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Abstract

The supergravity action is generically invariant under local supersymmetry only
up to boundary terms. In the context of the AdS/CFT correspondence, the latter
play an essential role when implementing the technique of holographic renormaliza-
tion. We consider minimal N = 2 gauged supergravity in four dimensions and study
the holographic counterterms that ensure supersymmetry of the bulk + boundary su-
pergravity action. This provides an explicit proof that holographic renormalization
preserves supersymmetry in the considered setup.
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Chapter 1

Introduction

One of the most important developments in the study of string theory in the last
decades is represented by the AdS/CFT conjecture, proposed by Maldacena in 1997 [1]
12] [3]- It states that there exists a duality correspondence between a theory of quan-
tum gravity, formulated in terms of string theory, defined on a background given by
the product of an Anti de-Sitter space (AdS) and a compact manifold, and a particu-
lar supersymmetric quantum field theory called SuperConformal Field Theory (SCFT)
living on the boundary of AdS.

The best studied example of Maldacena’s conjecture was that type IIB superstring
theory on the ten dimensional AdSs x S° curved background is dual to N/ = 4 super
Yang-Mills theory (N =4 SYM) with gauge group SU(N).

A first basic check is the matching between the symmetry groups of the two theories.
On the gravity side we have the isometry group of AdSs x S°, on the gauge side there is
the superconformal group of N' = 4 SYM: both of them are isomorphic to SU(2, 2|4) [4].

The useful feature that makes this correspondence interesting is the fact that, in
a certain regime which we explain better in the following, one has a duality between
a strongly coupled (super)conformal field theory and a weakly coupled (super)gravity
theory. That means we can study quantum field theories in strongly coupled regime
via its dual, doing classical calculations in supergravity and using the rules of the cor-
respondence to get information about the former. In order to explain better where
this feature comes from, let us very briefly introduce the objects which live in type 11B
string theory and then study how the parameters of the two theories are related. We
will follow [4] and [5].
Originally type IIB string theory appeared to describe only closed strings. However it
was found [6] that it also includes open strings whose endpoints lie on p-dimensional
spatial hypersurfaces called Dp-branes. The D stands for Dirichlet, because the vi-
brating open strings have to satisfy a Dirichlet condition. The p-dimensional spatial
hypersurfaces (without the open string) are called p-branes. They are extended mas-
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sive and charged objects, namely interacting with the gravitational and gauge fields,
and generalize the concepts of particles (0-branes) and strings (1-branes).

As in electro-magnetism, one can count the p-brane charges computing the flux of the
gauge field, represented by a (p + 1)-form A,.;, on a sphere surrounding the source.
In the case of an extended object with a R~ transverse space, the expression for the
flux reads

/Ss *Fp+2 - N, (11)

where F),,5 is the field strength associated to the gauge field A,.;, * is the Hodge
duality map, S®P is a (8 — p) dimensional sphere and N is the number of units of flux.

After this digression, we have all the tools to come back to the relations between
the parameters of the two theories. On the gravity side we have the string coupling
constant g,, the N units of flux of a stack of D3-branes and a length scale o’ propor-
tional to (length)?. Furthermore the gravitational coupling constant in ten dimensions
is k3, = 871Gy = 64n7g?a’. In N = 4 SYM there are the rank of the gauge group
N and the coupling constant gy (or equivalently the t’Hooft parameter A = g%,,N).
We used the same symbol N for the units of flux and the rank of the gauge group
because it turns out that they have the same value. Furthermore the brane description

in |7] implies the relation g, = gi“—ﬂM.

The AdS/CFT duality is conjectured to hold for all values of the parameters, but it
is difficult to formulate quantitative tests for the strong form of this correspondence.
However, it is possible to find a regime where string theory can be well approximated
by (classical) supergravity, where the calculations are more manageable.

Supergravity is a good approximation of string theory when the length scale ¢ associ-
ated to a field configuration in supergravity is long compared to the string length scale
Va/, namely 2 > o/. An equivalent condition is given by a very small value of the
Riemann tensor Rynpg ~ é% (M, N, P and @ are ten dimensional indices), so that
higher derivative corrections to the basic supergravity action are negligible. In |5] the
authors show that ¢* = 4wg,a?N. This means that the regime we are interested in is
gsN > 1.

Further supergravity theories suffer UV divergences. We don’t know yet how to quan-
tize the superstring in AdSs x S° and studying quantum string effects is very hard. In
order to suppress them we need k%, to be very small, that implies the weakly interact-
ing string condition g, < 1. As a consequence of the condition g;N > 1 one obtains
N > 1, namely the large N limit.

As we mentioned before, g, is related with the field theory parameters as

2
9y m A

= = 1. 1.2

g 47 A7 N < ( )



Thus one gets gyyr < 1 and A fixed. Further the previous equations provide

64
= 4rg,N = gi N = A > 1. (1.3)

Thus we will choose a large value of A\, but fixed.

't Hooft argument states that the effective coupling of a Yang-Mills SU(N) gauged
theory in 't Hooft limit (that is large N and A > 1 but fixed) is A. In this limit calcu-
lations are simplified also for strongly coupled CF'T, because only the planar diagrams
are relevant.

Hence we found a regime in which a weakly coupled supergravity theory is dual to a
strongly coupled gauge quantum field theory in planar limit.

The AdS/CFT correspondence is more general than its AdSs x S°/N =4 SYM
incarnation: in fact it is possible to conjecture other AdS/CFT dualities. This is
the case of the correspondence between the M-theory on AdS, x S7/Z; and a three-
dimensional SCFT, which is the example considered in this work. The SCFT is rep-
resented by ABJM (Aharony, Bergman, Jafferis and Maldacena) theory [8], which is
a three-dimensional N’ = 6 superconformal Chern-Simons theory with gauge group
U(N)j x U(N)_, where the subscripts are the level of the Chern-Simons termd]|
The ABJM theory has two parameters: the rank of the gauge group N and the Chern-
Simons level k. In the large N limit with A = %, the 't Hooft coupling of the planar
diagrams is \ itself. Furthermore, in the regime N'/° > k one can prove that the du-
ality is again of strong/weak type and we can use 11-dimensional supergravity instead
of the entire M-theory defined on AdS, x S7/Z.

Working with supergravity in higher dimension can quickly become very compli-
cated. It is in several situations convenient to perform a dimensional reduction of the
higher-dimensional supergravity on the compact manifold so that a lower-dimensional
supergravity is obtained. Thus we perform a Kaluza-Klein (KK) reduction (or trun-
cation) on the compact manifold. In general this procedure leads to an infinite tower
of fields, which can be split in a finite number of “light” modes and an infinite tower
of “heavy” fields. The KK truncation is called consistent if one can set all the heavy
modes to zero in the equations of motion leaving the field equations for the light modes
only. This is possible only when the on-shell light modes don’t source the heavy ones
[9]. After one gets the solution for the equations of motion of the consistent truncated
theory, one can uplift it on the compact manifold founding the solution for the entire

! The action S of a three-dimensional Chern-Simons theory is the integral of a Chern-Simons 3-form,
namely

Szﬁ/ TT(dA/\A—I—gA/\A/\A), (1.4)
4 M 3

where M is a topological manifold, A is a gauge field and k is a constant called level of the theory.
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starting space.

Hence by employing the consistent truncation procedure, one reduces to study the
fields on a space of lower dimension. The eleven-dimensional supergravity which admits
AdS, x S7 as a solution has a consistent truncation in the minimal four dimensional
N = 2 gauged supergravity theory [9], which correspondingly admits an AdS; vacuum.
This is the theory which we are going to deal with on the gravity side. On the gauge
side we have a three dimensional N' = 2 superconformal field theory defined on the
boundary of AdS space, that is conformally flat. Its action reads |[§]

k 2
Sé/SQZE/TT(dA/\A+gA/\A/\A—Xx—FQDa), (1.5)

where x is the gaugino, D is the auxiliary field of the vector multiplet, and o is the
real scalar field in the vector multiplet.

The supergravity theory admits also other solutions, which are just Asymptotically
locally AdS spaces (AlIAdS): they look like AdS near-boundary, but are different in the
interior (which we will call bulk) [10]. These correspond to deforming the dual SCFT
in various ways as we will see in a moment.

Since the SCFT lives on the boundary of the bulk space, in order to apply the corre-
spondence we need to study the near-boundary behaviour of the metric and fields in
ATAdS. This issue imposes to use the asymptotic expansions of the metric and fields,
which is known as the Fefferman-Graham expansions [10]. We will see how they work
specifically in Chapter

Finally we arrive to the AdS/CFT conjecture which can be expressed as two
fundamental statements [4]. The first statement is that every bulk field is the source
(or background field) of a boundary operator (with the same quantum numbers) and
they are coupled on the boundary. For instance some standard couplings are

d% (g, T" + A,R"), 1.6
H 1z

where g, and A" are the bulk metric and a gauge bulk field induced on the boundary,
while T, and R* are the stress-energy tensor and a conserved current of the CFT. This
example shows how a conformal field theory (represented by the stress-energy tensor)
couples to a generic curved spacetime g,,.

The second statement is

Werr = —Ssuaras (1.7)

where Wepr is the generating functional of the connected correlation functions for the
conformal field theory and S§j;,op4 is the on-shell supergravity action, i.e. evaluated
on a solution of the field equations. This holds in the regime we mentioned at the



beginning of the introduction, that is low energies and weak gravitational coupling.
These statements bring to light important features of the correspondence. A fact which
will reveal to be fundamental for the present work is that global symmetries in CFT
correspond to gauged symmetries of the off-shell gravity action. In the case of super-
symmetry this means that if we want to preserve it in CFT, we need to ask a local
supersymmetric off-shell gravity action, i.e. a theory of supergravity. Furthermore the
second statement tells us that the global symmetries of the generating functional of
the connected correlation functions are the same as those of the on-shell supergravity
action. In fact local symmetry transformations in the bulk induce transformations of
the bulk fields restricted to the boundary. From the CFT point of view, the latter
are sources of the conserved currents and their transformations are global because the
background fields are not dynamical fields of the CFT.

In the end let us notice that theoretically one can obtain all the correlators for CFT
only from the knowledge of the supergravity action evaluated on solutions with general
boundary conditions: this is an example of holography in physics.

We know that the correlation functions of a quantum field theory suffer UV diver-
gences that have to be removed through a renormalization procedure in order to save
its consistency. In a gauge/gravity theory correspondence there is a UV /IR connection,
i.e. the UV divergences of the SCF'T are related to the IR ones of the gravity theory.
Hence we will explain the procedure to remove the UV divergences holographically
through the elimination of the IR divergences, the so-called holographic renormaliza-
tion procedure. In general it consists of regulating the bulk spacetime with a cut-off
(in our case it will be a large, but finite value of the radial coordinate), adding the
correct boundary counterterms that cancel exactly the divergences and removing the
cut-off [10].

According to the features of the correspondence we mentioned above, in order to save
the global supersymmetry in the SCFT, we need to preserve the local supersymmetry
in the gravity theory. Usually the supergravity action is generically invariant under
local supersymmetry up to boundary terms. In AdS/CFT correspondence we need an
action that satisfies local supersymmetry including also the boundary terms. This is
caused by the fact that we can’t set to zero the value of the bulk fields at the boundary
as they correspond to field theory sources, and we are interested in the field theory
generating functional with generic sources switched on. Thus we must require that bulk
action + boundary counterterms to respect local supersymmetry, namely the variation
of counterterms needs to cancel exactly the boundary terms deriving from the bulk
action variation. This corresponds to invariance of the SCFT generating functional
under supersymmetry variations of the sources.

There are different techniques to construct the appropriate counterterms and we will
analyse two of them: the standard [11] and the Hamiltonian [12] approaches. In par-
ticular the second one is used in [12|, which is the article we will mainly refer to in the
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present work. The Hamiltonian approach results more systematic than the standard
one, even though sometimes it turns out to be mathematically more intricate. In the
Chapters [2] and [3| we will explain the basics of both these methods.

This work stems out from the problem studied in [12|. In particular we focus on

the renormalization problem of minimal N = 2, D = 4 gauged supergravity, a theory
that includes the gravity multiplet only, made up of the metric, one Dirac gravitino
and a graviphoton.
The counterterms which preserve local supersymmetry also at the boundary were found
by Papadimitriou in [12], using the Hamilton-Jacobi method. Our purpose will be to
prove the accuracy of those counterterms computing the explicit supersymmetric vari-
ation of the bulk + boundary action.

In Chapter 2| we present the basic features of (super)conformal field theories, with
particular attention to the three dimensional A/ =2 SCFT. Then we analyse the anti
de-Sitter space and Asymptotically locally anti de-Sitter spaces, introducing the idea of
Fefferman-Graham field expansion. After we talk about the AdS/CFT correspondence,
focusing on the two statements of the conjecture and the role of the radial coordinate.
In the end we explain how the standard approach to holographic renormalization works
and we propose a simple explicative example.

In Chapter [3| we briefly introduce the concept of supergravity, focusing on su-
pergravity theories which admit an (Al)AdS vacuum. We propose the simple case of
N =1, D = 4 pure AdS supergravity as an extension of N' = 1, D = 4 pure su-
pergravity. Then we study in detail the minimal N’ = 2, D = 4 gauged supergravity
theory. We compute its supersymmetric variation and find that it is a boundary term.
Then we work out the supersymmetry variation of the counterterms obtained with the
Hamilton-Jacobi method. In the end we compute the near-boundary expansion for
the bulk + boundary action variation and we obtain that it vanishes, thus proving
supersymmetry of the complete action.

In Chapter [4] we summarize the result obtained and we apply it to a concrete
example, which is about the holographic relation between the partition function of
certain superconformal field theories and the microscopic counting of the dual black
holes entropy. In the end we present one possible development of our work.



Chapter 2
AdS/CFT correspondence

In the introduction we stated that AdS/CEFT correspondence concerns the dual-
ity existing between a string theory defined on AdS times a compact manifold and a
SCFT living in a conformally flat spacetime, corresponding to the boundary of AdS.
The correspondence can be generalized so that AdS is deformed to an AlAdS space
and SCF'T is defined on a generic background.
Even though the duality holds for any value of the parameters that characterise the
two theories, we will deal with the low energies and weak gravitational coupling regime,
in which classical supergravity is valid. Furthermore we will omit the analysis of bulk
fields on the entire manifold, because the consistent truncation procedure allows us to
analyse their behaviour on a lower dimensional space by just keeping the degrees of
freedom we need. If one is interested in the behaviour of the bulk fields on the entire
manifold, the uplift procedure allows to obtain it.
In the case of our interest, the eleven-dimensional supergravity with an AdS, x S*
vacuum admits a consistent truncation to minimal D = 4, N' = 2 gauged supergravity
[9] with an Asymptotically locally AdS vacuum. Thanks to these arguments we will
concentrate to theories with (Al)AdS vacua on the gravity side.

In this chapter we primarily give a look to the conformal theories and their su-
persymmetric extension, with particular regard to the N' = 2, D = 3 SCFT algebra
and one of its representations, that is the conformal supercurrent multiplet. Then we
will analyse the AdS space and the AIAdS space, introducing the useful tool of the
Fefferman-Graham field expansion. We will provide an essential introduction to the
AdS/CFT correspondence and its features, discussing separately the holographic renor-
malization procedure. As we mentioned in the introduction there are many different
methods for constructing the boundary counterterms. In Section we will present
the standard approach applied to a pure gravity theory. Instead we postpone the ex-
planation of the Hamiltonian approach to Chapter [3| because we need to introduce the
framework of supergravity in order to discuss its functioning.
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In this chapter we follow [4] [5] [10] [LT] [13] [14] [15] [16] [17].

2.1 Conformal field theories

We will start discussing conformal field theories in flat space. Later we will discuss
how the theory can be coupled to curved space.
The conformal symmetry is defined through the action of its transformation on the

metric B/ 5P
' Oz’
Nob i B — A(@)1, (2.1)

with A(x) an arbitrary positive function of the coordinates called scale factor. Note
that A(z) = 1 corresponds to the Poincaré symmetry group and A(z) = A represents
a dilatation transformation.

Let us study an infinitesimal conformal transformation. It reads (up to the first
order)
o' = 2% + *(z) + O(?) (2.2)

where €*(z) < 1 and substituting this expression in (2.1)) we obtain

%Jﬁ+%ﬁ+O@DQﬁ+@£+Owg:

(2.3)
We set A(x) =1+ K(x) and the equation becomes
€y + 0p€, = K(2)1,,. (2.4)
It is possible to find the expression of K (x) tracing the equation above
2 n
K(x) = Eé?ue . (2.5)

Thus we obtained an equation identifying the infinitesimal conformal transformation
up to first order in the conformal Killing vector e

2
Ouey + 0y, — aﬁpepnm, =0. (2.6)

There are infinite solutions for this equation in d = 2, while in d # 2 there is a finite
number. In fact the possible solutions are e* = a*, w"’z,, Axz* and b x? — 20"z, " with
the respective generators P, J*, D and K*. Here w*” and J" are antisymmetric
tensors. Let us note that the first operator is associated to the traslations, the second
to the Lorentz transformations, the third to the dilatations and the fourth to the special
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conformal transformations.
If we have a d-dimensional theory with d > 2, the total number of solutions is

d(d_1)+1+d:(d+1)(d+2). (2.7)

d
M 2

Realizing a rearrangement of the transformations generators, it can be proved that the
conformal group is isomorphic to SO(2,d).
Adding furthermore the discrete conformal symmetry

T, — % (2.8)

we obtain the full conformal group O(2,d).

Under mild conditions we can prove that a theory invariant under Poincaré and
scale transformations is also invariant under special conformal transformations (see [18]
for details on this subtle issue). In fact, constructing the conformal currents as

JE=T"e,, (2.9)

where ¢, is each of the conformal Killing vectors, we immediately see that the conserved
currents of translation, Lorentz and dilatation symmetries imply

(T a,) =0 — 9,7 =0
(T wypa?) =0 — TH =T (2.10)
Ou(T" Azy) =0— T4 = 0.

Now, studying the special conformal transformations current, we see that it is auto-
matically conserved. In fact

oy [T’“’ (bl,ac2 — 2bpxpx,,)] =T (2b,,xu —2b,x, — nw,b’)xp) =0. (2.11)

If the conformal theory also satisfies supersymmetry, we add to the O(2, D) al-
gebra the supercharges )¢, the R-symmetry generators and the so-called conformal
supercharges S° to close the algebra. That enhanced algebra is called superconformal
algebra and we have a superconformal theory. Those superconformal theories actually
play a role in the AdS/CFT correspondence.

In the next section we will summarize some aspects of supersymmetry and provide
the three dimensional N' = 2 superconformal algebra structure relations.
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2.2 N =2, D = 3 superconformal algebra

According to the Coleman-Mandula theorem in the presence of massive particles,
bosonic charges are limited to the Poincaré symmetry plus internal symmetry charges.
Furthermore the symmetry algebra of the theory is a direct sum of the Poincaré algebra
and a finite-dimensional compact Lie algebra for internal symmetry.

If we admit a graded algebra, the situation is governed by Haag-L.opuszanski-Sohnius
(HLS) theorem and we need to add spinor (super)charges @Q°, to the symmetry algebra.
Here « is a spinor spacetime index, 7 = 1, ..., NV is the index labelling the number of
supercharges (and supersymmetries).

Hence supersymmetry (SUSY) theories realize the most general symmetry possible
within the framework of the few assumptions made in the hypotheses of the CM and
HLS theorems. Further, because of the structure of supersymmetry transformations,
in a certain way they unify bosons and fermions.

Moreover in theories that contain only massless fields and are scale invariant at the
quantum level, there are the additional possibilities of conformal and superconformal
symmetries.

The case of interest for this work is the three dimensional N = 2 superconfor-
mal algebra. It contains all the generators in the supersymmetry algebra, namely
the bosonic generators of the Poincaré group P, and M, and one (complex) spinor
supercharge @, with its conjugate Q,. The structure relations yield

(M, Mps] = (nup — Mo Myp + Mo My — UVPM/M)
[M/W? PP] = (nHPP nupP,u) (212)
[ PV] = [Qaa ] {Qaa Q,B} =0

{Qa, } ( )oz[:?P + 216a52

where Z is a central chargd’|and we pick the gamma matrices to be real and symmetric.
In addition, it contains two new bosonic generators, K, and D, the generators of special
conformal transformations and dilatations, as well as the new fermionic generators .S,
and S,, called conformal supercharges, required to close the algebra.

'A central charge is an operator that commutes with all the other generators of the algebra.
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The (anti)commutation relations between the generators read

(M, K] = i(”upKV - WVPKM)
K, P = —2iM,,, — 2in,, D
{Sa, S5} = 2(v")ap K, + 2i€asZ

[D7 PM] = iPM
[D, KM] = —iK), (2.13)
i i :
[D7Qa] = 59&7 [D7Sa] = '_isa
[D)ro] = _%Qaa [D,S’a] = %ga
[MW,,D] =0

{Qa, S5} = Muw[v",7"]ap + 2Deqp + i€ap R,

where R is the generator of a U(1) R-symmetry which acts as an automorphism of this
algebra, rotating the charges ), and @), by opposite phases.

Every local quantum field theory possesses a real, conserved, symmetric energy-

momentum tensor 7}, and every supersymmetric quantum field theory possesses a
conserved supersymmetry current. In the case of a supersymmetric (conformal) field
theory, the stress-energy tensor is embedded in the (conformal) supermultiplet. Fur-
thermore the conserved conformal currents J# (see eq. (2.9)) turn into the conserved
superconformal current embedded in the supermultiplet too.
By definition, the supercurrent is a supermultiplet containing the energy-momentum
tensor and the (fermionic) supersymmetry current(s), along with some additional com-
ponents such as the R-symmetry current. For the three dimensional NV = 2 supercon-
formal theory, the supercurrent reads

(THV7I&L7 R#)a (214)

where ZF is the conserved superconformal current and R* is the conserved R-symmetry
current.

In the following of this chapter and in the next one, we will analyse one of the
fundamental statement of AdS,/CFTj3 correspondence: the supermultiplet of the three
dimensional A/ = 2 SCFT exactly couples with the gravity multiplet of the minimal
four dimensional N/ = 2 gauged supergravity theory.
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2.3 Anti de Sitter space

Anti de Sitter space is a solution of the Einstein equations derived from the action

B 1
- 2K2

S /de\/_—g(R _ ), (2.15)
where D =d+ 1, k2 = 87G)p (Gp is the Newton’s gravitational constant in D dimen-
sions) and A = —([)_12# is the negative cosmological constant, function of D and
the curvature radius of AdS space.

The equation of motion yields

R A
R,LLI/ - 59;11/ = _§g,u1/ (216)
and tracing this equation we obtain R = %A. Substituting above we have
D -1
R,UV = —g—zguy. (217)

Thus AdSp is an Einstein space. Furthermore it is a maximally symmetric space and
consequently the Riemann tensor takes the form

1
Rypo = _g_g(gupgw — GuoGvp)- (2.18)

AdSp can be embedded as an hyperboloid in a flat spacetime of dimension D + 1
with metric 1,3 = (—1,4+1,+1,--- ,+1,—1). The hyperboloid is defined as

~~
D-1

— ()’ + ) (2') = (zP)* = = (2.19)
i=1
with the D + 1 coordinates z°, z' and z”. It is clear from (2.19) that the isometry

group of AdSp space is O(2, D — 1).
The AdSp line element can be obtained introducing the set of intrinsic coordinates

D-1
' =rz  with ZEZZI, 0<r<oo

i=1

t .
x0:\/r2+€28in<z>, 0<t<2nl (2.20)

P = \/mcos(%>
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and using them to express the line element of R*>P~!. The result is

d52:—( EQ)dtQ (1+£2) dr? + 1202 _,, (2.21)

where dQ% _, is the line element of a (D — 2)-sphere.

This coordinate system is global because it covers the full AdSp space. To avoid a
periodic time-like coordinate, we extend his domain to R. We will still refer to the
universal cover of AdSp as AdSp.

Another set of global coordinates can be obtained defining a new radial coordinate y

as cosh(%) =4/1+ Z—;, so that the line element becomes

2 _ 2( YN 1,2 2, p2a2(Y 2
ds® = —cosh (€>dt +dy” + £ sinh <€>dQD_2. (2.22)

Later we also use the coordinate system called Poincaré patch coordinates. It
doesn’t cover all AdS space, but it has a useful feature: the slices at defined value of
the radial coordinate are conformal to Minkowski space. The patch is defined by

20 = tuz’
' = luz' with i=1,---,D—2
_ 1 . 2.23
D-1 2 :
x 2u( 1+ u?(0* — 3%)) (2.23)
1
P = 5 — (1 +u*(* + 2%))
u
with 22 = —(29)2 + S22 %(2%)%, 0 < u < oo and —oo < 4%, &' < oo. The restriction

to the domain of u is necessary to construct a single-valued map of the hyperboloid
coordinates.
The line element becomes

ds? = (2 [‘1—2 y ( da%)? + Li?(d;)z«i)?ﬂ . (2.24)

There is a particular surface in this coordinate system: u = oco. It is, mathematically
speaking, a conformal boundaryf| and it is referred as the boundary of AdSp. It is a
Minkowskian R»P~2 plane.

Other two forms in which the Poincaré patch may be described are

d2—€2d22 1 Az — 2] g2 27" 2 DQA@ (2.25
s = 74——2— +Z = r“+e +Z )

2In the conformal compactification construction, one maps a manifold M onto the interior of a
compact manifold M and then call its boundary 0M the conformal boundary of the original manifold.
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where we set u = % =e".

2.4 AdS/CFT correspondence

After talking individually about the two actors of the correspondence, now we
are ready to discuss it, exhibiting some general features of the duality. Let us take
into account theories with AdS;.; vacuum and CFTs living within a d-dimensional
spacetime conformal to Minkowski space, represented by the AdS;,; boundary.

Let us assume that the interactions between bulk fields (for instance metric, gauge
and scalar fields) are described by the effective action Saqs. Furthermore we assume a
negative scalar potential required to have an AdSg,, Vacuumﬂ On the other side we
introduce the Lagrangian Lopr which rules the boundary fields dynamic.

The first statement of AdS/CFT is that every bulk field / in AdS is associated to a
boundary operator O (with the same O(2,d) quantum numbers) via their coupling on
the boundary. In particular we have

Lepr + / d’z hO. (2.26)

Notice that for consistency we used h instead of ﬁ, i.e. the value of the bulk field
induced on the boundary.

One can obtain a unique h(z, z) from h(z) demanding & solves the bulk field equation
derived from Sa4¢ and imposing suitable boundary conditions for the solution. In
terms of path integral, h(z) represents the source of the operator O. In fact

W _ / DO o I 4% (£crr=10) (2.27)

with W[h] the generating functional of the connected correlation functions and Lopr
the Lagrangian density.

We can’t say a priori which are the couplings between bulk fields and operators, but
there are some of them that are standard

/ddx V(9T + AyRF + WOTE + -+ ), (2.28)
where the ellipsis stands for other couplings beyond the first order in the fields. g,,,

A, and W7 are respectively the metric, a gauge field and a vector-spinor defined on
the background. On the other side 7),,, R, and Z} are the stress-energy tensor, a

3In the case of N' = 2 minimal supergravity, which we will study in the second part of this work,
scalar fields are absent. Therefore a negative cosmological constant is provided by gauging the global
subgroup U(1)g.
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conserved current and vector-spinor supercurrent of the CFT. Let us note that we
introduced exactly the couplings we are interested in for our work. Indeed we will see
that the gravity multiplet of the minimal four dimensional N' = 2 gauged supergravity
theory is composed of

(guw> U5, AM) (2.29)

This example shows how a conformal field theory (represented by the stress-energy
tensor) couples to a generic curved spacetime g,,. Indeed in Chapter 3| we will be
interested in a SCFT defined on a curved background, namely the boundary of an
Asymptotically locally AdS space (see Section .

In the end we want to bring the attention of the reader on the fact that gauged symme-
tries of the off-shell gravity action correspond to global symmetries (therefore conserved
currents) in the CFT. For this reason we will ask that the counterterms variation can-
cels exactly the boundary term deriving from the bulk action variation, so that we
obtain a local supersymmetric gravity action.

The second statement of AdS/CEFT is
Wih] = —S5uslhl. (2.30)

where on the right hand side we have the on-shell gravity action, i.e. evaluated on a
solution of the equation of motion ﬁ(m, z). This conjecture means we can theoretically
obtain all the correlators for the CFT (that is the entire theory) from the knowledge
of the gravity action evaluated on solutions with general boundary conditions, i.e. for
generic values of boundary fields. Furthermore if we want to preserve supersymmetry
in the CFT, we have to ask the on-shell supergravity action (plus boundary countert-
erms necessary to cancel the divergences) to be supersymmetric too.

Since the equations of motion in AdS are second order differential equations, we
need to specify two boundary conditions to have a well-defined solution.

The first one concerns the form of iz(z x). In fact the fields, like the metric, blow up
at the boundary and, for this reason, we can’t simply set h(z) = ﬁ(z = 0,z). On the
contrary the right condition to require is that i can be factorized as h(z, z) = f(2)h(z),
with f(z) a function of z.

The second boundary condition to be imposed on the behaviour of the fields is their
regularity in the centre of the bulk.

Eventually we want to draw the attention to the renormalization issue. Usually
the correlation functions of a QFT suffer UV divergences. In the AdS/CFT corre-
spondence such divergences are bound to IR ones on the gravity side, in a certain way
due to the infinite volume of AdS. In order to cancel these divergences, we need to
renormalize S Ads(ﬁ) through the so-called Holographic Renormalization procedure. In
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order to perform the latter there are many different methods. However we will take
into account two of them, which will be explained in Sections [2.6] and [3.5]

A very interesting feature of AdS/CFT duality is the role that the radial coordinate
of the gravity side plays. In fact it can be seen as an energy scale in the conformal
theories and it is fundamental for the holographic interpretation.

Let us consider the AdS metric in the Poincaré patch (we will fix the AdS radius to
¢ =1 for simplicity)
o d2® + (dzy)?
22 '
A dilatation x,, — Az, in the CFT corresponds to the AdS isometry z — Az, z, — Az,,.
Since we know that the dilatation generator of the conformal algebra is related to the
energy, we can identify u = % as an energy scale. It means that the boundary of AdS
(u — 00) is related to the UV regime in the CFT.
Thus we can better understand what we stated about the UV /IR connection in the in-
troduction. Quantum effects and the renormalization procedure cause UV divergences
in quantum field theories. For the reasoning we did before, the way to cancel them in
a gravity /gauge duality is to eliminate the IR divergences (namely long distances) on
the gravity side.

ds (2.31)

2.5 Asymptotically locally Anti de Sitter space

The AdS/CFT duality is a powerful tool to study physical theories through their
dual ones. In order to allow for truly arbitrary sources, we need to extend its validity
also to conformal field theories which couple with generally curved boundary, i.e. with
an arbitrary source g,,. Hence we are going to consider generalizations of AdS whose
conformal boundary is generally curved, namely Asymptotically locally Anti de Sitter
spaces (AlAdS). In the following of this section we try to understand better what they
are.

First of all we define the concept of conformally compact manifold. Let us consider
a manifold M with its interior M and the boundary M. The metric G is conformally
compact if it has a second order pole at OM and, defined a positive function z(z) in
M with a first order zero at OM, the function g = 22G smoothly extends to M. We

call g|lnm = g(0)- )
Another quantity that smoothly extends to M is

]dzlz = ¢g"0,20,2 (2.32)
and after some calculations one can shows that the Riemann tensor of G is

RiupolG) = —|dz[2 (G1pGro — GuoGhyp) + O(z7%), (2.33)
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with the main term proportional to z=*. Furthermore imposing the Einstein’s metric
condition we obtain |dz|§|M = 2, Le. the curvature tensor of a conformally compact
Einstein manifold is the same of an AdS one near-boundary.

We have finally arrived to the definition of Asymptotically locally AdS space: an AIAdS
metric is a conformally compact Einstein metric. Its line element can be expressed
near-boundary (z — 0) through a Fefferman-Graham expansion as

1 i,
ds? = ? <d22 + gl-j(x’ z)dx d$J> (2.34)

96 (2, 2) = 905 () + 295 (x) + -+ + 2%g(ayi () + 2 hay; () log 2° + - --

where the metric g(g);; is arbitrary. We can find the expression for the coefficients g();;,
k > 0 solving the Einstein’s equations iteratively by treating z as a small parameter.
It can be proved that in a pure gravity theory all the coefficients associated to odd
powers of z vanish until g¢g),;. Further the coefficients g(2)i;, - .., g—2)i; and the trace
and covariant divergence of g(q);; are fixed by the equations. On the contrary, the value
of g(ayi; is related to the 1-point function expectation value of the CFT stress-energy
tensor. hg);; is present only for even d.

We show the procedure to obtain explicitly the coefficients for the Fefferman-
Graham metric expansion near-boundary in a simple example, namely a pure gravity
theory. We will refer to [11] however with different convention on Riemann tensorl}
Furthermore the authors of the article set £ = 1. We will reinstate the factors ¢ at the
end of Section in the expression of counterterms, in order to compare it with the
one found by Papadimitriou in [12] with the Hamilton-Jacobi method.

It will be useful to have the metric in the form

dp 1
+ iz, p)datda?

d
9i5(, p) = Goyig + -+ + P? (9@ + hiayig log p) +

ds? =

The pure gravity theory is described by the Einstein-Hilbert action plus a cosmological

constant term
dd+1 Vdet G, 2.

On a manifold M with boundary 8M , we also have the Gibbons-Hawking term

1
167TGN

Sag = / d% det g;;2K, (2.37)
oM

10ur convention on Riemann tensor is defined in Appendix |A| It differs from the one in [11] for a
minus sign. In fact their convention is R, 7 = 09,I', 7 —T' 7T, 7 —u+ v.
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where g;; is the metric on the boundary and K = ¢“ Kj;; is the trace of the extrinsic
curvature [;; of the boundary surface. In Section we will discuss its expression

in the framework of radial ADM decomposition formalism. This term is necessary to
have a well posed Dirichlet problemﬂ
Einstein’s equation for the bulk action is

1
2
and inserting (2.35) in (2.38)), we have

p(29" —2¢'g7 g +Tr(g'g)g') — Ric(g) — (d—2)g' = Tr(g~"'g")g =0
(g7 (Vigh = Vigis) =0 (9.39)

Tr(g~'g") - %Tr(g‘lg’g‘lg’) =0,
where the derivative with respect to p is denoted by the prime, V; is the covariant
derivative constructed from the metric g and Ric(g) is the Ricci scalar of the boundary
metric g.
One can solve this system of equations iteratively, differentiating successively with
respect to p and setting p = 0. The first coefficient of the expansion results

1 1
i=———(Ri————R ) 2.40
9(2)ij d— 2( J 2(d_ 1) 9(0)ij ( )

R, — =RG,, = —AG,, (2.38)

Beside the metric, also the other fields living in AIAdS can be expanded near-
boundary through a Fefferman-Graham expansion. Let us call F a generic field with
its spacetime and internal indices suppressed. The expansion is

F(z,p) = p™ | fo)(@) + pfoy(@) + -+ + 0" (fon) (2) + fomy () log p) + - } (2.41)

As in the metric case, we can find the value of the coefficients f(o,,), m > 0 solving
iteratively the field equations for F. Through this procedure one can fix all the coeffi-
cients apart from f() and another one that we call f(2,), where n depends on the field

5The variation of Einstein-Hilbert action yields the sum of two contributions. The former is
proportional to Einstein tensor, while the latter is a boundary term which contains the variation of
the metric dg,, and variations of the derivatives of the metric §(05g,.). Setting dg,, = 0 on the
boundary is not sufficient to kill all the surface contributions. However fixing both the metric and the
derivatives of the metric on the boundary is uncomfortable.
For this reason Gibbons and Hawking (and York) proposed to add the boundary term Sgp, whose
variation cancels the terms involving §(95,g,.). So setting dg,,, = 0 becomes sufficient to make the
action stationary.
More details about this issue can be found e.g. in [19].
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considered. f is the source function for the dual operator living in the conformal the-
ory, while f(9,) is related to the 1-point function expectation value of the same operator.

2.6 Holographic Renormalization: Standard Approach

Although we relaxed the requests on the gravity side, the statements of AdS/CFT
still apply. Every bulk field h is associated to a boundary operator O and its on-shell
asymptotic value h represents the field theory source of the operator. The fundamental
statement of AdS/CFT correspondence now reads

eWerrlh] — /’DO o~ Joaraas hO — e_SESUGRA[;l] (2.42)

where JAIAdS is the boundary of an asymptotic locally AdS and S%;op4 is the on-
shell supergravity action, namely evaluated on a solution.

After talking about these general features, we go into the substance of the issue.
Let us take into account a generic bulk field F, like the one we expanded in Section
(the metric is included too).
The first step to holographically renormalize an on-shell supergravity action is to reg-
ularize it, i.e. setting a cut-off at p = € (with € a small parameter) and evaluating
the boundary terms at that value of p. In this way we can manipulate the divergent
quantities at the boundary, taking the limit ¢ — 0 at the end of calculations. The
regularized action takes the form

Sreglf0), €] = / d’z/g0) [ ap) + 6_(V_1)6L(2) + - —ag) loge + (9(60)] (2.43)
p=¢€

with v a positive number depending on the conformal dimension of the dual operator
and a(ay) local functions of the source fq).
In order to cancel the divergences, we introduce the boundary counterterms defined as

Set|F(x,€), €] = —divergent terms in S,e4[f(0), €] (2.44)

where, for a matter of covariance, the boundary counterterms are expressed as function
of the field F(z, €) living on the surface p = € with the induced metric v;; = g;;(z, €)/e.
To do that we need to express the source as fio) = f(o)(F(z,€),€) from and then
we can evaluate the coefficients aor) = aor) (fo)(F(2,€),€)).

Finally we define the subtracted action as

Ssub[F<x7 6)7 E] = ST@g[f(O)v 6] + Sct[f(wv E)? 6]7 (2-45)
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which is finite in the limit € — 0. Hence we get the renormalized action
Sren[f(O)] = 11_1;% Ssub [F(l’, 6)7 E]- (246)

We would like to focus the attention of the reader on two issues. Firstly we define a
subtracted action because we need it to compute the correlators. Indeed the functional
derivatives of the on-shell supergravity action must be taken before the evaluation of
the limit ¢ — 0.

Secondly, if we want to keep a certain global symmetry in the conformal theory, for
example supersymmetry, we need to request the sum S¢; + S,¢, to be invariant under
the symmetry made local.

Now we want to show an explicit example of holographic renormalization. We
will study the case of a pure gravity theory, which we analysed in Section closely
referring to [11].

The regulated action is

= # d+1 B / d B
Sreg o 167TGN |:/p>€d x\/g(R{g] 2A) + :ed IﬁQK} =

p

1, d
=~ 16rCn /d x[/edp —gw/det gii(z, p)+ (2.47)

p
-

n pig(_Qd\/m + 4939\/m>

Evaluating S, for the solution we found in Section we obtain
1
Sreg = m /ddl’ 1/ det g <e’ga(0) + Efg+1a(2) 4+ ), (2.48)

(d—4)(d—-1)
(d—2)

where

ap) = —2(1 —d) a2y = Trya) A2m) =" . (2.49)
Notice that the coefficients a(y) and a() are local functions of g and its curvature
tensor. This fact is true for all a,,), m > 0.

In order to write the boundary counterterms in a covariant way, we need to express
them in terms of the induced metric v;; = 1g;;(z, €). Inverting the relation between ;;
and g(p);; perturbatively in €, one finds

[NJisH

I
V) = € (1 - §T7“9<o§9<2> +- )ﬁ
1 1

(2.50)
Trg(Q) = 2(d _ 1) E<_R[ﬂ + - >
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Putting all together and reinstating the factors ¢ by dimensional analysis, we have the
covariant counterterms

Sct

B 167r1GN /,):e ddxﬁ[Q(lg_d) - dfﬁm +} (2.51)

Finally we have the renormalized action following (2.45)) and (2.46).
A similar procedure can be adapted to remove the divergences due to other fields, such
as a gauge field or fermion fields.

In the article [12] which we refer to in Chapter |3 for our calculations, the author
uses a different approach to holographic renormalization, namely the Hamiltonian for-
malism approach. We will explain how this method works in the next chapter, making
use directly of the case studied in [12].
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Chapter 3

Holographic Renormalization in
Supergravity

The parameters of global SUSY transformations are constant anti-commuting Ma-
jorana spinors €,. In supergravity SUSY is gauged, also with the Poincaré generators,
since they are related to each other in the superalgebra. This means that gravity is
included and the parameters of SUSY transformations become functions of spacetime
coordinates.

We are interested in such theories because we saw that in order to preserve the global
supersymmetry in a SCEFT, we need to ask a theory (necessarily of gravity) that is
locally supersymmetric. Further we are interested in theories which admit an (Al)AdS
vacuum for our purposes: for this reason we will refer to these supergravities in this
chapter.

The minimal content of a supergravity theory is represented by the gauge or gravity
multiplet, which is composed by the metric g, () (or equivalently a frame field ef(x)),
N Majorana vector-spinor field ¥,(x) and other fields, depending on the theory we
are taking into account. In the basic case of N' = 1, D = 4 supergravity, the gauge
multiplet does not contain additional fields. Instead the gauge multiplet of a minimal
N =2, D = 4 supergravity (which is the case of interest in [12]) includes one gauge
field, the graviphoton, in addition to the metric and two Majorana gravitinos.

The gravity multiplet of this theory precisely couples to the supercurrent of its dual
theory, i.e. N =2 SCFT in three dimensions. In fact, as we mentioned in the previous
chapter, its supermultiplet is composed by

(ﬂj;zf7Rl) (31)

We used the indices ¢ and a instead of p and « in order to make the notation compliant
with the one used in this chapter. The boundary values of the gravity multiplet fields

23
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are the sources of the supercurrent components, namely

/d% V(9T + AR + W¢T + - - - ). (3.2)
where ¢ is the determinant of the induced metric on the boundary.

In many cases, as the example provided in Chapter 4] one is eventually interested
in evaluating to on-shell a bosonic solution. Thus we are interested in fixing the bosonic
terms such that SUSY is preserved for this particular solution. In order to do this,
we need to consider quadratic terms in the fermions as well as the pure bosonic terms
and counterterms, because their supersymmetric variation talks each other. Thus our
analysis will be restricted to quadratic order in fermions in the action.

We begin in Section introducing the simplest example of supergravity theory,
that is N' =1, D = 4 pure supergravity.
In Section we discuss the case of N =1, D = 4 pure AdS supergravity, which is an
extension of the previous one.
In Section we introduce the action of minimal N' = 2, D = 4 gauged AdS super-
gravity and the variations of the fields.
In Section we compute in full details the supersymmetric variation of the bulk ac-
tion, proving that it results in a boundary term.
In Section [3.5| we describe the Hamilton-Jacobi method for holographic renormalization
and we find the covariant counterterms for N'= 2, D = 4 gauged AdS supergravity.
In Section we study the near-boundary behaviour of bulk + boundary action vari-
ation.
In the end in Section we prove that the bulk + boundary action variation exactly
vanishes in the limit » — co.

3.1 N =1, D=4 pure supergravity

The simplest theory of supergravity, i.e. N = 1, D = 4 pure supergravity, consists
of the Hilbert and Rarita-Schwinger actions only. Its explicit form reads

1 I v
S = ﬁ d4xe<R—@/J,ﬂ“ pr@/}p) 552—1—53/2, (33)

where e stands for the determinant of the frame field e}, R is the Ricci scalar and the
gravitino covariant derivative is given by

1
Dyt = (0 + 7™ ) (3.4)
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We omitted the Christoffel symbols in the previous expression because their symmetric
indices are contracted with v**# (which is completely antisymmetric) in Ss .

In order to prove the invariance of the action under local supersymmetry, we need the
supersymmetric transformation rules. They read

1, L _
oe,, = 57 Yy Oe = 5667%%’ 0 = Dye. (3:5)

The prove of the invariance of the action under local supersymmetric transforma-
tions is really straightforward. Indeed the variations of the two pieces yield

1
552 = @ d4l’ |:(265€auebu =+ (56€a1L6by)R;wab + eeauebyéR;wab} =
_ 1 4 1 et
Sy P y

1 . 1 1 o
053/ = 5 /d4x ee%u’y“ "D, = 22 /d%e(RW - ég,wR> (e*y“w ),

where we omitted the boundary terms. The calculations in full details can be found in
Chapter 9 of [5].

Notice that 655 is proportional to the geometric part of Einstein equation, as one could
expect.

A very simple extension of this supergravity theory is N' = 1, D = 4 pure AdS
supergravity. We are interested in this theory because it represents a close example
to the supergravity theory we want to study, namely N' = 2, D = 4 gauged AdS
supergravity. For this reason we will discuss it in the next section.

3.2 N =1, D=4 pure AdS supergravity

N = 1 four dimensional pure AdS supergravity doesn’t require new fields com-
pared to the theory of the previous section. One starts defining the gravitino covariant
derivative as

. 1 1 u 1

Duwu = (Du - 2_€7u>¢u = <au + Zwuab7 b— 2_€7u>wu> (37)
where the Christoffel symbols are omitted because they will be contracted with ~**7
in the action. From this definition we obtain the relation

1

N 1
|:D;u DV} €= Z (R;u/ab + £_2 (eauebu - ebueau))’yabE

Il
=V
=
N
IS
f=n
-2
=)
=
o
~—~
w
oo
~—
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which implies
R,ua = Ruuabeby = R,uzz + g_Qea;u
A 6
R = R,,e"™ =R+ 2k
Substituting the quantities in the expression (3.3) with the “hat’-quantities, we
obtain the action of the theory

(3.9)

_ 1 4 » T A HUP T _
S:2n2/d xe(R—iﬂ,ﬂ Du¢p>—

]' T v ]' T v 3.10
55 | d'we(R =0y Dy, = 55,0 b, — 21 (3.10)

T oR2

= SQ+53/2+Sm+SA,

where the negative cosmological constant is A = _e%'
As the previous case, we provide the supersymmetric transformation of the fields

1 1 ~
o€, = §€7a¢u> oe = §e€7p¢pa 09y = Dye. (3.11)

The corresponding variation of the action

1
05y = 52 dix [(Zeéea“eb” + dee™e™ ) Ryyap + e €™ Ry | =
- L d'ze(R ! R) (&)
T 9.2 my 29;w Y )

B 1 4 1 pvp
553/2 — —E /d xee(%“ + ﬁ%&)'y Duwm (3.12)

1 AT 1
0Sm = E/d T e,y (Dl, %%>6,

S\ =

3 — v

After some algebra and integrations by parts, one sees that 4.5 is the integral of a total
derivative. Thus the action S is locally supersymmetric up to boundary terms.

In the following section we will analyse the four dimensional N' = 2 supergravity
action, which is very similar to the AV = 1, D = 4 one. It is supersymmetric up to
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boundary terms too, but we want to employ it in the AdS/CFT correspondence. That
means we can’t simply set to zero the fields on the boundary of AdS in order to have
a supersymmetric action as it would result in possibly unwanted boundary conditions,
because we wish to keep arbitrary boundary values of the fields. Indeed, as mentioned
in the previous chapter, from the AdS/CFT correspondence point of view we inter-
pret the on-shell action as the generating functional of the connected functions and
the boundary values of bulk fields as the sources in the dual CFT. Hence we desire to
keep an arbitrary dependency of the generating functional from the sources in order
to prove that the conformal quantum field theory generating functional is supersym-
metric. Thus we need to add specific supersymmetric counterterms whose variation
cancels the one of the bulk action.

3.3 Minimal N =2 D = 4 gauged AdS supergravity

We are going to study the minimal N' = 2 gauged supergravity in four dimensions
and verify that its action is invariant under supersymmetry transformations up to a
boundary term. Then we will add the correct boundary counterterms to make the
action supersymmetric invariant at the boundary too.
That theory includes the gravity multiplet only, made up of the metric G, one Dirac
gravitino (or equivalently two real Majorana gravitinos) ¥, and a graviphoton A,
gauge field of the gauged U(1)g groupﬂ
This theory was found by Freedman and Das in 1977 [20]. There the rigid SO(2) ~
U(1)gr symmetry rotating the two independent Majorana gravitinos present in the
ungauged theory, is made local by introduction of a minimal gauge coupling g = %
between the graviphoton and the gravitino. Local supersymmetry then requires a
negative cosmological constant and a gravitino mass term.
Thus the bulk action reads

_ 1 4 y _ 2
S =5 /d e V=GR = FE, =20 = 0,00 (Y, + TA),- .

2 - il
B

where the gravitational constant x and the cosmological constant A are defined as

3

l'i2 :87TG4, A: _6_2

(3.14)

!The U(1)r gauged group is a subgroup of the complete R-symmetry group U(2)z. We could only
gauge this abelian subgroup because the gravity multiplet only contains one vector field.
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The covariant derivative of the gravitino is

1 (0%
V.U, =09, + [Wnas O, T, (3.15)

where w,,s is the spin connection and I, s the Christoffel connection.
The supersymmetric variations are

§2

dell = %(evo‘\ll“ — \T/,ﬁae),

0A, = %(\I/ue — €\Ifu),

. 1 (3.16)
60, =V,e+ Z(’Yﬂyp — 25Z7”)pre — 2_5(% — 21AM)6,
50, = €7, + Le(v, — 26947)Fp + (v, — 2iA
p=¢€ u+16<7 T ;ﬂ) Vﬁ"‘ﬂg(%_ 1 u)'
We can also obtain the variation of the inverse vielbein from (|3.16))
enen =0, — d(ejen) =0=deje + degel
(3.17)

= Jel = —%(ev“llla — \ifoﬁ“e).

3.4 The variation of the bulk action

First of all we compute explicitly the variation of each term in the bulk action
shown in Eq. (3.13)), recalling that we work at quadratic order in the gravitino terms.
The result already appeared in Appendix C of [12], but we have performed the com-
putation and checked it in full detail.

Let us label the different pieces

_ 1 4. ./ 2% U ~HVP 21
(a) (b) (o) (d) —
, y (©) (3.18)
- 1
= 0 A (B 28) ), .
SO0 A (T Ep + 28)

(f) (9) (")

We will omit the Christoffel symbols in the covariant derivative of the gravitino because
they are always contracted with the gamma matrices and there is no torsion.

Bosonic terms It is useful to remind the expression for the variation of v/—G.
It is known that log(det A) = Tr(log A). Then

ddet A
det A

§log(det A) = §Tr(log A) = Tr(d1log A) = Tr(A '0A) = (3.19)
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Taking A = G, in (3.19)), we obtain
0G =G -G"6G,, =G -6(G"G,) — G- 0G" G = —G - 0G* Gy,
and using (3.20)), the variation of v/—G is

I(vV-G)
3GH

— G = —V;G(—GW)(SGW.

We start computing Einstein-Hilbert action

(a): O(V—GR) = —RQGWCSGW el

— V=G — §RGW + G

wo
56‘/“’ oG

R,
oGHv
1

=~ [V=G (R - §RGW)€7“\I/” +he| + V=GGrIR,,,
where h.c. denotes the hermitian conjugate.

Let us study the variation of the Riemann tensor

OR,) , = 20,010, + 2017 +207, 01T, = 2V,6T%) .

uv

Jacr =

[ul7| Vo
with the last step Justlﬁed by
V[Mél“’; = 8[u51“p + F

(7]

006 = 11070 =Ty 01y,
=0

From it follows that
ORGP = 26PN, 0T7, = V. (GPT7,) — V,(GP0TT, ) =
=V, (GO, — GrooTT ).

It is useful to prove that [ d*z -GV, j* = [d*z9,(vV/—Gj*).
Preliminarily we demonstrate the equivalence ', ) = 0, (log v/—G). Indeed

1 1
= §G"”(8HGPU +0,Ge — 0,G,p) = §Gp"8qug,

1 1
O, (logvV—G) = 58” log(—det Gp) = 5@ log|det GPU} =

1 1 1
= §8uTr log Gp» = §Tr Oulog Gy = §T7‘ G0,G,. =

1 g
= 56" 0,G.

29

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Thus we obtain that

: . : . 1 . . 0,G .
VM]M _ au]“ + TP jH = auju + _aﬂ log(—G)j“ _ 8%7# 4 2 =
L 2 2G (3.27)
=L oo,
Nave! i ( 7*)
Hence the last term in (3.22)) reads
loa 1 g g T
G 0R,) = ﬁaﬂ [\/—G(Gp ore, — G* M‘w)}- (3.28)
Now we need to write the explicit form of oI') . Let us start from
V)\G#y - 0 - a)\G/w - GTVF;)\ - G,U«TFZ)\ (329)
and differentiating it, we obtain
0=0)\0G,, — G, I}, =G, I'], — G0l — G, 017\ = (3.30)
w— A
We sum (|3.30)) with itself where we change A <+ 1 and we subtract itself with {v —, ;
A—=v
we get
VG, — G ol — G010\ + V,0Gy, — G015, — G017, —
— VoG, + G, + G017, =0
(3.31)

- 2GTV(5F;)\ = V)\5Gm, + v#(SG)\V — VV(SG)\#
1
= 01, = 3G (Va0G, + V,0G, = V,0G),).
By plugging the last equation into (3.28]), we have

V=G0 R,y = 0,(V=GV,(6197) = V=GV (69,) ) + b, (3.32)

Thus the final form of (3.22) is

(a): 8(V—GR) = —\/—_G<RW - %RGW)eyww

(3.33)
+0,(V=GV, (67"0) — V=GV (7°W,) ) + hc.
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The variation of Maxwell and cosmological constant actions are straightforward.
They read

(b): 6(V—GF?) = —F2§GW5GW +2V—GF, F,,0G"+
+4V=GF"V ,0A, =
/=G ) (3.34)
— (P26 = /=GR R, e, 0, -
— 2iV=GF"V,(eV,) + h.c.,
(¢): 6(vV—=G-2A) = 2A_\/21GW5G“” = AW—=GG,,e" T + hec. (3.35)

Fermionic terms We are going to study the variation of the fermionic terms using
the identities in Appendix [A] The first one is the Rarita-Schwinger action

(d) - 5(\/__G\I@¢LW?V\P/J) =
= V=G6¥, /""", U, — V=GV, (69,)y"*¥, + h.c. =
= 2V—=GoU, """V, ¥, — V-GV, (V,4""¥,) + h.c. =
= 2V=GoU, """V, U, — 0,(V-GU,~"*T,) +h.c =
= 0u(2V=Gey IV, Y, — V=GETA,) - VG Y,V (g
(4)

2 2i

+ V=GV, f\/—GAMEfy“””V,,\prjL
1 —( _ TO o T v

+ 5\/ —Ge(v L — 200y )FoTv“ PV, ¥, + hc,

-~

(B)

where in the second equivalence we integrated by parts the second term and remem-
bered V7, = 0. In the last step we integrated by parts the first term and used (A.12).

Let us elaborate the terms (A) and (B). Remembering the equivalence [V, V,|¥, =
}lRWang‘B‘Ilp, we get

1
(4) = —2V/=Cer"*V,V, ¥, = —2/=Cer"™? - 5[V, V, ]V, =

1 = 14 «
=-7 —Geyt p’yagRW B\IJP.

(3.37)
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Then using (A.13)), the equation above becomes
= v 1 = 1% v v
—2v/—Geyt V. VLY, ZEME<RW§7” f 4 R,; APHB wa’fv pﬁ) v,—

1 (3.38)
-5 —Ge(Rupt" 0" + Ryt W = RGpy" 07 ),
where the first term is zero because R|,,5, = 0 and Rj,,) = 0. Thus we obtain
1
-2V —-Gey"*’V,V, ¥, = —/—G(R,, — §RGW)E7“\IIV. (3.39)
Now we deal with the term (B), using (A.14) and (A.15]
1 ~(~TO O~ T 4
(B) 25\/—_@5(7 =200 )FaTv“ VL, =
i - o ST o ST v : = o v v
= 5 V=Ge(1y7,07) +AG7,07)) Frg V0P — iV =GEF,7 (3, + 30/7"") V, ¥,
(©) (D)
(3.40)

Writing explicitly (C') and (D), one sees that their sum vanishes.

The final form of ([3.36) is
(d): 6(V=GU,rN ,0,) = 0,(2V/=Gey™ "V, U, — V—Go,7""W,)+
2 1
VG, - 2V G AV,

1
~ V=G (Ruy = GRGu) "V +iV=GFTe(,," +20/5,) V.V, + hec.
(3.41)

There is a second piece in the Rarita-Schwinger action, due to the gauging of
U(1)g. Its variation reads

(e): 5(m\IIM7“”pAV\I/p) = V=G, y"P AT, +h.c. =
= V=GV, (ey"" A, V,) — V—GEV A",
— V—GEA PN U, + i@%(yﬂ — 20777 Froy"P AU+
+ 2%\/16(% C21A,) 7P A, + huc. = (3-42)
= 0,(V-G&y"* A0, — %\/—_GgFMWPnpr +V—GEA, NPV U+

1 —_uv i —( . OT T O v
+ Z\/—Gey“ AN, + Z_l\/ —Ge(fy L — 20,7 )Fm”y“ PA Y, +h.c.



3.4. THE VARIATION OF THE BULK ACTION 33

In the last step we used —%\/—GA“W”’)AV\I/p =0and V,A """ = %Fwﬁ“”".
We manipulate the last term in (3.42)) using (A.14) and (A.15)
i
4 .
1 = v ag T (2 T 1 = g 14 v
= Z —GGFTUA (4’)/ [pgu} + 46 [ )\I}P — 5\/ _GGFN (f‘)/ap’ P+ 35([711,-}, P])AV\IJ/) =

PV

—GE(W"TH - 2(5;7”) Fron'P AV, =

i

= —V=GEF™, P AW, +iV=GeF™™ - 25011 A, T,

2 [T7o
(3.43)
The final form of (3.42) is
- 1
(e): S(V=CU""NV W) =0, (V=CGey" A T,) — oV —GEFuA""T )+
1
+V—GEAN"PV L, + ZV -Gey" A, — (3.44)
— V=GEF ™, A, + 2V =GEF T35 A W, + he.
The variation of the gravitino mass term is
(f): §(V-GU"V,) = V-GéV,/*" ¥, +h.c. =
_ v 1 — o o v
= —G[Vﬂw” v, + 4—16(7”# — 25#7‘))}70,)7“ v, + (3.45)

1 _ 5
+ 2—66(% — 21AM)7’* \I/,,] + h.c..

Integrating by parts the first term and manipulating the second one through (A.16)

and (A.17), we have

i v _GE(’YPUM - 2557;)) Fap’YMV“IIV = i\/ _GEFUT’YJTVWV - %V _GgFJT’YU\I]P (346)

The final form of (3.45) is
(f): (5(\/—(}@#7’“’%) =
3
= @L(\/ —GEv‘“’\IJl,) —V-Gey"'V ¥, + ﬂ\/ —Gey'v,— (3.47)

= VGG VEGEFT (3, — 250) W +
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In the end we study the variation of (¢) and (h) terms
(9): 6(V=GU """V, F,,) =V—-G6U, " U,F,, +h.c. =
= 0,(V-Gey"*" U, F,,) — V—Gey"'""V U, Fpy—
1 i
— V=GN Epy + SN =G T Eyy — N =GEAN T E et

i
- Z\/—GE(WL — 26997 ) Four Y70, Fpy + b,
(3.48)

where we used (A.18) in the last step. Further we notice that the third term vanishes
because of the Bianchi identity.

Finally we manipulate the last term of (3.48) remembering (A.19)

i _G€<’7TUL - 25:7T)FwT’VMVpJ\DVFpU =

4
= % —Gedl 6Py, F,y FOT — %\/—_GEF;WP\IIVFM— (3.49)
- % —GeF, (1M, Fry + 700, Fy),
where the last line vanishes because
FF"" = FF, " = —FF.,""=0. (3.50)
The final form of is

(9): 6(V=GU""V,F,) =
1
= 0 (V=Ger"" U, Fyp) = V=GV 7N 0, By + 5V =Gy 70, o

1

N
— L/ =GeA Y, + 51\/ I Ak A o

l
— 5V=GEF, "7, Fy + hic.
(3.51)
The variation of (h) yields
(h): §(V=GF"™¥,V,) = V=—GF"50,¥, + h.c. =
1
= V-GV eF"V, + TR (v, — 214,) T, + (3.52)

1 —(.OT T O v
+ Z\/_GEh L — 20,y )FTUF“ v, + h.c..
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Adding up all the contributions, we obtain that the total variation of the action
(13.13) is

55 = — [t {- \/j(RW—%RGW)Ey“\If”qL

2K2

-~

@

+ 0, (V=G (6707) = V=GV (,) ) —AV=GGuir" W -
o

- [(PYa 2G G = 2/ =GFI"F, )&y, U, ~2V=GF"V,(e0,)| -

P @
) 2
- [0.(2v=Gey v, u, - V=Gou,1"w,) + V=GV, 0, -

J/

-~

©
% 1
—i\/—GA#EV’“”’VV\pr ~V=G(Ru — 5RG,) eV +

[\ AN J/
-~

0 @)
FIVEGFTe(—,, 0 12000V, , | -
——

[T 0]

N——
(9) (d)

1
|:8M(V _GE/)/:U'VPAV\I/ ) — 5\/—G€Fuy,ylld/p\1; +\/_G€A ’YIva \If _I_

RS (£

2
14

' .
+Z\/—G€7’“’AN\PV—%\/—GéF”Wm PAW, + 20V~ GeF o5 A,

[T 0]
@@ ® (m)
9 3
-3 [8“(\/—G€7“”\I/V) — V=G VL, 4oV W,
©) s

— \/ GA 67“”\11 +— \/—GGF“T(%T —27,07 )\If }—
~ o ——

S n o

20
(d) (n)  (m)

\/ Ge(37, 220 ) Fr FPW, | -
H/—/

(0) (c)

1
= 20| VEGV P W, 4o e (5 =21A,) Wyt
~ -~ - —~ ——
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1[0, (V=G 7w, Fy) — V=G N W +

(9)
1 1
+2—€\/ —Gey""’V, F,, _E\/ —GeA NPV, F,, +

N _ N g (3.53)
(h) ()

31 i

5 —GE(SLV5£VJ]\IIVFPUFOJT —5‘/_G€FMV7“Up\PprU} + h.C.},

. / \\

-~

(o) (0)
where we mark with the same letters pieces that cancel each others.

In the end, the variation of the action S results in a boundary term

55 = [d {0, V=GV, (e0) = V=GVr (evw,) -

T 22
_ N
— 2V/=GeAPV, U, + — GO, — f\/—cgwﬂAwa— (3.54)

2
- SV=Gerw, - i\/—Ggwﬂf’quFm] n h.c.}.

3.5 Holographic Renormalization in the Hamiltonian
formalism

Since the supersymmetric variation of S results in a boundary term, in order to
make it vanish we need to add counterterms. We will need that the variation of such
counterterms cancels the boundary term . Papadimitriou found them in the ar-
ticle [12].

In this section we will explain the procedure employed, i.e. the Hamilton-Jacobi method
for holographic renormalization.

However let us preliminarily introduce the radial ADM (after Arnowitt, Deser and
Misner) decomposition of the dynamical variables, necessary to express an A1AdS su-
pergravity theory in the Hamiltonian formalism. According to that, we can see the
bulk space as a foliation by r-slices Y., where r is the radial Coordinateﬂ (see Appendix
A of [12]).

We can decompose all the fields in the sum of the radial and the transverse components.

2To be more precise, in the case of AIAdS the radial coordinate may not be well-defined in the
whole space, but it is at least in the neighbourhood of the boundary.
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For example, in the specific case of [12]

ds®> = G, dr"dx” = (N? + N'N;)dr? 4+ 2Ndrdz’ + g;;da’da?
A = A, dr + A;da’, U = U, dr + U,dz’, (3.55)
H?V:t?x7y7r i?j:tVI?y

where g¢;;, A; and ¥, are dynamical fields on X,, while the lapse function N, the
shift functions N?, A, and U, are non dynamical fields. It means that computing
the conjugate momenta of the last four fields we obtain as many constraints. Once
we compute these constraints, we can fix the values of the four fields in a convenient
way. A choice particularly useful for the holographic renormalization procedure is the
so-called Fefferman-Graham gauge, which sets

N =1, N =0, A, =0, U, =0, : (3.56)
In the aforementioned gauge, the vielbeins and the inverse vielbeins become

e® = (0,0,0,1), el =(0,0,0,1), e = (ef,03), el, = (€', 03)

i o (3.57)
a=1,....4 a=1,2,3

with ef the vielbeins on ¥,. Furthermore the vielbeins allow to decompose the gamma
matrices in the radial and the transverse components

7= %l =43, 7t = e = 4%, (3.58)

Exactly like for the chirality projectors, we can define the radiality projectors as
1 .
Vi = 5(1 +497) with UL =~,U. (3.59)

They are useful because the positive and negative radiality spinors have different
Fefferman-Graham expansions.

A quantity that will play a role in the calculations is the extrinsic curvature K;; of
Y, and its trace K. Thus we report their expressions in the radial ADM decomposition
formalism

1 '
Kij = W(gij - DiNj - DjNi)a K= Kijg”v (3'60)

where the dot represents the radial derivative and D; is the covariant derivative. In
the Fefferman-Graham gauge they read

1. 1. i
Kij = 591']', K= 59@'9] (3-61)
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which are the expressions we will use in the following.

We come back to the holographic renormalization issue. According to AdS/CFT
postulates, one computes the stress-energy tensor, a conserved current and a scalar
operator of the SCFT as

o 2 85%cns
SR/ A
, 1 05%
R (3.62)

os

1 055U cRrA

VI o 0y

These expressions remember the relation of the Hamilton-Jacobi theory (see Appendix
for more details)

0S8
Po = 5
where we identify Hamilton’s principal function S, the generalized coordinates ¢ and
the conjugate momenta p, respectively with the supergravity action S¢j,;oz4 evaluated
on-shell, the sources J* and the boundary operators O,. Thus we can develop an anal-
ogy between the Hamilton-Jacoby theory in classical mechanics and the Holographic
Renormalization in AdS/CFT correspondence.
We can also extend the coordinate space adding a new coordinate T, an abstract time
that is related with an energy scale p in CFT. Exactly like in classical mechanics, we
introduce the conjugate momentum to T, namely the abstract Hamiltonian operator
H = [d%h(z), with h(z) the Hamiltonian density. The dynamics of the system is
described by the Hamilton’s equations

SH . SH . OH

: (3.63)

= = —— = — .64

/ 00, Oa 6Je’ ot (3.64)

and the Hamilton’s principal functional S, like in the Hamilton-Jacobi theory, satisfies
_ 0S[J%,T _0S[J,T]

O, = 57 H= — o (3.65)

Remembering the role of the radial coordinate r as an energy scale in the AdS/CFT
correspondence, we can identify r with the time 7.

After this introduction, let us start to see how this method works. The action
of the supergravity theory is (3.13). We need to add the standard Gibbons-Hawking
counterterm fixed for the presence of the Dirac gravitino

1 ) -
S = —/ ddx\/—g(QK + \I/i'y”\Ifj). (3.66)
262 Jom.
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Firstly we express the action in Hamiltonian formalism, namely using the radial coor-
dinate r. In order to do this, we plug the radial ADM decomposition of the fields in the
action S and perform a radiality decomposition of the spinors. The result is expressed
in (3.1) and (3.2) of [12]. The presence of the Gibbons-Hawking term ensures that we
have a well-posed Dirichlet problem, as we explained in Section

Secondly we obtain the conjugate momenta of the dynamical variables e, A;, ¥ ;
and W ;, which are shown in (3.4) of [12]. In the following we will call generically F
the dynamical variables and 7wz their conjugate momenta.
The radial Lagrangian doesn’t present radial derivatives of the fields N, N, A, and
V,.. Thus their conjugate momenta vanish identically and they are non-dynamical
variables. They give rise to constraints, as we will see in the next step.
Then we can write down the radial Hamiltonian as the Legendre transform of the
Lagrangian with respect to the dynamical variables (equation (3.8) of [12]). After
some algebraic manipulations, the radial Hamiltonian can be written as a sum of the
non-dynamical fields multiplied by some complicated functions. For instance

H:/d3:):(N7-[+---) (3.67)

with H expressed in (3.12a) of [12].
Since the conjugate momentum of N vanishes identically, we have

SH

sy =M (3.68)

N =0=
This is exactly one of the constraints we mentioned. The same argument hold for the
other non-dynamical variables.

Coming back to the radial Hamiltonian expressed in terms of F, we can derive
their radial evolution through half of the Hamilton’s equations (see (3.14) and (3.15)
of [12]) and the Hamilton-Jacobi expressions, summarized as

_ oS|7]

where S[F] is the Hamilton’s principal function. Indeed, putting the Hamilton-Jacobi
expressions into the constraint equations, we obtain a set of Hamilton-Jacobi equations
for S. Following the analogy which we started the section with, notice that the func-
tional S coincides with the on-shell action evaluated at r = ry.

Once the solution S[F] is found, we substitute the conjugate momenta 7 with
in the Hamilton’s equations. Thus we have first order differential equations for the
radial evolution of the dynamical variables, instead of the second order ones in the
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standard approach.

Hence the issue reduces to find the functional S. We show how to do this in the
following procedure.
We introduce the dilatation operator dp, constructed knowing the leading asymptotic
behaviour of F. It is defined as

5
5p = / Fa Y erF— (3.70)
— oF

with ¢z the coefficient of the exponent of e’/

field F.
The dilatation operator dp allows us to find a solution S = [ d*z L for the Hamilton-
Jacobi equation in the expansion form

in the leading asymptotic term of the

S:S(g)+8(1)+"':/d3x (L(0)+L(1)+"'), (3.71)

where all the terms of the expansion are eigenfunctions of §p (i.e. pS(n) = (3—n)S())
and covariant functionals of the induced fields. Higher orders of S are subleading
relative to the lower ones.

From the relation (3.69)), we obtain

> w6 F = 0L+ 0 (3.72)
f

with 9;v" a generic total derivative. Applying the equation above to a local scaling
transformation generated by dp, we have

Z C]:7T]:(n)]: = (3 - H)L(n) (373)
]_‘

where 7 r(,) is the n-th term in the momentum expansion. L, is defined up to a total
derivative &-vfn).
Then combining Hamilton’s equations, Hamilton-Jacobi expressions, the expansion

(3.71) and (3.73)), we finally obtain S g
2

3
Y A’z v/—g. (3.74)

So) =
Now plugging the expansion of S in the constraints derived from the non dynamical
variables, we get a tower of linear equations for L,), n > 0. Papadimitriou finds the
expressions for L.,y up to the fourth order. We are interested only in L) for our
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purposes, because IL(;) and L) vanish and L4 goes to zero in the limit 7 — oo.
The second term in the S expansion is

14 = -
Se) =55 / dz \/—9<R[g} + 0Dy — \Ifw”"”Dj\I/k), (3.75)
where R[g] is the Ricci scalar constructed with the radial slice metric and
. 1 .
DU, =V, + %Aiqu = O, + Jwia)™ ¥, = Thlg Uy + %Aiwj (3.76)

is the gauge covariant derivative on the radial slice.
Thus the covariant counterterms action is immediately determined

S = —(S(o) + S(g)) + Sau. (3.77)

Notice that the purely geometric terms of the counterterms are the same of (2.51)).

Now we can also determine the Fefferman-Graham expansion of the fields. Indeed
by plugging the expression of S into and these in the Hamilton’s equation, we
have a set of first order derivative equations for the fields, which can be solved order
by order in powers of €/, starting from the higher power of the asymptotic behaviours
of the fields. In the case of our interest, the Fefferman-Graham expansions result

e €i0)(T) + e—r/eeq( ) (T) +e” /e €l (L) + -+
:e*’“/‘féz( J(@) + e 208 (2) + e e o (F) + e el g (F) 4 - -
A; = Ayi(@) + e Ay(E) + e Ay (T) + - - (3.78)
Uy = 03 Wg) () + 72 oy (T) + €75 Uy i(T) + -+
oy = IV (T) + 0 Wiy (8) + 0 W) (F) + -
where €, €3, Aoyis Ayi, Y0)4i and V(y)_; are undetermined, while the other coef-

ficients are determined by the procedure (see (4.27) of [12]|). Let us note that we can

switch between the expressions (2.41)) and (3.78)) thanks to the change of coordinate
_ 21/t

p=e :

For the calculations of Section we will only need one of the coefficients determined

by the procedure, namely

l
Yy = 5 (%(0) + 25[ )D(O)k‘l’(O)+e7 (3.79)
where 71(““) = v,%e €50 )Ni(o)éﬁ(o), 7(50) = %! (o) and D)y, is the gauge covariant derivative

constructed with g

i
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3.6 Near-boundary behaviour

In this section we are going to analyse the asymptotic behaviours of bulk action
and boundary counterterm variations, keeping only the divergent and finite terms of
the expansions. Then we will prove that their sum vanishes.

For this purpose we need to find out the supersymmetric variations of the fields at the
boundary.

Asymptotic behaviour of supersymmetric fields variations First of all we de-
compose the fields through the radial ADM decomposition and we impose the Fefferman-
Graham (FG) gauge. In order to keep the gauge conditions we need to set the super-
symmetric variation of the radial components of the fields equal to zeroE] Hence we
obtain some useful relations

SA, = %\I/Te the =0 Ve — U, =0,

. (3.81)
i 1 .
oV, =0=V,e+ —(7 — 20,7y ) € — —('yr — 21Ar)e.
4 20
In order to solve this equation iteratively, we make an ansatz for the €
i — 3r —
€ = e 1)1 (T) + 27 ) () + ¢ 2 (n2)+ (F) + 1) (£)) + - - (3.82)
with 1(n)+ (%) and 7, (Z) of definite “radiality”, i.e.
Ve =4ne 027’ = T (3.83)

Therefore expanding the second equation of and making use of the expressions
in (3.78) and Appendlx. at ez and e” % orders we get

1

ar YRS
‘"o’

e=0, (3.84)

whose solution is

€ = e )1 (T) + e ) (), (3.85)
Wheregn(O)Jr(f) and n(1)—(Z) are arbitrary spinors.
At e 2 order, the starting equation yields

3 3 1

1 37
~ 571+ ~ 5N T Y@y’ "Noy+ + 1Yo Founo+ + 2€’7(0)A 1)i(0)+—

1
— ﬂn(2)+ + ﬂ?](z)_ =0 (3.86)

3In a more complete view of this problem, we might impose that all transformations under which
the action is symmetric have to preserve the FG gauge, as in Appendix B of [12].
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which implies

¢ ab il 3ij
e 77(2)+ = gw(Q)rabfy 77(0)+ + g’}/(o) F(O)ljn(0)+
i (3.87)
= @)~ = N0 AN+
At e 3 order we get
) ) 1 ab 1 b i g
T o1+ T 5pNB)- T WErany 77(0)+ + Z—lwm)mb’y -+ 770 Fayiimoy++ ss)
Do Pt -+ PloAeinos 24 Wi~ = 557+ T 55~ = 0,

which yields

l ab il
== NE)+ = T3WE)radY N0+ T 75 12 ?gF( Do)+ + WO)A 1)iTl(1)—

12 (3.89)

4 ab i/l 3ij i
= 1e)- = g@era) " - + 50 Floilo- + E’Y(O)A@)m(on-

Now we can find the asymptotic behaviour for the variation of the fields (remember
that a term composed by two parts of opposite “radiality” vanishes)

r/l_a rla —2r/¢ a ~
(e efio) + o7 ey + e efly)) =

(€2 7o)+ +e 20y + -+ )y (X Wgi +e 2 Wy + -+ ) +he,,

where the symbol ~ means that we stop the Fefferman-Graham expansion at the order
we will need in the calculations. The expression yields

a — 1 — a
= 5%‘(0)(33) 2577 0+ W (0)+i + h.c.
0¢i(z)(7) 1(7( 17 Yy + 107" W) -i + 0217 Py 41) + .
Z 2 (3.90)
1, . o
oej( ( ) 5( O+ Y@y i + 12~V Ya)—i + 10)- 7"V (2)-it
+ M)+ \If( ) + h.c.
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The same argument holds for the other fields

552(0)@) == %U(O)Jr%o)éi(m\l’(ﬂ)ﬂ +he.
09 (T) = — %77(0)+(éi(o)éé(2) + & ) 8h0) 1 Y (0) 1 — %ﬁ(l)_Vfo)éi(o)‘P(1)_j—
- %(ﬁ(ow%m@i(o)‘l’(z)ﬂ + 724 7(0) By Y (0)45) + e
084 (@) =~ %ﬁ<o>+(éi<o>éi<3> + é§<3>éi<o>)7b‘1’<o>+j ;W@) Vo) Zao Y-
- %ﬁ(l)%o)éi(o)%)j - %(m 0+ %000 V)15 + )+ V0 Ea0) Y (0)14) +
+ h.c.
(3.91)
0A @) =— %(77(0)+‘1’(1)i +71)-Y(o)+i) +hc.
04w = - %(ﬁ(ow‘l’(z)—i + 1)~ Yoy 4:) + .
5‘1’(0)+z‘ ZD(O)W(OH - %%(0)77(1) (3-92)

1

a 1 ik
SW(2)ia3” 37](0)+ + Z%(]Q)F(O)jw(ow—

1 Q.
0¥ 1)—i =D(0)in)- + SW(O)ias 377(2)+ + 5

1 1 1.,
- 5’7(0)F(0)ij77(0)+ ~ 9 NN+ T 5,Ci(2)Vall0)+

where we used the expressions of Appendix [C|

Asymptotic behaviour of the bulk action variation In order to analyse the
asymptotic behaviour of bulk action variation, we need to remind the Stokes’ theorem

/d%@”“z/ d*xn, ", (3.93)
M oM

where n, = (0,0,0, 1) is the normalized vector orthogonal to the radial slices.

Combining (3.93) and the expressions of Appendix we can compute the asymp-
totic expansion of the bulk action SUSY variation 65, which has been found to be
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expression (3.54). It reads

1 1 o | |
608 = — /d3:r; nT{\/—_g[—Vi (7" W;97) 4+ =V (69" 0") — 0" (&' ;) —
2%2 2 , 2 N —
() (B) ©
. . 21 .
— 26y IV, + 00y, — f@”ﬂAixpj - (3.94)
(D) (B) o
2— re c— rijk
— Zey U, —iey™ \Illek} } + h.c.,
i —_————

where we mark the different pieces in order to analyse them separately. Each expansion

will be stopped to the finite term because at the end of calculations we will take the
limit » — oo.

Let us start from the asymptotic behaviour of (A). It yields

1 - r i 1 T — 7
(A 5V —gVi (67" V;g7) ~ —ﬂe?’ 1\ = det(g) o)+ Vo) ¥ 0)+i+

1 Lo
+ et/ = det(gq) [—Q—ETT (90)9@)0)+ V(o) Y@+t

%

+ Vi (=70)+ P 1)-9) + 1)~ ©0)+590)) —

1 ~i a i ij
- zn(o)+ (%(2)7 Yoy+i + oY @)+i + 7?0)‘11(0)+j9(0)m9(é)> -
1 1
~ 71+ Yo+ — 77(1)—7(0)‘1’(1)—@} + (3.95)

1 — 7 — 7
+ 51/~ det(g) [Vm)i (=70 Y @-190) + T2~ Y ©0)+i9(0))

2
1 ~i  _a i ij
— 40+ <€a(3)’7 Yoy+i + Vo) Ye)+i + 750)‘1’(0>+j9(0)ik9é)) +
1_ ii 1_ i 1_ i
+ 2777(0)+750)‘I’(O)+j9(3)ik9(é) - Zn(3)+’Y(o)\I’(0)+i - Zn(z)fwo)‘l’u)fi—

1 i
- zn(l)—’Y(o)\I/(Q)—i} )

where we used ', = —30, gk =~ —%GQT/Zg(o)ik + nge_T/eg(?))ik-
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The near-boundary behaviour of (B) reads

1 — INTyT 1 T n {
(B): 5\/ —gVi (67 v ) = —2763 - det(Q(O)) (0)+7(0)‘1’(0)+i—
1 1 _ _ ;
- ﬂe — det(g(0)) bT?”(g(o;g@))77(0)+’7(o)‘1’(0)+i+

+ M)+ ( € ( 27 Y04 + Yoy Y @)+i + Yoy P 0) 1k 0)1]9(2)) +
+ ﬁ(2)+7éo)\11(0)+i + 77(1)—720)‘1’(1)—1'] —

1 — ~7 a ) 7 ik
oV det(g0)) [77(0)+ <ea(3)7 Y o)+i + Yoy ¥@)+i + 7(0)‘1’(0)+k9(0)ijgf3)> -

L i L i
- 577(0)+'7(0)qj(o)+k9(3)ij9€g) + 13)+Y(0) Y (0)+i T
+ oy Py + iV e
(3.96)
The (C') term expansion is
T =A 2 T = )
(C): V=0 (a'T;) = =S/t —det(9<o>)(77(0>+’Y<0)‘1’<2>+i+
+ 7o)+ Ca) V" L)+ + T~V Yay-i + 77(2)+720)‘I’(0)+i> —
(3.97)
3 = ~1 a — ) = )
7 (77(0)+€a(3)’7 o)+ + 13)+Y(0) Y 0)+i + T0)+7(0) ¥ (3)+i T
+ 7)oy ¥ -1 + i)Yoy ¥ )
The asymptotic behaviour of (D) is
(D) : 2/~ gey" I U = 263/ [~ det(g<o>)’(o>wf’§§'(vi%)m)7+
r 1 — = j
+2e7/" _det(Q(O)){§T7ﬂ(g(0;g(2))(77(0)+7?0§(Vi\pj)(0)7>+
+ 7o) [’Y?Sf(v ¥;)e) (éib(o)éi(z) + éz(z)éi(o))73ab(vi‘1’j)(o)*] +
+ - (V) ) + T2 (Vi) }+ (3.98)

12,/ det(g(o)) {ﬁ(o>+ [’y(é§ (Vz"l’j)(3>—+
L i “ _ 3ij
+ (ea(O)ez(S) + ea(3)e{)(0))73 b(vi\llj)(O)—} + n<1>—7(o§(Vi‘l’j)<2>++

+ 7l (Vi¥3) s + 7w 70 (Vi¥s) o) -
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where we used (C.2)) and (C.13) to simplify the expression above.

The (F) term reads -
(E) : V—gd¥ "IV (3.99)
However 6.5 includes the hermitian conjugate of every terms we marked. Further in
Eq. (3.92) we computed the near-boundary expression for 0¥,. For this reason we

prefer to study the asymptotic behaviour of the hermitian conjugate of (E) (which we
call (E)), that is

(E) : V=gV ;50 ~
~ o'/ = det(g0) (P07 0% + Ty 76l 0o )+ (3.100)
— det(g(0)) (‘I’(o)ﬂ%g{ﬂ’@)—i + ‘I’(z)—j7§§§5‘1’(0)+i) :
The asymptotic expansions of (F'), (G) and (H) terms read

2i —_ rij
(F) . z\/ —gey jAZ\IJj ~

2i r — 1% — 77
~ e I/~ det(g(0)) (77(0)+7?0§A(0)i‘1/(1)—j + 77(1)—7?0§A(0)i\1’(o)+j)+

! (3.101)
1 _ ij = tj
+ 7V det(g(o)) [77(0)+7€’0§A(1)¢‘11(1)—j + 77(1)—75’O§A(1)z"1’(0)+j+
+ 7o)+ 70y A0 ¥ 25 + T2~ Vo) A0 ¥ )45
2 - ri
(G): V—ge" T =
2 4, _ i
~ —Zeg e — det(g(o))77(0)+’7(0)\I’(0)+i_
2 r - ~j a = !
—° /f\/ — det(g) [U(0)+€a(2)’7 Yoy+i + 00)+70) Y 2)+i+
1 (3.102)
+ 7M@)+ 70) Y 0)+i — M1)-Y(0) Y (1)—i + QTT( 09 (2))77(0)+7(0)\I](0)+Z]
2 _ ~7 a — 7
—7\V- det(g(0)) [77(0)+€a(3)7 V(0)+i + 00)+7(0) Y (3) i
+ 77(3)+720)‘1/(0)+¢ - 77(2)—%0)‘1’(1)_1‘ - 7](1)—720)‘1’(2)_@] :
(H): iv=ger oy ~
(3.103)

. r/l— rijk
~iy/— det(g(o))<e /Zn(o)gy(og W 0y+iF oy e + 77(0)+’Y( 0) qj(0)+lF(1)Jk>
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Asymptotic behaviour of counterterms variation We are going to study the

asymptotic behaviour of the counterterms action variation. As in the bulk action case,

we will stop the expansion to the finite term. Let us remember the boundary action
1

Set = Sau +50) T 502 = —
K= Jom.

¢ » o
— 5 (Rlg)+ U, DAY, — B4 J‘ﬂquf%)], (3.104)

d%\/_[ (2K+\1m”\11)—%—

where OM_. is a finite cutoff surface, g is the determinant of the induced metric g;;,
K = ¢ K;; is the trace of the extrinsic curvature K;; of the radial slice. As we did in
all this work, we set the Fefferman-Graham gauge.

Let us examine the variation of (3.104]) term by term, making use of the expansions
in Appendix [C| We start from S variation

5S(0) = dir ¥t

/£2€

d3 —det 37“/[ Z] z+
W V [ s (3.105)

1
QTT( © )9(2))L(J(?))(SSJ(O)Z‘J)+

Z3‘59@' =~

+ er/f (g(o 59(2 )ij +9 2)59 (0)ig +

+ 926)59(3)@' + gg)(;g(oyj} :

The near-boundary behaviour of §Sgy reads
1 -
550 =53 / 02 5[/ =G (2K + Uiry,)] ~
1 1 .. 1,- .
~— /d3x \/—_g<—g”(5gin - 5(\111-7”5\1@ +h.e)+ (5K> ~

/d3 \/— det(g {37"“( g(o 9(0)ij (0)+(5K)(0)>Jr

1
r/z[_ - <_ 9 Sg0ii K o) + (0K >+
Te 5 I r(g(o)g(z)) 29(0) 90)iiK(0) + (0K)0) (3.106)

_l_

N . 1,
902090y + 9(995) Ko + 590,090y K2+

—

+

0+ 0P )5 + Y-y 3015 + h-C-) + (0K )(2)] +

~
K

_I_

1,
909033 + 90)09)5) K 0) + 59009015 Ky +

+
NSRRI CE I N

~
K

(0)+i’)/zg)(5\11(2)_j + ‘If(z)_i’yzé)fs‘l’(o)ﬂ + h-C-) + (5K)(3)}'
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The asymptotic expansion of 4.5y is

262 &’z o [\/_(R[g] + (‘I]Jri%j’)/ijk‘lhrk + h.c.))] ~

1 ..
~_ 3 — —ad¥480.
~ =5 /d T/ 9{29 d9;;Rlg] + 0R+

2/12 d3 XA — det { r/é{ K (5g Z]R(Q) + (5R)(2)+

05(2) =
(3.107)

+ [(‘i/_H'D )(1)’}/ 5\11(0)4—19 + (5\11_,_1 )( )72(3)?\1/(0).% + h.C.} }
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3.7 Supersymmetric invariance of bulk + boundary
action

Finally we have all the tools to prove the supersymmetric invariance of the total
action up to subleading terms that vanish when we take the limit » — oo. The variation
of the total action can be summarized as

1 T T T
0S + 68y = = /d?’as\/—det(g(o))(e3 A+ e*B+C+ O(e /Z)) (3.108)

with the three terms defined as

1 1
A =< 2 M0)+ V(o) ¥ (0)+i + 77(0)+7 (V ;)0 + 57 ©0+Y0) ¥ o)+ + h-C->—

L

790

(3.109)

g 1 g
ij ke tJ ij
09(0)ij + ﬂg(o)ég(o)ijg(o)g(O)kl Ty (9(0)59(0)ij + 59(0)9(0)ij>a

1 i o s
B :{ZV(O)Z (_77(0)—&-\1](1)—3‘9(6) + 77(1)_\11(0)+jg(é)) —+ 2_87](0)4-6@(2)7 \IJ(O)—H'""

3 s 1 i 3 _ ;
+ 2—€n(o)+7<o)‘1’(2)+¢ - 2_677(0)+7é€0)\D(O)+jg(0)ikgé) + 777(2)+7(0)\I](0)+i_

1 _ i — @ ~7
- ﬂn(l)—’Y( o ¥ay—i + 7](0)+[ . (Vi) - + (e, © )eb(g) + € a(2 )eb(o )7 (Vi¥;)0) }

— (1)~ (V i)+ + ) +7(o)(v Vj)o)- + \P( 1'7((1)5\Ij(0)+j+
1 _ i — ij — ijk

+ z(ﬁ(0)+7(6)/1(0)i‘11(1)—j - n(l)_v(é)A(o)i\If(on) + 577( )+7({)) W 0)+i Floyjk + h.c.}—
1/, . 1, y

a; (9(3)59(2m + 9(%)59«))@') + 5 (9990 + 9(0)0921) Koy +

1, (1
+ 590990 K@) + (0K)@) — 5{59(6)59(0>ij3<2) + (6R) o)+
_ y _ y
+ [(\I/+¢Dj)(0)’y(é’;5\1/(o)+k + (5\If+i%j)(0)’y(é§q/(o)+k + h.C.] }+
1

1 _ _ i _ 17
+ §TT(9(0§9(2>) [<_ﬂ77(0)+7(0)\p(0)+i — 7o)+ Vo) (Vi¥5) 0+

1. 1 1.
+ 710470 Yo+ + h-C-) = 790990 + 5900901 K 0 + 0K )<0>}
(3.110)
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and
¢= Zv(on( 10+ ¥ (2)-i90) + - C0)+59(0)) +
2 4 . 2 i 2 i
+ 710+Ca3)7 V)4i + ZTI(O)+’Y(0)‘I’(3)+1' + ZU(3)+’Y(0)‘I’(0)+F
1

- 2777(0)+7(o)qf(o)+k9( )Ug 4/7 +7 )\I’(o)+k9(3)¢jgfo)+
+ 70)+ [72&(%%) _+ (e (0)€b(3) + e )ej ) Y (V:9) o)
— Ty (V%) @+ — -y (Vi) + sy (Vi) o)

1 1 _
+W()-150% 0 +g[ﬁ(o>+7(o)f4<1>i‘1’<1>fj—77 A o)+

+ 00+ Y0y A0 ¥ 2)-5 — M=oy A0 ¥ (0)+ } +

277<0>+7( b Yo+ Fuge + h-C-}—

1/ . y 1/ . i 1,
-7 (g(é)59(3)u + g(§)59<0>z—j> t3 (9&,)59(% + 9(é>59<3>u> Ko + 590990y K )+

by, - = i B ii

(3.111)
After some algebraic calculations one obtains
A =0
B= L0 U508+ S Wioyas0, + foyen W
=V (0)i 110+ ¥m-i9@) T 3 10-Y0)+i9@0) T M0+ Y0¥ ()i
1 _ ij g
- 577(1)—7(0)‘1’(0)+j 2‘1’( )+ﬂ( )D(O)kn 0+ + h.c.
l i (3.112)
~ Vo (9€0>5F( — 9160T{o); )

]' — 17 1 — 17 — 17
C' =V (—Zmowq’(z)—jg(é) +17@-Y+590) + T+ Y0 Y-+

+ iﬁ(0)+7(ié;€14(l)j\1j(0)+k + h.c.> _

Hence the variation of the total action results in a covariant derivative on a radial
slice. In order to make it vanish, we can set the fields to zero in the limit (z*)? — oco.
Otherwise, in Euclidean signature, we can assume the boundary is compact, hence the
boundary term obtained by integrating vanishes.
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By imposing one of these two conditions, we can safely take the limit » — oo and
finally achieve our purpose: we proved that the counterterms cancel the divergences of
the bulk action and we obtained a local supersymmetric theory also at the boundary.



Chapter 4

Conclusions and applications

In Chapter 3] we showed explicitly how the counterterms found through the Hamilton-
Jacobi method cancel the infrared divergences and the finite terms of the bulk action
supersymmetric variation. In order to obtain our result, we needed to fix an additional
condition. In Lorentzian signature we imposed the requirement on the boundary fields
behaviour, i.e. their values vanish in the limit (z*)?> — oo. Alternatively, working in
Euclidean signature, we assumed the boundary is compact.

This argument proves the correctness of the holographic renormalization procedure
employed in Section and the invariance under local supersymmetry of the bulk +
boundary action of minimal AV = 2 four dimensional gauged supergravity.
Furthermore, according to what we said in Chapter [2[about the AdS/CFT correspon-
dence, the generating functional of connected functions of the dual theory (namely
N = 2 three dimensional SCFT), which coincides with minus the on-shell supergravity
action, results UV renormalized after the holographic renormalization procedure.

The case studied from the theoretical point of view has important applications,
for instance in the field of black holes and microscopic counting of their entropy. In
particular we have an example in [21]. The authors find a holographic relation be-
tween the partition function Z of N’ = 2 three dimensional SCFTs compactified on a
Riemann surface X, of genus g > 1 and the entropy of a supersymmetric magnetically
charged AdS, black hole Sgg, which is a bosonic solution for the minimal N = 2 four
dimensional gauged supergravity action.

Our work result is important for [21] because we proved the correctness of the countert-
erms found in [12], which holographically renormalize the minimal A" = 2 gauged four
dimensional supergravity action preserving invariance under supersymmetry variations
of the boundary fields, to be identified with the field theory sources. Because of this
latter property and since the symmetries between the two theories match, it means
that the correct dual theory for N/ = 2 three dimensional SCFT is the one represented
by the bulk action + the boundary terms ([3.104). Furthermore, since we renor-
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malized the action, we can obtain finite quantities from the supergravity theory and
compare them with their holographic dual realization in quantum field theory.

We will retrace the steps made in [21] in order to find the holographic relation
between Z and Sgy. All of the following results are valid in the large N limit, that we
briefly discussed in the introduction of our work.

The action is the one in (3.13]) with the gravitino sets to zero, namely

1 1
IEinst+Max = _@ d4l' V _G<R +6— ZF2> (41)

Notice we have the relations %Fhere = Fipere, which is an irrelevant rescaling of the field
strength, and ¢ = 1. The magnetically charged AdS, black hole solution is given by

14\2 1\—2
d2:—( ——)dt2 (__) dp? + p2ds2,,
sy P % +{p 2 p°+ pTdsye
_dl’l/\dl’Q

2 b
T

(4.2)
F

where dsf, = % (dz} 4+ da3). The entropy of this extremal black hole is given in terms
2
of the horizon area by the standard Bekenstein-Hawking formula

Area (g — 1)7r
SpH = —75 = @ (4.3)
4Gy 2Gy

where G%) is the four dimensional Newton’s constant. One of the result obtained in
[21] is that the on-shell supergravity action coincides with minus the black hole entropy.
In order to evaluate the action on the solution , we need to add the counterterms
that cancel the divergences. The correct ones are

Leoms = 5 [ @0 v/=5(2+ 3Rlg) - ), (4.4

that are the terms we found in Chapter [3| (see Equation (3.104))) with the gravitino
sets to zero. However the integral Igue = IginstiMax + Leount 1S N0t well-defined when
explicitly evaluated on the extremal solution , because the integrand vanishes,
while the integration over the time leads to infinity. In order to solve this issue, one
needs to consider a non-extremal deformation of the solution and evaluate the regulated
action on it. There are two non-extremal deformations: one amounts to allowing for a
generic magnetic charge () under the graviphoton, and the other to adding a mass 7.



%)

The non-extremal solution, discussed in [22]| and [23], reads

1
ds* = =V (p)dt* + ——dp® + p*dsie,
PTG w
dz; A dx
F =202, (4.5)
T3
2n | Q?
Vip)=—1—=—+ "5 +p"
p P

with the extremal solution restored for () — % and n — 0. Evaluating the action on
this generic solution they obtain

2w —1
I = (4)p02(g p ) o <Q2 - P4 +npo>, (4.6)
2poGy ‘Po T T2

where pg is the horizon radius, i.e. the value of p which solves the equation V(p) = 0.
Notice that for the extremal black hole solution pyg — \%
Taking the extremal limit for /g7, they have

m(g—1) Ly 1/2

Comparing this result with the entropy formula (4.3)), they find
Spr = —Iuxr- (4.8)

On the other hand, according to AdS/CFT conjecture, the gravitational on-shell action
is related to the partition function of the dual CFT theory as Iz, = —log Z. Therefore
they obtain the sought holographic relation

IOgZ = SBH; (49)

which shows that black hole entropy can be identified with the logarithm of the parti-
tion function of the CF'T theory defined on the boundary of the black hole itself.
Although the black hole is a bosonic solution, the fact that the holographic countert-
erms are such that supersymmetry of the bulk-+boundary action is preserved is crucial
for the supergravity and field theory results to match.

In the end we briefly discuss a natural development of the present work. It consists
to work out the holographic counterterms in matter coupled N' = 2 gauged supergrav-
ity, whose fermionic part is only partially known, and to check again supersymmetry
of the bulk + boundary on-shell action. In this case, there would be radical differences
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with respect to the case of minimal N = 2 gauged supergravity. Indeed, while for the
latter there are not ambiguities related to the finite counterterms, for the former there
are ambiguities. Holographic renormalization has been discussed for matter coupled
N = 2 gauged supergravity with vacua that have conformally flat boundaries (see [24],
[25], [26], [27], [28], [29]), but no one has discussed yet vacua with arbitrary curved
boundaries.



Appendix A

Conventions

In this appendix we briefly enumerate some conventions employed in this work.

The metric is “mostly positive”, i.e. (—,+, ..., +). The Riemann tensor is
RHVPU - gPP’ (a/lrlpla - aVFZU + FZTFZO - Flp/TF;U) - (A].)
= eZef’, ((‘meb — OyWyab + Whaew,y — wyacwucb)

with the affine connection I', and the spin connection wlﬂb defined by

1
FZV = §gpg (augl/a + aug;w - 809;“,)

wu“b = 261/[&8[”(2!;}] — e”[“eb]geucal,eg.

(A.2)

The Ricci tensor and scalar are obtained contracting the Riemann tensor with the
metric, namely

Ry =R/

wovp

R=R,q". (A.3)

The covariant derivatives for a spinor and a vector read

1 a
VM)\ = 8“)\ + Zwu b’}/ab>\
V.V =9,V 4T VP

(A4)

The Dirac spinor conjugate is defined as
A =i\T40, (A.5)

Let us introduce the Clifford algebra for the gamma matrices in four dimensions.
It is defined by

{77} = 29" (A.6)
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We will employ a representation of gamma matrices which satisfies
2 i\ 2 .
(") ==L, (/) =1 i=1,23 (A7)
Further we remember the well known relation

(v)" = A0y (A.8)

In the context of supersymmetry and supergravity theories, it is useful to rearrange
the gamma matrices in the following way

1
/yll‘y p— ’y['u"yl/] = § [’7/”7 /}/Vi| (A'g)
v v 1 v
NN NG 5{7u’7 p} (A.10)

and more generally,

%[7“1,7“2“"‘"] for even n

All
%{7u1’7u2"'“n} for odd n. ( )

Ap i — 7[Mr-ﬂn] — {

We enumerate some useful expressions for the contraction of two gamma matrices in
four dimensions

TWH

T Vuwvpe = 67[1/5;[2w5£

NP = 297P (A.12)

VP = 67[“?552}] + 67”(5{/’362]] (A.13)
B = 1 4 30y (A1)

Y Yy = 47[[[;5;]] + 45[[;’5;] (A.15)
VP = P, 4 4y1P57) (A.16)
VoV =V + 260, (A.17)
Yy = A (A.18)

(A.19)

A19



Appendix B

Hamiltonian mechanics

In this appendix we remind some aspects of the Hamilton-Jacobi theory for clas-
sical system. It will turn out to be useful when we will explain the holographic renor-
malization procedure in terms of Hamiltonian formalism in Section [3.5]

Let us consider the action

t
S:/ dt'L(q%, ¢, t") (B.1)

where L is the Lagrangian of the system, ¢“ are generalized coordinates in the config-
uration space and ¢ are the respective velocities.
In the Hamiltonian formalism, we define the conjugate momenta p, of ¢* as

)

= o0 (B.2)

Pa

The evolution of a Hamiltonian system is described by the Hamilton’s equations

oH . oH

_od __on B.
o P 9 (B.3)

q
with the so-called Hamilton’s function or Hamiltonian H, which is achieved from the

Lagrangian performing a Legendre transform, i.e. H = p,4® — L.
The difficulty of solving an Hamiltonian system is located in the integration of (B.3).

We know that a canonical transformation, which we write as

Q= flg,p,t)  P=glq,pt) (B.4)

preserves the formalism of Hamilton’s equations, conjugating the Hamiltonian H to
another one K.
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The Hamilton-Jacobi method is a procedure that exploits a canonical transformation
to simplify the integrating issue. Indeed it conjugates H to another Hamiltonian K
easier to integrate. Therefore it moves the problem to the research of the generating
function of the canonical transformation that makes this work.

Time-independent system For a time-independent system one can prove that
there exists a generating function W(q%, P*) which satisfies

ow. . LW,
pa_a_qa<q 7Pa) Q - apa(q aPa) (B5)

and W(q®, P%) is a solution for the (reduced) Hamilton-Jacobi equation

ow
o OV O‘,Pa>:E B.6
(4" o (" Po) (B.6)
with E some constant.

Time-dependent system For a time-dependent system we add to Hamilton’s equa-

tions the following one

. OH
H=" (B.7)

Furthermore there is a generating function S(q%, P,,t) which satisfies

s, . 08
pa_a_qa(qapa> Q _8Pa

(¢*, Pa) (B.8)

and S(q%, P,,t) is a solution for the Hamilton-Jacobi equation

H(qa,g—;(qa,Pa,t),t>

oS
+5.=0 (B.9)

Notice that the Hamilton-Jacobi formalism for time-dependent system reduces to
the time-independent one setting

S(q%, P, t) =W(¢*, P,) — Et (B.10)

where the function § is known as Hamilton’s principal function, while W is called the
characteristic function.



Appendix C

Fefferman-Graham expansions

We compute and report the Fefferman-Graham expansions of different quantities
valid for the N' = 2 gauged four dimensional supergravity theory. We will stop the
asymptotic expansions to the needed order with regard to the calculations in Chapter

Bl We will work in Fefferman-Graham gauge.

Vielbeins and inverse vielbeins The following tautologies

a

— =i a —r/lxi —2r/l~i r/l_a —r/l_a
-:66]-2(6 /6(0)+e2/€a(1)+.”)(e/€j(0)+e /63(2)+),
b —r/l=i —2r/l~i r/l_b —r/l_b

yield the expressions

€0)fai0) =05 €ifo)Paqo) = Ja
Gy =0 = & =0,
€jo)fa0) = ~Ca@ o) €itnfato) = —Ci0)fa(2);
€j5)fa0) = ~Ca@ o) Cit3)Fat0) = —Ci0)fa(s)-

These equivalences are widely used to simplify the expressions of Chapter [3]

Spin connection The expressions of the spin connection read
w,* = 26”[“0[Z-ei]] — e”[“e:}]"em&,eg =
1 1 ,
= e”[“&»e?j] — e”[aﬁye?] — 563“637"61'38]-6? + Eerse‘”em&qej =
1

1 .
— 5&6? + 56‘”@;,@6?,
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w. W = Zej[aﬁ[ieﬂ - ej[aeb]keicajei,

, (C.4)
w,® = el[aaref], w,™ = 0.
Their asymptotic expansions are
1 r 1 —r ~J c L _ r ~j c
Wia3 = Ze /677(1176?(0) + Ze /enbc@i(Q)eg(o)ej(O) + 2—€e 2 /f <37’/bcei(3)€?(0)€j(0) — ’I’]abei-)(s)> =

=€ " W()ia3 T e_r/gw(z)ms + e_2r/ﬁw(3)m3,

1
_6737"/[

~i

Nets (Cay(3)€50) — 2Ca)0)€5(3)) =

Wiab = 20010, Ti€5)0) = Elaj(0)) Chi(0 )ncdez(o)a €0yt
Loe2r/t [27) ( 8[1 12 e )8[1-651(0)) _

~j ~k c d ~7 ~k c d c d
= (Bui(2110) + Elai0) 1)) Mea€S0)Di€hio) — €0y Eo10) e (€50 sy + ez-(z)ajek(m)} =

= W(0)iab T € 2T/£W(2)iab-

(C.5)

Metric and its variation In order to study the variation of bulk and boundary ac-
tions, we need to employ the asymptotic expansion of the metric. Its explicit expression
is
ds? = dr? + gijdxidxj =dr? + e?e?nabdxidajj =
= dr® + (" 910y (T) + 9023 (T) + ¢/ g3y (F) + - - ) da'da? (C.6)
~ d?"Q + (er/ée?(o) + e_T/é(i?@) + - )( r/t b( 0) +e -/t 3(2) + - )nabdl’zdl’J

which implies

= J0)ij = nabei’(o)e?(o)
9@ = Nav (€50) €02y T €521 0)) (C.7)
9@ = Nav (€50 €5 3) T €53)€50))-
We obtain the asymptotic expansions of ¢¥ with the same argument
géé) = ﬁabéZ(O)ég(o)
9y = 1" (Cao) ¥ + Ca Eog0) (C.8)

93 = 1" (Ca(o)hs) T as) ooy -
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Hence the variation of the metric 5gij and its inverse g% read

09(0yij = Uab(ée o T 62(0)56 )

89)i5 = Nab (9€50) €52 + €50y Tela) + Fefiarelio) + €linyd€0))
0g(yij = ab (€ i(o)ej(g) + el dely) + 561(3 eboy + e del),
(C.9)
59%) =" (562(0)51(0) + 52(0)551]; )
59y = 1" (0%u(0)%hia) + CalO%0a) + 0a@ i) T Ca2)9(0))
592?’;) - 77ab(‘Séz(O)éZ(g) + 52(0)5511 + 56’ ot ea(3)5eb )

Determinant of the metric In order to study the expansion of the determinant of
the metric we manipulate it in an useful way

ds? = dr? + e*/* [g(g) (1 + e_ZT/Z(g(_O%g(z)) 4+ )]Z.jdxidxj
G=yg=e"" det(go);;) det[1 + e_zr/e(g(_o;g(g)) +-- -}M ~ (C.10)
~ o7/t det(g(o)ij)(l 4 e_QT/ETT[(g(_Oig(z))ke] 4. )
Thus we obtain

—= V-G =+/-g~ e3r/£\/— det(g(o))\/l + 972T/€T7’(g(_0§9(2)) =

T Lo
~ 63 /f o det(g(o)) _|_ 56 /KTT(g(O;g(z)) —_ det(9(0)>»

where we have used the two equivalences valid for small A: det(1 +A) ~ 14 T7rA and

\/1+A:1+%A.

(C.11)

Covariant derivative of the supersymmetric spinor parameter and gravitino
In order to study the variation of bulk + boundary action, we need to compute the
near-boundary expansions of V;e and V,;V,. The first reads

1
Vie = i€ + ~Wiapy* e =~

4
1 3r
o~ 56“00(0)@@3’7 77(0)++

- 1 . o/l .
+ ezt <V(0)ﬂ7(0)+ + SW(0)ia3?Y 377(1)—) +e [<§w(0)¢a37 377(2)—>+

2
1 a3 1 a3 _
+ (V(o>m(1>_ + §w(o)m37 N@)+ + §w(2)m3’7 ?7(o)+)] =

= c2 (Vi€) () + ¥ (Vi) 1)+ + ¢ 7 ((Vie) @)+ + (Vi€) =),

(C.12)
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with V(g); the covariant derivative defined through g(.

The asymptotic expansion of the gravitino covariant derivative yields

1
Vi\lfj = 81\111 + Zwmg’}/aﬂ\I’j ~
1 3r

3r f - 1
~ e woyiasY V()4 + €7 <V(o)i\1’(o)+j + éw(o)id37d3qj(1)fj>+

_r 1 1
+e = [(v(o)iqj(l)—j + §W(0)id37d3‘1/(2)+j + §w(2)¢d37d3‘1’(0)+j)+

1
+ <§W(O)id37d3\p(2)—j>:| +

. 1 ] 1 1
+e [(V(o)i‘lf@)ﬂ' + Zw(Q)ider W)+ + EW(O)ideS\I/(?»)*J' + §w(2)id37d3\y(1)*j>+
1 1

+ (V(o)iq’(g)_j + Ew(3)id37d3‘1’(0)+g‘ + §W(O)id3’7d3‘p(3)+j)i| =

3r r _r
= ¢ (V;¥))0)- + 2 (Vil;) )+ +e 2 (Vi) ) + (Vi¥;)2)- )+

_3r
+e72 ((Vily) g4 + (ViP))(3)- )

(C.13)

We intentionally omitted the Christoffel symbols in V;¥; because its symmetric indices
are always contracted with two antisymmetric indices of the gamma in the bulk and
boundary actions.
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Extrinsic curvature, Ricci scalar and gauge covariant derivative of gravitino
In the variation of counterterms action, a number of quantities and their variations ap-
pear. We report their near-boundary expansions, remembering that we are interested
in terms with up to two fermionic fields.

Let us start from the trace of the extrinsic curvature of a radial slice and its
supersymmetric variation

1 ..
K= 59”@9@' =

11" 1—r€i' 1—7“( ij 11 —
~ 290090 + ¢ gy g0y + 5o (990005 — 59(5))9(3)”-) =

= K(O) + e—2r/€K(2) + e—BT/EK(3)7
L5 L i (C.14)
1 ij ] 1 —2r /¢ 7 i
~ S (59(%)9 (0)i g(é)5g(0)zj> + e 2r/ <6g 290)ij T gé)ég(o)ij>+
ef3r/£|:<5g(3 13 -+ g 59 ) — (59 Zj + g (59 ):| =
5K) + 67271/6(5[{)(2) + 6737”/2((5}()(3).

/‘\Nlb—k

In Sp) term of Section there are the Ricci scalar of a radial slice R[g], the
gravitino gauge covariant derivative V,;W¥; and their variations.
The expansion of the former yields

Rlg] = (0,T%, — O;Thy, + T — T L5 ) o7*

—2r 1 7 7 ik
o/t (81'F(0)jk - 8JF(0)ik + F(O)wrfoyk - 1ﬂ( )er(o),k) Z 0) = (C.15)
— efZT/ZR@)?

12

where Ffj near-boundary behaviour is

Tlg] ~ =900 (8:9(0)5¢ + 05900 — Oegioyi) = Tioyi;lal- (C.16)

N | —

Its variation reads

6R = Ry;[g]69” + V, (ijdré'k - 9ik5F§k) =
e =m0 Yo+ Rilo) + Vi (0, o = 910, o) = (C17)
= 2(6R) o)

12
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In the end the expansions of the gauge covariant derivative of gravitino and its variation
yield

- - 1- . _ i -
\P—&-i%j = 0; Wi — Z\Ij—&-iwjab'Y b FZ’ 9]V 1k — ZAj‘I}—H =~
T o3 1 -z T/
=~ e2 Do) Y (0)+i =z A Yoy =

= e (\I/H%]) + e_i(qjﬂ%j)

(0) (1)’

(C.18)
- % = 1 - ab k T i I
(5(‘I’+i j) ~ 0;0W y; — 15‘I’+iwjab7 - Fij (9]0 4 — ZA]'(S‘IJH >~
o — i _r —
== €2 D(0);0W(0)+s — 5¢ 2 A0 o)+ =

v 4 v 4
=e (6\11—5-11)])(0) +e 2¢ (5\II+ZD])(1)

where D(g); is the gauge covariant derivative constructed with g().
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