCW of finite CW-complexes to the category TFCW of spaces of the homotopy
type of a finite CW-complex. The idea is to add a new structure to these spaces, called simple
structure, which is well-constructed as it is compatible with the canonical operations of this
category. In particular, this structure fits well with fibrations and therefore it is particularly
well-suited to study the fibering problem.

Simple structures and Whitehead torsion

Let us start by defining the following equivalence relation. Fix a space Y in TFCW and consider
the category FCW ;- whose objects are homotopy equivalences f: X — Y in TFCW with X
in FCW and whose morphisms g: fi — fo with f;: X; — Y for ¢ = 1,2 are maps ¢g: X1 — X»
in FCW such that foog = fi.

X1L>X2

N

We say that two homotopy equivalences f1: X1 — Y and fo: X — Y in FCW )y are simply
equivalent if there exists a morphism g: f; — f2 such that 7(g) = 0. Note that being simply
equivalent is well-defined, since any morphism g: fi — fo is by construction a homotopy equiv-
alence. Moreover, it is an equivalence relation. Indeed, if we denote by f5° 1 a homotopy inverse
of fa, then, by homotopy invariance of the Whitehead torsion, we have 7(g) = 7'(f2’1 o f1).
Therefore, by obstruction property, fi is simply equivalent to fo if and only if f; Lo flisa
simple homotopy equivalence. Using this and Lemma 2.1, it is easy to conclude that this is an
equivalence relation.

Definition 2.5. (i) A simple structure £ on a space Y in TFCW is a choice of a simple
equivalence class of an object u: Z — Y of FCW )y-. Moreover, if Y is in FCW, we
call the simple structure represented by idy the canonical simple structure {ean(Y) on Y.
We denote by SStruct the category whose objects are pairs (Y,¢) with Y in TFCW
and ¢ a simple structure on Y and whose morphism f: (X,¢) — (Yn) are the morphisms
f: X =Y in TFCW.

(ii) Let f: (X,€) — (Y,n) be a homotopy equivalence in SStruct. We define its Whitehead
torsion by
7(f) = var(v"' o f ou) € Wh(nY) (2.1)

where u: X’ — X and v: Y/ — Y are representatives of the simple structures & and 7,
respectively, and 7(v=! o f ou) € Wh(mY”) is the classical Whitehead torsion recalled in
the previous section.

X' Y’

ul: . le
X % Y

Remark 2.6. e Note that the Whitehead torsion in SStruct is well-defined. Indeed, let
ur: X1 — X and v1: Y{ = Y be other two representatives of £ and 7, respectively. Then,
by Lemma 2.1 and the definition of simple structure, we have

ver(v ™ o fou) =ver(v T owyovyt o fougourt ou) = (v1)w(vy o fou)
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e By abuse of notation, we denote the Whitehead torsion in SStruct as the classical one: in
the following, it will be clear from the context which definition we are using.

Before investigating the properties of the new definition of Whitehead torsion, we need to
understand how simple structures fit with the operations of the category TFCW. In particular,
we are interested in its behavior with homotopy equivalences, disjoint unions, pushouts and
products. Let us start with the two easiest cases.

Example 2.7. Let f: X — Y be a homotopy equivalence in TFCW and let £ be a simple
structure on X. Then Y has a canonical choice of simple structure such that 7(f) = 0 denoted
by f«& and defined as follows. Consider a representative u: X’ — X of £&. Then we define f.£ to
be the simple structure represented by fowu: X’ — Y. Note that it is obviously well-defined.

Example 2.8. Let X and Y be in SStruct with simple structures £ and 7, respectively. Then
the disjoint union X II'Y has canonical choice of simple structure denoted by & II  and defined
as follows. Let u: Z — X and v: W — Y be representatives of £ and 7, respectively. We define
& I n to be the simple structure represented by v Hv: ZII W — X I1Y. Note it is obviously
well-defined by the sum formula of Lemma 2.1.

Let us construct now with the pushout simple structure.

Notation 2.9. From now on, in this section, we assume without loss of generality that all the
maps in FCW are cellular. This can be done by using the cellular approximation theorem
[Hat02, Theorem 4.8]. Note that by homotopy invariance this does not change the torsion of the
maps involved.

Construction/Proposition 2.10. Let (X;,&;) be in SStruct for i = 0,1,2 and consider the
following pushout square in Top

Yo — sy,

J )

J2

where i1 a cofibration. Then Y is in TFCW and there is a canonical simple structure £ on Y
which we call the pushout simple structure and which is constructed as follows. Let u;: X; — Y;
be homotopy equivalences representing &; for i = 0,1,2. Choose the following pushout diagram
in FCW

Xo‘a—1>X1

an lbl (2.2)

Xy <25 X
where a1 and by are inclusions of C'W-subcomplexes and the n-skeleton X, of X is the subspace
bl((Xl)n) U bz((XQ)n) for every n > —1. The pushout property yields a map u: X — Y which
is a homotopy equivalence by [Die08, Proposition (5.3.4)]. Define the pushout simple structure
£ on Y to be the one represented by wu.

Remark 2.11. The fact that Y is in TFCW follows immediately by construction, since X is
obviously in FCW and u: X — Y is a homotopy equivalence.

To show that this construction is well-defined, we need the following particular property of
the Whitehead torsion.
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Lemma 2.12. Consider the following commutative diagram in Top

a2

Xi +—— X, X
iul iuo lm
Vi oy 2y, (2.3)
}Jl }JO Tvz
Z > Zo —2— 7

where the top and bottom rows are cellular pushout diagrams in FCW, i1 is a cofibration and all
the vertical maps are homotopy equivalences. Let X, Y and Z be the pushouts of the three rows,
respectively, and u: X —Y and v: Z — Y be the maps induced by the u; and v;, respectively.
Then, the following formula holds in Wh(zY")

vt (0™ ow) = (1)(v1)T (07t o wr) + (Jo)u(v2)u(vy ' 0 u) = (o) (v0)s(vg o wg)  (2.4)
where j;: Y; =Y fori=0,1,2 are the structure maps of the pushout.

Proof. Let us assume first that io and co are cofibrations. In this particular case, the homotopy
inverses of the maps v; induce a homotopy inverse of the map v by [Die08, Proposition (5.2.8)].
Hence, we can conclude by applying the sum formula of the Whitehead torsion.

Let us consider now the general case. By [Die08, Section 5.3], diagram (2.3) induces a diagram
where (X2, a2), (Ya,j2) and (Za,c2) are replaced by the inclusions in the respective mapping
cylinder cyl(az), cyl(j2) and cyl(ca). Moreover, such inclusions are cofibrations. Therefore, since
cyl(az2) and cyl(c2) are in FCW,, if we prove that the replacement does non change the Whitehead
torsions involved, we can reduce to the previous case and conclude. But such replacement is done
through the projection maps p: cyl(az) — X3 and ¢: cyl(c2) — Z3, which are simple homotopy
equivalence by [Coh73, (5.1A)|. Therefore, the claim follows easily by composition formula and
obstruction property of the Whitehead torsion. OJ

Proof of Construction/Proposition 2.10. Let us start by proving that diagram (2.2) exists. In
particular, we show that, given the representative (Xg,ug) of &, there exists a representative
(X1,u1) of & such that Xy is a subcomplex of X; and the following diagram commutes.

Xo‘a—1>X1

uol lul

YE)T>Y1

Consider a representative ()/a, up) of & and let a1 : Xo — )/{1 be a map such that ujoay ~ i1 0ug.
Then, by [Die08, Section 5.3|, the map a; factors as a3 = p o a; where a;: Xo — cyl(ay) is the
cofibration given by the inclusion into the mapping cylinder and p: cyl(a;) — )?,1 is a homotopy
equivalence. Define X7 = cyl(a1) in FCW. We obtain the following homotopy commutative
diagram.

Xo 25 X,

w| el

YOT>Y1

Let u; be the map obtained by the cofibration property of a; applied to the homotopy H
with initial condition uj o p. Then (X7, uq) is the wanted representative of &;. Indeed, it is a
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representative of & because we have T(&\I_l owuy) = 7(p) = 0, since u; ~ uyop and p is a
simple homotopy equivalence by [Coh73, (5.1A)]. Moreover, by construction, a; is an inclusion
and upr cay = il o uQ.

We show now that the construction does not depend on the choice of representatives u; of
the simple structures &; for ¢ = 0,1,2. Let v;: Z; — Y; be other representatives of the simple
structures & for ¢ = 0,1,2. Then, by definition, 7'(ui_1 ov;) = 0 for i = 0,1,2. Therefore, by
Lemma 2.12, since the right hand side of formula (2.4) vanishes, we have that 7(v=! ou) = 0.
Hence, the induced simple structure is the same. O

Example 2.13. Let X be in FCW. Counsider the following pushout describing the n-skeleton

of X.

H'E[ qi
]—[In STL—I Z—n> Xn_l

! J

o, D" 1 e X

Equip Hln Sn=t HI’n D™ and X,,_; with the canonical simple structure with respect to any
CW-structure. Then the pushout simple structure on X,, agrees with the canonical simple
structure with respect to any CW-structure. Indeed, by the cellular approximation theorem
[Hat02, Theorem 4.8] and by [Coh73, (7.1)|, we can assume without loss of generality that the
characteristic maps are cellular. Moreover, by topological invariance of the Whitehead torsion, we
can choose our preferred C'W-structures on the spaces involved. Therefore, we can reduce to the
case where S”~1 has some finite CW-structure, D™ has the C'W-structure obtained from the one
of S"~1 by attaching one n-cell, X,,_; and X,, has the given C'W-structures and the characteristic
maps are cellular. But in this case, the claim is obviously true, since the C'W-structure on X,
is exactly the pushout of the other structures.

Finally, we present how to construct a canonical simple structure on the product of two spaces
in SStruct.

Construction/Proposition 2.14. Let (X,¢) and (Y,n) be in SStruct. Let u: Z — X and
v: W — Y be representatives of £ and 7, respectively. We define the product simple structure
Exmon X xY to be the one represented by u x v: ZxW — X x Y.

Proof. We prove that the product simple structure £ xn on X xY does not depend on the choice
of representatives of & and n. If X and Y are connected, this follows directly by the product
formula of Lemma 2.1. Hence, let us assume that X or Y are not connected. Let v': Z/ — X and
v': W’ — Y be other two representatives of £ and 7, respectively. Any space is the disjoint union
of its connected components. Moreover, the connected components of a finite CW-complex are
again finite CW-complexes. Therefore, we can conclude by the sum formula and the previous
case as follows

T((uxv) o xv')) = H 7((us x v;) "o (4] xv})) =0

iemo(X), jemo(Y)

where u;, u;, vj and v are the homotopy equivalences induced by u, v, v and v’ on connected
components, respectively. O

Thanks to these constructions, we can finally study the properties of the Whitehead torsion
in SStruct. Both Definition 2.5 and the simple structures defined above are very clear and
natural. Therefore, it is easy to understand that this new definition has the same behavior of
the classical one, as stated in the following lemma.
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Lemma 2.15. The Whitehead torsion in SStruct satisfies the homotopy invariance and the
composition formula as stated in Lemma 2.1. Moreover, if we equip pushouts with the pushout
simple structure and products with the product simple structure, it satisfies also the sum formula
and the product formula.

Proof. This lemma follows by direct computation using Definition 2.5 and Lemma 2.1. O

The simple structure on a total space of a fibration

A natural question at this point is whether simple structures are suitable for our case. Given
a map f: M — B in Man, our strategy to solve the fibering problem is to convert f into a
fibration and to compute some torsion to understand what happens if f is homotopic to a fiber
bundle. As we have just studied, to do this, we need to equip the total space FIB(f), which is not
in general in Man, with a simple structure. Therefore, a more precise question is whether there
is a canonical way to equip the total space E of a fibration p: E — B with a simple structure,
given those of the base space B and the fiber F. The remainder of this section is devoted to
answer to this question in the particular case where B is in FCW. Once we know this and the
first obstruction, under some particular assumption on the fibration, the construction in the case
where B is in TFCW can be obtained quite easily by taking the pullback over a representative
of the simple structure of B: we will present this in the next chapter.

The program is as follows: first we construct the simple structure on E and we check that
it is well-defined, then we study how this depends on its initial data. The result will be a very
canonical and explicit construction, although at first glance it may seem quite artificial. In
particular, it makes very explicit the role of the fiber and its simple structure, which is of great
importance for us, being interested in fiber bundles.

Let us start with the construction.

Definition 2.16. Let B be a connected C'W-complex with base point b € B. Denote by I(B)
the set of open cells of B and by dim(c) the dimension of a cell ¢ € I(B). A spider at b for B is
a collection of path w. indexed by ¢ € I(B) such that w.(0) = b and w.(1) € c.

Construction/Proposition 2.17. Consider p: E — B in Fib such that B is a path-connected
object of FCW and the fiber is in TFCW. Given a base point b € B, a spider s at b and a
simple structure ¢ on Fj, we construct a preferred simple structure £(b, s, () on E as follows. Let
B, be the n-skeleton of B and define E,, = p~1(B,,). We construct a preferred simple structure
&, on E,, inductively for n = —1,0,1,..., so that £(b,s,() = &y for N € N such that Ex = E.

(i) The case n = —1 is trivial.

(ii) Asforn =0, let By = [[;c;,{bi}. Then we have Ey = [[;c7, Fb,. Let w; be the path of the
spider s from b to b; for i € Iy and consider the induced fiber transports t[w;|: Fy, — Fy,.
We equip Fp, with the simple structure ¢; = t[w;].¢ of Example 2.7. We define {, as simple
structure of the disjoint union of the (; presented in Example 2.8.

(iii) Assume now that we have constructed &,—1 on E,,_;. Choose the following pushout for
the n-skeleton B,, of B.

Hie[n qi

Hz‘eln st B

[

Hie]n Qi l
Wier, D" —————

By,
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Let #; € D"\ S"~! for i € I,, be a point such that Q;(z;) = w;(1), where w; is the path
of the spider s associated to the cell indexed by ¢ € I,,. We get by Lemma 1.18(i) a fiber

trivialization
T;: F, x D" — QF

of Q7 E with respect to (b, z;, w;) which induces by restriction a homotopy equivalence
ti: By X st q;kE

Equip Q} F and ¢} E with the simple structures (7;). (Cx{can(D”)) and (t;)« (C xfcan(Snfl))
and consider the following pushout diagram with a cofibration as left vertical map.

Wiy, 405 —— Bnos

j &-En_l (2.5)

Hier, @FF —— Eu

We define &, to be the pushout simple structure on F,,.
To prove that the construction is well-defined, we need the following preliminary lemma.

Lemma 2.18 (|Liic89, Lemma 1.26]). Let p: X — Y be in Fib. Let

be a commutative pushout square such that the vertical maps are cofibrations. Then the pullback
construction yields a pushout

X I kX

Ej =

ko
where the vertical maps are still cofibrations.

Proof of Construction/Proposition 2.17. We have to show that the construction is well-defined.
In particular, we have to check that diagram (2.5) is a pushout, that the restriction ¢; of T; is a
well-defined homotopy equivalence and that the construction does not depend on the choices of
the fiber trivialization T; of Q7 E and of the characteristic maps @; and g;.

e Let us start by proving that diagram (2.5) is a pushout. Consider the following diagram
where the top and the bottom squares are pullbacks by construction.

Hieln G E Ha@ E,
Hp% iEnfl p\‘
L ier, 5" —ITa B
l [ { (2.6)
_ 4 iB,_1
Hie[n Q;kE ]_[ Qi ‘ En
- . l
] p
pPQ - \

[ics, D" e B,
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The right square is obviosly a pullback and so, by pasting law [AHS90, Proposition 11.10],
also the diagonal square

Hieln Q;E ? En

Lr, | J”

[ier, st —— By,

is a pullback. Therefore, since j and ip, , of diagram (2.6) are cofibrations, we can apply
Lemma 2.18 and conclude that diagram (2.5) is a pushout with cofibrations as vertical
maps.

We prove now that the restriction ¢; of T; is a well-defined homotopy equivalence. Consider
the following diagram.

(2.7)
F, x D"

QI E e Dn

We claim first that the front and back square are pullback squares. This is obvious for
the back one. For the front one consider diagram (2.6). We have already showed that
the diagonal square and the bottom square are pullbacks. Hence, again by pasting law
[AHS90, Proposition 11.10], also the left square is so. Therefore, since all these claims hold
also if we take a single ¢ € I, instead of taking the coproduct, the front square of the
previous diagram (2.7) is a pullback as well.

Now, the map induced by pullback property is by commutativity the restriction of the
map T;, that is, it is exactly the map ¢;. Therefore, t;: F, x S" ! — ¢*E is a well-
defined map. It remains to prove that this is a homotopy equivalence. This follows by
coglueing theorem [FP90, Theorem A.4.19] using that Fj x D™ — D™ and pg,: QfE — D"
are fibrations. Indeed, the first map is a projection and any projection is fibration by
[Whi78, Theorem 7.7] and the second map is by construction the pullback of the fibration
p and thus it is a fibration as well.

It remains to show that the construction does not depend on the choices of the fiber trivi-
alization T; and of the characteristic maps. As for characteristic maps, this follows directly
by the Lemma 2.21 below by taking (V/,s',¢(") = (b, s, (), but with different characteris-
tic maps. Thus, let us consider the case of T;. Since D™ is contractible, we obtain from
T;: F, x D™ — Q7 E a homotopy equivalence S;: Fy, — Q7 E. This induces a simple struc-
ture (9;)«¢ on QFE which agrees with the simple structure (73), (¢ X &ean(D™)). Indeed,
the transition map Si_l o T; is exactly the contraction Fj x D™ — Fj, which is obviously a
simple homotopy equivalence. Moreover, if we replace the map 7; with S; in diagram (2.7),
we get a diagram where the front and back square are homotopy pullbacks: the first one
because it is a pullback over a fibration, the second one by construction. Hence, we can
apply the homotopy version of the coglueing theorem [Mat76, Corollary 7| to obtain again
the map t;: [, x "1 — g EZ up to homotopy. To sum up, the simple structure on Q;FE



2.2. Simple structures 23

and the map ¢; can also be obtained using S;: F;, — Q7 E instead of T; and therefore the
fiber trivialization T; is only used to get the homotopy equivalence S;. Hence, we can
conclude by Lemma 1.18(ii) and the homotopy invariance of the Whitehead torsion that
the construction does not depend on the choice of T;. O

Remark 2.19. In the literature, there are other ways to get the same simple structure of Con-
struction 2.17 on the total space of a fibration with fiber and base space in TFCW, for example
see [FP90, Theorem 5.4.2]. Nevertheless, Construction 2.17 is the most suitable for us. Indeed,
although the alternative construction may seem more natural, they are certainly more implicit.
In particular, they do not make explicit the initial data as well as our construction, especially
the role of the fiber and its simple structure.

Example 2.20. Let p: B x F' — B be a trivial bundle such that B and F are in FCW. Then
for any spider s the simple structure & (b, s,§can(F)) on B x F' agrees with the product simple
structure. Indeed, if B,, is the n-skeleton of B, then E,, = p~(B,) = B,, x F. Moreover, diagram
(2.6) appears as follows.

[Tic;, S" ' x F Bp1 x F

~_ { \p\

[ier, st J By

HieInDnXF J Bn x F

T

Therefore, since by Example 2.13 the pushout simple structure on the skeleton of a C'W-complex
coincide with the canonical simple structure on it, by definition of product simple structure we

have gn = gcan(Bn) X fcan(F) and f(b, S>€can(F)> = gcan(B) X écan(F)

Wier, D" Bn

Dependence of the simple structure on the total space of a fibration

We conclude this section by showing how the simple structure on the total space of a fibration
depends on the choice of (b, s, ().

Lemma 2.21. Consider the situation of Construction 2.17 and suppose that another choice
(t',s",{") of the triple has been made. Given a cell ¢ € I(B), let u. be any path in the in-
terior of ¢ from wc(1) to w.(1), where w. and w. are given by the spiders s and s'. Let
Ve = we * ue % (W)~ Then the homotopy class relative endpoints [v.] is independent of u.. Let
(i )2 Wh(mFy) — Wh(wE) be the homomorphism induced by the inclusion iy : Fy — E. Then

the following holds in Wh(wE).
r((B.€(b.5,0) 2 (Be,5,¢0)) = 30 (=1 (iy)or ((F ) 5 (5. ¢)) - (28)
cel(B)

Remark 2.22. The fact that the homotopy class [v.] is independent of u. is trivial, since any cell
of a CW-complex is contractible.

Proof. As in Construction 2.17, let us denote by B,, the n-skeleton of B and let E, = p~1(B,).
Let &, and £/, be the simple structures on F,, induced by &(b, s, () and £(V, ¢, (') respectively, that
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is, the simple structures at the n-th inductive step of Construction 2.17. We prove inductively
onn=-—1,0,1,... that

T((Bny&0) 5 (Bny&))) = > (=140 (i), 7 (B, () =
c€l(Bn)

The case n = —1 is trivial. Consider the case n = 0. Let By = [[;;,{bi}. Denote by w;, w; and
v; the paths wy,, wgi and vy, for any ¢ € Ip. We have that Ey = Hie I Fy,. Therefore, we can
conclude by the sum formula as follows

((Eoyﬁo) (Eo,ﬁo))
_Z ( C) £> (Fbwt[w;]*cl))

i€lp

=Y (7.0 W, (Fy, )

i€ly

Hoel,

(Fy, () (2.9)

where the simple structures on the second line are those of Example 2.7.

Let us now assume that (2.9) holds for E,,_1. Suppose that the following push-out diagrams
defining B,, induce the simple structures &, and £/, on E,, as in the inductive step of Construction
2.17, respectively.

I, i , L 4 4
Hz‘eln st e > Bn1 Hiel& snt - > Bn1
j j j (2.10)
ier, D" e, > Bn [Lier, D" =% B,

We can assume without loss of generality that I, = I, with Q;(D") = Q}(D™) for all i € I,,
since I,, and I}, are in bijection with the connected components of B,, \ B,—1 by the following
homeomorphisms.

[T sty B g g, 2@ [T (pm 571
i€ln i€l
Moreover, again without loss of generality, we can assume Q;(0) = Q}(0) for all i € I, by

pre-composing with a homeomorphism (D", S"~1) — (D", " 1).

Now, in order to compare the different characteristic maps, we thicken B,_; into B, and
we glue the remaining part using correspondent modified characteristic maps. More precisely,
consider for t € I the map pz: D™ — D"+ given by the multiplication with ¢ and let

D"(t) = m(D"),  S"TH(t) = p (S,
Qi(t) = Qiopy,  qi(t) = Qi(t)]| gun

Note that for t = 1 we have p; = idpn. Moreover, if ¢ < 1, the maps Q;(¢), and therefore also
their restriction g;(t), are topological embeddings. Consider the following two spaces.

By i(t) = Boo1 U Qi (D" \ D™(t)),  En_i1(t) =p ' (Bn-1(?))

For t > 0, we get the following new pushout diagram for B,, where the vertical maps are
cofibrations.

) i (t
ey, 5

j [ier, Q:i(®) j

Mier, D" —————— bn

Bp_1(t)
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Thus, we can apply the pullback construction to get, by Lemma 2.18, the following pushout
square with cofibrations as vertical maps.

ier, 4:(6)
Hz‘eln ai(t)'E e En_1(t)
0| - jiEn_lm (2.11)

) it
Hign Qi(t)*E M E,

Note that for 0 < t < 1 the horizontal maps are still topological embeddings. Now, we equip the
spaces of the previous diagram with the following simple structures.

e As for E,_1(t), since the inclusion B,,_1 < Bj,_1(t) is an homotopy equivalence, so is the
inclusion j: E,_1 < E,_1(t). Hence, we equip F,_1(t) with the simple structure j, &,—1
induced by the simple structure &,_1 on E,_1.

e Consider the two spaces on the left of (2.11). Since p is trivially homotopic to the identity
map idpn, there is a homotopy H;: D" xI — B,, such that Q;(t) ~ @Q; for all i € I,,. Denote
by hi: S~ ! x I — B,,_1(t) the homotopy such that ¢;(t) ~ ¢; which is the restriction of
the homotopy H; to S ! x I. By Lemma 1.6, there exist the following two fiber homotopy
equivalences.

g Qit)*'E — QIE,  gn,: ¢i(t)'E — ¢ E

Moreover, by Lemma 1.10, we can assume that gp, is the restriction of gg, for all i € I,,.
We equip Q;(t)*E and ¢;(t)*E with the simple structures induced by those of QFE and
q; E through gp, and gy, respectively.

o We equip E, with the simple structure &,.

Claim 1. With these choices of simple structures, diagram (2.11) is simple pushout, that is, the
pushout simple structure on F,, agrees with &,.

Proof of Claim 1. Let n be the pushout simple structure on E, given by diagram (2.11). We

show that 7((En,n) d, (En, &) = 0. Consider the following natural transformation of pushout
diagrams.

s, a:(t)
[icr, Qi(0)"E «————— [lics, ai(t)"E e B, Ep-1(1)

[ [ _

]_L; nhi
Wicr, QF +—————— Llicy, I B ——"" B, (1) (2.12)

H [ |

icr, @ ¢« ier, G F M’ En1

Note that all the inclusions are well-defined. Indeed, by definition of the map Q;(t), the space
Qi(t)*E can be viewed as a subspace of QfE. Moreover, by seeing h; as the restriction of Q; to
D™\ p(D™), the space h!E can be viewed as a subspace of Q7 E. Now, by construction, all the
vertical maps of diagram (2.12) are homotopy equivalences and the induced maps on pushouts
are the identity of E,. Furthermore, &, is by construction the pushout simple structure on F,
given by the bottom row, while 7 is the one given by top row. Therefore, fixed i € I, if we
prove that all the i-th vertical compositions have vanishing torsion, we can conclude by the sum
formula of Lemma 2.15.
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This follows easily for the right column because the torsion of inclusion E,_; < E,_1(t)
vanishes by construction.

Consider the middle vertical composition j; 16 jo. We claim that this is component-wise
homotopic to gp,. Indeed, apply Lemma 1.6 to the fibration h;E — S™=1 x I with fy and fi
given by the inclusions ip: S*7! = S x {k} — S""! x I for k = 0,1 and H given by the
obvious homotopy idgn-1,7. By definition the homotopy h; is such that ¢;(t) ~ g;. Therefore
we have ighfE = ¢;(t)*E and i{h!E = ¢'E. Moreover, by the following diagram, using that
Pip = Pg,(t)» We obtain that a lifting G of the homotopy idgn-1, 7 o(py,) x I) induce a lifting of
the homotopy h; o (py, ) % I).

Gt E ——"— NE ————— Ep_y(t)

[ e " |

. * n—1
qz(t) ExI m} S x I T} Bn_l(t)

Hence, we have that giq : ¢i(t)*E — ¢fE is homotopic to gp,. Now, by construction, using

sn—lxr
the notation of Notation 1.5, we have that jy and j; are component-wise ig and 7;. Moreover,
again by Lemma 1.6 we have i o Gidgn 1, = 19, which implies that i todg ~ Gidgn 1., = Gh;-
Therefore, the map j;° Lo is component-wise homotopic to gn, as wanted. It follows now directly
by the construction of the simple structure on ¢;(¢)*E that this map has vanishing torsion.

It remains to show that inclusion Q;(t)*E — QF E on the left of diagram (2.12) has vanishing
torsion. Apply Lemma 1.6 to the fibration Q;FE — D™ and the homotopy K: D" x I — D"
such that idp» ~ p;. Since idpn = idg:p, we obtain that i =~ idpn 0 gk = gkx. Now,
by definition of @Q;(t), we have that Q;(¢)*E = p;Q;E. In particular, the map [z is exactly
the map Q;(t)*E — QFE of diagram (2.12). Therefore, by the following diagram, using that
Pu(t)y = PQi(t), we get that a lifting K’ of the homotopy K o (pg, ) x idr) induces a lifting Q; o K’
of the homotopy Q; o K o (pg, () x idr), which is exactly the homotopy H; o (pg,) X idr) by
construction.

Qi(t)'E — QiE T,
Qi(t)ExImDnXI Lk

In particular, we obtain that gr, and so fi;, is homotopic to gg,. Hence, we can conclude again
by the construction of the simple structure on Q;(¢)*E and by homotopy invariance. O

We can now apply all the previous construction to Q) to get B,,—1(t)" and E,,_;(t)" together
with maps @}(t) and ¢;(t). Obviously, Claim 1 holds also in this case.

The next step is to compute the torsion of the identity map (E,,&,) — (Ep,&),) by using
the sum formula applied to some pushout diagram of the shape of (2.11) and the torsion of
id: (Ep—1,§n—1) — (En—1,&,,_1). Let us start with the following claim.

Claim 2. There are two continuous and strictly monotonically increasing maps ,6: I — I such
that for ¢t € I it holds
Bp1(t)' € Bp-1(e(t)) € Bna(8(1))’

Proof of Claim 2. We construct the map ¢, the map ¢ is defined analogously. Consider the map

£:[0,1) — [0,1), t— min{||x|| tx € U QZ_I(Q;(D"\D"(t)))}

i€,
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It is obviously continuous and monotonically increasing. Moreover, it is also strictly increasing.
Indeed, we have £(t) = 0 for t = 0 and g(¢) > 0 for ¢ > 0 and the minimum always occurs on
the boundary of the set considered. Therefore, € extends to a continuous and strictly increasing
function e: [0, 1] — [0, 1]. Now, this is the wanted function e. Indeed, by definition, we have

Qi(D"\D(1)) € Qi( D"\ D (=(1)))
for any i € I,,. Therefore, the inclusion By, _1(t)’ C B,—1(e(t)) holds. O

Qilo)= Qle)

Now, using the maps € and § of Claim 2, we define a homotopy k: B, x I — B, such that:

(i) k

(= t)lB, ity =idB,_ ¢y for all t € I, in particular k(—,0) = idp,;
i) k(Qi(s),t) = (” ”) forallt € I,i¢€ I, and 0(t) < ||s]| < ¢t;

(iii) k(Qj(s),t) = Q'(é(t)foralltej' i€ ly,and 0<|s| <d(t);

(iv) k(Q}(0),t) = Q}(0) for all i € I,.

For a geometric idea of what the homotopy k does, look at the picture above. The idea is that at
time ¢ € I we squeeze the annulus Q) (D"(t)\D" ((5(t))> into the circle ¢}(t)(S™) and we broaden

the disk @Q}(0(¢))(D") to the disk Q}(t)(D") for any i € I,.

Claim 3. The map k: B, x I — B, is well-defined and continuous.

Proof of Clatm 8. Consider first the region B,,_1 x I. Here the homotopy k is obviously well-
defined. To prove that it is continuous, by condition (i) it suffices to show k(Q/(s),t) converges
to Ql(s) for (||s||,t) — (1,1) . This is clear in the region of (ii) and also in the one of (iii) if
d(t) — 1. Therefore, k is continuous on B,_1 x I.
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We are left to prove the claim in any connected component of (B, \ B,—1) x I. Consider the
following homotopy.

s if s > ¢
n n—1 n n—1 H%H if 5@) S ||5|| St
(D"\ S" ) x I — D"\ S" (5,8) = Q" _

s if 0 < 5| < 5(t)

0 its=0

Note that its geometric idea is similar to the one explained before the statement of the claim.
It is easy to check that this function is continuous and well-defined. Therefore, by applying
the homeomorphism @Q: D™\ St — B, \ B,_1, also the homotopy k is continuous and well-
defined. O

Let now 0 < t < 1 and define f = k(—,t): B,, — B,. This map is homotopic to the identity
idp, : By, — B, through the obvious following homotopy

K': B, x I — By, (z,t") = k(z,t- 1) (2.13)

Moreover, it sends the space By_1(g(t)) to B,_1(t)’, the space g;(e(t))(S™1) to ¢i(t)(S"™)
and the space Q;(e(t))(D™) to Q}(t)(D™) for any i € I,: this can be seen geometrically in the
picture after Claim 2 using the geometric idea of k. Therefore, f factors as the following natural
transformation of pushout diagram

[ier, a(=®

icr, D"+ Ilies, S Bn_1(£(1))
Hie[n V;J/ Hie]n Uil l’r (214)
X I (¢
Hieln D" ¢—— Hieln Sn-t M Ba_1(t)

where v; and V; are homeomorphisms for any 7 € I, and r is the retraction of Bn,l(z—:(t)) into
By,—1(t)’ obtained by restriction of f.

Claim 4. Denote by (opn,ogn-1): (D™, 8" 1) — (D", 8% 1) the reflection at the equator
Zn = 0. Then there exists a homotopy

(L,1): (D", 8" Yy x I — (D", 8™ 1)
such that (V;,v;) ~ (idpn,idgn-1) or (V;,v;) >~ (opn,ogn-1) for all i € I,,.

Proof of Claim 4. Consider the following diagram, which is commutative by construction of v;.

st O D (571U o) — 2 Qo) (@u(sm ) U {i0)))

| !

it e (57 o)) — D Qi(Dm \ (Qu(st U {Qu(0))

We have that @; and @} are homeomorphisms, the maps He(t) and g are homotopy equivalences
and the map f on the right, which is actually a restriction of the map f defined above, is also a
homotopy equivalence, being homotopic to the identity map. Therefore, also v; is a homotopy
equivalence. In particular it has mapping degree 1 or —1. Now, define a to be idpn if the
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mapping degree of v; is 1 and opr if it is —1. Then, by construction, there exists in both cases
a homotopy H: S"~! x I — S"~! such that v; is homotopic to a|gn-1. Extend H by cofibration
property of the inclusion S”~! < D™ to a homotopy L': D™ x I — D" between V; and a map
L}: D™ — D" such that its restriction to S"~! is a|gn-1. Define L to be the concatenation of
the homotopy L’ with the homotopy L”: D™ x I — D" relative S"~! from L) to a given by
(z,t) = t-a(z)+(1—t)- Li(z) and let [: S"~ x I — S"~! be the restriction of L. Then (L,1)
is by construction the wanted homotopy between (V;,v;) and (o, &t|gn—1). O

From now on, let us assume without loss of generality that (V;, v;) is homotopic to the identity:
if this is not the case, it suffices to apply (opn,ogn—1) to the image of (Q;,¢;). By Lemma 1.6,
the homotopy &’ defined in (2.13) induces a fiber homotopy equivalence gy : E, — f*E and a
map g = f o gy : F,, — E, over f which is homotopic to the identity of E,. Moreover, since k’
is a homotopy relative B,,_1, the restriction of g to a map E,_1 — E,_1 is still homotopic to
the identity. Now, g factors as the following natural transformation of pushout squares, which
lies over the previous diagram (2.14).

* v Llier, ai(e®)
Hieln Qi(g(t)) E——— Hieln i (E(t)) E (

HiEIn ‘I){ Hieln ‘P{

[licr, @) E «——— Ilics, 4()"E

En—l (E(t))
P (2.15)

)
]—I’L€I’ﬂ qz( ) En,1 (t)/

All the vertical maps are homotopy equivalences because they are induced by the homotopy
equivalences of diagram (2.14). Hence, if we denote by j: E,_1(t) < E,, the canonical inclusion,
by Lemma 2.15 we obtain:

=2 Qi) = D e ai(0).7(p) + G (V)

Now, E,_1(e(t)) and E,_1(t) have the simple structures induced by the inclusion of E,_i.
Moreover, the restriction of 1 to E,_1 is by construction exactly the restriction of g to £,,_1 and
so it is homotopic to the identity. Therefore, we obtain 7(¢) = T((En_bgn_l) i, (En-1, &71))
and

7((Bn60) % (En,€))) =
=N QI0). (@) = Y 5. @), 7(91) + Gne1)sT(Bn1.601) = (Bn1,€, 1))

i€ly i€ly

(2.16)

where j,—1: E,,—1 — E, is the inclusion.

At this point, we have reached the goal of calculating how the simple structure on E,, changes
using the case of F,_1, which is known by inductive assumption. To conclude the proof, it
remains only to compute the torsion of the maps ®; and ;. The idea is to modify them through
the homotopies L; of the base space to get fiber homotopy equivalences ®; and ; whose torsion
is easily computable. More precisely, recall that by construction of f there is a homotopy &’ such
that f ~ idgn. On the other hand, by Claim 4, there exists a homotopy (L;,[;) for i € I, such
that (Vj,v;) ~ (idpn,idgn-1). Therefore, if we consider the fiber homotopy equivalences g and
g1, induced by these homotopies by Lemma 1.6, we get for ¢ € I,, the following composition

— (=) g

Bi: Qi) Qi(e()" B =V Q(t)"E 25 Q)(t)"E
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where the equality holds because by construction of f and by diagram (2.14) we have that
foQ; (e(t)) = Q}(t) o V; and the map Q; (5(t))*gk,/ is obtained as pullback of the following

commutative diagram.

D Qi (E(t)> Bn p En

| | b
Qi(=n)

D" B, *E

Define @;: g; (z—:(t))*E — ¢(t)*E to be the restriction of ®;.
Claim 5. (i) There exists a homotopy H between (®;, ;) and (®;,%;).

(ii) With the notation of equation (2.16), it holds:

T Ry, cy) (217)

Qi(1),7(®:) = ju g}(1), (i) = (=1)" - (i )7 ((Fp, Q) —

where v; is the path of the statement of Lemma 2.21 associated to the i-th n-cell.

Proof of Claim 5. (i) Let us start by noting that the composition

Qi(e(t)"E o) o, Qi(e(t) f* B alee), redE,

is equal to the map Q/(t) o ®;. Indeed, we have QZ( ) (5 ) = gp' © Q,( (t )) by

construction of Qs (=(t)) g and Fo gy 0 Qs (2] — 90 Q(e(1)) ) 0, by defnition
of ®; in diagram (2.15). It follows that the composition

. Qi) g ; ) Vi

Qi(e(0)"E ———= Qi(c(0)"/"E = V; Qi(t)'E = Q4())"E

is equal to ®; because their compositions with the injective map Q}(t) coincide, since
by definition of f we have f o Q; (E(t)) = Q}(t) o V;. Therefore, to get ®; from ®; it

suffices to change V; into g, through some homotopy. This follows easily by Lemma 1.6
applied to the fibration PQi(t): Qi(t)*E — D, and the homotopy L;. In fact, we get

gr, = idogy, =id o g, ~ V;. To conclude, note that this construction is compatible with
the restriction to g;((t)) E. Therefore, part (i) holds.

(ii) By part (i), it suffices to prove equation (2.17) using ®; and %; instead of ®; and ;. Let
w; and w, be the paths in the spiders s and s’ associated to the i-th n-cell. We assume
without loss of generality that w;(1) and w](1) are contained in the image of the modified
characteristic maps Q; (e(t)) and Q(t), respectively: if this is not the case, it suffices to
take a homotopic path with this property instead of w; and wj]. The simple structures on
Qi (5(t))*E and Q) (t)*E are defined by the respective fiber trivializations

TZ'Z Fb x D" — Qz(é“(t))*E and Ti,: Fb’ x D" — Q;(t)*E

with respect to the triples (b, w;(1),w;) and (b, w(1),w}), where, by definition of charac-
teristic maps, we have used points of B,, instead of D™ in the notation. In particular, the
torsion of the maps 7; and 7] vanishes. Now, without loss of generality, again changing
the path w) up to homotopy, we can assume that @, o T is a fiber trivialization with re-
spect to the triple (b, wi (1), w; * ui), for some path w; in the i-th n-cell of B from w;(1) to



2.3. The preferred simple structure on a manifold I 31

w}(1). Therefore, by Lemma 1.18, there exists the following fiber homotopy commutative

diagram.

Fyx D" — 1 Q,((t))*E

t[vi]xianl l@
T’
FyxD' — " QU)*E

Note that everything we have done so far is compatible with the restriction to S™. we denote
by ti: Fy x S"71 — ¢/(t)*E the restriction of the fiber trivialization T/ to Fy x S"~L.
Then, by Lemma 2.15 and the vanishing of 7(7;) and 7(77), we have

Qi(t),7(P:) — ji i (), 7(®5)
=Qj(t),(T))ur (t[vi] x idpn ) — i qj(t), (t7)+7 (t[vi] X idgn—1 )
=X(D"™) - (i )+7 (t[vi]) = X (5™ 1) - (i) ([vi])
=(=1)" - (i) (t[vi])

Therefore, equation (2.17) holds. O

We can now finally conclude the proof of Lemma 2.21. Indeed, by (2.16), (2.17) and the
inductive hypothesis, we have that

(B &) % (En,€0))
=S (=) (i) (F ) 225 (B, )+ 3 (—)IO (i) (B, ©) 2 (R, ()

i€l cEI(Bn,l)
s . t|ve
= 3 ()T iy )r (B Q) L (R, ) 0
CEI(BTL)

2.3 The preferred simple structure on a manifold I

In this last section of this chapter, we present the case of Man, the category of closed topo-
logical manifolds, as an example of the previous section. In particular, we define a preferred
simple structure on any closed manifold, so that the Whitehead torsion theory can be applied
to this category simply by using the theory developed in SStruct. There are three choices of
a simple structure on a manifold M in Man that we can consider canonical: one defined using
triangulations, one using handlebody decompositions and one using disk bundles. However, it
turns out that only the last one always exists. Therefore, we will choose this as the preferred
one. On the other hand, it is possible to prove that, whenever they exist, all these canonical
choices coincide. Hence, we will actually think of each of them as the preferred simple structure
on M.

Let us start with the first canonical choice of simple structure M, based on the notion of
triangulation of a space.

Definition 2.23. If X is in Top, a pair (K, h) where K is a simplicial complex and h: |K| — X
is a homeomorphism from the geometric realization of K to X is called a triangulation of X.

Assume that M admits a smooth triangulation h: |K| — M, that is, a triangulation such
that the restriction of h to a simplex is a smooth C*°-embedding. For example, assume that M
is a smooth manifold (see [Mun63, Theorem 10.6 on page 103]). Then, the map h gives M the
type of a simplicial complex and, therefore, by [FP90, Theorem 5.2.1], of a C'W-complex, which
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we may assume finite by compactness. We denote by &; the simple structure on M represented
by the triangulation h: |K| — M.
The second way of equipping M with a simple structure uses its handlebody decomposition.

Definition 2.24. A handlebody decomposition of a closed manifold M is a finite sequence of
manifolds ) = M_1 C My C My C --- C M, such that:

e M, is obtained from M;_; by attaching a g;-handle, that is, M; = M;_1 + (¢) for some
ol S%=1 5 D% < 9M;_q;

e M, is diffeomorphic to M.

Assume that M possesses a finite handlebody decomposition. For example assume that M
is smooth (this follows by Morse theory, see for example [Mil63, part I]) or that dim(M) > 6
(see [KS77, Theorem 2.1, Essay III]). By [LM23, Section 2.2|, we can assume without loss of
generality that the handles are ordered by dimension. Therefore, we can redefine the filtration
0 =M_1C MyC M; C---C M, of the previous definition to be such that:

o M_y =0;
e M; obtained from M; 1 by attaching all the i-handles;
e M, is diffeomorphic to M for n = dim(M).

At this point, it is not hard to construct by induction on i = —1,0,1,... a finite CW-complex
X and a homotopy equivalence f: M — X which gives M the type of a finite CW-complex:
the idea is to squeeze any handle to get a cell (see [LM23, Section 2.3]). We define & to be the
simple structure on M represented by f.

Finally, there is the last canonical choice of simple structure on M, which is constructed using
disk bundles. Consider any closed disk bundle T" over M and select a smooth triangulation h
over it. The simple structure on 7' given by h induces a simple structure £3 on M via retraction
onto M. Now, by [KS77, Theorem 4.1, Essay III|, every manifold M in Man admits a simple
structure of the kind of £&3. Therefore, among others, this is the most suitable choice to be the
preferred simple structure on M. We define £T°P(M) to be the simple structure &s.

In conclusion of this chapter, we compare these three different canonical choices of simple
structure on M. In particular, we assume that the simple structures £ and & on M exist and
we compare them with the preferred one £°P(M).

Theorem 2.25 (|[KS77, Theorem 5.10 and 5.11, Essay III|). Whenever they exist, the three
simple structures &1, & and ET°P(M) on M defined above agree.

Therefore, once we know that all three choices &, & and £T°P(M) exist, we can actually
think of each of them as the preferred simple structure £€™°P(M) on M.
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The fibering problem

The goal of this chapter is to apply the results obtained so far in the context of the fibering
problem. In particular, given a map f: M — B in Man, we define two torsion obstructions
whose vanishing is a necessary condition for the existence of a fiber bundle homotopic to f:
0(f) and 7ap(f). As presented in the previous chapters, the strategy is to convert the map
f into the fibration f: FIB(f) — B and to compute some Whitehead torsion in SStruct to
understand what happens if such a bundle homotopic to f exists. Therefore, we start by reducing
the question to the category Fib of fibrations. We define 0(f) to be the obstruction that measures
how "simple" is the fiber transport in FIB(f) along any loop of B. More precisely, 6(f) is the

element in H* (B ; Wh (7 FIB(f ))) represented by the map that sends any homotopy class [w]

of loops in B to the Whitehead torsion of its associated fiber transport t[w]. Since any fiber
transport of a fiber bundle is a homeomorphism, it easy to conclude that the vanishing of this
obstruction is a necessary condition for f to be homotopic to a fiber bundle. Once we know that
0(f) = 0, we come back to the general problem. We find out that another necessary condition for
f being homotopic to a fiber a bundle is that we do not lose any information during the conversion
Ay of f into f In particular, the simple structure used on FIB(f) to get that 6(f) = 0, which
is the simple structure on the total space of a fibration defined in the previous chapter, has to
agree with the one induced by the preferred structure £T°P(M) on M through A ¢- Therefore,
the second obstruction 7g,(f) measures how "simple" is to convert f into ]?by computing the
Whitehead torsion of Ay and its vanishing is again necessary for f being homotopic to a fiber
bundle.

In conclusion, we obtain the following theorem.

Theorem. Let f: M — B be a map of closed manifolds with path-connected B. Suppose that
for some b € B the homotopy fiber of f has the homotopy type of a finite CW-complex. Then if
f is homotopic to a map g: M — B which is the projection of a locally trivial fiber bundle with
a closed manifold as fiber, both O(f) and T (f) vanish.

The work is structured as follows. In Section 3.1, we introduce the obstruction 6(p) for a
fibration p and we focus on the case where §(p) = 0. In Section 3.2, we present some compatibility
results related to the simple structure on the total space of a fibration and, assuming 6(p) = 0,
we generalize the construction of this simple structure to the case where the base space is in
TFCW instead of FCW. In Section 3.3, we explain why the preferred simple structure on
closed manifolds defined in Section 2.3 is well-suited for our case. Finally, in Section 3.4, we
define the two obstructions in the general case and we prove the theorem stated above.

33



34 Chapter 3. The fibering problem

3.1 Simple fibrations

In this section we describe the obstruction 6(p) for a map p: E — B in Fib such that its fiber
Fis in TFCW. Moreover, we show that it is really an obstruction to the fibering problem and,
since we are interested in fibrations p such that 6(p) = 0, we study how the simple structure on
the total space of a fibration behaves in this case.

Let us start with the construction of 6(p).

Definition 3.1. Let p: E — B be an object of Fib such that B is path-connected and the
fiber F} of p over a point b € B is in TFCW. Let ( be a simple structure on Fp. Consider
the fiber transport functor 7': 7B — ho(Top) of Definition 1.14 and restrict it to the full
subcategory m1(B,b) of 1B. We get a group homomorphism [w] — ¢[w] from the fundamental
group m1(B,b) of B to the group of fiber transports t[w| along loops [w] € 71(B,b). We define
b (p) to be the composition of such group homomorphism with the Whitehead torsion map and
the homomorphism (ip)s: Wh(nF,) — Wh(7E) induced by the inclusion i,: F}, < E, that is,

0°(p): w1 (B,b) — Wh(nE), [w] = (ip)«7 (tw]: (Fy,¢) = (Fy,Q))

Remark 3.2. The map Hb(p) is independent of the choice of (. Indeed, let n be another simple
structure on Fj. Then, by Lemma 2.15, we have:

(i)«7 (t[w]: (Fy,m) = (Fp, 1))

—(in)ur (Fyom) S (7, 0) 25 (B, ) 2 (1, m))

—(i0)em((Fp,O) 5 (Fyom)) + (i)u7 (B ©) 25 (B3, ©)) + (i0)stfwler ((Fm) S (B3, Q)
—(i0)o7((F0 ) D (Fpm)) + (i) (B ©) 2 (B, ©)) = (in)ar ((Fy O) S (B )
=(ip)«7 (t{w]: (Fp, ¢) — (F,())

where the second to last equality holds because i, o t[w] is homotopic to i, by Lemma 1.6 and
7((Fy,m) id, (Fp,¢)) = —7((Fy,¢) i, (Fy,m)) by composition formula and Definition 2.5(ii).
Lemma 3.3. Consider the situation of Definition 3.1. Then:

(i) 6°(p) is a well-defined group homomorphism.

(i1) Let ¥ € B be another point and v: I — B be a path in B from b to b. Denote by
cy: m(B,b) = m (B, V) the isomorphism given by conjugation with ~y. Then the following
diagram is commutative:

7['1(371)) c% 71'1(-87[)/)

Hbm /eb (»)

Wh(rE)

Proof. (i) By the properties of the Whitehead torsion and of fiber transports, it suffices to
prove that 6°(p) respects the group operations of 71 (B, b) and Wh(7E). Let v,w: I — B
be loops at b in B. Then, by Lemma 2.15, we have:

Hb(p)(v kW) = (ib)*T(t[v * w])
= (ip)«7 (t[v] 0 t[w])
= (ip)«7 (t[0]) + (in)s (t[0]) o7 (t[w])
= (ip)«7 (t[v]) + (ip)s7 (t[w])
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where we have used that i, o t[v] ~ i, by Lemma 1.6. Therefore, 6°(p) is a well-defined
group homomorphism.

(ii) Consider the fiber transport t[y]: Fyy — F} associated to 7. By Remark 3.2, we can choose
without loss of generality two simple structures on Fj, and Fy such that 7(t[y]) = 0.
Therefore, by Lemma 2.15, we obtain that

T(thy™ *wxq]) = 7(th] ™ o t[w] o thy]) = (t[17),7(tw])

Hence, since iy o t[y]~! ~ i by Lemma 1.6, we can conclude as follows.

Using the map 6°(p), we can now define the obstruction 6(p).

Definition 3.4. Consider the situation of Definition 3.1. Since any Whitehead group is an
abelian group, then 6°(p): 71 (B, b) — Wh(rE) factors through a map 6°(p): Hy(B) — Wh(nE).
We define

0(p) € H'(B; Wh(nE))

to be the element determined by 6°(p): Hy(B) — Wh(wE) by the Universal Coefficient Theorem
[Hat02, Theorem 3.2].

Remark 3.5. e The obstruction 6(p) is well-defined. Indeed, since B is path-connected by
assumption, the group homomorphism H'(B; Wh(wE)) — Hom (H;(B), Wh(E)) of the
Universal Coefficient Theorem is actually an isomorphism. Therefore, 0(p) is uniquely
defined by the map 6°(p).

e The obstruction #(p) is independent of b € B. Indeed, it follows easily by Lemma 3.3(ii)
that the map 6°(p): Hy(B) — Wh(rE) is so.

e The obstruction f(p) can be also defined in the following faster alternative way: given a
loop w: S' — B at bin B, we define 6(p) to be the element of H!(B; Wh(7E)) that under

the restriction map
H'(B;Wh(zE)) % H'(S'; Wh(rE)) = Wh(rE)

is sent to (ip)«7 (t{w]: (Fp,() — (Fp,¢)) for an arbitrary simple structure ¢ on Fy. This
definition is obviously equivalent to Definition 3.4. However, it is definitely more implicit,
since it is less clear what 6(p) represents geometrically.

Let us now give a name to the fibrations p whose obstruction 6(p) vanishes.

Definition 3.6. Let p: E — B be an object of Fib whose fiber F'is in TFCW. We call p simple
if O(p|c) = 0 holds for any component C' € 7y(B) with respect to the restriction p|c: E|lc — C.

Remark 3.7. By construction of 6(p|c), an object p in Fib is simple if and only if we have
T(t[w] : (Fp, ¢) — (Fp, C)) = 0 for any point b € B, any path w: I — B and any simple structure
¢ on Fy.

By construction, it is very easy to show now that 6(p) really defines an obstruction to the
fibering problem.
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Lemma 3.8. Let p: E — B be a locally trivial fiber bundle in Top with typical fiber in FCW
and paracompact base space. Then p is a simple fibration.

Proof. The map p is in Fib by [Whi78, p. 33|. Moreover, since the fiber transport of a locally
trivial fiber bundle is a homeomorphism and the Whitehead torsion of a homeomorphism vanishes
by Lemma 2.1(v), then p is also simple. O]

To conclude this section, we apply Lemma 2.21 of Chapter 2 to the case of simple fibration.
In this way, we study how the simple structure on the total space of a fibration p depends on its
initial data if we have 8(p) = 0. This will be useful in Section 3.4 to define the second obstruction
to the fibering problem.

Corollary 3.9. Let p: E — B be a simple fibration such that B is a path-connected object of
FCW and the fiber is in TFCW. Consider two points b,b' € B, two spiders s at b and s’
at V' in B and two simple structures { on Fy and (' on Fy and let £(b,s,¢) and &V, s, ()
be the corresponding preferred simple structures on E as defined in Construction 2.17. Let
(i )x: Wh(nFy) — Wh(nE) be the homomorphism induced by the inclusion iy: Fy — E.
Define

70 = (ip)«7(t: (F3,¢) = (Fy, ("))

where t: F, — Fy represents the fiber transport t{w] for some path w: I — B from b to t/. Then
70 18 tndependent of the choice of w and

T(id: (E,&(b,5,¢)) = (E,f(b’,s’,(’))) = x(B) 7 (3.1)

Proof. We prove first that 79 does not depend on the path in B from b to b’. Let w and v be
two such paths. Then, since iy o t[v] ~ i, by Lemma 1.6, by Lemma 2.15 we have

(i )47 (tw]) = (i )57 (t[v] 0 o] ! o tw))
= (ip)«7 (t[v] 0 tw x v7])
= (ip)w7 (t[v]) + zb/ tv]er (tw * v7))
= (ipy)«7 (t[0]) + (ip)s7 (t[w x v7])
= (iyy)«7 (t[0])

where the last equality holds because (ip)«7 (t{w * v™]: (Fp, {) — (Fp,¢)) = 0 as p is simple.
It remains to show that (3.1) holds. This follows by Lemma 2.21. Indeed, if for any cell

¢ € I(B) we define v, = w * u. * (w,,)” where w. and w/, are the path given by the spiders s and

s’ and u, is any path in the interior of ¢ from w.(1) to w,(1), then by Lemma 2.21 we have

r((B.£b,5,.0) % (B, 5/,¢0)) = 3 (=15 (iy)er (5, Q) L (Fy, (1)

cel(B)
Moreover, by the independence of 1y of the path from b to b/, we have for any ¢ € I(B) that

t[ve]

(iy)s7 ((Fb, ) — (Fyr,¢")) =70
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Therefore, if we denote by I,, the set of n-cells of B for any n € N, we can conclude as follows.

7((B.€b,5,0) 2 (B, 5,C0)) = 30 (=D (i) ((F, ) b (5. )

cel(B)

= Z (—1)dim(e) . 7y

cel(B)

= (Z(—nw)
neN

:X(B)‘TQ D

Notation 3.10. Let p: F — B be simple a fibration such that B is a path-connected object
of FCW and the fiber is in TFCW. Then, by Corollary 3.9, it follows easily that the simple
structure £(b, s, () is independent of the spider s. In this case, we denote it briefly by £(b, ().

The previous result has the following immediate consequence.

Corollary 3.11. Consider the situation of the Corollary 3.9. Assume in addition that x(B) = 0.
Then E carries a preferred simple structure.

3.2 Some compatibility results

In this section, we present some results related to the simple structure on the total space of a
fibration of Construction 2.17. In particular, using the theory of the previous section, we show
how this structure is compatible with fiber homotopy equivalences, pushouts and pullbacks by
simple homotopy equivalences. Moreover, in case of simple fibrations, we generalize its construc-
tion to fibrations whose base space is in TFCW instead of FCW. All this will allow us in the
following sections to work with maps in Man and to study the second obstruction 741, (f). Note
that what is presented in this section may appear technical, but instead it is easy to realize that
everything is completely canonical.

Compatibility with fiber homotopy equivalences

Let us start by considering the case of fiber homotopy equivalences.

Lemma 3.12. Let p: E — B and p': E' — B be two objects of Fib(B) such that B is a path-
connected object of FCW and their fibers are in TECW. Consider a fiber homotopy equivalence
f:E— E' fromp top'. Fix apointb € B and a spider s at b in B and define ¢ and (' to be
simple structures on the fibers Fy, and F, of p and p' over b, respectively. Denote by fo: By — F}

~

the homotopy equivalence induced by f and by f,: H' (B,Wh(?TE)) = H! (B Wh(ﬂE’)) the
isomorphism induced by f. Then we have

r(F: (B.0,5,0) = (B €(0,5,0))) = X(B) @)t (Fo: () = (F,C))  (32)
o) = 7.(6(p)) (3.3)

Proof. Let us start with the proof of (3.2). This formula follows by the following equality of
simple structures on E, where we use the notation of Example 2.7.

T, 5,¢) = (b5, (Fy )ad) (3.4)
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Indeed, assume that this holds. Then, by Lemma 2.21 and by construction of ?*_15 (b, s,¢") and
(Fy )¢/, we have

r(B.605.0) D (2,60.5.00)) = 7((B.605.0) ™ (.7 60,5.0) D (8.60.5.0)))
= L ((B.60.5.0) 5 (B, ¢(b,5.0)
~ 7o ((B.80.5.0) 5 (B0 (7, 0)))
= 3 (0O F i) (8, ) L (R (7))

cel(B)
im(c . Frotlve
= S ()EmE) L (i) (B, Q) 2 (R, ¢)
cel(B)

where for the last equality we have used that f o, = i, o f, and the composition formula.
Moreover, we have t[v.] = idg,, because, by construction, in this case the path v, = w, * (we) !
is obviously homotopic to the constant path const,. Therefore, if we denote by I, the set of
n-cells of B, we can conclude as follows.

r((B.€0,5,0) L (2.60.5.0) = 3 (1) (i) (F, ) L2 (7, 1)

cel(B)
_ Z (_1)dim(c) . (Zb)*T((Fb7C) f—b> (F,;,C'))

cel(B)
- <Z(—1)"uny> (i) ((F Q) L5 (1, )

neN

= X(B)(@)+7(fo: (Fy,¢) = (F3,¢"))

Hence, we are left to prove (3.4). For this, let B,, be the n-skeleton of B and define
E,=p Y(B,) and E/ = (p')"Y(B,). Denote by &, and &, the simple structures on FE, in-
duced by §(b, s, (?b_l)*C') and (b, s, ('), that is, the simple structures at the n-th inductive step
of Construction 2.17. We show by induction that the map f,,: (Ey,&,) — (E., &) induced by f
is simple, so that also

- ——1
Fi (B.g(,s. (7 H:0)) = (B€(0,5.)
is so and (3.4) holds.

For n = —1, this is trivial. Consider the case n = 0. We have that
fo: BEo=[] B = [ B = Eo
i€lp i€lp

and the simple structures & and ¢ are given by the disjoint union of the simple structures
t[wi]*(?b_l)*C’ on Fy, and #'[w;].(" on Fy , respectively, where w; is the path in s associated to
{b;} for any i € I. Moreover, by Lemma 1.11, the following diagram commutes up to fiber
homotopy.

JE LN

t[wi}l e

F, —— F]
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!/

Therefore, by Lemma 2.15 and by definition of the simple structure (?b_l)*c , we can conclude

as follows.
(B thwilo(Fy e¢) L (R 2 lwido0)) = (B (B o¢) 22 (7.0)) =0

Assume now that f: (E,—1,&-1) — (E!,_1,&,_1) is simple. Then the map f,, factors as the
following natural transformation of pushout squares.

[ier, @
]—[161 Q*E HZGI q*E = >En—1

e, 7] Ueer, 17| jfnl (3.5)
HiEI QiE" < Hzel o -~ E,

n—1

Moreover, &, and &, are the simple structure induced on E,, and E/, by these pushout diagrams.
Therefore, it suffices to show that the left and middle vertical maps are simple and we are
done. We prove it for Qf f: the proof for ¢} f is obtained analogously by restricting all occurring
homotopy equivalences. Recall that the spaces QF E and QF E’ have the simple structures induced
by the fiber trivializations T;: F, x D" — QE and T} : F{ x D™ — Q}E with respect to the same
triple (b, w;(1),w;), where w; is the path in s associated to the i-th n-cell. Note that here, as in
the proof of Lemma 2.21, we have used without loss of generality by definition of characteristic
maps a point of B instead of a point of D™ as second entry of the triple. Now, by Lemma 1.11,
the following diagram commutes up to fiber homotopy

lean

F, x D" F| x D"

S

and the upper map is simple by product formula and by definition of the simple structure (f, ) ¢’
on F,. Hence, we can conclude that Q7 f is simple as well. We have therefore proved that f,, is
simple and, by induction, that (3.4) holds.

Let us prove now the second formula (3.3). By Definition 3.4, it suffices to show that
0°(p') = f,(6°(p)) as maps m1(B,b) — Wh(wE’). Since 6°(p) and 6°(p') are independent of
the simple structures on the fibers, we can assume without loss of generality that ¢’ = (f;).( to
obtain

(B ¢) L5 (B, ¢)) =0

Moreover, by Lemma 1.11, the following diagram commutes up to fiber homotopy for any loop
w: S' = B in B.

FbHF/

t[w]l t’ [w]

FbHF/
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Therefore, by Lemma 2.15, for any [w] € 71(B,b) we have

f [w] Fo

0 (p)[w] = (ip). ((FL, ) ”—”]> (F,¢)
T((F¢) 2 (B, Q) 5% (B, Q) 2 (FL.C))
)

Fb,
Tt (B, 0) 2 (B ¢
Dt (B, O) 22 (B, 0)

(p)[w]

(i
(i

b
b
fai
7.0

where we have used that f o, = i, © fp- This completes the proof of Lemma 3.12. OJ

Compatibility with pushouts

We study now the compatibility of the simple structure on the total space of a simple fibration
with pushouts. For this, we need the following extension of the notion of spider from spaces to
maps.

Definition 3.13. Let X be a CW-complex and B be a path-connected object of Top. Consider
amap f: X — B in Top and fix b € B. A spider at b for f is a collection of paths w, in B
indexed by ¢ € I(X), the set of open cells of X, such that w.(0) = b and w,(1) is in the image
under f of a point in the open cell c.

The choice of a spider is, in general, a necessary ingredient for the construction of the simple
structure on the total space of a fibration. Thanks to the previous definition we can generalize
this construction as follows.

Definition 3.14. Let p: E — B be a fibration over a path-connected object B in Top such that
its fiber is in TFCW, let X be in FCW and let f: X — B be a map. Choose a point b € B a
spider s for f at b and a simple structure ¢ on the fiber Fj of p over b. Then, Construction 2.17
generalizes to the construction of a simple structure £(f, b, s, () on the pullback f*E simply by
applying the same construction to the fibration f*E — X, but using the fiber transport over B
instead of the fiber transport over X. Obviously, we have that £(b, s, () of Construction 2.17 is
exactly &(idp, b, s, €).

Consider, now, the following pushout diagram in FCW.

BOL>B1

B, —* . B

where B is path connected. Assume without loss of generality that the pairs (Bs, By) and (B, By)
are C'W-pairs, the maps ¢ and j are inclusions, B is obtained by B; by attaching the relative
cells of (B, By) and all maps are cellular. This can be done using the same argument of the
proof of Construction/Proposition 2.10. Consider a simple fibration p: E — B. Let b € B and
let ¢ be a simple structure on the fiber Fj of p over b. Denote by & = £(b,() the associated
simple structure on E. Recall that it is independent of the choice of a spider by Notation 3.10.
Choose any spider s; for j at b, any spider so for ® at b and any spider sg for j o ¢ at b. We
obtain simple structures & = £(j,b,51,¢) on E|p, = j*E = p~1(By), & = &(®,b, 59,() on &*F
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and & = £(j o v, b, 50,¢) on ¢*(E|p,) and the following commutative diagram

(" (E|g,), ) —— (E|p,,&)

gl ) b (3.6)

(P°E, &) —— (E.¢)
which is a pushout by Lemma 2.18.

Lemma 3.15. Under the assumptions above, the square (3.6) is a simple pushout, that is, the
pushout simple structure on E agrees with .

Proof. Since p is simple, we construct a spider s for B at b out of s; and s; as follows and we
assume without loss of generality to use it to get £&. By assumptions, the set I(B) of the open
cells of B decomposes as a disjoint union

I(B) = 1(B1) HI(B2, By)

where I(B;) and I(Ba, By) are the sets of open cells of By and of the relative CW-complex
(B2, By), respectively. Thus, we can take s as the union of the two collection of paths given by
s1 and the subset of s induced by the inclusion I(B2, By) C I(Bz). Now, it suffices to prove the
following claim to conclude.

Claim. Even if p is non-simple, if we define £ = £(b, s, () with this particular choice of s, then
the square (3.6) is a simple pushout.

We prove it by induction over the dimension k of the relative CW-complex (B2, By). If
By = By, then the claim obviously holds, because in this case B = By and s = s and therefore
& = £ is trivially the pushout simple structure. Let now assume that the claim holds for k = n—1

and suppose that (Bz, By) has dimension n. Let Bén_l) and B~ Y be the relative (n—1)-skeleta.

Denote by ¢': By — Bén_l) and ¢": Bén_l) <+ By the inclusions and let j/: B; < B™ 1) and
§": B < B be the corresponding inclusions of subcomplexes. Let &' Bén_l) — B(n=1) e
the restriction of ®. We obtain the following commutative diagram.

90*(E‘B1) % E‘Bl

() (E|gm-1) —2= E|gw-1

»p — 2 . F

Restrict s and ss to get spiders on B 1 and Bén_l) for j” and j” o ® at b. Then, we
can equip all the spaces of the diagram with simple structures. We have to prove that the
outer square is a simple pushout. By construction of the pushout simple structure and by the
pasting law [AHS90, Proposition 11.10], it suffices to check that the upper and lower square are
simple pushouts. For the upper one, this is true by induction hypothesis. For the lower one,
this is an easy consequence of the construction of the simple structure on E. Indeed, £(b, s, ()
is constructed as the pushout simple structure of the square where the other corners are the
(n — 1)-skeleton E|gnm-1) and the pullbacks of E along the characteristic and attaching maps.
But since (Ba, Bén_l) ) as relative C'W-complex is equivalent to [[;c; (D™, S""1), then the two
simple structures that they induce on E agree. Hence, the claim holds. O
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Compatibility with pullbacks by simple homotopy equivalences

Finally, we present the compatibility of the simple structure on the total space of a simple
fibration with pullbacks by a simple homotopy equivalence. This can be used to generalize the
construction of the simple structure on the total space of a simple fibration with base space in
FCW to the case where the base space is in TFCW.

Lemma 3.16. Let f: B’ — B be a map in FCW. Let p: E — B be a simple fibration whose
fiber is in TFCW. Suppose that f is a simple homotopy equivalence and consider the following
pullback square.

FE— L E

pfl pl
BB
For every component C' € mo(B') choose a base point x¢ and equip the fiber (ps)~ (zc) with a
simple structure (/.. Let (¢ be a simple structure on the fiber pil(f(wc)) such that

(Flogr-sters (090 60) = (7 (Fwe)) ) ) =0 (3.7

Equip f*E and E with the simple structures {’ = &(zc, () and § = §(f(mc), CC’) in the notation
of Notation 3.10. Then

T(f: (f*E.&) = (B.€) =0

Proof. Assume without loss of generality that B’, and thus also B, is path-connected and let
x = xc. Denote also (pf)*l(x) simply by F, and (. and (¢ simply by ¢’ and (. Note that
flpp-1@): (ps)~ ") — p~'(f(z)) is a homotopy equivalence by [Die08, Proposition (5.5.10)].
Therefore, the simple structures ¢/ and ¢ are well-defined. We prove this lemma in three steps.

(i) Assume first that f is a elementary expansion. In this case, B is defined by the following
pushout square

Sifl q B/

[, b

pr—2 ., B
where Sf__l is the upper hemisphere of S"~! and and the pair (D", S?r_l) has a natural
relative CW-structure, given by an (n — 1)-cell and an n-cell (see Section 2.1). Hence, E
and f fit in the following commutative diagram

¢*(E|p) —1= f*E = E|p

7l R

Q'F—“ . F

which is a simple pushout by Lemma 2.18 and Lemma 3.15. It follows that if we apply the

sum formula to the following diagram, it suffices to show that 7(f) = 0 to conclude that

also 7(f) = 0.

T Elp ¢ E|lp —— Elp

7 [

Q*E +—— ¢*E|p —— E|p’
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Since f is an inclusion, we denote f(z) simply by z. By Lemma 1.18 and Lemma 1.10,
there exist two fiber trivializations t: F, x S7™' — ¢*F|g and T: F, x D" — Q*E|p with
respect to triples of the kind (z,y, const,) such that the following diagram commutes.

F,x ST1 L ¢*Blp

{ I

F,xD" —L 5 Q*F

Now, the torsion of the two horizontal maps vanish by Lemma 3.12. Indeed, t|r, and
T|r, are the identities by construction and equation (3.7) holds. Moreover, by a similar
argument of Example 2.20, we have that the simple structures on F, x Si_l and F, x D"
as total spaces of a projection are exactly the product simple structures. Hence, we obtain
that 7(:) = 0 because the inclusion Sﬁ_l — D" is a simple homotopy equivalence by

construction. Therefore, we can conclude that ]?, and thus f, has vanishing torsion.

(ii) We consider now the case where f is an elementary collapse. Let [: B — B’ be an
elementary expansion which is a homotopy inverse of f and let H: B x I — B a homotopy
such that f ol ~ idg. Then, by Lemma 1.6, the map f: f*E — E is homotopic to the
composition

gpol " fFES I fESE

Now, we have that 7(I ) = 0 because 7(l) = 0 by the previous case. Moreover, by
Lemma 3.12 and by equation (3.7), we have also that 7(gy) = 0. Therefore, we conclude
that f has vanishing torsion.

(iii) Finally, we consider the general case where f is a simple homotopy equivalence. Then f
is, by definition, homotopic to a composition [ =1 o--- o, of elementary expansion and
collapses. Let H: B’ x I — B be a homotopy such that f ~ . Then, by Lemma 1.6, there
exists a fiber homotopy equivalence g : f*E — I*E such that [ o gy ~ f. Now, 7(I) = 0
by the previous cases and 7(gr) = 0 by Lemma 3.12 and by equation (3.7). Therefore, we
can conclude that f has vanishing torsion. O

To conclude this section, we use the previous result to construct a well-defined simple struc-
ture on the total space of a simple fibration whose base space is in TFCW. This allows us to
use from now on manifolds and their preferred structure as base spaces, as the fibering problem
requires.

Definition 3.17. Let p: £ — B be a simple fibration such that B and the fiber Fj of p over
a point b € B are in TFCW. Suppose in addition that B is path-connected and let n and (
be a simple structures on B and Fp, respectively. Then, we can define a simple structure on a
total space E as follows. Choose a representative f: X — B of 1 and consider the pullback map
f: f*E — E. It is a homotopy equivalence by [Die08, Proposition (5.5.10)]. We can arrange
by possibly changing f up to homotopy that b = f(x) for some z € X. Give f*E the simple
structure &(x,¢). We equip E with the simple structure f,&(z,¢) such that

7(f: ffE—E)=0
and we denote it by £(n,b, ().
Remark 3.18. e The previous construction is well-defined by Lemma 3.16.

e By construction, the structure £(n,b,() has all the properties as £(b, s,(). In particular,
Lemma 3.12 holds also for this kind of simple structure.
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3.3 The preferred simple structure on a manifold II

In this section, we consider the preferred simple structure ¢T°P(M) on a closed manifold M
defined in Section 2.3 and we use all the machinery of the previous two sections to study its
property. It turns out that £™P(M) is particularly well-suited for us, since it is compatible with
locally trivial fiber bundles.

Let us state and prove the main lemma.

Lemma 3.19. Let F — M 2 B be a locally trivial fiber bundle in Man with path-connected B.
Then we have:
0(p) =0

¢1P(M) = £(£77(B), b, ¢7(F))
where £(£7°P(B), b, £7°P(F)) has been defined in Definition 3.17.

Proof. We have already proved 6(p) = 0 in Lemma 3.8. Thus, let us consider the second formula.
We prove it first in case p: B X F' — F' is a globally trivial fiber bundle. By construction, if
f: X — B is arepresentative of £T°P(B), then the simple structure f( TP (B), b, §T°p(F)) is the
simple structure induced through the homotopy equivalence f x idp: X x F — B x F by the
simple structure §(x, §TOP(F)) on X x F', where x € X is such that f(x) = b. Namely, we have

E(EMP(B),b,TP(F)) = (f x idp). (2, £TP(F))

Now, choose a representative g: Y — F of £T°P(F) and consider the projection X x Y — X.
By Example 2.20, the simple structure on the total space X x Y is exactly the product simple
structure &ean (X) X &ean(Y). Moreover, by Lemma 3.12, we have that

T(idx xg: (X V. €ean(X) % €ean()) = (X % F,g(:c,gTop(F)))> —0
Therefore, we obtain that

E(EMP(B),b,£MP(F)) = (f x 9)x (&ean(X) X &ean(Y))

In particular, f({TOp(B), b, {TOP(F)) is the product simple structure £T°P(B) x £T°P(F) on B x F.
Therefore, since obviously the product of preferred simple structures on manifolds is the preferred
simple structure on the product manifold, then we get that &(£™P(B),b,£°P(F)) agrees with
£TP(B x F).

Let us consider now the general case. Since every fiber transport, being a homeomorphism,
has vanishing torsion, then, by Corollary 3.9, the simple structure §(§TOP(B), b, TP (F )) does
not depend on the point b. Thus, we can overlook the point b. Suppose now that dim(B) > 6.
Then, by [KS77, Theorem 2.1, Essay I1I|, there exists a handlebody decomposition

Dt'=ByCcByC---CB,=DRB

We proceed by induction over k. If kK = 0, then the bundle is trivial, as D™ is contractible. Hence,
the claim follows by the previous case. Let us assume that the claim holds for By_;. The space
By is obtained from Bjy_; by attaching a handle H, that is, by the following pushout diagram.

B, 1NH — Bp_4

| |

H—— 5 B
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Therefore, if we apply Lemma 2.18 and Lemma 3.15, we get that the following diagram is a
simple pushout

(Blo, oms €(€7P(Byy 0 H), b, (F)) ) —— (Elp,_,, €(§™P(By1). b, €70 (F)) )

| |

(Bl € (€70 (H),b, 6P (F)) ) ————— (Elz,. £(£™P(B), b,£™P(F)) )

where we denote by E|y the subspace p~!(Y) of M for any subspace Y C B. Now, the simple
structure &£ ( ¢TP(Br_1), b, §TOP(F))> on the upper-right corner agrees with the preferred one by
induction hypothesis. Moreover, since by contractibility of H the bundle is trivial on F|gz and
on its subspace E|p,_,nm, also the simple structures on the left column agree with the preferred
one. Therefore, by using the handlebody method to define the preferred simple structure on a
manifold (see Theorem 2.25), it follows immediately that the pushout simple structure on E|p,
given by the previous diagram is §TOP(E |, ). Hence, since the previous pushout is simple, the
two structures £(£1°P(By,), b, §T°p(F))> and £T°P(E)|p,) on E|p, agree.

It remains to consider the case dim(B) < 5. Let N be a l-connected object in Man such
that dim(N) > 6 and x(N) = 1. For example, let N = (CP? x CP?)#4(S% x S°). Apply what
we have just proved to the fiber bundle p x idy: M x N — B x N. Then, for any n € N, we

have
ETP(M x N) = £(£7P(B x N), (b,n), £7P(F)) (3.8)

By construction, the simple structure on the right hand side coincide with the simple structure
£(§T°p(B),b, §T°p(F)) x £ToP(N). Moreover, dim(N x B) > 6. Therefore, by Lemma 2.15 and
by equation (3.8), we can conclude as follows.

r((0nem0n) B (g€ 5),0.6())

=T

(M, €™ (M) = (M,f(§T°P<B>,b,§T°P<F>))> X(N)

(M x N,&™P(M) x £TP(N)) id, (M x N,£(E™P(B x N), (b,n),gTOP(F))>>

T

(0 % N.ETP 00 x €02 2 (36 N0, x €70) )

3.4 Fiber torsion obstructions

In this section, given a map f: M — B in Man, we define the two obstructions 6(f) and 74y (f)
for the existence of a manifold bundles. Moreover, we finally apply our strategy to study the
fibering problem by proving the main theorem of this thesis, which claims that the vanishing
of such obstructions is a necessary condition for a map being homotopic to the projection of a
locally trivial fiber bundle.

Notation 3.20. Throughout this section, we denote by abuse of notation the simple structures
£(ET°P(B),b,¢) constructed in Definition 3.17 simply by &(b,¢). This can be done lightly by
Remark 3.18, since all the results that hold for £(b, () still hold for £(€T°P(B), b, ¢).



46 Chapter 3. The fibering problem

Let us start by introducing 6(f) and 7a,(f). As expected, they are defined by turning the
map f in question into a fibration as explained in Section 1.2.

Definition 3.21. Let f: M — B be a map in Man with path-connected B. Suppose that for
some (and hence all) b € B the homotopy fiber hofib(f); is in TFCW.

(i) We define the element
0(f) € H'(B; Wh(rM))

~

to be the image of the obstruction 6(f) of the fibration f: FIB(f) — B defined in
Definition 3.4 under the isomorphism (u).: H? <B; Wh ( FIB(f))) — H'(B; Wh(mM))
induced by the homotopy equivalence pf: FIB(f) — M.

(ii) Suppose that 6(f) vanishes. Let (us o ip)s: Wh (mhofib(f),) — Wh(rM) be the map

induced by the composite hofib(f), ~ FIB(f) 2o M. We define the fiber torsion obstruc-
tion
Thb(f) € coker (X(B)(Mf 0ip)s: Wh (7 hofib(f)s) — Wh(ﬂM))

to be the class for which a representative in Wh(w M) is the image of the Whitehead torsion
r(r: (ME7P(0)) = (FIB(£),€(5,0)))

under the isomorphism (pf).: Wh (7 FIB(f)) — Wh(7M) for some choice of a base point
b € B and a simple structure ¢ on hofib(f)y.

Note that, as explained at the beginning of this section, the geometric intuition is that 6(f)
measures how "simple" are fiber transports along loops, while 7qp(f) measures how "simple" is
to convert f into the fibration f Let us show now that these two obstructions are well-defined
and they does not depend on the simple structure ¢ on hofib(f), and on b € B.

Remark 3.22. e The image of the map (us 04p)«: Wh (7 hofib(f),) — Wh(rM) is indepen-
dent of the choice of b € B and thus so is the cokernel

coker (X(B)(Mf 0ip)s: Wh (7 hofib(f),) — Wh(ﬂM))

Indeed, let ¥ be another base point. Then, by Lemma 1.6, the fiber transport along some
path w from b to b’ defines a homotopy equivalence t[w]: hofib(f), — hofib(f)y such that
pg oy and g o iy o t{w] are homotopic. Hence, they induce the same map on Whitehead
groups and gy o7 and gy o iy have the same image.

e The obstruction 741, (f) is a well-defined invariant of f. Indeed, let us assume that 6(f) = 0.
We already know that the spider in this case does not play a role (see Notation 3.10). We
show that it is independent also of the base point b € B and the simple structure ¢ on
hofib(f)p. Suppose we have made a different choice of a base point ¥" € B and of a simple
structure ¢’ on hofib(f)y. Then, by Lemma 2.15, we have

r(Ar: (MLE™P (M) — (FIB(),E(.¢)) ) = 7(Ass (M.€™P(M)) — (FIB(£).£(b.C)))
= —r(id: (FIB(f),£(t',¢)) — (FIB(S),£(6,0)) )

Therefore, by Corollary 3.9, we can conclude that the difference vanishes in the cokernel
of X(B)(ff o ip)« and thus g, (f) is well-defined.
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We state and prove now the main theorem of this thesis. The proof follows the strategy
presented at the beginning of this chapter and it is very linear and natural. This emphasizes how
the two vanishing condition are really intrinsic in the property of being homotopic to a locally
trivial fiber bundle and, therefore, how the two invariants in question are really obstructions to
the fibering problem.

Theorem 3.23. Let f: M — B be a map in Man with path-connected B. Suppose that for
some (and hence all) b € B the homotopy fiber hofib(f)y is in TFCW. Then

(i) The element O(f) depends only on the homotopy class of f. Moreover, if 0(f) vanishes,
then the same statement holds for the fiber torsion obstruction Tgy(f).

(ii) If f is homotopic to a map g: M — B which is the projection of a locally trivial fiber bundle
with fiber F' in Man, then both 0(f) and Tay(f) vanish.

Proof. (i) Let H: M x I — B be a homotopy between two maps f,g: M — B in Man such
that for some (and hence all) b € B their homotopy fibers hofib(f), and hofib(g), are in
TFCW. Consider the fiber homotopy equivalence H: FIB(f) — FIB(g) of Lemma 1.21,
which is defined by H(z,w) = (z,v) for the following path v: I — B

H (z,2t) ifo<t<i
o(t) = (= 26) e 1 2
w2t —1) if 5 <t<1

Recall that A\y: M — FIB(f) is defined by x — (z, constf( )); where consty,): I — B

is the constant path t — f(x). Therefore the map H has the obvious property that
Ho Aj =~ Ay, which implies that pu, o H ~ poy. Moreover, Lemma 3.12 implies that the
isomorphism

H.:H (B; Wh (r FIB(f))) S H! (B; Wh (r FIB(g)))

sends H(f) to 6(g). Hence, by Definition 3.21, since homotopic maps induce the same map
on Whitehead groups, we get

0(9) = (19)<0(9) = (119)-HO(F) = (111):0(]) = 6(f)

Now, suppose 6(f) = 0. Then, the fibrations Iz FIB(f) — B and g: FIB(g) — B
are simple by definition and by homotopy invariance. Fix a base point b € B and a
simple structure ¢ on hofib(f),. Equip hofib(g), with a simple structure ¢’ such that the
homotopy equivalence Hy: (hoﬁb( f)b,C) — (hoﬁb(g)b,g’ ) induced by H has vanishing
torsion. Then, by Lemma 3.12, we have that

r(: (FIB().£(5,0)) = (FIB(9),£(,¢")) ) =
Therefore, since Ho\ F = Ag, We obtain
(Ag) = 7(H 0 Af) = Hur()y)

and
(11g)«T(Ag) = (ng)w Hum(Af) = (p1p)s7(Nf)

Hence, by definition, we conclude that 74, (f) = 741 (g), since we have already shown that
the definition of 74}, is independent of the choice of the point b and of the simple structure
on the homotopy fiber.
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(ii) Let g be a fiber bundle homotopic to f. By (i), we have 8(f) = 6(g). Moreover, by
Lemma 1.21, the map Ag: M — FIB(g) is a fiber homotopy equivalence from g to g.
Therefore, by Lemma 3.12, we can compute 6(g) directly from the bundle g instead of g.
Now, Lemma 3.8 implies that #(g) = 0 . Hence, we conclude that also 6(f) = 0.

Consider now 741, (f). Since §(f) = 0, then we have 14, (f) = map(g) by part (i). Therefore,
it suffices to prove that 7,(g) = 0. As above, the map \,: M — FIB(g) is a fiber homotopy
equivalence from g to g. Fix a base point b € B and equip hofib(g); with a simple structure
¢ such that the homotopy equivalence (Ag)p: (F, gTop (F)) — ( hofib(g)p, ¢ ) induced by A4
has vanishing torsion. Then, by Lemma 3.12 and Lemma 3.19, we have

T(Ag: (M, €™ (M) — (FIB(g), (b, g))) —0

Hence, we can conclude by definition that 75,(g), and hence 7qp(f), vanishes, since gy is
independent of the choice of b and (. O

Remark 3.24. Once this theorem is proved, the following natural question arises: does the con-
verse implication of Theorem 3.23(ii) hold? The aim the following chapters is to try to answer
to this question. In particular, in the fourth chapter we prove that if B = S', then the vanishing
of O(f) and 7qp(f) is also a sufficient condition for f being homotopic to a fiber bundle, while
in the fifth chapter we present the more general stable fibering problem, which has a complete
obstruction theory in algebraic K-theory for existence and uniqueness.

Let us conclude this chapter by studying some special case of the fiber torsion obstructions.

Example 3.25. Let f: M — B be a map in Man with path-connected B. Suppose that
for some (and hence all) b € B the homotopy fiber hofib(f); is in TFCW. If x(B) = 0 and
6(f) vanishes, then the invariant 74, (f) defined in Definition 3.21 is an element of Wh(wM).
More precisely, if x(B) = 0, then by Corollary 3.11 the space FIB(f) carries a preferred simple
structure £ and the element 74p(f) is the image of

r(Ars (ML€™P(AD) — (FIB(/),€) ) € Wh (w FIB(/))

under the isomorphism (y).: Wh (7 FIB(f)) — Wh(7wM).

Example 3.26. Let f: M — B be a map in Man with path-connected B and M. Suppose that
for some (and hence all) b € B the homotopy fiber hofib(f); it in TFCW. Assume in addition
that the Whitehead group of the kernel of mi(f): m1(M) — m(B) is trivial. For example,
assume that 71 (f) is bijective. Then 6(f) vanishes. Indeed, fix b € B. By Definition 3.21 and
Definition 3.4, the obstruction 0(f) is represented in H* (B; Wh(ﬂ'M)) by the map

m1(B,b) = Wh(rM),  [w] = (ug o) (tw]: (hofib(f)s,C) = (hofib(f)y,C))

where ¢ is any simple structure on hofib(f),. Therefore, it suffices to show that the group
homomorphism (g 0 4p): Wh (7 hofib(f),) — Wh(wM) is trivial. For this, fix z € hofib(f)s
and consider the long exact sequence of homotopy groups for the fibration FIB(f) — B.

<+ = ma(B,b) — w1 (hofib(F)p, ) “ my (FIB(f), 2) =L m(BLb) — ..
We obtain that m(f) o mi(us) o mi(ip) = m(f) o m(iy) = 0. In particular, we get that
im (71 (pg) o m1(ip)) C kermi(f). It suffices now to apply the Whitehead torsion functor to this

inclusion to realize that the map (pf o 4p)x: Wh (7 hofib(f),) — Wh(xM) is trivial, since it
factors through Wh (ker m1(f )), which is trivial by assumption.



Chapter 4

The fibering problem over a circle

In this chapter we present an example where the vanishing of the fiber torsion obstructions 6( f)
and TaL(f) is both a sufficient and necessary condition for a map f: M — B in Man being
homotopic to a fiber bundle. In particular, we show that this is the case if f is a smooth map
with base space B = S'. This points out that the two obstructions §(f) and 74, (f) do not vanish
for all maps in Man and, therefore, it emphasizes once again that they are actually obstructions
for the fibering problem. Since we already know that the vanishing of (f) and 7qp(f) is a
necessary condition, we have only to focus on the "sufficiency" part. The idea is to prove it
using the results obtained by Farrell in [Far71]. More precisely, first we show that for a smooth
map f: M — S! over a circle the obstructions 6(f) and 74, (f) combine in one single invariant
7ap’ (f) and then we investigate how 74y’ (f) is related to Farrell’s obstructions ¢(f) and 7(f). It
turns out that if we consider the twisted Bass-Heller-Swan decomposition of Wh(7w M)

Wh(rM) = Wh(G x Z) = X,(ZG, o) & NK(ZG,a) ® NK{(ZG,a™ ')

given for example in [FH70], then the two Farrell’s obstructions ¢(f) and 7(f) are in some sense
the projections of 71’ (f) on two different components of Wh(wM). This observation together
with the main theorem of [Far71| implies that the vanishing of 6(f) and mqp(f) is also a sufficient
condition for a smooth map f: M — S! being homotopic to a fiber bundle. To sum up, we
obtain the following theorem.

Theorem 4.1. Let f: M — S' be a map in the subcategory Diff of Man whose object are
smooth manifolds and morphisms are smooth maps. Assume that M is connected of dimension
dim(M) > 6 and that the homotopy fiber of f is in TFCW. Suppose in addition that the
homomorphism w1 (f): w1 (M) — 71 (SY) is surjective. Then the following are equivalent:

(1) 0(f) and Tay(f) vanish;
(ii) Tay' (f) vanishes;
(111) c(f) and T(f) vanish;
(iv) the map f is homotopic to a smooth fiber bundle.

The work is structured as follows. In Section 4.1 and Section 4.2 we define 74,’(f), we prove
that assertion (i) of the previous theorem implies assertion (ii) and and we study deeply the
relations between 74’ (f) and the obstructions 6(f) and 74, (f). In the Section 4.3 we present
the algebraic background that we need for the other implications and, in particular, the previous
decomposition of Wh(7wM). In Section 4.4 we introduce Farrell’s obstructions and we show that
(iii) is equivalent to (iv). Finally, in Section 4.5, we complete the proof of Theorem 4.1 by
showing that (ii) implies (iii).

49
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4.1 The fiber torsion obstruction over S*

The goal of this section is to investigate how the two fiber torsion obstructions 6(f) and g1, (f)

behave in case of maps f: M — S! in Man. In particular, we define a single invariant 7g,’(f)

which summarizes both 6(f) and 74n(f) and we show that if 0(f) and 74,(f) vanish, then

b’ (f) vanishes as well. Then, we present the example of mapping tori and we study how the

obstructions can be described in this case. This will be very useful in the following sections.
Let us start with the definition of 74" f).

Notation 4.2. In the following, we denote by e: R — S! the universal covering t + exp(27wit)
of S! and by F the homotopy fiber hofib( f )e(oy of f over e(0). Moreover, we denote simply by
i = ig(): I — FIB(f) the canonical inclusion.

Definition 4.3. Let f: M — S! be a map in Man. Consider the CW-structure on S! given
by {e(0)} as O-skeleton and S' as 1-skeleton. Let s be the spider at e(0) given by the constant
path const. ) at e(0) for the O-cell and by the path w: I — St t — exp(wit) for the 1-cell.
Equip FIB(f) with the simple structure & (e(O),s,C) defined in Section 2.2 for any choice of
simple structure ¢ of F. We define the fiber torsion obstruction gy’ (f) € Wh(wM) to be the
Whitehead torsion

T(W: (FIB(f),g(e(O), s, c)) — (M, gTOP(M))>

where py is the canonical homotopy equivalence introduced in Section 1.2 and EToP(M) is the
preferred simple structure on M defined in Section 2.3.

Remark 4.4. The element 74,’(f) is well-defined because the simple structure £(e(0),s,¢) on
FIB(f) is independent of the choice of the simple structure ¢ on F. Indeed, by Lemma 2.21,
given another choice ¢’ of simple structure on F, we have that

T<(FIB(f),§(e(0), 5,0) 2 (FIB(/), £(e(0), 5, g’)))
— i, ((F,Q) % (F,¢)) —ivr ((F.0) 2 (R,¢)

where v1 = w * w™. But this is clearly homotopic to a constant path. Therefore, the above
torsion vanishes and we can conclude.

Notation 4.5. We denote the simple structure §(e(0), s, C) on FIB(f) simply by £(e(0), s).

Remark 4.6. In the following, we identify H'(S'; Wh(7rM)) = Wh(wM) using the standard
generator of m(S') = Hy(S') = Z represented by the identity map idgi. In particular, we
consider 6(f) as an element of Wh(wM). Recall that, by Example 3.25, when it exists, also

Tin(f) is in Wh(rM) since x(S') = 0.

We compare now 7y’ (f) with 6(f) and 74p(f). It turns out that the two fiber torsion
obstructions can be obtained by 7g,’(f), which therefore sums them up into one single invariant.
Moreover, we get that assertion (i) of Theorem 4.1 implies assertion (ii).

Lemma 4.7. Consider the situation of Definition 4.3. Denote by
—f: 8t = st

the map cono f where con: St — S, z + Z is the orientation reversing diffeomorphism defined
by complex conjugation. Then the following holds:
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(i) We have
0(f) =7 (f) — 75 (= f)

(i1) If 0(f) = 0, then
man(f) = — 7’ (f)

(iii) If O(f) and T4 (f) vanish, then Tay (f) vanishes as well.
Proof. (i) Let 5 be the spider at e(0) for S! given by the constant path at e(0) for the 0-cell
and by the path w: I — S', t + exp(—mit) for the 1-cell. Then we obviously have

v (—f) = r(uf: (FIB(£).&(e(0),5)) — (M, fT"p(M)>)

Therefore, by Lemma 2.15, we obtain

' () = 7o/ (/) = T((FIB(f%é(e(O),S)) = (FIB<f>,§(e<0>,s)))

Hence, we can conclude by Lemma 2.21, since for any simple structure ¢ on F we get

i (=) = i () = 7 (F,O) 2 (F,0)) = iar ((F,0) = (F,0))
= —ir((F.Q) T (F0))
= ir((F,Q) 2 (,0))
which is by definition exactly the obstruction 6(f) € Wh(nwM).
(ii) This follows immediately by Definition 3.21, Definition 4.3 and Lemma 2.15.
(iii) This follows immediately by the previous claims. O

Let us now focus on the example of mapping tori. The goal is to check how the obstructions
0(f) and 7sp’(f) behave in this case. This will be very useful in the following sections to conclude
the proof of Theorem 4.1. Let us start by recalling the definition of mapping torus of a map.

Definition 4.8. Let Y be in Top and v: Y — Y be a self-map. We define the mapping torus
T, of v to be the following pushout

YIIY id ITid Y

{ lz (4.1)

eyl(v) —2— T,

where 7 is the inclusion of the front and the back into the mapping cylinder. In other words, T,
is given by
T, =2 x1/{(y,0)~ (v(y),1) y€Y)

Remark 4.9. If Y is in TFCW, then T}, is clearly in TFCW and has preferred simple structure.
Indeed, choose a simple structure £ on Y and give cyl(v) the simple structure (i1).§ defined in
Example 2.7, where i1: Y = Y x {1} < cyl(v) is the homotopy equivalence given by the back
inclusion. Then the pushout simple structure on T, is independent of £ by the sum formula
of Lemma 2.15. Therefore, it defines a preferred simple structure on T;. In the following, we
will implicitly assume that we have equipped any mapping cylinder with this preferred choice of
simple structure.
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Example 4.10. Let Y7 and Y5 be homotopy equivalent spaces in TFCW and let u: Y7 — Y5 be
a homotopy equivalence between them. Consider two self-homotopy equivalences v1: Y] — V)
and vy: Yo — Y5 such that vg ou >~ u o vy via a homotopy h: Y1 x I — Ys.

i —= Y

|l

Yo 4 Yo
Define ¢, 4: cyl(vi) — cyl(ve) and Ty, 5 : Toy, — Ty, as maps induced by h by pushout property,
which are homotopy equivalences by [Mat76, Corollary 9]. Then, even though in general (the

homotopy class of) the map T3, , depends on the choice of u and h, its torsion is independent of
uw and h and the following equation holds.

T(Tun: Ty, = Tuy) =0
Indeed, by Lemma 2.15, using the notation of the commutative diagram (4.1), we obtain that
T(Tyun) = paT(tuw) + ix7(u) — (0 (idITid)), 7(u T w)
= paT(tup) + ix7(u) — (i 0id),7(u) — (i 0id)s7(u)
= PaT(tup) — (poin)e7(u)

Therefore, if the mapping cylinder cyl(ve) is defined by the following pushout

Y2$>Y2

il Js

Y2 x I i) cyl(vg)
we can conclude by Lemma 2.15 as follows.

T(Tun) = pa7(tuw) — (P o i1)«7 (1)
= p*(@)*T(u X ld[) + p*(il)*T(U) - p*(@ o Zl)*T(u) - (P © Zl)*T(U)
= Px (7)72)*(711)*7-(“) — Px (@ o ZI)T(U)
=0

The strategy now to describe the obstructions 0(f) and 74p'(f) in terms of mapping tori is
first to construct a particular homotopy equivalences using the previous example and then to use
this to compute the obstructions.

Let f: M — S' be a map in Man. Consider the following pullback diagram

where e is the universal covering of Notation 4.2. Let I;: M — M be the map induced by the
action of the generator 1 € Z = 71(S') by deck transformations. Denote by t: F — F the
fiber transport induced by the same generator, that is, the map F' — F which sends (z,w) to
(x, w * (e [)) Then /1 and ¢ are self-homotopy equivalences. Define the map

h: M — F, z — (e(z),w)

where w: I — S is the path w(s) = exp (2mif(z)(1 — s)).
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Proposition 4.11. The map h: M — F is a well-defined homotopy equivalence such that
holy =toh. Therefore, by Example 4.10, it induces a homotopy equivalence ¢: Tj, — T} such
that 7(¢) = 0.

Proof. We prove first that h is well-defined map over F'. This follows by a direct computation.
Indeed, we have

w(0) = exp (27if(z)) = eo f(z) = foe(x)
and
f(é(:c),w) =w(1) = exp(0) = e(0)

where J?: FIB(f) — S is the fibration associated to f.

Let now (y,v) € F. Since v: I — S' is a path in S, there exists a 3 € R such that v is
homotopic to the path s +— exp (27ri§(1 — s)) Define k: F — M to be the map which sends any
element (y,v) € F to the element in M defined by the pair (y,s). This is is well-defined because
by construction s is such that e(s) = v(0) = f(y). We claim that k is a homotopy inverse of h.
Indeed, we obviously have that k£ o h = idy;. On the other hand, we have that

hok(y,v) = h(y,3) = (y,5 — exp (2mis(1 — 5)))

and thus h o k is homotopic to idg by construction. Therefore, h is a homotopy equivalence.
It remains to check that holy =toh. For this, let (z,3) be an element in M. We have that

holy(z,5) = h(z,5+1) = (z,w)

where w: I — S’ is the path s — exp (27i(s+1)(1 — s)) = exp (27i5(1 — 5)) +exp (2mi(1 — s)).
But this is t o h(z,3) by construction and hence we can conclude. O

Consider now the space e* FIB(f) defined by the following pullback square

¢* FIB(f) —— FIB(f)
| 7
[— I e

Then, by the second cube theorem [Mat76, Theorem 25|, this fits in the following homotopy
pushout square.

FIILF idITid F

I |

e¢* FIB(f) —— FIB(f)

We define the homotopy equivalence
v: Ty — FIB(f) (4.2)
to be the pushout of the following commutative diagram

FxI+— >fpnrp 4o . p

| o] Jo

e*FIB(f) +—— FIIF 404, p

where the left vertical map is a fiber trivialization with respect to the triple (e(O), 1, e).
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Definition 4.12. In the previous situation, we define the homotopy equivalence
e:T;, = M

to be the composition 77, 2T, £> FIB(f) B M where  is the homotopy equivalence of Propo-
sition 4.11, 1) is the homotopy equivalence (4.2) and jy is the canonical homotopy equivalence
defined in Section 1.2.

Remark 4.13. The homotopy equivalence € may be obtained also in the following faster, but
more implicit way. Since we have that € o [; = €, then the map €: M x I — M which sends
(x,t) to e(x) induces a map e: Tj; — M. This is a homotopy equivalence because the following
diagram of homotopy fiber sequences commutes and 7;, and M are in TFCW.

~

Ty,

Sl
|
L,

> M

1
%

The explicit construction of Definition 4.12, however, is more suitable for us, because it is useful
to prove the following lemma.

We can finally compute the obstructions 0(f) and 741’ (f) using mapping tori.

Lemma 4.14. In the previous situation, we have

0(f) =2, 7(l: M — M) (4.3)
' (f) = 7(€: Ty, — M) (4.4)

where we equip T}, with the preferred simple structure defined in Remark 4.9, M with the preferred
simple structure ET°P(M) and M with any simple structure.

Proof. Let us start by proving (4.3). By definition, we have

0(f) = (up o i)ur(t: F = F)

for any choice of simple structure on F', where i: F' — FIB(f) is the inclusion. Moreover, by
construction, we have hol; =toh and € = uy oioh. Therefore, we conclude by Lemma 2.15
as follows

0(f) =

)
)
= MfOZ)*( (h )+h*7(l1)+h (l)«r(h™1)
/) h) 4+ het(l1) + tihet(h™ ))
) ) + har(l) = 7(h))
= ufozoh)*T( : M — M)
«7(l1: M — M)

We prove now (4.4). By definition we have

v/ (f) = r(w (FIB(f),&(e(0),5)) — (M, §T°P<M>))
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By unraveling its construction, it is easy to check that the simple structure & (6(0), s) on FIB(f)
is the one induced by the homotopy equivalence v in (4.2), where we equip 7} with its preferred
simple structure (see for example [Ste07, pp. 51-52|). Therefore, we obtain

' (f) = 7(pgotp: Ty = M)

Moreover, since by Proposition 4.11 the torsion of ¢ vanishes, we get

b (f) = T(ppopop: Ty — M)
Therefore, by definition of €, we can conclude that

Tﬁb'(f) =r7(e: T}, - M) O

4.2 Gluing h-cobordisms

In this section we describe the obstructions 6(f), 7, (f) and 74’ (f) in case of maps f: M — S*
obtained by gluing the two components of the boundary of an h-cobordism together. It turns
out that in this case the vanishing of m4,’(f) is actually equivalent to the vanishing of 6(f) and
7ab(f), proving that the invariant mqp’(f) actually summarizes the obstructions 6(f) and 741, (f).
All this will be applied to smooth maps in the last section of this chapter using the Pontrjagin-
Thom construction and will be useful to prove that for smooth maps over a circle the invariant
b’ (f) is equivalent to the obstructions 6(f) and 75, (f). Moreover, we will use this description
of the obstructions also to show that the vanishing of 74p'(f) implies the vanishing of Farrell’s
obstructions.
Let us start by recalling the definition of h-cobordism.

Definition 4.15. (i) An h-cobordism (W, oW, 0, W) consists of a manifold W in Man whose
boundary OW has a disjoint decomposition OW = gyW [[ 1 W such that the inclusions
ig: W — W for k = 0,1 are homotopy equivalences.

(ii) We define the Whitehead torsion of an h-cobordism (W, dgW, 01 W) as
(W) = (io); 17 (ig: W — W) € Wh(zdyW)
where Wy and W are equipped with the preferred simple structure of a closed manifold.

Remark 4.16. Let wy: m1(0gW) — {£1} be the orientation homomorphism of dyW. The
w1-twisted involution ¢: Z[m (80W)] — Z[m(ﬁgWﬂ on the group ring Z[m (80W)] is the ho-
momorphism defined by

Yo Ag= > wilg)Agrg!
g€7r1(80W) g€7T1(60W)

Let
§: Wh(wdgW) — Wh(mwoyW)

be the involution induced by ¢ on Whitehead groups. Then, by [Mil66, Duality Theorem], if we
denote by W* the h-cobordism where the roles of yWW and 0;W are interchanged, we have

T(W*) = (=1) 8O (i) (i) S T(W) (4.5)

In other words, the homomorphism § corresponds geometrically to turn the h-cobordism W
upside down.
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We glue now the two components of the boundary an h-cobordism together and we study the
obstructions in this situation. Consider an h-cobordism (W; oW, 0;W) and let g: 01 W — OgW
be a homeomorphism. Define W, to be the manifold in Man obtained from W by gluing 0; W
and JyW by g, that is, as the following pushout.

oW Loyw 419 aow

iOHil\[ J/l (4.6)

w—" W,

Then for any map f’: W — I in Top such that f/(9yW) = {0} and f'(01W) = {1}, there exists
amap fg: Wy — S ! defined as pushout of the following diagram.

ol awnaw — s gow

ff/f lf’ lf’

I «——{o}yu{1} ——— {0}

Remark 4.17. Since I is convex, then the f; is unique up to homotopy.

Denote again by
d: Wh(nW,) — Wh(nWy)

the wyi(Wy)-twisted involution, where wi(Wy): m(W,) — {£1} is the orientation homomor-
phism of W.

Lemma 4.18. (i) We have

0(fy) = Lr(goiy ' odg) = ((—1)M™W) .5 +id )l r(W)

(ii) We have .
T (fo) = (1) OV 5 1r (W) = L (W) = 0(fy)

(1it) If O(fy) =0, then
Tb(fg) = =L (W)

w) The following are equivalent:
(i) g are eq

(a) LT (W) vanishes;

(b) ' (fg) vanishes;

(c) 0(fy) and Tap(fg) vanish.

Proof. (i) Let us start by noting that the map l,: Wh(7dyW) — Wh(nWy) induced by the
inclusion [: 9gW < W is compatible with the involution §. Namely, we have [, 6 = § .
Indeed, by construction, since oW is in the boundary of W, the orientation covering
of OgW is the orientation covering of W restricted to dgW. Therefore, we have that
w1 (W) = w1 (Wy) omi(1). It follows immediately that [, § = & L.

Consider now the following pullback diagram

WQLWQ

ffgl |15

R —%— ¢!
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where e is the universal covering of Notation 4.2. If we restrict e to the unit interval I,
the pullback is by construction exactly W. Therefore, the space Wg may be seen as the
space obtained from W x Z by identifying (z,n) and (g(z),n + 1) for any € ;W and
the map l;: Wy, — W, defined in the previous section may be seen as the map which sends
(y,n) to (y,n+1) for any y € W. Define : W < W, to be the pullback of the following
diagram.

(0} —< 5t 2w
R

R 5l yy,

This is a homotopy equivalence by coglueing theorem [FP90, Theorem A.4.19| and, in
the previous model, it corresponds to the map which sends z to (z,0) for any x € gyW.

Therefore, it is easy to see that by construction we have o liol~go z'l_l o 1p.
Now, if we equip Wg with the simple structure such that [ has vanishing torsion, then by
Lemma 4.14 and Lemma 2.15, we obtain
0(fy) = et (l1: Wg - Wg)
= E*Z*T(Z_l olyol: W — 9yW)
=L(goi;toig: QW — AW)

Moreover, since g o z'l_l o1ig corresponds to the fiber transport dgW — 9yW induced by the
action of the generator 1 € m(S'), we get that g, (i1); ! (ip)« = id. Hence, we can conclude
by Lemma 2.15 and by Remark 4.16 as follows

0(fq) =lt(go z'l_l 01ip)

= l,7(g) + (log)*T(ifl)+(109°il_1)*7(i0)
=0- *g*(ﬁl) ( 1) + (g o iy t)er(io)

= 1.( = gum(W") + (g 0 iy 1) (i0))
=L(~ (20) (i1 *T(W ) + (i0)«7(io))
=L (— (~1)Im@W) 5 (W) + (W)
= L((-1)*™M) .5 +id ) r(W)

= ((_1)dlm<W> -0 +id ) L (W)
where in the last equality we have used that [, § = § L.

Define the homotopy equivalence A: T’

goiTloig W, as pushout of the following diagram

id Igoi] toig
_—

80W XI ¢——— 80WH60W 80W
ho(ipxid I)l lid 113 L oig H
Wt L gwnaw —M s gow

where h: W x I — W is a homotopy between idy and 4 oil_l. Then, since by construction
we have [o (goifl oig) =~ l1ol, we obtain by Lemma 4.14 and by Example 4.10 the following
equation.

Tﬁb/(fg) = T(é\: ﬂl — W ) = T()\ Tgoz o1 - Wg)
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Therefore, by equation (4.5), diagram (4.6) and Lemma 2.15, we can conclude as follows

T (fg) = 7(A)

= —(proiy).7(i

(i
= —(proiy )7 (i

)
)

Yoig) + pr, 7(ho (ip x idy))
1

1
1) = (proiy o iy Y)ur(ig) + pr, 7(h) + (proh).t(ip x idy)
(i1) — pr, 7(io) + pr, 7(idw x0) + pr, 7(io)
7(i1)

= (proij o il_l «T

= (pr oty 07:1_1 *

(

(proio)« (ig " 0 i)« (1), ' 7(i1)
=L (ig " oiy) (W)

(=1)dm@W) g 57 (W)

(—1) 4 @W) 5 (W)

l*T(W) - e(fg)

where we have used that h is homotopic to the homotopy idy x0: W xI — W x {0} =W
and that [, 6 = 0 L..

(iii) This follows immediately by Lemma 4.7(ii) and claim (ii).

(iv) This follows immediately by the previous claims (i), (ii) and (iii).
O

Therefore, in case of maps f: M — S' obtained by gluing the two components of the bound-
ary of an h-cobordism together the invariant 7qp’(f) summarizes completely the obstructions

0(f) and ().

Remark 4.19. We will see that the homomorphism l,: Wh(7dyW) — Wh(7nWj) is not injective in
general. In particular, its behavior depends on how the fiber transport g oil_l oig: QW — OgW.
Therefore, it can happen that the h-cobordism W is non-trivial, that is, by the s-cobordism
theorem [LM23, Theorem 2.1|, that 7(WV) is not zero, but both obstruction 6(f,) and 74 (fy)
vanish.

4.3 A Bass-Heller-Swan decomposition for Whitehead groups

In this section we present the algebraic background that is needed to define Farrell’s obstructions
c(f) and 7(f). The goal is to introduce the groups where Farrell’s obstructions are defined and
to study the relation between them. It turns out that they fit together into a Bass-Heller-Swan
decomposition of some Whitehead group Wh(G).

The work is structured as follows: first we introduce a twisted Bass-Heller-Swan decompo-
sition in the more general context of algebraic K-theory and then we apply it to the case of
polynomial rings, which is the one we are interested in. Main references for this part are [LS15]
for the algebraic K-theory part and [Gra88|, [FH70| and [Far71] for the polynomial ring part.

A twisted Bass-Heller-Swan decomposition

Let us start by presenting a twisted Bass-Heller-Swan decomposition in algebraic K-theory. Note
that we will make use of the definition of K-theory given by Waldhausen in [Wal85| and we will
give for known all the results about it. Let us only recall that this is given for Waldhausen cate-
gories €, that is, for categories with a choice of a subcategory of cofibrations and a subcategory
of weak equivalences satisfying the axioms of [Wal85, p. 9], and it is defined as the loop space
K(%) = QwS|%. See [Wal85, Section 1.3| for more details.
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Notation 4.20. Throughout this part, 2/ denotes a (small) additive category and ®: &7 =5 o
denotes an automorphism of additive categories.

We introduce first the two categories used in the decomposition: the ®-twisted finite Laurent
category and the Nil-category.

Definition 4.21. We define the ®-twisted finite Laurent category /p[t,t=1] as follows:
e [ts objects are the objects of 7.

e Given two objects A and B in @[t,t"!], a morphism f: A — B in o[t,t"!] is a formal

sum
f= Z fi-t"
€7
where f;: ®(A) — B is a morphism in %7 and only finitely many f; are non-trivial.
e Given two morphisms f =3, fi - t': A— Band g = ZjeZ gj -t/ B— Cin dglt, t71],
the composite go f: A — C is defined by

gof=>_ > god®(f) | -t*

kez \ ijcz
i+j=k

Moreover, we denote by ig: &7 — @g[t,t!] the inclusion functor which is the identity on objects
and which sends a morphism f: A — Bin &/ to f-t°: A — B.

Remark 4.22. e The ®-twisted finite Laurent category «p[t,t~!] is an additive category.
Indeed, it has the obvious direct sum and the obvious structure of abelian group on sets of
morphisms coming from the corresponding structures in 7.

e The fundamental relation for a morphism f: A — B in g[t,t~!] is the following.

(idg(p) t) o (f-1°) = ®(f) - t

Definition 4.23. We define @/%[t] and «73[t '] as the additive subcategories of @[t, '] whose
objects are the objects of ./ and whose morphisms f: A — B are the formal sums ), , f; - tt
with f; = 0 for i < 0 and i > 0, respectively. In addition, we denote by evi : o/[t*™] — o
the functor given by the evaluation at t°, that is, the functor which is the identity on ob-
jects and which sends a morphism Y, , f; - t' in @t] or p[t™'] respectively to fo, and by
it: o/ — op[tT!] the restriction of the functor ig to the categories 27[t] and @[t !], respec-
tively.

Definition 4.24. (i) A morphism f: ®(A) — A of & is called ®-nilpotent if for some n > 1

the n-fold composite

f = fod(f)o---0®"L(f): d"(A) = A
is trivial.

(ii) We define Nil(«7, ®) to be the category whose objects are pairs (A, ) where A is an
object of &/ and ¢: ®(A) — A is a P-nilpotent morphism in &/ and whose morphisms
(A, ) = (B, ) are morphisms u: A — B in & such that the following diagram commutes.

d(A) —— A
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Remark 4.25. The category Nil(7, ®) has the obvious structure of exact category induced by
o/ a sequence in Nil(«7, @) is exact if the underlying sequence in ¢ is (split) exact.

The twisted Bass-Heller-Swan decomposition is based on the K-theory of the previous cate-
gories. In particular, it uses the NK-terms and the mapping torus of K(®~!), which are presented
in the following definition. Recall that any additive (actually, any exact) category has a canonical
Waldhausen category structure where the cofibrations are admissible monomorphisms and the
weak equivalences are the isomorphisms. Therefore, the K-theory of all the categories above can
actually be computed.

Definition 4.26. e We define NK (.Q%q, [til]) to be the homotopy fiber of the map of spectra
K(evy): K(o[t*!]) — K (/). Moreover, we denote by

b*: NK (ep[t*™]) — K (o [t*])
the canonical map of spectra.

e We define the mapping torus T (g-1) of K (®~1) as the following pushout.

K()V K(o) = K(/) NOT, — K(o/) NI,

J

K(@‘l)videl
K(<) Tx @1

Consider the natural transformation S: ig o ®~! — ig of functors from &7 to pt,t~!] of
additive categories defined for any object A in ./ by the isomorphism id4 -t: ®~1(A) — A.
This induces a homotopy K(S): K(&/) A 11 — K(dgt,t!]) from K(ig) o K(®™1) to
K(ip). We define

a. TK(@—l) — K(d@[t til])
to be the map of spectra from the torus T (g-1) to K(sz/cp [, t_l}) obtained by the homotopy
K(S).

We can now finally conclude this short dissertation in algebraic K-theory by stating the
twisted Bass-Heller-Swan decomposition for K-theory of additive categories. A complete proof
of this theorem and a more detailed description of all previously defined objects can be found in

LS15].

Theorem 4.27 (|[LS15, Theorem 0.4]). Let &7 be an additive category which is idempotent com-
plete and let ®: & — o be an automorphism of additive categories. Then:

(i) There is a weak homotopy equivalence of spectra, natural in (<7, ®),

aV bt Vb Ty V NK (dolt]) V NK (o[t ™']) = K (ot t™"])

(ii) Denote by (AddCat;.)” the category of functors from 7 to the category AddCat,. of
idempotent complete additive categories and by Spectra the category of spectra. Then
there exists a functor E: (AddCat;.)” — Spectra and weak homotopy equivalences of
spectra, natural in (o7, @),

ONK (a3|t])
K(<)V E(d,®)

E(o, D)

&
= K (Nil(e7, ®))
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Remark 4.28. By applying homotopy groups to the previous theorem, we obtain for all n > 1 a
natural splitting

~

Ko (olt, t™1]) = Xn(olt,t™!]) & NK, (olt]) & NK, (o[t™"])
where X,,(/[t,t~!]) is the cokernel of the split injective homomorphism
K,(bT) @ K, (b7): NK, (alt]) & NK, (Ao[t™]) — K, (t,t™ 1)
Instead, if n = 0, we have that
- (NK(%[t])) = o <NK(£%¢[t_1])> ~0 (4.7)

Indeed, recall that Ky(</) is obtained as the Grothendieck construction of the abelian monoid
of stable isomorphism classes of objects in &7 under direct sum, where two objects A and B in
&/ are stable isomorphic if there exists an object C such that A @ C and B & C are isomorphic.
In particular, Ko(e7) is a relation on the objects on .o7. Therefore, since iy : o7 — oZp[t,t™!] is
bijective on objects and by construction evaE oi4+ = id, then the group homomorphism

Ko(evﬁ): Ko(ﬂ@[til]) — K(JZ{)

is bijective and (4.7) holds.
Finally, we obtain the following long exact sequence

17)

Kn(®)-id X(olt, t7Y]) —2 s Ky () j

Ko (i0)
—

O K (o) Ko ()

(4.8)

Ko(®)—id Ko (io)
—_— —_

L coo —— Ko(o) Ko() Ko(#p[t,t71]) ——— 0

A Bass-Heller-Swan decomposition for polynomial rings

We are interested now in applying the previous construction to obtain a decomposition for
Whitehead groups. We do this in three steps: first we apply it to general polynomial rings, then
we reduce the study to K; and finally we focus on group rings ZG to conclude.

Let us start with the case of polynomial rings. Let R be a ring with unit 1 and let a: R — R
be a ring automorphism. Define the a-twisted finite Laurent series ring R, [t,t71] as follows.

e Additively, it is Ra[t,t7!] = R[t, t71].
e Multiplicatively, for f = at™ and g = bt" with n,m € Z, we have

frg=(at") (bt") = aa" ()"

Let Z be the category whose objects are the natural numbers and whose morphism from m to n
are given by the abelian group of (n x m)-matrices with entries in R with the composition given
by matrix multiplication. Note that there is a natural direct sum in this category given by the
usual sum of natural numbers on objects and by taking block matrices on morphisms. Moreover,
the automorphism « induce an obvious automorphism ®: #Z — Z of categories. Then we have
that:

(i) Z is a skeleton of the category of finitely generated free right R-modules.
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(ii) Zolt,t71] is a skeleton for the category of finitely generated free right modules over the
group ring R[t,t™1].

(iii) The idempotent completion Idem(Z) of Z is a skeleton of the additive category of finitely
generated projective right R-modules.

(iv) The subcategories Zo[t] and Zot 1] of Zs[t,t ] are a skeleton of the additive categories
of finitely generated free right R-modules over the subrings R, [t] and R, [t71] of Ra[t,t71],
respectively.

(v) Nil (Idem(£), ®) is a skeleton of the category Nil(R, @) defined as follows:

e Its objects are pairs (P, f) where P is a finitely generated projective right R-module
and f is a nilpotent a-semilinear endomorphism of P, that is, f is a nilpotent endo-
morphism such that f(zr) = f(z)a(r) for any x € P and any r € R,

e Given two objects (P, f) and (Q, g) in Nil(R, ), a morphism ¢: (P, f) — (Q,g) in
Nil(R, ) is an R-linear homomorphism ¢: M — N such that goyp = po f.

p_L.p

® ®

Q1> q

(vi) NK,(%s[t*!]) is isomorphic to the kernel NK,(R,a*!) of the group homomorphism
Kn(eva—L): K, (Ra [til]) — K, (R) where ev(jf: Ro[t*t'] — R is the evaluation at zero.

We obtain that m,(K(%)) = Ku(R) for n > 1 and the map Z — Ko(#) which sends n

~

to [R"] is surjective and also bijective if R™ = R™ implies m = n. Furthermore, passing
to the idempotent completion Idem(%), we get that m, (K(Idem(%’))) = K,(R) for n > 0,

where Ky(R) is the group obtained applied the Grothendieck construction to the category of
finitely generated projective right R-modules. Therefore, Theorem 4.27(i) reduces for &7 = #
and n > 1 to the following twisted Bass-Heller-Swan decomposition of K, (Ra [t tfl]), given in
|Gra88, Theorem 2.3| or, for n =1, in [FH70, Theorem 19|

Ko (Ralt,t™1]) 2 X, (R, 0) ® NK,(R, ) ® NK,(R, o) (4.9)

while Theorem 4.27(ii) reduces for &/ = # and n > 1 to the following classical isomorphism,
given in [Gra88, p. 361].

Kn_l(Nﬂ(R, a)) = Kn_1<R) D NKTL(R, Oé)

Remark 4.29. The decomposition stated in |Gra88, Theorem 2.3| has F,_;(R,«) instead of
Xn(R,a), where F;(R, «) is defined to be 7; of the homotopy fiber of the map

K(a)—id: K(R) = K(R)

However, such decomposition is completely equivalent to (4.9). Indeed, by the long exact se-
quence (4.8), it is easy to see that F;(R,«) plays exactly the same role as X;11(R, ).

Let us now focus on the case where n = 1. In this case, the previous results reduce to the
following two decompositions.

Ki(Ra[t,t™ 1) =2 X1(R,a) ® NK{(R,a) ® NK{(R,a™) (4.10)

Ky(Nil(R, ) = Ko(R) & NK1(R, ) (4.11)
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Moreover, by the long exact sequence (4.8), we obtain the following short exact sequence

0 — Ky (R)/ im (K1 (o) —id) 229 X1 (R, a) — ker (Ko(a) —id) -0 (4.12)
where K (ig) is the map induced by the inclusion ig: R < Ry[t,t~1].
Now, consider the following two groups.

Definition 4.30. Consider the cyclic subgroup F’'(R) of K(](Nﬂ(R, a)) generated by the class
[R, 0] of the pair (R,0) in Nil(R, «).

e We define C(R, o) = Ko(Nil(R,®))/F'(R).

e We define C(R,a) to be the subgroup of C(R,a) generated by [R™, f] for (R",f) in
Nil(R, ).

These groups will be of main importance for us in the next sections. In particular, C (R, )
is the group where the first obstruction lies, while C(R, «) is an explicit description of the group
NK;(R,a), as the stated in the following proposition.

Proposition 4.31. We have that NK1(R,a) =2 C(R, ).

Proof. By |[FHT70, Proposition 6] the following short exact sequence splits.

0 — C(R,a) — Ko(Nil(R,a)) = Ko(R) — 0

Therefore, by (4.11), we can conclude that NK;(R,a) = C(R, a). O

Once we have these groups, it is not difficult to realize that decomposition (4.11) reduces
to a decomposition for C'(R,«). Indeed, define the reduced Kyp-group of R to be the quotient
Ko(R) = Ko(R)/F(R) where F(R) is the cyclic subgroup of Ko(R) generated by the class [R].
Then the split exact sequence of the previous proof reduces easily to the following one (see again
|[FH70, Proposition 6|) N N

0— C(R,a) » C(R,at) = Ko(R) — 0

Therefore, we obtain that N
C(R,a) 2 Ko(R) ® NK1(R, ) (4.13)
To conclude this part about n = 1, we introduce the following map over C(R,a~1).
Definition 4.32. We define the group homomorphism p: K3 (Ra [t, t_l]) — C(R,a™ 1) as follows.

Consider a representative
fr(Ralt,t71])" = (Ralt,t™1])"

of any element in K3 (Ra [t,t‘l]). Denote by rm the right multiplication by ¢™. Then, there
exists a m € N such that rym o f is a map

rem o fi (Ralt])" — (Ralt])"

We define p to be the group homomorphism which sends the element represented by f to the
class [coker(rym o f), 7] in C(R,a~1).

Remark 4.33. e The map p is well-defined by [Far71, pp. 320-321].
e By [Far71, Corollary 1.9], we have that p(f) € ker (Ko(a)—id) for any f in K (Ra[t,t71]).
Therefore, by (4.10) and (4.12), the map p can be seen as a sort of projection from

Ki(Ro[t,t7']) to the "sum" of NK;(R,o ') with the "component" of Xi(R,a) given
by ker (Ko(a) —id). Such "sum" is in C(R, ") by (4.13).
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To conclude this section, let us apply all the previous construction to the group ring ZG for
a group G and summarize it in a single lemma. This provides in particular a Bass-Heller-Swan
decomposition of Whitehead groups, which will be important for us in the following sections.

Lemma 4.34. Let G be a group and a: G — G be an automorphism. By abuse of notation, we
denote by a: ZG — ZG the automorphism induced by o on ZG. Let G X4 Z be the semidirect
product. We identify ZGy[t,t™'] = Z(G x4 Z) through the standard isomorphism which is the
identity on ZG and which sends t € ZG[t,t7 ] to 1z € Z(G x4 Z). Then the following holds:

(i) We have a decomposition

Wh(G x4 Z) = X1(ZG,a) ® NK(ZG,a) ® NK|(ZG, o™ b)
(ii) We have a short exact sequence

0 = Wh(G)/im (. —id) 2% X1(ZG, a) — ker (Ko(a) —id) — 0

where a,: Wh(G) — Wh(G) is the homomorphism induced on Whitehead groups by
Ki(a): K1(ZG) — K1(ZG) and (ig)« is the homomorphism induced by the inclusion
io: ZG — LGt t1].

(i1i) The map p defined in Definition 4.32 factors through a map

p: Wh(G %, Z) = C(ZG,a™)

Proof. See [FH70, Theorem 21| and [Far71, pp. 321-322. O

4.4 Farrell’s obstructions over S?

In this section we finally present the two Farrell’s obstructions ¢(f) and 7(f) and we prove the
following theorem, which is the main result of [Far71| and which provides the equivalence of part
(iii) and (iv) of Theorem 4.1.

Theorem 4.35. Let f: M — S' be a map in Diff. Assume that M is connected of dimension
dim(M) > 6 and that the homomorphism i (f): m1 (M) — m1(S) is surjective. Then there exists
a smooth fiber bundle f: M — S' homotopic to f if and only if the following three conditions
holds:

(i) the covering space M of M corresponding to the subgroup G = ker wi(f) of w1 (M) is in
TFCW;

(ii) c(f) vanishes;
(11i) T(f) vanishes.

Remark 4.36. The conditions we focus on are (ii) and (iii) because these are the not obvious
ones. Indeed:

e We require that 71 (f) is surjective because a necessary condition for f to be homotopic to
a fiber bundle is that m(f) is not the zero map. Indeed, assume by contradiction that f is
(homotopic to) a fiber bundle in Diff with fiber F' and 71(f) = 0. Then by the homotopy

exact sequence for the fiber sequence F' — M I, S we obtain that m(SY) 2 Z < mo(F).
But since F' is compact, this is a contradiction. Once we know that 71(f) is not the zero
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map, we can assume without loss of generality that this is surjective. Indeed, if this is not
the case, then there exists an n € N such that im 71 (f) = nZ. Therefore, there exists a lift
g of f along the n-fold covering space of S!.

Sl

T

M —— stz

By construction, the map g is such that m;(g) is surjective and it is homotopic to a fiber
bundle whenever f is so. Hence, it suffices to take g instead of f.

Note that, since M is connected, requiring that w1 (f) is surjective corresponds geometri-
cally to requiring that F'is connected as well. This can be proved easily using the homotopy
exact sequence of f.

e Condition (i) of the previous theorem is obviously necessary for f being homotopic to a
smooth fiber bundle f. Indeed, by construction, M has the same homotopy type of the
fiber F of f (see for example the homotopy equivalence h: M — F of Proposition 4.11)
and this is in TFCW as it is in Diff.

The strategy to prove this theorem is to use cobordisms and the s-cobordism theorem. In
particular, first we provide a cobordism using the Pontrjagin-Thom construction. Then, we in-
troduce the first obstruction ¢(f) to measure whether such cobordism is an h-cobordism. Finally,
if this is the case, that is, if ¢(f) = 0, we define 7(f) as the torsion obstruction of the s-cobordism
theorem and we use it to check if the h-cobordism in question is trivial. If this happens, then
there exists a smooth fiber bundle f: M — S homotopic to f.

Geometric interpretation of the fibering problem

Let us start by giving the geometric interpretation of the fibering problem over the circle. This
is based on the notion of splitting of the manifold M with respect to f and allows us to construct
a cobordism starting from M.

Notation 4.37. In the following, M denotes a connected manifold in Diff and f: M — S*
denotes a continuous map in Diff such that 7 (f): m (M) — 71(S1) is surjective.

Definition 4.38. A pair (N,v) is said a splitting of M with respect to f if N is a closed
submanifold of M of codimension 1 and v is a framing of the normal bundle of N such that
under the Pontrjagin-Thom construction [Ran02, pp. 127-128] the pair (N, v) corresponds to f.
We will also denote it by N.

Remark 4.39. e A splitting (N,v) of M with respect to f always exists. Indeed, such a
splitting can be obtained for example in the following way. Change f in its homotopy class
to a smooth map g which is transversal to {e(0)} C S! and define N to be the preimage
of e(0) under g. Then, by construction, N is a splitting of M with respect to f.

o If (N,v) is a splitting of M with respect to f, then obviously (N, —v) is a splitting of M
with respect to —f.

Once we have a splitting (IV,v) of M with respect to f, it is not difficult in our situation to
improve it to get a new splitting which has better properties. More precisely, let G = ker w1 (f).
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Define M to be the covering space of M corresponding to G, that is, such that 71 (M) = G. For
example, let M defined as in Section 4.1 as the following pullback

where e is the universal covering of Notation 4.2. Note that since G is normal, we do not care
about base points. Suppose that M is in TFCW. Then we obtain the following:

(i) Since m1(f) is surjective, then, by [BL65, p. 157], we can pass by exchanging handles of
dimension 1 to a connected splitting.

(ii) Since M is in TFCW, then G is finitely presented. Therefore, we can work with generators
and exchange handles of dimension 1 and 2 to obtain a new splitting /N which is such that
the homomorphism m1(i): 71 (N) — 71 (M) induced by the inclusion i: N — M is a
monomorphism with image G (see [Far71, p. 11] and [Bro65, Lemma 3.1]).

Notation 4.40. From now on, we assume without loss of generality that NV has the two properties
above.

Now, we want to see if we can further improve our splitting N of M and, if this is the case,
we want to study its properties. For this, choose a lifting (N ,7) of (N,v) to M. Then N divides
M into two connected components. Denote by B the component into which 7 points and by
A the other one. To simplify the notation, we will denote simply by (NN,r) the pair (ZV V).
Let l1: M — M be the generator of the group of deck transformations such that A C ll(A)
Denote by M the universal covering of M and by p: M — M the covering projection. Let A
B and N be p~H(A), p~1(B) and p~!(IV), respectively. Since, by Notation 4.40, the inclusion
map N — M induces an isomorphism on fundamental groups, then N is connected and simply
connected. Moreover, since we have N C A C M and N C B C M, then the inclusions A < M
and B — M induce epimorphisms on fundamental groups. Therefore, A and E/ are connected
and, by Van-Kampen’s theorem [Hat02, Theorem 1.20] applied to N , g, B and M , they are also
simply connected. In other words, the inclusion maps A < M and B — M actually induce
isomorphisms on fundamental groups.

Remark 4.41. Since M and N are in TFCW, the inclusion maps A < M and B — M
induce isomorphisms on fundamental groups and A, B, N and M are connected, then by
[Sie65, Complement 6.6] also A and B are in TFCW.

Now, consider the group HZ(]TJ/, /~1; Z) for i € Z. Since we can identify G with the group of
deck transformation of M, then this is actually a ZG-module. We denote it by H;(M, A; ZG).

Definition 4.42. We say that a splitting N is s-connected if the following conditions are satisfied:
e N is connected;

e the homomorphism 71(¢): m(N) — w1 (M) induced by the inclusion i: N — M is a
monomorphism with image G;

o H,(M,A;ZG) =0 for i < s.

Remark 4.43. By construction, we have that Ho(M, A;ZG) = Hi(M, A; ZG) = 0. Therefore,
1-connected splittings of M with respect to f always exist.
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Connected splittings have the following properties.

Lemma 4.44. If N is an s-connected splitting, then Hs 1(M,A; ZG) is a finitely generated
ZG-module.

Proof. By excision, we have that Hy1(M, A;ZG) = Hs1(B, N; ZG). Thus, it suffices to prove
the claim for Hgy1(B, N;ZG). Let Ns be the s-skeleton of N in some triangulation of N.
Consider the following homology long exact sequence for the triple Ny C N C B.

-— H;(N,Ns;ZG) — H;(B, Ns; ZG) — H;(B, N; ZG) —

Since H;(N, Ng;ZG) = 0 for ¢ < s, we have that H;(B, Ns;ZG) = H;(B,N;ZG) = 0 for i < s
and that Hs11(B, N;ZG) is a quotient of Hgi1(B, Ng;ZG). Therefore, we can conclude by
[Wal65, Theorem A|. Indeed, since B is in TFCW, then we have that Hgy1(B, Ns;ZG) is
finitely generated and so also Hs1(B, N;ZG) is so. O

Lemma 4.45. Let N be a I1-conmected splitting of M with respect to f. Then N is also
2-connected.

Proof. Let W be the manifold ;(A) \ A. This is a connected cobordism with two boundary
components oW = N and 01W = [;(N). With an argument similar to that for Notation 4.40,

we can show that the inclusion maps {3 (N) < W and N — W induce isomorphisms on funda-
mental groups. Hence, we have Hq (W, N; ZG) H, (W 11(N); ZG) = 0. Consider the following

homology exact sequence for the triple A C ll(A) c M.
- Hy(M, A, ZG) 25 Hy (M, 11 (A); ZG) & Hy (1h(A), A;2G) —

By excision, we have Hy (ll(A),A;ZG) = H{(W,N;ZG) = 0. Therefore j, is surjective. More-
over, the collection of modules {Hl (H, I (A); ZG’)} with 7 fixed form a direct system whose

mez
maps are induced by the inclusions (M I (A)) = (M ,I(A)) for n > m and whose direct limit
is H;(M,M;ZG) = 0. Hence, for i = 2, since Ha(M, A; ZG) is finitely generated by Lemma 4.44,
we obtain that Ho(M, A;ZG) = 0 and N is 2-connected. O

We introduce now an automorphism «: ZG — ZG and a nilpotent a-semilinear endomor-
phism of Hy(M, A;ZG) for s-connected splittings. Moreover, we use these to show that there
exist also (n — 3)-connected splittings.

Let M be the universal covering of M. Then we can identify the group m (M) with the
group of deck transformation of M. Let t € my (M ) be such that m1(f)(¢) is the generator of
71(S1) =2 Z determined by the orientation of S used for the Pontrjagln Thom construction in
Definition 4.38. Using the notations above, we have that ¢: M — M covers li: M — M.

Remark 4.46. The element ¢ may not be uniquely defined. However, here and in the following,
the choice of ¢ will be considered fixed.

Since A C M is such that A C [1(A), then t;! induces an endomorphism of HZ(M, A)
for any i. Moreover, the conjugation by ¢ defines an automorphism « of G which induces an

automorphism « of ZG. It is immediate to check that ¢! is an a-semilinear endomorphism of
H;(M, A; ZG) for any i.

Lemma 4.47. If N is an (s—1)-connected splitting of M with respect to f, thent; ! is a nilpotent
a-semilinear endomorphism of Hs(M, A; ZG).
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Proof. Let j: (M, A) (M, I7"(A)) be the inclusion. We have that Hs(M, A;ZG) is finitely
generated by Lemma 4.44. Moreover, we have lim H (M,17'(A); ZG) = 0. Therefore, there exists
an m € N such that

ja: Ho(M, A; ZG) — Hg (M, 17" (A); ZG)

is zero. But t~™: (M, A) — (M, A) is by construction the composite of j: (M, A) — (]TJ/, Im(A))
and ¢t~ (M, Im(A)) — (M, A), where we have used that ¢ covers I1. Hence, we get that

G =t =t"0j"=0 0

Remark 4.48. Using the automorphism a: G — G, we can also obtain a group isomorphism
G X Z — (M) which is the identity on G and maps 1 € Z to t € m;(M). In the following, we
will use this to identify G x4 Z = 71 (M).

We prove now that (n — 3)-connected splittings exist.
Lemma 4.49. There exist (n — 3)-connected splittings of M with respect to f.

Proof. We prove by induction for s < n—3 that if there exists an (s—1)-connected splitting, then
there exists also an s-connected splitting. We already know by Lemma 4.45 that 2-connected
splittings exist. Hence, let N be an (s — 1)-connected splitting of M with respect to f. Denote
for simplicity by K the group Hs(M, A;ZG) and by ¢ the homomorphism ¢;1: K — K. By
Lemma 4.47, there exists an m € N such that ¢™ = 0. Moreover, by Lemma 4.44, the group K
is finitely generated. Therefore, if we set K; = im ¢ ¢, we obtain a filtration of K

O=KoCcKiC---CK,, =K

given by finitely generated submodules of K such that ¢(K;) C K;_1.

—_~

Consider now the following homology exact sequence for the triple Ac l1(A) C M.
oo Hi(11(A), A, ZG) =5 Hy(M, A;ZG) 25 Hy(M,1,(A); ZG) — ... (4.14)

By construction, we have that t~*: (]Tj, A) — (]Tj, A) is the composite of j: (]Tj, A) — (]Tj, lm)

and ¢! (M, l?(\Z)) — (]\7, A) and the homomorphism #;: H, (M,11(A); ZG) — Hy(M, A; ZG)
is a monomorphism. Therefore, we obtain the following:

e Let T be one of a fixed finite collection of generators for Kj. Since ¢(x) € Ky = 0, by
construction of ¢, !, we obtain that j.(Z) = 0. Hence, by the homology exact sequence
(4.14), there exists an = € H,(I1(A), A;ZG) such that i.(z) = Z.

e Let W be the manifold {;(A) \ A. By excision, we have H;(l1(A), A; ZG) = H;(W, N; ZG)
for any i. Moreover, by the homology sequence (4.14), we obtain H; (ll(A), A; ZG) =0 for
i < s— 1. Indeed, since H;(M, A;ZG) = 0 for i < s — 1, then, by construction of ¢, and
l1, also Hi(M, ll(A);ZG) =0 for 1 < s —1 and hence Hi(ll(A),A; ZG) =0fori<s—1.
Therefore, there exists a handlebody decomposition

NxI=WoCcWiCWoC---CW,.ZW

such that the manifold W, is obtained from W;_; by attaching a handle of dimension
s —1< g <n—2 (since there exist 2-connected splittings, it suffices ¢; < n — 2). More-
over, by [LM23, Sections 2.2-2.3|, if x € Hy(W, N;ZG), since s < n — 3, we obtain that
dim Wy = s, that is, that W; is obtained by Wy by adding an s-handle, and that there
exists a generator T of Hs(W1, N;ZG) such that i, (T) = x where ¢': (W1, N) — (W, N) is

the canonical inclusion.
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Now, pick W as above, that is, such that dim W; = s. Denote by N’ the component d; W of
the cobordism Wy and by A’ the manifold AUW;. We can assume without loss of generality that
N’ is again a splitting of M with respect to f. Consider the following homology exact sequence
for the triple A C A’ C M.

v = Hy(A' A ZG) — Hy(M, A ZG) — Hi(M, A 2G) — ... (4.15)

By construction we have H;(A’, A; ZG) = 0 for i # s. Moreover, H;(M, A; ZG) = 0 fori < s —1.
Therefore, we obtain that H;(M,A’;ZG) = 0 for i < s — 1. In other words, N’ is again an
(s — 1)-connected splitting. Denote by K’ the module H(M, A’; ZG). Then the sequence (4.15)
in dimension s becomes

s G K S K 50—

Denote by ¢’ the homomorphism t;': K’ — K'. It is easy to check that ¢’ o v, = v, 0 .
Therefore, since v, is surjective, we obtain easily that (¢')™ = 0. Let K] = im(¢’)™ *. Then,
since ¢’ o v, = v, 0 @, we have that v, induces surjective maps K; — K/ for any i. In particular,
for ¢ = 1, we obtain the following short exact sequence

0 (@) =K 2 K, =0

where (Z) is the free submodule of K generated by a generator Z of a fixed finite collection of
generators for K7. Indeed, given Z, by the two observation above there exists a generator T of
H,(Wh,N;ZG) = Hs(A', A; ZG) = ZG such that T is sent to Z. Therefore, (Z) fits in the previous
sequence. Then we get that K is generated by one fewer element than K. After repeating this
process a finite number of time, we obtain an s-connected splitting. This completes the proof of
Lemma 4.49. O

The obstruction to pseudofibering a circle

Let us now focus on defining the obstruction ¢(f). Let (N, v) be a splitting of M with respect
to f. Let E(v) — M be a tubular neighborhood of (N,v). Define My to be the manifold
M\ E(v)°, where E(v)° denotes the interior of E(v). This can be identified with the cobordism
W = 11(A) \ A of the proof of Lemma 4.45. In other words, (My,N,l1(N)) is a cobordism.
Now, by Lemma 4.45 and Lemma 4.49, we can assume that Hg(M,N;ZG) = 0 for s # 3.
If H3(M, A;ZG) happens to be zero, then it is easy to check that My is an h-cobordism.
However, there is no evidence for which it has to vanish. Therefore, this homology group is an
obstruction for My being an h-cobordism, that is, according with the following definition, for M
pseudofibering a circle. This is exactly what the first obstruction ¢(f) is. Nevertheless, we want
to have ¢(f) € C(ZG;a). Therefore, we need to check whether H3(M, A; ZG) is a projective
module. This is what we do in the first part of this subsection.

Definition 4.50. We say that the manifold M pseudofibers a circle with respect to f if there
exists a splitting N of M with respect to f such that My is an h-cobordism.

Remark 4.51. It is easy to check that a manifold M pseudofibers a circle if and only if there exists
a splitting N of M with respect to f such that the inclusion i: N — M induces an isomorphism
on fundamental groups and Hg(M, A;ZG) = 0 for any s € Z.

In order to simplify further the notation, we give also the following definition.

Definition 4.52. A splitting (IV,v) of M with respect to f is said s-bi-connected if (N,v) is
s-connected and (N, —v) is (n — s) — 1-connected, that is, if the following conditions hold:

o H;(M,A;ZG) =0 for any i < s;
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° Hi(M7B;ZG) =0 for any i < (n—s) — 1.

By Lemma 4.45 and Lemma 4.49, we get the following lemma, which again points out that
we need to study the group Hs(M, A; ZG) to check if M pseudofibers.

Lemma 4.53. There exist 2-bi-connected splitting.
Moreover, s-bi-connected splittings have the following property.

Lemma 4.54. A splitting (N, v) is s-bi-connected if and only if there exists a handlebody de-
composition of (MN, N, ll(N)) consisting only of handles of dimension s and s+ 1.

Proof. Assume first that (N,v) is s-bi-connected. By Lemma 4.53, we can assume without
loss of generality that s > 2. Then, the inclusion maps N < My and [1(N) — My induce
isomorphisms on fundamental groups. Consider the following homology exact sequence for the
triple N C My C B.

-+ = Hy(My, N; ZG) — Hy(B, N;ZG) 2 H{(B, My;ZG) — . .. (4.16)

By excision, we have H;(B,N;ZG) = H;(M, A; ZG) and H;(B, My;ZG) = H;(M,1,(A); ZG).
In particular, we have H;(B, N;ZG) = 0 for i < s and, since by construction the homomorphism
t;7l: Hy (M, ll(A);ZG) — Hy(M, A; ZG) is a monomorphism, also H;(B, My; ZG) = 0 for i < s.
Therefore, we obtain H;(My, N;ZG) = 0 for i < s. In other words, there exists a handlebody
decomposition of My consisting only of handles of dimension greater than or equal to s.

—_~

Consider now the following homology sequence for the triple I;(N) C My C l(A).
oo = Hi(My,l1(N); ZG) — H;(11(A), l1(N); ZG) — H;(11(A), Mn; ZG) — . ..

By a similar argument as above, we have H;(l1(A), Mn;ZG) = H;(11(A),1(N); ZG) = 0 for
i < n—s—1. Therefore, we obtain that H; (MN, I1(N); ZG) = 0fori < n—s—1. In other words,
there exists a handlebody decomposition of My such that the dual decomposition consists only
of handles of dimension greater than or equal to n—s— 1. But this is equivalent to say that there
exists a handlebody decomposition of My consisting only of handles of dimension less than or
equal to s + 1. Hence, we obtain a handlebody decomposition of My consisting only of handles
of dimension s and s + 1.

Conversely, assume that there exists a handlebody decomposition of (M N, N, L1 (N )) consist-
ing only of handles of dimension s and s + 1. Consider the homology exact sequence (4.16). By
assumption we have that H;(My,N;ZG) = 0 for i < s. Therefore, the homomorphism j, is an
isomorphism for ¢ < s and an epimorphism for 7 = s. In particular, by excision, this holds also
for the homomorphism

ju: Hi(M, A;ZG) — H;y (M, (A); ZG)

Now, by Lemma 4.44, the module H;(M, A; ZG) is finitely generated for any i < s. Moreover,
we have

limy H, (3, 17" (A); ZG) = H; (M, 3 2G) = 0

for any i. Hence we obtain H;(M, A;ZG) = 0 for i < s. Namely, (N,v) is s-connected. By
a similar argument, it follows also that (N, —v) is (n — s) — 1-connected. Therefore, we can
conclude that (N, v) is s-bi-connected. O

We are now ready to prove that Hs(M, A; ZG) is a projective module and then to define the
first obstruction.
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Lemma 4.55. If (N,v) is an s-bi-connected splitting of M, then Hyy1(M, A; ZQ) is a projective
Z.G-module.
Proof. By Lemma 4.54, we have that the pair (B, N) has the homotopy type of a relative
CW-complex (X, N) where X is obtained by N by attaching cells of dimension s and s+ 1 (see
|[LM23, Section 2.3]). In particular, we get that for i # s,s + 1

H;(B,N;ZG) = H;(X,N;ZG) =0

Denote by (Xg, N) the relative subcomplex of (X, N) obtained by attaching only the s-cells.
Consider the following exact sequence, which comes from the homology exact sequence of the
triple N C X, C X.

0= Hor1 (X, N;ZG) — Hyr (X, X5; ZG) 2 Hy(X,, N;ZG) — Hy(X,N;ZG) — 0

By excision, we have H;(X, N;ZG) = H;(B, N;ZG) = H;(M, A;ZG) for any i. Therefore, the
above sequence becomes

0 — Hyp1 (M, A; ZG) — Hop1(X, X5: ZG) S Hy(X,, N; ZG) — 0

Moreover, by construction, Hg(Xs, N;ZG) is a free ZG-module. Hence, this sequence splits.
Now, since also Hgy1(X, Xs; ZG) is a free ZG-module, we can conclude that H1(M, A; ZG) is
a projective ZG-module. OJ

Definition 4.56. (i) By Lemma 4.55, Lemma 4.44 and Lemma 4.47, if (N,v) is an s-bi-
connected splitting of M, then the pair (HS+1(M, A ZG), t*_l) is in the category Nil(ZG, o)
presented in the previous section. We denote it by ¢(V,v).

(ii) If (IV,v) is an s-bi-connected splitting of M with respect to f, we define
c(f) = (=1)*"[e(N,v)] € C(ZG, q)
where C(ZG, «) is the reduced Ky-group of Nil(ZG, «v) defined in Definition 4.30.

Remark 4.57. The obstruction ¢(f) does not depend on the choice of the splitting (NN, v). This
follows by the fact that there exists a group homomorphism ~v: Wh(wM) — C(ZG, &) such that

V(=18 (f)) = e(f)
where 74/ (f) is the obstruction of Definition 4.3. Indeed, 75,’(f) is independent of the splitting
and hence so is ¢(f). The existence of v will be proved in the next section.
To conclude this part, we show that c(f) is actually the obstruction for M to pseud-

ofiber a circle. For this, we need the following technical result, whose proof can be found in
[Far71, Chapter V].

Lemma 4.58 ([Far71, Lemma 5.1]). Let (N,v) be an s-bi-connected splitting of M with respect
to f where 2 < s <n—4 and let (P,p) be an object of Nil(ZG, a) such that [P, ¢] = [¢(N,v)].
Then, there exists an s-bi-connected splitting (N',v') such that ¢(N', V") = (P, ¢).

Theorem 4.59. The manifold M pseudofibers a circle with respect to f if and only if c(f)
vanishes.

Proof. Suppose first that M pseudofibers a circle with respect to f. Let N be a splitting of M
with respect to f such that My is an h-cobordism. Then by construction ¢(f) = 0.

Conversely, assume that ¢(f) vanishes. Then by Lemma 4.53, there exists a 2-bi-connected
splitting (N, v) such that [c¢(N,v)] is the identity of C(ZG, a). Obviously, we have that also [0, 0]
is the identity of C(ZG, ), where 0 denotes both the trivial group and the trivial homomorphism.
Therefore, by Lemma 4.58, there exists a 2-bi-connected-splitting (N’, ) of M with respect to
f such that ¢(N’,v') = (0,0). But this means that H3(M, A’; ZG) = 0. Hence, by Remark 4.51,
M pseudofibers a circle. O
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Farrell’s torsion obstruction to fibering a circle

In this last part of this section, we introduce the second obstruction 7(f) for f: M — S! being
homotopic to a smooth fiber bundle. This is well-defined only when ¢(f) = 0, that is, when
M pseudofibers a circle with respect to f and it is (related to) the torsion obstruction of the
h-cobordism given by the s-cobordism theorem. More precisely, assume ¢(f) = 0. Then by
Theorem 4.59 there exists a splitting (IV,v) of M with respect to f such that My = [;(A) \ A
is an h-cobordism (My,N,l;(N)). By the s-cobordism theorem [LM23, Theorem 2.1], My is
diffeomorphic to the trivial cobordism N x I if and only if the Whitehead torsion 7(Mpy) of the
h-cobordism vanishes in Wh(7N) = Wh(G). If this is the case, then there exists a smooth fiber
bundle f: M — S' homotopic to f. Indeed, the projection My = N x I — I induces a map
M — S which is by construction a smooth fiber bundle homotopic to f. At this point, one could
suggest to take 7(My) as obstruction. However, this is not well-defined because it depends in
general on the splitting. Indeed, it is possible that 7(My) # 0 even though there exists another
splitting (N', ') such that 7(Mpy) = 0. We have therefore to measure the ambiguity in order to
get a well-defined invariant.

For this, consider the group homomorphism a,: Wh(G) — Wh(G) of Lemma 4.34 induced
by the homomorphism Kj(«a): K1(ZG) — Ki(ZG) and denote for simplicity by Why(G) the
group Wh(G)/im (a, —id).

Definition 4.60. Assume that ¢(f) = 0 and let (IV,v) be a splitting of M with respect to f

such that My = [1(A) \ A is an h-cobordism. We define 7(f) € Wh,(G) to be the image of
7(Mpy) under the projection map

¢: Wh(G) = Why(G)
Remark 4.61. The obstruction 7(f) is well-defined. Indeed:

(i) Consider the lifting I;(N) of N to M. The map ly: (Mn,N) — (Ii(Mn),1(N)) is a
diffeomorphism. Moreover, the inclusion j: [1(N) — 11 (M) is given by the composition
l—l .
H(N) 2 N <5 My 2 1(My)

Therefore, since (1) is by construction a; !, by Definition 4.15 and Lemma 2.15, we obtain

7(lh(My)) = i '7(j)
=a; Vivaur(lyoiolt)
=a; ti, o l7(4)
= a; Lir(i)
= a;'7(My)

It follows that ¢(7(My)) is independent of the lifting of N to M.

(ii) Let (IN/,7') be another splitting such that My is an h-cobordism. By the previous point,
we can assume without loss of generality that 171 (A’) C I3(A) C A'. Define W = A’ \ I;(A).

Claim. The cobordism (W,1;(N), N’) is an h-cobordism.

Proof. Set V = 13(A) \ I;*(A’). Consider the sequence of cobordism given by V, W and
1;(V). We have that VUW = I;Y(My/) and W U3 (V) = I;(My). Hence, they are
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h-cobordism. Now, by the s-cobordism theorem [LM23, Theorem 2.1], any h-cobordism H
has an "inverse" H~!. Hence, we obtain the following two trivial h-cobordisms.

(' (My)Pu VYU W, WU (L(V)Uli(My)™)
Moreover, we have
My OV =17 (M) TP UV UW Ul (V) UL (M) ™ = (V) Ul (M) ™!

Therefore, W has the right inverse equal to the left inverse and so it is invertible. We

obtain the following sequence

/_\‘
W«

I1(N) WUWwW—te—s Wuwluw=w

~

where the composition of any two consecutive horizontal maps is a homotopy equivalence.
Hence, by 2-out-of-6 property, we get that all the three horizontal individual maps, in
particular the inclusion I3 (N) < W, are homotopy equivalences. By a similar argument,
also the inclusion N’ < W is a homotopy equivalence. Therefore, we can conclude that

W,11(N),N'") is an h-cobordism. O
(

Now, set W7 = My UW and Wy = W U Mpy+. Since the composition of h-cobordisms is
an h-cobordism, then these are h-cobordisms (Wi, N, N') and (Wa,l1(N),l1(N’)) and the
following equations hold.

T(W1) =17(Mpn) + (W)
T(Wa) = 7(W) + 7(Mnv)

Moreover, since the map l;: (Wi, N) — (Wg,ll(N )) is a diffeomorphism, we obtain as
above that 7(W2) = a; '7(W1). Therefore, we can conclude that ¢(7(My)) = ¢(7(Mn-)).

At this point, we can finally conclude the proof of Farrell’s main theorem, that is, of
Theorem 4.35.

Theorem 4.62. Assume that c(f) = 0. Then there exists a smooth fiber bundle f: M — S*
homotopic to f if and only if T(f) vanishes.

The proof is a consequence on the following result.

Lemma 4.63. If ¢(f) = 0 and = € ¢ '(7(f)), then there exists a splitting (N',v") of M such
that M+ = 11(A") \ A" is an h-cobordism and T7(Mpy+) = x.

Proof of Lemma 4.63. Since ¢(f) = 0, by Theorem 4.59 there exists a splitting (N,v) of M
with respect to f such that My is an h-cobordism. Moreover, by definition, we have that
q(7(My)) = 7(f). Hence, there exists y € Wh(G) such that

r=71(Mn)+y— au(y)

Now, by the s-cobordism theorem [LM23, Theorem 2.1], there exists an h-cobordims (W7, N, N')
such that 7(W1) = au(y). Denote by W, ! its inverse, which exists again by the s-cobordism
theorem. Then Wi UW s a trivial h-cobordism. In particular, we can identify it without loss of
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generality with half of a narrow tubular neighborhood of N. Therefore, N’ is a splitting of M with
respect to f. Define A’ = AUW; and My = [1(A’) \ A’. Then, since W1 UMy, = My Ul (W),
we have

T(Wl UMN/) = T(MN U l1(W1))

Moreover, the following two equations hold.

TWLUMyr) = 7(Wh) + 7(Mnr) = ou(y) + 7(Mn7)
T(My UL (Wh)) =7(My) + 7(li(Wh)) = (M) + o tr(Wh) = 7(My) +y

Therefore, we obtain

This proves Lemma 4.63. O

Proof of Theorem 4.62. Assume first that there exists a smooth fiber bundle f: M — S* ho-
motopic to f. Let N be the fiber of f. Then My is clearly diffeomorphic to N x I, that is,
My is a trivial cobordism. Hence, by the s-cobordism theorem [LM23, Theorem 2.1], we have
7(My) =0 and 7(f) vanishes.

Conversely, assume that 7(f) = 0. Then by the previous lemma applied to x = 7(f) = 0
there exists a splitting (N, v) of M with respect to f such that 7(My) = 0. Hence, again by
the s-cobordism theorem [LM23, Theorem 2.1|, My is diffeomorphic to N x I, which means, as
explained before Definition 4.60, that there exists a smooth fiber bundle f: M — S homotopic
to f. O

4.5 Fibering a manifold over a circle

In the last section of this chapter we recap and we complete the proof of Theorem 4.1. In
particular we obtain finally an example of a map f: M — B in Man where the vanishing of the
obstructions 6(f) and 7 (f) is both a sufficient and necessary condition for f being homotopic
to a fiber bundle.

Let us recall the statement of the theorem.

Theorem (Theorem 4.1). Let f: M — S* be a map in Diff. Assume that M is connected of
dimension dim(M) > 6 and that the homotopy fiber of f is in TFCW. Suppose in addition that
the homomorphism 71 (f): w1 (M) — m1(S1) is surjective. Then the following are equivalent:

(1) 0(f) and Tay(f) vanish;

(ii) Tay' (f) vanishes;

(11i) c(f) and T(f) vanish;

(iv) the map f is homotopic to a smooth fiber bundle.
Proof. Let us first summarize what we have achieved so far.

e By Lemma 4.7, we have that (i) implies (ii). Actually, they are also equivalent by Lemma
4.18(iv). Indeed, let N be a splitting of M with respect to f and consider the cobordism
My of the previous section obtained from M by deleting a tubular neighborhood of N.
The identity map g =idy: N — N is a diffeomorphism 0y My — dyMp. Consider in the
notation of Section 4.2 the manifold (My), and a map f': My — I well-defined up to
homotopy. Then, there exists a diffeomorphism v : (My), — M such that f o1 = f,. In
particular, we can use f; and Lemma 4.18 to study f. Therefore, we can conclude that (i)
is equivalent to (ii) by Lemma 4.18(iv).
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e By Theorem 4.35, we have that (iii) is equivalent to (iv)
e By Theorem 3.23, we have that (iv) implies (i).

It remains only to show that (ii) implies (iii). Hence, assume that 74p'(f) = 0. Let us focus
first on ¢(f). Consider the situation of the previous chapter, that is, let (IV, ) be a splitting of
M with respect to f. Consider the covering M of M with 711 (M) = ker 71 (f) = G. For example,
let M be the pullback of f over the universal covering e: R — S of S' of Notation 4.2, as in
Section 4.1. Choose a lifting of (N,v) to M and denote it again by (IV,v). Then N divides
M into two connected components. Denote by B the component into which v points and by A
the other one. Let I;: M — M be the generator of the group of deck transformations such that
A C l1(A). Using the notation of Section 4.1, we have by Lemma 4.14 that

b (f) = 7(€: Tpy, — M)

Consider now the map p: Wh(rM) = Wh(G x, Z) — C(ZG,a~ ') of Lemma 4.34. By
[Far71, Theorem 4.1] there exists a duality isomorphism A: C(ZG,a) — C(ZG,a~1) which
maps ¢(f) to ¢(—f). Define the map

vy=A"1op: Wh(rM) — C(ZG, a)

We claim that v( —7ap’(f)) = ¢(f), so that, since 745'(f) = 0 by assumption, then also ¢(f) = 0.
To prove it, note that since we have the identification G X, Z = w1 (M) of Remark 4.48, we
obtain that

— 78 (f) = —7(€) = T(u =(e)yt: M- Tll)
Therefore, it suffices to show that p(7(u)) = ¢(—f). This follows by a "simple structure" version
of [Far71, Lemma 3.8-3.9]. Indeed, equip 7;, with the preferred simple structure on a mapping
torus defined in Remark 4.9 and M with its preferred simple structure £€T°P(A). Suppose that N

is s-bi-connected with respect to f. This is equivalent to say that N is an (n—s—1)-bi-connected
splitting with respect to —f. Define E to be the following pullback

E— 1,

| b

R —¢ 5 St

where ¢ is a map coming from the projection M x I — I. Then E is a covering of T}, and M
divides F into two connected components A’ and B’. Moreover, by construction, there exists a
lift u': M — E of u such that (u/)~}(4’) = A, (v/)"Y(B’) = B and (u')"!(M) = N. Denote by
M the universal covering of M (and hence of M), by E the universal covering of E (and hence
of Tj,) and by u: M — E alift of u to universal coverings. Consider the following commutative

diagram, where the rows are the two long exact homology sequences for the inclusions BcM
and B’ C E and the vertical arrows are induced by u: (M, B) — (E, B’).

. — Hy(B;ZG) = Hy(LZG) 25 Hy (M, B; ZG) — Hy1(B;ZG) —> . ..

o e | o|

. — Hy(B;ZG) = H(E:;ZG) ) s Hy_1(BZG) — ...

We have that H;(E, B'; ZG) = hAlHZ (lfm(B’)7 B’; ZG) = 0. Moreover, since the splitting NV is
(n — s) — 1-bi-connected, we obtain that H;(M, B; ZG) = 0 for i # (n —s) — 1,n — s. Therefore,
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the homorphism w,: H;(B;ZG) — H;(B';ZG) is an isomorphism for i # (n—s) —1,n—s. Now,
for i = (n —s) — 1,n — s the diagram reduces to

0 — Hy o(B;ZG) —=— H, ,(M;ZG) —2— H,_,(M, B; ZG) ——

| | |

0 — H, (B;2ZG) — = H,_((E;ZG) ——————— 0

—— H,_,(M,B;ZG) —— Hp,_s1(B;ZG) —— Hy,_s 1(M;ZG) — 0

| = |

00— Hy_y 1(B;2ZG) —— Hp_y_1(E;ZG) — 0

1%

We claim that the map j. is the trivial map. Indeed, by Lemma 4.44, we have that the ho-
mology group H, (M, B;ZG) is a finitely generated ZG-module. Moreover, we have that
lingn_s (H, I;"(B); ZG) = 0. Therefore, there exists an integer r such that

ju: Hns(M,B; ZG) — Hp—s(M, 17" (B); ZG)
is the zero map. In particular, the map j.: H,_s (H, l5(B); ZG) — H,_s(M, B;ZQ) is the zero

map. It suffices now to note that j: M — (]\7 , B) is the composition of the two inclusion maps
M — (M,I7(B)) and j': (M,I](B)) — (M, B) to conclude that j, = 0.

It follows that the homomorphism i, of the diagram above, and therefore the homomor-
phism u,: H,_s(B;ZG) — H,_s(B’;ZG), is an isomorphism and that the homomorphism
Us: Hys—1(B;ZG) — Hy—s—1(B';ZG) is an epimorphism with kernel isomorphic to the group
H,_s(M, B;Z@). To sum up, we have obtained the following:

e u,: Hy(B;ZG) — Hy(B';ZG) is epimorphic for any k € Z;

e u,: Hy(B;ZG) — Hy(B';ZG) is also monomorphic if k #n — s — 1;

e kert, = H, (M, B;ZQG) is a projective ZG-module by Lemma 4.55 if k =n — s — 1;

e u may be supposed cellular;

e N, A and B may be seen as subcomplexes of M.

Hence, we can conclude as follows by [Far71, Lemma 3.8].
p( =7/ () = p(r(w) = (=1)"*[ker iy, t.] = (—=1)" " [Hns(M, B; ZG), t.] = c(=f)

Therefore, we have proved that if 74p'(f) = 0, then also ¢(f) = 0.

Let us now show that if 7s,’(f) = 0, then also 7(f) = 0. Note that 7(f) is well-defined because
we have just proved that ¢(f) = 0. Consider the inclusion map [: N < M. As explained at the
beginning of this proof, we can look at M as the manifold (My), where g = idy. Therefore,
the map [ induces a map m1(l): G = m(N) = m (M) = G x4 Z which is the identity on G. We
obtain then the following homomorphism of Whitehead groups

l,: Wh(G) = Wh(N) — Wh(rM) = Wh(G x4 Z)

Now, this homomorphism is by construction exactly the homomorphism induced also by the
inclusion ig: ZG < ZG4[t,t71] = Z(G x4 Z). Therefore, by Lemma 4.34(ii), it factors through
the monomorphism

IL: Who(G) — Wh(G x4 Z)
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We claim that 7 sends the obstruction 7(f) to (—=1)3™™) . §(74,’(f)), where § is the twisted
involution defined in Section 4.2. To prove this, it suffices by definition to show that given any
splitting (N, v) of M with respect to f such that My is an h-cobordism, then

L(r(My)) = (=1)"™ M 5 (75 (f)) (4.17)

But this follows immediately by Lemma 4.18(ii). Therefore, since I, is a monomorphism, we get
that 7(f) = 0 if 740/ (f) = 0 (actually by (4.17) this is an equivalence).
We have then concluded the proof of Theorem 4.1. O

Remark 4.64. The idea of the proof above is that in some sense ¢(f) and 7(f) are "components"
of 7ap’(f) with respect to the Bass-Heller-Swan decomposition of Wh(7w M) given in Lemma 4.34.

Wh(G x4 Z) =2 X1(ZG, o) ® NK,(ZG, o) & NK{(ZG,a™t)

Indeed, according to Remark 4.33 and using the following short exact sequence, again given in
in Lemma 4.34,

0 = Wh(G)/im (0 —id) 2 X1(ZG, a) — ker (Ko(a) —id) — 0

we have that c(f) is a sort of projection of 7(f) into the "sum" of NK;(ZG, «) with the "com-
ponent" of X1 (ZG, ) given by ker (Ko(«) —id ), while 7(f) is the "component" of 74'(f) in the
subgroup Wh,(G) of X1(ZG, ). From this point of view, it is easy to understand that assertion
(ii) of the theorem implies assertion (iii).
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Chapter 5

The stable fibering problem

The goal of this chapter is to use algebraic K-theory to investigate whether there exists a set
of obstructions whose vanishing is both a necessary and sufficient condition for a general map
f: M — B in Man being homotopic to projection map of a fiber bundle. The idea is to apply
the strategy used in Chapter 3 for the fibering problem, but using algebraic K-theory. This leads
to the definition of two invariants Wall(p) and o( f) that generalize naturally the two obstructions
0(f) and 7sp(f). However, it turns out that these are not obstructions for the fibering problem,
but they form a complete set of obstructions for existence and uniqueness of the more general
stable fibering problem, which is formulated as follows: is a map f: M — B between compact
topological manifolds homotopic to a fiber bundle with compact manifolds as fibers, if we allow to
stabilize M by crossing with disks of sufficiently high dimension? More precisely, let f: M — B
be a map in the category Cpt of compact manifolds with boundary (which we call compact
manifolds for short). We say that f stably fibers if there exists a n € N such that the composite

foProj: M x D" - M — B

is homotopic to the projection of a fiber bundle whose fibers are in Cpt. The stable fibering
problem consists of investigating when and in how many different ways a map f in Cpt stably
fibers and Wall(p) and o(f) provide an answer to these questions. Note that the problem is
formulated in the category Cpt because as soon as we cross the total space M with disks, this
leaves the category Man of closed manifolds and becomes an object of Cpt.

The main references for this chapter are [Stel2] and its longer version [Stel0]. The dissertation
requires a wide use of algebraic K-theory and consists largely of extending the whole Whitehead
torsion theory in this context. In particular, it is based on the parametrized A-theory character-
istic developed in [DWWO03| and it uses spectra and spectral sequences. What we present in this
chapter is just an overview of the whole argument. In particular, most results are only stated
without proof and we give for known most of the prerequisites. However, a reference is provided
for all missing parts.

The work is structured as follows. In Section 5.1, we briefly present the parametrized A-theory
characteristic and the excisive A-theory characteristic. In Section 5.2, we generalize the White-
head torsion theory by describing the Whitehead spectrum and the parametrized Whitehead
torsion. In Section 5.3, we introduce the geometric assembly map and we state its most impor-
tant properties. In Section 5.4, we define the two obstructions Wall(p) and o(f) and we study
the stable fibering problem by proving the two main theorems of this chapter on existence and
uniqueness. Finally, in Section 5.5, we compare the obstructions Wall(p) and o( f) with 6(f) and

7hib (f)-
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5.1 Parametrized Euler characteristics

In this section we present briefly the parametrized A-theory characteristic and the excisive
A-theory characteristic defined in [DWWO03]. These tools will be of fundamental importance
in the next section to define the parametrized Whitehead torsion.

Let us start with the general definition of characteristic of a functor.

Notation 5.1. Throughout this chapter, we denote by Cat the category of small categories.

Definition 5.2. Let & be in Cat and F: ¥ — Cat be a functor. For a fixed object C' in ¥,
denote by ¢)c the over category, that is, the category whose objects are morphisms D — C' in
¢ and whose morphisms are commutative triangles. Let €)»: ¢ — Cat be the functor which
sends an object C'in ¢ to the category €)c. A characteristic for F is a natural transformation

X:CK/?—>]:

Remark 5.3. Unraveling the definition, we see that a characteristic x is completely determined
by the following data:

e For any object C in €, a characteristic object C* in F(C), which corresponds to the image
of the identity morphism ide of C' in %" under the functor x(C).

e For any morphism ¢: C — D in %, a morphism ¢': ¢.(C') — D' in F(D) such that
(id¢)' = ide and the 1-cocycle condition (i)' = 1' 0 ¢, (¢') is satisfied for all morphisms
¢: C — D and ¥: D — E in €, where 7, denotes the functor F(n) for any morphism 7
in %.

By taking geometric realizations, this construction suggests to define a characteristic also for
functors over Top.

Definition 5.4. Let € be in Cat and F': ¥ — Top be a functor. A characteristic for F is a
natural transformation

X: ‘%/?‘ — F
where |—|: Cat — Top is the geometric realization functor.

Remark 5.5. (i) The space of characteristics for F' is holim F', the homotopy limit of F'.

(ii) For any functor F: ¥ — Cat, if we define F': ¥ — Top by F(C) = |F(C)|, then a
characteristic x: €/ — F for F induces a characteristic x: ‘(ﬁ/?‘ — F for F.

(iii) Let x: ¥ — Top be the terminal functor and hocolim F' — hocolim * = || be the obvious
canonical map from the homotopy colimit of F to the geometric realization of . A
characteristic x for F' may be seen as a section of the canonical map hocolim F' — |%|.
Indeed, the natural transformation y induces a lift

hocolim F'

X+ T l

hocolim |€),| —*— ||
of the canonical projection «. Moreover, since « is a homotopy equivalence, we get a

homotopy equivalence

hocolim F' N hocolim F'
" T 1 — Lift 1
|| hocolim || —— ||



5.1. Parametrized Euler characteristics 81

from the space of section of hocolim F' — |%’| to the space of lift of the diagram on the
right hand side (see Notation below). Therefore, we get a canonical map

hocolim F’
holim F' — I 1

||

If F sends all morphisms of 4 to homotopy equivalences, then the previous map is a
zigzag of weak homotopy equivalences by [Dwy96, Proposition 3.12] and, in particular,
any characteristic x of F' may be seen, up to homotopy, as a section of the canonical map
hocolim F' — |7).

Notation 5.6. In the previous remark and in the following, when we refer to a space of lifts,
we will always implicitly assume that the vertical map has been converted into a fibration: in a
Kan fibration for simplicial sets or Hurewicz fibration for topological spaces.

The parametrized A-theory characteristic

We apply now all this construction to Waldhausen’s A-theory to get the parametrized A-theory
characteristic.

First of all, let us briefly review the definition of A-theory of a space. As in the previous
chapter, we use of the definition of K-theory given by Waldhausen in [Wal85]. Denote by 2 (X)
the category of homotopy finitely dominated retractive spaces over X, that is, the category whose
objects are diagrams

Y — X

S

such that r o s = idy, the map s is a cofibration and Y is a homotopy finitely dominated space
over X and whose morphisms are maps over and relative X. This category can be equipped
with the following Waldhausen category structure: a morphism in % (X) is a weak equivalence
or a cofibration if its underlying map of spaces is a homotopy equivalence or, respectively, a
cofibration.

Definition 5.7. We define the A-theory A(X) of a space X as the K-theory K (Z%"(X)) of
FY(X).

We construct now a characteristic using the functor X — A(X). Let p: E — B be in Fib,
that is, let p: F — B be a fibration. Assume that B is the geometric realization of a simplicial
set B, and that the fibers of p are homotopy finitely dominated. Let ¥ = simp B. be the category
of simplices of B.. Define the functor f: ¢ — Top by f(o) = E, for any simplex o: A¥ — B
where E, is the following pullback.

-

Ak 7 B

Note that by construction f sends all simplices to homotopy finitely dominated spaces and all
morphisms to homotopy equivalences. Then, we define a characteristic for F = %' of using
Remark 5.3 as follows:

e For any simplex o: A*¥ — B in €, choose o' = f(0) x S® = E, x §° in F(0) = #4(E,).
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e For any map e: 0 — o’ in ¢, we have e,(0') = (E, x {—1}) U (Ey x {1}) in Z'(E,»).
Define €': e.(c') = (¢/)" to be the morphism

(z,a) — {<e($)’_1) ifa=—1
7 (y,1) ifa=1

in #"(E,). Note that the 1-cocycle condition is satisfied.

By Remark 5.5(ii), this defines also a characteristic for F' = |F| = |%fd of‘. Moreover, by
[Wal85, p. 12|, there is a natural map

| %Y (Ey)| — K(#(E,)) = A(E,)

reminiscent of the group completion. Therefore, by composition of natural transformation, we
obtain a characteristic x(p) in holim,cgimp B. A(Es) for the functor

o— A(E,)

which we call the parametrized A-theory FEuler characteristic of p. By Remark 5.5(iii), if we
denote by Ap(E) — B the fibration associated with the composite hocolim F' — |¢| — B,
where the last map is the homotopy equivalence |4| ~ B given by Kan’s last vertex map, then
X(p) can be seen up to homotopy as a section of the fibration Ag(E) — B over B obtained by
applying the functor A fiberwise.

The excisive A-theory characteristic

The A-theory functor X — A(X) is a functor on the category of finitely dominated spaces which
is not a homology theory. In particular, it does not satisfy the excision axiom. By [WWO95],
there exists a excisive functor X — A%(X) which approximate A(—). To conclude this section,
we construct a characteristic for this functor and we call it the excisive A-theory characteristic.

Let us briefly recall how A%(X) is defined. By [DWWO03, Section 7|, if X is a Euclidean
neighborhood retract (ENR) as defined in [Hat02, p. 527|, then A”(X) can be explicitly con-
structed using Waldhausen categories in the following way. Given a ENR space X, denote by
Z'Y(JX) the category whose objects are diagrams

Y & X x[0,00)

such that ros = idx[g,c0) and Y is a homotopy locally finitely dominated space over X x [0, 00)
as defined in [DWWO03, p. 48| and whose morphisms are maps over and relative X x [0, 00). This
category has the following notion of homotopy, which leads to very natural notions of cofibration
and weak equivalence. Consider two objects

Y == X x [0,00)

for i = 0,1 and two morphisms f,g: Yo — Y7 of Z'9(JX). We say that a map H: Yy x I — Y; is
a controlled homotopy between f and ¢ if H is a homotopy between f and ¢ in the usual sense
and it commutes with maps sg and si, but it commutes with retractions rg and r; only in a
controlled way (see [DWWO03, p. 47]). Then, the category %#'4(JX) has a Waldahausen category
structure where weak equivalences are controlled homotopy equivalences and cofibrations are
the maps with the controlled homotopy extension property. Denote by AY(X) the K-theory of
#'4(JX). Consider the functor
I: ZYX) = 29(IX)



5.1. Parametrized Euler characteristics 83

which sends an object r: Y 2 X : s of Z'4(X) to the object Y 2 X x [0, 00) of Z'4(JX) where
Y is the following pushout

X =X x {0} —— X x[0,00)

ls |

v —

Then, I is an embedding of categories and an exact functor of Waldhausen categories. Therefore,
it induces a map of K-theory spaces

L: A(X) = AV(X)

Let V(X) be the full subcategory of %#'4(JX) whose objects are proper retractive ENRs over
X x [0,00), that is, retractive spaces 7: Y — X x [0,00) : s where Y is an ENR and r is a
proper map. Denote by J: V(X) — Z'9(JX) the inclusion functor. By [DWWO03, p. 7.8], the
category V(X)) has a Waldhausen category structure such that the functor J is exact and such
that V(X) = K(V(X)) is contractible. In particular, J induces a map Jy: V(X) — AJ(X).

Definition 5.8. For a compact ENR X, we define A%(X) has the homotopy limit

A% = holim (A(X) L5 AN (X) &= V(X)) ~ hofib (A(X) L5 AV(X))
and we call it the excisive A-theory of X. The natural map a: A%(X) — A(X) is called the
assembly map.

We construct now a characteristic for the excisive A-theory. Let p: E — B be a bundle in
Cpt such that B is the geometric realization of a simplicial set B.. Define tB. as the simplicial
set whose n-simplices are pairs (o, ) where:

e o is an n-simplex of B;

e 0 is an equivalence relation on E, with quotient space Eg such that the two projections
make up a homeomorphism F, — A™ x Eg.

Then the functor f: simptB, — Top which sends (c,6) — E? maps all objects to compact
ENRs and all morphisms to homeomorphisms, which are cell-like maps. For a compact ENR X,
consider now the category 2”7 (X) defined as the following pullback.

R*(X) — V(X)

| l

RYX) L #9X)

It has the obvious Waldhausen category structure such that the functors 2% (X) — %2'(X) and
R (X) — V(X) are exact. It follows immediately that we have a commutative diagram

K(#*(X)) — V(X)

|

AX) — Al(X)

and a natural map K ( 74 (X)) — A%(X). We define a characteristic for the functor F = %% o f
using Remark 5.3 as follows:
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e For any pair (o,0), choose (0,0)" = E% x {0} II EY x [0,00) as retractive spaces over
E? x [0,00), which is in V(E?) by [DWWO03, p. 53], and (0,60)" = E? x S° in 2'(E?).
Define (0, 6)" in %#7(E?) as the element represented by ((o,6)", (a,0)").

e For any map e: (0,0) — (0/,0'), define €”: e, ((0,0)”) — (0/,6')" in V(EY) by
e’ = fe) Iid: e.((a,0)") = ES T EY x [0,00) — E% 11 EY x [0,00) = (¢/,6')"
and e: e, ((0,0)") = (¢o/,0)" in #'4(EY) as the map €' of the parametrized A-theory case.

By [BD07, Lemma 2.9], we have J(e?) = I(e). We set ¢' = (e, e?). This satisfies the
1-cocylce condition again by [BD07, Lemma 2.9).

By Remark 5.5(ii), this defines also a characteristic for F' = |F| = ‘%’% of|. Moreover, by
[Wal85, p. 12] and by construction of %27 (X), there is a natural map

BB — K(#M(B) — A™(ED)

where the first map is the map reminiscent of the group completion. Therefore, by composition,
we obtain a characteristic x.(p) in holim, g A% (E?) for the functor

(0.0) = A*(E7)

Now, the projection E, — E? for a pair (o, ) in simp ¢ B, defines a natural transformation which
induces by [DWWO03, Corollary 2.7| a weak homotopy equivalence

holim A (E,) — h(olg)n A%(E?)

Hence, up to homotopy, the excisive characteristic x.(p) defines a section of a suitable fibration
A%’(E) — B. Moreover, by [BD07, p. 10], the images of x(p) and x.(p) in holim, g A(E?) are
connected by a canonical path. Therefore, we obtain an element

x”(p) € holim (holim A(E,) = h(olier)n A(E?) h(olier)n A% (E2))
~ hofib (holim A”(E,) % holim A(E,)) (5.1)

which projects to x(p). We call x”(p) the excisive A-theory Euler characteristic of p or the
parametrized A%-theory Euler characteristic of p.

Remark 5.9. The last homotopy equivalence of (5.1) holds by [BD07, Proposition 2.17]. This
implies that, informally, X%(p) can be understood as a refinement of x(p) in the sense that it
defines, up to homotopy, an element

AR(E)
x*(p) € Lift i

B x(p) Ap(E)

In particular, it defines a section of the fibration A(yB" (E) — B over B obtained by applying the
functor A% fiberwise, together with a path from ax”(p) to x(p).
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5.2 The parametrized Whitehead torsion

The goal of this section is to introduce and study the parametrized Whitehead torsion

7o Falp) — T QWiB(E) (5.2)

B

from the structure space on a bundle p: E — B to the space of sections of the fibration
QWhp(E) — B obtained from p by applying the functor 2 Wh fiberwise. Here, Wh(—) is
the connective topological Whitehead functor as defined by Waldhausen in [Wal85, Section 3|,
that is, the functor which sends any space X to the spectrum Wh(X) defined by

QWh(X) = hofib (4% (z) % A(X)) (5.3)

The strategy is as follows. First, we define structure spaces on fibration and we prove that
they are naturally weak homotopy equivalent to some spaces of lifts. Then, we construct a
parametrized excisive characteristic by composing such weak homotopy equivalence with a sort
of "universal bundle". Finally, we define the parametrized Whitehead torsion as difference of
such excisive characteristic. What we obtain is a very natural generalization of the classical
Whitehead torsion in the context of algebraic K-theory. In particular, all the classical properties
of Lemma 2.1 of Chapter 2 have a very natural generalization to the parametrized Whitehead
torsion.

Structures spaces on fibrations

Let us start by studying structure spaces on fibrations.

Definition 5.10. Let p: £ — B be in Fib over a paracompact space B. An n-dimensional
compact manifold structure on p is a commutative diagram

E —*,F

p,\ A (5.4)
B

such that

e the map p': E/ — B is a the projection map of a fiber bundle in Cpt with n-dimensional
manifolds in Cpt as fibers;

e the map ¢ is a homotopy equivalence.
Denote by .#,(p)o the set of all n-dimensional compact manifold structure on p.

Given a fibration p: £ — B be in Fib over a paracompact space B, we want to construct a
simplicial set ., (p). such that .7, (p)o is the set of 0-simplices. The idea is to cross E and B
with the standard k-simplex A and to use .7, (p x idax)o as set of k-simplices. However, we
need to define the simplicial operations. For this, consider the following pullback of p.

E0*>E

pol lp (5.5)

By — > B
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A compact manifold structure on p induces a compact manifold structure on pgy of the same
dimension by restriction with f. Indeed, consider an n-dimensional compact manifold structure
(5.4) on p. Denote by f*E the pullback of p’ by f and by ps: f*E — B the projection given by
the pullback. Let ¢’ be the map defined as pullback of the following diagram.

BO*>B<—E’

|

BO*>B<—E

Then, ¢’ is a homotopy equivalence by coglueing theorem [FP90, Theorem A.4.19] and py is
by construction a bundle of n-dimensional compact manifolds. Therefore, pg has the following
induced compact manifold structure.

PE—2 4 R,

Px Ao
By

Definition 5.11. Let p: £ — B be in Fib over a paracompact space B. We define the simplicial
set L n(p). by Ln(p)k = L n(pxidar)o where the simplicial operations are induced by restriction
on the level of standard simplices. The space of n-dimensional compact manifold structures
< n(p) on p is the geometric realization

Zn(p) = |7 n(p).|
If B is a point, we simply write ., (E) for .7, (p).
Remark 5.12. The construction of the space ., (p) is functorial in the following two ways:

e Let p: E — B and p': E/ — B be in Fib and consider a fiber homotopy equivalence
¥: p— p'. Then, v induces a simplicial map 1,: %, (p). = Zn(p’). by composition and,
therefore, a map on structure spaces.

e Let p: E — B be a fibration and consider a pullback diagram as (5.5). Then the restriction
operation induces a map f*: ., (p) = Zn(po)-

Note that, by [Stel0, p. 15|, these operations are homotopy invariant. More precisely, the first
one sends fiber homotopy equivalences which are fiber homotopic to homotopic maps and the
second one sends homotopy equivalences to homotopy equivalences.

As explained at the beginning of this section, the goal now is to "write" structure spaces as
spaces of lifts. More precisely, we want to find a natural weak homotopy equivalence from .%;,(p)
to some space of lifts. Let us start with some notation.

Definition 5.13. Let F' and B be in Top with B paracompact. We define:

e Bun,(B; F) to be the category whose objects are bundles £ — B with fibers compact
n-dimensional topological manifolds homotopy equivalent to F' and whose morphisms are
isomorphisms of such bundles;

e Fib(B; F) to be the category whose objects are fibrations over B with fibers homotopy
equivalent to F' and whose morphisms are fiber homotopy equivalences.
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Using them, we can construct two simplicial categories in the following way. Let cpCW be
the category of compact CW-complexes with continuous maps. Define two functors

Bun,,(B; F): cpCW® — Cat,  Fib(B;F): cpCW — Cat

by the rules X — Bun, (B x X; F) and X — Fib(B x X; F'), respectively. Consider an explicit
system of simplices in cpCW, that is, an embedding of categories A — ¢cpCW which sends [n]
to an n-simplex and a morphism [m] — [n] to the corresponding face or degeneracy map. Then,
by precomposition, we obtain two simplicial small categories

Bun,(B; F) : A? - cpCW? — Cat, Fib(B; F).: A’ - cpCW? — Cat

Note that the construction is well-defined up to isomorphism, since different choices of systems
of simplices lead to naturally isomorphic simplicial small categories. Moreover, since B is para-
compact, then any bundle over B x A" is a fibration by [Whi78, p. 33]. Therefore, there is a
natural transformation Bun,(B; F). — Fib(B; F) .

Definition 5.14. We define Bun,,(B; F'). and Fib(B; F'). to be the simplicial sets given by the
O-nerves Ny Fib(B; F'). and Ny Bun,(B;F) , respectively, and we denote by Bun, (B; F') and
Fib(B; F) their geometric realizations.

By [Stel0, pp. 20-21], the simplicial sets Bun,(B; F'). and Fib(B; F) have the following
properties.

Lemma 5.15. (i) For any fibration p: E — B in Fib(B; F') over a metrizable locally equicon-
nected base space B, there is a simplicial homotopy equivalence

Zn(p). — hofib, (Bun,(B; F), — Fib(B; F).)
which is natural in B.
(i) For any locally finite simplicial set X , there are natural simplicial isomorphisms
Bun,, (\X\,F) >~ map (X,,Bunn(*; F))
Fib (|X[; F) =map (X ,Fib(x; F)))

(i1i) For any fibration p: E — B over a base space B which is the geometric realization of a
locally finite simplicial set B, there is a natural simplicial isomorphism

Bun,, (*; F).
hofib,, (Buny,(B; F). — Fib(B; F).) — Lift 1

where p: B. — Fib(x; F')_is given by p: E — B and the previous claim and where the verti-
cal map on the right hand side is assumed to be converted into a fibration by Notation 5.6.
By the previous lemma, we obtain immediately the wanted weak homotopy equivalence.

Corollary 5.16 ([Stel0, Corollary 2.8|). If B is a locally finite ordered simplicial complex, then
there exists a natural weak homotopy equivalence

Bun,, (x; F)
S n(p) — Lift 1

B — s Fib(x; F)
Remark 5.17. Since both domain and target of the previous weak homotopy equivalence are

homotopy invariant, there exists still a weak homotopy equivalence, well-defined up to homotopy,
also if B is homotopy equivalent to a locally finite ordered simplicial complex.
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The parametrized excisive characteristic

Let us now go on with the second step to construct the parametrized Whitehead torsion: the
definition a parametrized excisive characteristic. The idea is to compose the weak homotopy
equivalence of Corollary 5.16 with the parametrized characteristic of some sort of "universal
bundle". Let us start with the definition of such bundle.

Definition 5.18. Denote by % the space |Buny(x; F).| and by % the space |Fib(x; F)|. By
Lemma 5.15, we can associate to the identity map Bun, (x; F'), — Bun,(x; F')_ a map

9(52—)%7

which is a bundle over every locally finite subcomplex of B. Similarly, we can associate to the
identity map Fib(x; F'). — Fib(x; F'). a map

P E—RB

which is a fibration over every locally finite subcomplex of . We call these maps universal
bundles.

Remark 5.19. Note that we do not know, in general, if Z and P are actually bundles or
fibrations, but this does not matter. Indeed, the properties of being a bundle or a fibration over
a locally finite subcomplex is good enough to define parametrized characteristics, since these
only use the restrictions over simplices, which are locally finite subcomplexes.

Choose a representative

of the parametrized A-theory characteristic of the universal bundle &. It has the following
important property.

Lemma 5.20 ([Stel0, Lemma 3.3|). Let p: E — B be in Fib over a space which is the geometric
realization of a simplicial set B. such that the fibers are homotopy finitely dominated. Consider
a map f: B. — % and an element x € holimyesimp B A(Ey). Then, there is a zigzag of weak
homotopy equivalences

A%(6)
hofib,, ( holim A”(E,) — holim A(E,)) =~ Lift (5.6)
o€simp B, o€simp B, X(P)of
B Az(8)

which is natural in B.

Remark 5.21. The idea of the previous lemma is contained in the following homotopy commu-
tative diagram.

B » AR(E) —— AL(&)

N

! Ap(E) o




5.2. The parametrized Whitehead torsion 89

where the maps Ag(F) — A%(&) and A%(E) — AZ%(@‘" ) are the maps given by naturality by
[Stel0, Lemma 3.1]. Indeed, if there is an element in the left hand side of (5.6), then there exists
a dotted arrow in the previous diagram and the outer square homotopy commutes. Conversely,
if the outer square homotopy commutes, then, again by naturality, there exists a dotted arrow
and, therefore, an element on the left hand side of (5.6).

We apply, now, the previous lemma to the forgetful map f: @7 — % which considers a bundle
as a fibration and to a representative x(#”) € holim_ csimp 7 A(&) of the parametrized A-theory

charateristic of 2. Since the excisive A-theory characteristic X%(% € holim | csimp 7 A%(cg‘;)

of the universal bundle 2 is sent to X(e@/) by the assembly map «, we obtain a commutative
diagram

B —— AT(E)

fl la (5.7)

P
% XD 4 4(8)
Composing it with the weak homotopy equivalence of Corollary 5.16, we get what we call the
parametrized excisive characteristic.

Definition 5.22. Let p: E — B be in Fib(B; F') with a fiber F' which is homotopy finitely
dominated. Assume that B is homotopy equivalent to a locally finite simplicial complex B..
Choose a representative x(Z?) of the parametrized A-theory characteristic of &. By abuse of
notation, denote by x(p) the map x () op. The parametrized excisive characteristic of p is the
composite

o 7 A% (&)
Y Falp) o Lift ‘f s Lift s
B-". % B X%y 4,8

where the first map is the map of Corollary 5.16 and the second map is given by composition
with diagram (5.7).

Remark 5.23. The parametrized excisive characteristic is well-defined up to homotopy.

The parametrized Whitehead torsion

At this point, we can finally define the parametrized Whitehead torsion. The idea is to introduce
a sum operation on the target of the parametrized excisive characteristic and define the torsion

as x(-) — x"(id).
For this let us consider the range of the parametrized excisive characteristic

| A%(8)
Lift 1l (5.8)

B x(p) Ap(&)
This is, by Lemma 5.20, weak homotopy equivalent for some x € holimyegimp B, A(Ey) to

hofib, ( holim A”(E,) — holim A(E,))

o€simp B, oesimp B,
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which has a natural loop structure. Therefore, also (5.8) carries such a structure. In particular,
we can define up to homotopy equivalence a sum operation on (5.8). We obtain a "difference
map" given by

A%(&) A%(&) A%(&)
B 2P a6 B 2P 46 B —% Au(&)

Now, by Lemma 5.20, the range of the previous map is homotopy equivalent to

hofibo (ags(i)}ﬁ;r)na ANEq) = ogs?g;ng A(Eo))
Indeed, by looking at the diagram of Remark 5.21, it easy to see that if x(#?)o f =0, then x =0
as f # 0. Therefore, by definition of Whitehead spectrum in (5.3), we obtain that the range of
the difference map is

QWhp(E)
holim QWh(E,) ~T 1
o€simp B.
B

Definition 5.24. Let p: F — B be in Fib(B; F) with a fiber F' which is homotopy finitely
dominated. Assume that B is homotopy equivalent to a locally finite simplicial complex B..

(i) The parametrized Whitehead torsion map

QWhpg(FE
T Ln(p) X Ln(p) =T \LB( )

B

is given by 7(-, ?) = x%(-) — x?(?) where x% is the parametrized excisive characteristic
of Definition 5.22.

(ii) If p is itself in Bun,(B; F'), then it defines a canonical element id € ., (p). In this case,
we define the parametrized Whitehead torsion map as

QWhg(E
T=71(-,id): Sn(p) =T \LB( )

B

Remark 5.25. As the parametrized excisive characteristic, the parametrized Whitehead torsion
map is well-defined up to homotopy.

To conclude this section, we state the properties of the parametrized Whitehead torsion.

Lemma 5.26. Let p: E — B and p': E' — B be in Bun,(B; F) and assume that B is homotopy
equivalent to a locally finite simplicial complex B..

(i) (Naturality)

(a) The parametrized excisive characteristic X%, and hence also the parametrized White-
head torsion T, is natural with respect to fiber homotopy equivalences. More precisely,
let o: p — p’ be a fiber homotopy equivalence. By Lemma 5.15(4i), we can look at p
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and p' as maps B — % and at p: p — p’ as a homotopy between p and p’. Therefore,
¢ induces a homotopy between x(p) ~ x(p'): B — A»(&). Consider the map

A%(&) A% (&)
s Lift gi — Lift s
B X 4,8 B X, 4,8

induced by standard fiber transport along the homotopy given by p. Then we have
peo X~ x% oo,
(b) The parametrized Whitehead torsion T is compatible with pullbacks. More precisely,

given a map f: By — B and a pullback square as (5.5), the following square with
obvious map commutes up to homotopy.

T (D) A 7 (po)
QWhp(E) 4 QWhg, (Eo)
T — T
i i
B By

(i1) (Composition rule) Let p: p — p' be a fiber homotopy equivalence. Then, the following
diagram commutes up to homotopy

Zn(p) = ()
| |7t
QWhp(E) | . QO Whp(E')
—— T
{ {
B B

(iii) (Homotopy invariance) Let p: E' — E be a fiber homeomorphism of bundles. Then we
have T(p) = 0.

(iv) (Stabilization) Consider the stabilization map S: % n(p) = L n+1(p) which on k-simplices
is defined by the rule (E' — E) — (E'xI — E' — E) where E' is a bundle of n-dimensional
compact manifolds over B x AF. Define .#(p) = hocolim,, .#,,(p). Then the parametrized
Whitehead torsion T of Definition 5.24 extends to a stabilized torsion

7. SL(p) =T QWiB(E)

B

(v) (Product rule) Given a contractible k-dimensional compact manifold X, consider the map
— X X: L0(p) = S nsk(p) which on k-simplices is defined by the rule

(El - E)— (E'xX - E — FE)
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where E' is a bundle of n-dimensional compact manifolds over B x AF. Since we have that
So(—=xX)~(—xX)oS, there exists a stabilized version — x X : % (p) — % (p). Then
the following diagram commutes up to homotopy

—xX

< (p) » 7 (p)
N W}iB(E)
B

(vi) (Additivity) Consider the category whose objects are the objects of Fib(B; F') and whose

morphisms p; — p; are fiberwise maps from p; to p;. Denote by U the following commuta-
tive diagram in this category
Po — N

[ )
J1
P2 T p3
where we assume that all maps on the level of total spaces are cofibrations and that the total

space E(ps) is the pushout of the total spaces E(p1) and E(p2) over E(py). We say that a

cube
@ —q1

l \Po %m (5.9)
Syak

p2 — p3

is an n-dimensional structure on O if q; is an object of Bun,(B; F;) for i = 1,2,3 re-
spectively, qo is an object of Bun,_1(B; Fy), all the maps ¢; — p; are fiber homotopy
equivalences and the q-square is a codimension 1 splitting of q3, that is, ¢; is a locally flat
subbundle of q3 of codimension 0 if © = 1,2 and of codimension 1 if i = 0 and the to-
tal space of qy is the intersection of the total spaces of q1 and q2. Define a simplicial set
Zn(0). where the k-simplices are the n-dimensional structures (5.9) parametrized over A¥
and denote by . (0) its geometric realization. Let ay: ./ pn(0) — S n(pi) fori=1,2,3
and oy: L (0) = L n_1(po) be the forgetful maps. Then the following diagram commutes
up to homotopy

Zn(0) = » L n(p3)
H?:()Toozil lT
QWhB(E) \  ()ttia)ee s O Whp(E)
2 31)x+02)«— (o)«
12,7 . . T !
B B

where the addition operation in the lower line is defined by Lemma 5.20 between spaces
which are weakly homotopy equivalent to the given ones. In other words, we have

(J1)soToar+ (Jo)soToas — (Jo)soToag ~Toas
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(vii) (Stabilized additivity) Using the notation of the previous claim, the following diagram com-
mutes up to homotopy:

Z(0) e 7 (p3)
H?:OTOO‘Z'\L \LT
QWhp(E;) (1) +(j2)x (o) QWhp(E)
2 J1)x1J2)%—(J0)* .
Hi:OP i} > I 1
B B

(viii) (Comparison with the unparametrized case) Let M be in Cpt of dimension n. Then the
map

7: 70 L (M) — moQ Wh(M) =2 Wh(r M) (5.10)
sends f: N — M to the Whitehead torsion of f

Idea of proof. Part (i), (ii) and (iii) follow directly by definition. Part (iv) and (v) are con-
sequences of a lax naturality of the excisive characteristic (see [StelO, Theorem 3.10]). The
additivity properties (vi) and (vii) are proved by describing .#,(00) as a suitable space of lifts
and using an additivity result for the parametrized and excisive A-theory characteristics (see
[Stel0, Theorem 3.15]). Finally, the comparison with the classical Whitehead torsion (viii) fol-
lows by using Waldhausen’s notation from [Wal85, Chapter 3] and by noting that the codomain
moS! Wh(M) of (5.10) is by construction the geometric Whitehead group Whe® (M) of M as de-
fined in Section 2.1. A complete proof of these properties can be found in [Stel0, Section 3]|. O

Remark 5.27. The previous lemma shows that the parametrized Whitehead torsion is actually
the generalization of the classical Whitehead torsion in algebraic K-theory. Indeed, it reduces
to the classical Whitehead torsion by part (viii) and properties (ii), (iii), (v) and (vi) are the
natural generalizations of Lemma 2.1.

5.3 The geometric assembly map

The goal of this section is to introduce the geometric assembly map on structure spaces. This is
the last important tool that we need to study the stable fibering problem.
Let us start with its definition.

Definition 5.28. (i) Let p: E — B be in Fib(B; F'). We define a product map
B: F1(B) X Fn(p) — L nin(E)

which on m-simplices is defined as follows: let x € .7 (B),, and y € .7, (p)m be represented

by
B — % s BxA™ E’—>E><Am
B x A™

Then the image of (z, y) is given by the following diagram

*E’—)ExAm

N
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where ¢*F is the following pullback.

SO*E, ¥ E

L]

B’7>B><Am

(ii) If B is a k-dimensional compact manifold, then the identity idp defines a point in .7 (B).
We define the geometric assembly map « as

a=F@1dp,—): Lnp) — Lnik(E)

Remark 5.29. (i) The map S is well-defined. Indeed, the map ¢*E’ — A™ is a bundle by
construction and ¢*FE is a (n + k)-dimensional compact manifold, being the total space of
the bundle p*E’ — B’ of n-dimensional compact manifold over the k-dimensional compact
manifold B’.

(ii) The name "geometric assembly map" is due to the fact that geometrically « takes all the
structure on the fibers of p and assembles them into one big structure.

(iii) If B = {x}, then the map a: ./, (F) — .#,(E) is canonically homotopic to the identity
map idy, (g). Indeed, in this case a(z) and x are canonically homeomorphic for any
T € S n(E)m and this homeomorphism provides a homotopy from « to id s, (k).

A natural question about the geometric assembly map is whether it can be translated into an
"algebraic" version through the parametrized Whitehead torsion. More precisely, we ask whether
in the following diagram a dotted arrow exists which makes the diagram commutative.

Fal)) —— s S h(E)
r QWTB(E) s QWh(E)
B

Note that the codomain of the right-hand side torsion is Q Wh(E) because

QWh,(F) _
r i o~ }éo'hm QWh(E,) =2 QWh(E)
oE€simp *
*

Such a dotted arrow actually exists. Let us construct it in the following definition.

Definition 5.30. Let p: E — B be in Fib(B;F). Assume for simplicity that B is path-
connected and choose a base point b € B. Denote by F} the fiber of p over b. We define the map
@ as the following composition

QWhp(E ;
a T f( ) s own(F) X2 owne)

B
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where the first map is the map

QWhg(E) QWhey (F) |
r L —T 1 =~ () Wh(F})
B {0}

induced by restriction from B to {b}, the map j, is the map induced by the inclusion F; — F
and x(B) is the Euler characteristic of B.

Remark 5.31. The map @« is well-defined up to homotopy. Indeed, a different choice of base point
b € B leads to a map @ which is homotopic to @ .

Theorem 5.32 ([Stel0, Theorem 4.2|). Let p: E — B be in Bun,(B; F') and assume that B is a
compact connected topological manifold. Then the following diagram commutes up to homotopy.

L n(p) ———— S nsk(E)
r QW}lB(E) —2% 5 QWh(E)
B

At this point, it is easy to realize that the geometric assembly map o commutes with sta-
bilization up to canonical homotopy. In particular, it induces a "stable" geometric assembly
map

a: L(p) = L (F)
Therefore, we can to obtain the following stable version of the previous theorem.

Theorem 5.33 ([Stel0, Theorem 4.3|). Let p: E — B be in Bun, (B; F') and assume that B is a
compact connected topological manifold. Then the following diagram commutes up to homotopy.

S (p) ———— S(E)
l lT (5.11)
QWhp(E) _
r N — %, QWh(E)
B

We can say also more about diagram (5.11). Indeed, the following theorem holds.

Theorem 5.34 (|Stel0, Theorem 4.4]). Consider the situation of Theorem 5.33. Then diagram
(5.11) is a weak homotopy pullback.

This theorem will be very important to study the stable fibering problem in the next section.

Remark 5.35. The previous theorem is proved by investigating how much information gets lost
under the parametrized torsion map 7. In particular, the strategy is to show using some mi-
crobundle theory [Mil64| that all the ambiguity introduced by applying 7 is given by the invari-
ance under stabilization, which we already know, and the invariance under change of tangential
structure on E. Using this, it follows that diagram (5.11) is a weak homotopy pullback.
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5.4 Stable fibering obstructions

In this section we finally define the two obstructions Wall(p) and o(f) for stably fibering a man-

ifold and we prove that they form a complete obstruction theory in algebraic K-theory for exis-

tence and uniqueness of the stable fibering problem. This is a consequence of Theorem 5.34 and of

the Riemann-Roch theorem with converse for topological manifolds [DWWO03, Corollary 10.18].
Let us start by recalling the stable fibering problem.

Definition 5.36. Let f: M — B be a map in Cpt.

(i) We say that f stably fibers if there exists a n € N such that the composite
foProj: M xD*—- M — B
is homotopic to the projection of a fiber bundle whose fibers are in Cpt.

(ii) Let C be the set of all bundles maps g: M x D™ — B for some n € N which are homotopic
to f o Proj. We say that two elements g and ¢’ in C are equivalent and we denote g ~ ¢’
if, after possibly further stabilization, g and ¢’ are isomorphic through a homeomorphism
i: M x DN — M x DV such that i is homotopic to the identity map id,,, p~, that is, if
goi=yg.

The stable fibering problem consists of the following two question:

(i) When does a map f: M — B in Cpt stably fiber?

(ii) How many different ways are there for f to stably fiber? Namely, how can C/ ~ be
described?

The idea is to apply the same strategy that we have used for the fibering problem in Chapter
3. More precisely, first we convert the map f into a fibration p and we reduce the study to p and
then we check what information we lose during the conversion.

Notation 5.37. In the following, given a map f: M — B in Cpt, we denote simply by po A
with p: £ — B a fibration and A\: M — E a homotopy equivalence the factorization of f given
in Section 1.2. In other words, we denote by E the space FIB(f), by A\: M — E the homotopy
equivalence Ay and by p: E — B the fibration f.

Let us define the first obstruction.

Definition 5.38. Let f: M — B be a map in Cpt and assume that the fibers of p are homotopy
finitely dominated. Fix a point b € B and denote by Fj the fiber of p over b. We define
the parametrized Wall obstruction Wall(p) € H°(B; Wh(F})) as the image of the parametrized
A-theory characteristic

under the map induced by the natural transformation A(X) — Wh(X).

Remark 5.39. By H° (B ;Wh(Fb)) we mean the 0-th cohomology of B with twisted coefficients
in the Whitehead spectrum of the fiber F. More precisely, by definition we have

H* (B; Wh(F})) =T Wh’j(E)

B
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which is by construction weak homotopy equivalent to holim,cgsimp 8 Wh(E,). We denote by
H'(B; Wh(F,)) = 7—; H* (B; Wh(F})) the i-th cohomology of B with twisted coefficients in the
Whitehead spectrum of the fiber Fj,.

Remark 5.40. As its name says, the parametrized Wall obstruction Wall(p) € H° (B;Wh(Fb))
may be understood as the parametrized version of the Wall finiteness obstruction of the fiber
defined in [Wal65|. It will be clearer what this means in the next section.

Geometrically, Wall(p) is the obstruction for p being fiber homotopy equivalent to a fiber
bundle in Cpt. More precisely, the following lemma holds.

Lemma 5.41. Let f: M — B be a map in Cpt and assume that the fibers of p are homotopy
finitely dominated. Then the parametrized Wall obstruction Wall(p) € HY (B;Wh(Fb)) vanishes
if and only if p is fiber homotopy equivalent to a fiber bundle in Cpt.

Proof. Consider the following weak homotopy fibration sequence

A%(F) Ap(E) Whp(E)
B B B

By definition, the obstruction Wall(p) is zero if and only if x(p) is in the image of the fiberwise
assembly map up to homotopy, that is, if and only if x(p) lifts over the fiberwise assembly map
up to homotopy. But, by the Riemann-Roch theorem with converse for topological manifolds
[DWWO03, Corollary 10.18], this is equivalent to say that p is fiber homotopy equivalent to a fiber
bundle in Cpt. O

Remark 5.42. Lemma 5.41 is the solution of the stable fibering problem in case of fibration. Note
that we have not used any stabilization. This tells us that the "stable" part of the problem is
contained in the second obstruction.

Let us now go on with our strategy and define the second obstruction.

Definition 5.43. Let f: M — B be a map in Cpt and assume that the fibers F; of p are
homotopy finitely dominated. Suppose in addition that Wall(p) = 0. Then, by Lemma 5.41, we
can factor f as go X where q: E/ — B is a fiber bundle in Cpt and \': M — E’ is a homotopy
equivalence. We define the parametrized torsion obstruction

o(f) € coker (wo(a): H°(B; QWh(F,)) — Wh(T['M))
to be the class for which a representative in Wh(w M) is
(M7t (V: M — E') € Wh(xM)

Remark 5.44. (i) The map @ is the map

(B)-j

H* (B; QWh(F)) — H* ({b}; QWh(F})) =~ Q Wh(F,) =2 QWh(E) ~ QWh(M)

given in Definition 5.30, where it is defined only for path-connected B. If B is not path-
connected, then @ is defined component-wise.
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(ii) The parametrized torsion obstruction o(f) is well-defined. Indeed, choose another factor-
ization f = gqo ) where g: £/ — B is a fiber bundle in Cpt and M: M — E’ is a homotopy
equivalence. Then, by Lemma 2.15, we have

()7 (V) = ()7 (V) = ()7 (Ve ()7

Being a fiber homotopy equivalence, the map X o (N)~!: E/ — E’ is in the image of mo(a/)
in the following diagram

0.7(q) — s ro (B

| B JT

wo(al)

H°(B; Wh(F])) —— Wh(rE')

which is my of a weak homotopy pullback square by Theorem 5.34. By pullback property,
this is equivalent to say that the corresponding element T(X o (W)_l) € Wh(rE') is in
the image of mp(a’) where o/ is the composition of Definition 5.30. Therefore, the class of
T<X o (Y)_1> is zero in coker mo(’). It suffices now to note that (A'); ! induces a bijection

from coker (') to coker mo(a@) to conclude that o( f) is not affected by (') 17 (X o(N)™1)
and so it is well-defined.

Now that we have defined the two obstructions Wall(p) and o(f), we can finally state the
existence and classification theorems that completely solve the stable fibering problem.

Theorem 5.45 (Existence). A map f: M — B in Cpt stably fibers if and only if the following
conditions hold:

(i) the fibers of p are homotopy finitely dominated;
(it) the parametrized Wall obstruction Wall(p) € H°(B; Wh(Fy)) vanishes;
(iit) the parametrized torsion obstruction o( f) € coker mo(@) vanishes.
Theorem 5.46 (Classification). Given a map f: M — B in Cpt, there is a bijection
C/~— kermy(a)

The proof of these theorems is based on (the stabilized version of) the following lemma, which
is the key result that connects the stable fibering problem with the geometric assembly map.

Lemma 5.47 ([Stel0, Lemma 5.3]). (i) A fibration p: E — B is fiber homotopy equivalent to
a bundle of k-dimensional compact manifolds if and only if L (p) is non empty.

(ii) A map f: M"* — B™ is homotopic to a bundle of k-dimensional manifolds if and only if
the element defined by A\: M — E is in the image of the map

mo(a): mo Lk(p) — 7o L ik (E)

(11i) There is a bijection from C/~ to the preimage of [A] under the map mo(c).

Proof. Statement (i) follows immediately by definition and (iii) implies (ii). Therefore, it suffices
to prove (iii). This follows essentially by definition. See [Stel0, pp. 7677 for the details. O
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The stabilized version of this lemma, which we state now, follows by the unstable version
above and by the fact that

colim 7y 1, (p) =5 mhocolim ., (p) =m0 -7 (p)

This is the version that we will use to prove Theorem 5.45 and Theorem 5.46.

Lemma 5.48. (i) A fibration p: E — B is fiber homotopy equivalent to a bundle in Cpt if
and only if % (p) is non empty.

(ii) A map f: M — B stably fibers if and only if the element defined by A\: M — E is in the
image of the map

mo(a): w0 (p) — mo S (E)
(iit) There is a bijection from C/~ to the preimage of [\ under the map mo(cv).
We can now finally prove the two theorems that solve the stable fibering problem.

Proof of Theorem 5.45. It is easy to see that conditions (i) and (ii) are necessary. Indeed, let us
assume that f is homotopic to a bundle g in Cpt. Then assertion (i) clearly holds. Moreover, in
this case the homotopy from f to g induces a fiber homotopy equivalence from p to g. Therefore,
by Lemma 5.41, we have that Wall(p) vanishes and (ii) holds.

Suppose now that (i) and (ii) hold. We prove that under these assumptions the map
f: M — B stably fibers if and only if also (iii) holds. By Lemma 5.41, we can factor f as
go N where q: E' — B is a fiber bundle in Cpt and \': M — E’ is a homotopy equivalence.
Fix a point b € B and denote by F} the fiber of ¢ over b. Consider the following commutative
diagram

m0.7(q) —2) s 1y (B

| B f

HO(B; Wh(E)) =% Wh(rE")
which is mg of the weak homotopy pullback square of Theorem 5.34. By Lemma 5.48, the map
f stably fibers if and only if the element defined by X in the upper right-hand corner is in
the image of the upper horizontal map mg(a’). By pullback property, this is equivalent to say
that the corresponding element 7()\') in Wh(7E’) is in the image of the lower horizontal map
mo(a’). Therefore, f stably fibers if and only if the class of 7(\) is zero in the coker my(a/). Now,
note that (\);! induces a bijection from coker my(a’) to coker mo(@) where @ is the composition
of Remark 5.44(i) and this sends the class of 7(X\') in coker mo(a’) to the obstruction o(f) in
coker mg(@). Hence, we obtain that the map f stably fibers if and only if o(f) = 0. O]

Proof of Theorem 5.46. By Lemma 5.48, we have that C/ ~ is in bijection with ()~ ([A]),
which is in bijection with mo(@) ™ (7())) by diagram

o (o)

Woy(p) _— Woy(E)

| I

) (a)

HO(B; Wh(F) =% Wh(rE)

Therefore, it is also in bijection to ker 7my(@) since « is a infinite loop map. OJ
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5.5 Comparison with the fiber torsion obstructions

As already pointed out, to define the obstructions Wall(p) and o(f) we have used the same
strategy used to define 6(f) and 7hp(f) in Chapter 3. It is not surprising then that they have
a very similar construction and they play exactly the same roles respectively. The goal of this
last section is to show that Wall(p) and o(f) are actually the generalization of 6(f) and 74 (f)
in algebraic K-theory. More precisely, this section is devoted to present the following theorem.

Theorem 5.49. Let f: M — B be a map in Man. Factor it as f = p o A according to
Notation 5.37. Then:

(i) The image of the parametrized Wall obstruction Wall(p) under the restriction
HO (B; Wh(F,)) — HO({b}; Wh(F})) = Ko (Z[rF}))
is the Wall finiteness obstruction of the fiber (see [Wal65]).

(ii) Assume that the homotopy fiber Fy is homotopy finite. The image the parametrized Wall
obstruction Wall(p) under the secondary homomorphism

ker (HO(B; Wh(F,)) — H*(B;mo Wh(F})) ) — H' (B; Wh(rFy)) £ H' (B; Wh(rM))

is O(f), where ji is the homomorphism induced by the inclusion j: Fy, — M.
(11i) Assume that Wall(p) vanishes. Consider the map

mo(@): HY(B; QWh(Fy)) — Wh(rFy) “Z22 wh(ra)

where @ is the composition of Remark 5.44(1). Then mo(a) induces a map

coker (mo(@)) — coker (Wh(rFy) X(B)dr, Wh(rM))

which maps the parametrized torsion obstruction o(f) to Tay(f). In particular, if x(B) = 0,
then we have

o(f) = 7fb(f) € Wh(mM)
We give a complete proof only of part (iii) of this theorem.

Proof of part (iii). Since Wall(p) = 0, we can assume that p is a bundle in Cpt. Moreover,
by Lemma 3.19 and Remark 3.22, we can equip F with the canonical simple structure §T°p(E)
defined in Section 2.3. Therefore, since both o(f) and my(f) are given by the respective class of
(M) 17()\), we can conclude. O

As for part (i) and (ii), they are immediate consequences of the following theorem, whose
proof can be found in [Stel0, Section 5.6].

Theorem 5.50 ([Stel0, Theorem 5.19]). (i) Let p: E — B be a fibration over a CW-complex
with fiber Fy over b € B. Then there is a 4-th quadrant spectral sequence

EYY = HP(B;m_g Wh(F)) = HP"9(B; Wh(F}))

where the Es-term consists of ordinary cohomology with twisted coefficients in the system
of abelian groups {b — m_, Wh(Fy)}.
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(ii) If B is d-dimensional with d < oo, then the corresponding filtration
e FPA o gptle-l 5

of HPT4 (B;Wh(Fb)) is finite and the spectral sequence converges in the strongest possible
sense. Namely, we have

Fon — gn (B; Wh(F)) for alln
Fdtln—d-1 _ for alln
gp,q/gzpﬂvq—l = EPY for all p,q

(11i) The image of the parametrized Wall obstruction Wall(p) under the edge homomorphism
H°(B;Wh(F,)) — H°(BimoWh(F)) ¢ [[ Ko(zmE))
[blemoB
s the Wall finiteness obstruction of the fiber.

(iv) Suppose that all the fibers are in TFCW and let v: St — B be a loop. Then the naturally
defined secondary homomorphism

ker (HO(B; Wh(F,)) — HO(B;m Wh(F})) ) — H' (B m Wh(F}))
followed by the restriction map
v*: HY(B; Wh(nFy)) — H'(S*;m Wh(F,)) = Wh(nEF})
maps the parametrized Wall obstruction Wall(p) to the element defined by the torsion of
the fiber transport along .

We conclude this section by explaining what are the edge and secondary homomorphisms of
this theorem. In this way, we clarify also all the maps of Theorem 5.49.
Consider the spectral sequence of the previous theorem. By definition, we have exact se-

quences
gp+1l,q—1 aZP:q D,q
0—.F — FP1  EP

for all p,q. Moreover, since the spectral sequence is limited to the 4-th quadrant, we obtain
0,0 0,0 0,0
E’ D EY D... D EY
E21’_1 ») E;’_l D...D Eclx’;_l
Therefore, we get the following two exact sequences
0— FL1 5 #0020, g0 (5.12)
0— F22 5 gh 124 pl-t
2
The edge and secondary homomorphism of Theorem 5.50, and hence of Theorem 5.49, are exactly
the homomorphisms oy and ;. Indeed, «q is by definition a map
ag: H°(B; Wh(F,)) — H°(B; mo Wh(F))

Fl-

and since, by exactness of (5.12), Iis the kernel of o, then «; is a map

ay: ker (HO (B; Wh(F,)) — H°(B;m Wh(Fb))) — H'(B;m Wh(F))

Remark 5.51. The previous maps «g and a1, as for the map of Theorem 5.49(iii), are the most
natural maps we can think of to compare our obstructions: they are very easy and nothing is
artificial in their construction. Therefore, the obstructions Wall(p) and o( f) that completely solve
the stable fibering problem are the very natural generalization of the Wall finiteness obstruction,
0(f) and 7qp(f) in the context of algebraic K-theory.
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