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Abstract

Since their first conceptualization in the work of J.A. Wheeler, nucleons clusters have
been invistigated thoroughly. In recent years, R. Bijker, F. Iachello and V. Della Rocca used
the Cluster Shell-Model framework to describe light nuclei seen as k a-particles disposed
on a specific lattice plus n nucleons. The objective of this thesis is to extend for the first time
their approach to the case of ?'Ne. The geometrical model describing the nucleus and its
intrinsic symmetry are presented, followed by a brief excursus on numerical calculations.
In addition, single-particle states in the resulting cluster field are investigated. Moreover, a
methodology towards the optimization of the parameters describing the model, the results
obtained, and the corresponding level scheme are presented and described. In conclusion
the cluster shell-model level scheme and the experimental one are compared.



Ringrazio il mio relatore Dr. Daniele Mengoni e il Prof. Lorenzo Fortunato per tutto il
sostegno e il tempo dedicatomi in questo progetto.
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1 Introduction

Since the beginning of Nuclear Physics history, nucleons clusters have been used as effective
tools in the description of different phenomena. In 1937, after the observation of the large
binding energy characteristic of a-particles, ]. A. Wheeler[1] formalized a method (Resonating
Group Structure Method RGSM) to describe light nuclei in terms of small clusters of nucleons.
With a novel approach to Nuclear Physics, he grouped together protons and neutrons into
strongly bound sub-structures, with the aim of describing the nucleus total wave-function as
an antisymmetrized combination of the wave functions of the different sub-structures.
Wheeler’s seminal paper was soon followed by the work of R. L. Hafstad and E. Teller[2]
who, adapting Wheeler’s description in terms of o-clusters, showed that the binding energy
depends linearly on the number of bonds between the clusters in the structures describing
light nuclei up to 3?S. They also noticed that Wheeler’s RGSM becomes more and more
inefficient as the Mass number of the nucleus increases. Throughout the years, the cluster
nature of light nuclei has been the topic of many studies. A brief summary of the works in
the study of nucleons clusters includes, but it is not limited to:

1. K. Ikeda et al. in The systematic structure changes into the molecule-like structures in the 4n
self-conjugate nuclei( an example of Ikeda Diagram in Fig. 1)[3];

2. D.M. Brink with the Generator Coordinate Method GCM[4];
3. S. Saito with the Orthogonality Condition Model OCM][5];
4. R. Bijker and F. Iachello in Cluster states in nuclei as representations of a U(v+1) group|[6];

In 1970, Brink and collaborators[7] sug-

F
‘Be *C "0 Ne - gested configurations for the ground states
o = of nuclei composed of k a-particles (up to
Z2n (1444) a1 48 k=7 with 2si, Fig. 2). For k=234, for ex-

ample, they proposed respectively the fol-
lowing: a dumbell with Z, symmetry (ZBe),
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© @ PO, (*80). In recent years, R. Bijker, F. Tachello
s (283) and V. Della Rocca[8, 9, 10] have been car-
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rying out extensive theoretical investigations
on isotopes of k o-particles nuclei for k=2,3,4
plus 1 nucleons (3Be, 2B, 12C, '70). This orig-
% inal thesis is to be intended as an extension
of the recent work of V. Della Rocca, R. Bi-
jker and F. Tachello to the case of the *!Ne in
Figure 1: Ikeda Diagram. Excitation Energy ex- the cluster shell model. From an experimen-
pressed in MeV/[3]. tal point of view, both the rotational spec-
trum and the electromagnetic transition rates
show that *'Ne displays collective behavior.
The fact that the experimental bands with K¥' = %Jr and K” = 1" are parity doubled (AE ~
5 KeV as can be seen in Fig. 2) suggests that the collective behaviour comes from a cluster
behavior rather than a quadrupole or octupole deformation.
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Figure 2: Partial level scheme for the cluster bands *'Ne. The widths of the arrows are proportional to
intensity. Dashed arrow indicates transitions tentatively observed[11].



2 Geometrical model and algebraic symmetry

The theoretical framework under which this thesis takes shape is called Cluster Shell model.
In this framework, the majority of the binding energy is stored in the different sub-groups,
whilst the remaining energy allows the single sub-structures to be weakly bound together in
the cluster structure.

20pe 2mg Ag; - D, symmetry 2%si - D, ,Symmetry

Figure 3: Alpha-particle configuration for some 4n nuclei[7].

Following the ideas in reference [7] (Fig. 3), JoNe is assumed to be composed of 5 o-particles
located at the vertices of a triangular bi-pyramid in analogy with the structure known in the
VESPR theory (Valence Shell Electron Pair Repulsion) for molecules such as PCl;. Under the
assumption that the addition of a neutron doesn’t change the o-lattice, the symmetry of the
cluster potential of *Ne is considered unaltered from the one of *’Ne.

The triangle BCD is equilateral (Fig. 4) with O its
barycenter. The geometrical model is described by
three parameters:

A

1. B describes the length of the segment OB (being
the triangle BCD equilateral, the three segments
OB,0C and OD are congruent, so the choice in

B the definition of [ is arbitrary);

2. h adimensional parameters defined as the ratio
between the length of the segment OA and {3;

3. & describes the asymmetry of the structure by
defining the length of the segment OE as S(h +

E 9)

For the purposes of this thesis the parameters h and
Figure 4: triangular bi-pyramid. 0 are set to the values such that all o-particles are

equidistant from the point O, which is the center of

mass CM of the system for this choice of h and &.

h=1 §=0 2.1)

The core structure described above has D3, symmetry and so does the resulting cluster poten-
tial.



2.1 Cluster density

It is assumed that the density of each a-particle is described by the following Gaussian function

of the coordinates: .
2

pa=()ie ™ (22)

where a = 0,56fm~2 (obtained by fitting the form factor data from electron scattering [12])
for a free o-particle.

Considering a frame of reference with its origin in the geometrical barycenter of the triangle
BCD, let 1 be the position vector identifying the i-th o in the lattice . The density of the core
structure is, therefore, given by the following:

5
A3y @i
7_[) 2 ;e (2.3)

p(E) = (

The Eq. (2.3) can be used both as charge and mass density after having it normalized to the
total charge and mass of the core structure (Z=10, A=20). By setting, in spherical coordinates:
fi=(18,0,0); f=(8%0) B=(8%5%); fa=(B55); &= ((h+06)p m0).
For the choice of the parameters h and 5, the radial components of 1; is 8 for i=1,...,5.

$=0.01 fm p=2.01 fm

M i = g =]
- ) D =% () 5]

U

U 0

Figure 5: Density of the 5 o-cluster structure at two different values of the parameter 3.

The choice made in the definitions of the different r; allows the model to reproduce with
continuity a spherical density centered in the CM for f = 0 and the situation in which the
clusters are completely apart for § — co. The density plot in Fig. 5 shows both the spherical
density for f = 0 and the trigonal bypiramid structure for g > 0, i.e. B = 2.01fm.

2.2 Potential and Hamiltonian

The potential generated by the 5-cluster structure is given by the convolution of the multipole
expansion of the density (Eq. 2.4) with the interaction among nucleons v(¥ — ¥) chosen as a



Volkov-type Gaussian potential in the calculations[13].!

5
p(F) = (%) —a(r+p 4”211 2arB)Y/"(6,¢) Y (Y/" (2.4)
i=1
5
V(E) = —Voe VA Y iy (2ayrB) Y (6,¢) Y (Y)" (2.5)
I,m i=1

Even though the two expressions might seem identical, but for a multiplicative factor, actually
only their dependence on the spherical coordinates is identical. As a matter of fact, the two
parameters a and ay are different, respectively related to the density Gaussian and the the
Volkov-type interaction Gaussian[13]. Next, we consider the motion of a neutron in the cluster
field generated by the 5u-particles core structure V(¥) in Eq. (2.5). The Hamiltonian of the
neutron is:

H = Hy+ V() + Vi (2.6)

where Hy = 5 is the free-particle field and Vj; = V58 - (— VV x p) is the spin-orbit inter-
action. For the choice of the parameters 6 and h, the a-clusters are on a sphere. Therefore,
the angular derivative contributions are negligible, allowing the following expression for the
spin-orbit interaction: Vjs = Vg 519% g9V (s 1). The symmetry of the Hamiltonian is defined by the
symmetry group of V(¥), which is 1tself defined by the configuration of the clusters. There-
fore, the Hamiltonian has Dj; point symmetry. Let ® be the wavefunction of the neutron,
H®=E®. It can be expanded in terms of the harmonic oscillator eigenfunctions basis

P = Z Cnljm(Pnljm (?) (2'7)

nljm

The oscillator length v has to be set so as to define properly the basis. In order to set v
a Gaussian, a Wood-Saxon and a harmonic oscillator potentials were matched in r=0 and
r = Rows = l.ZA%[lO], obtaining:

V= A73fm? (2.8)

In summary, the model is described by the following free-parameters: B,h,d, Vo, andVy;s (h
and 6 were fixed to reduce the complexity of the calculations in this first attempt).

2.3 Numerical calculations excursus

The eigenvalues problem for H has been solved numerically. In order to solve it, the har-
monic oscillator basis had to be truncated by fixing the value of 1, and [;;5x. A preliminary
test of convergence was conducted by increasing the value of 1, and l,.x progressively.
Even though the higher these values are set, the higher the precision of the result, in order
to have reasonable computation time, 7,,,x and I, were set respectively to 8 and 5. This
choice ensured a sufficiently good convergence for the intervals spanned varying the free-
parameters. Increasing #,,,x would indeed improve the results on the order of few hundreds
of KeV while drastically increasing the computation time. Since positive eigenvalues are rel-
ative to unbound states which would require a scattering theory outside of the model, to the
scope of this thesis only negative eigenvalues and the relative eigenfunction expansions in the
truncated basis are considered.

Lij(x) = @ is the modified spherical Bessel function



3 Single-particle states in cluster potential

In opposition to the limiting case p — 0 where the clusters merged together resulting in a
Gaussian well potential with spherical symmetry (group O(3)), it is expected that, for non-null
values of 3 (3>0), the single-particle energy levels are splitted accordingly to the symmetry
introduced in the system by the cluster potential ( group D3y ). In this chapter, after a brief
discussion about the point group symmetry and its representations, through correlation di-
agrams, the trend of single-particle energy levels of a fermion in cluster potential with Ds,
symmetry as a function of 8 is shown and discussed.

3.1 Elements of Group Theory

The definition of representation of a group is introduced:

Definition 1. Representation of a group
Let G be a group, a representation of G is a homomorphic mapping between all elements g of
G and a set of Operators D(g) acting on a vector space V, compatible with G inner products:

D(g1082) = D(g1)D(g2)-

The action of the operators D(g) onto a vector v € V describes how Vv transforms under the
action of the element ¢ € G. Representations are not unique and the same group could be
described with a variety of different representations. For the purposes of this thesis only
matrix representations are considered.

Definition 2. Reducible, fully reducible, and irreducible representations
Let G be a group. Fixed g € G, its representation D(g) is said:

1. reducible if it can be written as a block superior triangular matrix;
2. fully reducible if it can be written as a block diagonal matrix;
3. irreducible otherwise;

When a representation is fully reducible, it is used the following notation[10]:
=) .Di(g) (3.1)
i

Expression (3.1) is not supposed to be read as a proper sum, but as a block diagonal matrix,
where D; are the building blocks. Since the matrix form of D(g) depends on the choice of
basis, a representation is identified by its characters, a set of number invariant under change
of basis.

3.2 Group O(3) and splitting of its representations

A group extremely important in physics is O(3), which describes the rotation of a system in
3 dimensions. Let R(«, B, ) be a matrix representation of a rotation in O(3).[10] The transfor-
mation of the spherical harmonics Y/, (6, $) under R(«,0,0) is known:

R(x,0,0)Y! (6,¢) = e~ ™Yl (6, ) (3.2)

It can be found that for a generic rotation:

R(x, B,7)YL(0,¢) = Z Y, (0,¢) D)y (2, B,7) (33)

m'=—1

6



where D!, (a,B,7) denotes the m’m element of the matrix representation of the rotation. The
characters of R(w,0,0) are also well known:

sin ((I + %)zx)

. (3.4)
sin %

X' (a) =
where | € IN. Moreover, the character of the class of the identity (o=0), which is x*(0) = 2/ +1,
coincides with the dimension of the representation D'(R). When considering particles with
spin s = 3, it is necessary to consider SO(3) covering group, SU(2), whose characters are:

o sin((i+Da)
X (a) = T sint (3.5)
with j € {§,n € N} When j assumes non-negative half integer values, one element of SO(3)
is the image through an homomorphism f:SU(2) —SO(3) of two different elements of SU(2),
which are related to the double-valued representations of SO(3). In order to predict the
splitting of the spherical energy levels due to the cluster potential symmetry of a fermion,
it is of interest to find the representation of the double (extended) group of D3 contained in
SU(2). Indeed, it can be shown that a fully reducible representation D(G) of a group G can be

decomposed in terms of irreducible represenatations D(G’) of a group G’ contained in G
D(G) =) a'D,(G) (3.6)
v

where 4" is the number of times each representation of G” are repeated in the decomposi-
tion[14]. It can be proven that a” are all integers and are related to the characters of the
representation by the following:

1 (v
a’ = gz(gixixi( ) (3.7)

where x; and Xj(v) are respectively the characters of the two groups considered, g is the order
of G" and g; is the number of elements in the class i. Even though these relations do not
hold in the case of double-valued representations, it is possible to extend them using the
homomorphism between SO(3) and SU(2). Specifically, for integer j, the characters of the D/
representation coincide with those of D', therefore the representations are equivalent. For j
half-integer,to each matrix D! are associated both D/ and —D/, which correspond to the double
values representation of O(3). In this way, being D/ single valued in SU(2), it is possible to
use Egs. (3.6) and (3.7).
3.3 Dsj, group and double valued representation
The dihedral group with an horizontal plane of reflection D3p, has 12 elements in 6 classes.

1. E, identity class, 1 element

2. oy, pure reflections in an horizontal plane, 1 element

3. 0y, pure reflections in a vertical plane, 3 elements

4. Cy, class of rotation of an angle of 7,3 elements

5. Sg and S2, classes of the rotation-reflection symmetry, 4 elements?

2The class S% coincides with Cj



Its extended group D}, consists of adding to the elements of D3}, all of its elements composed
with a rotation R of 2r, where R # E in SU(2) topology. D}, has 24 elements in 9 classes.
Therefore there are 3 (number of classes of Dy, minus number of classes of D3j,) double valued
representations. These representations satisfy:

12=Yn? (3.8)

where n; € IN is the dimension of the i-th double-valued representation. This is satisfied
only if n; = 2, Vi = 1,2,3. Therefore there are three bidimensional double valued irreducible
representations E! ( Using Mulliken symbols conventions). The character table of the group
Dy, is presented in table I.

D,||E R GC C C C C¢ & G
C2R C}R GCeR C:R CR GR GCyR
El |2 2 V3 1 -3 -1 0 0 0
Eb |2 2 —-v3 1 V3 -1 0 0 0
Ey [[2 2 0 2 0 2 0 0 0

Table 1: Character table of the group Dj,. Classes with the same characters are displayed on two
different lines.

From the character table and the application of Egs. (3.6), and (3.7) follows immediately the
splitting of the representation D/ of O(3):

D2 =E} (3.9)
D? = E| + E} (3.10)
D? =E| + Ej+E} (3.11)
D? = E| +2E, + E} (3.12)
D? = E| +2E}, + 2E} (3.13)
D> = 2E} + 2E} + 2E} (3.14)

and so on for higher values of j.

3.4 Correlation diagrams

Plotting the different single-particle energy levels as a function of 3, the following trends are
expected to be found:

1. in the limiting case B — 0 the clusters are merged together and the resulting potential
has spherical symmetry and the energy levels can be labelled using the spherical shell
model quantum numbers

2. for >0 the levels are splitted accordingly to the double valued representation of the
point group D3, in O(3). The physical meaning of Egs. (3.9) to (3.15) is immediate. If
a rotationally invariant system is inserted into a field with D3, symmetry it is expected
that a j = 1 state doesn’t split, a j = 3 state split into two states, a j = 3 state split
into three, and so on. Moreover, for 3>0 each energy level is twice degenerate with +K
(projection of the total angular momentum J) as expected from a time reversal invariant

Hamiltonian.

312 because there are 12 additional elements in the passage to the double group



3. In the opposing limiting case B — oo the clusters are completely separated and the
energy levels can be interpreted as those of 5 separated Gaussian wells each labelled by
the usual spherical shell model notation and energy value decreased of a factor % with

respect to the 3=0 case.

A correlation diagram for a deep and wide potential ( Vo = 30MeV, Vg ;s = 12MeV fm?,a =
0,051fm~2) is reported in Fig. 6

E iMeV)

Figure 6: Energy levels of a spin 3 particle in a Dsj, symmetric potential generated by 5 o-particles
with Vo = 30MeV, Vy s = 12MeV fm?, & = 0,051 fm 2.



4 Methodology and result

In this chapter the concepts presented previously are applied to the case of ?’Ne. Moreover,
to the scope of this thesis only the rotational bands were calculated and a preliminary level
scheme is presented, while no calculations were made regarding electromagnetic transitions
and form factors.

4.1 Methodology

In order to decide whether or not the proposed model agrees in a satisfactory manner with
the experimental level scheme, it is necessary to choose a set of values for the free-parameters.
In particular, for each set of values of Vj, Vj;s the intrinsic energies of the rotational bands
were evaluated in the following fashion:

1. Eigenvalues and the eigenvector expansion in the truncated basis are evaluated for val-
ues of B from 0 to 6 fm with finite steps of 0,25 fm.

2. The Correlation Diagram for Vj, V; ;s is drawn and each state is labelled by |, K, P). Q)
labels the representations of D3, K is the projection of the total angular momentum J on
a body fixed axis and P the parity. In particular, for each one of the spinor representa-
tion[9] the allowed values of K” are given by:

+
QO=E, K = % and K = (3n+ %)H” (4.1)
Q=E, K'= % and KP = (3n=+ %)H”“ (4.2)
QO=E KP = (3n+ é)i (4.3)

with n = 0,1,2,..., J=K, K+1,K+2,... and K>0. To be noted the double degeneracy for
KP = K* for the representatlon E! (parity doubling).

3. Following the usual rules for the placing of fermions in different states, the ground
state is determined. The parameter 3 is fixed at the value which gives the minimum
difference between the resulting ground state energy and the separation energy of a
neutron in ?'Ne (S, = 6761.16KeV) and the intrinsic energies of the rotational bands are
assigned as the single particle energy levels at the fixed value of .

Each set of values for the parameters is associated with a set of three values AE 33t
AE1 LY AE1+ LS which can be compared with the experimental values (Fig. 2) through
the followmg quantlty

o? = (AESY ES —>3+) + (AESP — E

3 _>3+ 1 _>3+ é _)3*) +(AE€xp E1+_>3+)2 (44)

1+_>3+

Firstly, this process was iterated for Vp from 5 MeV to 35 MeV with steps of 5 MeV and V) s
fixed at 12 MeV fm?. Secondly, to allow a more precise prediction the same process was
evaluated for Vj from 8 MeV to 12 MeV with steps of 1 MeV and V; ;s from 8 MeV fm? to 24
MeV fm? with steps of 2 MeV fm?. In conclusion, the free parameters are set to the values
which minimize ¢

Vo =10 MeV Voss = 14 MeV fm? B=1,75 fm (4.5)

10



4.2 Rotational Bands

Due to the collective motion of the system, on each single-particle level found are built rota-
tional bands. Because of the symmetry of the model, the projection K of the angular momen-
tum along the symmetry axis is a good quantum number and the energy levels, under the
rigid rotor assumption, are given by:

2

Emt<Q,K,]) =€n + f [](]+ 1) + bQKz] (4.6)

2l

. . . . ZlNe . . . . .
where € is the intrinsic energy, I is the moment of inertia, b is a rotational constant.

421 Intrinsic Energy

The intrinsic energies of the rotational bands are given by the single-particle energy levels
numerically calculated for the parameters that minimize o (Table 2).

+ +

KPP =1

P _ 37 P _5 p_1
K'=3 K" =3 K'=3 2

5,874 0,108 0,894 5,789

Table 2: Intrinsic energy of the excited rotational bands for *'Ne. All values are in MeV.

4.2.2 Moment of Inertia

The (classical) analytical expressions for [ is evaluated considering Gaussian, rather than
point-like, a-particle:

Am  7Amp?
peore = 21 47
* a + 10 *7)
Am  7AmpB?
core __
R (4.8)
e _ A 3Ag1/32 4.9)

Where A=20 is the mass number for the core(Table 3), and a = 0.56 fm 2.

core
IX

m

coTe
Iy
m

core
IZ

m

78,6 78,6 725

Table 3: Cluster Core contribution to the total moment of Inertia. All Values in fm?.

The moment of inertia I N¢ of 2!Ne is obtained[10] by adding the momentum of inertia of the

odd neutron Il?1 to that of the core
21

[ Ne = [ - 1t (4.10)
where I is obtained by evaluating its expectation value on each level x:
I=m [P +2) xaPde (4.11)
I'=m /(x2 + 22) | xa|*d%F (4.12)
I =m [+ ) ol (4.13)

11



In table 4 the evaluation of the momentum of Inertia I" and I; for the final choice of parame-
ters.

A S S S A S L
L 13,5 20,9 14,8 25,7 11,3
ol 1ss 20,9 14,8 25,7 11,3
L 12,4 27,8 16,1 18,7 16,9
LY gpg 99,5 93,4 104,3 89,8
I;:: S 921 99,5 93,4 104,3 89,9
LY |l g9 100,3 88,6 91,2 89,4

Table 4: Odd neutron contribution to the moment of Inertia and *'Ne moment of Inertia. All values
are in fm?.

4.2.3 Rotational Constant

The rigid rotor Hamiltonian is:

ST
R 1
R — ; ZIl.ﬂNe (414)
LNe =N £ [Ne £ 0 (4.15)

Therefore the Hamiltonian can be written as:

. 1 2 IilNe .2

z

In Eq. (4.16) appears the expression for the rotational constant. As a matter of fact, applying
to a state |J,K) the Hamiltonian operator one obtains the expression for the energy levels in
the rotational bands in Eq. (4.6), but for an additive factor (Intrinsic Energy).

IZlNe

_ X _
bo = e 1 (4.17)

In table 5 the rotational constants are shown for the different rotational bands.

p__ 3t P __ 3~ p__ 1+t P__1— p__ 57T
K= K=5 K=3 K=; K=3

ba | 00715 0,0653 0,0699 0,0621 0,0738

Table 5: Coriolis parameters of the rotational bands for *’Ne. All values are adimensional.

12



4.3 Results

A comparison is drawn between experimental energy levels and theoretical ones calculated
through Egs. (4.6), in Figure 7 and 8.

(aj b
K=327 K=127

6.0

4.5

3.0

15 .- Experiment
—e-Theory

0.0 o-Linear Fit

o0 icl

K=32

6.0

43

3.0 )
_--'*'-I.

. -

15 -»- Experiment i -x- Experiment
—e-Theory —sTheory

0.0 o-Linear Fit

i 3 w13 2 43 3 33 0 3 1Y 13 20 43
JiS 0 ST+

Figure 7: Energy levels are plotted as a function of J(J+1) for bands with K* = %i, %
is drawn between experimental values and theoretical calculations.

EiMeV)

+

b
Exp
13,27 s L 02°
T2
+ 3 e 3 1 2
~ L / 372
- e
32 -
s 112
K=12"  K-1/2
— 2
L i3
K-327

Figure 8: Experimental and theoretical energy level schemes for *'Ne.
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The Diagrams show the following features:

1. Figure 7 panels (a) and (c): The rigid rotor appears to be a good assumption for the
KP = %Jr and K” = 2~ bands, but for the presence of staggering. The theoretical

prediction for the moment of inertia IilNe is less than the value obtained by the fitting of
the experimental value for both bands.[Evidence a]

2. Figure 7 panels (b) and (d): the discordance between experimental and theoretical ro-
tational bands is evident. The experimental values clearly do not depend linearly on
JJ+1).[Evidence b]

3. Figure 8: there are different aspects under which the theoretical and experimental level
schemes do not agree. In the theoretical level scheme the K” = %Jr headband appears
almost degenerate with the Ground state. [Evidence c] In the Experimental K¥ = %Jr

band the level relative to | = 3 is lower in energy than the | = 3, which is a feature not

found in the theoretical prediction. [Evidence d] Moreover the energy predicted for the

KP = 3" and K = 1 headbands are larger than the experimental data. [Evidence e]

Evidence b and d could be explained by the addition of a decoupling term[10] to Eq. (4.6):
2

h 1,1
Evt (K, ]) = €q+ —a[J(J + 1) + boK? + 6, 12a0(~1)"2(j + 5)] (4.18)
21'Ne 2 2

where the so-called decoupling parameter ag, is defined as:

2
Q

o i1l . 1
an = — 2(—1)] 2(j+ E) Caijl (4.19)
nlj
where ¢! | are the coefficients of the wavefunction expansion.

nlj}

Figure 9: Energy levels are plotted as a function of J(J+1) for bands with KX = %+. A comparison is
drawn between experimental values and theoretical predictions with the decoupling term.

A tentative calculation of aq only for the K¥' = %+ bands is made. The resulting energy
levels are plotted in Fig. 9. Evidence ¢ and e could be explained by a change of paradigm in
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the attribution of K’ to the different representations. Instead of looking at the single-particle
wavefunction expansions and assign to each level the appropriate K, Eq. (4.1), (4.2) and (4.3)
could be interpreted as different bands built on the same representation for different values
of n, i.e. the Ej} of the ground state can be interpreted as the K = %Jr band over which is
built K” = 3 (n=1). The analytical expression for the core contribution to the momentum of
Inertia in the general case is:

Am  Amp?

e = —+ (5 + 2h* + 4hs 4 26%) (4.20)
2
[eore = ‘%m + AToﬁ (5 + 2% + 4hd + 25%) (4.21)
2
Jore _ ATm . 3A?5 (4.22)

Evidence a points toward a larger momentum of Inertia which could be achieved by studying
the model at different values of h>1 or 5>0.
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5 Conclusions

The model presented is self-consistent. The chosen symmetry is able to predict the ground
state %Jr of ?'Ne, but the level scheme predicted by the model does not agree with the ex-
perimental data. The trigonal bipyramid structure proposed by Brink et al. [7] with h=1 and
6=0 appears to be inconclusive. Even though this choice of parameters should be investi-
gated with the alternative paradigm for the assignment of the intrinsic energies (Section 4.3)
to properly refuse the hypotheses, the necessity for a larger moment of inertia would still
be unaccounted for without changing also the value of the geometrical parameters h and &.
Therefore, it is suggested to continue this investigation firstly for h>1, and eventually for 5>0,
where the rotational bands are described by Eq. (4.18) and the intrinsic energies deriving from
the application of the alternative paradigm. Another possibility could be to investigate other
geometric structure, resulting in a different point group symmetry, i.e. a twisted bow-tie like
structure corresponding to a D,; group antiprismatic symmetry.

16



References

[1]

2]

3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]
[13]
[14]

J. A. Wheeler. “On the mathematical description of light nuclei by the method of res-
onating group structure”. In: Physical Review, 52 (Dec. 1937), pp. 1107-1122.

L. R. Hafstad and E. Teller. “The alpha particle model of the nucleus”. In: Physical Review,
54 63 (Nov. 1938), pp. 681-692.

K. Ikeda, N. Takigawa, and H. Horiuchi. “The systematic structure change into the
molecule-like structures in the self-conjugate 4n nuclei”. In: Supplement of the Progress of
Theoretical Physics, Extra Number (1968), pp. 464-475.

D. M. Brink. “The alpha particle model of light nuclei”. In: Procedings of the international
School E. Fermi-Varenna (1966), pp. 247-277.

S. Saito. “Interaction between clusters and pauli principle”. In: Progress of Theoretical
Physics,41 (1969), pp. 705-722.

R. Bijker and F. Iachello. “Cluster states in nuclei as representations of a U(v+1) group”.
In: Physical Review C, 61:067305 92 (May 2000).

D. M. Brink et al. “Investigation of the alpha particle model for light nuclei”. In: Physics
Letter B, 33 (1970), p. 143.

V. Della Rocca, R. Bijker, and F. Iachello. “Single-particle levels in cluster potentials”. In:
Nuclear Physics A, 966 (June 2017), pp. 158-184.

R. Bijker and F. Iachello. “Evidence for triangular D3, Symmetry in B3C”. In: Physical
Review Letters, 122 (Apr. 2019).

V. Della Rocca. “Cluster Structure of light nuclei”. In: Gran Sasso Science Institute, Ph.D.
Thesis (2017).

C. Wheldon et al. “Octuple-deformed molecular bands in 2INe”. In: European Physical
Journal A 26 (2005), pp. 321-326.

I. Sick, J.S. McCarthy, and R.R. Whitney. In: Phys. Lett. B, 64 (1976), p. 33.
A. B. Volkov. In: Nucl. Phys.74 (1965), p. 33.

M. Hamermesh. Group theory and its application to physical problems. Addison-Wesley Pub-
lishing company, 1962.

17



	Introduction
	Geometrical model and algebraic symmetry
	Cluster density
	Potential and Hamiltonian
	Numerical calculations excursus

	Single-particle states in cluster potential
	Elements of Group Theory
	Group O(3) and splitting of its representations
	D3h group and double valued representation
	Correlation diagrams

	Methodology and result
	Methodology
	Rotational Bands
	Intrinsic Energy
	Moment of Inertia
	Rotational Constant

	Results

	Conclusions

