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Abstract

Weak Gravity Conjecture (WGC) arguments suggest that higher order derivative correc-
tions to the black hole horizon can make the extremal black hole configurations violate
the naive extremality bound of charge-to-mass ratio. These corrections could change black
holes mechanics allowing them to decay through a splitting process. We analyze such a
possibility considering the effects of higher derivative corrections to the entropy law.

We also show in the framework of 4 derivative Einstein—Maxwell theory that the mild form
of the WGC together with the Electric-Magnetic duality implies the same conditions as
unitarity, locality and positivity of the scattering amplitudes of the same theory.
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Introduction

Quantum field theory (QFT) is up to now the best framework we have to describe the
fundamental interactions. It is capable to provide predictions which are in astonishing
agreement with experimental data. For instance, the measure of the electron g—factorﬂ
matches perfectly the prediction of quantum electrodynamics (QED) obtained considering
O(a*) contributions which involve 891 eight-order Feynman diagrams (see [1]). Exploiting
such formalism it has been possible to develop a unified and consistent description of all
the known fundamental forces except gravity. The attempts to quantize General relativity,
i.e. our classical macroscopic theory of gravity, have failed so far because it turns out to
be a non renormalizable theory. Although the theory is one-loop finite, Goroff and Sag-
notti proved for the first time that it is two-loop divergent (see [2]). However, this is not
enough to conclude that QFT formalism cannot be used to provide a unified and coherent
description of gravity. We can still hope that such issue affects only the IR regime and
that there exists a consistent UV uplift. Exploiting what we learned with the Standard
Model construction, we can guess that the divergent behavior is the consequence of an
incorrect identification of the fundamental degrees of freedom (DOF's) of the theory. An-
other possibility is instead that finiteness arises once we couple gravity to other particles.

So far, string theory is the best example we have of a quantum theory of gravity, though
we are not yet able to pinpoint specific phenomenological signatures that would test its
validity. This problem arises because of the richness of the theory. For instance, the way
we take the theory IR limit is not unique. String theory is indeed a special theory, highly
constrained, whose consistency conditions fix the number of spacetime dimensions (see [3]).
However, its vacuum structure is not fixed and in order to connect with experiments we
need to integrate out extra dimensions, producing as many different IR limits as possible
vacuum geometries. The collection of all the effective field theories (EFTs) which arise as
an IR limit of string theory is called the string landscape. This concept can be extended
to any general theory of quantum gravity: we call landscape the collection of all the
EFTs which admit a consistent UV completion that includes gravity. Despite the string
landscape is huge on its own, there are a lot of EFTs that cannot be derived from string
theory. The collection of such theories is called the string swampland. The swampland is
then the collection of all the theories which do not admit a generic UV completion.

In this framework takes place the swampland program which aims to clarify the criteria
that allow to identify which EFT cannot be part of the landscape. Due to their heuristic

Tt is the proportionality constant that relates (in suitable units) the observed magnetic moment of the
electron to its spin times the Bohr magneton.
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X 0. Introduction

nature, swampland’s criteria are often formulated as conjectures, supported by a wide
collection of arguments and examples but without a rigorous proof. As one could expect,
it turns out that the more rigorous the arguments, the less the conjecture constrains the
EFTs. Among all the criteria, the Weak Gravity Conjecture (WGC) has a special role.
It is the conjecture which started the swampland program (see [4]) and it is probably
the best established one. The thesis work consists then in the study of some constraints
produced by such criterion.

The WGC has different formulations (see [5]). However, we will focus on a particular one:
the so called Electric Weak Gravity Conjecture (EWGC). The EWGC applies whenever
we couple a gauge theory which admits a U(1) gauge charge to gravity. It corresponds
to the requirement that there exist a state in the theory spectrum whose charge-to-mass
ratio is greater than one (in suitable units). Depending on the type of state we require
to satisfy the inequality, we can have a stronger or weaker criterion. If the inequality can
be satisfied by an extended state such as a black hole (BH), we do not have necessarily a
constraint on the microscopic physics. We talk therefore of the mild EWGC.

The interpretation and the derivation of the EWGC inequality is clear in Einstein—
Maxwell theory. It is nothing but the condition which allows Reissner-Nordstrom (RN)
black holes to discharge. Indeed, the charge-to-mass ratio of RN black holes is constrained
by the cosmic censorship principhﬂ to be smaller than one (in suitable units) and a decay
process which respects energy and electric charge conservation can occur only if among
the decay products there is a state whose charge-to-mass ratio is greater than the charge-
to-mass ratio of the decaying object (see section . The EWGC is therefore strictly
related to the structure of extremal BH solutions.

A natural question is then whether an extension of Einstein—-Maxwell theory could
provide modifications of such structure. It is indeed possible that introducing corrections
which depend on the curvature of the black hole horizon, the cosmic censorship bound
on charge-to-mass ratio is modified. Such computations have been performed in the 4
derivative extension of the Einstein-Maxwell theory first by Kats, Motl and Padi (see [6]).
They obtained that the bound is shifted by a quantity whose modulus decreases with the
black hole mass and whose sign depends on the higher order terms coefficients. Later
works tried to fix the correction sign with different approaches. In particular, there is a
wide production which exploits positivity bounds obtained from crossing symmetries, S-
matrix analicity and unitarity (see [7],[8],[9]). They eventually found a positive correction.
The direct consequence of such result is that the EWGC holds trivially in its mild form.
Indeed, every BH can discharge decaying in a smaller quasi-extremal BH with greater
charge-to-mass ratio fulfilling charge and energy conservation constraints.

The first question we address is then whether the discharge of an extremal black hole could
happen through a splitting process or not. If the EWGC inequality was not satisfied by
extended states then discharge could happen only through the Hawking evaporation and
the Schwinger process (see |10]). The former is dominant when the black hole is small
and its hawking temperature is big enough to allow the thermal production of charged
particles. The latter is dominant when the black hole is cold and large enough to assume
the uniformity of the electric field near the horizon and the activation of pair production
processes. In both cases the discharge occurs because the external gauge field attracts

2The principle in its weak form asserts that can be no naked singularities.
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the particles with opposite charge and repels those with the same charge of the black
hole. However, being the EWGC inequality satisfied by extremal BHs, there is no reason
to exclude a process where a black hole splits in two smaller black holes one of which is
extremal with charge-to-mass ratio higher than that of the decaying BH.

In order to evaluate if such process is dynamically allowed we compute the classical
black hole entropy using Wald’s formalism. Iyer and Wald have been able to derive a
formula for the black hole entropy which holds in a general theory of gravity with higher
order derivate terms and to show that it satisfies the first law of thermodynamic (see
[11],]12],[13]). Although the determination of the entropy in 4 derivative Einstein-Maxwell
theory has been already performed in previous works (see [14]), such computations display
some problems in the extremal limit. Therefore, as far as we know, the computation of the
entropy correction in the extremal case is an original result of this thesis work. Exploiting
such result, we have been able to produce an original discussion about the possibility of
extremal black hole splitting, concluding that the process can not occur as long as we limit
all the ingredients to the regime of validity of our work. The black hole that should be
emitted together with the extremal one corresponds indeed to a so called small black hole,
which violates the perturbative regime.

The second issue we address in the thesis is the understating of the EWGC constraints
when duality transformations are taken into account. Duality transformations are symme-
tries of the equations of motion which do not leave necessarily the Lagrangian invariant.
They had an important role in recent development of string theory and they seems to be
more fundamental than Lorentz invariance itself (see [15],[16],[17],[18]). Assuming that
duality is a symmetry of the UV theory it must hold at all orders in perturbative ex-
pansion and it can be completely characterized through leading order terms invariance.
Following the idea of the works [19] and [20] it is possible to constrain the generic higher
order corrections identified with a bottom-up approach imposing that they do not break
the duality group.

The positivity bounds obtained exploiting S-matrix analiticity, crossing symmetries
and unitarity imply that the inequality of the EWGC is always satisfied by an extremal
BH, but the reverse is not true. We wonder therefore if duality constraints together
with the assumption that EWGC is trivialized allow us to derive the former conditions.
The reason for why we are interested in having such equivalence is to establish a deeper
interpretation of WGC: it would be no more the condition which allows charged black
holes to discharge but it would became the condition that must be imposed to guarantee
unitarity and microcausality. E]

The duality group of the Einstein—-Maxwell theory is U(1) and can be easily obtained
considering a generic GL(2,R) rotation of equations of motion (EOMs) and the Bianchi
identity and requiring the invariance of stress energy tensor (see |22],[23]). Imposing that
the 4 derivative Einstein—Maxwell theory operators preserve such duality group we have
been able to derive constraints on their coefficients. Most of the higher order corrections
we considered have been already studied in the literature (see [24]), however such compu-
tations have been performed with an original approach which generalizes and systematized
the ideas of [23]. Exploiting such constraints we finally verify the claimed equivalence.

The thesis work is organized as follows. In the first chapter we review the swampland

3S-matrix analicity and crossing symmetries are both implied by microcausality, see |21].
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program. We give a detailed analysis of the WGC and its relation with other swampland
conjectures. In the second chapter we discuss the structure of leading order corrections to
the Einstein—-Maxwell theory, focusing on the ambiguity associated with field redefinitions,
and the issue of defining quantities in higher order derivative theories. In particular,
we will present Wald’s entropy formula and we will show that it satisfies the first law
of thermodynamics. In the third chapter we will solve perturbatively the fourth order
Einstein—Maxwell theory paying attention to the presence of small black hole solutions
which breaks perturbative regime. We conclude discussing the possibility of black holes
splitting. In the fourth chapter we analyze positivity bounds and we show how to derive
them from S-matrix properties. In the fifth chapter we discuss the duality constraints and
we present our generalized approach. In the sixth chapter we conclude with the summary
of the thesis work and we present further developments.



CHAPTER 1

The Swampland Program

Due to their heuristic nature, swampland’s criteria are often formulated as conjectures,
supported by a wide collection of arguments and examples but lacking a rigorous proof.
Such arguments are usually of three kinds: conditions derived from microscopic models
(such as the constraints due to the presence of monopoles, see section , comimon
characteristics expressed by string theory vacua (such as infinite towers of states, see
section and constraints derived from EFTs (such as black hole based arguments, see
section . Moreover, it turns out that the more rigorous the arguments, the less the
conjectures constrain EFTs. Looking at the criteria individually it is therefore difficult
to believe that the swampland program is a reliable approach to study quantum gravity.
However, its relevance becomes evident once the conjectures are considered all together.
They are often strictly related and point in a common direction. A single conjecture should
be therefore regarded as a node of a web which is constantly expanding and collecting more
and more arguments.

In this chapter we start presenting two different formulations of the Weak Gravity
Conjecture (WGC): the Electric Weak Gravity Conjecture (EWGC) and the Magnetic
Weak Gravity Conjecture (MWGC). We review their black hole based arguments showing
that they are dual relations. After that, we present other swampland’s conjectures show-
ing that there is an asymmetry between the two formulations. The MWGC can be indeed
interpreted as a consequence of the No Global Symmetry Conjecture (NGSC) and can be
related with the Species Scale Conjecture (SSC) and the Swampland Distance Conjecture
(SDC). EWGC has instead no well established theoretical interpretation. We finally dis-
cuss how the the EWGC arguments suggest that higher order derivative corrections to
black hole horizon can strengthen or weaken the conjecture constraints.

1.1 The Weak Gravity Conjecture

The Weak Gravity Conjecture (WGC) is the swampland’s criterion that was established
first. Although there are a lot of refinements (considering for instance central charges
associated with scalar fields) and extensions (defining the conjecture for multiple U(1)
in higher dimensions) of the WGC (see [5]), the minimal formulation in 4 dimension is

1



2 1. The Swampland Program

enough for the thesis’ purposes. It states:

Weak Gravity Conjecture (D = 4)
Given a theory coupled to gravity with a U(1) gauge symmetry, let g be the gauge
coupling. Then:

e (Electric WGC) There exist a state with mass M and charge ¢ satisfying

M < V2gqMp . (1.1)

e (Magnetic WGC) Exist a cutoff scale A such that

AS gM,. (1.2)

It is important to observe that the original formulation (see [4]) does not specify which
state should satisfy the relation (1.1]) and different cases are considered. It could be:

1. the state of minimal charge;
2. the lightest charged state;
3. the state with highest charge-to-mass ratio.

The various formulations of the WGC conjecture have different strength. (3) is associated
with the weakest one (notice that (1) and (2) both imply it), but it is the only statement
which is truly supported by black hole based arguments. (1) could be ruled out by string
theory based counterexamples (see [4]).

We highlight that extended states (e.g. black holes) are not excluded, but then the
WGC would provide a weaker constraint on microscopic physics. In such a case, we talk
of the mild version of the WGC.

1.1.1 Electric WGC

The Electric Weak Gravity Conjecture (EWGC) has a natural interpretation within clas-
sical 3 + 1 Einstein—-Maxwell theory. In such a framework, it is equivalent to require that
Reissner—-Nordstrom black holes are able to discharge themselves.

Given the action

M} 1
S = /d4a: 2 {TPR— ZF’“’FW} , e=1/lgl, (1.3)

Einstein’s equations are

1 1
R;w - §g,uuR = M T;w )

i (1.4)
T = _ﬁég% (\/mﬁEM) = FupFy” = 19 Fpo FP7 .

Imposing spherical symmetry, staticity and the presence of a point-like U(1) charge, we
obtain the Reissner-Nordstrom (RN) black hole solution (see [25])

ds? — — UM g2 4 o=20() g2 | r2d0%, | (1.5)
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= 473.2d7“/\dt, (1.6)

2
Q20— 2MG QG

r dmr?”

F

(1.7)

Making explicit the dependencies on the gauge coupling constant (Q = gq and on the
planck mass M% = (87G) ™!, the condition to avoid the r = 0 singularity is

M > V2QMp = V2qgMp. (1.8)

In particular, extremal black holes satisfy M = v/2QMp.

The discharge condition of a generic charged state can be instead derived in a com-
pletely general setting just exploiting charge and energy conservation. Let (M, Q) and
{(M;,Qi)} be the masses and charges of the initial state and the decay products. Then
energy and charge conservation imply

{MOZZiMiy (L.9)
Qo = Zz Qi
Exploiting equations we get

My 1 M; M; Qi _ (M

Do > QOEZ:QZQZ > <Qz> mm; Q0 <Q7,> . (1.10)

Combining equations (1.8) and ([1.10)) and requiring that extremal black holes are able
to discharge themselves, we finally get that should exist a state with parameters M and
Q@ such that

M M
V2Mp = Qe” >G> M < \2gqMp . (1.11)
ext

Relation (1.11)) is nothing but the EWGC.

1.1.2 Magnetic WGC

The Magnetic Weak Gravity Conjecture (MWGC) can be derived as the dual of the
EWGC, but we will see that there are some subtleties. If we extend Maxwell theory
introducing magnetic charge as the dual of the electric charge we get the classical equations

dxF = X
{ K= (1.12)

dF = J,,.

Modifying equation (|1.6)) it is possible to produce dyonic black holes. We have indeed

Qe = JpxJe= [on*F=Q,

(1.13)
Qm = Jg*xJm = [ps F =P,
so that
. Q P
F = - dr A\ dt + i sin(0) df A d¢ , (1.14)
2 2 2
€2U(T‘) = 1= 2MG 4 G(Qe + Qm)MP ) (115)

r 472



4 1. The Swampland Program

Repeating the computations of the previous section and assuming that the black hole is
able to lose its magnetic charge we get the analogous of (|I.1)):

M < V2PMp = /2pgmMp . (1.16)

Recalling that whenever we add magnetic charges the Bianchi identity is no longer
vanishing, we get that F' = dA holds only locally. It follows that A is not globally defined.
In particular, the maximum extension of A over a flat space with a magnetic monopole
is R3/{Dirac String} (see |26]). Because different strings can be mapped into each other
adding a closed form to A, i.e. through a gauge transformation, their position cannot be
detected by any physical observable. Considering complex phases associated with Wilson
loops, we get by consistency that they have to reduce to 1 whenever loops are shrunk to
a point. This induces a quantization of magnetic and electric charge, the so called Dirac
quantization. Considering for instance a magnetic monopole with magnetic charge Qp,, a
Dirac string oriented towards positive z and a particle with charge Q). whose trajectory is
a circumference C with axis on positive z direction, we have:

A=A, =49=0, A= Ci—:(cos(@) +1), (1.17)
WI[C)=Tr [P exp (iQe fé d:c“A#)} = exp [%QeQm(COS(Q) +1)], (1.18)
WO 2% 1 = Q.Qm € 277 > g, = 2r. (1.19)

So far, we have considered symmetric magnetic and electric charges which are mapped
into each other through the * operator. However, monopoles are typically introduced
through topological solitons and they are related to a symmetry breaking process. It
follows that the duality is no more exact but holds only under a certain scale A (the
monopoles themselves exist only in the IR regime). In this framework the A scale of
MWGC can be actually interpreted as the scale associated with the SSB process which
produces monopoles. To derive equation we consider then a simple example, the
Georgi-Glashow model. It is a SU(2) gauge model with gauge field A, and scalar field ¢
transforming in the adjoint representation. The Lagrangian is

1 1 A
Log = —tr[F?] + Str[DuoDMg] — 7 (tr [67] — )%, (1.20)
Du¢* = 0" + ge"ALo° (1.21)
Fi, = 0,AL—0,A% + geabCAgAg ) (1.22)

The scalar fields moduli space is given by the constraint
tr[¢?] = o7 + 93 + ¢3 = v°. (1.23)

Fixing the unitary gauge ¢1 = ¢2 = 0, ¢3 = h+v we have that SU(2) breaks to U(1). The
system is therefore suitable to produce monopoles, indeed the second homotopy group is
non trivial

2 (SU(2)/U(1)) = m (U(1)) = Z. (1.24)
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Moving to fields mass basis we get

Ay =43 my =0, (1.25)
1
+ _ 1 2 —
Wy = 7 (A, £A%), mw = gv, (1.26)
h=¢3—v, mp = V2. (1.27)

We are interested now in deriving mass parametric dependence of a static monopole. Such
configuration has no kinetic energy, therefore the mass M equals the energy E. It holds
(see 27])

M—E—/d%

lFF) + sulDioDid] + S — 0?7 . (128)

In order to avoid the computation of the integral we have to guarantee that it is a O(1)
factor in the parameters. We introduce therefore the following rescaling of the fields and
the spacetime coordinates:

y' = gua’,

¢"(z) = vf(y), (1.29)

The energy takes then the form

v 1 1 A
Assuming that m3, ~ m%v ~ Agsp we get that ﬁ = BZ%V ~ O(1). So, without other

efforts, we can guess the parametric scaling £ ~ %

case and exploiting equation (1.26]) we finally get
A
M~E~—. (1.31)
g
Equation ([1.31]) has been derived for Georgi-Glashow model, however such parametric
dependence is typical for all the models with monopoles. Combining equations (|1.16]),
(L.19) and (1.31)) together we finally get

. Recalling that we are in the static

% ~ M < 2—7T19]\4p = A SgM,. (1.32)
g g
Equation is nothing but the MWGC.
Notice that in this framework the MWGC can be intepreted as the condition that at
least one monopole in not a black hole. Indeed, relation can be derived requiring
that the minimally charged monopole satisfy equation .

1.2 Other Swampland Conjectures

So far, we proved in a simple model the equivalence of ([1.1)) and the possibility that black
holes can discharge. Moreover, we proved (1.2]) exploiting the dual relation (1.16)) and
treating magnetic monopoles as solitons produced after a SSB process. However, we did



6 1. The Swampland Program

not provide any argument supporting the necessity of black holes discharge. According
to [5] it is still an open question whether the presence of stable remnants would provide
inconsistencies or not. However, it is clear that the presence of a fundamental inconsistency
associated with the existence of stable black holes would provide a proof of the WGC.

Although the whole conjecture is not proven, there are arguments supporting the
MWGC which are independent of the EWGC validity. Such asymmetry between the
two conjectures is due to the fact that the core of the MWGC is the existence of an EFT
lowered cutoff scale A and not the introduction of a bound on magnetic charges. Therefore,
despite is related to , it should not be intended simply as its dual relation (unlike
(T.16)).

The existence of a cutoff scale lower that Planck scale Mp is central in a lot of swamp-
land conjectures. In order to explicit the web they form we review some of them: the
Species Scale Conjecture (SSC), the Swampland Distance Conjecture (SDC) and the No
Global Symmetry Conjecture (NGSC). All the arguments we present in this section sup-
ports therefore indirectly the MWGC.

1.2.1 Species Scale Conjecture

The Species Scale Conjecture (SSC) states:

Species Scale Conjecture
Consider a theory of gravity in d-dimensions with Planck mass MI‘?, which admits
Ng particle species under a cutoff scale A. Then, in the weakly coupled regime it

holds: 4
M
A<Ag=—"% (1.33)

d—2
NS

The main argument which inspired the conjecture exploits a particular class of particles,
those associated with the Kaluza—Klein (KK) modes. KK modes arise from compact
dimensions integration, thus they are a clear signature that the UV uplift of the theory
should be described in a higher dimensional spacetime. Therefore, the presence of KK
modes implies the existence of compact extra dimensions and provides a lowering of the
Planck mass scale.

Let us consider for instance a flat metric in d+1 dimensions with a S* compact dimen-
sion normalized in order to have 7 ~ 7+ 1:

ds* = gyydaMdaN =y, datdz” + (20R)?(dr)?. (1.34)

The action which describes a free massless real (d 4 1)-dimensional scalar field on such
background is then

d—1 e
S = (MEHY) /dd+1x 3 Ou®dMe. = /ldet (garn)], (1.35)

Exploiting 7 periodicity, we can express ¢ through the periodic expansion

+oo
=) b, G =6, (1.36)

n=—oo
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and the action yields

S = (M](DCHI))d_1 /dd:v dr (2rRe) Z {—%eQWi(”+m)T¢m [D + (%)2} gbn} . (L.37)

m,n

where e = +/|det (g,,,)|. Equation (1.37) is nothing but the action of an infinite tower of
scalar fields in d-dimensions with increasing masses given by M2 = (%)2. We get then

S = (M}(Dd))d_zz:/ddxe{—;qb; [0+ m?] ¢n} . e=+/|det (gu)|,  (1.38)

where we introduced the d-dimensional Planck mass M I(Dd) which satisfies
d—2 d—1
(MY = 2R (M) (1.39)

Equation implies that the reduced d-dimensional Planck mass is higher than the
(d+1)-dimensional Planck mass. It follows that the presence of extra compact dimensions
lowers the cutoff scale of the EFT. It is possible then to relate such lowered scale with
the maximum number Ng of particle species contained in the theory spectrum. We have
just to impose that the theory breaks at My, i.e at the mass scale of the Ng-th mode.
Above such scale the theory spectrum should contain indeed a number of KK modes that
is greater than the maximum number of species contained, providing an inconsistency. We
impose therefore

My, = M. (1.40)
Exploiting equation (L.39) and the definition of M,, we get
1 1
Ng (d+1) 1 (@) d-2] a1 1\#&2 1=d
7 M T g (M57) =Ns |5 N Mp~, (1.41)

where the last equivalence is obtained replacing R expression computed from the equiva-
lence of the first and third term. The lowered cutoff scale then becomes

@
P M (or)7e = Ag. (1.42)
N&?

Equation is nothing but the SSC.

We verify now that considering 3+1 Einstein—-Maxwell theory the SSC cutoff scale can
be bounded through the gauge coupling constant. Choosing ¢ in order to have minimum
charge equal to 1, the number of BHs species with different charge is given by the maximum
charge that a black hole can assume. Such charge is nothing but the charge of an extremal
black hole whose mass is at the cutoff scale A. We have therefore

M max A

N§ ~ Gmas = ~ (1.43)
@) @)
\/EQMP gMp
Applying (1.33) we get
y@
ASAg=—2L_ — A<M, (1.44)
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Equation presents a suppression factor driven by g coupling constant as , but
the power scaling is different.

In order to understand the correct link between the MWGC and the SSC, it is impor-
tant to notice that despite the argument proposed to present the SSC exploits the presence
of extra dimensions, they are not strictly necessary to derive . The conjecture can
indeed be related to an entropy bound (see [28]) which locally constrains the number of
particle species of the theory. Moreover, the bound can be consistently applied to ex-
tended states (e.g. black holes) assuming that their internal structure do not produce any
not trivial effect. It follows that the SSC can be intended as an extension of the MWGC
because it is able to provide bounds on the lowered cutoff scale exploiting a wider class of
particle species. However, the bound obtained applying the SSC to black hole species is
weaker than the MWGC one.

1.2.2 Swampland Distance Conjecture

In the previous section we introduced KK modes and we used their typical mass scale
Mg ~ % to evaluate the number Ng of particles species that have mass lower than
the reduced Planck mass and verify the SSC. Although we observed that an alternative
derivation can be provided through entropy bounds, it is worth taking a closer look to the
infinite tower of states structure because it is strictly related to the Swampland Distance
Conjecture (SDC).

Let us consider a bosonic free string which lives on a spacetime with only one compact
dimension. It is possible to show (see [5]) that integrating over S' we will produce a
spectrum of particles which contains all the KK modes previously found and some new
modes associated with the not trivial topology of the string warping around S'. The mass
of such states can be computed to be:

2
2 n\?2 Rw
M2, = <E) + <?> ., mweLZ. (1.45)
Moreover, turning on gravity, the radius R becomes dynamical (it is proportional to the
dilaton exponential) and we have

R=¢"P?, My ~ e2P? Mo, ~ e 2%, B>0. (1.46)

Equations imply that whenever ¢ takes big values there is at least one infinite
tower of states whose mass scale is exponentially suppressed. The SDC is nothing but
the assumption that this property holds in every theory of the landscape and for every
direction taken in the moduli space.

Swampland Distance Conjecture
Consider a theory of gravity with moduli space M which is parameterized by the
expectation value of some free field ¢*. Then

e VPe M, s>03 Qs € M such that d(P,Qs) > s, i.e. every configurations
admits a boundary at infinite geodesic distance.

e There exist an infinite tower of states with mass scale M (Q) such that

M(Qoo) ~ M(P)ePUPRx) g0, (1.47)
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We see that the SDC on its own does not imply a bound on the cutoff scale of the EFTs.
However, it guarantees that approaching the boundary of the moduli space there is at
least a tower of states which becomes exponentially massless. It follows that applying
the SSC at such tower we are able to provide a constraint on the cutoff scale that grows
exponentially with the parametrization of the moduli space. Therefore, the SDC and the
SSC together provide a stronger version of the latter. It follows that the arguments which
support the SDC and the SSC can be consider as strengthening the MWGC.

1.2.3 No Global Symmetry Conjecture

We finally consider the swampland conjecture which is at the same time the one with
strongest arguments and the one with the most qualitative statement.

No Global Symmetry Conjecture
A theory coupled to gravity with a finite number of states cannot admit global
symmetries.

Before reviewing the arguments that support this conjecture, we observe that the No
Global Symmetry Conjecture (NGSC) implies that the coupling constants of the gauge

interactions ¢ must be bounded from below, i.e. there exist gr(,?m such that

i < 97 (1.48)
Indeed, if the coupling constants of the gauge interactions did not have a lower bound,
nothing would prevent them to flow smoothly to zero. Thus, a bound on the cutoff scale

of the form

A< f@Mp,  |f(9) <1, flg) E20, (1.49)

would guarantee us that whenever the gauge symmetry approaches the global symmetry
regime the cutoff scale A drops to zero.

Evidences of the NGSC are derived with different and independent approaches (pertur-
bative string theory, AdS/CFT and black holes physics). The black hole based arguments
rely on the possibility of preparing black hole configurations with fixed mass and arbi-
trarily large global charge. A black hole cannot lose its global chargdﬂ through Hawking
radiation or through the Schwinger process because the global charge does not produce a
field outside the black hole. It is therefore not possible to distinguish among the particles
produced near the horizon and repel those with the same charge of the black hole. Because
a black hole cannot lose its global charge it is possible then to produce a configuration
with arbitrary large global charge and fixed mass. We can indeed prepare such system
throwing inside the black hole particles charged under the global symmetry of interest and
letting it radiate the extra mass. Then

e Because the black hole structure does not depend on global charges (no hair theorem,
see [25]), increasing its global charge is possible to violate thermodynamic entropy
bounds (see [4]).

LAt least in semiclassical regime.
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o It is possible to approach planck mass regime with arbitrary large charge. In partic-
ular such an object can be prepared having a charge to mass ratio greater than any
other particle of the theory. The configuration is therefore stable independently of
quantum gravity effects. It follows that it is possible to produce an infinite number
of remnants.

Thus in both cases inconsistencies arise.

1.3 Extremal Black Holes Instability

An interesting scenario to investigate is the possibility that extremal black holes are able
to decay, i.e. that the product of the discharge process which satisfy equation is a
black hole itself. Proving that black holes are able to decay emitting a smaller black hole
one would provide a proof of the mild version of the WGC because equation would
be trivially satisfied by extended states. Conversely, one proving that black holes cannot
decay would rule out the possibility that the EWGC trivializes, but would not provide
any inconsistency associated with the existence of a stable remnants.

Exploiting equation we get that extremal black holes decay requires a correction
on extremality bound of the form:

V2MpQ
= YL — 1), (1.50)
(M) >0, (M) < e(Mz) iff My > My. (1.51)

The natural guess for corrections that could provide such scale-dependent behavior is a
theory with higher order derivative operators. Notice that equations and
suggest that a decay process through a splitting process is possible.

Since the possibility of black hole instability has been suggested by the WGC presen-
tation (see [4]) several models have been studied. In the next chapter we will study the
simple example of the Einstein—-Maxwell theory.



CHAPTER 2

Einstein—Maxwell Theory

We concluded the previous chapter highlighting that higher order derivative corrections
could modify the charge-to-mass ratio of the extremal black hole configurations. Such fact
has been verified in several models such as Einstein-Maxwell theory (see [14]), Einstein—
Maxwell-dilaton theory (see [20]) and heterotic string theory (see [29]). However, in order
to verify whether the WGC trivializes or not it is not enough to determine the charge-to-
mass ratio correction. We have indeed to fix its sign. This has been usually accomplished
fixing the coefficients of the higher order derivative corrections imposing the matching with
IR expansion of string theory (see [20]). In the case of Einstein-Maxwell theory is instead
possible to avoid string theory matching and fix the correction sign exploiting positivity
bounds due to S-matrix analicity, unitarity and crossing symmetries (see [7]). In order to
discuss the possibility of black holes splitting we concentrate then on the simple case of
Einstein—Maxwell theory.

In this chapter we identify the lowest order correction of Einstein—-Maxwell theory.
Exploiting suitable identities and field redefinitions we remove redundant terms reducing
the action to a form easy to handle. We discuss then the correctness of the field redefinition
itself and the effective equivalence of theories mapped by such transformation. We finally
introduce Wald’s formalism which allows to compute the Noether charges and the entropy
in theories with higher order derivative terms.

2.1 Lowest Order Corrections

Let’s consider the action

2
S:/d4xe(£2+A£) . L= %R— iFWFW, e=+/lgl. (1)
We want to derive the lowest order correction AL to Einstein—-Maxwell theory. We notice
that gauge invariance imposes the use of F*” instead of A*, thus we can built AL using
only tensors with an even number of indices. It follows that a scalar Lagrangian with
no free indices requires an even number of covariant derivatives. We have therefore that
higher order corrections are dominated by fourth order terms, i.e. AL = L4 ~ O(D*).

11
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Finally, CP invariance implies that an even number of F*¥ operators is required. We have
indeed

P C
Dy — (=)uDp = (=)uDy (2.2)

P C
Ay = (—)uAy = —(—)uAy, (2.3)

P C

Fo — F, = —F,, (2.4)
where we introduced (—), = —(52 —i—éz. Thus, the general fourth order term takes the form
Oy = (R)p(Ruu)q(Rquo)r(vu)25(FuV)2ta ptqt+r+s+it=2, (2.5)

where the constraint (2.5)) fixes the derivative order. Neglecting total derivatives, the
maximum extension of Einstein—-Maxwell theory involves the terms

dim=4: R’ (Rw)®, (Rupo)®, RFLF™, R, F'"F",
Ry po FHV PO

dim =6 : (DMFW)Qa (DMFW)Q, (DyFyp) (DY FHP).

dim=8: (F,F")?, (Fu,F")% F,F"PE,,F"

Vgl

where we have introduced the dual field strength tensor FW = 5 €uupo F'P7, with €155
the Levi Civita symbolH However, not all of them are independent. Through the relations

(Fu, F")? = —2(F,, F")? 4 4(F,, F"PE,, F°*) | (2.6)
(DuFup)* = 2(DyFy,)(DVFH7) (2.7)
(DuFyp)® = = 2R FH*FY) + Ryypo F* FP7 + 2(Dy F*)? 4 2D, A" (2.8)

A" = F,,D"F" — F"D,F", (2.9)

we see that the last 8-dim operator and the last two 6-dim operators are redundant.
Moreover, (Ryup0)? cancels thanks to Gauss-Bonnet term G which is a total derivative
(see |30]):
G=R - 4(Ruu)2 + (R,ng)Q ) (2.10)
*G = RAB A RCDEABCD =
1
dP [(wAB ARCP — gwAB AwCp A wFD) €ABCD} . (2.11)

Considering variations of g, and A* of order O(D?) we can perform a field redefinition
which is equivalent to replace the tree level equations of motion

g =g + 69",
Al = A, +0A,, (2.12)

(VIgle) = V/IglL + 8 (\/TglL)

INotice that €uvpo takes a minus sign under CP transformation, therefore in a single term is admitted
only an even number of Levi Civita tensors.
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where

5 (VIglc)

6 (V1912 + /lglLs+0(D%) =5 (/lglL2) + O(D°) =
= Vgl {]\?59“” <wa - %ng - ﬁﬂw)} (2.13)
o1{34, (D17} +-0(D").

Fixing properly field redefinition parameters it is possible to cancel RZ, (RW)Q, RF?,
Ry (FFPFY,) and (D, F")? terms. We have indeed:

g = L g F2 4 A%FWFVP - A%g“”R + A%%R“Vv

2.14
§A, = b 7 D Fo, (2.14)
and therefore
2¢3 + c4) 9  C4 2 (4c1 +2c3 — c4) 2
I R S e :
9|2 R 5 (Bw) 57 R
(c2 — c4)
R, (FFF" — (F, Y dad 2.1
(B P Ey ) + ’2 (D P2,
M M2

The Einstein-Maxwell Lagrangian at lowest order in higher derivative correction takes the
form

M? 1
L = —PR—fF L +4M4(FWF V)2
(2.16)

+ (Fu F™)? + (Fu Fpy RMP7) .

4M4 2M2

We can finally express R, ,, in terms of the Weyl tensor WWPUH In 4 dimensions we
have

1
W;wpa = R,uupcr - (g,u[pRa]y - gu[pRa]u) + gRgu[pgo]u7 (217)
1
Wowpo F" FP7 = Ryype F*™ FP7 — 2R, FMFY, + gRF?. (2.18)

Applying a proper field redefinition on Lagrangian (2 which fixes R, (FMF" ) and
RF? coefficients we eventually get the fourth-order Lagranglan

L= Lo+ Ly
Mg, 1
Hv vpo
+4M4(FNVF ) +2M2 (F/U/FPO'WHP )

2This choice will be clarified in section It is necessary to constrain the «; coefficients through the
positivity bounds found in the literature.
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2.2 Field Redefinitions

In the previous section we selected a particular 4 derivative extension of Einstein—-Maxwell
theory performing a field redefinition. However, equation mixes photon and gravi-
ton degrees of freedom, therefore the related quantum field theories are not equivalent. A
quantum field theory is indeed invariant under field redefinitions only if the degrees of free-
dom are not mixed (cfr. S-matrix equivalence theorem, see [31]). In general, the theories
are not equivalent classically too. The non linear transformations can indeed change the
number of DOFs that propagate. However, assuming that higher order derivatives terms
are small and considering solutions which do not break the perturbative expansion we
should be able to guarantee the theories equivalence. The typical scale of the phenomena
we are going to study would be indeed smaller than the cutoff scale at which could appear
the new DOFs effects.

The above observations implies that the dynamics of big enough black hole solutions
should not be influenced by a field redefinition. However, we highlight that this is not
a proven fact but just a claim. It is therefore fundamental to verify it. A possible non
trivial test can be obtained through the computation of quantities which influence directly
the theory dynamics. Two theories mapped by a field redefinition are equivalent only
if their dynamics is the same. Therefore, such quantities must be somehow protected.
For instance, being AS and Az fundamental to determine whether a BH can decay or
not, a necessary requirement of theories equivalence is that the signs of the corrections
are invariant, i.e. that the corrections can not be completely absorbed through a field
redefinitiontl

The signs of charge-to-mass ratio and entropy corrections depend on higher order terms
coefficients (we will explicit the result in the next chapter). We are interested therefore
in understanding whether there exist coefficients combinations which are invariant under
fields redefinition. If there were no invariant combinations, there would be no possibility
that the field redefinitions leaves the dynamics of big black holes invariant.

Let us consider the general theory

L= Ly,

M? 1 .
r£@ — TPR—ZFWF“ ,

4 _ Q@ 2 a2 ~ .o Qs (2.20)
L= 4M£(F“ v +4M;£(F“ v +2M1%(FWFMWWM)’

Q4 v Qa5 2 2 2 ag 2
) = LR FROFY 4 S5 RF? 4 agR® + ar(Ru)? 4+ —— (D Fyp)? .

2M?% ¢ 2M3 2M?%

The operators considered constitute a complete basis for the Einstein—-Maxwell theory

with 4 derivative correctionsﬂ The non linear field redefinition (2.14)) introduces then the
terms

V_ G M2 C2 upRV . €3 4 puv

dghv = Ml%g“ F +M2§‘F“ FY, + MEg“”R%— M‘%R“ )

(2.21)
§A, = ML%D”FW,

3Notice that we do not expect that the invariance property is a necessary condition of all physical
observable.
4Notice that we chose a basis which is slightly different from that of the previous section
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(203 + 04) 9  C4 2 (401 + 2¢co — C4) 2
= Rt - F

5( 91 ) o Ay (e sz

(c2 — ca) 2
2M?% 8M3
Cc2 b 2

2 (F FYPF,F7") + —— (D, F")?.

2M3 M2

Exploiting equations (22.6)),(2.8) and (2.18)) it is possible to express the operators introduced

by (2.22) in the basis of Lagrangian (2.20). We have indeed

+ R (FMPFY)) + (F F*)? (2.22)

+

b b b b
—5 (D F*")? = —=(DuFy,)° RF? — —— W0 F*FP7 . (2.23
M}%( M ) 2M}2)( 2] ,0) +6M% QM% nvpo ( )
262 Co C2 ~ v
_47]\/[1% (FWFVPFNFUM) — _M(FMVFW)Z _ M(FWF )2. (2.24)
We obtain therefore the coefficients shifts
oy = ay — 2
1 — 1 ) )
oy = a9 — 2
2 2 ) )
oy = az—b,
o) = ast+cy—cy,
I co ¢4 b (2.25)
Q5 = a5 —C1 2+4+3,
ak = g — B _a
6 6T Ty
c
0/7 = a7+ 54 ,

Oéé = ag+0.

Having 8 coefficients and 5 independent parameters which parameterize the field redefi-
nitions, we expect that it is possible to built 3 invariant quantities. It is simple to verify
that a possible choice for such quantities is:

1
1 = a1+§a4+a7,

(2.26)

1
B2 = a2+§a4+a7,

B3 = az+as.
In particular, we observe that as and ag are not involved in 3; definitions. This is a direct
consequence of their transformation laws: they are the unique coefficients shifted by c;
and c3 respectively.
A convenient choice of {¢;} is that which let vanishing «; coefficients. Exploiting a
proper field redefinition we can set:

o), =0, i=4506,7,8
gy = a,
By = aj,

By = aj.

(2.27)
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Therefore, the three invariant quantities equal the coefficients of @ . Notice that this
is a necessary condition for the equivalence of the particular theory (]2__J§D and the general
theory . However, equation is not enough to conclude that the sign of a generic
correction evaluated in is invariant under field redefinitions. Although it is driven
by a combination of aj, ae and ag which can be expressed through the {3;}, nothing
prevents the turning on of other corrections which are proportional to a vanishing «;. In
particular, all the effects due to a5 or ag terms of the general theory are loss. However,
we know from the literature that both the charge-to-mass ratio and the entropyl’| are not
affected by as and ag (see respectively [6] and [14]). Thus, there is no reason to doubt of
our claim. In the next chapter we will verify that the carge-to-mass ratio and the extremal
black holes entropy are actually invariant.

2.3 Wald Formalism

We present now Wald’s formalism. It applies to theories of gravity whose action involves
higher order derivative terms. In particular, it provides a generalization of Komar’s for-
malism for general relativity.

We start this section describing how to associate a conserved charge to a Killing vector.
After that, we show that black hole masses can be expressed thorough the charge associated
with the asymptotic time translation symmetry. In particular, we verify that Wald’s
definition of mass is a generalization of Komar’s definition. Finally, we show that BH
entropy can be described as a Noether charge and we verify that it satisfies the first law
of thermodynamic.

2.3.1 Noether Charge in Higher Order Derivatives Theories

An important class of coordinate transformations is that of isometries. An isometry is
characterized by a section of the spacetime tangent bundle { whose Lie derivativﬂ satisfies

Leguw =0. (2.28)
In general relativity, given a Killing vector ( it is always possible to define a conserved
current. Exploiting the Bianchi identity for Riemann tensor, the Killing equations and
[Dy, Dul¢p = R,,° (s it is easy to show that
‘DUDVCP = Ruapz/ca . (229)
Contracting with g"” we obtain

D,D?C, = Ry (. (2.30)

Expressing the relation with differential forms and exploiting Einstein equations we finally
get

5The entropy has been successfully computed only in the non extremal case. The approximation
performed breaks before reaching the extremal limit, therefore it is not obvious whether the result still
hold in the extremal case.

SWe indicate the Lie derivative with the symbol £. It is the same we use for the Lagrangian density,
however the right interpretation should be clear given the context.



2.3. Wald Formalism 17

1, |
Ju = 877TRMVC = (Tw/ - iguuTllj) ) (231>
wdxdC =81j] = dxj=0. (2.32)

The conserved charge related to ¢ is then obtained integrating the Komar current over a
space-like hypersurface ¥

Qc = /Z = [ e, (2.33)

8 oy

Q)¢ is called the Komar’s charge associated with (.

In higher order derivative theories it is possible to define a generalization of Komar
charges proving their conservation and their definition without using Einstein equations
of motion. However, such generalization presents some subtleties. Following [11], let
us consider a general theory of gravity £ in n dimensions with at most k£ derivatives.
Exploiting the relation

[‘DIM Du]wg = Ruua'ng - Ruyryﬂws ) (234)

where ¢ is a (1,1) tensor, we can always rewrite £ in order to have only totally symmetric
combinations of fields derivatives m Varying the action and defining the n-form L = %L
we get

5S = /6L - /E5¢ +do, (2.35)

where ¢ indicates a generic dynamical field of the theory and d© is called symplectic
prepotential and it is an exact (n — 1)-form. In particular © = ©(¢,d¢). Equations of
motion read then:

E=0. (2.36)

We consider now a generic section of the tangent bundle ¢ (we are not assuming that it is
a killing vector) and we define the variation given by the relative Lie derivative:

o=Lc. (2.37)
For every ( can be defined then the n — 1 form
J=0-(-L, 6 =06(¢,00), (2.38)
where the dot is intended as the interior product. Recalling Cartan Identity
Lop=C-dp+d(C-v), (2.39)

we obtain

OL=Le=d(-L). (2.40)

Exploiting equation (2.40)), (2.35)) and imposing equations of motion ([2.36) the differential
of (2.38) becomes

dJ =d® —d(¢-L)=0L— Ed¢p— 6L = —Edp=0. (2.41)

"This step is purely conventional. However, we will show that quantities are affected by ambiguities.
It is therefore important to fix the starting of the computations we perform.
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Therefore there exists a (n — 2)-form @ conserved on-shell such that J = d@. Obviously
Q is defined up to an exact form dZ, however such ambiguity can be removed integrating
over a suitable (n — 2)-surface

0= [ 1= [de-] @ (2.42)

The (n — 2)-form @ seems to be a good quantity which generalizes the notion of Komar
charge. In particular it seems that exist a conserved charge for every possible tangent
bundle section. However, this quantity has some bad features and it is not well defined.

Let us restart from the definition of ©. © is fixed in order to satisfy the Lagrangian
variation. However, equation tell us that the constraint is imposed on d® and not
directly on ©. It follows that © is defined up to an exact form dY (¢,d¢). This implies
that J is defined up to dY(gZ),&Z)) and that @ is defined up to Y(¢,3¢). Moreover, the
definition of ©® has another more important problem: it is sensible to total derivative
variations du of the Lagrangian. In particular, it is shifted by a quantity du. Exploiting
we obtain that J is instead shifted by:

J=0—-C- Lo J+0u—C-du=J+d( p). (2.43)

Finally, @ gets shifted by ¢ - u. To sum up, we have that J, Q and © are defined up to
the transformations

© — O+ du+dY(p,0¢), (2.44)
J = J+d(C-p)+dY (6,00), (2.45)
Q—=Q+C-u+Y(h,0)+dzZ. (2.46)

Let assume now that ¢ is a killing vector and that ¢ = 0 (this condition in case of time
translations is nothing but the requirement that perturbations are stationary). Being ¢
a killing vector it follows that 8¢ = 0. The charge is therefore defined up to the
transformation

qz/aEQ—er/aEC'u- (2.47)

We want to find now a quantity whose variation cancels that of ¢. We consider then

¢-0. (2.48)
()3
which is defined up to the transformation
(-6— C-O+C-0u+¢-dY(o,00), (2.49)
) )

The term (2.48)) can not be used to built an invariant definition of charge. However,
recalling that 6¢ = 0 we have that ¢ - du = §(C - ). Moreover, exploiting (2.39) we get

C-dY =LY —d(C-Y) =Y (6, L80) = 8Y (¢, Leo) (2.50)

where in the second step we dropped the second term (we are integrating on a boundary)
and in the last two steps we exploited the fact that £:¢ = 0. It follows that introducing
a (n — 1) differential form B such that

o) ¢B=] o (2.51)
[
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we get

/ c-@%/ C-O+6(C 1)+ 6Y(h Lod). (2.52)
ox ox

/ (-B— C-B+(C-u, (2.53)
o% 8%

where we exploited Y (¢, Lc¢) = 0. Therefore, we can use (2.53) to finally define the
conserved charge

acz/azcz—q-Bz/ch—d«-B), (2.54)

whose definition has no ambiguities. Notice that to build such quantity has been funda-
mental that { was a Killing vector.

2.3.2 Noether Charge Explicit Formula

In section [2.3.1] we proved that it is possible to extend the notion of Komar charge in higher
order derivative theories. However, in order to define ¢ we introduced three quantities,
O, J and @, whose definition is ambiguous. Therefore, we can not just impose (2.54) to
determine an explicit expression for g. We have to specify an algorithm which guarantees
that ©, J and ) are computed in a consistent way. We present now the main steps of
the algorithm used by Wald. The procedure involves a huge amount of algebra which we
don’t report. The interested reader can see [11], [12], [32].

Given a theory L, we firstly use equation to have only totally symmetric combi-
nations of fields derivatives. Once we get the symmetric lagrangian density L£g we have to
fix its boundary terms. ©, J and @ are indeed sensible to total a derivative shift. © can
be computed then through the boundary terms which arise from the action variation (cfr.
equation ) Applying the algorithm provided by [12] to the symmetric Lagrangian
density L it is possible to show that © can be written as

0 = 2E"D5gy. + O (2.55)

©' is a (n — 1) differential form where the variation § is always on the left of derivatives
operators. It has the structure

k
e = Sab(d)) OGap + Z T(l)(d))al"“’aléD(al o DaZ)Rabcd
=0 (2.56)

ie{y} 1=0

where ¢ indicates all the dynamical fields of the theory and v indicates all the dynamical
fields except the metric. E**? is a (n — 1) differential form given by

Ebcd — Eadega, €y = (niv__f)leaag..vandx(m A - Adx™ , (257)
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and E%? i a tensor which can be interpret as the equations of motion obtained assuming
that Rgpeq was an independent dynamical field, i.e. it holds

0Lg 0Lg

5£:Eabcd5Rac _ =5 _p, I=5
bed aRabcd ! aDou Rabcd

+ ...

oL (2.58)

5 Rubed -
"D (a, - - DapyRapea )~

. (=D)*Dy, ... Dy,

Given our choice of ©, the conserved current J associated with the section of the tangent
bundle ¢ reads:

J = 2E"Dibgy.+ 6 (¢,60) — - L

bed , (2.59)
= 2F% Dd(Dch + DCQ;) + 0O ((f), ,Cg(ﬁ) —(-L.

@ is finally defined by J = d@Q. The algorithm described in [32] guarantees that we can
always invert the relation and express () in terms of the theory fields. However, we are
just interested in determining the structure of ) expansion in terms of ¢ field (the reason
will be clear later), therefore it is not necessary to use it to extract the explicit expression
of ). We start then by looking at the ( dependency in . ©’ is linear in ¢ and D¢
(cfr. equation. Moreover, recalling that E*? is antisymmetric in the last two indexes
and exploiting equation we have

1 1
E" D,D.¢, = 5Ebcd [Dg, D.] G = —§Eb0d R,7, ¢ (2.60)

Therefore, E**1D;Dy(, is the term of highest derivate order of (2.59)). Being proportional
to D2(, it is the only term which produces contributes in @) proportional to D¢. It follows
that ) takes the general form (for our conventional choices of © and J)

Q=X“Dly+ ¢ W(d), (2.61)

where W (¢) and X are differential forms locally defined through the dynamical fields of
the theory with dimensions (n — 1) and (n — 2) respectively. According to the previous
observations we can readily determine X relating it with D?¢ term in (2.59)). It holds

c abed— — —g a an
X d =-F b deab, €ab — meaba&”andﬂf SN ANdx™. (262)
Equation (2.54)) then becomes
i = [ XD+ W) - B, (2.63)
5[ ¢B = [ ¢2B%Dg,. +0'(6,50). (2.64)

ox ox

2.3.3 Mass in Higher Order Theories

In Newtonian relativity it is possible to associate a energy density directly to the gravita-
tional field. It holds indeed

1 =
€=~ IVoP, (2.65)
Y
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where ¢ is the gravitational field. Considering general relativity and taking the Newtonian
limit of the theory it turns out that ¢ corresponds to a metric component (see [33]). We
can guess then that the energy density could be expressed by an operator quadratic in
spacetime metric first derivative. However, it is not possible to built a meaningful operator
of that type. Despite there is no general notion of energy density of the gravitational field,
it is still possible to define the total energy-momentum 4-vector of an isolated system, i.e.
the 4-vector seen by an observer in the asymptotically flat region.

A first definition of the total mass of a asymptotically flat configuration can be given
as the bulk mass seen by a test particle moving at infinity. Assuming for simplicity a
stationary field configuration with spherical symmetry, Newtonian gravity tell us that a
particle which moves in the field ¢ generated by a mass M satisfy:

d*z - M
7 = —Vé, ¢ = _G77 (2.66)
where Z are the space coordinates of the test particle in a particular reference frame and

r is understood. Being the particle in the asymptotically flat region, weak field regime
applies and general relativity implies

P 1o
a2 ©aVhos  Gu R+ by (2.67)

Requiring by consistency that general relativity has to reproduce Newtonian gravity in
the weak field approximation we get

26M ) | (2.68)

900%(—14‘2@:—(1— "
Thus, in general relativity the bulk mass is proportional to a residual of 1/r term of ggg.
A second definition of the mass can be formulated in terms of Komar charges. Let us
consider a field configuration which is asymptotically flat. It is always possible to define
a Killing vector ¢ which correspond to a time translation at infinity. Using such Killing

vector it holds

1
Qi =—— lim [ xdt=M. (2.69)

8 r—oo 52

The total energy can be therefore characterized as the Komar charge associated with time
translations and equation guarantees its conservation.

We consider now the case of a 4 dimensional Schwarzschild black hole. Such configu-
ration is asymptotically flat, therefore it admits dy as Killing vector. We will show that
the charge ¢, with boundary the asymptotic sphere coincides with the Komar mass of the
BH. Applying the prescriptions of the previous section to General Relativity we get

1
0 = ﬁgdegfh (Df0gen — Dedgyn) €a s (2.70)
1
_ = le4d] =
J = ¢-De (D) 2, (2.71)
€4 = 7_9'edazu_anclﬂza2 Ao Adx® . (2.72)

(n—1)
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Comparing equation (2.70) with (2.55) we read that ©' = 0. Moreover, the structure of
the current (2.71)) tells us that W (¢) = 0. Therefore, equation (2.63) takes the form

@ = X“DiCy—¢- B, (2.73)
)

0 LB = /8 EC-(QEdeDd(SgbC). (2.74)

We compute now the first term of equation 1D X can be written as

dz® A dx?
X®=2sxE",  E%= E“bcdgcdgddf% , (2.75)
therefore we get
& = / XDty = 2s / * B Dty . (2.76)
o0 oo

Exploiting equation (A.53)) we have then

51 = —/ Eade’I]abD[ctd] €oo = —AnabD[ctd}Eade, (277)
o0

where all the quantities are intended as evaluated in the limit » — oco. Recalling that
th = 65 s Nab = 24/ 900911|5E§1b] and exploiting symmetry properties of F2°¢ indices we get

& = 2A0.g007/ 900911 | E*1° . (2.78)

Let us assume Mp = 1, so that Einstein Lagrangian is just R/2. The E%°¢ tensor then
simplifies to

1
Eabcd _ 1(gacgbal o gbcgad) , (279)

and goo = —1/g11 = —(1 — r5/r). Equation (2.78)) becomes

1 [, ZM} M
81 = —§A81900 = TIL\HOIO {2471'7" 871'7“2 = ?, (2.80)

where we introduced the Schwarzschild radius rs = M /4.
Variation of the second term of equation (2.63]) reads instead

(552 = —/ t- (9 = / <t . Edey*nab> 2Dd5gbc = 214\/ ‘gOOgll|E1de(Dddgbc) , (281)

and again all the quantities are intended as evaluated in the limit r — oco. Exploiting

equation (2.79) we get
1 1
06 = / €0 §D15900 25/ €co 53159007 (2.82)
oo (e.9]
1 M
& = / €00 58190023. (2.83)
oo

It follows that ¢, = &1 + & = M. As we claimed ¢, reproduces Komar mass.
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2.3.4 Entropy Formula

We conclude this section presenting Wald’s entropy formula and showing that it satisfies
the first law of thermodynamics. Let us consider a black hole configuration and let ¢
be the Killing vector associated with its Killing horizon H. Exploiting the fact that ¢
vanishes on H and choosing 0% = H equation becomes

Q= /H XDy - (2.84)

Introducing the surface gravity x and the binormal to the Killing horizon 7., we get

Go=r / Xy, (2.85)
H

where we used that D[,(y = K74 and that s is constant on H.

Let us consider now a non rotating asymptotically flat stationary black hole with
spherical symmetry. BH horizon is a Killing horizon H with Killing vector ;. Integrating
the associated current on an space-like hypersurface ¥ with inner boundary H we get

qt:/zjt_d(t'B):—LQt+LQt—t~B (2.86)

According with the previous section, we can identify the integral on the asymptotic surface
as the mass of the black hole. In the static case it corresponds to the black hole energy.
Exploiting equation (2.85|) we can write then

Q= —ﬁ/ X oy + € (2.87)
H

Being 6t = 0, it holds 0k = 0. Therefore, assuming that dg, = 0 (see below), varying
equation (2.87)) we get
TS {27r / X“bnab} = 0¢, (2.88)
H

where we introduced the Hawking temperature 7' = 5-. Equation (2.88) is nothing but
the first law of thermodynamics. From equation (2.88|) we finally read the entropy

S =2n / Nap X .. (2.89)
Su

We conclude verifyin@ that §g, = 0. Varying equation (2.86) we get
5qt:/5Jt—5d(t-B):/5(@—t-£)—d(t-@), (2.90)
) )
where in the second step we exploited J and B definition (cfr. equations (2.38)), (2.51)).

Recalling that we are considering stationary perturbations which satisfy ¢t = 0 and ex-
ploiting Cartan identity (2.39)) we obtain

5qt:/5é—t.5c—d(t.@)z/aé—éez/w, (2.91)
b Y b

8 A more general argument which implies that the variation of every Killing charge is null can be found
in 32
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where we introduced the so called symplectic potential w. Notice that although LHS is a
well defined quantity, w presents the same ambiguities of ©, J and @. It has the structure

(6,30, 00) = 56(9,00) — 6 O(¢, 0¢) (2:92)
Considering the second and the fourth term of equation (2.50) we can write w as
w=d(t-0) (2.93)

Replacing equation ([2.93)) in the RHS of equation (2.91)) and applying Stokes theorem we

= [a0o1=— [r-os [ 10 o

Being t the Killing vector of the Killing horizon H, the first term of (2.94]) vanishes.
Recalling that asymptotic flatness fixes d¢(occ) = 0, © is null at spatial infinity and the
second term vanishes too. We have therefore §g, = 0.



CHAPTER 3

Black Hole Solutions

In the previous chapter we determined lowest order correction to Einstein—Maxwell theory
and Wald’s entropy formula. We have therefore the framework and the formalism suitable
to evaluate whether black holes splitting processes are allowed or not. The literature guar-
antees us that the kinematic constraints provided by the EWGC are trivially satisfied once
positivity bounds due to S-matrix properties are taken into account (see [7]). However, the
dynamics constraints due to the second law of thermodynamics have not been discussed
so far. In this chapter we present our original analysis on the existence of configurations
which satisfy both the kinematic and thermodynamic constraints. It turns out that the
splitting processes are not allowed. They involve indeed small black hole solutions which
break the perturbative regime.

We will start by solving perturbatively 4 derivative Einstein—-Maxwell equations of mo-
tion treating higher order terms as small corrections. Once we have the metric expression,
we will determine the corrections to charge-to-mass ratio and to the radius of extremal
BH configurations, verifying that higher order corrections do not change the structure of
the black hole horizon (it is still a Killing horizon and its surface gravity vanishes in the
extremal limit). After that, we will evaluate the correction to the entropy of extremal con-
figurations through Wald’s formula. Such computation provides the first relevant original
result of the thesis work. It extends indeed the computations of [14] where the entropy
diverges in the extremal limit. Exploiting positivity bounds due to S-matrix properties,
we will be able to fix the corrections signs and we will use them to prove the mild ver-
sion of the EWGC and to discuss BH splitting processes. We will finally provide two
highly non trivial consistency checks. The first one tests Wald’s formalism. We will ver-
ify that the thermodynamic temperature computed from Wald’s entropy taking the mass
derivative vanishes in the extremal limit as well as the Hawking temperature. The second
consistency check tests theories equivalence under fields redefinition. We will verify that
the entropy and the charge-to-mass ratio of extremal black holes are invariant under such
transformations, proving the claim of section We conclude this chapter by discussing
and analyzing the differences between our result and those of the literature.

25
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3.1 Perturbative Solution of Einstein—Maxwell Theory

Assuming that the variational principle still holds in higher derivative theories, we can
compute the exact equations of motion (EOM) of the theory (2.19) varying the action

with respect of dynamical fields:

605 = / diz /g Dy [F™ — AF™|6A, .
ME [ 4 1 ! v
(Sgpws = 2/d X \/@ |:Rp,1/ - §gp,z/R - M7123T,U,1/ 6gN )
GV:Ry_lgVR:LTV7
EOM - M H 291 Mz~ H

D FH = J¥ 4 D,AFM

where we introduced the quantities

201 200 Lz = 203
AF'UJ/ = M7§F F“V + @FFF + @W”UPUFpU )

T, = _\/2|§|5;v(\/?‘£>’

and Stress-Energy tensor components take the explicit form

2 ) 1
2 o
T = e (VI6162) = Fufi? = G
2 4
4 _ _
T;(w) - - \/m(sgw, ( |g|£4) - g,uzl£4 - 25£4
= L PV 8FF F, P+ -2 g (FF)? — 2g,,(FF)?
= 4Mé> Guv npl'y 4Mj43 Guv Guv

a3 s B
o { = 6F o PP R 5, — 4Dg Do (FO F7)) )
P

+ 8R(y)o Flyyp 77 + 4R Fop Fgy + 29, Do Dy (F°, F7P)

4 2
—4DaDyy| (FsF*?) +2D%(FpF, ) — SRE,"Fyy = F° Ry,

2
+ 3D D) F* = 29w D*F* + mwwa,apaFaﬁFﬂf’} .

Wl N

(3.7)

Assuming that the a; coefficients are small, we can treat £4 as a perturbation and solve
perturbatively the equations of motion. Denoting with (n) the order of approximation in
the expansion parametersﬂ we have that for general higher order derivative corrections

li.e. g™ is the solution exact up to af terms.
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hold
VR o] = T o A0
2) [ (n) 0T (n=1) 4 (n-1 (3.8)
o 1@ [, A0 T [ A 1
D (g0, AP] = Y D AR [glrh, A D] (3.9)

where dots denote corrections with order higher than fourth. Considering only fourth
order corrections and using 1' to reduce the order of A, dependence in lj we gelﬂ

2 D7 ~ 2) [ (1) 4(0
MpG [gaﬁ] = T,LSV) [ a,ﬁ”A’(Y)} + <2AF(u|pF|u)p

. (3.10)
o 4 (0) 0
— S A 4 T )[4, A0

Notice that even if we were able to solve the exact equations of motion and ,
the solution would be meaningless outside the regime of validity of equation @ O If
the perturbative expansion breaks £4 is no more a small correction to Einstein—-Maxwell
theory and we can not neglect terms with order higher than 4. We would have then to
consider further corrections.

Now, we look for black hole solutions. Considering stationary, charged and spherical
solutions we obtain for the unperturbed case the well known Reissner—Nordstrom (RN)
solution (see [|25]):

1

ds® = — fo(r)* dt* + AGE dr* +r*dQg,, F= % dr Adt, (3.11)
5 M Q?

fo(r)2 =1 (3.12)

T nMZr 32 MEE

To derive the perturbed solution we require that in the limit a; — 0 we must recover the
RN solution. The most general ansatz for the metric assuming a stationary, charged and
spherical BH is then

ds? = ~N(r2Fi(r) d? + 1 dr® 4 12 dO%, (3.13)
Ji(r) ’
and the asymptotic conditions take the form
ggtl) = —N@)?2fi(r) = —fo(r)? + Agy + o() , Agg 220, 0, (3.14)
@)Y = A = for)?+AfFola), AfF 2o, (3.15)

To determine N(r) and fi(r) we replace the ansatz (3.13)) in (3.10)) and we take proper
combinations of the independent EOM. Let us introduce the more compact notation

g =MpGl — T, (3.16)

2Note that keeping ¢) dependence in TS,) term of equation li we are considering contributions
that are neglected using the techniques presented in [34].
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where we have dropped explicit dependence on dynamical fields having in mind the de-
compositionlﬂ (3.10). Let us consider the combination:

a3 Q% fo(r)?  2f1(r)N'(r)

El-&8 =0 —
r 1272 M3 76 rN(r)

= 0. (3.17)

Massaging equation (3.17)) we get

a3 Q° fo(r)? } { a3 Q* / 1 }
N(r) = K [— d ~Kexp |——23< [ ar—
(r) Pk | () R SYEVZ Pl

. 2 1 2
~ K[l—adci/dr} = {1—1—0{3624} )
24 Mpm? 7o 96m2 M pr4

(3.18)

where we have removed f1(r) using eq. (3.15)) and neglecting higher order contributions.

The integration constant K is fixed imposing the correct limit ggtl ) for vanishing «;. Let
us consider now the relation:

El+E3=0. (3.19)
Replacing equation (3.18)) in (3.19)) we have:

dir 2rf1(r) + r%f{(r)} =2+ a1hi(r) + ashs(r), (3.20)
4
hi(r) = —MW?W , (3.21)
. Q2 / 2 2 "
har) = fyazapy [ (R) = rfor)” = @) ()

3.22
@A) [as @ folr)? — 127°MA P F ()] (322
26374 MBS fi(r) '

Equation (3.20]) cannot be solved easily because of the presence of fi(r) in hz(r). However,
we observe that hg(r) is multiplied by an a3 factor. Exploiting (3.15)) and neglecting higher
order terms in perturbation parameters, equation (3.22)) becomes

% 24.Q%folr) fo(r)

~ w0 el 2 2 "
ha(r) = foapaya (L @A) = rfin)" =R ()] + Teraia s (329
Through a simple double integrationlﬂ we get then:
d2 d1 a1 Q4 Qs Q2 5Mr Q2 M2 T2
filr)=1—-—+ 75~ 1176 .6 6 -6 3 o) (329
roor 1280 = Mp r Mp,r® \ 384w 640 7 247

3In particular we have raised indexes using perturbed and unperturbed metric according to the correct
field dependence.
4 After the first integration we get a standard first order linear differential equation.



3.2. Radius and Charge-to-Mass Ratio of Extremal Black Holes 29

where d; and ds are the integration constants. We can fix them imposing (3.15)). We have
finally:

Q? M
A= — % dy = — 3.25
T3 M T 4mM2’ (3.25)
4 2 2 2,2
2 a1 Q az @ ( Mr 7Q Mpr >
= - - - - 3.26
g = I+ g aiars s MG,6 \12808  7esont  ase2 ) (320
1 4 2 (5M 2 MEr?
= fO(T)2 - 01 & 6 0436Q ( - Q By X1 ) ) (3.27)
o 1280 iME r6 " ME 6 \38475 64071 2472
a3 Q?
s g b S 3.28
gtt g’I‘T 487T2M§.7"4 ( )

3.2 Radius and Charge-to-Mass Ratio of Extremal Black
Holes

In order to study the perturbed BH solution and relate it to WGC we must firstly compute
(1)

its corrected horizon radius 7" in the extremal case, i.e. for the maximum allowed value
of the charge to mass ratioE] By definition it is given by:

1 1

T;I?ext = max {7“ €Ryp : o, =0, z= zggx} . (3.29)
grr (1)

The solution cannot be computed exactly because in our case rg) is the root of a sixth order

polynomial. However, a perturbative approach is still possible. The standard techniques

used in the literature are those of guessing the polynomial roots dependencies on the

perturbative parameters (see [35]) or of considering the expansion rg) = rg) + Arg)) and

assuming that Arg}) is small (see [14]). The method we will use mixes both of them. The

unperturbed horizon is given by

M + /M2 = 2M2Q?
O _ P M (1+V1-22), (3.30)
P

H= 8r M2 " 8aM

Z_\/iMPQ
=

(3.31)

where we introduced the charge-to-mass ratio z. In the unperturbed case z takes values
in [0,1] (2 = 1 extremal charged BH, z = 0 Schwarzschild BH).

We start by evaluating numerically P(r) := r%fi(r), in order to understand which is
the best ansatz to apply the perturbative methods. Setting Mp = 1, we observe that
the polynomial roots present 3 different structure&ﬁ depending on the sign of the z-axis
intercept:

5The extremal configuration with charge Q can be equivalently defined as that with the minimal mass.
5Here we are assuming M > Mp, M > «;. Outside the perturbative regime the solutions structures
are pretty different.
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Figure 3.1: The orange surface in the plot is the polynomial P(r) = r%f;(r), while the
blue surface is the z = 0 plane. In every plot we set a3 =1, a3 =1, Mp = 1. In (a) and
(b) we set m/8m = 40. In (c), (d), (e) we set respectively z = 0.8, z =1 and z = 5.
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Figure 3.2: The orange surface in the plot is the polynomial P(r) = r%f;(r), while the
blue surface is the z = 0 plane. In every plot we set a; =2, ag = —1, Mp = 1. In (a) and
(b) we set m/8m = 40. In (c), (d), (e) we set respectively z = 0.8, z =1 and z = 5.



32 3. Black Hole Solutions

o a1 +2a3<0
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Figure 3.3: The orange surface in the plot is the polynomial P(r) = r®f;(r), while the
blue surface is the z = 0 plane. In every plot we set a; = 1, ag = —1, Mp = 1. In (a) and
(b) we set m/8m = 40. In (c), (d), (e) we set respectively z = 0.8, z =1 and z = 5.

We notice that only in the case of figure the solutions have the same structure of the
unperturbed RN solutions (i.e. for any fixed mass M there exists a maximum z at which
the BH horizon becomes singular). If oy + 2a3 > 0 we see instead that there are BH
solutions which have an arbitrarily large value of z. Indeed, although there is still a value
of z at which the outer horizon vanishes (as in RN case), there is always an inner horizon
which prevents from having naked singularity. Finally, the difference between figure [3.1
and figure [3.2]is that in the second case the radius of the black hole is constant for large
z values; in the first case it increases.

We proceed now computing the first order corrections to (r, z) for the solutions which
correspond to a perturbation of extremal RN black holes. If oy + 2a3 < 0 it is clear that
such configurations correspond to the extremal ones, i.e. those with maximum charge-to-
mass ratio. If a3 + 2a3 > 0 there is instead no bound on z. Although the perturbations
of extremal RN black holes are well defined solutions, they do not correspond to the
configurations with maximum charge-to-mass ratio. Therefore, the following computations
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apply for every allowed value of a7 and asg, but the configurations they describe seem to
be the extremal ones only in the case a; 4+ 2a3 < 0. However, we will see that the class
of black holes with z > 1 is composed by small black holes which break the perturbative
regime (see section. Therefore, the results that we will derive in this sections assuming
to be in the case a; 4+ 2a3 < 0 will eventually turn out to describe extremal configuration
for every value of oy and a3 (within the perturbative regime). Indeed, in this section we
will never exploit the a1 + 2a3 < 0 bound.

Given the results of the numerical simulation we guess (we drop perturbation order
indexes and until the end of this section the quantities are evaluated at the extremal
configuration):

M Ar
=14+A A 1 =—+4+A — 1. 3.32
z + Az, Azl <1, TH 87r+ T, (M/S?T)’<< (3.32)
The definition (3.29), tells us that rp satisfies P(ry) = 0. Assuming the ansatz (3.32) we

can consistently expand such condition around n = M /87 producing an equation for Ar.
Dropping higher order terms we have (we assume n > |«a;| 2 |Ar|):

0 6<Ar6 n 4Ard . Artz? . 5Ar? n AAr322  dasAr?z?
= n —
nb n® n4 n4 n3 3n4
L 6A1r%222  5Ar? 203Arz?  4hz? AAr  dogz?
n2 n2 3n3 n n 5n?
8asz? 20322 9
- W n2 +27-1 (3.33)
6AT%222  5AT? 203Arz? 4ArZ2 AAr 4ozt
~ nb - + + - -
n? n? 3n3 n n 5n2
8aszt 20322 9
Tz T TR
Solving the equation we get
6n2(1 — 2%) — azz? A
Ar = =) - VA : (3.34)
18nz% — 15n 2(90nz2 — 75n)
A = —4 (90n22 — 75n) (15n3z2 —15n% — 12alnz? — 24a3nz* + 3Oa3n22) ( )
3.35

+ (60n%2% — 60n% + 10a32%)” |
We impose then the extremality condition requiring that A vanishes. Dropping higher
order terms we can produce a solvable equation for Az. We have:

2
0= A = n?|-1800n%Az + 720y — 360 a3 + O (%ﬂ , (3.36)
6472
Az = 2 1\22 (201 — o). (3.37)

We observe that Az parametric dependence is in agreement with the order of the per-

turbative expansion ([3.36)). Replacing equation (3.37) in (3.34) and imposing A = 0 we
get:
8w

Ar = —157M(240£1 — 70&3) s (338)

which is in agreement with the order of the perturbative expansion (3.33). Equation (3.37))
is in agreement with the results in the literature ([6],[(8],[14],[7].[9])-
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3.3 Entropy and Positivity Bounds

We proceed now to compute the entropy of the perturbed BH. For stationary BH solutions
with stationary perturbations we proved that there exists a quantity, called Wald’s entropy,
which is defined in generic higher derivative theories and satisfies a relation which has the
structure of the first law of thermodynamic (see section . Although it is still an open
problem to understand which is the nature of the microstates associated with BH entropy
and there are some unclear issues related to it (such as the information paradox see [36]),
Wald’s entropy is the most promising formula to compute entropy in the classic regime
(see |13]).

We recall the Entropy formula for a D-dimensional theory with derivative order & (cfr.

equation [2.89))
S =2n / Nap X, (3.39)
Su

dz¢ A dz?
—
Spr is given by the (D —2)-dimensional intersection between a (D—1)-dimensional spacelike
hypersurface and the (D — 1)-dimensional Killing horizon of the BH; s is the sign of the
metric determinant, x is the D-dimensional Hodge star operator, ng,, is the binormal to
Sy normalized and oriented according to

X% =95 B E® = Eadg  gaa (3.40)

de ’g’ =Nsy Nesy (341)

where eg,, is the (D — 2)-dimensional volume element of Sg; E4? is the tensor obtained
varyng the symmetric actiorﬂ as if Rgpeq was and independent dynamical field, i.e. it
holds:

oL oL
0Lg = Eade(SRabcd = [ LA Da1 =S + ...
8Rabcd aDal Rabcd
or (3.42)
. (=1)*Dg,, ...D 2 S Rabed -
( ) (a1 ax) aD(al o Dak)Rabcd abed
Assuming spherical symmetry, equation (3.39)) reduces to
S = 47'('8/ Nap * B — 2773/ Eadenabncd es, = —ZWAE“denabncd, (3.43)
SH SH

with

A=anrm)?, 1w =2v/lgooly/lo1] 60,5 (3.44)

We consider now the 4 derivative Einstein—-Maxwell theory (2.19). The Lagrangian
density terms are already symmetric in covariant derivative. Applying the definition (3.42))

directly to the Lagrangian (2.19)) we get:

2
~ abcd M asg
E —_ P _ac, bd +

1
Fachd —9 achde *FQ ac bd) 3.45
5 ) ( g s t3E 9 ), (3.45)

"Given a theory £ we call the symmetric one that is obtained using equation (2.34) to have only totally
symmetric combinations of fields derivatives.
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where the tilde indicates that the tensor is not correctly symmetrized yet, i.e. does not
respect the indexes structure of d Ryp.q. We have then:

1 ~abed bacd abdc badc ~ cdab ~ dcab ~ cdba ~ dcba

E“b"’d:§(E —E" B+ B+ B B —E"" 4+ BT (3.46)
According with the perturbative expansion performed we can decompose E*°? ag
1) ~ 0Lo 1 0Ly 0 0
Eabcd - 5Rabcd [g;(w)} + 5Rzzbcd [gl(w)’ Ag )} . (3.47)

Exploiting equations (3.28) and (3.47) the perturbed entropyﬁ at the first order in «; takes
the form:

) m222 m222 m222 —2
S = <87T MPTH + 127 PP Oég) (4871'2 03— <1 + WO@) ) . (3.48)
Using the explicit results (3.37)),(3.38) we get
6472 M2
Zext = 1+ 57213(2041 —as), (3.49)
M 8T
- = — - 24001 — 7 3.50
THext ST 15M( a1~ Tay), (3:50)
M? 16
L ST EWQ (8o + a3) . (3.51)

Recalling that the entropy function for RN solutions is given by (see [37])

M?
A1 — 22 - -
SO 8M2 (1 + 1 z ) SO,ext - 8M123 3 (3.52)
the extremal black holes entropy correction takes the form
16 5
ASext = —Eﬂ' (8ay + ag) . (3.53)

Notice that the corrections (3.37), (3.38) and (3.53) present the typical parametric scaling
(see |19],[35]).

As far as we know, equation is an original result of this thesis work. Indeed, the
most accurate analysis we found of 4 derivative Einstein—-Maxwell theory is that pursued
in ([14]). However, the entropy formula they obtained shows a divergent behavior in
the extremal limit, therefore the entropy of the extremal configuration have never been
evaluated explicitly until now.

We conclude this section by analyzing the implications of the positivity bounds due
to S-matrix properties. For the moment, we just assume them without discussing their
nature. A more detailed study will be pursued in the next chapter. Exploiting unitarity,
crossing symmetries and analiticity of the S-matrix it is possible to constrain the values
of a1 and ag. According to [7] we have

2000 — a3 > 0,
201 + a3 > 0, (354)
as > 0.

8Notice that the formula holds for a generic configuration, not only for the extremal ones.
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The system (3.54]) fixes completely the corrections signs (o > |ag|/2 implies 8y +as3 > 0).
Therefore we get:
AZext > 0, Arext < 0, ASet < 0. (355)

The positive correction to the charge-to-mass ratio implies that BHs can spontaneously
decay emitting a smaller extremal BH with higher z. EWGC bound is therefore trivially
satisfied and the conjecture is proved in its mild form (for our class of theories). The
negative sign of extremal entropy correction alone does not allow us instead to determine
whether black holes can split or not. We have indeed to evaluate whether the entropy
corrections allows us to produce a couple of BH whose entropy is greater than the entropy
of the decaying BH. However, before proceeding with such analysis we have to better
understand which is the regime of validity of our computations. It is indeed fundamental to
test BH splitting processes avoiding BH configurations which are outside the perturbative
regime. In order to determine whether a BH breaks the perturbative regime we have just
to verify if it satisfy our assumptions. In general, a black hole configuration is reliable if its
mass is greater than the theory cutoff scale and if the higher order terms are subdominant
once they are evaluated for such solution. We have therefore

{M > Mp, (3.56)

Lo > |AL].

From the constraints , it is clear that an heavy black hole can not be outside the
perturbative regime. The first condition is indeed trivial. The second one is satisfied
because |AL| increases with the horizon curvature and the bigger is the mass, the bigger
is the radius and the smaller is the BH curvature. Therefore, only the light BHs can
break perturbative regime. We call such kind of solutions small black holeﬂ Finally, an
extremal BH together with must satisfy

{'Az’ <1, (3.57)

|Ar| < (M/87) .

Before analyzing the splitting processes we proceed then with a detailed discussion of
the computations performed in section and of the light black holes which arise for
a1 + 2a3 < 0.

3.4 Black Hole Solutions Detailed Analysis

In section we obtained the radius and the charge-to-mass ratio for solutions which are
the perturbations of extremal RN black holes. However, in order to present as clearly as
possible the perturbative computation we did not discussed the details of our assumptions,
results and methods.

In this section we start analyzing the last result we obtained, i.e. the charge-to-mass
ratio formula for extremal BHs. Higher order corrections introduce a quadratic dependence

9Notice that our definition of small black hole differs from that commonly used in the literature. We
define small black hole a BH that is light enough to be outside the perturbative regime. In the literature
a small black hole is instead a BH that becomes singular in the limit of null perturbations. However, all
the BHs we will classify as small black holes in the thesis work satisfy both the definitions.
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on the BH mass, therefore it is not obvious that for every charge @ is identified only one
extremal mass. It is important therefore to understand if there exist more than one
configuration and if such extra configurations break or not the perturbative regime. It
will turn out that every reliable configuration admits a smaller one which is outside the
perturbative regime.

After that, we formalize the perturbative computations performed in the previous
section introducing a more general approach. The new algorithm reproduces exactly the
same results but works independently of the particular structure of the black hole solution
we are considering.

We finally discuss the structure of the black hole horizon in higher order theories.
Firstly, we will verify that the sphere with radius defined by has actually the struc-
ture of a Killing horizon. The condition we used to define the radius is therefore the
correct one. Secondly, we will show that whenever the two outermost horizons coincide
the BH surface gravity vanishes. Condition encodes therefore in the right way the
extremality condition.

3.4.1 Charge-to-Mass Ratio in Higher Order Theories

Equation (3.37) tells us that the charge-to-mass ratio it is no more constant but depends
on the mass of the BH. However, we notice that now for a fixed charge the bound is not
trivially satisfied by a unique mass value. We have indeed

7T2
V2Q = (A]\ZD) + 5?%\%) (201 — as) . (3.58)

Setting Mp =1 and € = 2a; — a3 the relation can be written as

6472
5

Recalling that @ = |Q] in (3.59) and that € > 0 (cfr. equation (3.54))), we have that the
two Mt and M~ should satisfy:

M? —\V2MQ +

e=0. (3.59)

M*TM~ >0,
{ (3.60)

M*T+ M- >0.

It follows that whenever the equation admits a real solution it admits a couple of
positive solutions M*™ > M~ > 0. It is important then to understand whether M ™ and
M~ are reliable solutions. If they were both part of the theory spectrum we could identify
two types of extremal black holes: there would be a class of light stable black holes and a

class of unstable heavy black holeﬂ. Solving equation (3.59) we get:

Cz B 647m2e

= L :
V2 2 5

(3.61)

For large @ values they take the form

0Given a fixed value of the charge @, the light black hole has lower energy, therefore the heavy black
hole can not be stable
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42 42
M*:ﬂ@—?“ - ame (3.62)

5v2Q T 5V2Q

The asymptotic behavior of M~ implies that such configurations will surely exit the per-
turbative regime. However, it is possible to show that the M~ configurations are never
admitted. We recall that we derived equation assuming that the mass M is larger
than the Planck mass Mp and that Az is a small perturbation. We have therefore that
must hold

M>1,
{Az = @6 <1 (3.63)
= M :

Moreover, it can be easily verified that % <0 VQ. We have then the bound on M~

o Qmin _ 64m2e

< 7z 3 =M. (3.64)
Qmin

The second relation of (3.63) together with (3.64)) implies the mass bound

6472

M > e= M. (3.65)

Condition (3.65) together with condition (3.63) takes then the compact form

M > max{1, MZ}. (3.66)

Exploiting equation 13.641 it is easy to show that M~ configurations are small black holes
completely ruled out by :3.66). We have indeed

ME>1 — M>MZ>My>M", (3.67)
ME<1 — M>1>My>M". (3.68)
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Figure 3.4: The purple curve in the graph is the BH charge as a function of the mass in the
extremal configuration with € = 0.1 for the perturbed case. The green curve is the same
quantity for the unperturbed case. The intersections with the lines parallel to the x-axis
define M~ and M couples. The shadowed region is defined by M < Mg and indicates
where the perturbative regime breaks.

3.4.2 A More General Algorithm for z and ry

The computations performed to determine Az and Ar are highly dependent on the struc-
ture of the particular solution we are working with. A possible generalization of the
algorithm is suggested then by the parametric dependence of . Ar could be ob-
tained expanding fi(r) = 1/g¢,(r) around the unperturbed solution and neglecting higher
order terms. Indeed, by definition it holds

0= fi(r)) = 1 (ry) +o 1 (ry)) Ar+ 0 (Ar?) (3.69)
therefore we get "
0

NG (3.70)

Coh ()

Although equation should provide the correct result, to compute the correction
Arext in the extremal case we have to evaluate Aze. This can be achieved easily con-
sidering the second order term too in fi(r) expansion and imposing to have a degenerate
solution. In general we have

2 (7“53))

0=h(ry) = A(ry)+oh (rY) ar+ A2+ O(A%),  (3.71)
and the radius takes the form
-0, f1 £EVA
ATM . (3‘72)

02 f1
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Thus, in the extremal case the radius and the charge-to-mass ratio are given by

A = (Oh) -2/ =0, (3.73)

Argg = -—2hf (3.74)

a,rz fl Azext

It is easy to verify that choosing Tg)) = rl(g)ext = % and fi(r) given by

f M Q> AQ*  AMQ*  AQ! (3.75)
! dmr  327w2r2 247294 384735 1280740 '

equations (3.74) and (3.73)) provides exactly (3.37) and (3.38]) (for a suitable choice of A,
A; and Ag). Applying equation (3.73) we get

1
A X 6477'2(6140 - 5A1 + ].OAQ) - 15M2Azext + O (W) y (376)
which implies
Aew = 7 (640 — 54, + 1049) (3.77)
Rext = 1502 0 1 2)- .
Equation (3.74) reads instead
Or f1 8

Areyt = ——=— = ——— (2449 — 15A 204,) . 3.78
Text 872f1 15M ( 0 1+ 2) ( )

Comparing equations (3.75)) and (3.24]) we can fix A; coefficients. We finally get

A0 = a1+ 2as, (3.79)
Al = 5as, (3.80)
A2 = a3, (3.81)
2
Azewt = §4M7T2 (201 — 3), (3.82)
Aren = ——" (2401 — Tag). (3.83)
15M

It turns out that we found an algorithm which allows us to compute Az and Ar indepen-
dently of the particular structure of f;. However, there are some subtleties. We notice
that we can not expand fi(r) around r(©) = 24/1 — 2% because otherwise the solution
would be defined only for z < 1 and we could not take the extremal limit. It follows that
the range of validity of the solution strictly depends on the expansion point and if we use
fg roots it is important to check whether they are well defined or not. E

3.4.3 Killing Horizon Structure in Higher Order Theories

During the study of black hole solutions we defined the black hole horizon as the sphere
with radius the biggest real root of 1/g, (cfr. equation (3.29)). We will show now that for
BH solutions within the perturbative regime this is a good characterization. The surface
has indeed the structure of a killing horizon.

HThese are the reasons why a divergence appears in [14] when quantities approach the extremal limit.
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The most general ansatz for the metric of a static, non rotating and spherical black
holes is

ds® = —A(r)dt® + B(r)dr? + r?d0? (3.84)

Then, the time derivative ¢ = 8y = ¢}'0,, with (/' = 6} is a Killing vector of the metric
(cfr. equation ([2.28])). A surface ¥ is a Killing horizon iff there is a Killing vector which
is null on X, i.e.

3¢ 0= =CMC, Vo e X (3.85)

A Killing horizon ¥ for {; must satisfy then
0 = 845009 = goo(x) , Vo e X. (3.86)

It follows that every real positive root of ggg is the radius of a sphere which has the
structure of a killing horizon with killing vector dy. In particular, the black hole horizon
is nothing but the lightlike surface associated to the sphere with the biggest radius.

Let us look at the relations between gy and 1/g,, roots. If our solution is such that
A(r)~" = B(r) then the roots of g and 1/g,, coincide and the biggest positive root of
1/grr is the black hole radius. If we consider instead the general case , we have
no guarantees that the roots coincide and definition does not apply. Finally, if we
consider the case of a BH obtained perturbing a solution which satisfy A(r)~! = B(r), we
expect that the metric takes the form

ds? = — N(r)2A(r)dt* + A(r) " tdr? + r?dQ?, (3.87)
A(r) = Ag(r) + aAy(r) + O(a?), (3.88)
N(r)? = 14 2aN;(r) + O(a?), (3.89)

where « is the perturbation parameter and we expanded N2(r) with N(r) = 1+ aNy(r).

Let us focus on the third case. Choosing 7 such that A(rg) ~ O(a?), then N(ry)2A(ry) ~
O(a?). Tt follows that within the regime of validity of the perturbation theory the vanish-
ing of 1/g,» implies the vanishing of g up to O(a?) terms

1

2 2
ng(TH) - O(a ) = gtt(rH) ~ O(a )’ (390)

which implies that the roots of 1/g,, and gy correspond and the biggest real positive root
of 1/g» defines the black hole horizon.

Explicit check

We conclude verifying explicitly that the largest positive root of gy coincide with that of
1/grr. Equation ({3.26)) can be written as

A Q? A1 M Q? Ao Q*
242yt T 3847395 12807416
M Q2
4w M2r * 32m2M 22

—gu = fo(r)? (3.91)

folr)? =1 (3.92)
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where we set

Ay = a1 + gag , (393)

A1 =3 a3, (394)
1

AQ = 50[3. (395)

Equation (3.91)) has the structure of (3.75)), therefore we can easily compute Areyt an
Azext exploiting equations (3.77) and (3.78)).

6472 6472

AZeXt == W(GAO - 5A1 + 10A2) == m(20{1 - ag) y (396)
Areq = — -2 (244) — 1541 + 2045) = — " (2ay — Tas) (3.97)
Text = 15M 0 1 2) = 15M a1 ag) . .

The corrections obtained are exactly the same computed through 1/g,, (cfr. equations

(3:37) and (3.38))

3.4.4 Extremality Condition in Higher Order Theories

We will show now that imposing the degeneracy of the biggest positive real root r* of
1/grr we get the vanishing of the surface gravity and of the Hawking temperature. It is
therefore the right extremality condition.

Let X be a Killing horizon and ( its Killing vector. The surface gravity x can be consider
as a measure of how much the integral curves of ( fail to be affinely parameterized and is
defined by the relation (see [38]):

Dy = —r(”. (3.98)

Using Killing equation D,(,) = 0 and the fact that (, D,y = 0 it is straightforward to
derive .

W = =S (DuG)(DACY). (399
Let us assume to have a stationary and non rotating black hole with spherical symmetry.

Recalling that 9y is the killing vector of the BH horizon we get

1 1
K2 = = 30° G (Dal)(DsC”) = =59 91 (T, 86) (5,07 (3.100)

The non vanishing Christoffel symbols of the type '}, are

ro _ i ri (3.101)
10 2gtt ’ 00 297"7" ' .

Replacing in equation (3.100)) we finally get

2_ _L1ogn 1 1

/
4 gttgrr 2 " \/ |gttgrr| ’

(3.102)
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where we exploit that sign(gyg,) < 0 outside the BH horizon. Recalling that the surface
gravity has to be evaluated on the the BH horizon we introduce the Hawking temperature

K 1 [ 1 d }
T=2=— | ———
2 4w L\/—gugrr dr

Let us consider now the metric structure given by (3.13). The temperature takes the
form

(3.103)

r=r+t

K d
- % [Nir) V02| .

Let now P(r) be the monic@ polynomial associated to f1 defined as P(r) = r™ fi, where
n = deg(P). Calling r~ the next biggest positive real root the polynomial decomposes as

: (3.104)

Pr)y=(r—rN(r—r)g(r), deg(g) =n—2, (3.105)
and replacing in
rt+
_ ;Nin )+ — 17)g(r) (3.106)

In the limit »— — r™ the temperature T' as well as the surface gravity x vanish.

3.5 Small Black Holes

The numerical study of equation tells us that if ay 4+ 2a3 > 0 there exist configura-
tions with fixed mass M > Mp and arbitrarily large charge Q > M (see fig. (a): at
z > 1 still exists an horizon which encloses r = 0 singularity). However, it is not obvious
if these configuration are reliable or not. If they were out of the theory spectrum (as
they will turn out to be), extremal configurations would be well defined and described by
equations (3.49)) and (3.50)). If they were instead in the theory spectrum, equations
and would still apply but they would have a different interpretation: they would
be associated with the transition configuration from a BH with 3 horizons to a black hole
with just 1 horizon (the innermost).

We start by computing the radius of these light BHs. According with the numerical
solution (see fig. , we guess that the greatest real root of in the extremal case
takes the form rg ~ |z|®m ™, with 0 < § < 1. To identify the dominant terms, we replace
the ansatz in P(r) = r9f,(r). Replacing z definition and setting Mp = 1 we get

—5(8+7)+1
P(rg) = m 5B (\/§|Q|)66 - m4;7+ (\@|Q\)5B

—4(B8+7) —2(B+7)+1
m 48+2  agzm 28+2 3107
P (VEQ) T T (Vall) (3107
5a3m BHL B+2  Q*ay + 2a3)
e (Vi) - )
768 1280 7
If we take the limit z > 1 assuming that M > Mp is fixed we get that 274, 4t and 5th
term of equation (3.107)) are surely subdominant. Moreover, we notice that if 0 < 8 < %
the leading order terms in @ of polynomial (3.107)) are just

4 2
Py T (vValQ)) " - W (3.108)

12The coefficient of the highest power a,r" satisfy a, = 1.
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Considering the same truncation, P(r) reads

Q7 QYo +203)
o 3272 128074 ’

P(r) (3.109)

and the root which corresponds to the BH horizon in the extremal case is given by

Q| 1
THext = a1 + 2a3)4 . 3.110
It follows that v = —% = —f, which are in agreement with the range of validity of

approximation . We observe that the relation is well defined because the arguments
of square roots are always positive. Moreover, it vanishes smoothly in the limit «; — 0,
which confirm that it is associated with a class of light BH solutions not admitted in the
unperturbed case.

In order to evaluate whether light black holes with z > 1 are reliable or not we check
if they violate perturbative regime. Let us firstly fix ¢ and consider M — 0. The limit
requires to take M < Mp, therefore this type of solutions are out of perturbative regime.
Let us now fix M > Mp and take the limit () > M. We recall that we derived equations
of motions assuming that £*) is a small perturbation of £2) which implies

1 1 1
- P+ 4];';4 Pl = —2F? (1 - A%FWFW) = —FP(l+9, e<1. (3111
P P
Replacing equation (3.11)) we get
a1 Q?

and evaluating e at the light BH radius scale it reads

5051
= 3.113
6’7‘H,ext o+ 2a3 ( )
We have then
<l <<= 201—a3<0, (3.114)

|7‘H,ext

but according to the bound 2a1 — ag > 0. It follows that also this type of solutions
is outside the perturbative regime.

Thus, there is no light BH configuration which does not break the perturbative regime:
in the former case, M gets smaller than Mp; in the latter, Q @ becomes big enough that
higher order corrections become more relevant than leading order terms. The light BH
are therefore small black holes.

3.6 Black Holes Splitting

In this section we will finally address the first issue of the thesis work: the study of BH
splitting processes. In general, a process is kinetically allowed only if one of the decay
products has charge-to-mass ratio higher than the charge-to-mass ratio of the decaying
BH. However, exploiting positivity bounds we have been able to prove the mild form
of the EWGC (see section . A splitting process can therefore satisfy the kinematic
condition through the emission of an extremal (or quasi extremal) BH. We are interested
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then in understanding whether the splitting processes are dynamically allowed too, i.e. if
there exist for every BH a configuration that respects energy and charge conservation and
increases the total entropy.

Let us make explicit the dynamical constraints. A BH with mass and charge (M, Q)
can split in a BH with higher charge-to-mass ratio Z and mass and charge (M , Q) and
n — 1 BHs with masses and charges {(M;, Q;)}, if and only if the following conditions are
satisfied:

Q=0+, (3.115)
S[M,Q] < S[M, Q]+ ¥, S[M;,Qy] .

In order to evaluate if there exist a configuration which satisfies the constraints (3.115))

we start fixing the number n of decay products. Let us consider the simple case with

vanishing charges. Assuming Mp = 1 the BH entropy is given by (cfr. equation [3.48))
M2

S[M.0] = -, (3.116)

which is a convex function of the mass. It holds therefore the identity

2 2 2
M7272M7+p2M7, vp€0,1], v+p<1. (3.117)
The relation easily generalizes to the case with an higher number of terms in the RHS. It
follows that the entropy of the decaying BH is greater than the entropy of every possible
configuration of the decay products. Although equation seems useless, it is fun-
damental to individuate the configuration that could more likely satisfy the constraints
. Indeed, in the general case the entropy is still a convex function of the mass,
therefore the products configuration which has the highest entropy is that with only two
BHs: an heavy extremal one (whose charge-to-mass ratio satisfy the kinematic constraint)
and a light black hole.
Let us consider an extremal BH with mass M. We have to check if it can decay emitting
an heavy extremal BH with mass M; = M and a light BH with mass My = (1 — M),
where 8 € (1/2,1). The entropy increasing condition reads

Sext[M,Q]SSeXt[M17Q1]+S[M27Q2]7 (3118)

and the charges of the two BHs can be computed exploiting the extremal charge-to-mass
ratio and the charge conservation. They are given by

M M €
Q1 = Wit [M] = 7 <1+ BQMZ) , (3.119)
QQ = Q - Ql = %Zext [M] - Bﬂzext [Ml]
V2 V2 (3.120)
_ (1-pM <1_ € )
V2 BM?) "’
e = 64;2 (201 — a3) . (3.121)

The charge-to-mass ratio of the second BH turns out to be smaller then one
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€

Z[MQ] = 1—m,

(3.122)

therefore, the entropy of such configuration can be computed exploiting the formula con-
tained in [14]. Although such formula diverges at z = 1, depending on the value assumed
by 8 we could still be in its regime of applicability. It is required indeed

oI = 0w s 0 () o)

The terms of equation (3.118)) are then

M2
Sext [ M, Q] = e + ASext [M] (3.124)
2272
Sext [Ml ) Ql] = /8 éw + ASext [Ml] ) (3125)
S[Msy, Q2] = So[Maz, Q2]+ AS[M2,Qq]
(1- B)2M? (3.126)

= T(I‘FC)Q“‘AS[M%QQ] )

where ASey [M] = ASext [M1] is given by (3.53) and AS [Ma, Q2] is given by (see [14])

AS[MQ,QQ]:iJrO(e). (3.127)

Therefore, equation (3.118)) reduces to

(1+20) + i 1O, (3.128)

2 2772 22
M2 _PME (1 BPM
8 — 8 8

and massaging it we get

_ 5 p(1-p)? 201 — a3
H(/B):327T2(2+B—2/82)2 < M2

. (3.129)

H(p) is positive in (0,1) and vanishes at the extremal points.
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Figure 3.5: The purple curve in the graph is the function H (/) and the green curve is
the constant function y = €. The shadowed region identifies the values of § which cannot
satisfy (3.129) for y = 5-107°. Notice that y axis is rescaled by a factor 10%.

From the graph it is clear that we have two different cases depending on the mass of
the decaying BH:

e 1> &>5-107°: values of 3 such that My ~ M are allowed;
e 5-107° > & only values of 8 such thaﬁ B ~1and My < M are allowed .

Let us consider the second case. We define Sy as the biggest solution of
H(Bo) =€,  Bo€(0,1). (3.130)

We have then that H(f) is decreasing in [y, 1]. It follows

H(B) <H(Bo),  VBe(Bo1). (3.131)

Therefore, the second black hole mass satisfy Ma < (1 — o)M. In order to determine if
such BH is a small black hole or not we have to compute the maximum mass that it can
assume. Given that € is a small quantity, Sy can be obtained expanding H around 1. We
have therefore

562

+0(5%), d=1-8<1, (3.132)

3Recall that we assumed 3 > 1/2.
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which provides us

5 = i?\;z (201 —az) +0(az), (3.133)

M, = 325”2 (201 —a3) +0 (a2), (3.134)
M € M. 3

Q, = \/§<1—ﬁM2>=\/§ +0 (a2) . (3.135)

Thus, the second black hole is necessarily a small black hole.
Let us consider now the other case, i.e. 1> ¢ > 5-107°. The condition on the mass
of the decaying BH takes the form

V201 — a3 < M < \2a1 — az(7-10%). (3.136)

It follows that Ms could have the same order of M only for small M values. Without an
estimate of the magnitude order of «;, we can not explicitly show that a BH with mass
M ~ Mp+/20 — a3 102 breaks the perturbative regime. However, we can safely assume
that it is small enough to be regarded as a small black holelﬂ It follows that the splitting
process can not occur within our perturbative regime.

3.7 First Law of Thermodynamic

In the previous section we proved equation which has the structure of the first law
of thermodynamics and justify Wald’s proposal to compute BH entropy. Then, an highly
not trivial test of the entropy formula can be performed verifying explicitly such
relation. We have already showed that Hawking temperature vanishes in the extremal
limit (cfr. equation , therefore theory consistency requires that

dS ext
= — . .1
0 (3.137)

Ts
In the following we will verify that (3.137)) actually holds.
Let us consider the perturbed entropy formula in the general case (3.48]). Neglecting
higher order terms in the expansion parameters «; it reads:

2
Sy = 82, — % : (3.138)
3ry;
According to equation (2.88) we define the thermodynamic temperature T's
ds; 17t [2Q%asr), o 17

which in the extremal limit becomes

Recall that have been observed black holes with mass up to 10**Mp (see [39]). A black holes with
mass within 2 orders of magnitude form Mp can therefore be regarded as part of the boundary of the
perturbative region.
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2.2 / -1
mezs .osr
Tsext = lim Tg = M + 16T et T i oxt | (3.140)
B Rext 3 TH,ext ’
where we set
’ }
/ _ .
THext = legelxt [amTH . (3.141)

In general, derivative and limit operations do not commute, therefore in order to evaluate
we have to compute Ar without assuming to be in the extremal configuration.
We will proceed finding f; roots exploiting the same perturbative expansion as before
(cfr. equation . The quantities are no more intended as computed in the extremal
case
)

ar

z=1+4+ Az, |Az| < 1, rg =10+ Ar, < 1. (3.142)

To

In order to make expansion (3.142)) well defined we slightly modify the radius expansion
point

o =

M
§(1+ﬁ) . e=z2,— 2%, (3.143)
which is defined for every admitted BH configuration. Although the choice of g seems to
be completely arbitrarily, we notice that ry can be interpreted as the unperturbed horizon
with the unperturbed extremality charge-to-mass ratio replaced by the perturbed OHGSE
ie.

To = T0,H [1 = z&ext — zgxt] . (3.144)
Moreover, we notice that rg choice is in agreement with the computations previously done
where we expanded around m/8x. Its asymptotic behavior is indeed:

ro %= (14 V1-22) =rgo, 10 2= =rpgen. (3.145)
8T ’ 8T ”
Exploiting the perturbative expansion (3.142)) and equation (3.91)) we get
N i(r + Ar) (3.146)
H — dM 0 ; .
1 ( 2¢ + Me’)
b= — (14 ——F— 3.147
TO 87T + \/E Y ( )
!/
-0, A
A = (Art) = M\ ). (3.148)
81" f1 r=rQ
4Q* 25673 2
g Q_W(Qal_ag)w(a) ,
m3 5m3 mp
(3.149)

«

— i{l—{—z(AZ—AZext)_{—O(W;)} '

5Notice that this definition can be used to define a canonical choice of the expansion point used to
compute Ar and Az through the algorithm described in section
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Taking the extremal limit we obtain

e—0, (3.150)
2

'S = — 3.151

€ — €ext M ’ ( )
M

THO =7 THOext = g (3.152)
1

0 = THoext = g7 7 (3.153)
4 2

Az = Azeyt = %(2@1 —as), (3.154)
8

AF = Argy = _15%\4(240‘1 — Tas), (3.155)

1 5oz
Ar' = Arl = ———+ |1+ , 3.156
’ 8m/e [ 3/ (4601 — 3a3) (201 — 043)] ( )
_ _ M —5a3 1
T 17l == +0(—) , 3.157
o Siext \/E [12\/(46041 - 3&3) (20(1 — Oég) M? ( )
and we finally get
1 -1
Ts = T ext = }\//[E {const +0 <M2>} =0. (3.158)

It follows that the thermodynamic relation (2.88)) has been verified in the extremal limit.

3.8 Field Redefinitions Invariance

In the previous chapter we identified a particular 4 derivative Einstein—-Maxwell theory
applying a field redefinitions and we claimed that such class of transformations leaves the
dynamics invariant. In this section we will test such a claim verifying that Azec and
ASext are actually invariant, as we expect from every physical quantity which influences
the theory dynamics (such quantities are indeed both related to BHs decay).

In this section we will repeat the computations of sections and considering the
most general 4 derivative Einstein—-Maxwell theory which can be obtained without applying
a fields redefinition. In particular, we will generalize the previous approach determining
a solutions of perturbed EOMs which is independent of the particular perturbation of
Einstein—Maxwell theory we consider.

3.8.1 Extended Theory Perturbative Solution
Let us solve the extended theory (2.20]). Action variation takes the same form as before

(cfr. equation (3.2))):

5u8 = / eD,, [F™ — AF™|§A, (3.159)
M? 1 1 .
(SgMVS = TP / (& |:Ruy — §gIJJJR — ﬁ%Tuy 5gﬂ s (3160)
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Now stress-energy tensor components take the explicit formm

T =T + TS, (3.161)
2 0 1 .
TF(“%) = _ﬁw (\/ ‘g|£2> = Fuprp - Zgupro'Fp s (3162)
2 6
4 _ _ _ () (4)
TS = _ﬁ Tz (\/ |g|£4) = guwla—20Ls=T,,,+T,)5, (3.163)
(4) e g -

{gWF4 — 8F2FWF,,P} + {gW(FF)2 — 2gW(FF)2}

71 = ANTA
pel T AME 4M},

o3
M2
+ 8Ryjo Flpyp 170 + 4RaﬁFauFﬁv + 29uvDaDﬂ(Fap F’Bp)

— By po _ « B
4ot = ORGP B, — ADsDa (F7 )

4 2
a 2 o 2
—4Do Dy, (s F*?) + 2D*(F,,F,”) — SR, Fog = SF Ry

2 2
+ gD(MD‘V)Fz - ggWD?F2 + gWWagpaFaﬁF””} ,

(1) _
Tz = 2M3

{gWRaﬁFmFﬁ7 — 4R (o Fl, F7? — 2R*° F o Fa,

— 9uwDaDp(F°, F) + 2DaDyy| (F\M)BFa’B) - D2(FupFup)}

a5

2 2 2 2 12
M{QMVRF —4RFMUFVU—2F RW/—FQD(MDW)F _QQ;WD F}

+
+ ap {guyR2 - 4RRMV + 4D(V|D\u)R - 4gWD2R}

+ay {gWRaﬁRaﬁ +4Do Dy Ry, " — 2D* Ry — g D*R — 4RWRVO‘}

asg

oz {gW(DaFﬁv)z — 2(DyFop)(DyFP) — A(Do F,,) (DY FF,)
P

+4Do (FusD*F, ) +4Da (FjsDyy F*7) = 4Do (F% Dy F, ") } '

Corrections to AFH" are instead:

AFM™ = AFM™ 4+ AFM", (3.164)
v 2 2a ~ 2¢¢

AR = M—éFQF’“’ + M—E)FFFW + M—éWﬂ”P"FM : (3.165)
y 2 2 2

AFE = ]\ZQjR[“'aFa vy ]\ZQiRF“” -~ A;‘gDZFW. (3.166)

1We indicate with indexes 1 and 2 respectively the higher order corrections that we already considered
and the new ones
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Therefore, we get as before the equations of motion:

2 M1 ~ 2) [,() 70
MPG/U/ [gaﬁ} - T,LSV) [ a,B’A'(‘/ )} + <2AF(“|pF|V)p ( )
3.167

1 o 4)) [0 40
— S A P T )[4, A0)

To solve EOMSs we proceed as before considering stationary, charged and spherical solutions
and requiring that in the limit o; — 0 we must recover RN solution. We use therefore the
ansatz

1
ds* = —N(r)2f1(r) dt* + dr? +r? dQ%, (3.168)
fi(r)
and we impose the constraints
gt(tl) = —N?f1 = —f3 + Agur + o(v) , Agrt 2200, (3.169)
(6D)" = f o= fBrAafrola),  Af 250, (3.170)
M 2
=1 @ (3.171)

T M T e MR

The computations performed in section to determine the perturbative solution are
highly dependent on the structure of the particular higher order operators we are consid-
ering in our theory. However, such method can be easily generalized. Before computing
the actual solution of the EOMs, we will show that it is possible to express fi(r) and N(r)
in terms of T™ and f3(r) integrals. We recall that EOMs can be written as

g =MpGY, —T) =0, (3.172)

Evaluating Einstein tensor G, and T(Q)HV for the ansatz (3.168]) we get:

G = le -1+ fi+rfi] . (3.173)
Gt = %2 -1+ fi+rfi] + 225/ , (3.174)
G2 = G = 3rfiN'+ N (rf{ +2iJ;\{r) +2f1 (rN" + N') 7 (3.175)
T30 = O = @2 8 —3277224 - (3.176)

The combination &1 — &,° = 0 then reads

_2fiN’

= ATD P ATW O (3.177)

G, - G
which can be easily integrated providing

N = kexp B /dr; ("~ T(4)00)} , (3.178)
1
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with k constant of integration. Recalling that

TWY ~O0(a),  fi=15+0(w), (3.179)
equation (|3.168)) turns out to be

N = kexp B /dr % (ATt — AT %) + O(aQ)} (3.180)
0
_ {1 + % /dr % (ATt — AT™%) + O(aZ)} : (3.181)
0

where we fixed k exploiting the constraint on asymptotic behavior.

a; —0

N 1. (3.182)

Let us consider now the combination &£,% + £, = 0. It reads
G2 — G0 = ATW,? 4 ATW O (3.183)

Setting N = exp[Y'], LHS becomes

1
5,2 [F2H A 3Y )+ 21 (Y 4 YR Y )] (3.184)

and neglecting higher order terms in the perturbative expansion parameter it reduces to
1
53 (=2 +4rf{ + 302V (f3) + 72 ] + 21 + 2f3r (Y + 1Y +0Y7)] (3.185)
r
Massaging equation (3.183]) we get the differential equation

dQ
23 [PPA)] =24 ha(r) + ha(r), (3.186)
which is solved by
c, C, H H
f1:1+71+722+721+722+0(0<2), (3.187)
H = // drhy = // dr [=3r2Y" (f3) = 23y — 22 f3Y"] | (3.188)

Hy = / / dr hy = / / dr2r? [ATY,* + AT %] (3.189)

where C7 and (' are integration constants that can be fixed exploiting the constraint on
the asymptotic behavior

Ny (3.190)
We have therefore obtained the general solutions we claimed before. Evaluating equations

(3.181)) and (3.187) for the extended theory (2.20) we finally get

_ @ _ M
Cr=gis, Ci=-_, (3.191)
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2

N(r)= 1+ %(O@ + 9ay + 30a5 + 67 — 9ag) , (3.192)

M Q2 Q2 (20[3 + 9a4 + 24045 + 120&7 - 6048)
Cdnr | 32722 48 2 rd
M Q2 (50[3 + 15a4 + 425 + 18y — 9a8)
384 3
Q* (2a1 + 4az + 11ayg + 30as + 12a7 — 6ag)
2560 74 r6

fi=

" (3.193)

3.8.2 Extended Theory Observables
Given the expressions (3.192) and (3.193)), the metric becomes

1 M 2 AT 2 A" M 2 AT 4
— =fi=1—-— @ _AYQ TMOT Ay @ : (3.194)
Grr drr - 3272r2 2472pt 0 384 w35 12807406
M Q2 Att QQ AttM Q2 Att Q4
=—N’fi=—-1+—— 2 - 0 3.195
g h T Im 32 T aied  3siases | izsonipe (3199)
2
Grrgn = —N? = —1— W(ag + 9ay + 30a; + 67 — 9as) , (3.196)
where we introduced the parameters
rTr 11
AO = a1+ 203+ 3044 + 15a5 + 67 — 3ag, (3.197)
Aqr = bas + 15ay + 42a5 + 18a7 — 9ag, (3.198)
9

Ay = as+ Ju + 12a5 + 67 — 3as, (3.199)

1
A = 5 (6 + Taz — 1204 — 60as + 6a7 + 27as) (3.200)

1
Al = 3 (g — ag — 6as + 2a7 + 3as) | (3.201)

1
A = 3 (a3 — 6as + 6oy + 3ag) - (3.202)

Exploiting equations (3.77) and (3.78)), it is easy to check that Az and Ar coincide for gy
and 1/g,, and take the form

Azext = 1654]\7;22(6140 —5A; +1043) = (554]\;2(2041 — a3+ ag + 207 — ag) (3.203)
Arext = —ELM (2440 — 1541 + 2045)
o (3.204)
= —15—M(24a1 — Tas — 3ay + 30as + 67 — 3ag) .
We have therefore
Zext = 1+ 24]\;2(2@1 —ag+ a4 +2a7 — as), (3.205)
rres = 25— " (2 — Tag — 30 + 3005 + 607 — 3as). (3.206)

8t 15M
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In order to compute entropy corrections we have to evaluate E2°? tensor for the extended
theory. Recalling its definition (3.42)) we get

~ abcd N

E 1 acgbd_i_%

2 2
+ %FaaFca gbd + %FNVFuugacgbd + 2046Rgacgbd (3207)

1
(Fachd _ QQaCbeFdf + 3F29acgbd>

+ 2a7Racgbd ’
where the tilde indicates that the tensor is not correctly symmetrized yet. We have then:

Eabcd _ %(Eabcd _ Ebacd _ Eabdc i Ebadc i Ecdab - Edcab - Ecdba i Edcba) ' (3208)

Neglecting higher order correction the perturbed entropy of the extended theory takes the
form

2.2
S = —2mAE®edy 0 = 8n2r2, — %(2&3 + 34 + 6as + 6ar) (3.209)
H

and replacing equations (3.205]) and (3.206)) we obtain the entropy of extremal BH config-
urations

m? 16 ,

S = ? — g'ﬂ' (80&1 + a3 + 40{4 + 8067 + a8) . (3210)

Exploiting equation (2.26)), we notice that charge-to-mass ratio and entropy corrections
are proportional to invariant combinations of «; coefficients. We have indeed

6472

Azext = 5M2 (Qﬂl — ﬂg) y (3211)
ASex; = —%72 (881 + f3) - (3.212)

In the previous chapter we claimed that the corrections have to be protected in order to
not be absorbed by a fields redefinition. Equations and imply that a much
stronger condition holds : they are invariant. It follows that we can determine Azeyt and
ASext as well as ; coefficients in the general case evaluating them in a particular theory.
Setting ay = a5 = ag = a7 = ag = 0 we move to the theory and recalling the
positivity bounds of section [3.3] we get

281 — B3>0,
261+ B3>0, (3.213)
Ba > 0.

It follows that in all the possible 4 derivative extensions of FEinstein—-Maxwell gravity hold

AZext >0,  ASeq <0. (3.214)
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3.9 Entropy Correction Sign

We conclude this chapter discussing a possible tension between our work and the literature.
Cheung et al. |14] claim that for BH configurations in extended Einstein-Maxwell theory
AS > 0. Moreover, they explicitly check the result in the case of highly charged black
holes with z < 1. This seems to be in contradiction with our result ASey < 0, but we
will show that this is not the case. The crucial point is that they computed the entropy
variation considering configurations with the same mass M and charge (). However, the
values of the charge () and the mass M which identify an extremal configuration in the
unperturbed theory do not identify an extremal configuration in the perturbed theory.

We briefly sketch their argument. They consider extended Einstein—-Maxwell theory
as an effective field theory which describes a graviton ¢ and a photon A obtained by
integrating out the heavy fields ¢. We have therefore that the corresponding euclidean
path integral is

Z= / DgDADGe lovleAdl — / DgDAe oAl (3.215)

They assume then that higher dimension operators are dominated by heavy fields, therefore
Iyvlg, A, 0] = I[g, A, (3.216)

where I is the euclidean action of the unperturbed Einstein-Maxwell theory. Choosing
boundary conditions properly to have finite temperature S they conclude that

—log Z(B) = Tuv[ga, Aas ¢a] < Tuv[fe, Aa, 0] = I[Ga, Aa) = —log Z(8),  (3.217)

where gq, A and ¢ are the classical solution of the UV theory, g, Aq are the classical
solution of the Einstein—-Maxwell theory, Z is the partition function of the extended the-
ory and Z is the partition function of the Einstein-Maxwell theory. The first equivalence
holds because of the saddle point approximation as well as the last one. The inequality is
a consequence of the assumption that the action is in a local minimum. The central equal-

ity is finally a consequence of (3.216]). Using equation (3.217)) and the thermodynamics

relations

log Z(B) =S — M, (3.218)
B=0uS, (3.219)

it is possible to constrain the entropy variation. In order to compare black holes with the
same masses and charges we have to shift S through

B=PB+AB=p+0uAS. (3.220)

[ and B are, respectively, the inverse of the temperature of a perturbed and an unperturbed
BH, both with mass M and charge Q. It follows

log Z(8) = log Z(B) — My AS. (3.221)
Combining (3.217)), (3.218) and (3.221)) we finally get
log Z(8) =S — M > S — BM — ABM = log Z(B), (3.222)
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which yields

S[M, Q] — S[M, Q] = AS[M,Q] > 0. (3.223)

As we anticipated at the beginning of this section, the result of Cheung et al. does not
disagree with ours. Once we explicit mass and charge dependencies, we see that equation
(3.223]) relates configurations with the same M and Q; equation relates instead
extremal configurations with the same mass but with different charge.






CHAPTER 4

Positivity Bounds

In the previous chapter we assumed the positivity bounds of [7] in order to constrain the
coefficients of higher order corrections to the Einstein—-Maxwell theory. In this chapter
we will discuss the nature of such bounds and we will briefly present the ideas behind
the techniques to compute them (see [21], [40], [41]) together with the problems that arise
turning on gravity (see |7]). We conclude justifying the choice of the particular 4 derivative
Einstein—Maxwell theory we used as our starting point.

4.1 Origin of Positivity Bounds

The reason why such bounds exist is simple (see [40]): the set of conditions one has to
impose to obtain a reliable theoryﬂ cannot be reduced to the request of having a local
and Lorentz-invariant Lagrangian (LLI Lagrangian). A LLI Lagrangian guarantees that
applying a Lorentz transformation to a solution of the EOMs we obtain another solution
of the EOMs. However, it does not guarantee some fundamental features of every physical
theory, such as causality. Admitting superluminal signals it is indeed possible to build
not reliable theories where there is no Lorentz-invariant notion of time-ordering or such
that the time evolution on macroscopic scales can not be described by a local Hamiltonian
flow. The bounds on coefficients are therefore the constraints obtained imposing conditions
which are not already accounted by the LLI structure.

4.1.1 Example: Scalar Theory

The effects of superluminal signals and the constraints to avoid them can easily understood
in the simple case of a massless scalar field © with shift symmetry m — 7+ const. The IR
Lagrangian is given by

d
L = 0,mo'r + F(@m@“ﬂ)Q , (4.1)

LA theory to be reliable must be consistent and does not have to contradict experimental observations.

99
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where d is a dimensionless real constant. Expanding around the background my, the
perturbation ¢ = m — mg satisfies the equations of motion

4d
A

Being (9,m0)? a kinetic term it holds (9,m)? > 0. Equation (4.2)) implies then that the
perturbations can be superluminal. If (9,m)? is not vanishing, we have indeed

(07 —v?02) ¢ =0, vl (0um0)? . (4.2)

d<0 <= v*>1. (4.3)

It follows that the existence of superluminal signals is strictly related to the sign of the d
coeflicient.

We proceed now to analyze the consequences of causality violation. We assume d < 0
and we consider a sources configuration which allows to have a ball 8 with not vanishing
constant background inside a spacetime with vanishing background. The signals emitted
from a point A inside % travel faster than light. Outside 2 their speed slows down
and they travel at the speed of light. A signal properly oriented can therefore cross the
boundary of B in a point B in the elsewhere of A. Let us consider a point C outside B
reached by a signal which passed through B. If there was a Lorentz-invariant notion of
time-ordering it would be possible to fix uniquely the orientation of every worldline. But
the worldline which connects A, B and C does not have a fixed orientation. C is in the
future light cone of B but the position of A, being in B elsewhere, depends on the reference
frame. Different observers can see therefore a different orientation of the worldline around
B. It follows that the time-ordering is not Lorentz-invariant.

We consider now the boosted EOMs. Applying a Lorentz transformation to with
[ in the Z direction we get

[(1=0%B%) 87 + 2B (1 —v?) 9,0, — (v* — B*) 07 — v*07 ] 6. (4.4)

Inside B it holds v > 1. Moreover, we can choose 3 > % such that the coefficient of 97
is negative in A. Therefore, the 97 coefficient has to vanish along the worldlines of the
signals which exit from 9. It follows that there exists a class of reference frames which
admits a region of the spacetime where the EOMs become not dynamical constraints: in
such regions the time evolution can not be described by a Hamiltonian flow.

4.2 Computation of Positivity Bounds

So far, we have established that to produce a reliable theory we have to constrain properly
the LLI Lagrangian. Moreover, we showed through an explicit example the important
role of causality constraints. However, the general approach is much more sophisticated
than our computations and exploits S-matrix formalism. The conditions to impose are
encoded as properties of the S—matrixﬂ In particular, causality is replaced by the stronger
condition of microcausalit

We proceed now by presenting the general algorithm used to produce positivity bounds
and we apply it to the simple case of Euler—Heisenberg theory. After that, we briefly review
the problems which arise with gravity.

ZNotice that the S-matrix formalism can be used to study theories without an off-shell formulation too.
3Bosonic (fermionic) operators evaluated at spacelike intervals commute (anticommute)
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4.2.1 Positivity Bounds Without Gravity

The standard algorithm is based on three assumptions: microcausality, relativistic invari-
ance and unitarity. Microcausality is implemented assuming that the amplitudes which
enter in the S-matrix are real boundary values of analytical functions (in the kinematics
invariant quantities) with cuts (see [21], [40]). Relativistic invariance is used to derive
crossing symmetries (see below). Unitarity of S-matrix is finally exploited to apply the
optical theorem (see [41]).

The three ingredients are combined as follows. We consider a forward elastic scattering
and we extract its amplitude. Being the amplitude a tensor with indexes which runs
over the possible particles polarizations, we use the crossing symmetries to identify the
independent entries. We exploit then analicity to express amplitudes derivative in terms
of their imaginary part. We conclude applying the optical theorem to produce a positivity
bound.

4.2.2 Example: Elastic Scattering of Photons
We apply now the algorithm to a theory which contains 4 photons interactions (see [42]).
Let us consider the Euler—Heisenberg theory

al a9
4m* 4mA
where m is a cutoff scale. The forward elastic elastic scattering of photons with fixed
polarization vy — v+ has feymann diagram

L= —izﬂ + (F?)? + (FF)?, (4.5)

/kzk4

and satisfy t = 0, u = —s. It follows that the amplitude has the structure

M>\1,>\2,)\3,>\4 = 6334 (k4) 6:?3 (k;3) eij (kQ) 6311 (kl) MO&170¢2,6¥3,&4 ) (4'6)
Moy 003,00 = A(S) Nayas Nazas + B(8) Nayas Nasas + C(8) Nayas Naseu (4.7)

where n = diag(1,—1,—1,—1). We assume then that the photons are linearly polarized
along 2 axis and we choose the real basis

ex (k1) (0,1,0,0), (4.8)
e,(k1) = (0,0,1,0), (4.9)
ex(ks) = (0,-1,0,0), (4.10)
ey(ka) = (0,0,1,0). (4.11)

Eventually there are 8 not vanishing amplitudes

Myzze = yyyy — A(S) + B(S) + C(S) )
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Now we introduce crossing symmetries requiring M to be invariant under legs swap-
ping. Considering for instance the swap of v; and 3 we get

Mxi 22230 (s) = M>\3,)\2,>\17>\4(_3) : (4.16)
Exploiting crossing symmetries we eventually obtain
A(—s) = A(s) C(s) = B(—s). (4.17)

It follows that we have only two independent amplitudes

Mxy(S) = Mxy:cy(s) ) (4.19)
and it holds
M)\l)a (5) = M>\1,)\2(_3) . (4‘20)

Now we use the analicity of the S-matrix to write amplitudes derivatives trough the

Cauchy relation
af _ nl f(©)
de(C — (4.21)

dz" 2w

where f is a generic analytic function and (,z € C. In particular, My, »,(s) is analytical
in s € C with the two branch cuts (see [40])

I = {z€C|Re(z) >2m?, Tm(z)
Iy = {z€C|Re(z) <2m?, Tm(z)

: (4.22)

0}
0} . (4.23)

Integrating along the curve v given by

TR
—2m? 2m?2
we obtain
d? My, », 1 My, x,(€)
—=22(0) = — d¢—22 4.24
ds? (0) i ﬁR ¢ ¢3 ( )

Taking the limit R — oo the RHS of equation (4.24) reduces to
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1 too do +00 do
R 7M . - 7M .
T { /2m2 (o +i€)3 X2 (0 F 7€) / (0 — i€)? Mg (0 — d€)

2m2
ot ot (4.25)
+ /;OO mM)\I’)\Q(O’ +Z€) — /;OO mMAIM\Z(O’ — ZE)} .

Exploiting Schwarz reflection principle M (s*) = M(s)* and the identity

M(o) = 21_1% M (o + ie), (4.26)
the RHS further simplifies
2 T do
RHS - 2 / T My, (0) + Ma (o) ¢ (4.27)
2m

Combing equations (4.20) and (4.27]), equation (4.24) yieldes the dispersion relation

d? My, x, 4 /°° do _
2

gz 0= —Jm [M, . (0)] - (4.28)

We exploit now S-matrix unitarity SST = I to constrain the RHS of equation (4.28).
Introducing the transfer matrix 7' given by the expansion S =1+ iT we get

[=588" «— (T -TH+TT"=0. (4.29)
Evaluating with elastic the scattering process we obtain then

20m [My, 2] = O\ Aa| (TTT) A, Ag) (4.30)
Introducing the identity obtained summing over the projectors on the Hilbert space we

get
23 (M, 0] = O el (FT) ]\ ) = 37 [ dlLy M, (4.31)
@

where ¢ labels a generic state of the Hilbert space. Equation (4.2.2)) is nothing but the
optical theorem and combined with the dispersion relation (4.28) provides the positivity

bounds )
d“ My, x,

ds?
The amplitudes for the theory (4.5)) take the form

(0) >0, (4.32)

Mypee(s) = A(s) + B(s) + B(—s) o« a1s?, (4.33)
Mayey(s) = A(s) o ags?, (4.34)

and we finally get the constraints

a; >0, as > 0. (4.35)
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4.2.3 Positivity Bounds With Gravity

The production of positivity bounds through S-matrix properties in theories of gravity is
not completely understood. However, exploiting sophisticated tricks it has been possible
to produce some results. An example are the bounds we used to constrain 4 derivative
Einstein-Maxwell theory obtained by Bellazzini et al. in [7]. We proceed now reviewing
the problems which arises with gravity and the technique used by Bellazzini et al.

Let’s start looking at the consequences of turning on gravity. The S-matrix properties
we assumed to obtain positivity bounds are consistent with a general theory of gravity
and the theorems still hold. However, the algorithm we described previously becomes
useless. Implementing gravitons contribution in forward elastic scattering the Cauchy
formula turns out to relate divergent quantities. The amplitudes are now dominated by
the Coulomb universal singularity

2
M(s,t —0) = =+ 0(s?), (4.36)
Mgt
which is caused by the soft emission of on-shell massless gravitons. Thus, in order to
produce any meaningful results it is necessary to remove the divergence.

The fundamental observation of 7] is that the divergence is due to the infinity flat-
space volume. It can be therefore regularized considering a cylindrical space—timeﬂ ie.
integrating a spatial component on a circle. Applying the dimensional reduction we obtain
indeed a theory with a non dynamical 3-dimensional graviton which does not produce the
Coulomb singularity. However, the DOFs of the 4-dimensional graviton do not disappear.
The dimensional reduction produces a massless dilaton, a massless graviphoton and an
infinite tower of Kaluza Klein (KK) modes. Such new fields contributes to the scattering
amplitude. In particular, the KK modes introduce a logarithmic divergence and zero
modes dominate over the finite IR contributions. Therefore, getting rid of the Coulomb
singularity is not enough. In order to produce a positivity bound it is necessary to subtract
zero an KK modes contributions. Equation is therefore replaced by

d2]\4)\1,)\2
ds?

2
dPMy

(0) ds?

O =1 Twm[ina@]. @

KKIR 7T Jom2 O

Thanks to the optical theorem the LHS is positive. It is possible therefore to use the
subtracted amplitude to produce meaningful positivity bounds.

4.3 Positivity Bounds and Field Redefintions

We conclude this section explaining the reasons why we selected the Lagrangian (2.19)
with the Weyl tensor instead of the easier-to-handle Lagrangian (12.16)).
A fundamental ingredient of the analysis presented in chapter [3|is the set of bounds

2000 — a3 >0,
201 + a3 >0, (438)
ag > 0.

4Notice that we can regularize considering just spacetime with finite volume. However in such case we
spoil the theory of Lorentz invariance.



4.3. Positivity Bounds and Field Redefintions 65

Such bounds have been derived by Bellazzini et al. in [7] applying the algorithm we
described in the previous section to . They are therefore implied by the S-matrix
structure of . Thanks to S-matrix equivalence theorem, we know that theories iden-
tified by a fields redefinition which does not mixes the DOFs are equivalent. However, we
have no guarantees that a general fields redefinition leaves the dynamics invariant. It is
evident then that we can not discuss the sings of charge-to-mass ratio and entropy cor-
rections of exploiting before having at least explicitly verified the corrections
invariance. A first reason to consider is therefore that a different theory would have
needed a more complicated discussion.

Moreover, notice that we do not have a rigorous proof of dynamics invariance. The
verification of corrections invariance is indeed only a consistency check. Therefore, the
theory is the only case where is proved that the dynamics discussion is correct. A
second reason is given then by the fact that a different theory would have weakened our
analysis.






CHAPTER D

Duality and the WGC

In the previous chapter we showed that a local and Lorentz-invariant Lagrangian does
not necessarily produce a reliable theory. We have indeed to impose causality in order
to remove superluminar signals which can break the Lorentz-invariance of time-ordering
and the local Hamiltonian description. Moreover, we described a general algorithm which
allows to relate the causality and unitarity conditions to a set of bounds on the theory
coeflicients.

Among the bounds produced for the 4 derivative Einstein—-Maxwell theory there
is one which coincides with the request that the correction to the charge-to-mass ratio of
the extremal BHs has a positive sign. It follows that for such class of theories the assump-
tions of unitarity, locality and positivity of the scattering amplitudes implies the mild
form of the EWGC. An interesting question is then whether there are other consistency
conditions. If there were further constraints on the theory coefficients it would be possible
that EWGC and S-matrix properties provide the same bounds.

In recent works (see [19] and [20]) it has been suggested that a non trivial bound can
be obtained by considering duality transformations. Assuming that duality is a symmetry
of the UV theory it must hold at all orders in the perturbative expansion and it can
be completely characterized through leading order terms invariance. It is possible then
to constrain the generic higher order corrections identified with a bottom-up approach
imposing that they do not break the duality group.

In this chapter we start representing the action of duality transformations and we de-
rive the duality groups of Maxwell and Einstein—-Maxwell theories. We move then to 4
derivative Einstein—-Maxwell theory and we study which are the constraints necessary to
guarantee the stress-energy tensor invariance. We discuss then our results and the conse-
quences for the EWGC interpretation. After that, we generalize the duality constraints
computations exploiting Legendre transformations. Such technique extends that of [23]
and constitute the second relevant result of this thesis work.

67
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5.1 Electric-Magnetic Duality

In this section we start defining the Electric-Magnetic (EM) duality transformations fol-
lowing [22]. We derive then the duality group of the free Maxwell theory introducing the
notation we will use to present the general techniques based on Legendre transformations.
Finally, we compute the duality group of Einstein—Maxwell theory.

5.1.1 Duality Group

Let’s consider a Lagrangian of the type

d'z\/|g| £ = L[Au, gyl (5.1)
such that £ does not depend on F'*” derivatives. Varying the action with respect to A,
we get
0=065= [ 0L = [ d°z\/|g|0L = | d*x\/|9|0F =7, (5.2)
OF

and equations of motion in differential form are given by

oL
HOF,,

We recall now that F),, is the field strength of the dynamical field A, thus it satisfy the
Bianchi identity

1w
D EiDMG“ =0 <« dG=0. (5.3)

D, F""=0 <« dF=0, (5.4)

where we introduced F w = @eme ro, It follows that the Bianchi identity and the
EOMs have the same structure and can be rotated through a global GL(2,R) transforma-
tion. We have indeed

_ Fw/)_ ,_<A B) (dFW)_
dg_d(GW =0 <= d¢g = ¢ p)\dc,, =0, (5.5)

which induces the transformation

(6)=(& 0) (&) 59

The duality group is then defined as the biggest subgroup of GL(2,R) which preserves
the theory structure. In order to do so we have to impose that F' and G definitions are
preserved

, I
oL Zww _ 5 0L

G" =29 — - .
OF OF,

(5.7)

Notice that we are requiring that the duality transformations are symmetries of the equa-
tions of motions and not of the Lagrangian[]

"We will see later that in general the Lagrangian is modified.
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5.1.2 Free Maxwell Theory

We determine now the duality group of the free Maxwell theory. The Lagrangian is

1
L= —1F2, (5.8)

therefore equation (j5.7)) takes the form

which can be written in the more compact form

Gy = CMyGIL (5.11)
M __ FMV) =M _ }?Nz/ _ < 0 1)
g/u/ - <GMV 9 gp,z/ - (Guy> I (C - _1 0 . (512)

We notice then that equation (5.7)) invariance is equivalent to equation (5.11]) invariance.
We proceed therefore imposing the latter. After a rotation M € GL(2,R) we get

g;“/ - Mguy 9 Q:,LV = MQMV 9 (513)

which implies
MG, = CMG,,, (5.14)

and comparing with equation ([5.11)) we obtain the constraint
C=M'CM < [MC]=0, (5.15)

which is solved by
A=D, B=-C. (5.16)

We have therefore that the generic element M of the duality group takes the form

<AB

e A) A BER. (5.17)

Thus, the duality group of the free theory is GL(1,C) = C. This is explicit in the complex

basis F* = % (F +iG)

g = (?f) _JMygN,  g= L G ’) , (5.18)

Mo _ i N im _ (A—iB 0 >_<N O)
(Mc) J NM Ma]] *—( 0 A+iB) —\o N*)° N eC. (5.19)



70 5. Duality and the WGC

5.1.3 Einstein—Maxwell Theory

Let us turn on gravity. The Lagrangian is now

M3 1
—EPR—-F?. 5.20
5 1 (5.20)
From the previous section we know that Maxwell EOMs are left invariant by GL(1,C).
Assuming that the gravitational field is invariant under duality transformations, Einstein

equations are invariant if and only if the stress energy tensor is invariant, i.e.

L=

T}{LV[F[:V] = T,ul/[F;w] . (5.21)
Therefore, the new duality group is the biggest subset of GL(1,C) which satisfy (5.21]).
The stress energy tensor is given by
1

T = F,F,” — ZFaﬁFaﬂ : (5.22)

Therefore, applying a rotation (5.17) and exploiting (5.11))

F.; = AF,5+ BGai = AF,3+ BFaf, (5.23)
2 27 P - P
T, = |A*F,F," + B*Fy,F," + 2AB (F,,F),)")] -
1 . ) .
— 9 [42F? + B*F" + 24 BFF |
Recalling that
= _F?, (5.25)
P =R FP— g P2 2
pot'v = Lppt'y” — §9W ) (5.26)
equation (5.24) reads
T, = (A*+B*) T +24BQu, (5.27)
~ 1 ~af
P (oY
QHV = <F(;U«‘PF|V) — Zg.U‘VFaBF ) . (528)

However, it is easy to show that (), = 0. In 4 dimensions it is not possible to completely
anti-symmetrize 5 spacetime indexes. It holds indeed

0 = 56 cB7) = §7cBrT _ 5aPT _ §Bcerre _ gpeatno o b (5.29)

and we have

0 = 5 {gij (5/[]60‘6’7(7] + Guy 5,[,760‘BPU]} FopFpy
L o (5.30)
= 16 {QF(u|pF|u> ~ g last } )

which implies that (), vanishes as we claimed. It follows that T}, is invariant if and only
if
A2+ B%=1. (5.31)
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The duality group reduces therefore to SO(2,R) and the generic element M takes the form

_ (cos(a) —sin(w)
M= <Sin(a) cos(a) ) . aco,2m), (5.32)

which reads in the complex basis ([5.18))

el 0
M, = ( 0 e_w> , «a€0,2m). (5.33)

5.2 Duality Constraints

If the EM duality is an exact symmetry of the UV theory it must hold at every perturbative
order. It is possible therefore to use the U(1) duality group of Eintein-Maxwell theory to
constrain higher order coefficients.

In this section we start generalizing the computations of section deriving a simple
sufficient condition for stress energy tensor invariance. We specialize then the formulas in
the case of theory[2.19] We conclude discussing the implications of the duality constraints.

5.2.1 Stress Energy Tensor Invariance

We want to determine the stress energy tensor transformation under infinitesimal U(1)
duality rotations. We recall that in a theory coupled to gravity the stress energy tensor
can be defined through the metric variation

Tlt) = - o (Vle) (5.34)

where £ is intended without the Hilbert—Einstein Lagrangian density. Exploiting the
invariance of the metric under duality rotations, the linearity of (5.34)) and considering a
general extension of Einstein—-Maxwell theory we get

[6F, d4] =0, (5.35)

0rTyw (L] = Tpw[0pL] = Ty [6pLP ] + T [6rAL] . (5.36)

The first term the RHS of (5.36)) is nothing but the variation of the free Maxwell theory
stress energy tensor and we have already verified that it vanishes if and only if we choose

U(1) as duality group (see section [5.1.3]).
We introduce now the dual field G,

GMV = _F;u/ + AF[},V ) G/u/ = F/uz - AFWJ ’ (537)

where AF),,, and AF v are higher order corrections. Choosing the parametrization of the
infinitesimal transformation A

A= (0 _‘9> =—AC, Acu(l), (5.38)
0 0
AL takes the form
ONL 0 0, - . 0 - )
OPAL = 0F —-= =~ GAF = — (F—AF)AF = —FAF +0(®).  (539)
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Exploiting equation ([5.39)) equation (5.36)) reads

0 ~ -

0rTuw = —59uwFAF + 05, |[FAF] (5.40)

and recalling that
~ 1 1 1 ~
dg = Og <€aﬁp0F/’U) = 19w éaﬁpana =5 9w F 57 (5.41)
2 4 2
it further simplify
ST = g FAF+0 [(3,F°7) ARy + F5, (AR, )]
2 (5.42)

= 0F"5,(AF.p) .

It follows that the stress energy tensor is invariant under U(1) duality rotations if and
only if

~af

F 704 (AF,5) =0. (5.43)

Notice that massaging (5.43) we can produce a sufficient condition which is easier to
verify

Ay = 8, (FAF.) - (0,F°7) AFus
= 4, <F“ﬂAFaﬁ) - %gwégﬂ” (F“BAFa[g) (5.44)
- <5g - %gwég’w> (F*7aF.) .
We finally get

FPAFp =0 = F6,(AFs) < 05T, =0. (5.45)

5.2.2 4 Derivative Einstein—-Maxwell Theory

Let us apply the constraints (5.45)) to (2.19)). In our case it holds

AF,5 =201 F*F,5+ 203 FFF o5 +2a3 W, 5, F . (5.46)

Bpo
We start with condition (5.43)). Neglecting the a3 term we get
=af =af
F6,AF7 = 201[2F,F, Fog) F®
+2a2 [gNVFFFCVﬁ — 2FFFQ(“9V)5} FO‘B
= 4 a1 [FHPFV p]

+2ay [~2F,,F,/FF — g, FFF?]

(5.47)

Recalling equation ([5.26|)

L 1
FopF g = FapFs" - 5 9as F?, (5.48)
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we obtain
5T =0 {4 (a1 — a2) [FupF, PFF] +2a3 F*S, [WaﬁmFﬂ"]} , (5.49)
which vanishes if and only if we set

a] = Q2, a3 — 0. (5.50)

We apply now the sufficient condition ([5.45). We get then

FAF =2 (a1 — ag) FPFF +20a3W,,,,, F""F/ =0, (5.51)
which provides
o1 = as, a3 =0. (5.52)

5.2.3 Weak Gravity Conjecture

We discuss now the effects of duality constraints on the interpretation of the mild EWGC.
Without duality constraints the S-matrix properties requires by consistency

2000 — a3 > 0,
2001 + a3 > 0, (5.53)
as > 0.
and the charge-to-mass ratio of extremal BHs takes the form
6472
Zoxt = 1 + e (201 — a3) . (5.54)

It follows that the microcausality imposed through the analicity of the S-matrix and
exploiting unitarity, locality and positivity of the scattering amplitudes implies the mild
EWGC. It is therefore a condition more general and stronger than the mild EWGC.
However, assuming the duality constraints

Q] = asg, a3 =0, (5.55)
the S-matrix bounds reduce to
ay >0, (5.56)
and the charge-to-mass ratio yields
6472
Zext — 14+ m(20&1) . (557)

Now the two conditions coincides.

5.3 Legendre Duality

In section we learned that to determine the duality group we have to impose together
F and G invariance. However, the method used is highly dependent on the structure of the
Free Maxwell theory, which is quadratic in F},,. In this section we present a new general
technique which relies on Legendre transformations and solve such a problem. Moreover,
it can be used used to constrain higher order correction coefficients. The approach we
developed can not be considered completely original. Indeed Legendre transformation
have been already used to discuss EM duality. However, we managed to systematize and
extend the ideas of [22] and [23].
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5.3.1 Legendre Formalism

The key idea of our approach is to identify G with the Legendre dual of F and use it to
define the dual Lagrangian. G is defined by

> oL
G =255 < Gu= 6“Vp08Fpa (vV—9L) , (5.58)

where £ = L[F),,]. The dual Lagrangian and the dual fieldstrength obtained applying a
Legendre transformation are instead

Lp[FE) = LIF*™)] — F,, Fb (5.59)
oL 0Lp
py —_
Fy = OF F. = oFT (5.60)
It follows )
LplG" = c[F™] — ipwé“”, (5.61)
~ oL OLp
GN'V - QW B FN’V - —QW . (562)

Now, we would like to write a generalized version of equation - We need then to
express I in terms of F and G. To determine F' we can use the second equation of (5

~ A/ oL OdLp
Foo—= 9| P = ¢, 5.63
m 9 CHve G G py (5.63)

where we introduced €., = \/|9| €uwp0- Recalling that

Gap = féagwg“pg”gépg, s = i, (5.64)
2 9]
0Gag s, B
GGW; ieaﬁ,uug g 5[/)0] Eaﬁ,uz/g g (5'65)
equation (5.63) reads
~ . 0Gop 0Lp OLp
F v vpo - _2 . 566
% —Cuvp 8G 9Gag G, ( )
We have therefore
SE. = —95 <8'CD[GO‘5]> - _9 % 5G (5.67)
= oG ) G 9Gs 8> ‘
_—_— oL [Faﬁ]) [ PL[Fugl

which can be written in the compact form

~M . afB M N
5gul/ = (C;u/ ) N 5gaﬁ7 (569)
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~ _ O —Y Ocﬂ o 82£ Oéﬁ o 82£D
£= <X 0 > P _28F#V8Faﬁ’ Yo _28GuvaGa5' (5.70)

We proceed now imposing that the structure of (5.69) is preserved by duality transforma-
tions. Let us consider the infinitesimal rotation:

(G)" = DMy (Gu)Y M =T+A, (5.71)
~M ~N
5Gn, =AM NGy, 0G,, = ANG,, . (5.72)
Replacing in equation (5.69) we get
G =A7'CAG. (5.73)

Acting on equation (5.73|) with another independent infinitesimal transformation and ex-

ploiting we obtain
02G = 62 [AT'CALG] = CaG . (5.74)
Massaging equation ([5.74])
Ay [(BATH CAY + AT (520) Ay + AT C (0M)] G+ C AL 026 = M ChG,  (5.75)
[—(82A1) AT C + 62C + C(82A1)AT ] 616 = [A1,C] 50, (5.76)

(02C) 61G = [A1,C] 626 + [(B2A1)AT 1, C] 616, (5.77)
where we exploited JA™! = —A*1(<51\)A*1 and G = A~'9G. Choosing 6; = do, i.e.
A1 = Ay = A equation (5.77)) reduces to

{5@ —[A+(©@M)ATT, C] }59 =0. (5.78)

We notice now that in order to have A # 0 the matrix entries have to depend on the field
strengths, i.e. A = A(F),). Therefore, considering only linear field transformationsﬂ we
have dA = 0 and equation (5.78) takes the form

{5@- [A,C}}égzo. (5.79)
Recalling equation ([5.70) we finally get the constraints
~1_( Xb+Ye —Ya+Yd ~ (0 —5Y>
[A’C} _(—Xa+Xd —Xb—Yc) ’ 6C_<5X 0o/’ (5.80)

—Xb—Yc)dF —0Y +Ya—-Yd)oG=0

(06X +Xa—Xd)oF + (Xb+Yc)dG=0.

Notice that we implicitly assumed that A is an invertible matrix. It follows that constraints
do not identify necessarily the full duality group. In general, they identify the
subgroup generated by the algebra elements represented by an invertible matrix. However,
if there are no scalar fields the duality group of a theory with n vector fields is just U(n)
(see [22]). Therefore, the equations (5.81) identify the full duality group and can be used
to constrain the coefficients of Lagrangian higher order terms.

2i.e. those compatible with equation 1i which preserve equations of motions and the Bianchi identity.
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5.3.2 Free Maxwell Theory
We verify now if constraints (5.16)) and (5.81f coincide for the free Maxwell theory. Re-

calling equations (5.8)), (5.9), (5.10) and (5.25)), F;” and Lp read

1 - 1 -
FR = 5G“ =—5F,  Gu="Fu, (5.82)
1 1_ - 1
— __F?2_FG=—-G2. )
Lp 1 5 G 4G (5.83)
Therefore we have
0*L
af _ ___sa.pB _
X, _278F“”8F75 = 5[##]’ 0X =0, (5.84)
0’L
af _og_ Y ED __ saf _
Y. _28GW8G75 = 5[”,1/] , oY =0. (5.85)
We notice that constraints (5.81)) are solved by
Xb+Yce=0,
Y =Y(a—d), (5.86)
0X =—-X(a—d),
which in our case read
b+c=0,
(a—d)=0, (5.87)
(a—d)=0.

Constraints (5.87) coincideﬂ with (5.16]).

5.3.3 U(1) Duality Constraints

We showed in the previous section that the constraints can be used to determine
the duality group of a theory. However, this is not their most important use. The duality
group can indeed be determined easily without them. They are fundamental instead once
we fix the duality group. They indeed produces highly non trivial constraints on the theory
coefficients. We proceed now evaluating them considering proper duality groups.

Imposing that the duality group is GL(1,C) (i.e. that holds (5.16])) the generic element
of algebra A € gl(1, C) takes the form

(5 )

and we obtain the constraints

{ —b(X =Y)déF — (0Y)0G =0, (5.89)

(5X)6F +b(X —Y)5G=0.

3Notice that (5.81)) are constraints on the algebra and (5.16)) are constraints on the group elements.
However, G = GL(1,C) = C, therefore it coincide with its algebra. The constraints define therefore the
same group.
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Reducing further the duality group to SO(2,R), the generic element M € SO(2,R) takes
the form in the complex basis (cfr. equation [5.33)

e 0
M. = 0 e-if) 6 €[0,2m). (5.90)

Thus, the generic element of the algebra A. reads

0 0 0 —0
— . — - _
AC—(O _Z.e)—zﬁag — A=] ACJ—<9 0)— 6C. (5.91)

It follows that constraints ([5.89) must hold with b = —0, a = 0. We have then

(X —Y)OF = (—0)(X —Y)(—0G) = (20%)(9*L — d*°Lp) (G), (5.92)
WX —Y)6G = (—0)(X —Y) (0F) = (—20%)(9*L — &*Lp) (F), (5.93)
SYSG = (6Y) (OF) = (20°Lp)(6G)(0F) = (26*)(0°Lp)(FF), (5.94)
SXOF = (6X)(—0G) = (20°L)(6F)(—6G) = (20*)(0°L)(GG), (5.95)
which provide
{ (20%) [0°Lp(FF) + 0*L(G) — 8*Lp(G)] =0, (5.96)
(20%) [0°L(GG) — O*L(F) + 9*Lp(F)] =0. '
Imposing that the bounds hold V 8 we obtain finally
L 9L 9L
samagracs E ) + grwares C) ~ samages @) =0, (597
PL N 2L N 9L N
srmareiaEs O 0 = grmaras T+ gmagas F) =0 (699

5.3.4 4 Derivative Einstein—Maxwell Theory
We apply now our general method to the theory (2.19). The dual field F/” is given by

oL 1
FR — — —_(FM™ — AFM™
T 5 AFHY (5.99)

Comparing with G definition we obtain
G" = 2Fpuv = —F" + AF™ (5.100)

Expressing F' in terms of G neglecting terms O(a?) we get

F. = —Gu+AF,
= —Gu+ M4F F.+ M4 2FFF,, + 2 W o F7°
~ 2041 2~ 2a2 2a3 ~ PO 2
= —GV——GGV——GGGV——W G +0(a”) (5.101)
S VF S Vi H MR e
20[1 2~ 20[2 ~ 20[3 ~ PO
= G+ 7G*u - 2GGG — oW, G
M M M H MR e

= —Gu+AG.,
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where we introduced AG w which contains O(«;) contributes. The dual Lagrangian density
reads therefore

1 a1 a9 ~ s 1 Y
Lp = = F'+ [ F 4+ 2 (FF)? 4 W, FFY — S FuG

1. 1.~ = ~ -z -y~

= G4 IAGLG" + e 2 @Ge + Bwy,,, GG
4 2 4 4 9 P 5 109
1.2 1, - ~ UV ( ’ )

+ 56— 5AGWG
_ 1 2 Q1 4 g ~ 2 a3z n 1 po
= G+ G+ (GG + W, GG
where we defined )
Wawpr = JeuapW 7 e 500 (5.103)

The quantities which are involved in constraints (5.97)) and (5.98)) take then the explicit

form

0L _lsas [F25°8, 1277 R, |
OFm 9 F g 9 [nv] [nv] " (5.104)
1, a ~ ~of = o o
+ Qo [§€MV ﬁFF"FQF Fuu}+a3wuupagpgﬁ>
L
SFABgEmgpad  — ™ 290ty 918FAB + 2 a1 98B Fuw + 2 9uia 981y Fas) (5.105)
+ ao [éuVQBFAB + éaﬁABﬁuu + éABWFocﬁ} ’
&*Lp 1 g 2508 af
m B _ié[uu} T [G 5[#!/} +26 G“V} (5.106)
1, o ~ ~of ~ T o o ‘
+ o {561“/ ’BGG + 2G G/,Ll/:| + a3 W;Ll/po gp g A )
OLp
SCABaCgaas = 1 [2901n 918G AB + 2910 958G + 2 9ula 981y Gas] (5.107)
+ a2 [éuyaBéAB + éaﬁABGIW + éABW’éOéB} :

Let us impose now constraint ((5.98)). Recalling that G = F' 4+ O(a) we have
82£(F)_62£D(F) = o |:4F2FHV_2FFFNV1| +()é2 |:4FF13‘,U«V_2F2FMV:| (5 108)
+ a3 W;u/po' FP? — g W;U/po' Fre,

PLGG) = {m [4F, FF—2FF,,]
(5.109)
+ay [+4F,, F? — 2F,, FF| } :
Which implies
OPL(GG) — O*L(F) + 0°Lp(F) = 6(ar — ag) |[FuFF — F2F,)| (5.110)

s [V B = Wy 7]
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In general F i F — F?F, v does not vanish, therefore duality provides us the constraint
a1 = Q9. (5.111)

Let us consider now the last term of (5.110)).
Evaluating explicitly ag coefficient we get that it has some not vanishing components

W,uu = (Wuupa - Wuupa) Fpo’ (5112)

Wor = —Wio = ———— (Q° — 4Mmnr) | (5.113)

It follows that we have to require
as=0. (5.114)

We have therefore again
o] = Q2, 043:(). (5.115)






CHAPTER O

Summary and Outlook

We conclude with a brief summary and a review of the possible further developments.
This thesis had two goals. The first one was determining whether higher order derivative
corrections allow black holes to decay through a splitting process. The second one was
understanding the role of duality in the production of constraints on the effective theories
of quantum gravity. Both issues naturally arise as part of a deeper question: investigate
the nature of the Weak Gravity Conjecture (WGC).

In chapter [I] we presented the WGC explaining that it has a special role among all the
swampland’s criteria. It is the first criterion developed and the best established one, thanks
to its huge web of different formulations. However, its original and simplest statement,
the Electric WGC, is still not fully understood. Indeed, the EWGC can be interpreted as
the necessary condition for BHs decay, however it is not clear if there is any inconsistency
related to BHs stability.

Such interpretation implies then that the EWGC trivializes if the BHs can decay by
themselves. This can occur if the charge-to-mass ratio of the extremal BH solutions de-
creases with the mass of the BH.

In chapter and [] we identified the most general 4 derivative extension of Einstein—
Maxwell theory and we removed via field redefinitions the redundant terms. We solved the
perturbed equations of motion and we computed the radius and the charge-to-mass ratio
of extremal BHs. We verified then that the positivity bounds due to S-matrix properties
(analiticity, unitarity and crossing symmetries) imply the mild form of the EWGC.

In order to study the possibility of BH splitting, we computed the Wald’s entropy in the
extremal case (equation ) This is the first relevant result of the thesis because the
entropy formula of |14] diverges in the extremal limit. Exploiting such result we presented
our original discussion of splitting processes. In particular, we found that electrically
charged, static BHs can not split within our perturbative regime.

After that, we tested our result with several consistency checks. The individual tests
do not exploit innovative techniques, however as far as we know there is no example in
literature of a more comprehensive analysis. Other results we obtained in chapter 3 are the
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general algorithm to determine the entropy of extremal configurations (section [3.4.2)) and
the general black hole solution of the perturbed Einstein-Maxwell theory (see equations
(3.181)) and (3.187))) which generalize the formula for perturbed Einstein theory of [34].

In chapter |5 we presented Electric-Magnetic (EM) duality. Imposing that the 4 deriva-
tive Einstein—-Maxwell theory has the same duality group of the unperturbed theory we
produced constraints on the coefficients of higher order corrections. We showed then that
assuming EM duality, the mild form of the EWGC coincide with the positivity bounds
obtained from microcausality, unitarity and relativistic invariance.

Another original part of the thesis is the exploitation of the interpretation of duality
transformations as the result of a Legendre transformation. Legendre transformations have
been already used to characterize EM duality, therefore the technique we described can
not be considered a completely original result of this thesis work. However, it is definitely
a generalization and systematization of |23], which also allows for a simple application to
the cases of theories with higher derivative interactions. In particular, this brought us
to the sufficient condition , which extremely simplifies the computations of duality
constraints on higher order terms.

To sum up, we have been able to answer to both our questions in 4 derivative Einstein—
Maxwell theory: we can not have splitting processes and the duality constraints provide
a new theoretical interpretation of the EWGC. Indeed, for what concerns the first ques-
tion, despite the fact that we proved the validity of the mild form of the EWGC and
that our BH configurations satisfy the kinetics constraints, splitting processes are not
thermodynamically allowed within our perturbative regime. For the second question, as-
suming the duality constraints, we proved that the mild form of the EWGC coincides with
the consistency conditions imposed by microcausality, unitarity and relativistic invariance.

A natural question is which of our results are specific to our setup and which can be
extended to more general cases, instead. The thesis work has therefore various possible
continuations.

For the study of splitting processes, it is important to look at a theory that we control
microscopically, i.e. a theory whose UV completion is known to be string theory. A possible
candidate is a N’ = 2 supergravity model. In such class of theories the extremal black
holes are obtained from a dimensional reduction of D-branes (in type II string theory)
or M-branes (in M-theory) wrapped on a Calabi—Yau manifold (see [37]). Moreover, the
4 derivative corrections are known (see [43]). A starting point would be in particular
the STU model which can be interpreted as a low energy limit of type IIA string theory
compactified on T6/(Za x Zs). There are 4 magnetic and 4 electric charges obtained by
wrapping the various T2 with the branes D0, D2, D4, D6 (see [44]). A partial analysis of
the model entropy can be found in [45].

The study of duality constraints and the EWGC interpretation could be done instead
considering generic charged black holes coupled with matter. In particular, it would be
interesting to analyze the relation with positivity bounds in order to understand if it is
necessary to exploit other UV elements to fix WGC.
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Mathematical ldentities

A.1 Definitions

Determinant and determinant sign:

g =det (gu) , §==. (A.1)
9]
Christoffel symbols:
1 (6%
Fﬁu = 59[) (augua + ar/g;wc - 3ag,w) . (A2)
Riemann tensor, Ricci tensor, Ricci scalar:
_ P T
Ryl s =2 (010, + 10, 1T, ) (A.3)
Ry =R,}’,, R = R,,g"". (A.4)
Weyl tensor:
2 2 A
Wiwpr = Buvps = 7= (GulpRoly = GulpRolu) + R R G
A.2 Functional Derivatives
A.2.1 g¢" Derivatives
Basic relations:
5g/u/ =  —Yuagvp 5gaﬁ ) (AG)
/ V19 v
0 |g| = = 2’ ’guuégu ) (A?)
L 1 (A.8)

0—— = o9,
Vgl 2y/]g]™"
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ory, =

oR,\, =

R =

uvyo

6]%V0 =

SR =
SFM =

P Y

A. Mathematical Identities

1
igpa (Du(sgua + Duégua - Da(Sg;w) )

2Dy, (5 rf;}o) =D, (6T%,) — D, (3T%,)
1 (6%
Qgp (DuDydgoa + DyDodgua — DypDadgus)

1
- §gpﬂ (DyD,8gos + DyDydgus — DyDsdgus)

6R;wpagp'Y + R,praégp’Y

1
3 (DuDydgory + DyDy6gyy — DyDy6gue)

— % (DvD,0gory + Dy DGy — Dy Dy6g,u0)
+ R 5090y

0y OR,,",
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1
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Rm,ég’“’ + gV05Ryg — [_RMV + DHDY — guuDZ] 5g'uy’

g"6g"P Fop + 89" g"P F.pg,

1 -
§ga5 5gaﬂ J 2

Higher derivative terms of Einstein-Maxwell theory (integrated by parts):

§ [RF?]
§ [Ru FHPF, |

O [Ryuvpe FH FP7)

8 (W pe 1 FP7]

= [2RF,Fys + F*Ryy, — DD, F? + g, D*F?| 59",

1
- [QRWFWF”’) + R Fop Fg, + 39 DaDs(F, F)

1
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4
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(A.9)
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(A.11)

(A.12)

(A.13)
(A.14)

(A.15)

(A.16)

(A.17)

(A.18)



A.2. Functional Derivatives 85

Higher derivative terms of the extended Einstein—-Maxwell theory (integrated by parts):

§[R*] = [2RRu — 2D DR+ 2g,,D*R] 5g" (A.22)
0[(Rw)?] = [—2DQD(,,|Rm +2D’R,, + %ngQR + QRZ‘RQ,,} Sg" ,  (A.23)

S[(DuF)?] = |(DuFas)(DLF) — A(DoFy ) (D°FY,)
+ 4Dy (FujsDF),,”) + 4D (Fu 5D}y F*?) (A.24)

— 4D, (F% D F,,") }59!“’ :

A.2.2 A, Derivatives

Higher derivative terms of Einstein-Maxwell theory (integrated by parts):

8 [Wywpo F*'FP?] = D, [-AWHP F);]6A,, (A.25)
S[(FF)’] = D,[-8F*F"]5A,, (A.26)
S[(FF)?] = D,[-8(FF)F"]s4,. (A.27)

Higher derivative terms of the extended Einstein—-Maxwell theory (integrated by parts):

0 [RuWF"F",] = D,|-4RVF,"]s4,, (A.28)
§[RF?] = Du[-4ARF"™]§A,, (A.29)
0[(DuF,)?] = D, [4D*F™]5A,. (A.30)

A.2.3 R,.q Derivatives

Basic relations:

SR =  ¢™¢""SRuped , (A.31)
6Ray = 9g“0Rucha- (A.32)

Higher derivative terms of Einstein—-Maxwell theory:

4
5 [FachdWabcd} _ {Fachd _ o 2gachdef
(A.33)
+ 4 F2gacgbd} S Rubed
2(D —1)(D — 2) et

Higher derivative terms of the extended Einstein—-Maxwell theory (integrated by parts):

0 [RuwF"F)] = [F*F%¢"]| 6Rapea, (A.34)
0 [RF?] = [F?¢"g""] 6Rapea (A.35)

5[RY = [2Rgacgbd} S Rabed » (A.36)
0[(Rw)?] = [2R*g"] 6Rapea. (A.37)
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A.3 Differential Forms

Levi-Civita tensor definition and products:

E,ul...,uD = \Y4 Sg 6;1,1.../,LD ) (A38)
gH1--HD — s et1--HD , (A?)g)
V59
€M1 HpVp+1-VD € tippoirpp = (D — p)!p! (5[Vppp++11 . 5;2] . (A40)
Exterior algebra:

1 i i A.41
w = kulmukdl‘ A AdxPr (A.41)

k !

ang = EXD ey
X ‘q (A.42)
= il B )T A A N A e
1

dw = HD[Mwl—Llu-/‘anl---Vq]d:Eu Adztt A e A dafE (A.43)

Invariant Hodge operator definition and properties:

9

g = det(guw), s = m , (A.44)
* W k‘(g/is;gky wm‘..#kgmal e gukak€a1maDd.’L'ak+1 A A deCD s (A45)
1 1% V,
aAxB = (a,fB)e = 21l By, g g R e (A.46)
*1 = e = Vol, (A.47)
Kwl = s(=1)PRE, dim(w) = k. (A.48)
Invariant volume element:
s9

ey = \/@daco A ANdzt = \g—T €propp AT N - N dxhP (A.49)

Interior product properties:
iwoey = *w, (A.50)
iwon = (w,n), if dim(w) = dim(n), (A.51)

iwo(aAfB) = (iwoa)AB+ (=) @an(i,0p), if dimw)=1. (A52)
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Integration of differential forms:
Let M be a D-dimensional manifold, ¥ a k-dimensional manifold, j : ¥ — N C M
an embedding map, w a k-dimensional differential form, * the D-dimensional invariant

Hodge operator and eps, ny and ey the volume element of M, of N and the normal
normal volume element such that ey = ny A en.

/N*w = /j(z)iwo eM—/Ej*[in(nN/\eN)]_/Ej*[(iwoﬁN)/\eN)]

= /N<Wa77N> EN,
Joo = 00k [ = ()P s [ ) e

= s/ (w,*nN) en
N

(A.53)

(A.54)
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