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Chapter 1

Introduction

The aim of this work is to present a relatively new concept about modifying gravity,
dubbed Mimetic Gravity, arising in the more general framework of Scalar-Tensor-Vector
theories of gravity. Since the first pubblication [1], several authors [2] [3l [4] started to
expand the new idea looking at it from different perspectives and each time finding new
features. In this thesis I offer a review of some articles, presenting the ideas behind
mimetic gravity and then discussing some aspects. The main topic of this thesis fits well
into the so called Horndeski theory of gravity, one of the most general type of scalar-
tensor theory with second-order equations of motions. This framework is usually used
for describing gravitation with some additional degrees of freedom and one of its most
attracting features is that it can accomodate a wide range of classic ideas about General

Relativity and its extensions. For examples Horndeski theory can describe

e GR with a minimally coupled scalar field, the most basic extension with a scalar
degree of freedom. Non minimal couplings (as well as derivative couplings) also

can be accommodated;

e Brans-Dicke theory in which the gravitational coupling to be a function of space-
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6 CHAPTER 1. INTRODUCTION
time coordinates is allowed;

e f(R) gravity, theory for which the Ricci scalar enters the action through a general
function f(R), (as we will see there exists essentially three possibles versions of

f(R) theories);

e covariant Galileon theory, in which the field equations of motions are invariant

under galilean-type 4D transformations (in a flat spacetime);

e Gauss-Bonnet coupling theory in which the action contains scalars build up from

higher rank tensors than the only Ricci tensor R, ;
e Inflationary theory from modified GR;
e Dark Matter and Dark Energy modeling, the main topic of this work.

Horndenski theory essentially tells us how to build a general Lagrangian function of the
field ¢, its kinetic term X = g"”0,¢0,¢ plus some geometric scalars coming from ordi-
nary differential geometry. The standard way to proceed is to perturbe a choosen metric
and then look at the cosmological evolution of the perturbations under the influence of
gravity and other added scalar degrees of freedom. A common step is to choose a par-
ticular gauge parameterizing the metric and then perturbing it, restricting the attention
to a particular hypersurface on spacetime, a constant ¢ hypersurface ;. In the unitary
gauge d¢ = 0 the constant time slices can be identified as the constant ¢ surfaces. On
each slice the only relevant perturbations are those of the metric, the scalar degree of
freedom is "eaten” by the metric. At the end one wants to calculate the equations of
motions of the perturbed quantity, and also in expanding the action up to second order.

On the surface ¥4, an induced metric h,,, is defined along with some scalars derived
from its first and second derivative in the usual manner. In all generality one allows

the Lagrangian to be a functional of several scalar quantities related to the geometry



of the hypersurface. Once the second-order Lagrangian is calculated, shifting to the
Hamiltonian point of view allows to study the so called ghost and Laplacian instabilities
under which one has a good definition of the energy of the system.

The main topic of this thesis is about a specific conformal extension of General
Relativity following from imposing a functional dependence of the metric on an auxiliary
metric and a scalar field subject to a constraint. Calculations show that Mimetic Gravity
can describe for example Dark Matter alongside with other different cosmological features
as early and late time acceleration.

The work is organized as follows

e in chapter II a brief introduction of the concordance model of Cosmology is given

as well as a brief recall of General Relativity,

e in chapter III we will discuss some well know examples of modified theories of

gravity,

e the Mimetic Gravity model is described in chapter IV,

e chapter V is devoted to a brief recall of the theory of cosmological perturbations,

e in chapter VI conditions for second order equations and absence of Ostrogradski

and Laplacian instabilities are derived and analyzed,

e chapter VII is about Horndeski theory and Disformal transformations,

e the last chapter is devoted to some conclusions.
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Chapter 2

Modern Cosmology

2.1 Standard Model of Cosmology

Modern cosmology relies on the concordance ACDM model in addition with some infla-
tionary mechanism in the early universe. Recent results of the Planck mission confirm
our ACDM model in which the matter and radiation fractions £, and €., the Dark
Energy (DE) fraction Q4 and the Dark Matter (DM) fraction Qg4,, add up to the total
budget of the universe. The firsts two term are well know, €, is given by ordinary
matter clustered as galaxies, stars and planets, (), essentially comes from the cosmic
background radiation CMB with mean temperature of T' ~ 2.7K and fluctuation of or-
der AT/T ~ 107°. The total matter contribute is [5] 2, + Qpar = 0.3089 £ 0.0062,
while the Dark Energy amount to Qpp = 0.6911 +0.0062. The radiation fraction 2, es-
sentially comes from CMB and its contribute is very small compared to the others. The
most enigmatic contributions to the budget are the last two: DE, essentially is telling us
that now our universe is in an accelerated expansion epoch because of something similar
to a cosmological constant A, while DM is telling us that there exists some other type

of matter besides the ordinary baryons, that clusters and interacts with ordinary matter
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10 CHAPTER 2. MODERN COSMOLOGY

only through gravity.

Actually the Standard Model (SM) of particles physic cannot offer a solution in term
of a candidate for such a type of dark components. The only one offered by the SM would
be the neutrino, chargeless and weakly interacting, but it cannot account for the entire
Dark Matter budget for at least two reasons: first it is relativistic and so a neutrino
dominated universe would result in a top-down formation instead of a bottom-up as
observed (first stars, then galaxies and at the end clusters of galaxies) and second it has

a too small mass: in the SM there is no solutions for DM and DE.

ACDM and more in general the standard Hot Big Bang model alone cannot resolve
some problems of the early universe. An attempt at an explanation is given by the
Inflationary Model. Developed in the early eighties, it introduces the inflaton, a scalar
field that drives an exponential expansion. Before the introduction of IM there was the

following open problems:

e the horizon problem that can be cast in the following question: Why is the universe
isotropic and homogeneus as stated by the cosmological principle? We have already
said that the universe within small fluctuations have about the same temperature
every where. Moreover even regions of the universe never been in causal contact.
Inflation provides a solution because the comoving Hubble radius rg o 1/aH de-
creases when the scale factor exponentially grows a ~ et (which is when inflation

occours), while it starts to increase at the end of the accelerated period, (here H is

the Hubble parameter). Thus, regions (scales) of the universe that were in causal
contact (thermalized) in the past, can reenter now in our Hubble radius with the
same temperature as the whole universe. In some sense all the properties of the

universe produced during inflation get frozen outside the comoving Hubble radius

until the scale cross again rz today. Homogeneity and isotropy of the universe at
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the largest scales we can see today fix the amount of exponential growth or e-folds

we need to solve the horizon problem at about N, ~ 60 — 70.

The flatness problem or why is the universe so flat today? According to the first
Firedmann equation
81G kc?

2—7 _
H_ 3p (127

where H = a/a is the Hubble parameter, p is the energy density and k the spatial
curvature (k = 0 corresponds to flat). The amount of spatial curvature of the
Universe depends on the density of matter/energy. The latter equation can be

recast as follows

3kc?
Q- 1)pa® = ——
( Jpa G’
where the right hand side is a constant value and 2 = ;Tpc = g}fﬁ p. The critical

energy density p. corresponds to a condition for which the Universe is flat (2 = 1).
In order to compensate the decrease of pa? of a factor of 1059 keeping the right hand
side of the equation constant, the quantity (2~! — 1) must have been increased
of the same amount. The problem is that today we observe a universe which is
completely consistent with a flat universe finding [5] 2 = 1.0023f8:88§2 and so 2—1

must have been less than 100

at the Planck era. Given that the initial energy
density of the universe could take any value, a fine tuning seems to have taken
place in order to set exactly p ~ p. at the beginning. Inflation succeeds in the
solution of this problem because during an inflationary expansion, the scale factor

Ht

growing as a o et suppresses the curvature term kc?/a?.

The last issue, is the so called problem of relics or monopoles. In particular the
fact that today we do not observe any of these topological defects. These exotic
entities are extraordinary massive and may be the result of some mechanism of

spontaneous symmetry breaking in the early universe. An inflationary mechanism
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can diluite these defects almost to zero due to the exponential growth of the scale

factor.

A model for inflation is to allow the existence of a scalar field ¢, the inflaton, with

equation of state
30° = V(9)
302 +V(9)

If the potential V' (¢) is set to match the so call slow-roll conditions

w=p/p=

ov

1., .
§¢ < V(9), o< %7

Ht  This can

then, w ~ —1 and one is looking to a quasi-de Sitter solution a(t) ~ e
happen for example if the potential V(¢) is sufficiently flat. Over the years, different
types of potential were studied each one proposed with different motivations. As quoted
on [6] the Planck full mission temperature and polarization data are consistent with the
spatially flat base ACDM model, whose perturbations are Gaussian and adiabatic with
a spectrum described by a simple power law, as predicted by the simplest inflationary
models.

On the other hand, ACDM with the addition of inflation tell us that there exists a
dark sector without giving any explanation about DM and DE. In order to have some

insight into Dark Energy and Dark Matter, essentially there are two ways of reasoning;:

adding some scalar fields or instead try to modify Einstein Gravity.

2.2 The Action of General Relativity

The mathematical background of General Relativity, (GR), is given by Riemmanian
Geometry that provides the concept of metric g, () from which one can build the line
element

ds? = g dztda”. (2.1)
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The geometric object g,,, a rank-two symmetric tensor, is the dynamical tensor field
that propagates the gravitational interaction.

Taking into account that in general a manifold M is not flat, the common way to
define the derivative concept on M is to appeal to the so called Christoffel connection

1-form

[ =T§ =I%da", (2.2)

a non-tensorial object defining parallel transport of vectors between points on the man-
ifold. From the latter it follows that the definition of covariant derivative acting on a

vector is given by

V.V =8,V 4 Th Ve (2.3)

Such a connection is called Levi-Civita connection if it covariantly conserves the metric

Vaguw =0, (2.4)
while it is called torsion-free if
Fﬁw] =0. (2.5)

The first relation completely determines the connection as a function of first derivatives
of the metric, while the second implies the symmetry of the connection with respect to
its two lower indices. Equation (2.4) fixes the form of the connection as a function of

the metric and its first derivative as

25 = 9% (Ougrp + OpGur — Orgup)- (2.6)

Starting from a 1-form there are two natural way to build a 2-form, namely the exterior
derivative of a 1-form and the product of two 1-forms. In this way the curvature 2-form

is defined

63 (0% (0% (0% (0% v 1 (6% 14
R = RG = dU'G + (I°)§ = (0,155 + T, L) datdz” = 5 R da’da”, (2.7)
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where ng is the Riemann tensor whose components are given by antisymmetrizing the
wedge product indices. The Ricci tensor is defined as Rg, = Rg(w while the Ricci scalar
R= gﬂ”RBV is the trace of the latter.

Under a generic coordinate transformation x — 2/(z) differents objects trasforms

differentely: a scalar remains unchanged

¢'(2') = ¢(), (2.8)

a contravariant vector transforms like

oz’
V(') = Ve 2.9
() = SV (), (29)
instead a covariant vector
ox®
1IN
V#(:c) = 9o Vo (), (2.10)

a mixed tensor trasforms like

0™ 02" 027 .

/! /
T (at) = S S S 1) (2.11)
and finally a tensor density of weight W transforms as
ox"|\W 9zt dx™v
= | — of 2.12
dx | Oz 9P (z) (2.12)

where %—g is the Jacobian of the transformation x +— z’. It is easy to see that the
-2

determinant of the metric g = det g, transform as g — ¢ = %—‘”x g and so it is a

tensor density of weight W = —2. On the other hand the volume element of integration

/
transforms as d*a’ = %% d*z, hence the measure

d*z\/—g (2.13)

is invariant.
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Using the invariant volume element and the Ricci scalar, the gravity action can be

written as
1
SeHn = 2/ dzy —gR, (2.14)
the Einstein-Hilbert action. Taking its variation and imposing 6Sgy = 0, one obtains
the Einstein Field equations in vacuum

1
G/u/ = Ruu - iguyR =0. (215)

In fact, taking the variation we get
6Spn = % / d*zd(v/—g)R+ v/—goR (2.16)
and taking into account the following definition
g = det gy, = ™BI) = 59 = 99" 5g,, = —9g,,09", (2.17)
the variation of the action reads

1 1
0SEH = 2/ d4x\/—g< — §Rgm,59“” + 09" R, + g“”dRm,). (2.18)

The term proportional to dR,, vanish upon integration by virtue of Gauss’ theorem
since 6I" — 0 at the boundaryﬂ while collecting the terms proportional to dg"” one
recovers equation . In presence of matter one has to include the matter action
Sy = f d4x\/jg.ZM alongside the Einstein-Hilbert action Sgg. Using the definition of

the stress-energy tensor
2 6Sm

Ty =——o , 2.19
K /7_9 5‘9/“/ ( )

one finds that Einstein field equations read
G — T = 0, (2.20)

! This is true if one postulates also that §0,9*" — 0 besides 6g** — 0 at the boundary.
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where G, = Ry — %Rgu,, is the Einstein tensor, build with at most second derivatives
of the metric.

As mentioned, the quantity 61, vanishes upon integration due to Gauss’ theorem.
In fact it can be written in term of a total derivative. Using the definition of the Ricci

tensor Ry, = Rj,, we see from (2.7 that

Ry = 0a0T%, — 0,615, + 004, T, + T%,000 , — 6T, 1, — T,6T5, (2.21)

«

and recalling the definition of the covariant derivative this last equation can be written
as

Ry = VoIS, — V,00%, (2.22)

often called Palatini identitiy. Taking into account that the metric is covariantely con-

served, equation (2.21]) can be put in the following form

V=99" Ry = V—g[Va(g"0T},) — Vu(g" 00 (2.23)

Using the definition of the Christoffel symbols it is easy to show that

S
V=g

then the covariant four-divergence of a four-vector can be written as

1
o = 59" O89ar = Op(Inv/=g) = —=0sV/~g, (2:24)

1
VoV = 0,V T2,V = ———0,(vV/—gV* 2.25
8 Ner (V=9V*) (2.25)

and so

/ d*z/=gg" SR, = / dz 0y (v/—gV*®) = / dYa(v/—gV*®) (2.26)
M oM

where
Ve = g“l’él’ij — g“”&l“fja, (2.27)

while d¥, is the infinitesimal element of a three-dimensional hypersurface. With this

result we can conclude that the contribution to the variation of the action due the
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variation of the Ricci tensor can be put in the form of a total four divergence and so it

vanishes at the boundary OM if one imposes dI" — 0 on IM.
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Chapter 3

Modified Gravity

There are basically two approaches for the construction of models for the dark compo-
nents. In order to describe DM, a possible approach is based on modified matter models
in which the energy-momentum tensor 7, on the r.h.s. of the Einstein equations con-
tains an exotic matter source. The second approach, historically used in order to describe
DE, is based on modified gravity models in which the 1.h.s. of the Einstein equations is
modified. It is however important to realize that within General Relativity this division
is mostly a practical way to classify the variety of dark energy models but, in general,
does not carry a fundamental meaning. One can write down Einstein’s equations in the
standard form G, = 8wGT),, by absorbing in T}, all the gravity modifications that one
conventionally puts on the l.h.s. This is not always true when dealing with action with
higher-order derivatives terms. As we will see in the next chapter, Mimetic Gravity is

one of the few models that can accomodate both DM and DE.

19



20 CHAPTER 3. MODIFIED GRAVITY

3.1 Dark Energy as a modified form of matter

3.1.1 Quintessence

Historically, quintessence was thought as a canonical scalar field ¢ with a potential V' (¢)
responsible for the late-time cosmic acceleration. Unlike the cosmological constant, the
equation of state of quintessence dynamically changes with time and the cosmological
evolution can be easily understood by a dynamical system approach. In these models
it is important the existence of the so called tracker fields solutions that correspond
to attractor-like solutions in which the field energy density tracks the background fluid
density for a wide range of initial conditions. We use the term “quintessence” to denote
a canonical scalar field ¢ with a potential V' (¢) that interacts with all the other compo-
nents only through standard gravity. Following [7], the quintessence model is therefore

described by the action
4 R Lo
§= [ d'av=g|55 — 590006 = V(9)] + Sm. (3.1)

where S,,, is the matter action and xk? = 87G; k = 1 in most of what follows. One finds,

as in the case of inflation, that the equation of state reads

_ Py _ 9P —2V(9)

W = = s (3.2)
Py 9*+2V(9)
while the Klein-Gordon field equation for ¢ can be written as
- .9V
o+3Hop+ — =0. (3.3)

0y
During radiation- or matter-dominated epochs, the energy density pps of the fluid dom-
inates over that of quintessence, i.e. pys > pg. We require that py tracks pps so that
the dark energy density emerges at late times. Whether this tracking behavior occurs
or not depends on the form of the potential V(¢). If the potential is steep so that the

condition ¢? > V(¢) is always satisfied, the field equation of state is given by wg ~ 1.
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In this case the energy density of the field evolves as py o< a~ %, which decreases much
faster than the background fluid density. From Einstein equations one sees that in order
to realize the late-time cosmic acceleration the condition wy < —1/3 must hold, this
translates into the condition ¢? < V(¢). Hence the scalar potential needs to be shallow
enough for the field to evolve slowly along the potential.

This situation is similar to that in inflationary cosmology and it is convenient to
introduce the slow-roll parameters

e:i(ﬁy, 0= % (3.4)

It is easy to see that if the conditions ¢ < 1 and || < 1 hold, then ¢? < V(¢) and
|| > 3H¢. Defining & = |¢|/3H¢, the deviation of wg from —1, when £ > 1, can be
written [7] in terms of €

14 2

I (€ +1)%, 3¢ (35)

1 + w¢ =

neglecting the matter fluid in Einstein equations, (i.e. 3H? ~ K2V (¢)).
So far many quintessence potentials have been proposed. Roughly speaking they
have been classified into freezing models and thawing models. In the former case the
field was rolling along the potential in the past, but the movement gradually slows down

after the system enters the phase of cosmic acceleration. The representative potentials

that belong to each class are
freezing model V(¢) = M4 ¢~ n >0 and V(¢) = M4Hng=ne? /M,
thawing model V(¢) = VoM*™"¢", n > 0 and V(¢) = M*cos (¢/f).

The first of the two potentials do not posses a minimum and so the field rolls down the
potential toward infinity while the second potential has a minimum (in which wy = —1)

and eventually the field gets trapped in it. The second class describes a field with mass



22 CHAPTER 3. MODIFIED GRAVITY

mg that has been frozen by Hubble friction H d) until recently when H drops below mg

and begins to evolve.

3.1.2 k-essence

Quintessence is based on scalar field models using a canonical field with a slowly varying
potential. It is known however that scalar fields with non-canonical kinetic terms often
appear in the context of inflation [8]. The same idea applied to DE led to classes of
modified matter models such as k-essence among the others. The action for such models

is in general given by
S = /d4x\ﬁ—g{R + P(¢ X)} + Sm (3.6)
2/{2 b )

where P is a function of the field and its kinetic energy X = —% 9" 0,60, ¢. The central
point is that cosmic acceleration can be realized by the kinetic energy X of the field ¢.

k-essence models are based on the assumption that
P=K(¢)X + L(¢)X?, (3.7)

in which the kinetic part allows a functional dependence by ¢ other than that of X.
These models are usually motivated by low-energy effective string theory [9]. It can be

shown that the equation of state of k-essence is

P p
wy =2 - 3.8
© e 2Xpx —p (3.8)

and, as long as the condition |2Xp x| < [p| is satisfied, ws can be arbitrarily close to
—1.

Another example is that of Phantom or ghost condensate models that are described
by a non canonical kinetic term with the opposite sign of the canonical one, K(¢) =
—1 and using L(¢) = M~*. However the phantom field is plagued by severe ultra-

violet quantum instabilities because its energy density is not bounded from below. The
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equation of state in this case reads

1—-X/M*
Yo = 13X/ MR (3.9)

which gives —1 < wy < —1/3 for 1/2 < X/M* < 2/3. Another example of such class of
models is given by the dilatonic ghost condensate model in which L(¢) = ¢®? /M* that
arises as a dilatonic higher-order correction to the tree-level string action [7].

In k-essence it can happen that the linear kinetic energy in X has a negative sign.
Such a field, called phantom or ghost scalar field, suffers from a quantum instability
problem unless higher-order terms in X or ¢ are taken into account in the Lagrangian
density. In the (dilatonic) ghost condensate scenario it is possible to avoid this quantum
instability by the presence of the term X?2. Stability conditions of k-essence can be found
by considering small fluctuations §¢ of the field ¢ about a background value ¢g solution
in the FLRW spacetime. The expansion of the Lagrangian up to second order allows

one to write the perturbed Hamiltonian density that in this case reads [7]

M = (px +2p,xx)(00)%/2 4+ p.x (V$)? /2 — p oy (56) /2. (3.10)

The positive definiteness of the Hamiltonian is guaranteed if the following conditions
holds

& =px+2pxx >0, E=px >0, E3 = —pog > 0. (3.11)

These two conditions prevent an instability related to the presence of negative energy
ghost states. If these conditions are violated, the vacuum is unstable under a catastrophic
production of ghosts. The production rate from the vacuum is proportional to the phase
space integral on all possible final states. Since only a UV cut-off can prevent the
creation of modes of arbitrarily high energies, this is essentially a UV instability. The
phantom model with the Lagrangian density P(¢, X) = —X — V(¢) violates both the

first two conditions, which means that its vacuum is unstable. Taking into account
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higher-order terms such as X2 in P(¢, X), it is possible to avoid the quantum instability
mentioned above. Let us consider the dilatonic ghost condensate model with K (¢) = —1
and L(¢) = e™?/M*. Tt can be shows that the quantum instability is ensured for
e /M* > 1/2 and in this case wy > —1. The instability prevented by the last condition
in is of the tachyonic type and generally much less dramatic (infra-red (IR) type)

as long as the two first conditions are satisfied.

3.2 Dark components as a modification of gravity

3.2.1 f(R) theories of Gravity

Another class of modifications of the Einstein theory of gravitation results from the so
called f(R) theories in which the Einstein-Hilbert action generalizes to a function of the

Ricci scalar
/ d*z\/—gR + S, — / d*z/=gf(R) + S,

in which one thinks f(R) as a power expansion in R as f(R) = Y., oy, R*. Essentially

there exist three types of f(R) gravity:

metric f(R) gravity theory with an action depending on the metric through the func-

tion f(R);

Palatini f(R) gravity , extension of the latter in which one promotes the connection

I' to a dynamical field;

metric-affine f(R) gravity , the most general case in which one allows also the matter

action S,, to be a function of the new I' field.

Having f(R) in place of R implies a modification of the field equations in which the

possibility of describing accelerated expansion emerges. Variation of the action with
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respect to g, gives the following equations of motion

F(R)Ruw(9) —1/2f (R)gpw — ViV F(R) + gOF (R) = T}, (3.12)
where
_of _
F(R)= g5 =1r

and T}, is the matter energy momentum tensor. The trace of equation is
30F(R)+ F(R)YR—2f(R) =T =g""T,=—p+3p (3.13)

where p and p are the energy density and pressure of the matter field. If, on the other
hand, one thinks - as in the Palatini formalism - the connections I' as independent fields,

the following field equations hold
F(R)Ru(T') = 1/2f(R) g = Ty (3.14)
and
Ry (9) = 1/29wR(9) = T/ F = g (FR(T) = f)/2F + (V. Vo F — g, OF) [ F+

— 3(0,F0,F — 1/2g" (VF)?)/2F. (3.15)

when the action is varied with respect to the metric and the independent connection

respectively. The trace of (3.14) is
F(R)R - 2f(R) = T. (3.16)

In General Relativity f(R) = R — 2A and F(R) = 1, so that the term OF(R) in
vanishes. In this case both the metric and the Palatini formalisms give the relation
R = —2T = (p — 3p), which means that the Ricci scalar R is directly determined by the
matter (the trace T'). In modified gravity models where F'(R) is a function of R, the term

OF(R) in general does not vanish. This means that, in the metric formalism, there is a
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propagating scalar degree of freedom, ¢ = F(R). The trace of equation (3.13) governs
the dynamics of the scalar field ¢ (dubbed “scalaron”). In the Palatini formalism the
kinetic term CJF(R) is not present in equation (3.16)), which means that the scalar-field

degree of freedom does not propagate freely.

3.2.2 Brans—Dicke theory and Scalar-Tensor theories

As we have seen in the last section, most models of dark energy rely on scalar fields.
Scalar fields have a long history in cosmology, starting from Brans—Dicke theory in which
gravity is mediated by a scalar field in addition to the metric tensor field. Brans—Dicke
theory was an attempt to revive Mach’s principle (according to which inertia arises when
a body is accelerated with respect to the global mass distribution in the Universe) by
linking the gravitational constant to a cosmic field. At the same time, Brans—Dicke
theory incorporated Dirac’s suggestion that the gravitational constant G varies in time.
Brans—Dicke theory is just a particular example of scalar-tensor theories. These are
probably the simplest example of modified gravity models and as such one of the most
studied alternatives to General Relativity.

The action for scalar-tensor theories in presence of matter field is given by

S = [ d'av=g[3£(6.R) = 50@)/(VIP] + Sulgu: Tl (317)

where f is a general function of the scalar field ¢ and the Ricci scalar R, ( is a function of
¢, and Sy, is the matter Lagrangian that depends on the metric g, and matter fields ¥,,.
The latter action includes a wide variety of theories such as f(R) gravity, Brans—Dicke
theory, and dilaton gravity. f(R) gravity corresponds to the choice f(¢, R) = f(R) and
¢ = 0. The action of Brans—Dicke theory is written with f = ¢R and ( = wpp/¢,
where wpp is called ”Brans—Dicke parameter”. One can generalize Brans—Dicke theory

by adding the field potential U(¢) to the original action, i.e. f = ¢R — 2U(¢) and ¢ =
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wpp/¢. The dilaton gravity arising from low-energy effective string theory corresponds
to f = 2e"?R—2U(¢) and ((¢) = —2e~?, where we have introduced the dilaton potential
U(¢). The action can be transformed to the Einstein frame under a conformal
transformation with the choice

of

2— = v
0’ =F=5. (3.18)

It have been shown that f(R) theory in the Palatini formalism corresponds to the gen-

eralized Brans—Dicke theory with wpp = —3/2.

3.2.3 Gauss-Bonnet gravity

The f(R) and scalar-tensor theories add to the gravitational tensor field a new degree
of freedom, a scalar field. However this certainly does not exhaust the range of possible
modifications of gravity. One possibility is to add vector fields. Another one is to add
to the Einstein Lagrangian general functions of the Ricci and Riemann tensors, e.g.,
f(R, R, R, RyyagRM @B ...). However these Lagrangians are generally plagued by
the existence of ghosts, i.e. the existence of negative energy states. Even besides the
quantum problems, this generally implies classical instabilities either at the background
or at the perturbed level. There is however a way to modify gravity with a combination
of Ricci and Riemann tensors that keeps the equations at second-order in the metric
and does not necessarily give rise to instabilities, namely a Gauss—Bonnet (GB) term
coupled to scalar field(s). The GB term is a topological invariant quantity. It is the
unique invariant for which second derivative occurs linearly in the equations of motion,
thereby ensuring the uniqueness of solutions. Moreover, it is worth noticing that the
GB term naturally arises as a correction to the tree-level action of low-energy effective

string theory [9, [10]. A formulation of the model is based on the following action

S = [d'av=g[ 3R~ 5P~ V() - FOREs] + Sl ¥n) (319
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where

Rip = R? — 4R, R"™ + R,yasR"P (3.20)

is the Gauss-Bonnet term. The action corresponds to the Einstein frame action in which

the scalar field ¢ does not have a direct coupling to the Ricci scalar R.

3.3 Dynamical system approach

A dynamical system which plays an important role in cosmology belongs to the class of
so called autonomous systems. For simplicity we shall study the system of two first-order
differential equations, but the analysis can be extended to a system of any number of
equations. Let us consider the following coupled differential equations for two variables

x(t) and y(t)

i':f(x7y7t)7 y:g(x7y7t)7 (321)

where f and g are the functions in terms of x, y and ¢. The latter system is said to be
autonomous if f and g do not contain explicit time-dependent terms. The dynamics of
the autonomous systems can be analyzed in the following way. A point (z,y.) is said
to be a fixed point or a critical point of the autonomous system if (f, g)(z = z.) =0. A

critical point (x.,y.) is called an attractor when it satisfies the condition
(x(t),y(t)) = (ze, ye) for t — 0. (3.22)

We can find whether the system approaches one of the critical points or not by studying
the stability around the fixed points. Let us consider small perturbations dx and dy

around the critical point (z.,y.), i.e.,

T =z, + ox, Y = Y + 0y. (3.23)
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Then substituting into Egs. (3.21]) leads to the first-order differential equations

d | oz _ g ox (3.24)

dN | 5, B 5 ’ ‘
where N = Ina is the number of e-folding which is convenient to use for the dynamics.
The Jacobian J evaluated at the critical point gives information about the stability of

the critical point itself. The matrix possesses two eigenvalues ;1 and pg. The general

solution for the evolution of linear perturbations can be written as
Sz = Cref N 4 C’ge“QN, oy = CyetN 4 Oyet2V (3.25)

where C7, Csy, C3, C4 are integration constants. Thus the stability around the fixed
points depends upon the nature of the eigenvalues. One generally uses the following

classification

Stable node: p; <0 and p2 <0
Unstable node: p; > 0 and pug >0
Saddle point: p; <0 and pe > 0or pu; >0 and py <0

Stable spiral: the determinant of the matrix is negative and the real parts of the

eigenvalue u; are negative.

A critical point is an attractor in the first and in the last cases but not in the second
two cases. In the following two subsections two examples of dynamical system approach
are shown in the case of quintessence and in the case of a dilatonic ghost condensate

models.

3.3.1 Quintessence

For the quintessence model let’s define

/<aq3 VYV
V6H’ - VBH'

xTr1 = (3.26)
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2
then Q,, = /% can be espressed as

Qp=1—2% — 23 (3.27)

We also define the energy fraction of dark energy

K2 py

Qy = = 22 + 3 (3.28)

~ 3H2
which satisfies the relation €, + €y = 1. Deriving the Einstein equations in this model,

leads to the following equation
H/H? = =322 — 3/2(1 + wy,) (1 — 2% — 23). (3.29)

In this case the effective state equation reads we ff = Wy, + (1 —wp, )23 — (1+wp,)z3. The

equation of state of the quintessence field reads wg = It can be show that the

2.2
ri+x5

autonomous dynamical system associated with the described quintessence model reads

% = —-3x1 + \/6)@%/2 +3z1/2[(1 — wm):vg (1 +wp)(1 — x%)]
d
dva = —V6Az122 + 372/2[(1 — wi)2? + (1 + wp) (1 — 23)], (3.30)

where A = —V 4 /kV characterizes the slope of the field potential and obeys the following
equation
dA

N = —VEXT — 1)ay, (3.31)

where I' = VV7¢,¢,/V’3).

If X is constant, the integration of equation (3.31)) yields an exponential potential
V(9) = Voe ™,

that corresponds to I' = 1. In this case the autonomous equations (3.30)) are closed. The

cosmological dynamics can be well understood by studying fixed points of the system.

If T' is constant but A is not, we have to solve equations (3.30) and (3.31). For the
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power-law potential, V (¢) = M*t"¢=" (n > 0,¢ > 0), we have that [ = (n +1)/n > 1
and z1 > 0, in which case the quantity A(> 0) decreases. Of course, for general field
potentials, I" is not necessarily constant. In such cases we need to obtain the field ¢ as a
function of N together with the use of the relation V'V = v/3Hz5. Then the evolution
of the variable A = A(¢) is known accordingly. We can derive fixed points of the system
by setting dx1/dN = dxo/dN = 0. The fixed points are in general the solution of the
dynamical system and give a first qualitative description of the phase space. As we
discuss below they can be classified according to their stability properties. If there are
no singularities or strange attractors, the trajectories with respect to z1(N) and z2(N),
in general to be obtained numerically, run from unstable fixed points to stable points,

coasting along “saddle” points. When A is constant they are found to be the five points:

e the matter dominated critical point a = (0,0) corresponding to

Qi =1,Q4 =0, wepp = W , Wy undefined,

e points by = (1,0) and by = (—1,0) in which Qy = 1, wesr = wy = 1, for them
the kinetic energy of quintessence is dominant in which case pg decreases rapidly

Pg X a~ 0 relative to the background density,

e the scalar field dominated critical point ¢ = (A/Vv/6,[1 — A\2/6]'/2), where Q4 = 1,
Wepf = Wy = —1 + A\?/3 existing if A> < 6, the cosmic acceleration is realized if
wepr < —1/3, ie. A2 < 2. the limit A — 0, (V(¢) — Vo), corresponds to the

equation of state of a cosmological constant w.fr = wy = —1.

e the last critical point d = (1/3/2(1 4 wy,) /A, [3(1 — w2,)/2X2]'/?) is the so-called
tracker solution for which the ratio {24/, is a non-zero constant and Q4 = 3(1 +

Wy, ) /A%; this scaling solution exist when A\? > 3(1 + wy,) following from €, < 1.
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Since wg = wp, for scaling solutions, it is not possible to realize cosmic acceleration

unless the matter fluid has the unusual state equation w,, < —1/3..

If the determinant of the Jacobian vanishes, the system becomes effectively one-dimensional
around the fixed point. This classification can be extended to more dimensions: a fixed
point is stable if all the real parts of the eigenvalues are negative, unstable if they are
all positive, and a saddle when there are negative and positive real parts. If an eigen-
value vanishes then the stability can be established expanding to higher orders. In the
realistic case in which the equation of state of the fluid is in the region 0 < w,, < 1, the

eigenvalues and the nature of the above fixed points are those in table (3.1])

a b1 bo
—3(1 —wy) 3— vB) 34 o)
3(1+wm) 3(1 — wp,) 3(1 — wp,)
saddle unstable for A < v/6 unstable for A > —/6

saddle for A > v6  saddle for A < —v6  saddle for 3(1+wm) < A\ <6

c d
1(x2—6) —3lzem) (1 4 \/7)
3(1—wm
A2 = 3(1+ wy,) - el (1 — T
stable for A2 < 3(1 + wm) saddle for A2 < 3(1 + W)

stable for 3(1 + wm) < A2 <6 stable for 3(1 + W) < A2 <p

stable spiral if A2 > 7

24 (14w )2 and

Table 3.1: Eigenvalues of critical points for a quintessence model. n = = Tou

8(1+wm ) [AN2—3(1+wm
7o - /A
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The radiation (w = 1/3) and matter (w = 0) dominated epochs can be realized either
by the point (a) or (d). When A\? > 3(1 + wy,) the solutions approach the stable scaling
fixed point (d) instead of the point (a). In this case, however, the solutions do not exit
from the scaling era (24, = constant) to connect to the accelerated epoch. In order to
give rise to tracking behavior in which €4 evolves to catch up with €, we require that
the slope of the potential gradually decreases. This can be realized by the field potential
in which A gets smaller with time (such as V(¢) = M*™™¢~"). The point (c) is the
only fixed point giving rise to a stable accelerated attractor for A> < 2. When \? < 2, a
physically meaningful solution (d) does not exist because Q4 > 1 for both radiation and
matter fluids. In this case the radiation-and matter-dominated epochs are realized by
the point (a). Note that when A is close to 0 the solution starting from the point (a) and
approaching the point (¢) is not much different from the cosmological constant scenario.
Nevertheless, since the equation of state of the attractor is given by wy = —1+ A\?/3, we

can still find a difference from wy = —1.

In figure (3.1) a plot of the trajectories of solutions in the (z1,z2) plane for A = 1
and wy, = 0. Since {2, > 0 in equation , the allowed region corresponds to
0 < 29 < /1 — 7. The kinetic-energy-dominated points (b1) and (by) are unstable in
this case. Since the matter point (a) is a saddle, the solutions starting from zs < 1
temporarily approach this fixed point. The trajectories finally approach the accelerated

fixed point (c), because this is stable for A\? < 3.

3.3.2 k-essence example: dilatonic ghost field condensate

Let us consider the cosmological dynamics of the dilatonic ghost condensate model with

P=—X+e"?X?/M*
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Figure 3.1: The trajectories of solutions for the exponential potential V' = Vpe #*? with
model parameters A = 1 and w,, = 0. The attractor is the accelerated point c, the
matter point a is a saddle whereas b; and by are unstable nodes. The thick curve is the

border of the allowed region characterized by z2 = \/1 — z7.
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in the flat FLRW background. As a matter fluid we take into account both non-
relativistic matter (energy density p,,) and radiation (energy density p,). As before,
fields equations can be written in terms of several quantities related to the physical

ones, then we hve the following definitions

Hgﬁ ¢2€KA¢ K+/Pr
g s = 5 = . 332
T en T 2w VY (3:32)

The autonomous system of equations in the case of k-essence is

dl’l 6(2$2 — 1) + 3\/6)\.%'1.1‘2 X1 2 2 2
— = —(3—3z7 -3 3.33
aN ~ ! 6(275 — 1) o (8= 3a1 = 3ajwe 4 3), (3:33)
d 3x9(4 — V62x1) — V6(/6 — A
L2 _ xa(4 — v611) — V6(V6 951)7 (3.34)
dN (1 — 6z2)
d
ﬁ - %(—1 — 322 + 32225 + 22), (3.35)
together with
weff:_]‘_?)HQ :_$%+$%$2+$§/3,
/ 1-— xTo
w, = = N
¢ =Po/Pp = 7 3o

Qy = —22 4 3x2 2o,
Q, = ;E%

and

Qp =1-9, — Q.

Quantum stability can be achieved if x5 > 1/2. There are essentially three critical points:
the radiation point r = (0,1/2,1) with werr = 1/3, wy = —1, , =1 and Q4 = Qy, = 0,
the matter point m = (0,1/2,0) with wesr =0, wy = =1 Qy = Q, =0 and Q,, =1 and

then the accelerated critical point

a = (—V6Af-(A)/4,1/2 + f1(X)/16,0)
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where
f£A) =1+ /1+16/(3)2).
. . _ B8NS _ _ _ :
The point a satisfies wepy = wy = SN Q = 1and Q. = Q,, = 0. Cosmic

acceleration occurs for —1 < wepy < —1 /3 which translates into the condition 0 <
A < V/6/3. There is another critical point but it lies on the quantum instability region
corresponding to a phantom equation of state wy < —1. In figure a plot of the
cosmological evolution of the dilatonic ghost condensate model with A = 0.2 is given.
The initial conditions at the radiation era are chosen to be close to the radiation point r
with 23 > 1/2. Finally we recall that the sound speed of the dilatonic ghost condensate

model is smaller than the speed of light and it is given by

Cg =
6.292—1

(3.36)
and the condition for the existence of the late-time accelerated point gives
0<c?<1/3

and thus this model does not violate causality.
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Figure 3.2: Evolution of €2, €., Q4, w.rs and wy for the dilatonic ghost condensate

model with A = 0.2 versus redshift z.
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Chapter 4

Mimetic Gravity

4.1 Mimetic Gravity

It was recently shown [II, 2], that allowing the physical metric g, to be a function of an

auxiliary metric g, and of a scalar field ¢ via the relation

Juv = (ga68a¢aﬂ¢)guv = Pg;w (4'1)

it is possible to describe a wide variety of gravitational phenomena. Such a theory is

clearly Weyl invariant, because a rescaling
Guv QQg/,LV (42)

would preserve the physical metric g, that is a function of the auxiliary metric and its
inverse.

Taking the variation of the Finstein-Hilbert action in the presence of matter
SEH (guu(gw)) + Sm (4.3)
with respect to the metric defined by (4.1)), we find

G —Thy — (G — Tar)g"5"* 0a 56 = 0, (4.4)

39
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where G — Ty = tr(G*” — T}/). This result can be obtained after noting that
09w = 0Pgs + POgu = (09706050 + 207 0a06056)gus + POgus  (4.5)

and after restoring the relation between the physical and the auxiliary metrics, in fact

from (4.1]) follows that

guu — Pflg,uu'

In this case, in contrast to standard GR, even when matter is absent Tj; = 0, one

find a contribute to the right hand side of the Einstein field equations, given by
Gg"*g"P 0a003¢. (4.6)

This term, as we will see, can be identified with the energy-momentum tensor of some
kind of fluid. Moreover, the relation between the physical metric and the auxiliary imply

the existence of the constraint
P = g°?9,¢03¢ = Pg*" 0,050 (4.7)

or

7P 0a003¢ = 1, (4.8)

which tells us that the relatives Einstein equations are traceless. It is important
to stress that the scalar field of the mimetic model it is a different entity respect to
others scalar fields introduced by other existing tensor-scalar theories. In fact, due to
the conformal symmetry, the scalar degree of freedom in is equivalent to the scaling
factor up to an integrating constant, and thus it is not a new dynamical degree of freedom
[1]. The existence of the constraint (4.8), as suggested in [2], encourages to employ the

constraint (4.8) as Lagrange multipliers inside the usual Einstein-Hilbert action.
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4.1.1 Action and equations of motion of Mimetic Matter

Employing the constraint in the action and generalizing it by adding also a potential

V(¢), results in the following action

Sy = / d4x\/jg<§ — A(g*P0ad0 — 1) + V(o) + .,s,ﬂM). (4.9)

Taking variation of the latter with respect to the Lagrange multiplier leads to the con-
straint (4.8). Using the constraint in the calculation of the variation of Sy with respect

to the metric brings the Einstein type equations in the following form
Gy =Ty, + 200,00,0 + g,V () = Tt + Thnmete. (4.10)

The equation of motion of ¢ follows if instead we vary the action with respect to ¢.

After an integration by parts the quantity

/ d'oy/=g9° (2200000 — 0,V 60, (4.11)

gives

VA (2X050) = —94V (9), (4.12)
where 2 is fixed by the trace of equation
2A\=G —-T —4V. (4.13)
Comparing T l‘f;imem in (4.10) with the energy-momentum tensor of a perfect fluid
TP = (p+ p)uytiy — Py, (4.14)

we can conclude that we are in the presence of a perfect fluid with energy density and

pressure density given by
p=G-—T-3V, p=-V, (4.15)

while the normalized four velocity is u* = 9*¢, the normalization condition being the

constraint.
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4.1.2 Cosmological Solutions
Equation completely determines the form of the field ¢ and for a FLRW metric

¢ =+t +const. =t (4.16)

clearly is a solution. With this result, the equation of motion (4.12)) of ¢ simplifies a lot.

In fact for a flat isotropic and homogeneous universe described by the diagonal metric
ds? = dt* — a*(t)6;;dx'da?, (4.17)
the only contribution to it is given by

(V=9(p-V)é) = V. (4.18)

=

e
N

Integration of the latter equation gives

3 2 const.
p—ag/daa V+ e (4.19)

that is the energy density as a function of the potential. The contribute of the integration
constant reproduce the typical dust-type contribution given by this mimetic fluid.
In the case that the metric is (4.17)) and the stress-energy tensor is that of this mimetic

fluid, then the only relevant parts of the Ricci tensor are only along the diagonal, i.e.

2

0_ o0 i (4, 505
Ry=3%  Ri=(2+25)0 (4.20)
while the Ricci scalar is
. .2
a a
R—6<E+¥>. (4.21)

Differentiating the Hubble parameter with respect to time one has

a=2_g (4.22)
a

and so the time-time component of the Einstein equations become

1
H? = 3P (4.23)



4.1. MIMETIC GRAVITY 43

while the space-space component reads
2H +3H?=V. (4.24)

At this point, solving these two last equations in terms of the scale factor a for a given
potential, and taking into account that

2H

o (4.25)

w=p/p=-1-

is the state equation of this perfect fluid, it is possible to mimic a wide range of cos-
mological behaviors when an appropriate potential is chosen. Equation must be
understood as a function of H once the scale factor a is calculated for a given V. If
we choose the potential as a power law of time V = at”, then setting y = a®/?, the

space-space Einstein equation (4.24])) became the differential equation
g—=-V(t)y =0, (4.26)

whose solutions can be obtained for example using the Frobenius method, that consists
in the substitution of the ansatz y =t° Y7, ait*. In doing this one finds an algebrical
relation between the terms of our original differential equation and the aj coefficients.

Inserting the ansatz gives

oo
3
St ag [k + s)(k+ s — 1)t — Zatn] — 0. (4.27)
k=0
For example, setting £ = 0 the case n = —2 results in the equation
9 3a
t “ag[s(s—1) — Z] =0, (4.28)

which is solved for t~2ag # 0 and o > —1/3 (p < 1/3) by

1 EV1+3a

5 (4.29)

S+
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With this value a solution in the case p < 1/3 is of the form
y(t) = c1t™ + cot®= = c1t*+ (1 + ct®=5+) = et (1 + et 2VIT39), (4.30)

where ¢; and ¢ are constant of integration and ¢ = ca/c; # 0. Given that a = y2/ 3,

p=3H? and p = —a/t? one finds

1— ct—2VIH3ay —2
w=p/p= —3a<1+mw) , (4.31)
which in the limit of large and small ¢ approaches a constant. For a = —1/3 we have
w = 1 a ultra-hard equation of state p = p while the case « = —1/4 corresponds to a
ultra relativistic fluid with p = %p for t — 0o and p = 3p for t — 0.
If, in the other case a < —1/3, then the solutions is of the form
y(#) = /2 cos (%¢y1 T 3allnt + k) (4.32)

with two constants of integration. This solution shows that for large negative «, i.e.
large positive pressure p, we are describing an oscillating flat universe with singularities
and amplitude of oscillations growing in time. The general case of a power-law potential
V = at™ with n # —2 can be solved in term of the modified Bessel functions of first

kind [2]
(V=50

t) =27
y(t) o e

L (4.33)
If n < —2, that is, the potential decay faster than 1¢2, the asymptotic at large ¢ is y o< ¢
and, correspondingly, the scale factor in the leading order behaves as in dust dominated

universe, a o< t2/3. For n > —2

2V —3oztnT+2)

/4 (i’
Y o exp o

(4.34)

as t — oo. Here the behavoir of the scale factor drastically depends on the sign of

a. For negative o (positive pressure p), the mimetic matter leads to an oscillating
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universe with singularities. The case of positive a corresponds to accelerated, inflationary
universe. In particular, for n = 0 one finds an exponential expansion corresponding to

the cosmological constant, while n = 2 leads to inflationary expansion with scale factor

-1/3 @ 9
aoxt exp (1 / 12t > (4.35)

4.1.3 Mimetic Matter as Quintessence

It is possible to consider the behavior of mimetic matter in the case when the universe
is dominated by some other matter with constant equation of state p = wp and where
the potential si given by V(¢) = a/t2. In this case the scale factor is a o< t23(1 + w)

and if ¢ =t then the energy density of mimetic matter given by (4.19)) decays as

«

e (4.36)

Pmimetic = —

if one set to zero the constant of integration in 1) Because pmimetic = —a/t2, the
mimetic matter imitates the equation of state of the dominant matter [2]. However,

since the total energy density is equal to

4

=3H*= ————
P 3(1 + w)?t?

(4.37)

this mimetic matter can be subdominant only if av/w < 1. The more general solution
for subdominant mimetic matter, ¢ = t+tg, first corresponds to a cosmological constant

for t < tg and only at t > £y starts to behave similar to a dominant matter.

4.1.4 Mimetic Matter as an inflaton

One can easily construct the inflationary solutions using the mimetic matter. In fact,

one can take any scale factor a(t) = y%/3 and using equation 1) find the potential

_ Ay

Vig=t)= 3 (4.38)
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for the theory where this scale factor wil be a solution of the corresponding equation.

For example, the potential

ag?

V(¢) = e® + 1

(4.39)

with positive a describes inflation with graceful exit to matter dominating universe. In

fact, the scale factor grows as

a X exp ( — %tQ) (4.40)

at large negative ¢ = ¢ and is proportional to t2/3 for positive ¢. Playing with potentials
one can easily get any ”wishful” behavior for the scale factor during inflation and after
it. Thus we see that the mimetic matter can easily provide us with the inflaton. The
questions is then: how one can generate the radiations and baryons we observe? This
can be done either via gravitational particle production at the end of inflation, or via

direct coupling of other fields to ¢.

4.2 Modified Mimetic action

A further generalization for the action would be to add a higher derivative term for the
scalar field to the mimetic action Sy and setting Z»s = 0 with no loss of generality. The

new term can be of the form
1
S, = / d4x\/—g§’y(D¢)2. (4.41)

Taking variations of this gives as always two terms: the first when varied with respect
to the metric, arising from the determinant, and the second when acting on the higher
derivative term. These new terms results in an alteration of the stress-energy tensor

already found for this mimetic matter. The variations read

05y = / d4x\/—g( - %g#,,x2 — fyaux&,qﬁ)ég“”, (4.42)
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where the last line follows after an integration by parts and after defining y = U¢. The
new contribution Y, = 0,x0,¢ to the stress-energy tensor can be decomposed into the

sum of three irreducible pieces
1 « 1 (e
Y = (YW]) n (55#,,5 5Yaﬂ) n (Y(W) — ~ 80 Ww) (4.43)
and so the stress-energy tensor for this modified action is
1
Ty = (V470,007 + 53) )0 4+ 220,00"6 = 1(0,60"x + Dx0"0).  (4.44)

Recalling that for a given metric the covariant d’Alambertian of a scalar field corre-

sponds to

\/1_76M<Fggwa,,¢>, (4.45)

we see that a scalar field ¢ solution of the constraint, i.e. ¢ = t 4 const., in a flat

D¢ =

background produces a value of x equal to
X=0¢+3Hd=3H (4.46)

and so, in a flat Friedman universe, ¢ and x are functions only of time. The Einstein

equations in this case read

1 3 . 2
H2=_V (—H2 - H) A 4.47
3V 15 +3 (4.47)
and
) 3 )
2H +3H* =V + 51 (2H + 3H?) (4.48)

from the time-time and space-space respectively. Therefore in place of equation (4.24))

we find
2
2 —3y

different from equation (4.24)) by the overall normalization of the potential V' propor-

2H +3H? =

1% (4.49)

tional to the speed of sound c¢s defined [2] as

2 2
= . 4.50
CS 2 _ 37 ( )




48 CHAPTER 4. MIMETIC GRAVITY

It is clear that this non-vanishing speed of sound is an added feature of the standard
mimetic model with potential V' (¢) which instead predicts ¢s = 0, as we saw before in
(4.24]). The high derivative term was analyzed for the first time by [2] in order to imple-
ment mimetic gravity in the context of inflation and in particular in the quantization of
the inflaton. As pointed out by the authors, this modification can lead to a suppression

of gravitational waves from inflation, seemingly without any non-Gaussianity.



Chapter 5

Cosmological perturbations

5.1 Cosmological perturbations

The present chapter is devoted to consider what consequences a small perturbation of
the scalar field ¢ = ¢¢ + d¢ can have in relation of small perturbations around, for
example, a conformally flat background metric for which ¢ is a solution of the flat field
equations. One foundamental result is that at the end we can be able to write some
gauge-invariant functions.

The total metric splits into its conformally flat background term Ogaﬁ, of the form
0g0pdada’ = a*(n) (dn? — 6;;dz"da?), (5.1)

plus a small perturbation |§g,s| < [°gas| that in general can be of scalar, vectorial or
tensorial type. Einstein equations involve rank-two symmetric tensors, so the number
of degrees of freedom n(n + 1)/2 is ten, the same as the independent components of
the metric. In order to perturb every component of a symmetric metric we have to
use ten degrees of freedom of various type. Therefore calling the scalar perturbations

(¢p, B9, E), the vector perturbations (S;, F;) and the symmetric tensor h;j;, they add

49
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up to a total of

4+2-3+6=16 (degrees of freedom).

The correct amount of d.o.f. is achieved imposing the divergence free conditions 9;5% = 0,
0;F" = 0 and &-h} = 0 along with the traceless condition At = 0. A total of 6 equations
that reduce the number of degrees of freedom to the desired result. Scalar perturbations
are induced by energy density inhomogeneities, while vector perturbations are related
to the rotational motion of the fluid. The former are the most relevant while the latter
are quickly decaying and so not important to a first approximation. On the other hand,
tensor perturbations (traceless and transverse) describe gravitational waves. The most

general form of the perturbed metric is
8gapdz®dz’ = a®(2¢,dn* +2(B; +S;)dndx’ + (208, +2E i+ 2F; jy + hij)da'dz’]. (5.2)

In General Relativity there exists a freedom in the choice of the coordinate system

realized by diffeomorphisms. Following [I1] for a small displacement of coordinates
r—2(x)=x+¢&
the transformation law for the metric is given by

ox® 9z o ea
Gu(@) = 5o gan(@) = (67 = €5) (6] = €0) Cgap +000s)  (5:3)

~ Ogm,(m) + g — ng\fi‘, — 091/)\5,),) + higher order terms.

The metric expressed in the new coordinate system also splits into background and

perturbation part as
I (@) = g (2) + 89, (5.4)

while

Ogu,,(:c) =0 g,w(af’ —§) ~ Og,w(x’) — Ogu,,’,\(x)é)‘ + high order terms, (5.5)
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so at linear order we find

6.9#1/ — 59;;, = 5g,u1/ - OQMV,A(x)g)\ - Ogu)\éi\/ - Ogu)\gi\/x (56)
The same recipe applied to vectors and scalars allows one to write
duy, — &uL = duy — Ouﬂ)\f)‘ — OuAQ“i‘L (5.7)
and
g — 6q' = 0q — *q & (5.8)

where %uy and %¢ are the background values. In order to find how the scalar functions ¢,
B, 1 and E transform one must apply (5.6 taking into account that each scalar enters
in a different component of the transformation law of the metric. If the traslation vector

& in ot — P + EF is of the form
& = (&% = at,¢), (5.9)
taking into account that from equation one has
8900 = 20>y, (5.10)
then the transformation of the scalar part of the metric is

8900+ 6gh0 = 0900 — “goor&* — 2°g0r &
= 6900 — °g00€° — 2%g00€” (5.11)
= Jgoo — 2aadt — 2a%5t = 5goo — 2a-% (adt).
because the background metric is diagonal, conformally flat and independent of the space

coordinate. This last equation tells us how the scalar perturbation ¢ transforms, in fact

2a%¢p,, > 2a* ¢, — QCL%(Q&) (5.12)
or
, 1d
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Now looking at the transformation law of the vector part of the metric, and splitting

the space part of the infinitesimal translation &' as
&=¢€ +¢ (5.14)
where §j_ is divergence free and ( is a scalar, one finds
890 = 6906; = 090i — "90in&™ — Cg0a& — Y&, (5.15)
that with our diagonal background metric become

Sg0i +> 6gh; = 0g0i — °g00sY — °gi;&
= dgoi — a2§2- + a?¢! (5.16)
= dgoi +a*(§ + ({—£9),).

After an integration by parts, from

=a’B; (5.17)

)

dgoi

scalar

one finds

B+ B' = B+ ( — ét, (5.18)

because alfi = 0. The transformation laws of the two last scalars ¢ and F follow using

the same reasoning and turn out to be
= =+ Hét, (5.19)

and

Ew E =E+(, (5.20)

where H = da/adn.These four relations are functions only of the two parameters ¢ and

(. It is easy to see that if one chooses two of them as

E=—-¢ and B=6t-(=0t+E, (5.21)
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then £’ = 0 and B’ = 0 while the other two become

b= ¢, — 2((1(3 _B)" (5.22)

and
U =1 —H(B-E), (5.23)

the two Bardeen potentials. The latter are two gauge-invariant quantities. If both
are zero in a coordinate system then they will be zero in any coordinate system and
in this case the perturbations are called fictictious because these are the result of the
particular coordinate system chosen. In the framework of cosmological perturbation dif-
ferent gauges exists and for example in the case of scalar perturbations, the Longitudinal
(conformal-Newtonian) gauge is defined by the condition ( = —Ej and 6t — E; =B, =0.

In this frame the metric takes the form
ds? = a*[(1 + 2¢)dn* — (1 — 2¢)0;;)da’ dz?], (5.24)

where only the two potentials ® = ¢, = ¢; and ¥ = ¢ = )y appear. Moreover, in the
longitudinal gauge these two functions are gauge invariant. The latter metric simplifies
if one has a stress-energy tensor with diagonal space part, in fact in that case the two

functions ¢; and 1; are just the same function.

5.2 Cosmological perturbations of Mimetic Gravity

Perturbations of the metric induce a perturbation of the Einstein tensor G, that can
be expanded as,

Gt =GF +6GE+ -, (5.25)

where G, is linear in metric perturbations and from this, a linearized version of Einstein
equations reads

SGH = 6T", (5.26)
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where dT}' is the linear part of the perturbed stress-energy tensor. The calculation in
the flat background gives
3H?

. 1 . 4
00 __ 0,~0 0, PARY]
Gy = T G, =0 and Gj = <2H + 3H )5j (5.27)

where H = dH /dn. Consider a longitudinal Newtonian gauge in the presence of a diag-
onal stress-energy tensor, then the gauge invariant quantities ® and ¥ can be identified

and the metric in this case is
ds? = (1 +2®)dt? — (1 — 2®)a?s;;dx'da?. (5.28)

Giving a small perturbation to the scalar field solution of the mimetic model of the last
Chapter, using the constraint we see that one can choose the flat background solution

as ¢g =t and so ¢ =t + d¢. Using the constraint (4.8)) we find that
g =1  or (1+20)7'1+09)?=1, (5.29)
so we have
D = 5. (5.30)

Thus, time derivative of the small perturbation of the scalar degree of freedom of the
metric in the mimetic model can be identified with the gauge-invariant newtonian po-
tential ® in the longitudinal gauge.

An evolution equation for this quantity can be extracted from the linearized time-
space component of the Einstein equations. Because the metric is diagonal the only

contribution to the Einstein tensor Gy; is given by
Roi = 20;(® + H®), (5.31)

while from the perturbation of a perfect fluid stress energy tensor we find that the

time-space component can be written at linear order as

5T = (p + p)didg. (5.32)
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Recalling that for mimetic dark matter the following relations hold,
2H +3H? =V = —p, p=3H? = p+p=—2H, (5.33)

we see that combining (5.31]) with ([5.32)) one get
. 1
0; ((I) n H@) = S (p+p)3id¢ (5.34)

or

6¢ + Hép+ Hip =0 (5.35)

because ® = d¢. Solution of this differential equation is of the form
1
d¢ = const. x — [ adt (5.36)
a
and so the newtonian gravitational potential is given by

® = 6¢ = const. X <1 _H /adt). (5.37)

a

The above solution is valid for every perturbation irrespective of its wavelength and, as
pointed out in [2] it is the same one would obtain for the long wavelength solution when
negleting the spatial derivative term for a hydrodynamical fluid. The mentioned spatial
derivative term is usually multiplied by the speed of sound and in this sense we see
that perturbations behave as dust with vanishing speed of sound even for mimetic dark
matter with nonvanishing pressure. This turns out to be a problem if one wants to use
mimetic matter, for example as an inflationary mechanism, because quantum fluctuation
cannot be defined in the usual way. There are two ways to solve this problem: adding
one more scalar degree of freedom making the theory not very plausible because such
a theory can ”explain” nearly everything and predict nothing, or slightly modify the
action, for example by adding a higher derivative term for the scalar degree of freedom

¢ of the metric.
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Recalling the result of the previous Chapter about the modification of the Mimetic

action with the term o ((J¢)?, the symmetric stress-energy tensor was quoted to be
1
Ty = (V +7(0:007x + 5X%) )0 4+ 220,60"6 = 1(0,90"x + Ox0"9).  (5.39)

In order to write the scalar field equations at linear order in perturbations, we need the
linear order perturbation of the Einstein tensor - for a metric written in a particular
gauge - and the perturbed energy-momentum tensor. From equation ([5.38)) one can find

that, at linear order in perturbations, the energy-momentum tensor is
0 d d
0T} = 2X0;(t + 66) = (t + 6) — v(Bi(t + 6) = (x + 0x) + Fi(x + ) (t +9))  (5.39)

or

0T = 220,06 — 3yHO,6¢ — vidx, (5.40)

using x = 3H. The quantity dx = 6(0¢) must be evaluated at linear order when the

metric that defines the operator

Dd) = .g}wvuaugb = (\/fgguu I/¢) (5'41)

1
—0
V=g
is given by the longitudinal Newtonian gauge. Taking into account that —g = a%(1 +
29)(1 — 2®)? and g% ~ (1 — 2®) while gV ~ —a%(l + 2®8)6%, after some calculations

one finds

ox = —30¢ — 3H¢ — %w. (5.42)

Using

A=(3y-1)H (5.43)

which follows from (4.47) and (4.48)), we see that equation (5.35)), when the kinetic term

X is taken into account, is modified as

.. . 2 .
5+ Hop — %A&b + Hép = 0. (5.44)
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The presence of the kinetic term drastically changes the equation that §¢ must solve, in
fact now a second-order spatial derivative term appears and the speed of sound is given
by

2 i

In the following chapter we will find that in order to avoid Laplacian instabilities, i.e. a
wrong sign in front of the Laplacian A in (5.44), one must require ¢ > 0 that in this

case is satisfied when 0 < v < 2/3.
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Chapter 6

Effective Field Theories

6.1 Second order equations of motion

Each theories of interactions follows from an action built with a Lagrangian. Looking at
the different interactions in nature, at first sight it seems that each theory is built in a
way to have second order equations of motion. There is a reason for this. Higher order
derivative theories suffer the plague of the appearance of ghost modes, i.e. states with
negative energy. These states lead to a catastrophic production of normal and ghost
fields out from the vacuum invalidating the theory itself. This problem, as first pointed
out by Ostrogradski, arises because, in the case of higher derivative order theories, the
Hamiltonian of the system is linear in one of its conjugate canonical momenta and
then not bounded from below. Considering at the classical level, in one dimension, a

Lagrangian function of NV time derivatives

L = L(q7 Cj7 q‘""?q(N))7 (6.1)

it is easy to show that in this case the Euler-Lagrange equation of motion (EOM) reads

al d* ;oL
Z(_l)kﬁ<8q(k>) =0 (6.2)

k=0

59
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Cleary, if the Lagrangian is non-degenerate, det% # 0, then || gives rise
to 2N-order EOM and in order to write a solution one needs 2N initial conditions
(q,4,q, ..., q2N _1))0. The number of initial conditions is the same as the dimension of

the phase-space of canonical conjugate coordinates

Q=(Q1=¢Q:=4¢Q3=3q,...,Qn = ¢ V) (6.3)
and
oL oL d
P=(Py=——,Py_1 = — — —Pn,...). 6.4
= 0w T T g o4

The Hamiltonian H is the Legendre transform of L, defined in the usual manner as

H=> PQi-L (6.5)

where one has to understand the latter as a function of s and Ps, once the relations
between each P; and Q; have been inverted. Consider for simplicity the case N = 2,

then the Lagrangian is L(q, ¢, ) and the EOM reads

dq dt

T

(6.6)

which require the four initial conditions (g, ¢, g, q(S))g if the Lagrangian is not degenerate.

The canonical variables are

OL d oL oL

QlZQ)Q2ZQ7P1:aiq._£aiq.,P2:aiqﬂ (67)

It is clear that ¢ can be inverted as a function of @)1, ()2 and P, only, and so P; appears
only in the first term of the Hamiltonian meaning that there is a linear dependence on Py
and so a non-bounded energy from below. This instability on its own is not a bad thing.
It becomes bad when interactions with other degrees of freedom whose Hamiltonians
are bounded from below are introduced. The presence of these negative energy states

means that there exists a vast phase space where the Hamiltonian is negative, hence the
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modes will begin to populate them by entropic arguments alone while, by conservation
of energy, creating an equally large number of positive energy modes in the interacting
d.o.f.. This is the onset of the instability. Note that, while this is a classical instability,
in quantum theory, negative energy modes are particularly sick - attempts to canonically
quantize them will either lead to negative norm (and hence undefined) states or negative
energy states (and hence runaway particle production). Since negative norm states
are often called “ghosts” in quantum theory, higher derivative theories are often called
“ghost-like”.

As pointed out by Dirac, one might try to eliminate the instability by imposing
constraints, i.e. one selectively restricts the trajectories of the d.o.f. such that the
Hamiltonian becomes bounded from below. Those constraints for example can follows
from the fact that not all the relations between conjugate momenta can be inverted to
give ¢; in terms of p;. Then the theory has primary constraints ®(g;,p;) = 0 solely
by virtue of the form of the Lagrangian. As Dirac noted [12], in such a case a theory
described by a Hamiltonian H(g;,p;) could just as well be described by a Hamiltonian
Hiotal = H + u;®; for arbitrary functions w;. The implementation of constraints into
the theory requires the introduction of auxiliary variables and hence the enlargement
of the total phase space. As a consequence, one may hope to change the orbits of the
trajectories of the theory to a degree which is sufficient to cure it from the instability.

Using a fourth order theory example [13], one can imagine a modification

5= [ dt(i#/2 - ata) + M(a.0.i) (63)

where a(q) is a potential and A is an auxiliary field which enforces the constraint
f(g,4,4) = 0. We emphasize that the latter action is a different physical theory from
the case in which no constraint is present, as long as the constraint cannot be gauged

away. The question is: can f be cleverly chosen in such a way that this theory, despite
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being a higher derivative theory, is free of the linear instability? If these constraints are
first class, or second class and give rise to a secondary class constraints, then they will
remove the spurious degrees of freedom associated with the higher derivatives appearing
in the action. Second class constraints are “physical” in the sense that the solutions
to the equations of motion are different with or without the constraint. On the other
hand, first class constraints are those associated with some gauge freedom in the the-
ory, i.e. the solutions of the equations of motion contain some arbitrary functions of
time and hence describe physically equivalent systems [14]. As shown in [13], one can
“gauge fix” such theories - these so-called “gauge fixing” functions appear as new (pri-
mary) constraints in the theory, and once introduced the original first class constraint
and the new gauge fixing constraint both become second class constraints. The most
general second order time derivative Lagrangian with one auxiliary field A is given by a
Lagrangian L(q,q, ¢, A). Calling the generalizated coordinates Q1 = ¢, Q2 = ¢, Q3 = A,
the consequent conjugate momenta are Py = 0L/ — %8L /0§, Py = OL/0§ and since
the Lagrangian does not depend on lambda we have Py = oL/ O\ = 0. The primary
constraint, from now called®;, has the following functional form P; = 0. The assump-
tion of non-degeneracy det 9?L/d¢? # 0 allows us to use the definition of P, to invert

the relation and writing § = h(Q1, Q2, @3, P2). Then the total Hamiltonian becomes

Hr = PiQ1 + Poh(Q1,Q2,Q3, P2) — L(Q1, Q2,Q3, h) + u1 P, (6.9)

where ¢, = Ps is the primary constraint while u; is the Lagrange multiplier that enforce
the condition P3 = 0. Since P3 = 0, consistency implies that its equation of motion
Py = [Py, Hy] must also vanish (on constraint) - this leads to a series of consistency
relations which allow us to find further constraints called secondary constraints. In this

case, there exists one further secondary constraint as expected (the conservation under
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time evolution of the primary constraint ®1), which is

oh Oh 1OL oL oL
By [By1, Hylpor —_p 2 998 oL _ ~

2 [ 1, T}pmsson bracket 28@3 + 8@3 [8ij]¢j=h + O\ A=0s O\ A=0s
(6.10)

Here we introduce the weak equality symbol ~ for the constraint equations. The con-
straint equation is written as ®5 ~ 0, which means ®5 is numerically restricted to be
zero but does not identically vanish throughout phase space. I.e. ®5 only vanishes on

the hypersurface where all the constraints are satisfied.

6.2 Effective Field Theory methods

Effective Field Theory methods in the framework of cosmological perturbations [17] rely
on the variation of an action expanded up to second order about its geometrical and
physical variables when the unitary gauge is employed. The former variables are scalars
of various type accounting for the geometry of the hypersurface at constant time 3J;, while
the latter in general can be several scalars degrees of freedom associated to gravity, for
example the scalar degree of freedom ¢ of the mimetic model. Once the second order
variation of the action is calculated, it is possible to impose conditions under which the
model would be free of ghosts arising from a wrong sign in front of the Laplacian or from
higher derivative action giving equations of motion of order higher than two, avoiding
in this latter case the so called Ostrogradski instabilities.

Strictly speaking Effective Field Theory methods are usually employed in particle
physics [15] as well as in the context of inflation [I6]. Those methods are used in order
to describe the nature of interactions at some particular energy scale ignoring what
happen at other scales. This mathematical framework automatically limits the role
which smaller distance scales can play in the description of larger objects. In the context

of inflation when one has to deal with the inflaton, a scalar field, and one see that the
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scalar mode can be eaten by the metric by going to unitary gauge. This is analogous to
what happens in a spontaneously broken gauge theory where a Goldstone mode, which
transforms non-linearly under the gauge symmetry, can be eaten by the gauge boson
(unitary gauge) to give a massive spin one particle. The usual way to study a single field
inflationary model is to start from a Lagrangian for a scalar field ¢ and solve the equation
of motion for ¢ together with the Friedmann equations for the FLRW metric. One is
usually interested in an inflating solution, i.e. an accelerated expansion with a slowly
varying Hubble parameter, with the scalar following an homogeneous time-dependent
solution ¢g(t). At this point one studies perturbations around this background solution
to work out the predictions for the various cosmological observables. The theory of
perturbations around the time evolving solution is quite different from the theory of ¢
one started with: while ¢ is a scalar under all diffeomorphisms, the perturbation d¢ is a
scalar only under spatial diffeomorphisms while it transforms non-linearly with respect

to time diffeomorphisms:
tst4+ 0z, t),  5p > 5p+ do(t)E.

In particular one can choose a gauge ¢(t,x) = ¢o(t) where there are no inflaton pertur-
bations, but all degrees of freedom are in the metric. The scalar variable d¢ has been
eaten by the graviton, which has now three degrees of freedom: the scalar mode and the
two tensor helicities.

This quasi de Sitter background has a privileged spatial slicing, given by a physical
clock which allows to smoothly connect to a decelerated hot Big Bang evolution. The
slicing is usually realized by a time evolving scalar ¢(t). To describe perturbations
around this solution one can choose a gauge where the privileged slicing coincides with
surfaces of constant ¢, i.e. the unitary gauge d¢(z,t) = 0. In this gauge there are no

explicit scalar perturbations, but only metric fluctuations. As time diffeomorphisms
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have been fixed and are not a gauge symmetry anymore, the graviton now describes
three degrees of freedom: the scalar perturbation it is said to has been "eaten” by the
metric.

As pointed out in [I6], in the context of inflation, starting from a scenario of inflation
with a scalar field with minimal kinetic term and slow-roll potential, one parameterize
our ignorance about all the possible high energy effects in terms of the leading invariant
operators. Experiments will put bounds on the various operators, for example with
measurements of the non-Gaussianity of perturbations and studying the deviation from
the consistency relation for the gravitational wave tilt. In some sense this is similar
to what one does in particle physics, where one puts constraints on the size of the
operators that describe deviations from the Standard Model and thus encode the effect
of new physics. This is the standard definition of EFT in particle physics and inflationary

models.

6.2.1 The Geometry of the hypersurface at constant time

Following [I7] at constant time we choose the hypersurface ¥; and so the induced metric

is given by
by = guv + iy, (6.11)
where n, = —Nt, = (—=N, 6) is a vector orthogonal to ¥;. The metric g,, can be
parametrized as
gudatda” = —N?dt* + hij(dz’ + N'dt)(da? + N7dt), (6.12)

where n# = g"n, = (1/N,N*/N) while N and N are the lapse function and the shift
vector respectively. The lapse N is the change in proper time as one moves off the spatial
surface and the shift N is the displacement in identification of the spatial coordinates

between two adjacent slices. Clearly n,n* = —1 and so n*h,, = 0. The extrinsic



66 CHAPTER 6. EFFECTIVE FIELD THEORIES

curvature, the acceleration of the hypersurface, is defined by
K, = h,’)ny,,\ = (gﬁ‘ + n/\n“)n,,,)\ =Ny + Npay, (6.13)

a, being the normal acceleration of the vector n,; in addition, the relation n*K,, = 0
ensures that the extrinsic curvature is a quantity on ;. The extrinsic Ricci tensor
Ruw = (3)R/w associated to the spatial part of the induced metric h,, define the internal
geometry of ¥;. The Ricci scalar R = Rl is related to the four dimensional Ricci scalar

by the decomposition
R=R— K, K" — K*+2(Kn" —a") ,. (6.14)
Alongside with the lapse function N, several geometric scalars such as

N, K =KV, S =K, K", R =R, Z=TR,,R", U="RuK"
(6.15)
can be defined and the action of general gravitational theories that depends on these

scalars, that encodes the geometry of the hypersurface at constant time >, is given by

S = /d‘lgg,/—gL(N, K,S,R, Z,U;t). (6.16)
In what follows, Ly, Lg,... represent partial derivatives of the lagrangian with
respect to N, K,.... The latter action does not contain any scalar related to the shift

vector N* while ¢ the scalar degree of freedom of the metric (see below) and its kinetic
term X, depending on N and ¢, enters the equations of motion through Ly and Lyy.

Let us consider four scalar perturbations

(A,4,(, E)

about a FLRW background with scale factor a(t) described by the perturbed metric

ds? = —e24dt? + QVEh)wda:idt + a? (e%&j + (VEh)Vgh) - ?A(h))E) da'dz’  (6.17)
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where Vgh) is the covariant derivative build with the metric h;;. The scalar perturbation

( is the so called curvature perturbation. Under the perturbation realized by
£ = (3,6 9;6r) (6.18)

the scalar fields ¢ of modified gravitational theories with a single scalar degree of freedom

associated to the metric (as for example in mimetic gravity) and the scalar perturbation
E transforms, according to ([5.8]) and (5.6)), as

8¢ — 0 — pot,  E— E — o, (6.19)
and so the unitary gauge d¢ = 0 fixes the time slicing d¢ while the choice £ = 0 fixes
the spatial threading dx and allows us to concentrate on the scalar perturbation ( of
the metric. Thus the hypersurface at constant time >; coincide with the constant ¢
hypersurface. As already stated, in this unitary gauge, the scalar degree of freedom
associated with ¢ is eaten by the metric and so the Lagrangian in (6.16]) does not have

an explicit dependence on ¢ for a flat background. For a FLRW background metric I_zw,,

the three dimensional geometric quantities already defined are given by
K, =Hhy,,, K=3H,  S=3H? R,=0, R=Z=U=0 (6.20)
where H = a/a, while the perturbations of these can be written as
KM =K! - HR', 6K=K-3H, §S=S-3H% (6.21)

Using the definition of S and the first and second relations of the latter equations, one
sees that the perturbation of S can be rewritten as

58 = 2HSK + SKLKY, (6.22)

while given that the quantities R and Z vanish in the background, they appear only as

a perturbation that can be written as

SR =86R+06R,  §Z=5RLRY, (6.23)
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From the last definition in (6.15)), using (6.21]) one finds that
U=TRuK" = HR + RLIK}, (6.24)

clearly the second term is a second order quantity.

Expanding the Lagrangian up to quadratic order in the perturbations one finds

L=L+LN6N + Lg6K + LsdS + LréR + Lz6Z + Ly U+ 625
; .

+3(ON By + 0K e + 055 + 0R G + 025 + U, ) L.
Defining

F=Lg+2HLg (6.26)

one finds that the third and the fourth terms of the latter Lagrangian become

LidK + Ls6S = F(K —3H) + Ls0K! K}, ~ —F —3HF + F6N + LsS K[! K}, — FON?,
(6.27)
where the last equality comes after an integration by parts of FK = Fn!, and an

expansion of + = ﬁ up to second order. On the other hand it can be shown that

the first order contribution of the last term of (6.25) is equal toE|

1/.
LudU = 5 (Lu n SHLU) 01 R. (6.28)
Defining
1. 3
E=Lr+ §Lu + iHLu (6.29)
up to first order one finds
Lo=L—-F—3HF,  Lj=(F+Ly)IN+EHR. (6.30)

Remembering that £ = \/—gL, and so

0L = VALON + NLoVh + NVhSL,  h=dethy, (6.31)

! Using the relation 2a(t)U = a(t)RK + +&(t)R, where a(t) is an arbitrary function of time.
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neglecting second-order corrections one has

Lo =a’Lo = d® (E _Fo 3Hf) . Li=d*(L+Ly—3HF)SN + NLodvVh + a*E6,R.
(6.32)

Variations with respect to N and v/h of £; gives the following equations of motion
L+Ly—-3HF=0, Ly=L-F—3HF=0; (6.33)
the difference of these equations gives
Ly +F =0. (6.34)
Two of the last three equations are sufficient to determine the cosmological dynamics
on the flat FLRW background.
6.2.2 Expansion of the action up to second order
From equations one finds the following second-order variation of the variables
68% = 4H?6K?, SK6S = 2HSK?, 0SSN = 2HSKSN. (6.35)
Furthermore, the second-order expansion of U
1

2o0rd. 2 (LM(SK - LU(SN) 01R + % (LM + 3HLM> 02R, (6.36)

allows one to write the expansion of the lagrangian up-to-second-order as
L=L—-F—3HF+ (F+LyN)SN +E5R+ (6.37)
+ (%LNN ~ F)oN? + %A5K2 + BSKON +CSKS R + DN R+
+E5R + %Q&Rz + Ls0K,, 6 KM + Lz0R,,6RM,

when the following definitions are taken into account

A:LKK+4HL3K+4H2LSS, B=Lgn+2HLsy
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C=Lgr+2HLsg + %Lu + HLyy + 2H? Ly
D= Lyg + %LM +HLyny, G=Lrr+2HLry+ H*Lyy. (6.38)
Then, expansion of the Lagrangian density up-to-second order is
Ly =Vh [(;'f +Ly)+EGR|+ (6.39)
+ad [(LN + %LNN) SN2+ E6,R + %A5K2 + BOKSN + CSK 5 R+
+(D + E)SN&R + 39517@2 + Ls0 K, 0 K™ + LZ(sRWdRW] .

From the gauge choice (6.17) with E = 0, the three dimensional induced metric is
hij = a? (t)eQCcSij and so the perturbations of the determinant and of the extrinsic three

dimensional Ricci tensor and scalar can be expressed as

0%¢

a?’

SR = —d 5yR = —%[(agf — 4¢%¢), (6.40)

while it can be shown that the extrinsic curvature can be written as

1

Kij =~ (izij ~ v, - vgh)Ni) (6.41)

and so for the perturbed metric (6.17)) the first-order extrinsic curvature reads
, . : 1 .
K= (g - H(SN) 5 — 550" (i + i), (6.42)

Since the shift vector is related to the metric perturbation ¢ via N; = 9;% the trace of
K;j can be expressed as

§K — 3((‘ . H5N) - %8%, (6.43)

exhibiting the dependence of K on dN. On using (6.40), (6.42) and (6.43]), the sec-

ond order Lagrangian density (6.39)), up to boundary terms and using the background

equation Ly + F= 0, reduces to

1
Lo = a3{§(2LN + Ly +9AH? — 6BH + 6LsH2)SN?+
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2
+[(B - 34H — 2L5H) (3( - al) +a@HC—D—8)2 . }5N+
2 2
~(3A+2L5)¢ 2 Y oY 1204@ + ( A+ 3Ls) ¢ 4 2e(99" 42)
2 2 2
b st)(aaff) +1c @O L aug 43Ty (o
Defining the following quantity
W =B - 3AH — 2LsH, (6.45)

then the variation of (6.44]) with respect to JN and 9% leads to the following Hamilto-

nian and momentum constraints, respectively:

[2Ln + Lyy — 6HW — 3H*(3A + 2Ls)| N+
0%
~ W £ 3W( H4BHC —D — &)

(@ 21/1)

2
o< g (6.46)

. 2
b (3A+2Lg)C — AC (‘124)

WON — (A+2Lg)~—" =0. (6.47)

These two constraints give JN and 8%/} /a® in terms of ¢ and 8%¢ /a?. An important
point is that if one imposes the vanishing of the coefficients of the last three terms of
(16.44])

A+2Ls=0, C=0, 4G+3Lz=0, (6.48)

then the consequent equations of motion will be at most of second order.
Inverting the equations of motion as a function of ¢ and 8%¢ /a? and inserting the
results into the second order Lagrangian density (6.44) will result in the fact that the

latter can be decomposed in the following way

Lo = c1(t)C 4 co(t) ¢ + c3(t)(9C)? = 1 ()¢ + (%cj(t) +e3(1)) (9¢)?, (6.49)

where the last equality results after an integration by parts. Finally, the second order

Lagrangian can be recast in a more easy to read form

2
L2 =a*Q,|¢? - S5 (a¢)? (6.50)
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where
2Ls(3B% +4Ls(2Ln + Ly
Qs = ( W(2 ) (6.51)
while the speed of the scalar perturbation ( is defined as
2_ 2 [y
2= 7(/\4 +HM - 5), (6.52)
with
4Ls(D+ & Lr+ Lnr+HL SHL
M= s(D+ ):4Ls R+ LNR Nu + 5 Ly (6.53)
w Lgn +2HLsy +4HLg

6.2.3 Ghost and Laplacian instability for scalar and tensor perturba-

tions

Variation of the action Sy = [ d*zLs, built with the lagrangian density 1) with

respect to the curvature perturbation ¢ leads to the following equation of motion
d( 3+ ; 242
= (a*0.0) —aQu2o%¢ =0 (6.54)

and we see that in order to avoid ghost and Laplacian instability the following conditions

must hold

Q,>0, &>0. (6.55)

If instead one looks at tensors perturbations, a similar expansion of the Lagrangian up
to second order can be made. Including a trace/divergence-free tensor mode ;; and

parametrizing the three dimensional metric h;; as

1
hij = a*e* (8ij + 7ij + i), (6.56)

a similar treatment would end up with an up-to-second-order tensorial action

(h) io3o [i2 G )
s =% /d 2a3Q, [h,\ — L(9hn) } (6.57)

A=+, X
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where the sum is over (each) polarization (v;; = h+e;rj + hxe};). Again variation of the

action with respecto to the tensorial perturbations gives rise to the equations of motion

d .
= (athh)\> — 0 Q;29hy = 0 (6.58)
where
L
Q== (6.59)

2= . (6.60)

The conditions for the avoidance of ghost and Laplacian instabilities in the tensorial case

are simpler and reads

Ls >0, E>0. (6.61)

6.3 Hamiltonian analysis of Mimetic Gravity

The key point of Mimetic Gravity is a parametrization of the physical metric g, in term

of an auxiliary metric g,,, and a scalar field as

Guv = (_gaﬁaa¢aﬂ¢)guu = (I)2guua (6'62)

where @ is related with the term P in equation (4.1 of the mimetic gravity model by

®2 = —P. The General Relativity action

Slguss 0] = 5 | AoV=GR(Gus 91 9) (6.6

after an integration by parts, can be rewritten as

1
S[guw, ] = 5 / d*z/=g[®*R(gu) + 69"V, 2V, D] (6.64)
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using the relation

(6.65)

_ 1 g’V , Vv
R(g.) a2

- @(R(g“”) 0

where V, is the covariant derivative defined using g,,,. As already mentioned, the action
is invariant with respect to a Weyl rescaling g, QQgW, and containing second-
order derivatives of the field ¢, an Hamiltonian analysis is needed in order to exclude
the presence of ghosts. Besides the fields g,, and ¢, it is customary to introduce an
auxiliary field A playing the role of Lagrange multiplier that enforces the constraint
P2 = —g8 0o 03¢ and hopefully reducing the action to be first order in derivatives of

¢, i.e. the action becomes

1
S[gum ¢] = 5 / d4$\/jg[q)2R(guu) - 6guvvuq)qu) - A((I)z + gaﬁaoc(baﬂd))] . (666)

Variation of the latter with respect to the field X\ gives back the constraint and moreover,
the field ® will be treated as independent togheter with the field ¢. In order to perform
the Hamiltonian analysis, following [18], we employ the ADM formalism using a 3 + 1

decomposition of the metric g, as
goo=—-N?+ R N'N;,  goi =N gij = hij (6.67)

where N and N; are the lapse function and shift vector respectively. The inverse metric

components are

NiNJ
N2’

oo_ _ 1 0 _ N
- N27 g _Nza

g9 =h — (6.68)

where the metric h;; refers to the Cauchy surface X; and hijhjk = 55. The four-
dimensional scalar curvature - the Ricci scalar - is related to the extrinsic geometry

via the relation

.. 2 2
Rlgw) = Kii 9" Ky + R+ ——0,(v/—gn"K) — ———
(gu ) J kl 7 u( g ) \/EN

= 9;(Vhh9;N) (6.69)
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where the extrinsic curvature K;; and the de Witt metric @Ikl are defined as

1 /0h;; j
5= g (k — DNy = D;Ni), D=9 (6.10)
and
gzjkl _ i(hlkhﬂ + hllh]k) _ hlﬂhkl, (671)

D, = Vghjk ) being the spatial part of the covariant derivative built using the metric of

the hypersurface ;. The future pointing vector n* normal to ¥>; has component

. 07 Nt
N9 _ = (6.72)

o_ 1
N 0 N

n’ =+/—g°
With the previous results, it can be shown that, ignoring boundary terms, and using
1 i
V@ = N(@ﬁb — N'0;®), (6.73)
the original action can be rewritten as
A 1 .
SIN,N*, hij, ®, )\, ¢ = 3 / dtdxVhN[K;;9M Ky ®* + R®? — AK OV, &+

;Hai(\/ﬁhijajcb’z) — 6(V,,®)* + 60 9;00; D+

— AP? + A(V,8)? — ARV 0;90;9)]. (6.74)

From this action the following conjugate momenta of h;;, ®, A and ¢ can be extracted

| g .
™ = Vg K@ — Vhh 20,0, (6.75)
po = —2K®Vh — 6vVhV,,®, (6.76)

and

Po = VhAV 6. (6.78)
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From these, the primary constraint D can be obtained as combination of the previous
conjugate momenta as

D = pe® — 277 hyj ~ 0. (6.79)

A Legendre transformation of the Lagrangian gives the Hamiltonian of the model that
can be written as a sum of constraints that vanish for any physical configuration on the

constraint surface on the phase space. The Hamiltonian reads

H = / Bx(NHr + NH; + vpD + oyt + vim 4+ vapy) (6.80)
where
2 . 1 g
Hep = 719G ™ — —VhR®? + 2+ 0;(VhhV 5;0?
TT Uher” TRT T omFs O i)
- 1 -
— 3VhhV 9;90;® + 5\/EA(<1>2 + h"9,40;0) (6.81)
and
H; = pa0;® + pydidd — 2h;; Dyro”. (6.82)

These results hold up to boundary terms and express the Hamiltonian of local degrees
of freedom rather than the global gravitational energy. On the other hand, a complete
Hamiltonian must contain also these boundary terms defining the total energy conserved
in time. According to [18], the total energy is conserved in time, and according to the
positive energy theorem of general relativity the total energy is positive, except for
flat Minkowski spacetime, which has zero energy. The field ® is not dynamical, since
it is a gauge degree of freedom associated with the conformal symmetry. The total
gravitational energy is independent of the chosen gauge for the conformal symmetry.
Fixing the gauge of the conformal symmetry one obtains a minimally coupled scalar field
theory. It must be required that the energy density of the scalar field is positive on the
initial Cauchy surface, at time ¢ = 0 for example, since only those initial configurations

are physically meaningful. Then the energy conditions of the positive energy theorem of
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general relativity are satisfied at the inital time ¢ = 0 and the total gravitational energy
is positive. Since the total energy is conserved, it remains positive.
The preservation of primary constraints wny ~ 0, m; ~ 0 implies the secondary

constraints

Hy ~0,  H; ~0. (6.83)

The next step is to require the preservation of primary constraints under time evolution

and for further analysis it is common to introduce two smeared quantities
Tr(N) = / dBxNHy,  Tgs(NY) = / Bx(NH; + proi\). (6.84)

The preservation of py implies

1

1 1 _ o 1 2 4 K O.00:b) ~
C\ = Natp’\ = N{pAaH} = mpd, - 5\/5(‘13 + k" 0;$0;¢) ~ 0. (6.85)

In order to impose the preservation of the constraint D ~ 0 let us consider the following
linear combination with py ~ 0

D =D+ 2pa\ (6.86)

which has the following non-zero Poisson brackets:

{D(x), hij(y)} = 2hij(x)6(x — y)

{D(x), mij(y)} = —2m;(x)0(x — y)
{D(x),2(y)} = —®(x)d(x —y)
{D(x),pa(y)} = pa(x)d(x —y)

{DX); A(y)} = —2A(x)é(x — y)

{D(x),p(¥)} = 2p2(x)d(x — ). (6.87)
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It can be shown that D is conserved without imposing any additional constraint, in fact
one finds

D = {D,Hr} = —NHr + 0;(N'D) + 2vspy ~ 0. (6.88)

Finally the Poisson brackets between Hp and H; in their smeared form read

{T7(N), Tr(M)} = Ts(N;M — MO;N)hl) — / dBx(0; MN — No;M)h¥ %I)D,
(6.89)
vanishing on the surface H; ~ 0 D ~ 0. Further one finds
{Ts(N"), Ts(M")} = Ts(N'O;M’ — M'O;N7), (6.90)
and lastly
{Ts(NY), Tr(M)} = Tr(NO;M). (6.91)

Hence the Hamiltonian and momentum constraints (6.83|) are preserved under time
evolution. According to Dirac formula, the number of extra degrees of freedom following

from the presented argument amounts to

# of canonical variables/2 — # of primary constraints — # of secondary constraints/2
(6.92)
and so comparing this model with standard General Relativity one finds that an extra
degree of freedom is present. If one sets the secondary constraints C'y ~ 0 to vanish

strongly, then solving the latter with respect to A allows one to find

Do

A= :
iﬁ(qﬂ + W9 0;00;0)

(6.93)

Setting py = 0 leads to the disappearing of the conjugate variables A and p) from the

Hamiltonian that can be rewritten as

2

Hr =

~ 1 ~
legijklﬂ'kl — 5\/HR<I>2 + @(\/ﬁh”ajqﬂ)—l—
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— 3\/Ehl]81q)8]‘1> + Do \/@2 + h”algbajgb (694)

The Hamiltonian dependence on py is linear, and as we have already seen, this can lead
to ghost intabilities.

Choosing for convention the Hamiltonian with positive sign in front of py4 leads to an
interpretation of the latter as proportional to the energy density of the mimetic dust on
the surface ¥, i.e. py can be view as the rest mass of the mimetic fluid per coordinate
volume d3x as measured by the Eulerian observers with four-velocity n*. Since Dy has
the physical meaning of density of rest mass, we require that py is initially nonnegative
everywhere, i.e. ps > 0 everywhere on the initial Cauchy surface ¥g at time ¢ = 0.
On the other hand, the physical meaning of ¢ is that its gradient d,,¢ represents the
direction of the rest mass current of the mimetic dust in spacetime. The equation of

motion of ¢ reads

06 = {6, H} = N/ @2 + hiids00;6 + N'0i6, (6.95)

and the square of the latter tells us that the rest mass current of the mimetic fluid
is a timelike vector, ®2 = —g" 0,90,¢. Equation (6.95) is rather unusual, in fact the
evolution of ¢ is not driven by its canonical conjugate momentum pg; this kind of systems
where the evolution of a coordinate does not depend on canonical momenta have been
studied in the past in the context of t Hooft’s deterministic quantum mechanics [19].
The evolution of ¢ in the gauge where N = const. > 0, N' = 0 and ® = const. > 0 is
monotonic and always increasing and the rate of growth experiences an increase from
the minimal value 0;¢ = N® when spatial inhomogeneities in ¢ are present. It is the
spatial gradient of ¢ the relevant quantity and not the local value of the field on 3.

The other relevant equation of motion belongs to py and it can be shown to be

hijﬁjqb )+6¢( Nhijaip¢8j¢ )

tD Py (\/(1)2 + h¥19;60;¢ \/(1)2 + h'10;¢0;¢

(6.96)
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when the aforementioned gauge has been employed. Physically, the latter represents the
continuity equation for the mimetic rest mass current ensuring the conservation of the
total rest mass on the surface ; under time evolution. This equation shows that there
exists a ground state where py = 0, and if there exists a region of space in which pg = 0
and 9;py = 0, then 9;py = 0. Considering now a situation in which pg > 0 somewhere
in space, the question is: can py evolve to the negative side of the phase space where
py < 07 Inside a region of space in which h;; and 0;¢ are nearly constant, only the
second term of equation really drives the evolution of pg, because the first one
becomes negligible. Considering now the case in which the two gradients 0;¢ and 0;py
are contradirectional to each other, then h% 0;pg0;¢ < 0. The crucial point is that no
matter how small pg is, it would eventually evolve towards zero crossing then the py = 0
surface at some later time. This discussion shows that under certain circumstances, the
energy density of the mimetic dust can become negative, and consequently the system
can become unstable. Also for the mirror image of this system, the one that follows
choosing the minus sign on the initial Hamiltonian, one is forced to conclude that the

system can still become unstable for some given kind of initial configurations.

6.4 Another example of Hamiltonian analysis of Mimetic

Gravity
In the last section, following [18] the mimetic constraint
®* = —g*% 0,000, (6.97)

was treated as an independent field and then the Hamiltonian analysis was presented.
There exists another way to perform the Hamiltonian analysis without the assumption

that @ is also an independent field. As shown by [4] in order to get the canonical formal-
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ism it is possible to start directly from the original mimetic action with the constraint

as Lagrange multiplier

S— / dmﬁ( R+ )\(1 ~ 4" 0,00,0) + V(6) ). (6.98)
This action can be rewritten in a 3 4+ 1 dimensional form and its ¢-dependent part reads

Sp = _/ d4x§N\/ﬁx\<1 — 9%¢* — 29" $0;¢ + h" 0,000+

N’L
Z¢aj¢) + NVAV (), (6.99)
where N and N? are the lapse and shift functions and ¢%° = %, gV = 7N—]\£Z and ¢ =
—hi 4 N N ’ . There are two conjugate momenta, respectively
oL
=0 6.100
Py =% (6.100)
and
oL 00 ; 0i
P=0 = NVRA(g®d + g"0i¢). (6.101)

Equation (|6.100)) is a primary constraint that implies a secondary constraint by demand-

ing its time constancy

0H

0=pr={prH} = SN (6.102)

Equation (6.101)) can be inverted giving ¢ in function of its conjugate momenta, ¢ = Q'S(p),

thus allowing to perform a Legendre transform and writing the Hamiltonian as

_ Np?
~ 2vhA

RA(1 4 1" 8;00;¢) + pN'd;¢ + NVAV (). (6.103)
The dependence of the latter Hamiltonian with respect to the Lagrange multiplier A can
be excluded by solving equation (6.102)) in terms of A and it can be shown that

b
Vh(1 + hii9;¢8;¢)

A= (6.104)
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The total action can be cast in the following form [20]

S=58,+8,= / d*z (LADM + pp — Npy/1 + hiid;pd;p — N'pdip+

— NVhV(¢), (6.105)
where

Lapy = hmij — NR® — N'R;, (6.106)
79 = /=h(TY;, = hyy T2, A ARt (6.107)

and the intrinsic curvature is given by

1 L

R = —\/E[?’R +h! (5772 - nlﬂmjﬂ, (6.108)
R, = —thkw@j : (6.109)

where |; indicates the covariant derivative given by the metric h;; while 7 = 772 The
quantity >R is understood as three-dimensional. After the previous definitions the total

action can then be written as

S = / 4z [hiﬂmj +pd— N(RO + py/ 118,600 + 1) — N'(R; + pdip) — NVhV(9)].
(6.110)

Then the equations of motion are found by varying with respect to the variables h;;, m;;.

Variation with respect to m;; gives the six equations

g IN/ .. 1. .. » i
il = {h, HY = ﬁ(w” - 5h”7r) + Nili 4 il (6.111)

independent of the scalar field ¢, since the action Sy is independent of 7;;. On the other

hand, variation with respect to h;; gives

1 1 1
iy = {mig, HY = =NVR(*Rij = Shi R) + — =Ny (" — 572+
J { J } J 9 J 2\/E J 9
2 m 1 \/> |m m
—ﬁN<7rim7rj — §7T7rij) + Vh(Nj;; — hijN|m) + (mig N™ ) jm+
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= N = NI i + p0:90;0
2 hklak¢8l¢ +1

that differ from Einstein’s gravity by the presence of two terms function of ¢.

- %N\/ﬁV((ﬁ)hij, (6.112)

Variation of the action with respect to N and N°? yields four constraint equations

R+ p\/hi90;¢0;¢ + 1 + VhV (¢) = Hgraw + Hy = 0
R; +p8i¢ = HigravHi¢> = 0. (6.113)

Differently from standard General Relativity in the case of mimetic gravity there are
two more phase space variables and consequently two more equations of motion, namely

those of ¢ and p, respectively

¢ — Ny/hiid;pd;¢p +1 — N'9;p = 0, (6.114)

p—8k< Nph' 00 +N’“p>+Nx/HM:0. (6.115)

\/hijai¢aj¢+ 1 do

The crucial point here is that these two last equations do not add new information as

these are nothing else that the constraint equation ¢"V0,¢0,¢ = 1 and the Bianchi
identity V,T}" = 0 that follow after calculating the stress-energy tensor from the action
S¢. Summarizing, the equations of motion of mimetic gravity are those of Einstein’s
gravity plus two more equations that can be reinterpreted as the conservation of the
energy-momentum tensor and the constraint equation. However, the equations of motion
obtained varying with respect to A%, N and N’ are those of pure Einstein’s gravity [20]
but including extra terms as a function of the scalar field ¢. As in the last section, with
the help of smeared functions in order to have well-defined algebraic relationships, it is
possible to define a Dirac algebra showing its closure.

As was shown in the last two sections, the presence of the Lagrange multipliers in the
action has strong impact on the form of the resulting equations of motions. Then it was
natural to ask the question how the presence of Lagrange multipliers modifies Hamilto-

nian structure of given theory. Moreover, one would like to see whether the Hamiltonian
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of these systems is again given as a linear combination of constraints and whether these
constraints are the first class and their Poisson algebra respects the basic principles of
geometrodynamics [21I]. It turns out that Hamiltonian structure of given theory is very
interesting. It was shown that the presence of the first scalar field that plays the role of
the Lagrange multiplier implies an existence of the second class constraints. Then after
their solving we find the Hamiltonian equations of motions for the second scalar field
that are autonomous in the sense that the time evolution of the scalar field does not
depend on its conjugate momenta. The final result is that the resulting theory is a fully
constrained system with the algebra of constraints that has the same form as in General

Relativity.



Chapter 7

Horndeski theory and Disformal

transformations

7.1 The invariance of the Horndeski action under Disfor-

mal transformations

Concepts of mimetic gravity can be analyzed within the most general framework of
Horndeski theories built from an action that gives rise to second-order equations of
motion. This framework is a general description of how a scalar degree of freedom ¢
fits into a theory of gravity and in particular how ¢ and its first and second derivatives
along with the kinetic term X = ¢"0,¢0,¢/2 enter into the action. The Lagrangian

density is fully described by the four functions ((¢, X), G;(¢, X)) and read

5
Luor = Y L (7.1)
1=2

85



86 CHAPTER 7. HORNDESKY & DISFORMAL

where
Ly = K(¢,X)
Ls = Gs(¢,X)00
Ly = Gi(¢,X)R— Gax(¢, X)[(09)? — (9.0,¢)°]

Ls = G5(¢,X)GuVFo" ¢+ XX (O — 3(0¢)(V,8,0)% + 2(V,.0,6)?)-
(7.2)

It can be shown that for the Horndeski action, conditions (6.48)) of the last chapter are
satisfied and so Lo gives rise to second-order equations of motion.
In chapter IV we saw that Mimetic Matter emerges if we map the metric g,, to a

well defined function of a scalar field ¢ via

Juv = Guv = (gaﬁawaﬁﬁb)guu = P(¢)9MV' (7'3)

There exists a more general class of transformations [22], 23], dubbed disformal trans-

formations, realized by

Juv = Guv = A(o, X)g;w + B(¢a X)8u¢au¢a X = guuau¢8u¢/2- (7'4)

In order to be a physical transformation, the following three conditions have to be

satisfied:

Lorentzian signature: considering a frame in which 0,¢ = (qﬁ, 6), then the lorentzian

signature is guarantee if

Goo = A(¢, X)goo + B, X)$? < 0

or

A(¢, X) +2B(¢, X)X > 0. (7.5)

Causal behaviour: the sign of B can alter the light-cone introducing superluminal
or a-causal effects, but the requirement that physical particles obey ds? < 0 will

ensure the absence of such problematic situations.
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Invertibility: the conditions by which the inverse and the volume element are never

singular. Searching for an inverse metric of the form
— v 1 17 14
g = 9" + 200" ¢, (7.6)

contracting one index of the latter with one index of the disformal transformed
metric 1) and requiring 0F = 6, one finds x = —%ﬁ or

1 B¢, X
9" =397 - m;ﬁ%@%, w = 9" 0,00,¢ (7.7)

and /—g = A%(1 +2XB/A)'/2,/=g.

As already pointed out, the Horndeski action gives rise to second-order equations of mo-
tion and this is because of a fine cancellation between higher derivative terms from the
non-minimally coupled part of the Lagrangian and those produced from derivative coun-
terterms. This happens because of the antisymmetric structure of £4 = G4(¢, X)R —

Gax (¢, X)[(O¢)* — (9,0,¢)?] that can be rewritten as
Ly = (g"9" = 9" 9°")[Ga(¢, X) Rywas — Gax (¢, X)V,u0,6Vadsd],  (7.8)

whit clearly an antisymmetric structure.

A conformal transformation of the type g,, — A(X)gu, will spoil the main feature
of Horndeski theory, namely second-order equations of motion. In fact the conformal
transformations will produce on V,0,¢ a contribution that inserted into gives rise
to a symmetric term responsible for altering the Horndeski action antisymmetry. Thus
we are forced to conclude that in order to guarantee the peculiarity of Lo, we have to

restrict the attention on trasformations of the type

Guv — gwf = A(d’)guu + B(¢)au¢8v¢a (79)

where the dependence of the two functions A and B on X is dropped [23]. It can be shown

that the effect of the latter class of transformations on the Horndeski Lagrangian is only
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a rescaling of the four functions (K and G;s) while no modification to the antisymmetry
properties are introduced by . Moreover, Lior also admits the field redefinition
¢ +— s(¢)¢ symmetry.

The invariance of the action under disformal transformations means that is a
symmetry of Lo, and all functions are defined modulo a conformal and a disformal

transformation.

7.1.1 Special cases

Setting A £ 0 and B = 0 will produce a purely conformal transformation that alters in
a non trivial way two of the four functions, while it only rescales G4 and X and leaves

unchanged G5, respectively

K(p,X) = A%K (¢, Xc)+ f(X, A A", A", G3,Gy,G5) (7.10)
G3(¢7 X) = AG3(¢7 XC) - g(X7 A7 Ala AH? G47 G5) (711)
and
_ X
Ga(9, X) = AGu(¢, Xc),  Xo=— (7.12)
G5(¢, X) = G5(¢, Xo). (7.13)

The form of the two functions f and ¢ are rather complicated and the key point is that if
one starts with zero K or G3, they would appear after a purely conformal transformation.
In fact £;<; receives contributions from all the £;s, while L5 cannot be generated in
this way. Given that, a purely conformal transformation cannot eliminate non minimal
couplings (NMC) for any choice of the conformal factor A(¢).

On the other hand, purely disformal transformations are achieved setting A = 1 and

B # 0 and the corresponding transformations on the two NMC functions G4, G5 reads

Gi(9,X) = (1+2XB)'2Gu(9, Xp) + m(X, B, B, Gs) ~ iff@,;()x (7.14)
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and

G5(¢7 XD)

(+25x)z2 " Hr@X), (7.15)

GE’) (QS, X) =
where
B X
14 2BX’

G5(¢7 XD)
(1+2BX)3/2

Xp

Hr =8B / dX
The resulting transformation appears to be richer than in the purely conformal case and

the form of m(X, B, B', G5)

, Gs(¢, Xp)B'(¢) X?
m(X, B, B',Gs) = 5Ef+2Dl;X)(f/)2

forces one to conclude that even in this case NMC terms cannot be generically eliminated
with a purely disformal transformation. Imposing that the NMC terms disappear from

the action, i.e. G4 =1 and G5 = 0, leads for G5 to the relation

Gsx(9,Xp)

satisfied for example if
G5 = G5(¢) (7.17)
and if Gy is

0Gs

= (1— /2 _
G4(¢p,X)=(1-2BX) 90

X. (7.18)

It can be concluded that the NMC part of the action

Snmc = /d4w¢jg[G4(¢, X)R — Gax[(09)* = (V,.00)*] + G5(¢) G V0" ¢], (7.19)

where G is given by ([7.18)), is the only one that admits a disformal map able to eliminate
all the NMC terms in the context of Horndeski theory. The more general transformation

with A = A(¢) would simply result in a conformal rescaling of Gj.



90 CHAPTER 7. HORNDESKY & DISFORMAL
7.1.2 Disformal Frames

The analysis of modified theories of gravity as for example f(R), Horndeski and Brans-
Dicke among the others, can be exploited in two different frames, dubbed the Jordan

frame and the FEinstein frame that correspond to somewhat opposite situations:

Einstein frame in which the gravitational dynamics is described by an Einstein-Hilbert
action and matter field are coupled to gravity via some functions of the scalar field

and its derivatives.

Jordan frame in which the gravitational sector Lagrangian includes a NMC scalar

field.

Given the following action

5= [asfc@r- 120 00,0 -ve) + sulOg 0l @20)

in which the gravitational coupling have been promoted to a function of a scalar field
G(¢), while f(¢), V(¢) and a(¢) are general functions of their argument, the difference
between the Jordan and the Einstein frame can be appreciated fixing two out of four of

the latter functions. The Einstein frame is defined by the choice

Glo)=1,  [f(¢)=1 (7.21)

while the Jordan frame by
G(g) =0, a(¢)=0. (7.22)
Recalling the total action for which is possible to eliminate all the NMC terms with a

disformal transformation and completing that form including an action for matter fields

leads to

5= / a4/ =g(G(6, X)R— Gx[(06)° — (V,u0,0))) + K(6, X) +Cs(6, X)T] + Srmlg, 0.
(7.23)
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where the function G(¢, X) is parametrized by the two functions C(¢) and D(¢) as

_ D(¢) \1/?
G, X) = 0(¢)2(1 - Q%X)

and Sy,[gu.] is the total matter action defined in terms of the physical metric

Juv = ea(d>)gW + B(¢)0.90,¢. (7.24)

The above definitions leave us with six free functions, four from the previous argument
about Horndeski theories and two from the physical metric definitions. Choosing appro-
priately A(¢) = e*(®) and B(¢) = B(¢), a disformal transformations allows to fix two
out of the four functions C(¢), D(¢), a(¢), B(¢) and in this way it is possible to select
a particular frame in which different features of the theory can emerge. For example, as
well as the Jordan and the Einstein frames discussed above, as pointed out by [23], there
exist also others two frames, namely the Galileon frame and the Disformal frame which
can be seen as a sort of intermediates states between the former. The name Galileon is
given because the conformal part enters the matter Lagrangian explicitly and the field
couples directly to gravity as a DBI Galileion, [25]. The Jordan frame is given setting
a =1 and 8 = 0, the Einstein frame correspond to the choice C'(¢) = 1 and D(¢) = 0,
on the other hand the Galileon frame is given by C(¢) =1 and 3(¢) = 0 while the Dis-
formal frame is choosen setting D(¢) = 0 and a(¢) = 1. In conclusion, the equivalence
of the frames allows to claim the equivalence of many apparentely unrelated models
given that one can move from one to another through appropriately chosen disformal

transformations and field redefinitions.

7.2 Disformal Transformation Method

Recalling the form of the inverse metric

B(¢,X) w

WQXE)“(ﬁayéf% w = 9“V3u¢au¢7

1
g = —gh —
A
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contracting the latter with 9,00, ¢ allows one to find

L 2XA Ag™,.00,6
“T1-2XB  1- Bg"0,00,¢

(7.25)
where clearly 1 — B0,¢0,¢ # 0. Using (7.25)), as in [3], it is possible to define a function
G of w and ¢ of the form

1~ B(6,w)g" 060, _
A(6,w)

G(o,w) =w " 0,90, ¢. (7.26)
For fixed ¢, if

dG(9.w)) o, (7.27)

dw W=wWsx

the inverse function theorem ensure that the inverse function G~ exists near wy, and it

is possible to write w = G™1(§**9,¢d,¢). On the other hand dG(dw) = 0 implies

dw
W=ws

the non existence of G~1. The latter is solved for example [3, 24] by

1

G(¢7w) = @7

(7.28)

and in this exceptional case of non invertibility, the relation between g, and g,,, cannot

be inverted. Moreover from ([7.25)) one has

B(¢,w) = —A(‘i’“) +b(g). (7.29)

Then the disformal transformation can be written as

A, w)

G = A0, @) g + (b(0) - )60, (7.30)

and so, it is possible to claim, as the authors of [24] does, that mimetic gravity - for
which A = A(¢,w) and b(¢) = 1 - emerges as particular case of a non invertible disformal

transformation of the phisical metric g, in term of an auxiliary metric g,,, and a scalar

field &.
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7.2.1 Equations of motion

Given the relation between the physical metric and the auxiliary metric, it is possible
to calculate the generalized field equations taking variations of the total action, [3]. If

the latter is

5= / 42/ =GLLGs DG &, ID] + SoalGys o] (7.31)

where 1,,, are matter fields, then the variation reads

1
08 =3 / Az /=g(E" + TG, + / d*zQy00 + / d 2 m, (7.32)
where
0(v/—9gL
0, — (\g) (7.33)
2 6(v/—g
g~ 2 0/=9L) (7.34)
V=3 g
and
2 0(v/=9Lm)
THY _ _ _ . 7.35
= (7.35)

On the other hand, taking variations of the metric g, , disformally related to g,., the

result would be

oA OB
5§;w = A(Sg;w - (.g,m/% + qub@m%) [(go‘pé?aqﬁ) (gﬁaamb)dgm — 29p08p¢)805¢]+
oA OB
4 <gu,,a—¢ " ama,,qsa—gb)&b + B(8,00,06 + 8,60,00). (7.36)

Inserting the last relation in ((7.32)) then the generalized Einstein equations of motion

5;% =0 read
9A 0B
1% MUY o vo
A" +T) = (o153 + as5— ) 970,09" 0s6 (7.37)

and the generalized Klein-Gordon equation % =0

1

V=9

fumgn s (e I =),

(7.38)
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where the following quantities have been defined
a1 = (EP7 +T%)gpo, ay = (EP7 +T77)0,¢05¢. (7.39)

Contracting the metric equation of motion (7.37) with g,, and with 9,¢0,¢ gives the

following two-dimensional linear system

0A 0B 504 2 0B\
a (A — wa) — agw% =0, o w o o9 (A —w —) =0. (7.40)

One may write the latter system of equations in matrix form as

0A 0B
o1 A—wss —wg2
M =0, M= O o (7.41)
a9 wz% —A+ w2‘g—f
and the determinant of the system is
0 A
det M = w?A2 <B + f). (7.42)
Ow w

In the generic case, when the determinant is not vanishing, the only solution is a; =

as = 0 and the two field equations reads
EM +TH =0, Qy = 0. (7.43)

It is possible to conclude that in the general case, it does not matter with respect to
what metric one takes variations, using the metric g, or its disformally related g, one
always recovers General Relativity: G, = —E* = T,,. As pointed out by [24], this
fact corresponds to a generalizations of standard weiled General Relativity where the

disformed metric reduces to a conformal metric g, = P($)gum-

7.3 Mimetic Gravity

In the case of vanishing determinant, one finds that

B(¢p,w) = _A((Z,w) +0b(9), (7.44)
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with a non-zero constant of integration b(¢). The latter relation between the coefficients
of the disformal map, is the same condition that follows from the non-invertibility of the

disformal map itself. Equations of motion in this case are
uv ur ﬂ Ho vp
EY + T = (9" 0ad) (9" 959) (7.45)

and
VT,
5 alw(w. (7.46)

Oa(v/=gbanrg*’ds0) — Qp =
Taking into account that the inverse metric in this case is found to be

A—wB

1
v~ v
g <g + Abw?

5 (9"°0:6)("*059) ). (7.47)

with the latter inverse and the starting metric g, it is possible to find, using contractions

with 0,0, g"*0a¢ = bwd" ¢, oy = (E+T)/(bw) and

b(¢)g" 00, ¢ = 1. (7.48)

Inserting these results into the equations of motion leads to the already known set of

equations

dlnb
do

By + T = (B4 TW0U00,0.  VallE+T00%] - 1 — LB +1)

These equations correspond to the case of Mimetic Matter already analyzed. It is clear

(7.49)

that the realizing transformations dubbed ”mimetic disformal transormation”, drasti-
cally change the set of equations one finds varying with respect to the metric g, in place

of the disformally related g, .
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Chapter 8

Conclusions

Within this thesis work I presented a (relatively) new way of modifying General Relativ-
ity emerged in recent years, see for example [I], [2]. Since the first Einstein’s formulation
of gravitation, possible modifications of the theory started to get appeal within the sci-
entific comunity. Einstein itself was among the first who started to modify the theory
of GR in order to explain his static version of the Universe. Today people start to think
to modifications of the same theory in order to accomodate observational evidences for
the existence of dark components. Several aspects of these components, as we saw in
this work, can be mimicked once one accepts the idea to add a scalar degree of freedom
to the metric. Provided that one consider the possibility that the physical metric can
have a scalar degree of freedoom ¢, considering also a potential V' (¢) for this scalar al-
lows the description of Dark Matter and Dark Energy. As discussed, the mimetic model
offer a wide range of applications: besides the dark sector, it provide us also a possi-
ble description of an inflationary mechanism. It is important to stress that, differently
from the inflationary paradigm or to other tensor-scalar theories, mimetic matter is a
modification of GR that offer a solution without appealing to the existence of a new

propagating field. The scalar field of mimetic matter it is thought to be a new degree of
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freedom of the metric, and in his first appearance and easier formulation [I} 2] it is not
a propagating field.

A symmetric metric, in general, possesses ten independent components so, allowing
a relation between the physical metric g, and a combination of a scalar field ¢ and an
auxiliary metric g,,, generally reduces to a map from ten elements to eleven. Let me

recall that the disformal map is given by

E_],uu = A(¢7°~))g,ul/ + B(gb, w)au¢au¢a W= guya,ud)au(b-

We saw that two cases exists. They are related to the possibility that the quantity

det M = wZA;:(B + g)

associated with the sets of field equations following from the action, vanishes or not.
When det M # 0 then this version of the theory reduces to standard General Relativity,
showing that the theory itself is disformally invariant. On the other hand, when the

determinant vanishes, i.e. when the relation

Blgow) = — N2 4y

w

holds, then we are in the presence of a modified version of General Relativity with a
mimetic dust fluid component.

The Hamiltonian view provides a further insight at the heart of this new idea. In
fact, once the Hamiltonian is written, conditions for positive energy definiteness can be
written in order to avoid the presence of UV ghosts in the theory. What emerged is that
the Hamiltonian related to Mimetic Gravity turns out to be linear with respect to one of
its conjugate momenta, namely that of ¢. Time evolution in the phase space is given by
the Hamiltonian flow, and it is clear that orbits live on a subspace of the total constant

energy surface given by the set of primary constraints emerging from the formalism.
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The idea of a scalar degree of freedom of the metric fit well into a general theory
called Horndeski theory. This theory describe how a scalar degree of freedom can be
accomodated into a theory of gravitation. As we saw, the Horndeski action is generally
invariant under disformal transformations and gives rise to second-order equations of
motion.

The different representations of a theory, written in terms of disformally related
metrics, are often referred to as being written in different ‘frames’. In some cases these
transformations can be used to remove non-minimal coupling between the scalar field
and the Ricci scalar at the level of the action, leaving only a canonical Einstein-Hilbert
term. This particular frame, if it exists, is referred to as the Einstein frame. In other
words, the formulation in the Einstein frame represents one conformal gauge of the
mimetic theory, as usual there exist alternative gauges.

In conclusion, despite the potential problem of the presence of ghosts discussed above,
the original theory of mimetic dark matter could be useful for astrophysical and cosmo-
logical modeling, provided that one considers only those initial configurations that do
not cross the critical line under time evolution leading to negative energy states. All
the ideas presented in this work must be tested not only in their ability of describe the
dark sector of cosmology, the key feature of Mimetic Gravity, but they must also agree
with Solar System measurements. As we have seen, when one consider the action of the
Mimetic Model, the only modification with respect to Einstein GR it is reduced to the
appearance of a perfect-fluid that can mimic the observed behavior of Dark Matter and
Dark Energy. It is possible to claim that no modifications are given to gravity at scales

of the Solar Sistem.
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