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Introduction

The aim of this thesis is to introduce the étale fundamental group of a connected
scheme, which is the analogue in algebraic geometry of the usual fundamental group
of a topological space. As the fundamental group of a topological space (under
some connectedness assumptions) provides a complete description of coverings of the
space in terms of sets with a group action, the étale fundamental group of a con-
nected scheme (which is a profinite group) provides a complete description of finite
étale coverings of the scheme in terms of finite sets with a continuous group action.
The interest of this result (which is the main one of this work) is that, while coverings
are geometrical objects which might a priori be very complicated, finite sets with a
continuous action of a profinite group are easy to classify: they are disjoint unions
of orbits and each of these orbits is isomorphic to the quotient set of the group with
respect to an open subgroup (see lemma 1.4.9).

The étale fundamental group was introduced by Alexander Grothendieck (1928-2014)
in his revolutionary work [2]. Some decades later, the topic has been approached by
different authors from different perspectives, depending on their preference for an
abstract setting or for a more concrete one. The approach we follow is the abstract
categorical one, as developed by H. W. Lenstra in [1]. Indeed, this thesis is essentially
a detailed rewriting of the sections 3,4 and 5 of Lenstra’s notes, with the addition of
the solutions to many of the exercises.

Lenstra starts by observing the similarities between the fundamental group of a
topological space (under some connectedness assumptions, namely connected, locally
path-connected and semilocally simply connected) and the absolute Galois group of
a field. In the first case, we have an equivalence of categories between the coverings
of the space X and the sets with an action of the fundamental group 7 (X). In
the second case, we have an anti-equivalence of categories between finite separable
K-algebras and finite sets with a continuous action of the absolute Galois group
Gal(Ks/K) (where K, is the separable closure of K). There are two important dif-
ferences in these example: one is the fact that the latter is an anti-equivalence, while
the former is an equivalence, and the other one is the finiteness assumption which
is lacking in the former example, together with the fact the the usual fundamental
group of a topological space is just a group, without a canonical topology on it, while
the absolute Galois group of a field is a profinite group and this allows us to restrict
our attention to sets with a continuous actions. The first difference is due to the
fact that the category of finite separable K-algebras is actually the opposite of an
important category, namely the category of finite étale coverings of Spec(K’). Then
the absolute Galois group is nothing more than an example of étale fundamental
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group. The second difference, instead, is more subtle. If we require the finiteness of
the coverings, the category that we obtain is equivalent to the category of finite sets
with a continuous action of the profinite completion of 7(X), but we are losing the
information concerning coverings that are not finite. On the other hand, a profinite
fundamental group exists and allows to describe finite coverings in more general situ-
ations, requiring only that the base space is connected. While we do not deal in detail
with the Galois theory of fields, which leads to the above-mentioned anti-equivalence
of categories, we will discuss in depth the case of topological spaces, because it offers
interesting analogies with finite étale coverings of schemes. After discussing the two
aforementioned examples, Lenstra connects them to a general framework, namely
that of Galois categories. Finally, he shows that finite étale coverings of a connected
scheme follow the same axioms and deduces from this the existence of the étale fun-
damental group of a connected scheme.

Following this path, two are the major steps through which we will reach our goal.
The first step is defining Galois categories and proving that each essentially small
Galois category is equivalent to the category of finite sets with a continuous action of
a certain profinite group, which is unique up to isomorphism (theorem 1.4.34). The
second step is defining the category of finite étale coverings of a fixed scheme (with
a functor to the category of finite sets) and proving that it is an essentially small
Galois category (theorem 2.3.10). These steps correspond to the two chapter of this
thesis: in the first one we will deal with Galois categories, following section 3 of [1],
and in the second one we will study finite étale coverings,following sections 4 and 5
of [1]. Finally, in the appendix we will discuss finite coverings of topological spaces.
It is worth mentioning that the definition of finite étale morphisms that we use in
this thesis, namely the one introduced in [1], is not the one that is usually found
in the literature. A discussion about the equivalence of the two definitions can be
found in section 6 of [1] (it turns out that they are equivalent in the case of locally
noetherian schemes, while in the general case our definition is stronger).

vi



Chapter 1

(Galois categories

In this chapter we will give an axiomatic treatment of Galois categories, following
section 3 of [1]. A Galois category is a category with a functor to the category of
finite sets such that certain axioms are satisfied. In the first section, we will describe
in detail these axioms and we will analyse two basic examples: the category of finite
sets (with the identity functor) and the category of finite sets with a continuous
action of a profinite group (with the forgetful functor). Clearly, the first example
is just a special case of the second one, obtained considering the trivial group. The
main result of this chapter (theorem 1.4.34) states that any essentially small Galois
category is equivalent to a category of this type. More precisely, we can attach to any
essentially small Galois category C (with fundamental functor F') a profinite group
7(C, F') (uniquely determined up to isomorphism and called the fundamental group
of C) such that C is equivalent to the category of finite sets with a continuous action
of m(C, F). The proof of this theorem occupies the sections 2-4. It will require a
deeper understanding of the functor F' (see section 2) and of the “structure” of the
objects of C. The fundamental group of C will turn out to be (isomorphic to) the
automorphism group of F. We will also prove that two fundamental functors on the
same Galois category must be isomorphic.

1.1 Definitions and basic examples
We start by recalling some definitions in category theory.
Definition 1.1.1. Let C be a category.

(1) An object Z of C is called a terminal object if for every object X there exists
a unique morphism X — Z in C. We denote a terminal object by 1.

(2) Let X, Y, S be objects of C, with two morphisms f; : X — S, fo: Y — S.
A fibred product of X and Y over S is an object X xg Y, together with two
morphisms p; : X XgY — X, p2: X XgY — Y, such that fi op; = faops
and, for any object Z with morphisms g1 : Z — X, g2 : Z — Y satisfying
fi10g1 = f2 0 go, there exists a unique morphism ¢g : Z — X xXg Y such that
g1 = prog and go = p2 o g. This definition is illustrated by the following
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CHAPTER 1. GALOIS CATEGORIES

commutative diagram.

If C has a terminal object 1 and X, Y are objects of C, the product of X and Y
is defined as the fibred product X x1 Y (with respect to the unique morphisms
X —1,Y — 1), if it exists, and denoted by X x Y.

Let (X;)ier be a collection of objects of C. A sum of the X;’s is an object
[1;c; Xi, together with morphisms ¢; : X; — [[,c; X; for any j € I, such that,
for any object Y and any collection of morphisms f; : X; — Y with j € I,
there exists a unique morphism f : [[,.; X; — Y such that fogq; = f; for any
j € I. If I is finite and I = {i1,...,4y}, then we can write X;, II--- II X,
instead of [],.; X;. The definition of finite sum is illustrated by the following
commutative diagram.

An object X of C is called an initial object if for every object Y there exists
a unique morphism X — Y in C (this notion is the dual of that of terminal
object). We denote an initial object by 0.

If X is an object of C and G is a finite subgroup of Autc(X) (the group of
automorphisms of X in C), a quotient of X by G is an object X/G of C,
together with a morphism p : X — X/G, such that p = poo for any 0 € G
and, for any object Y with a morphism f : X — Y satisfying f = f o o for
any o € G, there exists a unique morphism f : X/G — Y such that f = fop.
This definition is illustrated by the following commutative diagram.

f

ced X/G-—=->Y




1.1. DEFINITIONS AND BASIC EXAMPLES

(6)

(7)

A morphism f: X — Y in C is called a monomorphism if, for every object
Z and every pair of morphisms g,h : Z — X, fog = foh implies g = h.
Instead, f: X — Y is called an epimorphism if, for every object Z and every
pair of morphisms g,h : Y — Z, go f = ho f implies g = h (the notions of
monomorphism and epimorphism are dual to each other).

C is called essentially small if it is equivalent to a small category, i.e. one
whose objects form a set.

Remark 1.1.2. (1) If an object is defined through a universal property, then it is

(2)

unique up to a unique isomorphism. So each of the objects defined in 1.1.1(1)-
(5), if it exists, is unique up to a unique isomorphism.

From the definitions, it follows that an initial object is the sum of the empty
collection of objects (i.e. the collection with I = (), if it exists.

Ezample 1.1.3. We denote by sets the category of finite sets (with morphisms given
by functions between sets).

(1)

(2)

A singleton {z} is a terminal object in the category sets. Indeed, if X is a
(finite) set there is a unique function f : X — {z}, namely the one defined by
fla) =z for any a € X.

If X, Y, S are finite sets, with two functions f; : X — 5, fo : Y — 5, then
the fibred product of X and Y over S is

X xsY ={(z,y) € X xY| fiz) = fa(y)}

(notice that this is also a finite set, because it is contained in the product of the
finite sets X and V), together with the projections p1 : X xgV — X, (x,y) —
zand po : X xgYV =Y, (x,y) — y. Indeed, f; o p; = fa 0 pa by definition
and, if Z is a (finite) set with two functions g1 : Z — X, g2 : Z — Y such that
fiog1 = faogo, the function g: Z — X xgY, 2+ (91(2), g2(2)) (notice that
(g1(2), g2(2)) is really an element of X xgY |, because f1(g1(2)) = f2(g2(2)))
is the unique function making the diagram commute.

It follows that the product of two finite sets X and Y, as defined in 1.1.1(2),
coincides with their cartesian product.

Let (X;)ier be a finite collection of finite sets (i.e. [ is finite). Then the
disjoint union [, ; X; is also a finite set. This disjoint union, together with
the inclusions ¢q; : X; — [[;c; Xi for j € I, is the sum of the X;’s. Indeed,
if Y is a (finite) set, with a collection of functions f; : X; — Y with j € I,
there is a unique function f : J[;.; X; — Y such that fogq; = f; forany j € I,
namely the one defined by f(x) = f;(x) if j is the unique element of I such
that z € X;. Notice that it was important to assume I finite. Arbitrary sums
do not exist in the category of finite sets.

From the previous point and from remark 1.1.2(2), it is clear that the empty
set is an initial object in sets.



CHAPTER 1. GALOIS CATEGORIES

(5)

(6)

(7)

Let X be a finite set and G a finite subgroup of Autgets(X) = Sx (the sym-
metric group on X). Then the quotient of X by G is the set of orbits of X
under G: X/G = {Gz | x € X} (this is also a finite set, because it is smaller
than X), together with the map p: X — X/G, x — Gz. Indeed, if 0 € G we
have f(ox) = Gox = Gx = f(z) for any x € X and, if Y is a (finite) set with
a function f : X — Y satisfying f = f oo for any o € G, then the function
f:X/G =Y, Gz — f(x) is well defined and is the unique function making
the diagram commute.

If f: X — Y is afunction between finite sets, then f is a monomorphism if and
only if it is injective. Indeed, assume that f is injective and let g,h : Z — X
be two functions such that fog = foh (with Z a finite set). Then, for
any z € Z, we have f(g(z)) = h(g(z)), which implies g(z) = h(z) by the
injectivity of f. So g = h. Conversely, assume that f is a monomorphism and
x1,x9 € X are such that f(z1) = f(xz2). Take Z to be the singleton {a} and
define the functions g : 7 — X, a+— x1 and h : Z — X, a — x2. Then
f(g(a)) = f(z1) = f(z2) = f(h(a)), which means that fog = foh. Since f is
a monomorphism, this implies that g = h. Hence 21 = g(a) = h(a) = x2. So
f is injective.

On the other hand, f is an epimorphism if and only if it is surjective. Indeed,
assume that f is surjective and let g,h : Y — Z be two functions such that
go f = ho f (with Z a finite set). Let y € Y. Since f is surjective, there
exists + € X such that y = f(z). Then g(y) = g(f(z)) = h(f(z)) = h(y).
So g = h. Conversely, assume that f is an epimorphism. Take Z to be the
finite set {a,b}, with a # b, and define the functions g : ¥ — Z, y — a and
a ifye f(X)
b ify ¢ f(X)
and so h(f(z)) =a = g(f(z)). So ho f = go f and, since f is an epimorphism,
g = h. Then for any y € Y we have h(y) = ¢g(y) = a, which by definition of h
implies y € f(X). Hence Y = f(X), which means that f is surjective.

h:Y = Z, yw— . For any = € X, we have that f(z) € f(X)

The category sets is essentially small. Indeed, for any n € N, the sets of
cardinality m are all isomorphic to each other. Then the isomorphism classes
of elements of sets are in bijection with N, which is a set.

We can now formulate the axioms that characterize the categories we are inter-
ested in.

Definition 1.1.4. Let C be a category and F : C — sets a covariant functor.
We say that C is a Galois category with fundamental functor F if the following
conditions are satisfied:

(G1)

(G2)

there is a terminal object in C and the fibred product of any two objects over
a third one exists in C;

any finite collection of objects of C has a sum in C (in particular, by remark
1.1.2(2), there is an initial object in C) and for any object X in C the quotient
of X by any finite subgroup of Autc(X) exists;

4
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(G3) any morphism u in C can be written as u = «’ou”, where ¢’ is a monomorphism
and v” is an epimorphism, and any monomorphism u : X — Y in C is an
isomorphism of X with a direct summand of Y, i.e. there exist an object
Z and a morphism ¢» : Z — Y such that Y, together with the morphisms
g1=u:X —Y and ¢ : Z —= Y, is the sum of X and Z;

(G4) F transforms terminal objects in terminal objects and commutes with fibred
products;

(G5) F commutes with finite sums, transforms epimorphisms in epimorphisms and
commutes with passage to the quotient by a finite group of automorphisms (no-
tice that, if G is a finite subgroup of Autc(X), then F/(G) is a finite subgroup
of Autgets(F'(X)));

(G6) if u is a morphism in C such that F'(u) is an isomorphism, then w is also an
isomorphism.

Ezample 1.1.5. By example 1.1.3(1)-(5), it follows that the category sets satisfies
(G1) and (G2). Moreover, let X, Y be finite sets and u : X — Y a function. Then
w(X) is also a finite set and we can write u = v’ o v”, with v’/ = v : X — u(X)
and v’ : u(X) — Y the natural inclusion. We have that u” is surjective, and hence
an epimorphism, while v’ is injective, and hence a monomorphism (see example
1.1.3(6)). This shows the first part of (G3). For the second part, if u : X — Y is
a monomorphism (i.e. an injective function), we can take Z := Y \u(X) (this is a
finite set because it is contained in Y) and g2 : Y\u(X) — Y the natural inclusion.
Then YV = u(X) I (Y\u(X)), together with the natural inclusions, is a sum of u(X)
and Y\u(X) (see example 1.1.3(3)). Since u is injective, u : X — u(X) is bijective,
i.e. an isomorphism of sets. Then Y, together with ¢y = u and g9, is a sum of X
and Z. If we take F' to be the identity functor on sets, then (G4), (G5), (G6) are
automatically satisfied. So sets is a Galois category.

To introduce another example of Galois category, which will turn out to include
all the other ones, we need to recall the definition of profinite group.

Definition 1.1.6. A partially ordered set I is called directed if for every 4,5 € I
there exists k € I such that k > iand k > j. A projective system of sets (respectively,
groups or topological spaces) consists of a directed partially ordered set I, a collection
of sets (respectively, groups or topological spaces) (S;);cr and a collection of maps
(respectively, group homomorphisms or continuous maps) (fi; : Si — Sj)ijer,i>j
such that

Viel  fi=idg,

and

Given such a system, its projective limit is defined as

1&15’1 = {(mi)ig € HSl fzj(xz) = Vi,j € I with ¢ > j} .

el icl

5
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Remark 1.1.7. (1) The projective limit of a projective system of groups is a sub-
group of the direct product. In particular, it is a group. Analogously, the
projective limit of a projective system of topological spaces can be seen as a
topological space with the subspace topology of the product. Combining the
two things, we get that the projective limit of a projective system of topological
groups is a topological group.

(2) The definition of projective system can be generalized to any category. How-
ever, the projective limit in an abstract category cannot be defined as in 1.1.6.

Lemma 1.1.8 (Universal property of the projective limit). Given a projective system
of sets (respectively, groups or topological spaces) as in the definition 1.1.6, letY be a
set (respectively, a group or a topological space) with a collection of maps (respectively,
group homomorphisms or continuous maps) (gj : Y — S;j)jer such that g; = fij o gi
for any i,j € I with i > j. Then there exists a unique map (respectively, group
homomorphism or continuous map) g : Y — @iel S; such that g; = fj o g for any
Jj €1, where f; : @ie[ Si; — S 1is the canonical projection on the j-th factor. This
18 illustrated by the following commutative diagram.

%

Proof. (Existence) Let y € Y and set g(y) = (¢i(y))icr. We have to prove that

g(y) € Wm _ S;. Let i,j € I such that i > j. By assumption, we have that

gj = fij o gi. Then fi;(g;(y)) = gi(y). This shows that g(y) € lim,_S;. So g
is a well-defined map from Y to T&nie[ S;. Let j € I. For any y € Y, we have
that (f; 09)(y) = fi(9(y)) = gj(y). Then fj o g = g;, as we wanted. In the
case of groups, ¢ is a group homomorphism because its components are group
homomorphisms. Analogously, in the case of topological spaces g is continuous.

(Uniqueness) Consider a map g : ¥ — l'gliel S; such that g; = fj o g for any
jel Letye€Y. Forany j € I, we have that f;(g(y)) = g;(y). Then

9(y) = (fi(g(W)))ier = (9i(y))ier = g(y). Hence g = g.
O

Definition 1.1.9. A profinite group is a topological group that is isomorphic to
the projective limit of a projective system of finite groups (each endowed with the
discrete topology).

Remark 1.1.10. Let I, (m;)icr, (fij : m — 7)ijer,i>; be a projective system of finite
groups, each endowed with the discrete topology. Then each 7; is compact. By
Tikhonov’s theorem, the product [],.; m; is also compact. By definition, l'gliel m; 18
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a subspace of [[,.; m;. Let us prove that it is a closed subspace. We have that

fm m; = ﬂ {33 = (zi)icr € Hm

el k,jel el
k>j

frj (P (%)) = frj(wr) = x5 =pj(90)} :

where p; : [[,c;m — m; is the canonical projection, for any j € I. By definition
of product topology, p; is continuous for any j € I. Since fi; is continuous by
assumption, the composition fi; o py is continuous for any k, j € I with & > j. Then
the map ¢p; : [Lic;m — 5 x 75, x = (pj(x), frj(pr(x))) is continuous (if we put
the product topology on m; x 7, which coincides with the discrete topology). For
any j € I, consider the diagonal A; := {(0,0) | 0 € 7} C 7; x mj. It is closed,
because 7; x 7; has the discrete topology. Then

. —1

ILI”U = m Prj (A;)

= kjel

k>j

is closed in [];.; m;, because it is an intersection of closed subsets. Since [[,.; m; is
compact, this implies that @ie] m; is compact.
Moreover, since each 7; has the discrete topology, [ [;c; 7 is totally disconnected and
Hausdorff. Then its subspace @ie 7T is also totally disconnected and Hausdorff.
Hence any profinite group is compact, totally disconnected and Hausdorff.

Lemma 1.1.11. Let 7 be a profinite group and 7' a subgroup of m. Then 7’ is open
if and only if it is closed and of finite indez.

Proof. Assume that 7’ is open. Then, since 7 is a topological group, o7’ is also open,
for any o € m. Since 7’ is a subgroup, we have that m\7' = |, ¢\ o7’ So m\n’ is
open, which means that 7’ is closed. We have that © = (J ., o7n’. Since each o’
is open and 7 is compact (see remark 1.1.10), the set {on’ | 0 € 7} must be finite.
This means that 7’ has finite index in 7.

Conversely, assume that 7’ is closed and of finite index. Then, since 7 is a topological
group, on’ is also closed, for any o € 7. We have that 7\’ = Uo_eﬂ\ﬂ/ on’ and this
is a finite union, because 7’ has finite index. So w\x’ is closed, which means that 7’

is open. O

Definition 1.1.12. Let 7 be a profinite group and E a set equipped with an action
of m on it. We say that the action of m on E is continuous if the map 7 x K — E
defining the action is continuous (where E is endowed with the discrete topology and
7w x E with the product topology). In this case, we say that F is a w-set. If Eq, Fa
are two 7-sets, a map f : By — Es is called a morphism of w-sets if f(oe) = o f(e)
for every c € m, e € E.

Remark 1.1.13. Let 7 be a profinite group. For any w-set E, the identity map
idg is clearly a morphism of 7-sets. Moreover, it is immediate to check that the
composition of two morphisms of m-sets is again a morphism of 7-sets. This shows
that m-sets form a category. We will restrict our attention to finite m-sets. We denote
the category of finite m-sets by m-sets.
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Lemma 1.1.14. Let © be a profinite group and E a set equipped with an action
of m on it. The action is continuous if and only if, for every e € E, the stabilizer
Stab,(e) := {0 € w | oe = e} is open in w. If E is finite, this is true if and only if
the kernel #’ := {0 € n | ce = e Ve € E} is open in 7.

Proof. Assume the action of # on FE is continuous, i.e. the map ¢ : @ X E —
E, (0,e) — oe is continuous. Let e € E. The map fo : 7 - 7 x E, 0 — (0,€)
is continuous, because its components are continuous. So the composition ¢ o f. is
continuous. We have that

Stabr(e) = {o € m | e = p(o,¢) = p(fe(0))} = (¢ o fe) " ({e}) -

Since {e} is open in E, this implies that Stab,(e) is open in .

Conversely, assume that all the stabilizers are open in 7. Since E has the discrete
topology, to show that ¢ is continuous we have to prove that ¢ =!({e}) is open in 7
for any e € E. Let e € E. We have that

e '({e}) ={(o,)enxE|oe =e}= ] {oen|oe =e} x{}) .

e'eF

Since {¢'} is open in E for any €’ € E, if we show that Uy . := {0 € 7 | o€/ = e} is
open in 7, then ¢! ({e}) isopen in 7 x E. If Uy, = 0, then it is clearly open. Assume
Ue o # (0. Then there exists o9 € U . This means that ope’ = e and so (70_16 =¢.
We claim that Uy . = Stabg(e)og. If 0 € Uy, then (oo, ')e = o(o;'e) = o€’ = e.
So oo, ! € Staby(e) and o € Stab,(e)og. Conversely, if o € Staby,(e)o, then there
exists 7 € Staby(e) such that ¢ = 70g. Then o€’ = (100)e’ = 7(00€e’) = Te = €. So
0 € Ug . This shows that Uy . = Stabr(e)op. Since 7 is a topological group, right
multiplication by og is a homeomorphism. By assumption, Stab,(e) is open. Hence
Ue . is open, as we wanted.

Assume now that E is finite. We have that 7' = (). Staby(e). This is a finite
intersection and so, if all the stabilizers are open, the kernel is also open. Conversely,
assume that the kernel is open. Let e € E. Since n’ C Stab,(e), we have that
Stabr(€) = U,estaby(e) ™0 Since 7' is open, 7' is also open for any o € Stab(e)
(because 7 is a topological group). Then Stab,(e) is open. O

Proposition 1.1.15. If 7 is a profinite group, the category mw-sets with the forgetful
functor F : w-sets — sets (i.e. the functor that forgets the action of 7) is an
essentially small Galois category.

Proof. First of all, we prove that m-sets is essentially small. It is enough to show
that, for any n € N, the collection of isomorphism classes of w-sets of cardinality
n is a set. If F is a w-set of cardinality n, we can identify it with {1,...,n}, with
the corresponding action of w. The collection of actions of 7 on {1,...,n} is a set,
because it is contained in the set of all functions from 7 to S, (the symmetric group
of degree n). Hence m-sets is essentially small.

We check now that the conditions listed in 1.1.4 are satisfied.

(G1) Counsider a singleton {x} and define on it the trivial action of m: oz = x for
any o € w. This action is clearly continuous, because the associated map

8
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(G2)

7w x {z} — {z} is constant. We claim that {z} with this action is a terminal
object in m-sets. If X is a (finite) 7-set, we have a unique map f: X — {zx},
i.e. the constant map. We only have to check that this map is a morphism of
m-sets. For any o € m, a € X, we have f(oa) =z =ox = o f(a).

If X, Y, S are finite m-sets, with two morphisms of m-sets f1 : X = S, fo: Y —
S, we define an action of 7 on the fibred product of X and Y over S as sets (as in
example 1.1.3(2)) as follows: o(x,y) = (ox,0y) for any o € 7, (z,y) € X xgY.
This is well defined because (ox,0y) € X xg Y. Indeed, applying the fact
that f; and fo are morphisms of 7-sets, we get fi(ox) = o fi(x) = o fa(y) =
f2(oy). This is indeed a group action because 1(z,y) = (1z,ly) = (z,y) and
(o7)(z,y) = ((07)x, (07)y) = (0(7T2),0(7Y)) = o(72, TY) = 0(7(2,9)) for any
(z,y) € X xgY, 0,7 € m. Moreover, the action is continuous by lemma 1.1.14,
because for any (z,y) € X xgY we have

Stabr((z,y)) = {oc e 7| (z,y) = o(z,y) = (0x,0y)} =
={oen|oxr=ux, oy =y} = Staby(x) N Stab.(y) ,

so Stab((z,y)) is open in 7 because it is the intersection of two open subsets.
Let us check that X xgY, with this action and the projections p; : X xg¥Y — X
and py : X XgY — Y defined as in example 1.1.3(2), is the fibred product of
X and Y over S in w-sets. First of all, the projections are morphism of 7-sets
by definition of the action on X xg Y. Moreover, fi op; = foops and, if Z is
a finite m-set with two morphisms of m-sets g1 : Z — X, go : Z — Y such that
fi0g1 = fao0go, we have a unique map g : Z — X Xg Y such that pjog=¢
and pg 0 g = g9 as in example 1.1.3(2). We have to check that this map is a
morphism of 7-sets. Let 0 € m, (z,y) € X xgY. Then

g(o(z,y)) = g((0x,0y)) = (91(0), ga(oy)) =
= (0g1(x),092(y)) = o(g91(x), 92(y)) = og((,y)) -

Hence ¢ is a morphism of m-sets.

Let (X;)ier be a finite collection of finite m-sets. We define an action of 7 on
the disjoint union [[;.; X; as follows: for any o € 7, x € [[;c; Xi, 0w = 0%z,
where j is the unique element of I such that z € X; and *; denotes the action
of 7 on X;. This is clearly a group action and the stabilizer of x € [[,.; X; in
m coincides with the stabilizer of = with respect to the action of 7 on X, where
J is the unique element of I such that x € X;. So the action is continuous by
lemma 1.1.14, because the action on Xj is continuous for any j € I. We check
now that [[;c; X, with this action of 7 and the inclusions ¢; : X; — [[;c; Xi
for j € I, is the sum of the X;’s in w-sets. First of all, the inclusions are
morphisms of 7-sets by definition of the action on [[;c; X;. Moreover, if Y
is a finite m-set with morphisms of m-sets f; : X; — Y for j € I, we have a
unique map f : [[,.; X; — Y such that fogq; = f; for any j € I, as in example
1.1.3(3). We have to check that f is a morphism of 7-sets. For any o € T,
x € [[,c; Xi, we have

flox) = floxjx) = filo*;2) = o fj(x) = o f(z),

9
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(G3)

where j is the unique element of I such that x € X; (and then ox =0 *jz €
X;). So f is a morphism of m-sets.

Let X be a finite m-set and G a finite subgroup of Aut _gets(X). We define an
action of m on X/G (the set of orbits of X under G, as in example 1.1.3(5)) as
follows: o(Gz) = G(ox) for any o € m, x € X. Let us check that this is well
defined. If Gz1 = Gxo, with x1, 22 € X, there exists g € G such that o2 = gx;.
Since ¢ is a morphism of m-sets, we have that oxe = o(gz1) = g(ox1). Then
G(ox2) = G(oxy). This shows that o(Gx) is well defined for Gx € X/G. We
have that 1(Gx) = G(lz) = Gz and (o7)(Gx) = G((o7)x) = G(o(rx)) =
o(G(tz)) = o(7(Gx)), for any Gz € X/G, o,7 € m. So this is indeed a group
action. Let us show that it is continuous. For any Gx € X/G, we have that

Stab,(Gz) = {0 € 7 | Gx = 0(Gz) = G(ox)} =

:{0'67T|E|QGG Ux:g;zj}:U{O’Eﬂ'|O’$:g$}.
geG

If we show that U, 4 := {0 € 7 | ox = gx} is open in 7 for any g € G, then
Stab,(Gx) is open. If Uy, = 0, then it is clearly open. Assume U, # 0.
Then there exists 09 € Uggy. This means that ocgr = gr. We claim that
Us,g = 0o Stabg(x). If 0 € Uy 4, we have that ox = gr = opx. Then (aala)x =
0y (02) = z. So oyl € Stabg(z). Then o € ogStab,(x). Conversely,
if o € ogStabg(z), there exists 7 € Stab,(x) such that ¢ = o¢7. Then
ox = (og7)x = oo(Tx) = ooz = gx. So 0 € U,g4. This shows that U, 4 =
oo Stabz(x). Since the action of 7 on X is continuous, Stab(z) is open (see
lemma 1.1.14). Since 7 is a topological group, left multiplication by oq is a
homeomorphism. So U, is open in 7. By lemma 1.1.14, this shows that
the action of 7 on X/G is continuous. We prove now that X/G, with this
action and with the map p : X — X/G defined as in example 1.1.3(5), is
the quotient of X by G in w-sets. First of all, p is a morphism of m-sets.
Indeed, using the definition of p and of the action of 7 on X /G, we have that
p(oz) = G(ox) = 0(Gx) = op(x) for any o € 7, v € X. Moreover, p =pog
for any g € G and, if Y is a finite 7w-set with a morphism of w-sets f : X = Y
such that f = f o g for any g € G, we have a unique map f : X/G — Y such
that fop = f, as in example 1.1.3(5). We have to check that f is a morphism
of m-sets. Since f is a morphism of m-sets, we have that

[(0(Gz)) = f(G(o2)) = f(ox) = o f(x) = o f(Gx)
for any o € 7, Gz € X/G. So f is a morphism of m-sets.

Let X, Y be finite m-sets and w : X — Y a morphism of 7-sets. As in
example 1.1.5, we can write u = v/ o u”, with v” : X — w(X) surjective
and v : w(X) — Y injective. If y € u(X), there exists x € X such that
y = u(z). Then, using the fact that u is a morphism of 7-sets, we have
oy = ou(x) = u(ox) € u(X) for any o € w. So we can restrict the action of
7 from Y to u(X). Clearly, the action of 7 on u(X) is continuous, because
the action on Y is continuous. So u(X) is also a m-set. We have that u” is

10
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a morphism of m-sets because v” = u and the inclusion v’ is a morphism of
m-sets because the action of m on u(X) is the restriction of that on Y. We have
to check that v’ and u” are respectively a monomorphism and an epimorphism
in m-sets. If Z is a finite m-set and g,h : Z — u(X) are two morphisms of
m-sets such that v’ og = u/ o h, then g and h are in particular maps of sets. By
example 1.1.3(6), v/ is a monomorphism in sets. So g = h. This shows that u’
is a monomorphism in 7-sets. Analogously, u” is an epimorphism in sets by
example 1.1.3(6) and so, if g,h : u(X) — Z are two morphisms of 7-sets such
that gou” = hou”, we must have g = h. This shows that u” is an epimorphism
in m-sets.

Assume now that v : X — Y is a monomorphism in w-sets. We claim that «
is injective. Let z1,29 € X such that u(x;) = u(x2). Let 7’ be the kernel of
the action of m on X, as in lemma 1.1.14. Since the action of 7 is continuous,
7' is open in m. By lemma 1.1.11, 7’ has finite index in 7. So the set m/7’ is
finite. We have that 7 acts on /7" by left multiplication: o(r7') = (o7)7’
for any 0,7 € w. This is well defined. Indeed, if Ty7n’ = mon’ for 7,70 € ,
then (o72) " (om) =75 '11 € 7. So (o7m1)7" = (o). This is clearly a group
action. Moreover, it has kernel

/

{ocen |’ =o(rn') = (or)n’ Vrr' e n/7'} =

={oen|rloren VTET&'}:ﬂTﬂJT_l.

TET

This is a finite intersection, because 7’ has finite index in 7 (notice that, if
i’ = mr’ for 7,7 € m, then 74 = o for a ¢ € 7’ and so 7'177’71_1 =
mor'o" = mr'ry ). Since 7 is a topological group, conjugation by T is
a homeomorphism for any 7 € 7. Then, since 7’ is open, 77/7~! is also open.
So the kernel is open, because it is a finite intersection of open subsets. By
lemma 1.1.14, the action of 7 on 7/’ is continuous. So /7’ is a finite 7-set.
Define the functions g : 7/7" — X, 77’ = 721 and h: 7/7" — X, 7’ — 7129.
They are well defined. Indeed, if 77’ = 7on’, then 7o = 70, for a o € 7.
Since 7’ is the kernel of the action of m on X, ox1 = z7 and oxo = x5. Then
Tox1 = (mo)ry = 1i(ox1) = 1wy and xe = (Ti0)r1 = T(0x1) = TI7.
Moreover, if 0 € m and 77’ € 7/, then g(o(77')) = g((o7)7’) = (07)x1 =
o(rx1) = og(rn’) and h(o(r7')) = h((o7)7’) = (07)x2 = 0(T22) = oh(T7’).
So g and h are morphisms of m-sets. Since u is a morphism of m-sets and
u(x1) = u(x2), we have that

To

u(g(r’)) = u(rer) = Tu(r1) = ru(w2) = u(rzs) = u(h(ra’))

for any 77’ € 7/n’. Then wog = wo h. Since u is a monomorphism, this
implies g = h. So x1 = g(7’) = h(x’) = x2. Hence u is injective. As above,
we can restrict the action of 7 from Y to u(X), which is then a finite 7-set.
On the other hand, if y € Y\u(X), then oy € Y\u(X) for any o € 7. Indeed,
if we had oy € u(X), we would have y = o~ !(oy) € u(X). So we can also
restrict the action of 7 from Y to Y\u(X), obtaining a continuous action of
mon Y\u(X), which is then a finite m-set. From the proof of (G2), it follows

11
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1.2

that Y = «(X) I (Y\u(X)), together with the natural inclusions, is the sum of
u(X) and Y\u(X) in m-sets. Let ¢ : Y\u(X) — Y be the natural inclusion
and ¢1 = u : X — u(X). If we show that ¢ is an isomorphism of m-sets,
then Y, together with ¢; and go, is the sum of X and Z := Y\u(X). Since
w is injective, the map ¢ = u : X — u(X) is bijective. So it has an inverse
u™!tu(X) = X. We have to show that u~! is also a morphism of 7-sets.
Let 0 € 7 and y € w(X). Then y = u(u~'(y)). Since u is a morphism of
m-sets, oy = ou(u=(y)) = u(ou"t(y)). So u=l(oy) = cu=t(y). Then u~!is a
morphism of m-sets.

It follows from the proof of (G1) and from example 1.1.3(1)-(2).

The fact that F' commutes with finite sums and with passage to the quotient
by a finite group of automorphisms follows from the proof of (G2) and from
example 1.1.3(3) and (5).

To show that F' sends epimorphisms to epimorphisms, we have to check that
any epimorphism of 7-sets is a surjective map (see example 1.1.3(6)). Let X,
Y be finite m-sets and f : X — Y an epimorphism. Consider the finite set
Z :={a,b}, with a # b, and define on it the trivial action of m: ca = a and
ob = b, for any o € w. This is clearly a group action and it is continuous,
because the associated map m X Z — Z is just the projection on the second
factor. Define the maps g: Y — Z and h: Y — Z as in example 1.1.3(6). Let
ocemy€Y. Then g(oy) = a = oa = og(y). So g is a morphism of m-sets.
As in the proof of (G3), if y € f(X) then also oy € f(X) and if y € Y\ f(X)
then also oy € Y\ f(X). In the first case, h(cy) = a = oa = oh(y). In the
second case, h(oy) = b= ob = oh(y). Hence h is a morphism of m-sets. As in
example 1.1.3(6), we have that go f = ho f and, since f is an epimorphism of
m-sets, this implies g = h. So Y = f(X), which means that f is surjective.

We have to show that, if X, Y are finite m-sets and u : X — Y is a bijective

morphism of 7-sets, then u is an isomorphism in 7-sets. This can be done as
in the proof of (G3).

O

Prorepresentability of F

In the next three sections, C will be an essentially small Galois category with funda-
mental functor F. Our aim is to prove that C is equivalent to the category m-sets
for a (uniquely determined up to isomorphism) profinite group 7. The first step will
be to write F' in a more convenient way, as an injective limit of functors of the form
Homg (A, —). We start by recalling the definition of injective limit (of sets).

Definition 1.2.1. An injective system of sets consists of a directed partially ordered
set I, a collection of sets (S;);er and a collection of maps (fi; : Si — Sj)i jer,i<j such

that

Viel fii = idsi

12
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and

Lemma 1.2.2. Given an injective system of sets as in the definition 1.2.1, we define
the following relation on the disjoint union [[;c; S;: ifx € S; andy € S; (i,j € 1),
then

r~y = Jkel: k>ik>j, fulz) = fi(y) -

This relation is an equivalence relation.

Proof. Let x € [[;c;Si- Then there exists i € I such that x € S;. We have that
i >4 and clearly fi;(x) = fii(z). So x ~ x. Then ~ is reflexive.

Let ,y € [];c; Si such that x ~ y. Then, if 4,j € I are such that € S; and y € S},
there exists & € I such that k >4, k > j and fix(z) = fjx(y). So fix(y) = fir(x),
which shows that y ~ . Then ~ is symmetric.

Let x,y,2 € [l;c;Si such that © ~ y and y ~ 2. Then, if 4,5,k € I are such
that x € S;, y € S; and z € Sj, there exist hi,hy € I such that hy > ¢, hy > j
and fin, () = fin, (y), ha > j, ho > k and fjn,(y) = frn,(2). Since I is directed,
there exists h € I such that h > h; and h > he. By definition of injective system,
Trah © finy = finy frah © fing = fin = fnan © finy and fryn © fkny = fen- Then

fin(®) = fron(finy () = fain(Fine (V) = Fron(Fine () = fron(frna (2)) = frn(2) -

So z ~ z. Then ~ is transitive. O

Definition 1.2.3. Given an injective system of sets as in the definition 1.2.1, the
quotient ([[;c; Si)/~, where ~ is the equivalence relation defined in 1.2.2, is called
the injective limit of the injective system and denoted with hﬂiel Si.

Lemma 1.2.4 (Universal property of the injective limit). Given an injective system

of sets as in the definition 1.2.1, let Y be a set with a collection of maps (gj : S; —

Y)jer such that g; = gj o fij for any i,j € I with i < j. Then there exists a unique

map g : hﬂielsi — Y such that gj = go f; for any j € I, where f; : S; — liﬂiE]Si

is defined by fj(x) = [x]~. This is illustrated by the following commutative diagram.
S.

Proof. (Existence) Let X € ligiel S;. By definition of injective limit, there exist
j €1, x € S;such that X = [z].. We define g(X) = g;(z) € Y. Let us
check that this is well defined. Assume that X = [z1]~ = [22]~, with 21 € S},
x2 € Sj, (J1,J2 € I). Then 1 ~ x9, which means that there exists k& € I such

13
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that & > j1, k > jo and fjx(21) = fjr(x2). By assumption, g;; = gr o fjx
and Gjo = gk © ijk. Then

g (1) = g (fjn(21)) = g (fion(22)) = gjp (22) -

This shows that g : li_n}iE s Si — Y is a well-defined map. Moreover, for any
j €1,z € 8j we have (go f;)(z) = g(fj(z)) = g([z]~) = g;(x). Hence
gofj=gj-

(Uniqueness) Consider a map g : li%miel S; — Y such that g; = go f; for any j € I.

Let X € @iel S;. By definition of injective limit, there exist j € I, x € S; such

that X = [1]- = f;(x). Then §(X) = §(/;(x)) = G0 f;)(x) = g;(x) = g(X).
Hence g = g.

O

Lemma 1.2.5. If I,(S;)icr, (fij : Si = Sj)ijer,i>j is a projective system in C, then
for any object X of C the collections (Homeg(S;, X))ier, (9ij := f}; : Home/(S;, X) —
Homc(Sj,X), ¢ = o fji)ijer,i<j form an injective system of sets.

Proof. Let i € I. Then f;; = idg,, by definition of projective system. So, for any ¢ €
Homg(S;, X), we have () = @o fii = poids; = . Then gii = fj; = idpomg(s, x)-
Let 4, j,k € I such that 7 < j < k. By definition of projective system, fr; = fji o fx;.
So, for any ¢ € Homc(S;, X), we have f:(¢) = o fii = @o fjio frj = f};(p)o frj =
fij(f5:(0)). Then g = f; = fi; © [ = 9jk © gij- O

Lemma 1.2.6. If I,(S:)icr, (fij © Si = Sj)ijer,i>j s a projective system in C,
then, by lemma 1.2.5, we can associate to each object X of C the injective limit
ligielHomc(Si,X). Moreover, if X, Y are objects of C and h : X — Y 1is a
morphism, we define

ligHomc(Si,h) : HgHomc(Si,X) — ligHomc(Si,Y),
iel el i€l
® =[] = [hoy]. .

Then lim, _, Homc(S;, —) is a functor.

Proof. First of all, we have to show that lim, Homc(S;, h) is well defined, for any
morphism h : X — Y in C. This follows from the universal property of the injective
limit applied to the collection of maps (Homc(Sj, X) — h@“z‘el Homc¢(S;,Y), ¢ —
[h o ¢])jer. We have only to check that these maps are compatible, i.e. that
they satisfy the assumptions of lemma 1.2.4. Let 4,5 € I such that ¢ < j and let
¢ € Homg(S;, X). Then

[hogij(p)l~ = [ho fii(p)]~ = [hopo filw = [fji(hop)lw = [gij(hop)]~ .
We have that g;;(hoy) = idHome(5;,Y) (gij(how)) = g;j(gij(hoy)). By definition of ~

on | [;c; Homg(S;,Y'), this implies that hog ~ g;j(hop). So [hogij(¢)]~ = [hoy]~,
as we wanted.

14



1.2. PROREPRESENTABILITY OF F

Let now X be an object of C and consider h = idx : X — X. For any ® = [¢]. €
lim, Homg(S;, X), we have that

limy Homc (i, id x)(®) = [idx o]~ = [p]. = @ .
el

Then ligig Homg(S;,idx) = idlgia Home (S5i,X)-
Let X, Y and Z be objects of C, with two morphisms hy : X — Y, he: Y — Z. For
any ® = [¢]~ € lim, _ Homc(S;, X), we have

lim Homg (i, b © h1)(®) = [h2 © hy 0 ¢]~ = lim Homc(S;, ha)([h1 0 ¢]~) =
el el

= @Homc(si, hg) <hﬂ HomC(Si, hﬂ(‘I’)) .

i€l el
Hence

hﬂHOmc(Si, hQ o hl) = hﬂHOmc(S’i, hg) 9 h%anOmc(Si, hl) .
el el el

O

Definition 1.2.7. A functor G from C to the category of (not necessarily finite)
sets is called prorepresentable if there exists a projective system I, (S;)ier, (fij : Si —
Sj)ijer,i>; in C such that G is isomorphic to the functor hﬂie[ Homcg(S;, —) defined
in lemma 1.2.6.

We want now to show that F' is prorepresentable. To do it, we have to define a
suitable projective system in C.

Definition 1.2.8. A subobject of an object X of C is an equivalence class of
monomorphisms Y — X, where two monomorphisms f; : Y1 — X, fo : Yo - X
are considered equivalent if and only if there exists an isomorphism ¢ : Y7 — Y5
such that f1 = f2 o ¢ (it is immediate to prove that this is an equivalence relation).
The definition of this equivalence relation is illustrated by the following commutative

diagram.
¥

N A

X

Y;

Yy

Lemma 1.2.9. A morphism f : X — Y in C is a monomorphism if and only if
the first projection p1 : X xy X — X is an isomorphism (remember that the fibred
product exists by (G1) of the definition of Galois category).

Proof. Consider the following diagram.
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X

\
idx XXy X D2 X
P
S

X —Y

By definition of fibred product, there exists a unique morphism g : X — X xy X
such that p; o g =idx and pyog =idx.
Assume now that f is a monomorphism. Then, since f o p; = f o pa, we must have
p1 = p2. We have that pjogop; =idyop; =p1 = p1oidxx,x and ppogop; =
idx op1 = p1 = p2 = p2 oidxx, x. By uniqueness in the universal property of the
fibred product, this implies that g o p; = idxx, x. This shows that g is the inverse
of p1 and so p; is an isomorphism.
Conversely, assume that p; is an isomorphism. Then, since p; o g = idx, we have
that g = pfl. Let hq, ho : Z — X be morphisms such that fohy = fohs. Consider
the following diagram.

Z

\
h X xy ¥ D2 X
-
/

X —Y
By the universal property of the fibred product, there exists a unique morphism
h:Z — X xy X such that pj oh = hy and ppoh = hy. Then h=p; ' ohy =gohy
and ho =pooh =psogoh; =idx oh; = hy. Hence f is a monomorphism. O

Corollary 1.2.10. If f : X — Y is a morphism in C, then f is a monomorphism
if and only if F(f) is a monomorphism (i.e. if and only if F(f) is injective, see
example 1.1.3(6)).

Proof. By lemma, 1.2.9, f is a monomorphism if and only if the first projection
p1: X xy X — X is an isomorphism. By (G4) of the definition of Galois category, we
have that F'(X xy X) (together with F'(p1), F'(p2)) is isomorphic to F'(X) X gy F(X)
(together with the canonical projections on F/(X)). Then F(f) is a monomorphism
if and only if F'(p1) is an isomorphism (by lemma 1.2.9 applied to the cateogry sets).
By (G6) of the definition of Galois category, if F'(p1) is an isomorphism then p; is also
an isomorphism. The converse is true for any functor. Then p; is an isomorphism
if and only if F(p;) is an isomorphism, which implies that f is a monomorphism if
and only if F/(f) is a monomorphism. O

Ezample 1.2.11. (1) Recall that, by (G2) of the definition of Galois category, there
exists an initial object 0 in C. For any object X, the unique map f:0 — X
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is a monomorphism. Indeed, by (G5) of the definition of Galois category, F
commutes with finite sums. In particular, by remark 1.1.2(2), F sends an
initial object of C to an initial object of sets. This means that F(0) = () (see
example 1.1.3(4)). Then F(f): 0 = F(0) — F(X) is clearly injective. Hence,
f 18 a monomorphism by corollary 1.2.10. If we consider two initial objects,
the canonical isomorphism between them makes the diagram in the definition
1.2.8 commute, so they define the same subobject of X.

(2) For any object X, the identity idx : X — X is clearly a monomorphism.
So it defines a subobject of X. Given a monomorphism f : Y — X, it is
equivalent to idy if and only if there exists an isomorphism ¢ : Y — X such
that f =idx op = ¢, i.e. if and only if f is an isomorphism.

(3) If X =0, the two subobjects considered in (1) and (2) coincide. On the other
hand, if f : Y — 0 is a monomorphism, then it is an isomorphism. Indeed,
there exists a unique morphism g : 0 — Y. Since idg is the unique morphism
0 — 0, we must have f o g =idy. Then we have also

folgef)=(fog)of=idoof =f=foidy .

Since f is a monomorphism, this implies g o f = idy. Then g is the inverse of
f and f is an isomorphism. Hence, 0 has a unique subobject.

On the other hand, if X 22 0, then X has at least two distinct subobjects,
namely the ones considered in (1) and (2).

Definition 1.2.12. An object X of C is said connected if it has exactly two subob-

jects: 0 - X and X dx, x.

Remark 1.2.13. (1) By definition, 0 is not a connected object, because it has only
one subobject.

(2) In other words, X is connected if and only if, for every monomorphism f :
Y — X, either YV is initial or f is an isomorphism (but not both).

(3) Notice that connectedness is invariant by isomorphism, because, if ¢ : X1 — Xo
is an isomorphism, then composition with ¢ gives a bijection from subobjects
of X7 to subobjects of X5 (the inverse being composition with ¢~1).

Ezample 1.2.14. (1) In the category sets, the connected objects are the singletons.

Indeed, consider a singleton {z} and a finite set Y with a monomorphism
f:Y — X. By example 1.1.3(6), f is injective. Then |Y| < 1. If |Y| =0,
then Y = () is initial (example 1.1.3(4)). If |Y| = 1, then f is also surjective
and so it is an isomorphism of sets. Hence {x} is connected.
Conversely, assume X is a connected object. By remark 1.2.13(1), we have
that X # (. Let x € X. Then the natural inclusion ¢ : {z} — X is injective,
i.e. a monomorphism (example 1.1.3(4)). Since {x} # (), by remark 1.2.13(2)
we must have that ¢ is an isomorphism, i.e. bijective. Then X = {z} is a
singleton.

17
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(2) If 7 is a profinite group, the connected objects of the category m-sets are the
finite sets with a transitive continuous action of 7 (recall that an action is
called transitive if there is exactly one orbit, in particular the action on the
empty set is not transitive).

Indeed, let X be a finite m-set on which the action of 7 is transitive. In
particular, X # (). Let f : Y — X be a monomorphism of w-sets. Then
f is injective, by corollary 1.2.10 (see also the proof of (G3) in proposition
1.1.15). Assume that Y # (). Then there exists y € Y. Let € X. Since 7
acts transitively on X, there exists o € 7 such that x = of(y). Since f is a
morphism of 7-sets, we have that of(y) = f(oy). Then = = f(oy) € f(Y).
So f is surjective. We already knew that f was injective, so it is bijective, i.e.
an isomorphism of sets. Since w-sets is a Galois category with fundamental
functor the forgetful functor, by (G6) of the definition 1.1.4 this implies that
f is an isomorphism of m-sets. Hence X is connected.

Conversely, assume that X is a connected object in m-sets. We can write X as
the disjoint union of its orbits: X = [["; X; (n € N). Since X is connected,
by remark 1.2.13(1) we have that X # (). Then n > 1. We have that X is
a finite m-set and the natural inclusion ¢ : X7 — X is an injective morphism
of m-sets, i.e. a monomorphism of 7-sets (see corollary 1.2.10 or the proof of
proposition 1.1.15). Since X7 # ) (orbits are non-empty by definition) and X
is connected, ¢ must be an isomorphism. Then X = X; and the action of 7 on
X is transitive.

Lemma 1.2.15. Let X, Y7, Y5 be objects of C and f1: Y1 — X, fo: Yo = X two
morphisms. Consider the fibred product Y1 x x Ya (whose existence is gquaranteed by
(G1) of the definition of Galois category), with the two projections py : Y1 X xYs — Y7,
p2 Y1 Xx Yo = Yo. If f1 is a monomorphism, then ps is a monomorphism. If
moreover fo is also a monomorphism, then fiopy = foops : Y1 Xx Yy — X is a
monomorphism.

Proof. Let Z be an object of C, with two morphisms g,h : Z — Y7 X x Y5 such that
ppog = pyoh. Then foopsog = fy0psoh. By definition of fibred product,
fiopi = foops. So fiopiog = fropioh. Since f; is a monomorphism, this implies
that p1 o g = p1 o h. Consider the following diagram.

A
p20g
pLog Yi XX Y- D2 Y2
lpl lfz
J1

D
By the universal property of the fibred product, there is a unique morphism Z —
Y1 xx Y2 making the diagram commute. Clearly g makes the diagram commute.
Since p;1 o g = p1 o h and p2 0 g = p2 o h, also h makes the diagram commute. Then
g = h, which shows that po is a monomorphism.

The last part of the statement follows from the fact that a composition of monomor-
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phisms is a monomorphism. O

Remark 1.2.16. (1) Let X be an object of C. If f:Y — X is a monomorphism,

then F'(f) is injective (corollary 1.2.10) and so we have

If f1:Y1T = X and f5 : Yo — X are two equivalent monomorphisms, then there
exists an isomorphism ¢ : Y7 — Y5 such that f; = fo 0 p. Then Im(F(fy)) =
Im(F(f20¢)) = Im(F(f2)) (in the last equality, we used the fact that F'(y)
is an isomorphism, i.e. a bijection). Hence any subobject of X gives rise to a
subset of F(X).

Given two monomorphisms f; : Y7 — X and f5 : Yo — X, consider the fibred
product Y7 X x Y, with the two projections p; : YixXxYs — Y1, p2 : Y1 Xx Yo —
Y. By lemma 1.2.15, fiop; = foopy : Y1 Xx Yo — X is a monomorphism.
Moreover, if g1 : Z1 — X and g9 : Zy — X are two other monomorphisms such
that g1 is equivalent to fi and go is equivalent to fa, then we have isomorphisms
p1:Y1 — Z1, 2 : Yo — Z5 such that fi = g1 0 g1 and fo = g9 0 2. Consider
the following diagrams (where q1 : Zy Xx Zo — Z1, qo : Z1 Xx Zo — Zs are

the morphisms that appear in the definition of fibred product).
q2

71 Xx Zo Zo
N
q Y1 xXx YW Ys
lpl fo
Z @fl Y f1 X
Y] xx Yo P2 Ys
P2
1 Z1 Xx Zg—é2—> Zo
jfh 92
v $1 7 g1 ¥

By the universal property of the fibred product, there exist morphisms ¢ :
Y1 XXYQ — Z1 XX ZQ, w : Z1 ><XZQ —>Y1 XXYQ such that g1 © Y = 1 °p1,
g200=@a0pa, prody =, oqand pgotp =, oga. Then

qropoy=piopio=piop; oq =q =q oidzxz
and
QQOSDO7/J=SOQOP201/J=SO2090§1OQ2ZQQZCDOilexXZz :
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By uniqueness in the universal property of the fibred product, we have that
po1) =idyz xz,- In the same way, one can show that ¥ o =idy; x v v;- S0 ¢
is an isomorphism. Moreover, g1 ogiop = g1 = fiopi. Then fiop; = foops:
YixxYo > Xand gioqu = g0 qo : Z1 Xx Zy — X are equivalent. In this
way, we can use the fibred product to associate to every two subobjects of X
another subobject, which we call their intersection. The reason of this name
is that, by (G4) of the definition of Galois category, we have that F(Y; x x Y3)
(together with F'(p1) and F'(pz)) is isomorphic to F'(Y1) X p(x) F'(Y2) (with the
canonical projections). Then, recalling the definition of the fibred product of
sets (example 1.1.3(2)), we have

Im(F(f10p1)) = Im(F(f1) o F(p1)) =

Assume now that Im(F(f1)) = Im(F(f2)), i.e. f1 and fo give rise to the same
subset of F(X). Then Im(F(f1 op1)) = Im(F(f1)) NIm(F(f2)) = Im(F(f1)).
So for any y € F (Y1) there exists z € F(Y1 xx Ya) such that F(f1)(y) = F(fi0
p1)(2) = F(f1)(F(p1)(2)). By corollary 1.2.10, F(f1) is a monomorphism, i.e.
injective. Then y = F(p1)(2). So F(p1) is surjective. By corollary 1.2.10,
F(f2) is a monomorphism. By lemma 1.2.15 applied to the category sets
(exchanging the first and the second factor and recalling that by (G4) of the
definition of Galois category F' commutes with fibred product), F(p1) is also a
monomorphism, i.e. injective. Hence F(p1) is a bijection, i.e. an isomorphism
of sets. By (G6) of the definition of Galois category, p; is an isomorphism. In
the same way, one can show that ps is an isomorphism. Then pyo pfl YT - Y,
is an isomorphism. By definition of fibred product, fi o p1 = fo o pa. Then
f1= fao(p2 opl_l). This shows that fi; and fo are equivalent.

In other words, to different subobjects of X must correspond different subsets of
F(X). In particular, since F'(X) is a finite set, X has finitely many subobjects.

Lemma 1.2.17. Let X be an object of C. If F(X) =0, then X is initial.

Proof. By remark 1.2.16, the number of distinct subobjects of X is at most equal
to the number of subsets F(X). But F(X) = ) has a unique subset. So X has a
unique subobject and, by example 1.2.11, this implies that X = 0. O

Definition 1.2.18. Let X be an object of C. The connected components of X are
its connected subobjects, i.e. the subobjects of the form ¥ — X with Y connected.

Lemma 1.2.19. Let X1,..., X, be connected objects of C and consider their sum
X =11/, Xi, with the morphisms q1 : X1 — X,...,qn : Xp — X as in the defini-
tion 1.1.1(8). Let'Y be another connected object and f : Y — X a monomorphism.
Then there exists a unique i € {1,...,n} such that f is equivalent to g;.
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Proof. Since Y is connected, Y is not initial (remark 1.2.13(1)). So F(Y) # 0, by
lemma 1.2.17. Then there exists a € F(Y). By (G5) of the definition of Galois cate-
gory, we have that FI(X) = F(]["_, X;) = [[i-, F(X;) (disjoint union of sets). Then,
since F(f)(a) € F(X), there exists i € {1,...,n} such that F'(f)(a) € Im(F(g;))-
Let us prove that f is equivalent to ¢;. Consider the fibred product Y xx X;.
By lemma 1.2.15, the projections p1 : ¥ xx X; = Y, po : Y xx X; — X, are
monomorphisms. Since Y and X; are connected, this implies that either Y x x X;
is initial or p; and pg are both isomorphisms. As in remark 1.2.16, we have that
Im(F(fop1)) = Im(F(f)) NIm(F(g)). Since F(f)(a) € Im(F(g;)), we have that
F(f)(a) € Im(F(f)) NIm(F(g;)) = Im(F(f op1)). In particular, Im(F(f op1)) # 0.
Then F(Y x x X;) # (0. By (G5) of the definition of Galois category, this implies that
Y x x X; is not initial. Then p; and po are both isomorphisms. So ps opl_1 Y — X,
is an isomorphism and, by definition of fibred product, ¢; o po2 o pfl = f. So fis
equivalent to g;.

Now we prove uniqueness. Assume that ¢,5 € {1,...,n} are such that f is equiv-
alent to both ¢; and ¢;. Then ¢; is equivalent to g;, which by remark 1.2.16 im-
plies that Im(F(¢;)) = Im(F(g;)). Since F(X) is isomorphic to the disjoint union
[T, F(X;), we have that Im(F(¢;)) and Im(F(g;)) are disjoint unless ¢ = j. So
Im(F(q;)) = Im(F(g;)) implies that i = j. O

Proposition 1.2.20. Every object of C is the sum of its connected components.

Proof. Let X be an object of C. We prove the claim by induction on n = |F(X)|.
If |[F(X)| =0, then F(X) = 0. Then X 2 0, by lemma 1.2.17. So X is the sum
of the empty collection of objects (remark 1.1.2(2)). On the other hand, X has no
connected subobjects (see example 1.2.11(3) and remark 1.2.13(1)). So X is the sum
of its connected subobjects.

Assume the claim is true for every Y such that |F(Y)| < n. If X is connected,

then its only connected subobject is X LUEN'S Clearly, X = ]_[1-1:1 X, so the
claim is true. If X is not connected, there exists a monomorphism f : Y — X
such that Y is not initial and f is not an isomorphism. Then, by remark 1.2.16(2),
Im(F(f)) # 0 and Im(F(f)) # F(X). This means that 0 < |[Im(F(f))| < n. By
corollary 1.2.10, F(f) is injective. So |F(Y)| = |Im(F(f))|. Then 0 < |F(Y)| < n.
By (G3) of the definition of Galois category, there exists an object Z and a morphism
q2 : Z — X such that X, together with ¢ = f and ¢o, is the sum of ¥ and Z.
Then, by (G5) of the definition of Galois category and by example 1.1.3(3), F(X),
together with F(f) : F(Y) — F(X) and F(q) : F(Z) — F(X), is isomorphic
to the disjoint union F(Y') I F(Z), together with the canonical inclusions. Notice
that this implies that F'(g2) is injective and so ¢y is a monomorphism by corollary
1.2.10. Moreover, n = |F(X)| = |[F(Y)| + |F(Z)|. Since |F(Y)| > 0, we have
|F(Z)| < n. Then we can apply induction to both Y and Z. In this way, we get
Y =[[2,Y and Z = ]_[?:1 Z;, where Y1 — Y,...,Y,;, — Y are the connected
subobjects of Y and Z1 — Z,...,Z, — Z are the connected subobjects of Z. Then
X=YlUZ= (H;ilyl)ﬂ( ?:1Zj)~

Since the composition of monomorphisms is a monomorphism, composition with f
gives that Y1 — X, ..., Y,, — X are connected subobjects of X and composition with
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g2 gives that Z1 — X, ..., Z, — X are connected subobjects of X. We claim that
they are all the connected subobjects of X. Let g : W — X be a monomorphism,
with W connected. Since X = (I[}Z,Y;) T (I[}_, Z;) and YA,..., Y, Z1,..., 2,
are connected, we can apply lemma 1.2.19 to conclude that there exists either ¢ €
{1,...,m} such that g is equivalent to ¥; — X or j € {1,...,p} such that g is
equivalent to Z; — X. O

Corollary 1.2.21. Let X be an object of C and 0 € Autc(X). Then o permutes
the connected components of X, d.e., if 1 : X1 — X,...,qn : X, — X are the
(pairwise distinct) connected components of X, then for any j € {1,...,n} there
exists a unique j° € {1,...,n} such that o o q; is equivalent to q; .

Proof. By proposition 1.2.20, we have that X =[], X;. Let j € {1,...,n}. Since
composition of monomorphisms is a monomorphism, we have that cog; : X; — X =
[1;-, Xi is a monomorphism. Since X7, ..., X, are connected, we can apply lemma
1.2.19, which leads directly to the claim. O

Example 1.2.22. If 7 is a profinite group and X a finite m-set, then the decomposition
of X in connected components coincides with its orbit decomposition, by example
1.2.14(2).

The proposition 1.2.20 is certainly useful to understand the objects of C, because
it reduces the problem of describing them to the problem of describing the connected
objects. However, the first thing that we want to do with connected objects is to
construct a projective system in C, in order to show that F' is prorepresentable. We
will take into consideration pairs of the form (A,a), where A is a connected object
of C and a € F(A), and use them to define a directed partially ordered set. Before
doing it, we need to recall another notion in category theory.

Definition 1.2.23. Let X, Y be objects of C, with two morphisms f,g : X —
Y. An equalizer of f and g is an object Eq(f, g) of C, together with a morphism
t: Eq(f,g) — X, such that f ot = go and, for any object Z with a morphism
u: Z — X satisfying f ou = gou, there exists a unique morphism v : Z — Eq(f, g)
such that v = ¢ owv. This definition is illustrated by the following commutative
diagram.

f

Eq(f,9)—— X Y

AR
N
N
\\
D u
(VAN T
N
N
N
N

Z

Remark 1.2.24. Being defined through a universal property, the equalizer of two
morphisms, if it exists, is unique up to a unique isomomorphism.

Example 1.2.25. Let X, Y be finite sets, with two maps f,g : X = Y. Set W =
{r e X | f(x) =¢g(z)} € X. Then W is a finite set. We claim that W, together with
the canonical inclusion ¢ : W — X is the equalizer of f and g in the category sets
(notice that ¢ is injective, i.e. a monomorphism: we will show that this holds also in
arbitrary categories). If x € W, then by definition f(u(x)) = f(x) = g(x) = g(¢(z)).
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So for=got Let Z be a finite set and v : Z — X a map such that fou=gou.
Then, for any z € Z, we have f(u(z)) = g(u(z)), which implies that u(z) € W. So
u(Z) C W. Then we can define v = u : Z — W and we have clearly that u = ¢t o v.
On the other hand, this is the unique possible definition if we want the diagram to
commute.

Lemma 1.2.26. Let X, Y be objects of C, with two morphisms f,g : X — Y.
Consider the fibred product X xy X, with projections p1 : X xy X — X, po :
X xy X — X, and the product X x X = X x1 X, with projections q1 : X x X — X,
@2 : X x X — X (both the product and the fibred product exist by (G1) of the
definition of Galois category). There exist a morphism p: X xy X — X x X and a
morphism A : X — X x X such that the fibred product X X x«x (X xy X), together
with the projection on the first factor, is an equalizer of f and g (again, this fibred
product ezists by (G1) of the definition of Galois category). In particular, any pair
of morphisms admits an equalizer in the Galois category C.

Proof. Let h : X — 1 be the unique morphisms from X to the terminal object 1.
Since there is a unique morphism X xy X — 1, we have h o p; = h o ps. Consider

then the following diagram.
X Xy X

X><X—>X

N

h

X —1
By the universal property of the fibred product, there exists a unique morphism
p:X Xy X - X x X such that ¢t op = p; and ¢2 o p = py. Consider now the

following diagram.
ix
lfh

X SN 1
By the universal property of the fibred product, there exists a unique morphism
A: X — X x X such that g0 A =idx = g2 0 A. Let us consider the fibred product
X Xxxx (X XyX) and let ¢ : X Xxxx (X XyX) — X, k: X Xxxx (X XyX) —
X Xy X be the two projections. By definition of fibred product, Aot = pox. Then
we have

L:idXOL:qloAOL:qlOpO,‘Q:ploK‘/

and
t=1idxot=qgoAor=qgopoKk=pyok.
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So, since f o p; = g o pg by definition of X xy X, we have that for= fopjok =
gopaok=goL

Moreover, let Z be an object of C with a morphism u : Z — X such that fou = gou.
By the universal property of the fibred product X xy X, there exists a unique
u' 1 Z — X xy X such that p; ou’ = u = py ou/. We have that

qropou =piou =u=idyou=¢qoAou

and
gopou =prou =u=1idxyou=qgroAou.

By uniqueness in the universal property for the product X x X = X x; X, we must
have pou' = A owu. Consider now the following diagram.

X—>A X xX

By the universal property of the fibred product, there exists a unique v : Z —
X Xxxx (X Xy X) such that tov=w and kov =1/

To conclude, let v : Z — X xXxxx (X Xy X) be such that : ov = u. Then
piokoU =100 =uand ppoko® =100 = u. By uniqueness of «’, this implies
kov =u'. Hence v = v. O

Corollary 1.2.27. F' commutes with equalizers.

Proof. 1t follows by (G4) of the definition of Galois category and by lemma 1.2.26
(applied to both C and sets), since p and A were constructed using the universal
property of the fibred product. O

Lemma 1.2.28. Let X, Y be objects of C, with two morphisms f,g : X — Y.
Consider the equalizer Eq(f,g), together with the morphism v : Eq(f,g9) — X, as in
the definition. Then v is a monomorphism.

Proof. Let Z be an object of C, with two morphisms h, hy : Z — Eq(f, g) such that
tohy =tohe. Since for=gou, we have that forohy =gorohy. Then, by the
universal property of the equalizer, there exists a unique morphism h : Z — Eq(f, g)
such that ¢ o h = ¢ o hy. This implies h; = ho. O

Corollary 1.2.29. Let A, X be objects of C, with A connected, and let f,g: A — X
be two morphisms. Then Eq(f, g) is initial or f = g.

Proof. By lemma 1.2.28, ¢ : Eq(f,g) — A is a monomorphism. By definition of
connected objects, this implies that either Eq(f,¢) is initial or ¢ is an isomorphism.
In the last case, we have

f:foidA:foLoL_lngLOL_lzgoidA:g
(f ot = g o by definition of equalizer). O
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Lemma 1.2.30. Let A be a connected object of C and a € F(A). For any object X
of C, define the map

Uiaa : Home(4, X) = F(X), f = F(f)(a) .
Then Qﬁ({‘ o) 1s injective.

Proof. Let f,g € Homg(A, X) such that w()im)(f) = ()iﬂ)(g). This means that
F(f)(a) = F(g)(a). Then a € Eq(F(f),F(g)) C F(A) (see example 1.2.25). In
particular, Eq(F(f), F(g)) # 0. By corollary 1.2.27, we have that Eq(F(f), F(g)) =
F(Eq(f,g9)). So F(Eq(f,g)) # 0 and, by (G5) of the definition of Galois category,
this implies that Eq(f, g) is not initial. Since A is connected, by corollary 1.2.29 we
must have f = ¢g. Hence w()il’a) is injective. O

Lemma 1.2.31. Let 7T := {(A,a) | A connected, a € F(A)}. We define the following
relation on 1:

(A,a) > (B,b) <= 3f € Homc(A,B) :b=F(f)(a) .

This relation is a preorder, i.e. it is reflexive and transitive. Moreover, (A,a) >
(B,b) and (B,b) > (A, a) if and only if there exists an isomorphism f : A — B such
that b = F(f)(a). In this case we write (A,a) ~ (B,b). Then we have an induced
order relation on the quotient Z/~. Denote this quotient with I. Then I is a directed
partially ordered set.

Proof. Let (A,a) € Z and consider idgy € Homg(A, A). Since F is a functor,
F(id4) = idp(a). Then a = idp4)(a) = F(ida)(a). This shows that (A,a) > (A, a)
and so > is reflexive.

Let (A, a),(B,b),(C,c) € T such that (A,a) > (B,b) and (B,b) > (C,c). Then there
exist f € Homg(A4, B), g € Homc(B,C) such that F(f)(a) = b and F(g)(b) = c.
We have that go f € Homc (A, C) and, since F is a functor, F(go f) = F(g) o F(f).
So F(go f)(a) = F(9)(F(f)(a)) = F(g)(b) = ¢. This shows that (A4,a) > (C,c) and
So > is transitive.

Assume that (A,a),(B,b) € T are such that (A,a) > (B,b) and (B,b) > (4,a).
Then there exist f € Homc(A4, B), g € Homg (B, A) such that F(f)(a) = b and
F(g)(b) = a. We have that go f € Homc (A4, A) and F(go f)(a) = F(g)(F(f)(a)) =
F(g)(b) = a = F(ida)(a). This means that @zj@a)(g of) = wé’a)(id/x), which by
lemma 1.2.30 implies that g o f = id4. Analogously, one can show that fog = idp.
So f and g are inverse to each other. In particular, f is an isomorphism.
Conversely, assume that (A,a), (B,b) € Z and there exists an isomorphism f: A —
B with b = F(f)(a). Clearly, this implies that (A4,a) > (B,b). Moreover, we have
that f~! € Homg (B, A) and F(f~1) = F(f)~!. So F(f~1)(b) = F(f)~1(b) = a.
This shows that (B,b) > (A, a).

The last thing that we have to prove is that I is a directed partially ordered set.
First of all, I is a set because C is essentially small (on the other hand, Z could be
a proper class).

Let [(A,a)]~,[(B,b)]~ € I. Consider the product A x B = A x; B. By proposi-
tion 1.2.20, we can write A x B =[]}, C;, with each C; connected (with morphisms
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gj : C;j = AxBforany j = 1,...,n, asin the definition 1.1.1(3)). By (G4) of the def-
inition of Galois category, there exists an isomorphism ¢ : F(A) x F(B) — F(Ax B)
such that pj = F(p1)op and ph, = F(p2)og, wherep; : AXB — A, py: AxB — B,
py: F(A) x F(B) = F(A), py : F(A) x F(B) — F(B) are the projections. Consider
now (a,b) € F(A) x F(B). Then ¢((a,b)) € F(A x B). By (G5) of the definition of
Galois category, F(Ax B) = F(]], Ci) = [[;~, F(C;) (disjoint union, see example
1.1.3(3)) and the isomorphism is compatible with the inclusions. So there exists a
unique j € {1,...,n} such that ¢((a,b)) € Im(F(g;)). Let ¢ € F(C}) be such that
©((a,b)) = F(gj)(c). Then we have

F(p1og;)(c) = F(p1)(F(g;)(¢) = F(p1)(¢((a,))) = pr((a,0)) = a

and

F(p2 0 qj)(c) = F(p2)(F(q;)(¢)) = F(p2)(¢((a,]))) = p((a,0)) = b.

This shows that (Cj,c¢) > (A,a) and (Cj,c) > (B,b). Then [(Cj,c)]l~ > [(4,a)]~
and [(Cj, c)]~ > [(B,b)]~. Hence I is directed. O

Remark 1.2.32. (1) While the definition of connected object is independent of the
functor F, we have that Z and I depend on F, because on the one hand an
element of Z is identified not only by a connected object A, but also by an
element a € F(A), and on the other hand also the relation defined in lemma
1.2.31 depends on F'.

(2) Let (A,a),(B,b) € Z and (A,a) > (B,b). By definition, this means that
there exists f : A — B such that b = F(f)(a). Assume that f': A — B is
another morphism such that b = F(f’)(a). Then @b()i’a)(f) =F(f)(a) =b=
F(f")(a) = 1p()§l’a)(f’), which by lemma 1.2.30 implies that f = f’. So the
morphism f that appears in the definition of > is uniquely determined.

Lemma 1.2.33. Let I be defined as in lemma 1.2.31. For any i € I, choose a pair
(Ai,a;) € T such that i = [(Aj,a;)|~. For any i,j € I such thati > j (i.e. (A;,a;) >
(Aj,aj)), let fij + Ay = Aj be the unique morphism such that F(fij)(a;) = a; (see
remark 1.2.32(2)). Then (Ai)ier, (fij + Ai = Aj)ijer,i>j is a projective system in
C.

Proof. For any i € I, we have F(ida,)(a;) = a; (because F' is a functor). By
uniqueness, this implies that f;; = ida,.
Let 4,4,k € I such that ¢ > j > k. Since F is a functor, we have that

F(fjro fij)ai) = F(fie)(F(fij)(a:)) = F(fjr)(a;) = ak -
By uniqueness, this implies that f;r, = fjr o fij. 0l

Remark 1.2.34. In lemma 1.2.33, we made a choice in order to define a projective
system. So this projective system is not uniquely determined. However, the choice
does not affect the functor lim. _, Homcg(A4;, —), which is what we are interested
in. Indeed, if for any i € I we choose (B;,b;) € Z such that i = [(B;,b;)]~, then
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there exists a unique isomorphism ¢; : B; — A; such that F(¢;)(b;) = a;. This
isomorphism gives rise to a bijection

¢; : Homg(A;, X) = Homg(B;, X), f— foy;,

for any object X of C. Moreover, if ¢, j € I and ¢ > j, we have that g;; := gpj_lofijocpi
is the unique morphism B; — B; such that F'(g;;)(b;) = bj. So the following diagram

is commutative. .

Homc (4, X)i»Homc(Bi, X)

Homc(4;, X)—»HomC(Bj,X)
At this point, one can use the unlversal property of the injective limit to “glue”
together the bijections ¢ and get a bijection

Oy : @Homc(Ai,X) — liﬂHomc(Bi,X) .
el i€l
If X, Y are two objects of C and h : X — Y is a morphism, then it can be proved
that ®y o hﬂie] Homg(A4;,h) = ligiel Homg(B;, X) o ®x. This shows that the
functors lim, Homcg(4;, —) and lim, Homg(B;, —) are isomorphic.
Proposition 1.2.35. F' is isomorphic to the functor hﬂiel Homcg(A4;, —), where the

projective system is the one defined in lemma 1.2.33. In particular, F is prorepre-
sentable.

Proof. Let X be an object of C. For any ¢ € I, consider the map 1/1()21_ a;) 88 defined

in lemma 1.2.30. Let 4,5 € I such that ¢ > j. For any f € Homc(A;, X), we have
that

(U8 0 5) () = U0 (F 0 fis) = F(f o fig) (@) =
= F(N(F(fij)(a) = F()(a5) = 0%, 0 (f) -

Then @bai as) © ff;‘ = ¢()f4j a;)° By the universal property of the injective limit (lemma
1.2.4), there exists a unique map ¥¥X : lim, Homg(A4;,X) — F(X) such that
Q/J(A]’% =X o fJX for any j € I, where fJX : Homc(4;, X) — limg, Home(A4;, X)
is defined by fJX (9) = [g]~. We claim that ¥ is bijective.

Let [g1]~, [g2]~ € lim,  Homc(Aj, X) such that ¥X([g1]~) = ¥X([g2)~). Then there

exist i,j € I such that gy € Homc(4;, X), g2 € Homc(A4;, X). Since [ is directed,
there exists k € I such that £ > ¢ and k£ > j. Then

Uiapan fi(91)) = ¥ (£ (fin(91))) = o™ ([fin(g1)]~) = v (lg1~) =
=¥ ([g2)~ ) VX (Fik(92))~) = X (i (Fir(92))) = U, 0 (Fik(92)) -

But we know that w()i‘k ap) 15 Injective (lemma 1.2.30). So we must have fir(g1) =
fik(g2), which implies that g ~ g2. Hence [g1]~ = [g2]~ and ¥~ is injective.
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Let © € F(X). By proposition 1.2.20, we have X = [[._; X4, where ¢; : X1 —
X,...,qn : X;, — X are the connected components of X. By (G5) of the definition
of Galois category, F(X) = [[,_; F(X4) and the isomorphism is compatible with
inclusions. Then there exists a unique 5 € {1,...,n} such that € Im(F(¢g)). So
there exists a € F(Xg) such that + = F(gg)(a). Since Xz is connected, we have
that (Xg,a) € Z. Set j := [(X3,a)|]~ € I. Then (Xg,a) ~ (4;,a;), i.e. we have an
isomorphism f : A; — X such that F'(f)(aj) = a. Then ggo f € Homc(A4;, X) and

U8 (a80 £) = Flag o f){a) = Plas) (F()(a3)) = Flgg)(a) =
Hence (g5 o fl~ € lim,_ Homc(A4;, X) and ¢¥([gs o fl~) = ¢X(f*(as 0 f)) =
w()zj a]-)(qﬁ o f) = x. This shows that ¢ is surjective.
It remains to prove that the bijections 1/X’s are compatible with morphisms. Let X,
Y be objects of C and h : X — Y a morphism. Let ¢ € I and consider the following
diagram.

X

w(szai)
Homg(4;, X)——F(X)

ho —l lF(h)
Y

Home (A, V) =25k (v)

For any g € Homg(A4;, X), we have that
(Fh) 0 0fa) (9) = F() (68,.09(9)) = FO)(F(g)(a) =
= F(hog)(a) = ¥4,0p(ho9)

Hence the diagram is commutative. Now we work with the limit. We have to
show that F(h) o X = ¢Y o lim, _, Homc(A4;,h). By uniqueness in the universal
property of the injective limit, it is enough to prove that F(h) o X o ij =Y o
hﬂie[ Homcg(A4;,h) o ij for any j € I. Let g € Homg(Aj, X). By definition, we

have that (@iel Homg(A4;,h) o fJX> (9) = [hog]~ (see lemma 1.2.6). Then, by
what we proved above, we have

el

(wy o limy Home(A;, ) o ij) (9) =¥" ([hogl) =" (ff (hog) =

=¥ ap(hog) = (F) 0wy o)) (9) = (F(R) o™ o £) (g).

This ends the proof. O

1.3 A profinite group

Now that we have a very concrete description of the functor F', the next step is to
define a profinite group which acts in a natural way on F(X) for any object X.
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Definition 1.3.1. An object A of C is called a Galois object if it is connected and
A/ Autc(A) is terminal.

Remark 1.3.2. (1) For any connected object A of C, lemma 1.2.30 implies that
| Homc (A, A)| < |F(A)|. Then, since Autc(A) is a subset of Homg(A4, A), we
have that

| Autc(A)| < |Homg (A4, A)| < |F(A)] .

In particular, Autc(A) is finite, because F(A) is finite. Then the quotient
A/ Autc(A) exists by (G2) of the definition of Galois category. Hence the
definition 1.3.1 makes sense.

(2) The property of being a Galois object is invariant by isomorphism. Indeed,
assume that ¢ : A — B is an isomorphism and A is Galois. In particular, A
is connected and this implies that B is also connected (see remark 1.2.13(3)).
Denote by pa : A - A/ Autc(A) and pp : B — B/ Autc(B) the morphisms
that appear in the definition of the quotient (see definition 1.1.1(5)). Let
o € Autg(A). Then pooo e ! € Autc(B). So, by definition of quotient,
ppogwocooe ! = pg. Hence (pgoy)oo = pgop. Since this holds for
any o € Autc(A), by the universal property of the quotient there exists a
unique morphism ® : A/ Autc(A) — B/ Autc(B) such that pgop = ®o
p4. In the same way, one can show that there exists a unique morphism
U : B/ Autc(B) — A/ Autc(A) such that pg oo~ = Woppg. Then

(Wod)ops=Vopgop=paop 'op=ps=ids/autc(a)°PA -

By uniqueness in the universal property of the quotient, this implies ¥ o
¢ = idA/Autc(A)' Analogously, ® o ¥ = idB/Autc(B)- So A/ Autc(A) =
B/ Autc(B). Since A is Galois, A/ Autc(A) is terminal. Hence B/ Autc(B)
is also terminal, i.e. B is Galois.

(3) The definition of Galois object does not depend on the functor F'.

Lemma 1.3.3. Let X be an object of C. Then |F(X)| = 1 if and only iof X is
terminal.

Proof. By (G4) of the definition of Galois category, if X is terminal then F(X) is
also terminal, i.e. a singleton (example 1.1.3(1)).

Conversely, assume that |F(X)| =1, i.e. F(X) is a singleton. Let f : X — 1 be the
unique morphism from X to the terminal object. Consider the map F(f): F(X) —
F(1). By (G4) of the definition of Galois category, F'(1) is a singleton. Then F(f)
is a map from a singleton to another singleton. So F(f) must be a bijection, i.e. an
isomorphism of sets. By (G6) of the definition of Galois category, this implies that
f is an isomorphism. So X is terminal. O

Lemma 1.3.4. Let A be a connected object. Let Autc(A) act on F(A) via ox =
F(o)(z), for any 0 € Autc(A), x € F(A). Then A is Galois if and only this action
is transitive (recall that an action is called transitive if there is exactly one orbit). In
this case, the action is also free (recall that an action is called free if all the stabilizers

are trivial) and | Autc(A)| = |Homg (A, A)| = |F(A4)].
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Proof. Since we know that A is connected, A is Galois if and only A/ Autc(A) is
terminal. By (G5) of the definition of Galois category,

F(A/ Autc(A)) = F(A)/F(Autc(4)) |

Then A/ Autc(A) is terminal if and only if |F(A)/F(Autc(A4))| = 1, by lemma
1.3.3. But, by example 1.1.3(5), F(A)/F(Autc(A)) is the set of orbits of F(A)
under the action of F(Autc(A)). So A/ Autc(A) is terminal if and only if the
action of F'(Autc(A)) on F(A) has exactly one orbit, i.e. if and only if this action
is transitive. From the definition of the action of Autc(A) on F(A), it is clear that
it is transitive if and only if the action of F(Autc(A)) on F'(A) is transitive. This
allows us to conclude that A is Galois if and only if the action of Autc(A) on F(A)
is transitive.

We prove now that in this case the action of Autc(A) on F'(A) is also free. By the
orbit-stabilizer theorem, if the action is transitive we have

|Autc(A)‘
F(A)| = < |Autc(A4)],
|[F'(A)] [Stabauig ) (@)] < |Autc(A)|

for any x € F(A). But we know that | Autc(A)| < |Homc(A, A)| < |F(A)| (remark
1.3.2). Hence |Autc(A)| = |Homc (A, A)| = [F(A)| and | Stabysga)(z)] = 1 for
any z € F(A), i.e. the action of Autc(A) on F(A) is free. O

Lemma 1.3.5. Let X be an object of C. Then there exists a pair (A,a) € T (where
T is defined as in lemma 1.2.31) such that A is Galois and 1/)52 a) Homc (A4, X) —
F(X) (defined as in lemma 1.2.30) is a bijection.

Proof. By (G1) of the definition of Galois category, in C any collection of objects
(Xj)jes with J finite admits a product (defined recursively), denoted by [[;c; X;
(if X; = Z for any j € J, we can also use the notation Z7). Then, since F(X) is
finite, we can consider the object Y := [] . P(X) X = XFX) Applying inductively
(G4) of the definition of Galois category, we get that there exists an isomorphism
¢ erx) F(X) = F(X)PX) — F(Y), compatible with the projections. For any
x € F(X), define by = . Then b := (bz)ser(x) € [Loerx) F(X) and y := ¢(b) €
F(Y'). By proposition 1.2.20, we can write Y = [ [\ ; A;, where g1 : A1 = Y, ... ¢ :
A, — Y are the connected components of Y. By (G5) of the definition of Galois
category, we have that F(Y) = [, F'(A;) (disjoint union, by example 1.1.3(3))
and the isomorphism is compatible with the inclusions. So there exists a unique
Jj € {1,...,n} such that y € Im(F(g;)). Then there exists a € F(A;) such that
y = F(gj)(a). We claim that (A;,a) has the desired properties.

For any z € F(X), let p, : Y — X be the projection on the z-th factor. Then
F(pg) o ¢ [Lepx) F(X) — F(X) is the projection on the 2-th factor. We have
that p, o ¢; € Homc(4;, X) and

U, ) (Pe 0 45) = F(ps 0 ¢5)(a) = F(pa) (F(g5)(a) =
= F(pz)(y) = F(pa)(0(b)) = br = .
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Then 1/’(),(43-@) : Homg(Aj, X) — F(X) is surjective. By lemma 1.2.30, it is also
injective. So it is a bijection. In particular, | Homc(A;, X)| = |F(X)|. It remains
to prove that A; is Galois. By lemma 1.3.4, we have to prove that the action of
Autc(A;) on F(A)) is transitive.

Let o’ € F(A;) and consider the map w()i\j,a’) : Homg(A4;, X) — F(X). This map is
injective by lemma 1.2.30. Then it must be a bijection, because | Homc(A4;, X)| =
|F'(X)| and the sets are finite. Then the map

V=0, © (w()qu,a)) L F(X) = F(X)

is also a bijection (i.e. a permutation of the finite set F'(X)). By the universal
property of the product, there exists a morphism o : Y — Y such that py oo = py ()
for any © € F(X). Analogously, there exists a morphism ¢’ : ¥ — Y such that
Pz 00" = py-1(y) for any x € F(X). These morphisms are inverse to each other (by
uniqueness in the universal property of the product). So ¢ is an automorphism of
Y,ie. o€ Autc(Y). We claim that F(o)(y) = F(gj)(a’). Let x € F(X). From the

computation above, it follows that (1/)()5% a)) (x) = pg 0 qj. Then

b(z) = w()z(“jva’) ((w();j:a)>_l (x)) - w(jfi‘j»a/)(pw °qj) =
= F(pa 0 g;)(a’) = F(pa)(F(g;)(a’)) -

On the other hand, we have that
F(pa)(F(0)(y)) = F(pe 0 0)(y) = F (Py()) (¥) = F (Py(a)) (9(0)) = bya) = ¥(2) -

So (F(pa) 0 ¢) (9 (F(g)(@))) = F(pa)(F(g5)(@)) = F(pa)(F(0)(y)) = (F(pa) 0
©) (o Y (F(0)(y))), for any € F(X). Recall that F(p,) o ¢ is the projection on
the a-th factor of J[, ¢ p(x) £/(X). Since an element of a product of sets is uniquely
determined by its components, this implies that ¢~ (F(0)(y)) = ¢ *(F(g;)(a’)).
Then, since ¢! is an isomorphism, F(c)(y) = F(g;)(a’), as we wanted.

Now, by corollary 1.2.21, we have that there exists a unique j' € {1,...,n} such
that o o g; is equivalent to g, i.e. Im(F (o o ¢;)) = Im(F(gj)) (remark 1.2.16).
We have that (o 0 g;)(a) = F(o)(y) = F(g;)(@) € Im(P(o 0 g;)) N Im(F(g;)) =
Im(F(gj)) N Im(F(g;)). In particular, Im(F(q;)) NIm(F(g;)) # 0. Since F(Y) is
isomorphic to the disjoint union [ [ ; F(A4;), we have that Im(F(g;)) and Im(F(g;))
would be disjoint if we had j # j’. Then we must have j = j/, i.e. 0og; is equivalent
to ¢;. This means that there exists an isomorphism o : A; — A; (i.e. ¢ € Autc(4;))
such that o o g¢; = ¢; o 0. Then, applying what we proved above, we have that

F(g;)(F(d)(a)) = F(0)(F(g;)(a)) = F(o)(y) = Flg;)(a’) .

Since ¢; is a monomorphism, F'(g;) is injective (corollary 1.2.10). Then F(c)(a) = a'.
Hence the action of Autc(A;) on F'(A;) is transitive. O

Definition 1.3.6. Let I be a partially ordered set. We say that a subset J of I is
cofinal if for every ¢ € I there exists j € J such that ¢ < j.
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Lemma 1.3.7. If I is a directed partially ordered set and J C I is cofinal, then J
15 also directed.

Proof. Let j1,j2 € J C 1. Since [ is directed, there exists k € I such that £ > j; and
k > jo. Since J is cofinal, there exists j € J such that 7 > k. Then, by transitivity,
7 > 71 and j > jo. Hence J is directed. O

Lemma 1.3.8. Let I be a directed partially ordered set and J C I a cofinal subset.

(1) If (Si)icr, (fij - Si = Sj)ijer,i>j is a projective system of sets (respectively, of
groups or of topological spaces), then (S;)icy, (fij : Si = Sj)ijesi>j s also a
projective system of sets (respectively, of groups or of topological spaces) and
there is a bijection (respectively, a group isomorphism or a homeomorphism)

between @z‘el S; and l'&nﬂ.a S;.

(2) If (Si)ier, (fij © Si = Sj)ijer,i<j is an injective system of sets, then (S;)ics,
(fij + Si = Sj)ijet i<j is also an injective system of sets and there is a bijection
between h&iel S; and hﬂjeJ S;.

(3) If (Si)ier, (fij : Si = Sj)ijer,i>j s a projective system in C, then (S;)icr, (fij :
Si — Sj)ijes i>j s also a projective system in C and ligiel Homc(S;, —) and
hngJHOIHC(Sj —) are isomorphic as functors.

Proof. Notice that it makes sense to consider injective and projective limits indexed
by J, because J is directed by lemma 1.3.7. It is obvious from the definitions of
projective and injective systems that restricting the index set from I to J does not
affect the fact of being a projective or an injective system. So we have to prove only
the last part of each statement.

(1) For any k € I, denote by fy : @ie[ S; — Sk the k-th projection. Analogously,
for any k € J denote by g : yinjej S; — Sj, the k-th projection. Consider the
collection of maps (respectively, group homomorphisms or continuous maps)
(fj - Jm, Si = Sj)jes. Let ji,j2 € J such that j; > ja. By definition of
projective limit, for any = = (x;);er € lim, _~we have that (firjo © fi1)(x) =
Fige(xj) = x4, = fin(x). So fjj,0 fj1 = fj»- Then we can apply the universal
property of the projective limit to get the existence of a map (respectively, a
group homomorphism or a continuous map) ¢ : @ie s Si — wje.] S; such
that f; = gj o for any j € J.

We want now to define an inverse of . Let ¢ € I. Since J is cofinal, there
exists k € J such that & > 4. Define h; = fi; 0 gi : @jeJ S; — S;. Let us
prove that h; does not depend on the choice of k. Assume that ki,ky € J
are such that k; > ¢ and ko > i. Since J is directed, there exists k € J
such that k& > k; and k > ko. By definition of projective system, we have
that fi,i o fik, = fri = frpi © frk,- Moreover, by definition of projective limit

we have that, for any z = (z;)jcs € @je] Siy 9k () = frk, (gr(x)) and

Gy (%) = [y (gr(x)). So gi, = frk, © gk and gr, = fik, © gr- Then
Jr1i © Gkr = Sfr1i © Jrkr © Gk = fri © Gk = froi © fhko © Gk = fhoi © Ghs -
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This shows that h; is well defined. Then we can consider the collection of maps
(respectively, group homomorphism or continuous maps) (h; : l'&aje ; S; —
Si)icr- Let i1,y € I such that iy > i9. Let k € J be such that k > 4;. Then,
by transitivity, we have also that & > i2. So, using the fact that fri, = fi i0 ki,
(definition of projective system), we get

hiy = fris © gk = fivio © frir © 9k = firio © hiy -

Then we can apply the universal property of the projective limit to get the
existence of a map (respectively, a group homomorphism or a continuos map)
P @jeJSj — @ieISi such that h; = f; 0 for any i € I.

For any k € I, if a € J is such that a > k, we have

fk0(¢0</7)thOQDZfakOgaO@:fakOfakakaOidlglielsi

(the fact that fux o fo = fr can be proved as above). By uniqueness in the
universal property of the projective limit, this implies that ¢ o p = idl.&n'ef 3, -
On the other hand, for any k € J we have

gko(@0¢)=fk0¢=hkkakogkzidskogkngzgkoidlgn,ejsj
JE.

(since k € J and k > k, we have that hy = fii o g, moreover fi, = idg, by

definition of projective system). By uniqueness in the universal property of

the projective limit, this implies that p oy = idy&n s;- Hence ¢ and 1 are
jeJ

inverse to each other, which proves the claim.

Denote by ~ and ~; the equivalence relations defined respectively on [[,.; S
and HjeJ Sj, asinlemma 1.2.2. For any k € I, define f; : S — hﬂie[ Si, T+
[z]~,. Analogously, for any k € J, define g; : Sp — hﬂjej Sj, & = [x]~,.
Consider the collection of maps (f; : S; — ligiel Si)jes. Let ji,j2 € J such
that j1 < jo. For any x € S}, we have that fj,(fjj.(2)) = [fip(@)]~, =
[z]~, = fj(x) (applying the definition of ~r). So fj, o fjij» = fj, which
allows us to apply to universal property of the injective limit. So there exists
amap ¢ : ligljeij — @ieISi such that f; = ¢ og; for any j € J.

We want now to define an inverse of . Let ¢ € I. Since J is cofinal, there
exists k € J such that k& > 7. Define h; = gx o fir : S; — h%m]'ej S;. Let us
prove that h; does not depend on the choice of k. Assume that ki,ky € J
are such that k; > ¢ and ko > 4. Since J is directed, there exists k € J
such that k > k1 and k > ko. By definition of injective system, we have that
frik © fiky, = fik = [frok © fik,. Moreover, by definition of injective limit we
have that, for any = € Sk,, gk, (2) = [2]~, = [fe,6(®)]~, = 9&(fr,x(z)). So
9k, = 9k © frk- Analogously, gk, = gk © fi,k- Then

Gk © fiky = 9k © frik © fikr = 9k © fik = Gk © [rok © fiko = Gks © fiks -

This shows that h; is well defined. Then we can consider the collection of maps
(h; : yinjej S; — Si)ier. Let i1,i2 € I such that i; < ip. Let k € J be such
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that & > i5. Then, by transitivity, we have also that k > ¢;. So, using the fact
that fi,x = fisk © fiyi, (definition of injective system), we get

hi, = gk © fisk = Gk © fisk © firi, = Piy © fiyiy -
Then we can apply the universal property of the injective limit to get the

existence of a map 1 : @iel S; — @jeJ S; such that h; = o f; for any i € I.
For any k € J we have

(ow)ogr=1vofi=hy=gyofix=groids, =idym s, gk
JjEJ

(since k € J and k > k, we have that hy = g o fgx, moreover fi = idg, by

definition of injective system). By uniqueness in the universal property of the

injective limit, this implies that ¢ oy = idl-gl s;- On the other hand, for any
jeJ

k €1, if a € J is such that a > k, we have

(<P01/1)OfkI@Ohk:@Ogaofka:faofka:fk:idlglielsiofk

(the fact that f, o fra = fr can be proved as above). By uniqueness in the
universal property of the injective limit, this implies that p oy = id1~gl ;-
i€l
Hence ¢ and 1 are inverse to each other, which proves the claim.
By point (2), for any object X of C we have a bijection
X ligHomC(Sij) — liﬂHomc(Si,X) .
jeJ el

It remains to prove that these bijections are compatible with morphisms. Let
X, Y be objects of C and h: X — Y a morphism. We have to prove that the
following diagram is commutative.

hﬂjeJ Homc(Sj, X)_—gpx—*hgniel Homc(S;, X)

hﬂje(] Homc(5j7h) hﬂie[ Homc(SZ-,h)

Y
. % .
hgje] Homc(S]’, Y)Whgiel HOmc(Si, Y)
By uniqueness in the universal property of the injective limit, it is enough to
show that

@Homc(&, h)opX ogi =¥ o ligHomc(Sj,h) ogi

iel jet
for any k € J, where g : Hom¢(Sk, X) — ligje] Homc¢ (S}, X) is defined as
in point (2). Let k € J. We define also f{*, f¥ and g} as in point (2). By
definition of X and Y, we have that X o g,i( = f,f and ¢Y o g,g = f,gf Let
¥ € Homg(Sk, X). By definition of the functor lim, Homc(S;, —) (lemma
1.2.6), we have that

<@Homc(5i,h) of?) (W) =[hot]~, = f (hod).

el
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Analogously,

(@Homc(sj, h) o g,§> () =[hod]~, =gt (ho).

jeJ

Then

<<pY o lim Homg (S}, h) Ogi() (0) = (¢" o gl )(hov) =
Jje€J

= fY(hod) = (@Homc(si,h) o f,f) (9) =

el

= <@H0mc(5mh) o™ 0915) (9) -

el
This ends the proof.
O

Lemma 1.3.9. Let X, Y be objects of C with Y connected and f : X = Y a
morphism. If X is not initial, then f is an epimorphism and F(f) is surjective.

Proof. By (G3) of the definition of Galois category, we can write f = u’ o u”, where
u” : X — Z is an epimorphism and v’ : Z — Y is a monomorphism. Since Y is
connected, we have that either Z is initial or «’ is an isomorphism. Since X is not
initial, F(X) # 0 (lemma 1.2.17). Then F(Z) cannot be empty, because we have
the map F(u”) : F(X) — F(Z). So Z is not initial (by (G5) of the definition of
Galois category) and this implies that «’ is an isomorphism. Since any isomorphism
is an epimorphism, v/ is an epimorphism. Then f is an epimorphism because it
is the composition of two epimorphisms. The fact that F(f) is surjective follows
immediately from (G5) of the definition of Galois category. O

Lemma 1.3.10. Let I be defined as in lemma 1.2.31 and consider
J:={[(4,a)]~ € I| A Galois} CI.
Then J is cofinal. In particular, since I is directed, J is also directed.

Proof. Recalling the definition of I, it is enough to show that for any (B,b) € 7
there exists (A,a) € Z such that A is Galois and (A,a) > (B,b). Let (B,b) € Z,
i.e. B is a connected object and b € F(B). By lemma 1.3.5, there exists a pair
(A,d') € T such that A is Galois and ¢54,a/> : Homc (A, B) — F(B) is bijective.
Since B is connected, B is not initial (remark 1.2.13(1)). Then F(B) # 0, by lemma
1.2.17. Since w(B;X,a’) is bijective, this implies that Homg (A4, B) # 0, i.e. there exists
a morphism f : A — B. Since A is connected, A is not initial (remark 1.2.13(1)).
Then we can apply lemma 1.3.9 to deduce that F'(f) is surjective. Then there exists
a € A such that F(f)(a) = b. Hence (A,a) > (B,b) and (A,a) € T has the desired
properties. O
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Corollary 1.3.11. F is isomorphic to the functor hﬂjej Homc(Aj, —), where J is

defined as in lemma 1.3.10 and the projective system is given as in lemma 1.2.583,
restricting the index set to J.

Proof. 1t follows immediately from the lemmas 1.3.10 and 1.3.8(3), together with the
proposition 1.2.35. O

Remark 1.3.12. Let J be defined as in lemma 1.3.10 and let j € J. Then there
exists (A,a) € T such that A is Galois and j = [(4,a)]~. If (B,b) € T is such that
[(B,b)]~ = j, then we have that B is isomorphic to A and so B is also Galois (remark
1.3.2(2)).

Lemma 1.3.13. Let A, B be objects of C, with A Galois and B connected. If
Homg (A, B) # 0, then the action of Autc(A) on Homg (A, B) defined by o.f =
foo™t, for any o € Autc(B), f € Homc(A, B) (it is immediate to verify that this
indeed an action), is transitive.

Proof. Since A is Galois, A is connected. In particular, A is not initial (remark
1.2.13(1)). Then F(A) # 0 (lemma 1.2.17), i.e. there exists a € F(A). Let
f,f" € Homc (4, B). By lemma 1.3.9, F(f') : F(A) — F(B) is surjective. So
there exists a’ € F(A) such that F(f")(a’) = F(f)(a). Since A is Galois, Autc(A)
acts transitively on F'(A) (lemma 1.3.4). Then there exists o € Autc(A) such that
a' = F(o)(a). Then we have

Vi (F) = F(H)a) = F(f')(d') = F(f)(F(0)(a) = F(f 0 0)(a) = ¥4 (f 0 0) .

But ¢547a> is injective.Then f = f’' oo, which implies that f' = foo~! = o.f. Hence
the action of Autc(A) is transitive. O

We are now ready to define a projective system of groups whose projective limit
will act on a natural way on F(X), for any object X.

Proposition 1.3.14. Let J be defined as in lemma 1.3.10. For any j € J C I,
choose (Aj,a;) € I as in lemma 1.2.33 (then A; is Galois by remark 1.3.12). For
any ji,j2 € J such that j1 > ja, choose fj j, : Aj; — Aj, as in lemma 1.2.55. Let
o € Autc(4;,) and consider the following diagram.

fjljz
Ajl > Ajz

Then:
(1) there exists a unique T4j, , € Autc(Aj,) such that T4, © firjo = fjrjs © 05

(2) the map pj j, : Autc(A4;,) = Autc(4j),), 0 = Tojj, S a surjective group
homomorphism;

(3) (Autc(A)))jes: (pjrj. + Autc(Ay,) — Autc(Ajy)))i ot jizjp is a projective
system of groups.
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Proof. (1) Consider a;, € F(Aj,) and F(fjj, o 0)(aj,) € F(Aj,). Since Aj,

is Galois, Autc(A4;j,) acts freely and transitively on F'(4;,), by lemma 1.3.4.
Then there exists a unique 74j,, € Autc(Aj,) such that F(74j,,)(a,) =
F(fjj» 0 0)(aj,). By the choice of fj j,, we have that a;, = F(fj,)(a;)-
Then we have

A
w(Ainall]'l)(TO'jljz ° fija) = F(Tojijs © firj2)(a),) = F(7ajij.)(aj,) =

= F(fjujp 0 0)aj) =002 o \(Fin00) -

d1851)

By lemma, 1.2.30, this implies that 74, © fj,j, = fj1j. © 0.
On the other hand, if 7 € Autc(4j,) is such that 7o f; 5, = fj,4, 0o, then we
have

F(r)(ap) = F(T)(F(fj)(a0)) = F(7 o f50)(a,) = F(fij5 © 0)(az) -
This implies that 7 = 75, j, and so we have uniqueness.

By point (1), pj,j, is a well-defined map. Let 01,02 € Autc(A4;,). Applying
the definition of pj,j,, we get that

(P12 (01) © pj1jy(02)) © firgy = Pirja(01) © (Pjrja(02) © fi1ja) =
= pj1j2(01) © (fj142 © 02) = (Pjrja(01) © fj15y) 0 02 =

= (fjijp 001) 002 = fj155 0 (01002) .

By uniqueness in point (1), this implies that p;, j,(01) 0 pji 4, (02) = pj . (0102).
S0 pj,j, is a group homomorphism.

We prove now that pj,j, is surjective. Let 7 € Autc(A4j,,). Since fj;, €
Homg(Aj,, 4j,), we have that Homc(4;,, Aj,) # 0. Since A, is Galois and
Aj, is connected, we can apply lemma 1.3.13 and get that Autc(A;j,) acts
transitively on Homg(A4;,,Aj,). We have that f;;, € Homc(4;,,A4;,) and
7o fjj, € Homg(Aj,, Aj,). Then there exists o € Autc(A;,) such that 7o
fivja = 0-firja = firin 00 L. Hence T = pj,j,(01), which shows that p;, j, is
surjective.

Let j € J. We have that f;; = ida,, by lemma 1.2.33. Then, for any o €
Autc(A4;), we have that oo fj; = o oida, = 0 = idg;00 = fjj00. So
o = pjj(o), by definition of p;;. Hence pj; = idautg(a;)-
Let j1,72,73 be such that 57 > jo > j3. By lemma 1.2.33, we have that
fivjs = fisjs © [irjo- Let o0 € Autc(A4;,). Then, applying the definitions, we
have

Pisis(Pirga(0)) © Fivgs = Piaja(P12(0)) © Fings © Firjn =
= firjs © P172(0) © firjo = finjs © f1jn 00 = fjjs 00 .

By definition of pj, j,, this implies that pj,,(0j1.(0)) = pjijs (o). So pjjs =
Pijajs © Pjrjo- Lhis proves the claim.
O
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From now on, in this section and in the next one, m will denote the projective limit
of the projective system of groups defined in 1.3.14(3), unless otherwise specified. We
have that 7 is a profinite group by definition.

Remark 1.3.15. (1) As in remark 1.2.34, we can notice that the projective system

defined in 1.3.14 depends on the choice we made (for any j € J we chose
(Aj,aj) € T such that j = [(4;,a;)]~). However, this choice does not affect
the projective limit, i.e. the profinite group w. Indeed, if for any j € J
we choose (Bj,b;) € T such that j = [(Bj,b;)]~, then there exists a unique
isomorphism ¢; : Bj — A; such that F(¢;)(bj) = a;. This isomorphism gives
rise to a group isomorphism

Yy, : Autc(4;) — Autc(B;)), o — gpj_l 0T 0Y;.

Moreover, if ji, jo € J are such that j; > ja, then g;,;, = 4,0]»_21 © fj1j» 0@, is the
unique morphism B, — Bj, such that F(g;,j,)(bj,) = bj,. Let 0 € Autc(A4y,).
Then, using the deﬁmtlon of pj,j, (see proposition 1.3.14), we get

-1 -1
9j1j2 © Vs, (0) = Pj, © firgz 0 g1 © Pj C00Yj; =
—-1 -1
=@, ©fij2 0T 0@ = 5, 0 P () © fjij2 0 051 =
— 1 -1 _
= Pj, © Pjije (U) O Pja © P4, © fj1j2 O Pj1 = Vojy (pj1j2 (J)) © Gjrja -
Then, if we define p; ;, : Autc(Bj) — Autc(Bj,) in the same way as we

defined p;j, we have that v, (pj1.()) = o} j, (7%1 (a)). So the following

diagram is commutative.

Autc AJ1) —>- Autc(le)

pjml P

Autc(4),) —2> Homg(Bj,)
At this point, one can show that the map

v @;Autc(flj) - @;Autc(Bj)a (05)5e = (%e;(97)) ez
JE JE

is a well-defined group isomorphism, with inverse
vt @;Autc(Bj) — @;Autc(z‘lj), (0))jes = (%Zjl(ﬁj))
JE JE

Hence @ Autc(A L Autc(B

jeJ

Notice that the projective system defined in 1.3.14 depends on the functor F,
because so does the index set J, in spite of the fact that being a Galois object
does not depend on F' (see remark 1.2.32(1)). So the group 7 depends on the
fundamental functor: if we had another fundamental functor F’ we would get
another profinite group #n’. The results that we will prove in the next section

~Y

imply that m = 7’ as profinite groups (see proposition 1.4.21 and theorem
1.4.34(d)).
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Lemma 1.3.16. For any k € J, the k-th projection py : m — Autc(Ay) is surjective.
Proof. Let 7 € Autc(Ag). For any | € J, | > k define

Ty =< (0y)jes € [[ Autc(4)) |or =7, Vi€ Jj<l oj=py(o)p C
jeJ

C H Autc(4;) .

We consider the discrete topology on Autc(A;) (for any j € J) and the product
topology on [];c; Autc(4;) (then m is a subspace of [ [; ; Autc(4;)). Denote by g; :
[[jc; Autc(A4;) — Autc(A4;) the I-th projection, which is continuous by definition
of product topology. Moreover, for any j1,j2 € J with j1 > jo define

oip [ Aute(4;) = Aute(4;,) x Autc(4),), (0))jes = (050 0j2ja(05) -
jeJ
Then ¢, is continuous, because it has components ¢;, and pj,j, © ¢;;, which are
continuous. Define A := {(0,0) | 0 € Autc(4;)} C Autc(4;) x Autc(4;), for any
j € J. We have that A; is closed in Autc(A4;) x Autc(A4;), because this product
has the discrete topology. Moreover, {7} is closed in Autc(Ag). Then we have that

Ti=g ' {mHn| (] ;')

Jed, i<l

is closed, because it is the intersection of closed subsets. Let T':= ();es T;. We claim
1>k

that T C m. Let 0 = (0j)jes € T and let ji,j2 € J such that j1 > jo. Since J
is directed (see lemma 1.3.10), there exists [ € J such that [ > j; and | > k. By
transitivity we have also [ > ja. Since T' C Tj, we have that o;, = p;;, (07) and 0j, =
pij,(01). But pyj, = pjj, © prj,- Then oj, = pljz(al) = pj1j2(plj1 (01)) = pjija(041)-
This shows that o € @je] Autc(4;) = 7.

We prove now that 7' # (). For any j € J, Autc(4;) is compact, because it is finite.
Then, by Tichonov’s theorem, the product HjeJ Autc(A;) is compact. So, in order
to show that T is non-empty, it is enough to prove that Tj, N---NT;, # 0 for any
neN l,....l, € Jwith ly,...,l, > k. Given such ly,...,[,, since J is directed,
there exists [ € J such that [ > [; for any ¢ = 1,...,n. By transitivity, we have that
{ > k. We have that

Ti=q ' @rHn| N e'@)] ca'dmn| N e'@)] =1
JjeJ, i<l Je€J, 3<l;

for any ¢ = 1,...,n. Then T; C T}, N ---N1;,. By proposition 1.3.14(2), py
is surjective. Then there exists 7/ € Autc(4;) such that py(7') = 7. For any
j € J, define o; = ida, if j > I and o = pij(7’) otherwise. Then o := (0)jes €
HjEJAutc(Aj). Moreover, o = pik(7') = 7 and the other condition that appears
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in the definition of 7} is automatically satisfied. So o € T;. This shows that T} # (.
Since T; C Tj, N---N Ty, , we have that also Tj, N---N T}, # 0, as we wanted. Then
T #0. If o = (0j)jes € T, we have that ¢ € m and py(c) = o = 7. This ends the
proof. O

Remark 1.3.17. Tt is clear from the proof of lemma 1.3.16 that this results (i.e. the
fact that the projections are surjective) holds for the projective limit of any projective
system of finite groups I, (m;)ier, (fij : m — 7j)ijer,i>; with fi; surjective for any
i,j € I with i > j.

1.4 The main theorem about Galois categories

Now that we have defined the profinite group 7, we want to show that C is equivalent
to the category m-sets. First of all, we have to define a functor H : C — 7w-sets.
To do this, we will show that 7 acts in a natural way on F(X), for any object X
of C and that, if h : X — Y is a morphism in C then F(h) : F(X) — F(Y)
is a morphism of w-sets. If we fix an object X, by corollary 1.3.11 we have that
F(X) = %ﬂjeJ Homg(A4;, X). Moreover, we have that Autc(A4;) acts in a natural
way on Homg(Aj, X), via o.f = foo~! for any o € Autc(4;), f € Homc(4;, X)
(in lemma 1.3.13 we proved that this action is transitive when X is connected). We
would like to “glue” these actions and get an action of 7 = @je ;Autc(4;) on

hﬂjeJ Homc (4, X) = F(X). To do it, we will need the following lemma.

Lemma 1.4.1. Let I be any directed partially ordered set (here we do not refer to the
notation we established in lemma 1.2.81) and consider a projective system of finite
groups (m;)icr, (pij © T — Tj)ijer,i>; ond an injective system of sets (S;)ier, (fij -
Si = Sj)ijer,i<j. Assume that, for any i € I, we have an action of m; on S;. Assume
moreover that, if i,j € I are such that i > j, we have fji(pij(0)x) = o fji(x) for any
oem, x €S Forany o= (0;)icr € fm,  m, X €lim, Si, define 0 X = [ojz]~,
if x € Sj is such that X = [z]~. Then this is a well-defined continuous action of the

profinite group lim__ m; on the sel lim, ;.

Proof. Let 0 = (0y)ier € yLniE[ mi, X € liﬂie] S;. We have to prove that oX is
well defined. Assume that z1 € Sj, 2 € Sj, are such that X = [z1]~ = [22]~
(j1,J2 € I). By definition of injective limit, this means there exists j € I such that
Jj > jiand j > jo and fj (1) = fj,j(x2). Using the assumption, we get that

Fii(pi (o)1) = 0} fi1j(x1) = 0 f1,5(¥2) = fiaj(piss(05)22) -

By definition of projective limit, p;;, (o) = 0}, and pjj;,(0;) = 0j4,. So fjj(oj,21) =
[j2j(0jo2). By definition of injective limit, this implies that [0}, z1]~ = [0j,22]~.
This show that o X is well defined.

Let X = [z]. € lim, , Si, with = € 5; (j € I). Since 1 = (1;);er, we have that

1X = [12]~ = [z]~. Moreover, if o = (0i)icr, T = (Ti)ies € lim,_, m;, we have that

el

(07)X = (0im)ier X = [(0j7j)2]~ = [0j(7j2)]~ = 0[Tj2]~ = 0(TX) .
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So we have an action of lim ;i on lﬂ I . It remains to prove that this action
is continuous.

Let X = [z]~ € limy, _, Sj, with € S (j € I). We have that

Stabygl_ Im.(X) = {0 = (04)icr € Jim 7; [z]. =X =0X = [ij]N} =

1€l

el k>

= {0' = (0i)ier € lim;

el
fi(x) = fir(ojx) = fin(prj(or)z) = O'kfjk(ﬂﬁ)} =
= {0 = (0i)icr € limm; | fir(z) = onfir(x } U pi ! (Stabr, (fir(2)))

kel el kel
k>j k>j

where pg : @1 o™i = Tk is the k-th projection, for any k € I. By definition of
the topology on the projective limit, the projections are continuous. Since on 7 we
have the discrete topology, Stabr, (fjx(z)) is open in 7, and so p; ' (Staby, (fjx(7)))

is open in hm ;i for any k € I. Then Staby; m _m (X) is open in lim lim, _ m;, because
el

it is a union of open subsets. Since this holds for any X € lg - SZ, the action is
continuous by lemma 1.1.14. O

Lemma 1.4.2. Recall that we defined m = yLnjEJ Autc(A;), where the projective

system is defined as in proposition 1.8.14(8). For any object X of C, we have a
continuous action of T on ligjeJ Homc(A;, X), defined by

od=|po UI;I]N

for any 0 = (0j)jes € ™ and ® = [p]|~ € ligjeJ Homc(A;, X), where k € J is such
that ¢ € Homg (Ag, X). Since ligjeJ Homc(A4;, X) = F(X), this induces an action
of m on F(X). We denote by H(X) the set F(X) equipped with this action. Then
H(X) is an object of w-sets (recall that F(X) is a finite set). Moreover, if X, Y
are objects of C with a morphism h : X — Y, then F(h) is a morphism of m-sets. If
we set H(h) = F(h), then H : C — w-sets is a functor.

Proof. Let X be an object of C. For any j € J, we have an action of Autc(A4;) on
Homc (A, X), defined by o.f = f oo™, for any o € Autc(S;), f € Home(4;, X).
We have to check that the assumptions of lemma 1.4.1 are satisfied. Let ji,jo € J
such that j; > ja. Let 0 € Autc(4;,), f € Homg(Aj,, X). Applying the definition
of pj, j, and the fact that it is a group homomorphism (proposition 1.3.14(2)), we get
that

Fris (01 (0)-F) = (951 (0)-£) © fir = f 0 (Pj12(0)) " 0 firjo =
= fopiy (0o fijn=Ffofipmoo t=Ff (oo =a.f,(f),
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which is precisely what we needed. Then lemma 1.4.1 gives us the desired continuous
action.
Let X, Y be objects of C and h: X — Y a morphism. In order to show that F'(h) :
F(X) — F(Y) is a morphism of 7-sets, we have to show that @jejHomc(Aj, h) :
ligjej Homc (A4, X) — ligjeJ Homc(A;,Y) is a morphism of m-sets, because the
action of 7 on F(X) and F(Y) is induced by that on hﬂj@] Homc(A4;, X) and
ligjejHomc(Aj,Y). Let 0 = (0j)jes € mand ® = [p]. € lingJHomc(Aj,X),
with ¢ € Homg(Ag, X) (k € J). Then we have

liﬂHomc(Aj, h)(c®) = ligﬂomc(Aj, h) ([¢o o) =

JjeJ jeJ

=[hoypoa, . =0lhoy]. = alignHomC(Aj, h)(®) .

jeJ

Hence li_n)ljeJ Homc(Aj, h) is a morphism of 7-sets.

It remains to prove that H is a functor. This follows immediately from the fact that
F is a functor. Indeed, H(idx) = F(idx) = idp(x) = idg(x) for any object X of C
and H(hg o hl) = F(hg o hl) = F(hg) OF(hl) = H(hg) o H(hl) for any hl X — Y,
ho : Y — Z morphisms in C. O

Remark 1.4.3. If H is the functor defined in 1.4.2, we have that foroH = F, where
for : m-sets — sets is the forgetful functor.

Now that we have the functor H, we have to prove that it is an equivalence of
categories. First of all, we recall the definition of equivalence of categories and a
useful characterization.

Definition 1.4.4. Let C; and Cy be categories and G : C; — Cy a functor. We
say that G is:

(1) an equivalence of categories if there exists a functor G’ : Cy — Cj such that
G’ o G is isomorphic to id¢, and G o G’ is isomorphic to idg, (in this case G’
is called a quasi-inverse of G);

(2) faithful if for every two objects X, Y in Cy the map
Homg, (X,Y) — Homg, (G(X),G(Y)), f— G(f)
is injective;
(3) full if for every two objects X, Y in C; the map
Homg, (X,Y) — Homg, (G(X),G(Y)), [~ G(f)
is surjective;

(4) fully faithful if it is full and faithful, i.e. if for every two objects X, Y in C;
the map Home, (X,Y) — Homc, (G(X),G(Y)), f+— G(f) is bijective;
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(5) essentially surjective if for every object Z of Cy there exists an object X of C;
such that Z = G(X).

Lemma 1.4.5. Let Cq and Co be categories and G : C1 — Co a functor. Then G is
an equivalence of categories if and only if it is fully faithful and essentially surjective.

Proof. Assume that G is an equivalence of categories and let G’ be a quasi-inverse
of G. Let X,Y be objects of Cy. Since G’ o G is isomorphic to idg,, there exist
isomorphisms ay : X — (G’ o G)(X), ay : Y — (G’ o G)(Y) such that for any
f € Hom¢, (X,Y) the following diagram is commutative.

X X6 0 G)(X)
fl l(G' o G)(f)
Y — 2@ o G)(Y)

This means that f = a;l o (G’ o G)(f) o ax, for any morphism f: X — Y. Assume
now that f,g: X — Y are such that G(f) = G(g). Then (G' o G)(f) = (G' o G)(g)
and so f = ay' o (G' o G)(f) oax = ay' o (G' 0 G)(g) o ax = g. This shows
that G is faithful. Analogously, one can show that G’ is faithful. Consider now
h € Homg, (G(X),G(Y)). We have that a3' o G'(h) o ax € Homg, (X,Y). Then

ayt o G'(h)cax = ay' o (G'oG)(ay' 0 G'(h) cax)oax ,

which implies G(h) = (G’ 0 G)(ay' 0 G'(h) o ax) = G'(G(ay"' 0 G'(h) o ax)). Since
G’ is faithful, we get h = G(ay' o G'(h) o ax), which shows that G is full. Finally,
it Z is an object of Cq, we have that G(G'(Z)) = (G o G')(Z) = Z, because G o G’
is isomorphic to idc,. Hence G is essentially surjective.

Conversely, assume that G is fully faithful and essentially surjective. Since G is
essentially surjective, for any object Z of Ca, we can choose an object Xz in Cy
such that G(Xz) = Z. We choose also an isomorphism Sz : G(Xz) — Z. Define
G'(Z) = Xz. Moreover, let Z, W be objects of Cy and let h : Z — W be a
morphism. Consider 8} o h o Bz € Homg,(G(Xz),G(Xw)). Since G is fully
faithful, there exists a unique fj, € Homc, (Xz, Xw) such that 517V1 ohofz = G(fp)-
We define G'(h) = fj.

Let us check that G’ is a functor. For any object Z of Cy, we have that G(idx,) =
idg(x,) = B;' 0idzoBz. Then idx, = G'(idz), by definition. Let Z1,Z2, Z3 be
objects of Cg, with morphisms hy : Z1 — Zs and hg : Z5 — Z3. We have that

/8231 o(hgohy)o Bz = (5231 ohgo /BZ2> o (5221 ohjo BZl) =
= G(fny) © G(fny) = G(fny © frr) -

This shows that G'(haoh1) = fryon, = fhy©fn, = G'(h2)oG'(h1). So G’ is a functor.
We check now that G’ is a quasi-inverse of G. First of all, we show that G o G’ is
isomorphic to idc,. We already have the isomorphisms (7 : G(Xz) = (GoG')(Z) —
Z, for any object Z of Cy. We have to show that these isomorphisms are compatible
with each other. Let Z, W be two objects of Cq, with a morphism h: Z — W. We
have to show that the following diagram is commutative.

43



CHAPTER 1. GALOIS CATEGORIES

(GoGﬂZ}E£+Z

(Go@ﬂ@l lh
Bw

(GoG)YWy——>W
By definition, (G o G')(h) = G(f) = Bﬁ,l o h o Bz, which is exactly what we need.
On the other hand, we have to show that G’ o G is isomorphic to idg,. Let X
be an object of C;. Then we have an isomorphism fg(x) : G((G' o G)(X)) =
(GoG"(G(X)) = G(X). Since G is fully faithful, there exists a unique morphism
ax : (G'oG)(X) — X such that Bg(x) = G(ax). Analogously, there exists a unique

morphism o’y : X — (G’ o G)(X) such that 5&(1)() = G(d/y). Then

G(ax odly) = Glax) o G(dy) = Ba(x) © 55(1)() = idg(x) = G(idx)

and
G(aly 0 ax) = G(ax) o Glax) = Bg(x) © Barx) = ida(roa)x) = G (i[d(@roa)x)) -

Since G is faithful, this implies that ax oo’y = idy and o'y oax = id(greq)(x)- This
shows that ax is an isomorphism. Again, we have to show that the isomorphisms
ax’s are compatible with each other. Let X, Y be objects of Cy and f: X — Y a
morphism. We have to show that the following diagram is commutative.

(G0 G) (X )—X5 x
(G'o G)(f)l lf
(G o G) Y s v

By definition of G’, we have that
G((G0G)(f) = Bgiy) o G(f)oBa(x) = Glay)  oG(f)oGlax) = Glay' o foax) .
Since G is faithful, we get (G’ o G)(f) = ay' o f o ax, which ends the proof. O

Lemma 1.4.6. The fundamental functor F is faithful.

Proof. Let X,Y beobjects of C and let f, g : X — Y be morphisms such that F'(f) =
F(g). Consider the equalizer Eq(f, g), with the morphism ¢ : Eq(f, g) — X, as in the
definition 1.2.23 (this equalizer exists by lemma 1.2.26). By corollary 1.2.27, we have
an isomorphism ¢ : Eq(F(f), F(g9)) — F(Eq(f,g)) such that F()o is the inclusion
of Bq(F(f), F(g)) iside F(X). But Eq(F(f), F(g) = {z € F(X) | F(f)(z) =
F(g)(z)} = F(X), since F(f) = F(g) (see example 1.2.25 for the equalizer in sets).
So F(1) o ¢ is an isomorphism. Since ¢ is also an isomorphism, we must have that
F(¢) is an isomorphism, which by (G6) of the definition of Galois category implies
that ¢ is an isomorphism. Then by f ot = g o (see the definition of equalizer) we

get f=g. O

Lemma 1.4.7. Let Ci, Co,C3 be categories and G1 : C; — Cq, Go : Coy — Cj3
functors. If Go o Gy : C1 — Csg is faithful, then G1 is also faithfull.

44



1.4. THE MAIN THEOREM ABOUT GALOIS CATEGORIES

Proof. Let X, Y be objects of C; and let f,¢g : X — Y be morphisms such that

G1(f) = Gi(g)- Then (G20 G1)(f) = G2(G1(f)) = G2(G1(g)) = (G20G1)(g). Since
G4 o (31 is faithful, this implies that f = g. Hence G is faithful. O

Corollary 1.4.8. The functor H defined in 1.4.2 is faithful.
Proof. Tt follows from the lemmas 1.4.6 and 1.4.7, together with the remark 1.4.3. O

Before proving that H is essentially surjective, we need to understand the struc-
ture of the object of m-sets. Since m-sets is a Galois category (proposition 1.1.15),
we know that any object is the sum of its connected components (proposition 1.2.20)
and that this decomposition corresponds to the orbit decomposition (see example
1.2.22). What we do not know yet is how the connected objects, i.e. the finite sets
with a transitive continuous action of 7 (example 1.2.14(2)), look like.

Lemma 1.4.9. In this lemma, we do not use the notation introduced in proposition
1.3.14 and we denote by m an arbitrary profinite group. Let E be a finite set with a
transitive continuous action of .

(1) There exists an open subgroup ©' < m such that E is isomorphic as a m-set
to /7" with the action given by left multiplication: o(rn') = (o1)7 for any
oemnm, ' e/

(2) If 7 is the projective limit of the projective system of finite groups I, (m;)icr,
Pii P T = Wi)isel.i>; and pj @ m = lim. —m; — mw; is the canonical projection
J j)igel i>] j L J
for any j € I, then there exists j € J such that Ker(p;) < 7'

(3) Let j € I be such that Ker(p;) < «', as in point (2). If p; is surjective,

en there exists a subgroup 7. < m; such tha is isomorphic as a w-set to

then th St b ;<] h that E s 1 hi ti

mj/;, with the action given by o(xm) = (oz)m}, for any o = (0i)ier € T,
xmy € /T

Proof. (1) Since the action of 7 on E is transitive, E is non-empty. Fix e € E
and define 7’ = Stab,(e). Then 7’ is an open subgroup of 7 by lemma 1.1.14.
By lemma 1.1.11, 7’ has finite index in 7, so 7/7’ is a finite set. It is easy to
check that left multiplication defines indeed a continuous action of 7 on /7’
(see also the proof of (G3) in 1.1.15). Consider now the map

p:mw/7' = E, 7’ = Te .

First of all, we check that ¢ is well defined. If 1y’ = 7o/, with 7, € T,
then we have that 7, '7y € 7’ = Stabg(e). So e = (75171) (e) = 75 H(i(e)),
which implies that 7ie = me. So ¢ is well defined. Transitivity of the action
of m on E implies that ¢ is surjective. Moreover, if 77/, on’ € 7/7’ are such
that p(m7') = p(me7’), then 71e = me. So (72_17'1) e = e which implies that
7'2_17'1 € Stab,(e) = 7’. So 7’ = mn’. Then ¢ is also injective. It remains
to prove that ¢ is a morphism of 7-sets (since m-sets is a Galois category, a
morphism of 7-sets is an isomorphism if and only if it is a bijection, by (G6)
of the definition of Galois category). Let o € w, 7’ € w/x’. Then

p(o(rn’)) = o((o)n') = (07)e = o(re) = op(rn’) .
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This shows that ¢ is a morphism of 7-sets.

Since 7’ is a subgroup, we have that 1 = (1;);e; € 7’. Recall that the topology
on 7 is defined as the subspace topology of the product topology, considering
on each m; the discrete topology. Then a local base for 7 at 1 is given by

n
{ J1endn = ﬂp]k {]‘Jk} ﬂKer(p]k) TLEN, jla--'7jnel} .
k=1

Since 7’ is open and 1 € ', there exist n € N, j1,...,J, € I such that
Uj,..jn. € @', Since I is directed, there exists j € I such that j > jj for any
k=1,...,n. Weclaim that U; = Ker(p;) € Uj,. j,. Let 0 = (04)ier € U; C 7.
This means that o; = p;(0) = 1;. By definition of projective system, we have
that pj, (o) = 05, = pjj.(05) = pjjk(lj) =1;, forany k =1,...,n (we used the
fact that pj;, is a group homomorphism). Then o € (,_, Ker(p;,) = Uj, . _j.»
which proves our claim. Then Ker(p;) C Uj,. j, C 7.

Assume that p; is surjective and define 77 := p; (') < 7;. First of all, we prove
that the definition we gave leads indeed to a well-defined continuous group
action. Let o0 = (0y)ier € ™ = l'gliel m; and let x1, 29 € m; such that xlwg =
a:27r§-, ie. x;lml € 7r§-. Then we have that (o;x2) 1(0jz1) = x;la:l c 773», ie.
(ojz1)m) = (O'JLL'Q)W; This shows that the definition we gave is unambiguous.

For any a7 € m;/m’, we have that 1(z7}) = (1;x)7}; = zm; and

(o7)(x7}) = (09mi)icr (x7]) = ((0475) 7)) =

= (0j(rj2))mj = o((rj@)m)) = o(r(27})) ,

for any o = (0y)icr, ™ = (Ti)ier € 7. So we have a group action. For any
a7 € mj/m;, we have that

Stab( :{ (04 z€1€7r|a:7r —O'(Q??T ]}—
:{ (0i)ier €| 2~ UJ.%'EF}_
:{ (04 z€]€ﬂ|a]6:mrzn 1}—p] (amr;m_l) )

Since the topology on m; is the discrete one, :mr;m_l is open in m;. Then

p; -1 (Jnr;a:_1> is open in 7, because p; is continuous (definition of the topology

on the projective limit). So the stabilizer is open and, since this holds for any
xm; € m;/m;, the action is continuous by lemma 1.1.14.
Consider now the map

Y w/n = /T e py(T) T
If 71,7 € m are such that 77’ = 797’ then 7, '7y € 7. So
i) ps(m) = b (75 1) € py(a) = .
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which implies that p;(71)7; = p;(72)m’. This shows that ¢ is well defined. Since
pj is surjective, for any x7; € m;/7; there exists 7 € 7 such that p;(7) =z
and then ¢(77) = am’. So 1 is surjective. Assume that 77/, on’ € 7/7
are such that 1 (m7') = ¥(ran’). This means that p;(m)7; = p;(r2)7), i.e.
pj (r3'11) = pj(m2)~tpj(n) € 7 = pj(n’). Then there exists 7 € 7’ such that
pj (r3'm) = pj(7), i.e. 77175 ' € Ker(p;). Since Ker(p;) < 7/, we get that
it e ) ie. M’ = T’ = mor’ (in the last equality we used the fact
that 7 € 7’). So 9 is also injective. If we show that 1 is a morphism of 7-sets,
we get that ¢ is an isomorphism of 7-sets. Let 0 = (0y)ies € 7, 70’ € 7/7'.
We have that

Y(o(rn’)) = (o)) = pj(or)7) =
= (pj(0)pi(7))} = (ojp;(7))mj = o (p;(T)75) = op(77') .
So 9 is a morphism of 7-sets. Then /7’ and 7Tj/7T;- are isomorphic as m-sets.
Combining this result with that of point (1), we get that E is isomorphic to

. /
mj/T; as a m-set.

O

Remark 1.4.10. From the proof of lemma 1.4.9(1), it is clear that the subgroup =’
is in general not unique: one can take the stabilizer of any element of E. However,
these subgroups are all conjugated.

Lemma 1.4.11. Let Cy, C3,C3 be categories and G, : C; — Cq, G2 : Cy — Cj
functors. Assume that finite sums and quotients by finite groups of automorphisms
ezxist in Cq1, Co and Cs. Assume moreover that Go has the following property: if
f: X =Y is a morphism in Co such that Go(f) is an isomorphism, then f is an
isomorphism (a functor satisfying this property is called a conservative functor). If
both Gy and G2 o G1 commute with finite sums or with passage to the quotient by a
finite group of automorphisms, then so does G.

Proof. We prove the lemma in the case of finite sums. The proof in the case of
quotients is analogous. Let Xi,...,X,, be objects of C; (n € N). Let X = Xj II
---11 X, be the sum of X1, ..., X,, with morphisms ¢; : X; — X forany:=1,...,n.
Then in Cy we have morphisms Gi(¢;) @ Gi1(X;) — G1(X), for any i = 1,...,n,
which lead to a unique morphism

such that p o ¢} = G1(¢) for any i = 1,...,n, where ¢/ : G1(X;) — G1(X) I --- I
G1(X,,) is the morphism that appears in the definition of sum.
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Applying G2, we get a morphism Ga(p) : G2 (G1(X7) I --- 11 G1(X,)) — (Ge o
G1)(X) in Cs. On the other hand, since G commutes with finite sums, we have an
isomorphism

1,[) : (G2 e} Gl)(Xl) IIm..-1I (GQ 9} Gl)(Xn) — G2 (Gl(Xl) II..- HGl(Xn))

in Cy such that ¢oq) = Go(¢)) for any i = 1,...,n, where ¢/ : (G20G1)(X;) — (Ggo
G1)(Xq)I---II(G20G1)(Xy) is the morphism that appears in the definition of sum.
We have that Ga(¢ ) Y (GooGh)(Xy) - - II(G20G1)(Xy) — (G20G1)(X) satisfies
(Ga(p)or)oq! = Ga(p)oGald) = Galpoq) = (G2oGh)(qi) for any i = 1,...,n and,
by uniqueness follows from the universal property of the sum, it is the only morphism
with this property. Then Ga(¢) o ) must be an isomorphism, because G2 o Gy
commutes with finite sums. So Ga(p) = (Ga(p) 0 ) 0 1p~! is an isomorphism. By
the assumption on G, ¢ is also an isomorphism, i.e. G1(X1)II---11G1(X,) = G1(X).
Hence (G; commutes with finite sums. O

Corollary 1.4.12. The functor H commutes with finite sums and with passage to
the quotient by a finite group of automorphisms.

Proof. 1t follows from (G5) of the definition of Galois category, together with lemma
1.4.11 and remark 1.4.3. Notice that we can apply the lemma because m-sets is
also a Galois category and so the forgetful functor for : C — m-sets satisfies the
assumption ((G5) and (G6) of the definition of Galois category). O

Lemma 1.4.13. Let k € J. Then Ay is a Galois object of C (remark 1.3.12). Let G
be a subgroup of Autc(Ag) (notice that G is necessarily finite because Autc(Ag) is
finite, see remark 1.3.2(1)). Consider the quotient Ay/G, which ezists in C by (G2)
of the definition of Galois category. We have that H(Ay/G) = Autc(Ag) /G, with the
action of ™ given by o(fG) = (orf)G for any 0 = (0j)jes € ™ = L Autc(A

fG € Autc(Ag)/G.

Proof. Notice that the definition we gave leads indeed to a well-defined continuous
group action (this can be proved as in the proof of lemma 1.4.9).

First of all, we prove that H(Ag) = Autc(Ag), with the action of 7 given by of =
orf for any o = (0j)jes € ™ = r&ljeJ Autc(4;), f € Autc(Ag) (this can also be
seen as the case G = 1). Consider the map wéﬁmak) : Autc(Ax) — F(Ag). By
lemma 1.2.30, this map is injective. But | Autc(Ag)| = |F(Ag)| (lemma 1.3.4) and
the sets are finite. So ¢E41§k,ak) must be bijective. Consider the map ¢ : Autc(Ax) —
Autc(Ag), f+— f~1. It is clearly a bijection (with ¢~ = ) and so wﬁk,ak) ot
Autc(Ax) — F(Ag) is a bijection. Recall that H(Ax) was defined as the set F(Ag)
with the action given in lemma 1.4.2. Then it is enough to show that zp (Apsap) Ot

is a morphism of m-sets (recall that a morphism of 7-sets is an 1somorphlsm if and
only if it is bijective, by (G6) of the definition of Galois category). Since the action
of m on F(Ay) was induced by that on ligjeJ Homc(A;j, Ag), this is equivalent to

proving that
1

o= (Va,)

Ay
O Y Apsar) O
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is a morphism of 7-sets, where ¢, : hﬂjej Homc(Aj, Ar) — F(Ay) is the bijection
defined as in the proof of proposition 1.2.35, but considering J as index set instead of
I (it is still a bijection, because it is the composition of ¢4, : @ie] Homg(A4;, Ag) —
F(Ay) with the bijection hﬂje] Homc(4;, Ay) — limg, _, Homc (A;, Ay) defined as in
lemma 1.3.8). This means that ¢y ([f]~) = @ZJ(X‘ a_)(f), for any f € Homg(Aj, A).
7
Then
1

So(f) = ((beq,c)f o wé:k’ak)> (f_l) = [f_l]N S ligHomc(Aj,Ak) ,

jed
for any f € Autc(Ag). Let 0 = (0))jes € m, f € Autc(Ag). Then we have
p(0f) = plonf) = [(onf) N~ = [f oy ]~ = olf T = 00(f)
(see the definition of the action in 1.4.2). Hence ¢ is a morphism of 7-sets, as we
wanted.
We consider now the general case. We have that H(Ax/G) = H(Ax)/H(G) (quotient

in m-sets), by corollary 1.4.12. The isomorphism of 7-sets w(lé{"k a) O Autc(Ag) —
H(Ag) induces an isomorphism of groups

v Autﬂ_sets(H(Ak)) — Autﬂ_sets(Autc(Ak)),
A -1 A

which sends H(G) to

v(H(G)) = {(wéfk,ak) o L)_l oH(g)o <¢é4kk7ak) o L) ’ g€ G} .

We have that H(Ay)/H(G) is the set of orbits of H(A) under the action of H(G) and
Autc(Ag)/~v(H(Q)) is the set of orbits of Autc(Ax) under the action of v(H(G)),
with the induced action (see the proof of proposition 1.1.15). It is easy to check the
map

Auto(Ax) [1(H(G)) = H(AQ)/H(G), WH(@)f = H(G) (v .\ 00) (f)
is a well-defined isomorphism of 7-sets. So
H(Ap/G) = H(A)/H(G) = Autc(Ar) /7 (H(G)) -
Then it is enough to prove that the set of orbits Autc(Ag)/v(H(G)) coincides with
the quotient set Autc(Ag)/G (in that case, it is clear that the two actions coincide,
because they are both induced by the action on Autc(Ax)). Let fi, fo € Autc(Ax)

and assume that fi and fo are in the same orbit under the action of v(H(G)). This
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means that there exists g € G such that

fo= 2 (H @) = (0 00) o H@) o (9,0 00) ) () =

Since g~! € G, this implies that fo € f1G and so foG = f1G. Conversely, assume
that foG = fiG. Then there exists g € G such that fo = fig = v(H(¢g~ ")) (f1)
and so fi and fo are in the same orbit under the action of 4(H(G)). This ends the
proof. O

Remark 1.4.14. For the sake of convenience, the lemma 1.4.13 was stated for Galois
objects of the form Ay with k € J. However, it can be generalized to arbitrary Galois
objects. Let A be a Galois object of C and let G be a subgroup of Autc(A) (again,
G is finite because Autc(A) is finite). Fix a € F(A) (since A is connected, by remark
1.2.13 it is not initial and so F(A) # 0 by lemma 1.2.17). Then k := [(4,a)]. € J
and, since [(A,a)]~ = k = [(Ag,ax)]~, we have that A ~ Ay, i.e. there exists an
isomorphism ¢ : A — Ay such that F(p)(a) = ag. This isomorphisms induces
the following isomorphism of groups: 7, : Autc(A4x) — Autc(A4), fr ¢ to fo
¢. Then we have a bijection Autc(A4)/G = AutC(Ak)/%;l(G). Since 7 acts on
Autc(Ar)/7,"(G) as in lemma 1.4.13, we can induce an action of 7 on Autc(A4)/G
such that this bijection becomes an isomorphism of w-sets. It is easy to verify that
A/G = A/7;(G) (this was done in the case G = Autc(A) in remark 1.3.2(2), the
general case is similar). Then, applying lemma 1.4.13, we have that

H(A/G) = H(A/7, ' (G)) = Aute(Ax) /7,1 (G) = Autc(A)/G .
Lemma 1.4.15. The functor H defined in 1.4.2 is essentially surjective.

Proof. Let Z be an object of m-sets. We assume first that Z is connected, i.e. that
the action of m on Z is transitive. By lemma 1.4.9(3), there exist £ € J, G <
Autc(Ag) such that Z = Autc(Ag)/G, with the action described as in the lemma.
By lemma 1.4.13, we have that H(Ax/G) = Autc(Ag)/G (again, the quotient exists
by (G2) of the definition of Galois category). Comparing the definitions of the
actions that were given in the two lemmas, we see that they agree. Then we have
that Z =2 H(Ax/QG).

We deal now with the general case. By proposition 1.2.20, we can write Z = Z; II
-1 Z,, with Zy,...,Z, connected (this is actually the orbit decomposition, see
example 1.2.22). By what we proved above, there exist X1, ..., X, objects of C such
that H(X;) = Z; for any i = 1,...,n. Then, applying corollary 1.4.12, we get that

Z=7Z - NZ, 2 HX) - - TH(X,) 2 H (X, 11---11X,) .
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It remains to prove that H is full, i.e. that the map
Homeg(X,Y) — Homyosets(H(X), H(Y)), f+— H(f)

is surjective for any X, Y objects of C. The following lemmas will allow us to
consider only the case when X and Y are both connected.

Lemma 1.4.16. Let X1,...,X,, Y be objects of C. Let X be the sum of X1,..., Xn,
together with the morphisms q; : X; — X, fori=1,...,n. Foranyi:=1,...,n,
consider the map

n; : Home(X;,Y) — Homy gets(H(X;), H(Y)), f— H(f) .

The maps N1, ...,N, induce a map

n n
M X XNyt HHomc(Xi,Y) — HHOInﬂ-sets(H(Xi),H(Y))>

i=1 =1

(oo fn) = (m(f1)s -5 (fn)) -

Moreover, consider the map
1 : Home(X,Y) = Homrsets(H(X), H(Y)), f— H(f) .

Then we have a bijection ¢ : Homc(X,Y) — [, Homc(X;,Y) and a bijection
¥ Homysets(H(X), H(Y)) — [, Homy-sets(H(X;), H(Y)) such that n = ¢~ 'o
(m X -+ X ny) ow. In particular, if n; is surjective for every i = 1,...,n, then n is
also surjective.

Proof. Define

¢ : Homg (X,Y) = [[Home(X5,Y), f (foq, ... foam) .

=1

We have that ¢ is bijective by the universal property of the sum. Analogously, define

¢ : Homy_sets (H H(X;), H(Y)) — [ [ Homrsets(H(X,), H(Y)),
=1 i=1

[ (fodi,....foa),

where ¢} : H(X;) — [[}2, H(X;), with j = 1,...,n, are the canonical inclusions.
We have that also ¢’ is bijective by the universal property of the sum. Since H
commutes with finite sums (corollary 1.4.12), we have an isomorphism of w-sets
O [1i, H(X;) — H(X) such that ¥ o ¢; = H(q;) for any j = 1,...,n. We have
that 9 induces the map

9" : Homysets(H(X), H(Y)) — Homy-sets <]_[ H(XQ,H(Y)) L[ fod,
=1
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which is a bijection because 9 is an isomorphism. Define ¢ = ¢’ o9*. Then 1) is a bi-
jection because it is a composition of bijections. Moreover, for any f € Homg(X,Y)
we have

Won)(f) =v(H(f) ='W (H(f)) = ¢ (H(f) o) =
(H(f) oV 0q)i=t,..n = (H(f) 0 H(qi))i=1,..n. = (H(f © i))i=1,..n. =
= (m > X ) ((f 0 i)i=1,...n) = ((m X - X ) 0 ) (f) -

So Y on=(n X - Xn,) o, which implies the claim.

Finally, assume that 7; is surjective for any ¢ = 1,...,n and let (g1,...,9n) €
[T, Homyosets(H (X;), H(Y)). Then for any ¢ = 1,...,n, since n; is surjective,
there exists f; € Homc(X;,Y) such that g; = n;(f;). We have that (f1,...,fn) €
[Ti-, Home(X;,Y) and (g1,...,9n) = (m X - X 0n)((f1,- .., fn)). This shows that
n1 X -+ X 1y is surjective. Hence =9~ o (n X --+ x 1) 0 @ is surjective, because
it is the composition of surjective maps. O

The following lemma is in a sense the “converse” of lemma 1.4.13: while that
lemma told us how to get connected w-sets as images of objects of C, this one shows
us what the effect of H on connected objects of C is. At the same time, it gives a
description of connected objects as quotients of Galois objects.

Lemma 1.4.17. Let B be a connected object of C. Then:

(1) there exist k € J and a subgroup G < Autc(Ay) (G is finite because Ay is
Galois by remark 1.8.12 and so Autc(Ayg) is finite by remark 1.83.2(1)) such
that H(B) = Autc(Ax)/G, with the action given by o(T7G) = (ox7)G, for any
0= (0)jes €ET = hm SAutc(4;), 7 € Autc(4;)/G (this is the same as in
lemma 1.4.9(3));

(2) H(B) is a connected m-set, i.e. the action of m on the set H(B) = F(B) is
transitive (see example 1.2.14(2));

(3) B = A/G, where k and G are as in point (1).

Proof. (1) By lemma 1.3.5, there exists a pair (A4,a) € Z such that A is Galois
and wa’a) : Homc (A4, B) — F(B) is bijective. Define k := [(A,a)]~. Since A
is Galois, k € J. Since [(A,a)]~ =k = [(Ak, ag)]~, we have (4,a) ~ (A, ax),
i.e. there exists an isomorphism ¢ : A — Ay, such that F(¢)(a) = a;j. For any
f € Homc (A, B), we have that

o (F) = F(F)(ar) = F(N)(F(0)(a)
= F(fop)(a) = 6 (f 0 9) = (6Fiay 0 ¥") ()

where ¢* : Homg(Ag, B) — Homcg (A4, B), g — g o ¢ is a bijection because
 is an isomorphism. Then wak:ak) = zpa’a) o ¢* is a bijection, because it
is a composition of bijections. Since B is connected, it is not initial (remark
1.2.13(1)). Then F(B) # 0 (lemma 1.2.17). Since F(B) = Homc(A, B)
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via wak o) We have that Homeg(Ag, B) # (0. By lemma 1.3.13, Autc(Ag)
acts transitively on Homg(Ag, B). Since ¢&k ar) is bijective, this induces a
transitive action of Autc(Ag) on F(B):

ob = ngﬁlk,ak) <0'. (1#54167%))_1 (b)> ’

for any o € Autc(Ax), b € F(B). We claim that this action is compati-
ble with that of 7 on F(B) = H(B), in the sense that ob = ob for any
o = (0j)jes € T = @jeJ Autc(A4;), b € B. Remember that the action
of m on F(B) = H(B) was induced by that on @jeJ Homc(Aj, B) via the
bijection ¢ : yinjej Homc(A;, B) — F(B) defined as in the proof of propo-
sition 1.2.35, but considering J as index set instead of I. Then we have
V([fl~) = ¢ﬁ‘j7aj)(f) for any f € Homg(Aj, B), with j € J. Let b € B.
Since wak,ak) is bijective, there exists a unique f € Homg(Ag, B) such that
b= ¢54k,ak)(f)' Then we have

U(f1) = 0Py ) (F) = b

This means that [f]. = (¢¥5)7(b). So, if 0 = (0})jes € T = @jeJ Autc(4,),

we have

b= (o (W) (1)) = ¥ (0lf12) =¥ ([f o 03, 1]) =
= ¢€4k,ak)(f ooty = wawk) <a. (¢54k,ak)>_1 (b)> .

which is what we wanted. Fix now by € F(b). Then, since the action of
Autc(Ag) on F(B) is transitive, we have that F(B) is isomorphic as an
Autc(Ag)-set to Autc(Ag)/G, where G = Stabpyg(a,)(bo) and the action
of Autc(Ag) on Autc(Ag)/G is defined by o(r7G) = (o7)G for any o €
Autc(Ag), 7 € Autc(Ag)/G (this is well known by the theory of group actions,
but can also be seen as a consequence of lemma 1.4.9, since Autc(Ay) is the
projective limit of itself and is finite). More precisely, the following map is an
isomorphism of Autc(Ayg)-sets:

U Aute(Ak)/G — F(B), TG — Tb .
But F(B) = H(B) is also a m-set and Autc(Ag)/G can be seen as a 7-set as in
the statement. We claim that 1 is an isomorphism of m-sets. Since we already
know that it is bijective, we only have to prove that it is a morphism of 7-sets.
Let 0 = (0j)jeg €T = l'&ljeJ Autc(4;) and 7G € Autc(Ag)/G. Then
Vo (rG)) = V((oxT)G) = (07)bo = 0y (Tbo) = 0(Tbo) = 0V (7G) .
This proves that ¢ is a morphism of 7-sets. So H(B) = Autc(Ag)/G as m-sets.
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(2)

Let by,b2 € H(B). Since the action of Autc(Ag) on F(B) = H(B) is transitive,
there exists 7 € Autc(Ag) such that by = 7b1. By lemma 1.3.16, the projection
pr : ™ — Autc(Ay) is surjective. Then there exists 0 = (0j);cs € 7 such that
T = pr(0) = ok. So, by what we proved above, we have oby = ob; = 7b1 = bo.
This shows that the action of 7 on H(B) is transitive.

First of all, notice that the quotient A;/G exists by (G2) of the definition of

Galois category. Let fo = w(_Alk ak)(b) € Homg(Ag, B) and let 0 € G. Since

G is a subgroup of Autc(Ay), we have that also 07! € G = Stabayy(a,)(bo)-
Then

1
- ¢(€1k,ak) (U_l' (wak»ak)) (b0)> - Q/J(Ej‘lkﬂk)(a_l'fo) .

Since w(lilk,ak) is injective, this implies that fo = o~ '.fo = fo o 0. Since
this holds for any o in G, by the universal property of the quotient (definition
1.1.1(5)) there exists a (unique) morphism fy : Ax/G — B such that fo = foop,
where p : A — Ai/G is the morphism that appears in the definition of
quotient. We claim that fy is an isomorphism. By (G6) of the definition
of Galois category, it is enough to prove that F (fo) : F(Ax/G) — F(B) is
an isomorphism of sets, i.e. a bijection. Since Ay is Galois, it is not initial.
Then, since B is connected, lemma 1.3.9 tells us that F(fp) is surjective. Since
F(fo) = F (fo) o F(p), it follows that F (fo) is also surjective. Since F(A/G)
and F'(B) are finite sets, if we prove that they have the same cardinality it
will follow that F (fo) is bijective. By lemma 1.4.13, H(A/G) is isomorphic
as a m-set to Autc(Ay)/G, which in turn is isomorphic to H(B) by point (1).
Then H(Ak/G) and H(B) are isomorphic as m-sets. In particular, they are
isomorphic as sets, so we must have

[F'(Ar/G)| = [H(Ax/G)| = [H(B)| = |F(B)]

(recall that, as sets, F'(X) and H(X) coincide, for any object X of C). This
ends the proof.
g

Lemma 1.4.18. Let X, Y be objects of C with X connected. If f : X =Y is an
epimorphism, then Y is also connected.

Proof. Let Z be an object of C and ¢ : Z — Y a monomorphism. Assume that Z
is not initial. We have to prove that ¢ is an isomorphism (see remark 1.2.13(2)).
Consider the fibred product Z xy X (which exists by (G1) of the definition of Galois
category), with projections p; : Z xy X — Z, po : Z xy X — X. By lemma
1.2.15, py is a monomorphism, because g is a monomorphism. Since X is connected,
we have that either Z xy X is initial or py is an isomorphism. By (G4) of the
definition of Galois category, we have that F'(Z xy X) = F(Z) xpy) F(X). Since
f is an epimorphism, by (G5) of the definition of Galois category we have that
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F(f): F(X)— F(Y) is an epimorphism of sets, i.e. a surjective map (see example
1.1.3(6)). Since Z is not initial, F(Z) # ) (lemma 1.2.17). So there exists z € F(Z).
Then F(g)(z) € F(Y). Since F(f) is surjective, there exists x € F(X) such that
F(f)(z) = F(g)(2). Then (z,7) € F(Z) xpy) F'(X) (see example 1.1.3(2)). This
means that F(Z) xpy) F(X) # 0 and so F(Z xy X) # 0, which implies that
Z xy X is not initial, by (Gb) of the definition of Galois category. So pe is an
isomorphism. This implies that F(p3) is an isomorphism of sets, i.e. a bijection.
We prove now that F(g) is surjective. Let y € F(Y). Since F(f) is surjective,
there exists ¢ € F(X) such that F(f)(z) = y. Since F(p2) is a bijection, also the
projection F'(Z) X pyy F'(X) — F(X) is a bijection, in particular it is surjective.
Then there exists z € F'(Z) such that (2,2) € F(Z) Xy F'(X). This means that
F(g)(z) = F(f)(x) = y. So F(g) is surjective. But ¢ is a monomorphism, so F(g)
is also injective, by corollary 1.2.10. Then F(g) is a bijection, i.e. an isomorphism
of sets. By (G6) of the definition of Galois category, g is an isomorphism, which is

what we had to prove. O
Lemma 1.4.19. Let X, Y be objects of C, with X connected. Let ¢ : Y1 —
Y,...,qn: Y, = Y be the connected components of Y. For anyi=1,...,n, consider
the map

ni : Homg(X,Y;) = Homy_sets(H(X), H(Y;)), f— H(f) .

The maps 1, ...,n, induce a map

n n
0« [[Home(X,Y:) — [ [ Homersets(H(X), H(Y3)),
i=1 =1

f=mni(f) if f€Home(X,Y)) .
Moreover, consider the map
n: Home(X,Y) — Homgosets(H(X), H(Y)), f+— H(f) .

Then we have a bijection ¢ : [[;—; Home(X,Y;) - Homc (X, Y) and a bijection v :
[T, Homysets(H(X), H(Y;)) — Homysets(H (X), H(Y)) such that n = ¢on/op~!.

In particular, if n; is surjective for every ¢t =1,...,n, then n is also surjective.

Proof. Since H commutes with finite sums (corollary 1.4.12), we have an isomor-
phism of 7-sets ¥ : [[[_, H(Y;) — H(Y') such that Joq}; = H(q;) forany j = 1,...,n,
where ¢ : H(Y;) — [}, H(Y;) is the canonical inclusion.
Define "
¢ : [ [Home(X,Y:) — Home(X,Y), frqjof,

i=1
where j is the unique element of {1,...,n} such that f € Homc(X,Y;). We prove
that ¢ is bijective.
Let f1, f2 € [[, Homc(X,Y;) such that o(f1) = ¢(f2). Let ji,j2 € {1,...,n} such
that fi; € Home(X,Yj,), fo € Homg(X,Y),). Then g, o fi = gj, o fo. Applying H,
we get H(qj,) o H(f1) = H(q;,) o H(f2). Then

qj, o H(f1) =907 o H(gs,) o H(f1) =97 0 H(qj,) o H(f2) = qj, o H(f2) -
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In particular, Im(qj o H (f1)) = Im(qj,oH(f2)) (and this image is non-empty, because
X connected implies that X is not initial and then H(X) # 0). But Im(q} oH(f1)) C
Im(q},) and Im(q}, o H(f2)) € Im(q},). So Im(q),) NIm(gj,) # @, which implies that
J1 = j2 (recall that the sum [[!" , H(Y;) is just the disjoint union of the H(Y;)’s,
with a suitable action of 7, see the proof of proposition 1.1.15). So q;& of] = q;& o fa.
But q}l is a monomorphism by assumption (because it defines a subobject of Y).
Then we must have fi = fo. So ¢ is injective.

Let now f € Homc(X,Y). By (G3) of the definition of Galois category, we can write
f =1/ou”, whereu” : X — Z is an epimorphism and v’ : Z — Y is a monomorphism.
By lemma 1.4.18, Z is connected, because X is connected. Then, by lemma 1.2.19,
there exists a unique j € {1,...,n} such that «’ is equivalent to g;. This means
that there exists an isomorphism a : Z — Yj such that ' = gj o . We have that
aou” € Home(X,Y;) C [, Homc (X, Y;) and p(aou”) = gjoaou” = v/ ou” = f.
This proves surjectivity.

Define now

n n
90/ : HHomW-SetS(H(X)a H(Y;)) — Hom_sets (H(X)7 HH(Y;)> , [ Q;‘ of,
i=1 =1

where j € {1,...,n} is such that f € Homz_gets(H(X), H(Y;)). Recall that m-sets
is a Galois category (proposition 1.1.15). By lemma 1.4.17(2), H(X) is connected
and also H(Yj;) is connected, for any j = 1,...,n. Then ¢}, ..., ¢, are the connected
components of [[;" ; H(Y;). This means that the same argument that we used to
prove that ¢ is bijective applies also to ¢'. Then ¢’ is bijective. We have that ¢
induces the map

n

¥, + Homy-sets (H(X), 11 H(}g)) — Homy-sets(H(X), H(Y)), f— Yo f,

i=1

which is a bijection because 9 is an isomorphism. Define ¢ = 9, 0¢’. Then 1) is a bi-
jection because it is a composition of bijections. Moreover, let f € [ ; Homc(X,Y;)
and let j € {1,...,n} be such that f € Homc(X,Yj). Then we have

(mo)(f)=mnlgjof)=H(gof)=H(g)oH(f)=19oq0H(f)=
= Vo' (H(f)) = V(" (H(f))) = (0" )0'(f)) = (W on')(f) -
So n o =1 on’, which implies the claim.
Finally, if n; is surjective for any i = 1,...,n and g € [ [} Homq.sets(H (X), H(Y;)),
there exists a unique j € {1,...,n} such that g € Homy_gets(H (X), H(Y;)). Then,

since 7); is surjective, there exists f € Homc(H,Y;) C [[;-; Homc (X, Y;) such that

g = nj(f) = 7/(f). This shows that 7’ is surjective. Hence n = ¢ on o p~! is

surjective, because it is the composition of surjective maps. O
Lemma 1.4.20. The functor H defined in 1.4.2 is full.
Proof. Let X, Y be objects of C. We have to prove that the map

HomC(Xv Y) - Homrr-sets(H(X)a H(Y))’ [ H(f)
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is surjective. By proposition 1.2.20, we can write X = [[i"; X;, where X; — X with
i =1,...,n are the connected components of X. Then by lemma 1.4.16 it is enough
to prove that the map Homg(X;,Y) — Homysets(H (X;), H(Y)), f+— H(f) is sur-
jective for any ¢ = 1,...,n. So we can assume without loss of generality that X is
connected.

Again by proposition 1.2.20, we can write YV = ]_[}"ZlYi, where Y; — Y with
j=1,...,m are the connected components of Y. Then by lemma 1.4.19 it is enough
to prove that the map Homc(X,Y;) = Homysets(H(X), H(Y})), f— H(f) is sur-
jective for any j = 1,...,m. So we can assume without loss of generality that also
Y is connected.

Notice that Homc(X,Y) is finite. Indeed, since X is connected we have that
w(};(w) : Home(X,Y) — F(Y) is injective, where x is any element of F'(X) (which is
non-empty because X connected implies that X is not initial, see remark 1.2.13(1)
and lemma 1.2.17). Then |Homc(X,Y)| < |F(Y)| < +o00. By corollary 1.4.8, we
know that the map Homc(X,Y) — Hom gets(H(X), H(Y)) is injective. Then,
in order to show that it is surjective, it is enough to show that |Homc(X,Y)| =
| Homr-sets (H(X), H(Y))].

By lemma 1.4.17, there exist ki,k2 € J, G1 < Autc(Ag,), G2 < Autc(Ag,) such
that X = A, /Gi and Y = Ag,/Gy. Since J is directed (lemma 1.3.10), there
exists k € J such that &k > k; and k > jo. Define Ly := p,;kll(Gl) < Autc(Ax)
and Ly := p,;klz(Gg) < Autc(Ag). By (G2) of the definition of Galois category,
the quotients Ap/L; and Ay/Ls exist in C. Denote by p1 : Ag, — Ax,/Gi,
P2t Ak, — Ak, /G2, @1 Ak — Ax/L1, q2 : Ay — Ag/ Lo the morphisms that appear
in the definition of the quotients. Consider the morphism p; o fig, : Ax — Ak, /G1.
Let 0 € Ih = p,;kll(Gl). Then pg, (o) € Gy and this implies that p o pgk, (o) = p1
(definition of quotient). By definition of pgg, (proposition 1.3.14), we have that

P10 fiky, © 0 = P1© prk, (0) © frk, = D10 frky -

Since this holds for any o € Ly, by the universal property of the quotient there exists
a morphism ¢ : Ap/L1 — Ay, /G1 such that p; o frr, = poqi. We claim that ¢ is an
isomorphism. By (G6) of the definition of Galois category, it is enough to prove that
F(p): F(Ar/L1) — F(Ag,/G1) is an isomorphism of sets, i.e. a bijection. We have
that Ag, /G1 = X is connected. Then, by lemma 1.3.9, F(y) is surjective. Since
the sets are finite, in order to prove that F'(p) is bijective it is enough to show that
they have the same cardinality. As sets, we have that F(Ag/L1) = H(Ag/L1) =
Autc(Ag)/L1 and F(Ay, /G1) = H(Ak, /G1) = Autc(Ag,)/G1 (see lemma 1.4.13).
Using the fact that pgg, is surjective, it is immediate to prove that the following map
is well-defined and bijective:

Autc(Ak)/Ll — Autc(Akl)/Gl, oLi — prk, (O’)Gl .

Then |Autc(Ak)/L1’ = |Autc(Akl)/G1|. So X = Akl/Gl = Ak/Ll In the
same way, one can show that ¥ = Ay /Go = Ap/Ls. These isomorphisms in-
duce a bijection between Homeg(X,Y) and Home(Ay/L1, Ag/L2). In particular,
we have that |Homc(X,Y)| = |Homc(Ax/L1, Ax/L2)|. Applying lemma 1.4.13,
we have that H(X) = H(Ar/L1) = Autc(Ag)/L1 and H(Y) = H(Ap/L2) =
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Autc(Ax)/La. Then we have a bijection between Homg gets(H (X), H(Y)) and
Homﬂ-_sets(Autc(Ak)/Ll, Autc(Ak)/Lg). So

’ Homﬂ'—sets(H(X)a H(Y))| = ‘ Homw-sets(AutC (Ak)/Lla AutC(Ak)/IQ)’ .
Then what we have to prove is that
’ Homc (Ak/Ll, Ak/L2)| = ‘ Homw_sets(Autc (Ak)/Ll, Autc(Ak)/Lg)’ .

Let us count how many morphisms of 7-sets we have between Autc(Ag)/L; and
Autc(Ag)/La. Notice that, by definition of the action of 7 and using the fact
that pr : m — Autc(Ax) is surjective (lemma 1.3.16), a map f : Autc(Ax)/L1 —
Autc(Ag)/ Lo is a morphism of 7-sets if and only if it is a morphism of Autc(Ag)-
sets. Let f : Autc(Ax)/L1 — Autc(Ag)/L2 be a morphism of Autc(Ag)-sets and
consider oLy € Autc(Ag)/Li. Then f(oLi) = f(o(L1)) = of(L1), since f is a
morphism of Autc(Ag)-sets. This shows that f is uniquely determined by f(L1).
Since f(L1) € Autc(Ag)/La, there exists 7 € Autc(Ag) such that f(L;) = 7Ly. For
any o € L1, we have o¢L; = L; and so

7Ly = f(L1) = f(ocL1) =0 f(L1) =o(rLy) = (o7) Ly .

This means that 7~ 1o7 € Lo.
On the other hand, let 7Ls € Autc(Ay) be such that 77107 € Lg for any o € L.
Notice that this condition does not depend on the representative we choose. Indeed, if
7 € Autc(Ag) is such that 7Ly = 7/ Lo, then there exists 79 € Ly such that 7/ = 77
and so (7')"lor’ = 7,1 (r7'or)70 € Lo, because Ly is a subgroup of Autc(Ag).
Define

frio Autc(Ak)/Ll — Autc(Ak)/Lg, ol — (O'T)Lg .

We have that f;r, is well defined. Indeed, if o1L1 = o2L2, with 01,09 € Autc(Ag),
then 05101 € Ly and so (027) 7! (o17) = 7_1051017 € Lo by the assumption on 7Ls.
This means that (o017)Le = (027)La. Clearly, fr1,(L1) = 7La. Moreover, f.r, is a
morphism of Autc(Ag)-sets. Indeed, if 0 € Autc(Ag) and o’'Ly € Autc(Ag)/L1, we
have that

frra(0(0'Lh)) = frr,((00")L1) = ((00")7) Ly =
= (0(o'7))Le = o((¢'T) L) = o fr1,(0'Ly) .

So, if 7Ly € Autc(Ay)/Le satisfies 77oT € Lo for any o € Ly, we have a morphism
of Autc(Ag)-sets sending Ly into 7Lo. This shows that

| Homr.sets (Autc(Ax)/L1, Autc(Ax)/L2)| =
= |Hompysg(a,,) (Autc(Ax) /L1, Autc(Ay) /L) =
= |{7Ls € Autc(Ay) /Ly : Vo € Ly 7 ot € Ly} .

We count now the number of morphisms between Ap/L; and Ag/Ls. Let f :
Ap/L1 — A — Lo be a morphism in C. Consider the following diagram.
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A —2 4,1,
By uniqueness in the universal property of the quotient, f is uniquely determined
by the composition f o g;. We have that Ax/Ly = Y is connected, so F(q2) :
F(Ag) — F(Ay/L2) is surjective by lemma 1.3.9. Then there exists o/ € F(Ag)
such that F(q2)(a’) = F(f o q1)(ag). Since Ay is Galois, the action of Autc(Ag)
on F(Ag) is transitive (lemma 1.3.4). Then there exists 7 € Autc(Ay) such that
a' = 7ay = F(7)(ak). So we have

W (Foqm) = F(f o q)(ar) = F(g2)(a') =
= F(q2)(F(r)(ax)) = Flgz 0 7)(ar) = (/22 (g0 7) .

Since 1/13{“}553 is injective (lemma 1.2.30), this implies that f o g = g2 o 7. Let
7' € Autc(Ag). We have that ga o7 = foq = ¢go o 7 if and only if

F(gs07')(ar) = ¥4/ 52 (@0 7) = w4/ 72 (a0 7) = F(ga 0 7)(ax)

(the “only if” follows from the injectivity of ¢, "/L2 .))- By (Gb) of the definition of
Galois category, there exists a bijection

such that ¥ o F(q2) = ¢, where q : F(Ag) — F(Ag)/F(L2), v — F(Lg)z is the
projection on the set of orbits. Then we have that F(g2 o 7')(ag) = F (g2 o 7)(ax) if
and only if 9(F(q207')(ag)) = 9 (F(g2 0 7)(ak)), i.e. if and only if

F(Ly)F(r')(ax) = q(F(7")(ar)) = q(F(7)(ax)) = F(L2)F()(ax) -

This happens if and only if there exists o € Lo such that

F(r')(ar) = F(o)(F(r)(ax)) = F(o7)(ax) -

But this means that w(A a )( 7)) = ¢é§k ak)(m') and this is true if and only if 7/ = o7,

by injectivity of ’QZJ )" Hence we proved that goo7’ = foq if and only if 7/ € LoT.
So f is uniquely determlned by the right coset Lo7 and different cosets give rise to
different morphisms. In the rest of the proof, we will denote by Lo\ Autc(Ag) the
set of right cosets.

Let o0 € L. By definition of quotient, we have that g o0 = ¢;. Then ggoTo00 =
foqioo = fogqy, which implies that Lo(70) = Lo, by what we proved above. This
means that 7o7~ 1 € Lo.

On the other hand, let LT € Lo\ Autc(Ay) be such that 7o7=1 € Lo for any o € Ly
(the fact that this does not depend on the representative can be proved as above).
Let o € L1. Then, since To7~! € Ly, we have that go o (To77!) = g2, by definition
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of the quotient. This means that (g207)oo = gao7. Since this holds for any o € Ly,
there exists a unique f: Ay/Lqy — Ay/Lo such that go 07 = f o ¢qy. This shows that

|H0mc(Ak/L1,Ak/L2)‘ = |{L2T € LQ\Autc(Ak) Vo € Ly 7'0'7'_1 S L2}| .

To finish the proof, define U := {7Ly € Autc(Ag)/La: Vo € Ly 7 'o7 € Ly} and
V = {Lot € Lo\ Autc(Ag) : Vo € Ly ror—te Ly} and consider the map

a:U—V, TLQ»—>L27'_1.

Let us check that this is well defined. First of all, if /4Ly = 1oLy, with m, 79 €
Autc(Ag), then we have (75, 1) (77 1) ™" = 75 'y € Ly and so La7y ! = La7, ' More-
over, if 7Ly € U, then for any o € Li we have (17 Y)o(r71)~! = 77 lor € L. This
shows that Ly7~! € V. So « is well defined. In the same way, one shows that the
map

B:V = U, Lyt = 7 'Ly

is well defined. It is clear that o and [ are inverse to each other. Hence |U| = |V,
which is what we needed. O

Proposition 1.4.21. The functor H defined in 1.4.2 is an equivalence of categories.

Proof. Tt follows immediately from 1.4.5, 1.4.8, 1.4.15 and 1.4.20. O

Now we know that any essentially small category is equivalent to the category
of finite sets with an action of a certain profinite group. One thing is still missing:
uniqueness of this profinite group up to isomorphism. In order to prove this unique-
ness, we will consider another profinite group which acts in a natural way on F'(X)
for any object X. Recall the definition of the automorphism group of a functor.

Definition 1.4.22. Let C;, Cs be categories and let G : C; — Cy be a functor.
An automorphism of G is an isomorphism of functors G — G, i.e. a collection of
isomorphisms oy : G(X) — G(X), for each object X of Cy, such that for any
morphism f: X; — X5 in C; the following diagram is commutative.

G(X1)—55G(x,)
G(f)l lG(f)

oX,

G(XQ)—)G(XQ)
Remark 1.4.23. Let Cy, Cqy be categories and let G : C; — (s be a functor.

(1) Automorphisms of G can be composed in an obvious way: if 0 = (0x) xcob(c)
and 7 = (7x)xeon(c,) are automorphisms of G, then we define o7 = (0x o
Tx)xecob(c;) and it is immediate to check that o7 is indeed an automorphism
of G. It is clear that this composition is associative. Moreover, we define idg =
(idx) xeon(c,), which is obviously an automorphism of G and satisfies oidg =
o = idg o for any automorphism ¢ of G. Finally, for any automorphism o of
G we can define 07! = ((UX)_I)XGOb(Cl)’ which is easily checked to be an

automorphism of G and to satisfy co~! = idy = o~ 1o.
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(2) If C; is not essentially small, an automorphism of G contains too much data
to be a set: it is a proper class. So we cannot consider the class of all automor-
phisms of GG, much less the set of all automorphisms of G. Then, in spite of the
properties verified in point (1), we cannot talk of the automorphism group of
G. If instead C;y is essentially small, then the automorphisms of G form a set.
Indeed, if we denote by I the set of isomorphism classes of objects of C; and
we fix a representative X; for each ¢ € I, an automorphism o = (Jx)XGOb(Cl)
of G is uniquely determined by (ox;,)icr, which can be seen as an element of
the product [[;c; Autc,(G(X;)), which is a set. In this case, we denote by
Aut(G) the set of all automorphisms of G, which is a group by point (1).

(3) If Cq is essentially small, we consider on Aut(G) the topology which has as a
subbase
{fy'({o}) | Y € Ob(Cy), 0 € Autc,(G(Y))} ,

where we defined fy : Aut(G) — Autc,(G(Y)), (0x)xecob(c,) — oy for any
object Y of C;. This is the coarsest topology such that fy is continuous for
any Y, if we consider the discrete topology on Autc,(G(Y)). Moreover, it can
be easily proved that Aut(G) with this topology is a topological group (i.e. the
group’s multiplication and inverse are continuous functions).

Lemma 1.4.24. Let Cq, Cy,C3 be categories and G1 : C1 — Cq, G : Cy — Cj3
functors. If Gy is an equivalence of categories, then there is an isomorphism of
topological groups between Aut(Ga) and Aut(Ga o Gy).

Proof. Define

@ Aut(Ga) — Aut(Ga2 0 G1), 0 = (0y)yeon(Cy) F (061 (x)) xe0b(Cy) -

First of all, we have to check that ¢ is well defined, i.e. that if o = (0y )y cob(c,) is an
automorphism of Gz then ¢(0) = (06, (x)) xeob(c,) is an automorphism of Gz o Gy.
Let 0 = (0y)yeob(c,) € Aut(Gz). For any object X of Ci, we have that G1(X)
is an object of Cy and so o, (x) @ G2(G1(X)) = (G2 0 G1)(X) = G2(G1(X)) =
(G2 0G1)(X) is an isomorphism. We have to check that the compatibility condition
is satisfied. Let f : X7 — X2 be a morphism in C;. Then Gi(f) : G1(X1) —
G1(X32) is a morphism in C,. Since o is an automorphism of G2, we have that
G2(G1(f)) 0 06, (x1) = Gy (xz) © G2(G1(f)). Since G2(G1(f)) = (G2 0 G1)(f), this
shows that ¢(o) is an automorphism of G o Gj.

We prove now that ¢ is a group homomorphism. Let o = (0y)ycob(c,),T =
(TY)YEOb(CQ) € Aut(G2). Then

o(o7) = ¢ ((oy © 7y )yeon(cs)) = (06, (x) © a1 (X)) XxeOb(Cr) =

= (06, (x)) xeob(C1) (Tay (x)) xeob(cy) = (a)@(T) -

So ¢ is a group homomorphism. We check now that ¢ is continuous. For any object
Xp of Cq, define

fxo t Aut(G2 0 G1) = Autc, (G2 © G1)(X0)), (0x)xeob(cy) = 0X, -
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Analogously, for any object Yy of Co, define

gy, : Aut(Gz2) — Autc,(Ga2(Y0)), (0y)yeob(cy) F 0y -

If X is an object of Cy, by definition of ¢ we have that fx,0p = gg(x,)- For any ob-
ject Xo of Cq and for any o € Autc,((G20G1)(Xp)), we have that 4,0_1(]‘};({0})) =
(fxo o) t({o}) = 95(1X0)<{‘7})7 which is open by the definition of the topology on
Aut(G2) (see remark 1.4.23(3)). So ¢ is continuous.

Let us prove now that ¢ is bijective. Let 0 = (0y)yecon(c,) € Ker(¢). Then

(id(Gy061) (X)) xeObs, = Laut(GaoGy) = (o) = (06, (x)) xeon(Cy) -

This means that id(g,0q,)(x) = 0a,(x) for any object X of Cy. Let Y be an object
of Cy. By lemma 1.4.5, GG; is essentially surjective. Then there exists an object X
of C; such that Y = G1(X). Let o : G1(X) — Y be an isomorphism. Then Ga(«)

is also an isomorphism. Since ¢ is an automorphism of G9, we have that
gy O Gg(Oé) = Gz(a) o UGl(X) = GQ(Q) e} id(GgoGl)(X) = GQ(OZ) .

Then oy = Ga(a) o Ga(a) ™! = idy. So o = (idy)yeob(c,) = laut(c,)- This proves
that ¢ is injective.

Let 7 = (Tx)xeob(c,) € Aut(Ga o G1). Let Y € Ob(Cy). Since G is essentially
surjective, there exists an object Xy of C; such that ¥ = G1(Xy). Let ay :
G1(Xy) — Y be an isomorphism. Then Ga(ay) : (G2 0 G1)(Xy) — G2(Y) is also
an isomorphism. Moreover, 7x, : (G20G1)(Xy) — (G20G1)(Xy) is an isomorphism,
because 7 is an automorphism of Gy o G1. Define

oy = Ga(ay) o Txy 0 Ga(ay) ™t : Go(Y) = Ga(Y) .

Then oy is an isomorphism, because it is a composition of isomorphisms. Let us show
that oy does not depend on the choice of Xy . Let X{ be an object of C; such that
Y = G4(X}), with isomorphism o} : G1(X}) — Y. Then ay' ool : G1(X}) —
G1(Xy) is an isomorphism in Cy. Since (1 is an equivalence of categories, it is fully
faithful, by lemma 1.4.5. Then there exists a (unique) morphism f : X, — Xy such
that G1(f) = a;l o af . Since T is an isomorphism of G o Gy, we have that

Txy 0 Ga(ay) ! o Ga(ay) = Tx, 0 Ga(ay! 0 ay) = Tx, 0 (G20 G1)(f) =

= (Ga o Gh)(f) o Txy, = Galay' 0 ay) oTxy = Galay) ™' o Ga(ay) o Txy .
This implies that Go(ay)oTx, 0Ga(ay) ! = Ga(ay)oTyy, 0Ga(ah)™. So oy is well
defined, because it does not depend on the choice of Xy . Let now g:Y; — Y5 be a
morphism in Cy. As above, we have two objects Xy,, Xy, of C; with isomorphisms
ay, : G1(Xy,) = Y1 and ay, : G1(Xy,) — Ya2. Consider the morphism a;@l ogoay, :
G1(Xy,) = G1(Xy,). Since Gy is fully faithful, there exists a unique f: Xy, — Xy,
such that G1(f) = 04;21 0 goay,. Since 7 is an automorphism of G2 o G, we have
that

Xy, 0Ga(ay,) " oGa(g)oGa(ay;) = Txy, 0Ga(ay, ogoay;) = Txy, o(G20G1)(f) =

= (G20G1)(f)oTxy, = Galay, ogoay,)oTx, = Ga(ay,) " oGa(g)oGa(ay,)oTx, -
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This implies that

oy, 0 Ga(g) = Ga(ay,) 0 Txy, © Ga(ay,) ™ o Ga(g) =
= Ga(g) 0 Ga(ay,) o 7x, 0 Ga(ay;) ! = Ga(g) o oy, .

So 0 € Autc(Gz). Moreover, for any X € Ob(Cy) we can choose X¢,(x) = X and
O[Gl(X) = ldGl(X) Then

06 (x) = Ga(ag, (x)) © Tx 0 Gaag, (x)) ' =
= Ga(idg, (x)) © Tx © Ga(idg, (x)) "

= id(Gr061)(x) °TX ©1d(Groar)(X) = TX -

So p(0) = (06, (x)) xeob(c:) = (Tx)xeob(c,) = 7 This shows that ¢ is surjective.
It remains to prove that ¢ is open. Since we already know that ¢ is bijective, it
is enough to check that the elements of the subbase of Aut(G2) are sent to open
subsets of Aut(G2 o G1). Let Yj be an object of Cy and 7 € Autc,(G2(Yp)). Since
G is essentially surjective, there exists an object Xo of Cy such that Yy = G1(Xp).
Let a: G1(Xo) — Yo be an isomorphism. Then Ga(a) : (G2 0 G1)(Xp) — Ga(Yy) is
an isomorphism in C3 and 7" := Ga(a) ™! o7 0 Ga(a) € Autc,((Ge 0 G1)(Xy)). For
any 0 = (0y)yeon(c,) € Aut(Gz), we have that oy, = Ga() 0 0¢,(x,) © Ga(@) ™,
by definition of automorphism of a functor. Then

9y, ({mh =
= {o‘ = (UY)YeOb(CQ) € Aut(GQ) | GQ(O&) ©0G (Xo) © G2(a)—1 =0y, = 7—} —
= {0 = (0v)yeob(c,) € Aut(G2) | 0, (x) = Go(a) P oToGy(a) =17} =

= 05 o (P = (Uxe 0 ) (1)) = 0™ (M) -

So, since ¢ is bijective, we have that gp(g;ol({T})) = f)}ol({T’}), which is open by the
definition of the topology on Aut(G20G1). Then ¢ is open. Hence ¢ is both a group
isomorphism and a homeomorphism. O

Lemma 1.4.25. Let (7p)rex be a family of finite groups (with K an arbitrary index
set) and consider on each my, the discrete topology. Then the product [ ], cx mr, with
the product topology, is a profinite group.

Proof. Let I be the set of finite subsets of K. If A, B are two finite subsets of K, we
say that A > B if and only if A D B. This is clearly an order relation. Moreover,
with this order relation is a directed partially ordered set. Indeed, if A, B € I then
AU B is also a finite subset of K, i.e. AUB € I, and we have AUB > A and
AUB > B. We define now a projective system of finite groups. For any A € I,
define 74 := [],c4 Tk Since each m is finite and A is finite, we have that 7,4 is
a finite group. We consider on 74 the product topology, which coincides with the
discrete one. If A, B € I and A > B, define

fag:ma= ] m =75 =[] % (@r)eea = (@)res -
keA keB
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This is obviously a group homomorphism. Moreover, we have f44 = id;, for any
A€l and,if A,B,C € I are such that A > B and B > C, fac = fec o fap. So
(ma)aer, (faB : ma — TB)A,Bel, A>B is a projective system. Then we can consider
the group © = @Ael ma. We claim that [[,cr m = 7. For any A € I, consider
the group homomorphism g4 : [[cx Tk — T4 = [[nca Trs (Tk)kex = (Tr)rea. We
have that g4 is also continuous because its components coincide with the projections,
which are continuous by definition of product topology. Moreover, if A, B € I are
such that A > B, we have

98(x) = (x1)reB = faB ((xr)rea) = fan(ga(x))

for any = (z1)rex € [Ipex 7k, i-e. g8 = fap 0 ga. Then, by the universal prop-
erty of the projective limit, there exists a unique continuous group homomorphism
g ¢ [liex ™ — 7 such that f4 0g = ga for any A € I, where fa : 7 — 74 is the
canonical projection.

On the other hand, let k € K. Then {k} € I and 7y, = 7. So we can de-
fine hy = fay : ™ = TRy = Tk (the canonical projection, which is a continuous
group homomorphism by definition of the topology and of the group structure on
the projective limit). Let h : m — [[,cx ™ be the map with k-th component Ay,
for any k € K, i.e. pg o h = hi, where pg is the canonical projection. Then h is
a continuous group homomorphism, because each component is a continuous group
homomorphism. We have that

pro(hog)=hyog= fuyog=gu =pe=proid,_ =

for any k € K. So hog = ideGKﬂk. Conversely, if A € I, the k-th component of
fao(goh)=gaohisproh=hy= fy, forany k € Aandso fao(goh)= fa=
faoid;. Since this holds for any A € I, we must have g o h = id;. This shows that
[11cx ™ = 7 (as topological groups) and hence [[; 7k is a profinite group. O]

Lemma 1.4.26. A closed subgroup of a profinite group is a profinite group.

Proof. Let m be an arbitrary profinite group (unlike in the rest of this section,
here m does not denote the projective limit of the projective system introduced in
the proposition 1.3.14(3)). Then there exists a projective system of finite groups

I, (mi)icr, (fij : i — 7j)ijer,i>j such that = = 1&1Z ;. We can assume without

loss of generality that m = l'miGI m;. Let ' be a c%sed subgroup of w. For any
1 €1, let f; : m — m; be the canonical projection, which is a continuous group homo-
morphism by definition of the topology and of the group structure on the projective
limit. Define «} := f;(n’) < m;. Then = is a finite group. Moreover, for any ¢,j € I
such that > ] we have that flj(ﬂ';) = fl](fZ(Tr/)) = (fzg ] fl)(ﬂ'/) = fj(ﬂ'/) = 71';
(the definition of projective limit implies that f;; o f; = f;). So we can restrict f;;

to m; and get a (surjective) group homomorphism f;; = (fi;), : m — @} It is

clear that (m})ier, (fi; : ™ — ;)ijer,i>j is a projective system. 'We will show that
n’ =lim _ . First of all, we prove that 7" = w N [[;c; 7 (as subsets of [[;c; m). If
0 = (04)ier € 7', then for any i € I we have o; = fi(0) € fi(n') = 7. Soo € [[;c; ;.
This shows that 7' C [],c; 7. But we have also that 7’ C 7, by assumption. So

64



1.4. THE MAIN THEOREM ABOUT GALOIS CATEGORIES

' Cr N ]Lier i

Conversely, let 0 = (0i)icr € ™ N [[;c; 7 In particular, o € 7. We want to show
that o € 7/ (topological closure). Let U be a neighbourhood of ¢ in 7. By definition
of the topology on the projective limit, a local base for 7 at o is given by

n
{“ i = ﬂ 'Hoi}) | n €N, il,...,inel}.

Then there exist n € N, 41,...,i, € I such that U;, ;, C U. By definition of
projective system, [ is directed. So there exists j € I such that j > i for any
k = 1,...,71. We claim that Uj Q Uuzn Let 7 = (Ti)iel S Uj = fj_l({a'j}).
Then 7; = fj(r) = 0j. Since o,7 € T = lim, i, we have that fio(1) = 7, =
fiin (75) = fjin(05) = 04, for any k = 1,...,n (definition of projective limit). Then
T € fizl({aik}) for any £ = 1,...,n and this shows that 7 € ()}_, fizl({aik}) =
Uiy..in- So Uj € Uyy..4, € U. Since 0 € [[;c; 7, we have that o; € 7T;< = fi(7').
Then there exists 7 € n’ such that o; = f;(7), ie. T € fjfl({aj}) = U;. So
7 € n' NUj, which shows that 7/ N U; # 0. Then we have also that 7’ N U # 0,
because 7' NU; C 7' NU. Since this holds for any neighbourhood of ¢ in 7, we have
that o € /. But 7’ is closed by assumption, so 7/ = 7’ and o € #’. This proves that
=m0 ] e i

We have that lim, m; is a subgroup of [[,c; m < [[;c; mi, so we can see Jm, ;
as a subgroup of [[,.;m; (with the subspace topology). Let o = (04)ier € Lle] .
Then, by definition of projective limit, we have that o; = f/;(0:) = fij(0:) for any
i,j € I with ¢ > j. SOUGLGJWJ = 7. Then we have that o € m N [[;c; 7.
This shows that lim, _ m, C N [];ep 7. Conversely, let o = (03)icr € 7N [Lic; 7

Then for any ¢ € I we have that o; € m,. Moreover, 0 € T = @ie] m; and so
oj = fij(oi) = fi;(0i) for any i,j € I such that i > j. This shows that ¢ € lim__, ).

Hence 7/ =7 NJ]J L 1 7} is a profinite group. O

el G

Lemma 1.4.27. The automorphism group of the fundamental functor F is a profinite
group.
Proof. Since C is essentially small, there exist a small category C’ and an equivalence
of categories G : C' — C. Define F/ = FoG : C' — sets. By lemma 1.4.24, we have
that Aut(F) = Aut(F”) as topological groups. So it is enough to prove that Aut(F")
is profinite. We can see Aut(F”’) as a subgroup of HXGOb(C,) Srr(x), where Sgr(x)
is the symmetric group on F’(X) (which is a finite group because F'(X) is a finite
set). Notice that it makes sense to consider this product because Ob(C') is a set.
Moreover, the topology on Aut(F’), defined as in remark 1.4.23(3), coincides with
the subspace topology of the product, if we consider the discrete topology on Sgr(x)
for any X. By lemma 1.4.25, we have that HXeOb(C,) Spi(x), with the product
topology, is a profinite group, because it is a product of finite groups. We prove now
‘(cih?it Aut(F’) is closed in HXEOb(C,) Spr(x)- For any morphism f :Y — Z in C/,
efine

Cr:= 14 (ox)xeonicn € ] Srx)|oz0F(f)=F'(f)ooy
Xeob(C)
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Then we have that Aut(F’) =y, zeon(cry, fv—z Cr- Let f:Y — Z be a morphism
in C'. Define the map

pzv . ] Sex) = Sriz) X Spiv)s (0x)xeonc) — (02,0v) .
Xeob(C)

Then, if we consider on Sp/(zy X Spr(yy the product topology (which coincides with
the discrete one), pzy is continuous, because its components are the canonical pro-
jections on Sgr(zy and Spi(y), which are continuous by definition of the product
topology on HXGOb(C/) Spr(x)- Consider now the set

Af = {(0‘1,0‘2) S SF’(Z) X SF/(y) | 01 OF/(f) = F,(f) OO‘Q} - SF’(Z) X SF/(y) .

We have that Cy = p;, (Ay) (see the definitions). But Ay is closed in Spr(z) X Spr(vy,
which has the discrete topology. So C/ is closed in HXEOb(C,) Spr(x)- Then Aut(F")
is closed in HXeOb(C,) Sr/(x), because it is the intersection of closed subsets. Hence
Aut(F’) is a profinite group, by lemma 1.4.26. O

Remark 1.4.28. In the proof of lemma 1.4.27, we did not use the axioms of Galois
categories. We used only the fact that C is essentially small. So the result is true
for any essentially small category with a functor to the category of finite sets.

Lemma 1.4.29. For any object Y of C, we have a continuos action of Aut(F') on
F(Y), defined by oy = oy (y) for any o = (0x)xconc) € Aut(F), y € F(Y). We
denote by H'(Y) the set F(Y') equipped with this action. Then H'(Y') is an object
of Aut(F)-sets (recall that F(Y) is a finite set). Moreover, if Y, Z are objects of
C with a morphism h :Y — Z, then F(h) is a morphism of Aut(F)-sets. If we set
H'(f) = F(f), then H' : C — Aut(F)-sets is a functor.

Proof. Let Y be an object of C. Since 15,4(r) = (idr(x)) xeon(c), we have that
Lawe(ryy = idpy)(y) = v, for any y € Y. Moreover, let 0 = (0x)xcob(c): T =
(7x)xeob(c) € Aut(F). Then o7 = (0x 07x)xecon(c) and so (07)y = (oy o1y )(y) =
oy (tyv(y)) = o(1y(y)) = o(7y). So we have indeed defined a group action. We have
to prove that this action is continuous. Let y € F(Y). Then

Stabaut(r)(¥) = {0 = (0x)xconc) € Aut(F) |y = oy = oy (y)} =
= f}jl(StabsF(Y)(y)) )

where fy : Aut(F) — Spy), 0 = (0x)xeob(c) + 0y is continuous by definition of
the topology on Aut(F') (remark 1.4.23(3)), if we consider the discrete topology on
Sr(y)- Then, since Stabg,,, is open in Sp(y), we have that Stabaugr) (y) is open
in Aut(F'). So the action is continuous by lemma 1.1.14.

Let Y, Z be objects of C and h : Y — Z a morphism. Let y € Y and o =
(0x)xecob(c) € Aut(F). By definition of automorphism of a functor, we have that
oz o F(h) = F(h) o oy. Then we have that

F(h)(oy) = F(h)(oy(y)) = oz(F(h)(y)) = o F(h)(y) -
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So F'(h) is a morphism of Aut(F)-sets.

It remains to prove that H' is a functor. This follows immediately from the fact that
F is a functor. Indeed, H'(idy) = F(idy) = idp(y) = idgr(y) for any object Y of C
and H'(hgohy) = F(haohy) = F(hg)o F(hy) = H'(h1)o H'(hg) for any hy : Y — Z,
ho : Z — W morphisms in C. O

Remark 1.4.30. If H' is the functor defined in 1.4.29, then forppyoH' = F, where
for yue(ry : Aut(F')-sets — sets is the forgetful functor.

Now we want to prove that the functor H' defined in 1.4.29 is an equivalence of
categories. We need some lemmas.

Lemma 1.4.31. The intersection of all open normal subgroups of a profinite group
1s trivial.

Proof. Let m be an arbitrary profinite group (unlike in the rest of this section,
here m does not denote the projective limit of the projective system introduced in
the proposition 1.3.14(3)). Then there exists a projective system of finite groups
I, (m)ier, (fij  mi = ™j)ijer,i>; such that m = @1@ m;. We can assume without
'am nt open T - We claim that 1 € {x}
(topological closure). Let U be a neighbourhood of 1. By definition of the topology
on the projective limit, a local base for m at 1 is given by

el
loss of generality that m = @ie[ mi. Let x € ),

{Ujl---jn = m p]_kl ({1jk}) = m Ker(p]k) ne N? j17 oo 7jn € ]} )
k=1

k=1

where p; : ™ = @ie ;o TS the canonical projection (which is a continuous
group homomorphism) for any j € I. So there exist n € N, ji1,..., 7, € I such that
Uj,..j, CU. Forany k =1,...,n, we have that Ker(p;, ) is an open normal subgroup
of m. So z € Ker(pj,). Then = € (,_, Ker(pj,) = Uj,..j, € U. This proves that
U N{z} # 0. Since this holds for any U, we have that 1 € {}. But 7 is Hausdorff,
by remark 1.1.10. In particular, points are closed. So {xi} ={z}. Hence x =1. O

Lemma 1.4.32. In this lemma, we do not use the notation introduced in proposition
1.3.14 and we denote by m an arbitrary profinite group. We denote by for : m-sets —
sets the forgetful functor. Since w-sets is o Galois category with fundamental functor
for, we can define a functor H' : w-sets — Aut(for)-sets as in lemma 1.4.29. For
any open subgroup @' of w, we see 7/7’' as a w-set with action of w given by left
multiplication, as in lemma 1.4.9.

(1) The map

T2 Aut(for) - H S7T/7T/7 (UX)XEOb(ﬂ-sets) = (Uﬂ/ﬂ/)ﬁ’ﬁlﬂ,n’ open
7' <7

' open

18 an wnjective group homomorphism.
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(2)

(3)

Let 7' be an open normal subgroup of w. The map
Y )7 — Autgogets(m/7), TR (7'/71'/ — (7'/7'—1)71'/)

is an isomorphism of groups. Moreover, if f : w/7’ — /7" is a map of sets
such that foo =oo f for any 0 € Auty_sets(m/7'), then there exists a unique
' € w/xn’ such that f = frp, where foo is defined by fro(7'7") = (77")7’
for any /7’ € w/7" (it is immediate to check that frp is well defined for any
T’ € /7', using the fact that 7' is normal).

We have that Aut(for) = 7 as profinite groups and H' coincides with the functor
induced by this isomorphism.

Proof. (1) The fact that ¢ is a group homomorphism follows from the definition

of the group structure on Aut(for). Let 0 = (0x) xeob(r-sets) € Ker(y). Then

(Uﬂ/ﬂ/)w’ﬁw,ﬂ’ open — 90(0'> = (idﬂ/w’)w’ﬁw,w’ open

L.e. 0/ = idg v for any open normal subgroup 7' of m. Let X be an object
of m-sets. We can write X as the disjoint union of its orbits: X = [ X;
(n € N), such that the action of 7 on X; is transitive for any ¢ =1,...,n. Let
x € X. Then there exists a unique i € {1,...,n} such that x € X;. Denote
by ¢; : X; = X the canonical inclusion, which is a morphism of m-sets. Then,
since o is an automorphism of for, we have that

ox oq; = ox ofor(g;) =for(¢;) ocox, =qgioox, .

So ox(x) = ox(qi(z)) = qi(ox,(z)) = ox,(x). By lemma 1.4.9 there exists
an open subgroup m; < 7 such that X; is isomorphic to 7/m; as a m-set. Let
a; : X; — m/m; be an isomorphism of 7-sets. Since ¢ is an automorphism of for,
we have that oy, = for(a;)~ 1o Or/m; © for(;) = ai_l 00/, © . Moreover, let
7} be the normal core of m;, i.e. 7, := (.o, 7m7 + < 7. Since ; is open, it has
finite index in 7, by lemma 1.1.11. Notice that, if mym; = Tom; with 7,70 € 7,
then 7'171'in1 = TgﬂiTgl. So the set {rm7~! | 7 € ©} is finite. Since 7 is a
topological group, conjugation by 7 is a homeomorphism for any 7 € 7 and so
Tm;7~ ! is open, because ; is open. Then 7} is open in 7, because it is a finite
intersection of open subsets. So 7} is an open normal subgroup of 7, which
implies that o, /v = idy /. Consider the map f; : m/m; — w/m;, Tmj — 7.
This map is well defined, because 7} C ;. Moreover, 3; is clearly a morphism
of m-sets, by definition of the action on 7 on 7/7; and on m/m;. Since o is an
automorphism of for, we have that

Or/m; © ﬁz =O0r/m; o fOI‘(ﬁZ) = fOI‘(ﬁZ) o O-7r/7r2’. = BZ o 1d7r/7r7f = BZ = idrr/m OBZ' .

But f; is clearly surjective and so an epimorphism of sets (see example 1.1.3(6)).
Then we must have o/, = id;/r,. Soox, = ai_l OO0/, O = ai_l oy = idy;
and ox(x) = ox,(xr) = x. Since this holds for any z € X, we have that
ox =1idx. Then o = (idx) xcOb(r-sets) = LlAut(for). Hence  is injective.
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(2)

First of all, we check that ¢,/ is well defined. Consider 77’ € n/n’. If 7/'7’ =
"7, with 7/, 7" € 7, then (7")~'7' € 7’ and so

1\ -1 _ _ _
(7_//7_ 1) (T/T 1) =7 ((7_//) 17/) T 1 c 7_‘_/ 7
because 7 is normal. So (/77 Y7’ = (7"771)7’. This shows that the map
n/n’ — n/x’, T'7' s (r'771)7 is well defined. Moreover, it is a morphism
of m-sets. Indeed, if o € 7, we have that ((o7)7 )7’ = (o(r'77 )7’ =
o((7'771)7’). It remains to check that this map does not depend on the choice
of 7. T myn’ = mor’, with 7y, 7 € m, then 7, '7y € 7. So, for any /7’ € 7/7,
we have that
1y -1 _ 1 _ _ _
(7' 1) (7'73 D=n()y"l=nn'=n (73 17'1) ten,

because 7’ is normal in 7. Then (77 )’ = ('75 1)7'. So 1, is well defined.
Let 77, 7on’ € w/7’. For any 7'7’ € w/7’, we have

(1/%' (7—17"/) o %r/ (7-277/)) (T/ﬂ-/) = 1/}; (TlTr/) ((7—/7—2_1) ﬂ-/) =

= ((T/Tgl) Tfl) = (7'/(717'2)_1) 7' =Y ((mm)m) (7’7 .

So Y (T7") 0 Y (Tor’) = Y (m2)7") = Y ((17’) (127’)), which shows that
Y is a group homomorphism. TLet 77" € Ker(¢r), i.e. p(17') = idy/m.
Then 7'’ = ¢ (rn')(n') = id; /o (7') = 7', which means that 7! € 7',
Since 7’ is a subgroup of 7, we must have also 7 = (717! € 7/ and so
7' = 7'. This shows that 1, is injective. It remains to prove that it is
surjective. Let 0 € Autgsets(m/7’). Since o(n') € 7/7', there exists 7 € 7
such that o(n’) = 7', Let 7'’ € m/n’, with 7/ € 7. Then, since o is a
morphism of 7-sets, we have that o(7'7") = o(7'(7")) = 7' (o(x')) = 7/ (77') =
(r'T)7" = (1717 (7'7'). So o = (77 17). This proves surjectivity.

Let now f : w/7" — 7/7’ be a map such that f oo = oo f for any o €
Autysets(m/7'). Since f(7') € w/x’, there exists 7 € 7 such that f(x') = 77’
Let 77" € 7/7" and consider ¥(;/)-1 € Autrsets(m/7’). Then f ot -1 =
Vi1 0 f. We have that ¢()-1.(7") = ((7")_1)_1 7! = 7'7" and so

f(T/ﬂ-/) =f (¢(T/)_17T/ (ﬂ-,)) = w(T’)_lﬂ/(f(ﬂ-/)) =

= Yy-1p(tn') = (77) 7" = fro(T'7') .

Then f = fr, as we wanted. If 7o' € w/7" is such that f = fz, then
7' = frw(7') = f(7') = 77'. So we have uniqueness.

For any 7 € 7 and any finite m-set X, define ox, : X — X, = — 72. By
definition of group action, we have that ox ;-1 is the inverse of ox -, s0 ox ;
is bijective, i.e. oxr € Sx = Sgp(x). Let X, Y be two finite 7-sets, with a
morphism of 7m-sets h : X — Y. By definition of morphism of m-sets, we have
that

(hoox.r)(@) = hira) = Th(x) = (0v o h)(x) |
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for any x € X. So for(h) ocox, = hoox, = oy oh = oy, ofor(h). This
proves that o := (0xr)xcOb(n-sets) 15 an automorphism of the functor for.
Consider now the map

¢ : 7 — Aut(for), 7 — o .

We claim that @ is an isomorphism of topological groups. Let 7,7 € 7 and
let X be a finite 7w-set. By definition of group action, we have that

0xmm () = (MT2)x = T1(T02) =

=0X,m (TQx) =0Xmn (UX7T2 (l‘)) = (UX771 o UXyTz)(x) )

for any z € X. So ox 717, = 0x,71, ©0x,rp- Then we have:

(I)(TIT?) =0nmn = (O—X77'17'2>X60b(ﬂ'-sets) - (UX7T1 ° UX,Tz)XEOb(n-sets) =

= (O-X,T1>X60b(7r—sets) 0 (O-X,T2>X60b(7r—sets) =07 00 = @(7‘1)@(7’2) .

So ® is a group homomorphism. Let 7 € Ker(®), i.e.

(O-X7T)X€Ob(7r-sets) =0r = @(T) = 1Aut(f0r) - (idX)XGOb(ﬂ'-sets) .

Then oy, = idx for any finite m-set X. Let 7’ be an open normal subgroup
of m. Then o/ » =idg/p. So

T = O (7)) = idy (7)) = 7",
which means that 7 € 7'. Then we have that 7 € (V14 1 open ™ By lemma
1.4.31, this implies 7 = 1. So @ is injective. Let 0 = (0x)xcOb(rsets) €
Aut(for). Let 7’ be an open normal subgroup of m. We have that o,/ is a
(bijective) map from m/7" to w/7'. Let a € Autrgets(m/7’). By definition

of automorphism of a functor, we have that o,/ 0o @ = 0,/ o for(a) =
for(a) 0 0/ = a0 0 /n 0 . Then, by point (2), there exists Tun’ € 7/’
such that o,/ = f; . We want now to find 7 € 7 such that 77" = 77’

for any open normal subgroup n/. This means that 7 € 77’ for any open
normal subgroup 7'. So it is enough to show that ()14, 1/ gpen (T 7) # 0. For
any normal open subgroup 7, left multiplication by 7,/ is a homeomorphism,
because 7 is a topological group. Moreover, by lemma 1.1.11, 7’ open implies
7' closed. So 77’ is closed. Since 7 is a profinite group, it is compact. Then,
in order to prove that (1) 7o) # 0, it is enough to show that

', ! open(

(T 1) NN (e 7,) # 0 for any n € N, @, ..., m, open normal subgroups
of m. Given such 7{,...,n,, define 7’ := 7{ N---Nx}. Then 7’ is a normal
subgroup of m and it is also open, because it is a finite intersection of open
subsets. Fix i € {1,...,n} and consider the map f; : 7/7" — n /7., 77’ 77,

which is well defined because 7’ C 7). It is immediate to check that 3; is a
morphism of 7-sets, by definition of the action of 7 on 7/7" and on 7 /7. Since
o is an automorphism of for, we have that

fTﬂ/jrz’. © /BZ = 0-7r/7r1’. o for(/BZ) = for(ﬁz) o On/n! = /BZ o fTﬂ,/ﬂ'/ .
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S0 Tr ’7T f’T /7r ( ) f’T /7r (Bz( )) = /B’L(fT /7r’( ,)) = Bi(Tﬁ’ﬂ'/) = T7T'7Tz," This
means that Tﬂ € Tp /77 So Tar € (T @) O+ N (7w, my,), which shows that
(Toy 1) O e N (T ) 7é 0, as we wanted. Then there exists 7 € 7 such that
7o = 7’ for any open normal subgroup 7. So o, /wt = frrar = frar. From
the definitions, it is clear that frr = 0x/x/ 7. S0 O/ = Orjp 7, for any open
normal subgroup 7’ of . Then

QD(U) = (Uw/w’)w’ﬂw,ﬂ’ open — (Uw/w’,r)ﬂ’ﬁw,w’ open — SO(UT) .

Since ¢ is injective by point (1), we must have ¢ = o, = ®(7). So ® is
surjective. Then & is a group isomorphism. We prove now that ® is continuous.
Recall that a subbase of the topology on Aut(for) is given by

{f;l({U}) | Y € Ob(r-sets), o € Stor(v) = Sy } -

where we defined fy : Aut(for) — Sgr(v) = Sy, (0X)xe0b(r-sets) = oy Let
Y be a finite m-set and o € Sy. We have to prove that ®~(f,'({c})) =
(fy o ®)71({o}) is open in 7. Notice that, for any 7 € 7, (fy o ®)(7) = oy,
Then

(fro®)'({oh) ={ren|oyv, =0} .

If (fy o ®)"1({o}) = 0, then it is clearly open Otherwise, let 79 € (fy o
®)"1({o}), ie. oy =o0. 1€ (fyo <I>) 1({c}), then oy, = o and so
Oyrts = a;’lm ooy, =0"too=idy. So 757 € (fy o ®)"({idy}) and this
shows that (fy o ®)"'({o}) C 7o(fy o ®)~*({idy}). Conversely, if 7 € (fy o

L({idy}), then oy, = idy and so0 oy .ryr = Oy,5y 0 0y,r = 0 0idy = o, which
means that 707 € (fy o ®)71 (o). So (fy o ®)"*({o}) = 10(fy o @)~ ({idy }).
Since 7 is a topological group, multiplication by 7p is a homeomorphism. Then,
in order to prove that (fy o ®)7'({c}) = 70(fy o ®)"1({idy}) is open, it is
enough to prove that (fy o ®)~!({idy}) is open. We have that

(fy o (I))il({idy}) = {T em | Oy,r = idy} =
={ren|VyeY rty=oy,(y) =idy(y) =y}.

This is the kernel of the action of 7 on Y, which is open by lemma 1.1.14, since
Y is finite. So @ is continuous.

Since 7 is a profinite group, it is compact by remark 1.1.10. By lemma 1.4.27,
also Aut(for) is profinite. In particular, it is Hausdorff, by remark 1.1.10. If
C C  is closed, then it is compact (a closed subspace of a compact space is
compact) and so ®(C) is compact in Aut(for). But a compact subspace of a
Hausdorff space is closed. Then ®(C) is closed. So ® is a closed map. We
already know that it is bijective and continuous, so it is a homeomorphism.
This proves that ® is an isomorphism of topological groups. So m = Aut(for)
as profinite groups.

The isomorphism @ induces an action of Aut(for) on any m-set Y: oy =
®~Y(o)y for any o € Aut(for), y € Y. It is immediate to check that this
is a continuous group action and that any morphism of 7-sets is a morphism
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of Aut(for)-sets. So we have a functor H” : m-sets — Aut(for)-sets, with
H"(Y) =Y equipped with the action of Aut(for), for any object Y of m-sets,
and H"(f) = f, for any morphism f : Y} — Y5 in m-sets. We claim that this
functor coincides with H'. We have H'(f) = f = H"(f) for any morphism
f in m-sets. So we have to check only that H(Y) = H"(Y), i.e. the two
actions of Aut(for) coincide, for any object Y of w-sets. Let Y be an object
of m-sets. Let 0 = (0x)xcOb(rsets) € Aut(for) and y € Y. The action
induced by ® (functor H") gives us 0.y = ®~!(0)y, while the action defined
as in lemma 1.4.29 (functor H') gives us oy = oy (y). Let 7 := ® (o). Then
0 = ®(7) = (0x,7) XcOb(r-sets)- In particular, oy = oy;. So

oy=oy(y) =oy.(y) =Ty=0 o)y =0y.
0

Lemma 1.4.33. Let Cy, Co be two categories, with Cy essentially small, and let
Fi,Fy : Cy — Cg be two functors. If F1 and Fy are isomorphic, then Aut(F}) =
Aut(Fy) as profinite groups and the isomorphism is canonically determined up to an
inner automorphism of Aut(F}).

Proof. Let o : F1 — Fy be an isomorphism of functors, i.e. for any object X of
C; we have an isomorphism ay : F1(X) — F»(X) in Cq and these isomorphisms
are compatible with each other, i.e. the following diagram is commutative for any
morphism f: X — Y in C;.

Fi(X 25 (X)
Fl(f)l le(f)
(Y m(Y)

If o = (0x)xeon(c,) € Aut(F1), then for any X we have that ax oox o ay'
F5(X) — F5(X) is an isomorphism, because it is a composition of isomorphisms. So
ax ooy oay € Autc,(Fo(X)). It is immediate to check that these isomorphisms
are compatible with each other, so (ax oox o a}l)XeOb(Cl) is an automorphism of
F5. Then we can define the map

Qo : Aut(F1) = Aut(Fy), 0 = (0x)xeob(cy) = (ax 0 ox 0 ay') xeon(cy) -

We claim that this map is an isomorphism of profinite groups. It is clearly bijective,
with inverse

@'t Aut(Fy) = Aut(F1), 0 = (0x)xeob(c,) — (@x ©0x © ax)xeon(Cy) -

If 0 = (0x)xcob(cy), T = (Tx) xeob(c,) € Aut(F1), then

PaloT) = pa((ox OTX)XGOb(C1)) =(axooxoTxo a_l)XGOb(Ch) =
= ((axooxoa o (arx oa™))xeoncy) =

= (ax 0ox o a™ ) xeop(cy)(@x © Tx 0 ™) xeon(cy) = Pal@)PalT) -
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So o is a group homomorphism. We prove now that it is continuous. For any
object Y of Cy, define fy : Aut(F1) — Autc,(Fi(Y)), (0x)xecob(c,) = oy and
gy + Aut(F2) — Aute, (F2(Y)), (0x)xeob(c,) + oy. By definition of the topology
on Aut(F3), a subbase is given by

{g{,l({T}) } Y € Ob(Cy), 7 € Autc, (F2(Y))} .

For any object Y of C; and for any 7 € Autc, (F2(Y')), we have that

v oy ({T1) = (9v 0 va) " ({T}) =
{o = (0x)xeon(cy) | @0oyoa™ =(gy opa)(o) =7} =
= {0 = (0x)xconcy) |oy =a"loroa} = fi ({a " oroa}),

which is open by definition of the topology on Aut(F}). So ¢, is continuous. In
the same way, one can show that ¢, ! is continuous. So ¢, is an isomorphism of
topological groups, as we wanted.

It is clear from the definition of ¢, that it depends on the isomorphism «. Let [ :
Fy — F, be another isomorphism, i.e. we have isomorphisms Sx : F1(X) — F2(X)
(for any object X of Cp) that are compatible with each other in the same sense as
above. Then f~'a = (Bx o oz;(l)XGOb(Cl) is an automorphism of the functor F; (for

any X, 85 o ax : F1(X) — Fi(X) is an isomorphism and these isomorphisms are
compatible). Define

Vg-14 ¢ Aut(F)) = Aut(Fy), o = (87 a)o(B7 a)™!

(conjugation by S~'a). Then v4-1, is an inner automorphism of Aut(F}). For any
o = (0x)xeob(c,) We have that

pp(0) = (Bx 0 ox 0 B%") xeob(cy) =
= (OéX ° (04)_(1 offixooxo ﬂ)_(l ° OéX) o a;{1>X€Ob(Cl) =
Yo ((ay' 0 Bx 0 ox 0 B! 0 ax)xeon(cy)) = PalVs-14(0)) -

Hence pg = pa 0 vg-14- O

Theorem 1.4.34 (Main theorem about Galois categories). Let C be an essentially
small Galois category with fundamental functor F'. Then:

(a) if ™ is a profinite group and G : C — 7'-sets is an equivalence of categories
such that for’ oG = F, where for’ : 7’-sets — sets is the forgetful functor, then
' =2 Aut(F) as profinite groups;

(b) the functor H' : C — Aut(F)-sets defined in lemma 1.4.29 is an equivalence
of categories;

(c) if F' : C — sets is another fundamental functor on C, then F and F' are
isomorphic;
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(d) if 7 is a profinite group such that C and ©'-sets are equivalent, then n' =

Aut(F) as profinite groups and the isomorphism is canonically determined up
to an inner automorphism of Aut(F).

Proof. (a) Applying the lemmas 1.4.24 and 1.4.32(3), we get that

Aut(F) = Aut(for’ oG) = Aut(for’) = 7’ |
as topological groups.

By proposition 1.4.21, we have that the functor H : C — w-sets defined in
lemma 1.4.2 is an equivalence of categories (here 7 is again the projective limit
of the projective system of groups defined in proposition 1.3.14(3)). Moreover,
by remark 1.4.3, we have that foroH = F. By point (1), we have an isomor-
phism Aut(F') = 7, as profinite groups. This isomorphism induces a functor
H" : m-sets — Aut(F)-sets, which is clearly an isomorphism of categories (in
particular an equivalence of categories) and by lemma 1.4.32 coincides with
the functor defined applying lemma 1.4.29 to the Galois category m-sets (with
fundamental functor the forgetful functor). We claim that H = H” o H. This
is clear on morphisms, because H'(f) = f = H"(f) = H"(H(f)) for any mor-
phism f. So we have to prove only that the effect on objects is the same, i.e.
that the two actions of Aut(F') on F(Y) coincide for any object Y. Let Y be an
object of C. Let 0 = (0x)xecob(c) € Aut(F), y € F(Y). The functor H' gives
us oy = oy (y). On the other hand, by lemma 1.4.32(3), the functor H” o H
gives us 0.y = ¢~ (0)y, where ¢ : Aut(for) — Aut(F) is the isomorphism de-
fined as in lemma 1.4.24. Define 7 = (7x) xcOb(r-sets) ‘= ¢~ 1(0). This means
that (o0x)xcobc) = 0 = @(T) = (TH(x)) xcob(c)- In particular, oy = Tgy).
Then

oy=oy(y) =Tuy)y) =Ty=9¢""(0)y=0y.
This proves that H'(Y) = H"(H(Y)). So H' = H"” o H' is an equivalence of
categories, because it is the composition of two equivalences.

Define J' in the same way as we defined J, but using the functor F’ (see the
lemmas 1.2.31 and 1.3.10 and the remarks 1.2.32(1) and 1.3.15(2)):

J = {[(A, a)]w, ‘ A Galois, a € F/(A)} )

where [(A,a)] ~' [(B,b)] if and only there exists an isomorphism f : A — B
such that F'(f)(a) = b and [(4,a)]~ > [(B,b)]~ if and only if there exists
a morphism f : A — B such that F'(f)(a) = b. By corollary 1.3.11, we
have that F' @jej Homg (A, —) and F' = @jeJ’ Homc¢(Bj, —), where
for any j € J' we chose a pair (Bj,b;) with B; connected, b; € F'(B;) and
J = [(Bj,b)]~ (Gf j1,j2 € J and ji > jo, we denote by g;,5, : Bj; — Bj,
the unique morphism such that g;, ;,(bj,) = bj,). So it is enough to prove that
@jeJ Homc(4;,—) = @jeJ’ Homc¢(Bj, —).

First of all, we will find an order isomorphism between J and J'. Let j € J.
Then j = [(4;,a;)]~ and A; is Galois, by remark 1.3.12. In particular, A4; is
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not initial (remark 1.2.13(1)) and so F'(A;) # 0, by lemma 1.2.17 applied to
the fundamental functor F”. Choose aj € F"(A;). Then [(4;,a})]w € J (recall
that the fact of being Galois does not depend on the fundamental functor, by
remark 1.3.2(2)). So we can define the map

a:J— J/, j— [(Aj,a;)]N/ .
We claim that « is bijective. Let ji,j2 € J be such that a(ji1) = a(j2), i.e.
(A%, a} )]~ = [(Aj,, @, )]~ This means that there exists an isomorphism f :
Aj, — Aj, such that F'(f)(a},) = a},. Consider F(f)(aj,) € F(Aj,). Since 4j,
is Galois, by lemma 1.3.4 the action of Autc(Aj,) on F(Aj,) is transitive. So
there exists o € Autc(4A;,) such that a;, = F(0)(F(f)(aj,)) = F(o o f)(aj,).
This shows that j1 = [(4;,,aj,)]~ = [(A},,2)]~ = J2. So a is injective.
Let k € J'. Since k = [(By,bi)|~ € J', we have that By is Galois, by re-
mark 1.3.12. Moreover, F(By) # 0 (because By connected implies By not
initial, see remark 1.2.13(1) and lemma 1.2.17). Choose b € F(By) and de-
fine j := [(Bg,b)]~ € J. From [(4;,aj)]~ = j = [(Bs,b)]~ it follows that
there exists an isomorphism f : A; — By, such that F(f)(a;) = b;. Consider
F'(f)(a}) € F'(Bg). Since By is Galois, the action of Autc(By) on F'(By)
is transitive, by lemma 1.3.4 apllied to the fundamental functor F’. So there
exists o € Autc(By) such that b = F'(0)(F'(f)(a})) = F'(0 o f)(a}). This
shows that [(By, )]~ = [(4j,a})]~ = a(j). Then « is surjective.
We prove now that, for any j1,j2 € J, a(j1) > a(j2) if and only if j; > jo.
Assume that ji > jo, i.e. [(4j,, a5 )]~ > [(Ajy,aj,)]~. This means that there
exists a morphism f : A; — Aj, such that F(f)(a;;) = F(f)(a;,). Con-
sider I'(f)(a} ) € F'(Aj,). Since Aj, is Galois, by lemma 1.3.4 the action
of Autc(Aj,) on F'(Aj,) is transitive. So there exists o € Autc(4;,) such
that o}, = F'(o)(F'(f)(a},)) = F'(o o f)(a} ). This shows that a(ji) =
[(Ajy, aj))]~r = [(Ajs, a,)]r = a(f2).
Conversely, assume a(j1) > a(ja), i.e. [(A],a} )] > [(Ajy,a),)]~. This
means that there exists an morphism f : Aj, — Aj, such that F'(f)(a},) = a},.
Consider F(f)(aj,) € F(A;,). Since Aj;, is Galois, by lemma 1.3.4 the action
of Autc(A4;,) on F(Aj,) is transitive. So there exists o € Autc(A4;,) such that
Qjy = F(J)(F(f)(ajl)) =F(oo f)(aj1)' This shows that j; = [(Ajlvaji)]'v 2
[(A]év an)]N = J2.
Notice that for any j € J we have

(A5, @)~ = a(4) = [(Bagj), bagi))l~ -

In particular, A; = B,;). We want to find isomorphisms h; : A; — By (for
any j € J) in a way that is compatible with the morphisms f,j, and ga(j;)a(j2),
i.e. we would like to have go(j)a(j) © Ry = hj, © fjjo for any ji,ja € J
with j1 > jo. For any j € J, let S; be the set of isomorphisms from A; to

B,(j), which is non-empty because A; = B, ;). Notice that Homc(Aj, Byj)) is
finite, because we have that wfél";f;j) : Homg(Aj, Bagjy) — F(Bagj)) is injective

(lemma 1.2.30) and F'(B,j)) is a finite set. So S; € Homc(Aj, By;)) is also

a(j)
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finite, for any j € J. Consider the discrete topology on each S; and the product
topology on HjeJ S;. Then S; is compact for any j € J, because it is finite,
and so the product is compact by Tichonov’s theorem. For any ji,j2 € J with
J1 = Jjo, define

Tjjo =S (hi)jes € []55 | 9ativatin) © his = bz © Fijn ¢ € [ S5 -
jeJ jeJ

We claim that T := (), j,es 15, Linjs # 0. For any k € J, define py :
HjeJ S; — Sj, to be the canonical projection, which is continuous by definition
of product topology. Let ji,j2 € J be such that j; > jo. If we consider the
discrete topology on Homg(A4;, Ba(j)) for any j, then also the maps

f]*le : HOmc(Ajz, Ba(jz)) — HomC(Aj:[?BOé(jQ))) h— ho fj1j2

and

Ja(i)aliz), : Home(Ajy, Bag)) = Home (A, Bagy))s b+ Gagiy)ags) © P

are continuous. Then, considering the product topology (which is again the
discrete topology) on Homg(Aj,, Byj,)) X Homa(Aj,, Byj,)), the map

Qjjop * H Sj — Homc(Ajl,Ba(j2)) X Homc(Ajl,Ba(jQ)),
Jj€J
(hi)jes = (9a(inatia) © i i © fira)

Is continuous, because its components are go(j;)a(jz), ©Pji and f;-kle o pj,, which
are compositions of continuous functions. Define

Ajijs = {(h, h) [ h & Home(Ay,, Bag,))} ©
- HomC(Ajl,Ba(j2)) X Homc(Ajl, Ba(jg)) .

Then Aj, j, is closed, because Home (Aj,, By(jy)) X Home(Ajy, Baj,)) has the
discrete topology. We have that T}, ;, = qjj;é (Ajj,)- So T}, is closed and this
holds for any j1, jo € J with j; > jo. Then, by the compactness of HjeJ S;, in
order to show that T" # () it is enough to prove that T}, N ---N T}k, 7 0 for
any n € N, j1,...,jn, k1, .., kn € J with j; > k; for every ¢ = 1,...,n. Fix
such j1,...,jn, k1,...,kn € J. Since J is directed (lemma 1.3.10), there exists
k € J such that k > j; for any ¢ = 1,...,n. Then, by transitivity, we have also
that k > k; for any ¢ = 1,...,n. Notice that these inequalities are preserved
by a. We know that S is non-empty, so we can fix an hy € Si. For any k' € J
with k > k’, we have the following diagram.

frk!

Ak —>Ak/

Y

Ja(k)a(k
Boa(k)—>ba(k’)
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Fix any h € S (recall that we know that Sy # 0) and consider F(h o
fir)(ar)s F(gaikyagry © hue)(ar) € F(Bar)). Since [(Barys bagiy)l~v = k') €
J', we have that By is Galois, by remark 1.3.12. Then Autc(Bap)) acts
freely and transitively on F'(B,)), by lemma 1.3.4. So there exists a unique
(oS Autc(Ba(k/)) such that F(.ga(k)a(k’) o hi)(ag) = F(o)(F(ho fi)(ag)) =

. B, B
F(ooho fgr)(ar). This means that lb(A,:fai)(ga(k)a(k’) ohy) = ¢<A,ff€al)(0 oho

B,y
frr). But ¢(X,:kal) is injective by lemma 1.2.30, because Ay is connected. So we
must have gok)a (k) 0k = 0oho frr. We can define hyy := ooh : Ay — By -
Then hy is an isomorphism, because it is a composition of isomorphisms.

So hy € Sk Moreover, go(kja(k) © he = hir o frwr. We have that hy is
the unique isomorphism with this property. Indeed, if f/L\];/ € Sy satisfies
Ja(k)a(k') © hir = hg o fiyrr, we can define o = hy o Rl Ba(k’) — Ba(k’)7
which is an isomorphism because it is a composition of isomorphisms. So
o € Autc(Byry). Moreover, hy = g o h. Then

F(@)(F(ho fu)(ay)) = F(& o ho fu)(ay) =
= F(hw o furr)(ar) = F(gagma@) © hi)(ar) -

This implies that & = o and so i/z;/ = o oh = hy. Notice that if ¥ = k we
get the same morphism we started with. For any k' > k, choose hy € Sy
arbitrarily (we can do it because Sy # (). So we have defined an element
(hj)jes of the product J[;c;S;. We claim that (hj)jes € Tjpy N+ N Tj,k,-
Let © € {1,...,n}. By lemma 1.2.33, we have that fys, = fjx, o fj;, and
Jakak) = Jali)a(k) © Ja(i)ati): SO

Pk, © fiik; © frji = Pe; © fek; = Ga(k)a(k:) © bk =

= Ja(jak) © Jakat) © Mk = Ja(aks) © i © frji -
By lemma 1.3.9, fi;, : Ax — Aj, is an epimorphism, because A;, is connected
and A is not initial. So we must have hg, o fjk, = Ga(j)a(k:) © ;- This
means that (h;)jes € Tjx,- Then (hj)jes € Tjx, N--- N T}k, In particular,
Tjky N+ NT, g, # 0, which is what we needed. So T # 0. Fix (hj)jes € T.
Let now X be an object of C. For any j € J, the isomorphism h; gives rise to
a bijection

h; : HomC(Ba(j),X) — Homc(Aj,X), f — f o hj .

If j1,j2 € J are such that j; > jo, then the following diagram is commutative,
because hj, © fj 7, = Ja(ji)a(z) © M-

Homg(Byj,), X) —jl>Homc (4;,,X)

gz(jl)a(jz)T I Jikl]é
h*

Homg (B, j,), X) —ZsHome(A4,, X)
Then we can use the universal property of the injective limit to get a bijection

77



CHAPTER 1. GALOIS CATEGORIES

Oy : @jeJHomc(Ba(j),X) — @jeJHomC(Aj,X). Since o : J — J' is an

order isomorphism, we have that

yLnHomc(Ba(j),X) = lim Homc¢(Bj, X) .

J€J JjeJ’
So we have a bijection @y : @jef Homc(Bj, X) — l'gleJHomc(Aj, X). It
remains to prove that these bijections are compatible with morphisms, i.e. that
for any morphism h: X — Y we have

<I>y o @1 Homc(Bj,h) = @Homc(Aj, h) o (PX .
jeJ’ 1€J
Let X € T&ny.ew Homg(Bj, X). Then there exist k € J' and f € Homg(By, X)
such that X = [f]~. We have that

<<I>y o lim HomC(Bj,h)> [(X] = (@y o lim HomC(Bj,h)> ([fl~) =

jer jer
= @y ([ho fl~) = [hg-14y(ho f)lw = [ho foharpl~ =

= lim Homg (A;, 1) ([f © ho-1(sy)~) = lim Home(4;, 1) ([hz_l(k)(f)]N> _
jeJ jeJ

= (@Homc(Aj,h) @] (I)X) ([f]N) = (l'&nHomc(Aj,h) o (I)X> (X) .
J€d jeJ

This proves the compatibility condition. So

lim Home (4;, —) = lim Home(Bj, —)
J€J jeJ’

which is what we wanted.

Let G : C — 7’-sets be an equivalence of categories and let for’ : 7/-sets —
sets be the forgetful functor. Consider the functor F’ := for' oG : C — sets.
We claim that F’ is a fundamental functor on C. Recall that 7'-sets is a
Galois category with fundamental functor for’. Then for’ satisfies (G4), (G5)
and (G6) of the definition.

Let X, Y, S be objects of Cy, with two morphisms f; : X = S, fo: Y = 5.
Consider the fibred product G(X) x¢(g) G(Y) in 7'-sets, together with the
projections p1 : G(X) Xg(s)G(Y) = G(X) and p1 : G(X) Xg(5)G(Y) = G(Y).
By definition of fibred product, G(f1)op1 = G(f2)opz. Since G is an equivalence
of categories, it is essentially surjective (lemma 1.4.5). Then there exists an
object Z of C1 with G(Z) = G(X) xg5) G(Y). Let ¢ : G(Z) — G(X) x¢(s)
G(Y) be an isomorphism. Consider the morphisms p; o ¢ : G(Z) — G(X),
p2ow: G(Z) — G(Y). Since G is an equivalence, it is full (lemma 1.4.5). So
there exist morphisms q1 : Z — X, g2 : Z — Y such that G(¢1) = p1 o ¢ and
G(q2) = p2 o p. We have that

G(fioq) =G(f1)oG(q1) = G(fi)oprop =
=G(f2) oprop =G(f2) 0G(q2) = G(f20¢2) .
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Since G is an equivalence of categories, it is faithful (lemma 1.4.5). So we
must have f; o q = fo 0 g2. Moreover, let W be an object of C with two
morphisms g1 : W — X, go : W — Y such that f; o gy = fs 0 gs. Then
G(f1) o G(g1) = G(fi0g1) = G(f2 0 g2) = G(f2) o G(g2). By the universal
property of the fibred product, there exists a unique morphism h : G(W) —
G(X) x5y G(Y) with p1 o h = G(g1) and ps o h = G(g2). Consider the
morphism ¢l oh : G(W) — G(Z). Since G is fully faithful, there exists a
unique morphism ¢ : W — Z such that G(g) = ¢! o h. Then we have

G(g1og) =G(q1)oG(9) =propoyp oh=poh=G(q)

and

Glgaog) =G(q2) 0G(g) =paopop toh=pyoh=CGC(g) .

Since G is faithful, this implies gyog = g1 and goog = go. If g : W — Z satisfies
@109 = g1 and gz0g = ga, then G(g1) = G(q109) = G(q1)oG(g) = p1opoG(g)
and G(g2) = G(q209) = G(g2) c G(g9) = p2 0o ¢ 0 G(g). By uniqueness of h,
we must have ¢ o G(§) = h. So G(§) = ¢! o h. By uniqueness of g, we must
have g = g. This proves that Z is a fibred product of X and Y over S. So
X xgY =Zand G(X x5Y)=G(Z) = G(Z) xgs) G(Y). Then G preserves
fibred products. By (G4) of the definition of Galois category, we have that for’
preserves fibred products too. So F’' = for' oG preserves fibred products. In
the same way, it can be proved that F’ preserves terminal objects, finite sums
and quotients by finite groups of automorphisms. So F’ satisfies (G4).

Let f: X — Y be an epimorphism in C. Let Z be an object of n’-sets and let
91,92 : G(Y) = Z be two morphisms such that g10G(f) = g20G(f). Since G is
essentially surjective, there exists an object W of C such that Z = G(W). Let
¢ : Z — G(W) be an isomorphism. Consider the morphisms ¢ o g; : G(Y) —
G(W) and pogs : G(Y) = G(W). Since G is full, there exist two morphisms
hl, hg ;Y — W with G(hl) =@og and G(hg) = 0 ga. We have that

G(hiof)=G(h1)oG(f) =pogqoG(f) =
=ogaoG(f)=G(ha)oG(f)=G(haof).

Since G is faithful, this implies that h; o f = hoo f. But f is an epimorphism,
so we must have h; = ha. Then g1 = o=t o G(h1) = ¢~ o G(h2) = go. This
proves that G(f) is an epimorphism. Then, by (G5) of the definition of Galois
category, we have that F’(f) = for'(G(f)) is an epimorphism. So F’ satisfies
(G5).

Finally, let f : X — Y be a morphism in C such that F/(f) = for'(G(f))
is an isomorphism. By (G6) of the definition of Galois category, we have
that G(f) : G(X) — G(Y) is an isomorphism in 7-sets. So we can con-
sider the morphism G(f)~! : G(Y) — G(X). Since G is full, there ex-
ists a morphism ¢ : Y — X such that G(g) = G(f)~'. We have that
G(f 09) = G(f) 0 Glg) = G(f) 0 G(f) " = idgry, = Glidy) and G(go f) =
G(g) o G(f) = G(f) Lo G(f) = idg(x) = G(idx). Since G is faithful, this
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implies fog =1idy and go f =idx. So f is an isomorphism. This proves that
F’ satisfies (G6).
So F’ is a fundamental functor. By point (¢), we have that F' and F’ are isomor-
phic. Then, by lemma 1.4.33, we have an isomorphism of profinite groups be-
tween Aut(F) and Aut(F”) and this isomorphism is canonically determined up
to an inner automorphism of Aut(F'). On the other hand, applying the lemmas
1.4.24 and 1.4.32(3), we have that Aut(F’) = Aut(G ofor’) = Aut(for') = 7/ as
profinite groups (and all the isomorphisms involved are canonical). This ends
the proof.

O

Definition 1.4.35. Given a Galois category C with fundamental functor F', we
define 7(C, F') := Aut(F) and we call this profinite group the fundamental group of
C with respect to F.

From the main theorem about Galois categories, it follows that the fundamental
group of a Galois category, up to isomorphism, does not depend on the fundamental
functor. We conclude with a lemma which can be used to show that the construction
of the fundamental group of a connected scheme is functorial (see remark 2.3.14).

Lemma 1.4.36. Let D be a category such that we can associate to any object X of
D an essentially small Galois category Cx with fundamental functor Fx : Cx —
sets and to any morphism f : X — Y in D a functor Gy : Cy — Cx with an
isomorphism of functors ay = (o B)eob(cy) : Fx 0 Gy — Fy. Assume that:

(1) for any object X of D we have an isomorphism of functors

Bx = (Bx,4) acon(cy) : Gidy — idcy
such that Fx(Bx a) = tidy.A for any object A of Cx;

(2) for any two morphisms f: X =Y, g:Y — Z in D we have an isomorphism
of functors vy4 = (V,g.0)ceon(cy) : Gy 0 Gy — Gyop such that the following
diagram in sets is commutative for any object C' of Cy.

«
(Fx 0 Gy oGy)(C—T9D yp 06,)(C)
Fx (Vf,g,C)l l%,C
Qgof,C
(Fx 0 Gyop) (Cr——21C sy (0)

If for any object X of C we define n(X) := n(Cx, Fx) = Aut(Fx), then we can
extend w to a functor D — Prof, where Prof is the category of profinite groups,
with morphisms given by continuous group homomorphisms.

Proof. Let f: X — Y be a morphism in D. Define
w(f) :m(X) = Aut(Fx) — (YY) = Aut(Fy),
0 = (04) acob(Cy) — (@f.B © 0, (B) © A p)BeOb(Cy) -
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First of all, we check that 7(f) is well defined, i.e. that w(f)(o) is indeed an auto-
morphism of Fy, for any automorphism o of Fix. Let 0 = (04) acob(cy) € Aut(Fy).
For any object B of Cy, we have that aypoog,(p)© aﬁg : Fy(B) — Fy(B) is
a bijection, because it is a composition of bijections. We have to check that the

compatibility condition is satisfied. Let h : By — Bo be a morphism in Cy. Since

ay is an isomorphism of functors, then also a;l = (a;}g) BeCy is an isomorphism of

functors. Applying this and the fact that ¢ is an automorphism of Fx, we get that
Qf,By © 0G(By) © a;leQ © Fy(h) = asp, © 06, (B, © Fy(h) o a;}Bl -
= ayp, o Fy(h)oog, s, o asp = Fy(h)oasp 0og, )0 a)p, -

This shows that 7(f)(o) = (as,B © 0G;(B) © a;_lB)BEOb(Cy) is an automorphism of
Fy. We prove now that 7 (f) is a group homomorphism. Let o = (UA>A€Ob(CX)7T _
(T4) acob(Cy) € Aut(Fx). Then

m(f)(o7) = 7(f) (0.4 0 Ta) acob(Cy)) = (fBOTG, (B)©Ta,(B) © XF.5) BEO(Cy) =
= (agpo 0G;(B) ° %7,13 OQfBOTqG,(B)° O‘;}g)BGOb(Cy) =

= (Oéf,BOO’Gf(B)Oa,ZlB)BEOb(cy)(af,BOTGf(B)Oaﬁlg)BeOb(cy) =n(f)(o)m(f)(T).

So 7(f) is a group homomorphism. We check now that 7(f) is continuous. For any
object Ag of Cx, define

PA,  Aut(Fx) — Spy(ay), @ = (04) acon(Cy) F T4 -
Analogously, for any object By of Cy, define
4B, : Aut(Fy) — Spy (By)» @ = (0B)BeOb(Cy) F OBy -

By definition of the topology on Aut(Fy) (see remark 1.4.23(3)), a base is given by

{QE;({TO}) ‘ By € Ob(CY)7 70 € SFY(BO)} .
Let By be an object of Cy. For any o = (04)acon(cy) € Aut(Fx), we have that
(asy 0 7()(0) = a3, (1.8 °0,(5) ° A7 b)Beon(cy) ) =
= Qf By © 0G(By) © Oy = Of.Bo © Pa;(B0)(0) © O, -
Then, for any 70 € Sg, (By),
m(f) " (g, ({10}) = (aBy o 7(f)) " ({m0}) =
= {0 = (04) acob(Cy) € AUt(FX) | afB, 0 pa, (B (0) 0 af g = T0} =

= {0 = (04) acob(cy) € At(Fx) | pa,(By)(0) = afp, 0T0 0 afpy} =

= ;) ({075, 000 0150 })
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which by definition of the topology on Aut(Fx) (see remark 1.4.23(3)) implies that
w(f)‘l(q;j({fo})) is open. Then 7(f) is continuous. So 7 (f) : 7(X) — m(Y) is a
morphism in Prof.

We check now that 7 is a functor. Let X € Ob(D) and let ¢ = (04)acon(Cy) €
Aut(Fy). For any object A of Cx, we have that

—1 -1
Qidy A © Gy, (4) © Qqy 4 = Fx(Bx.a) 0 0Gy, (a) 0 Fx(Bx,a)” =04

(we applied the first assumption and the definition of automorphism of a functor).
So

(idx)(0) = (Qiday,4 © TGy, (4) © Ay 4)AcObe,, = (04) acob(Cx) = O -

Then W(idx) = idAut(FX) = idn(X)-
Finally, let X, Y, Z be objects of D and f: X — Y, ¢g:Y — Z two morphisms.
Let 0 = (04) acob(cy)- For any object C' of Cz, we have that

—1 -1 _
Qg,C 0 QfGe(0) ° TG GL(O) ° ¥ ay(0) © Y90 =

= agof,c 0 Fx(714,0) ©0G,(G,(c) © Fx(Vrg0) ' 0 a;olﬁC =

_ —1
= Qgof,C ©0G04(C) © Ygof,C

(we applied the second assumption and the definition of automorphism of a functor).
So

7(9)(w(£)(@)) = 7(9) ((a1.5 0 76,(5) © Of h)peon(cy) ) =
= (g0 © ayG,(C) © TG (Gy(C)) © a;ég(c) ° O‘;}])CEOb(CZ) =
= (Qgof,0 © 0, 4(C) © Agar.c)ceob(Cy) = T(g 0 f)(0) .

Then 7(g) om(f) = 7(g o f). Hence 7 is a functor. O
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Chapter 2

(Galois theory for schemes

In this chapter we will study the category of finite étale coverings of a connected
scheme (we do not consider the empty scheme as a connected scheme), with the
aim of proving that it is a Galois category (with a suitable fundamental functor).
Then the existence of the fundamental group will follow from theorem 1.4.34. In the
first section (based on section 4 of [1]), we will deal with the algebraic aspect of our
problem: after giving the necessary definitions, we will prove all the algebraic results
that will be needed later. In particular, we will define projective separable algebras
and we will describe their behaviour under extensions of the scalar ring. The second
and third sections follow section 5 of [1]. In our treatment of finite étale coverings,
we will point out many analogies with finite coverings of topological spaces. The
interested reader can find an extensive discussion of the latter, from the definition
to the proof that they form a Galois category if the base space is connected, in
the appendix. In the second section, we will define finite étale morphisms and we
will study their properties. It will be useful to consider base changes, which will
reveal a similarity between finite étale coverings of a scheme and finite coverings
of a topological space: the latter are defined as continuous maps which are locally
trivial coverings (see the appendix) and in some sense also finite étale coverings are
“locally trivial” (but not in the Zariski topology). The analogue of trivial coverings
will be the notion of totally split morphisms. In the third section, we will define
a functor from the category of finite étale coverings of a scheme X to the category
of finite sets and we will prove that this makes the former into a Galois category if
X is connected. In the case of topological spaces (see the appendix) we can define
a fundamental functor for any point of the space. Similarly, here we will define a
fundamental functor for any geometric point of our scheme (i.e. any morphism of
schemes Spec(§2) — X, where ( is an algebraically closed field).

2.1 Algebraic preliminaries

We collect in this section all the algebraic results that we will need in the following
ones. Rings are always assumed to be commutative with unity and ring homomor-
phisms preserve the unity. Throughout this section, A will be a ring. We denote by
Mod 4 the category of A-modules.
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Definition 2.1.1. Let M a finitely generated free A-module, with basis (w1, ..., wy,).
Let f: M — M be A-linear. By definition of basis, for any i = 1,...,n there exist
uniquely determined a;1, ..., a;, € A such that f(w;) = 2721 a;jw;j. The trace of f
is defined by

Te(f) = aii
=1

Remark 2.1.2. (1) If M is a finitely generated free A-module, then it has a finite
basis. Indeed, if (w;);cs is an A-basis of M and x1,...,x, generate A, then for
any j = 1,...,n we can write x; = Zielj aj;w;, with I; a finite subset of I and
aji € Afor any i € I;. Then M is generated by (wi)iGU}"Zl 1;- In particular, for
any i9 € I we have that w;, is a linear combination of (wi)iGU}L:l 1;- But since
(wj);er i a basis, it is a linear independent set. So we must have iy € U’;Zl I;.
Then I = {J;_, ;. This proves that I is finite, because it is a finite union
of finite sets. It can also be proved that, if A # 0, all bases have the same
cardinality, which is called the rank of M over A and denoted by rank 4(M) (to
prove it, consider any maximal ideal m of A and the quotient field k£ := A/m,
which can be seen as an A-algebra in a natural way: then for any A-basis
(w1, ...,wy) of B we have that (w1 ®1,...,w, ®1) is a k-basis of M ®4 k, so
n = dimg (M ®4 k) is independent of the choice of the basis).

(2) The trace of an endomorphism, defined as in 2.1.1, is independent of the choice
of the basis. The proof is analogous to the well-known one in the case of vector
spaces (one proves that the trace of a matrix is invariant by conjugation and
that the matrices associated to the same endomorphism with respect to two
bases are conjugate to each other).

Lemma 2.1.3. Let B be an A-algebra. Assume that B is finitely generated and free
as an A-module. For every b € B, define my : B — B, x — bx. By definition
of A-algebra, we have that my is A-linear, so we can consider its trace. We define
Tr(b) := Tr(my,).

(1) The map Tr: B — A, b Tr(b) is A-linear.
(2) The map ¢ : B — Homu (B, A), v — (y — Tr(zy)) is A-linear.

Proof. (1) Let (w1,...,wy) be an A-basis of B (see remark 2.1.2). Let by,bs € B,
A1, A2 € A. Forany i = 1,...,n, consider a1, ..., ai, € A such that mp, (w;) =

n oy / / N\ n / .
> j—1aijwj and ajy, ..., aj, € A such that myp,(w;) = 37 aj;w;. Then we

have

AL by +Agby (Wi) = (A1b1 + Aab2)w; = A (biw;) + A2(bow;) =
= A1, (w;) + Aomyp, (w;) =

n n n
—_— .. . / . — .. / .
=\ E ajjw;i | + Ao E a;;wi | = E (Araij + Aaaz;)w;
J=1 Jj=1 J=1
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So, by definition of trace, we have that

n

Tr()\1b1 + )\zbg) = Tr(m,\1b1+)\2b2) = Z()\laii + )\Qagi) =
i=1

=M <Z Qi | + A2 (Z agi) =
=1 =1
=\ Tr(mbl) + A9 Tr(me) =\ Tr(bl) + Ao Tr(bg) .

Hence Tr is A-linear.

(2) First of all, we prove that ¢ is well defined, i.e. that ¢(z) : B — A is indeed
an A-linear map for any x € B. Let y1,y2 € B, A1, A2 € A. Then, applying
the A-linearity of Tr, we have

(@) (My1 + Xoy2) = Tr(z(Ay1 + Aoye)) = Tr(A(zy1) + Ae(zy2)) =
= A1 Tr(zy1) + A2 Tr(zy2) = M) (y1) + () (y2) -

So ¢(x) is A-linear and ¢ is well defined.
Let now x1,29 € B, A1, A2 € A. Then for any y € B we have

p(Arz1 + Aow2)(y) = Tr((Azr + Aoxa)y) = Tr(Ai(z1y) + Aa(z2y)) =
= M Tr(z1y) + A2 Tr(z2y) = Aip(z1)(y) + A2p(2)(y)
(we applied again the A-linearity of Tr). So p(Mx1 + Aoz2) = Mp(z1) +

A2p(x2). Hence ¢ is A-linear.
0

Definition 2.1.4. Let B be an A-algebra. We say that B is a free separable A-
algebra if B is finitely generated and free as an A-module and the map ¢ defined in
lemma 2.1.3 is an isomorphism of A-modules.

Remark 2.1.5. Let B be as in lemma 2.1.3. Then Hom4 (B, A) is always isomorphic

to B as an A-module. Indeed, if (wy,...,wy,) is a basis of B, then (wj,...,w}) is a
basis of Hom 4 (B, A), where we defined
n
w; :B—)A, ZaiwiHaj
i=1
forany j = 1,...,n. So we have an isomorphism of A-modules ¥ : B — Hom 4 (B, A)

defined by ¥(w;) = w} for any i = 1,...,n (extended by linearity). This isomor-
phism, however, depends on the basis.

Ezample 2.1.6. Consider the A-algebra A™ (with ring operations defined componen-
twise), which is clearly finitely generated and free as an A-module. We claim that
A™ is a free separable A-algebra. Let (eq,...,e,) be the canonical basis of A", i.e.
ei = (0ik)k=1,..n forany i =1,...,n. Let x = (21,...,2,) € A". We have that

ma(e;) = xe; = (1, ..., Tn) (Oik)k=1,...n = (TkOik)k=1,..n = Ti€;
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for any ¢« = 1,...,n. Then Tr(z) = Tr(ms) = >.;~, z;. Consider now the map
¢ : A" — Homy (A", A) defined as in lemma 2.1.3. By what we proved, we have that
o(z)(y) = Tr(zy) = Tr((x1Y1, - - -, TnYn)) = Drq iy for any © = (x1,...,2y),y =
(Y1,---,Yn) € A™. Define now

¥ Homa (A" A) — A", f— (f(e1),..., f(en)) -

For any = = (21,...,2,) € A", j € {1,...,n} we have that ¢(z)(e;) = >/ idij =
x; and so
() = (p(x)(e1), .. p(@)(en)) = (21, 2n) = & = idan(z) .

So 1o = idyn. Conversely, let f € Hom (A", A) and let x = (x1,...,2,) € A™.
Then, applying the A-linearity of f, we get that

(W) = e((fler), .- flen))(@) =) flei)ai = f (Z wi) = [f(2).
i=1 i=1

So (o ¥)(f) = [ = iduomy(an,4)(f), for any f € Homa(A", A). Then g o1 =
1dfom 4(an,4)- This proves that ¢ and 1 are inverse to each other. In particular, ¢
is an isomorphism, i.e. A" is a free separable A-algebra.

The notion of free separable algebra will be involved in the definition of finite
étale morphisms (see 2.2.1). However, in order to prove most results about finite
étale morphisms, we will need a more general notion, that of projective separable
algebras. To introduce this concept, we start by recalling the definition of projective
modules.

Definition 2.1.7. An A-module P is called projective if the functor
Homu(P,—) : Mod s — Mod4

is exact, i.e. if for every exact sequence My i) My 2 My of A-modules the induced
sequence Hom 4 (P, M) Joo, Hom (P, My) = Hom (P, Ms) is also exact.
Ezample 2.1.8. A is a projective A-module, because the functor Hom 4 (A, —) is iso-
morphic to idmed,, -

We prove now some lemmas that will allow us to give a very useful characteriza-
tion of projective modules.

Lemma 2.1.9. Let (P;)icr a collection of A-modules and P := @, ; P;. For every
A-module M we have an isomorphism

¢ : Homa(P, M) — [ [ Homa(P;, M) .
i€l
Moreover, these isomorphisms are compatible, in the sense that, if M, N are A-

modules and f : M — N is an A-linear map, then the following diagram is commu-
tative.

Horm (P, M)—22 T, ., Homa(P;, M)
fo _l lnzel(f o—)
Hom (P, N) —225] T, Homa(P;, N)
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Proof. For any j € J, define ¢; : P, — P, x — (0;;x)ier. Notice that, for any
r = (2;)icr € P we have x = ) ;1 qi(2;).
Let M be an A-module. Define
@ - Homa(P, M) — HHomA(R,M), h— (hoq)icr -
el

Let hy,hy € Homy (P, M), A1, A2 € A. Then

@(Athy + A2ha) = ((A1h1 + A2ha) © qi)ier = (A1(h1 0 i) + A2(h2 0 ¢;))ier =
= A1(h1 o gi)ier + A2(h2 0 gi)icr = Mp(h1) + Aap(ha) .
So ¢ is A-linear. Conversely, if (hi)icr € [[;c; Homa(FP;, M), we can define h :
P — M, (z;)ier +— Y ;e hi(z;) (notice that this sum is well defined because only

finitely many of the xz;’s are non-zero). If (z;)icr, (vi)icr € P, A1, 2 € A, then we
have

h(A(@i)ier + A2(Yi)ier) = b (Mzi + Aayi)ier) =
= Zh(xm +doyi) = Y (Arhi(zi) + Aha(ys)) =

el
—Alzh ) + X Y hi(yi) = Mb (@i)ier) + Ao ((yi)ier)
il el

because each h; is A-linear. So h is A-linear. Then we can define

Oy HHomA(Pi,M) — Homu (P, M),
icl
(hi)ier — (h P = M, (2)ier = Y hz‘(%’)) :
icl

Let (gi)ie[, (hi)ie[ € Hie[ HomA(B,M), )\1,)\2 € A. For any (xi)l-e] S P, we have

o (Ai(gi)ier + Ma(hi)ier) ((x:)ier) = ¢y (()\1% + Aehi)ier) ((zi)ier) =

=Y (g + Xohi) (@) = Y (Mgi(wi) + Aohi =AY gilwi) + XY hi(w) =

icl il il il
= M@y ((9)ier) (®i)ier) + Aawhr ((ha)ier) ((zi)ier) -

So @y (A(gi)ier + A2(hi)ier) = M@l ((9i)ier) +A2@hy ((Ri)ier) and ¢y is A-linear.
We check that ¢ps and ¢y, are inverse to each other. Let h € Hom (P, M). For any
x = (z;)ier € P we have that

cp/]\/[((PM(h))(x)(p/]\/[ ((hOQi)iEI xz ZGI Zh Qz xz =h (Z Q”L X ) = ) .

el el

So @iy 0 pn = idom, (). Let now (hy)ier € [[;c; Homa(P;, M) and define h =
¢y ((hi)ier). For any j € I, z € P;, we have

h(qj(l')) 5@]-’E ZGI Z h 61]x Zél]hz(x) = hj (:B)

i€l i€l
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and so h o gj = hj. Then we have that
o (¢ ((hier))) = ear(h) = (ho gi)ier = (hi)ier = 1d[],_, Homa(P,01) (Ri)ier) -

So par oy = id[1,, Homa(P;,M)- Then ¢as and ¢'; are inverse to each other.
Finally, let M, N be A-modules and f : M — N an A-linear map. For any h €
Hom 4 (P, M) we have that

on(foh)=(fohog)icr = (H(f o —)> ((hogi)ier) = (H(f o —)> (err(h)) -

el el
This proves the commutativity of the diagram. O

Corollary 2.1.10. Let (P;)icr a collection of A-modules and define P := €
Then P is projective if and only if each P; is projective.

Proof. For any i € I, denote f? : Homu(P;, My) — Homa(P;, M1), h +— f oh and
g% : Homa(P;, My) — Homa (P, M), h+— g o h.

Let My i) M, % M, be an exact sequence of A-modules. By lemma 2.1.9, there is
an isomorphism of sequences between

ZEI

Homu (P, My) 1275 Homu (P, My) L= Homu(P, My)
and
[ Homa (P, Mo) Tier £z, [ Homa(P;, M) QEIEIN [ Homa(Py, M) .
i€l i€l i€l

So P is projective if and only if the last sequence is exact for every exact sequence
My L My & My We have that

er (Hgi) = {(hi)ie] S HHOHIA(PZ‘,Ml)

i€l i€l

(gohi)ier = (0)1'6[} =

= {(hz)zef S HHOmA(Pi,Ml)

Viel goh; :0} :HKer(gi)

iel icl
and
m (H fi) = {(hi)iel € [ [Homa(P;, M1) | 3(h})icr € | [ Homa(Pi, M) :
iel icl iel

(hi)ier = (f o b )ze[}

= {(hi)iel e [ [ Homa(P;, M)
icl

Vi € I 3h € Homa(P;, Mg) : h; = g o hé} =

= [[m(r)

i€l
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Then we have that Ker ([T;c; ¢) = Im ([],c; i) if and only if Ker(g%) = Im(f}) for
every ¢ € I. This means that the sequence

TT Homa(P:, Mo) =2 T Homa(P, 1) 122, TT Homa (P, M)

iel el el

is exact if and only if each of the sequences
Hom(P,, Mo) 2 Homu(Py, M) %> Homa (B, M)

is exact. Since this holds for every exact sequence My L My 2 M, of A-modules,
we have that P is projective if and only if each P; is projective. O

Example 2.1.11. Any free A-module is projective. Indeed, if an A-module is free
then it is isomorphic to €,.; A for some index set I. So it is projective by corollary
2.1.10 and example 2.1.8.

Definition 2.1.12. A short exact sequence of A-modules 0 — M i> M, ER My — 0
is said to split if there is an isomorphism of A-modules ¢ : My — My ® My such
that ¢ o f =i and go ¢~ = pa, where we defined ig : My — My ® Mo, x + (x,0)
and po : Mo ® My — My, (x,y) — y. The definition is illustrated by the following

diagram.
lidMO lso lidMQ

0 —>M0f>M0@M2E>M2—> 0
10

Lemma 2.1.13. Let 0 — Mj i> My % My, — 0 be a short ezact sequence of
A-modules. The following are equivalent:

(i) the sequence splits;
(11) there exists an A-linear map o : My — My such that ao f =idp,;
(iii) there exists an A-linear map 5 : My — My such that go f = idyy, .
Proof. Define iy : My — My @ Ms, x — (x,0), ia : My — My @ My, y — (0,y),

p1: Mo® Mo — My, (x,y) — x and py : Mo® My — M, (z,y) — y. It is clear that
these maps are A-linear. Moreover, notice that pg o 79 = idpy, and p2 o ia = idpy,.

(i) = (ii) Since the sequence 0 — My EN M; L My — 0 splits, there exists an
isomorphism of A-modules ¢ : M7 — My @& My such that ¢ o f = iy and
go ! =py. Define o := pgo ¢ : My — My. Then « is A-linear, because it is
the composition of A-linear maps, and we have avo f = pgopo f = ppoig = idpy,-
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(ii) = (i) Define ¢ : M1 — Mo®Ma, x — (a(x),g(z)). We have that ¢ is A-linear,
because o and g are A-linear. We claim that ¢ is bijective. Let (yo,y2) €
My @& Ms. We have that g is surjective, by definition of short exact sequence.
So there exists 1 € Mj such that yo = g(x1). Consider x2 = f(yo — a(x1)) €
Im(f) C M;. By definition of exact sequence, we have that Im(f) = Ker(g). So
g(xz2) = 0. Then we have that g(x1+x2) = g(z1)+g(z2) = y2. Moreover, since
ao f =1idyy,, we have that a(z1 +x2) = a(x1) + a(zs) = a(z1) + (ao f)(yo —
a(z1)) = a(x1) + yo — a(z1) = yo. Then p(z1 + z2) = (yo,y2). This proves
that ¢ is surjective. Let z € Ker(p), i.e. (a(z),g(z)) = ¢(x) = (0,0). Then
a(r) =0and g(z) = 0. So z € Ker(g). But Ker(g) = Im(f), by definition of
exact sequence. So there exists m € My such that x = f(m). Then 0 = a(z) =
a(f(m)) = m, because a o f = idz,. This implies that x = f(0) = 0 and so
© is injective. Then ¢ is an isomorphism of A-modules. For any x € My, we
have that (¢ 0 f)(z) = ¢(f(z)) = (a(f(z)), g((x))) = (z,0) = io(x), because
ao f =idy, and go f = 0 (definition of exact sequence). So po f =ip. On the
other hand, for any x € M; we have that (p2oy¢)(x) = p2((a(x), g(z))) = g(z).
So ppop =g, ie gop !
M, 5, My — 0 splits.

= po. This proves that the sequence 0 — My i)

(i) = (iil) Since the sequence 0 — M) EN M, % M, — 0 splits, there exists an
isomorphism of A-modules ¢ : M7 — My @ Ms> such that ¢ o f = iy and
go @t =py. Define B:= ot oiy: My — M. Then 3 is A-linear, because it
is the composition of A-linear maps, and we have go3 = gop 1 oiy = pyoiy =
idas, -

(i) = (i) Define ¢ : My & My — My, (z,y) — f(z) + B(y). Since f and 8 are
A-linear, for any (x1,y1), (z2,y2) € My ® Ma, A1, Ay € A we have

P(A1(z1,91) + A2(22,¥2)) = Y(Mz1 + Aax2, Myr + Aay2)) =
= f(Aiwr+Aow2) + B( A1y +A2y2) = Arf(w1) + Ao f (22) +A18(y1) + X2 B(y2) =
= M (f(z1) + B(y1)) + A2(f(22) + B(y2)) = Mvv((z1,91)) + A ((22,92)) -

So 1 is A-linear. We claim that v is bijective. Let m € M;. Since go 8 = idyy,,
we have that g(3(g(m))) = g(m). So g(m—pB(g(m))) = g(m)—g(B(g(m))) =0,
ie. m — B(g(m)) € Ker(g). By definition of exact sequence, we have that
Ker(g) = Im(f). So there exists z € My such that m — 8(g(m)) = f(x). Then
(@, g(m))) = £(z) + Alg(m)) = m — Blg(m)) + Blg(m)) = m. This proves
that ¢ is surjective. Let (z,y) € Ker(v), i.e. f(z) + B(y) = ¥((z,y)) = 0.
Then B(y) = —f(x) = f(—z) € Im(f). By definition of exact sequence,
we have that Im(f) = Ker(g). So ¢g(8(y)) = 0. Since go = idpy, we
have that y = ¢(8(y)) = 0. Then f(z) = —f(y) = —B(0) = 0. But f
is injective by definition of short exact sequence, so we must have z = 0.
Then (z,y) = (0,0) and so % is injective. Then 1 is an isomorphism of A-
modules. Define ¢ := ¢y~ : My — My @® Ms. For any = € My, we have that
(Y oip)(x) =9((x,0)) = f(z)+ B(0) = f(x). So poig = f, which implies that
pof=1"lof=1ip On the other hand, for any (z,y) € My ® My we have

90



2.1. ALGEBRAIC PRELIMINARIES

that (g0 ¥)((z,y)) = g(f(z) + B(y)) = 9(f(x)) + 9(B(y) = y = p2((z,9)),

because g o f = 0 (by definition of exact sequence) and g o f = idpg. So

gop™
splits.

= go1) = po. This proves that the sequence 0 — M, EN M L My, —0

O
Lemma 2.1.14. Let P be an A-module. The following are equivalent:
(i) P is projective;
(i) for every A-modules M, N, every surjective A-linear map f : M — N and

every A-linear map g : P — N there exists an A-linear map h : P — M such

that f o h = g (see also the diagram);
P

s f

M —— N
(iii) every short exact sequence of A-modules 0 — My — My — P — 0 splits;
(iv) there exists an A-module Q such that P ® Q is a free A-module.

Proof. (i) = (ii) Let M, N be A-modules, f € Homu4 (M, N) surjective and g €

Hom 4 (P, N). Since f is surjective, the sequence M i) N — 0 is exact. Then,
since P is projective, the sequence

Homu(P, M) £°= Hom (P, N) — 0
is also exact. This means that the map
f« : Homg (P, M) — Homy(P,N), h+— foh
is surjective. Then there exists h € Hom (P, M) such that g = f«(h) = f o h.
(ii) = (iii) Let 0 — My — M, Jy P~ 0 be a short exact sequence. Then f :
M; — P is surjective. Consider g :=idp € Homy (P, P). Then we can apply
the assumption and get an A-linear map h : P — Mj such that foh = g = idp.

By lemma 2.1.13, this implies that the sequence 0 — My — M; — P — 0
splits.

(iii) = (iv) Let (w;)ier be a set of generators for P over A. Consider the free
module F' = @, ; A, with basis (e;)ic;. Then we can define an A-linear
map f : FF — P by f(e;) = w; for any i € I (extended by linearity). Let
Q := Ker(f) C F and denote by i : @ — F the inclusion, which is clearly
A-linear. Then the sequence 0 — Q — F i> P — 0 is exact. By assumption,
it splits. So we have that P ® Q = F is free.

(iv) == (i) This follows immediately from 2.1.10 and 2.1.11.
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Corollary 2.1.15. Let P be a finitely projective A-module. Then P is projective if
and only if there exist an A-module Q) and an n € N such that P ® Q = A".

Proof. If there exist an A-module @ and an n € N such that P ® Q = A™, then P is
projective by the implication (iv) = (i) in the lemma 2.1.14. Conversely, assume
that P is projective. Let (wq,...,wy,) be a set of generators of P over A and define
an A-linear map ¢ : A™ — P by ¢(e;) = w;, extended by linearity (where (eq, ..., ey,)
is the canonical basis of A™). Then the sequence

O—>Ker(g0)i>A”ﬁ>P%O

is exact (where i : Ker(¢) — A" is the canonical inclusion). Since P is projective,
this sequence splits, by lemma 2.1.14 ((i) = (iii)). Then P @ Ker(p) = A™. O

Related to the notion of projective A-module is that of flat A-module.

Definition 2.1.16. Let M be an A-module.
(1) We say that P is flat if the functor

P® —:Modys — Mody

is exact, i.e. if for every exact sequence M i> My % My of A-modules the

induced sequence P ® Mg M P ® M M P ® M is also exact.

(2) We say that M is faithfully flat if a sequence M) EN My 2y My of A-modules is

exact if and only if the induced sequence P® M) M P®M; M P®M;

is exact.
Remark 2.1.17. From the definitions it is clear that any faithfully flat A-module is
also flat.

Ezample 2.1.18. A is a faithfully flat (in particular, flat) A-module, because the
functor A ® — is isomorphic to idmod,, -

The following resuls are the analogue of lemma 2.1.9 and corollary 2.1.10.

Lemma 2.1.19. Let (P;)ier a collection of A-modules and P := @,;.; P;. For every
A-module M we have an isomorphism

¢M:P®AM—>@(PZ-®AM).
iel

Moreover, these isomorphisms are compatible, in the sense that, if M, N are A-
modules and f : M — N is an A-linear map, then the following diagram is commu-
tative.

Poa M-@. (P o M)
ldP ®fl l@zel(ldﬂ ®f)
Poy Nﬂ@ig(ﬂ ®4N)
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Proof. For any j € J, define ¢; : P, — P, x — (0;;x)ier. Notice that, for any
r = (2;)icr € P we have x = ) ;1 qi(2;).
Let M be an A-module. We define

Y i P @AM — @(P®@a M), (:)ier @m— (z: @ m)ics
el

extended by linearity (we can do so because the map P x M — @@, ;(P; ®a
M), ((x;)icr,m) — (z; ® m);er is A-bilinear). So s is an A-linear map. Con-
versely, for any j € I we can define

Vs Pi@aM — PRaAM, z@me qj(x)@m,

extended by linearity (we can do so because the map Pj x M — P®4 M), (x.m) —
¢j(x) ® m is A-bilinear). Then we define

Yy @(P’ @A M) = PRaM, (z;)icr — Zwﬁw,z(xz) ,
iel i€l

which is A-linear, because ¥, = @by, 1s (WMQz‘GI), where

Ppgar i | [Homa(P, @4 M, P @4 M) — Homy <@(Pi @4 M), P&y M)
icl el

is defined as in lemma 2.1.9). We check that 1y, and ), are inverse to each other.
Let (xi)ie[ @me P®aq M. Then

Uhr (s (@i)icr ® m)) = Py ((mi @ micr) = D Py i(zi @ m) =

i€l
= Z(QZ(%) ®m) = (Z Qz(%)) @m=1z®m=Iidpg,m(x @m) .
i€l icl

Then ¢}, o Yy = idpg,m (by linearity, it is enough to check equality on pure
tensors). Let now (x; ® m;)icr € @;c(P ®4 M). Then we have

O (Vs (2 @ mi)ier)) = Y (Z Uhri(zi @ mi)) =vum (Z ¢(xi) ® mi) =

i€l el

= Yulgi(zi) @mi) = > bu((Si535)ier @my) =Y (6575 @ my)ier) =

iel jel jel

Z(%xj ® my) = (zi @ ms)ier = dg,_ (Poam) ((Ti @ mi)ier) -
Jel iel

So Yo Py, = idg, _,(PoaM) (also here, by linearity it is enough to check equality
on a set of generators). Then s and ), are inverse to each other.
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Finally, let M, N be A-modules and f : M — N an A-linear map. For any (x;);e; ®
m € P®4 M, we have that

Y ((dp&f) ((zi)ier @ m)) = Y (i)ier ® f(m)) = (z; @ f(m))ier =
= <@(idﬂ- ®f)> ((z; @ m)ier) = (@(ida ®f)) (Vs ((z)ier @m)) .
el el

So ¢Yyo(idp @f) = (B,e;(idp, ®f)) ovoas (by linearity, it is enough to check equality
on pure tensors), as we wanted. O

Corollary 2.1.20. Let (P;)icr a collection of A-modules and define P := @, ; F;.
Then P is flat if and only if each P; is flat.

Proof. Let My i> M, 2 M, be an exact sequence of A-modules. By lemma 2.1.19,
there is an isomorphism of sequences between

P®AMOM>P®AM1MP®AM2

and

PP, ©4 Mo) L (P wa My) T (D 9a M) .
el el i€l

So P is flat if and only if the last sequence is exact for every exact sequence M L
M, EN M5.We have that

Ker (@(idpi ®g)> =

icl

= {(xi)ief € EB(B ®a M) | ((idp, ®9)(2:))ier = (O>iel} =
= {(a;i)ief € @(R- @4 M) |Viel (idp, ®g)(x;) = 0} = @Ker(idﬂ ®g)
and h -
Tm (@(idpi ® f)) = {(:pi)id € G?(Pi ®a M) | Axh)ier € E[?(Pi ®a Mo) :
(zi)ier = ((idp, ®f)($;))z’el)} =
= {(xi)ig € @(B ®a My) | Vi€ I3a)ePi®aM:z = (idp, ®f)(xg)} =
- = EBIIm(idpi ®f) .
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Then Ker (P,c;(idp, ®9)) = Im (P, (idp, ®f)) if and only if Ker(idp, ®g) =
Im(idp, ® f) for every ¢ € I. This means that the sequence

Dic,(id i ®f) Dic,(id % ®9)
(P @4 Mo) = (P @4 My) —"" (D(P @4 Ma)
el el el

is exact if and only if each of the sequences

idp, ®f idp, ®g
P,®a My ——— P, ®a My ——— P, ®4 M

is exact. Since this holds for every exact sequence My i) My L My of A-modules,
we have that P is flat if and only if each P; is flat. O

Example 2.1.21. Any free A-module is flat. Indeed, if an A-module is free then it
is isomorphic to €,.; A for some index set I. So it is flat by corollary 2.1.20 and
example 2.1.18.

Corollary 2.1.22. Any projective A-module is flat.

Proof. Let P be a projective A-module. By lemma 2.1.14 ((i) = (iv)), there exists
an A-module @ such that P @ @ is free. Then P @ @ is flat by example 2.1.21. By
corollary 2.1.20, this implies that P is flat. O

We want to give now a local characterization of finitely generated projective A-
modules. We start with the case when A is local and then we will reduce to this case
through localization.

Lemma 2.1.23. Assume that A is local. Then a finitely generated A-module is
projective if and only if it is free.

Proof. Let m be the unique maximal ideal of A and k := A/m the residue field. For
any a € A, denote by @ the image of a through the canonical projection A — A/m.
We already know that any free A-module is projective (example 2.1.11). Conversely,
assume that P is a finitely generated projective module and consider P/mP as a
k-module in the obvious way. For any z € P, denote by x the image of x through
the canonical projection P — P/mP. Let (wy,...,w,) be a set of generators of P
over A. Then (wr,...,w,) generates P/mP over A and so also over A/m = k. By
the well-known properties of vector spaces, there exists a subset I C {1,...,n} such
that (W;)icr is a k-basis of P/mP. Consider the free module F' := @, ; A, with basis
(€;)icr, and define an A-linear map f : F' — P by ¢(e;) = w; for any i € I (extended
by linearity). First of all, we prove that f is surjective. Consider the k-module F//mF
and, for any « € F, denote by T the image of x through the canonical projection
F — F/mF. Since (e;);cr generates F over A, we have that (€;);c; generates F/mF
over A and so also over A/m = k. Moreover, if ), .; A\j&; = 0, with \; € k for any
1 € I, then for any ¢ € I there exists a; € I such that \; = @; and so we have

0= Nei=) wmei=) ae,

i€l el i€l
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which means that 3, ; a;e; € mF. Then there exist by,...,bp, €m, z1,..., 2y € F
(m € N) such that >, rae; = 3770, bjz;. For any j = 1,...,m, we can write

Tj = icrCjici, with ¢j; € A for any i € I. Then we have

m m
Zaiei = ij (Z Cji6i> = Z ijcji €; .
iel j=1 iel iel \j=1

Since (e;j)ier is a basis of F, we must have a; = Z;n:l bjcii € m for any ¢ € I.
Then \; = @; = 0 for any ¢ € I. So (€)cs is a k-basis of F/mF. By definition
of f, the induced map f : F/mF — P/mP, T — f(x) sends the k-basis (&) to
(W;)ic1, which is a k-basis of P/mP. Then f is an isomorphism of k-vector spaces.
In particular, it is surjective, i.e. Coker(f) = (P/mP)/Im(f) = 0. We have that

m (f) = {ge P/mP |3z € F/mP 5=F(@) = ()} =
- {m ’ T e F} = (Im(f) + mF)/mF .
So

0 = Coker(f) = (P/mP)/((Im(f) + mF)/mF) =
= (P/Im(f))/m(P/Im(f)) = Coker(f)/m Coker(f) .

This means that m Coker(f) = Coker(f). Moreover, we have that Coker(f) is finitely
generated over A ((wi+Im(f),. .., wp,+Im(f)) is a set of generators). By Nakayama’s
lemma, this implies that Coker(f) =0, i.e. f is surjective. Then the sequence

0—>Ker(f)—>Fi>P—>0

is exact. By lemma 2.1.14 ((i) = (iii)), this sequence splits, because P is projective.
So there is an isomorphism ¢ : F — P @ Ker(f). Consider the projection po :
P @ Ker(f) — Ker(f), which is clearly A-linear and surjective. Then py o ¢ :
F — Ker(f) is an A-linear and projective map. It follows that ((p2 o ¢)(€;))ier
generates Ker(f). In particular, Ker(f) is finitely generated. Moroever, since F =
P @ Ker(f), we have that F/mF = (P @ Ker(f))/m(P @ Ker(f)). But m(P &
Ker(f)) = (mP) & (mKer(f)). Indeed, if (z,y) € m(P & Ker(f)), then there exist
a1y .oyl € My (21,91), ..., (Tn,yn) € P @ Ker(f) (m € N) such that (z,y) =

Yoy a(zy,y) = (Z}n:l ajrj, y 5y ajl/j) € (mP) @ (mKer(f)). Conversely, if
(z,y) € (mP)® (mKer(f)), then there exist ay,...,a, € M, 1,...,2, € P (m €N)
such that z = 23"21 ajxj and by, ..., b, € m, y1,...,y, € Ker(f) (r € N) such that

y =3 _1bjy;. Then

(z,y) = (2,0)+ (4,0) = [ > a0 | + [0, bjy; | =
j=1 j=1

= a;(2;,0)+ > b;(0,y;) € m(P & Kex(f)) .
j=1

J=1
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So
F/mF = (P & Ker(f))/((mP) & (mKer(f))) = (P/mP) & (Ker(f) /m Ker(f))

as A-modules and so also k-vector spaces. Then we have

|I| = dimg(F/mF) = dimg(P/mP) + dimy (Ker(f)/mKer(f)) =
= 1) + dimy (Ker(f) /m Ker(/))

(recall that (w;);er is a k-basis of P/mP and (€);er is a k-basis of F//mF'). It follows
that dimg(Ker(f)/mKer(f)) = 0, i.e. Ker(f)/mKer(f) = 0. This means that
mKer(f) = Ker(f). Since Ker(f) is finitely generated, by Nakayama’s lemma this
implies that Ker(f) = 0. So f is injective. Hence f is an isomorphism of A-modules
and P & F is free. O

Lemma 2.1.24. Let P be an A-module and B an A-algebra. If P is a projective
A-module, then P ® o B is a projective B-module.

Proof. Since P is projective, by lemma 2.1.14 ((i) = (iv)) there exists an A- module
@ such that P®Q is free, i.e. we have an isomorphism of A-modules P®Q = P
for some index set I. By lemma 2.1.19, we have that

ze[

(PR4B)®(Q®aB)= (POQ)®aB = (@A)@ABN@A®AB &PY:;

el i€l i€l

(the last isomorphism comes from the canonical isomorphism of B-modules AR 4 B —
B, a® b ab). Notice that lemma 2.1.19 gives only an isomorphism of A-modules.
However, it is immediate to check that in this case (i.e. when we consider the tensor
product with an A-algebra B) the isomorphism we defined is also B-linear. So
(PRaB)®(Q®aB)= @, Bis afree B-module. By lemma 2.1.14 ((iv) = (i)),
we have that P ® 4 B is a projective B-module. O

Recall the definition of finitely presented A-module.

Definition 2.1.25. Let M be an A-module. We say that M is finitely presented if
there exists an exact sequence A™ — A™ — M — 0, with m,n € N,

Remark 2.1.26. An A-module M is finitely presented if and only if there exist n € N
and a surjective A-linear map f : A™ — M such that Ker(f) is finitely generated.

Indeed, if A™ = A" i> M — 0 is an exact sequence as in the definition, then
Ker(f) = Im(é) is generated by (c(e1),...,t(em)), where (e1,...,e,) is a basis of
A™ (for example, the canonic one). Conversely, if f : A™ — M is surjective and
Ker(f) is finitely generated, then choose a set of generators (wq,...,w,,) of Ker(f)
(m € N) and consider the A-linear map ¢ : A™ — A" with t(e;) = w; for any
i = 1,...,m (extended by linearity). Then Im(:) = Ker(f) and so the sequence

AM Ly A LM—H)is exact.
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Lemma 2.1.27. Let M, N be A-modules, with M finitely presented, and let S C A
be a multiplicative subset. The map

¢ : ST Homa (M, N) — Homg-14(S~'M,S™IN), AR }S*If ,
S S

is an isomorphism of S~ A-modules.

Proof. Since M is finitely presented, there exists an exact sequence A™ = A" i
M — 0, with m,n € N. Define w; := p(e;) € M for any i = 1,...,n, where

(e1,...,ey) is the canonical basis of A™. Then (w1, ..., w,) generates M, because 3 is
surjective. Moreover, define z; := a(e}) € A" forany ¢ = 1,...,m, where (¢},...,€e),)
is the canonical basis of A™. Then (x1,...,x,) generates Im(«) = Ker(5).

First of all, we have to check that ¢ is well defined. We know that for any f €
Hom (M, N) the map S~'f : S7'M — S7IN is S~!(A)-linear. So for any s € S
we have that 1S71f € HOHlS—lA(S_lM, S~IN). Assume now that { = ﬁ—,’, with
f, " € Homy(M,N), s,s" € S. Then there exists u € S such that u(s'f — sf') =
Let 7t € S~ M, with m € M and t € S. Then

() (3) =2 () - 2
and analogously (LS7!f") () = /S(,T). We have that
u((s't) f(m) — (st) f'(m)) = tu(s' f(m) — sf(m)) = t(u(s'f — sf"))(m) =

So f(m) ( ) and then 15’ = 1 _S~1f’. This proves that ¢ is well defined. We
prove now that it is S~ A- hnear Notlce that

S~ Homs (M, N) — Homg-1,4(S™'M,S™'N)

is A-linear. Let Ay = 2,0y = 2 € §71A, £ 2 ¢ §= Homy (M, N) (with a1, a5 €

A, s1,89,t1,ta € S and f1, fo € Hom (M, N)). We have that

()xlfl n )\2fg> — 0 <32t2a1f1 + Sltlagfg) _

tQ Slsgtltg

1
= S (st t = toa1 8~} t1asS ) =
s18ot1ts (s2tear f1 + sit1a2fo) s159t1t (82 201 f1+ sitia9 f2)
a1 1
= ST 2 ST = Mip(f1) + daw(f) -
s1t1 2

So ¢ is S~ A-linear. Let % € Ker(yp), i.e. ¢ ( ) =0. Foranyi=1,...,n, we have

that £\ w; Log,\ qwiy _ f(w)
0:w<8>(1>:<35 f><1): s

(see the computation above). Then there exists u; € S such that u;f(w;) = u;(1 -
fm)—0-s) = 0. Let u := uy---u, € S. Then for any i € I we have that
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uf(w;) = (H#i uj> u;f(w;) = 0. Then uf = 0, because (wy,...,w,) generates m.
We have that % = Z—i Q = 0. This proves that ¢ is injective.

Let now g € Hom5_1A(S 1M S~IN). For any i = 1,...,n we have that g (%) €
S~IN and so there exist n; € N and s; € S such that g (%) = M Define s :=

S

; i i ITj2085)m 25
[T, s; € S. Then for any i = 1,...,n we have that g (%) :Z:m:’;,

where we defined n; := (H#i 3]-> n; € N. Consider the A-linear map f : A" - N
obtained extending by linearity f(e;) =n; for any i = 1,...,n. Let j € {1,...,m}.
Since x; € A", there exist aji1,...,a;, € A such that ; = > 7" | aje;. We have that

0= ,8(37]) = 5 (Z ajiei> = Zaﬁﬂ(ei) = Zajiwi .
i=1 i=1 i=1

Then

S ajiw; w r ajin;
=00 = () 250y () =30, - K

This means that there exists u; € S such that u; (3", ajn;) = 0. Consider u :=
HJ L u;. Then, for any j =1,...,m we have that

uf(xzj) =uf (Z ajiei> = (Z ajif(ei)> =
i=1 i=1
=u (Z ajiﬁi) = H ujr | uj (Z aﬂnl> =
i=1

14

Define f' := uf € Homy(A",N). By what we have just proved, f'(z;) = 0 for
any j = 1,...,m. Since (z1,...,zy) generates Ker(), we have that f/'(z) = 0 for
any = € Ker(f), i.e. Ker(f8) C Ker(f’). Then we can factor f’ through an A-linear
map f' : A"/Ker(B) — N such that f = f' op, where p : A" — A"/Ker(j) is
the canonical projection on the quotient. In particular, f/(e; + Ker(8)) = f'(e;) =
uf(e;) = un; for any i = 1,...,n. Since 3 is surjective, by the isomorphism theorem
we have an isomorphism 3 : A"/ Ker(8) — M, with 3(x + Ker(8)) = §(z) for any
x € A", In particular, 5(e; + Ker(B)) = B(e;) = w; for any i = 1,...,n. We define
h:= ?05_1 € Hom4 (M, N). For any i = 1,...,n, we have that

— (=1 — ~
hws) = F (B~ (wi)) = FPlei + Ker(8)) = ui;
Consider % € S~'Homu (M, N). For any i = 1,...,n we have
h wiy (1 o4 wi\  h(w;)  ung ong o w
¢<u> (1)<us5 h) (7)== = = =9(7)

Since (w1, ..., wy) generates M over A, (%,..., %) generates S~'M over S~'A.

Then we must have ¢ (us) = g. This proves that ¢ is surjective. O
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Lemma 2.1.28. (1) Let M be an A-module. We have that M = 0 if and only if

M, = 0 for every prime ideal p of A.

(2) Let M, N be A-modules and f : M — N an A-linear map. Then f is surjective

(respectively, injective or bijective) if and only if f, is surjective (respectively,
injective or bijective) for every prime ideal p of A.

Proof. (1) It is clear that if M = 0 then M, = 0 for any prime ideal p. Conversely,

assume that M, = 0 for any prime ideal p. Assume by contradiction that
M # 0 and let m € M\{0}. Then the annihilator Anny(m) is a proper
ideal of A, because 1 ¢ Anng(m). So there exists a maximal ideal m such
that Anng(m) C m. In particular, m is prime, so we have that My, = 0 by
assumption. So § = 0 in My,. This means that there exists s € A\p such that
sm = 0. Then s € Anng(M) C m, which is a contradtion. So we must have
M =0.

Let p be a prime ideal of A. We have that Coker(f), = (N/Im(f)), =
N,/ Im(f)p, because the localization commutes with quotients. We have that
Im(f), and Im(f,) are submodules of N, and

Im(f)y = {% | yeIm(f),se A\p} — {f(f)

B[ e} min.

So Coker(f)p = Ny/Im(f)y = Ny/Im(fy) = Coker(fy).

On the other hand, consider Ker(f) € M. For any = € Ker(f) and s €
A\p, we have that f (f) = @ = 0. So £ € Ker(fy). This shows that
Ker(f)p, € Ker(fy). Conversely, if £ € Ker(f,), with z € M and s € A\p,

then 0 = f, (%) = @ Then there exists v € A\p such that uf(zx) = 0.
Since f is A-linear, we have that f(uz) = uf(x) = 0. So ux € Ker(f). Then
T =12 € Ker(f)p. So Ker(f), = Ker(fy).
Now we have that f is surjective if and only if Coker(f) = 0 and by point (1)
we have that this is true if and only if Coker(f,) = Coker(f), = 0 for every
prime ideal p of A, so if and only if f, is surjective for every prime ideal p of A.
Analogously, f is injective if and only if Ker(f) = 0 and by point (1) we have
that this is true if and only if Ker(f,) = Ker(f), = 0 for every prime ideal p of
A, so if and only if f, is injective for every prime ideal p of A. Then we have
also that f is bijective if and only if f, is bijective for every prime ideal p of A.
O

a:eM,seA\p}:

For any f € A, we define Sy := {f" | n > 0}, Ay := S;lA and My = S]?lM =
M ®4 Ay for any A-module M (then My is an Agp-module).

Lemma 2.1.29. Let (f;)icr be a collection of elements of A such that A =73, ; f; A.

(1) For every A-module M, we have that M = 0 if and only if My, = 0 for every

1el.
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(2) Let M, N be A-modules and g : M — N an A-linear map. Then g is surjective

(respectively, injective or bijective) if and only if gs, : My, — Ny, is surjective
(respectively, injective or bijective) for every i € I.

(3) Let M be an A-module. If My, is a finitely generated Ay,-module for every

1 € 1, then M is finitely generated.

Proof. (1) It is clear that if M = 0 then My, = 0 for any ¢ € I. Conversely,

assume that My, = 0 for any ¢ € I. Let p be a prime ideal of A. In particular,
p # A and so there exists ¢ € I such that f; ¢ p (otherwise we would have
A =3 .c; [iA Cp. Since p is prime, it follows that fj ¢ p for any n € N, i.e.
Sf; € A\p. Then we have that M, = (My,)y, = 0, = 0. Since this holds for
every prime ideal p of A, by lemma 2.1.28(1) it follows that M = 0.

The proof is analogous to that of lemma 2.1.28(2).

Since ) ,.; fiA = A, we have that 1 € ) ,; f;A, i.e. there exist n € N,
i1,...,0n €1, a1,...,a, € Asuch that 1 = Y}, apfi,. Then for any z € A
we have that t =z -1 =2 (3 ,_; anfi,) = Dopey(zag) fi,. So A=>7_; fi A
Let k € {1,...,n} and let (zx1,..., 2k, ) be a set of generators of My, over
Afik‘ By definition of localization, for any h = 1,..., 7 there exist mg, € M,
nyp, € Nsuch that zy, = 2= For any x € My, , there exist Ai,..., Ay, € My,

1
such that

*k

)

Tk Tk Tk
m 1
z=) Ampn = ) M = > | M Ymh
h=1 h=1 fi ! 1

ik h=1 J

This proves that (%, cee m'i”“

claim that (mgp)k=1,...n h=1,..r, generates M. Let N C M be the submodule
generated by (mgp)k=1,..n h=1,..r, and consider the quotient M/N. Let k €
{1,...,n}. We have that (M/N)y, = My, [Ny, , because the localization
commutes with quotients. On the other hand, we have that Nfik contains L

) is a set of generators of My, over Ay, . We

. m
for any h = 1,...,7,. Since <%,..., ';T’“

have that Ny, = My, . So My, /Ny = 0. Then (M/N)y = 0 and this
k k k k k

holds for any k = 1,...,n. Applying point (1) to the collection (f;, )k=1... n.

we get that M/N = 0, i.e. M = N. This proves that M is generated by

(Mkh)k=1,....n, h=1,....r),- Since this is a finite set, M is finitely generated.

) generates My, —over Afik’ we

O]

We are now ready to give our local characterization.

Proposition 2.1.30. Let P be an A-module. The following are equivalent:

(i) P is a finitely generated projective A-module;

(it) P is finitely presented and for any prime ideal p of A we have that P, is a free

Ap-module;
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(iii) P is finitely presented and for any mazimal ideal m of A we have that Py is a
free Am-module;

(iv) there is a collection (f;)icr of elements of A such that ), ; fiA = A and for
each i € I the Ay,-module Py, is free of finite rank.

Proof. (i) = (ii) Since P is finitely generated and projective, by corollary 2.1.15
there exist an A-module @) and an n € N such that A" =2 P& Q. Let ¢ : A" —
P & @ be an isomorphism. Denote by p1 : P®Q — Pand ps : P& Q — Q
the canonical projections, which are A-linear and surjective. We have that
prop: A™ — P is surjective, because @ is an isomorphism and p; is surjective.
Moreover, Ker(py o ¢) = ¢ !(Ker(p1)) = ¢ '(Im(2)), where we defined 5 :
Q — PaQ, x — (0,x). We have that ps o ¢ is surjective, because ¢ is an
isomorphism and ps is surjective. Then @ is generated by ((p2o¢)(e1),. .., (p2o
©)(en)) and Im(eg) is generated by ((t20p2o@)(er),..., (t2op2op)(ey)), where
(é1,...,en) is the canonical basis of A". So Im(¢2) is finitely generated. Since
¢ is an isomorphism, we have also that Ker(p; o ¢) = ¢~ 1(Im(2)) is finitely
generated. This proves that P is finitely presented (see remark 2.1.26).
Let p be a prime ideal of A. Since localization at p corresponds to tensor
product with Ay, by lemma 2.1.24 we have that B, is projective over A.
Moreover, if (wy, ..., wn) generates P over A, then we have that (%, ..., “m)
generates B, over A,. So B, is finitely generated over A,. Then, by lemma

2.1.23, we have that B, is free over A, (because A, is a local ring).

(ii) = (iii) This is obvious, because every maximal ideal is prime.

(iii) = (iv) Let m be a maximal ideal of A. By assumption, Py is free over Ay.
Moreover, since P is finitely presented, it is in particular finitely generated over
A and so Py is finitely generated over Ay (if (w1, ..., w,) generates P over A,
then (%, e %) generates Py over Ay). This means that the rank of Py
over Ay, is finite (see remark 2.1.2(1)). So there exists an isomorphism of Ay-
modules g : A — Py, where ny = ranka, (Py). Let h := g~1: Py — Al
Notice that APm = (A™ )y, as Ap-modules, because the localization commutes
with direct sums. Let ¢ : Al™ — (A")n be an isomorphism of Ay-modules.
Then g o o=t € Homa,, ((A™ )y, Pu) and ¢ o h € Homa,, (Py, (A™)y). By
lemma 2.1.27, there exist ¢’ € Hom4(A™, P), b’ € Homa (P, A™), s,t € A\m
such that go ¢~ = 1(¢/)m and p o h = 2(W)n (here we use the assumption

S

that P is finitely presented; on the other hand it is clear that A™ is finitely

id gnm
presented, because we have the exact sequence 0 — A™m Lamm, gnm 0). We
have that

1 1 1 _ _ . .
— (g0 )n = <3<g'>m>o<t<h'>m) = gop lopoh = gog™ =idp, = (idp)m -

By injectivity in lemma 2.1.27, this implies that % = idp in Homy (P, P)y
(we use again the fact that P is finitely presented). This means that there
exists u € A\m such that u(g’ o b’ — stidp) = 0. On the other hand, we have
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that
1 1
;(h/og/)m — <t(h/)m> le) <S(g/)m> =
=gpohogop '=poglogop ! =idmm), = (idmm),
By injectivity in lemma 2.1.27, this implies —t = idgnm in Hom g (A™™, A™™)y

(we use again the fact that A™ is finitely presented). This means that there ex-
ists v € A\m such that v(h' o ¢’ — stidanm ) = 0. Define fy := stuv (everything
we defined up to now depended on m, but we did not make explicit this depen-
dence in the notation in order to avoid confusion). Since A\m is a multiplicative

subset of A, we have that fn € A\m. Define ¢" := “}ng/ € Homy(A™, P)y,.

and b’ = %":1” € Homy(A™, P)ys.. We can associate to ¢g” and h” the

two maps g = 7~ L (tuvg') ., € Homgu, ((A™)f,,Pf,) and h o= f%(suvh’)f €
Homgu, (Pf,,(A"™)s,), as in lemma 2.1.27. We have that

goh= <flm(tuvg)f> (fm(suvh) >:tu;§v(ugloh’)fm:

tuvsv . s2t2u20? f2 )
= pg lwstidp) = (de) g = idpy, =idey,

Conversely,

hog= (flm(suvh) > (fm(tuvg ) > = Sefgu(vh’og’)fm =

2t222

&

suvtu
= —5—(vstidgnm ) g, =

fr% (ldAnm )fm = id(Anm )fm

So g and h are inverse to each other. In particular, they are isomorphisms
of Ay -modules. Then Py = (A"™); as Ay -modules. On the other hand,
we have that (A™")f, = A%" as Ay, -modules, because the localization com-
mutes with direct sums. So Py, = AP™ is a free Ay -module of rank nn
(in particular, the rank is finite). Let now I be the set of all maximal ide-
als of A and consider the collection (fy)mes. For any maximal ideal my we
have that fum, € (X mes fmA) \mo, 50 D nes fuA € mp. Then we must have
> mer fmA = A (recall that any proper ideal is contained in a maximal ideal).
So the collection (fm)mer satisfies the required properties.

(iv) = (i) Since ) ,.; fiA = A, we have that 1 € ), ; fiA, i.e. there exist n € N,
i1,...,0n € I, a1,...,ap, € Asuch that 1 = Y}, arfi,. Then for any z € A
we have that c =2 -1 =2 (3 p_y anfiy) = Yop_q(@ak) fi,. So A=>1_, fi, A
Then, replacing I with {i1,...47,}, we can assume without loss of generality
that I is finite.
The fact that P is finitely generated follows from lemma 2.1.29(3). In order
to prove that P is projective, we prove firstly that it is finitely presented (this
will allow us to apply lemma 2.1.27). Let i € I. By assumption, we have that
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Py, is free of finite rank over Ay,. Let n(i) := ranks, (Pf,). Then we have

an isomorphism of Ay-modules g; : A?i(i)

canonical basis of Ani(i). For any k =1,...,n(i), we have that g;(e;x) € Py,, so

by definition of localization there exist z;x € P, m;; € N such that g;(e;r) =
% Let m; := maxg_; ;) M- Then, for any k = 1,...,n(i), we have

— Pfi‘ Let (61'1, ceey €m(z)) be the

) My —Mik . . o
ooy Tik fz Lik _ Tik
gz(ezk) = fmm - fmz*mzkfmzk - f.mi ’

i . i 1

)

where we defined x5, := f™" "%, € P. Define now h; := f"g; A;:(i) —

Py,. Then h; is an isomorphism of Ay-modules, with inverse f}ni g~ '. Define

moreover an A-linear map h} : A™® — P by hi(el.) = xi for any k =
1,...,n(i) (extended by linearity), where (e, ..., e;n(i)) is the canonical basis

of A" Localizing we get an Ay,-linear map (h})s, : (A"®); — Py. Since
the localization commutes with direct sums, we have an isomorphism of Ay,-
modules ¢; : (A"D), — A}Li(l). This isomorphism sendg (%" to e;; for any
k = 1,...,n(i). Consider then h; o p; € HomAf,((A"(Z))fi,Pfi). For any
k=1,...,n(i), we have that

/

(hio @) <i> = hi(eir) = £ gi(eix) =

e Tik . Tk 7 h;(egk) Y egk

So h; o ¢; = (h})f,. Since both h; and ¢; are isomorphisms, it follows that
(h%)s, is an isomorphism of Ay,-modules. Define now F := @, ; A"¥) and

B :F — P, (xi)icr — Zh;(fm :
el
This map is A-linear because it is equal to ¢’»((h})icr), where
¢l : l_IHomA(A"(i)7 P) — Hom4(F, P)
i€l
is defined as in lemma 2.1.9. Moreover, for any i € I, we have h' o g; = hl,
where we defined ¢; : A" — F, x v (§;;2) 7. We know that (h)f, 0 (gi)s, =
(W' o qi)s, = (h})y is an isomorphism, in particular it is surjective. It follows
that (h')y, is surjective. Since this holds for any ¢ € I, by lemma 2.1.29(2)

we have that ' is surjective. Moreover, consider Ker(h') C F. Let i € I.
As in the proof of lemma 2.1.28(2), we have that Ker(h');, = Ker((h')f,). We

claim now that Ker((h')s,) is finitely generated over Ay,. Since h; : A?i(i) —
Py, is an isomorphism of Ay,-modules, we have that (hi(ei1), ..., hi(ein))) =

(’571 Cey I”{(’)> is a basis of Py, as an Ay,-module. We have also that

7,
Tty () = (000 @) () = 0y (250
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for any k =1,...,n(i). Consider now j € I, j # i and the Af -linear map (h'o
a)f = By, ( D (AM0) - Pf For any k = 1,...,n(j), we have that

(W), (qj(e]k ) (W), 0(g5) 1) ( ) € Py, so there exist Ajr1, ..., Ajn(i) €
Ay such that

<h’>fi( ) HZAW th' <z( )>.

Since (h')y, is Ay,-linear, this implies that

n(z)

(h/)fi Z Ajk 7“

=0,

ie. yr = M — Z:fg /\jkr%ﬂ*) € Ker((h')f,). Denote now by M the Ay,-
submodule of Fy, generated by (yjk)jer, j£i, k=1,...n(j)- Since I is finite, we have
that M is finitely generated. Moreover, since Ker((h')y,) is an Ay,-submodule
of Fy,, we have that M C Ker((h')y,). Let z € Ker((h')y,), i.e. (B)f,(x) = 0.
Notice that F is generated by (qj(e;-k))jeL k=1,..n(j)- Lhen Fy is generated

by (&E'J) _over Ay,. So there exist puj;, € Ay, (for any j € 1,
Je€l, k=1,...n(j)

%(e J’“) . Then we have

k=1,...,n(j)) such that z = ZjeJ,k:I n(j) Mk

77777

n(z)

ai(€;r,) )
T = Mz‘k% =+ Z Kk | — Z )‘Jkr +
k=1 JEN{4}
k=1,...,n(5)
n(i)
+ Z Hik Z )\jk’f‘ =
Jen{i} r=1
k=1,...,n(j
n(7) ’ n(i) /
= Z,Uiri(l ) + Z HikYjk + Z 7(1 ) Z Mk A jkr
r=1 jel\{i} r=1 Je{i}
kil,...,ﬂ(j) kzlvv”(])

gi(e;
=3 e S e | .
r=1 jen\{i}
kzlv?”(])

where we defined y = > jeniy HjrYik € M. Define also vy 1= pir +
k=1,...,n(j)
Dojen{i}, k=1,...n(j) MikAjkr € Ag,, for any v = 1,...,n(i). Then we get that

x = En(? uirq’( ¢ir) 4 y. Since M C Ker((h')y, ), we have that (h')s,(y) = 0.
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So, applying the Ay, -linearity of (h')y,, we get

S () S
0= ()50 = vty (2 ) 4 )0 = Do
r=1 r=1

But we know that <f{1,,x”i“>> is a basis of Py, as an Ay-module, in
particular it is linearly independent. So we must have v;,, = 0 for any r =
1,...,n(t) and * = y € M. This proves that Ker((h');,) = M is finitely
generated. Since Ker(h')s, = Ker((h')s,) and this is finitely generated for any
i € I, we have that Ker(h') is also finitely generated, by lemma 2.1.29(3).
Notice that F' = €,; A0 = AYier™(®) a5 A-modules and > icy n(7) is finite,
because [ is finite. Let ¢ : A2icr™®) 5 F be an isomorphism. Then h' o Y
AXier™d) 5 P is a surjective A-linear map, because A’ is surjective and A-
linear. Moreover, Ker(h' o ¢) = ¢~ !(Ker(h')) is isomorphic to Ker(h') as an
A-module, so it is finitely generated, because Ker(h') is finitely generated. This
proves that P is finitely presented (see remark 2.1.26).

Let now M, N be A-modules and v : M — N a surjective A-linear map. Then
Coker(ar) = 0. Let i € I and consider the Ay,-linear map ay, : My — Ny,.
By lemma 2.1.29(2), oy, is surjective. By assumption, Py, is free over Ay, in
particular it is projective (example 2.1.11). Then, by lemma 2.1.14 ((i) =
(ii)), we have that the map

(aug,)« : Homga, (Py,, My,) — Homu, (Py,, Ny,), B+ a0

(which is clearly Ay -linear) is surjective. Since P is finitely presented, by
lemma 2.1.27 we have isomorphisms ¢y : Homy (P, M)y, — Homa, (Py,, My,)
and ¢y : Homa (P, N)y, — Homa, (Pf,, Ny,). Consider the following diagram,
where we defined o, : Hom g (P, M) — Homu4 (P, N), 5+ ao .

Hom (P, M) ;)—L5Homy, (Py,, My,)

(O‘*)fzi l(afi)*

HomA(P, N)fiﬂJ‘IOHlAfi (sz‘ﬂ Nfi)
For any fim € Homy (P, M)y, (8 € Homy(P, M) and m € N) we have that

ol (7)) = (57 =

o 1 1
—on (‘“ ) = (00 8)5 = glo, oy =

fi
{n) = (ay, )« (ifn) = (ay,)« <<,0M (é)) .

_ (5
=af° fz

So the diagram commutes, i.e. n o (w)f, = (f,)« © opr- Then we have that
(ax)f, = ©N' © (ay,)« 0 pur is surjective, because (ary, ), is surjective and @y
and @y are isomorphisms. Since this holds for any ¢ € I, we have that ay is
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surjective, by lemma 2.1.29. By lemma 2.1.14 ((ii) = (i)), we have that P is

projective.
O

Remark 2.1.31. The proposition 2.1.30 has an important geometrical meaning: it
means that P is finitely generated and projective if and only if the associated sheaf of
Ogpec(a)-modules P is locally free of finite rank (recall that, given a scheme (X, Ox)
and a sheaf F of Ox-modules, F is locally free of finite rank if for every x € X there
exists an open neighbourhood U of = in X such that 7|, = @Y, (Ox), as sheaves
of (Ox)|,-modules, for an ny € N).

Indeed, if P is finitely generated and projective, let (f;);er be a collection of elements
of A as in 2.1.30(iv). Let p € Spec(A). Then p # A, so there exists ig € I such that
fio & p (otherwise we would have A =) . ; f;A C p). This means that p € D(f;,),
i.e. the distinguished open subset D(f;,) is an open neighbourhood of p in Spec(A).
Consider the sheaf of Ogpec(a fio)—modules 1/3;; . By assumption, Py, is a free Afio_

module, so there exists n € N such that Py, = A;ﬁio as Ay, -modules. Then

n n
Pfio = A?’io &~ @ Afzo == @ OSpec(Ain) ’
=1 =1

as sheaves of Ogpec(a, )-modules. Moreover, we have that
20

(D(flo)a (OSpeC(A))|D(in)) = SpeC(Ain) .

This isomorphism allows us to see ]3}; as a sheaf of (Ogpec(a)) -modules on

D)

D(fi,) and it can be easily proved that this sheaf is isomorphic to P Then we

D(fip)"

get that PDw0> o @?:1(OSPGC(A))|D(%). So P is locally free of finite rank.

Conversely, assume that Pis locally free of finite rank and let p be a prime ideal of
A, i.e. p € Spec(A). Then there exists an open neighbourhood U of p in Spec(A)
such that ]3|U = P (Ospec(a))|, as sheaves of (Ogpec(a) )|, -modules. Consider now
the stalks at p. We have that ((Ospec(a))jy)p = (Ospec(a))p = Ap. Then we have
isomorphisms of Ap-modules

b, = <ﬁ)p N (Eu)v ~ (éé(ospec(A))lu>p & Ené((Ospec(A))w)p = ;EA;:

i=1

(we used the fact that stalks commute with direct sums). So P, is a free Ay-module
of finite rank (this is also part of the statement of corollary 2.1.33 and we will give
an alternative proof with an algebraic approach). Then the condition (ii) of the
proposition 2.1.30 is satisfied and P must be finitely generated and projective.

Corollary 2.1.32. Let P be an A-module. If there exists a collection (f;)ier of
elements of A such that ) ,.; f;A = A and for every i € I the Ay,-module Py, is
finitely generated and projective, then P is finitely generated and projective as an

A-module.
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Proof. Let i € I. Since Py, is finitely generated and projective over Ay,, by propo-
sition 2.1.30 ((i) = (iv)) there exists a collection (ayj);e, of elements of Ay, such
that > .. Ay, = Ay, and the (Af,)q,,-module (Py,)a,; is free of finite rank. Let
J € J;. By definition of localization, there exist h;; € A and n;; € N such that

h..
ajj = —mi=. Define
_z
. )

T
fi 7

App. — (Af)a,. >
SO fz 35 ( fz)am (fzhzj)n azr;
Let us check that ¢ is well defined. If (f,;f)n = (f_hy“)m, with z,y € Aand n,m € N,
[2L2%] [2LZ%]

then there exists k € N such that (fzhw>k($(fzhm)m — y(fzhm)”) = 0. Then in Afi
we have

o = ihig)"@(fihig)™ = y(fihi)") _

f'(k—&-m—i-n)(l—i-nij)
N L
= fk(1+nij) f(m+n)(1+n¢j) f,(m+n)(1+nz‘j) =

. hij k T hij " _ Y hij "
= on” fﬁ(1+nij) flnz] fm(1+n¢j) fzn”

_ .k z m Y n
= & <fn(1+n¢j) Qij fm(l—i-nij) aij)
7 7

__xr ¥y
f:(lﬂzi]’) B fz"m(l‘F”ij)

n - m
Qg Qg

in (Ay,)a,; and this proves that ¢ is well defined. Moreover, we have that

iy )
(L) “”((fihijw) ol = ARy

and for every x,y € A, n,m € N we have

¢<wiwwwiw>:¢<wﬁgwm>:

(n+m)(14+n,;,) n(l+n;;) m(1+n;;)
_ \fi )\ " ’
- n+m - n ,m -
ij %ij%ij
x Yy
f:(Hni]’) f:”(1+nij) T y
- n m =¥ (fihij)" ¥ (fihi)™
aij aij illij il
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and

¢<m;w“<wiw>:¢<dﬂﬁﬁ;%gmm>:

m n
z(fihi)™ +y(fihij)"™ x hij +—v | hy
B fi(n+m)(1+nij> B fin(l+n7;j) £ f;’n(1+n2‘j) £ _

n+m n ~m
Qi Q5 i
z m K] n x K]
( n(itn;;) Yij + m(1+nij)aij> ( n(1+nij)> < m(1+nij))
_ A\ fi _ A\ + fi _
n m n m
agag; o o

=+ (igae) -+ ()

Then ¢ is a ring homomorphism. Let now W € Ker(yp), with z € A and n € N.
iij
This means that

()

o (fihij)™
; k x _ in A i hiw _
Then there exists & € N such that o 55— = 0in Ay, ie. ) =

ij fn(1+nij)
i

fi
k

<;ij> W = 0. This means that there exists m € N such that fﬁh%x =0.
Let K := max{k,m}. Then

(fihij) Ko = fEnEa = fEomnl=F frpka = 0.

So (fihxij)n =01in Ay, Then Ker(p) = 0, i.e. ¢ is injective.

(%)

Let now -4 € (Af,)a,., with x € A, n,m € N. Let k := max{m,n —mn;;} € N
aij fz ij J

k*(nfrnnij) k—m

and consider — T “— € Aj,p,;- We have that
i1lij
k—(n—mn;i) p_m
) ( ) xfl n—mn;; h?j thjim
—(n—mng;), k— k(1+n;;) “Ekngitn—mn;;
N W A M Vi
(s o o
k—m
z [ Ty L
A (s ") _ ()
o o o

This proves that ¢ is surjective. So ¢ : Afp,; — (Ay;)a,; is an isomorphism. Then
we can see the (Ay,)q,;-module (Pf,)q,; as an Ay, ,-module, which is again free of
finite rank. It can then be proved that Py, = (Py,)a,; as Agp,,-modules (the proof
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is analogous to what we did above for Ay,p,; and (Ay,)a,;). So Ppp,; is a free Ay, -
module of finite rank.

Now, since ZjeJi oAy, = Ay, there exist \j; = ff,% € Ay, (with s;; € A, m;; € N,

for any j € J;) such that § =) . ; aiihij = > i) fn—fjfm—]” =2 e f.,,,ij?ﬂf,,i],. Let

N := maxjej,(nij +msj). Then

N—ni;—m;;
I Z hij sij Z hijsij > i, higsii f;

1 Nij Maj — nij+mi; N ’
jed; f'L fl jeJ; J1i fl

which means that there exists k& € N such that

O=fF {1 fV =1 hggsipf; "7 | = N =) higsif AR
jeJ; Jj€J;

e fEHN = D jed: hz‘jsz'jferanij*m”. Let m be a maximal ideal of A. Since
Y icr fiA = A, there exists i € I such that f; ¢ m (otherwise A C m, which is a
contradiction). Since m is maximal, it is in particular prime. Then fih ¢ m for any
h > 0. In particular, fF™N ¢ m. Then 3, ; fFTV 1A ¢ m. Since this holds for
every maximal ideal m, we must have that ). ; ff'”v +1A = A. Then there exist
a; € A (for i € I) such that

BN —nij—my;
1= ZfikJrNHai = Zfi Z higsipfy 0 ai =

i€l i€l JETi
k+N—n;;—m;;
=3 fihigsi f; T g, e > (fihij)A.
iel jeJ; i€l
J€J;
Then »,c; es(fihij)A = A, because > ;s c;(fihij)A is an ideal of A. So the

collection (fihij)icr je, satisfies the assumptions of proposition 2.1.30 ((iv) = (i)),
which allows us to conclude that P is a finitely generated and projective A-module
O

Corollary 2.1.33. Let P be a finitely generated projective A-module.
(1) For any prime ideal p of A, we have that P, is a free Ap-module of finite rank.

(2) The function rank 4 (P) : Spec(A) — Z, p — ranka, (F) is locally constant. In
particular, it is continuous (if we endow Z with the discrete topology) and if
Spec(A) is connected it is constant.

Proof. Since P is finitely generated and projective, by the implication (i) = (iv)

of the proposition 2.1.30 there exists a collection (f;);cr of elements of A such that
> icr JiA = A and for each i € I the Ay-module Py, is free of finite rank.
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(1) Let p be a prime ideal of A. In particular, P # A. Then there exists i € I
such that f; ¢ p (otherwise we would have A = ., ; fiA C p). Since p is
prime, it follows that fj* ¢ p for any n € N, i.e. Sy, € A\p. Then we have that
Ap = (Af,)p,,- This isomorphism allows us to see (Pf,)y, as an Ay-module.
Then B, = (Pf,)p,, as Ap-modules. By assumption P, is free of finite rank, i.e.
there exists n € N such that Py, = (Ay,)" as Ay,-modules. Since the localization
commutes with direct sums, we get that P, = (Py,),, = ((Ap,)p, )" = A} as
Ap-modules. This proves the claim.

(2) Let p € Spec(A) and i as in the proof of point (1). Then D(f;) is an open
neighbourhood of p in Spec(A). If n € N is such that Py, = (Af,)" as Ay;-
modules, in the proof of point (1) we saw that B, = A} and so ranka, (F) = n
(notice that this rank is well defined because A, # 0, since % #+ %) Let now q €
D(f;). This means that f; ¢ q. Then we can apply the same argument we used
in point (1) in order to show that rank 4, (Fy) = n. Hence the function rank 4 (P)
is locally constant. The rest of the statement follows immediately, because a
locally constant function is always continuous and a continuous function from

a connected space to a discrete one must be constant.

O

Remark 2.1.34. Let (X, Ox) be a scheme. Working with stalks, one can associate a
rank function X — Z to any locally free sheaf of Ox-modules of finite rank and this
function is locally constant. Then corollary 2.1.33 can be seen as a consequence of
remark 2.1.31.

Definition 2.1.35. Let P be a finitely generated projective A-module.

(1) The function ranka(P) : Spec(A) — Z, p + ranka,(F,) defined in corollary
2.1.33(2) is called the rank of P over A.

(2) We say that P is faithfully projective if rank 4(P)(p) > 1 for every p € Spec(A)
(we will write shortly rank4(P) > 1).

Remark 2.1.36. (1) Recall that any free module is projective (example 2.1.11). So
now we have two definitions of rank in the case of a finitely generated free
module (remark 2.1.2 and definition 2.1.35(1)). The first definition gives us a
non-negative integer, while the second one is a function from Spec(A4) to Z.
However, if P is a free A-module of rank n (n € N), then B, is a free Ay-module
of rank n for any p € Spec(A), because the localization commutes with direct
sum. So the rank function we defined in 2.1.35(1) is constantly equal to n,
namely to the rank defined as in 2.1.2.

(2) Notice that, unlike the definition of the rank of a finitely generated A-module
that we gave in remark 2.1.2, the definition we gave in 2.1.35(1) makes sense
also when A = 0. Indeed, in that case we have that Spec(A) = 0 and the rank
of 0 (the unique A-module) is the unique function ) — Z.
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The rank enjoys a lot of interesting properties concerning operations between
finitely generated projective A-modules. As an example, we see what happens with
direct sums and with tensor products (the results are intuitive if we think about the
case of free modules of finite rank).

Lemma 2.1.37. Let Pi,..., P, be finitely generated projective A-modules. Then
;| Pi is also finitely genererated and projective over A and

n

rank 4 (@ B) = ZrankA(Pi)

=1

as functions on Spec(A) (i.e. ranka (), Pi)(p) = Y. i ranka(P;)(p) for any
p € Spec(A)).

Proof. Since P; is projective for every i € I, we have that @, P; is projective by

corollary 2.1.10. Moreover, if (vi1,. .., Vim,) generates P; for any ¢ = 1,...,n, then
((Vikys -+ > Unkp ) kv =1,...m1, s kn=1,...m», generates @, P;. Indeed, if (z1,...,2,) €
;| P, then for every ¢ = 1,...,n we have that z; € P; and so there exist

ity - -+ Aim; € A such that x; = ZZ;Z:l Nik; Vik; - SO

m1 mMn
(x1,...,2p) = E Alklvuﬂ,-..,g MknUnk,, | =
fr=1 fon—1

mi mn
= Z"'Z)\lkl"')‘nkn(vlkl)"'7vnk:n)'
kn=1

k1=1

This shows that €D, P; is finitely generated.

Let now p € Spec(A). Fix i € I. By corollary 2.1.33(1), we have that (FP;), is free
of finite rank. Define m; := rank,((F;),y) (by definition of rank4(F;), this means
that m; = rank4(P;)(p)). Then (P;), = Ay". Since the localization commutes with
direct sums (see lemma 2.1.19, recalling that localization at p corresponds to tensor
product with Ap), we have that

=1 p =1 =1

as Ap-modules (notice that lemma 2.1.19 gives only an isomorphism of A-modules,
but it is immediate to check that in this case that isomorphism is also Ap-linear).
Then, by definition of the rank for finitely generated projective A-modules, we get

that
rank 4 (@ H) (p) = Zml = ZrankA(R)(p) .
i=1 i=1 i=1
O

Lemma 2.1.38. Localization and tensor products commute. More precisely, if S is
a multiplicatively closed subset of A and M, N are A-modules, then S™'(M ®4 N) =
(S7IM) ®g-14 (ST'N) as S~ A-modules.
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Proof. Consider the map

0:STIM x STIN — S~V (M @4 N), (T, ﬁ) o men.

st st
First of all we check that ¢ is well defined. Assume that mq,mo € M, ni,ne € N
and sy, s2,t1,t2 € S are such that = = %2 and ’Z—ll = ?—22 Then there exist u,v € S
such that u(mqyse — mesi) = 0 and v(nity — noty) = 0. Then wv € S and

uv(sata(mi @ny) — s1t1(me @ n2)) = (umis2) ® (vnita) — (umasy) ® (vnesy) =

= (umas1) @ (vnaty) — (umasy) ® (vngsy) = 0.

So msl@fnl = mQ@t’”Q. This proves that ¢ is well defined. We prove now that ¢ is
1t1 S22
S~'A-bilinear. Let A\; = 5,0 = 2 € §71A4, T, ™2 ¢ §7'M and } € ST'N.
Then
mo N UgS2a1M] + UrS1a9ma N
(v ) -
s9 t S1S82U U t
B (uQSQalml +u1s1aama) ®n  ugsear(mi @ n) 4+ uisiaz(me @ n)
8182U1’U,2t 8182U1UQt
aLm;@n as Mo @Mn mi1 n mo N
= A A () e (T )
u; St Uy Sot S1 S9 "t

Analogously, if \y = {5, X0 = 2 € 5 1A, ™ ¢ S=IM and ™, ™2 ¢ S~IN, we have

17 ta
that
m m ustoainy + uitiasn
90*)\ +)\27 290772211 1010272 \ _
S to S t1touius
- (u232a1m1 + ulslagmg) ®n Uustoaq (m & m) + ultlag(m & TLQ)
31$2U1U2t SU1UQt1t2
atmen amaen m n m n
=t 1y =2 2 = Mo =)+ dey =)
(75} Stl us Stg tl t2

So ¢ is S~!A-bilinear. By the universal property of the tensor product, ¢ induces
an S~ A-linear map ® : ST1M ®S 1A S7IN = S7H (M @4 N) with @ (2@ 2) =
ap((s,t))forany—ESlM € STIN.

The map ¢ : M x N — (S~ 1M) ®g-14 (STIN), (m,n) — 2 @2 is clearly A-
bilinear, so it induces an A-linear map ¥ : M ®4 N — (S7!M) ®g-14 (S7IN) with
U(m®@n)=1p((m,n)) =5 @7 forany m € M, n € N. Define

ST (M @4 N) 5 (STM) @514 (57IN), T iqz( ).

Let us check that ¥’ is well defined. Let 1,20 € M ®4 N, s1,s2 € S such that

% = i—; Then there exists u € S such that u(x;ss — z2s1) = 0. Since ¥ is A-

linear it follows that 0 = U(uxisy — uwesy) = use¥(x1) — us;W(xz2). So i‘ll(xl) =

L (usoW(x1)) = —2—(us1¥(x9)) = é\ll(mg) This proves that ¥’ is well defined.

uSs1 89 us1 89
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We prove now that ¥ is S~!A-linear. Let \; = %,Ag = Z—z c 574, %’% €
S~1(M ®4 N). Since ¥ is A-linear, we have that

\11’ (Alxl + )\2332> — \If/ <U2326L1$1 + ’LL1816L2332> _

51 52 U1U25152
1 1
= ————U(ugsearxy + uis1a2xs) = ————(u2s2a1 U (x1) + ursiao¥(za)) =
U1U28159 U1U25152
1 1
= D W) + 2 () = MW (xl) + AW (@) ~
Uy 81 U2 S9 S1 52

So ¥ is S~!A-linear. It remains to prove that ® and ¥’ are inverse to each other.
For any 7 € S—1M, 7€ S~IN, we have

QXn 1
Vo d (T E):qﬂ m _ 1y _
( ° ) s®t st st (m®n)
_1m n_m_n . m n
AR Rk GRS CL

So ¥ od = id(s-10n@41 ,(5-1N) (by linearity, it is enough to check equality on pure
tensors). Conversely, notice that S~1(M ®4 N) is generated by elements of the form
men wwith m € M, n € N and s € S. We have that

S 7

o (222) e fomon) o (5)-

m _n men . men
:q)(*®*> - s :lds—l(M®AN) <>

S 1 S

for any m € M, n € N and s € S. So ® oV = idg-1(psg,n)- This ends the
proof. O

Lemma 2.1.39. If P and P’ are projective A-modules, we have that P ® 4 P’ is also
projective.

Proof. Since P and P’ are projective, by lemma 2.1.14 ((i) = (iv)) there exist two
A-modules Q and Q' such that P®Q and P'® Q' are free. Then there exist two index
sets I and J such that P& Q = @,c; A and P’ & Q" = P, ; A. Since the tensor
product commutes with direct sums (lemma 2.1.19, notice that this works with both
factors, because for any two A-modules M, N we have that M ® 4 N = N ®4 M),
we have that

Pa=PAacia= (@A) o4 [PA|=2PoQ) 4P aQ)=

iel iel iel jeJ
jEJ jeJ

= (PosP)o(PoaQ)®(Q®AP)®(Q2aQ") .

Then, if we define R := (P@4Q")®(Q®4P)®(Q®4Q"), we have that (P4 P’ )®R =
Dicr jes A s free. Hence P ®4 P’ is projective by lemma 2.1.14 ((iv) = (i)). O
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Lemma 2.1.40. Let P and P’ be finitely generated projective A-modules. Then
P ®4 P’ is also finitely generated and projective over A and

rank (P ®4 P') = rank(P) - rank 4 (P")

as functions on Spec(A) (i.e. for any p € Spec(A) we have that rank o(P®4 P')(p) =
rank 4 (P)(p) - rank 4 (P')(p)).

Proof. We have that P® 4 P’ is projective by lemma 2.1.39. Moreover, if (v1,...,v,)
generates P and (w1, ..., w,,) generates P’, then P ®4 P’ is generated by (v; ®
Wj)i=1,..m, j=1,..,m- 50 P ®4 P’ is finitely generated over A.

Let now p € Spec(A). By corollary 2.1.33(1), B, and P, are both free of finite rank
over Ay. Let n :=ranky,(P,) and m := ranka,(Fy) (by definition of rank4(P), this
means that n = rank4(P)(p) and m = ranka(P’')(p)). Then B, = Al and P, = A"
Since the localization commutes with tensor products and direct sums (see lemmas
2.1.38 and 2.1.19, recalling that localization at p corresponds to tensor product with
Ap), we have that

(POAP)y = Poa, B = Aea, A7 = (D (4o d)= D 4= 4"
i=1,...,n i=1,...,n

Jj=1,....m j=1,...m

as Ap-modules (notice that lemma 2.1.19 gives only an isomorphism of A-modules,
but it is immediate to check that in this case that isomorphism is also Ap-linear).
Then, by definition of the rank for finitely generated projective A-modules, we get
that

rank (P ®4 P')(p) = nm = rank 4(P)(p) - rank 4 (P")(p) .

O]

We will see now the link between faithfully projective and faithfully flat A-
modules.

Lemma 2.1.41. Let My i> My 2 My be a sequence of A-modules. We have My i>
My 2 My is ezact if and only if for every prime ideal p of A the sequence of Ap-

modules (Mp)y ELN (Mn)p SN (Ma)y is exact.

Proof. Notice that, as in the proof of lemma 2.1.28(2), we have Ker(g,) = Ker(g),
and Im(f,) = Im(f),, for every prime ideal p of A.

Assume now that M EN M, 2 M, is exact, i.e. Ker(g) = Im(f). Then, for any
prime ideal p of A, we have that

Ker(gy) = Ker(g)p = Im(f)p = Im(fp) ,

which means that the sequence (My), LR (M) ELN (Ma), is exact.

Conversely, assume that, for every prime ideal p of A, the sequence (M), ip—>

(M), D, (M), is exact, i.e. Ker(gy) = Im(fy). In particular, we have that
0=gpofy =(90f)p and so 0 = Im((go f)p) = Im(g o f), (the last equality
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can be checked as in the proof of lemma 2.1.28(2)), for every prime ideal p of A.
By lemma 2.1.28(1), this implies that Im(go f) = 0, i.e. go f = 0. It follows that
Im(f) C Ker(g). Consider now the quotient Ker(g)/Im(f). Since the localization
commutes with quotients, we have that

(Ker(g)/ Im(f))y = Ker(g)y/Im(f), = Ker(gp)/ Im(fy) = 0

for any prime ideal p of A. By lemma 2.1.28(1), we have Ker(g)/Im(f) = 0, i.e.
Ker(g) = Im(f). Hence My ER M; 2 M is exact. O

Lemma 2.1.42. Let P be a finitely generated projective A-module. The following
are equivalent:

(i) P is faithfully flat;

(i) for any A-module M, we have that M = 0 if and only if M @4 P = 0;
(iii) the map p: A — Endz(P), a — (z — ax) is injective;
(iv) P is faithfully projective.

Proof. (i) = (ii) Let M be an A-module. Consider the sequence 0 — M — 0 (with
the only possible maps, i.e. the zero maps). Since P is faithfully flat, we have
that 0 > M — Oisexact ifand only if 0 =04 P > M ®4 P - 04 P =0
is exact. On the other hand, by definition of exact sequence, we have that
0 - M — 0is exact if and only if M =0 and 0 - M ®4 P — 0 is exact if
and only if M ® 4 P =0. Hence M =0 if and only if M @4 P = 0.

(ii) = (iii) First of all, notice that Endz(P) is an abelian group, with operation
given by (f+g)(z) = f(x)+g(x), for any f,g € Endz(P), x € P (and identity
element the zero map). We check now that u: A — Endz(P) is well defined.
Let a € A. By definition of A-module, we have that p(a)(x1 + z2) = a(z1 +
x2) = axy + axy = p(a)(xy) + p(a)(xz) for any z1,z2 € P. So u(a) : P — P
is a group homomorphism, i.e. it is Z-linear. Then u(a) € Endz(P) for any
a € A, which shows that p is well defined. Let now a,as € A. By definition
of A-module, we have that

plar + az)(x) = (a1 + a2)r = a1 + asx =
= p(a1)(x) + plaz)(x) = (plar) + plaz))(x)

for any = € P and so p(a; + az2) = p(ar) + p(az). Then p is a group homo-
morphism from (A, +) to Endz(P). So, in order to prove that y is injective, it
is enough to show that Ker(u) = 0. We have that

Ker(u) ={a € Al p(a) =0} =
={a€A|VeeP 0=pu(a)(z)=ax}=Anny(P).

We know that Anng(P) is an ideal of A, so we can see it as an A-module. For
any a € Anng(P), x € P we have that a®z = (a-1)®z = a(1®z) = 1®(azx) =
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1®0 = 0. Then, since Ann4(P)® 4 P is generated by pure tensors, we have that
Anny(P)®4 P = 0. By assumption, this implies that Ker(u) = Anny(P) = 0.
So p is injective.

(iii) = (iv) Since we already know that P is finitely generated and projective, it is
enough to check that rank4(P) > 1. Let p be a prime ideal of A. Assume by
contradiction that P, = 0. Let (wq,...,w,) be a set of generators of P. Since
P, =0, for any i = 1,...,n we have that §* = 0, which means that there
exists u; € A\p such that w;w; = 0. Define u := [[;", u;. Since p is prime, we
have that A\p is multiplicative and so u € A\p. For any j = 1,...,n, we have

n
uw; = (Hul> wj = 1_‘[uZ Ujw; = Hul -0=0.

i=1 i#j i#j
Since (w1, ...,w,) generates P and multiplication by u is A-linear, it follows
that uz = 0 for any = € P. This means that u(u) = 0 = p(0). By assumptions,
we must have that w = 0 € p, which is a contradiction with the fact that
u € A\p. Then B, # 0, which implies that rank4,(P,) # 0 and, since the rank
is a non-negative integer by definition, rank 4(P)(p) = ranka, (F,) > 1.

(iv) = (i) Let My ER M; % My be a sequence of A-modules. Since P is projective,

by corollary 2.1.22 we have that P is flat. Then, if M i> My 2 My is exact, we

have that also the induced sequence My® 4 P % My®aP % Mo 4 P

is exact. ) )

Conversely, assume that My ® 4 P m My ®a P % My ®4 P is exact.
Let p be a prime ideal of A. By lemma 2.1.41, we have that the sequence of
Ap-modules

(feidp)p (g®idp)p

(Mo ®4 P)y (M1 ®a P), (M3 ®4 P),
is exact. By lemma 2.1.38, we have that (M; ®4 P;), = (M;), @4, Py as Ap-
modules, for i = 0,1,2. Denote by ®; : (M;), ®4, B, — (M; ®4 P), the
corresponding isomorphism, as in the proof of that lemma, i.e. ®; (% ® %) =
%?x for any m € M;, x € P, s,t € A\p. Consider the following diagram.

fy®idp gy ®idp
(Mo)p ®a4, Pp"“L““p“* (My)y @4, By "“f—““f“*(Mﬂp ®a, B

RN
(f ®@idp)y (9 ®idp)

(MO ®A P)P—> (Ml ®A P)P —p>(M2 ®A P)p
For any m € My, x € P, s,t € A\p, we have that

@o(froidp) (Do) =a (5 () o) =

_ 5, <f(;n) - »:') _ f(fr;)t@@fc _ (f®id1;)t(m®x) _
—eipy (M20) = (o, (20 (Z 0 1)) .
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So @1 0 (f, ®idp,) = (f ®idp)y o Po (since the maps are Ap-linear, it is
enough to check equality on pure tensors). Analogously, one can check that
®y 0 (gp ®idp,) = (g ®idp)p 0 1. So the diagram is commutative. Since the
lower row is exact, the upper one is also exact. Since P is finitely generated
and projective, by corollary 2.1.33 we have that B, is a free Ay-module of finite
rank. Then P, = Ay as Ap-modules, where n = ranks, (). If 9 : B, — A} is
an isomorphism of Ay-modules, we have induced isomorphisms of Ay,-modules
idp, @0 0 (M;)p ®a, By — (Mi)p ®a, Ay, for i = 0,1,2. Moreover, (ida, ®J) o
(fp®idp,) = fr®@0 = (f ® idAg) o (idp, ®0) and (idpz, @) o (gp ® idpp) =
9p @V = (gp ®idap) o (idar, ®). So the following diagram is commutative.

fp ®1dp Gp ® 1dP
(Mo)p ®4, Bp—— (M1)y @4, B ———>(Ma), ®24, P,
lidMo QY lidM1 QY lidMQ QY
o ® idA{; Gp @ idA{;

(Mo)p @4, Ap (M1)p ®a, Ay ————(M2)p, @4, A}
Then, since the upper row is exact, the lower row is also exact. By lemma
2.1.19 (with A, instead of A and exchanging the order of the factors), we have
isomorphisms of Ap-modules ¥ny,), @ (Mi)y ®a, Ay — ((Mi)p ®a, Ap)", for
i =0,1,2. On the other hand, we have canonical isomorphisms of Ay-modules
oi : (Mi)p®@a, Ay — (M;)p, m@A +— Am, for i = 0,1,2. Consider the following

diagram. ‘ )
(Mo)p ®a4, Agw (My)p @4, Ay W(MZ);J R4, Ay
lag © Y(Mp), la? °Y(ay), lff? © Y(Mr)p
g — % (g

For any m € My, (A1,...,An) € A} we have that

(01 o Pan), © (fp @1dag))(m @ (A1,..., An)) =
= 01 (Yan), (fp(m) @ (A, ..., An))) = o7 (fp(m) @ A, ..o, fo(m) @ An)) =
= (a1(fp(m) @ A1), 01 (fo(m) @ An)) = (Afp(m), ... Anfo(m)) =
= (fo(A\im), ..., foAum)) = f7(Aim, ..., Aym)) =
= fplloo(m @ A1), ...,00(m ® An))) = folog((M @ Ar,...,m @ An))) =
= (fy 000) (V(arg), (M @ (A1, ..., An))) -
So o o Yary), © (fp ®@idap) = fpo0f oYy, (since the maps are Ap-linear, it
is enough to check equality on pure tensors). Analogously, one can show that
o8 © P(aty), © (9p ®idap) = gp 0 0F 0 Yary),. So the diagram is commutative.

Since the upper row is exact, the lower row must also be exact. This means
that Ker(gy) = Im(fy'). It is easy to check that

Ker(gg) = Ker(gp)"

and

Im(fy") = Im(f,)"
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(see the proof of corollary 2.1.20). Then we must have Ker(gy) = Im(fy), i.e.
the sequence (Mpy), ELN (M), ELN (Ma), is exact. Since this holds for any

prime ideal p of A, applying again lemma 2.1.41 we get that My i> My % M,
is exact. Hence P is faithfully flat.
O

Now we want to define the trace also for endomorphisms of a finitely generated
projective A-module (see 2.1.1 for the definition in the case of free A-modules of
finite rank). This will later allow us to define projective separable A-algebras. For
any A-module P, we denote by P* the dual of P, i.e. P*:= Homy(A, P).

Lemma 2.1.43. Let M be an A-module. For any A-module P we have an A-linear
map
Upm i P*®a M — Homy(P, M), f@m— (p— f(p)-m)

(extended by linearity). If P = &' | P;, for some A-modules Py, ..., P,, then Up
is bijective if and only if Up, v is bijective for every i =1,...,n.

Proof. First of all, we prove that 9p 5s is well defined, for any A-module P. For any
f € P*,me M, consider the map U, : P — M, p— f(p)-m. For any A1, A2 € A,
p1,p2 € P, we have that f(A1p1 + Aap2) = M f(p1) + A2 f(p2), because f is A-linear.
So

g m(Ap1 + Xap2) = f(A1p1 + Aop2) - m = (AL f(p1) + Ao f(p2)) -m =
= M(f(p1) -m) + A2(f(p2) - m) = M f,m(p1) + Ao pm(p2) -
Then ¢, is A-linear, i.e. ¥f,, € Homa(P, M). So we can consider the map
@p’M :P*x M — HOHlA(P,M), f — 19f,m .

We claim that this map is A-bilinear. Let A\, Ao € A, f1, fo € P* and m € M. For
any p € P, we have that (A1 f1 + A2f2)(p) = A1 f1(p) + Aafa(p), by definition of the
A-module structure on P*, and so

D frxofom(P) = (ALf1 + X2 f2)(P) - m = (A fi(p) + Aafa(p)) -m =
= A1 (f1(p) - m) + A2(fa(p) - m) = Mg, m(p) + A20 f, i (P) -

Then

Opm((ALfi + Aafa,m)) = Ony franafom =
= MIpm + AV p,m = MOpm((f1,m)) + AOpa((f2,m)) .

On the other hand, if f € P*, A1, A2 € A and my, mo € M, then for any p € P we
have

19f,)\1m1+)\2m2 (p) = f(p) ’ ()\lml + )\sz) =
= M(f(p) -m1) + A2(f(p) - m2) = M pm, () + A2 0 (P) -
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So

@P,M((f, Aimy + )\2m2)) = 79f,)\1m1+)\2ﬂ12 =
= MV fmy + A0fm, = MOpa((f,m1)) + X2Opar((f,m2)) -

This proves that ©p 5 is A-bilinear, so it induces an A-linear map vp s : P* @4 M —
Hom 4 (P, M) as in the statement.

Assume now that P = @@, P;. As in lemma 2.1.9, consider the isomorphisms of
A-modules s : Homy (P, M) — []7., Homa(P;, M) and ¢4 : P* = Homyu (P, A) —
[[i-; Homu(P;, A) = [[;=,(F;)*. Since the direct sum of a finite family of A-modules
coincides with its direct product, we have [[?" ; Homa(P;, M) = ;" ; Homa(P;, M)
and [[I,(P)* = @, (F)*. Since ¢4 is an isomorphism, also ¢4 ® idy : P* @4
M — (@}, P’) ®a M is an isomorphism. Consider moreover the isomorphism
Ym s (B PF)@a M — @), (PF ®4 M) as in lemma 2.1.19. Then we have the
following diagram.

9
P* @4 M el Hom(P, M)

Yar o (pa®@ idM)l l@M
1 Up
" (Pr@a M) DicrInm D', Hom (P:, M)
We claim that this dlagram is commutatlve Let f € P and m € M. We have that

MOpam(f@m)) =om(@frm) = (fmo Gi)i=t,..n

where we defined ¢; : Pj — P, = — (0;jx)i=1,..n for any j = 1,...,n. On the other
hand,

(@ 191%-,M> (Yar 0 (pa @id))(f @ m)) =

(@ 79PZ,M> (Ym(palf) <@ 79P27M) m((foq)i=1,..n@m)) =

= <EB 19PZ~,M> ((fog) @m)i=1,..n) = (Vfogi,m)i=1,...,n -
=1

For any ¢+ = 1,...,n, we have that

(O fm 0 ¢i)(p) = Vym(qi(p) = f(@(p) - m = (foq)(p) - m =1 m(p)

for any p € P; and so ¥4, 0 ¢; = Ufog;,m. This proves that

(a0 dpar)(f @m) = ((@ﬂp M) (Yar o (<PA®1dM))> (f@m).

Then a0 9pyr = (D1 9p, 1) © (Yar o (pa ®idar)) (since we are dealing with
A-linear maps, it is enough to check equality on pure tensors), i.e. the diagram is
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commutative. Since ¢ and s 0 (4 ®@idps) are isomorphisms, it follows that ¥p s
is bijective if and only if @', Up, ar is bijective. It is easy to prove that

Ker (@ 19]31-7]\/[) = @Ker(ﬁph]\/[)

=1 i=1

and . .
Im (@ 19]31.’]\/[) = @Im(’ﬂpi’]\/[)

i=1 i=1

(see the proof of corollary 2.1.20). So we have that Ker (D;, 9p, ) = 0 if and
only if Ker(dp, p) =0 for any i = 1,...,n, ie. @, Up, a is injective if and only
if 9p, ar is injective for any ¢ = 1,...,n, and Im (B, Ip, m) = @, Homa(P;, M)
if and only if Im(9p, ar) = Homyu (P, M) for any ¢ = 1,...,n, ie. @ 9p m is

surjective if and only if ¥p, as is surjective for any ¢ = 1,...,n. Hence @, Ip, m
is bijective if and only if ¥p, as is bijective for every ¢« = 1,...,n, which ends the
proof. O

Remark 2.1.44. A key point in the proof of lemma 2.1.43 was the fact that we were
dealing with a finite direct sum. The result is not true for infinite direct sums.
Otherwise the corollary we are about to prove would hold for any projective A-
module and, in the case when A = k is a field, this would imply that ¥pas is
bijective for every two k-vector spaces P and M (because all k-vector spaces are free
and hence projective). A counterexample is given by P = M = k[z].

Corollary 2.1.45. Let P and M be A-modules, with P finitely generated and pro-
jective. The map Oppr : P* ®a M — Homa(P, M) defined in lemma 2.1.43 is an
isomorphism of A-modules.

Proof. We already know that ¥p s is A-linear, so we have to prove only that it is
bijective. Since P is finitely generated and projective, by corollary 2.1.15 there exist
an A-module @ and an n € N such that P ® @ = A”. By lemma 2.1.43, in order
to prove that ¥p s is bijective, it is enough to show that ¥4~ as is bijective. By
the same lemma, in order to prove that 9¥» pr is bijective, it is enough to prove
that ¥4 as is bijective. We have that A* = A via ¢ : A* — A, f+— f(1). Then
p®idps : A* A M — AR M is also an isomorphism. Moreover, A®4 M = M via
Y: ARs M — M, a®m — am and Homa (A4, M) = M via ¢’ : Homy(A, M) —
M, f+ f(1). Consider now the following diagram.

9
A @4 M= Hom (A, M)

Yo(p® idM)l l@'
idy

M——-M
For any f € A*, m € M, we have that

¢ Wam(f@m)) =@ Opm) =Ipm(1) = f(1) - m =
= @o(f)m =h(e(f) @ m) = P((p @ ida)(f © m)) .
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So ¢' o¥am =1 o (p ®idyr) (by linearity, it is enough to check equality on pure
tensors). Since ¢', 1 and ¢ ® idy are isomorphisms, we get that 94 = (¢/)!
1 o (p ®1idyy) is bijective, because it is a composition of bijections. This ends the
proof. O

o

Lemma 2.1.46. Let P be an A-module. For any f € P*, p € P, define ap(f®p) =
f(p). This definition can be extended to an A-linear map ap : P* ®4 P — A.

Proof. By the universal property of the tensor product, it is enough to prove that
the map P* x P — A, (f,p) — f(p) is A-bilinear. This is immediate: the linearity
in f follows from the definition of the A-module structure on P* and the linearity in
p follows from the linearity of f. O

Definition 2.1.47. Let P be a finitely generated projective A-module, Ypp : P*®4
P — Homy (P, P) as in lemma 2.1.43 and ap : P*®4 P — A as in lemma 2.1.46.
For any endomorphism f € End(P) := Homyu (P, P), we define the trace of f over
Aas Tr(f) = (apo 1913’113)(]“) (we will write Trp,4(f) when confusion can arise).

Remark 2.1.48. The map Tr : Enda(P) — A, f — Tr(f) is A-linear, because it is
the composition of the A-linear maps Jp p and ap.
The following lemma gives a more explicit description of the trace.
Lemma 2.1.49. Let P be o finitely generated and projective A-module. Then:
(1) there exist n € N, z1,...,2, € P and f1,...,fn € P* such that, for every
z € P, we have x =Y i | fi(x)x;;
(2) ifneN, z1,...,x, € Pand f1,..., fn, € P* are as in point (1), then for every
¢ € Enda(P) we have that Tr(p) = > 7" filp(z;)).

Proof. (1) Since P is finitely generated and projective, by corollary 2.1.15 there
exists an A-module @ and an n € N such that P& Q = A™. Then P Q is free

of rank n, which implies that it has a basis (wy,...,wy,). Forany i =1,... n,
define w} : P& Q — A, w; — d;;, extended by linearity. Let w € P® Q. Then
there exists a unique n-tuple (ay,...,a,), with a; € A for any ¢ = 1,...n, such

that w =" | a;w;. For any j =1,...,n we have that

n n n
wj(w) = w; (Z aiwi> = Zaiw;(wi) = Zaiéij =a; .
i=1 i=1

i=1
So w = Y, wi(w)w;, for any w € P @ Q. Define now pp : P d Q —
P, (p,q) — pand tp: P — P®Q, p— (p,0). Then pp and vp are clearly
A-linear and pp otp =idp. For any i = 1,...,n define z; := pp(w;) € P and
fi:=w!owp € Homy(P, A) = P*. For any « € P we have that

x =pp(p(z)) = pp (Z w?(bP(m))wi) =
=1

= Z(w: o Lp)(:L‘)pP(wi) = Zfz(x)l‘z ,
i=1 =1

as we wanted.
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(2)

Let ¢ € Endas(P) = Homy (P, P). Then, for any i = 1,...,n, we have that
fiop € Homy(P, A) = P*. Consider } 1 (fi o p) ® x; € P*® P. Applying
the definition of ¥p p (lemma 2.1.43), we get that

Ipp (Z(fi °0p)® xl> () = Z(fi op)(z)r; = Zfi(‘ﬁ(ﬂf))xi = ¢(z)
=1

i=1 =1

for any x € P. So 9pp (> i1 (fi o p) ® x;) = ¢, which implies that Y ;" | (fi o
©) Q= 1913113(@. Then the definition 2.1.47 gives us

3

n

. ( (fio@@xi) S o) a) =3 filpla)
=1

=1 =1

O

Remark 2.1.50. (1) What we did in point (1) of lemma 2.1.49 for P & @ can be

done for any free A-module F' of finite rank: if (wy,...,wy,) is a basis of F
(see remark 2.1.2), then for any ¢ = 1,...,n we can define w} € F* by setting
w)(wj) = &;; for every j = 1,...,n and extending linearly. Then we have
w=>" wi(w)w; for any w € F. It is easy to check that (wj,...,w}) is a
basis of F*, called the dual basis of (w1, ..., wy,). What lemma 2.1.49(1) says
is that, even if in the case of an arbitrary projective A-module P we do not
have a basis, we have a system of generators (zi,...,z,) of P and a “dual”
system of generators (f1,..., fn) of P* that behave in a similar way. Indeed,
from the statement of 2.1.49(1) it is clear that (z1,...,x,) generates P and,
on the other hand, for any f € P* we have that f = > | f(=;)fi, because
flx)=f o, file)x:) = >k fi(x) f(z;) for any x € P. However, while all
bases of a free module of finite rank have the same cardinality (unless A = 0,
see remark 2.1.2), the n that appears in the statement of lemma 2.1.49(1) is
not unique. Indeed, in the proof n was the rank of the free A-module P & Q,
but if we choose a different ) we can get a different rank. For example, we can
take @ = Q@ A and then PE Q' = Pd (Qd A) = (P D Q) ® A has rank
n+ 1.

Let nom € N, z1,...,2n,y1,...,ym € P and f1,..., fn,91,...,9m € P* be
such that x = 371, fi(z)z; = Y 0L, gj(2)y; for every x € P. From lemma
2.1.49(2) it follows that, for every ¢ € Enda(P),

> filela) = Tr() = g;(e(y5)) -
i—1 =1

This could be proved directly with some computations and then we could take
the formula in 2.1.49(2) as the definition of the trace.

We can use lemma 2.1.49 to prove that the two definitions of trace (2.1.1 and
2.1.47) coincide when P is a finitely generated and free A-module. Let P
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be a free A-module with basis (wi,...,w,) and let (wj,...,w}) be the dual
basis. As in point (1), we have that w = Y " | w(w)w; for any w € P. Let
¢ € Enda(P). For any i = 1,...,n we have that o(w;) = 37, wi(p(w;))w;,
which means that a;; = wj(¢(w;)) for any j =1,...,n, where a;1, ..., a;, are
as in the definition 2.1.1. By lemma 2.1.49 we have that

Trprojective((ﬁ) = Z w; (p(w;)) = Z aii = Triree ()
=1 i=1

where we denoted by Trprojective the trace defined in 2.1.47 and by Treee the
trace defined in 2.1.1.

Now we turn our attention to A-algebras.
Definition 2.1.51. Let B be an A-algebra.

e say that 15 a finite projective A-algebra if it is finitely generated an

1) Wi hat B i ' ective A-algebra if it is finitely g d and
projective as an A-module. In this case, we write [B : A] for rank(B) (see
the definition 2.1.35(1)).

(2) We say that B is faithfully projective if it is finitely generated and faithfully
projective as an A-module, i.e. if it is a finite projective A-algebra with [B :
Al > 1 (i.e. [B: A](p) > 1 for any p € Spec(A)).

(3) We say that B is a (faithfully) flat A-algebra if it is (faithfully) flat as an
A-module.

We prove some easy properties about finite projective A-algebras, which we will
need in the following section.

Lemma 2.1.52. Let By,..., By, be A-algebras and define B := [[!"_; B;. Then B is
a finite projective A-algebra if and only if B; is a finite projective A-algebra for every
1=1,...,n.

Proof. By definition of product of A-algebras, we have that, as an A-module, B =
[T;-, B; coincides with the direct sum ;" ; B;.

Assume now that B; is a finite projective A-algebra for every ¢ = 1,...,n. This means
that B; is finitely generated and projective as an A-module for every i = 1,... n.
By lemma 2.1.37, this implies that @@, B; is finitely generated and projective as
an A-module. So B is a finite projective A-algebra.

Conversely, assume that B is a finite projective A-algebra, i.e. @, B; is finitely
generated and projective as an A-module. By corollary 2.1.10, it follows that B; is
a projective A-module for every i = 1,...,n. Fix j € I and consider the projection
p; - D, B; — Bj, (x1,...,2,) — x;, which is A-linear and surjective. Then,
if (v1,...,vy) generates ;" | B; as an A-module, we have that (p;(v1),...,p;j(vn))
generates B; as an A-module. So B; is finitely generated. This shows that Bj is a
finite projective A-algebra. O

Lemma 2.1.53. Let B be an A-algebra and P a B-module. Consider the induced
A-module structure on P. Then:
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(1) if P is finitely generated over B and B is finitely generated as an A-module,
then P is finitely generated over A;

(2) if P is projective over B and B is projective as an A-module, then P is pro-
jective over A.

Proof. (1) Let (w1,...,wy) and (v1,...,v,) be respectively a set of generators of
P over B and a set of generators of B as an A-module (n,m € N). Let x € P.
Then there exist by, ...,b, € Bsuch that x = ) ;" ; byw;. Foranyi=1,...,n,

there exist a;1,...,aum € A such that b; = ZT:1 a;;vj. Then

n n m n o m
Tr = E biwi = E E aijvj w; = E E aij(iji) .
=1

i=1 \ j=1 i=1 j=1

This shows that (vjw;)i=1,..n,j=1,. m generates P over A. Then P is finitely
generated as an A-module.

(2) Since P is projective as a B-module, by lemma 2.1.14 ((i) = (iv)) there exists
a B-module @) such that P @ Q is a free B-module, ie. P®Q = @, ;B as
B-modules, for some index set I. We can consider also on ) the induced A-
module structure. Then, since any B-linear map is also A-linear, we have that
P& Q = @, ;B also as A-modules. Since B is a projective A-module, by
corollary 2.1.10 we have that P © Q = @,.; B is projective over A. Then,
applying again the same corollary, P is projective over A.

O

Corollary 2.1.54. Let B be a finite projective A-algebra and C a finite projective B-
algebra. Consider the induced A-algebra structure on C. Then C' is a finite projective
A-algebra.

Proof. 1t follows immediately from lemma 2.1.53. O

We want now to describe the behaviour of finitely generated projective A-modules
under extensions of the scalar ring (then the same result will obviously be true for
finite projective A-algebras).

Lemma 2.1.55. Let M, N be A-modules and let B be a flat A-algebra. Define the
map

om,N : Homa(M,N)®4 B — Homp(M ®4 B,N ®a B), f@b— f® (bidp) .

We have that oprN is an isomorphism of B-modules if one of the following two
conditions is satisfied:

(1) M is finitely presented and B is flat as an A-module;

(2) M is finitely generated and projective.
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Proof. First of all, we check that ¢prn is well defined. For any b € B, f €
Homy (M, N), the map f ® (bidg) : M ®4 B — N ®4 B is clearly B-linear, i.e.
f® (bidg) € Homp(M ®4 B, N ®4 B). So we can consider the map

@y : Homy (M, N) x B — Hompg(M ®4 B,N ®4 B), (f,b) — f © (bidp) .

It is immediate to prove that ®s n is A-bilinear. So it induces an A-linear map @y, N
as in the statement. We prove now that ¢z v is also B-linear. Let f € Homa (M, N),
b€ Band A € B. We have that oy n(A(f®D)) = o n(f® (M) = f@((Ab)idR) =
f ® (A(bidp)). Moreover, for any € M, y € B, we have

(f @ (Mbidp)))(z ®y) = f(z) @ (AMby)) = A(f(x) @ (by)) = A(f @ (bidp))(z ®y) .

So e N(A(f®@b)) = f® (A(bidp)) = A(f ® (bidp)). Since ¢ N is A-linear, we
get that oy N(Az) = Apy v (z) for any A € B, x € Homy(M,N) ®4 B, i.e. pm N
is B-linear.

We prove now that ¢y n is an isomorphism when M = A" for some n € N
(with no assumption on B). We have a canonical isomorphism of A-modules 9 :
Homu (A", N) — N™, f— (f(e1),..., f(en)), where (eq,...,ey) is the canonical ba-
sis of A™. This leads to an isomorphism of B-modules ¥®idp : Homy (A", N)®4 B —
N" ®4 B. Lemma 2.1.19 gives us an isomorphism of A-modules ¢yp : N*" ®4 B —
(N ®4 B)™, which is easily seen to be B-linear. So

Ypo(¥®idg) : Homy (A", N)®4 B — (N ®4 B)"

is an isomorphism of B-modules. On the other hand, lemma 2.1.19 gives also an
isomorphism of A-modules ¢ : A" ®4 B — (A®4 B)™ and also this one is easily
seen to be B-linear and then an isomorphism of B-modules. We have a canonical
isomorphism of B modules 0 : A®4 B — B, a ® b — ab, which induces an isomor-
phism of B-modules @;" 0 : (A®4 B)" — B". So (B} 0)ov: A"®4 B — B"
is an isomorphism of B—*modules. Its inverse induces an isomorphism of B-modules
((zﬁ%)‘l o (P, 0)71) : Homp(A™ ®4 B,N ®4 B) — Homp(B",N ®4 B). Fi-
nally, we have a canonical isomorphism of B-modules ¥’ : Hompg(B™, N ® 4 B) —
(N®aB)", [ (f(e),...,f(e,)), where (€],...,€]) is the canonical basis of B"

’r n

(notice that e;, = (P 0) o) (e;®@1), for any i =1,...,n). So
*

" -1
9o | () "o (@a) : Homp (A" ®4 B,N ®4 B) = (N ®4 B)"
i=1

is an isomorphism of B-modules. Consider now the following diagram.

Hom 4(A", N) @4 B——2Y __ Homp(A" @4 B, N ©4 B)
bpo(d® idB)l lﬁ’ o (W) o @y o))
(N @4 By'—— 22" (N g, B)»
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Let f € Homa(A™, N), b € B. We have that

(Yo (V@idp))(f @b) = Pp(I(f) ®b) = ¢p((f(e1), ..., flen)) ©b) =
= (fle) ®b,..., flen) ®b) = ((f ® (bidp))(e1 ® 1),..., (f ® (bidB))(en ® 1)) =

= | [ (f® (bidp)) o (@ a) (e;> =

= | (f® (bidp)) ( )

B TN @o (f ® (bidpg))

=1

3

*

=|¥o <€Ba> ooy | (F@D).

=1

So Ypo(¥®@idg) =10 o ((w}g)*l o (P, a)_l)* 0 pan N, i.e. the diagram is com-

*

mutative. Since (¢Ypo (Y®idp)) and ¥ o ((wjg)_l o (P, a)_1> are isomorphisms,
it follows that w4» n is bijective.

Assume now that the condition (1) is satisfied. Since M is finitely presented, there
exists an exact sequence A™ > A” M — 0, with m,n € N. Since B is flat, the

sequence (of B-modules) A™ ®4 B ——— o®ids, gn ®a B % M®asB—-0®,4B=0
is also exact. Recall that the contravariant functor Homp(—, P) : Modp — Modp
is left exact for any B-module P. In particular, this holds for P = N ®4 B. So the

sequence

0 = Homp(M ®4 B, N @4 B) L2 Homp(A" ©4 B,N ©4 B)

(a®idp)*
—_—

(Oc®idB)*
=
Homp(A™ ®4 B, N ®4 B) ,

where we defined (8®idp)* and (a®idp)* in the obvious way, is exact. On the other
hand, applying left-exactness of the contravariant functor Hom4(—, N) : Mod 4 —
Mod 4, we get that the sequence

0 — Homu (M, N) 25 Hom (A", N) 25 Homy(A™, N)

is exact, where o and * are defined in the obvious way. Since B is flat, the sequence

0 — Homu (M, N) @4 B 2295, Homy (A", N) @4 B 2245,

27845, Homu(A™, N) @4 B
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is also exact. Consider now the following diagram.

Homa(M, N) ©4 B——2Y __ Homp(M 4 B, N @4 B)
5 @ids (8 ®idp)*
@A N
Hom (A", N) ®4 B Homp(A™ ®4 B,N ®4 B)
a* ®idp (a®id3)*
Yam N

HomA(Am,N) ®a B HOHIB(Am ®a B, N ®4 B)
For any f € Homy (M, N), b € B, we have that

par N((B* @1dB)(f ® D)) = pan N(B*(f) @ b) = pan N((f o B) @) =
= (foB)® (bidp) = (f @ (bidp)) o (B ®idp) =
= (B®@idp)"(f ® (bidp)) = (B ®@idp) (pmN(f @D)) .

So pany o (B* ®idp) = (B ®idg)* o wu,n (by linearity, it is enough to check
equality on pure tensors). In the same way, one proves that pam y o (a* ®idp) =
(a®idp)*opan n. So the diagram is commutative. By what we proved above, @ an y
and pam n are bijective. Now we have that (8 ®idg)* o pym,n = (6* ®idp) o pan N
is injective, because it is the composition of injective functions. So ¢pr,ny must be
injective.

On the other hand, let f € Homp(M ®4 B,N ®4 B). Consider (8 ® idg)*(f) €
Homp(A™ @4 B,N ®4 B). Since pan ny : Homy(A", N) ®4 B — Homp(A™ ®4
B, N® B) is surjective, there exists y € Hom (A", N)®4 B such that (B®idg)*(f) =
wan N (y). By the exactness we proved above, we have that (a®idg)*o(f®idg)* = 0.
Then

0= (a®idp)*((B®1dp)*(f)) = (¢ @idp)*(var N(y)) = pam n((a” ©idB)(Y)) -

Since pam n is injective, it follows that (a* ®idg)(y) = 0, i.e. y € Ker(a* ®idp).
By the exactness we proved above, we have that Ker(a* ® idg) = Im(5* ® idg). So
there exists © € Homy (M, N) ® 4 B such that y = (8* ® idp)(x). Then

(6 @idp)*(f) = pan n(y) = pan N (5" @ idp)(2)) = (B ®idB)" (prm.n(2)) -

But (B®idp)* is injective (by exactness of the corresponding sequence). So we must
have f = oy n(z). Hence @p n is surjective.

Assume instead that the condition (2) is satisfied, i.e. that M is finitely generated
and projective. By corollary 2.1.15, there exist an A-module @ and an n € N
such that M & Q = A™. Let v: A" — M & @ be an isomorphism of A-modules,
pv M ®EQ — M and pg : M & Q — @ the canonical projections, iy : M —
M&Q, z— (z,0)and ig: Q - M & Q, y— (0,y). Then the sequence

—1o4 o
0— QL2 4n 2N a4
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is split exact by definition. The functors — ®4 B : Mlods — Mod 4, Hom4(—, N) :
Mody — Mody and Homp(—, N ®4 B) : Modp — Modp preserve split exact
sequences. Applying — ®4 B and then Homp(—, N ® 4 B), we get that the sequence

) ((prproy)®idp)*

0 — Homp(M ®4 B,N ®4 B Homp(A" ®4 B,N ®4 B)

_10, id *
{07 eQ)O) 1 (Q @4 B, N @4 B) — 0

is exact. On the other hand, applying first Hom4(—, N) and then — ®4 B, we get
that the sequence

(pmoy)*®idp (v~ loig)*®idp
=5 ~ =23

0 — Homuy(M,N)®4 B Homy (A", N) ®4 B

“10i-)*®id
O Q) B, om A (Q, N) @4 B — 0

is exact. Consider now the following diagram.

0
Homa(M, N) ©4 B——2Y _ Homp(M ®4 B, N @4 B)
(pv o) ®idp ((pm o7y) ®@idp)*
Pan N
HomA(A”,N) ®Xa B HOII]B(An@A B,N®j4 B)
(v 'oig)* ®idp (77! oig) ®idp)*
YQ.N
Homy(Q,N) ®4 B Homp(Q ®4 B, N ®4 B)

Commutativity of the diagram can be proved as above. We know that p4n» y is an
isomorphism. Then ((par o) ®idp)* o pomn = @an no((pyovy)* ®idp) is injective,
because it is a composition of injective maps. So ¢, n must be injective. If we start
with the split exact sequence

—1g; °
0— M 2200 An 2970 0 50

and apply the same argument, we get that ppy o (vt oiy)* ®idg) = ((y Lo
inv) ®1idp)* o pan N is surjective, because it is a composition of surjective maps. So
@y, Ny must be surjective. Hence ¢y v is an isomorphism. O

Remark 2.1.56. Notice that lemma 2.1.55 (with the condition (1)) is a generalization
of lemma, 2.1.27, because localization at S coincides with tensor product with S—'A

(which is a flat A-algebra, see [3], proposition 3.3), for any multiplicative subset
SCA.
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Proposition 2.1.57. Let B be a faithfully flat A-algebra and P an A-module. Then
P is finitely generated and projective as an A-module if and only if P®4 B is finitely
generated and projective as a B-module.

Proof. Assume that P is finitely generated and projective as an A-module. By lemma
2.1.24, P® 4 B is a projective B-module. Moreover, if (wy, ..., w,) generates P over
A, then (w1 ®1,...,w,®1) generates P®4 B over B. So P® 4 B is finitely generated
over B.

Conversely, assume that P ® 4 B is finitely generated and projective as a B-module.
Let (wy,...,w,) be a set of generators of P ® 4 B over B. By definition of tensor
product, for any ¢ = 1,...,n there exist m; € N, pj1,...,pim;, € P, bi1,...,bim;, € B
such that w; = ZT:H pij ®bij. Let € P®4 B. Since (wy, ..., wy,) generates P® 4 B
over B, there exist A\i,..., A, € B such that x = \jw; + -+ + AMyw,. Then

T = Z)\iwi = Z)\i Zépij ® bij = ZZZ:)\ibij(pij ®1).
=1 =1 7j=1 =1 j=1

So (pij ® 1)i=1,..n,j=1,..m; generates P ®4 B over B. Let F := @, @Tzll A,
with canonical basis (e;5)i=1,..n, j=1,..,m; and define an A-linear map f : ' — P by
f(eij) =pij forany i =1,...,n, j =1,...,m;, extended by linearity. Consider the
B-linear map f®idg : F @4 B - P®Ra B. Foranyi=1,...,n,j=1,...,m;,
we have that (f ®idg)(e;; ® 1) = pij ® 1. Since (pij @ 1)i=1,....n, j=1,..,m; generates
P ®4 B over B, we have that f ® idp is surjective. So the sequence

Fo,BI 8 po, B 0=0x,B

is exact. Since B is faithfully flat, this implies that the sequence F P S o0is
exact, i.e. fissurjective. Then (f(eij) = pij)i=1,...,n, j=1,...,m; IS a set of generators of
P over A and so P is finitely generated. We prove now that P is finitely presented
(this will allow us to apply lemma 2.1.55). Define @ := Ker(f). Then the sequence

0-5Q>F i> P — 0, where ¢ : Q — F is the canonical inclusion. Since B is flat,
the sequence of B-modules

05 QosB 2% po, BI85 py, B0

is also exact. But P®4 B is a projective B-module, so the sequence splits, by lemma
2.1.14 ((i) = (iii)). Then

(QeaB)® (P®aB)=2F®aB= @@A ®AB%@G§37

i=1 j=1 i=1 j=1

which is free. By lemma 2.1.14 ((iv) = (i)), Q ®4 B is a projective B-module.
Moreover, if ¢ : D, D2 B — (Q ®a B) @ (P ®4 B) is an isomorphism and
p1: (Q®4B)® (P®4B) - Q ®ys B is the canonical projection, we have that
proy : DL, DL B - Q ®a B is a surjective B-linear map. Then ((p1 o
gp)(egj))121,,,.,n,j:1,,,,7mi generates Q ® 4 B over B, where (egj)izly,,,7n7j:17,.,,mi is the
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canonical basis of ;_; @72 B. So Q ®4 B is finitely generated over B. Then we
can apply the same argument we applied above to P ® 4 B and conclude that @ is
finitely generated. So P is finitely presented (see remark 2.1.26).

Let now M, N be A-modules and g : M — N a surjective A-linear map. Then
the sequence M 2 N — 0 is exact. Since B is flat, it follows that the sequence
M ®4 B % N ®as B — 0®4 B = 0 is also exact, i.e. the B-linear map
g®idp : M ®4 B — N ®4 B is surjective. Then, by lemma 2.1.14 ((i) = (ii)), we
have that the map

(9®idp)« : Homp(P®4 B, M ®4 B) — Homp(P ®4 B, N ®4 B), h— (g®idg)oh

is surjective. Since P is finitely presented and B is flat, by lemma 2.1.55 we have
isomorphisms ¢p s : Homy (P, M) ®4 B — Homp(P ®4 B,M ®4 B) and ¢py :
Homu(P,N) ®4 B — Homp(P ®4 B,N ®4 B). Consider the following diagram,
where we defined g, : Homa (P, M) — Homa (P, N), h+ g o h.

Hom (P, M) ©4 B Homp(P ©4 B, M ©4 B)

Homa(P, N) ®4 B Homp(P @4 B, N @4 B)
For any f € Homs(P, M), b € B, we have that

PN ((9+@idp)(f@0b)) = ppn(g«(f)®b) = ppN((go f)@b) = (go f)® (bidp) =
= (g®@idp) o (f @ (bidp)) = (¢ ®@idp).(f ® (bidp)) = (¢ ® idp)«(ppMm(f @ D)) .

So the diagram commutes, i.e. opn o (g« ®idp) = (9 ®idp)« © wpar (by linearity
it is enough to check equality on pure tensors). Then we have that g, ® idg =
‘P;’1N o (g ®idp)« o pr is surjective, because (g @ idp). is surjective and ¢p s and
% p: N are isomorphisms. Then the sequence

Homu(P, M) ®4 B 222 HomA(P,N)®4 B — 0=0®4 B

is exact. Since B is faithfully flat, we get that the sequence Homy (P, M) EN
Homy(P,N) — 0 is exact, i.e. g is surjective. By lemma 2.1.14 ((ii) = (i)),
we have that P is a projective A-module. O

The following result illustrates the importance of the rank [B : A]. We will
write shortly [B : A] > 1 (respectively, [B : A] < 1 or [B : A] = 1) to say that
[B: A](p) > 1 (respectively, [B: A](p) <1 or [B: A](p) =1) for any p € Spec(A4).

Lemma 2.1.58. Let B be a finite projective A-algebra. Consider the corresponding
ring homomorphism ¢ : A — B (which is of course also an A-algebra homomor-
phism). We have that:

(1) ¢ is injective if and only if [B : A] > 1 (i.e. if and and only if B is faithfully
projective, see the definition 2.1.51(2));
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(2) ¢ is surjective if and only if [B : Al < 1, and if and only if the map m :

B®s B — B, x®@y — zy (extended by linearity) is an isomorphism of A-
algebras;

(3) ¢ is an isomorphism if and only if [B : A] = 1.

Proof. (1) Let ¢ be injective and assume by contradiction that there exists p €

Spec(A) such that [B: A](p) < 1. Then [B: A](p) = 0 (recall that [B : A](p)
is a non-negative integer by definition). This means that ranka,(B,) = 0, i.e.
B, = 0. Then ¢, : A, — 0 = B, cannot be injective (notice that A, # 0,
because 1 # 2). This is a contradiction, by lemma 2.1.28(2).

Conversely, assume that [B: A] > 1. Let p € Spec(A). By corollary 2.1.33(2),
we have that By is a free Ay-module. Let (wi,...,w,) be a basis of B, over
Ayp, with n = ranks, (By) = [B : A](p) > 1. Let x = ¢ € Ker(p,) C Ay, ie.
@ = ¢p () = 0. This means that there exists u € A\p such that up(a) = 0.

ab _ ab _ p(a)b _
o7 = = = 0, because

Then for any y = % € By we have that zy = por -
up(a)b = 0. In particular, zw; = 0. But (wy,...,w,) is linearly independent
over Ay. So we must have z = 0. Then Ker(yp) = 0, i.e. ¢, is injective. Since

this holds for any prime ideal p, we have that ¢ is injective by lemma 2.1.28(2).

First of all, notice that m is well defined and A-linear, because the multiplica-
tion in B is A-bilinear. Moreover, by definition of the ring structure on B® 4 B,
we have that m is also a ring homomorphism. So m is a homomorphism of
A-algebras.

Assume that m is an isomorphism. The rank is clearly invariant by isomor-
phism. So we must have [B®y4 B : A] = [B : A]. By lemma 2.1.40, we have
that [B ®a B : A] = ranka(B ®4 B) = rank4(B)? = [B : A]?. So, for any
p € Spec(A), we have that

([B:AJ()*=[B®aB:Al(p) =[B: Ap),

which implies that [B : A](p) € {0,1}. So [B: A] < 1.

Suppose now that [B : A] < 1. Let p € Spec(A). Since ranka,(B,) = [B :
A](p) > 1, we have that either rank,(By) = 0 or ranka,(By) = 1 (because
by definition it must be a non-negative integer). In the first case we have that
By = 0and so ¢, : Ay — By = 0 must be surjective. If instead rank4,(B,) = 1,
let w be a generator of By over A,. Let z = % € By. The A-linear map
mp : B — B, y — by induces an Ap-linear map (mp), : By — By. Define
¥z = L(my)p. Consider 1,(w) € By. Since w generates B, over A, there
exists A\, € Ay such that ¢, (w) = A\yw. By definition of Ay, there exist a € A4,
u € A\p such that A\, = 2. Consider % € By. Since w generates By over Ay,
there exists A € Ay such that % = Aw. Then, since 9, is Ap-bilinear, we have
that

Vg (1) = Y, (Mw) = M (w) = A Apw) = Ae(Mw) = 1= i
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On the other hand, by definition of v, we have that

1\ 1 1\  1my(l) 1b-1 b
oe(1) = om (1) =3 =3 =4
b

Sox=2= “Osua) = ¢p (£) = ¢p(Xz). This proves that ¢, is surjective. So ¢y
is surjective for any prime ideal p. By lemma 2.1.28(2), ¢ is surjective.

Finally, assume that ¢ is surjective and let us prove that m is bijective. It is
clear that m is surjective, because for any b € B we have b = m(b ® 1). Let
1@y + -+ xy ®y, € Ker(m). Since ¢ : A — B is surjective, for any

i =1,...,n there exists a; € A such that y; = ¢(a;). Then

TIQUYL+ -+ Ty QY = 21 @ p(a1) + - + 2, @ p(ay) =
=r®(a -+ F+z,®(an- 1) =a(z1@ 1)+ +ap(z, ®@1) =
= (a171) @1+ -+ (anxn) @1 = (121 + -+ + apTp) @ 1.
Then 0 = m(x1 Q@Y1+ 42, Qypn) = m((a1x1+- -+ apzy)®1) = ajz1+-- -+
anTp, which implies that z; ® y1 + -+ 2, Qy, =0® 1 = 0. So Ker(m) =0,

i.e. m is injective. Hence m is bijective.

(3) It follows immediately from (1) and (2).

We can finally introduce projective separable A-algebras.

Lemma 2.1.59. Let B be a finite projective A-algebra. For every b € B, define my,
as in lemma 2.1.8. By definition of A-algebra, we have that my is A-linear. So we
can define Tr(b) := Tr(my) (as in the definition 2.1.47, we will write Trg,4(b) when
confusion can arise).

(1) The map Tr: B — A, b+ Tr(b) is A-linear.
(2) The map ¢ : B — Homy (B, A), v — (y — Tr(zy)) is A-linear.
Proof. (1) Let by,bs € B, A\, \a € A. For any x € B we have that
A by +Agbs () = (A1b1 + A2b2)x = A1 (b1x) + Aa(bex) =
= Ay, () + Aamp, () = (Armp, + Aamp, ) () .
S0 M\ b4+ Aaby = A1y, + Aomy,. Then the claim follows from remark 2.1.48.

(2) The proof is identical to the one of lemma 2.1.3(2).
O

Definition 2.1.60. Let B be an A-algebra. We say that B is a projective separable

A-algebra if B is a finite projective A-algebra and the map ¢ defined in lemma 2.1.59
is an isomorphism of A-modules.
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Remark 2.1.61. The definition 2.1.60 is compatible with the definition 2.1.4, in the
sense that an A-algebra is free separable if and only if it is projective separable and
free. This follows from remark 2.1.50(3).

To conclude, we prove some results about projective separable A-algebras that
we will use in the following sections.

Lemma 2.1.62. Let 0 — Py & P, ﬁ) P, — 0 be a short exact sequence of A-
modules, with Py, and Py finitely generated and projective. Then:

(1) Py is also finitely generated and projective;

(2) if g : PL — Py is an A-linear map such that g(Im(«)) C Im(«), then

TI‘pl/A(g) = TFPO/A(QO) + Ter/A(g2) ’

where g : Py — Py is the unique A-linear map such that goa = a o gy and
g2 : Py — Ps is the unique A-linear map such that goo 8= og.

Proof. (1) Since P, is projective, the short exact sequence 0 — Py e g

P, — 0 splits, by lemma 2.1.14 ((i) = (iii)). So P = Py & P. Since P;
is projective, by corollary 2.1.10 we get that Py is projective. Moreover, by
lemma 2.1.13, there exists an A-linear map v : P — Py such that yoa =idp,.
This implies in particular that v is surjective. Then Fp is finitely generated,
because Pj is finitely generated. Indeed, if (w1,...,w,) generates Py, then

(v(w1),...,v(wy)) generates Py.

First of all, notice that such gg and g9 exist and are indeed unique. For g,
we have that o, : Fp — Im(e) is an isomorphism of A-modules, because o is
injective. So, since g(Im(a)) C Im(a), we can define gy = (oz|P0)_1 °ogoqp,
which is A-linear because it is a composition of A-linear maps. Then we have
that a0 g9 = g o  and this is the unique definition of gy which works. For
g2, notice that, since the sequence is exact, we have Im(a) = Ker(f). So
g(Ker(B)) C Ker(5). Let m : P — P;/Ker(8) be the canonical projection.
Then we have that Ker(3) C Ker(w o g), so by the universal property of the
quotient there is a unique A-linear map g : P1/ Ker(8) — P1/ Ker(8) such that
gom = mog. Since B is surjective, by the isomorphism theorem we have an
isomorphism of A-modules 5 : Pi/Ker(8) — P, such that B om = 3. Then
go = Eo go E‘l is the unique A-linear map P, — P, such that goo 8= og.
Let po : Py Po — Py and p2 : Py ® P> — P» be the canonical projections and
define also ig : Py — Py ® P, = +— (ZE,O) and ig : Po > Py ® P, y — (O,y)
Notice that ppoig = idp,, p2oie = idp, and igopg+iz2op2 = idp,ep,. Asin the

proof of point (1), we have that the sequence 0 — Py = P LA Py — 0 splits.
Then there exists an isomorphism ¢ : P; — Py @ P> such that ¥ o o = i and
oy~ = py. Define vy := pgot) : P, — Pyand 6 := ¢ Loiy : Py — P;. Then we
have that yoa = pgopoa = pgoig = idp, and Bod = Borp~toiy = pyoiy = idp,
(see also the proof of lemma 2.1.13). By definition of gy, we have that

goa=aogg=caoidp,oggp=aoyoaogy=aoyogoc.
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By uniqueness, this implies that gg = yogoa. On the other hand, by definition
of g2 we have that

fog=goof =gooidp,0f =ggofBodof=Bogodof.

By uniqueness, this implies that go = fogod.

Let now 19]307130 : Pg Qa4 Py — EndA(Po), 19]317131 : Pl* ®a P — EndA(Pl)
and Up, p, : Py ®4 P» — End4(P2) be defined as in lemma 2.1.43. They are
isomorphisms by corollary 2.1.45. Consider 191311’})1 (9) € Py ® Py. By definition
of tensor product, there exist n € N, p1,..., ¢, € P{', p1,...,pn € P such that
19;,117}31 (9) =1 ®@p1+ -+ ¢n @ py. Applying the definition of Ip, p, and the
linearity of v, we get that, for any x € Py,

g0(z) = 1(g(e(2))) = V(W) py, (1 @ P1 + -+ + 0 @ pa))(a(2))) =
= v(pr(a(@)pr+- -+ enla(@))pn) = pr(a(@))y(p1)+- - +en((z))y(pn) -
By definition of ¥'p, p,, this means that go = ¥p,,p,((¢1 0 @) ® (v(p ))

(pnoa)®@(v(pn))) (notice that p;oa € Py and v(p;) € Py for any i = 1,. )
Similarly, for any € P» we have that

ga(x) = Bg(a(x))) = BI(Ip, p, (1 @ P14+ + 0 @ pn)) (5(2))) =
= Ble1(0(z))p1+- -+ en(0(z))pn) = ©1(6(2))B(p1) +- - -+ on(d(x))B(pn) -
By definition of ¥p, p,, this means that go = ¥p, p,((p100) ® (B(p1)) + -+
(pnod)®(B(pn))) (notice that p;0d € Py and B(p;) € Py forany i =1,...,n).
Finally, let ap, : Py ®a Py — A, ap, : Pf ®a Py = Aand ap, : P54 P — A
be defined as in lemma 2.1.46. Notice that

_  —

aoy+dofB =1 toigopgotp+1 oigopyorh =
:¢_1o(i0 o po + 49 opQ)owzw_loidpo@p2 op =idp, .

Then, by definition of trace, we have that

Trp, a(90) + Trpy a(91) = ar, (5, p, (90)) + ap, (95, p,(90)) =

= ap, (Z(%’ o) ® (7(101‘))) + ap, <Z(%’ 0d)® (ﬁ(m))) =

i=1 i=1

Z pi o) (¥(pi)) + Y _ (i 0 6)(B(pi)) =
=1 =1

=D (pillae)(p)) + @il B)(p) = D (pil(acy +80B)(p) =
i=1 =1
= Z%’(Pi) = ap (Z Pi ®pi> =ap (191311,1:1 (9)) = TTP1/A(9) )
i=1 i=1

as we wanted.
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Corollary 2.1.63. Let By,...,B, be finite projective A-algebras and define B =
[Ii-, Bi (which is also a finite projective A-algebra, by lemma 2.1.52). For every
by € By,...,b, € B, we have that

Trp/a((br, ..., b)) = ZTrBi/A(bi) .
i=1

Proof. We prove the claim in the case n = 2. Then the general case follows by
induction.
We have that B = By X Bs, as an A-module, coincides with By & By. Consider the
A-linear maps i1 : By — B, z — (z,0) and py : B — Bs, (x1,22) — x2 and the
short exact sequence

0—B B2 B —0.

Let by € By, by € Bs. For every 1 € By, x93 € By, we have that

My by) ((T1,72)) = (b1, b2) - (v1,72) = (b121, baza) = (M, (1), Mpy (22)) -

Then, for every x € Bj, we have that

M(by,by) (11(2)) = My ) (2, 0)) = (Mg, (), M1, (0)) = (i, (), 0) = i1 (17, () -

So My, ) (Im(i1)) € Im(iy) and that m, p,) © i1 = i1 © my,. Moreover, for every
r1 € Bi, 2 € Ba, we have that pa(m, p,)((21,22))) = p2((me, (21), ma, (72))) =
M, (T2) = My, (p2((21,22))). SO p2 0 My, p, = My, © p2. Hence, by lemma 2.1.62, we
have that

Trp/a((b1,b2)) = Trp a(mp, b)) =
= Trp, a(mp,) + Trp,/a(mp,) = Trp, a(b1) + Trp,/a(b2)

as we wanted. O

Lemma 2.1.64. Let By, ..., By, be A-algebras and define B := [[!"; B;. Then B is
a projective separable A-algebra if and only if B; is a projective separable A-algebra
foreveryi=1,...,n.

Proof. By lemma 2.1.52, we know that B is finite projective if and only if B; is
finite projective for every ¢ = 1,...,n. Assume that this holds and let ¢ : B —
Hom 4 (B, A) be the map defined in lemma 2.1.59. Moreover, for any i € I, let
¢i : B; — Homu(B;, A) be the map defined in the same way, but considering B;
instead of B. We have to prove that ¢ is bijective if and only if ¢; is bijective for every
i = 1,...,n. Recall that, as an A-module, B = [[\"; B; coincides with ;" ; B;.
Then, by lemma 2.1.9, we have an isomorphism of A-modules ¢4 : Homy (B, A) —
[1;-; Homu(B;, A). Define

: B — [[Homa(By, A), (by,....bn) = (£1(b1), ..., on(bn))
=1
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and consider the following diagram.
B —? Hom A(B,A)

¢ lw
H?:l HomA(Biv A)

Let (b1,...,bn) € B. Fix j € {1,...,n} and consider the A-linear map ¢; : B; —
B, x — (0jjx)i=1,..n. Let x € B;j. Applying corollary 2.1.63, we have that

(P((b1, -+, 0n)) 0g5)(x) = (b1, -, bn))((042)i=1,..n) =
= TrB/A((bla ceey ) (51356) ) = TrB/A((biéijJ:)i:l,...,n) =

= Z Trp,/a(bidijz) = Trp, ja(bjz) = ¢;(b;)(z)
=1

(recall that Trp,/4(0) = 0 for any i = 1,...,n, by linearity of the trace: see remark
2.1.48). Then ¢((b1,...,bn))0q; = <pj(b ) Smce this holds for any j = 1,...,n, we
get that

Palp((brs--,00))) = (@((b1s- -5 bn)) 0 qus oy @((b1s- -5 bn)) 0 Gn) =
= (p1(01); -+, 0 (bn)) = Y((b1s- .., bn)) .

So w40 =1. Since @4 is bijective, it follows that ¢ is bijective if and only if 1) is
bijective. But we have that

Ker(s) =
= {(b17-~-7bn) €B ’ (‘Pl(bl)v"w(pn(bn)) = ¢(<b17---7b )) = (07"'7())} =

{(b1,...,bp) €B|Yi=1,....n ¢;(b) =0} = HKGY%

and

Im(¢) = {(fl,...,fn) € [[Homa(Bi, A) | 3(bs, ..., by) € B :

i=1

((,01(61), s 7()071(1771)) = w((blv s 7bn)) - (f17 3 afn)} =

= {(f177fn) € HHOHIA(BZ',A) Vi = 1,...,n Hbi S Bi : (pz(bz> = fz}

i=1
n

= H Im(g;) .

i=1

Then Ker(¢)) = 0 if and only if Ker(p;) = 0 for every i = 1,...,n, i.e. ¢ is injective
if and only if ¢; is injective for every i = 1,...,n, and Im(¢)) = []; Homy(B;, A)
if and only if Im(p;) = Hom4(B;, A) for every i = 1,...,n, i.e. 9 is surjective if and
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only if ; is surjective for every ¢ = 1,...,n. So ¥ is bijective if and only if ¢; is
bijective for every ¢ = 1,...,n, and hence ¢ is bijective if and only if ¢; is bijective
for every i = 1,...,n, which is what we wanted. O

Lemma 2.1.65. Let B be an A-algebra. For any B-module P (including B it-
self), consider Homa (P, A) as a B-module via (bf)(x) = f(bx) for any b € B,
f € Homa(P, A) and x € P (recall that we have an induced A-module structure on
P, so it makes sense to consider Hom (P, A)). Then, for any B-module P, we have
a B-linear map

~vp : Homu (B, A) ® g Homp (P, B) — Homu (P, A), fRg+— f®g

(extended by linearity). If P = @), P; for some B-modules P, ..., P,, then vp is
bijective if and only if vp, is bijective for everyi=1,...,n.

Proof. Let P be a B-module. First of all, we prove that the definition we gave
makes indeed Hom 4 (P, A) into a B-module. Let b € B, f € Homa (P, A). For any
ai,as € A, x1,x2 € P we have that

(bf)(a1x1 + agxe) = f(b(arz1 + agxsa)) =
= f(blarz1) + bazr2)) = f((a1b)x1 + (azb)xs) =
= f(a1(bz1) + az(br2)) = a1 f(bx1) + az f(br2) = a1 (bf)(z1) + az(bf)(x2) -

So bf is A-linear, i.e. bf € Homy(P, A).

For any f € Homyu (P, A), we have that (1gf)(z) = f(1px) = f(x) for any = € P
and so 1pf = f. Let now by,be € B and f € Homy4 (P, A). For every x € P, we have
that

((b1 +b2) f)(x) = f((b1 + ba)x) = f(brw + box) =
= f(b1x) + f(baz) = (b1f) (%) + (b2f)(x) = (b1 f + b2 f) ()

and

((b102) f)(x) = f((b1b2)z) = f((b2b1)x) = f(b2(b17)) = (b2f)(b17) = (b1(b2f))(7) .

So (by +b2)f =b1f + baf and (b1ba)f = b1(baf). On the other hand, let b € B and
fi, f2 € Hom4 (P, A). For any x € P we have that

(b(fitf2)) (@) = (fit+f2)(bz) = fi(bz)+fa(bx) = (bf1)(x)+(bf2)(x) = (bfi+bf2)(z).

So b(f1 + f2) = bfi + bfe. Then we have a B-module structure on Hom4 (P, A)
for any B-module P. In particular, we have a B-module structure on Hom (B, A).
Notice also that the B-module structure we have just defined on Hom 4 (P, A) induces
an A-module structure which coincides with the standard A-module structure on
Hom 4 (P, A) (this follows immediately from the definition of A-linear map).

Since any B-linear map is also A-linear, for any f € Homa (B, A), g € Homp(P, B)
we have that fog € Homu4 (P, A). In order to show that vp is well defined, we have to
check that the map I'p : Homy4 (B, A) x Homp(P, B) — Homa(P, A), (f,g)— fog
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is B-bilinear. Let by,by € B, f1, fo € Homa(B, A) and g € Homp(P, B). For any
x € P, we have that

((01f1 + baf2) 0 g)(x) = (brf1)(9(2)) + (b2 f2)(g9(x)) =
= f1(b1g(2)) + fa(bag(x)) = fi(g(br2)) + fa(g(ba)) =
= (b1(f109))(x) + (ba(f2 © 9))(2) = (br(f1 0 9) + ba(f2 0 9))(x) -

So Ip((bifi +b2f2,9)) = (bifi +baf2) o9 =bi(fiog) +ba(f209) = il'p((f1,9) +
boI'p((f2,9)). On the other hand, let by,by € B, f € Homuy(B,A) and ¢1,92 €
Hompg(P, B). For any « € P, we have that

(f o (brgr + b2g2))(x) = f(brg1(x) + baga(x)) =
= f(big1(x)) + f(baga(x)) = f(g1(b1)) + f(ga(bax)) =
= (b1(f 0 91))(x) + (b2(f 0 g2)) () = (b1(f © g1) + ba(f 0 g2))(z) -

So I'p((f,b192 +b2g2)) = fo(b1g1 +bage) = b1(fog1) +ba(foge) =0ilp((f, 91))+
boT'p((f,g2))- This proves that I'p is B-bilinear. So vp is well defined.

Assume now that P = @), P, for some B-modules Pi,...,P,. For any j =
1,...,n, define ¢; : P; = P, x — (0;j&)i=1,...n (then g; is B-linear). As in lemma
2.1.9, consider the isomorphisms ¢4 : Homy (P, A) — [[;-; Homa(P;, A) and ¢p :
Homp (P, B) — [[;-, Hompg(P;, B), of A-modules and of B-modules respectively (for
the latter isomorphism, we apply the lemma with B instead of A). Notice that ¢4
is also B-linear. Indeed, if b € B, f € Homa (P, A) and ¢ € {1,...,n}, we have that
(6) 0 45)(x) = (b)(i(x)) = F(bai(x)) = F(as(be)) = (b(f 0 4)) (), for any z € P
So (bf)oq; =b(fogq),foranyi=1,...,n, and

0albf) = ((bf) 0 qi)i=1,.0. = (b(f 0 Gi))i=1,.... = b(f © @)i=1,... = 0D A(f) .

Notice also that, since the direct sum of a finite family of modules coincides with its
direct product, [[; Homa(P;, A) = @;_, Homa(P;, A) and [[", Homp(P;, B) =
@;_, Homp(P;, B). Consider the isomorphism of B-modules idyom ,(B,4) @¢B :
Homy (B, A) ® g Homp (P, B) — Homa(B,A) ®p @;_, Homp(F;, B) induced by
¢p- Moreover, consider the isomorphism of B-modules ¥yom , (B, 4) : Homa(B, A)®p
;. Homp(P;, B) — @, (Homa(B, A) ® g Homp(P;, B)) as in lemma 2.1.19 (ac-
tually here we have the direct sum on the other factor, but by commutativity of the

tensor product this is not a problem). Then we have the following diagram.
P

Hom4 (B, A) ® g Homp (P, B) Hom4 (P, A)
VHomx (B,4) © (idHom (B, 4) ®§0B)l lSOA
D', (Hom (B, 4) & Homps (P, B)— 2=y Hom (P, A)

We claim that this diagram is commutative. Let f € Homa(B, A), g € Homp(P, B).
We have that

ealvr(f®g)) =walfog)=(fogodi)i=1,.. = (VP,(f®(90a)))i=1,... =
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— (@ ’ypl.) ((f & (g o Qz’))izl,...,n) =
=1

= <@ ’YP¢> (Vboma(B,4) (f @ (90 ¢i)i=1,..,n)) =
i=1

= ((@7]%) OwHomA(B,A)> ((idHomA(B,A) ®90B)(f®g)) :
=1

Then pa0vp = (Di1 7P © (YHom (B,4) © (idHom 4 (B,4) ®¥B)) (since we are dealing
with B-linear maps, it is enough to check equality on pure tensors), i.e. the diagram
is commutative. Since v and Yyom,(B,a) © (idHomA(B,A) ®¢p) are isomorphisms, it
follows that vp is bijective if and only if ;" vp, is bijective. It is easy to prove

that
Ker (@ m) = P Ker(vp,)
i=1 i=1
and
n n
Im (@ /sz') = @Im(/ypi)
i=1 i=1

(see the proof of corollary 2.1.20). So Ker (D", vp,) = 0 if and only if Ker(yp,) =0
for any ¢ = 1,...,n, i.e. @ ,~p is injective if and only if vp, is injective for
any i = 1,...,n, and Im (@}, vp,) = D;_, Hom(F;, A) if and only if Im(yp,) =
Homy(P;, A) for any i = 1,...,n, i.e. @, vp, is surjective if and only if vp, is
surjective for any ¢ = 1,...,n. Hence @, vp, is bijective if and only if vp, is
bijective for every ¢ = 1,...,n, which ends the proof. O

Corollary 2.1.66. Let B be an A-algebra and P a finitely generated and projective
B-module. Then the map vp : Homy (B, A) ® g Homp(P, B) — Hom (P, A) defined
as in lemma 2.1.65 is bijective.

Proof. Since P is finitely generated and projective as a B-module, by corollary 2.1.15
there exist a B-module @) and an n € N such that P & Q = B" as B-modules.
By lemma 2.1.65, in order to prove that vp is bijective, it is enough to show that
vpr is bijective. By the same lemma, in order to prove that ypn is bijective, it is
enough to prove that vp is bijective. We have that Hompg(B, B) & B as B-modules,
via ¢ : Homp(B,B) — B, f + f(1p). Then idgom,(,.4)®@¢ : Homa(B, A) ®p
Homp(B,B) — Homa(B,A) ®p B is an isomorphism of B-modules. Moreover,
Homy (B, A) ®p B = Homyu(B, A) as B-modules, via ¢ : Homu(B,A) @ B —
Homy (B, A), f®br bf. For any f € Homy(B, A), g € Homp (B, B), we have that

Y((idHom ,(B,4) @) (f ® 9)) = (f @ ¢(9)) = ¢¥(f @ g9(1B)) = g(1B)[ -
For any = € B, (9(18)f)(z) = f(9(1)z) = f(9(1pz)) = f(g(x)). So
Y((idHom, (B,4) @) (f ® 9)) = g(1B)f = fog=vB(f®g) .

Then vp = ¥ o (idhom ,(B,4) @) (since we are dealing with B-linear maps, it is
enough to check equality on pure tensors). So g is bijective, because it is a compo-
sition of bijections. This ends the proof. O
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Remark 2.1.67. In the proof of lemma 2.1.65, a key point was the fact that we were
dealing with a finite direct sum. Then also in corollary 2.1.66 it was important to
assume that P was finitely generated over B.

Lemma 2.1.68. Let B be a finite projective A-algebra and P a finitely gener-
ated and projective B-module. For any ¢ € Endp(P), we have that Trp/s(p) =

Trp/a(Trp/p(p))-

Proof. First of all, notice that P is finitely generated and projective over A by
lemma 2.1.53 and that, since any B-linear map is also A-linear, ¢ € End(P).
So it makes sense to consider the trace Trp 4(¢). Moreover, as in lemma 2.1.59,
Trpja(Trp/p(e)) == Trp/a(mm, b))

Since P is finitely generated and projective over B, by lemma 2.1.49(1) (with B
instead of A) there exist n € N, z1,...,2, € P and fi,..., f, € Hompg(P, B) such
that, for every x € P, we have © = """ | f;(x)z;. By the same lemma, since B is a
finite projective A-algebra, i.e. it is finitely generated and projective as an A-module,
there exist m € N, by,...,b,, € B and g1, ...,gm € Homu4 (B, A) such that, for every
b € B, we have b = Z;”:l gj(b)b;. For every i = 1,...,n, j = 1,...,m, consider
bjz; € P and gjo f; € Homy (P, A) (notice that this works because any B-linear map
is also A-linear). For every z € P, we have that

w= filx)ri=Y | D g(fia)by | 2= (950 fi)(@)(bjas) -
=1 =1 \j=1 =1 j=1
Then, by lemma 2.1.49(2), we have that

TrP/A(QD) = ZZ(gj o fz b -rz ZZQJ fz jSO -Tz ) =

i=1 j=1 i=1 j=1
-3 S st -3 (bez . ):
j=1 i=1

=> g (ijfi(<P($z ) Zgg (b Trey(p)) =

j=1 i=1 j=1

= Zgj(mq\rc/B(@)(bj)) =Trp/a(mrg, 5(0) = Trp/a(Tre p(p)) -

O]

Corollary 2.1.69. Let B be o projective separable A-algebra and C a projective
separable B-algebra. Consider the induced A-algebra structure on C. Then C is a
projective separable A-algebra.

Proof. Since B is a projective separable A-algebra, it is in particular finite projective.
Analogously, C' is a finite projective B-algebra. By corollary 2.1.54, we have that C
is a finite projective A-algebra. Let ¢pp : B — Homy (B, A) be the map defined in
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lemma 2.1.59 and ¢¢ : C — Hom4(C, A) the map defined in the same way, with C
instead of B. Moreover, let @7, : C — Homp(C, B) be the map defined as in lemma
2.1.59, with B instead of A and C instead of B. Let x € C. Applying lemma, 2.1.68,
we have that

(@) (y) = Troya(zy) = Troja(may) =
=Trg/a(Tre/p(Mmay)) = Trgja(Treyp(zy)) = Trg a(ve (@) (y))

for any y € C. So wc(x) = Trp 4 o(¢(x)). Define
(Trp/a)« : Homp(C, B) — Homu(C, A), f+ Trg/aof

(this is well defined because any B-linear map from C to B is also A-linear and
Trp/a : B — Ais A-linear by 2.1.59). Then ¢c(x) = (Trp/a)«(¢(x)) . Since
this holds for any = € C, we have that ¢ = (Trg/a)« o . We have that ¢,
is bijective, because C' is a projective separable B-algebra. Since B is a projective
separable A-algebra, we have that pp : B — Homyu (B, A) is an isomorphism of A-
modules. Moreover, if we consider on Hom4(B, A) the B-module structure defined
in lemma 2.1.65, we have that pp is also B-linear. Indeed, if b,z € B we have
that @ (b2)(y) = Tra((be)y) = Tep/a(z(by) = o5(e)(by) = (bpp())(y) for any
y € B and so pp(bx) = bpp(x). Then ¢p induces an isomorphism of B-modules

¢B @ idgom 4 (c,B) : B ®p Homp(C, B) — Homa (B, A) ® g Homp(C, B) .

We have that B ®p Homp(C, B) = Hompg(C, B) as B-modules, via 1) : B ®p
Homp(C, B) — Homp(C, B), b® f ~ bf, which has inverse ¢~ : Hompg(C, B) —
B®pHomp(C, B), f+ 1p® f. Moreover, let y¢ : Hom4 (B, A) ® g Homp(C, B) —
Hom4(C, A) be as in lemma 2.1.65. By corollary 2.1.66, we have that ¢ is an
isomorphism, because C' is finitely generated and projective as a B-module. Con-
sider yo © (¢B ® idHomp(C,B)) © ¥~ : Homp(C, B) — Homa(B, A). For any f €
Homp(C, B), we have that

(ve © (@B ® idgomy(c,p)) © ¥ )(f) = Yo (B ® idgom,(c,5) @ () =
=7c((¢B ®idHomg(c,B)) (1B @ [)) =vc(pB(l) ® f) = pp(lB) 0 f .

But, for any y € B, we have that ¢p(15)(y) = Trp/a(lpy) = Trp/a(y). So
ep(1p) = Trp/a and (Yoo (9B Qiduemy(c,p)) 0¥ )(f) = wB(1B)of = Trgaof =
(Trp/a)«(f). Then (Trg/a)s = o © (9B @ idHomy(c,p)) © ¥, which implies that
oo = (Trp/a)« 0 o = vc © (9B @ idHomy(C,B)) © ¢! o ¢}, is bijective, because it is
a composition of bijections. Hence C' is a projective separable A-algebra. O

Lemma 2.1.70. Let P be a finitely generated projective A-module and B an A-
algebra. For any f € Enda(P), we have that Trpg , p/p(f ®idp) = Trp/a(f) - 1.

Proof. First of all, notice that by lemma 2.1.24, P ® 4 B is a projective B-module.
It is also clear that P ®4 B is finitely generated as a B-module (see the proof of
proposition 2.1.57). So it makes sense to consider the trace Trpg, /B of a B-linear
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map PR®a B - P®4 B. If f: P — P is A-linear, it is immediate to prove that
f®idp: P®a B — P®a B is B-linear. So Trpg,p/p(f ®idp) is well defined.
Let 9pp : P* @4 P — Enda(P) and Ypg,B.re,B : (P ®a B)* ®p (P ®4 B) —
Endp(P ®4 B) be defined as in lemma 2.1.43. By corollary 2.1.45, they are isomor-
phisms (respectively, of A-modules and of B-modules). Let also ap : P*®4 P — A,
apg,B @ (P ®a B)* ®p (P ®4 B) — B be defined as in lemma 2.1.46. Since
Upp is an isomorphism, we have that End4(P) is generated by the elements of the
form 9pp(p ® p), with ¢ € P* and p € P. Notice that — ® idg : Ends(P) —
Endp(P ®4 B) is A-linear. Also the trace is A-linear (remark 2.1.48). Then it is
enough to prove that the claim is true for f = 9pp(¢ ® p), with ¢ € P* and p € P.
In this case, we have that

Tr(f) = ap(@pp(f) = ap(e ©p) = @(p) -

Moreover, ¢ ® idg : P®4 B - A ®4 B is a B-linear map and composing it with
the canonical isomorphism of B-modules ¢ : A4 B — B, a ® b — ab we get
Yo (p®idp) € (P®a B)*. For any x € P, y € B, we have that

UpeaB.PooB((Yo(p®idp)) @ (p@1))(x@y) = (Yo(p@idp))(z@y)- (pe1) =
=Y(p(@)@y)-(pe1) = (p(x)y) - (p®1) = (p(z)p) ®y =
= (Wprlp@p)(z)) @y =flr)y=(f@idp)(z@y).
So ¥pg ,B,Pe4B((Yo(p®idp))®(p®1))) = f®idp (by linearity, it is enough to check

equality on pure tensors). Then ﬁ;éAB,P@)AB(f ®idp) = (Yo (¢®idp)) @ (p® 1)
and

(f ®idp)) =
) = ( o(p@idp))(pe1) =
plp)@1) = ( )-1="Trp/a(f) 1,

~—

Trpg,B,B(f ®idp) = 04P®AB(19P®AB PR 4B
=apg,B((Yo (¢®idp)) ® (p 1)
(

as we wanted. O

Lemma 2.1.71. Let B and C be A-algebras, with B projective separable. Then
B ®a C is a projective separable C-algebra.

Proof. Since B is a projective separable A-algebra, it is in particular finite projective.
Then B ®4 C is a projective A-algebra by lemma 2.1.24. Moreover, it is finitely
generated as a C-module, because if (wy,...,w,) generates B over A then (w; ®
1,...,w, ®1) generates B ®4 C over C.

Let now ¢ : B — Homyu(B, A) be the A-linear map defined in lemma 2.1.59 and
consider the C-linear map ¢ ®idg : B4 C — Homg (B, A)®4C. Since B is finitely
generated and projective as an A-module, by lemma 2.1.55 (condition (2)) we have
an isomorphism of C-modules ¢p 4 : Homy (B, A) ®4 C — Homc(B®4C,A®4C).
Moreover, we have a canonical isomorphism of C-modules ¢ : AQ4C — C, a®c >
ac, which induces an isomorphism of C-modules ¢, : Homeo(B ®4 C,A®4 C) —
Homg (B ®4 C,C), h + 1 o h. Consider now the following diagram, where ¢ :
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B®4 C — Home(B ®4 C,C) is defined as in lemma 2.1.59, considering C' instead
of A and B ®4 C instead of B.

id
BosC B9AC  BeaC
PR idol lcp’
O
Homa(B, A) &4 C— 2 FPA ome(B @4 C,C)

Let b € B and ¢ € C. We have that

(Y« 0 ppA) (¢ @ide)(b @ ¢)) = (s 0 pB.4)(p(b) @ ¢) =
= Pu(p(b) ® (cide)) = ¥ o (p(b) @ (cide)) -

For any x € B, y € C, we have

(Yo (p(b) @ (cide)))(z @ y) = P((p(b)(z)) ® (cy)) = Y(Trp a(bx) ® (cy)) =
= Y(Trgja(mpe) @ (cy)) = Trg a(mps) - cy -

Moreover, by definition of the C-algebra structure on B®4 C, we have mpge)(z0y) =
Mb)@ (cy) = CYM )1 = CY(Mpe @ ide). Then, using the fact that Trpg /¢ is C-
linear (remark 2.1.48) and applying lemma 2.1.70 (with B instead of P and C instead
of B), we get

Trpg  c/c(Mpge)eoy) = TrBoac/c(cy(Muzgidc)) =
= cy Trpg ,o/c(Mbeside) = cy(Trp/a(mp:) - 1) = Trga(mps) - cy -

Then (¢ o (¢(b) @ (cide)))(z @ y) = Trpg ,o/¢(Mpoe)(2ay) = ¢ (0@ c)(z @y). So
(w0 pB.A)((p ®@1de)(b® c)) = (Yo (p(b) @ (cide)))(z @ y) = ¢ (b ¢) .

Since this holds for any b € B, ¢ € C, we have that 1, o pp a0 (p ® idc) = ¢'.
Since B is a projective separable A-algebra, ¢ is an isomorphism. Then ¢ ® id¢ :
B®4C — Homy (B, A)®4C is an isomorphism of C-modules, with inverse ¢~ ! ®id¢.
We already knew that v, and ¢p 4 are isomorphisms of C-modules. So ¢’ is an
isomorphism of C-modules, because it it is the composition of isomorphisms. Hence
B ®4 C is a projective separable C-algebra. O

Proposition 2.1.72. Let B be an A-algebra and C a faithfully flat A-algebra. Then
B is a projective separable A-algebra if and only if B ® 4 C is a projective separable
C-algebra.

Proof. If B is a projective separable A-algebra, then B® 4 C'is a projective separable
C-algebra by lemma 2.1.71.

Conversely, assume that B®4 C is a projective separable C-algebra. In particular, it
is a finite projective C-algebra. Then, by proposition 2.1.57, B is a finite projective
A-algebra. This implies that B is finitely presented as an A-module, by proposition
2.1.30 ((i) = (ii)). Let ¢ : B — Homu(B,A), ¢pa : Homy(B,A) ®4 C —
Homg(BRAC, A®4C), % : A®4C — Cand ¢ : B4 C — Homg(B®4 C,C) be
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as in the proof of lemma 2.1.71. In the same way as in that proof, it can be shown
that 1. o pp a0 (p®@ide) = ¢'. Since B ®4 C' is a projective separable C-algebra,
¢ is an isomorphism of C-modules. We already knew that v, is an isomorphism of
C-modules. Moreover, ¢p 4 is also an isomorphism of C-modules, by lemma 2.1.55
(condition (1)), because B is a finitely presented A-module and C' is flat. It follows
that ¢ ®ido = @B}A o (¢4) Lo is an isomorphism of C-modules, i.e. the sequence

004C =0 BosC 229 Homy(B,A) @4 C = 0=00,4C

is exact. Since C' is faithfully flat, this implies that the sequence 0 — B 2,
Homu (B, A) — 0 is also exact. This means that ¢ is an isomorphism. Hence B
is a projective separable A-algebra. O

Proposition 2.1.73. Let B be an A-algebra. If there exists a collection (f;)icr of
elements of A such that ), ; fiA = A and for every i € I the Ay, -algebra By, is
projective separable, then B is projective separable.

Proof. Since By, is a projective separable Ay, -algebra, it is in particular finitely gen-
erated and projective as an Ay-module, for every ¢ € I. Then, by corollary 2.1.32,
B is finitely generated and projective as an A-module, i.e. it is a finite projective
A-algebra. By proposition 2.1.30 ((i) = (ii)), we have also that B is finitely pre-
sented.

Let ¢ € I. Since B is finitely presented, by lemma 2.1.27 we have an isomorphism of
Ay,-modules gpg?A : Homa (B, A)s, — Homa, (By,, Ay,). Let ¢ : B — Homa(B, A)
be the map defined in lemma 2.1.59 and consider its localization ¢y : By —
Homa (B, A)y,, which is Aj-linear. Denote by ¢; : By, — Homa, (By,, Ay,) the
Ay,-linear map defined as in lemma 2.1.59, considering Ay, instead of A and By,
instead of B. Then we have the following diagram.

lch
sz‘ sz‘

(,szl l@i
(2)

¥B,A
Hom(B, A)y, “ Homa, (By;, Ay;)
Recall that By, =2 B®a Ay, as Ay,-algebras and Homy (B, A)f, = Homy (B, A)®@4 Ay,
as Ayr,-modules. Under these isomorphisms, the diagram we are considering corre-
sponds to the one we considered in the proof of lemma 2.1.71. So it is commutative,
as in that proof. This means that ¢; = @33714 o y,. Since By, is a projective sep-
arable Ay -algebra, ¢; is bijective. Then, since gog)A is also bijective, we have that
of = (gpg)A)_l o ; is bijective. Since this holds for every ¢ € I, by lemma 2.1.29(2)
we get that ¢ is bijective, i.e. B is a projective separable A-algebra. O

Lemma 2.1.74. Let B be a projective separable A-algebra and f : B — A a ho-
momorphism of A-algebras. Then there exist an A-algebra C' and an isomorphim of
A-algebras o : B — A x C such that f = pa o, where py : A x C — A is the
canonical projection.
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Proof. Since f is a homomorphism of A-algebras, it is in particular A-linear, i.e.
f € Homa(B,A). Let ¢ : B — Homyu (B, A) be defined as in lemma 2.1.59. Since
B is projective separable, ¢ is bijective. So there exists a (unique) b € B such
that f = ¢(b). This means that f(z) = Tr(bx) for any = € B. In particular,
Tr(b) = Tr(b-1) = f(1) = 1 (the last equality follows from the fact that f is a
homomorphism of A-algebras and so in particular a ring homomorphism). Define
now C := Ker(f) C B. Then C is clearly an A-submodule of B. Notice now that
f is surjective. Indeed, for any a € A we have that f(a-1) = af(1) = a. So the
sequence of A-modules

O—>Ci>Bi>A—>O

is exact, where i : C = Ker(f) — B is the canonical inclusion. Consider the A-
linear map my, : B — B. For any x € C, we have that f(my(z)) = f(b)f(z) =
0, because f is a ring homomorphism and f(z) = 0. So my(z) € Ker(f) = C.
This means that mp(Im(i)) = mp(C) € C = Im(i) By lemma 2.1.62, we have that
Tr(b) = Trg a(mp) = Tro/a((mp)c) + Trasa((me)a), where (mp)o : C — C'is the
unique A-linear map such that i o (mp)c = mp od and (myp)4 : A — A is the unique
A-linear map such that f om, = (mp)a o f. Considering the fact that ¢ : C — B
is the canonical inclusion, we have that (mp)c = (myp), : C — C. Moreover,
since f is surjective, for any y € A there exists * € B such that y = f(z) and so
(mp)a(f(z)) = flme(x)) = f(bx) = f(b)f(x) = mpe)(f(x)) (we applied the fact
that f is a ring homomorphism). Then (mp)a = my@). Let now x,y € B. We have
that

p(bz)(y) = Tr(bay) = f(wy) = f(2)f(y) = f(x) Tr(by) = Tr(f(x)by) = o(f(x)b)(y)

(we applied the fact that the trace is A-linear, see remark 2.1.48). Then ¢(bx) =
©(f(x)b), which by injectivity of ¢ implies that bx = f(x)b. In particular, we have
that bxr = f(z)b = 0 for any x € C, ie. (mp), = 0. Then Trg/a((mp)c) =
Trc/a(0) = 0 (because the trace is A-linear). So

Tr(b) = Treya((mp)c) + Trasa((me)a) = Traza(mse)) -

Notice now that A is a free A-module with basis (1). By remark 2.1.50(3), we can
compute the trace Try /4 using the definition 2.1.1. Then Tr 4,4 (mf)) = mypy(1) =
f(b) -1 = f(b). So Tr(b) = f(b). We have already seen that Tr(b) =1, so f(b) = 1.
Consider now the map

Y:A®C — B, (a,x) —ab+ .

It is immediate to check that v is A-linear. Let (a,z) € Ker(v), i.e. ab+ z =
¥((a,z)) = 0. Then ab = —x € C = Ker(f). So, applying the linearity of f, we
get that 0 = f(ab) = af(b) = a-1 = a. Then x = —ab = 0. This proves that
Ker(y)) = 0, i.e. 1 is injective. Let now y € B. Since f is A-linear, we have that
fly=fw)b) = fly) — fy)f(b) = f(y) — f(y) -1 =10. Soy— f(y)b € Ker(f) = C.

Then (f(y),y — f(y)b) € A® C and Y((f(y),y — f(¥)b)) = fWb+y — f(y)b=y.
This proves that 1 is surjective. Then 1 is an isomorphism of A-modules. By the

computation we have just performed, it is also clear that ¥~ (y) = (f(y),v — f(y)b)
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for any y € B. So, if we define o := ™! : B = A @® C, we have that py oo =
f- It remains to show that C is an A-algebra and that ¢ is compatible with the
multiplication (defined componentwise on A @ C'). Since f is a ring homomorphism,
if z,y € C = Ker(f), then f(zy) = f(x)f(y) = 0, i.e. zy € Ker(f) = C. So
we can restrict the multiplication from B to C. Commutativity, associativity and
distributivity are inherited from the fact that B is a ring. What is a priori not
clear is the fact that C has a unit element. Notice that, by what we proved above,
b2 = f(b)b=1-b=10b. Let now a1,as € A, r1,22 € C. By what we proved above,
bzr1 = 0 = bxy. Then we have that

¥((a1,21))¥((a2, z2)) = (a1b + z1)(az2b + x2) =
= arasb® + arbxo + ashxy + r1T9 = ajash + riT0 =

= ¥((araz, 7172)) = ¥((a1, 21)(az, z2)) -

So 1 is compatible with the multiplication. Let now zp:=1—b=1— f(1)b. By
what we proved above, g € C and ¥((1,z0)) = ¥((f(1),20)) = 1. For any z € C,
we have that

(L, zoz)) = (1, 20) (1, 2)) = ¥((1,20))¥((1,2)) = »((1,2)) .

Since v is injective, we must have (1,z9z) = (1,z). Then zox = x. This proves
that z is a unit element in C, which is then a ring. Consider the A-linear map
A — C, a — axg. This map is a ring homomorphism, because for any ai,as € A
we have (a1x0)(ag2zo) = alagx% = ajagxg. So C is an A-algebra, in a way that is
compatible with the A-module structure inherited by B. We have that ¢ is A-linear
and compatible with multiplication. Moreover, we saw that ¥ ((1,z¢)) = 1. So ¢
is a homomorphism of A-algebras. Then its inverse « is also a homomorphism of
A-algebras. This ends the proof. O

Proposition 2.1.75. Let B be a projective separable A-algebra. Consider B4 B as
a B-algebra via the second factor and consider the map 6 : B&4 B — B, xt®y +— zy
(extended by linearity). Then there exist a B-algebra C and an isomorphism of B-
algebras o : B®y B — B x C such that 6 = pp o a, where pg : B x C — B is the
canonical projection.

Proof. Since B is a projective separable A-algebra, B ® 4 B is a projective separable
B-algebra by lemma 2.1.71. Notice that ¢ is well defined and A-linear, because the
multiplication in B is A-bilinear. It is immediate to show that J is actually B-linear.
Moreover, by definition of the ring structure on B® 4 B, we have that ¢ is also a ring
homomorphism. So § : B®4 B — B is a homomorphism of B-algebras. Applying
lemma 2.1.74, with B ® 4 B instead of B and B instead of A, we get the claim. [

2.2 Finite étale morphisms

We start with the definition of finite étale morphisms and of the corresponding
category. Then we will study in detail the properties of these morphisms.
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Definition 2.2.1. Let X, Y be two schemes and f : Y — X a morphism of schemes.
We say that f is finite étale if there exists a cover of X by open affine subsets
(U; = Spec(A4;))ier such that, for any i € I, the open subscheme f~1(U;) of Y is
affine and equal to Spec(B;), where B; is a free separable A;-algebra. In this situation
we also say that f is a finite étale covering of X.

If X,Y, Z are schemes and f: Y — X, g: Z — X are finite étale coverings of X,
then a morphism of coverings from f to g is a morphism of schemes h : Y — Z such
that f =goh.

Remark 2.2.2. (1) Notice that, if f : Y — X is a morphism of schemes, U; =
Spec(A;) is an open affine subscheme of X and the open subscheme f~1(U;)
of Y is affine, with f~1(U;), then B; is always an A;-algebra, because the
morphism of schemes f : f~1(U;) = Spec(B;) — U; = Spec(A4;) corresponds to
a ring homomorphism A; — B;.

(2) Let X be a scheme. It is immediate to check that the composition of two
morphism of coverings is again a morphism of coverings. Moreover, for any
finite étale covering f : ¥ — X we have that idy is clearly a morphism of
coverings from f to f. This shows that finite étale coverings of X form a
category. We denote this category by FEtx. Our goal is to prove that FEt x,
with a suitable functor FEtx — sets, is a Galois category.

There are other remarkable properties that morphisms of schemes can have and
we will see the connection between them and the fact of being finite étale.

Definition 2.2.3. Let X, Y be two schemes and f : Y — X a morphism of schemes.
We say that f is:

(1) affine if there exists a cover of X by open affine subsets (U;);e; such that
f~H(U;) is affine for every i € I;

(2) finite if there is a cover of X by open affine subsets (U; = Spec(A;))ier such
that, for every i € I, f~1(U;) is affine and equal to Spec(B;), where the A;-
algebra B; (see remark 2.2.2(1)) is finitely generated as an A;-module;

(3) finite and locally free if there exists a cover of X by open affine subsets (U; =
Spec(A4;))ier such that, for every i € I, f~1(U;) is affine and equal to Spec(B;),
where the A;-algebra B; (see remark 2.2.2(1)) is finitely generated and free as
an A;-module;

(4) surjective if the corresponding map between the underlying topological spaces
is surjective.

Remark 2.2.4. From the definitions, it is clear that any finite morphism of schemes
is affine, any finite and locally free morphism is finite and any finite étale morphism
is finite and locally free.

Lemma 2.2.5. Let X be a scheme and consider two open affine subschemes U =
Spec(A) and V = Spec(B) of X. For any x € UNV, there exists W CU NV such
that © € W and W = D(f) = D(g) for some f € A, g € B.
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Proof. Let x € UNV. Since U and V are open, U NV is also open. Since UNV C
U = Spec(A) and distinguished open subsets form a basis of Spec(A), there exists
f’ € Asuch that D(f") CUNV and z € D(f’"). We have that D(f’) C V' = Spec(B)
and D(f’) is open (in U and then also in V). Since distinguished open subsets form
a basis of Spec(B), there exists g € B such that D(g) C D(f’) and « € D(g). Define
W := D(g). Our aim is now to find an f € A such that W = D(f). We have
that OX(V) = OSpec(B)<SpeC(B)) = B and OX(D(fI)) = OSpec(A)(D(f/)) = Af"
Since D(f’) € UNV C V, we can consider the restriction pypy @ Ox(V) =
B — Ox(D(f')) = Ay. We have that pyp((g) € Ap. Then, by definition of

localization, there exist g € A, n € N, such that pyp(s(g) = %. In V' = Spec(B),
we have that V(pyp(s(9)) = V(g) N D(f") (by definition of the restriction and of
vanishing sets). Recalling that D(g) C D(f’) C V, we have that

D(g) = D(f") ND(g) = D(f) N (V\ V(g)) = D(fND(f) N V(g)) =

= DUV (o) = DUNY () -

Moreover, in U = Spec(A) we have that V <(f€/)n) =V(¢')ND(f") (by definition of

vanishing sets). So

/

D(FN\V ((fg)> — D(\(V(¢) N D)) = D(f) N (T\V(g)) =

= (U\V()) N (U\V(g) = UNV(f) UV (g)) = U\V(f'g") =D(f'g) .

Then, if we define f := f'g’ € A, we get W = D(g) = D(f'¢g’) = D(f), as we
wanted. O

Lemma 2.2.6 (Affine communication lemma, see [5], 5.3.2). Let X be a scheme
and let P be a property enjoyed by some open affine subsets of X. Assume that the
following two conditions are satisfied:

(1) if an open affine subset U = Spec(A) has the property P, then for every f € A
the open affine subset Spec(Ay) = D(f) CU C X has P;

(2) if U = Spec(A) is an open affine subset of X and there exists a collection
(fi)ier of elements of A such that ), ; fiA = A and the open affine subset
Spec(Af) = D(f) CU C X has the property P for every i € I, then U has the
property P.

If there exists a cover of X by open affine subsets (U;)icr such that U; enjoys the
property P for every i € I, then every open affine subset of X enjoys P.

Proof. Let (U;)ier be a cover of X by open affine subsets such that U; = Spec(A;)
enjoys P for every i € I. Let U = Spec(A) be an open affine subscheme of X and
consider x € U C X. Since X = UZ-E] U;, there exists ¢ € I such that x € Uj;.
So x € UNU;. By lemma 2.2.5, there exists W, C U NU; such that x € W,
and W, = D(f;) = D(gz) for some f, € A, g» € A;. Since U; = Spec(4;) enjoys
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P, Spec(Ay,) = D(gz) enjoys P, by the first assumption. Consider now (f3)zev,
which is a collection of elements of A. Since x € D(f;) for any x € U, we have
that U = U,y D(fz). Consider now the ideal > ., fzA C A. If it was a proper
ideal, there would exist a maximal ideal m such that > _;; fA C m,ie f, €m
for any x € U. Then m € Spec(A) = U, but m ¢ D(f,), for any z € U. This is a
contradiction. So ) foA = A. Since D(f;) = D(g,) enjoys P for every x € U, it
follows that U enjoys P, by the second assumption. O

Lemma 2.2.7. Let (X,0Ox) be a scheme and let f € Ox(X). We define
Xp={reX|fagmx}={xeX|fr€Ox,\mx,= (’);x} CcX.
Then we have that:
(1) Xy is open;

(2) px.x,;(f) € Ox(Xy)*, where px x, : Ox(X) — Ox(Xy) is the restriction
map;

(3) if there exists a finite cover (U; = Spec(A;))i=1,..n of X by open affine subsets
such that for every i,j = 1,...,n the intersection U; N U; is a finite union
of open affine subsets, then the induced ring homomorphism p : Ox(X)r —
Ox(Xy) is an isomorphism.

Proof. (1) Let € Xy. By definition, this means that f, € O% . Then there
exists ¢ € Ox, such that f,po = 1. By definition of stalk,7there exist an
open neighbourhood U of x in X and g € Ox(U) such that ¢ = g,. Then
frgz = 1 = 1,. Again by definition of stalk, this implies that there exists an
open neighbourhood V.C X NU = U of « such that px v (f)pu,v(9) =1 (we
denote by px v and pyy the restriction maps). Then, for any 2’ € V' we have
that fw/gm/ = PX,V(f)z’PUV(g)m’ =1, =1 and so fx/ S O;}J,, ie. 2’ € Xf.
So V' C Xy. This proves that X is open.

(2) From the proof of point (1), for every z € X there exist an open neighbourhood
Vi C X of x and g € Ox(V;) such that px v, (f) - g = 1. Then we have
that Xy = UxeXf V. Consider the collection (g(x))mexf - erXf Ox(Vy).
Let z,2" € Xy and consider py, v,nv, (g(x)) 3 PV VeV, (g(x/)) € Ox(V, N
V). Let 2" € Viu N V. Since 2 € V, and pxy,(f) - ¢® = 1, we have
that [~ (g(m))x,, = px,v, ([)ar (g(x))x,/ = 1,» = 1. Analogously, we have
far (g(x’))z” = px,v, (f)ar (g(x/))x,

verse, this implies that (g(“"”))w,, = (g(xl)) By definition of stalk, there ex-
m//

. = lyr = 1. By uniqueness of the in-

ists an open neighbourhood Wy of 2" in V, NV, such that py, w, (g(x)) =
OV, W (g<x’>>. We have that Va0 Var = Uysey, v, War. Then, by definition
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of sheaf, we get pv, v,nv,, (9'%)) = pv., . vanv., (g(x')), because

ot (previws (82)) = v (92) =
= PVI/,WZ// (g($/)> = ersz“Wz” <sz’7VrﬁVz, <g(x’)))

for every 2 € V, N V. By definition of sheaf, there exists g € Ox(Xy) such
that g® = px, v, (g) for every x € X. Then px v, (f9) = px,v. (F)px.v,(9) =
px, v, (f) g =1= px,v, (1) for every x € Xy (because the restriction maps
are ring homomorphisms). By definition of sheaf, this implies that fg = 1
(because Xy = UxeXf Vz). Then f e Ox(Xy)*.

By point (2), px x,(f") = pxx,(f)" € Ox(Xy)* for every n > 0, ie.
PX,X; (Sf) C Ox(Xy)*. By the universal property of the localization, the
ring homomorphism px x, : Ox(X) — Ox(Xy) induces indeed a ring homo-
morphism p: Ox(X)r = Ox(Xy).
Consider i € {1,...,n} and define

fi = pxu,(f) € Ox(Us) = Ogpec(a;) (Spec(4;)) = 4 .
We have that
XenUi={z €U fo g mxzt ={z €Ui| (fi)e = px,u:(f)x ¢ mx s} =
= {p € SpeC(Ai) ’ (fz)p §é mSpeC(Ai),p} = (SpeC(Ai))fi :

Identifying Ogpec(a,),p With (A;)p and mgpec(a,),p With py, for every p € Spec(A;),
we get that

(Spec(4)s, = {p € Specta | 4 ¢y} = (o € Specta) ¢ 9} = D).
So Xy NU; = D(f;). The restriction map

pu,p(s;) - Ox(Ui) = Ai = Ox(D(fi)) = Ogpec(a,) (D(fi))

induces a ring homomorphism p; : (4;) 5, — Ogpec(4,)(D(fi)) and we know that
this is an isomorphism by the properties of affine schemes. This holds for every

i=1,...,n. Let now 75 € Ker(p) C Ox(X)y, with g € Ox(X) and m € N.
Then px x,(9)px.x,(f)™" = ﬁ(%) = 0. Multiplying by px x,(f)™, we get
that px x,(9) = 0. Let i € {1,...,n}. Then

pu. D (1) (Px.0;(9) = px.p(£:)(9) = Px, (s (Px,x;(9)) = px; D) (0) =0

This implies that p; (pX‘Ll'i (g)) = pu, p(f)(g) = 0. Since p; is an isomorphism,

px,u;(9)
1

we have that = 01in (A;)s. This means that there exists r; € N such
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that f"pxu,(g) = 0. Define r := max;—1,._»7. Then, since pxy, is a ring
homomorphism,

px.u;(f"9) = pxu,(f) px.v,(9) = [ipx.v,(9) =
=fi " fpxu(g) =fi7"-0=0

for every i = 1,...,n. Since X = [J;_, U;, this implies that f"g = 0, by
definition of sheaf. Then fim = % = 0. So Ker(p) = 0, i.e. p is injective.
Notice that we used only the fact that we had a finite cover: for injectivity the
assumption about the intersections is not needed.
On the other hand, let g € Ox (Xy). C~onsiderz’ €{l,....n}and px, p(s)(9) €
Ox (D(fi)) = Ogpec(a,)(D(fi)). Since p; is an isomorphism, there exist h; € A,

m; € N such that PXf,D(fi)(g) = pi (%) Define m := max;—; ., m;. Then,
for every ¢ = 1,...,n, we have that f}fél = i fmlhi = J?fn, where we defined

f]’VLi = fzmimlhz € A;. So
_( h _{ h ~ .
Px; () (9) = pi <fm> = P (fm> = PU,D(f) (hz) pu, () (fi) ™™ -

Let now i,j € {1,...,n}. By assumption, we can write U; N U; = Ufz”l Vijks
with K;; € N and Vjj, affine for every & = 1,...,K;;. Let k € {1,..., K;;}
and Vjjr = Spec(B;ji). We have that Vi N Xy C U; N Xy = D(f;) and
Viie N Xy CU; N Xy = D(fj). Then

pr,V:L'jkﬁXf (g) = pD(fl),V”kﬂXf(pr,D(fl)(g)) =

= PD(f),Vijen Xy (pUi,D(fi) <h1> PU,.,D(fi)(fi)*m) =

m

= pD(fi),%jkﬂXf (pUi7D(fi) <h2>) : pD(fi),%jkﬂXf (IOU“D(fI)(pX,UZ (f)))_ =

= PULVijunX; (M) PX Vi X (f)

and
PX¢ViieNXy (9) = PD(fj),Vijkaf(PXf,D(fj)(g)) =
= PD(f;),Vijrn X (PUj,D(fj) (hj) PUj,D(fj)(fj)*m) =

—m

= PD(f;).VijunX; (pUj,D(f]-) (hj)> “PD(f;) Vi X (PU; D) (Px0; ()T =

= pij‘/ijkaf (h]) pX,‘/;jkf\IXf (f)

So pu; VinX; <h2> PxVinx (f)™™ = pu; vienx; (hj) PX VX (f)
multiplying by px v;,.nx, ()™, we get that

~™ and,

PUiﬂUjﬁXf,VijkﬁXf (PUi,UmU]ﬂXf <h7,>> = PUZ-,VijkﬁXf (hl> =

= PU;,\V;jkNXy (hj> = PUNU;NXy,V;jNX g (PUj,UimUijf <hj)) .
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Since this holds for any k = 1,..., Kij and U;NU; N Xg = (UL Vige ) N Xf =

K;j L. ~
U, (Vije N X ), by definition of sheaf PU UiNU;NX 4 (hl) = PU,; UinU;NX (hj).
Notice now that

UiﬂUjﬂXf:{l'GUiﬂUj|fm§émX,m}:
= {:L‘ eU; N Uj | PX,U;NU; (f)x ¢ mUmUj,ac} = (Ui N Uj)fij )

where we defined fi; := px v,nu; (f). Then the restriction map

punU;UinU;nx, - Ox (U0 Uj) = Op,au, (Ui N U;) —

induces a ring homomorphism
ﬁij : OUZ-HUJ- (Ui N Uj)fz‘j - OUimUj ((Ul N Uj)fij) )

which is injective by what we proved above, because U; N U; admits a finite
cover by open affine subsets and this is the only assumption that we used to
prove that p is injective. Now we have that

,OUZ-,UiﬂUj (hl)

ﬁlj 1 = PUmU]',UiﬂUijf <pUi,UiﬂU]' <hl>) -

= PULUNU;NX (hz) = PU;,U;NU;NX (hj) =

~ . pUj,UiﬁUj (h]>
= pUiﬂUj,UiﬂUjﬂXf <pUj7UiﬂUj (h]>) = ij f

Y v (R Juino; (Ry)
Since p;; is injective, this implies that pusvin, () = pUJ’UZqU]( ) in Ox(U; N

1
Uj) . This means that there exists r;; € N such that

px,u;nU; (f)
iy (PUi,UimUj (E) 1 = pu;uiny; (%‘) : 1) =0,
i.e. fiT;j/OUi,UiﬂUj (Fflz) = f;jiijj,UimUj (71,]> Let r:= max; j=1,....n "ij- Then
pUi,UiﬁU]' (fzrhl) = pUi,UiﬁU]' (fi)TPUi,UmUj (hl) -
= pu, vinu; (puu; () pus vinu; (hz) = fiipus,uinu; (hz> =
= f;;_Tijf';iji,UiﬂUj (hl) = f:‘_rijfiz’iijj,UiﬂUj <h]> =
= fiipu; vinU; (hj) = pu, uinu; (pu; (F)) pu; vinu; (hj) =

= PU;UINT; (fj)erijimUj (hj> = PU;,UNU; (fjrhj>
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for every i,7 = 1,...,n. Then, considering (ff%) CIIL, Ox(U;), we get (by

definition of sheaf) that there exists h € Ox(X) such that px y,(h) = ffﬁz for
every i = 1,...,n. Then

~ h —m—r
PX ;.D(f:) (P <fm+r>) = px,; () (Px.x, (Wpx x,(f) )=

= px; p(f) (Px,x; (R)px, Dy (Px x, (f) """ =

m—r

= px.0(5)(Mpx o) ()" = pu, o) (px.0:. (M) pu, o) (pxo: ()" =
= PU,,D(f:) (ffﬁz> Ui (i) =
= puupu) Ui Puooisy (E’) pu D (fi) T =
= puoi) () o) ()7 = px, o0 (9)

for any i = 1,...,n. Since Xy =J" | (X;NU;) = U, D(f;), by definition of
sheaf we get that p (%) = g. Hence p is surjective.
O

Remark 2.2.8. If (X, Ox) = Spec(A) is an affine scheme, then for any f € Ox(X) =
A we have that Xy = D(f) (see the proof of 2.2.7(3)). Then the lemma 2.2.7 is a
generalization of the fact that Ogpec(a)(D(f)) = Ay.

Lemma 2.2.9. Let X be a scheme and denote by A := Ox(X) the ring of global
sections. Then X 1is affine (and isomorphic to Spec(A)) if and only if there ezists a
collection (f;)ier of elements of A such that ), ; fiA = A and Xy, (defined as in
lemma 2.2.7) is affine for every i € I.

Proof. If X is affine, consider I = {1} and f; = 1 € A. Then we have that
Yicr fiA=f1A=1A= A and

Xp=Xi={zeX|[1=1,¢my,} =X

is affine (the last equality follows from the fact that my , is a proper ideal of Ox ;).
Moreover, if X = Spec(A’), we have that A" = Ogpecary(Spec(4’)) = Ox(X) = A.
So X = Spec(A’) = Spec(A).

Conversely, let (f;)ier be a collection of elements of A such that », ; fiA =
and Xy, is affine for every ¢ € I. For any open affine subset U = Spec(B)
X, the restriction map px v : Ox(X) = A = Ox(U) = Ogpec(p)(Spec(B)) =
(which is a ring homomorphism) induces a morphism of schemes ¢y : Spec(B)
U — Spec(A). These morphisms are all compatible with each other. Indeed, i
Ui = Spec(Bj) and Uz = Spec(B3) are two open affine subsets of X, then we can
cover the intersection Uy NUs with open affine subsets (distinguished open subsets of
Spec(B1) or of Spec(Bz)) and we have that (¢, )|, = ¢v = (¢u,)), for every open
affine subset V' C U1 NUz. So (uy) |y, nr, = (PU2)1y,np,- Then, since X is covered
by its open affine subsets, we can glue the morphisms ¢p’s and get a morphism of
schemes ¢ : X — Spec(A). Our aim is now to prove that ¢ is an isomorphism.

I SIN

==
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Let @7 : Ospec(a)(Spec(4)) = A — Ox(X) = A be the ring homomorphism induced
by ¢. Let a € A = Ox(X) and consider ¢#(a) € Ox(X). For every open affine
subset U of X, we have that px 7 o ¢p# = px ¢ by definition of ¢, so px v (¢¥(a)) =
px,u(a). Since X is covered by its open affine subsets, by definition of sheaf we must
have ¢ (a) = a. Since this holds for every a € A, it follows that ¢ = id4. Fix now
j € I. Recalling that D(f;) = Spec(A)y, (see remark 2.2.8 or the proof of lemma
2.2.7(3)), we have that

¢ 1 (D(f)) = {z € X | p(z) € D(f;) = Spec(A)y,} =
= {27 €X | (f])cp(ac) ¢ mSpec(A),cp(ac)} =
—{z € X | (fj)a = (P (fi)))e ¢ mxa} = Xy, ,

by definition of morphism of schemes. By assumption, Xy, is affine. Then, by

definition of ¢, we have that ¢ gy = PX, Xy, — Spec(A) corresponds to the
¢ j

restriction PX.Xy; Ox(X)=A— (’)X(Xf].). So PXy; Xy, = @fl(D(fj)) — D(f;)
corresponds to the induced ring homomorphism

pj - Ox(X) s = Ox(Xy,) -

We prove now that X satisfies the assumptions of lemma 2.2.7(3). Since ) ,.; fiA =
A, there exist n € N, 41,...,9; € [ and Ai,..., A\, € A such that 1 = Y} M\ fi,..
Let now z € X. Assume by contradiction that « ¢ Xy, forany k € {1,...,n}. This
means that (f;, ). € mxg for any k € {1,...,n}. Then 1, = >0 (M)(fir )z €
my ;. This is a contradiction, because mx ; is a proper ideal of Ox ,. Then there
exists k& € {1,...,n} such that + € Xy, . This shows that X = (J;_; Xy, . By
assumption, Xfik is affine for every k =1,...,n. Let h,k € {1,...,n} and consider
the intersection Xy, N Xy, . If Xy = Spec(By), as in the proof of lemma 2.2.7(3)
we have that

Xfih N Xf7k = SpeC(Bh) N szk = D(pX7Xfih (flk)) - Spec <(Bh)PX,Xfih (fzk))

is affine. Then by lemma 2.2.7(3) we have that p; is an isomorphism and so the
corresponding morphism of schemes Pxy; Xy, = ¢ 1(D(f;)) = D(f;) is an isomor-

phism. So we can consider its inverse v; := go)_(; : D(fj) — Xy;. The morphisms
J
1;’s are all compatible with each other. Indeed, for any ¢, 5 € I we have that

—1 -1
—1
oisrmry = (#51) —(xidm, ) = (P, ) =
ID(s)nD(£;) i Ip(nDU;) fi \Xfimxfj |Xfimxfj

= (((prj)|Xfiﬁij> N <90)_{;7>

Let p € Spec(A). In particular, p is a proper ideal of A. Then there exists i € T
such that f; € p, because otherwise we would have A = >, ; fiA C p. This means
that p € D(f;). Then Spec(A) = U;c; D(fi). So we can glue the ¢;’s and get a

- (wj)\wi)m(fj) :
Ip(7)nD(s))
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morphism of schemes 1 : Spec(A) — X. We have that ¢ and 1 are inverse to each
other, because this is true considering the restrictions to ¢ ~1(D(f;)) and D(f;) for
every i € I. So ¢ is an isomorphism of schemes and X = Spec(A) is affine. O

Lemma 2.2.10. Let X, Y be two schemes and f :Y — X a morphism of schemes.
We have that:

(1) f is affine if and only if f~1(U) is affine for every open affine subscheme U of
X .

7

(2) f is finite if and only if for every open affine subscheme U = Spec(A) of X
the open subscheme f~Y(U) of Y is affine and equal to Spec(B), where the
A-algebra B is finitely generated as an A-module;

(8) f is finite and locally free if and only if for every open affine subscheme U =
Spec(A) of X the open subscheme f~1(U) of Y is affine and equal to Spec(B),
where B is a finite projective A-algebra;

(4) [ is finite étale if and only if for every open affine subscheme U = Spec(A) of
X the open subscheme f=Y(U) of Y is affine and equal to Spec(B), where B

is a projective separable A-algebra.

Proof. (1) If f~1(U) is affine for every open affine subscheme U of X, then every

cover of X by open affine subsets satisfies the condition required in the defini-
tion and such a cover exists by definition of scheme. So f is affine.
Conversely, assume that f is affine. Then there exists a cover of X by open
affine subsets (U;)ie; such that f~1(U;) is affine. We want to prove that
the property of having affine preimage satisfies the assumptions of the affine
communication lemma. Let U = Spec(A) be an open affine subscheme of
X such that f~}(U) is affine and f~1(U) = Spec(B). The morphism f :
f~Y(U) = Spec(B) — U = Spec(A) corresponds to a ring homomorphism
f#: A — B. Let s € A. By definition of morphism of schemes, we have
tha.t F1(D(s)) = D(f*(s)) = Spec(By#(s)). So Spec(As) = D(s) has affine
preimage.
On the other hand, let U = Spec(A) be an open affine subset of X and let
(si)icr be a collection of elements of A such that >, ;5,4 = A and f~1(D(s;))
is affine for every i € I. Define B := Oy(f'(U)) = O (fH(U)).
The morphism of schemes f induces a ring homomorphism f# : Ox(U) =
Ospec(a)(Spec(A)) = A — Oy (f~1(U)) = B. Since ), s;A = A, there exist
Ai € A (for every i € I) such that 14 = Y., s;A\;. Then, since f# is a ring
homomorphism, we have that

1= f#(1a) = f* (Z A) =Y [Fs)fF(si) €Y F(si)B .
el el el

Since Y,c; f#(s;)B is an ideal of B, this implies that Y, ; f#(s;)B = B.
Moreover, let i € I. Recalling that D(s;) = Spec(A)s, (see remark 2.2.8 or the
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proof of lemma 2.2.7(3)), we have that

F1D(s:)) ={y €Y | f(y) € D(s;) = Spec(A)s,} =
={y € U | (s) () & Mpec(a). s} =
={y e fHU) | (fF(si)y  mp-10y} = F ) pr(s)

by definition of morphism of schemes. So f‘l(U)f#(si) is affine. Then f~1(U)
satisfies the assumptions of lemma 2.2.9. This allows us to conclude that
f~1(U) is affine. By the affine communication lemma, we get the claim.

If for every open affine subscheme U = Spec(A) of X the open subscheme
F~H(U) of Y is affine and equal to Spec(B), where the A-algebra B is finitely
generated as an A-module, then every cover of X by open affine subsets satisfies
the condition required in the definition and such a cover exists by definition of
scheme. So f is finite.

Conversely, assume that f is finite. Then there exists a cover of X by open
affine subsets (U; = Spec(4;))ier such that, for any i € I, f~1(U;) is affine
and equal to Spec(B;), where the A;-algebra B; is finitely generated as an A;-
module. We want to prove that the property “f~!(Spec(A)) = Spec(B) with
B finitely generated as an A-module” satisfies the assumptions of the affine
communication lemma. Let U = Spec(A) be an open affine subscheme of X
such that f~1(U) is affine and f~1(U) = Spec(B), where the A-algebra B is
finitely generated as an A-module. The morphism f : f~1(U) = Spec(B) —
U = Spec(A) corresponds to a ring homomorphism f# : A — B. Let s € A and
consider D(s) = Spec(A4s). As above, we have that f~1(D(s)) = D(f#(s)) =

Spec(Bf#(S)) is affine. Moreover, if (wi,...,w,) generates B over A, then
(%1,..., %) generates By sy over A (notice that Bry () = Bs as an A

module). So By is finitely generated as an As-module.

On the other hand, let U = Spec(A) be an open affine subset of X and let
(si)ier be a collection of elements of A such that ), ;s;4 = A and, for every
i €I, f~1(D(s;)) is affine and equal to Spec(B;), where the A -algebra B; is
finitely generated as an Ag,-module. Since f is finite, it is in particular affine.
So, by point (1), we have that f~1(U) is affine, i.e. there exists a ring B
such that f~1(U) = Spec(B). Then for every i € I we have that Spec(B;) =
FHD(s:)) = D(f#(s5)) = Spec(By#(s,))- Then B; & By (y,) = Bs, as an Asg;-
module. So By, is finitely generated as an Ag,-module for any ¢ € I. By lemma
2.1.29(3), B is finitely generated as an A-module. By the affine communication
lemma, we get the claim.

Assume that for every open affine subscheme U = Spec(A) of X the open
subscheme f~1(U) of Y is affine and equal to Spec(B), where B is a finite
projective A-algebra. By definition of scheme, there exists a cover of X by
open affine subsets (U; = Spec(4;))ier. By assumption, for every ¢ € I we
have f~1(U;) = Spec(B;), where B; is a finite projective A;-algebra. Fix
i € I. By proposition 2.1.30 ((i) = (iv)), there exists a collection (s;;);e,
of elements of A; such that ZjeJi si;A; = A; and for each j € J; we have that
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(Bi)s;; is a free (A;)s,;-module of finite rank. Define now U;; = Spec((4;)s,;) =
D(sij) C Spec(A;) = U;, for every i € I, j € J;. Then Uj; is an open affine
subset of X for any i € I, j € J;. Moreover, if p € Spec(A4;) then there exists
j € J; such that s;; ¢ p (otherwise we would have A; = ZjeJi sijA; C P,
which is a contradiction because any prime ideal is a proper ideal). This
means that p € D(fi;) = Uij. So Ui = Uje,, Uiy, for any ¢ € I. Then
X =Uie1 Ui = Uier Ujes, Uijs i-e. (Usj)ier, jes; is a cover of X by open affine
subsets. Let i € I, j € J;. The morphism f : f~1(U;) = Spec(B;) — U; =
Spec(A;) corresponds to a ring homomorphism f# : A; — B;. As above,
we have that f~'(Uy;) = f~'(D(sij)) = D(f#(si;)) = Spec((B;) p#(s,,))- But
(Bi) p#(s;;) = (Bi)s;; 1s finitely generated and free as an (A;)s,;-module. So f
is finite and locally free.

Conversely, assume that f is finite and locally free. Then there exists a cover
of X by open affine subsets (U; = Spec(4;));cr such that, for any i € I,
f~HU;) is affine and equal to Spec(B;), where the A;-algebra B; is finitely
generated and free as an A;-module. In particular, B; is finitely generated and
projective as an A;-module, i.e. it is a finite projective A;-algebra. We want to
prove that the property “f~!(Spec(A)) = Spec(B) with B a finite projective
A-algebra” satisfies the assumptions of the affine communication lemma. Let
U = Spec(A) be an open affine subscheme of X such that f~1(U) is affine and
f~1(U) = Spec(B), where B is a finite projective A-algebra. The morphism
f: f~YU) = Spec(B) — U = Spec(A) corresponds to a ring homomorphism
f#: A — B. Let s € A and consider D(s) = Spec(4s). As above, we have
that f~1(D(s)) = D(f#(s)) = Spec(By#(s)) is affine and Bjy () is finitely
generated as an Ag-module, because B is finitely generated over A. Moreover,
Bf#(s) >~ B, 2 B®a A is projective as an Ag-module by lemma 2.1.24. So
By# (s 1s a finite projective As-algebra.

On the other hand, let U = Spec(A) be an open affine subset of X and let
(si)icr be a collection of elements of A such that ), ;s;4 = A and, for
every i € I, f~1(D(s;)) is affine and equal to Spec(B;), where B; is a finite
projective Ag;-algebra. Since f is finite and locally free, it is in particular
affine. So, by point (1), we have that f~1(U) is affine, i.e. there exists a ring
B such that f~1(U) = Spec(B). Then for every i € I we have that Spec(B;) =
71 (D(si)) = D(f#(s:)) = Spec(By#(s,))- Fix i € I. Then B; = Bps () = By,
as an Ag,-module. So By, is a finite projective Ay -algebra, i.e. it is finitely
generated and projective as an A,,-module. Since this holds for every i € I,
by corollary 2.1.32 we have that B is finitely generated and projective as an
A-module, i.e. B is a finite projective A-algebra. By the affine communication
lemma, we get the claim.

Assume that for every open affine subscheme U = Spec(A) of X the open
subscheme f~!'(U) of Y is affine and equal to Spec(B), where B is a projec-
tive separable A-algebra. Since any projective separable A-algebra is a finite
projective A-algebra, we can apply point (3) to get that f is finite and locally
free. So there exists a cover of X by open affine subsets (U; = Spec(A4;))icr
such that, for every i € I, f~(U;) is affine and equal to Spec(B;), where the

158



2.2. FINITE ETALE MORPHISMS

As-algebra B; is finitely generated and free as an A;-module. By assumption
we have also that B; is a projective separable A;-algebra. Combining the two
things, we get that B; is a free separable A;-algebra for every i € I (see remark
2.1.61). So f is finite étale.
Conversely, assume that f is finite étale. Then there exists a cover of X
by open affine subsets (U; = Spec(4;))ics such that, for any i € I, f~4(U;)
is affine and equal to Spec(B;), where B; is a free separable A;-algebra. In
particular, B; is a projective separable A;-algebra. We want to prove that
the property “f~!(Spec(A)) = Spec(B) with B a projective separable A-
algebra” satisfies the assumptions of the affine communication lemma. Let
U = Spec(A) be an open affine subscheme of X such that f~1(U) is affine
and f~1(U) = Spec(B), where B is a projective separable A-algebra. The
morphism f : f~1(U) = Spec(B) — U = Spec(A) corresponds to a ring ho-
momorphism f# : A — B. Let s € A and consider D(s) = Spec(A;). As
above, we have that f~1(D(s)) = D(f#(s)) = Spec(By#(s)) is affine. More-
over, Bf#(s) >~ B, 2 B®a As is a projective separable Ag-algebra by lemma
2.1.71.
On the other hand, let U = Spec(A) be an open affine subset of X and
let (si)icr be a collection of elements of A such that } , ;5,4 = A and,
for every i € I, f~Y(D(s;)) is affine and equal to Spec(B;), where B; is a
projective separable A, -algebra. Since f is finite étale, it is in particular
affine. So, by point (1), we have that f~1(U) is affine, i.e. there exists a
ring B such that f~1(U) = Spec(B). Then for every i € I we have that
Spec(B;) = f~1(D(s;)) = D(f#(s;)) = Spec(By#(s,))- Fix @ € I. Then
B, = Bf#(si) = B;, as an Ag,-module. So By, is a projective separable Ag,-
algebra. Since this holds for every ¢ € I, by proposition 2.1.73 we have that B
is a projective separable A-algebra. By the affine communication lemma, we
get the claim.

O

Remark 2.2.11. It is now clear why we had to introduce the notion of projective
algebras: the properties “f~!(Spec(A4)) = Spec(B) with B finitely generated and
free as an A-module” and “f~!(Spec(A4)) = Spec(B) with B a free separable A-
algebra” do not satisfy the assumptions of the communication lemma (more precisely,
the second assumption). Then the notion of free separable algebras would not be
enough to give a complete affine description of finite étale morphisms.

Lemma 2.2.12. Let X, Y be schemes and f : Y — X a finite and locally free
morphism of schemes. For any open affine subscheme U = Spec(A) of X, define
dy = [B : A] : U = Spec(A) — Z (see the definitions 2.1.51 and 2.1.35), where
B is the finite projective A-algebra such that f~1(U) = Spec(B) (lemma 2.2.10(3)).
Then there exists a locally constant function d : sp(X) — Z (where sp(X) denotes the
underlying topological space of X ) such that dy,, = du for every open affine subscheme
U of X. In particular, d is continuous (considering the discrete topology on Z) and
it 4s constant if X s connected.

Proof. We have that dy is locally constant for every open affine subscheme U =
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Spec(A), by corollary 2.1.33(2). Then, since open affine subsets cover X (by def-
inition of scheme), it is enough to show that the the dy’s agree on the overlaps.
Let Uy = Spec(A;) and Uy = Spec(Az) be two open affine subschemes of X, with
f~YU1) = Spec(B;) and f~1(U) = Spec(Bz) (B; and By finite projective alge-
bras over A; and As, respectively). Let p € Uy N Us. By lemma 2.2.5, there exists
W C UNYV such that p € W and W = D(s) = D(¢) for some s € Ay, t € As.
Then s ¢ p and ¢ ¢ p. Since p is prime, this implies s, " ¢ p for any n € N, i.e.
Ss € A1\p and S; C As\p. We have that W = Spec((A1)s) = Spec((As2):) is affine.
We identify p with ps € Spec((41)s) and p; € Spec((Az);). Let fi# : Ox(Uy) =
Ospec(ay) (Spec(A1)) = A1 — Oy (f~H(U1)) = Ogpec(n,)(Spec(B1)) = Bi be the ring
homomorphism induced by f. We have that f~1(W) = f~}(D(s)) = D(fl#(s)) =

Spec ((Bl)ff(s)) Then

dy (p) = [(Bl)fl#(s) : (A1)s](ps) = rank((a,),),, (((Bl) #(5))ps> .

We have that (Bl)ff(s) > (By)s as an (Aj)s-module. So ((Bl)f#(s))ps = ((B1)s)ps
as ((A1)s)p,-modules. We have also that ((A1)s)p, = (A1),y. This isomorphism allows
us to see (<Bl)ff(s))ps 2 ((Bi1)s)p, as as an (Aj)p-module (free of the same rank).
Then ((B1)s)p, = (B1)y as (A1)p-modules and so

dw (p) = rank(a,),),. (((Bl)f#(s)>ps> = rank4,),((B1)y) = [B1: A1](p) = du; (p) -

Analogously, one can prove that dy (p) = dy,(p). Then dy, (p) = dy,(p). Since this
holds for every p € Uy N Us, we get that (dy,) O

|U10U2 = <dU2)|UlmU2'
Remark 2.2.13. Let X, Y be schemes and f : Y — X a finite and locally free
morphism of schemes. Consider the pushforward f,Oy, which is a sheaf of Ox-
algebras. Applying remark 2.1.31 to any open affine subscheme, one gets that f,Oy
is locally free of finite rank as an Ox-module. Then the function d defined in 2.2.12
could also be obtained by working on stalks, as in 2.1.34. However, notice that these
stalks are not stalks of Oy.

Definition 2.2.14. Let X, Y be schemes and f : Y — X a finite and locally free
morphism of schemes. We denote the function d defined in 2.2.12 by [V : X] or
deg(f) and we call it the degree of Y over X or the degree of f.

The following lemma illustrates the importance of the degree of a finite and
locally free morphism.

Lemma 2.2.15. Let X, Y be two schemes and f : Y — X a finite and locally free
morphism of schemes. Then:

(1) Y =0 if and only if [Y : X] =0 (i.e. [Y : X](x) =0 for any x € X);
(2) f is an isomorphism if and only if [Y : X] =1 (i.e. [Y : X](x) =1 for any
xeX);
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(3) f is surjective if and only if [Y : X] > 1 (i.e. [Y : X]|(xz) > 1 for any x € X),

and if and only if for every open affine subset U = Spec(A) of X we have
f~1(U) = Spec(B), where B is a faithfully projective A-algebra.

Proof. Recall that for every open affine subset U of X the preimage f~1(U) is affine
and equal to Spec(B), with B a finite projective A-algebra (lemma 2.2.10(3)). More-
over, for every open affine subset U of X, let dy be defined as in lemma 2.2.12.

(1)

If Y = 0, then f~1(U) = () = Spec(0) for every open affine subset U = Spec(A)
of X, which implies that dy =[0: A] =0. So [Y : X] = 0.

Conversely, assume that [Y : X] = 0. Let U = Spec(A4) be an open affine
subset of X, with f~1(U) = Spec(B) (B a finite projective A-algebra). Then
[B: Al =dy = [Y : X]|, =0, which means that for every prime ideal p of A
we have ranks,(By) = 0, i.e. By, = 0. By lemma 2.1.28(1), this implies that
B =0. So f~1(U) = Spec(0) = (. By definition of scheme, X is covered by its
open affine subsets. Then

y=rtx=r1 U vl= U o= U 0=0.
UCX UCX UCX
open affine open affine open affine

Assume that f is an isomorphism. Then for every open affine subset U =
Spec(A) of X we have that f~1(U) = U = Spec(A) and dy = [A: A] = 1. So
Y:X]=1

Conversely, assume that [Y : X] = 1. Let U = Spec(A) be an open affine
subset of X, with f~1(U) = Spec(B) (B a finite projective A-algebra). Then
[B: Al =dy =[Y : X]j, = 1. By lemma 2.1.58(3), this implies that the
ring homomorphism f# : A — B induced by f : f~Y(U) = Spec(B) — U =
Spec(A) (i.e. the ring homomorphism which defines the A-algebra structure on
B, see remark 2.2.2(1)) is an isomorphism. Since the correspondence between
morphism of schemes Spec(B) — Spec(A4) and ring homomorphism A — B
is bijective and preserves compositions, it follows that f : f~1(U) — U is an

isomorphism of schemes. Then it has an inverse gy := ( f|f_1(U))_ U —

f~Y(U). The morphisms g;;’s are compatible with each other. Indeed, if U, V
are two open affine subsets of X, we have that

(90) |y = <(f|f1<U>)1>Unv -
-1
B <(f|f1<U>)|f—1(U)mf—1(v)> N (flf*l(Umf*l(V)) 1 -
-1
- ((f|f—1<V>>|f_1(UW_1<V)> - <(f|f‘1(V)) 1>|Uw = (9V)lyry -

Then, since X is covered by its open affine subsets, we can glue the gy’s and
get a morphism of schemes g : X — Y. We have that g and f are inverse to
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each other, because this is true considering the restrictions to U and f~(U),
for every open affine subset U of X. So f is an isomorphism.

First of all, notice that [Y : X| > 1 if and only if for every open affine subset
U = Spec(A) we have that [B : A] = dy > 1, i.e. B is faithfully projective,
by definition (2.1.51(2)), where B is the finite projective A-algebra such that
f~YU) = Spec(B). So the last part of the statement is obvious.

Since X is covered by its open affine subsets, we have that f is surjective if and
only if f: f~1(U) — U is surjective for every open affine subset U of X. On
the other hand, [Y : X] > 1 if and only if diy > 1 for every open affine subset
U of X. Then it is enough to prove that, for any open affine subset U of X,
f: f~YU) — U is surjective if and only if dyy > 1.

Let U = Spec(A) be an open affine subset of X, with f~1(U) = Spec(B), where
B is a finite projective A-algebra. Let f# : A — B be the ring homomorphism
that corresponds to f : f~1(U) = Spec(B) — U = Spec(A). Assume that
f: f7YU) = Spec(B) — U = Spec(A) is surjective. Let p € Spec(A4). Then
there exists q € Spec(B) such that p = f(q) = (f7)"'(q). If s € A\p, then
f#(s) € B\g. So we can consider the following map:

X
¢ : By = By, g'—)f#(s)'

Let z1,22 € B, s1,s2 € A\p such that xl = 22 This means that there

52

exists u € A\p such that u(sqox; — s122) = O By deﬁmtlon of the A-module
structure on B, we have that u(sez1 —s1290) = f7 (u )(f#(sl)xl—f#(SQ)xg). So

f#(u)(f#(sl)xl f#(s2)z2) = 0, which implies that f#( 5= %, because
f#(u) € B\q. So ¢ is well defined. We have that ¢ (1) = f#l(l) = 1 and
%) (%) = f#L(l) = % (actually, it is easy to prove that ¢ is an A-linear ring

homomorphism). If we had 1 = ¥ in By, there would exist ¢ € B\q such that
0 =t-1=t, but this is a contradiction because 0 € q. So % # % in By, which
implies that By # 0. Then dy(p) = [B : A](p) = ranka, (By) > 1.

Conversely, assume that [B : A] = dy > 1. By lemma 2.1.58(1), this implies
that f# : A — B is injective. So we can assume that A C B, identifying A
with f#(A). Since B is finitely generated as an A-module, we have that B
is integral over A. Then, by the “lying-over” theorem (|3], theorem 5.10), for
every p € Spec(A) there exists q € Spec(B) such that p =qnN A = f(q). This
shows that f : Spec(B) = f~1(U) — Spec(A) = U is surjective.

O

Remark 2.2.16. We can associate a degree function also to any finite covering of
topological spaces (see remark 1.2(2) in the appendix). The lemma we have just
proved corresponds to a result that is obvious in the case of topological spaces.
Namely, given a finite covering f : Y — X, with X, Y two topological spaces, we
have that:

(1)

Y = () if and only if |f~1(2)| = 0 for every z € X;
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(2) f is a homeomorphism if and only if |f~!(z)| = 1 for every # € X (for an
arbitrary map this would mean that the map is bijective: the fact that the
inverse is also continuous follows from the definition of covering);

(3) f is surjective if and only if |f~!(z)| > 1 for every z € X.

Corollary 2.2.17. Let X, Y be two schemes and f : Y — X a morphism of schemes.
We have that f is surjective, finite and locally free if and only if for every open affine

subscheme U = Spec(A) of X the open subscheme f~Y(U) of Y is affine and equal
to Spec(B), where B is a faithfully projective A-algebra.

Proof. If f is surjective, finite and locally free, then the claim follows directly from
lemma 2.2.15(3).

Conversely, assume that for every open affine subscheme U = Spec(A) of X the
open subscheme f~!(U) of Y is affine and equal to Spec(B), where B is a faithfully
projective A-algebra. Since any faithfully projective A-algebra is in particular a finite
projective A-algebra, by lemma 2.2.10(3) we have that f is finite and locally free.
Then we can apply lemma 2.2.15(3) to get that f is also surjective. O

We list now some properties of finite and locally free morphisms and of finite
étale morphisms. Particularly important is the fact that base changes preserve finite
étale morphisms (lemma 2.2.28(4)).

Lemma 2.2.18. Let X, Y,...,Y, be schemes (n € N) with morphisms f; : Y; = X
foreveryi=1,...,n. DefineY := ][, Y; (disjoint union of schemes) and consider
the morphism f:Y — X obtained by gluing the f;’s. We have that:

(1) f is finite and locally free if and only if f; is finite and locally free for every
1=1,...,n;

(2) if f is finite and locally free, then [Y : X| =" ,[Y;: X]| (as functions on X );
(8) f is finite étale if and only if f; is finite étale for everyi=1,...,n.

Proof. (1) Assume that f; is finite and locally free for every i = 1,...,n. Let
U = Spec(A) be an open affine subset of X. By lemma 2.2.10(3), for every
i =1,...,n we have that f{l(U) is affine and equal to Spec(B;), where B;
is a finite projective A-algebra. By definition of f, we have that f~1(U) =
[T, £ (U) = LI, Spec(B;). Define B i= Oy (f1(U)) = O psgy (/1 (1)).
By definition of sheaf, we have that B = Oy (f~'(U)) = [[[=, Oy (f; *(U)) =
[Ti2 1 Ospec(ny)(Spec(B;)) = [l;e; Bi- Notice that this is an isomorphism of
A-algebras, because for every ¢ € I the commutativity of the diagram

fHUy——f1(U)

EN;

U
implies the commutativity of the corresponding diagram of ring homomor-

phisms. For every i € I, let s; be the unique element of B = Oy (f~1(U)) such
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that py_s ) y=1n(si) = 0 for any j € I. Consider the sum > icr Si- For
&
every j € I we have that

Prtw.stw) (Z Si) - prfl(U),fj—l(U)(Si) =

i€l el
=205 = 1=y
iel

(because P =1y, £ (1) is a ring homomorphism). By definition of sheaf, this
I

implies that 1 =, ;s; € > ..y s:A. Since ) ;7 s;A is an ideal of A, it follows
that ) ..;s;iA = A. Moreover, we have that

(f_l(U>)sj = {y € f_l(U) ’ (Sj)y g_ﬁ mffl(U),y} _
=11 {y e 71U ‘ i)y = (Pyr ), s 0y (51)y & mf*l(U),y} = f;1(0)

el

is affine for every j € I. By lemma 2.2.9, it follows that f~(U) is affine and
isomorphic to Spec(B). Since B = [[; B; and B; is a finite projective A-
algebra for every ¢ € I, by lemma 2.1.52 we have that B is a finite projective
A-algebra. Since this holds for every open affine subset U = Spec(A) of X, by
lemma 2.2.10(3) we have that f is finite and locally free.

Conversely, assume that f is finite and locally free. Let U = Spec(A) be an
open affine subset of X. By lemma 2.2.10(3), we have that f~!(U) is affine and
equal to Spec(B), where B is a finite projective A-algebra. By definition of f,
we have that Spec(B) = f~1(U) = [[/-; f; *(U). Then, by definition of sheaf,
we have that B = Ogpee(s)(Spec(B)) — Oy (f~H(U)) = [T, Oy (f71(V)
(as above, this is an isomorphism of A-algebras). Fix ¢ € I and let s; be
the unique element of B = Oy (f~'(U)) such that pf,l(U)yqu(U)(si) = 0jj

for any j € I. As above, we have that f; '(U) = (f~'(U))s,. But, as in
remark 2.2.8 (see also the proof of lemma 2.2.7(3)), we have that (f~1(U))s, =
(Spec(B))s; = D(si). So f; (U) = D(s;) = Spec(Bs,) is affine. Moreover, we
have that B = H?:l Oy(fz_l(U)) = H?:l OSpec(Bsi)(SpeC(BSi)) = H?:l BSz‘ as
A-algebras. Since B is a finite projective A-algebra, by lemma 2.1.52 we have
that B, is a finite projective A-algebra for every ¢+ =1,...,n. Since this holds
for every open affine subset U = Spec(A) of X, by lemma 2.2.10(3) we have
that f; is finite and locally free for every ¢ = 1,... n.

Let U = Spec(A) be an open affine subset of X. As in the proof of point (1),
we can write f~1(U) = Spec(B) and f~1(U) = Spec(B;) for every i = 1,...,n,
with B, By, ..., B, finite projective A-algebras and B =[], B; as A-algebras.
This means that B = @?:1 B; as A-modules. Let dy be defined as in lemma
2.2.12 and let dg) be defined in the same way but considering f; instead of f,

for every i = 1,...,n. By lemma 2.1.37, we have that
dy = [B: Al =ranka(B) = > ranka(B)) =Y [Bi: A= d}.
i=1 i=1 i=1
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Since this holds for any open affine subset U of X, we get that [V : X] =
> i [Yi s X

(3) Assume that f; is finite étale for every i« = 1,...,n. Let U = Spec(A) be an
open affine subset of X. By lemma 2.2.10(4), for every i = 1,...,n we have
that fi_l(U) is affine and equal to Spec(B;), where B; is a projective separable
A-algebra. As in the proof of point (1), we have that f~1(U) = Spec(B), with
B =[], B; as A-algebras. By lemma 2.1.64, we have that B is a projective
separable A-algebra. Since this holds for every open affine subset U = Spec(A)
of X, by lemma 2.2.10(4) we have that f is finite étale.

Conversely, assume that f is finite étale. Let U = Spec(A) be an open affine
subset of X. By lemma 2.2.10(4), we have that f~!(U) is affine and equal
to Spec(B), where B is a projective separable A-algebra. As in the proof
of point (1), for every i = 1,...,n there exists s; € B such that f; '(U) =
Spec(Bs,;). We have also that B = [[; Bs, as A-algebras. Since B is a
projective separable A-algebra, by lemma 2.1.64 we have that By, is a projective

separable A-algebra for every ¢ = 1,...,n. Since this holds for every open affine
subset U = Spec(A) of X, by lemma 2.2.10(4) we have that f; is finite étale
for every i =1,... n.

O

Remark 2.2.19. We can compare lemma 2.2.18 to what happens with finite coverings
of topological spaces: if f1 : Y1 — X,...,fn : Y, — X are finite coverings of a
topological space X, then gluing them we get a finite covering f: [, Y — X (see
the proof of (G2) in the proposition 1.8 in the appendix) and

n

10 {m}| Z!f (o)

i=1

[ ({2l =

for any = € X (this equality corresponds to 2.2.18(2)).

Lemma 2.2.20. Let (X;)ier, (Yi)ier be two collections of schemes. Define X :=
[ic; Xi and Y := [],c; Yi (disjoint union of schemes). Moreover, for every i € I
let fi :Y; — X; be a finite and locally free (respectively, finite étale) morphism of
schemes. Let f:Y — X be the induced morphism of schemes. Then f is finite and
locally free (respectively, finite étale).

Proof. Assume that f; is finite and locally free for every i € I. Then, for every i € I,
there exists a cover of X; by open affine subsets (U;; = Spec(A;j;))jes, such that,
for every j € J;, fi 1 Ui;) is affine and equal to Spec(B;;), where the A;;-algebra
B;; is finitely generated and free as an A;;-module. Slnce X = Il,c; Xi, we have
that (U;; = Spec(Ayj))icr, jes, is a cover of X by open affine subsets. Moreover,
by definition of f, we have that f~'(U;;) = f; *(Ui;) = Spec(B;;) for every i € I,
j € Ji. So the cover (U;; = Spec(Aij))ier, jes, has the property required in the
definition 2.2.3(3). Then f is finite and locally free.

Assume now that f; is finite étale for every i € I. Then, for every i € I, there exists

a cover of X; by open affine subsets (U;; = Spec(Ai;));eJ, such that, for every j € J;,
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£ H(Us;) is affine and equal to Spec(B;;), where B;; is a free separable A;j-algebra.
As above, we have that (U;; = Spec(Asj))icr, jes;, is a cover of X by open affine
subsets and f~1(U;;) = f; ' (Ui;) = Spec(B;;) for every i € I, j € J;. So the cover
(Uij = Spec(Aij))icr, jes; has the property required in the definition 2.2.1. Then f
is finite étale. O

Remark 2.2.21. A similar result holds for finite coverings of topological spaces: if
fi ' Y; = X, is a finite covering of the topological space X; for any ¢ € I, then gluing
them we get a finite covering f : Hz‘el Y, — ]_[iel X;. Indeed, let x € X;. Then there
exists a unique j € I such that x € Xj. Since f; is a finite covering of X, there exists
an open neighbourhood U of x in X such that f; : f;l(U) — U is a trivial covering.
Then U is also an open neighbourhood of z in [, ; X; and, by definition of f, we
have that f~1(U) = f;'(U) and fi _, == (fj)\fjfl(m MUY = 7NU) 5 Uls a

trivial covering. Finiteness follows from the fact that f~!({z}) = f;l({x}).

Lemma 2.2.22. Let X, Y be schemes and f : Y — X a finite and locally free
(respectively, finite étale) morphism. Then, for every open subscheme X' of X, the
restriction f|f71(X,) : fUX") — X' is finite and locally free (respectively, finite étale)
and [fTHX) : X' =Y : X]|_ .-
Proof. First of all, notice that f~!(X’) is an open subscheme of Y by the continuity
of f and that the restriction of f to this open subscheme is again a morphism of
schemes.

Assume that f is finite and locally free and let U = Spec(A) be an open affine subset
of X’. Then U is also an open affine subset of X and, by lemma 2.2.10(3), we have
that f~1(U) is affine and equal to Spec(B), where B is a finite projective A-algebra.

-1
But, since U C X', we have that f~}(U) = <f|f_1(x/)) (U). Then, by lemma
2.2.10(3), we have that f|f71(X,)
Assume now that f is finite étale. For any open affine subset U = Spec(A) of X',

is finite and locally free.

by lemma 2.2.10(4) we have that (f|f_l(xl)> (U) = f~1(U) is affine and equal to
Spec(B), where B is a projective separable A-algebra. Then, by the same lemma,
f‘fil(xg is finite étale.

Finally, let U = Spec(A) be an open affine subset of X’. Let dyy and d}; be defined
as in lemma 2.2.12, considering respectively f and f\f-l(X/>' As above, we have that

-1
(f|f_l(xl)> (U) = f~YU) = Spec(B) for a finite projective A-algebra B. Then
dy = [B : A] = d;. Since X' is covered by its open affine subsets, it follows that
X)X =Y X], O

sp(X/)"
Remark 2.2.23. A similar result holds for finite coverings of topological spaces: if
f Y — X is a finite covering of the topogical space X and X’ is a subset of X, then
the restriction f\f_1<X/) . f7Y(X’) — X' is a finite covering of X'. Indeed, let z € X'.
Since f is a finite covering of X, there exist an open neighbourhood U of x in X, a
finite discrete topological space E and a homeomorphism ¢ : f~}(U) — U x E such
that py o ¢ = f, where py : U x E — U is the projection on the first factor. Define
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U :=UnNX" C X'. We have that z € UN X' = U’ and U’ is open in X', because
U is open in X. So U’ is an open neighbourhood of x in X’. Since U’ C U and
py o @ = f, we have that

(f‘f—l(xl)>_1 (U/) = f*l(U/) _ (pU o (p)il(U/) _ (pfl<p51(U/>) _ (pfl(U/ % E) .

Then, restricting ¢ to f~1(U’) we get a homeomorphism ¢ : f~1(U") = o~ }(U’ x
E) — U’ x E. The equality py o = f is still true when we consider the restrictions,
SO pyr 0 = f|f_1(X/), where p}; : U’ x E — U’ is the projection on the first factor

which is clearly the restriction of py;). This shows that X)) = X s
( y p 1

)
—1
a finite covering of X’. Moreover, for any x € X’ we have that <f|f—1(x/)> ({z}) =

“1({z}) and so

(fmsn) (o] =15 (Gl

which corresponds to the statement about the degree.

Notice that we do not need X’ to be open. On the other hand, in the case of
schemes we considered only open subsets because they have a natural induced scheme
structure, unlike arbitrary subsets.

Corollary 2.2.24. Let (X;)ics be a collections of schemes and define X := [[;c; X;
(disjoint union of schemes). Moreover, let Y be a scheme and f : Y — X a finite
and locally free (respectively, finite étale) morphism of schemes. Then, if we define
Y; = f7UX;) and f; = fiy. : Yi = f71(Xi) — X for every i € I, we have that
Y = [Lic; Yi and f; - Y; N X; is finite and locally free (respectively, finite étale)
for any i € I (notice that this is in a certain sense the converse of lemma 2.2.20).
Moreover, [Y; : X;] =Y : X] for any i€ I.

|sp(XZ~)

Proof. For any ¢ € I we have that X; is an open subscheme of X (by definition of
disjoint union of schemes) and so Y; = f~!(X;) is an open subscheme of Y, by the
continuity of f. Then we have that

v = i) = (H Xz) L0 =T

i€l i€l i€l
as schemes. The rest of the claim follows immediately from lemma 2.2.22. O
Remark 2.2.25. A similar result holds for finite coverings of topological spaces: if

f:Y — X is a finite covering of the topological space X and X = [[,.; X; (disjoint
union of topological spaces), then we can define Y; := f~1(X;) and f; = f|Y Y; =

f~Y(X;) = X; for every i € I. Then, since f is continuous, we have that Y; is open
in Y for any ¢ € I (recall that X; is open in X by definition of disjoint union) and so

Y= 0 = 5 (HXZ) e =1Tx
i€l i€l i€l

as topological spaces. Moreover, by remark 2.2.23, for any ¢ € I we have that
fi :Yi — X; is a finite covering of X; and |f~'({z})| = |f; ' ({x})]| for every z € X;.
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Corollary 2.2.26. Let X, Y be schemes and f :' Y — X a finite and locally free
morphism. Define

Xo1 = {z € 5p(X) | [ : X](2) > 1} C sp(X) .
Then:

(1) X>1 is both open and closed in sp(X);

(2) X>1 is the (set-theoretic) image of f.

In particular, this holds also for any finite étale morphism f (because finite étale
implies finite and locally free, see remark 2.2.4).

Proof. (1) We have that X>1 = [Y : X]7'({n € Z | n > 1}). Then X>; is both
open and closed in sp(X) because [Y : X] : sp(X) — Z is continuous and
{n €Z | n>1}is open in Z (which has the discrete topology).

(2) Since X>1 is open, by lemma 2.2.22 the restriction f : f~1(X>1) — X>; is
finite and locally free and [f~1(X>1) : X>1](z) = [Y : X](z) > 1 for any
7 € X>1. By lemma 2.2.15(3), we have that f : f~1(X>1) — X>1 is surjec-
tive. This means that X>1 = f(f~1(X>1)). Define now Xy := X\X>1. By
definition, the degree has values that are non-negative integers. So Xo = {z €
sp(X) | [Y : X](z) = 0}. Since X> is closed, we have that Xy is open. So, by
lemma 2.2.22, the restriction f : f~1(Xg) — X is finite and locally free and
[f~Y(Xo) : Xo](z) = [Y : X](x) = 0 for any x € Xo. By lemma 2.2.15(1), it
follows that f~1(Xg) = (. Then

Y = fUX) = 7N (X1 UXo) =
= FHX) U FH(Xo) = fH(Xa) U0 = FH(Xs)

which implies that X>1 = f(f1(X>1)) = f(Y).
O

Remark 2.2.27. A similar result holds for finite coverings of topological spaces: if
f:Y — X is a finite covering of the topological space X, then

Im(f) = {z € X | |f(z)] > 1},

which is both open and closed in X by the continuity of the degree (see remark 1.2(2)
in the appendix).

Lemma 2.2.28. Let X, Y and W be schemes. Let f : Y — X be a finite and locally
free morphism of schemes and g : W — X any morphism of schemes. Consider
the fibred product Y xx W (see [4], chapter II, theorem 3.3), with the projections
pL:Y xXxW =Y andps: Y xx W = W. Then:

(1) p2: Y xx W — W is finite and locally free;
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(2) the diagram

18 commutative;
(8) if [ is surjective, then ps : Y Xx W — W is surjective;
(4) if [ is finite étale, then po : Y xx W — W is finite étale.

Proof. (1) Since f is finite and locally free, there exists a cover of X by open affine
subsets (U; = Spec(A;))icr such that, for every i € I, f~1(U;) is affine and
equal to Spec(B;), where the Aj;-algebra B; is finitely generated and free as
an A;module. Let i € I. We have that g~*(U;) is an open subscheme of W
(because g is a morphism of schemes). So we can cover g~ !(U;) with open affine
subsets (Vi; = Spec(Cij))jes,- Fix j € J; and consider p; ' (Vij) C Y xx W.
We claim that py '(V;;) = f~1(U;) xp, Vi;. By definition of fibred product, we
have fop; = gope. Then py ' (f~1(U;)) = py (g~ 1 (U3)). Since Vi; € g~ 1 (Uy),
we get that py ' (Vij) € py (g7 (U3)) = py H(f~1(Us)). Consider the following

diagram.
Py (Vigy—5 Vi

-

o Uy—— U,
The equality f o p; = g o po is still satisfied when we consider the restrictions
p1ipy (Vig) o (FHU0) = FHUL), p2 s py  (Vig) — Vi, fo F7HU:) —
U;and g : Vij C gil(Ui) — U;. Let now Z be a scheme with two morphisms
of schemes hy : Z — f~YU;), ha : Z — Vi; such that fohy = go hyg. Since
f~Y(U;) C Y, we can see hy as a morphism of schemes Z — Y. Analogously,
since V;; C W, we can see p as a morphism of schemes Z — W. Then, by the
universal property of the fibred product, there exists a unique h: Z = Y xx W
such that hy = p1 o h and hy = py o h. Then pa(h(Z)) = ho(Z) C Vj; and so
h(Z) C p;*(Vij). Then we can see h as a morphism of schemes Z — py*(Vij)
such that h; = pyoh and hy = paoh. Moreover, it is the unique such morphism,
because we know uniqueness when considering h as a morphism Z — Y xx W.
This proves that p,*(Vi;) = f~N(U:) xpu, Vij. Recall that U; = Spec(4;),
f71(U;) = Spec(B;) and V;; = Spec(C;;). Then

pQ_I(Vij) - f_l(Ui) XU; Vij = SpeC(Bi) X Spec(A;) Spec(Cij) = SpeC(Bi ®4; CZJ)
(see the proof of theorem 3.3 in chapter 1I of [4]). Since B; is finitely generated

and free as an A;-module, we have that B; = A?L for some n; € N. Since tensor
product and direct sums commute (lemma 2.1.19), it follows that

B; KA, CZ']' = A?l ® Cij = (Az ® Cij)ni = CZ
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as Cjj-modules (lemma 2.1.19 gives an isomorphism of A;-modules, but it is
immediate to check that in this case that isomorphism is also Cjj-linear). So
B; ® 4, C;j is finitely generated and free as a Cjj-module. This holds for any
i1 €1, j€ J;. Now we have that

W = 5 () = i (u Ui) —Un' @ =UU v

il iel i€l jeJ;

So (Vij = Spec(Cij))icr, jes, is a cover of W by open affine subsets. This cover
has the property required in the definition 2.2.3(3), so ps is finite and locally
free.

Let (U; = Spec(A;))icr, (Vij = Spec(Cij))ier, jes; be as in the proof of point
(1). For every i € I, let dy, be defined as in lemma 2.2.12. Analogously,
for any i € I, j € J;, let dy;; be defined as in lemma 2.2.12 (considering the
morphism py). Fix ¢ € I, j € J; and define n; := ranky,(B;). This means
that B; = A" as an A;-module. As in the proof of point (1), this implies that
B;i®4,Cij = C’Zl as Cyj-modules. Then rankc,; (B;®a,Cyj) = n; = ranka, (B;).
Recalling that p, '(V;;) = Spec(B; ®4, C;;) and using remark 2.1.36(1), we get
that

Y xx W: W](w) = dy,;(w) = [Bi ®4,; Cij : Cyj](x) = ranke;; (B; @4, Cij) =
= ranky, (B;) = [Bi : Ail(9(w)) = du;(g9(w)) = [V : X](g(w))
for every w € V;; (in this case g(w) € U;, because Vi; C g~ }(U;)). Since

this holds for any i € I, j € J; and since W = (J;c;U:c; Vij, it follows that
Y xx W:W]=[Y: X]og, as we wanted.

JEJ;

Since f is surjective, by lemma 2.2.15(3) we have that [Y : X] > 1. Then,
by point (2), we have that [Y xx W : W](w) = [Y : X](g9(w)) > 1 for every
weW. So [Y xx W: W] > 1, which implies that ps is surjective, by lemma
2.2.15(3).

Since f is finite étale, there exists a cover of X by open affine subschemes (U; =
Spec(A4;))ier such that, for every i € I, f~1(U;) is affine and equal to Spec(B;),
where the B; is a free separable A;-algebra. As in the proof of point (1), for
every i € I we can cover g~ ' (U;) with open affine subsets (V;; = Spec(Ci;))jes
and for every j € J; we have that pgl(V}j) = Spec(B; ® 4, Ci;). As in the proof
of point (1), we have that (Vi; = Spec(Cjj))ier, jes, is a cover of W by open
affine subsets. Fix now i € I, j € J;. Since B; is a free separable A;-algebra,
it is in particular finitely generated and free as an A;-module. As in the proof
of point (1), this implies that B; ®4, Cj; is finitely generated and free as a
Cjj-module. On the other hand, since B; is a free separable A;-algebra, it is
in particular projective separable (see remark 2.1.61). Then, by lemma 2.1.71,
we have that B; ® 4, Cj; is a projective separable Cjj-algebra. Applying again
remark 2.1.61, we get that B; ®4, Cj; is a free separable Cj;-algebra. So the
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cover (Vj; = Spec(Cjj))ier, jes; has the property required in the definition 2.2.1.
Hence ps is finite étale.
O

Remark 2.2.29. We can compare lemma 2.2.28 to what happens with finite coverings
of topological spaces: if f:Y — X is a finite covering of X and g : W — X is any
continuous function, then the projection on the second factor po : Y xx W — Wis a
finite covering of W (see remark 1.12(2) in the appendix, noticing that in that part
of the argument we did not use the base points and that the order of the factors in
the fibered product is not important). Moreover, for any w € W we have that

Py ({w}) ={(y,w) €Y xx W [ w' = pa((y,w')) = w} =
={(y,w) |y Y, f(y) =gw)} ={y.w) |y € F {gw)})}

and so |py ' ({w})| = |~ ({g(w)})|, which corresponds to 2.2.28(2). This implies
also that, if f is surjective, then |py'({w})| = [f~'({g(w)})| > 1 for any w € W
and so po is surjective. Notice that this last statement (if f is surjective, then po is
surjective) is true for any fibred product of topological spaces: you do not need the
fact that f is a finite covering. On the other hand, in the proof of lemma 2.2.28(3) we
used the fact that f was finite and locally free. It is actually true that surjectivity of
morphisms of schemes is preserved by base changes (see [5], exercise 9.4.D), but the
proof in the general case is more complicated. It cannot be reduced to the topological
result, because the underlying topological space of a fibred product of schemes is not
the fibred product of the underlying topological spaces (see [4], chapter II, exercise
3.9).

Lemma 2.2.30. The composition of finite and locally free (respectively, finite étale)
morphisms is finite and locally free (respectively, finite étale).

Proof. Let X, Y and Z be schemes and let f:Y — X, g: Z — Y be two finite and
locally free morphisms. Let U = Spec(A) be an open affine subset of X. Since f is
finite and locally free, by lemma 2.2.10(3) we have that f~1(U) is affine and equal to
Spec(B), where B is a finite projective A-algebra. Then, since g is finite and locally
free, by lemma 2.2.10(3) we have that (f o g) ' (U) = g~ (f~1(U)) = g~ *(Spec(B))
is affine and equal to Spec(C'), where C' is a finite projective B-algebra. Notice that
the A-algebra structure induced on C by the morphism of schemes fog : Spec(C) —
Spec(A) coincides with the one induced by the B-algebra structure. So C is a finite
projective A-algebra, by corollary 2.1.54. Since this holds for every open affine subset
U = Spec(A) of X, by lemma 2.2.10(3) we have that f o g is finite and locally free.
Assume now that f and g are finite étale and U = Spec(A) be an open affine subset
of X. Since f is finite étale, by lemma 2.2.10(4) we have that f~(U) is affine and
equal to Spec(B), where B is a projective separable A-algebra. Then, since g is finite
étale, by lemma 2.2.10(4) we have that (fog) ' (U) = ¢~ (f~1(U)) = g~ *(Spec(B))
is affine and equal to Spec(C), where C' is a projective separable B-algebra. As
above, the A-algebra structure induced on C by the morphism of schemes f o g :
Spec(C) — Spec(A) coincides with the one induced by the B-algebra structure. So
C is a projective separable A-algebra, by corollary 2.1.69. Since this holds for every
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open affine subset U = Spec(A) of X, by lemma 2.2.10(4) we have that f o g is finite
étale. 0

Remark 2.2.31. A similar result holds for finite coverings of topological spaces: if X
Y and Z are topological spaces, f: Y — X is a finite covering of X and g: Z — Y
is a finite covering of Y, then fog: Z — X is a finite covering of X. Indeed, let
x € X. Since f is a finite covering of X, there exist an open neighbourhood U of x in
X, a finite discrete topological space E and a homeomorphism ¢ : f~}(U) - U x E
such that py o ¢ = f, where py : U x E — U is the projection on the first factor.
Since E has the discrete topology, we have that U x {e} is open in U x E for any
ec€ Fandso U x E = [[.cpU x {e} (topological disjoint union). Then we have

that
)= (H U x {e}) [T W x {e})

ecE ecF

(disjoint union of topological spaces). For any e € E, define V, := ¢~ (U x {e}), so
that f~4(U) = [.cr Ve. Since g is a finite covering of Y, we have that its restriction
g:9 Y fYU)) — f~1(U) is a finite covering of f~1(U) (remark 2.2.23). By remark
2.2.25, we have that Iyt g Y(V.) — V. is a finite covering of V, for any e € E.

Since fH(U) = [[.cp Ve, we have that

(fog) ' (U) =g (7' (U) =g~ (L[ ve) ~ s ).

ecE eelr

Let now e € E. We claim that fog: g '(V.) — U is a finite covering. Define g :
U — U x{e}, 2’ — (2/,€), which is continuous because its components (respectively,
the identity and a constant function) are continuous. We have that g is bijective,
with inverse the restricted projection py : U x {e} — U, which is also continuous by
definition of product topology. So g. is a homeomorphism. It follows that ¢! o ¢, :
U — o YU x {e}) = V. is also a homeomorphism, because it is a composition
of homeomorphisms. Let 2/ € U and consider y := (¢! 0 q.)(z') € V.. Since
g: g ' (V.) — V. is a finite covering, there exist an open neighbourhood W of y in
V., a finite discrete topological space F and a homeomorphism v : g~} (W) — W x F
such that py o = g, where py : W x FF — W is the projection on the first
factor. Define U’ := (py o @)(W) = (¢ o q.) Y (W). Since p~togq. : U = V. is
continuous and W is open in V., we have that U’ is open in U. Moreover, since
y= (¢ loge)(a") € W, we have that 2’ € (¢~ oq.) (W) = U’. Notice that, since
U,gUande090:f7

FHUYNVe=(puop) Hpuop)W)NVe =W
(the last equality follows from the fact that W C V. and that pyoy : Ve — U is
bijective). So (fog) Y (UNNg= (Vo) = g L (f L (U)N)Ng L (Vo) = g 1 (f~H(U)NV,) =

g Y (W). Since p~toge is a homeomorphism, we have that also its restriction ¢ ~loge :
(p~tog.) 1 (W) = U’ — W is a homeomorphism. Its inverse pyop : W — U’ induces
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a homeomorphism (py o ¢) X idp : W x F — U’ x F. Composing it with 1, we get
a homeomorphism

((prow) xidp)od: g (W) =(fog)(U)Ng (Vo) » U x F.

Denote by py : U’ x F' — F the projection on the first factor. Notice that

(prro((puop) xidp))(w, f) = py((puow)(w), f) = (prop)(w) = (puoe) (pw ((w, f)))

for any w € W, f € F, and so py; o ((pr o ) x idp) = py o ¢ o pw. Then, recalling
that py o1 = g and py o ¢ = f, we have that

pur o (((prow) xidp)otp) =pyopopworp=fog.

So fog:(fog) Y (U")Ng (V) — U’ is a finite trivial covering (finiteness follows
from the fact that F is finite). This shows that fog : g 1(V.) — U is a finite
covering of U, for any e € E. By remark 2.2.19, we have that fog: [[,cpg ' (Ve) =
(fog)~ 1 (U) — U is a finite covering of U (recall that E is finite). Then there exists
an open neighbourhood U” of x in U such that fog: (fog) "t (U") — U" is a finite
trivial covering. Since U is open in X, we have that U” is open also in X. So U” is
an open neighbourhood of x in X and fog: (fog) ' (U") — U” is a finite trivial
covering. This shows that f o g is a finite covering of X.

Lemma 2.2.32. Let X, Y and Z be schemes, f :Y — X and g : Z — X finite
and locally free morphisms of schemes. Consider the fibred product Y X x Z, with the
projections p1: Y Xx Z =Y andpo:Y Xx Z — Z. Then:

(1) fopr=gops:Y Xx Z — X is finite and locally free;

(2) if [ and g are surjective, then fopy =gopy:Y Xx Z — X is surjective;

(3) if f and g are finite étale, then fopy =gopy:Y xXx Z — X is finite étale.
Proof. Recall that f op; = g o py by definition of fibred product.

(1) Since f is finite and locally free, by lemma 2.2.28(1) we have that py : Y xx Z —
Z is finite and locally free. Then, since g is finite and locally free, by lemma
2.2.30 we have that the composition g o ps is also finite and locally free.

(2) Since f is surjective, by lemma 2.2.28(3) we have that py : Y xx Z — Z is
surjective. Then, since g is surjective, the composition g o po is also surjective.

(3) Since f is finite étale, by lemma 2.2.28(4) we have that ps : Y xx Z — Z is
finite étale. Then, since g is finite étale, by lemma 2.2.30 we have that the
composition g o ps is also finite étale.

O]

Remark 2.2.33. Combining the remarks 2.2.29 and 2.2.31, we get that a similar result
is true for finite coverings of topological spaces: if f:Y — X and g : Z — X are
finite coverings of a topological space X, then fop; =gops: Y xx Z — X is also
a finite covering of X, where p1 : Y Xxx Z - Y and p2 : Y xXx Z — Z are the two
projections.
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Now we know that finite étale morphisms are preserved by base changes (lemma
2.2.28(4)). If we restrict our attention to base extensions that are surjective, finite
and locally free, we have also a “converse” result.

Lemma 2.2.34. Let X, Y and W be schemes, f : Y — X and g : W — X
morphisms of schemes, with f affine and g surjective, finite and locally free. Consider
the fibred product Y X x W with the projectionspy : Y xxW =Y andpy : Y xx W —
W. Then f is finite étale (respectively, finite and locally free) if and only if py is
finite étale (respectively, finite and locally free).

Proof. By lemma 2.2.28(4) (respectively, (3)), if f is finite étale (respectively, finite
and locally free) then po is also finite étale (respectively, finite and locally free).
Conversely, assume that ps is finite étale (respectively, finite and locally free) and let
U = Spec(A) be an open affine subset of X. Since f is affine, by lemma 2.2.10(1)
we have that f~!(U) is affine. Then f~1(U) = Spec(B) for an A-algebra B. Since g
is surjective, finite and locally free, by corollary 2.2.17 we have that g1 (U) is affine
and equal to Spec(C), where C' is a faithfully projective A-algebra. By definition of
fibred product, we have that f o p; = g o pa. Then p; ' (f~HU)) = (fop1) " (U) =
(gop) HU) = pgl(g_l(U)). Notice that the equality f o p; = g o ps holds also
if we consider the restrictions p; : py '(f~1(U)) = py(¢" (U)) — f~HU), p2 :
P (FHU)) = py (g7 (U) = g7HU), f i fTNU) = Uand g : g7 (U) —» U.
Moreover, let Z be a scheme with two morphisms of schemes hy : Z — f~1(U) and
hy : Z — g~ ' (U) such that foh; = gohy. Since f~1(U) CY and ¢~ (U) C W,
we can see hi as a morphism of schemes Z — Y and ho as a morphism of schemes
Z — W. Then, by the universal property of the fibred product, there exists a unique
h:Z —=Y xx W such that hy = p; o h and hy = py o h. Then p1(h(Z)) = hi1(Z) C
f~1(U) and we can see h as a morphism of schemes Z — p;*(f~H(U)) = p; (g7 (U))
such that h; = p; o h and ho = p2 o h. Moreover, it is the unique such morphism,
because we know uniqueness when considering h as a morphism Z — Y xx W. This
proves that pgl(g_l(U)) = f~YU) xy g1 (U). Then

Py (g7 (U)) = f7HU) xu g7 (U) = Spec(B) Xspec(a) Spec(C) = Spec(B @4 C)

(see the proof of theorem 3.3 in chapter II of [4]). Notice that the C-algebra structure
induced on B®4 C by the morphism p : py (¢~ (U)) = Spec(BoaC) — g~ (U) =
Spec(C) coincides with the one that is usually induced on the tensor product. Since
po is finite étale (respectively, finite and locally free), by lemma 2.2.10(4) (respec-
tively, (3)) we have that B® 4 C' is a projective separable (respectively, finite projec-
tive) C-algebra. Since C' is a faithfully projective A-algebra, by 2.1.42 ((iv) = (i))
it is also faithfully flat. Then, by proposition 2.1.72 (respectively, 2.1.57) we have
that B is a projective separable (respectively, finite projective) A-algebra. Since this
holds for any open affine subset U = Spec(A) of X, by lemma 2.2.10(4) (respectively,
(3)) we have that f is finite étale (respectively, finite and locally free). O

We will now furtherly simplify the study of finite étale morphisms by introducing
another class of morphisms: totally split morphisms.
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Definition 2.2.35. Let X, Y be schemes and f : Y — X a morphism of schemes.

We say that f is totally split if we can write X = [[nez X, for some schemes
n>0
Xo, X1, ... such that, for any n € Z, n > 0, there exists an isomorphism of schemes

on + f7HXn) — JIn, X» such that p, o @, = f, where p,, : [, X5, = X, is
obtained by gluing the identity morphisms idx, : X,, — X,. This definition is
illustrated by the following diagram.

X — T X,
X,

Example 2.2.36. Any isomorphism of schemes is totally split. Indeed, if X, Y are

schemes and f : Y — X is an isomorphism, we can define X; := X and X,, := ()

forany n € Z, n > 0, n # 1. Then X = X; = [[nez Xn. Moreover, we can define
n>0

¢1:=f: fYX) = fYX)=Y — X. Then we have p; o ¢, = idx of = f. This
shows that f is totally split. In particular, idx is totally split for any scheme X.

Lemma 2.2.37. Any totally split morphism of schemes is finite étale.

Proof. Let X, Y be schemes and f : Y — X a totally split morphism of schemes.
Moreover, let Xg, X1, ... be as in the definition 2.2.35. Since X = [[,ez X, we have
n>0

that Y = f~1(X) = f~! (HnEZ Xn> = [Tnez f~1(X,) and f can be obtained by
n>0 n>0
gluing the restrictions f|f_1(X ) f1(X,) = X,. By lemma 2.2.20, in order to prove
that f is finite étale, it is enough to prove that f|f71(X = fHX,) — X, is finite
étale forany n € Z,n > 0. Fix n € Z, n > 0 and let U = Spec(A) be an open affine
subset of X,,. Since f|f71<X , = Pno¢n (where p, and ¢,, are as in the definition
2.2.35), we have that f~2(U) = (pn o 0n) 1 (U) = 0,  (p, 1 (U)) = ot (1T, U)- So
¢n Testricts to an isomorphism of schemes f~1(U) = o' (J[n; U) — [[l, U. Then

YU = H U= H Spec(A) = Spec(A™)
i=1 i=1

(the last equality can be proved as in the proof of lemma 2.2.18). By example 2.1.6,
we have that A™ is a free separable A-algebra. Then, by remark 2.1.61(3), A™ is a
projective separable A-algebra. By lemma 2.2.10(4), f|f71(Xn) is finite étale, as we
wanted. O

Remark 2.2.38. (1) Let X, Y beschemes and f: Y — X a totally split morphism.
By the lemma we have just proved, f is finite étale, so it is in particular finite
and locally free and this allows us to consider its degree [Y : X] : sp(X) — Z
(definition 2.2.14). Fix n € Z, n > 0 and let U = Spec(A) be an open
affine subset of X. Let dy be defined as in lemma 2.2.12. As in the proof
of lemma 2.2.37, we have that f~'(U) = Spec(A™). Then dy = [A™ : A] is
constantly equal to n. Since X, is covered by open affine subsets, it follows
that [Y : X]|(x) = n for any x € X,,.
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(2) Totally split morphisms of constant degree are the analogue of trivial finite

coverings of topological spaces. Indeed, by point (1) a totally split morphism
f 1Y — X has constant degree if and only if there exists at most one n € Z,
n > 0 such that X,, # 0 (if X # 0, then there exists a unique such n, more
precisely n = [Y : X]), where X, X1,... are as in the definition 2.2.35. In
this case, X = X,, and, as in the definition 2.2.35, we have an isomorphism of
schemes ¢ = ¢, : fH(X,) = fHX) =Y — [, X, = [T.; X such that
f=poyp, where p=p, : [[I" 1 X, = [[}; X = X,, = X is obtained by gluing
the identity morphisms.
On the other hand, if X, Y are topological spaces and f : Y — X is trivial
finite covering of degree n, then there exist a discrete topological space E with
|E| = n and a homeomorphism ¢ : Y — X X E such that f = px o ¢, where
px : X x E — X is the projection on the first factor. Since F is discrete, we
have that E = [[.cp{e} and then

XxE=Xx (H{e})zH(Xx{e}).

eck e€F

On the other hand, for any e € E, restricting px we get a homeomorphism
pE : X x{e} = X (with inverse X — X x {e}, = — (z,¢e)). Gluing these
homeomorphisms, we get a homeomorphism

v X xE=J[(Xx{e}) > [ X"

eclk eeE

If we define p : [[.cp X — X, = = z, we have that (p o ¥)((z,e)) =
p(pe((x,e))) = pr(x,e) for any x € X, e € E and so pot = pg. Then
¢ =vop:Y = [[.cpX is a homeomorphism and po ¢ = poop =
pEcyp=f.

(3) Let X be a connected scheme (in particular, X # ). If f : YV — X is a

totally split morphism and Xg, X1, ... are as in the definition 2.2.35, then from

X = []nez X it follows that X,, = 0 for all but one n € Z, n > 0. By point
n>0

(2), this means that f has constant degree.

We list now some properties of totally split morphisms that are similar to those
of finite étale morphisms.

Lemma 2.2.39. Let X, Y1,...,Yy be schemes (k € N) with totally split morphisms
fi:Yi = X foreveryi=1,...,k. DefineY := ]_[le Y; (disjoint union of schemes)
and consider the morphism f :Y — X obtained by gluing the f;’s. Then f is totally
split.

Proof. For any ¢« = 1,...,k, since f; is totally split, we can write X = [[nez Xin
n>0

for some schemes X, X;1,... such that, for any n € Z, n > 0, there exists an iso-

morphism of schemes ¢, : f»_l(Xm) — [1a_; Xin such that pi, o @i, = fi, where
: X,m —

(2

DPin - HZ:l Xin — Xin is obtained by gluing the identity morphisms idy

in
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Xin. Let ny,...,ng € Z, ny,...,np > 0 and define X, ,, = ﬂleXmi. By
definition of disjoint union of schemes, we have that Xj;,, is open in X for every
t=1,...,k Then X, . is open in X, because it is a finite intersection of open
subsets. By definition of f, we have that f~1(X,, n.) = Hz‘:l,...,k f;l(Xmmnk).
Fix i € {1,...,k}. We have that X, », C X, and so fi_l(an,_nk) - fi_l(Xmi).
Since Pin; © Pin; — fia we have that f;l(XnL..nk) = (pini © (pzm)_l(annk) =
Lpijlli(pi_nli(anmnk)) = sz'_nli (114, Xpn,..me)- Then we can restrict ¢, to an iso-
morphism of schemes @y, : fi_l(an,__nk) = apz_nlz (I, Xoyome) — 1102 Xy, -
Gluing these isomorphisms, we get an isomorphism

k k Ny n1+---+nk
-1 _
Pny..ny - H fl (annk) = f 1(Xn1...nk) — H H annk = H annk .
i=1 i=1a=1 a=1
Let pny .y, - HZSH”C Xy ..np = Xny..n, be the morphism obtained by gluing the
identity morphisms idx,, . Xn;.;n, = Xnj.n,. Then, forany i =1,... .k, we

have that (pn,..n,) is induced by the identity morphisms idx, ., =

|1ymi
oL, Xng..ony,
idyx. and so it coincides with the restriction of p;,.. It follows that
in |X 1 g
1 n nk

o (@nlnk)| =

£ Xy g

(pnl...nk o SDnlnk)| = (pnl...nk)

i
Ha:l X”l“'”k

= Din; © Pin; = fi = f|f,

i

£ Xy g
Y (Xng.np,)

for any @ = 1,...,k. Then py, n, © ©n,.n, = f. Notice that, if we consider
Nlyeney Ny My, Miy € Zy N1yeeo gy, my,...,myg > 0 and @ € {1,...,k} is such
that n; # my, then Xy, n, N Xy m,, = 0, because Xy, ny € Xingy, Xonyoomi C Xim,
and Xipn, N Xim, = 0. Moreover, let z € X. For any ¢ = 1,...,k, we have

that X = Hngzo Xin, so there exists n; € Z, n; > 0 such that z € X;,,. Then
v € mlexi:i_: Xpyme. This shows that X = o, neez Xnpome. Fix now
n € Z, n > 0 and define X, := [[n, .. npeZ n1,..n>0 XZ::,;:I.CZ%hen X, is an open
subscheme of X (because it is a unionnl()?"(;gzl;l:gubsets). Gluing the isomorphisms

©n;..m;, s We get an isomorphism of schemes

ni,...,nLEL n1,...,nkEL a=1
n1,...,nE >0 ni,...,nE >0
ni+-+ng=n ni+--Fng=n
n n
=II I Xew=]I%
a=1 nq,...nxE7Z a=1
N1,...,nE >0

Let p,, : [1h_; Xn — X, be the morphism obtained gluing the identity morphisms
idx, : X, = X,. Let ny,...,np € Z, ny,...,n > 0 be such that ny + - + ng.
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Then (p”)|ug:1 Xny.om is obtained by gluing the identity morphisms (idx,, ) =

ianlmnk and so it coincides with py, . p,. It follows that

|X"1"'nk

(pn © Son) = (pn)

|Xn1mnk © ((pn)|an4.4nk = pnlnk © (pnlnk = f ’

I Xng.ny

Since this holds for any nq, ..., ng, we get that p, o ¢, = f. Finally, we have that

X = H Xﬂlnk = H H an...nk = H Xn :

N1y, NEEL nEZ Ni,...,nxEZL nez
ni,...,nE >0 n>0 ni,...,nk >0 n>0
ni+--+ng=n

Hence f is totally split. O

Lemma 2.2.40. Let (X;)icr, (Yi)ier be two collections of schemes and define X :=
ic; Xi, Y = [1ic; Yi (disjoint union of schemes). Moreover, let f; : X; — Y be
a totally split morphism of schemes for every i € I. If f : X — Y is the induced
morphism of schemes, then f is totally split.

Proof. Let i € I. Since f; is totally split, we can write X; = [[nez Xin for some
n>0

schemes Xjg, X;1,... such that, for any n € Z, n > 0, there exists an isomor-
phism of schemes ¢;, : f;l(Xm) — 115, Xin such that pi, o @i = f;, where pjy,
15  Xin — Xin is obtained by gluing the identity morphisms idx,, : X — Xin.

Then we have that
x=[[x=]1II%wn=]111%n-

icl i€l neZ nezZ iel
n>0 n>0

For any n € Z, n > 0, define X,, := [[;c; Xin, so that X = [[nez Xpn. Fix n € Z,
n>0

n > 0. We have that f~1(X,) = f~! ([I,e; Xin) = ILic; f~*(Xin). Then we can

glue the morphisms of schemes ¢;, : f~1(Xin) — [[a_; Xin to get a morphism of

schemes

Pn f_l(Xn) = Hf_l(Xm) — HHXm = HHXm = HXn .
a=1

el i€l a=1 a=1iel

Since ¢y, is an isomorphism for each ¢ € I, we can consider the inverses 4,0;,11’5.
Gluing ‘clhem7 we get ;11 morphism of schemes cp;; e ooy Xin = J.[Z:l X, —
ic; /7 (Xin) = f7(Xn). We have that (¢, o (’0”)\f71<xm> — (90”)|LIZ;:1XM
(4’0")|f*1(xn) = (p;nl 0 Pin = idf_l(Xm) = (idf_l(Xn))|f71(Xm) for any n € Z, n > 0.
So ¢, 0, = idf-1(x,). Analogously, one can show that ¢, o on = dipm_ | x,-
So ¢p is an isomorphism. Let p, : [[h_,; X, — X, be the morphism obtained
by gluing the identity morphisms idx, : X, — X,. As above, we have that
o1 Xn =11,e; oy Xin- Let i € I. We have that (n)y, = (idx, )|y, =idx
and so, recalling the definition of p;,, we get that (py,)

o

in

|Xin
I, xe = Pin. Then
(pn © Spn)\f—l(xm> = (pn)h_[g:lx °© <SOn)lf—l(Xm) = Pin©pin = fi = f|f_1(Xm) ’

in

Since this holds for any ¢ € I, we have that p, o, = f. Hence f is totally split. O
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Lemma 2.2.41. Let X, Y and W be schemes. Let f :'Y — X be a totally split
morphism and g : W — X any morphism of schemes. Consider the fibred product
Y xx W, with the projections p1 : Y Xx W =Y and ps: Y xx W — W. Then po
1s totally split.

Proof. Since f is totally split, there exist some schemes Xy, X1, ... such that X =

[Inez X» and, for any n € Z, n > 0, there exists an isomorphism of schemes ¢, :
n>0

FHX,) — 11, X, such that m, o ¢, = f, where m, : [[;~; X, = X, is obtained
by gluing the identity morphisms idx, : X, — X,. For any n € Z, n > 0, define
W, := g~ 1(X,). Then, since g is a morphism of schemes, we have that

W=g'(X)=g" H Xn | = Hg_l(Xn) = H W,

nEZ neEZ neZ

n>0 n>0 n>0
as schemes. Fix n € Z, n > 0. We have that p,"(W,) = p, (g7 (X,)) =
FHXn) xx, 97H(Xy) = f7HX,) xx, Wh, with the obvious projections (this can
be checked as in the proof of lemma 2.2.34). Consider the disjoint union [ ; W,
and let gy, : [[;~; W, — W, be the morphism obtained by gluing the identity mor-
phisms idw, : W, — W,. Moreover, let ¢/, : [y W, — [[in; X, be the mor-
phism obtained by gluing n-times the morphism ¢ : W, = ¢~ %(X,,) — X,,. Then
goqn = mpoq),. Moreover, let Z be a scheme with two morphisms h; : Z — [, X,
and hy : Z — W, such that go ho = m, o hy. For any i = 1,...,n, let Z; be the
preimage under h; of the i-th copy of X,,. Then

n n
Z=hy' (HJ@) =[Im' &) =11%-

i=1 i=1 i=1
For any i = 1,...,n, consider the restriction h; := (h2), : Z; — Wy. Let h :
11, Zi — II;-; W, be the morphism of schemes obtained by gluing the h;’s. For
any j =1,...,n,let ¢; : X;, — [T} Xy, and o : Wy, — [[? W, be the j-th canonical
inclusions, so that g, o/} = idw,, g, 0 ¢}; = t; 0 g and h|Zj = (% 0 hj. Then, for any
1 =1,...,n,we have that

(gnoh), =doh, =aouoh;=idw,o(hs), = (ha),

and

(g o h),, = qp © hy,, = gpotiohi=10go0 (h2),, =tio(goh), =
=10 (Tpoh1)), =tiomo (h), =idyn  x,o(h), = (h1),

(by definition, the restriction of ¢; o 7, to the i-th component of ]_[?:1 X; coincides
with the restriction of the identity). Since this holds for any i = 1,...,n, it follows
that gn o h = hg and ¢}, o h = hy. On the other hand, if h: Z — [[}_; W, is another
morphism of schemes such that ¢, oh= ho and ¢/, oh= hy, then for any : = 1,...,n

we have that ¢, (h(Z;)) = h1(Z;) is contained in the i-th copy of X,,, so h(Z;) is
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contained in the preimage under ¢, of the i-th copy of X,,. This preimage is, by
definition of ¢, the i-th copy of W, inside [[!"_; W,,. Then

%\zi =% OElZi = ;0 (an OE)|Z¢ = (o (h2)|zi =oh = hy,. -
Since this holds for any ¢ = 1, ..., n, it follows that h = h. This shows that [T W,
together with the morphisms ¢}, : [['y W, — [, Xp and gp : [} Wn = Wy, is
the fibred product of ]_[ =1 X and W over X Consider now the following diagram
(recall that py ' (1W,) X)) = p7 N (F X)), 50 pr(py H(Wh)) € FH(X)).

p2

XLX

Applying the definition of fibred product and the fact that m, o ¢, = f, we get that
Tp © pnop1 = fopr = gopa. So the diagram is commutative and, since [}, W, =
(1112, Xn) X x,, Wi, there exists a unique morphism 4y, : py *(W,) — [[7, Wy, such
that ¢/, o ¥, = ¢, 0 p1 and gy, 01, = po. We claim that 1), is an isomorphism. Since
n, is an isomorphism, we can consider the following diagram.

Since 7, o ¢, = f, we have that f o, ! = m,. Recalling that 7, o ¢/, = g o qn,
we get that fo,loq, = m,0q, = gogn So the diagram is commutative and,
since py H(Wy,) = f~1(Xn) X x,, Wy, there exists a unique morphism ¢/, : [[7_, W;, —
py (W) such that p; o9, = o' o ¢, and py 0 ¢l, = q,. We have that
pb1o (% oﬂ%) = 307:1 © Q;z oty = ‘P;l OCPnoOP1=pP1=p10° idpgl(Wn)
and
p20 (1/17/1 0Yp) = qn oYy =p2=po idpgl(Wn) .

By uniqueness in the universal property of the fibred product, this implies that
Pl oy, =1id o3 (W) On the other hand,

o (Ynoty) = enoprod, =pnow, oq, =q,=q,cid w,

and
o (Ynoty) =p2oty =gn = qnoid[p w, -
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By uniqueness in the universal property of the fibred product, this implies that
0, = id]_[?:1 w,,- S0 ¥y, and 9], are inverse to each other. In particular, ¢, is an
isomorphism of schemes. We already know that ¢, o, = ps. Since this construction
holds for any n € Z, n > 0, we have that ps is totally split. O

The following lemma is a preparation for the proof of a proposition that will be
a key tool in our proof that FEtx is a Galois category if X is connected.

Lemma 2.2.42. Let X, Y be schemes and f : Y — X a finite étale morphism.
Consider the fibred product Y Xx Y, with projections p1 : Y xxY — Y and po :
YxxY =Y. Let A:Y =Y xx Y be the unique morphism such that the following
diagram is commutative (existence and uniqueness of A follow from the universal
property of the fibred product).

Y

idy

YXXY Y

D2
lpl lf
Y L X

Then A(Y') (the set-theoretic image of A) is both open and closed in' Y xx Y and
A:Y — A(Y) is an isomorphism of schemes.

Proof. First of all, we prove this in the case when X = Spec(A) is affine. Since f is
finite étale, by lemma 2.2.10(4) we have that f~1(X) is affine and equal to Spec(B),
where B is a projective separable A-algebra. Then Y xx Y = Spec(B) Xgpec(4)
Spec(B) = Spec(B®4 B) (see the proof of theorem 3.3 in chapter II of [4]). Consider
on B ®4 B the B-algebra structure induced by the morphism of schemes ps : Y ®x
Y = Spec(B ®4 B) — Y = Spec(B), i.e. the B-algebra structure via the second
factor. The morphism of schemes A : Y = Spec(B) — Y xx Y = Spec(B ®4 B)
corresponds to a ring homomorphism A% : B®4 B — B, which is also a B-algebra
homomorphism, because po 0 A = idy. Since p; o A = idy = py o A, we have that
A# op?& =idp = A¥# opg’é. Then, for any =,y € B, we have that

APzoy) =AM (z21)(1ey) =A%z )AT1®y) =
= A (pf () A% (p} (v)) = idp(2) idp(y) = 2y

(we applied the fact that A# is a ring homomorphism). So, since A% is B-linear
we have that A# = §, where § is the map defined in proposition 2.1.75. By that
proposition (which we can apply because B is a projective separable A-algebra),
there exist a B-algebra C' and an isomorphism of B-algebras a: B®4 B = B x C
such that § = pgoa, where pg : BxC — B is the canonical projection (which is a B-
algebra homomorphism, in particular a ring homomorphism). Now we translate this
into the language of schemes. The isomorphism « corresponds to an isomorphism
of schemes a : Spec(B x C') — Spec(B ®4 B) = Y xx Y. As in the proof of
lemma 2.2.18, we have that Spec(B x C') = Spec(B) II Spec(C) = Y II Spec(C).
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The ring homomorphism pgp : B x C — B corresponds to the canonical inclusion
ty 1Y = Spec(B) — Y II Spec(C') = Spec(B x C). Then, since § = pg o «r, we have
that A = a oty. This is illustrated by the following commutative diagram.

Y —2 ¥ 11 Spec(C)

N

Y T/ Xx Y

We have that Y is both open and closed in Y II Spec(C') by definition of disjoint
union. Then A(Y) = a(ty(Y)) = a(Y) is both open and closed in Y x x Y, because
a is an isomorphism of schemes (in particular, a homeomorphism). Moreover, ¢y :
Y - ww(Y) =Y C Y IISpec(C) is an isomorphism of schemes and, since a :
Y IISpec(C) — Y xx Y is an isomorphism of schemes, also the restriction a, : Y =
ty(Y) = a(ey(Y)) = A(Y) is an isomorphism of schemes. Then the composition
aj, oty = A:Y — A(Y) is an isomorphism of schemes, as we wanted.

Consider now the general case (X not necessarily affine). By definition of scheme,
there exists a cover of X by open affine subsets (U;);c;. Let i € I and define
Vi = f’l(Ui). Then V; is an open subscheme of Y. By lemma 2.2.22, the restriction
fi = flvi : V; = f~Y(U;) — U is finite étale. Consider the fibred product V; xp, V;,
with projections pgl) : Vixy, Vi = V; and pg) : Vixy, Vi = V;i. Consider the following
commutative diagram.

By the universal property of the fibred produlct7 there exists a unique morphism
A; 2 Vi = Vi xy, Vi such that pgi) oA; =idy, = pgi) o A;. Since U; is affine, by what
we proved above we have that A;(V;) is both open and closed in V; xy; V; and that
A; Vi = Ay(V;) is an isomorphism of schemes. As in the proof of theorem 3.3 in
chapter II of [4], we have that Y xx Y = [J;c;(Vi xy, Vi) and V; xy, V; is open in
Y xx Y for every i € I. Moreover, pgz) = (pl)lviXUiVi and pg) = <p2)‘ViXUiVi’ for

every ¢ € I. Fix ¢ € I. Since V; Xy, V; is an open subscheme of Y Xx Y, we can
consider A; as a morphism V; - Y xx Y. We have that

prod;=pi’ o A; =idy, = (idy)),, = (proA), =p1ol,

and

poo \; = pg) oA; =idy, = (idy)|vi = (p2o A)‘Vi =pyo AlVi .
Then, by uniqueness in the universal property of the fibred product, we have that
A; = A, . It follows that A(V;) = A;(V;), which is both open and closed in V; xy, V.

Since V; xy, Vi isopenin Y x x Y, we have that A(V;) is openin Y x x Y. Since this
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holds for any i € I and Y = |J;; Vi, we have that A(Y) = A (U;e; Vi) = Uies A(V))
is open in Y X x Y, because it is a union of open subsets.

Let i € I. Notice that A=Y(V; xy, V;) = V;. Indeed, A(V;) = Ay(Vi) C Vi xy, V;
implies that V; € A™Y(V; xy, V;). Conversely, if y € A~Y(V; xy, Vi), we have that
A(y) € V; xy, V; and then, since p; o A = idy and (p1) (@)

|ViXU1;Vi = plz
y = idy(y) = p1(A®y)) = p\”(A(y)) € V. This shows that A=L(V; xy, Vi) = Vi
Then A(Y) N (V; xp, Vi) = A(AY(V; xy, Vi) = A(V;). Tt follows that

, we get that

(V xx Y)\A(Y) = (U(w - m) \AWY) = (Vi xu, VINA(Y)) =
i€l i€l
= J(Vi xu, VONAY) 0 (Vi xo, V) = (Vi xo, VO\A(WA)) -
iel el

For any i € I, since A(V;) is closed in V; Xy, Vi, we have that (V; xy, Vi)\A(V;) is
open in V; Xy, V; and then also in Y xx Y, because V; xy, V; isopenin Y xx Y.
So (Y xx YNA®Y) = U (Vi xy, Vi))\A(V;)) is open in Y xx Y, because it is a
union of open subsets. So A(V;) is closed in Y xx Y.

Finally, for any ¢ € I we know that A; : V; — A;(V;) is an isomorphism of schemes
and so we can consider the inverse morphism A; ' : A;(Vi) = A(Vi) — V;. These
morphisms agree on the overlaps. Indeed, for any 7,5 € I we have that A~1(A(V;) N
A(V;)) = ATHAW) N ATYA(V;)) = V; NV (the last equality follows from the
fact that A_l(A(Vk)) = A_l(A(A_l(Vk Xy, Vi) = A_l(Vk Xy, Vi) = Vi for any
k € I) and so

-1

~1

(Ai )|A(Vi)ﬂA(Vj) - <<AV1> > = ((AVZ>| ) = (A\Vinvj) =

lavpnay) vinvj

—1
-1
—1

- ((Alvj‘) ) - ((Avj) > = (Aj )|A(Vi)ﬁA(Vj) ‘

vany; lavpnawy)

Then we can glue the morphisms A} U's and a get a morphism

A AW =Ay) s =Y.
i€l i€l
We have that A : Y — A(Y) and A’ : A(Y) — Y are inverse to each other,

because this is true considering the restrictions to V; and A(V;), for any ¢ € I. Hence
A:Y — A(Y) is an isomorphism of schemes. O

Proposition 2.2.43. Let X, Y be schemes and f :' Y — X a morphism of schemes.
Then f s finite étale if and only if f is affine and there exist a scheme W and a
surjective, finite and locally free morphism of schemes g : W — X such that the
projection po 1 Y xXx W — W s totally split.

Proof. Assume that f is affine and that there exist a scheme W and a surjective,
finite and locally free morphism of schemes g : W — X such that the projection
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p2 Y Xx W — W is totally split. By lemma 2.2.37, we have that py is finite étale.
Then, by lemma 2.2.34, f is finite étale.

Conversely, assume that f is finite étale. We know that in this case f is affine (remark
2.2.4). So we have to show the existence of W and g with the desired properties.
We assume firstly that f has constant degree and we prove the claim by induction
onn:=[Y:X]. If n=0, then Y = 0, by lemma 2.2.15(1). Define W := X and
g :=1idx. Then g is clearly surjective. Moreover, g is totally split (example 2.2.36)
and so it is finite étale by lemma 2.2.37. In particular, g is finite and locally free.
So the requirements about g are satisfied. Consider the fibred product Y xx W,
with projections p; : ¥ xx W — Y and po : Y xx W — W. Since Y = () and
we have the morphism p; : ¥ xx W — Y, we must have Y xx W = (. Then
po: Y xx W =0 — W is totally split (set Wy := W and Wy := () for any k # 0).
Let now n > 1 and assume that the claim is true for any finite étale morphism
of degree less than n. Consider the fibred product Y xx Y, with projections ¢; :
YxxY - Yand g2 : Y xx Y — Y. Since f is finite étale, by lemma 2.2.28(4)
we have that g9 is finite étale. Moreover, by point (2) of the same lemma, we have
that [Y xx Y :Y](y) =Y : X](f(y)) =nforanyy €Y. Let A:Y - Y xx Y
be the unique morphism such that ¢; o A = idy = ¢2 0 A (existence and uniqueness
follow from the universal property of the fibred product). By lemma 2.2.42, we
have that A(Y") is both open and closed in Y xx Y and that A : Y — A(Y) is an
isomorphism of schemes. Then Y xx Y = A(Y) I Y’ (disjoint union of schemes),
where we defined Y := (Y xx Y)\A(Y). Define ¢q := (q2)|A(Y) :A(Y) - Y and
¢ = (q2)),, + Y = Y. Since go is finite étale, by lemma 2.2.18(2)-(3) we have
that also ¢ and ¢ are finite étale and n = [Y xx Y : Y] = [A(Y) : Y]+ [Y' : Y].
Since o A = (q2)|,, © A = ¢2° A = idy and we proved that A : Y — A(Y)
is an isomorphism, we have that ¢ = A~ : A(Y) — Y is an isomorphism. Then,
by lemma 2.2.15(2), we have that [A(Y) : Y] =1. So [Y' : Y] =n — 1. Applying
the induction hypothesis, we have that there exist a scheme W and a surjective,
finite and locally free morphism of schemes ¢’ : W — Y such that the projection
ph Y xy W — W is totally split. Define g := fog : W — X. Since f is finite
étale, it is in particular finite and locally free. Then, by lemma 2.2.30 we have that
g is finite and locally free. Moreover, since [Y : X] = n > 1, by lemma 2.2.15(3)
we have that f is surjective. Then ¢ is surjective, because it is a composition of
surjective maps. So g satisfies the required properties. Consider the fibred product
A(Y) xy W, with projections p{ : A(Y) xy W — A(Y) and pj : A(Y) xy W — W.
Consider the morphisms Ao g : W — A(Y) and idy : W — W. We have that
qo(Aog) =(A"1oA)og =g = ¢ oidy, so by the universal property of the
fibred product there exists a unique morphism ¥ : W — A(Y) xy W such that
p{o¥ =Aog and pjod =idy. Consider Yopi : A(Y) xy W — A(Y) xy W. We
have that

plo(Wopy)=Aog opy=~ANogop] =AoA " op] =p| =pf oidap)xyw

and
Py o (0o py) = idw opy = phy = py 0 iday)xyw -

By uniqueness in the universal property of the fibred product, it follows that 9 o
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py = iday)xyw- So py and ¥ are inverse to each other. This shows that py is
an isomorphism of schemes. Then pj is totally split, by example 2.2.36. Gluing
ph:Y' xy W — W and pf : A(Y) xy W — W, we get a morphism ps : (A(Y) xy
W)L (Y’ xy W) — W, which is totally split by lemma 2.2.39. Let p} : Y/ xy W — Y’
be the first projection. Then we can glue p} with p{ : A(Y) xy W — A(Y) and get
a morphism py : (AY) xy W) (Y' xy W) - A(Y)IIY' =Y xx Y. We claim that
(A(Y) xy W)L (Y’ xy W), together with the morphisms ¢ o p1 : (A(Y) xy W) 1I
(Y xy W) =Y and po : (A(Y) xy W)L (Y’ xy W) — W is the fibred product of
Y and W over X. First of all, notice that

//
(92 °P1) | acvyyw = (@2)1a) © (P oy w = 2OP1 =
=9 o5 =9 °P)|spyyw = (9 °P2)|anyeyw

and

(@2oP1)ly w = (@), © (1), =4 01 =

=g opy =902y, = D2, -

Then g 0p; = g’ ops. Recall now that foq; = fogqe, by definition of fibred product.
Then

fol(giop)=fogopi=fogop=gops.
Let now Z be a scheme with morphisms hy : 7 — Y and hy : Z — W such that
fohy=gohsy. Since g = fog', this means that f ohy = f o g’ o hy. Consider then
the following diagram. s

g ohsy

hy Yxx ¥ q2 Y
lf

lfh
By the universal property of the fibred product, there exists a unique morphism
n:Z—=>Y xxY =A()IIY’ such that g on = hy and g2 o = ¢’ o hy. Define
7' =7} (Y') and Z" := n71(A(Y)). Then Z' and Z" are open subschemes of
Z and we have Z = n Y (AY)IIY') = 7Y AY) U n YY) = Z'" 11 Z'. Let
moreover o/ ==, : Z' =9 (Y') = Y, 0" ==, Z" =9 H(AY)) = A(Y),
hy == (h2),, : Z' = W and hy := (hs)|,, : Z" — W. We have that

¢ on' = (q),, on,, = (@on), = (g oha), =g o(ha), =g ohy.

So, by the universal property of the fibred product, there exists a unique morphism
h' :Z' — Y’ xy W such that pj o B’ = 1/ and p), o i’ = hf,. Analogously, we have
that
1 / / / "
qon =(a2)|any My = (@20m),, = (g 0h2), =g o(h2),, =g chy.
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So, by the universal property of the fibred product, there exists a unique morphism
' Z" — A(Y) xy W such that pf o h” =" and pf o h” = hf. Gluing A’ and A",
we get a morphism h: Z"1NZ' = Z — (A(Y) xy W)L (Y xy W). We have that

(proh)y, = (1), Ol =prol =n"=n,

and
(p1o h)\z” - (p1)|A(Y)XyW ohy,, = pioh”=n"= My -

So p1 o h =n. It follows that (g1 o p1) o h = 1 o = hy. We have also that
(P20 )1, = P21y, 4y © Py = P20 =ho = (ha)),,

and
(P20 1)), = (P2)|acyynyw © Pl =P 0 B = hg = (ha)y, -

So pg o h = hy. Let h:Z — (A(Y) xy W) 1L (Y' xy W) be another morphism of
schemes such that (g1 op1) oh = hy and pa o h = hy. We have that g1 o (p1 o h) =
(g1 op1) oh = hy and qgo( 10h) =g opaoh =g' ohy (recall that g 0 p1 = ¢’ o p2).

This 1mphes that p1 oh =n, by umqueness of . Then we have that Z' = n~1(Y’) =
(p1oh) YY) =h~ Lp ' (Y") € A=Y xy W) and so WZ') CY' xy W. It follows
that

p/1 ° h|Z/ = (pl)‘Y’XYW o h‘Z/ = (pl © h) = mZ/ =1

|z

and

po oy, = P2)y,, w0l = (pz o h) = (ha)|,, = hy .

PZ
By uniqueness of h/, it follows that h| , = h = h,,. Analogously, one can show that
h‘Z,/ =h"=h,,. So h = h. This proves that (A(Y)xy W)IL(Y' xy W) =Y xx W,
with projections g1 opy : (A(Y) xy W)IL(Y' xy W) = Y and pa : (A(Y) xy W) 1T
(Y xy W) — W. We know that p, is totally split and so all the requirements are
satisfied.

So the claim is true for any finite étale morphism of constant degree. Finally, let f
be an arbitrary finite étale morphism. For any n € Z, n > 0, define

X = {z €sp(X) | [V : X](z) =n} = [Y : X]"'({n}) ,

which is open in X because {n} is open in Z (which has the discrete topology) and
Y : X] :sp(X) — Z is continuous. Then, for any n € Z, n > 0, we have that

X, is an open subscheme of X. So we can write X = [[n,ez Xn. It follows that
n>0

Y = fY(X) = f! (HnEZ Xn> = [Tnez f 1 (Xn) = [nez Yo, where we defined
n>0 n>0 n>0

Y, == f~YX,) for any n € Z, n > 0. Fix n € N, n > 0. By corollary 2.2.24, we

have that f, := f|, @Y, — X, is finite ¢tale and [Y,, : X,](z) = [Y : X](z) =n

for any = € sp(X,,). So f, has constant rank and, by what we proved above, there

exist a scheme W, and a surjective, finite and locally free morphism of schemes

n @ Wpn — X, such that the projection pgn) 2 Y, xXx, Wy, — W, is totally split.

186



2.2. FINITE ETALE MORPHISMS

Denote by p( " 1 Y, xx, Wy, — Y, the first projection (then f, opln) = gn opén)).

Define W := HnEZ Wyandlet g : W = HnEZ Wy, — X = [[nez X»n be the morphism
n>0
of schemes obtalned by gluing the g,’s. By lemma 2.2.20, g is finite and locally

free, because each g, is finite and locally free. Moreover, let x € sp(X). Since
X = [Inez Xn, there exist (a unique) n € Z, n > 0 such that = € sp(X,,). Then, since
n>0

gn is surjective, there exists w € sp(W,,) C sp(W) such that = g,(w) = g(w). This

shows that g is surjective. So g satisfies the required properties. Consider now the

sum HneZ(Y X x,, Wy). Gluing the projections p(1 "s and pé )’s we get morphisms

of schemes p1: [Inez(Yn xx, Wi) = [lnezYn =Y and po : [[nez(Yn xx, Wy) —
n>0 n>0 n>0
[Tnez Wy, = W. For any n € Z, n > 0, we have that
n>0

(fop1)|YnXXan = fly, © (191)|YMX"Wn In opl —

= 0n Opgn) = g‘Wn © (p2)‘YnXXan - (g Op2)‘YnXX7LW" '

So fop1 = gopa. Let now Z be a scheme with two morphisms of schemes hy : Z — Y,
hy : Z — W such that fohy = gohy. Fixn € Z, n > 0. Define Z, := h; ' (Yy).
Then we have that
Zn=hi ' (Ya) = hi (F7H (X)) = (Foh) ™1 (X)) =
= (g0 h2) M (Xp) = hy (g™ (X)) = hy ' (Wy) .

Consider the following diagram.

We have that

fro(h1), = fiy, o(h1),, = (foh1), = (goh2), =g, o(h), =gno(ha), -

So the diagram is commutative and, by the universal property of the fibred product,

there exists a unique morphism of schemes h,, : Z,, — Y}, X x,, Wy, such that pgn) oh, =

(h1)|,, and pS” o hy = (h2)|, . We have that Z = hy'(Y) = ;! (HneZ Yn> =

|z, -

n

of schemes h:Z = [Inez(Yn xx, Wy). For any n € Z, n > 0, we have that
n>0

HneZ h (Y, = HneZ Zy,. So we can glue the morphisms h,,’s and get a morphism
>0

(P1oh),, = (Pl wa © Pz, = " 0 hy = (1)),
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and
(p2 o h)lzn = (p2)\YnxXan © h|zn = pgn) ohp = (h2)|zn .

So proh = hy and po o h = hy. Let h:Z — [Tnez(Yn xx, Wy) be a morphism
n>0

of schemes such that p; o ﬁ~: hi1 and P2 0 h = hy and n € Z, n > 0. We have
that Z, = h{*(Yn) = (p1oh)"H(Yy) = A (p;H(Ye)) € h™1(V, xx, W,) and so
h(Z,) CY, xx, Wy. Then

pg’n) Oﬁlzn = (pl)IYnXXan O%lzn = (p]_ O%)|Zn = (h/l)|Zn

and
(n)

Py ol = P2y, wy © Pz, = P20 R)1,, = (h2)), -

This implies that ?L‘ zn = hyn = Ny Z and, since this holds for any n € Z, n > 0, we
get that h = h. This proves that [[nez(Yy X x, Wn), together with the projections
n>0

p1 and po, is the fibred product of Y and W over X. Since ps is obtained by gluing
the pgn)’s, which are totally split, by lemma 2.2.40 we have that po is totally split.
This ends the proof. O

Remark 2.2.44. (1) Retracing the proof of the proposition 2.2.43, we can see that
we could have required g to be finite étale, instead of just finite and locally
free. Indeed, we constructed g through the following steps:

(1) [Y : X] = 0: we chose g :=idx, which is finite étale;
(ii) inductive step: we defined g := f o ¢/, where ¢’ existed by the inductive
hypothesis;

(iii) non-constant degree: we glued the morphisms g, which existed because
[Y,, : X, had finite rank.

Since in the first step we had a finite étale morphism, we could modify the
inductive hypothesis requiring that g be finite étale. Then in the second step
we would have that ¢’ is finite étale and, since f is finite étale by assumption,
the composition g = f o g’ would be finite étale by lemma 2.2.30. Then, in the
third point, each g, would be finite étale and, by lemma 2.2.20, g would also
be finite étale.

(2) From remark 2.2.38(1), it is clear that in the case of totally split morphisms
the degree has the same meaning as the degree of finite coverings of topological
spaces: the degree at a point is the cardinality of its preimage. One could be
tempted to use 2.2.43 to generalize this to arbitrary finite étale morphisms.
Let X, Y, W, f:Y = X and g : W — X be as in the claim of proposition
2.2.43. By 2.2.28(2), we have that [Y xx W : W] = [Y : X]og. Since g is
surjective, knowing the degree of ps : Y xx W — W allows us to know the
degree of f : Y — X at any point x € X. Indeed, let x in X. Since g is
surjective, there exists w € W such that x = g(w). Then we have that

[V X](2) = [V : X](g(w)) = [Y xx W : W(w) = |py" ({w})]
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(the last equality follows from the fact that py is totally split). However, it
is not true in general that |p; ' ({w})| = |f~'({x})| (this holds for topologi-
cal spaces, see 2.2.29, but nor for schemes, because the underlying topologi-
cal space of the fibred product of schemes does not coincide with the fibred
product of the underlying topological spaces). So we cannot conclude that
Y : X](x) = |f~'({x})|. Indeed, this is false in general.

As an example, let X = Spec(Q), Y = Spec(Q(v/2)) and f: Y — X the mor-
phism of schemes induced by the inclusion Q < Q(v/2). We know that Q(v/2)
is free of rank 2 over Q, with basis (1,v/2). Let ¢ : Q(v/2) — Homg(Q(v/2), Q)
be defined as in lemma 2.1.3(2). For any a + bv/2 € Q(v/2) (a,b € Q) we have
that m, ., 5(1) = (a+bv2)-1=a+by2and ma+b\/§(\/§) = (a+bVv2)- V2 =
2b + av/2, so Tr(a + bv/2) = a + a = 2a. Then, for any a + bv/2 € Q(v/2)
(a,b € Q), we have that

o(a+bv2)(1) = Tr((a + bv2) - 1) = Tr(a + bV2) = 2a
and
p(a+bv2)(V2) = Tr((a + bv2) - V2) = Tr(2b + av/2) = 2(2b) = 4b..

If a+bv2 € Ker(p), i.e. p(a+by/2) = 0, then we have that 0 = p(a+bv/2)(1) =
2a and 0 = @(a + bv/2)(\/2) = 4b, which implies that ¢ = 0 and b = 0. So
a + bv/2 = 0, which proves that Ker(p) = 0, i.e. ¢ is injective. Let now
o € Homg(Q(v2),Q). Define a := a(1) € Q and b := 1a(v2) € Q and
consider a + bv2 € Q(v2). Then ¢(a + bv2)(1) = 2a = 2- La(1) = a(1)
and ¢(a + bv2)(v2) = 4b = 4- 1a(V2) = a(v2). Since (1,V/2) generates
Q(V2) over Q, it follows that ¢(a + byv/2) = a. Then ¢ is surjective. So ¢ is
an isomorphism and this shows that Q(1/2) is a free separable Q-algebra (one
could actually show a more general result: if £ C K is any finite separable field
extension, then K is a free separable k-algebra). Then f is finite étale. We
have that [V : X] = [Q(v/2) : Q] = dimg(Q(v/2)) = 2. Moreover, sp(X) =
sp(Spec(Q)) = {0} and sp(Y) = sp(Spec(Q(v2))) = {0}. So [f~1({0})| =
{0} = 1 # 2 = [Y : X]|(0). This shows that the degree of a finite étale
morphism does not have the exact same meaning as the degree of a finite
covering of a topological space, although they share some properties.

In order to gain a better understanding of the meaning of proposition 2.2.43, we
briefly introduce the notion of a Grothendieck topology (for more on this topic,
see [6]). Given a category C, a Grothendieck topology on C is the assignment
to each object U of C of a collection of families of morphisms {p; : U; — U }ier
in C (called the coverings of U), such that:

(i) if ¢ : V — U is an isomorphism in C, then {¢ : V — U} is a covering of
U;

(i) if {¢s : U; — U}ier is a covering of U and f : V — U is any morphism
in C, then for any ¢ € I the fibred product U; xy V' (with projections
pgi) : U; xy V. — U; and pg) : Uy xy V. — V) exists and the family
{pg) :U; xy V — V'}is a covering of V;
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(iii) if {¢; : Ui = U}ier is a covering of U and for any 7 € I we have a covering
{Wij : Vij = Ui}jey, of Us, then {@; o ¢yj : Vij = Ulicr, jey, is a covering
of U.

This is a generalization of usual topological spaces in the following way: if X is
a topological space, then we can consider the category Opy whose objects are
the open subsets of X and whose morphisms are the inclusions between them
(notice that in this category the fibred product of two objects over a third one
always exists and is given by the intersection of the two object, independently
from the third one) and we can associate to any object U of Opy the collection
of families of the form {U; < U }ier, where each Uj; is an object of Opy (i.e.
an open subset of X) and U = (J;; U; (it is immediate to check that all the
requirements are satisfied). If C is a category with a Grothendieck topology
on it and P is a property enjoyed by some of the morphisms of C, we say
that a morphism f : Y — X in C enjoys P locally with respect to the given
topology if there exists a covering {U; — X }ier of X such that the projection

pgl) : Ui xx Y — U; enjoys P for every i € I (notice that the fibered product
U; xx Y exists by (11))

The category we are interested in is the category Sch of schemes (or, more
generally, the category Schg of schemes over a fixed scheme S; notice that
Sch = Schg,c.(z)). There are several Grothendieck topologies that can be
defined on this category. In our case, we can consider as coverings of a schemes
X the families of the form {¢g : W — X} with ¢ surjective, finite and locally
free. If ¢ : W — X is an isomorphism, then it is in particular surjective.
Moreover, it is totally split (example 2.2.36) and so finite étale (lemma 2.2.37),
which implies finite and locally free (remark 2.2.4). So {g : W — X} is a
covering of X. If {g : W — X} is a covering of X and f:Y — X is any
morphism of schmes, then ¢ is surjective, finite and locally free and by lemma
2.2.28(1),(3) we have that ps : W xx Y — Y is also surjective, finite and
locally free (the fibred product always exists in the category of schemes) and
so {p2 : W xx Y — Y} is a covering of Y. Finally, if {g : W — X} isa
covering of X and {h : V. — W} is a covering of W, then ¢g and h are both
surjective, finite and locally free and so, by lemma 2.2.30, g o h is finite and
locally free. Moreover, the composition of surjective maps is surjective, so goh
is surjective. Then {goh : V — X} is a covering of X. This shows that
we defined indeed a Grothendieck topology. Now 2.2.43 says that an affine
morphism of schemes f : Y — X is finite étale if and only if there exists a
covering {W — X} of X such that py : Y xx W — W is totally split. This
means (recalling that the fibred product is symmetric) that f is finite étale if
and only if it is locally totally split. Recalling that totally split morphisms (of
constant degree, but this is automatically true if X is connected) correspond to
trivial finite coverings of topological spaces (remark 2.2.38(2)) and that finite
coverings of topological spaces are defined as continuous maps which are locally
trivial finite coverings, we see that we have a big similarity between finite étale
coverings of a scheme and finite coverings of a topological space.

The Grothendieck topology we have just introduced fitted very well with our
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purpose, but it is not one of the usual Grothendieck topologies that algebraic
geometers work with. In fact, it is not even comparable with some of these
topologies. A more common Grothendieck topology which is also relevant to
our situation is the fppf topology (the acronym stands for “fidélement plat et de
présentation finie”, i.e. “faithfully flat and of finite presentation”), in which a
covering of a scheme X is given by a family {y; : U; — X };c5 such that each ¢;
is flat and locally of finite presentation (for the definitions, see [5], 24.2.6 and
7.3.17, respectively) and X = (J;c; vi(U;) (the last condition can be expressed
saying that the family {y;}icr is jointly surjective). It can be proved that a
morphism is finite and locally free if and only if it is finite, flat and locally of
finite presentation (see [1], 6.6, noticing that, according to the definition given
in 1], 6.4, a morphism is finitely presented if and only if it is finite and locally
of finite presentation). In particular, any finite and locally free morphism is
flat and locally of finite presentation. So, if g : W — X is surjective, finite and
locally free, we have that {¢g : W — X} is a covering of X in the fppf topology.
Then, as above, we can use 2.2.43 to conclude that any finite étale morphism
is locally totally split in the fppf topology.

We will use proposition 2.2.43 in order to reduce proofs about finite étale
morphisms to the case of totally split morphisms, which will often be much
easier to deal with. As an example of this use, we give an alternative proof
of lemma 2.2.30 in the case of finite étale morphisms (you can compare this
approach to what we did in remark 2.2.31). Notice that in the proof of 2.2.43
we used 2.2.30 only in the case of finite and locally free morphisms, so we
could have postponed until now the proof of that lemma in the case of finite
étale morphisms, sparing us the algebraic work that underlay the proof we gave
(corollary 2.1.69 and the preceding results).

Let X, Y anz Z be schemes and let f1 : Y — X, fo : Z — Y be two finite étale
morphisms. First of all, assume that fi is totally split. Then we can write

X = [Inez X, for some schemes Xg, X1, ... such that, for any n € Z, n > 0,
n>0

there exists an isomorphism of schemes ¢, : f; '(X,) — [[/, X, such that
Pn oy = f1, where py, : [ I X, is obtained by gluing the identity morphisms
idx, : X, = X,. Forany n € Z, n > 0, define Z, := (f1 o fo) " (Xy).

Then Z = (fio fo) (X) = (fio f2)~! <Hn§20 Xn) = Ilnez(fr o f2) T H(Xn) =
[lrnez Zn- By lemma 2.2.20, in order to prove that fi o fo is finite étale, it
n>0

is enough to prove that the restriction (f; o f2)|z" 2 Zn=(f10 f2)*1(Xn) —
X, is finite étale for every n € Z, n > 0. Fix such an n. We have that
Zn = (fro f2) "1 (Xn) = f5 ' (f (X)) So fa(Zn) C fi'(Xn). Then we can
consider the morphism ¢, o fo : Z, — []}; X,,. We claim that this morphism
is finite étale. Let U = Spec(A) be an open affine subset of [}, X,,. Since ¢, :
1 (Xn) — 112, Xy is an isomorphism, we have that ¢, ' (U) = U = Spec(A).
Then, since f; is finite étale, by lemma 2.2.10(4) we have that f5 (¢, /(U)) =
(@no f2)~H(U) is affine and equal to Spec(B), where B is a projective separable
A-algebra. Since this holds for any open affine subset U = Spec(A) of [ ; X,
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by lemma 2.2.10(4) we have that ¢, o fo : Z, — [[/; X is finite étale. For
any ¢ = 1,...,n, let Z,; be the preimage of the i-th copy of X, under ¢, o fo.
Then Zu = (¢n 0 f2) (L) Xa) = LT (P © f2) 4 (X) = LIy Zog. Fix
i€{l,...,n}. Then (‘Pnof2)\zm : Zni — X, 1s finite étale, by corollary 2.2.24.
Notice that

(pno f2)), =idx,o(pno f2)|, = (Pn)x, ©Pno(f2), =

ni

:pnogpno(fg)|zm :flo(f2)|zm. = (flon)Izm- :

Then <flof2)|zm- : Zni — Xy, s finite étale. Since this holds forany i =1,...,n,
by lemma 2.2.18(3) we have that fi1 o0 fo: [[In] Zni = Z, — X, is finite étale.
Let now f1 be an arbitrary finite étale morphism. By proposition 2.2.43 there
exist a scheme W and a surjective, finite and locally free morphism g : W — X
such that the projection p2 : Y x x W — W is totally split. Let p; : Y Xxx W —
Y be the first projection and consider the fibred product Z xy (Y x x W), with
projections q1 : Z Xy (Y xx W) = Z and g2 : Z xy (Y xx W) =Y xx W.
Since fy is finite étale, by lemma 2.2.28(4) we have that g2 is finite étale.
Then, since po : Y xx W — W is totally split, by what we proved above
proqy: Z xy (Y xx W) — W is finite étale. By definition of fibred product,
we have that f; op; = gops and fy0q1 = p1 o g2. Then

(fiofa)oqu = fiopioga=go(p20qa).

Moreover, let V' be a scheme with two morphisms of schemes h; : V — Z and
he : V. — W such that (fi o fo) o hy = g o ha. Consider then the following
diagram.

Since f1 o (fa 0 h1) = g o he, by the universal property of the fibred product
there exists a unique morphism h’' : V' — Y x x W such that pj o h' = fy o hy

and pg o b’ = hy. Consider now the following diagram.
Vv

\
I Zxy (Y xx W © Y xx W
l% l]h
p)

7 —>Y
Since foohy = pioh/, by the universal property of the fibred product there exists
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a unique morphism h : V' — Zxy (Y x x W) such that g1oh = hy and gzoh = h'.
Then we have that (p2oga) oh =paoh’ =hy. Let h: V — Z xy (Y xx W)
be another morphlsm of schemes such that g; o h = h1 and (p2oqa) o h = ho.
Then pj o (g2 © h) fooqio h faohy and pa o (gg 0 h) = h;. By uniqueness
of B/, this implies that ¢ o h = K. Since we had also g1 © h = h1, we must
have h = h. This proves that Z xy (Y xx W), together with the morphisms
1: 24 Xy (Y ><XW) — Zandpgoqg 1 Xy (Y ><XW) — W, is the fibred
product of Z and W over X. Since ps o ¢o is finite étale and g is surjective,
finite and locally free, by lemma 2.2.34, we have that f1 o f is finite étale.

From now on, we will adopt the following notation: if X is a scheme and F is a
finite set, we will write X x E := [[ .5 X (disjoint union of schemes). This notation
is motivated by what we did in remark 2.2.38(2), where we saw that, if X and F are
topological spaces with E discrete, then X x E =[][..p X x {e} and each X x {e}
is homeomorphic to X.

ecE

Lemma 2.2.45. Let X be a scheme, D and E finite sets. Any map ¢ : D — E
induces a morphism of schemes X x D — X x E, which is finite étale (we will denote
this morphism by idx X, in analogy to what happens for topological spaces).

Proof. Let ¢ : D — E be any map. For any e € E, denote by ¢. : X = [[.cp X =
X X E the e-th inclusion, which is a morphism of schemes. Then for any d € D we
have a morphism of schemes g,4) : X — X x E. Gluing these morphisms, we get a
morphism [[,cp X = X x D — X x E. From now on, we denote this morphism by
idX X .

In order to avoid confusion, denote the d-th copy of X in X x D = [[,cp X by
Xg, for any d € D, and the e-th copy of X in X x E = [[_.p X by X, for any
e € E. We have that X x D = (idx x¢) (X x E) = (idx x¢) ™ ([.ep Xe) =
[Tecp(idx x¢) 1(X). By lemma 2.2.20, in order to prove that idy x¢ is finite
étale, it is enough to prove that (idx X¢)|(idxw>*1<xe> (idx x@) H(X,) = X,
is finite étale for every e € E. Fix e € E. By definition of idx x¢, we have
that (idx x¢) ' (Xe) = [luep q;(ld) (Xe). Moreover, by definition of g, for every
d € D we have that q;(ld) (Xe) is empty if p(d) # e and equal to Xy if ¢(d) = e.
Then (idx x¢) 1(X,) = [aep—1(gey) Xa- So the restriction (idx xgp)|(idx o—1ixe)
(idx xp) " HX.) = [acp-1(rey) Xa — Xe is totally split (define Xep := X and
Pen =1dpy, ) xa 10 = lo~1(d)| and X, := () otherwise). Then this restriction
is finite étale by lemma 2.2.37. 0

We are now going to prove the analogue of the lemma 1.5 of the appendix:
having saw that finite étale morphisms are “locally trivial”’, we want to show that
also morphisms between them are “locally trivial”. In order to do that, we need two
algebraic lemmas.

Lemma 2.2.46. For any ring A and any finite set E, define AF := [lecp A (with
componentwise operations, which make it into a ring; then the ring homomorphism
Ip: A — AP a s (a,... a) makes AF into an A-algebra). Let A be a ring with
no non-trivial idempotents (i.e., if a € A and a®> = a, then a = 0 or a = 1) and let
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D, FE be finite sets. Then any map ¢ : D — E induces an A-algebra homomorphism
O : A¥ - AP and all A-algebra homomorphisms A¥ — AP are of this form.

Proof. If ¢ : D — E is any map, we can define ® : A¥ — AP (a.)eer — (ag(a))deD-
For any (ac)ecr, (be)ecr € AF, we have that

P((ae)eckE + (be)ecr) = P((ae + be)eck) = (atp(d) + bgo(d))dED =
= (aw(d))deD + (bcp(d))dED = <I)((ae)eeE) + ‘p((be)eeE)

and

é((ae)eeE : (be)eeE) = q’((ae ) be)eeE) = (ago(d) ) bgo(d))deD =
= (ago(d))deD : (bgo(d))deD = O((ac)ecr) - P((be)eck) -

Moreover, ®(142) = ®((1)ecr) = (1)4gep = 14p. So @ is a ring homomorphism. For
any a € A, we have that

®(Vp(a)) = ®((a)ecr) = (a)dep = Vp(a) .

Then ® o ¥g = ¥p, which means that ® is an A-algebra homomorphism.

Let f: AP — AP be any A-algebra homomorphism. If A = 0, then A¥ = AP =0
and so f = 0 is induced by any map ¢ : D — E. Assume now that A # 0.
For any e € E, define z, := (0¢e)ercr € AE . Notice that 12 = z,, for every
e € E. Let d € D and define pg : AP — A, (ag)yep — aq. It is immediate
to check that pg is an A-algebra homomorphism. Then pgo f : AP — A is an A-
algebra homomorphism (because it is a composition of A-algebra homomorphisms)
and, for every e € E, we have that (pgo f)(xe) = (pao f)(@2) = (pao f)(ze)?,
which by assumption implies that (pgo f)(z.) € {0,1}. Moreover, 146 = (1)ccp =
(XcemOee)ereE = D eep(ee)ercE = D ecp®e and so 1 = (pg o f)(14e) = (pa o
) (Cecp®e) =X cp(pao f)(xe). This implies that there exists at least one e € E
such that (pgo f)(xz.) # 0, and so (pg o f)(xze) = 1. We claim that such an e is
unique. Let ej,e2 € E be such that (pgo f)(ze,) =1 = (pgo f)(ze,) and assume
by contradiction that e; # es. Then z., - ., = 0 and, since pg o f is a ring
homomorphism,

0= (pao f)(0)=(pao f)(wes - Tes) = (Pa© f)(@er) - (pac f)(we,) =1-1=1.

This is a contradiction. Then there exists a unique e € E such that (pgo f)(z.) = 1.
Let ¢(d) be this e. Then we have a map ¢ : D — E such that (pgo f)(7e) = dep(a)
forany d € D, e € E. Let ® : A¥ — AP be the morphism induced by ¢, as above.
We claim that f = ®. Let v = (au)eep € AF. We have that o = (a)eep =
(D ccp @ebeet)ercE = D ecp(@edee’)ercE = Y _oc GeTe- Then, for any d € D,

(pdof)( dof <Zae$e) Zae dof 5Ue Zae ep(d) = Qyp(d) »

eckE ecE eeE

because pg o f is an A-algebra homomorphism. It follows that

f(@) = ((pao f)(x))iep = (ay@a))dep = ®((ar)eer) = (z) .
This proves the claim. O
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Lemma 2.2.47. Let A be a local ring. Then A has no non-trivial idempotents.

Proof. Let m = A\ A* be the unique maximal ideal of A and let a € A be such that
a’? = a. This means that a(a — 1) = a®> —a = 0 € m. Since m is maximal, it is in
particular prime. Then we have that either a € m or a — 1 € m. Assume that a € m.
If we had also a — 1 € m, we would have that 1 = a — (a — 1) € m, because m is an
ideal, but this is a contradiction, because m is a proper ideal. Soa—1 € A\m = A*.
It follows that a = a(a—1)(a—1)"' =0-(a—1)"! = 0. In the same way, one shows

thatifa—1emthena—1=0,ie a=1. O

Lemma 2.2.48. Let X, Y, Z be schemes, f:Y — X and g : Z — X totally split
morphisms and h : Y — Z o morphism of schemes such that f = go h. For any
x € X, there exists an open affine neighbourhood U of x in X such that f, g and
h are “trivial above U7, i.e. such that there exist finite sets D and E, isomorphisms
of schemes a: f72(U) - U x D and B: g '(U) - U x E and a map p: D — E
such that the following diagram is commulative, where py : U x D = [[,cpU = U
and qu : U x E = [[.cp — U are the morphisms obtained by gluing the identity
morphisms idy : U — U.

SHU) >~ 1(U)
o %
id
f Ux D—UXY Sk g
y PN
id
U v U

Proof. Since f is totally split, there exist some schemes Xy, Xi,... such that X =

[Inez X»n and, for any n € Z, n > 0, there exists an isomorphism of schemes «, :
n>0

f~Y(X,) — [, Xy such that p, o ay, = f, where py, : [[_; X,y — X, is obtained

by gluing the identity morphisms idx, : X, — X,. Analogously, since g is totally

split, we can write X = [[;,ez X/, for some schemes X, X1, ... such that, for any
m>0

m € Z, m > 0, there exists an isomorphism of schemes B, : f~1(X/,) — [ X0,

such that ¢, 0B, = g, where ¢, : ]_[2":1 X, — X/ is obtained by gluing the identity

morphisms idx: : X, — X],. Since v € X = [[nez Xn = [Imez X}, there exist
n>0 m>0

n,m € Z, n,m > 0 such that z € X,, and € X/,. Then z € X,, N X/,. Define
D:={1,...,n}and E := {1,...,m}. We have that X,, and X/, are both open in X
by definition of disjoint union, so X, N X/, is an open subscheme of X. By definition
of scheme, there exists an open affine subset V' = Spec(A4) of X,, N X/, such that
x € V. Since V C X, and p, o o, = f, we have that f=(V) = (pp o ay) (V) =
a Y (p (V) = a,; 1 (V x D). Then, restricting a,, to f~1(V), we get an isomorphism
of schemes o, : f~H(V) = a,;}(VxD) — V xD. Analogously, since V C X/, and g0
Bm = g, we have that g~ (V) = (¢n00m) (V) = B,,' (4, (V) = By, (VX E). Then,
restricting B, to g~1(V), we get an isomorphism of schemes 3y, : g~ 1(V) = 8,,1(V x
E) — VxE. Since f = goh, we have that f~1(V) = (goh) (V) = h=1 (g7 *(V)), so
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h(f~1(V)) € g~Y(V). Then we can consider the morphism of schemes B, ohoa; ! :
VxD — VxE. Wehave that V xD =[], V =[], Spec(A) = Spec([[;, A) =
Spec(AP) and V x E = [[2,V = [}, Spec(A) = Spec([]L; 4) = Spec(AF)
(this can be checked as in the proof of lemma 2.2.18). Then 3, o hoa,! : V x
D = Spec(AP) — V x E = Spec(AF) corresponds to a ring homomorphism 1 :
AF — AP The restriction p, : p; (V) = V x D = Spec(A”) — V = Spec(A)
corresponds to the ring homomorphism 9p : A — AP, a + (a)gep. Analogously,
the restriction g, : ¢,}(V) =V x E = Spec(A¥) — V = Spec(A) corresponds to
the ring homomorphism 95 : A — AP a + (a)ecp. Recalling that p, o a,, = f,
Gm © Bm =g and go h = f, we get that

Qmo(ﬁmohoagl):gohoagl:foaglzpn_

In terms of ring homomorphisms, this means that ¢ o 9p = Up, i.e. ¥ : AP —
AP is an A-algebra homomorphism. Since # € V = Spec(A), we can consider
the localization A,, which is a local ring, and the localized map 1, : (AF), —
(AP),, which is A,-linear. Since the localization commutes with direct sums (see
lemma 2.1.19, recalling that localization at z corresponds to tensor product with
A;) and a finite product of modules coincides with their direct sum, we have that
(AP, = (D1 4) = @, Ax = (A4)7 and (A7), = (B, 4), = D, As =
(A)P as Ag-modules. Let vp : (AF), — (A,)F and ¥p : (AP), — (Az)P be
the corresponding isomorphims, analogously to lemma 2.1.19. It is immediate to
check that ¥,, ¥g and ¥p are ring homomorphisms, if we consider the obvious
ring structures, so they are homomorphisms of A,-algebras. Then the composition
Yp 01y © ’QZJEI :(A)F — (A,)P is also a homomorphism of A,-algebras. By lemma
2.2.47, we have that A, has no non-trivial idempotents. Then, by lemma, 2.2.46, there
exists a map ¢ : D — FE such that ¥p o, o wgl is induced by ¢. This means that
(Yp oy o hE) (0, .., am)) = (Qp(1)s -+ Qp(ny) for any (au,..., ) € (A)F.
Let ® : AP — AP be the A-algebra homomorphism induced by ¢. Localizing it at ,
we get an A-algebra homomorphism ®, : (A¥), — (AP), (analogously to 1, this
is Ag-linear by definition of localization and it can be easily checked that it is a ring
homomorphism). For any (g—i, o a—m) € (A)¥ (ar,...,am € A, 51,...,8, € A\z),

? Sm

we have that

(wDO@xod;El)((al’”"am)):¢D o, Z(%éﬂ/)ﬂ _
S1 = Sj

Sm

" D((a;d - - Qj )z 1,...,n
= ¥p Z ((a30557)j=1,....m) :Z ( i95p(i ‘ >:
= Sj = Sj
_ “ aj(sj@(’)) - a] (i
jz::l < Sj 1=1,....,n z::
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So 1p o @, 0Pz = Yp o1, o', which implies that ®, = ,. Notice that
AP is finitely presented as an A-module, because it is a free A-module of finite

id
rank (you can consider the exact sequence 0 — AF = A™ AP, 4B = Am 0).
Then, by lemma 2.1.27, we have an isomorphism of A;-modules Hom 4 (A, AP), —

Homy, ((AF),, (AP),). We denote this isomorphism by y. Then v, = x (%) and
@, = x(3). Then x (%) = vu = ®; = x(}). Since x is bijective, it follows
that % = 2 in Homyu (AP, AP),. This means that there exists u € A\z such that
u(p-1—@-1) =0, ie. up =ud. Then we have also &+ = % in Homy (A", AP),,.
Define U := V,, = Spec(A,) C V. Since u ¢ x, we have that z € V,, = U. So U
is an open affine neighbourhood of z. Since U C V C X,, and p, ooy, = f, we
have that f~1(U) = o, (U x D) (see above) and, restricting a, to f~1(U), we get
an isomorphism of schemes o := ay, : f~1(U) = a,;'(U x D) — U x D. From the
definition of py, it is clear that its restriction p, : p,}(U) = U x D — U coincides
with py (defined as in the statement). Since p, o a;, = f, we have that py o o = f.
Analogously, since U C V C X! and ¢, 08y, = g, we have that g~ H(U) = 8,1 (Ux E)
(see above). Then, restricting S, to g~ *(U), we get an isomorphism of schemes
Bi=Bm:g ' (U) =B, U x E) = U x E. From the definition of g,, it is clear
that its restriction g, : ¢,,'(U) = U x E — U coincides with qy (defined as in the
statement). Since gy, o B = g, we have that gy o 8 = g. From the definitions of py,
qu and idy X (see lemma 2.2.45), we have that gy o (idy x¢) = py = idy opy (for
any d € D, the restriction of gy o (idy x¢) to the d-th copy of Uin U x D =[]}, U
s puoqya : U — U, where g 4 : U — U X E is as in the proof of 2.2.45,
and this composition is equal to idy by definition of py). It remains to prove the
commutativity of the upper part of the diagram.

Since f = goh, we have that f~1(U) = (goh) 2 (U) = b= (g~ 1(U)). So h(f~1(U)) C
g Y(U). We have to prove that 3o h = (idy x¢) o a. Consider B o hoa™! :
U x D — U x E. From the definitions of o and 3, it is clear that o hoa ™! is the
restriction of B, o h o a;'. We have that U x D = Spec(A,) x D = Spec((A4,)")
and U x E = Spec((A,)¥) (this can be checked as we did above with V instead of
U). Then

Bohoa':U x D =Spec((A,)?) = U x E = Spec((A,)F)

corresponds to a ring homomorphism v’ : (A,)¥ — (A,)P. Since Bohoa~! is the
restriction of B, o h o ;! and the latter morphism corresponds to the ring homo-
morphism ¢ : AP — AP we have that ¢/ = ¢p o), o 1/151 Since A¥ is finitely pre-
sented, by lemma 2.1.27 we have an isomorphism of A,-modules Hom 4 (A", A?), —
Hom g, ((AF),, (AP),). We denote this isomorphim by x’. Then y’ (%) = 1, and
X (%) = ®,. We know that % = % in Homy(AF, AP),, so ¢, = ®,. Then ¢/ =
Ypo®,01p. On the other hand, idy x¢ : Ux D = Spec((A,)P) = UxE = ((A,)¥)
corresponds to a ring homomorphism @' : (4,)* — (A4,)P. By definition, idy x¢
is obtained by gluing the morphisms g ) : U — U X E = [[,cpU (see lemma
2.2.45). For any d € D, we have that qyq) : U = Spec(A4,) = U x E = Spec((Ay)F)
corresponds to the ring homomorphism 7,4 : (ADE — Ay, (a1,...,0am) — Qo (d)-
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Then

' ((aq,y...,0m)) = (1) -+ Qp(n)) = (YD o Py 0 wgl)((al, ce Q)

(the last equality can be proved as we did above with ®, instead of ®,), for any
(a1,...,am) € AF. So & = ¢p o &, o g = ¢/, which implies that idy x¢ =
Bohoa~t This ends the proof. O

As in the case of finite coverings of topological spaces (corollary 1.6 of the ap-
pendix), we can generalize the lemma we have just proved to a finite number of
morphisms.

Corollary 2.2.49. Let X, Yi,...,Y, be schemes (n € N), f1 : Y1 — X,..., fn:
Y, — X totally split morphisms and hy : Y1 — Yo, ... hp—1: Y1 — Y, morphisms
of schemes such that f; = fiy10h; foreveryi=1,...,n—1. For any x € X, there
exists an open affine neighbourhood U of x in X such that f1,..., fn, h1,..., hn_1 are
all trivial above U, in the same sense as in the lemma 2.2.48: there exist finite sets
Dy, ..., D,, isomorphisms of schemes a1 : fl_l(U) —UX D1,...;0n : f1(U) —
U x D,, and maps o1 : D1 — Da,...,on—1 : Dp_1 — Dy, such that the following

diagram is commutative for anyi=1,... ,n—1, wherep1 : U XDy = U,...,p, : UX
D,, — U are the morphisms obtained by gluing the identity morphisms idy : U — U.
_ h; _
1) Z 71 (U)
(a7} Qi1
idy X¢;
fi U x D; UXDit1 | fina
/ p&
id
U - U
Proof. By lemma 2.2.48, for any ¢ = 1,...,n—1 there exists an open affine neighbour-

hood U; of z in X such that f;, fiy1 and h; are trivial above U;. Define V := ﬂ?z_ll U;.
Then V is an open subscheme of X, because it is a finite intersection of open sub-
schemes. Moreover, x € V. Then, by definition of scheme, there exists an open affine
subset U of V such that x € U. So U is an open affine neighbourhood of x in X and,
since U CV CU; forany i =1,...,n — 1, it is immediate to check that fi,..., fn,
hi,...,hy,—1 are all trivial above U. 0

The first application of lemma 2.2.48 will be the proof that any morphism be-
tweem finite étale coverings is itself finite étale.

Lemma 2.2.50. Let X, Y and Z be schemes andlet g : Z — X, h :' Y — Z be
morphisms of schemes. If g and g o h are both affine, then h is affine.

Proof. Since go h : Z — X is affine, there exists a cover of X by open affine subsets
(Us)ier such that (g o h)~Y(U;) is affine for every i € I. Let i € I. Since g is
continuous and U; is open in X, g1 (U;) is open in Z. Moreover, since g is affine, by
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lemma 2.2.10(1) we have that g~!(U;) is affine, because U; is affine. Then g~ (U;)
is an open affine subset of Z. We have that

Z=g'(X)=g" (U Uz) =g ).

el i€l

So (g7 (U;))ier is a cover of Z by open affine subsets. Since h=(g71(U;)) = (g o
h)~1(U;) is affine for every i € I, we have that h is affine. O

Lemma 2.2.51. Let X, Y and Z be schemes and let f1 : Y — X, fo: Z — X be
finite étale coverings of X. Let h: Y — Z be a morphism of coverings from fi to fa
(i.e., h is a morphism of schemes such that fi = faoh). Then h is finite étale.

Proof. Assume firstly that fi; and fo are totally split. For every x € X, let U, be
an open affine neighbourhood of x € X such that f1, fo and h are trivial above Uy,
as in lemma 2.2.48. Then X = |J,.x U, and so Z = X)) = fit (Upex Uz) =
Usex f{l(Ux). Since fo is finite étale, it is in particular affine. Then, by lemma
2.2.10(3), we have that f,'(U,) is affine for every # € X. So (f; '(Us))sex is
a cover of Z by open affine subsets. Fix x € X and let A, be a ring such that
U, = Spec(A,). By the choice of U,, there exist finite sets D, and F,, isomorphisms
of schemes ay : fl_l(Ux) — U, x D, and 3, : f;l(Ux) — U, x E, and a map
vy : Dy — E, such that h‘ffl(U@ = B-1 o (idy, x¢z) o az. By lemma 2.2.45, we

have that idy, x ¢, is finite étale. Moreover, o, and 3, ! are finite étale because

they are isomorphisms (see 2.2.36, together with 2.2.37). Then the composition

h‘f*(u = B 1o (idy, x¢s) o ay is finite étale by lemma 2.2.30. Then, by lemma
1 xT

-1

2.2.10(4), we have that <h|f_1 (f5 *(Uy)) is affine and equal to By, where B,

1 (WUg)
is a projective separable A, -algebra. But

-1
() U200 = 0 0 1 £ ) = 7200

because f; (Uy) = (fao h) ™ (U) = b= (f5 1 (UL)). So h='(f5*(U,)) is affine and
equal to B,, where B, is a projective separable A,-algebra. Since this holds for any
x € X, we have that h is finite étale.

Let now f1 : Y — X and f5 : Z — X be arbitrary finite étale coverings. In particular,
fi = fooh and fy are affine. Then, by lemma 2.2.50, h is affine. By proposition
2.2.43, there exist two schemes W7 and Wy with two surjective, finite and locally
free morphisms g; : W7 — X and g2 : Wy — X such that the projections pio :
Y xx W1 — Wi and pog : Z xx Wa — Wy are totally split. Let p11 : Y xx W) =Y
and po1 : Z Xx Wy — Z be the other two projections. Then f; o p11 = g1 o p12 and
fQ O P21 = g2 © P22. Define W = W1 Xx WQ and let p1 W = W1 X x W2 — W1
and py : W = Wy xx Wy — Wy be the projections. Define also g := g1 o p;.
Since g1 and g9 are surjective, finite and locally free, by lemma 2.2.32(1)-(2) we
have that g = g1 o p1 = g9 o ps is also surjective, finite and locally free. Consider
also (Y xx Wi) xy, W, with projections ¢1 : (Y xx Wi) xy, W =Y xx W and
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g2 : (Y X x Wl) X Wy W —-Ww (then P12°q1 = p1 Oq2), and (Z X x WQ) X W, W, with
projections ¢} : (Z xx Wa) xw, W — Z xx Wy and ¢} : (Z xx Wa) Xy, W — W
(then pag 0 ¢f = p2 o ¢j). By lemma 2.2.41, we have that g2 and ¢} are totally split
morphisms. As in remark 2.2.44(4), one can check that (Z xx Wa) xy, W, together
with the morphisms pojoq] : (ZxxWa)Xw,W — Z and ¢} : (ZxxWa)xw, W — W,
is the fibred product of Z and W over X. Then, since g is surjective, finite and locally
free, we have that pao; o ¢} : (Z xx Wa) xw, W — Z is surjective, finite and locally
free by lemma 2.2.28(1),(3) (applied with g : W — X instead of f and fo : Z — X
instead of g, so that pa; o ¢] plays the role of py). Consider moreover the following

diagram.
(Y Xx Wl) Xwh Ww.

q2

(Z Xx Wg) X Wy WE

'p)
D21 © q/ll lg

faohopiioqi =fioprioqgi =g10p120q1 =g1°pP1°g2 =9goq2 .

hopiioq

We have that

So the diagram is commutative. By the universal property of the fibred product,
there exists a unique morphism 7 : (Y xx W1) xy, W — (Z xx Wa) Xy, W such
that po1 o ¢j on=hopi;0q and ¢ on = go. Since g2 and ¢ are totally split, the
last condition implies that 7 is finite étale, by what we proved above. Consider now
(Y xx W1 ) xw, W, together with the morphisms pijoq; : (Y xxWi)xw, W — Y and
n: (YxxWi)xu, W = (Z xx Wa) xw, W. We know that ho(pi110¢1) = (p2104])on.
Let V be a scheme with two morphisms m; : V =Y, mgo: V — (Z xx W) xy, W
such that h o mi = pa; o ¢] o ma. As in remark 2.2.44(4), one can check that
(Y xx Wy) xyw, W, together with the morphisms pjjoq : (Y xx Wi) xy, W =Y
and g2 : (Y xx W1) xw, W — W is the fibred product of Y and W over X. Consider
then the following diagram.

(Y XX Wl) XW1

P11 OC]{

We have that
gogH0my = g20P20¢50Mma = g20P220¢1 oMo = fo0pa10qiome = faohomy = fromy .

So the diagram is commutative. By the universal property of the fibred product, there
exists a unique morphism m : V. — (Y xx Wy) xy, W such that p1; 0 g1 om =my
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and g2 o m = ¢ o ma. We have that
prrogionom=hopiogom=homs = pyoq;omy
and
P220¢)0NOM=P20gy070mM=Pp20g201M =Py 0qy0My=Pa20g;0ms.

By uniqueness in the universal property of the fibred product, this implies that
gy omom = g} o ma. Moreover, we have that ¢ onom = gy om = ¢4 omy. By
uniqueness in the universal property of the fibred product, it follows that nom = ma.
We already know that pj; 0 g1 om = my. Let now m : V — (Y xx Wy) xw, W be
another morphism of schemes such that p11 0 g1 om = my and nom = my. Then

~ / ~ /
q20M =(07N0M =gy 0Mms.

Since we have also that p110q10m = mq, by definition of m we get m = m. This shows
that (Y x x W1) xw, W, together with the morphisms p110q; : (Y xxWi)xw, W =Y
and 7 : (Y xx Wi) xw, W — (Z xx Wa) xyw, W, is the fibred product of ¥ and
(Z xx Wa) xw, W over Z. We know that pa; o ¢} : (Z xx Wa) xw, W — Z is
surjective, finite and locally free and that 7 is finite étale. Then, since h is affine, by
proposition 2.2.43 (with Z instead of X and (Z xx Wa) Xy, W instead of W) we
have that h is finite étale. O

Remark 2.2.52. A similar result holds for finite coverings of topological spaces: if
f:Y —- X and g : Z7 — X are finite coverings of a topological space X and
h:Y — Z is a morphism of coverings from f to g, then h is a finite covering of Z.
Indeed, let z € Z and consider z := g(z) € X. By lemma 1.5 of the appendix, there
exists an open neighbourhood U of x in X such that f, g and h are trivial above
U. Then there exist finite discrete topological spaces D and FE, homeomorphisms
a: fYU) - UxDand f:g ' (U) - U xE and amap ¢ : D — E such that
proa = f, quof =g, quo (idy Xp) = py and h|f,1(U) = B~ o (idy x¢) o a,
where py : U x D — U and qp : U X E are the projections on the first factor. Since
g(z) = x € U, we have that z € g~}(U). Then we can consider 3(z) € U x E.
Let e € E be such that 5(z) = (qu(5(2)),e) = (9(2),e) = (z,e) and define V :=
BH(U x {e}) C g~ }(U). Since E has the discrete topology, we have that U x {e}
is open in U x E. Then, since 3 is continuous, V is open in g~ 1(U). Since g is
continuous and U is open in X, we have that ¢g~!(U) is open in Z. So V is open
in Z. Moreover, we have that 3(z) = (z,e) € U x {e}, so z € 71U x {e}) = V.
Then V is an open neighbourhood of z in Z. Since h is a morphism of coverings
from f to g, we have that f = goh. Then h=1(V) C A=Y (¢~} (U)) = f~1(U). Since

h\f—lw) = B71o (idy x¢) o a, we have that

h=H (V) = o H((idu xp) TH(B(V))) =
= o™ ((idy x¢) " (U x {e})) = a7 (U x ¢~ ({e}))

(we used the fact that V = 371(U x {e}) and that 3 is bijective). Then, restricting
a to h~1(V), we get a homeomorphism « : h=1(V) = a1 (U x p=1({e})) — U x
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¢ 1({e}). Consider now ¥ : U — U x {e}, u — (u,e), which is a continuous
bijection. We have that 9=! = qy : U x {e} — U is also continuous, so ¢ is a
homeomorphism. Moreover, restricting 6 to V', we get a homeomorphism g : V =
B~YU x {e}) = U x {e}. Them B~ 'od : U — V is a homeomorphism. It
induces a homeomorphism (871 0 9) x idy-1((ep) : U x 7' ({e}) = V x 97 ({e}).
So the composition ((87! o) x idy-1(fep)) 0 =Y V) = V x ¢ 1({e}) is also
a homeomorphism. Denote by py : V x ¢~ 1({e}) — V the projection on the first
factor. Then py o ((B7! o0 d) x idy-1(fep) = B~L oW opy. So we have that

pv o (871 o d) xidy1qepy) o) =7 odopyoa= " odo f=
=B todogoh=F"1to0oquofoh=F"Lodod Lofoh=h

(we applied the fact that h(h=1(V)) C V C g~ }(V) and that on ¢g'(V) we have
g = qu o (). This shows that h : h=Y(V) — V is a trivial covering. Moreover, it is
finite, because p~!({e}) C D is finite. Hence h is a finite covering of Z.

Notice that the lemma 1.7(1) of the appendix is now a consequence of this remark,
together with remark 2.2.27. Notice also that, with this remark, we can give an
alternative proof of the existence of the fibred product in the category Covy, for
a given topological space X (this is the same approach that we will use in order
to prove the existence of the fibred product in the category FEtx, for any scheme
X; see lemma 2.2.54). Indeed, if f1 : Y7 = X, fo: Yo > X and g : Z — X are
finite coverings of X, with morphisms of coverings h; : Y1 — Z and hy : Yo — Z,
then hy and ho are finite coverings of Z and so, by remark 2.2.33, hy op; = ho o
p2 1 Y1 Xz Yy — Z is also a finite covering of Z, where p; : Y1 Xz Yo — Y; and
p2 : Y1 XzYs — Y, are the two projections. Then, by remark 2.2.31, the composition
gohiopy = fiopr : Y1 Xz Yo — X is a finite covering of X. One can show that
f10p1 is the fibred product of f; and fy over g in Covx in the same way as we did
in the proof of (G1) in the proposition 1.8 of the appendix.

Lemma 2.2.53. Let X, Y and Z be schemes and let f:Y — X, g: Z — X be
finite étale coverings of X. A morphism of coverings h :' Y — Z from f to g is an
epimorphism in FEtx if and only if it is surjective.

Proof. Assume that h is an epimorphism in FEtx. By lemma 2.2.51, A is finite étale.
Then, by corollary 2.2.26, we have that h(Y) = {z € sp(Z) | [Y : Z](z) > 1} is open
and closed in Z. Define Z’ := Z\h(Y). Then h(Y') and Z’ are both open subschemes
of Z and Z = h(Y) 11 Z'. Consider the restrictions g" := g|, ., : A(Y) = X and
g =g, :Y' — X. Since g is finite étale, by lemma 2.2.18(3) we have that ¢’ and g"
are also finite ¢tale. Consider now A(Y)II Z'I1Z" and let g: A(Y) I Z'I1Z" — X be
the morphism obtained by gluing ¢” and twice ¢’. Applying again lemma 2.2.18(3),
we get that g is finite étale. Then g is an element of Covy. Let // : h(Y) —
MY Z'UZ' 4y 72— h(Y)UZ'TIIZ and oy : Z' — h(Y)I1Z'T1Z’ be the canonical
inclusions. Then, by definition of g, we have that go:” = ¢” and go ) = ¢ = go .
Gluing " and ¢}, we get a morphism of schemes m1 : h(Y)I1Z' = Z — h(Y)IIZ'T1Z'.
We have that
(Gomi),y, =90t =9" =g,
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and
(Gomi),, =goty=¢" =g, -

So g om; = g, which means that m; is a morphism of coverings from ¢ to g.
Analogously, gluing " and ¢, we get a morphism of schemes my : RW(Y) 1 Z' = Z —
R(Y)II Z' 11 Z' and we have that

~ o~
(gom2)|h(Y) =9°t =9 =99y

and
(Goma), =got,=9g =g, -

So g o mg = g, which means that msy is a morphism of coverings from g to g. Now
we have that
oh=1"0oh=(ms)

mioh=(m) oh=mgoh.

|h(Y) |h(Y>

Since h is an epimorphism in FEtx, this implies that m; = mg. Then ¢j = (m1)),, =
(m2),, = t3, which is possible only if Z’ = (). Then, since Z' = Z\h(Y), we have
that h(Y') = Z, i.e. h is surjective.

Conversely, assume that h is surjective and let W be a scheme with a finite étale
covering [ : W — X and two morphism of coverings mi,may : Z — W from g
to [ such that mj oh = maoh. Let z € Z and consider = := g(z) € X. By
definition of scheme, there exists an open affine subset U = Spec(A) of X such
that € U. Since g(z) = = € U, we have that z € ¢g~'(U). Moreover, g~ (U)
is open in Z, because U is open in X and g is continuous. So ¢~ !(U) is an open
neighbourhood of z in Z. Since f, g and [ are finite étale, they are in particular
affine. Then, by lemma 2.2.10(1) we have that f~1(U), g1 (U) and [=}(U) are all
affine. Let B, C and D be rings such that f~1(U) = Spec(B), g~ }(U) = Spec(C)
and [~}(U) = Spec(D). Since m; and ms are morphisms of coverings from g to I, we
have that [ omj = g = lomg. Then g~ (U) = (lomy)"Y(U) = m (I~ (U)), which
implies that my (g~ (U)) C I7Y(U), and ¢~ (U) = (I o ma)~ (U) = my (I~ (U)),
which implies that ma(g~1(U)) C I71(U). So, restricting m; and ma to g~ 1(U),
we get two morphisms of schemes from g~ (U) = Spec(C) to [71(U) = Spec(D).
Let mfé,mfé : D — C be the corresponding ring homomorphisms. Analogously,
since h is a morphism of coverings from f to g, we have that f = g o h and so
fYU) = (goh)"YU) = h=1(g~*(U)), which implies that h(f~1(U)) C g~ *(U).
So, restricting h to f~1(U), we get a morphism of schemes from f~!(U) = Spec(B)
to g~ (U) = Spec(C). Consider the corresponding ring homomorphism h# : C' — D.
Since myoh = mgoh, we have that h#omf = h#om#. By lemma 2.2.51, we have that
h is finite étale. Then, since Spec(B) = f~Y(U) = h= (g7} (U)) = h~(Spec(C)),
we have that B is a projective separable C-algebra (with the C-algebra structure
induced by h*). In particular, B is a finite projective C-algebra. By assumption h
is surjective, so [Y : Z] > 1 by lemma 2.2.15(3). By definition of degree, we have
that [V : Z], = dg1(yy = [B : C] (see lemma 2.2.12). So [B : C] > 1, which

9=1(W) g
by lemma 2.1.58(1) implies that h# is injective. Then h* is a monomorphism of
sets (example 1.1.3(6); notice that in that proof we did not use the finiteness of the
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involved sets). Now from h* o mf =h?o mf it follows that mffL = mf and so also

the corresponding morphisms of schemes coincide, i.e. (m1)|g71<U) = (m2)\971(m'
So we have proved that, for any z € Z, there exists an open neighbourhood V of
z in Z such that (m1), = (m2),. This implies that m; = ma. Hence h is an

epimorphism. O

Lemma 2.2.54. Let X, Y1, Yo and Z be schemes, f1 : Y1 = X, fo:Ys — X and
g:7Z — X finite étale coverings of X and hy : Y1 — Z, hy : Yo — Z two morphisms
of coverings. Consider the fibred product Y1 X zYa, with projectionsp; : Y1 xzYs = Y]
and py : Y1 Xz Yy = Ys. Define f:= frop1 : Y1 xz Yo — X. Then [ is a finite étale
covering of X and it is the fibred product of f1 and fo over g in FEtx.

Proof. By lemma 2.2.51, we have that h; and hs are finite étale. Then, by lemma
2.2.32(3), we have that hy op; = haope : Y7 Xz Yo — Z is finite étale. Since
h1 is a morphism of coverings from f; to g, we have that fi = go hy. Then f =
fiopr = gohyopr. By lemma 2.2.30, it follows that f is finite étale, because g
and hj o p; are finite étale. So f : Y1 Xz Yo — X is an object of FEtx. Since
f = f1op1, we have that p; is a morphism of coverings from f to fi. Moreover,
since ho is a morphism of coverings from fs to g, we have that fo = g o hy and
s0 f = gohiopy = gohgopy = fo0py. This shows that py is a morphism of
coverings from f to fo. We already know that hy o p; = hg o py (by definition of
fibred product). Let now W be a scheme and [ : W — X a finite étale covering
of X, with two morphisms of coverings m; : W — Yi, mo : W — Y5 such that
h1 omi = ho o my. By the universal property of the fibred product in the category
of schemes, there exist a unique morphism of schemes m : W — Y; Xz Y5 such that
m1 = p1 om and mo = pg o m. Since my is a morphism of coverings from [ to fi,
we have that [ = f; omj and then fom = fiopiom = from; =1. Somisa
morphism of coverings from [ to f. This ends the proof. O

Lemma 2.2.55. Let X and Y be schemes, f : X — Y a morphism of schemes. If
f(X) is open inY and f : X — f(X) is an isomorphism of schemes, then f is a
monomorphism in the category Sch of all schemes.

Proof. Notice that, since f(X) is open, it has a natural subscheme structure and
we can see f as a morphism of schemes from X to f(X). Since f: X — f(X) is
an isomorphism, we can consider the inverse morphism f=!: f(X) — X. Let now
Z be a scheme with two morphisms ¢g,h : Z — X such that fog = f o h. Since
(fog)(Z)=(foh)(Z)C f(X), we can see fog = foh as a morphism from Z to
f(X). Then we can compose it with f~1 and get

g:fﬁlofog:fflofoh:h.
This proves that h is a monomorphism in Sch. O

Lemma 2.2.56. Let X, Y and Z be schemes and let f : Y — X, g: Z — X be
finite étale coverings of X. A morphism of coverings h :' Y — Z from f to g is an
monomorphism in FEtx if and only if h : Y — h(Y') is an isomorphism of schemes.
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Proof. First of all, notice that, by lemma 2.2.51, h is finite étale. Then, by corollary
2.2.26, we have that h(Y) = {z € sp(Z) | [Y : Z](z) > 1} is open and closed in
Z. In particular, since h(Y') is open in Z, it has a natural subscheme structure and
h:Y — h(Y) is a morphism of scheme.

Assume now that h : Y — h(Y) is an isomorphism of schemes. Then, by lemma
2.2.55, we have that h is a monomorphism in Sch. Let W be a scheme with a finite
étale covering [ : W — X and two morphism of coverings myi,ms : W — Y from [ to
f such that h om; = h ome. In particular, m; and me are morphisms of schemes.
Then, since h is a monomorphism of schemes, we must have my; = mo. This proves
that A is a monomorphism in FEt x

Conversely, assume that h is a monomorphism in FEtx. Consider the fibred product
Y xzY, with projections p1 : Y xzY =Y and ps : Y Xz Y — Y. By lemma 2.2.54,
we have that fop; : Y xzY — X, together with the projections p; and po, is the
fibred product of f with itself over g in FEtx. Then, since h is a monomorphism in
FEtx, by lemma 1.2.9 we have that p; : Y Xz Y — Y is an isomorphism in FEtx
(notice that the only axiom that we used to prove that lemma was the existence of
fibred products). In particular, p; is an isomorphism of schemes. Let z € Z and
consider z := g(z) € X. By definition of scheme, there exists an open affine subset
U = Spec(A) of X such that z € U. Then z € g~ (U). Since f and g are finite
étale, they are in particular affine. Then, by lemma 2.2.10(1), we have that f~(U)
and g~ (U) are both affine. Let B and C' be rings such that f~1(U) = Spec(B) and
g Y(U) = Spec(C). Since h is a morphism of coverings, we have that f = g o h and
so Spec(B) = f~1(U) = (go h)"1(U) = h=Y(g7}(U)) = h=(Spec(C)). Since h is
finite étale, this implies that B is a projective separable C-algebra. In particular, it
is a finite projective C-algebra. Consider now p; ' (f~1(U)) C Y xz Y. As in the
proof of lemma 2.2.34, we have that

pr(fFHO) = o (W TN U))) = g THU)) X gy hTHgTHU)) =
= fﬁl(U) Xg=1(U) fﬁl(U) = Spec(B) XSpec(C) SpeC(B) = Spec(B ®c B) :

Since p; is an isomorphism, its restriction p; : py '(f~1(U)) = Spec(B ®c B) —
Y u ) = Spec(B) is also an isomorphism. Then the corresponding ring homomor-
phism p1 : B — B®c B is also an isomorphism. But pl is defined by p7 ( )=z®1
forany x € B. Let m: B®c B — B, x®y — xy, extended by linearity, as in lemma
2.1.58(2). We have that (m opf)(:c) =m(z®1)=x-1=2z=idg(z) for any x € B.
So mopiéé = idg. Since p# is invertible, this implies that m = (pfé)_l. In particular,
m is invertible and so it is an isomorphism of C-algebras. By lemma 2.1.58(2), it
follows that [B : C] < 1. Then, by definition of degree (see lemma 2.2.12), we have
that
Y : Z)(2) = dyrn(2) = [B: C)(z) < 1

because z € g~ 1(U) = Spec(C). This shows that [V :

Y = h71(h(Y)) and then, by lemma 2.2.22, h: Y = h=1(h
with degree [Y : h(Y)] =[Y : Z]

] < 1. We have that

(Y)) — h(Y) is finite étale,

Since h(Y) ={z €sp(Z2) | [V : Z](2) > 1}, we
<

lheyy

have that [Y": Z]|, ., = 1. But we have proved that [Y : Z] <1,s0 [Y : Z]}, ,, < 1.
Then [Y : A(Y)] = [Y : Z]},,, = 1. By lemma 2.2.15(2), h : Y — h(Y) is an
isomorphism. O
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We omit the proof of the following two results, which can be found in [1],5.18-21.
We just mention that the main idea is to show that, for any scheme X, quotients
by finite groups of automorphisms exist in the category Affx whose objects are
affine morphisms Y — X and whose morphisms are defined in an analogous way to
morphisms of finite étale coverings (i.e., if f : Y — X and g : Z — X are affine
morphisms, a morphism between them is a morphism of schemes h : Y — Z such
that f = g o h) and then to prove that the full subcategory FEtx is closed with
respect to quotients.

Proposition 2.2.57. For any scheme X, quotients by finite groups of automor-
phisms exist in FEtx.

Lemma 2.2.58. Let X, Y and Z be schemes, f:Y — X a finite étale morphism,
G a finite group of automorphisms of f in FEtx and g : Z — X any morphism of
schemes. Then (Y xx Z)/G = (Y/G) xx Z in FEt.

2.3 The main theorem of Galois theory for schemes

We want now to define a functor FEtxy — sets, which will be the fundamental
functor of our Galois category. We will actually have many fundamental functors,
one for each geometric point of X. Recall the following definition.

Definition 2.3.1. Let X be a scheme. A geometric point of X is a morphism of
schemes x : Spec(Q)) — X, where Q is an algebraically closed field.

Remark 2.3.2. If X is a scheme and a € sp(X), then we can define a geometric point
of X as follows. Let k(a) = Ox q/mx,, be the residue field at a and let Q2 be an alge-
braic closure of k(a). So {2 is algebraically closed and k(a) C Q. Consider the map
x : Spec(2) — sp(X), 0 — a, which is continuous because it is constant. Let U be an
open subset of X. If a ¢ U, then . Ogpec(0) (U) = Ogpec() (x~1(U)) = Ogpec() (0) =
0. Then we define 27 : Ox(U) — 74 Ogpec()(U) = 0 to be the zero map. If instead
a € U, then ,Ogpec)(U) = Ogpec) (1 (U)) = Ogpec(n) (Spec(€2)) = Q. We have
a natural ring homomorphism Ox (U) — Ox 4, which composed with the canonical
projection Ox o — k(a) = Ox,q/mx,, gives a ring homomorphism Ox (U) — k(a).
Since k(a) C Q, we can define 27 : Ox(U) — T+Ogpec()(U) = Q. Tt is immediate
to check that these definitions give a morphism of schemes x : Spec(Q2) — X.

So any non-empty scheme has at least one geometric point. In particular this is
true for any connected scheme (recall that we do not consider the empy scheme as a
connected scheme).

Given a geometric point = : Spec(f)) — X, we associate to any finite étale
covering of X the set of morphisms from x to f in Schy, i.e. Homgen, (%, f) = {y :
Spec(2) = Y | foy = x}. It is however not clear that this is a finite set. In order
to prove this, we start with the case when X = Spec(f2) and = = idgpec()- We need
an algebraic preparation.

Lemma 2.3.3. Let K be a field and A a finite-dimensional K-algebra. Then there
exist n € Z>o and some local K-algebras Ay, ..., A, with nilpotent mazimal ideals

such that A =TT A;.
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Proof. Let p be a prime ideal of A. We have that A/p has an induced K-algebra
structure and, since A is finite-dimensional, A/p is also finite dimensional (it is
generated by (a1 + p,...,an + p), if (a1,...,a,) generates A over K). Let x €
(A/p)\{0} and consider the map m, : A, — A, y — xy, which is K-linear. Let
y € Ker(my), i.e. xy = my(y) = 0. Since p is prime, A/p is an integral domain.
Then we must have y = 0. So Ker(m,) = 0, i.e. m, is injective. Since A/p is finite
dimensional, m, is also surjective. Then there exists y € A/p such that zy = 1.
So x is a unit of A/p and, since this holds for any = € A/p\{0}, we have that
A/p is a field. Then p is a maximal ideal. This shows that any prime ideal of A
is maximal. Let now my,...,m, be pairwise distinct maximal ideals of A. Then
my,...,m, are coprime with each other. By the Chinese remainder theorem, the
ring homomorphism A — [, A/m;, a — (a +my,...,a+m,) is surjective. This
ring homomorphism is also K-linear, if we consider the induced K-algebra structure
on A/m; for any ¢ = 1,...,n. Then we have that

dimg (4) > dimg (H A/m,) = dimg(A/m;) > > l=mn.
=1 i=1

=1

(we used the fact that, for any ¢ = 1,...,n, A/m; # 0, because any maximal ideal
is proper, and so dimg(A/m;) > 1). So the number of distinct maximal ideals
is bounded by dimg(A). In particular, A has finitely many maximal ideals. Let
mq,...,m, be all the distinct maximal ideals of A and consider their intersection
iz, m;. Since any prime ideal is maximal, we have that () M = (), prime P = V0.
Since A is finite-dimensional, it is also finitely generated as a K-algebra. Then
A= Klzy,...,x)/I as K-algebras, for a t € Z>¢ and an ideal I of K[x1,..., 2.
Since K is a field, it is noetherian. Then, by Hilbert’s basis theorem, K[zy,..., )]
is noetherian and so the quotient A & K|z1,...,2¢|/I is noetherian. It follows that
V0 is finitely generated as an A-module. Let (b1,...,b;) be generators of v/0 over
A. For any i = 1,...,k, by definition of nilradical, there exists m; > 1 such that
b = 0. Let m := Zle m;. For any = € /0, there exist ai,...,a, € A such that
m
© =i aib. Then 2™ = (Zle aﬂ?z’) = Loatotag=m (o, o) T (i)™,

QU yeens QU 2>

For any aq,...,ax > 0 such that a; +- - - + o = m, there exists ig € {1,...,k} such
that a;, > m;, and so bgjo = 0. Then Hle(aibi)ai =0, for any aq,...,ax > 0 such
that ay + - - - + ax = m. This implies that 2 = 0. So V0™ = 0. Then we have that

0=v0" = <ﬂmz> Qﬂm?QHm;ﬂ,
i=1 i=1

i=1
which implies that [[;"; m* = 0. We claim that m{",..., m]"" are pairwise coprime.
If m® + m7" is a proper ideal of A, for some i,j € {1,...,n}, there would exist

a maximal ideal m of A such that m]" + m}” C m. Then m* C m and m}ﬂ C m.
Since m is maximal, it is in particular prime. Then we must have m; C m and
m; C m. Since m; and m; are maximal, this implies that m; = m = m; and so
t = j. Somp",...,m" are pairwise coprime. Then, by the Chinese remainder
theorem, the ring homomorphism A — [, A/m™, a — (a+m},...,a+m]) is

7
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an isomorphism. This ring isomorphism is also K-linear, if we consider the induced
K-algebra structure on A/m]" for any ¢ = 1,...,n. Then, if we define 4; := A/m]"
for any ¢ = 1,...,n, we have that A = [, A; as K-algebras. Moreover, for any
i =1,...,n, we have that m; is the unique maximal ideal of A that contains m["
(because any maximal ideal is prime and so if m{” C m; we must have m; C m;,
which implies that m; = m; by maximality) and so, by the correspondence theorem
for ideals, m;/m!" is the unique maximal ideal of A/m!® = A;. Moreover, it is a
nilpotent ideal, because (m;/m]*)™ =m"/m* = 0. O

Lemma 2.3.4. Let Q be an algebraically closed field and A a projective separable
Q-algebra (A is actually free, because all vector spaces are free). Then A = Q" as
Q-algebras, for some n € Zx.

Proof. Since A is projective separable, it is in particular finitely generated as an
Q-vector space. Then, by lemma 2.3.3, we have that A = [[!', A; as A-algebras,
for some local K-algebras Aj,..., A, with nilpotent maximal ideals (and n € Zx).
Then it is enough to show that A; = Q, for any ¢ = 1,...,n. Since A is projective
separable, by lemma 2.1.64 we have that A; is projective separable for every ¢ =
1,...,n. Fixi e {1,...,n} and let ¢; : A; — Homgq(A;,2) be defined as in lemma
2.1.59, with Q instead of A and A; instead of B. Let now f € Homgq(A;,2). Since 4;
is projective separable, we have that ¢; is an isomorphism, so there exist a (unique)
a € A; such that f = p;(a). Let x € m;. Then f(z) = p;(a)(x) = Tr(ax). We know
that m; is nilpotent, so there exists m > 1 such that m!* = 0. In particular, " = 0.
Then mp.. = M(qzym = Mgmgm = mo = 0. Then myg, is nilpotent. By remark
2.1.50(3), in the case of vector spaces the trace defined in 2.1.47 is the ususal one. It
is well known that the trace of a nilpotent endomorphism of a vector space is 0. Then
f(z) = Tr(az) = Tr(mey) = 0, i.e. © € Ker(f). This holds for any f € Homgq(A4;, Q).

If (a1,...,ax) is an Q-basis of A; (which is finite dimensional because A is finite
dimensional), there exist A1,..., A\ € Q such that z = Aaj + -+ + A\pag. Let
(af,...,a}) be the dual basis of (a1,...,ax). Then, for any i = 1,...,k, we have

that af € Homgq(A4;, Q) and, by what we proved above,

k k n
0=a;(z) =af [ Y Aaj | =D Naf(a;) = Njdij =i -
j=1 j=1 j=1

So x = 0. This proves that m; = 0. Then A; is a field. Since A; is an Q-algebra, it
is a field extension of 2. Moreover, since A; is finite dimensional, it is an algebrical
field extension. But 2 is algebraically closed. Hence A; = €. O

Remark 2.3.5. In [1], 2.7, a more general result is proved, classifying free separable
K-algebras for any field K as finite products of finite separable field extensions of
K.

Lemma 2.3.6. Let Q be an algebraically closed field and let f : Y — Spec(Q) be a
finite étale covering. Consider

Homgehg,,. o) (idspec(e), f) = {y : Spec(2) = Y | f oy = idgpec()} -
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We have that [ Homgcng,,. o) (idspec(e): f)| = [Y : Spec(Q)] (since Spec(§2) is con-
nected, the degree is constant). In particular, Homgeng,, o, (idspec(q), f) is a finite
set.

Proof. Since f is finite étale and Spec(Q?) is affine, by lemma 2.2.10(4) we have
that Y = f~!(Spec(Q)) is affine and equal to Spec(A), where A is a projective
separable -algebra. There is a bijective correspondence between morphisms of
schemes y : Spec(2) — Y = Spec(A) such that f oy = idgpec(n) and Q-algebra
homomorphisms A — . By lemma 2.3.6, there exists n € Z>( such that A = Q" as
A-algebras. Notice that this implies that

n = dimg (") = dimg(A) =[4: Q] = [Y : Spec(Q?)] ,

by definition of the degree (see 2.2.12). Then we have to prove that there are exactly
n homomorphisms of Q-algebras from A (or, equivalently, from Q" since A = Q")
to Q. For any ¢ = 1,...,n, let p; : Q" — Q be the i-th projection, which is
an (Q-algebra homomorphism. Since p1,...,p, @ Q7 — Q are n distinct Q-algebra
homomorphisms, we have to prove that any Q-algebra homomorphism from Q" to 2
is of this form. Let f : Q" — Q be a Q-algebra homomorphism. If £ = {1,...,n}
and D = {1}, we have that Q" = QF and Q = QP. Since Q is a field, it has no non-
trivial idempotents. Then we can apply lemma 2.2.46 and get that f : QF — QP
is induced by a map ¢ : D = {1} - E = {1,...,n}. If i = ¢(1), we have that
f(@1,..20)) = 20y = 2 = pi((w1,...,2,)), for any (z1,...,7,) € Q. So
f=pi O

Lemma 2.3.7. Let X be a scheme and let x : Spec(Q2) — X be a geometric point of
X. If f:Y — X is a finite étale covering of X, consider

Homgeny (2, f) = {y : Spec() = Y | foy ==z} .

We have that Homgen  (x, f) is a finite set. Moreover, if f has constant degree, then
| Homseny (2, f)| = [V : X].

Proof. Consider the fibred product Y Xxx Spec(2), with projections p; : Y xx
Spec(2) = Y and ps2 : Y X x Spec(2) — Spec(£2). Since f is finite étale, by lemma
2.2.28(4) we have that po is a finite étale covering of Spec(2). By lemma 2.3.6, we
have that | Homgehg,,, o, (idspec(e); P2)| = [Y" X x Spec(£2) : Spec(2)]. We claim that
| Homschg,,.. o) (idspec(e): P2)| = [ Homsen (2, f)|. Define

¢ : Homgehg, () (1dspec(): P2) — Homseny (2, f), 2+ p1oz

Let us check that ¢ is well defined. If z € Homsehg,,. o) (idgpec()s P2), we have that
p2 © 2z = idgpec(n). By definition of fibred product, we have that fop; = z o ps.
Then fow(z) = foproz = xopyoz = zo0idgye) = @ This proves that
©(z) € Homgeny (2, f). Then ¢ is well defined. Let now y € Homseh (2, f). Then
foy=x. Consider the following diagram.
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Spec(Q2

We have that foy = 2 = z oidgpe(n). So the diagram is commutative and,
by the universal property of the fibred product, there exists a unique morphism
z 1 Spec(Q2) — Y xx Spec(Q) such that p1 oz = y and p2 0 2 = idgpec(), 16 a
unique z € Homgehg,,,. (g, (idgpec()> P2) such that p(z) = p1 o z = y. This shows that
¢ is bijective. Then Homgcn (2, f) is finite, because Homgeng,,,. () (1dspec(), P2) i
finite. Moreover,

| Homsen y (2, f)| = [Homsehg, .. o) (idspec(); P2)| = [ X x Spec(€) : Spec(Q)] =
= [V xx Spec() : Spec()](0) = [Y" : X](2(0))

(the last equality follows from lemma 2.2.28(2)). If f has constant rank, it follows
that Homgen, (z, f) = [Y : X]. O

Lemma 2.3.8. Let X be a scheme and x : Spec(Q) — X a geometric point of
X. For any finite étale covering f :' Y — X, define Fy(f) := Homgen, (2, f),
which is o finite set by lemma 2.5.6. Moreover, if f 1Y — X and g : Z7 - X
are finite étale coverings of X and h :'Y — Z is a morphism of coverings, define
Fy(h): Fy(f) = Fz(g9), y— hoy. Then F, : FEtx — sets is a functor.

Proof. f f:Y — X and g : Z — X are finite étale coverings of X and h: Y — Z
is a morphism of coverings, we have that h is in particular a morphism from f to
g in Schx. Then, for any y € Fy(f) = Homgen, (7, f), we have that hoy €
Homgen (2, 9) = Fy(g). This shows that F(h) : F(f) — Fx(g) is well defined.
Moreover, if f : Y — X is a finite étale covering, we have that F,(idy)(y) = idy oy =
y = idg,(5)(y) for any y € F,(f) and so Fy(idy) = idg, (5. Finally, if f1 : V1 — X,
fo: Yy — X and f3 : Y3 — X and finite étale coverings of X and h; : Y7 — Yo,
ho : Yo — Y3 are morphisms of coverings, we have that

Fy(hz o h1)(y) = (haoh1) oy = ha o (hy oy) = Fy(h2)(h1 o y) = Fi(h2)(Fi(h1)(y))
for any y € Fy(f1) and so Fy(hg o hy) = Fy(hg) o Fy(h1). Hence F; is a functor. O

Remark 2.3.9. (1) We gave a slightly different definition of F}, in comparison with
that of [1] (which relies on the result proved in 2.9), but it can proved that the
two definitions are naturally equivalent.

(2) The functor we have just defined depends on the geometric point = : Spec(€2) —
X. However, if X is connected, the functors obtained considering two differ-
ent geometric points of X are isomorphic. This is a consequence of theorem
1.4.34(c), together with the theorem 2.3.10, which we are about to prove.
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Theorem 2.3.10. Let X be a connected scheme and let © : Spec(Q2) — X be a
geometric point of X (we know that such a point exists by remark 2.3.2). Let F, :
FEtx — sets be the functor defined in lemma 2.3.8. Then FEtx is an essentially
small Galois category with fundamental functor Fy.

Proof. We omit the proof that FEtx is essentially small. We check now that the
conditions listed in definition 1.1.4 are satisfied (the proof of the axioms (G4)-(G6)
is just sketched).

(G1)

(G2)

(G3)

Consider idx : X — X. We have that idx is totally split (example 2.2.36) and
so it is finite étale by lemma 2.2.37. For any finite étale covering f : Y — X,
we have that f is a morphism of schemes with f =idx of, so f is a morphism
of coverings from f to idx. It is clearly the unique such morphism. This proves
that idy is a terminal object in FEtx.

The existence of fibred products was proved in lemma 2.2.54.

Let (f; : Yi = X);er be a finite collection of finite étale coverings of X. We can
clearly assume I = {1,...,n} for some n € N. Define Y := [[;" | Y; and let
f:Y — X be the morphism of schemes obtained by gluing the f;’s. By lemma
2.2.18(3), we have that f is a finite étale covering of X. For any i = 1,...,n
denote by ¢; : Y; — Y the canonical inclusion, which is a morphism of schemes.
Then, by definition of f, for any ¢ = 1,...,n we have that fogq; = f;, i.e g; is
a morphism of coverings from f; to f. Let now Z be a scheme, g: Z — X a
finite étale covering of X and h; : Y; — Z a morphism of coverings from f; to

g (i.e. h; is a morphism of schemes and f; = go h;) for any i = 1,...,n. We
can glue the morphisms h;’s and get a unique morphism of schemes h: Y — Z
such that hogq; = h; for any ¢ = 1,...,n. Then, for any i = 1,...,n, we have

that gohoq =goh; = fi = foq,ie. (go h)|Yi = f‘Yi. Since the Y;’s cover
Y, this implies that go h = f. So h is a morphism of coverings from f to g.
Hence f:Y — X is the sum of the f;’s in FEtx.

Fot the existence of quotients by finite groups of automorphisms, see 2.2.57
and the above discussion.

Let f:Y — X, g: Z — X be finite étale coverings of X and let h: Y — Z
be a morphism of coverings from f to g. By lemma 2.2.51, h is finite étale.
Then, by corollary 2.2.26, we have that Im(h) = {z € sp(Z) | [Y : Z](y) > 1}
is both open and closed in Z. Define Z’' := Z\ Im(h). Then Im(h) and Z’ are
both open subschemes of Z and Z = Im(h) IT Z’. Consider the restrictions
g = ey - hY) — X and ¢’ := g, : Y/ — X. Since g is finite étale, by
lemma 2.2.18(3) we have that ¢’ and ¢” are also finite étale. Define u” := h :
Y — h(Y) and let v/ : h(Y) — Z be the canonical inclusion. Then «' and
u” are morphism of schemes. We have that ¢’ = Yy = 9 ° ', so v is a
morphism of coverings from ¢” to g. Moreover, ¢” ou” = Ypyy O =g0h=f
(because h is a morphism of coverings from f to g) and so u” is a morphism
of coverings from f to ¢g”. Clearly h = v’ o w”. Moreover, u” is surjective by
definition. By lemma 2.2.53, this implies that u” is an epimorphism in FEtx.
We have that v’ : h(Y) — «/(h(Y)) = h(Y) is the identity, in particular it is
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(G4)

(G5)

(G6)

an isomorphism of schemes. Then, by lemma 2.2.56, v/ is a monomorphism in
FEtx.

Assume now that h is a monomorphism in FEtx. As above, Z = Im(h) IT Z’
and ¢' =g ,, ¢" = 91y 2re finite étale coverings of X. By lemma 2.2.56, we
have that h : Y — h(Y) is an isomorphism of schemes. Moreover, ¢’ o h =
9, °oh=goh=f soh:Y — h(Y) is a morphism of coverings from f
to ¢g’. Consider the inverse h™! : h(Y) — Y. Since ¢’ o h = f, we have that
¢ = foh™! so h~!is a morphism of coverings from ¢’ to f. This proves that
h is an isomorphism from f to ¢’ in FEtx. Moreover g, together with the
canonical inclusions Im(h) — Z and Z’ — Z is the sum of ¢” and ¢’ in FEtx,
as in the proof of (G2).

It follows almost immediately from the proof of (G1) and from example 1.1.3(1)-
(2).

The fact that F, commutes with finite sums follows from the proof of (G2) and
from example 1.1.3(3). In order to show that F) transforms epimorphisms in
epimorphisms of finite sets (i.e. surjective functions, see example 1.1.3(6)), one
can prove that this holds if X = Spec(£2) and z = idgec(0) and then use lemma
2.2.28(3). Finally, the fact that F, commutes with quotients by finite groups
of automorphisms can be proved using lemma 2.2.58, together with example
1.1.3(5).

Let f:Y — X, g: Z — X be finite étale coverings of X and h : Y — Z a
morphism of coverings such that Fy(h) : Fx(f) — Fy(g) is an isomorphism in
sets, i.e. a bijection. Then |F;(f)| = |Fz(g)|. Since X is connected, we have
that [Y : X] and [Z : X] are constant. Then, by lemma 2.3.7, we have that
Y : X] = |F:(f)| = |Fx(9)| = [Z : X]. By lemma 2.2.51 we have that h is
finite étale. Then, by corollary 2.2.26, we have that h(Y) is both open and
closed in Z and so we can write Z = h(Y) Il Z’, where Z’ := Z\h(Y). Let
9 =9, 72 — X and ¢" = Iy - h(Y) — X. As in the proof of (G3),
we have that ¢’ and ¢” are finite étale coverings of X and g is the sum of ¢”
and ¢’. Using the fact that F}, commutes with finite sums, one shows that h is
surjective. The surjectivity of h, together with the fact that [V : X| = [Z : X],
implies that h is an isomorphism of schemes (this can be proved firstly in the
case when f and g are totally split, using lemma 2.2.48, and then generalized
using proposition 2.2.43). Then h is an isomorphism in FEtx.

O

Remark 2.3.11. In the proof of theorem 2.3.10, the only point where we applied that
X is connected was (G6).

Corollary 2.3.12 (Main theorem of Galois theory for schemes). Let X be a con-
nected scheme. Then there exists a profinite group (X)), uniquely determined up to
isomorphism, such that FEtx is equivalent to (X )-sets. Moreover, n(X) is isomor-
phic to Aut(Fy) for any geometric point x : Spec(Q2) — X, where F,, : FEtx — sets
1s defined as in
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Proof. 1t follows immediately from the theorem 2.3.10 and from the main theorem
about Galois categories (1.4.34). O

Definition 2.3.13. Let X is a connected scheme and z : Spec(2) — X a geometric
point of X. We define n(X,z) := Aut(F,) the étale fundamental group of X in x,
where F, : FEtx — sets is the functor defined in lemma 2.3.8.

Remark 2.3.14. The fundamental group defined as in 2.3.13 is functorial in (X, z).
More precisely, we can consider the category Sch, whose objects are pairs of the form
(X, x), with X a connected scheme and x : Spec(2) — X a geometric point of X (base
point), and morphisms are morphisms of schemes that preserve the base points (i.e.,
a morphism from (X, z) to (Y, y) is a morphism of schemes from f : X — Y such that
fox =y). To any object (X, x) of Sche we can associate the Galois category FEtx
with fundamental functor F, : FEtx — sets. For any morphism f: (X,z) — (Y,y)
in Sch,, we can define Gy : FEty — FEtx via Gy(g9) = p2 : Z xx Y — Y for
any finite étale covering f : Z — X (the fact that po is a finite étale coverings of X
follows from lemma 2.2.28(4)), extending it to morphisms in the obvious way. Then
it can be proved that the assumptions of lemma 1.4.36 are satisfied and so 7 can be
extended to a functor Sche — Prof.
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Appendix: finite coverings of
topological spaces

In this appendix, we will deal with another example of Galois category: the category
of finite coverings of a connected topological space (we do not consider the empty
space as a connected space). In the first section (based on [1], 3.7-3.10) we will define
this category and prove that it satisfies all the axioms introduced in the definition
1.1.4. In the second section, we will compute the fundamental group of a very
simple connected topological space (exercise 1.25 in [1]). The cross-references that
are internal to the appendix can be distinguished from the ones that come from the
rest of the thesis because the latter are identified by three numbers (the first two
indicating the chapter and the section, respectively), while the former present only
two numbers (the first one indicating the section).

1 A Galois category

We start by recalling the definition.

Definition 1.1. Let X, Y be topological spaces and f : ¥ — X a continuous
map. We say that f is a trivial covering of X if there exist a discrete topological
space E and a homeomorphism ¢ : Y — X X F such that f = px o ¢, where
px : X X E — X is the projection on the first coordinate. This is illustrated by the

following commutative diagram.

Y Ld X X F

N A

We say that f is a covering of X if for every x € X there exists an open subset
U C X such that z € U and the restriction f : f~1(U) — U is a trivial covering. A
covering f : Y — X is said to be finite if for every € X the preimage f~'({z}) CY
is a finite set. In this case, for any x € X we call |f~1({z})| the degree of f at z.
If X, Y, Z are topological spaces and f : Y — X, g: Z — X are coverings of X,
then a morphism of coverings from f to g is a continuous map h : Y — Z such that
goh=1Ff.

Remark 1.2. (1) Let X be a topological space. It is immediate to check that the
composition of two morphisms of coverings is again a morphism of coverings.
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Moreover, for any covering f : Y — X we have that idy is clearly a morphism
of coverings from f to f. This shows that coverings of X form a category. We
will restrict our attention to finite coverings. We denote the category of finite
coverings of X by Covy.

(2) Let X, Y be topological spaces and f : Y — X a finite covering of X. The
map

d: X =N, z— |f_1({x})|

is continuous, if we consider the discrete topology on N. Indeed, if n € N, let
r € d71({n}), ie. |f~1({z})| = n. By definition of covering, there exists an
open subset U C X such that € U and f: f~1(U) — U is a trivial covering.
So there exist a discrete topological space F and a homeorphism ¢ : f~1(U) —
U x FE such that f = py o ¢, where py : U x E — U is the projection on the
first coordinate. For any 2’ € U, we have that f~1({2'}) = (pr o)1 ({z'}) =
e Ly ({2'})) = ¢ 1({2'} x E). Since ¢ is a homeomorphism, it is bijective,
so we have |[f~1({z'})] = |[¢p ({2} x E)| = {2’} x E| = |E|. Since z € U,
this holds in particular for z, so n = |f~'({z})| = |E| = |f~'({«'})| for any
2’ € U. This shows that U C d~'({n}). Hence d~*({n}) is open, which shows
that d is continuous.
In particular, if X is connected we have that d is a constant map, i.e. f has
the same degree at all points of X. We call this degree the degree of f.
Our aim in this section is to prove that, if X is a connected topological space,
then Covy is an essentially small Galois category. First of all we have to define a
functor Covy — sets.

Lemma 1.3. Let X # () be a topological space and fix x € X. For any finite covering
f:Y = X, define Fo(f) = f~*({z}). Moreover, if f:Y — X and g: Z — X are
finite coverings of X and h : Y — Z is a morphism of coverings, we define

Fu(h): Fo(f) = F7'({2}) = Felg) = 97" ({2}), y = h(y) -
Then F, : Covx — sets is a functor.

Proof. First of all, if f: Y — X is a finite covering, then f~1({z}) is a finite set. So
it is indeed an object of sets.

Let f:Y — X and g : Z — X be finite coverings of X and h : Y — Z a morphism
of coverings. We have to show that F,(h) is a well-defined map. Let y € f~({z}).
Then and f(y) = z. Since h is a morphism of coverings, we have that f = goh. Then
x = f(y) = g(h(y)). So h(y) € g~'({x}) and this shows that F,(h) : F.(f) — F.(9)
is well defined.

Let f : Y — X be a finite covering and h = idy. Then, for any y € F,(f) =
S ({#}), we have Fo(h)(y) = h(y) = idy(y) = y. So Fy(h) = idp,(s). Let now
fi:Y =X, fo:Z— X, fs3: W — X be finite coverings of X and let hy : Y — Z,
hy : Z — W be morphisms of coverings. For any y € F,.(f) = f; '({2}), we have

Fy(ha o h1)(y) = (h2 o ha)(y) = ha(h1(y)) =
= ha(Fp(h1)(y)) = Fu(h2)(Fu(h1)(y)) = (Fz(he) o Fu(h1))(y) -
So F(hg o hy) = Fy(ha) o Fy(h1). Hence Fy is a functor. O
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Remark 1.4. The functor we defined in 1.3 depends on the point x we fixed. However,
if X is connected, the functors obtained considering two different points of X are
isomorphic. This could be proved directly, but is also a consequence of theorem
1.4.34(c), together with the proposition 1.8 of this appendix, whose proof is now our
main concern.

The key tool in the proof of the fact that, if X is a connected topological space,
Covy is a Galois category with fundamental functor Fy (for a fixed x € X) will be
the following lemma, which says that not only is each finite covering locally trivial,
but also morphisms between finite coverings are “locally trivial”, in the sense that we
will explain.

Lemma 1.5. Let X, Y, Z be topological spaces, f : Y — X and g : Z — X
finite coverings and h :' Y — Z a morphism of coverings between f and g. For any
x € X, there exists an open neighbourhood U of x in X such that f, g and h are
“trivial above U7, i.e. such that there exist finite discrete topological spaces D and
E, homeomorphisms o : f~Y(U) = U x D and 8 : g~ (U) — U x E and a map
w: D — E such that the following diagram is commutative, where py : U x D — U
and qu : U x E — U are the projections 0}7: the first factor.

fHU) g1 (U)
o %
id
f Ux D—UX%Y oy E g
% %
id
U v U

Proof. Let x € X. By definition of covering, there exist open neighbourhoods Vi, V5
of zin X such that f : f~1(V4) — V4 and g : g~!(Va) — V3 are trivial coverings. This
means that there exist discrete topological spaces D and E and homeomorphisms
a: f71(V1) = Vix D, B:g (Vo) = Vo x E such that py; oa = f and qy, 0 3 = g,
where py, : Vi x D — Vi and gy, : Vo x E — V5 are the projections on the first
factor. Since the coverings are finite, D and E are finite. Define V := Vi NV5. Then
also V is an open neighbourhood of x in X. Notice that f~1(V) = (p1; ca) (V) =
a tpyt (V) = a™H(V x D). So a(fi~'(V)) =V x D and, restricting a to f~(V),
we get a homeomorphism « : f~1(V) — V x D. Analogously, restricting 8 to
g Y(V), we get a homeomorphism 3 : g71(V) — V x E. Clearly, py oa = f and
qvof =g, where py : VXD — V and qy : V x E — V are the projections
on the first factor. By definition of morphisms of coverings, g o h = f. Then, for
any y € f~1(V), we have that g(h(y)) = f(y) € V and so h(y) € g~ (V). Then,
restricting h to f~1(V), we get a continuous map h : f~1(V) — g~ 1(V). Consider
the map Bohoa™! : VxD — V x E, which is continuous because it is the composition
of continuous maps. We have that gy o fohoa™ ' =gohoa™!t = foa™! = py.
Then, for any (v,d) € V x D, we have

(Bohoa™)((v,d) = (qv ((Bohoa™)((v,d)).ar ((Bohoa™)((v,d)))) =

217



APPENDIX: FINITE COVERINGS OF TOPOLOGICAL SPACES

= (pv((v,d)), pu(d)) = (v,0u(d)) ,

where qp : V X E — FE is the projection on the second factor and we defined ¢, :
D — E, d— (ggoBohoa=1)((v,d)), for any v € V. Define ¢ := ¢, : D — E. Then
© is continuous, because we have the discrete topology on D. So the composition
@ o pg is also continuous, where pg : V x E — FE is the projection on the second
factor. Consider the map

ViV XD ExE, (v,d)— (¢(d), po(d)) -

We have that v is continuous, because its components are popg and qyoBohoa™!,

which are continuous. Since E has the discrete topology, the product E x FE is also
discrete. Then the diagonal A := {(e,e) | e € E} C E x Eis open in E x E. It
follows that y~1(A) is open in V x D. Tt is clear, from the definitions of v and
of o, that {2} x D C 4~1(A). Then, applying the definition of product topology,
we get that for any d € D there exists an open neighbourhood Uy of z in V such
that Uy x {d} € 7 1(A) (notice that, since V is open in X, Uy is open also in
X). Define U := (;cpUg. Then U is an open neighbourhood of z, because it is
a finite intersection of open neighbourhoods of = (remember that D is finite). Let
(u,d) € U x D. Since U C Uy, we have that (u,d) € Uy x {d} € v 1(A). So
(p(d), pu(d)) = v((u,d)) € A, which means that ¢, (d) = ¢(d). This shows that
wy = @ for any u € U. As above, using the fact that py oa = f and qy o 5 =
g, we get that a(f~1(U)) = U x D and B(¢g-'(U)) = U x E. So, restricting «
and B3, we get homeomorphisms o : f~}(U) - U x D and 8 : g }{(U) - U x E
such that py oa = f and qu o = g. For any (u,d) € U x D, we have that
(Bohoa 1) ((u,d)) = (u, pu(d)) = (u,(d)). So Bohoa ! =idy x¢. The fact that
qu o (idy x¢) = py = idy opy is obvious. So the diagram is commutative. dJ

The lemma we have just proved can be generalized to a finite number of mor-
phisms as follows.

Corollary 1.6. Let X, Yy,..., Y, be topological spaces (n € N), f1: Y1 — X, ..., fn:
Y, — X finite coverings of X and hy : Y1 = Yo,... hy_1 : Y1 — Y, morphisms
of coverings. For any x € X, there exists an open neighbourhood U of x in X
such that fi1,..., fn, h1,...,hn_1 are all trivial above U, in the same sense as in
the lemma 1.5: there exist finite discrete topological spaces D1, ..., Dy, homeomor-
phisms aq : ffl(U) — U X D1,...,an : 7Y (U) = U x D, and maps p1 : D; —
Do, ....pn—1: Dp_1 — Dy, such that the following diagram is commutative for any
t=1,....n—1, where p1 : U x D1 = U,...,py : U X D, — U are the projections
on the first factor.

_ hi _
i1 (U) o1 (U)
(67} Qi+1
idyr x i
i U x D; et U X Diy1 | fir1
% Pi+1
id
U v U
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Proof. By lemma 1.5, for any ¢ = 1,...,n—1 there exists an open neighbourhood U;
of z in X such that f;, fi11 and h; are trivial above U;. Define U := ﬂ?;ll U;. Then
U is open in X, because it is a finite intersection of open subsets. Moreover, x € U.
So U is an open neighbourhood of x in X. Since U C U; forany i =1,...,n—1, it
is immediate to check that fi,..., fan, h1,...,hn_1 are all trivial above U. O

Lemma 1.7. Let X be a topological space, f Y — X and g : Z — X finite
coverings and h :'Y — Z a morphism of coverings from f to g. Then:

(1) ITm(h) is both open and closed in Z;
(2) h is an epimorphism in Covx if and only if it is surjective.

Proof. (1) Let z € Z. Consider x := g(z). By lemma 1.5, there exists an open

neighbourhood U of x in X such that f, g and h are trivial above U. This means
that there exist finite discrete topological spaces D and E, homeomorphisms
a: fYU) - UxDand B:g Y(U) = UxFE and amap ¢ : D — E such
that Boh = (idy x¢)oa, f =pyoa and g = qu o B, where py : U x D — U,
qu : U x E — FE are the projections on the first factor. Since g(z) =z € U,
we have that z € g~ }(U).
Assume that z € Im(h). Then there exists y € Y such that z = h(y). Since
h is a morphism of coverings, we have that f = hog. So f(y) = g(h(y)) =
g(2) = x € U, which implies that y € f~1(U). Consider a(y) € U x D. Since
f = pu o «, we have that a(y) = (f(y),d) = (x,d), for some d € D. Define
e :=¢(d) € D. Let 2’ € U. Then (2/,d) € U x D and, since fohoa ! =
idy X, we have that

(«',e) = (idy x¢)((2',d)) = B(h(a™ ((«', d)))) .

So (2/,e) € B(Im(h)). This shows that U x {e} C S(Im(h)). Then, since j is
a homeomorphism, we have that 371(U x {e}) C Im(h). But U x {e} is open
in U x E, because E has the discrete topology. So 871U x {e}) is open in
g Y(U). Since g~ 1(U) is open in Z, this implies that 371 (U x {e}) is open in Z.
Moreover, 3(z) = B(h(y)) = (idv x¢)(a(y)) = (idy x@)((z,d)) = (z,¢(d)) =
(z,e) € U x {e}. So z € B7Y1(U x {e}). This shows that Im(h) is open.

On the other hand, assume that z ¢ Im(h). Consider 3(z) € U x E. Since
g = qu o B, we have that 8(z) = (g(z),e) = (x,e), for some e € E. Let
2 € B7HU x {e}) C ¢g~1(U) and assume by contradiction that 2’ € Im(h).
Then there exists y € Y such that 2 = h(y). Since f = g o h, we have that
f(y) =g(h(y)) = g(2') € U. Then y € f~1(U). Consider a(y) € U x D. Since
f = pu o a, we have that a(y) = (f(y),d) = (¢, d), for some d € D, where we
defined 2’ := f(y) = g(2') € U. Moreover, since 2z’ € 371U x {e}) C g~ }(U)
and g = qu o 3, we have that 3(z') = (9(z'),e) = (2/,e). Then, since Boh =
(idy x¢) o a, we have

(@', e) = B(2') = B(h(y)) = (idu xp)(a(y)) = (idv x¢)((2',d)) = (2',¢(d)) .
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So e = ¢(d). Now we have that

B(z) = (z,¢) = (z,0(d)) = (idy x9)((z,d)) =
= ((idv %) 0 a)(a™*((z,d))) = B(h(a" ((z,d)))) ,

which, since 3 is a homeomorphism, implies that z = h(a~!((z,d))) € Im(h).
This is a contradiction. So 2’ ¢ Im(h). This shows that ~H(U x {e}) C
Z\Im(h). But U x {e} is open in U x E, because E has the discrete topology.
So B7HU x {e}) is open in g~ 1(U). Since ¢g~!(U) is open in Z, this implies
that 371(U x {e}) is open in Z. Moreover, z € ~1(U x {e}) (because 3(z) =
(x,e) € U x {e}). This shows that Z\ Im(h) is open. Hence Im(h) is closed.

(2) Assume that h is surjective. By example 1.1.3(6), we have that h is an epi-
morphism of sets (notice that in the proof we did not use the fact that the
sets were finite, so it works for arbitrary sets). Let W be a topological space
and m : W — X a finite covering. Let l1,lo : Y — W be two morphisms of
coverings such that [y o h = lo o h. In particular, l1,ls are maps between sets.
Since h is an epimorphism of sets, this implies that [; = Is.

Conversely, assume that h is an epimorphism. Consider the set E := {a,b}
(with a # b), endowed with the discrete topology, and the finite trivial covering
px : X x E — X (projection on the first factor). Define

lh:Z—=>XXE, z— (9(2),a)
and
(9(2),a) if z € Im(h)
(9(2),b) if z ¢ Im(h) -
It is clear that [; is continuous, because its components are g, which is contin-
uous by assumption, and the map Z — E, z — a, which is continuous because

it is constant. Let us prove that [y is continuous. The first component is g,
which is continuous. The second component is

lyZ%XXEzH{

m:Z —FE, z— {a if 2 € Im(h) .
b if z ¢ Im(h)

We have that m~!({a}) = Im(h) and m~1({b}) = Z\ Im(h). Both are open, by
point (1). So Iy is continuous. From the definitions of [; and [y, it is clear that
px ol = g = pxols. This means that [y and lo are morphisms of coverings. For
any y € Y, we have that h(y) € Im(h) and so l2(h(y)) = (9(h(y)),a) = l1(h(y)).
So li oh =ly 0 h. Since h is an epimorphism, this implies that {1 = l5. Then,
for any z € Z, we have that ls(z) = l1(2) = (9(2),a), which implies that
z € Im(h). Hence h is surjective.

O

Proposition 1.8. Let X be a connected topological space (in particular, X # 0) and
firx e X. Let F, : Covy — sets be the functor defined in lemma 1.5. Then Covx
1s an essentially small Galois category with fundamental functor F,.
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Proof. First of all, we prove that Cov x is essentially small. It is enough to show that,
for any n € N, the collection of isomorphism classes of coverings of X of degree n (see
remark 1.2(2)) isaset. If f : Y — X is a covering of degree n, then there is a bijection
¢:Y — X x{1,...,n} such that f = px o ¢, where px : X x {1,...,n} — X is
the projection on the first factor. Then ¢ induces a topology on X x {1,...,n} such
that ¢ becomes a homeomorphism (notice that, if we consider the product topology
on X x {1,...,n}, then ¢ is in general only a bijection, not a homeomorphism: if it
is a homeomorphism, then f is a trivial covering). Then f is isomorphic to px. The
collection of all possible topologies on X x {1,...,n} is a set, because it is a subset
of the power set of the power set of X. Then the collection of isomorphism classes
of coverings of X of degree n is a set. Hence Covy is essentially small.

We check now that the conditions listed in definition 1.1.4 are satisfied.

(G1) Consider the map idx : X — X (which is clearly continuous). We have an
obvious homeomorphism ¢ : X — X x {1}, z — (x,1) and clearly pxop = idx
(where px : X x {1} — X is the projection on the first factor). So idx is a
trivial finite covering. For any finite covering f : ¥ — X, we have that f is
continuous and idy of = f, so f is a morphism of coverings from f to idx. It
is clearly the unique such morphism. This proves that idx is a terminal object
in Covy.

Let fi: Y1 — X, fo: Yo - X, g: Z — X be finite coverings, h; : Y1 — Z
and ho : Yo — Z two morphisms of coverings. This means that go h1 = f;
and g o hy = fo. Consider the fibred product Y; Xz Y5 as defined in example
1.1.3(2), with the subspace topology of the product. Let p; : Y1 Xz Yo — Y7,

o Y] Xz Ye — Y5 be the projections, which are continuous by definition of
the product topology, and define f := fiop; : Y1 Xz Yo — X. Then f is
continuous, because it is the composition of continuous functions. Notice that
f=/fiopi =gohioop =gohyops = fy0py, since hy opr = hy ops by
definition of the fibred product of sets. We claim that f is a finite covering
of X. Let 2/ € X. By corollary 1.6, there exists an open neighbourhooud
U of 2’ in X such that fi, fo, g, h1, ho are all trivial above U. This means
that we have finite discrete topological spaces D1, Dy and E, homeomorphisms

1 ffNU) = UxDy,ag: f;'(U) = Ux Dyand B: g (U) - Ux E
and two maps @1 : D1 X E| @9 : Dy X E such that: foh; = (idy x¢1) o a1,
Bohe = (idy Xp2) o ag, 1101 = f1, ro0as = fo and qo f = g, where
r1:UxDy —-U,re:UxXDy— Dyand q: U x E — E are the projections on
the first factor. We have that

HU) = {(y1,p2) € Vi xz Ya | f((yr,12)) € U} =
={(y1,92) € Y1 x Yo | ha(y1) = ha(y2), fi(y1) €U, fa(y2) €U} =
= {(y1,42) € fi "(U) x f5(U) | ha(1) = ha(y2)} =
= 11 (U) xz ;1 (U) = [T (U) xg-10) J2 H(U)

(the last equality is justified by the fact that hl(fl_l(U)) C ¢ }(U) and
ha(fy 1(U)) € g~'(U)). Then the homeomorphisms aj, ag and 8 induce a

221



APPENDIX: FINITE COVERINGS OF TOPOLOGICAL SPACES

homeomorphism
v fTHU) = [7HU) xg1w) 51 (U) = (U x Di) xuxe (U x Da),
(y1,92) = (o1 (y1), x2(y2))

(it is straightforward to check that this is a well-defined homeomorphism). We
claim that (U x D1) Xyxg (U x Dy) 2 U x (D1 Xg D2). Define

9 : UX(D1 XEDQ) — (UXDl)XUXE(UXDQ>, (u, (dl,dg)) — ((u,dl), (u,dg)) .

Let us prove that ¢ is well defined. If (u,(d1,ds2)) € U x (D1 Xg D3), then
p1(d1) = @2(ds). So

(idu x1)((u, d1)) = (u, p1(d1)) = (u, p2(dz)) = (idv Xp2)((u,d2))

and this proves that ((u,dy), (u,d3)) € (U x D1) xyxg (U x D3). So ¥ is well
defined. We have that ¢ is continuous, because its components are continuous.
It is also clear that ¥ is injective. We prove now that it is surjective. Let
((ul, d1), (UQ, dQ)) S (U X Dl) XUXE (U X DQ). This means that (ul, (pl(dl)) =
(idU xgpl)((ul,dl)) = (ldU X@Q)((Ug,dg)) = (UQ,QOQ(dQ)). So Ul = U and
(pl(dl) = gOg(dQ). Then (dl, dg) € D1 x gDy and (ul, (dl, d2)) e Ux (D1 XEDQ).
Moreover,

19((ulv (dlﬂdZ)» = ((ulvdl)v (uhd?)) = ((u17d1)7 (u27d2)> .

This shows that 9 is surjective. Finally, the inverse map
97 (U x Dy) xyxg (U x Dy) = U x (D1 xg D),
((u1,dr), (uz,d2)) = (u1 = uz, (di,d2))

is also continuous, because its components are continuous. So ¢ is a homeomor-
phism. Now we have a homeomorphism 9 ~!oy : f~1(U) — U x (D1 x g D2) and
D1y x g Dy is a finite discrete topological space. Denote by p: U x (D1 xgD3s) —
U the projection on the first factor. From the definition of ¥, it follows that
po~! = rjosy, where s1 : (U x D1) Xyxg (U x Dy) — U x Dy is the projection
on the first factor. On the other hand, from the definition of v we have that
stoy=aiop. Sopo(¥toy)=riosioy=rioaiop = fiop = f.
This proves that f is a finite covering of X. Since f = f1 o p;, we have that
p1 is a morphism a coverings from f to fi. Analogously, since f = fo o po,
we have that ps is a morphism of coverings from f to fo. We have also that
h1 o p1 = ho o po, by definition of the fibred product of sets. Let now W be
a topological space and m : W — X a finite covering, with two morphisms of
coverings Iy : W — Y7, lo : W — Y5, such that hy oly = ho ols. As in example
1.1.3(2), we have a unique map [ : W — Y] xz Y5 such that l; = p; ol and
lo = pg ol. This map is continuous because its components are continuous.
Moreover, fol = fyop; ol = f1 oly = m, where the last equality follows from
the fact that [; is a morphism of coverings from m to fi. This means that [ is
a morphism of coverings from m to f. Hence f : Y] Xz Yo — X is the fibred
product of f1 : Y7 — X and fo : Yo — X over g : Z — X in the category
COVX.
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(G2) Let (f; : Y; = X)ier be a finite collection of finite coverings of X. Let Y be
the disjoint union [, ;Y;, with inclusions ¢; : Y; — Y, for any j € I. Recall
that the topology on the disjoint union is defined in such a way that a map
from [[;c; Y; to any topological space is continuous if and only if its restriction
to Y} is continuous for any j € I. Consider now the map

f:Y =X,y fi(y),

where j is the unique element of I such that y € Y;. Then f oq; = f; for any
j € I and f is continuous by definition of the topology on the disjoint union.
We claim that f is a finite covering of X. Let 2’ € X. For any j € I, since f; is
a finite covering of X, there exists an open neighbourhood Uj of 2’ in X such
that f; : f{l(U) — U is a trivial finite covering, i.e. there exist a finite discrete

topological space E; and a homeomorphism ¢; : fj_l(U) — U x Ej such that
fj = pjop;, where p; : U; x Ej — Uj is the projection on the first factor. Define
U :=\;e; Ui- Since I is finite, U is an open neighbourhood of 2’ in X. For any

j € I, we have that f;l(U) = (pjop;) 1 (U) = gojfl(pj*l(U)) = cp;l(UxEj). So
@j(fj»_l(U)) = U x E; and, restricting ¢; to fj_l(U), we get a homeomorphism

@ f]._l(U) — U x Ej. By definition of f, we have that

) = {ye y =[]V

icl

fly) € U} =
=[Mvevilfiy =rw vy =[1"©0).

i€l il

Define ¢ : f~H(U) = [L;e; f7 '(U) = [ Lic; (U x Ei), y = ©;(y), where j is the
unique element of I such that y € Y;. It is straightforward to check that ¢ is
a homeomorphism. Moreover, consider

V:U x (HE) = [IW x Eb), (u,€) = (u,e) .
iel iel

This is well defined, because if (u,e) € U x (][;c; E;) we have that u € U and

there exists a unique j € I such that e € E;, so (u,e) € UxE; C [[,;(UXxEj).

It is obvious that ¥ is bijective. Moreover, ¥ is continuous. Indeed, a base of

open subsets of [[;.;(U x E;) is given by

U{Vx {e} |V C U open, e € E;}
el

and, for any j € I, V C U open and e € E;, we have that 9=1(V) =V x {e}
is open in U X (Hie[ EZ-), because [[;.; £ has the discrete topology. Also the

0 [ x E) = U x (HE) . (u,e) — (u,e) .

icl icl

223



APPENDIX: FINITE COVERINGS OF TOPOLOGICAL SPACES

is continuous, because the restriction to U x Ej; is continuous for any j € 1. So
¥ is a homeomorphism. Now we have a homeomorphism 9o : f~1(U) —
U x (I1;e; Ei) and [[;c; Ei is a finite discrete topological space (because I
is finite and Fj; is a finite discrete topological space for any j € I). Denote
by py : U X (Hiel EZ) — U the projection on the first factor and by q} :
U x E; = [l;c;(U x E;) the canonical inclusion, for any j € I. Let j € I.
From the definition of ¥, it follows that py o910 q;- = pj. Moreover, from the
definition of ¢, we have that p o q; = qé. o ;. Then

prod topogi=pyodtogiop;=piop;=fi=fog;.

Since this holds for any j € I, we must have py o (9" 1op) = f. So fis a
finite covering of X. For any j € I, we have that ¢; : Y; — Y is a morphism
of coverings from f; to f, because f o gq; = f;. Let now Z be a topological
space, g : Z — X a finite covering and h; : Y; — Z a morphism of coverings
(i.e. hj continuous and go hj = f;), for any j € I. As in example 1.1.3(3), we
have a unique h : Y = [],.;Y; — Z such that h; = hog; for any j € I. This
map is continuous, because for any j € I its restriction to Y; is hj, which is
continuous. Moreover, we have that gohogq; = go h; = f; = f oq; for any
j € I and this implies that go h = f. So h is a morphism of coverings from f
to g. Hence f:Y — X is the sum of the f;’s in Covy.

Let now f : Y — X be a finite covering and G a finite subgroup of Autcoy (f)-
Notice that any automorphism of f is in particular a homeomorphism of Y.
Then we can consider the set of orbits Y/G, provided with the quotient topol-
ogy. For any o € G, we have that f oo = f, because ¢ is a morphism of cov-
erings. Then, as in example 1.1.3(5), we can define f: Y/G — X, Gy — f(y)
and we have f = fop, where p: Y — Y/G, y + Gy is the canonical projection.
By definition of quotient topology, f is continuous. We claim that f is a finite
covering of X. Let 2/ € X. Since G is finite, by corollary 1.6 there exists an
open neighbourhood U of 2/ in X such that f is trivial above U and any 0 € G
is trivial above U. This means that there exist a finite discrete topological
space D, a homeomorphism « : f~1(U) — U x D and maps ¢, : D — D, for
any o € G, such that f = py o a, where py : U x D — U is the projection on
the first factor, and o o = (idy x¢,) o @, for any o € G. Let 0,7 € G. We
have that

(idy X@gor) ca=aoocoT = (idy X¢,)oaoT = (idy Xps) o (idy xXps) o a .

Since « is a homeomorphism, this implies that idy xX¢sor = (idy X@s) ©
(idy xp7) = idy X(pe © 7). Then pyor = @y © 7. Since G is a subgroup of
Autcovy (f), we have that idy € G. Moreover, (idy X¢iq, )oa = aoidy = a =
idyxp oa. Since « is a homeomorphism, we get that idy xyiq, = idyxp =
idy xidp and so ¢iq, = idp. Since G is a subgroup of Autcovy (f), for any
o € G we have that 0~! € G. Then, by what we have just proved,

Po O Po—1 = Pgog—1 = Pidy = 1dD
and
Po—1 0Ps = Po—log = Pidy = 1dD :
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So ¢, is invertible, i.e. @, isin the symmetric group Sp. What we proved above
means that the map ¢ : G — Sp, 0 — @, is a group homomorphism. Then
Im(y) is a subgroup of Sp. Let o € G. If y € f~1(U), then f(o(y)) = f(y) €
U, since foo = f. Then o(y) € f~1(U). So o(f~1(U)) C f~1(U). On the
other hand, since o~ !(y) € f~1(U) by the same argoment, y = (o (y)) €
o(f~1(U)). So o(f~1(U)) = f~1(U). This means that, if we restrict o to
f~1(U). we get a homeomorphism o : f~1(U) — f~1(U). So restriction to
f~1(U) maps G to a finite group of automorphisms of the topological space
f~Y(U). We have that

(N~ (W) ={GyeY/Q| fly) = Fly) e U} =
—{GyeY/G|ye [ U)}=F1U)/G .

The homeomorphism « induces the following map:

a: (f) ') = f1(U)/G = (U x D)/({idv} x Im()),
Gy — ({idy} x Im(p))a(y) -

It is immediate to check that @ is well defined. Moreover, @ is continuous
by definition of quotient topology, because @ o p = ¢ o « is continuous, where
q:UxD — (UxD)/({idy} x Im(p)) is the canonical projection. In the same
way, the map

(U x D)/({idu} x Im(y)) - () (U) = f(V)/G,
({idu} x Im())(u, d) = Ga™ " ((u, d))

is well defined and continuous. This map is clearly the inverse of @&, which is
then a homeomorphism. Moreover, consider

0 :U x (D/Im(p)) = (U x D)/({idy} x Im(e)),
(u, Im(p)d) — ({idy} x Im(¢))(u,d) .

It is immediate to check that ¢ is well defined. We prove now that ¢ is contin-
uous. Let V C (U x D)/({idy} x Im(¢)) be an open subset. Then ¢~ (V) is
open U x D. Let (u,Im(p)d) € 971 (V). Then q((u,d)) = 9((u, Im(p)d)) € V
and so (u,d) € ¢~1(V). Since ¢~ (V) is open, by definition of product topology
there exists an open subset U’ C U such that u € U’ and U’ x {d} C ¢~ (V)
(recall that D has the discrete topology). Let v’ € U’. Then ¥((uv/,Im(¢)d)) =
({idy} x Im(p)) (', d) = q((v',d)) € V. So (u',Im(p)d) € 9~1(V). This shows
that U’ x {Im(p)d} € 971 (V). We have that (u, Im(p)d) € U’ x {Im(p)d} and,
by definition of product topology, U’ x {Im(y)d} is open in U x (D/Im(yp)),
because D/Im(yp) has the discrete topology. So ¥~1(V) is open. This proves
that ¥ is continuous. It is obvious that ¥ is bijective, with inverse

971 (U x D)/({idy} x Im()) = U x (D/Im(p)),
({idu} x Im(p))(u, d) = (u, Im(p)d) ,
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which is immediately checked to be well defined. Moreover, ¥~! is continuous,
because its components are continuous. Then 9 is a homeomorphism. Now we
have a homeomorphism 9~ o @ : (?)_1 (U) = U x (D/Im(p)) and D/Im(yp)
is a finite discrete topological space. Denote by ¢y : U x (D/Im(yp)) — U the
projection on the first factor. By definition of 1, we have that gy o9 toq = py.
Then we have

(qov™to@op=quod~togoa=pyoa=f=fop,

which implies that gy o (9! o@) = f (by uniqueness in the universal property
of the quotient of sets). So f is a finite covering of X. Since f = f op, we have
that p is a morphism of coverings from f to f. We have also that foo = f,
for any ¢ € . Let now Z be a topological space and g : Z — X a finite
covering, with a morphism of coverings [ : Y — Z such that [ o 0 = [ for any
o in G. As in example 1.1.3(5), we have a unique map [ : Y/G — Z such that
I = lop. This map is continuous by definition of quotient topology, because
I =1 opis continuous. Moreover, since [ is a morphism of coverings, we have
that gol = f and so golop = gol = f = fop. This implies that gol = f. So
[ is a morphism of coverings from f to g. Hence f : Y/G — X is the quotient
of f by G in Covy.

Let f:Y — X, g: Z — X be finite coverings and h : Y — Z a morphism
of coverings. Consider Im(h) C Z with the subspace topology and define
¢ =g :Im(h) - X. Then ¢ is continuous, because it is the restriction of
a continuous function. Moreover, ¢ = g o v/, where v/ : Im(h) — Z is the
canonical inclusion (continuous by definition of the subspace topology). We
claim that ¢’ is a finite covering of X. Let 2/ € X. By lemma 1.5, there
exists an open neighbourhood U of 2’ in X such that f, g and h are trivial
above U. This means that we have finite discrete topological spaces D and FE,
homeomorphisms a : f~Y(U) — U x D and 8: g }(U) — U x E and a map
¢ : D — E such that foh = (idy Xp)oa, f = py oa and g = qu o 3, where
py U xD —= U and qu : U x E — U are the projections to the first factor.
We have that (¢')~ ( ) ={z €Im(h) | g(z) = ¢'(2) € U} = Im(h) N g1 (V).
Let z € (¢')"Y(U) = Im(h) N g~ (U). Then g(z) € U and there exists y € Y’
such that z = h(y). Since h is a morphism of covermgs we have that f = goh.
So f(y) = g(h(y)) = g(z) € U, ie. y € f~YU). Since f = py o a, we have
that a(y) = (f(y),d), for a d € D. Then, since o h = (idy x¢) o a, we have
that

B(z) = B(h(y)) = (idu x¢)(a(y)) =
= (idu x@)((f(y),d)) = (f(y),¢(d)) € U x Im(p) .

This shows that 3((¢')"1(U)) € U x Im(¢p). Conversely, let (u,e) € U x Im().
Then e € Im(yp), i.e. there exists d € D such that e = ¢(d). So, if we set
y = a ((u,d)), we have

(u,e) = (idy x¢)((u, d)) = (idy x¢)(a(y)) = B(h(y)) € f(Im(h)) .
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So B((¢)"Y(U)) = U x Im(p). Then, restricting 8 to (¢')"1(U), we get a
homeomorphism 3 : (¢')~}(U) — U x Im(¢). Notice that Im(p) C E is a finite
discrete topological space. Moreover, since g = gy o 3, we have also ¢’ = qj; 003,
where qf; : U x Im(¢) — U is the projection on the first factor. So ¢’ is a finite
covering of X. Since ¢’ = g ou/, we have that u' is a morphism of coverings
from ¢’ to g. Define also v’/ = h : Y — Im(h), which is continuous since h is
continuous. We have ¢’ ou” = goh = f, so v” is a morphism of coverings
from f to ¢’. Clearly we have that f =« o u”. Moreover, u” is surjective, so
it is an epimorphism in Covy, by lemma 1.7. It remains to prove that u’ is a
monomorphism in Covy. We have that ' is injective, so it is a monomorphism
of sets, by example 1.1.3(6) (notice that in the proof we did not use the fact
that the sets were finite, so it works for arbitrary sets). Let W be a topological
space and m : W — X a finite covering. Let l1,lo : W — Im(h) be two
morphisms of coverings such that v’ ol; = ' oly. In particular, 1, s are maps
between sets. Since h is a monomorphism of sets, this implies that I} = ls.

Assume now that h is a monomorphism in Covx. We claim that A is injective.
By the proof of (G1), we have that m = fop; = fops: Y xzY — X isa
finite covering of X, where p1 : Y XxzY =Y po: Y Xz Y — Y are the two
projections, which are morphisms of coverings from m to f. By definition of
fibred product, we have that h o p; = h opse. Since h is a monomorphism in
Covx, this implies that p; = pa. Let now y1,y2 € Y such that h(y;) = h(y2).
Then (y1,y2) € Y xzY. So we have y1 = p1((y1,92)) = p2((y1,92)) = y2. This
proves that h is injective. Then h : Y — Im(h) is bijective. We claim that it
is a homeomorphism. We already know that A is continuous, so it is enough
to prove that it is open. Let V' C Y be open and let z € h(V). Then there
exists y € V such that z = h(y). Define 2’ := g(z) € X and consider U, D,
E, a, B and ¢ as above. Then z € g~ 1(U). Since f = g o h, we have that
fy) = g(h(y)) = g(z) = 2', which implies that y € f~1(U) N V. Since V is
open in Y, we have that V' N f~1(U) is open in f~1(U). Then a(V N f~1(U))
is open in U x D, because « is a homeomorphism. Since f = py o a, we have
that a(y) = (f(y),d) = (2/,d), for a d € D. Then (2/,d) € a(V N f=YU)).
By definition of product topology, there exists an open neighbourhood U’ of
2’ in X such that U’ x {d} C a(V N f~Y(U)) (recall that D has the discrete
topology). Define e := ¢(d) € E. Since fo h = (idy x¢) o a, we have that

B(z) = B(h(y)) = (idy xp)(a(y)) = (dy xp)((2', d)) = (', €) .
So B(z) € U' x {e} and 2z € B71(U’" x {e}). Let 2” € U'. Then (2",d) €
U' x {d} C (VN f~YU)), which implies that a=*((z”,d)) € VN f~YU). So
(«",€) = (idy x¢)((2',d)) = B(h(a" (2", d)))) € B(R(V)) -

This shows that U’ x {e} C B(h(V)), so B~HU" x {e}) C h(V). We have
that U’ x {e} is open in U x E, because E has the discrete topology. Then
B~HU’ x {e}) is open in Z. This proves that V is open. So h: Y — Im(h) is
a homeomorphism. Consider the finite covering ¢’ : Im(h) — X as above. We
have that f = goh = ¢g’oh, so h is a morphism of coverings from f to ¢’. Since
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(G4)

h :Y — Im(h) is a homeomorphism, we have that h~! is also continuous.
We have foh™! = ¢ and so h™! is a morphism of coverings from ¢’ to f.
This proves that f : Y — X and ¢’ : Im(h) — X are isomorphic in Covy.
It remains to prove that ¢’ (together with the canonical inclusion) is a direct
summand of g : Z — X. Consider W := Z\Im(h) and ¢" =g : W — X.
Clearly, ¢” is continuous, because it is the restriction of a continuous function.
We claim that ¢” : W — X is a finite covering. Let 2’ € X and consider U, D,
E, o, B and ¢ as above. Then

(¢ U)={ze W |g(z) =¢"(x) €Uy =WNg ' (U) =
= (Z\Im(h)) Ng~"(U) = g~ (U)\(Im(h) N g~ (U)) = g~ (U)\ ((¢") (V)
I

(see above for the last equality). As above, we have 3((¢g")~1(U)) = U x Im(p).
Then, since § is a homeomorphism, we have that

Blg") W) =B (g O\ ((¢) 1)) =
= Bg T U)\B((g)H(U)) = (U x E)\(U x Im(p)) = U x (E\Im(p)) .
Then, restricting 3 to (¢”)~*(U), we get a homeomorphism
B:(d")HU) = U x (E\Im(p)) .

Notice that E\Im(y) C E is a discrete topological set. Moreover, since g =
qu o B, we have also ¢ = ¢; o B, where ¢f; : U x (E\Im(p)) — U is the
projection on the first factor. So ¢” is a finite covering of X. We have that
Z =Im(p) II (Z\Im(p)) = Im(p) I W as sets. By lemma 1.7, we have that
Im(p) is both open and closed in Z. So the topology of Z coincides with the
disjoint union topology. Then we have that g, together with the canonical

inclusions Im(yp) — Z and W — Z, is the sum of ¢’ and ¢”, as in the proof of
(G2).

We have that Fy(idx) = idy' ({z}) = {2}, which is terminal in sets (example
1.1.3(1)). So F, transforms the terminal object idx (see the proof of (G1)) in
the terminal object {x}.

Let fi: Y1 = X, fo:Ys — X, g: Z — X be finite coverings, hy : Y1 — Z and
he : Yo — Z two morphisms of coverings. In the proof of (G1), we saw that
f:Y1 xzYs — X is the fibred product of fi and fo over Z in Covy. For any

(y1,y2) € Y1 xz Ys, we have that f((y1,y2)) = fi(y1) = fa(y2). Then
FH{a}) = {(1,92) €Y1 xz2 Y2 | f((y1,12)) = 2} =
={(y1,92) €Y1 X Y2 | ha(y1) = ha(y2), fr(y1) =z, faly) = 2} =
= {1, 92) € [ {a}) x fo ' ({a}) [ halyn) = ha(y2)} =
= fi (=) xz £ ({2d) = [T {a) Xy o ({2)
(in the last equality we used the fact that hy(f; ({z})) € ¢ '({z}) and
ha(fy ' ({})) € g7 ({2})). So
Fu(f1 Xg fa) = Fo(f) = fH({z}) =
= i ' ({2}) X1 f2 T ({2}) = Fa(f1) Xpy(g) Fo(f2)
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(G5)

(G6)

which is what we needed.

Let (f; : Y; — X)ier be a finite collection of finite coverings of X and define
Y :=[l;c; Yi- In the proof of (G2), we saw that f:Y — X, y > f;(y), where
J is the unique element of I such that y € Y}, is the sum of the f;’s in Covx.

We have that
fly) = w} =

=[[wevil ity =rw) =} =] U} .

el i€l

So Fu(f) = f({x}) = Iier f7 ({a}) = Ilies Fu(fi), which is what we
needed, since the disjoint union is the sum in sets (see example 1.1.3(3)).
Let now f : Y — X be a finite covering and G a finite subgroup of Autcov (f)-

In the proof of (G2), we saw that f:Y/G — X, Gy~ f(y) is the quotient of

f by G in Covy. Notice that F(G) = {U‘F @) ’ o€ G}. We have that

I () = {yey—ﬂm

el

(1)~ (=) = {Gy € Y/G | f(y) = (Gy) =z} =
= {GyeY/G|ye f({z})) = f {=))/F(G) .

So F, (f) = (f)*1 ({z}) = f1({2})/Fe(G) = Fu(f)/F.(G), which is what
we needed (see example 1.1.3(5)).

Let f:Y — X, g: Z — X be finite coverings and h : Y — Z an epimorphism
of coverings. By lemma 1.7, h is surjective. Let z € F.(9) = ¢~ '({z}) C Z.
Then g(z) = x. Moreover, since h is surjective, there exists y € Y such
that z = h(y). Since h is a morphism of coverings, we have that f = g o h.
Then f(y) = g(h(y)) = g(z) = z. Soy € f~'({x}) = F.(f). We have that
F.(h)(y) = h(y) = z. This shows that F,(h) : F,(f) — Fy(g) is surjective, i.e.
an epimorphism in sets (see example 1.1.3(6)).

Let f: Y — X, g: Z — X be finite coverings of X and h : Y — Z a morphism
of coverings such that F,(h) is an isomorphism of sets, i.e. a bijection. Define
A= {2’ € X | F(h) is bijective} C X. We claim that A is both open and
closed in X. Let 2/ € A, i.e. Fu(h) is bijective. By lemma 1.5, there exists
an open neighbourhood U of 2’ in X such that f, g and h are trivial above
U. This means that there exist finite discrete topological spaces D and FE,
homeomorphisms a : f~Y(U) - U x D and 8 : g }(U) — U x E and a map
¢ : D — E such that o h = (idy Xp) oa, f = py oa and g = qu o 3, where
py :UxD —= U and qu : U X E — U are the projections to the first factor.
Since f = py o a, we have that

a(f1({z'}) = al(pr 0 )~ ({2'})) =
=a(a” (g ({2'}) =pp' ({2'}) = {2’} x D
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(we applied the fact that « is a homeomorphism). Analogously, it can be
proved that 8(g~*({2'})) = {2’} x E. Since Fy(h) = h: Fu(f) = f1({z'}) —
Fu(9) = g~ t({2'}) is bijective and idy xp = Bohoa ™!, we have that idy x¢ :
a(f~'{2'})) = {2’} x D = B(¢g7*({z'})) = {2’} x E is bijective. This means
that ¢ is bijective. Then Bohoa™" = idy x¢ : Ux D — U x E is bijective, which
implies that h : f~1(U) — ¢g~1(U) is bijective (since 3 and « are both bijective).
Let now 2” € U. We know that h(f~1({2"})) € g~ *({2"}). Conversely, let
z € g t({a"}) € g YU), ie. g(z) = 2”. Since h : f7HU) — g~ *(U) is
bijective, there exists y € f~!(U) such that z = h(y). Since f = goh,
we have that f(y) = g(h(y)) = g(z) = 2”. Soy € f1({z"}) and 2z =
h(y) € h(f~1({2"})). Then h(f~1({z"})) = g '({2"}). So, restricting the
bijection h : f~HU) — g~ Y(U) to f~1({z"}), we get a bijection h : Fou(f) =
f~*{2"}) — Fur(g9) = g~ *({z"}), which by definition of F,» coincides with
Fpn(h). So Fui(h) is bijective, which means that 2 € A. Then U C A. So A
is open.

On the other hand, let 2’ € X\ A. If by contradiction there exists 2/ € U N A,
then the same argument as above shows that U C A. But z ¢ A, so this is a
contradiction. This means that UN A =0, i.e. U C X\ A. Then X\A is open,
i.e. Ais closed.

So A is both open and closed. But X is connected. Then we must have either
A=0or A= X. Since z € A, we have that A # () and so A = X. This means
that F/(h) is bijective for any 2’ € X. Let y1,y2 € Y such that h(y1) = h(ys).
Then, since f = g ok, we have that f(31) = g(h(s1)) = g(h(32)) = ().
Define 2’ := f(y1) = f(y2) € X. Then y1,y0 € f~'({2'}) = Fw(f) and
FEy(h)(y1) = h(y1) = h(y2) = Fu(h)(y2). Since F,(h) is bijective, we must
have y3 = y2. So h is injective. Let z € Z and define 2’/ := ¢(z). Then
z € g ({a'}) = Fu(g). Since Fu(h) : Fu(f) — Fu(g) is bijective, there
exists y € F(f) = f~1({z'}) C Y such that z = F,/(h)(y) = h(y). So h is
surjective. Now we know that h is bijective and continuous. As in the proof
of (G3), it can be proved that h is open. So h: Y — Z is a homeomorphism.
Since f = go h, we have that f o h~! = g. This shows that also h™': Z - Y
is a morphism of coverings. Hence h is an isomorphism in Cov x.

O

Remark 1.9. In the proof of proposition 1.8, the point where we applied the fact
that X is connected was (G6). In fact, the axiom (G6) is never satisfied if X # ()
is not connected. In that case we can write X as the topological disjoint union
X1 II Xo, with X7 # 0 and Xo # (). Then we can consider the finite covering
f:Y =Xy x{1}) I (X2 x{1,2}) > X. Themap h: X - Y, z— (z,1)is a
morphism of coverings from idy : X — X to f:Y — X. It is clear that h is not
bijective, so it cannot be an isomorphism of coverings. However, if we take z € X7,
we have that F(h) : F,(idx) = {z} — F.(f) = {(x,1)} is bijective. Hence Covy is
Galois with fundamental functor F; (for any x € X) if and only if X is connected.

Corollary 1.10. Let X be a connected topological space. Then there exists a profinite
group 7(X), uniquely determined up to isomorphism, such that Covy is equivalent
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to w(X)-sets. Moreover, 71(X) is isomorphic to Aut(Fy) for any x € X, where
F, : Covx — sets is defined as in lemma 1.3.

Proof. Tt follows immediately from the proposition 1.8 and from the main theorem
about Galois categories (1.4.34). O

Definition 1.11. If X is a connected topological space, for any x € X we define
(X, z) = Aut(F,) the fundamental group of X in x, where F, : Covx — sets is
the functor defined in 1.3.

Remark 1.12. (1) In topology we have another definition of fundamental group:

for any topological space X # () and any z € X we denote by 7(X,z) the
group of homotopy classes of loops with base point z. If X is path-connected,
this group does not depend on the base point and is denoted by 7(X). If X
satisfies stronger connectdness assumptions (connected, locally path-connected
and semilocally simply connected), then a theorem in algebraic topology states
that the category of coverings of X (all coverings, not only the finite ones) is
equivalent to the category of m(X)-sets (also here, all 7(X)-sets, not only the
finite ones). The similarity between this result and corollary 1.10 suggests that
there might be a link between 7(X) and 7(X) (but notice that w(X) is just a
group, not a profinite group). Indeed, such a link exists: it can be proved that
7(X) is the profinite completion of 7(X) (see 2.4 for the definition of profinite
completion).

The fundamental group defined as in 1.11 is functorial in (X, ). More precisely,
we can consider the category Conn, of pointed connected topological spaces,
whose objects are pairs of the form (X, z), with X connected and z € X
(base point), and morphisms are continuous functions that send the base point
of a space into the base point of the other space. To any object (X,z) of
Conn, we can associate the Galois category Covx with fundamental functor
F, : Covy — sets. If we show that the assumptions of lemma 1.4.36 are
satisfied, then we can extend 7 to a functor Conn, — Prof.

Let (X, z), (Y,y) be two objects of Conn, and f : (X,z) — (Y,y) a morphism
in Conn,, i.e. f is continuous and f(z) = y. Then we can define a functor
Gy : Covy — Covy as follows. If g: Z — Y is a finite covering of Y, we can
consider the fibred product X xy Z with the projection p; : X xy Z — X.
Let us prove that p; is a finite covering of X. Let 2/ € X. Since f(2’) € Y and
g : Z — Y is a finite covering of Y, there exist an open neighbourhood U of
f(2') in Y, a discrete topological space £ and a homeomorphism ¢ : g~ 1(U) —
U x E such that pyop = g, where py : U X E — U is the projection on the first
factor. Since f is continuous, f~!(U) is an open subset of X. Moreover, since
f(2') € U, we have that 2’ € f~1(U). So f~!(U) is an open neighbourhood of
7' in X. We have that

pri(THU)) = {@",2) € X xy Z | " =pi((2",2)) € [TH(U)} =
={(@",2) e X x Z | g(2) = f(a") e U} =

={(a",2) € fTH(U) x g7 (U) | 9(2) = f(a")} = 71 (U) xv g~ (U).
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Define

Gipl (fTHU) = fHU) xu g (U) = fHU) x E,
(2", 2) = (2", pE(e(2)))

where pg : U x E — FE is the projection on the second factor (which is continu-
ous by definition of product topology). We have that v is continuous, because
its components are continuous. Moreover, define

W fTNU) x E = pr () = FHU) xu 9T N (U),
(2" e) = (2", 0 ((f(a"),€))) -

This is well defined, because for any z” € f~1(U), e € E we have that

gL ((f(2"),e)) = pu((f(z"),e)) = f(a") (we used the fact that pyop = g)
and so (2", " ((f(2"),e))) € f~YU) xy g1 (U). We have that 1’ is also

continuous, because its components are continuous. Moreover, we have that

V' (((2", 2)) =" ((2", pe(e(2)))) =
= (=", o7 ((f(@"),pE(p(2)))) = (2", ¢ ((9(2), pe(©(2))))) =
= (=", 0" ((pu(9(2), pE(0(2)))) = (2", ¢ (p(2))) = («", 2)

for any (2”,2) € f~1(U) xy g~} (U). So ¢/ otp = idf1(0yxyg-1(v)- Conversely,

Y (2", €))) = (", ¢ (f(z"),e))) =
= (' 7PE(<P( H(f@").e)) = (2" pe((f(a),e)) = (2", €)

for any " € f~1(U), e € E. So ¢pot)’ = idp-1(y)x . This shows that 1 and ¢/
are inverse to each other. So v is a homeomorphism. Moreover, by definition
we have that p1 ) 09 = p1, where py1(yy : Y U) x E — f~Y(U) is the
projection on the first factor. Then p; : X Xy Z — X is a finite covering of X
and we can define Gy(g: Z = Y) =(p1: X xy Z = X).

Ifgr: Z =Y, go: W — Y are two finite coverings and h : Z — W is a
morphism of coverings, then consider the following diagram, where p; : X Xy
Z =X, pp: XXy Z—=>7Z,q: XxyW —=Xand ¢ : X xy W — W are the

projections.
X Xy 7
h o pa
4! X Xy q2 w
lfh lg2
f

X —>Y
Since h is a morphism of coverings, we have that g3 = g2 o h and so (using the
definition of fibred product) f op; = g1 o pa = g2 o hope. Then the diagram is
commutative and, by the universal property of the fibred product, there exists
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a unique continuous map h' : X Xy Z — X xy W such that ¢; o ' = p; and
g2 o h' = h opy. The fact that ¢; o ' = p; means that A’ is a morphism of
coverings from p; = Gy(g1 : Z = Y) toqu = Gy(g2 : W — Y). So we can
define G¢(h) = I'. It is easy to prove that Gy is a functor, using uniqueness
in the universal property of the fibered product.

Let F, : Covx — sets and F, : Covy — sets be defined as in lemma 1.3. If
g:Z —Y is a finite covering of Y, we have that

Fu(Gyl9)) = Gy(9)({a}) = {(#),2) € Xxy Z | &' = Gy(g)(&/,2)) = 2} =
={(x,2) | z€ 7, g(2) = f(x) =y} = {=} x g '({y}) = {} x Fy(g
(we used the fact that f(x) = y). So we have a bijection
o Fa(Gy(9)) = {2} X Fyl) = Fy(9), () =

fg:2—=Y, g : W — Y are two finite coverings and h : Z — W is a
morphism of coverings, consider the following diagram.

Fu(Gy(g1)) = {2} x Fy(g1)——L% B (g))
m(G;«(h))l lw)

Fo(Grlg2)) = {x} x Fy(g2)
For any z € Fy(g1), we have that

Ey(W)(ayg ((z,2) = Fy(h)(2) = h(z) = afq((2,h(2)) =
= a1, (Gr(M)((z,2))) = aypg (Fu(Gr(h))((z, 2))) -

So Fy(h) o ayg = ajg, o Gp(Fy(h)). Then ay = (ayg)geon(Covy) 1S an iso-
morphism of functors from F, o G to Fy.
Let now (X, x) be an object of Conn,. Let g : Y — X be a finite covering of
Xandlet p1 : X XxY = X, p2: X XxY — Y be the two projections. Then
Gidax (9) = p1, by definition. We have that

XxxY={(y) e XxY |2 =idx(2")=g(y)} -
Then py is a bijection, with inverse

Pl Y = X xx Y,y (9(y),y) -

We have that ps is continuous by definition of the topology on the fibred prod-
uct and py 1 is continuous because its components are continuous. Moreover,
by definition of fibred product we have that g o po = idx op; = p1 and so also
g=p1o p2_1. This means that po is a morphism of coverings from p; to g
and py 'is a morphism of coverings from ¢ to p;. Then py is an isomorphism
of coverings from p1 = Giay(9) to g = idcovy(g9). Define B(xz 4 = pa. We
claim that B(x . = (B(x),9)ge0b(Covy) 18 an isomorphism of functors from
Gidy to idcovy- We only have to check the compatibility condition. Let
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g1:Y = X, g2 : Z — X be two finite coverings of X, with a morphism of
coverings h : Y — Z. Consider the following diagram, where po : X xxY — Y
and ¢ : X Xx Z — Z are the projections on the second factors.

X xyx VP2 y

Gidx (h)l lh

X x & A
X bF——
For any (2/,y) € X xx Y, we have that

3@2(Giax (M)((2', 1)) = @2((2', h(y))) = h(y) = h(p2((2',v))) -

So 6(_}(7:0)791 OGidx(h) = q2OGidx (h) = hOpQ = idCOVX(h)O/B(X@),gT This shows
that 5(x ;) is an isomorphism of functors from Giq, to idcovy. Moreover, let
g:Y — X be a finite covering of X and consider Fi(8(x q)4) : Fz(Gidx (9)) =
{z} x Fy(g9) = Fy(g). Using the definitions, for any y € F;(g) we get that

Fo(Bx2),0)(2,9) = Bxa).g(£:9)) = y = iy o((2,9)) -

So Fx(ﬁ(X,:p),g) = Qidyx,g-

Let (X,2), (Y,y), (Z,2) be objects of Conn, with morphisms f; : (X,z) —
(Y,y) and fo: (Y,y) = (Z,2). Let g : W — Z be a finite covering of Z. We
have that

X xy (V xz W) ={(@,(y,w)) € X x (Y xz W) | fi(z') =y} =
={(@,(y,w) e X x (Y x W) | fi(a") =y, (f20 f1) (@) = fo(/) = g(w)}

and
X xzW={(",w)e X xW | (fao fi)x)=g(w)}.

Then the map
Yifog X Xy (Y xz W) = X xz W, (2, (y,w)) — (2/,w)
is a well-defined bijection, with inverse

’Yf_‘l%f%g X xz W = X xy (Y xz W), (2',w)— (2, (f1(2"),w)) .

Both ~v¢, 1,4 and its inverse are continuous, because their components are
continuous. Let p1 : X xz W — X, p11 : X xy (Y xz W) — X and
po1 1 Y xzW — Y be the projections on the first factors. Then piovyy, 1, 4 = P11
and pq1 o Vﬁ%fz,g = p1. This means that vy, 7, 4 is a morphism of coverings
from p1; to p1 and 7]71}]02,9 is a morphism of coverings from p; to p11. Then
Yf1.f2,9 15 an isomorphism of coverings from p11 = Gy, (p21) = Gy, (G,(9)) to
1= Gpop (9). We claim that vy, 1, = (V£ f2,9) geOb(Cov ) 18 an isomorphism
of functors from Gy, o Gy, to G- We only have to check the compatibility
condition. Let g1 : W7 — Z, g2 : Wo — Z be two finite coverings of Z, with a
morphism of coverings h : W1 — Ws. Consider the following diagram.

234



1. A GALOIS CATEGORY

X Xy (Y Xz Wl) RSN X Xz Wl
(Gf1 o sz)(h)l lezoﬁ (h)
X xy (Y xg Woy—20292 sy,

For any (2/, (v, w)) € X xy (Y xz W7), we have that

Vi1, f2.92 (Gfl (sz(h))((mlv (y/7w)))) =
= 7f17f2792((m/’ sz(h)((y/v w)))) = 7f17f2792((x/7 (y/7 h(w)))) =
= (2/, h(w)) = Gpyop, (M) (2, w)) = G o, (B) (V11 £2,6 (2", (¥, w)))) -

SO V12,90 © (G 0 Gp,)(R) = Gpyof, (R) ©Vfy f2.g:- This shows that v¢, ¢, is an
isomorphism of functors from Gy, o Gy, to G, . Finally, let g : W — Z be
a finite covering of Z and consider the following diagram.

Qf .Gy, (9)
(Fy oGy, 0Gp)(g——2" (F,0Gy,)(9)

Fw(’7f1,f279>l laf%g

F G \ af2oflzg
( x © f20f1)(g/ Fz(g)
If p11: X xy (Y xz W) — X is defined as above, we have that

(Fz o Gp 0Gp)(9) =iy ({2}) = {(z, (fi(z),w)) |we W}

For any w € W, we have

A profrg(Fe (V1 12.0) (25 (J1(2),w))) = oy g(Vpr 120 (2, (f1(2), w)))) =
= Qfyofyg((2,0)) = w = ag, 4((fi(2), w)) = ap, glap ap, (2, (fi(2), w)))) -

Then afyof,,9 © Fu(Vf1,f2,9) = Ofarg © Ofy Gy, 1-€. the diagram is commutative.
So the assumptions of lemma 1.4.36 are satisfied and we have a functor 7 :
Conn, — Prof such that 7((X,z)) = n(Covx, F,) = Aut(F,) = 7(X, z) for
any object (X, z) of Conn,.

Example 1.13. Let X be a connected topological space and fix x € X. Since Covy
is an essentially small Galois category with fundamental functor F, we can apply
to it all the results of the previous sections. For example, any object of Covy is the
sum of its connected components (proposition 1.2.20). Tt is interesting to describe
the connected objects of Covy. We will prove that a finite covering f : ¥ — X
is connected if and only if Y is connected. This explains why connected objects in
Galois categories have this name.

First of all, assume that f : Y — X is a finite covering of X with Y connected.
Let g : Z — X be another finite covering and h : Z — Y a monomorphism of
coverings. We have to prove that either g is initial or h is an isomorphism. From
the proof of (G2) in the proposition 1.8, it follows that the initial object in Covx
is ) — X. Assume then that Z # ). By lemma 1.7(1), we have that Im(h) is both
open and closed in Y. On the other hand, Im(h) # 0, because Z # (). Since Y is
connected, this implies that Im(h) = Y, i.e. h is surjective. By lemma 1.7(2), h is
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an epimorphism in Covx. By (G5) of the definition of Galois category, this implies
that F(h) is an epimorphism of sets, i.e. surjective. Since h is a monomorphism,
we have that F,(h) : F,(g9) — F(f) is injective, by corollary 1.2.10. So F,(h) is a
bijection, i.e. an isomorphism of sets. By (G6) of the definition of Galois category,
this implies that h is an isomorphism. Hence f : Y — X is connected.

Conversely, assume that f : Y — X is a connected object of Covx. Let A CY be
a subspace that is at the same time open and closed. Assume A # (). We want to
prove that A=Y. Let ¢: A — Y be the canonical inclusion, which is continuous by
definition of subspace topology. Then fogq: A — X is continuous. We claim that
f o q is a finite covering of X. Let 2’ € X. Since f is a finite covering of X, there
exist an open neighbourhood U of 2’ in X, a finite discrete topological space E and a
homeomorphism ¢ : f~1(U) — U x E such that f = pyoy, where py : Ux E — U is
the projection on the first factor. We have that AN f~1(U) is both open and closed
in f~1(U), by definition of subspace topology. Then, since ¢ is a homeomorphism,
©(AN f~1(U)) is both open and closed in U x E. Define

E :={ecE|(2,e) € p(AN fHU))}.

Let e € E'. Since p(ANf~1(U)) is open, by definition of product topology there exists
an open neighbourhood V, of 2’ in X such that V. x {e} C p(AN f~1(U)). On the
other hand, if e € E\ E’ we have that (z/,¢) € (X x E)\@(AN f~1(U)), which is open
because (AN f~1(U)) is closed. Then, by definition of product topology, there exists
an open neighbourhood V, of ' in X such that V. x {e} C (X x E)\p(AN f~1U)).
Now we have an open neighbourhood V, of 2’ in X for any e € E. Define V := (_p-
Since F is finite, V is an open neighbourhood of 2’ in X. Moreover, we have that

VxE' = [JVx{eh) ¢ U (ex{eh) Ce(An ()

eck’ eckE’

and

Vx (B\E)= | (Vx{eh<S |J (Vex{e)) S (X xEN\p(Anf ' (U)).

c€E\E' c€E\E'

o (VXxE)NpAN f Y )) V x E’ Consider now (f o ¢ ') (V). We have
that (f Q) V) = ¢ (V) = (V) by definition of q. Then, since
V) S FHU), we get (fe Q)_I(V) (A N1 ) N (V) and so

p((fog) (V) = (AN fHU)) Ne(f7H(V)),

because ¢ is bijective. Since py o ¢ = f, we have that

(f1 V) = (o) (V)) = ol pg' (V) =py' (V) =V X E .

So ((foq) H(V)) = (AN f~1(U))N(V x E) =V x E’. Then, restricting ¢ to
f~1(V) we get a homeomorphism ¢ : f~1(V) — V x E’. Notice that E' C F is a
finite discrete topological space. If we denote by py : V x E/ — V the projection
on the first factor, we have that py o ¢ : (f o q)"}(V) — V is the restriction to

o
cf
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(foq) (V) of py o ¢ = f. This restriction is equal to f o g, by definition of q.
So py o ¢ = fogq. This shows that foq: (foq) (V) — V is a trivial covering.
So fog: A — X is a finite covering, i.e. an object of Covy. It is clear that
q: A — Y is a morphism of coverings from f oq to f. Moreover, ¢ is injective, so it
is a monomorphism in Covy (see the proof of (G3) in the proposition 1.8). Since f
is a connected object, we have that either f o ¢ is initial or ¢ is an isomorphism of
coverings. From the proof of (G2) in the proposition 1.8, it follows that the initial
object in Covy is ) —+ X. Then f o ¢ is not initial, because we assumed A # (). So
q is an isomorphism of coverings. In particular, it is bijective. So A = Im(q) =Y.
This proves that Y is a connected topological space.

2 The fundamental group of the pseudocircle

We start with the definition of the topological space we are interested in.

Definition 2.1. The pseudocircle is the topological space X = {0, 1,2, 3} with open
subsets: (bv {0}7 {2}7 {072}a {07 172}7 {Oa 2a3}7 X.

Remark 2.2. First of all, the definition we gave in 2.1 gives indeed a topology: () and
X are open and it can be checked that the union and the intersection of any two
open subsets are again open (since X is finite, there are finitely many open subsets,
so any union of open subsets is a union of a finite family and to show tnat it is
open we can apply induction after proving that the union of any two open subsets
is open). Secondly, X is connected. To prove it, it is enough to check that for any
open subset U ¢ {0, X} the complement X \U is not open. This is immediate from
the definition.

Our aim is to compute 7(X), where X is the pseudocircle. We will achieve
this goal using a combinatorial approach: we will describe all finite coverings of
X (this is possible because we are dealing with a very simple example: in general
more sophisticated techniques are needed). Before doing this, we need to define
the profinite completion of a group, because 7(X) will turn out to be the profinite
completion of a well-known group.

Lemma 2.3. Let G be a group. We define
I ={N<G|[G:N]<+o0}.

We consider on I the order relation defined by N1 > Na if and only if N1 C Ns.
Then I is a directed partially ordered set. Moreover, for any N1, Ny € I such that
N1 > Ny, we define fN1N2 : G/N1 — G/NQ, oN1 — oNa. Then (G/N)Neh (fN1N2 :
G /N1 — G/N2) N, NocI, Ny >N, 1S a projective system of finite groups.

Proof. Tt is clear that > is an order relation. Let N1, Ny € I, i.e. Ny and N are
two normal subgroups of G of finite index, and consider Ny N Na. It is clear that
N1 N Ny is again a normal subgroup. By the tower law for subgrups, we have that
[G : N1 N Na] =[G : Ny]- [Ny : N1 N Ng]. Moreover, by the second isomorphism
theorem we have that Nl/NlﬂNQ = N1N2/N2 and so [Nl : NlﬂNQ] = [NlNQ : NQ] <
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[G:NQ]. Then [G : NlﬂNQ] = [G : Nl] . [Nl : NlﬂNQ] < [G:Nl] . [G : NQ] < +00.
So N1 NNy € I. We have that Ny N Ny € Ny and Ny NNy € Ny. So Ny NNy > Ny
and N1 N Ny > No. This proves that I is directed.

It is clear that fn, N, is a well-defined group homomorphism whenever N1 C Ny, i.e.
Ny > No. If N € I, we have that fyn(oN) =oN =idg/n(oN) for any oN € G/N
and so fyny = idg/N. Moreover, let N1, No, N3 € I such that Ny > Ny > N3. Then
fN1N3(JN1) = JNg = fN2N3(JN2) = ngNg(fN1N2(0N1>); for ever oN; € G/Nl So
fNiNs = fNoNg © fNy N, Hence (G/N)ner, (fvyn, @ G/N1— G/N2) Ny Nyel, Ny>N, 18
a projective system of finite groups (the fact that the groups are finite follows from
the definition of I). O

Definition 2.4. Let G be a group. The profinite completion of G, denoted by G’, is
the projective limit lim G /N (which is a profinite group by definition), where the
projective system I, (G/N)ner, (fnin, 1 G/N1 — G/N2) N, Nocl, Ny>N, is defined as
in lemma 2.3.

Lemma 2.5. Let G be o group. We denote by G-sets the category of fnite sets with
an action of G (notice that in general G is not a topological group, so we cannot talk
about continuity of an action of G; morphisms of G-sets are defined in the same way
as we did for profinite groups). We have that G-sets is equivalent to the category
G-sets (since Gisa profinite group, here we talk of continuous actions).

Proof. We define a functor F : G-sets — G-sets as follows. Let E be a finite G-set.
Let 0 € G, e € E. Consider ¢ = (60N)ner € [[ye; G/N (where I is defined as
in lemma 2.3). For any N, N2 € I with Ny > Na, we have that fy,n,(cN1) =
0Ny by definition (see again lemma 2.3). So ¢ € Hm G/N = G. Then we
can define g.e := ge. Let us check that this is a group action. If ¢ = 1g, then
0= (IgN)ner = 14. Then 1g.e = 15e = e. On the other hand, let 0,7 € G. Then
oT = ((o7)N)ner = (eN)(7N))ner = (6N)ner(TN)ner = o7. So

(o7).e =01e = (67)e = o(Te) = 0.(Te) = o.(T.€) ,

for any e € E. So this indeed an action of G on E, which is then an object of G-sets.
We define F(F) = E, equipped with this action. Let now Ej, E2 be finite G-sets
with a morphism of G-sets f: E1 — Es. Let 0 € G, e € Eq1. Then

f(oe) = f(5e) =5(e) = o.f(e)

So f is also a morphism of G-sets. Then we can define F(f) = f. For every
finite G-set E, we have that F(idg) = idg = idp(gy. Moreover, if Ey, Fa, Ej3
are finite G-sets with morphisms of G-sets f i+ E1 — Eyand g : E5 — Ej3, then
F(gof)=gof=F(g)oF(f). So F is a functor.

We prove now that F'is an equivalence of categories. By lemma 1.4.5, we have to
prove that F' is fully faithful and essentially surjective. Let Ej, Es be finite G-sets
with two morphisms f,g : F1 — Es such that F(f) = F(g). This means that
f=F(f)=F(g) =g. So F is faithful.

Let now FEp, Es be finite G-sets and let f: F(E)) = Ey — F(FEy) = Ey be a
morphism of G-sets. Let K be the kernel of the action of G on Ey, i.e. K := {o €
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G |Ve € B oe =1} < G. Since E is fnite, by lemma 1.1.14 we have that K
is open in G. Then, since 15 € K, there exists an open neighbourhood of 15 that
is contained in K. Recall that the topology on the projective limit is defined as
the subspace topology of the product topology (considering the discrete topology on
cach factor). Then a local base for G at 1 is given by

{UNL“N” = () Pyt ({1aNk}) = () Ker(pn,) [n €N, Ny,..., N, € I} :
k=1 k=1

where py : G — G/N is the canonical projection (which is a continuous group homo-
morphism) for any N € I. So there exist n € N, Nq,..., N,, € I such that Uy, . n, C
K. Since [ is directed, there exists Ny € I such that Ng > Ny for any k =1,...,n.
If o = (onN)nver € Un, = Ker(pn,), then on, = pn,(0) = 1gNp and oy, =
fNoNk(UNo) = fNONk(lgNg) = 1gNp forany k=1,...,n. Soo € mZ:l Ker(ka) =
Uny...N, - This shows that Uy, € Un,..n, € K. Let now o = (oxN)yes € G. Con-
sider o, "0 = (0N, N) v (oNN)ner = (o8, N) " (onN))ver = (05t on)N) Ner-
We have that py, (0n, ‘o) = (U&;JNO)NO = 1¢Ny. So on, ‘o € Ker(pn,) = Uy, C

K. Then, for any e € F1, we have that (E}\Tofla)e = e and

oe = (0N0n, 1 )(0€) = on, (0N, '0)e) = ange = ony.c .

Since f is a morphism of G-sets, it follows that

floe) = flong-e) = ony-f(e) = a f(e)

for any e € Fy. So f is a morphism of G-sets. Moreover, F(f) = f by definition of
F'. This proves that F' is full.

Finally, let E be a finite set with an action of G. Let K be the kernel of the
action of G on F, ie. K := {0 € G|Ve € E oce = e}. Then K is the kernel
of the group homomorphism ¢ : G — Sg,, ¢ — (e — oce). So K is a normal
subgroup of G and, by the isomorphism theorem, G/K = Im(yp) < Sg,. Then
G : K] = |G/K| = |Im(¢)| < |Sg, | < 4+oo. This proves that K € I. For any
o0 = (onN)ner € G, e € E, we define e = oge. First of all, we have to check
that this is well defined. If ox K = o K (with o, 0} € G), then o 0% € K. So,
for any e € E, we have that (o 0% )e = e, which implies that o/.e = ore. We
prove now that we have defined a group action. If 0 = 14, then ox K = 1K and
so lae = 1ge = e, for any e € E. Moreover, let 0 = (onNN)ner, 7 = (TNN)ner € G.
We have that o7 = ((cnN)(TvN))ner = ((onTN)N) ner and so

(o7)e = (oxTK)e = ok (Tre) = o(Tke) = o(Te)
for any e € E. So we have indeed a group action. The kernel of this action is

{0 =(onNN)ner € G |Ve € E oxe=oce=ce} =
:{U:(UNN)N€[€G|O'K€K}:
= {0 = (onN)ne1 € G | pr(0) = ok K = K = 16K} = p {1cK}) ,
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which is open in G because px : G — G/K is continuous and {1¢K} is open in G/K
(which has the discrete topology). Since E is finite, by lemma 1.1.14 we have that
the action of G on F is continuous. So FE, endowed with this action, is an object
of G-sets. We have that F(E) = FE as sets. Moreover, for any 0 € G, e € E, we
have that o0.e = ge = (6 N)nyere = oe. So the two actions of G on E coincide, i.e.
F(E) = E as objects of G-sets. Hence F' is essentially surjective. O

Lemma 2.6. Define a category D as follows: objects of D are pairs of the form
(E,0), with E a finite set and o € Sg, and a morphism from (Ey,01) to (Ea,09) is
a map f: By — Ey with 090 f = f ooy (the composition is defined in the obvious
way). Then Z-sets is equivalent to D.

Proof. For every object (E,0) in D we have that 0 oidg = 0 = idg oo and so idg
is a morphism in D. Moreover, let (E1,01), (E2,02), (E3,03) be objects of D with
morphisms f : (Eq,01) — (F2,02) and g : (Fa,02) — (F3,03). Then og0 f = fooy
and o3 0 g = g o g9. It follows that

o3o(gof)=(o30g)of=(gooz)of=go(orof)=go(foor)=(gof)oor.

So go f is also a morphism in D. This shows that D is indeed a category.

We define a functor F': D — Z-sets as follows. Let (E, o) be an element of D. We
define z.e = o*(e) for every z € Z, e € E. We have that 0.e = 0(e) = idg(e) = e
for every e € E. Moreover,

21.(20.€) = 21.(0%2(e)) = 0* (0%2(€)) = (6™ 0 0™2)(e) = o™ 722 (e) = (21 + 22).€

for every z1,29 € Z, e € E. So we have defined an action of Z on E, which is then
an object of Z-sets. We define F((E,0)) = E, equipped with this action. Let now
f:(F1,01) = (F2,02) be a morphism in D. By definition, g0 f = fooy. Then by

induction we get 05 o f = foo% for every z > 0. This implies foo;* = fo(0})™1 =

z

(03)"Lof=0,%0f for every 2 > 0. So 05 o f = f o of for every z € Z. Then

f(z.e) = f(oi(e)) = (fooi)(e) = (05 0 f)(e) = a5(f(e)) = z.f(e)

for every z € Z, e € E;. So f is a morphism of Z-sets. We define F(f) = f.
For every object (E,0) of D, we have that F(idg) = idg = idp(g). Moreover, if
(E1,01), (Ea,02), (E3,03) are objects of D with morphisms f : (E1,01) — (FEa,02)
and g : (F2,02) — (E3,03), then F(go f) =go f=F(g)o F(f). So F is a functor.
We prove now that F' is an equivalence of categories. By lemma 1.4.5, we have to
prove that F' is fully faithful and essentially surjective. Let (E1,01), (F2,02) be
objects of D with two morphisms f, g : (E1,01) — (E2,02) such that F(f) = F(g).
This means that f = F(f) = F(g) = g. So F is faithful.

Let now (E1,01), (E2,09) be objects of D and let f : F(Ey) = Ey — F(E2) = E»
be a morphism of Z-sets. For any e € FE, we have that

flo1(e)) = f(oi(e)) = f(L.e) = 1.f(e) = 03(f(e)) = o2(f(e)) -

So fooy =090 f,ie. fisalsoamorphism in D. Since F(f) = f, F is full.
Finally, let E be a Z-set. Define o : E — E, e+ le. Then, by definition of action, o
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is invertible, with inverse E — E, e — (—1)e. So (E, o) is an object of D. We have
that F((F,0)) = E as sets, but we have to check that the two actions coincide. By
definition, 1.e = o(e) = le for any e € E. Then by induction (using the definition
of action) we get that z.e = ze for every z > 0, e € E. This implies that

(—2)e = (=2).(0¢) = (=2).(2((=2)¢)) = (=2).(2:((=2)e)) = 0.((=2)e) = (=2)e

for every z > 0, e € E. Then z.e = ze for any z € Z, e € E, i.e. the two actions
coincide. So F((F,0)) = E in Z-sets. Hence F is essentially surjective. O

Corollary 2.7. Let D be the category defined in lemma 2.6. Then Z-sets is equiv-
alent to D.

Proof. 1t follows immediately from the lemmas 2.5 and 2.6. O

Proposition 2.8. Let X be the pseudocircle (defined in 2.1). We have that 7(X) =
Z.

Proof. We have to show that Covy is equivalent to Z—sets, which by corollary 2.7
is equivalent to the category D defined in 2.6. So it is enough to prove that Covyx
is equivalent to D.

We define a functor F : Covy — Z-sets as follows. Let f : Y — X be a finite
covering of X. Then f~1({0}) is a finite set. Moreover, by definition of covering there
exists an open subset U of X such that 1 € U and the restriction f : f~1(U) — U
is a trivial covering. By definition of X, the only open subsets containing 1 are
{0,1,2} and X. But the restriction of a trivial covering is a trivial covering. So, if
f:f"YX)=Y — X is a trivial covering, then also f : f~1({0,1,2}) — {0,1,2}
is a trivial covering. So, in any case, we can choose U = {0, 1,2}. Then there exist
a discrete topological space Ey and a homeomorphism ¢q : f~1(U) — U x E; such
that py o o1 = f, where py : U x E1 — U is the projection on the first factor.
Since py o 1 = f, we have that f~'({z}) = ¢ '(py'({z})) = ¢1'({x} x E1)
for any x € U = {0,1,2}. Then ¢1(f~1({0})) = {0} x E; and ¢1(f~1({2})) =
{2} x Ey (we applied the fact that ¢ is bijective), which allows us to restrict ¢1
to homeomorphisms ¢; : f71({0}) — {0} x By and o1 : f71({2}) — {2} x Ey.
Analogously, by definition of covering there exists an open subset V of X such that
3 € V and the restriction f: f~1(V) — V is a trivial covering. We can choose V =
{0,2,3} because, by definition of X, the only open subsets containing 3 are {0, 2,3}
and X. Then there exist a discrete topological space F3 and a homeomorphism
w3+ f7Y(V) — V x E3 such that py o p3 = f, where py : V x E3 — V is the
projection on the first factor. As above, we can restrict g3 to homeomorphisms
o3« f7H{0}) — {0} x B3 and p3 : f71({2}) — {2} x E3. Define i1 : E1 —
{O}XEl, e (O, 6), ’L'1’2 B — {2}><E1, e+ (2,6), i3,0 : E3 — {O}XEg, e+ (0,6)
and 39 : F3 — {2} x E3, e — (2,e). These maps are clearly bijective. Consider
now

P ::i?:%ogpgogofloilz:El — FE3

which is bijective because it is a composition of bijections. We have that ¢ induces
a bijection idggy x¢ : {0} x E1 — {0} x E3. Define o := @310 (idgoy X¥) o 1 :
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f71{0}) — £71({0}). We have that o is bijective, because it is a composition of
bijections. So (f~1({0}),0) is an element of D. We define F(f) := (f~1({0}),0)
(for the sake of brevity, we omit to check that the definition of o does not depend
on the choice of the discrete topological spaces Ef{, E4 and of the homeomorphisms
01, ).

Now we have to define F' on morphisms. Let f : Y — X, g : Z — X be finite
coverings of X and let h : Y — Z be a morphism of coverings from f to g. As
above, let F(f) = (f~1({0}),0), F(g) = (¢97*({0}),0’). Since h is a morphism
of coverings, we have that f = go h. Then g(h(f~1({0})) = f(f~1({0})) C {0},
which implies that h(f~1({0})) € g~ ({0}). So we can restrict h and get a map h :
f71({0}) — ¢~ 1({0}). We claim that this map is a morphism in D from (f~*({0}), o)
to (g_l({O}),a’). Let U, V, E1, E3, ©1, ©3, 11,0, 11,2, 13,0, 132 and v be as above.
Moreover, we denote by Ey, E3, ¢}, ¢5, 910, 119, 950, i3 and ¢’ the topological
spaces and the maps obtained in the same way, but starting from the finite covering
g. Then o = 3! o (idgoy x10) 0 1 and o' = ()" o (idgey X¢') o ). By lemma
1.5, there exists an open subset of X that contains 1 and above which f, g and h are
trivial. Since the only open subsets containing 1 are U and X and triviality above X
implies triviality above U, we have that f, g and h are trivial above U. Then there
exists a map « : E; — Ej such that the following diagram is commutative, where
pu U x Ey — U and p}; : U x Ef — U are the projections on the first factor.

£ h g\ (U)

Analogously, by lemma 1.5, there exists an open subset of X that contains 3 and
above which f, g and h are trivial. Since the only open subsets containing 3 are V'
and X and triviality above X implies triviality above V', we have that f, g and h
are trivial above V. Then there exists a map  : E3 — Ej such that the following
diagram is commutative, where py : V X E3 — V and p}, : V x Ef — V are the
projections on the first factor. ,

V) 91 (V)
¥3 ¥3

id
A ovx Y e g

% N
/ idy v

v
Now (restricting h to f~1({0})) we have that

o' oh = (p5) " o (idgy x¢') o o h =
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= (gpg)fl o (id{o} Xlﬁ/) o (idU Xa) oY = ((pg)fl o (id{o} X(w/ o a)) o Y1

and

hoazhogpglo(id{o} X1) o) =
= (h) "o (idy x3) o (idgy x¥) 0 1 = (5) " o (idgy X (B o)) 0 1 .

For any e € F1, we have that

i1 9(a(e)) = (2,a(e)) = (idgzy xa)((2,€)) = (idgz} xa)(i12(e)) -

So ij 5 0 @ = (idfgy Xa) od12. On the other hand, for any e € E3 we have that
i55(B(e)) = (2,8(e)) = (idgay xB)((2,€)) = (idg2) XB)(iz2(€)). So igy 0 B =
(idgay xB) 0 iz and Boizy = (i44) ' o (idy xB). Then

W oa=(iyy) opio(ph) il oa=
= (i52) " o ph o (p7) ! o (idgay xa) oidrg = (i55) ' ophohopt oiry =
= (ig’Q)_l o (id{Q} x[3) o 30 (pfl oi12=p0o Zgé 03 0 gofl oi19=L01.

S0 701 = () 1o iy x(4' o) 0 = (64) L i x(Fo ) o 1 — o
ie. “1({0}) — ¢~'({0}) is a morphism in D from (f~({0}),0) = F(f) to
(g‘l({O}) 'Y = F(g). Then we can define F(h) := h|f71({0}) :F(f) = F(g).

For every finite covering f : Y — X we have that F(idy) = (idY)\f_1({0}) =
idg-1q0y) = idp(p). Moreover, if f1 : Y1 — X, fo: Yo = X and f3: V3 — X
are finite coverings of X with morphisms of coverings hy : Y7 — Y5 and hy : Yo — Y53,
we have that

F(hyohy) = (haoh)

= (hg)‘ F(hg)OF(hl) .

o(h =
li=1top) a—1({0}) (1)|f*1({0})

So F'is a functor.

We prove now that F' is an equivalence of categories. By lemma 1.4.5, we have to
prove that F'is fully faithful and essentially surjective. Let f:Y — X, g: Z — X
be finite coverings of X with two morphisms of coverings h,h’ : Y — Z such that
F(h)=F(l). Let U, V, Ey, E3, B}, E}, v1, ¢3, ¢}, 5, a and 5 be as above. Also,
as above, we can find maps o : By — FE{ and ' : E5 — E} such that restricting
R to f~H(U) we have ¢} o b’ = (idy xa’) o ¢ and restricting A’ to f~1(V') we have
@hoh' = (idy x3) o ¢3. Since h‘f_l({o})F(h) =F() = (1) F(h), restricting
h and B/ to f~1({0}) we have that

‘f—l({O})

idfoy X = ¢ ohogpl_1 = ¢ oh/ocpl_1 =1idfoy X

So a = ¢, which implies that P = () Lo (idy xa)opr = (¢)) " to(idy xa')o
(h’)‘Fl(U) Now, restricting h and h' to {1, 3}, we have that

idgy 3y X = hohopst =¢hoh opy! =idg1 3y X8 .
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So B = 8, which implies that h|f_1(v) = (p5)Lo(idy xB)ows = () "Lo(idy xB')o
3 = (h’)|f71(v). Since X = U UV, we have that Y = f~1(X) = f~L({UUV) =
f~HU)U f~Y(V). So we must have h = h’. This proves that F is faithful.

Let now f:Y — X, g: Z — X be finite coverings of X and consider a morphism
X : F(f) = F(g) in D. This means that x : f~!({0}) — ¢~ '({0}) is a map
such that o’ o x = x o o, where F(f) = (f71({0}),0) and F(g) = (¢97({0}),0").
Let Uv7 V, E1, Eg, Ei, Eé, P11, P3, (,0/1, (,Dgy 2'170, 7:172, ’L'3,0, i3’2, ill,O’ ’L'/1’2, ig’o, 2'572,
¢ and ¢’ be as above. Define a := (i} )" o ¢} o xo ot oilg : By — Ef and
B = (i5 )" o@hoxops toizg: B3 — E4. Then a and B are continuous because Fj,
E}, Es, E} are all discrete. Moreover, let hy := (¢})71 o (idy xa) o ¢y : f7HU) —
g 1 (U) C Z and hy == (¢}) Lo (idy xB)ows: f~HV) — ¢ (V) C Z. Then hy and
hs are both continuous, because they are compositions of continuous maps (idy x«
and idy x 3 are continuous because o and § are continuous). Moreover,

(idy xa)((0,¢)) = (0,a(e)) = 11 o(((#1,0) " 0wy o x 001" 0i10)(e)) =
= (¢ ox o vy )(ino(e)) = (¥) o x o971 )((0,¢))

for any e € Ej. Since o1(f1({0})) = {0} x E; (see above), this implies that

(hl)\ffl({(m = (p)) Lol oxop;t opr = x. Analogously, we have that

(idy x8)((0,€)) = (0, B(e)) = 5 o(((i50) " 0y o x 095" 0izp)(e)) =
= (@50 x 095 )(iz0(e)) = (P50 x 0 93")((0,€))

for any e € E3 and, since p3(f~1({0})) = {0} x F3 (see above), this implies that
(h3)1, 1 qoy) = (¥5) " 0Pl ox 0037 0 03 =x. So (h) (h) . On the
other hand, we have that

=10y li=1 0y

(idy xa)((2,€)) = (2,ale)) = @1 5(((i10) " 0 w1 o x 097 ' 0i1p)(e)) =

)

= (120 (110) " o phox 0wy oirgoir,)((2,e)
for any e € E;. Since o1(f1({2})) = {2} x E; (see above), this implies that

_ IN—1 . -/ -1 / -1 _ - -—1
(hl)\f—l({z}) = (@)t odl g0 (i g) ol oxowy odigoi; 0wl Analogously,

(idu xB)((2,€)) = (2, B(e)) = i5o(((i59) " 0 @0 x 005" 0izg)(e)) =
= (i35 0 (i59) " o @h o x 05  0iggoizy)((2,¢e))

for any e € E3 and, since 3(f~1({2})) = {2} x E3 (see above), this implies that
(hg)‘ffl(&}) = (Spé)_l o 1372 o (%70)—1 ophoxo gpgl 03,0 © Z?:; o 3. Recalling the
definition of v, we have that

(idgoy x¥)((0,€)) = (0,%(e)) = izo(¥(e)) = iz0((izz 0 w3001 0ira)(e)) =

= (30 0540 @30y 0i120i1)((0,€))
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for any e € E1. So idjgy x¢ = i37ooz’?:§ogp3o<p1_1oilvgoil_’(l]. Analogously, idgy x9’ =

is g0 (i)t owho(p)) oy g0 (ihy) " Then

(p) "o i3 © (i§,2)_1 opho(p)) o i190 (iﬁ,o)_l opiox =
= () "o (idgoy x¥') ol ox =0’ o x = x 00 =x0p;" o (idgy X)) 01 =

—-1 _ . 1 [ .1
=XO0@P3 ©13001%390P30p 011201 30P1 .

This implies that

(h1)|f_1({2}) =(¢))to i190 (1/1,0)_1 opioxoptoigo 11_5 o1 =
= () T odzp 0 (i50) T ophox 0wy odzgoiz,0ps = (B3l 1 oy, -
B . -1 -1 _ r—1
Then (7)), 1 o012y = 8)1 -1 q0py0p-1qapy - SR SO NSTHV) = f7H(UN

V) = f71({0,2}) = f1{oh) u f1({2}) and fTHO) U fTH(V) = fFHOUUY) =
f~YX) =Y, we can glue hy and hs to get a continuous map h : Y — Z. Recall
that py o1 = f and pj; o ¢| = g, where py : U X Ey — U and p}; : U x Ef — U are
the projections on the first factors. Then

gohl:go(gp’l)*lo(idea)ogol:p’Uo(idea)ogol:idUoongplzf.

Analogously, we have that py o p3 = f and p|, o @5 = g, where py : V x E3 — V
and p|, : V x Ej5 — V are the projections on the first factors, and so

gohg:go(wg)_lo(idvxﬁ)ocpg:p’vo(idvxﬁ)ocpg:idvopvocpg,:f.

Then go h = f. So h is a morphism of coverings from f to g. Moreover, F(h) =
h\f—1<{o}) = x. This proves that F' is full.
Finally, let (F, o) be an object of D. Consider the discrete topology on E and define
Y1 :=U x F and Y3 := V X E, with the product topology. Moreover, consider the
maps

7 :{0,2} x E — Y3, (z,e) — (x,¢€)

and
(r,071(e)) ifz=0

:{0,2} x E = Y3, (r,e) —
7+ 40,2} 3 (7€) {(x,e) fz=2

(recall that o is bijective, by definition of D). Notice that the subspace topology
on {0,2} is the discrete topology, so also the product {0,2} x E has the discrete
topology, which implies that v; and ~3 are continuous. Moreover, v; and 3 are
both injective (for 73, this follow from the injectivity of c=1). Define on the disjoint
union Y7 IT Y3 the following equivalence relation: given y,vy’ € Y7 I1Y3, we say that
y ~ y' if and only if y = ¢ or there exists a pair (z,e) € {0,2} x E such that
y = 7i((z,e)) and ¥ = v;((x,e)), with 7,5 € {1,3} (it is immediate to check that
this is an equivalence relation, using the fact that 1 and 73 are injective). Consider
then the quotient space Y := (Y1 1 Y3)/~. Let py : Y1 =U x E - U C X and
py : Yo =V x E — V C X be the projections on the first factors, which are
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continuous by definition of product topology. Gluing them, we get a continuous map
p: Y111 Ys — X. For any (x,¢e) € {0,2} x E, we have that

p(n((z,e))) = pu(n((z,e))) = pu((z,e)) =
:pU((x C ))) pU(’Y3(( €))) = p(13((z,¢€))) -

It follows that p(y) = p(y’) whenever y,y" € Y7 II Y3 are such that y ~ 3. Then,
by the universal property of the quotient of topological spaces, we can factor p
through a continuous map f : Y = (Y1 I Y3)/~ — X such that p = f om, where
m: Y1 I1Ys — (Y7 I1Y3)/~ is the canonical projection on the quotient. We claim
that f is a finite covering. Since 7 is surjective, we have

FHU) =7 (=N (FHU)) = 7 (p~H(U)) = 7(py (U) U py ' (U)) =
—r(V I (UNV)x E)) = W(YI) Ur((UNV) x E).

For any (z,e) € (UNV)xE = {1,2} xE C Y3, we have that (x,e) = v3((x,0(e))) and
so (z,e) ~ y1((z,0(e))) = (z,0(e)), which implies that W((w,e) = 7((z,0(e))) €
7(Y1). This shows that 7((U NV) x E) C n(Y1). So f~Y(U) = n(Y1) Un((UN
V) x E) = m(Y1). We claim that the restriction m, : Y1 — «(Y1) = f~ LU) is a
homeomorphism. Surjectivity and continuity are clear. If y,y’ € Y; are such that
7(y) = w(y'), then y ~ ¢/. By definition of ~, this means that y = 3’ or there exist
(z,e) € {0,2} x E, i,j € {1,3} such that y = vi((x,e)) and ¢/ = v;((z,€)). In the
last case, since y,y’ € Y1, we must have i = j = 1 and so y = y1((z,¢e)) = ¢'. Then
Ty, is injective. It remains to prove that m, : Y1 — w(Y1) is open. By definition
of product topology, it is enough to show that 7(W x {e}) is open for every W C U
open, e € E. Fix such W and e. By definition of quotient topology, we have to show
that 7= 1(m(W x {e})) C Y1 11 Y3 is open. We have that

“Ha(W x {e})) = (a7 H(@(W x {e})) N Y1) I (x = (n(W x {e})) NY3) .

Since 7, is injective, 7 Y x(W x {e}))NY; = W x {e}, which is open in ¥;. On
the other hand, let y € 71 (7(W x {e})) N Y3. Then there exists 5 € W x {e} C Y}
such that 7(y) = 7(y’'). This means that y ~ 3. Since y € Y3 and ¢y € Y7,
we cannot have y = y'. Then there exist (z,€¢/) € {0,2} x E, i,5 € {1,3} such
that y = ~;((z,€')) and ¥/ = vj((x,€')). Since y € Y3 and y' € Y3, we must have
i =3 and j = 1. Then (z,¢) = n((z,€¢)) = v € W x {e}, which means that
x € W and ¢ = e. It follows that y = y3((z,¢e)) € (W N {0,2}) x {e}).
71 (m(W x {e}))NYs C v3((W N {0,2}) x {e}). Conversely, if x € W N {0,2}, then
15((2,€)) ~ 1((2,€)) = (z,€). S0 7(3a((z,€))) = 7((z,€)) € T(W x {e}), which
implies that y3((z,e)) € 71 (7 (W x {e})) N Y3. Then

“Hr(W x {e}) N Y3 = 13((WN{0,2}) x {e}) =
={u@e) lzewn{o2t= |J {n(@e)).

zeWn{0,2}

Let z € W N {0,2}. Then we have that either x = 0 or z = 2. If x = 0, then
{v3((z,e))} = {0,067 (e))} = {0} x {o7!(e)}. We have that {0} is open in X and
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then also in V. Moreover, {o~!(e)} is open in E (which is discrete). So {y3((x,e))} =
{0} x{o!(e)} is open in V x E = Y3. Analogously, one can show that, if z = 2, then
{73((z,€))} = {2} x{e} is open in V x E = Y3. It follows that 7~ (7 (W x {e}))NY3 =
Usewngozy{13((z,€))} is open in ¥3. Then 7~ (7(W x {e})) = (7~ (m(W x {e})) N
Y1) I (7= Y (m(W x {e})) N Y3) is open in Y; IT Y3. This proves that Ty, 1S opem.
Som, Y1 — f~YU) is a homeomorphism. Then its inverse 7T|;j : f7YU) —
Y1 = U x FE is also a homeomorphism. By definition of f and p, we have that
fo Tly, = Ply, = PU and so py o 7r|;11 = f. This shows that f : f~Y(U) - U
is a trivial covering. Analogously, one can show that f~'(V) = 7(Y3) and that
1 Y3 — m(Y3) is a homeomorphism with py o 77‘;1 =f. Sof:f{(V)=Visa

Ty,

trivial covering. Then, since X = U UV, we have that f is a covering. Moreover,
@) = (o o m )" ({2}) = my, (g ({2}) = 7y, ({2} x E) = {z} x B for
any = € U and f~1({2}) = (pv o m.) 7 ({x}) = m, (7 () = m, ({2} x ) =
{z} x E for any z € V. In any case, f~1({z}) is finite. So f is a finite covering of
X.

Consider now F(f) = (f71({0}),7). We have that f~1({0}) = Ty, ({0} x E) =
7y, ({0} x E). Since m,, : Y1 — m(Y1) is a homeomorphism, restricting to {0} x E
we get a homeomorphism (in particular, a bijection) m,. : {0} x B — 7, ({0} x
E) = f71({0}). Moreover, we have a bijection iy : E — {0} x E, e + (0,¢).
Define ¢ := 7, odo : B — f7'({0}). Let also iz : E = {2} x E, e — (2,¢)
and ¢ = iy o (77‘),3)_1 omy, oiz: B = E (this definition makes sense because
Ty, ({2} x E) = {2} = 7T|Y3({2} x E)). By definition of F, we have that
T =), o (idgoy xtp) o (7T|Y1)*1 : f7H{0}) = F71({0}) (see the construction above).
For any e € F, we have that

7y, (i2(€)) = my, ((2,€)) = (11 ((2,€))) = 7(13((2,€))) = 7, (2, €)) = 7y, (i2(e)) ,
because 71((2,€)) ~ 73((2,¢€)). Then m, oiy = Ty, © i2, which implies that ¢ =
iyt o (7T|Y3)_l omy, oiz = idg. So 7T = m, o (idgoy x idg) © (W‘Yl)_l = My, ©
idjoyx ke o(7r|Y1)*1 =My, © (7r|yl)*1. Moreover, for any e € E we have that
Ty, (i0(e)) = 7, ((0, €)) = (13((0, 0 (e)))) =
= m(11((0,0(e)))) = m,, ((0,0(e))) = m,, (io(o(€))) ,

because v1((0,0(e))) ~ v3((0,0(e))). Then Ty, ©io =), ©igoo. So

To<p—7r‘YSo(7r|Y1) Oy, ©lg =My, 0ig =T, 0lgoo =¢po0,

1 1

which implies also that ¢! o7 = 0 op~!. Then ¢ and ¢~! are morphisms in D. So
¢ is an isomorphism in D from (E, o) to (f~1({0}),7) = F(f). Hence F(f) = (E, o)
and so F' is essentially surjective. O
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