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Sommario

La presente tesi si propone di studiare il problema dell’identificazione di tre modelli di
sistemi tempo varianti. Tale problema consiste nel ricostruire i parametri di sistema
a partire da misurazioni ingresso-uscita. Inoltre sono oggetto di studio le condizioni
sufficienti che permettono 'identificazione del sistema. Nella prima parte della tesi si
studia 'identificazione di sistemi a banda larga (wideband systems). Viene presentata
una caratterizzazione discreta del modello continuo del sistema. A questo scopo
viene utilizzata la trasformata di Mellin che fornisce una rappresentazione del segnale
in termini delle sue componenti di scaling. Nella seconda parte dell’elaborato, si
considerano i sistemi la cui risposta consiste in una sovrapposizione pesata di versioni
del segnale di ingresso, traslate nel tempo e in frequenza. Si assume inoltre che tali
sistemi siano sparsi, ovvero che introducano solamente alcune traslazioni in tempo
e frequenza, ignote. Si sono confrontati tramite simulazioni due diversi approcci di
ricostruzione. Tali approcci differiscono sia in termini di segnale di ingresso che per
Ialgoritmo usato per la ricostruzione. Secondo il primo approccio, la formulazione
dell’identificazione viene ricondotta a un problema di tipo multiple measurement
vector, mentre nel secondo approccio rispecchia un problema di tipo block-sparse.
Per ciascun approccio viene usata una particolare versione di un algoritmo greedy
di ricostruzione, piu precisamente I'orthogonal matching pursuit. Le simulazione
non solo dimostrano che i due approcci hanno prestazioni diverse, ma evidenziano
anche, dal punto di vista quantitativo, come il secondo approccio abbia pil successo
rispetto al primo, in termini di probabilita di ricostruzione (recovery probability).
Gli stessi risultati si ottengono nella condizione in cui il segnale ricevuto € corrotto
dal rumore. Per ultimo, si sono analizzati dei particolari sistemi a banda stretta
(narrowband systems), detti parametric underspread linear systems, che introducono
sul segnale in ingresso un numero limitato di traslazioni in tempo e frequenza. Si
sono estesi i risultati trovati in (Bajwa, 2011) al caso di sistemi a piu ingressi e singola
uscita. Piu precisamente si sono trovate le condizioni sufficienti per I'identificazione
e 'implementazione della ricostruzione di sistemi a ingressi multipli.
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Abstract

We consider the problem of identifying three different models of linear time-varying
systems. The identification problem is to reconstruct the system parameters from
an input-output measurement. Furthermore, we are interested in finding sufficient
conditions that allow identification. Firstly, we consider identifiability of wideband
systems. To this end, we present a discrete characterization of the continuous model.
In order to the derive that characterization, we use the Mellin transform that pro-
vides a representation of the signal in terms of its scale components. Secondly, we
consider a system, where the output consists of a weighed superposition of time and
frequency shifted versions of the input signal. We assume the system is sparse, in
the sense that it induces only few, however unknown, time and frequency shifts.
Two different recovery approaches are compared using simulations. The approaches
differ in the probing signal and in the algorithm used for the recovery. For the
first approach, the recovery problem is reduced to a multiple measurement vector
problem, for the second to a block-sparse problem. For both problems, adaptations
of a greedy algorithm, namely orthogonal matching pursuit, are used. The numeri-
cal experiments not only demonstrate that the approaches perform differently, but
also provide the quantitative improvement of the second approach to the first one
in terms of recovery probability. The same results are achieved for the noisy case
when the received signal is corrupted by noise. Finally, we investigate on particu-
lar narrowband systems, called parametric underspread linear systems, that induce
only finitely many time and frequency shifts on the input signal. We extend the
results found in (Bajwa, 2011), i.e., sufficient conditions for identifiability and the
implementation, to the multiple input single output case.
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Chapter

Introduction

System identification is an important problem in engineering and it has many
practical applications. These include channel identification in wireless communica-
tion or underwater communication, control engineering and radar imaging. In this
thesis we consider the identification of wireless systems.

A wireless channel is usually modeled as a linear time-varying system [1]. The
simplified characterization of a wireless channel is given by the multipath approxima-
tion: the electromagnetic field from the transmitter to the receiver is described by
individual waves that travel along specific propagation paths and undergo different
effects, like diffraction, reflection and absorption. At every point in space and time,
the individual waves interfere with each other and form the overall electromagnetic
field. Furthermore, since the terminals of a wireless system are often mobile and the
objects in the environment move as well, the resulting electromagnetic field is also
time-varying 2|, i.e., the received signal consists of the superposition of time- and
frequency- shifted versions of the transmitted signal, weighted by a spreading func-
tion sy that characterizes the environment in which the communication takes place.
Under the approximation of infinite multipath components, the received signal can
be represented as [3]

y(t) = / / su(r V)t — )™ dudr. (1.1)

This characterization implicitly assumes that signals involved are narrowband. That
is, during the transmission of the signals, the motions in the system are slow com-
pared to the signal propagation speed and the objects in the environment do not
change position relative to the positional resolution of the signal (slowly fluctuating
objects) [4]. Suppose the transmitted signal has duration 7" and that the object
velocity is v, then the narrowband condition on the signal bandwidth B is given by

2v 1
g 1.2
c TB (12)
where ¢ is the medium propagation speed. In an environment with fast moving
objects or if the signals have large time-bandwidth product, the requirement (1.2)

is violated. In these systems, the delay-Doppler shift approximation (1.1) is not
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precise and a wideband model is needed to account for the effects caused by high
speed motion [6]. In the wideband signal model, the received signal is given by
a superposition of the time shifted and time scaled versions of the input signal,
weighted by a wideband spreading function xg. Letting a the scale parameter, the
input-output relation of a wideband system can be modeled as [6]

y(t) = / / v(a,7)va w(alt — 7)) drda. (1.3)

The identification problem, which is depicted in Fig. 1.1, can be stated as de-
termining the parameters of the operator H, which models the channel/system, by
input-output operations on the system response y(t) to a known probing signal x(t).
The crucial point is to select a suitable probing signal and make appropriate compu-
tations on the output in order to recover the parameters that completely characterize
the system H. In particular, in order to recover an operator of the form (1.1), we
need to recover sy; and to recover an operator of the form (1.3), we need to recover

XH-

(known,) (measured)

(t) y(t)

— H —

Figure 1.1.: Identification problem.

If we consider the particular case of a linear time-invariant system, we have
sy(T,v) = h(7)d(v) for narrowband systems and xg(a,7) = g(7)d(a) for wideband
systems, where h(t) and g(t) are the impulse responses of the respective systems.
Since the output of the system to the input probing signal xz(t) = (¢) is exactly
its impulse response, which fully characterizes H, linear time-invariant systems are
always identifiable. The situation is fundamentally different for linear time-variant
systems, where the response to the input z(t) = (¢) is not equal to the impulse
response and does not allow a complete characterization of the system. We require
then to investigate on some conditions of the operator H, for which identification is
possible. These requirements are often expressed in terms of the spreading functions
support, which in both narrowband and wideband representations is supposed to be
finite according to some physical limitations. In fact, due to physical restrictions on
the system, time delays, Doppler shifts and scale shifts cannot take any real value
but they are bounded within some ranges. For narrowband systems (1.1) Kailath [7]
found that linear time-varying systems with spreading function sy compactly sup-
ported on a rectangle are identifiable if and only if the spreading function’s support
area is not larger than 1. This result is generalized by allowing any shape of the
support region, provided that the total area is not larger than 1 [§].

Analogous results are not yet provided in the case of wideband systems (1.3).

In the first part of the thesis, we consider the problem of identifying a wideband
system. Our initial idea was to gain intuition by first considering the discrete case of
(1.3). To this end, we try to adopt the proof Kailath 7] did for systems of the form



(1.1) to wideband systems. In order to discretize (1.3), we assume the input signal is
band- and scale-limited and apply the sampling theorem both in the Fourier and in
the scale domain. In this context the Mellin transform becomes relevant for dealing
with the scale parameter.

Difficulties arose because to apply a similar argument as Kailath did, we would
need a result that specifies the approximate number of degrees of freedom of a scale
and band limited signal, paralleling the 2WT theorem [9]|. Therefore, the problem
remains open.

In the second part of this thesis, we analyze the identification of sparse systems.
Sparsity is an important property which has wide applications in many communi-
cation channels. Practical examples are given by underwater environment, radar
imaging and mobile communication. We consider a discretized version of (1.1) and
assume the spreading function is sparse in a sense made precisely later. As for the
case of wideband systems, some constraints on the input and output signals are
needed in order to use the sampling theorem to derive a discrete representation of
the system. In particular, we consider band limited input signals and assume the
output is observed for a finite time duration. We focus on the possible procedures
for recovery the samples of the spreading function, starting from the discrete repre-
sentation of (1.1) developed in [15|. This allows to state the identification problem
as solving a linear system of equations, i.e.,

Y = XS (1.4)

where X is the matrix of the known input samples, while Y and S contain, re-
spectively, the samples of the output, measured from the system response, and the
samples of the spreading function to be recovered.

The necessary conditions for identifiability are connected with the notion of com-
pressive sensing. The central idea is to identify the system, i.e., reconstruct the
spreading function samples in S, assuming S has only a few nonzero entries. In
this case the spreading function is referred to sparse and, as long as the system of
equations (1.4) is underdetermined, it can admit a unique solution.

We analyze and compare two approaches that differ in the choices of the input
signal and the algorithms used for recovery. The first approach allows to formu-
late the problem as a multiple measured vector (MMV) problem [16] where both
Y and S in (1.4) are matrices whose columns constitute single measurements. The
main property of the model is that the collection of sparse vectors share a common
sparse support set, i.e., the positions of the nonzero samples in the columns of S are
unchanged. The second approach is to formulate the recovery as a block-sparse prob-
lem. In this case, the sparse vector of the spreading function has nonzero samples
occurring in clusters, i.e., blocks. The algorithms we use for recovery are adap-
tions of the orthogonal matching pursuit (OMP) algorithm which is the canonical
greedy algorithm for sparse approximation [18]. The simultaneous OMP (S-OMP)
algorithm [19] is used for the first approach, while the block-sparse OMP (B-OMP)
algorithm [20] is used for the second approach.

We compare the performances of the approaches in terms of the empirical recovery
probability, for the noiseless case, and of the root mean square error, for the noisy
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case. The main result is that the first approach is superior to the second one,
especially when the number of the samples of the discrete spreading function is
large, i.e., the approximation of the continuous spreading function to be recovered
is more precise.

As the third part of this thesis, we study the identification of a particular multiple
input narrowband system, supposing always the communication channel is sparse.
An interesting question on system identification is whether the spreading function
can be identified when dealing with multiple input multiple output (MIMO) systems.
In this situation, each output can be represented as a superposition of the responses
of different subsystems applied to each input. Given that the spreading functions of
the subchannels are independent, to characterize the identifiability of MIMO systems
we can without loss of generality consider multiple input single output (MISO)
systems. We consider the extension to multiple inputs of a particular narrowband
system, called parametric underspread linear system (ULS) |23], whose spreading
function is described by a finite set of delays and Doppler-shifts, as expressed in the
following. The input-output relation is given by

y(t) = / / ZSH(T D)as(t — 7)™ dudr (1.5)

where the spreading function Sy, of the i-th subchannel is given by

Sp,(T,v) = 2 ;1 0(T — Tig)0 (Vv — Vig). (1.6)

k=1

In (1.6) the parameters a;y, 7;; and v, represent the attenuation factor, the time
delay and the Doppler-shift,respectively, associated with the i-th subchannel, while
K; is the number of delay-Doppler pairs involved in sy,. The crucial difference to
the model considered in the second part of this thesis is that, in order to identify the
system, we need to specify all the parameters above, for every subsystem 5p,. The
condition for identifiability of a MIMO channel is provided in |21], given that the
supports of the subsystems are known and in [15] given the support is unknown. The
spreading functions Sp, in (1.6) are identifiable if and only if the sum of the areas
of the support regions of §p, is not larger than 1. We generalize the results of [22]
and [23] for SISO systems to MISO systems. In particular, with some adjustments
we adopt the multiple inputs problem to a single input problem, applying then the
same recovery procedure.

We derive sufficient conditions on the bandwidth and temporal support of the
equivalent input signal that ensure identification of the parametric ULS in (1.5) and
(1.6). It can be shown that the system is identifiable as long as the time-bandwidth
product of the input signal is proportional to the total number of the delay-Doppler
pairs in the entire system. The recovery procedure is based on the ESPRIT algorithm
([22] and [24]) for the time delay estimation. The recovery of the frequencies and of
the attenuation factors follows directly from the delay recovery and concludes the
identification problem.



The organization of the thesis is as follows. In Chapter 1 we analyze the identi-
fication of the wideband system, using the Mellin transform and the corresponding
sampling theorem, and we derive the equivalent discrete characterization of the
continuous channel. In Chapter 2 we study the identification of sparse systems
and compare empirically the performances of two different recovery approaches. In
Chapter 3 we extend the identification of the parametric underspread linear sys-
tem to a multiple input single output system and derive sufficient conditions for
identification.

Notations.
Lowercase boldface letters stand for column vectors and uppercase letters designate
matrices. For the matrix A we write its transpose, complex conjugate, Hermitian
(complex conjugate of the transpose) and Penrose pseudo-inverse by AT A* A#
and AT, respectively. The entry in the kth row and /th column of A is denoted by
[A]g,;. For the vector a, the kth element is written [a]; and its Euclidean norm is
denoted by ||a||. Finally, for two functions z(t) and y(t) defined for ¢t € R, we write

(x(t),y(t)) = [T x(t)y*(t)dt for the inner product between z(t) and y(t).

o0






Chapter 2

Identification of Wideband Time-Varying
Systems

In the first part of this chapter (Section 2.1) we introduce the Mellin transform,
which will be useful to obtain a discrete characterization of wideband time-varying
systems. The Mellin transform can be seen as an equivalent representation of the
signal in the scale domain as well as the Fourier transform provides the spectral
representation in the frequency domain. We also discuss a sampling theorem which
enables the exact reconstruction of a scale limited signal from its samples in the
time domain.

In the second part of the chapter (Sections 2.2 - 2.4) we derive the discrete char-
acterization of a wideband channel, using the sampling theorems both in frequency
and scale domains.

We conclude the chapter (Section 2.5) making some remarks about the scale op-
erator and deriving the uncertainty principle for frequency and scale domains.

2.1. Mellin Transform and its Sampling Theorem

All the material in this section can be found in [12].
The Mellin transform M ¢(3) of a function f(t), whose support in time domain is
(0, 4+00), is defined [12] as

+001

_ . +j2781Int
M;(B) i ﬁf(t)e dt (2.1)
If f(t) is defined also on (—o0,0), the positive and negative parts have to be treated
separately.
The inverse Mellin transform is defined as

so= [ M) (22)

The properties of the Mellin transform, together with its derivation, are exten-
sively studied by Cohen in [11]. We report here two important properties that are
useful for the future analysis.



2. Identification of Wideband Time-Varying Systems

1. Scale invariance. Indicating with M(5) the Mellin transform of f(t), then
the Mellin transform of fy(t) = \/cof(cot) is given by

M,y (B) = e M () (2.3)
Proof. Applying the definition in (2.1) on fo(t),

e 1 +j27B1Int
My (3) = / SVt

du teo g 9x31n 2 AU
(u =cot = dt = ) = \/—O_ (u)e 2P e =
Co 0 u Co

. tooq
— e]27r61n00/ - ( ) +]27rﬁlnudu
0

\/_
6—j27r6 In COMf(ﬁ)

Note that M ;(5) and M, () have same supports.

2. Multiplicative convolution. Indicating with My (5) and My, (5) the Mellin
transforms of fi(t) and fo(f) respectively, then the Mellin transform of the
multiplicative convolution of fi(¢) and fo(t), given by

“+o00

fi® fo(t) = Si(tt) f5 () at’ (2.4)

0
is simply M, (6) M3, (5).
Proof. Applying the definition in (2.1) on f(t) = f1 ® fo(?),

+0o0 “+oo
M;(B) = / N Fu(tt) f5 (¢)dt X727 d

d +o00 +00 t
(u—tt = dt = tu) = / / f1 ( ) +j2mB1n ,dtdt_

_ o 1 +j27B1Inwu oe 1 —j2wBInt’ g4/
= ) At fi(u)e du/O N (e dt
= My (B)M,(B)

O

In the same way as the Fourier transformation is used to reconstruct a band
limited function from its uniformly spaced samples, the Mellin transform can be
used to recover a scale limited function from its samples, exponentially spaced in
the time domain. A function f(t) is said to be scale limited to scale fy if the support
of its Mellin transform M¢(3) is [—So, fo]. The scale support width is indicated
with B, B = 20,.

We follow the same procedure reported in [12| to state and prove the following
theorem. See [13] for a more exhaustive analysis.



2.1. Mellin Transform and its Sampling Theorem

Theorem 1. Sampling Theorem. A function f(t) € L*(R), scale limited to
Bo, can be exactly reconstructed from its samples in time domain if the samples
are exponentially spaced along the time axis, i.e. from {f(7") :iofoo, where T =
e''B and B = 28,.

Proof. Consider a signal f(t), whose Mellin transform M ¢(3) is scale limited to S,
and indicate with B = 2/, the scale support width of M;(3). Due to the Fourier
series representation, for 8 € [0y, Bo] M () can be expressed as

+oo
My(B) = ane 87 (2.5)

where a,, are the coefficients of the series expansion

1 Bo

Ay = — M;(B)e 8048 . m € Z (2.6)
B —Bo

Indicating with 7 = e/B = /(%) the coefficients a,, in (2.6) are given by

Bo ' Bo ' o
Ay = InT M (B)e 72mmInTqg — In 7 M (B)e 2T 43 m e 7 (2.7)
—Bo —Bo

The function f(¢) can be expressed as the inverse Mellin transform of M;(8) and,
using that f(t) is scale limited, (2.2) becomes

Bo )
£(t) = / ﬁ %Mf(ff)e‘ﬂ”ﬂl“dﬁ (2.8)

For t = 7™, (2.8) becomes

m\ __ o 1 —j27BInT™
fm) = [ M (2.9)

Comparing (2.7) and (2.9), the relation between the coefficients a,, and the function
f(t) is
Uy =InTVTf(T™) , M EZ (2.10)

Now, starting from (2.8) and substituting M (3) from the Fourier series represen-

9
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tation in (2.5) with % = In7™ yields

Bo A
f(t) — /5 %Mf(ﬁ)e—j%rﬁlntdﬁ

/60 1 Jio 27 BIn ™ —j2rBInt
_ - a,, e’ Pm" g =i2mBn dﬁ
—Bo \/Z

m=—o00
oo Bo
_ Z A / 6—j27rﬁ In (T*mt)dﬂ
m=—o00 —Po
+00 1

Z e |:6j2ﬂ—60 G e—j2ﬂ'ﬁo In (T_mt)]
™ g2 In (77™mt)

ZJF sin|m(206g) In(77 "t
i sin|rtBIn(77™¢
Z a [ ( )]

mln(7=mt)

S-Sl Sl -

m=—0o0

Finally, substituting a,, from (2.10),

T L =
o NS SEBIn( )]
=1 mZoof( )Wﬁln(rmt) (2.12)
+o00
= In7 3 fE ) (213)

where the function (t) is defined as

_sin[rBln¢] B sine(B o

with the sinc function defined as

sin(7t)

sinct =
7t

]

For the sake of completeness, note that the Mellin transform of () is exactly the
rectangular function with support [— [y, fo], similarly to the Fourier case. Applying
the definition in (2.1) on ~(¢),

10



2.2. Input-Output Relation of a Wideband Time-Varying System

’7(t)6+j27rﬂ lntdt

<)

sinc(B Int)e 2ot gy

I
\c\c\
8

(u=Int =dt =tdu) =

0 elsewhere

1 <
:rect(ﬁ):{l if |51 < fo (2.15)
where F~! denotes the inverse Fourier transform and the rect function is defined as

[t <y
rectt = { 0 elsewhere

2.2. Input-Output Relation of a Wideband
Time-Varying System

In a wideband time-varying system, the received signal y(¢) is composed of a
superposition of different versions of the transmitted signal x(¢), time shifted and
Doppler scaled (|5] and [6]), whose input-output relation is given by

y(t) :/0 00/ oox(r, a)vaz(a(t — 7))drda. (2.16)

The propagation delay 7 is due to different scattering multipath lengths from
transmitter to receiver and the time scale parameter a is due to relative motion
of transmitter, scatters and receiver (Doppler effect). The scale parameter a can
correspond either to a time expansion, if 0 < a < 1, or to a time compression, if
a > 1, depending on whether the scatter is moving away from the receiver or is
approaching it. The wideband spreading function x(,a) represents the strength of
the scatterers.

Due to physical limitations of the system, the support of the spreading function is
assumed to be finite. x(7,a) can be considered effectively nonzero only for (7,a) €
[0,T,] x [A;, A,], where T, is the multipath delay spread and A, = A, — A, is the
Doppler scale spread. According with this assumption, the input-output relation in
(2.16) becomes

y(t) :/A u/o dx(T,a)\/ax(a(t—T))dea. (2.17)

11



2. Identification of Wideband Time-Varying Systems

2.3. Discrete Time-Scale Characterization

We follow the analysis presented in [10], to express (2.16) according to a corre-
sponding discrete representation. The assumptions for the discrete time-scale model
are presented here.

1. The Fourier transform X (f) of the transmitted signal z(¢) has bounded sup-
port within f € [-W/2, W/2].

2. The Mellin transform M, (5) of z(t) is band limited within 8 € [—50/2, 50/2].

These conditions could violate the uncertainty principle, particularly if the product
of the scale support width and the bandwidth is small (see Section 2.5, Theorem
3). The analysis of the time-scale model is related only to the classes of input and
output signals, for which the uncertainty principle is (approximately) valid.

Due to the assumptions above, it is reasonable to use the sampling theorems in
the Fourier and in the Mellin domain (see Section 2.1), and consider the spreading
function x(7,a), sampled both in time delay 7 and in Doppler scale a.

Starting from the input-output relation (2.16) and using assumptions 1 and 2
above, a discrete time-scale characterization is derived as follows.

Function 0(7,t) is defined as
(1, t) = x*(,t)V1. (2.18)

Indicating with My(7, ) the Mellin transform of 6(7,t) with respect to ¢, Mj(r, 5)
is given by

+oo 1 )
Mi(m,B) = / — 0 (1, t)e 2Bt gy
i) = [ e

+oo 1 ]
= —x(T, t)\/ze’ﬂ”ﬁ Int gt
[

+o0o
= / x(7, t)e 72 Bt g, (2.19)
0

Using the definition (2.18), x(7,t) = 6*(7,t)//t. Substituting this expression into
(2.16), the input-output relation can be expressed as

o) = [ [ xmaantate - ryrda
_ /0 o~ /_ :O 9*(7,@%\/@(@@—7))&@
_ /_ :O /0 " alt — 1)8 (. a)dadr
e

(definition (2.4)) = / (x®0(T,))(t — 7)dT. (2.20)

12



2.3. Discrete Time-Scale Characterization

Now, applying the inverse Mellin transform (2.2) on function (z ® 6(7,-))(t — 7)
and using the multiplicative convolution property, the input-output relation (2.20)
becomes

(t) = / B LM (B) M (1, B)e 2 A=) g s (2.21)
T S vE=T T N

Assuming that the support of the Mellin transform of 2(t) is bounded to [—y/2, 50 /2],
M_(B) can be replaced with M (8)Pg,(3), where

Pg,(B) = rect (ﬁ) = { L if|p] < 3 (2.22)

Bo 0 elsewhere
After this replacement, M (7, 8) = M (7, B)Ps,(5) is a scale limited Mellin trans-
form within [—f/2, o/2]. Its inverse Mellin transform f(7, a) is, by definition (2.2),
+o00 1
= —M
e Va
and, according to the sampling theorem in scale domain (section 2.1, theorem 1), can

be exactly reconstructed from its exponentially spaced samples, {f(r,e™B)} >
with B = (. Substituting the definitions (2.19) and (2.22) into (2.23) yields

f(r,a) 2 (7, B) Pg, (B)e 2P e g3 (2.23)

™

0

2 1 +oo . .
f(T, a) — /2 %/ X(T, t)e—]27rﬁlntdt e—]Qﬂ'ﬁlnadﬁ
0

_bo
2
M| ? 278 In(ta)
- —x(rt 2N g 3y
/0 \/ax(ﬂ ) /_ %06 B
+oo
= (7,t)Bo sine(By In(ta))dt. (2.24)

=X
o Va
From (2.24), the exponentially spaced samples of f(7,a), with a = ™% m € Z,
are given by

400 1
f(Ty €m/60) == . WX(T, t)ﬁg sinc (50 In (tem/ﬂo)) dt
+o0 1

X(7,t)Bosinc (m + folnt)dt , m € Z. (2.25)
0o Vemn/bo

According to the final result (2.12) of the sampling theorem in scale domain and
using the samples in (2.25), function f(7,a) in (2.24) can be expressed as

sin (76 In(ae~™/))

vV ae™/Po In(ae—m/Po)

+oo
f(ra) = In(e"®) 3 f(r,e"/)

m=—00

sinc (o In(ae=m/P0))

1 & (1
= — —_— t i Int)dt
% 2 ) o hsine -+ ey =0

400 0o
= Z /0+ X (7, t) sinc(m + By Int)dt % sinc (o ln(ae’m/ﬂo)). (2.26)

m=—00

13



2. Identification of Wideband Time-Varying Systems

Finally, using the definition of the Mellin transform (2.1) on f(7,a) in (2.26), with
respect to a, M (7, 3) = Mj(7, B)Ps, (/) becomes

+o0 1
o Va
+oo 400

- Z / X(7,t) sinc(m + By Int)dt

m=—0oQ

400 1 )
X / —Bosinc (B ln(ae_m/ﬂo)) ef2mhinagy (2.27)
0o G

(T, a)ej%ﬂ nagq

MZ<7—7 B)Pﬂo(ﬁ)

Using the definition (2.14) of v(¢) (with B = [y in this case) on the last integral in
(2.27),

400 +oo
My(T,8) P, (B) = Z / (1,t) sinc(m + By Int)dt

m=—00

sinc (8o In(ae™™/%)) e M e g

/+oo 1 60

X e~ m/IBO—
\/_ vV ae—m/Po

= Z / X(T,t) sinc(m + By Int)dt

m=—00

x/ "G (mw m/ﬁo)) eI2hmagy (2.28)

Using the expression of the Mellin transform M., () in (2.15) and the scale invariance
property (2.3) on the last integral in (2.28),

+o00 400 ﬂ
My(T, B)Psy(B) = Z / x(7,t) sinc(m + By Int)dt =92 Fme "0 vect (B—>

0

m=—0o0

= Z / x(7,t) sinc(m + By Int)dt e?*™™5/5 rect (5 )
0

m=—0Q0

(37m) = £ [ e o ) (3)
— =1Ina = 7' smcm — rec
Bo 0 In ag Bo

o (2.29)

From (2.29), with a sign change of variable m, the final expression of M (7, 5)Ps,(5)
is given by

= oo Ina o 8
My (T, B)Ps, (B Z / X (7, a) sinc (m — lnao) da e—i2mBmao Lot (%) .

T (2.30)

14



2.3. Discrete Time-Scale Characterization

Substituting (2.30) into (2.21), the input-output relation becomes

X oo oo oo Ina
y(t) = Z/ / / X(1,a Smc<m_lna0)

m=—00

X N Mw(ﬁ)e_ﬂ”mn(“o =) dBdadr
-7
Ry /+°° /+°° ( lna)
= (1,a)sinc [ m —
= In ag

My (B)e 720 @ =D d3dadr.

Applying the inverse Mellin transform (2.2) in the last integral,

e Ina
yt) = Z / / X(7,a)sinc (m " nag ) allxz(ag' (t — 7))dadT

m=—0o0

+oo o0 ptoo 1 1 m
= Z / / X (7, a) sinc ( nag - na) da ag z(af'(t —7))dr
In ag

m=—0oQ

= ¥ /OO K(r, aMag o(a(t — 7))dr (2.31)

m=—0oQ

where function x(7,a) is a scale-smoothed version of the spreading function x(7,a)

+o0 1 -1 !
X(1,a) = / x(7,a’) sinc (M) da’. (2.32)
0

In Qo

The final discrete time-scale model results from (2.31), using a similar procedure
as before but based on the Fourier transform, which is detailed as follovvs..m

The integral in (2.31) is the convolution of the functions x(7, af') and a2 z(af'T).
Applying the definition of the inverse Fourier transform and using the convolution
property of the Fourier transform, the input-output relation in (2.31) becomes

+oo

vt = 3 (U)o atan)) (0
- f /+°O~fa0 Try X(ag™f)e?*Itqf (2.33)

where U(f,a) is the Fourier transform of X(7,a), with respect to 7, and X(f) is
the Fourier transform of z(7). Note that aa%X(aamf) is the Fourier transform of
ao% z(ag'T).

Assuming that the support of the Fourier transform X(f) is band limited to
[—W/2,W/2], then the Fourier transform GJ%X(aamf) is band limited to the range

15



2. Identification of Wideband Time-Varying Systems

[—ai*W /2, a*W/2] and can be replaced with a, 2 X(ag™f)Papw (f), where

Pymw (f) = rect (L) = { L f|f] < @ (2.34)

ag'W 0 elsewhere

After this replacement, G(f,a?") = U(f, a)Pamw (f) is a band limited Fourier
transform. Its inverse Fourier transform is

“+o00 _ )
glt,a) = / T, @) Pape () df (2.35)

o0

and, according to the sampling theorem in Fourier domain, can be exactly recon-
structed from its uniformly spaced samples, {g(n/(ag'W), ag") } 1= . Substituting
the definitions of U(f,a) and Pynw (f) into (2.35) ylelds

+oo
a(tap) = / / R, 0o drl e

ag””E ) ,
= / X', ag’) / eI gy
—00 _am‘g/
+oo ’
= / X(7', af)ag W sine(al'W (7" — t))d7'. (2.36)

From (2.36), the uniformly spaced samples of g(¢,af') are given by

n a™ /+OO ~( / am)am”rsinc a™ W / n dr'
EEse—— e T — T
g (ZG”W’ 0 . X\T 5 Gy )Gg 0 CLgLW

+oo
= / X(7', ag)ag W sine(n — agWr')dr' ,n € Z. (2.37)

—00

According to the sampling theorem in Fourier domain, function g¢(¢,a') can be
expressed as

o) = 3 o (g (s (- )

n=—oo

= Z / X (7', ag ) ag W sine(n — ag'Wr')dr'

n=—0oo

X sinc (a6"W (t - :W)> : (2.38)
o

16



2.3. Discrete Time-Scale Characterization

Finally, applying the Fourier transform in (2.38), with respect to t, G(f,ag') =
U(f,a)Parw(f) becomes

+00 '
U(f,a)Pagw(f) = / g(t, am)e 7™t

= Z / X(7',ag") sinc(n — al'Wr')dr'

n=—oo

n .
m ot — —52ft gy
X /OO sinc (ao ( a()”W)) e

“+oo +oo
= Z / x(7', agt) sine(n — ag'Wr')dr'

n=—oo

—i2m /
t . 2.39
X e rec (aB”W) (2.39)

Substituting (2.39) into (2.33), the input-output relation becomes

y(t)

i Z / /_*OO x(7',al") sinc(n — ag'Wr')dr'

m=—00 Nn=—00 o0

o_nf .
% e —Jj2 g, QX( f>€]27rftdf

i Z / xX(7', ag") sinc(n — ag Wr')dr'

m=—0o0 N=—00

400 m o —
< [t e (st ) g

e}

i Z / xX(7',ag") sine(n — al'Wr')dr'ad (aglt — %)

m=—00 N=—0o0

substltutlng the expression of x(7/,ay') from (2.32
0

Ry oo oo Ina —1
Z Z / / x(7,a’) sinc ( ne—ma ) sinc(n — al'Wr')dr'dd
In agp

m=—0o0 N=—00

xa(?x(aot W>

i Z ( ) ag @ (aomt - %) (2.40)

m=—00 N=—00

where x(7,a{') is a time-smoothed version of Y (7, af")

—+oco
X(1,a5") = / xX(7', af?) sinc(al'W (r — 7'))d7’. (2.41)

oo

This result is summarized in the following theorem.

17



2. Identification of Wideband Time-Varying Systems

Theorem 2. In a wideband time-varying system, if the transmitted signal x(t)
is band limited and scale limited, i.e. its Fourier transform X(f) = 0 if f ¢
[—W/2,W/2| and its Mellin transform M,(B) = 0 if B & [—Po/2,0/2|, the
received signal y(t) is decomposed into discrete time shifts and Doppler scalings
on the input signal z(t), weighted by a smoothed and sampled version of the
wideband spreading function.

+oo +oo
y(t) = Z Z X (%nLW,agL> ag (a?t — %) (2.42)

m=—00 N=—0o0

where

+o0o +o0 1 —1 /
X(1,ag") = / / x(7',a’) sinc (M) sinc(al'W (T — 7"))d7r'da’
0 —00 In ag
(2.43)

The relation (2.43) is obtained combining (2.32) and (2.41).

2.4. Finite Approximation

Both summations in (2.42) involve infinitely many terms. However, due to the
physical system restrictions described in section 2.2, the support of spreading func-
tion x(7,a) is bounded in both time and scale domains, as expressed in (2.17).
Specifically, if x(7,a) is nonzero only when A, < a < A,, than x(7,a{') defined in
(2.32) can be expressed as

A /
u 1 m 1
X(r,al') = / x(7,a’) sinc (—n i ) da’

A In ay

InA
u 1 m o
(y=Ind = dd =e'dy) = / X(7,€7) sinc (M) eV dry
In A; In Qo

In Ay ~y
= /1 X(7,€7) sinc (m - ao) edy. (2.44)

nAl

Considering the approximation that the sinc function in (2.44) is nonzero only in
the mainlobe, values of m corresponding to nonzero coefficients of x(7,af') are

gl

—1<m-— <1
In ag
o 1<m< 41 (2.45)
In ag In ag

From the integral in (2.44), substituting maximum and minimum values of ~, the
condition (2.45) becomes

lnAl_1§m§1nAu+1

In ag In ag

18




2.4. Finite Approximation

or, since m assumes only integer values,

{lnAlJ < FHAH—‘ 2.46)

In ag In ag

Similarly, if x(7,a) is nonzero only when 0 < 7 < T, than x(n/(ag'W), ay") defined
in (2.41) can be expressed as

Ty
X (L,a’g? = / X(7', ag) sine(n — af' Wr')dr'. (2.47)
ag'W 0

Applying in (2.47) the sinc approximation as before, values of n corresponding to
nonzero coefficients of x(n/(af'W), af) are

—1<n—aWr <1

agWr' —1<n<alWr' +1 (2.48)

From the integral in (2.47), substituting maximum and minimum values of 7" in
(2.48), it results that

or, approximately,
0<n<[afWTy] (2.49)

Combining the approximations (2.46) and (2.49) due to the limited system sup-
port, the input-output relation in (2.16) admits the following finite-dimensional rep-
resentation

M; N(m)
v~ D> > XnmTnm(t) (2.50)
m:MQ n=0
where My = [In A;/Inag|, My = [In A,/ Inag|, N(m) = [a'WTy],
n
nm = X Tt 0 2.01
Yo = it (251)

and x,,,,(t), a time shifted and scaled version of x(t),

Tpm(t) = ad © <a6”t — %) : (2.52)

The number of nonzero coefficients in (2.50) are given by

My

M = ) (N(m)+1)

m=Mj

My

= (Mi—My+1)+ »_ N(m)
m=>Mj
My

= (My— My+1)+ > [agWT,] (2.53)

m=DMj
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2. Identification of Wideband Time-Varying Systems

or, without considering the ceil function in the right hand side of (2.53),

M
M ~ (My—My+1)+ Y agWTy
m=DMpy
My
= (My— Mo+ 1)+ WT,; > af
m=DMj
aM1+1 o aM()
= (Ml_MO+1)+WTd 0 a 10 (254)
0 —
From (2.54), approximating My =In A;/Inap and M; =1In A,/ Inag
In A;

In Ay +1

(1n Au - In Al n 1) n WTd a(;na() o CL(l)na()

Inay, Inag ap— 1

M

Q

In 4u A, —A
(change of base formula) = < Ay 1> +wr, e

In ag ag— 1
In 4v apde —1

- Ay ) WA — A (2.55)
In ag ap — 1

2.5. Uncertainty Principle for Frequency and Scale
Operators

In this section we express the constraints intrinsically related to a signal with
bounded Fourier and Mellin transforms, since our discrete model in section 2.3 is
based on these assumptions. At first we state the uncertainty principle for two
arbitrary operators, as given in [11] and [14], and then derive the results for frequency
and scale operators.

Some important notions are provided as a preliminary to the uncertainty principle.

For a physical quantity a, there is always an operator A associated to. For two
physical quantities a and b, with operators A and B, the operator AB means to
operate first with B and then with A.

The commutator of two operators A and B is an operator defined as

A, B] = AB — BA. (2.56)

If [A, B] = 0 or, equivalently, if AB = BA, the two operators commute.
The anticommutator is defined as

A, Bl = AB + BA. (2.57)

There is an uncertainty principle for any two quantities which are represented by
operators which do not commute.
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2.5. Uncertainty Principle for Frequency and Scale Operators

Given a signal f(a) with unitary energy, i.e. [|f(a)|*da = 1, the average or mean
of a is
(a) = /a|f(a)|2da. (2.58)
In the above definition, function |f(a)|* can be considered as the density function
of a. The variance o2 of a is defined as the average of (a — (a))?

o2 = / (a— (a))2|f(a) *da

~ [ @l@pda+ [ @r@Pde -2 [a@ls(@)]da

= (a®) + (@) — 2(a)’
(a®) — (a)?. (2.59)
The standard deviation o, is defined as the square root of the variance.
Suppose to represent signal f(a) in a different domain, through an unitary trans-

formation that associates to f(a) a new signal s(t). Then, the operator A is associ-
ated to the variable a if the following relation is satisfied

(A) £ / s*(t)As(t)dt = (a). (2.60)

Depending on the signal s(t) and on the domain where it is defined, the same
operator A can be expressed in different forms, as it will be clarified later for time
and frequency operators.

The operator A associated to a is used in (2.60) to express the mean (a) in
(2.58), but it can also be used to express the variance o2 in (2.59) as the average of
(A — (A))?, according to

o2 = /s*<t>< —(A)2s(t)dt
s(t)dt + [ s*(0)(AY2s(t)dt — 2 / s* (1) AA)s(t)dt

A — (A))?s(t
= [ s
Ay -2

= (A%) +(A)* - 2(A)?
(A%) — (A)*. (2.61)

Given two operators A and B, associated to the variables a and b respectively,
then the covariance Cov,, between a and b is defined as

Covay — %(AB+3A)—<A)(B>

= S(ABL) — (AXB). (2.62)

An operator A is Hermitian if for any pair of functions f(¢) and g(t)

/ £ (6) Ag(t)dt = / GO AF ()Y dt. (2.63)

If the operator A is Hermitian, then the following properties hold.
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2. Identification of Wideband Time-Varying Systems

1. The mean (A) is real, as

Ay = /s*(t)As(t)dt
(Hermitian def. (2.63)) = /s(t){/ls(t)}*dt
= { 3*(75)As(t)dt}>k
= (A (2.64)

2. The operator A — (A) is also Hermitian, as

[raou- g = [ iAo - ro@eld
Jlsiasoy - romswd
= [latarmy - s oy
~ [owta- wsoya (26)

((2.64) and Hermitian def. (2.63))

3. The mean of the operator A? is

(A% = / s*(t)A%s(t)dt = / |As(t)|*dt (2.66)

(A2) = / (1 A(As(L))dt

(Hermitian def. (2.63) on s(t) and As(f)) — / As(t){As(t)} dt

= / |As(t)]2dt

The adjoint AT of an operator A is another operator for which the following
equality holds

/ £ (6)Ag(t)dt = / g({ATF(D)}dt. (2.67)

If AT = A, then condition (2.67) becomes the definition of a Hermitian operator,
and A is called self adjoint operator. The adjoint of a product of operators is given
by

(AB)T = BTAT (2.68)

For an arbitrary operator A, the following decomposition in Hermitian operators
holds

A= %(A+AT)+%]'(A—A*)/J: (2.69)
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2.5. Uncertainty Principle for Frequency and Scale Operators

In fact, operators A +A' and (A — AT)/j are Hermitian whether A is Hermitian or
not.

The anticommutator of two Hermitian operators A and B is also Hermitian, as
A, Bl = (AB+ BA)
= (AB)' + (BA)
(property (2.68)) = BIAl + ATBT
(A'=Aand B'=B) = BA+AB
= [A,B], (2.70)
Having [A, B]l = [A,B],, the anticommutator is Hermitian. The product of two

Hermitian operators AB is not necessarily Hermitian. However, using the decom-
position (2.69), the operator AB can be also expressed as

AB = (AB+(AB))+ S(AB - (AB))
(property (2.68)) = %(AB + BTAY) + %(AB — BTAT)
(A" = A and BT = B) = %(AE% + BA) + %(AE% — BA)
(def. (2.56) and (2.57)) — %[A, B]++%[A,B}/j (2.71)

Theorem 3. Uncertainty Principle. For any two quantities a and b repre-
sented by the respective Hermitian operators A and B, which do not commute,
the uncertainty principle is

7200 > S |{4, B) (2.72)

where o, and o, are the standard deviations of a and b, respectively, and ([A, B])
is the mean of the commutator of A and B.

Proof. Define operators Ag = A — (A) and By = B — (B). From property (2.65),
they are Hermitian and their mean is zero. The commutator of Ay and By is equal
to that of A and B, as

[Ao, Bo] = AeBo — BoAg
(A= (A)(B —(B)) — (B—(B))(A—(A)
= AB - BA = [A, B]. (2.73)

The anticommutator of Ay and By is
[Ao, Bol: = AoBo+ BoAo
(A= (ANB —(B)) + (B — (B))(A—(A))
= AB+ BA —2(B)A — 2(A)B + 2(A)(B)
= [A,B] —2(B)A — 2(A)B + 2(A)(B). (2.74)
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2. Identification of Wideband Time-Varying Systems

Taking the expectation of both sides of (2.74) and using the definition (2.62) yields
(10, Bl =2 { (U0, BL) - (A)(B) | = 2Cov, .75)
Using the definition of variance in (2.61),
o207 = / S (E)(A — (A))2s()dt x / S (0)(B — (B)2s(t)dt
(def. of A and By) — / (1) AZs(t)dt / 5 (1) BLs(t)dt
(property (2.66)) — / Aos()2dt / Bos(t) Pt

(Schwarz inequality) > ‘/{Aos(t)}*{Bos(t)}dt

(Hermitian def. (2.63) on B;) = ‘/ (t)AoBos(t)dt

(def. (2.60)) = [(AoBo)|”. (2.76)
Expressing the product AyB as in (2.71)
AqBy = Ao, Bal, + 240, Bol/j 2.77)
and taking the expectation of both sides of (2.77) yields
Aoy = 50, Bl + 3 (0 ol
(prop. (2.75)) = Cova,+3 <[ﬂo, Bol/3)- (2.78)

Note that Covg, and 3([Ag, Bo|/j) are the real and imaginary parts of (AgBy).
Substituting (2.78) into (2.76) yields

2
ooy > COVab+2<[AO7BO]/j>

- Covab+1r<mo,m>|2
(prop. (2.73)) = Covab—i— (A, B (2.79)

Equation (2.79) is equivalent to

1
Tu0p > 5\/4COVZb—|- [([A, B])|.

which is a more general result of the uncertainty principle. Since CovZ, is non
negative, it can be dropped to obtain the more standard uncertainty principle in
(2.72). O
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2.5. Uncertainty Principle for Frequency and Scale Operators

The uncertainty principle holds in particular for frequency and scale operators.
Before applying the theorem in this particular case, the time 7, frequency F and
scale C operators are here defined.

Assume that s(¢) is an arbitrary function defined in time domain and S(f) is its
Fourier transform. According to definition (2.58), the mean time (¢) is

(t) = /tys(t)|2dt: /s*(t)ts(t)dt. (2.80)

Comparing (2.80) with (2.60), the time operator T, expressed in time domain, is
simply
T =t (2.81)

Starting from (2.80) and expressing s*(¢) as inverse Fourier transform yields

@ = [ [snerra s

_ / “(f) / ts(t)e 2t dudf
(derivative property) = /S*(f) ! dS(f) df

—]27r df
- /S* 2—55 £df (2.82)
- / “(H)TS(f)df. (2.83)

Comparing (2.82) and (2.83) with (2.60), the time operator T in frequency domain,
is given by

j d
= —, 2.84
27 df (2:84)
In the same way, the frequency operator F in frequency domain is
F=f (2.85)
as, according to the frequency mean (f) in Fourier domain
= [ f1stPar = [ s (s (2.86)
Starting from (2.86) and expressing S*(t) as Fourier transform yields
() = / / et Iqs £5(f)df
= /s*(t)/fS(f)e”Q”ftdfdt
1
= [0 [Gzmnsineaa
Jeam
(derivati ty) = / ‘0 —L sy (2.87)
erivative property) = s o e .

_ / 5 (1) Fs(t)dt. (2.89)
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2. Identification of Wideband Time-Varying Systems

From (2.87) and (2.88), the frequency operator ¥ in time domain is

1 d j d
F=——=——. 2.89
72w dt 2m dt ( )

Summarizing, the time T and frequency J operators in both time and frequency
domains are

g J d : .

T=t;F= Py (time domain) (2.90)
id .

T = o df F=f (frequency domain) (2.91)

Note that the time and frequency operators are Hermitian. To prove this, consider
frequency operator in time domain F = J_E and substitute it into (2.63). For any

two functions f(t) and g(t), with finite energy, left hand side of (2.63) becomes

JERCZO / ()5 ot

- 1 d

(integration by parts) = j2_7rf (t)g(t) n ~on ( )%f*(t)dt
(finite energy assumption) = /g(t) <j2%%f(t)> dt

_ / o(t) (FF ()" dt (2.92)

which is the condition (2.63) for operator F. An equal proof can be done for time
operator J in frequency domain.
The scale operator C is defined as

él

eL 9], = %(%w F7) (2.93)

and its representations in both time and frequency domains are

1 d d ) .
_ R (t% + dtt> (time domain) (2.94)
(f_f _ff) (frequency domain) (2.95)

The operator € is also Hermitian because the anticommutator of two Hermitian
operators is Hermitian (property (2.70)).

The uncertainty principle can be applied for frequency and scale operators, as
they do not commute. In fact, the commutator of ¥ and € is given by

1 1
[9.€] = F€ — €F = J(FTT + IIT - TIT — JTF) = _(ITT —TTF).  (2.96)
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2.5. Uncertainty Principle for Frequency and Scale Operators

To evaluate [F, €], the operator in the right hand side of (2.96) is applied on an
arbitrary function s(t), using the definitions of 7 and F in time domain (2.90).

F.€s(t) = 5(IIT —TIFF)s(t)
b (o) (S (4]
A C R

. 2 2 2
_ g td s(t) N ds(t) N ds(t) td s(t)
2 2 dt? dt dt dt?
() ds(t)
N 27 dt
J
= —=Fs(t 2.97
Lgs(1) (2.97)
Substituting the operator [F,C| = —%3’“ into (2.72), the uncertainty principle for
frequency and scale operators is
> S [{[5.€)| = 1) (299)
O0f0¢ Z 9 s = . . .

Condition (2.98) implies some restrictions on the signals involved in the discrete
time-scale model of sections 2.3 and 2.4. In particular, for an input signal z(t), with
given variances 0% and o2, in frequency and scale domains respectively, the mean
frequency of x(t) is upper limited by Anoso..
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Chapter

Identification of Narrowband
Time-Varying Sparse Systems

In this chapter we study and compare two approaches for the identification of a
sparse narrowband time-varying system.

In Section 3.1 we derive a discrete characterization of the system and describe the
corresponding model for the discrete spreading function to be identified.

In Section 3.2 we formulate the recovery according to two different approaches,
reducing the identification problem both to a MMV problem and to a block-sparse
problem, providing also the matrix representation in both cases.

The algorithms used for recovery are described in detail in Section 3.3, while in
Section 3.4 we provide numerical results to compare the performances of the two
approaches.

In the following, we refer to the two approaches simply as approach 1 and approach 2,
respectively.

3.1. Discrete Time-Frequency Characterization

The output y(t) of a narrowband time-varying system can be represented as a
weighted superposition of time-frequency shifted versions of the input signal x(t)

y(t) = / / su(r, V)t — 7)™ dydr (3.1)

where sg(7,v) is the spreading function of the operator H, which describes the
system. Indicating with 7T, and M, the time- and frequency-shift operators on the
signal x(t),
(Trz)(t)
(M,2)(t)

z(t —7) (3.2)
e/ (t) (3.3)

2
ey

the operator H is the continuous weighted superposition of time-frequency shift
operators, i.e., the input-output relation can be expressed as

y(t) = (Hz)(t) = //SH(T, v)(M,T.x)(t)dvdr. (3.4)
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3. Identification of Narrowband Time-Varying Sparse Systems

Due to physical limitations of the system (see e.g. [17]), the support of the spread-
ing function is assumed to be finite, i.e., sy (7,v) = 0 for (7,v) € [0, Trmaz) X [0, Vimaz)-
In order to study the discrete characterization of (3.4), we base on the model pre-
sented in [15], where the region [0, Tyu4x) X [0, ¥maz) is divided in rectangular cells,
that are either active, if sy is nonzero on these cells, or null. More precisely, suppose
to choose L € R and T' € R such that the area [0, Ty4z) X [0, Upnas) of the (7, v)-plane
can be divided in L? rectangular cells of the same area 1/L, partitioning the T-axis
in L parts of length 7" and the v-axis in L parts of length 1/(7T'L), as shown in Fig.
3.1.

Consequently,

1
max — TL y Vmaz — 3.5
T, v T (3.5)

and
TmazVmaz = L. (36)

Then the arbitrary, possibly fragmented, support of the spreading function of op-
erator H, indicated as Mr, can be expressed as the union of a particular subset of

these cells
M2 | (U + (k:T, %)) (3.7)

(k,m)er

where U = [0,T) x [0,1/(TL)) is the fundamental cell in the (7, v)-plane and, con-
sequently, U + (KT, m/(TL) is the cell with the below-left corner at (kT",m/(TL)).
I specifies the active cells that identify the support of the spreading function,

and || is the number of active cells.

Starting from the continuous input-output relation (3.1), a discrete characteriza-
tion of the system can be derived, using the following assumptions.

1. The probing signal z(t) is bandlimited to [—B, B].

2. The signal y(t) is observed for the finite time interval [—V,V]. The truncated
version of the system response y(t) on [—V, V] is indicated as y(t).

We report here the basic steps in [15] in order to have an intuition of the discrete
model we use in the following analysis, and refer to [15] for more details.

We define Si(7,v) as the effective spreading function of the system, obtained
from sy (7,v) after considering the assumptions 1 and 2 above. It can be shown that
su(7,v) is a smoothed version of sy (7,v), both in time and frequency domain and
is given as

su(T,v) = 4BV sy(T,v) * sinc(2BT) * sinc(2Vv). (3.9)

From (3.9), Sg(7,v) is not supported on [0, Tpaz) X [0, Vmaz) but, considering the
approximation that the sinc functions are nonzero only in their mainlobes, most of
the volume of 5z (7, v) is supported on [—1/(2B), Timae +1/(2B)) X [-1/(2V), Vinaz +
1/(2V)). Tt can be seen that the continuous output signal y(t) is approximately
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3.1. Discrete Time-Frequency Characterization

N=

L cells

L cells

Figure 3.1.: Model for the support of the spreading function.

bandlimited within [— B, B + V.|, hence it can be sampled at rate fs = 2B + Vpqq,
yielding the discrete output yn]. We define then function sz[m,[] as a sampled
version of sy (7, v), given by

5alm, 1] 2 557 (? %) e~im. (3.10)
Relation (3.10) suggests the model for the support of the discrete spreading func-
tion of the system, where the (7,v)-plane is discretized both in 7-direction, with
resolution of 1/f;, and in v-direction, with resolution 1/(2V), i.e., the spreading
function is uniformly sampled in the (7, v)-plane.
Finally, the integer parameters E and D are set such that

EL DL

Tmax = y Vmaz = .
f 2V
s

(3.11)

According to definition (3.11), £ and D are the number of samples taken on an
active cell of s (7,v) in 7 and v direction, respectively, as indicated in Fig. 3.2.

The continuous input-output relation in (3.1) is then equivalent to the following
discrete characterization of the system

gln| = Z Zﬂ[m, llz[n — m}eﬂ”% ,n=0,...,DEL —1 (3.12)

meZ €L

where the discrete signal z[n] is a sampled version of z(t).

From the approximation sy (7,v) = 0 for (1,v) € [—1/(2B), Tiaez + 1/(2B)) X
[—1/(2V), Vpmaz + 1/(2V)) and from the definitions of 7,4, and vy,q, in (3.11), the
discrete spreading function sz[m, [] is nonzero only for (m,l) € {0,1,..., EL—1} x
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3. Identification of Narrowband Time-Varying Sparse Systems

D(m+1)
2V

D samples

FE samples

Figure 3.2.: Model for the support of the discrete spreading function.

{0,1,...,DL — 1} and, consequently, the two summations in (3.12) involve only
finitely many terms.

EL-1DL-1
. in
yln| = Z Z Sulm,l|z[n —m)e’*™ pEL  n =0,...,DEL — 1. (3.13)

m=0 [=0

Furthermore, if most of the volume of sz (7,v) is approximately supported on Mr,
given in (3.7), then the samples of the spreading function in (3.13) satisfy

m
S|m, 1] =0 for (E, W) ¢ Mr. (3.14)

3.2. Matrix Representations

In the following we compare two approaches to identify a system with input-
output relation (3.13). The approach 1 allows to formulate the problem as a multiple
measured vectors (MMV) problem, in which equation (3.13) admits the following
matrix representation

Z = A.S. (3.15)

The matrices Z € CP*PF A, € C**%* and S € CF*PF depend on g[n], x[n]
and sz[m, ], respectively. In particular, Z contains the discrete Zak transform of
y[n], A, translates in time and frequency the input samples z[n] and each row of
S contains the samples Sg[m,[] inside each active cell. The precise definitions are
presented later. A graphical representation of (3.15) is presented in Fig. 3.3. This
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3.2. Matrix Representations

DE L? DE

S
S
S
R

IT| active cells

L2

Figure 3.3.: Model for the MMV problem.

problem involves a particular probing signal z[m], given as a train of Dirac impulses

_J ey tm=FEk
z[m] _{ 0 otherwise (3.16)

with the additional property that
Ckp = Cy - (317)

The coefficients ¢, & = 0,...,L — 1 are independent and uniformly at random,
chosen on the complex unit disc.

The approach 2 leads to a matrix representation as a Block-Sparsity model, given
by
y = Xs. (3.18)

The vectors y € CPPLX1 and s € CPFPE*X1 contain samples of the output 7[n]
and of the spreading function 57[m, ], respectively, while matrix X e CPFLxPEL®
depends on the probing signal xz[m|, which is a sequence of independent symbols
with distribution CN (0, 1). A graphical representation of (3.18) is presented in Fig.
3.4.

The two models are detailed below.

1. MMYV model.

To derive the matrix representation (3.15) from the discrete input-output re-
lation (3.13), we calculate first the discrete Zak transform of y[n], defined as

5]

1
D

q

ZELPn, r] £ yn+ELgle ™ ,n=0,...,EL—1,r=0,...,D—1.

i
o

(3.19)
Substituting n in (3.19) with n = n’ + Ep, where n’ = 0,...,F — 1 and
p=0,...,L —1 yields
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3. Identification of Narrowband Time-Varying Sparse Systems

D-1
1 . qr
2/ Epr] = )yl Byt Blgle T
q=0
| D=1BL1DL
(from (3.13)) = 5 Z Z sglm,lz[n’ + Ep + ELq — m)|
q=0 m=0 |I=
> €j27r U /+D tELq)e j2n%s
| D=1 B-1L-1DL
(m=m'+FEk) = ) sg|m' + Ek, 1]

x alnl —m' + B(p+ Lq — k)] B 0
From the definition (3.16) of the probing signal and using (3.17)
Chp fm' =n’
zin'—=m'+ E(p+ Lqg— k)] = { k 6 if m' £ (3.20)
Substituting (3.20) into the equation above yields
| D=iL-1pL ot Bt B
2700+ Bpr) = 53000 > cpsaln’ + B [T 0 e
q=0 k=0 1[=0
| DolL-1D-1L
(l=0'+Dh) = — ch oSaln’ + Ek, I + Dh]
q=0 k=0 I'=0 h=0
” 6]271_( /+D}L)(7L +EP+ELQ) 6—]‘271'3
D-1L—-1D-1L-1
_ —ZZZZ% J5a[n’ + Ek,I' + Dh]
q=0 k=0 I'=0 h=0
x 6127r7“’+”h>("'“5”) 6327TD o—i2n %
D—1L-1D-1L-1
B DZZZZ% psun’ + Ek, "+ Dh]
g=0 k=0 I'=0 h=0
« j27r<z’+Dg>én’+Ep> j%q(z%)
CL (r-+Dh)(n’ + Ep)
= Zch o5u[n’ + Ek,r + Dh]e’™ prL ! (3.21)
k=0 h=0
where the last equality is due to the DFT. Define z,[n,r] as
L-1L-1 PR
2l ] 2 ZEEPIn+ Bp,r) =Y evySaln + Bk,r + Dhlel™ et
k=0 h=0

(3.22)
where n=0,...,F—1,r=0,...,.D—1and p=0,...,L —1.

The p-th entry of the (n,r)th column z[n,r] of Z in (3.15) is defined as

z[n,7]], = z,[n,r)e ¥ DL | p=0,... L —1. (3.23)
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3.2. Matrix Representations

Parameters n and r identify the columns of Z, which are ordered as follows

(n,7) € {(0,0),(0,1),...,(E—1,D — 1)}. (3.24)

The column of matrix S in (3.15), identified by parameters n and r as in (3.24),
is defined as

s[n, 7] = [so0[n, 7], S01[ns 7] - Sp—1.0-1[n,7]]T (3.25)

where
n(r+Dm)

Seamn, 7] = Sgln+ Ek,r + Dm]e®™ prr - kim=0,...,.L—1. (3.26)

From definition (3.26), each row of S contains all the samples of 5z[m, (] inside
the same active cell (see Fig. 3.2), with the exception of a phase shift. As we
assume that there are only |I'| active cells, then S has |I'| nonzero rows.

Finally, matrix A. in (3.15) is given by
Ac = [AcolAch] - |Acs ] (3.27)
with the square L x L submatrices defined as

Ac,k é Cc,kFH (328)
where C.j, = diag{cy, cx_1,. .. ,Ch—(r—1)} and [F], ., £ e 2 with p,m =
0,... . L—1.

With the definitions above, (3.15) describes exactly the discrete input-output
relation (3.13). Denote the matrix obtained from S by selecting only the rows
corresponding to the active cells of 5g[m, ] with Sp and let Ar be the matrix
containing the columns of A. corresponding to the same cells. Then (3.15) is
equivalent to

Z = ArSr. (3.29)
. Block-Sparsity model.

The matrix representation of this problem follows directly from the input-
output relation (3.13). With a change of variables m = m/+Ek and | = '+ Dr,
(3.13) becomes

E-1L-1D-

H
“

-1
(I+Dr)n

Salm + Ek,1 + Drlz[n — (m + Ek)]e?*™ pEL

I
=)

m=0 k=0 =0 r

n=0,...,DEL—1. (3.30)

The column vector y in (3.18) contains the DEL samples of the output g[n|,
n=0,...,DEL — 1. Define the column vector s in (3.18) as

(3.31)

A [ 00T ]| 01T L—1,—17T T
Sy Sy |--- |y
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3. Identification of Narrowband Time-Varying Sparse Systems

) DEIL? .
K DE 4l
o f ” L
DFE
DEL| |y| — X
k,r
S
L — IT'| active cells
Xk,'r —//

Figure 3.4.: Model for the B-sparsity problem.

where each subvector s];f € CPEX! k. r=0,...,L—1, contains all the samples
of the spreading function Sg|m, (] on the same cell of Fig. 3.2,

st 2 [s%7(0,0), s57(0,1), ..., 85 (E—1,D —1)|7 (3.32)

with 5" (m, 1) = 5g[m+ Ek, [+ Dr]. Assuming that the number of active cells
is |I'|, only |I'| blocks are nonzero, so that s is block-sparse.

Finally, matrix X is given by

X = [X00| X0 | XE-hEY (3.33)
where the submatrices X*" € CPELXPE [ —(, ... L —1, are defined as
Xk £ (%57 (0,0)%57(0,1)]. .. %5 (E —1,D —1)] (3.34)

with the n-th entry of vector X*"(m,l) € CPPL>X1 'm =0,...,E— 1,1 =
0,...,D —1 given by

(I+Dr)n

&7 (m, D), £ wln — (m -+ ER)&> 552" n=0,...,DEL—1.  (3.35)

Denote the vector obtained from s by selecting only the blocks corresponding
to the active cells of Sg[m, ] by sr and let X be the matrix containing the
columns of X corresponding to those cells. Then (3.18) is equivalent to

y = Xrsr. (3.36)
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3.3. Recovery Algorithms

3.3. Recovery Algorithms

The goal of the two algorithms described in this section is to recover both the
support I' and the samples Sz[m, (] of the spreading function in (3.13), given the
input signal z[n] in both cases. The algorithms are adaptions of the orthogonal
matching pursuit (OMP) algorithm [18]. Before starting the detailed description of
the two algorithms, some practical observations are presented. It can be shown that
the identification of a system of the form (3.13) fails if the value of sparsity satisfies
IT'| > L, since in this case there are more unknowns than knowns. The simulations
performed in section 3.4 are applied under the necessary condition |I'| < L. The
recovery depends on A, and X. In particular, the more the samples of the spreading
function are well approximated by the same set of elements in A, and X, the more
successful the recovery is. In the case of high recovery probability, matrices A, and
X are well-conditioned.

1. Simultaneous Orthogonal Matching Pursuit (S-OMP).

Recovery of S from Z obtained as Z = A.S, when we assume that the columns
of S share the same sparsity pattern, is a MMV problem. The S-OMP algo-
rithm is one approach to solve it, i.e., to reconstruct S from Z, obtained as
Z = A.S. The S-OMP algorithm deals with the approximation of several
signals at once (column vectors s[n, r| of matrix S) using different linear com-
binations of the same elementary signals (columns of matrix A.) [19].

Algorithm 1. S-OMP
Input:
e Matrix Z of the observed samples.
e Matrix A, (dictionary).
e Value of sparsity |I'| of matrix S (number of nonzero rows of S).
Output:
e Matrix S of the samples of the spreading function.
Procedure:

a) Initialize the residual matrix Ry = Z and the index set Ag = (). The
iteration counter is t = 1.

b) Find an index \; that solves the optimization problem

A\ = arg max IR/ (Aces) |, (3.37)

where e; is the i-th canonical basis column vector in CL° and, conse-
quently, Ace; is the i-th column of A..

C) Set At = At—l U At'
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3. Identification of Narrowband Time-Varying Sparse Systems

d) Determine matrix A , selecting from A the columns with indexes in
Ay

e) Calculate the new approximation of S and the new residual matrix

S, = Afz (3.38)
R, = Z-S, (3.39)

f) Increment t. If t = |T'|, stop; otherwise return to step (b).

g) Set Sp = S|p|. Matrix S is obtained from Sr adding zero rows, corre-
sponding to indexes in {1,..., L?} not included in Ay

Since the matrix S has a sparsity of |I'|, the algorithm is performed for |I'|
times, so that Ar in (3.29) contains the |['| columns of A, that best approxi-
mate the spreading function.

Step (b) is referred to as the greedy selection of the algorithm. Maximizing
the fy-norm in (3.37) means finding the element of the dictionary that can
contribute a lot of energy to every column of the matrix S.

. Block-sparse Orthogonal Matching Pursuit (B-OMP).

Because of the structure of vector s in (3.18), where nonzero entries appear in
blocks, one approach for identification of the B-sparsity model is the B-OMP
algorithm [20]. Since a MMV model is a special case of a block-sparse model,
S-OMP algorithm is equivalent to B-OMP algorithm if MMV is formulated as
a block-sparse model. That makes the two approaches comparable.

Algorithm 2. B-OMP
Input:
e Vector y of the observed samples.
e Matrix X (dictionary).
e Value of sparsity |I'| of vector s (number of nonzero blocks of s).
Output:
e Vector s of the samples of the spreading function.
Procedure:

a) Initialize the residual vector ro = y and the block index set Ey = ().
The iteration counter is ¢ = 1.

b) Find an index \; that solves the optimization problem

2 )Xﬂmrt_1HQ (3.40)




3.4. Simulation Results

where X[i] € CPFLXDE ig the i-th block of X. X[i] = X*" in (3.33)
for some proper values of k and r.

C) Set Et = Et—l U )\t'
d) Determine matrix X , selecting from X the blocks with indexes in E;.

e) Calculate the new approximation of s and the new residual vector

& = Xy (3.41)
rr = y_gt (342)

f) Increment t. If t = |I|, stop; otherwise return to step (b).

g) Set sp = S|r|. Vector s is obtained from sr adding zero blocks, corre-
sponding to indexes in {1,..., L?} not included in Ejp.

3.4. Simulation Results

The two approaches presented above are compared in the noiseless and noisy cases.

1. Noiseless case. The identification of the spreading function from the observed
samples is performed without introducing noise. The two models are com-
pared in terms of recovery probability. Recovery is regarded as successful if the
relative error between the recovered spreading function sy and the original
one Sy is less than a fixed tolerance, admitted because of limited precision in
the simulations, i.e.,

50 = Sullz -5 (3.43)
152

The recovery probability is the average of the successful recoveries upon 1000

trials.

2. Noisy case. In this case the observed samples are corrupted by complex addi-
tive white Gaussian noise, with a SNR of 20 dB. The two models are compared
in terms of the root mean square error, sqrt-MSE, of the recovered spreading
function $y. The average of the relative error defined in (3.43) is evaluated
upon 1000 trials.

Some parameters are set before the simulation is performed:

- Parameter L is fixed and set to L = 19 and, consequently, the number of cells
on the (7,v)-plane is L? = 361.

- The cardinality |I'| of the support set of the spreading function is varied from
1 to 19.

- The product DE assumes four different values: DE = {1,7,13,19}. In fact,
the identification depends on DFE, rather than on D and E individually.
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3. Identification of Narrowband Time-Varying Sparse Systems

- For each pair (DE,|T'|), 1000 trials are performed to obtain the recovery prob-
ability and the root MSE.

Spreading functions are generated by choosing uniformly at random a support set
I' with cardinality |I'|, which corresponds to an area of A = |I'|/L in the continuous
setting. Samples Sg[m, (] are then chosen independently with distribution CA (0, 1).

In Fig. 3.5 and 3.6 we report the results, for the noiseless and the noisy case,
respectively.

From Fig. 3.5, it can be seen that the approach 2 performs significantly better
than the approach 1, especially for large values of DE. The choice of taking iid
symbols as the probing signal for the approach 2 guarantees that submatrices of X
in (3.18) are much more well-conditioned than submatrices of A, in (3.15). For
DFE =1 the approaches perform almost equal.

The same results are obtained for the noisy case of Fig. 3.6, where the approach 2
is superior especially for large values of |I'|. It can be seen that for small values of
||, the plots lie on a linear slope, indicating that the support set has been correctly
identified, but the recovery of the samples of the spreading function is corrupted by
noise. When |I'| increases, the support set is not identified any more and the plots
deviate from the linear slope.
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Figure 3.5.: Recovery probability in the noiseless case.
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Figure 3.6.: Sqrt-MSE in the noisy case, with a SNR of 20 dB.




Chapter

Identification of Parametric Underspread
Linear Systems

In this chapter we study the identification of a particular class of narrowband
systems, called parametric underspread linear systems. The identification conditions
seen for a narrowband system in general hold also in this case. We extend the analysis
presented for a single input system to a multiple input system, using some ideas as
in [23].

In Section 4.1 we provide the characterization of a parametric ULS. In Section 4.2
we formalize the problem of identification and give the system assumptions.

A matrix formulation of the problem is given in Section 4.4. In Sections 4.3 and
4.5 we propose a recovery procedure of the parameters that describe the system,
while in section 4.6 we discuss on the implementation of the recovery procedure.

In Section 4.7 we specify the sufficient conditions on the input signal needed to
guarantee the unique identification using the proposed procedure.

Finally, in Section 4.8 we extend the results [23] found previously for the system
identification with a single input, to multiple inputs.

4.1. System Characterization

The general input-output relation of a linear time-varying system, as seen in
chapter 3, is given by

y(t) = / / su(r,0)x(t — 7)™ dydr (4.1)

where the received signal y(t) consists of the continuous superposition of time- and
frequency-shifted versions of the transmitted signal z(t), weighted according to the
spreading function sy (T,v).

We consider systems with spreading function characterized by a finite set of delays
7 and Doppler-shifts v (Fig. 4.1), i.e.,

sp(T,v) = Zakd(T — Tk)0(V — 1) (4.2)

43



4. Identification of Parametric Underspread Linear Systems
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Tmaz

Figure 4.1.: Spreading function of a parametric ULS.

where parameters o € C are the attenuation factors associated with the delay-
Doppler pairs (7x, %) and the delays 75, are assumed to be distinct. Relation (4.1)
can be expressed, using (4.2), as

y(t) = Z o (t — 7)™kt (4.3)

Systems described by (4.3) are referred to as parametric underspread linear systems
in [23]. The term underspread is referred to as systems, whose spreading function is
supported within a region in the delay-Doppler plane of area smaller than 1. Such
systems are identifiable as noticed in Kailath’s work [7].

The identification of (4.3) involves finding a probing signal z(¢) that guarantees
the system parameters to be recovered from the observed signal y(¢). The parameters
that completely characterize the system are the triplets (7x, vg, o), for k =1,... K.
In the following, we give conditions on the probing signal that ensure the identifica-
tion of (4.3) and derive a recovery procedure that estimates the parameters above.

4.2. Assumptions for Identification

The first assumption, already mentioned above, is that the delays of the spreading
function are distinct. This could seem a restrictive property but it is largely verified
in practical situations.

The probing signal x(t) is chosen as a finite train of pulses, i.e.,

x(t) = Z_: xng(t —nT) (4.4)
where
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0 T

Figure 4.2.: Example of the prototype pulse g(t).

z19(t —1T)

z0g(t)

T 2 3 (N-1)T NT

xog(t — 2T)

Figure 4.3.: Example of the probing signal x(t).

e ¢(t)is a prototype pulse, supported on [0, 7] and with unit energy, [ [g(¢)>dt =1
(an example is depicted in Fig. 4.2);

e {1z, € C} is an N-length probing sequence.

An example of the probing signal x(¢) is shown in Fig. 4.3. The temporal support of
x(t), indicated as T, is defined as T = NT, while its two-sided bandwidth, indicated
as W, is the same as that of g(t).

Since for an arbitrary pulse g(t) the bandwidth and the temporal support are
related to each other as W o 1/T', the parameter N is proportional to the time-

bandwidth product of z(t),
T

which is according to the 2WT-Theorem [9] the number of temporal degrees of

freedom available for estimating the system.
The following assumptions are made in order to have some restrictions on the

support of the spreading function sy (7, v).

A) The support of the spreading function sy (7, v) in (4.2) lies within a rectangular
region of the delay-Doppler plane, i.e., (7x, %) € [0, Timaz] X [0, Vimaz), for k& =
1,..., K. The parameters 7,,,, and v,,,, are referred to as delay spread and
Doppler spread of the system, respectively.

45



4. Identification of Parametric Underspread Linear Systems

B) The delay spread is strictly smaller than the temporal support of g(t), or
Tnaw < 1.

C) The Doppler spread is much smaller than the bandwidth of ¢(t), Ve < W.
Noting that W o 1/T, this assumption is equivalent to v, T < 1.

The main result for the identification of a ULS with a single input is summarized
in the following theorem.

Theorem 4. Identification of Parametric Underspread Linear Systems.
Suppose that a parametric ULS is completely described by K triplets (1y, Vi, i),
where delays 1, are distinct. Then the system can be identified as long as it
satisfies assumptions A), B), C), the probing sequence {x,} is nonzero for all
n=0,...,N —1 and the time-bandwidth product of the known input signal x(t)
satisfies the condition

TW > 4K (4.6)

The probing signal that guarantees identification is not arbitrary but needs to be
of the form of (4.4), as it will be clear in the following.

Before describing the recovery procedure in detail, a proper expression for the
response signal y(¢) is derived. According to the probing signal in (4.4), the input-
output relation in (4.3) can be expressed as

K N-1
y(t) = Z ™ g(t — 7, — nT) (4.7)
k=1 n=0
K N-1
~~ Z @™ g (t — 1, — nT) (4.8)
k=1 n=0
K N-1
= Z ag[nlg(t — 7o — nT) (4.9)
k=1 n=0
where the sequences ag[n], k =1,..., K in (4.9) are defined as
ar[n] = apr,d*™ T n =0,... N —1 (4.10)

The approximation in (4.8) follows from the assumptions B) and C), which is seen
as follows. Since g(t) is compactly supported on [0, 7], then g(t — 7, — nT) = 0 for
t ¢ [nT + 7, (n + 1)T + 71]. First of all, due to the assumption B), 7, < T' Vk and
g(t—7,—nT) = 0fort ¢ [nT, (n+2)T]. Therefore, for each value of k and n in (4.7),
eIty (t — 7y — nT) = el DT H g4 — 7 — nT), where t € [T, T]. Secondly,
due to the assumption C), 1T < 1 Vk and then /2™ 1 ~ 1 and /2™ ~ 1. As
a consequence, the largest error committed by approximating e/2™+ "1 ~ /2™t ip
(4.8) is very small, given by e/?™mes2T ~ 1.
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c1[m]
LPF
O [y L0y el |
t=mZL
cplm]

Figure 4.4.: Sampling stage for the identification procedure.

The procedure used for identification of the system (4.9) can be divided into two
stages, the sampling stage and the recovery stage. In the first one the observed
signal y(t) is sampled and processed in a suitable form, while in the second one the
estimation of the triplets (7x, vk, ) is performed.

4.3. Recovery Procedure: The Sampling Stage

The operations performed in the sampling stage are reported in Fig. 4.4.

The output of the system y(t) is first processed through a lowpass filter (LPF) and
then sampled by an uniform sampler. The LPF is required before the sampler as
an anti-aliasing filter and it also rejects the noise outside the working spectral band.
The impulse response of the LPF is given by s*(—t) and its frequency response S*(f)
has the following frequency support,

4] an

Parameter p is assumed to be even and to satisfy the condition p > 2K.

The signal c(t), returned by the LPF, is sampled at times {t = mT/p}, m € Z,
which yields the discrete signal ¢[m]. A serial-to-parallel conversion (S/P) is then
applied to obtain the subsequences {¢;[m]}, I = 1,...,p. The mth sample of the Ith
sequence is given by

alm] = c¢(mT+ (1—1)T/p)
= (y(t) s (=t)) (mT + (I = 1)T/p)
()

= y(t)s* mT—i—(l—l)Z—i—t dt
[ o (e =ni )

- <y(t),s <t+mT+(l—1)%)>. (4.12)

The sequences {¢;[m]}, [ = 1,...,p correspond to periodically splitting the samples
at the output of the sampler, which are generated at a rate of p/T, into p sequences
at a rate of 1/T each.
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4. Identification of Parametric Underspread Linear Systems

In the next section, we express the relationship between the sequences {¢;[m]|},
l=1,...,p, obtained from (4.12) and the unknown sequences {ax[m|}, k =1,... K,
given in (4.10). We show that it is possible to formulate the following system of
equations, given in the matrix form as

d[m] = N(7)b[m] , m € Z (4.13)
where the p-length column vectors d[m]| depend on the sequences {¢[m]}, the K-
length column vectors b[m] depend on the sequences {a;[m]} and the p x K matrix

N(7) depends only on the unknown delays 7, & = 1,..., K. In fact, N(7) is a
generalized Vandermonde matrix, defined as

B O_Il 0.1'2 . O.IK T
O';]‘ 0'52 PEEETY O';K
N(7) = : : : (4.14)
i O';l 0—;;2 O';;K |
where ,
o1 T e_j%<_g>
- 27 P
1P e—IF (-5+1)
= . (4.15)
Op ] efj%r(%fl)

4.4. Matrix Formulation

Before describing the recovery step, we derive the matrix formulation (4.13) of
the identification problem.

Define the p-length column vector c(f), whose [th element is the discrete-time
Fourier transform (DTFT) Cj(e/?™T) of {¢;[m]}. Similarly, define the K-length
column vector a(f), whose kth element is the DTFT Ay (e/>™/T) of {ax[m]}, defined
in (4.10). The relation between these two vectors is expressed as follows.

Ol(ejQNfT) é Z Cl[m]e—jQmeT

meEZ
T 4
(from (412)) = 3 <y(t), ; (t T (1 - 1>_) > i
p
meZ
K N-1 T
(from (4.9)) = Z a[n] Z <g(t —nT —7),s (t +mT + (I — 1)—) > g~ J2mimT
k=1 n=0 mez p
K N-1
= Z ag[n] Z(g % §)(mT)e 92 ImT (4.16)
k=1 n=0 meZ
where the functions ¢(t) and $(¢) are defined as
g(t) = gt —nT —m) (4.17)
T
s(t) = s (—t — (- 1)—) (4.18)
p
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4.4. Matrix Formulation

According to the Poisson summation formula, equation (4.16) becomes
SR | i i
(e72mIT) = K€ —)S = 4.19
¢ zz X6 (rep)s(reg) 0

where G(f) and S(f) are the continuous Fourier transforms of §(t) and 5(t), respec-
tively. According to (4.17) and (4.18), they are given by

o

(f) = (et (4:20)
S(f) = SH(f)etPmanE (4.21)

where G(f) is the continuous Fourier transform of ¢(¢). Substituting (4.20) and
(4.21) into (4.19) yields

K N-1 .
C’l(eﬂ’rfT) _ ZZ% ZG <f+ )S* (f—l— %) €j2ﬂ(f+%)<(lfl)%fnT*Tk)

k=1 n= zEZ
K N-1
= Ze‘ﬂﬂm n]e_ﬂ”f”T ZGl,iNi,k
k=1 =0 i€Z
_ Ze 2 AL (€)Y TGl (4.22)
€L
where G;; and N, are defined as
1 ) 1 4 i T
G, L 1g ) g L) gizn(F+1)0-DF 1.23
L 7 (f+T) <f+T)e (4.23)
Ny 2 e (4.24)

Now, since Cj(e/?™/T) and Ay (e/**/T) are 1/T periodic, assume that f € [0,1/7].
As a consequence, f +i/T € [%, %], i € Z. Comparing this interval with the
support of S*(f) in (4.11), the values of ¢ that make [£, ] fit into F are ¢ =
{-p/2,...,p/2—1}, since S*(f + %) = 0 for i < p/2 and for i > p/2 — 1. Therefore

the last summation in (4.22) involves only p nonzero terms, i.e.,

K p/2—-1
Cl(ejQWfT) = Z e_jzwak’Ak(ejQﬂfT) Z leiNivk;' (425)

k=1 i=—p/2

With the change of variable i/ = ¢ + p/2 + 1, if i = {—p/2,...,p/2 — 1} then

i" ={1,...,p}, which can be used as a row/column index. The relation (4.25) can
be expressed in the following matrix form

c(f) = W(/)N(7)D(f, 7)a(f) (4.26)
where
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4. Identification of Parametric Underspread Linear Systems

e The (I,4')th element of the p x p matrix W(f) is given by G;; in (4.23), with
i=i —p/2—1.

e The matrix N(7) is a p x K generalized Vandermonde matrix with (¢, k)th
element given by N, in (4.24), with i = i — p/2 — 1; note that N(7) is the
same matrix involved in the final formulation, already defined in (4.14).

e The matrix D(f,7) is a K x K diagonal matrix whose kth diagonal element
is given by e 727/,

Assuming that matrix W(f) is invertible, (4.26) can be written as
WH(f)e(f) = N(1)D(f, 7)a(f). (4.27)

The conditions under which matrix W (f) is invertible are given in section 4.7. Now,
denoting the p-length column vector d(f) and the K-length column vector b(f) as
follows

d(f) = W (f)e(f) (4.28)
b(f) = D(f.m)a(f) (4.29)

(4.27) becomes simply
d(f) = N(7)b(/). (4.30)

Since N(7) is not a function of f, the inverse DTFT can be applied to both the
left and right hand sides of (4.30) yielding

d[m] =N(7)b[m] , m € Z (4.31)

where the set of the Ith elements of each vector d[m], m € Z, indicated as {d;[m]},
forms the inverse DTFT of the [th element of d(f), indicated as D;(e/2™/7T) | =

]'7 A 7p7
T ‘ ‘
di[m] = T/ Dy(e*IT)ed?mImT qf m € 7. (4.32)
0

In the same way,
1T ‘ ‘
MM:T/ By (e e imTaf ;€ 7, (4.33)
0

where By (e/?7/T) is the kth element of b(f), k = 1,..., K, and the sequence {b,[m]}
is its inverse DTFT, given by the set of the kth elements of each vector b[m|, m € Z.

Note that the vectors d[m] can be reconstructed from the system response y(t) as,
from (4.28), they depend only on the samples {¢;[m|} and on the structure of Fig.
4.4. On the other hand, N(7)b[m] in (4.31) depends on the unknown parameters
(Tk, Vg, ozk).

In the next section, we show how to recover the triplets (7, vk, i) from the infinite
set of measurement vectors d[m| in (4.31).
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4.5. Recovery Procedure: The Recovery Stage

2nd step
Estimated Delays 7
ESPRIT
c1[m] dy [m] Estimated Doppler
b1[m] alml | = Shifts 7,
=
E
W-L(f) N(7) D'(f,7) Li
% Estimated Attenuation
biclm] axlm]| . Factors ay
Cp[m} dp [m] é
1st step 3rd step

Figure 4.5.: Recovery stage for the identification procedure.

4.5. Recovery Procedure: The Recovery Stage

The recovery stage consists of three steps.

In the first step, the measurement vectors d[m], or equivalently the sequences
{d;[m]}, are obtained from the sequences {¢;[m]}, according to (4.28). In the second
step, the ESPRIT algorithm is used to recover the unknown delays 7, from d[m].
Finally, in the third step, the recovered delays are used to obtain the Doppler-shifts
v, and the attenuation factors ay associated with each delay. The architecture of
the recovery stage is shown in Fig. 4.5, while the three steps are discussed in detail
below.

4.5.1. First step: recovery of the measurement vectors.

From the relation in (4.28) and according to the definition in (4.32) the measure-
ment vectors d[m] can be expressed as

d[m] = IDTFT {d(f)} [m] = IDTFT {W~"(f)e(f)} [m]. (4.34)

The direct relationship between the sequences {d;[m|} and {¢;[m]} is here derived,
while the implementation of IDTFT {W~!(f)c(f)} is reported in the next section.
Denoting with Wy;(f) the (I, j)th element of the matrix W—(f), the lth entry of
d[m] in (4.34) becomes

d[m] = IDTFT {D;(e”*")} [m]
= IDTFT {Wiu(f)Ci(e”™T) + ...+ Wi, (f)C, (eﬂ”fT)}[m]
— IDTET {Wa ()G ()] ]+ + IDTET {13, (£)C )} o
= IDTEFT{Wu(f)} [m] * ci[m] + ...+IDTFT{Wlp( )} [m ]*cp[ . (4.3 )
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4. Identification of Parametric Underspread Linear Systems

alm] [TIDTFT }

o~ dl[m
— | (W)} N2
calm] [TIDTFT 1
1 {Wie(f)} :

clm] TIDTFT
2 {W,(f)}

Figure 4.6.: Recovery of the sequences {d;[m]} from {¢;[m]}.

Each sample ¢;[m], j = 1,...,p, is filtered with a filter whose frequency response
is given by W;;(f). The outputs are then summed to obtain the sample d;[m]. A
graphical representation of (4.35) is reported in Fig. 4.6.

4.5.2. Second step: ESPRIT algorithm and recovery of the
delays

Once the measurement vectors d[m] are reconstructed, relation (4.31) is used to
obtain the unknown delays 7. In fact, (4.31) describes an infinite set of measure-
ment vectors d[m|, m € Z, each obtained by the same measurement matrix N(7),
which has a fixed structure and is completely determined by the unknown delays 7,
according to (4.14) and (4.15). The same situation has been studied in the field of
direction-of-arrival estimation (DOA) and a method used for this type of problem is
the ESPRIT algorithm [24]. This algorithm belongs to a class of techniques, known
as subspace methods, which are based on separating the space generated by the mea-
surement vectors into two subspaces, the signal and the noise subspaces. Although
the ESPRIT algorithm needs the system to have the rotational invariance property,
which is satisfied in our case, it is one of the most efficient subspace method for this
type of problem. Before describing in detail the ESPRIT algorithm, we give an idea
of the rotational invariance property. It requires that the subsystems that recover
the sequences {d;[m|} are related by a proper phase shift, as it will be clear in the
following. In our case, the structure of the Vandermonde matrix N(7) guarantees
the rotational invariance property.

We refer to the procedure described in [22]|, summarized also in [27].

Consider the matrix N(7), given in (4.14). Create now two subsystems where
p — 1 sub channels upon the p sequences {d;[m]} are considered. In particular, the
first subsystem has {di[m]}, {d2[m]},..., {dp—1[m]} and the second subsystem has
{da[m]},{ds[m]}, ..., {dp[m]}. We denote with N(7) and N4(7) the matrices that
relate the p — 1 outputs of the first and the second subsystem, respectively, with
the input vectors b[m] in (4.31). In particular, N (7) is defined as the submatrix
extracted from N(7) by deleting the last row (referred to {d,[m]}), while Ny(7) is
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4.5. Recovery Procedure: The Recovery Stage

the submatrix extracted from N(7) by deleting the first row (referred to {d;[m]}).
Since N(7) is a Vandermonde matrix, it satisfies the rotational invariance property,
as

Ny(7) = Ny (7)R(7) (4.36)
where R(7) is a diagonal K x K matrix, given by
R(7) = diag {e’j%ﬂ”, ey e’j%ﬂ”(} . (4.37)

In order to recover the unknown delays 74, the goal of the ESPRIT algorithm is to
recover matrix R(7) from vectors d[m]. Define the (p — 1) X p selection matrices J;
and Jy such that

N (r) = JN(7) (4.38)

Ni(r) = J:N(7) (4.39)
It is easy to see that

Jp = [-1|0p] (4.40)

It = [0p1|L1] (4.41)

where I,_; is the identity matrix of size p — 1 and 0,_; is a (p — 1)-length column
vector of zero elements. Substituting (4.38) and (4.39) into (4.36) yields

JiN(7) = J N(7)R(7). (4.42)

We compute now the signal space, i.e., the vector space spanned the measurement
vectors d[m], reconstructed in the previous step. To this end, calculate the p x p
correlation matrix of d[m], as

Ry = d[m]d"[m]. (4.43)

meZ

Substituting (4.31) into (4.43) yields

Ri = > (N(r)blm])(N(r)bfm])"

= N(7) (Z b[m]bH[m]> N¥(r)

mMEZ

= N(7)RypN¥(7) (4.44)

where Ry, is the K x K correlation matrix of b{m)].

Because of its Vandermonde structure, the columns of N(7) are all linearly inde-
pendent. Since N(7) and N¥(7) have full column- and row-rank, respectively, from
relation (4.44) matrices Ryy and Ry, have the same rank. We assume for simplicity
that matrix Ry, is nonsingular, i.e. it has full rank. This assumption is satisfied if
all the sequences {bx[m|} defined in (4.33) are uncorrelated or partially correlated.
We analyze later the case of singular matrix Ry,. From the observations above

rank(Ryq) = rank(Ry,) = K. (4.45)
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4. Identification of Parametric Underspread Linear Systems

According to the relation in (4.45), matrix Ry is singular and has p — K zero
eigenvalues. Indicating with A, the K x K diagonal matrix containing the nonzero
eigenvalues of Rgq4, the eigenvalue decomposition of Ry; becomes

Ry = E,AEY (4.46)

where the columns of the p x K matrix E; are the K eigenvectors corresponding
to the nonzero eigenvalues of Ry;. The columns of E, constitute the signal space,
the space spanned by vectors d[m]. We show now that E; and N(7) have the same
column span. Indicating with E, the p x (p — K) matrix whose columns are the
eigenvectors corresponding to the zero eigenvalues of Ry4, the column span of E;
is the orthogonal complement of the column span of E,. Since the eigenvectors
in E, are orthogonal to the columns of N(7), as we prove in the following, the
eigenvectors in Eg span the same spaced spanned by the columns of N(7). In fact,
from the definition of E,, and from (4.44)

RuE, = 00K (4.47)
N(T)RuNY(TE, = 0pxp-r) (4.48)
NYTE, = Oxxp-x) (4.49)

where the step in (4.49) is due to the fact that the p x K matrix N(7)Ry, has full
column rank and therefore (N(7)Ry)"(N(7)Ry) = Ik.

Since E; and N(7) have the same column span, there exists an invertible K x K
matrix T such that

N(7) = E,T. (4.50)
Substituting (4.50) into (4.42) yields
J,E,T = JE/TR(7) (4.51)
JE, = JE,TR(r)T™! (4.52)
J.E, = JE® (4.53)
where the K x K matrix ® is defined as
® = TR(7)T L. (4.54)

From the definition of selection matrices in (4.40) and (4.41), equation (4.53) be-
comes
E, = E, & (4.55)

where the (p — 1) x K matrices Es and E; are the submatrices extracted from E;
by deleting the last and the first row, respectively. Since E; has full column rank,
also E| has full column rank and matrix @ can be recovered from (4.55) as

$ = E! E,. (4.56)

The recovery of the unknown delays 7, is completed since equation (4.54) rep-
resents the eigenvalue decomposition of matrix ® and thus the delays 7 in the
diagonal of matrix R(7) can be recovered from the eigenvalues of matrix ®, which
are equal to the eigenvalues of R(7).

The ESPRIT algorithm steps are reported below.
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Algorithm 3. Delay Recovery Algorithm: ESPRIT algorithm
Input:

e Measurement vectors d[m|, m € Z.

Output:
e The cardinality K of the set of unknown delays.
e The delays 7, for k =1,..., K.

Procedure:

(a) Construct the correlation matrix Ryq as

Ry = Y d[m]d”[m]. (4.57)

mEZ

(b) Recover K as the rank of Rg,.

(c) Perform an eigenvalue decomposition of R4y and construct the matrix E;
consisting of the K eigenvectors corresponding to the K nonzero eigenval-
ues of Ry as its columns.

(d) Compute the matrix ® as
® =E! E, (4.58)

where E;| and Eg denote the submatrices extracted from E; by removing
its first row and its last row, respectively.

(e) Compute the eigenvalues of ®, denoted by Ay, k=1,... K.

(f) Recover the unknown delays as

T
Tk:—%arg()\k),kzl,...,[(. (459)

Before describing the third step of the recovery procedure, we analyze the case of
singular matrix Ryp. In this case the ESPRIT algorithm cannot be applied directly
because the rank of Ry is smaller than K and its column span is not equal to the
entire signal subspace. An additional stage is then required.

The technique is proposed in [25] and is based on the smoothed correlation matrix
defined as follows. Define d;[m], l =1,...,p — K, the (K + 1)-length subvectors of
d[m] given by

dl[m] = [dl[m] le[m] Ce dHK[m]]T s l = 1,. N K. (460)
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4. Identification of Parametric Underspread Linear Systems

The smoothed correlation matrix Ry is constructed as

1 2R

S 2 2 dimldml. (4.61)

=1 m€eZ

ﬁdd =

Since p > 2K, then p— K > K and according to the following theorem [25] the rank
of Ryq is K regardless of the rank of Ry,.

Theorem 5. If the number of subvectors d;[m] is greater or equal to the number
of the sequences in b[m], i.e., if p— K > K, then the smoothed correlation matrix
Ryq has rank K.

The proof of the theorem is given in the appendix. We apply then the ESPRIT
algorithm on Rgq and refer its column rank as the signal space. The algorithm steps
are the same as before, substituting Ry with Ryy.

Finally, we define the smoothed correlation matrix Ry, if K is not known at the
recovery stage. In this case, since p > 2K, it suffices to take M = p/2 subvectors
d;[m] and (4.61) becomes

_ 1 < "
Rus =5 ;;Zdl[m]dl [m] (4.62)
where d;[m] = [di[m] diia[m] ... dia[m]]”.

4.5.3. Third step: recovery of the Doppler-shifts and
attenuation factors

Once 75, are known, the matrix IN(7) is recovered from (4.14) and b(f) can be
found from (4.30), as
b(f) = N'(r)d(f) (4.63)

since NT(7)N(7) = I because of the assumption p > 2K. Finally, vector a(f) can
be recovered from (4.29) as

a(f) =D7'(f,)b(f) = D7 (f,7)N(1)d(f) (4.64)

since the diagonal matrix D(f, 7) is always invertible.
The equivalent relations (4.63) and (4.64) in the time domain are given by

bim] = IDTFT {b(f)} = Ni(r)d[m)] (4.65)
alm] = IDTFT{a(f)} =IDTFT{D '(f,7)b(f)} (4.66)

while the implementation of (4.65) and (4.66) is reported in the next section.
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The sequences {ag[n]} defined in (4.10), for n = 0,..., N — 1, are obtained from

vectors a[m|, considering only m = 0,..., N — 1. In particular, for each m, the kth
component of the vector a[m] corresponds to the sample ax[m]. Define the N-length
column vector ay, whose nth element is ag[n], for k = 1,..., K. Then the relation

(4.10) can be expressed in the following matrix form
ap = o Xr(v) , k=1,...,K (4.67)

where

e X is an N x N diagonal matrix whose nth diagonal element is given by z,,.

e r(v;) is a N-length column vector whose nth element is given by e/?#nT,

The matrix X in (4.67) can be inverted under the assumption that the sequence {x,, }
is nonzero forn =0,..., N —1, i.e., |z,| > 0, Vn. In this case, defining a, = X 'ay,
(4.67) becomes

ék :Oékr(l/k) 5 k= 17...,K. (468)

For each value of k, the attenuation factor oy and the Doppler shift v, are given by

ap = a[0] (4.69)
pd2mT _ iékm I 1 In iék[l] : (4.70)
y, j2rT Qg

4.6. Implementation of the Recovery Stage

In this section we show how to implement the blocks indicated with W=(f),
N'(7) and D7(f, 7) in Fig. 4.5.

We refer to the relations in (4.35) and in Fig. 4.6 that express the relationship in
the time domain between the input and the output sequences, whose DTFT vectors
are related by a multiplication of a frequency dependent matrix. According to
(4.35), if the matrix W~1(f) is diagonal, each output sequence is simply obtained
by filtering only the corresponding input sequence with a filter whose frequency
response is given in the diagonal of W1(f).

We compute first the implementation of the block W~1(f). To this end, we
express the matrix W(f) as the product of simple matrices, i.e., diagonal or not
frequency dependent matrices, in order to have a simple and efficient computation

of IDTFT{W~'(f)}.
From the definition in (4.23) and substituting the variable ¢ with i — p/2 — 1, the
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4. Identification of Parametric Underspread Linear Systems

(1,7)th element of W(f) is given by

Gri — [ i)eﬂmw—nz

1

w6 (r+7)s(
_ 1 4\ o 1\ jemfa-1Z i1
La(re D) (1o ),

1

w6 (r+7)s(

[

~.

(ii—p/2—-1) = G| f+ T S*f+ T) 2T =13 o3 5 (@ =1)(1=1) —jm(i—1)
. T S27 () 1 Z Z
_ _1\i—1 ]27rf(lfl); j?(l -1)(1-1) - v * s
— [(=tte He HTG<f+T)S (f+T)}
= O (f)FVa(f) (4.71)
where
B(f) & (-1 (4.72)
R, A e dEE-ne (4.73)
1 1 ./ * 1 ./
U (f) =1 ?G (f—l—f(z —p/2—1)>5 (f—l-f(z —p/2—1)> (4.74)

From (4.71), the following decomposition for matrix W(f) holds
W(f)=@(f)F"2(f) (4.75)
where

e The matrix ®(f) is a p x p diagonal matrix whose [ diagonal element is given
by ®;(f).

e The matrix F is a p-point discrete Fourier transform matrix with (I, 7')th ele-
ment equal to Fj ;.

e The matrix W(f) is a p x p diagonal matrix whose i’ diagonal element is given
by Wy (f).

Assuming that W (f) is invertible and according to the decomposition in (4.75),
the inverse matrix W1(f) can be expressed as

W) = T (/)FT(f). (4.76)

As shown in Fig. 4.7, the implementation of IDTFT{W~!(f)} can be done in
three stages, where each stage corresponds to one of the three matrices in (4.76).
The first stage involves filtering the sequences {¢;[m]}, [ =1,...,p, using the set of
filters

¢i[m] = IDTFT {®;'(f)} [m] = IDTFT {(—1)1—16*3'2#(1*1)%} [m] , m €Z (4.77)
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———————————————————————————————————————

—| ¢1[m] Un[m] —
cp 773@ c;, m cg m d, nf:L
ol |,

Figure 4.7.: Implementation of W~1(f).

which return the sequences {¢;[m|}, m = 1,...,p. Next, multiplication with the
DFT matrix F can be efficiently implemented by applying the Fast Fourier Trans-
form (FFT) to {c¢)[m]}. Note that the entries of F are not frequency dependent and
the filters of Fig. 4.6 reduce to simple multiplications by complex constants. The
resulting sequences are {c/[m]}, { = 1,...,p. Finally, the third step involves filtering
{¢/[m]} using the set of filters

wifm] = IDTET{U;Y(f)}[m] , m € Z
_ IDTFT {T G (14 q-p2=n)s (14 p0-p2-1)] } ]
(4.78)
which get the desired sequences {di[m]}, { = 1,...,p and compensate for the non-

flatness of the frequency responses of the prototype pulse and the impulse response
of the LPF. For each m, the vector d[m)] is given by [di[m] da[m] ... d,[m]]".

Implementations of NT(7) and D~1(f, 7) are simpler, since N(7) does not depend
on frequency and D7!(f,7) is a diagonal matrix. In the latter case, each output
sequence {ax[m|} is obtained only from the corresponding sequences {b[m]}, filtered
with a filter whose frequency response is given by e/™/™ k= 1,..., K. Note that the
frequency response of the kth filter is the kth element of the diagonal of DL(f, 7).
The implementation of the block D™!(f, 7) is reported in Fig. 4.8.

4.7. Sufficient Conditions for Identifiability

In this section we derive the conditions under which the identification of the system
(4.3) is possible and produces a unique solution. These conditions are expressed in
terms of equivalent requirements on the time-bandwidth product 7W of the input
signal x(t) in (4.4).
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4. Identification of Parametric Underspread Linear Systems

Figure 4.8.: Implementation of D7'(f, 7).

First of all, we require that matrix W(f) in (4.26) is invertible. We make use of
the decomposition in (4.75) that expresses W(f) as the product of matrices ®(f),
FH and W(f). It is clear that W(f) is invertible if the three matrices are separately
invertible.

By construction, both the diagonal matrix ®(f), whose diagonal entries are de-
fined in (4.72), and F7  whose entries are defined in (4.73), are always invertible.
The invertibility of the diagonal matrix W(f) is ensured if its entries in (4.74) are
nonzero, i.e., if the continuous-time Fourier transforms of the prototype pulse g(t)
and of the impulse response s*(—t) of the LPF are nonzero within the spectral band
F in (4.11). This requirement leads to the following conditions:

Condition 1: a < |G(f)| < b, Vf € F, for some constants a > 0 and 0 < b < co.
Condition 2: ¢ < |S(f)| <d,Vf € F, for some constants ¢ > 0 and 0 < d < oo.
Condition 2 can be made always satisfied under a proper design of the LPF S*(f).
Condition 1 requires that the bandwidth W of the prototype pulse g(t) is larger

than the bandwidth of s*(—t), supported in F, i.e.,

W> = (4.79)

NI

If condition (4.79) is not satisfied, then |S(f)| would be zero for all the frequencies
in F not included in W.

We provide now conditions for the unique recovery of the unknown delays 7. To
this end, equation (4.31) must admit a unique solution on the set of delays 7%, given
by the ESPRIT procedure described before, and on the set of vectors b[m], m € Z.
We let

d[A] = {d[m],meZ} (4.80)
blA] = {b[m],meZ} (4.81)

denote the set of vectors d[m| and b[m], respectively. Using this notation, equation

(4.31) becomes compactly
d[A] = N(7)b[A]. (4.82)
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4.7. Sufficient Conditions for Identifiability

We follow the analysis carried out in [22] and make use of the following theorem,
whose proof is given in the appendix, to find the conditions for the uniqueness of
the solution in (4.82).

Theorem 6. If (7,b[A]) is a solution of equation (4.82), if
p > 2K — dim(span(b[A])) (4.83)

and if

dim(span(b[A])) > 1 (4.84)
then (7,b[A]) is the unique solution of (4.82).

The notation span(b[A]) indicates the minimal dimension subspace containing the
unknown vector set b[A]. The condition (4.84) is needed to avoid the case where
b[A] = 0.

Theorem 6 suggests that a unique recovery of the set of delays 7 is guaranteed

through a proper selection of the parameter p. In particular, since dim(span(b[A]))
is a positive number, the condition

p>2K (4.85)

is a sufficient condition for a unique recovery of the unknown delays.
Combining condition (4.85) with (4.79), we find the sufficient condition on the
bandwidth of the input signal as
2K

W= (4.86)

Finally, the recovery of the Doppler-shifts v, and of the attenuation factors ay is
unique if simply the number N of pulses of the input signal z(t) is not less than 2,
ie.,

N > 2. (4.87)

In fact, from equations (4.69) and (4.70) only 2 samples of vectors ai|[m| suffices
to recover the parameters aj and vy, since 2 equations are needed to recover 2
unknowns in a linear system of equations.

Recalling from (4.5) that the time support 7 of x(t) is given by N times the time
support 7" of the prototype pulse g(¢), the sufficient condition on the time support
T is

T = NT > 2T. (4.88)

Combining (4.86) and (4.88), the sufficient conditions on the time-bandwidth
product of the input signal that provide a unique identification of the system (4.3)
are given by

TW > 4K (4.89)

already presented in Theorem 4.
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z1(t) y1(t)

—  SH

i) (t)

s ya(t)
N y(

wr(t) sy yr(t)

Figure 4.9.: System with multiple inputs.

4.8. ldentification for Multiple Inputs

In the previous sections, the identification of the system (4.3) with one input
signal was analyzed. The extension to a multiple inputs system is considered here.
As shown in Fig. 4.9, the response of the system is given by the sum of the responses
y;(t) of the single subsystems, i.e.,

y(t) = Zyi(t) = Z//SHi(T, v)ai(t — 7)e*™ dvdr (4.90)

where [ is the number of inputs and sy, (7, v) is the spreading function corresponding
to the ith subsystem with input x;(¢) and output y;(¢). Assuming that each spreading
function sy, (7, v) has the same form as in (4.2), i.e.,

K;
sp,(T,v) = Z a; ;0(T —7;)0(v — v ;) (4.91)
j=1

the input-output relation in (4.90) becomes

I K;

y(t) = Z Z Oéi,j.%’i(t — Ti7j>€j27wi’jt (492)

i=1 j=1

where K; represents the cadinality of the set of delays 7; ; and Doppler-shifts v, ;,
associated to the ith input. As shown for the system with one input, the parameters
that completely describe the system are the triplets (o j, 7, v4;), for i =1,...,1
and j =1,..., K;. The number of triplets is indicated with K = Ei[:l K;.

Now, suppose that the assumption A) is still valid for each subsystem sg, (7, 1)
and indicate with 7,,,, and v,,,, the delay spread and the Doppler spread of the
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4.8. Identification for Multiple Inputs

1th system, respectively. Define parameters 7,4, and v, as
(]
A mMax Vpaz, (4.94)
(]

and consider that each system sy, (7,v) has delay spread 7,,,, and Doppler spread
Vmaz- The probing signals x;(t) are chosen as

zi(t) =2t — (i — OTmaz) s i=1,...,1 (4.95)

where the signal x(t) is defined in (4.4). In other words, the first probing signal
is exactly the signal in (4.4), z1(¢t) = x(t), while each other probing signal x;(t) is
obtained from the previous one x;_1(t) according to a time shift of 7,4, z;(t) =
i 1(t — Tz ), for i =2, ... 1.

Substituting the inputs (4.95) into (4.92) yields

I K
y(t) = Z Z Qi o (t — (i — V) Topae — 7)€ 200" (4.96)

i=1 j=1
I K
= Z Z Oé@jl’(t — 7ti7j>€j27wi’jt (497)
i=1 j=1
K
= ) aga(t — 7)™ (4.98)
k=1

where in (4.97) 7, £ (i — 1)Tynax + 75 Notice that the relation (4.98) in the case
of multiple inputs has exactly the same form as the relation (4.3) for a single input.
This suggests to use the same procedure described before to recover the triplets
(o, Tr, Vg ), considering y(t) in (4.98) as the response of a single system §p, with
the single input z(t). In fact, relations (4.96)-(4.98) can describe the response of a
system with spreading function given by

Sy(r,v) = Z 2 a; ;0(T — (i — 1)Typas — 7i5)0(V — 14 §) (4.99)

i=1 j=1
I K;
= Z Z Cki,jé(T — 721'7]‘)(5(1/ — Vi,j) (4100)
i=1 j=1
K
= Z apd (T — 7)o (v — 1), (4.101)
k=1

Note that (4.101) is the same as (4.2).

An example of the spreading function Sy is depicted in Fig. 4.10, starting from a
system with [ = 3 inputs. According to the choice (4.95), the equivalent system can
be described by the single spreading function Sy, obtained from the subsystems sy,
mapping their supports [0, Tpaz| X [0, Vimaz] one after the other in the (7, v)-plane.
The support of §y is given by [0, ITyaz] X [0, Vimaz] = [0, Trmaz] X [0, Vinaz]-
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Figure 4.10.: Equivalent spreading function of a system with / = 3 inputs.
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4.8. Identification for Multiple Inputs

Given that the assumptions B) and C) are satisfied for each single subsystem,
then, if the number of inputs I is approximately small, they still remain valid also
for the equivalent system. In this case, the procedure described in sections 4.3 and
4.5 is used for recovering the triplets (ag, 7%, vx) in (4.98).

Finally, the original delays 7; ; are recovered from 7, or, equivalently, from 7; ; in
(4.97), as

if 7~_z‘7j € [(Z - 1)Tma;va Z.Tmaac]
then Tij = 7~—i,j — (Z — 1>Tma:p (4102)
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Appendix A

Proof of Theorem 5

To prove the theorem, we express the smoothed covariance matrix (4.61) in a
proper form. To this end we follow the same steps already seen for the ESPRIT
algorithm, in section 4.5, considering now p — K subsystems given by the sequences
in the subvectors d;[m], l = 1,...,p — K. Indicating with N;(7) the K x K matrix
whose rows are the first K rows of N(7), the subvector d;[m] in (4.60) can be written
as

d;[m]| = Ny(7)b[m)]. (A1)

According to the rotational invariance property, the subvectors in (4.60) are given
by
d,[m] = Ny (1)R" (7)b[m] , I=1,...,p— K (A.2)

where the K x K diagonal matrix R(7) is defined in (4.37). For simplicity we omit
the 7 dependence and indicate R(7) simply with R. Substituting (A.2) into (4.61),
R4 becomes

Ru = p—lK > (Ny(r)R'"'b[m)) (Ny(r)R''b[m])"
=1 meZ
1 2 -1 H -1\
- —% ;mez (N1(r)R'™) (b[m]b"[m]) (N1 (1)R")
1 x 1 H -n\H
— e 3 (Nl(q-)Rl ><mz€:Zb[m]b [m]) (N1(7‘)Rl )
- N (10%,( > Rl-lebR*l*) NI ()
= Ni(n)RuN(7) (A.3)

where Ry, is the modified covariance matriz of the sequences in b[m]. Note that
from definition in (4.37), R = R*. Since N;(7) has full rank by definition of
Vandermonde matrix, from (A.3) R, and Ry, have the same rank. Our task is then
to prove that Ry, has rank K.
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Matrix Ry, can be written as

I
Ebb = [ I R --- Rr—K-1 } dlag ! Ry, L Ry, R
Py L ERR :
R*(p—K—l)
(A.4)
or, equivalently, as
CH
_ CHR*
Ry, = [ C RC --- RrE-IC ] : (A5)
CHR*&prfl)
where the K x K matrix C is defined such that
1
ccH £ Ry A.
— Ru (A.6)
Indicating with G = [ C RC --- RP¥-1C |, relation (A.5) becomes Ry, =

GG!. Now, if matrix G has full rank K, also Ry, has rank K. We prove then that
G has rank K.
By a permutation of the columns of G, we construct matrix G that has the same
rank as G.
C1181  C1281 -+ C1K81
G = : : . : (A7)
Ck18Kk Ck28K ' CKK8K

where ¢;; is the (7, j)th element of the matrix C and g; is the (p — K)-length row
vector defined as

gi=[1 edFn ... dF@0-K-Dn] =1 K. (A.8)

From (A.7), it is easy to see that matrix G has full rank if each row of matrix C is
nonzero and if the vectors g; are linearly independent. The former follows from the
definition in (A.6). If the kth row of C is zero, the kth element in the main diagonal
of Ry is zero, which implies that the sequence {by[m|} in b[m] has zero energy,
which is not possible. The latter follows from the assumption that p — K > K. In
this case, the Vandermonde matrix whose rows are the vectors g; has full rank (K)
by definition, i.e., g; are linearly independent.
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Proof of Theorem 6

To prove the theorem, we make use of the following theorem, developed in [26].

Theorem 7. Consider the following system of equations
D =N(7)B (B.1)

where the p x K matriz N(7) is the Vandermonde matriz already defined in (4.14),
while the K x r matriz B and the p X r matriz D collect r vectors b[m] and d[m],
respectively, in theiwr columns. Parameter v is defined as the rank of B.

r = rank B (B.2)

The recovery of matriz N(7) from the measurement vectors in D has a unique
solution if the following condition holds

p>2K —r. (B.3)

Proof. In order to prove the theorem, we shall show that if condition (B.3) is true,
then

{ D =N(7)B (B.4)

D + N(r')B/

for every set of K delays 7;, different from the set of delays 7 at least for one value,
and for every set signals in B’.

We distinguish two different cases, according to the number of pairs of common
delays between the sets 7, and 7. Let d indicate the number of pairs such that

7; = 7; for some values of 7, j = 1,..., K. Then,
0< d <2K—p = casel) (B.5)
2K —p< d <p = case 2) '

Note that the first case includes also the situation in which 7; # 7; for all the
values of 4,5 = 1,..., K, since this corresponds to d = 0.
Case 1) The system (B.4) can be expressed according to the following equation

N(7)B — N(7')B' #£ 0 (B.6)
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or, in the matrix form,

[ N(r) N(7') ] { _]]33, ] £0. (B.7)

By definition of the null space of a matrix, relation (B.7) holds if no columns of

{ _]?3, } belong to the null space of [N(7) N(7')] or, in other words, if the nullity

of the matrix [N(7) N(77)] is strictly smaller than the rank of the matrix [ _]'13)3, 1

Denote
¢=mnull [ N(r) N(r) ]. (B.8)

According to the Rank-Nullity Theorem,
¢(=2K —rank [ N(1) N(7) ]. (B.9)

Since N(7) and N(7) are Vandermonde matrices, the columns of matrix [N(7) N(77)]
are linearly independent except for d repeated columns. Then,

rank [ N(7) N(7') | = min{p, 2K — d}. (B.10)

Now, the first case in (B.5) implies that p < 2K — d and, consequently, the rank in
(B.10) is equal to p. Relation (B.9) becomes then

(=2K —p. (B.11)
Now, denoting
v = rank { _]?3, ] (B.12)
it is easy to see that v can not be smaller than the rank of B, which implies that
v>. (B.13)
Combining (B.11), (B.3) and (B.13) yields
(=2K—-p<r<v = (<v (B.14)

which concludes the proof of the first case.
Case 2) In this case, the system (B.4) is equivalent to the following expression

N(r)B — N(#)B' #£0 (B.15)

or, in matrix form, to

A~

o B
[ N(7) N(7') ] [ B } #0 (B.16)
where the px (K —d) matrix N(7') is obtained from N(7) by deleting the d columns

equal to the columns of N(7), the (K — d) x r matrix B’ is obtained from B’ by
deleting the d rows corresponding to the deleted columns in N(7') and the K x r
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Figure B.1.: Graphical representation of the equivalence between (B.7) and (B.16).
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matrix B is obtained from B by adding the deleted rows of B’ to the corresponding
ones in B. A graphical example that represents how to obtain (B.16) from (B.7) is
depicted in Fig. B.1.

To prove the theorem, it suffices to show that the nullity of the matrix |:N(T) N(T’):|

A~

is strictly smaller than the rank of the matrix [ %, } Following the same steps

as before, denote

(= null [ N(r) N(7') ]. (B.17)
According to the Rank-Nullity Theorem,
{=2K —d—rank [ N(r) N(r) ]. (B.18)
As before,
rank [ N(r) N(7') | = min{p,2K —d} = 2K —d (B.19)

since the second case in (B.5) implies that p > 2K — d. Relation (B.18) becomes
then

{=o0. (B.20)
Now, denoting X
v = rank { _BB/ ] (B.21)
it is easy to see that o > 1; combining this result with (B.20) yields
(< v (B.22)
which concludes the proof. O]

Returning back to the proof of the theorem 6, to prove that the solution (7, b[A])
is unique for the infinite set of equations in (4.82) we need to express the system

d[A] = N(7)b[A] (B.23)

according to the form (B.1) of the previous theorem. To this end, we denote r =

dim(span(b[A])). From (4.84) r > 1. Then we can chose r times m € A that form

a finite subset A C A such that
dim(span(b[A]) = . (B.24)

Define now the matrices D and B whose columns are the vector sets d[A] and b[A],
respectively. Then, a finite representation of (B.23) is given by

D = N(7)B. (B.25)

From its construction, the rank of matrix B is r and (4.83) is equivalent to p >
2K — r. According to the theorem 7, the solution (7,B) is the unique solution to
(B.25).

Since the set of delays 7 is the unique solution to (B.25), it is also the unique
solution to the infinite set of equations in (B.23). Finally, since NT(7)N(7) = I
because of the assumption p > 2K, for any set of vectors d[A], if b[A] is a solution
of (4.82), it is unique and given by

b[A] = NT(7)d[A]. (B.26)
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