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Introduction

In algebraic geometry the notion of moduli space appears very often. Heuristically speaking, a
moduli space is a kind of geometric object "parametrizing" isomorphism classes of other geometric
objects.

An example of this phenomenon appears naturally in the context of classical algebraic geometry
over an algebraically closed field K: in this case one shows that the set of subspaces of K™ of
dimension d is in bijection with an algebraic subvariety G (n, d) of P, where N = () — 1, that
is called the Grassmannian variety.

Passing to scheme theory this notion can be reformulated in an abstract and more precise
fashion: if S is a base scheme a moduli space is the scheme representing a (representable) functor
F: (Sch/S)°” — (Sets), defined by some classification problem, as the one above.

In arithmetic geometry for various reasons we are especially interested in moduli spaces of
abelian varieties, that generalize the classic notion of modular curve seen as the moduli space of
elliptic curves. The first generalization is the moduli space of principally polarized abelian variety
of fixed dimension g with level N structure, for V € N>3, i.e. the scheme representing the functor
Ag n, defined by

A is an abelian variety of dimesion g over ',
An(S") =< (A, )\, 1) : X a principal polarization of A, /=,

1 a level N structure

S-scheme S’. This scheme is widely study, since Mumford’s Geometric Invariant Theory ([12]).

The Siegel moduli space with parahoric level structure goes one more step beyond in generality.
By parahoric level structure we will mean a choice of indexes I = {0 < ig < --- < 4, < g } and for
such an object we will write I’ = &1 +2Zg. The Siegel moduli space with parahoric level structure
is the scheme representing the functor A; n, whose S’-valued point are 2g-periodic chains (4;);er/
of abelian schemes over S’ of dimensions g, connected by isogenies, with additional data which
corresponds to the principal polarization and a level IV structure an A;,. This is the moduli space
in which we are interested.

Unfortunately the geometry of this moduli space is quite difficult to study, but a lot of tech-
niques have been developed in order to solve this problem. In particular the aim of this thesis is
to present one of them first introduced by A.J. de Jong in [10]. It consist of the introduction of
another scheme M°(I) that has an "easier nature" as it is defined by some linear algebra data
(it is in fact a subscheme of a product of Grassmannian schemes), the so-called local model, and
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such that there exist a third scheme A 7,~ and a diagram of the form

Arn

PN

Arn Mpe(I)

with ¢, 1 smooth of the same relative dimension and ¢ surjective. The existence of this diagram,
called a local model diagram for Az n, implies that A; y is locally isomorphic in the étale topology
to M¢(I). Hence it gives a powerful tool in the study of local features of Ay y, as e.g. the nature
of the singularities (this is done for instance in [13]).

We will in fact show that it’s reasonable (if not easy) to find explicit local equations for M¢(T)

and hence étale locally for Ay n.

This thesis will be divided in two chapters:

iv

e In the first chapter we will introduce the categorical formalism needed to talk about moduli

spaces, i.e. we will introduce the notion of representability. We will see then an elementary
criterion for the representability of a functor F': (Sch/S)°® — (Sets) and that, if S = Spec R
is affine, under some conditions this gives a procedure to introduce schemes giving their
functor of T-valued point, for T an R-algebra. We will then use this procedure to introduce
the Grassmannian scheme and the Local Model.

In order to introduce the latter we will deserve a section on a particular chain (A;);e;r of
Z,-lattices such that the standard alternating pairing on Qf)g restrict for any i € I’ to a
perfect paring (-,-);: M; x M_; — Z,. We will show moreover that this construction can be
tensored giving a chain of R-lattices (A; gr)ic;r endowed with "alternating" pairings, for any
Z,-algebra R.

In the second chapter we will give the definition of the Siegel moduli space with parahoric
level stucture and we will describe the local model diagram. In this chapter the main
technical tool will be the notion of system of R-modules of type II, i.e. roughly speaking
of a chain (M;);cp if locally free R-module of rank 2g connected by a R-linear maps and
endowed with "alternating" pairings (e.g. the chain (A_; r)icr/) is such an object). We
obtain this notion generalizing the corresponding one of [10] from the Iwahori level structure
case (i.e. I = {0,...,9}) to the general one. We will prove in particular the following
results that generalize the proposition 3.6 in [10] and that imply the surjectivity of ¢ and
the smoothness of ¢ and :

Proposition. Let I be a parahoric level structure, R be a Zy-algebra and and M, a system
of R-modules of type II for I. If R is a local ring there is an isomorphism My — A_q g.

Proposition. Let I be a parahoric level structure, R be a Zy-algebra and and M, a system
of R-modules of type II for I. Suppose that a is a nilpotent ideal of R and that there exist an
isomorphism Me ®p R/a — A_e R/as then we can lift it to an isomorphism M, 5 A_o R

At the end we will show in some examples the procedure in order to compute local equations
for Me¢(I). For instance in the case g = 1, I = { 0,1} the R-valued point of the local model
are pairs (Fg, F1) of locally free submodules of R? of rank 1 such that a(Fy) C Fi, where
a: R?> — R? is the linear map associated with the matrix (8 (1)) In local charts they



correspond to the vectors (1) and (1), moreover the condition a(Fy) C F; is equivalent to

the existence of A € R such that

6 )6)=()=20)

We get therefore the local equation zy = p.
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Chapter 1

Local Models

The aim of this thesis is to describe the local structure of some Siegel moduli spaces of principally
polarized abelian schemes. The moduli problem will play therefore a central role. We can express
it in a naive way: a moduli space is a "geometric object" that "parametrizes" a given class of
other "geometric objects" modulo isomorphism. This sentence is very vague, let us explain with
an example what we have in mind: in the context of Riemann surfaces it is well known that any
elliptic curve is isomorphic to a complex torus C/A, for A a lattice in C, and that one can find a
particular quotient of the complex upper-halfplane H, called modular curve, in bijection with the
set of isomorphism classes of tori (hence of elliptic curves). In this chapter we will give a precise
notion of the moduli problem and we will introduce a couple of easy examples of moduli spaces:
the Grassmannian scheme and the Local Model. We will follow as main references [5] and [4].

1.1 Representable functors

In this section we will introduce the categorical concept of representability, that generalizes this
situation in the context of schemes.

1.1.1 Let C be a locally small category (i.e. for any X, Y objects in C the class Home(X,Y) is a
set) and denote by CV the category of all contravariant functors F': C°P? — (Sets). There are some
obvious, but very important, objects of CV, namely the contravariant functors hx = Home(—, X)
for any object X of C. The following classical lemma holds:

Lemma. (Yoneda) Let X € C, F € C¥. We have a bijection
HOmcv (hx, F) ;> F’(Xv)7
functorial in F, given by a = (az) zec — ax(idx).

If we specialize the lemma for F' = hy, where Y is another object of C, we get that the functor
he: C — CV defined by X — hx is fully faithful, or in other terms that we can embed the category
C into CV. Therefore in the sequel we will not distinguish between X € C and the functor hx € CV
if it does not cause any confusion; e.g. in the case C = (Sch/S) we will write X (T') instead of
hx(T) for any X, T € (Sch/S). The set X(T) is called the set of T-valued points of X. Note that
this notation is compatible with the Yoneda lemma in its general form: for any F' € (Sch/ S)V,
T € (Sch/S) we can view F(T') as the set of morphisms of functors 7' — F and if F = X is a
scheme they are, as just observed, exactly the morphisms of schemes T — X.



1.1.2 Tt is interesting to study the functors that, modulo isomorphisms, come from some object
X of C.

Definition. A functor F': C — (Sets) is called representable if it belongs to the essential image of
he, or in other words if there exists an object X € C and an isomorphism of functors n: hx — F.
If such a pair (X, n) exists, then we say that it represents F or simply that X represents F.

If F is representable the pair (X, 7) is unique up to a unique isomorphism: if (Y;e) is such
another pair, then the isomorphism ! on: hx — hy is an isomorphism of functors between
schemes, hence it comes from an isomorphism of schemes ¥: X — Y, ie. e~ on = hy. Hence X
is isomorphic to Y via ¥ and n = € o hy.

Ezample. Let C = (Sch/R) be the category of R-schemes for R a commutative ring. We define
F: (Sch/R)°® — (Sets) by F(T) = I(T,Or)" for any T € (Sch/R). It is known that

HOIHR(T, A%) = HOIHR (R[Xl, ey Xn], F(T, OT)) = F(T7 OT)n,

hence A’ represents F.

This can be generalized to C = (Sch/S): A% represent F': (Sch/S)’ — (Sets) defined by
F(T) =T(T,Orp)"™ for any T € (Sch/S). Note that, by the uniqueness of the representative, we
could have defined Ag to be the representative of F', once we have shown its representability. The
rest of this paragraph follows this idea: we will find a criterion of representability that will allow
us to define schemes via functors.

Note moreover that the notion of representability can be seen as a formal translation of the
naive idea of "parametrizing". In fact, if we collect the objects that we want to parametrize in such
a way to define a representable functor F', we have a scheme whose T-valued points parametrize
the objects in F(T).

1.1.3 To state the criterion of representability quoted above, we need to study some properties
of the functors F' € (Sch/S)". Let’s start with the Zariski sheaf property. In the following when
it does not lead to any confusion we will identify in the notations a ring with its spectrum, e.g.
we will denote the set F(Spec A) simply by F(A), for any functor F € (Sch)" and any ring A.

Definition. Let F': (Sch/S)°® — (Sets) be a contravariant functor. We say that F' is a Zariski
sheaf if for any S-scheme T and any open cover {U; },.; of T

F(T)—[[FU) == [] FWinUy),
el i,j€1

is an exact sequence, where the arrow on the left is induced by the inclusions U; < T, while
the two arrows on the right are induced respectively by the inclusions (U; U U; — U;); ; and
(Uz @] Uj — Uj)i,j-

REMARK 1.1.1. Let’s investigate this definition. If we write sy for F'(¢)(s), where s € F/(X) and
t:'Y — X is an open inclusion, the map on the left is given by s — (si)r and the two maps
on the right respectively by (s)r = (sijv,nu,)i,; and (sg)k — (sjmej),-J. Hence the condition
correspond formally to the usual sheaf property for presheaves on topological spaces: these two
are in fact two instances of the more general definition of sheaf over a site.

It turns out that the condition of being a Zariski sheaf is a necessary condition for a functor
to be representable: the theorem of gluing for morphisms of schemes is equivalent to the fact that
for any scheme X, the functor hx is a Zariski sheaf.

We have moreover a corresponding notion in the affine case.



Definition. Let F': (AffSch/R)°® — (Sets) be a contravariant functor. We say that F is a Zariski
sheaf if for any R-algebra T' and any {t; },.; € T generating the unit ideal, or in other word such
that SpecT = | J,;o; D(t;), the sequence

F(T)—[[F(T) —= [] F(Tus,)
il ijel

is exact, with arrows induced by the canonical maps.

It’s easy to imagine, and not so difficult to prove, that these two definition give rise to the
same objects.

Proposition. Let F': (AffSch/R)® — (Sets) be a Zariski sheaf. Then we can extend it in a
unique way to a Zariski sheaf F': (Sch/R)°” — (Sets).

Proof. This result is the analog of the fact that to define a sheaf on a topological space it is enough
to define it on a basis of the topology. The proof of this latter verbatim extends: the uniqueness
is clear by the sheaf property and so it is enough to define for any R-scheme T’

F(T) = Jim F(U)={(su)y : U CT affine open, sy, = sy forany VC U }.

UCcT
affine open

Since any scheme can be covered by affine schemes, it’s easy to check that F is a Zariski sheaf. O

1.1.4 In any category C we can give the following definition:

Definition. Let F: C°? — (Sets). A subfunctor F’ of F' is a functor F': C°P — (Sets) together
with a monomorphism of functors F' — F, i.e. F/(T) < F(T) for any S-scheme T. In this case
we will identify any F’(T) as subset of F(T).

If C = (Sch/S), for a scheme S, then we can generalize the notion of open subscheme using
the embedding into the contravariant functor category, giving a well behaved definition of open
subfunctor:

Definition. Let F, F’: (Sch/S)°® — (Sets). We say that a morphism of functors f: F/ — F is
an open immersion if for any morphism g: X — F, where X is an S-scheme, the functor F’ x p X
is representable, say by a scheme Y, and the base change f(x): ¥ — X is an open immersion of
schemes.

Note that, even if Y is defined only up to isomorphisms, the definition of open immersion
of functors make sense: the property of being an open immersion of schemes is indeed invariant
under isomorphisms of the domain. The next result says that an open immersion F/ — F gives
rise to a subfunctor F’ of F'; we will say then that F’ is an open subfunctor of F.

Proposition. Let f : F' — F be an open immersion of functors, then F'(T) — F(T) is injective
for any S-scheme T'.

Proof. We will prove that Homg(T, F') — Homg(T, F) is injective; this is in fact equivalent to
our statement by the Yoneda lemma. We take therefore g, h: T — F’ such that fog= foh =g¢.



These morphisms fit in the cartesian diagram:

plfiq

Fl——=F

that defines ¢, ' using g and h respectively. Moreover f(x) is a monomorphism, as it is an open
immersion, and fxyog' =id = f(x)oh/, hence ¢ = h' and so g =pog =poh’ =h. O

1.1.5 Again we can give an analogous definition in the category of affine schemes over a commu-
tative ring R.

Definition. Let F, F’: (AffSch/R)* — (Sets). We say that a morphism of functors f: F’ — F
is an open immersion if for any morphism g: SpecT — F, where T is an R-algebra, the functor
F' xp SpecT is representable, say by an R-scheme Y, and the base change fi7): Y — SpecT is
an open immersion of schemes.

Note that we don’t require that Y is affine: indeed not all the open subschemes of an affine
scheme are themselves affine. Let’s now relate this notion in (AffSch/R) with the previous for

(Sch/R).

Proposition. Let F, F': (AffSch/R) — (Sets) two are Zariski sheaves and f: F' — F be an open
immersion of functors. Then we can extend f to an open immersion f F' — F of functors from

(Sch/R) — (Sets).

Proof. The existence of f is guaranteed by the functoriality of the tilde construction. We need to
check that it is an open immersion. Let therefore X be an R scheme and ¢g: X — F' a morphism
of functors. Covering X by open affine subschemes X;, we have a collection of schemes U;, open
in X;, and a cartesian diagram (again by functoriality of tilde and by the Zariski sheaf property)

Ui~ X; (1)

]

F'——F

where the top arrow is an open immersion of schemes. Using Yoneda’s lemma we get that (¢;); €
[1, F/(U;) agree on the intersections, hence we can glue them to ¢: U = J,U; — F’ since F" is a
Zariski sheaf. We get therefore a commutative diagram

U X 2)

I

F'——F

and we claim that this is a cartesian square. Let therefore S be an R-scheme endowed with the two
solid arrows h and k as below: we need to show that the dotted arrow exist, i.e. that h(S) C U,
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as U is an open subset of X.

Ul—os X

v

Consider therefore h~!(X;) and let (S;;); be an affine open cover of it. As the diagram (1) is
cartesian h(S; ;) C U; for any i,j. It follows that h(S) C U. The commutativity of the lower
triangle in (3) follows by the definition of . O

1.1.6 Also the concept of an open covering for functors can be generalized from schemes to
functors F': (Sch/S)°" — (Sets):

Definition. Let F': (Sch/S)®® — (Sets), a family { fi: F; — F },.; of open subfunctors of F' is
called a Zariski open covering of F' if for any S-scheme X and any morphism of functors g: X — F,
the image of the ( fi)( X)’s (as morphisms of schemes) forms an open covering of X.

In this form this definition seems difficult to check as it involves any possible morphism
g: X — F, with X scheme, but fortunately the following result simplifies a lot this hard task.
For convenience we will state it only for S = Spec R affine, even though the general case can be
proved in the same way.

Proposition. Let F': (Sch/R)* — (Sets) and { fi: F; — F }, be a collection of open subfunctors
of F' such that F(K) = J, F;(K) for any R-algebra K that is a field. Then the family { f; }, form
a Zariski open covering of F.

Proof. Let g: X — F a morphism of functors, with X a R-scheme. Consider for any ¢ the open
immersion (f;) x) Fixp X = X and denote by U; its image. We have to prove that for any
x € X there is an index ¢ such that € U;, or in other terms that the corresponding morphism
tz: Speck(x) — X factors through U;. We can now write a commutative diagram

Spec k(x)

where the existence of the two dotted arrows is equivalent, since F; X p X = U;. Hence we are left
to prove that the composition got,: Speck(z) — F factors through f; for some i. Now note that
by the Yoneda lemma and by the hypothesis

Homp (Speck(z), F) = F(k(z)) = U Fi(k(z)) = U Homp(Spec k(z), F;),

hence g o ¢, already lies in Hom (Spec x(z), F;) for some index 4, i.e. it factors through f;. O



1.1.7 We have all the tools now to state the criterion of representability that we will use. For
the proof we refer to [5], page 209.

Theorem. Let F: (Sch/S)°® — (Sets) a Zariski sheaf and let { f;: F; — F'}, a Zariski open
covering such that any F; is representable. Then F' is representable.

We want describe now, as final outcome of this section, a procedure to define a scheme over a
commutative ring R that represents a given functor F': (AffSch/R)° — (Sets):

e show that F' is a Zariski sheaf ;

e define a class of subfunctors F; of F' such that F(K) = |J, Fi(K) for any R-algebra K that
is a field;

e show that they are open subfunctors and that they are representable in (AffSch/R).

We can indeed extend F, F; to Zariski sheaves F, Fy: (Sch/R)°® — (Sets): F is a Zariski sheaf
by the hypothesis and the F;’s as they are representable in the category (AffSch/R). We already
observed (cf. 1.1.5) that F; — F extend to F; — F and it is again an open immersion, moreover
the condition F'(K) = J, Fi(K), for any R-algebra K that is a field, ensures that they give rise
to a Zariski open cover of F (cf. 1.1.6). Observe moreover any F} is representable by an affine
scheme in the category (Sch/R): let Z; the affine scheme representing F; in (AffSch/R), then F;
and hyz, are two Zariski sheaves that restrict to the same Zariski sheaf on (AffSch/R), hence (by
the uniqueness of the extension) they are equal on (Sch/R).

Hence all the conditions of the above theorem are satisfied for F' and therefore it is representable
by an R-scheme.

1.2 Grassmannian scheme

The previous paragraph introduced the concept of representability and gave us a way to find
explicitly (following the proof of the criterion in 1.1.7) the representative of a specific class of
functors. In view of the local study of our moduli space we are interested in one such functor in
particular: the so-called local model. This is a closed subscheme of a product of Grassmannian
schemes, that we are going to introduce in this section.

1.2.1 First, we need to recall some statements about projective modules over commutative rings.
Let therefore A be a commutative ring.

Proposition. ( [11] App. B, theorem 2.5, theorem 7.12)

1. Let M be an A-module. Then M be is projective if and only if it is a direct summand of a
free A-module;

1. Let A be a local ring. Then any finite projective module over A is free.

wi. Let M an A-module of finite presentation. Then M is projective if and only if for any
m € MSpec A the localization My, is a free An-module.



By the point 7. the following definition makes sense:

Definition. Let M a projective A-module. We define rk: Spec A - NU{ o0} to be the function
that maps p to rka, (M), where k4, (M,) is the rank as free module of the localization of M at
p over the local ring A,. We say that M has rank n if the function rk is constant with value n for
any p € Spec A.

Moreover one can show that the rank function is locally constant on Spec(A):

Proposition. (/3] chapter II, section 5.2, corollary to proposition 2)
Let M a finitely presented projective A-module. Let p € Spec A and M, be free of rank d. Then
there exists f € AN p such that My is free of rank d.

Proposition. (/3] chapter II, section 5.2, theorem 1)
Let M a finitely generated projective module. Then it is finitely presented.

Combining the previous results we get that if M is a direct summand of A™, for some positive
integer n, the quasi-coherent associated module M is locally free. In fact M is projective and
finitely generated (as quotient of the finite free A-module A™), hence also finitely presented. If
we localize at any prime p € Spec A then M, is a finitely presented module over the local ring
Ay, hence free (of finite rank rk4, (Mp)). Therefore exists f € A \ p such that My is free (of the
same rank rk, (My)) i.e. a distinguished open neighborhood D(f) of p such that M|D(f) is free
(of rank rka, (Mj)). Moreover if M has constant rank d, it follows that M has constant rank d.

1.2.2 We pass now to the definition of the grassmannian functor. It generalizes the classical notion
of grassmannian variety over an algebraically closed field, i.e. the variety of linear subspaces of
K™ of dimension d.

Let R a commutative ring and let’s fix n, d two natural numbers such that 0 < d < n. Define
for an R-algebra T the set

Grassy, q,r(T) = { M submodule of T" : M direct summand of rank d },

moreover if f: 1} — T5 is a morphism of R-algebras define the transition map M — M @7, Ts,
for M € Grass,, ¢, r(T1). This is well defined as M @7, T is a direct summand of T3 (as direct
sum and tensor product commute, see [1] prop. 2.14) and it has again rank d (as localization and
tensor product commute, see [1] prop. 3.7).

This gives rise to a functor Grass,, 4 r: (AffSch/R) — (Sets), moreover

Proposition. Grass, 4 g is a Zariski sheaf in (AffSch/R).

Proof. Let T an R-algebra, {t; }, C T generating the unit ideal and, for any i, take M; a direct
summand of T}! of rank d such that M; Qr,, Te,e; = M; ®th Tt;¢;, as submodule of Tt’;tj. We
have to show that there exists a unique T-module M, direct summand of 7™ of rank d such that
M ®7 Ty, = M;, as submodules of T{*. Note that by [1], prop. 3.5, we will identify the tensor
product of a module with its localization: e.g. the above condition becomes (M;)s,¢, = (M;)t¢; -

First, let’s prove the existence of M. As we observed in 1.2.1, we have an Ogpec T, -module .%; =
M;, locally free of rank d. Observe that by assumption X = Spec T is covered by the distinguished
open subsets U; = D(t;) = Spec(T};) and moreover we have a collection of isomorphisms

.. —=id Z. ~> .
Pij = id: Ji\UiﬂUj ‘gZJ\UfﬁUj



hence we can glue them to a sheaf % on X. This is a quasi-coherent sheaf, since X has an affine
open cover of open subsets U; such that .7y, = M;. Hence, as X is affine, & = IN(X,.7)~. We
can therefore take M = I'(X,.%#). We only need to show that M is a direct summand of T" of
rank d, as by the properties of quasi-coherent modules M;, = I'(X,U;) = M;. Writing the sheaf
property for M and T" and the cover {U; }, we get the followmg solid diagram with exact rows:

7;\n _— I:ITS — HTtyiLtj

]
\M — HMZ —_— L (Mi)titj
? ]

and the existence and injectivity of the dotted arrow follows: let m € M, localizing it gives rise to
a collection (m;); € [[;M; C [[, 7} that agree when localized again in H i (Mi)ege; C©TL T,
hence they glue to a uniquely determmed m € T". Vice versa 1 can be 1mage of at most one
m, as any localization m; € M;, then they glue to a unique m € M. Similary one proves the
T-linearity of the dotted map, hence we can consider M as a submodule of T™ and more precisely
the diagram suggests the explicit description

M ={m eT":m & M; as an element of the localization T}" } .

The stalk of M at p is isomorphic to the stalk of M; at pA;,, for ¢; ¢ p, in particular of the
same rank d, hence it is left to prove that M is a direct summand of T™, or equivalently that the

sequence
0O-M—->T"—>T"/M =0

splits. This follows since 7" /M is projective by 1.2.1: in fact (T"/M);, = T'/M; is finitely
presented for any i (it is a direct summand of 77", hence the sequence

T8 — T — T /M; — 0

is exact, where the first map is the composition of the canonical projection Ty — M, followed
by the canonical inclusion M;, — T}'; apply [3] chapter II, section 5.1, corollary to proposition 3);
moreover (T™ /M)y, is free for any m € MSpec A.

Now let’s prove the uniqueness: take M, M’ such that M;, = M;, for any i. Consider the map
M N M’ < M and consider the associated map of coherent sheaves: it induces an isomorphism
on the stalks, so it is an isomorphism itself. Indeed (M N M’);, = My, N M';, = M, for any i,
so (M NM"), = M, for any p € SpecT. Since the functor M — M is fully faithful this implies
M =M. O

1.2.3 We look now for a Zariski open cover with representable subfunctors. Let therefore I =
{i1 <ia<---<ig} C{1,...,n} a choice of d indexes between n. Denote by e; the standard
generators of 7™ and by E; the submodule generated by the e;’s for j € {1,...,n} NI

Define the subfunctor Grassfl,d,R of Grass,,q.r by

Grass£7d7R(T) ={MCT":MeE =T"}.

for any R-algebra T. Observe that if M € Grass), a.r(T) then it is free: the projection onto M
induces an isomorphism of T-modules M =2 T"/EI = (&y,,...,€i,)Ti,cl, Where &; denote the
image of the j-th standard basis vector in the quotient.
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Consider now the affine scheme

W = Spec R[X; jli=1,...n
j=1,.d

and its closed subset Wi = V(X 5 — 0a,8)a,p=1,....d, Where 0o g is the Kronecker delta. We have
that in particular for any R-algebra T’

W[(T) = {A S Mnxd<T) A= ]l},

where A represents the submatrix of A consisting of the i-th rows, for i € I. We want to prove that
Grassfl, 4.r is representable by the affine scheme W7, i.e. that Grassfh a.r(T) = Wi (T), functorially
in T. The map is the correspondence between submodule and matrix of the coordinates of its
basis (note that any M € Grassfhd’ r is free) normalized in such a way that the I-th submatrix is
the identity.

We explain now why such a normalization is possible. We may indeed without loss of generality

assume I = {1,...,d}, up to reordering the e;’s. Choose a basis of M: it has a matrix of the form
Ay = (‘3‘9’ ) Consider moreover the matrix (‘]‘31 ?), matrix of the inclusion M @ E; < T™: the

condition T™ = M & Ej is equivalent to asking that this matrix is invertible, or equivalently that
Aj invertible. Up to multiplying on the right by A;l, operation that corresponds to a change of
the basis of M, one can take Ay, € Wi (T).

1.2.4 Note that in the previous argument the assumption A; = 1 has nothing special: we could
have taken a different invertible matrix with values in R instead of the identity and the final
outcome would have been the same scheme.

There is moreover an elegant way to avoid the choice of such a matrix: one may reformulate
what we said above as a a bijection between Grassf%d’ r(T) and the set of n x d matrixes with
invertible I-th minor, modulo right multiplication for d x d invertible matrixes, but we will not
use this formulation: for the computations it’s important to fix a (non-canonical) choice of A;.

1.2.5 Note that varying I the covering condition holds for fields:

Grass,, q.r(K) = U Grass], 4 g(K)
i

for any R-algebra K that is a field. In fact for any vector subspace V' C K" of dimension d any
of its associated matrixes has rank d, so we can find a subset of indexes I such that the I-th
minor is nonzero, or in other terms V & E; = K™. It is moreover interesting to remark that
Grass, ¢.r(T) # U; Grassfl,d, r(T) for general R-algebras T in fact Grassfl_d7 r contains only free
modules for any I, but in general there exist non-free projective modules in Grass,, q,r(T).

1.2.6 Let’s now prove that we have truly defined open subfunctors
Lemma. Let A a ring. The following are equivalent:

i. feA”;

i. f/1 e Ay for anyp € Spec A;

iii. for any set {t; }, generating the unit ideal f/1 € Ain for any i € I.



Proof. The implications i. = ii. and i. = iii. are clear. For 7. = i. observe that if f ¢ A*
exist m € MSpec A such that f € m, hence f/1 € mA, = A ~ AY. By the same argument the
implication dii. = ii follows, as Ay = (Ay,)pa,, for any p Z ¢;. O

Lemma. Let T' an R-algebra, M € Grass, 4 r(T) and I a collection of indexes as above. Then
there exists an affine open subset Uy C Spec(T') such that, if o: T — S is a morphism of
R-algebras, then f = ¢*: Spec(S) — Spec(T) factors through Ur if and only if M @1 S €
Grass,[l,dﬂ(S)

Proof. Let {t; }, a (finite) subset of T generating the unit ideal and such that M, is free for
any i. Let m; € T;, the I-th minor of its matrix. Write m; = z;/t}"", with x; € T, and define
Ur = D(I]; zi). Note that Spec S — SpecT factors through U; if and only if ¢: T — S factors
through 17, i.e. ¢(J]x:) € S*. Hence by the lemma above the factorization of f is equivalent
to p(x;) € S:(tj) for any i, j.

If the latter holds consider (M &1 S)y(t;) = My, @1, Sp(r;)- 1t is free and the I-th minor of

its matrix is @(m;) = p(z;)/e(t:)™ € S, ,, hence (M &1 5),u,) € Grassfl’d!R(Sw(ti)). Since

w(ti)
Grassfhd, r is representable, therefore a Zariski sheaf, M @ S lies in Grassfhd, r(S).

Vice versa suppose M @1 S € Grassfb,d,R(S), hence free with I-th minor u € S*. Note that
u = p(m;) = p(x;)/e(t;)™ € S:(ti) for any 7, as we have that (M @1 S) 1) = M, @1, Sp(t,)-
Hence ¢(z;) € S«:(tf;)
for any k, hence p(x;) is invertible as ¢(zy) is so. Since { o(t;)@(tx) }, generates the unit ideal of
So(t;) by the lemma ¢(z;) € S:(t_) for any i, j. This concludes the proof of the equivalence. [

for any 4. Now fix an index j, then ¢(t;)" @(xx) = p(tx)™ ©(2i) in Sy, )p(tr)

It follows that:
Proposition. For any choice of I the functor GrassflvdvR is an open subfunctor of Grass, 4 r-

Proof. Consider a morphism of functors SpecT' — Grass, 4,z Via Yoneda’s lemma it corresponds
to M € Grass,, q,r(T). Note that for any R-algebra S and ¢: T — S a morphism of R-algebras
the composition

Spec(S) — Spec(T') — Grassy 4. r

corresponds to the element M ®r S € Grass, ¢r(S). As Us defined in the lemma is affine
we may apply the lemma to S = I'(Ur,Op,): f = ¢* factors (via the identity) through Uy,
hence M @ T'(Ur, Oy, ) € Grassfl’d’R(F(Ul, Ou,)), i-e. the map U; — Grass,, q,r factors through
Grassfl}d’ - We get therefore the commutative square

U;“——o——= SpecT

M®TF(UI,OUI)\L \LM

Grass), ; g&— Grass, . r

and we need to show that it is cartesian. Let therefore S any R-algebra and ¢: T — S morphism
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of R-algebras such that we may complete the solid diagram below

Spec S

n U;“——o——= SpecT

\L]V[®TF(UI>OUI) lk[

Grassfl’d’RC—> Grass,, 4, r

or equivalently (same argument as above) M @1 S € Grassfl,d’ r(S). Therefore f factors through
Uy, i.e. the dotted arrow exists and it makes the upper triangle commute. The commutativity of
the lower triangle follows by the commutativity of the rest of the diagram, since the morphism
Grass{hd’ r — Grassy ¢, is a monomorphism of functors. O

1.2.7 All these properties of the functor Grass, 4. r where studied in order to apply the procedure
in 1.1.7 to find a scheme representing this functor, that we will denote by G,, 4, r. Following the
proof of the criterion of representability in [5] we can describe explicitly how G, 4 r is obtained
by gluing affine pieces: as in 1.2.3 we start with

W = Spec R[X; jli=1,....n = Al
j ...d

s

and Wy =V(X,, g — 6a,8)a,p=1,..d = %nfd), where §,,3 is the Kronecker delta. This represent

the matrixes with the identity as I-th submatrix. Now define X = (X ;);; as the matrix with all
the indeterminates and for any J, set of indexes of cardinality d, denote by P; the J-th minor of

X. Now we set .
R[Xi;, Py iy >
V(Xip = 0ap)ap /)’

that represent the matrixes with the identity as I-th submatrix and invertible J-th minor, and
define an R. There are moreover isomorphisms

Wrs=Wrn D(PJ) 2 Spec (

er.g: Wiy — Wy

given by the map of R-algebras induced by the multiplication on the right of X with X;l. We
obtain G, 4 r by gluing the W;’s along the ¢y ;’s.

One remark on this construction: as we remarked in 1.2.4 the choice of Ay = 1 is completely
arbitrary and we may choose any other invertible d x d matrix. Modifying in a suitable way
the definition of W;’s and the bijection described above (that is given in general by X;lX 1), we
get a new construction of the Grassmannian, that mutata mutandis is the same described in this
paragraph, it gives indeed an isomorphic result.
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1.3 Chain of lattices

In this section we will introduce an important chain of Z,-lattices and we develop some of its
features necessary for the definition of local models.

1.3.1 Let g a positive integer and for ¢ =0, ...,2g define the free Z,-module

Al' = <p7161, . .pilei, 61‘4_1, e 629>ZP7
where {e1,..., e, } is the standard basis of @12)9. We get therefore a sequence of inclusions
Ly =No C AL C-o C Ay =p Ao

that we can extend periodically letting A; o4, = p~FA;, for any k € Z. Note that in particular

A—i == <€1, sy €294, PE2g—it 1,y - - - ,p€29>zp for i = O, ey 29
It is useful to observe that the inclusion ¢;: A; = A;41 is a Z,-linear map, for i = 0, ..., 2g,
and that its matrix is
1
A= p

1

(where p is in the (¢+1)-th place) in the two given bases of A; and A;1. Moreover by the periodic
definition in general ¢; has matrix A;,, where i’ € {0,...,2¢g — 1} is such that ¢/ =i mod 2g.

1.3.2 Endow Qi-‘l with the standard bilinear alternating pairing (—, —), i.e. the one given by the

1
matrix G = (PJ (‘é), where J = < > It is interesting to restrict our pairing to the lattices
1
A; described above.

Lemma. Let 0<i<2g. A_; ={ye Q¥ : (x,y) € Zy,Vz e A; }.

Proof. Observe that (A;,y) € Z,, if and only if v,({(p~te;, y)), v, ({ejs,y)) > 0, where v, denotes the
p-adic valuation, for 0 < j <1i < j' < 2g. Writing y = >, arey, it follows that (e;,y) = fazg41—5,
for any j = 1,...,2¢g, hence (A;,y) € Z, if and only if v,(aggy1—;) > 1 for j = 1,...,4 and
vp(agg41—;) >0for j=i+1,...,2g9,1e. y € A_;. O

Proposition. The pairing (—, —) on Qgg restricts to a perfect bilinear pairing Ay x A_; — Zp,
its matrix in the given basis of A; and A_; is again G.

Proof. The validity of the definition follows from the above lemma. Suppose (A;,y) = 0, for
y € A_;; the computation in the proof of the lemma shows that y = 0, i.e. the pairing is
non degenerate on the right side. Similary for the left side. Hence the two natural morphisms
A_; = A} := Homg_ (A, Z,) and A; — AY; are injective. They are visibly surjective, therefore
isomorphisms. O
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1.3.3 If R is a Z,-algebra, then we can tensor all the above constructions with R, and we get
similar properties. In the rest of this section all tensor products are taken over Z,, hence we will
omit it from the notations. We define for any i € Z the free R-module A; p = A; ® R, of rank 2g.
Since the tensor product is only right exact, we don’t have in general a chain of inclusions of R
module, but we have still a sequence

o= A ggr A ogp1 = -2 AN r AR > Aygp—

of R-linear morphisms ¢Z with matrix A; (considered as a matrix with entries in R) and an R-linear
isomorphism 513: ANi—og r AN A; g for any i € Z, with the identity as matrix.

Also the standard pairing extends linearly to (—, —)r: A; g X A_; p = R, namely we can define
(x ®r1,y ®ro)r = rira(x,y). Note that (—, —) g has again G as matrix and it is again perfect:

A_iJ:g =A_, @R A;/ ® R = HOHIZP(AZ', Zp) ®R= HomR(Ai,Ra R) = AZR

where the last isomorphism follows as A; is free.

1.3.4 By the above lemma, if F is a submodule of A; for i = 0,...,2g, then its orthogonal F+
is contained in A_;. More generally we may define for any F submodule of A; r its orthogonal
Flti={yeA_r:{(z,y)r=0for all z € A; g }. Suppose moreover that we have a submodule G
of Ajy1.r such that (f(F) C G, then (£, | (G+) C FL. In fact GAsy_i—1 = A;G, therefore if we

take z € F, y € G+ then

(@, % ()R = (), y)r =0,

as 1;(x) € G.
Hence if we have a chain of submodules F; C A; such that

A, A . A,
Fo Fi . Fr

commutes, then the corresponding diagram

A A, o A,
Fi Fi o Fr

is again commutative.
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1.4 Local models

Finally we are ready to define the (symplectic) local model. Again we will use the procedure
described in 1.1.7.

1.4.1 Let i, = {0<ig<iy3 <---<i, <g} bea choice of indexes, that we will call parahoric
level structure. Let M'°(i,)(R) be the set of diagrams

A, A, . A;,
Fo F1 e Fr
where F; is a submodule of A; g for any ¢ = ig,...,?,, direct summand of rank g, and such that

we may complete the above diagram with the dotted arrows (that are part of the datum):

A, Aiy i Agg—i, ——
— Fy >Fy——...— F, >€ﬁ(}})4>

where the map ﬁiﬂ — ]-'ZJI; is the linear map induced by F;, — F;
section.

Using (F,), — (F, ®g R'), as connecting morphism, for R — R’ a morphism of Z,-algebras,
we get the functor M'°¢(i,): (Ring/Z,) — (Sets).

i1 as described in the previous

1.4.2 Tt is worth for future calculations to observe that in the above definition, in the particular
case iy = 0, the existence condition of the dotted arrow becomes F3 = Fy, and similarly for
i, = ¢ it becomes 5?(}";-) = F, . This follows immediately from the following lemma:

Lemma. Let M be a finite free R-module and let Ny C No be direct summands of M of the same
(necessarily finite) rank. Then N; = Ns.

Proof. If we localize at p € Spec(R) we get the following commutative diagram with split exact
rows

0—— (Ng)p — M, —— (M/Ng)p —0

d !

0——(N)p ——= My —— (M/N1), —=0

and applying the snake lemma ker p = coker j.

Hence kerp is a finitely generated R,-module: in fact coker j is a quotient of (N3),, finite free
as finitely generated (because quotient of a finite free module) and projective over the local ring
R,.

Denote by m, the maximal ideal of R, and by x(p) = R,/m, the residue field at p. Note that
since the rows are split exact if we tensor with x(p) they remain exact, hence we get the diagram
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of x(p)-vector spaces
00— (N2)p ®K(p) —= My, @K

(p) —— (M/N2)p @ k(p) —0
0 —— (N)p @ K(p) —— My @ K(p) —— (M/N1)p @ ri(p) —0
with exact rows. The projective modules (N1), and (N2), are free and of same rank by assumption
and therefore (IN7), ® £(p) and (N1), ® k(p) have the same dimension. As M was finite free then
M, ® k(p) is finite dimensional and it follows that also the vector spaces (M/Ni1), ® k(p) and
(M/Ns), ® k(p) have same (finite) dimension.
Now note that the exact sequence

0 — ker(p) = (M/N1)y — (M/N2), — 0
is split exact, as (M/N3), is projective; hence it remains exact after tensoring with x(p). Therefore

0 = ker (p @ w(p)) = ker(p) ® w(p) = ker(p)/m ker(p),

since p ® k(p) is a surjective linear map between vector spaces of the same dimension. Then it
follows by Nakayama’s lemma that ker(p) = 0. The equality (N1), = (N2), follows for any prime
p € Spec(R) and this implies the equality between N; and Na. O

1.4.3 So far we introduced a subfunctor of a product of Grassmannian functors. We will see now
that this functor is represented by a closed subscheme of the corresponding product of Grassman-
nian schemes.

Proposition. For any parahoric level structure is = {0 <ig < -+ <i,. < g} the local model
M'™%(iy) is a Zariski sheaf

Proof. Let R a Zy,-algebra and let { f; },, C R generating the unit ideal. Take for any £ a collection
of submodules (F;, 1), € M'°(is)(Ry,) that agree on localizing at the element fy f), for any pair
of indexes (h, k). In the section 1.2.2 we proved that each family (F;, ), glues to a unique direct
summand F,, of rank g of A; r. Note that in particular ]-'it coincide with the submodule obtained
gluing the .7-'245, . s. It remains to show the existence of all the connecting morphisms: it follows
easily from the explicit description of the F; ’s as in 1.2.2, i.e.

Fi, ={f €R": f€F, as element of the localization RY, }. O

Let now J = (Io, ..., 1), where each I} is a set of d indexes chosen between 1 and n. For any J
we define the subfunctors M'°°(is) N[} _, Grassé’;vgzp of M'¢(i,). One can show, with the same
argument as for the Grassfl’d, r’S, that they define open subfunctors and an open Zariski cover of
M'<(4,). Moreover they are representable: write Uy = Wy, x --- x Wy, C HZ:O Gag,g,z,- Later
on (see 2.5) we will show by explicit computations in some particular case (but the computations
are analogous in the general case) that for any J there exists a closed subscheme Z; of U; such
that M'°(ie) N [T;_ Grassé’;g’zp >~ Z; as functors, where the isomorphism is the restriction
of [Th— Grassé’;’ 0 Zy = U;. We may therefore apply the criterion of representability in 1.1.7 to
show that M'°°(i,) is representable by a scheme Z. More precisely, we glue finitely many closed
subschemes of the U;’s with the same identification that we had in the grassmannian case: hence
Z is a closed subscheme of [[;_; G2g,4.2,- In the sequel we will denote Z again by M'°(i,).
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Chapter 2

Siegel Moduli space

In this chapter we will introduce the Siegel moduli space with parahoric level structure, the
geometric object we are interested in. We will moreover introduce a powerful technique for the
study of its local structure: relating it with the local structure of the local model, introduced in
the first chapter. In the whole chapter we will follow mainly the exposition of [10] and sometimes
of [8] of the subject.

2.1 Moduli problem

Once again, as we did in the first chapter, we introduce a scheme via the definition of its functor
of points. In this section let g be a fixed positive integer, and I = {0 < iy <i; <---<i,.<g}a
choice of indexes, that we call a parahoric level structure.

Fixed a parahoric level structure I we need some auxiliary definitions:

olet I'={+i+2gk:ie€l,keZ};
e let succ: I’ — I’ be the "succesive" map, i.e. succ(i) =min{j e I':j>i};

e given two indexes 4,7 € I', let d(i,5) = |j — 4|, i.e. the distance between them.

2.1.1 Let p a rational prime and N € N>3 such that p { N. Fix moreover an N-th root of unity
¢~ in Q, and let S = SpecZ,[(n]. In this setting for any S-scheme S define A; x(S’) as the set
of equivalence classes of tuples ((Ai)iep, (ai)ier, Ni)ier, r)) where:

S1 (A;)ier is a family of abelian schemes over S’ of (relative) dimension g and such that
A; = A; 1o, for any i € I';

S2 (a;)ier is a chain of isogenies a;: A; — Agyee(iy of degree pd(isuce(®)

o

i1 i Qi Q-1 a;
A, A

A

by

-
A2g—ir >

)

such that for any ¢ € I’ one has that o; = o194 and that the composition
Ai = = Aoy = Ay,

is the multiplication by p map;
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S3 (Nt A; = AY,)ier is a family of isomorphisms such that \;4o, = A; for any i € I’ and
such that the diagram

—— A,il —— A,io Aio Ail
AY AY AV AV,
11 10 —10 -1

is commutative, where the upper row is given by the chain («;);cr (unless in the case ig = 0
or in the case i, = g, where we use the identity respectively as map Ay = A_;, — A;, = 4o
and Ay = A; — Agy—;, = Ay), with bottom maps the dual isogenies, and such that for any

i € I’ the composition A; = AY; — A/ , = A is a polarization;

S4 n: A [N] = (Z/NZ)?9 is a level N structure on A;,, i.e. an isomorphism making the
diagram
A [N] % Aj [N] —— pn

> l:

(Z/NZ)*9 x (Z/NZ)*9 ——Z/NZ
commute, where the upper pairing is the Weil pairing on A;,, the lower is the standard

alternating pairing on (Z/NZ)?9 and the isomorphism Z/NZ — uy is the isomorphism
given by a mod N — ((n)°.

2.1.2 Some particular cases of the previous definition are classical. The simplest one is given by
the case I = {0}, this case gives rise to the usual moduli space of principally polarized abelian
varieties Ay v, see e.g. [12]. The case I = {0,1,...,¢9} is called "Iwahori level structure" or
"T'o(p)-level structure", is widely studied, see e.g. [10] and [8]; as an exercise we show that in this
special case our definition agrees with the one that one can find there. Let therefore A'I, N (5", for

any S-scheme S’, be the set of isomorphism classes of tuples ((Ai)ie[, (0)icrs Aoy Ag, n), where
S1’ (A;)ier is a family of abelian schemes over S’ of (relative) dimension g;
S2’ (ai)iej\{g} is a chain of isogenies «;: A; — A;+1 of degree p;

S3" No: Ag — AY, A\g: Ay — A;/ are principal polarizations such that in the diagram

Ao A, A,
)\OT: :lAg
AY AY AY

the composition of all the maps, starting at any point, gives the multiplication by p map;
S4’ m: Ag[N] — (Z/NZ)?* alevel N structure on A;,.

[10] and [8] define the Siegel moduli space with Iwahori level structure via this functor Aj y,
hence we have to show that there is a bijection A; n(S') = A7 \(5") functorial in S’
From the left to the right: take the same A;’s and isogenies and level N structure. Note

that since 49 = 0 and i, = g, by the definition of A; y, the two maps Ay — Ay, Ay — A;/ are
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isomorphisms, hence principal polarizations. Using moreover the commutativity of the diagram
in S3 the condition on the composition of maps is verified.

From the right to the left: we define A_; = AY for any i = 1,...,9 — 1 and we extend the
family periodically to Z letting A; 424 = A;; for the chain of isogenies we use the dual isogenies for
AY . — AYifi=1,...,9—2, the composition of the dual isogenies with the principal polarization
for AY — Af = Ag, Ay = A — A;_; and extend periodically the chain to Z. With this definition
the condition on the cyclic composition is satisfied and we get the diagram as in S3:

A,g Angrl Afl AO Al
AY AV AY AY AYY

where A; — A}V is the canonical isomorphism and Ay — Ay, A, — A} are the previously
defined polarizations. The level N structure remains the same.

2.1.3 The representability of the functor A;j y, follows from the representability of Ay n. In [10]
de Jong shows it in the Iwahori case, let’s explain the idea of the proof. Denote as A; and A, the
functors defined as Aj n, Ag, v without the level N structure. One proves that he morphism of
functors A; — A, defined on S’-valued point as the projection onto the first factor (i.e. we forget
everythig but Ay and Ag) is a representable morphism of functors, i.e. A; x4, X is representable
by a scheme for any S-scheme X and morphism X — A,;. As we know already that A, n is
representable (see [12]), then if we consider the morphism A, n — A, that forgets the level N
structure, the base change A; v = Ar x4, Ay v is representable by a scheme.

2.2 Formal power series

We use this section to give some commutative algebra results about formal series that we will use
later on.

2.2.1 First we give some result about formal series over a local ring.

Proposition. Let R a local ring with mazimal ideal m and residue field k, then R[[X]] is again
local with mazimal ideal

m=(m,X)= {f:rianX" € R[[X]] : ao Em}

and residue field k.

Proof. Recall that a ring is local if and only if the complement of the group of units is an ideal
(and therefore the maximal ideal). It follows that m = R~ R* and that it is enough to prove that
m = R[[X]] ~ R[[X]]*. It is well known that

RX])* = {f =0, X" € RIX]) a0 € RX},

hence

R[[X]] ~ R[[X])* = {f — 3 4. X" € R[[X]] g € m} — (m, X).
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Now it is an easy observation that R[[X]]/m = R[[X]]/(m,X) 2 R/m = k. O

Lemma. Let R local ring with maximal ideal m and let m denote the mazimal ideal of R[[X]].
Then

rﬁk:{eranX":anemk"foranynzO,...k—l}.
n=0

Proof. mF = (m, X)* = (m* m*~1X, mk¥=2X2 .. X*) hence the inclusion D is trivial. For the
other inclusion let f =" ja, X" € m, then f = Zf:o b Xk~ig;, with b; € m¥, g; € R[[X]]; if we
develop the product and we reorder the terms we may take g; = 1 for any 7 < k, up to changing b;
with another coefficient b; € m*~%. Therefore a; = b; for i = 0,...,k—1 and the thesis follows. [

Lemma. Let R be a local ring with mazimal ideal m and let m denote the maximal ideal of R[[X]].
Then there is an isomorphism of k-vector spaces

k k k—1

m m

k
Mkl T kL X@---ORXT.

53]

Proof. From the explicit description of the powers of m above it follows that we have a surjective
map

k mk—l

~ m
g ©——X@ - okx*

= ke
of abelian groups with kernel m**1. Hence we get the isomorphism of the statement, a priori of

abelian groups, but it’s easy to check that it respects the k-vector space structure. O

2.2.2 The next results are about formal series over complete local rings. In this class of rings we
may evaluate any f = > >~ a,X™ € R[[X]] at any point 2 € m, in fact the series Y ja,z"
converges in the m-adic topology, we denote its limit by f(z).

Proposition. Let R a complete local ring with mazimal ideal m and x € m. If f € R[[X]] is such
that f(x) = 0, then there is g € R[[X]] such that f = (X — x)g.

Proof. Writing f = ZZO:O anX™, g = ZZO:O b, X™ the statement is equivalent to the existence

of a sequence (by,), such that a9 = —zby and a,, = b,—1 — ab,, for any n > 0. As f(z) = 0,
then ag = —xho(x), where hg = > an+1X". Define therefore by = ho(x). Moreover since
ho = a1 + Xhq, where hy(X) = ZZOZO an+2X™, if we define by = hy(z), then by = a1 + xby, i.e.
ap = by — xby, as required. We proceed by induction. O

Note that we may interpret this result in these terms: the kernel of the evaluation at any z € m
is the principal ideal generated by (X — x), hence ev,: R[[X]]/(X —x) — R.

2.2.3 The main result of this section is the following

Theorem. Let Ry, Ry be complete noetherian local rings. Suppose that there exist an isomorphism

Ralld] = Rolls]), then Ry = R,
We need first a couple of technical lemmas:

Lemma. Let A, B be noetherian local rings with mazximal ideals respectively m; and mo. Let
©: A — B a local homomorphism and suppose that it induces isomorphisms @: A/m; — B/my
on the residue fields and ¢: my/m? > my/m3 on the cotangent spaces. Then ¢ is surjective.
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Proof. Consider a finite (by noetherianity) set of elements 1, ..., z, € my such that their image in
my/m? form a basis of it: by Nakayama’s lemma (as m; finitely generated) they generate my. Let
yi = p(x;), then the y;’s generate my: in fact ¢ induces an isomorphism on cotangent spaces hence
if we consider the image of the y;’s in my/m3 they form a basis of it and therefore they generate
mg, again by Nakayama. Fix a set of representatives {0, 7; }, of A/m;. Then, since ¢ induces a
bijection on residue fields, {0, 7; }, gives a set of representative of B/mo, with 7, = ¢(7;). By the
completeness we may expand any element y € B as y = Y cyn boyy* ...y, with b, € {0,7; }.
Hence there exists a, such that ¢(a,) = b, and therefore if we define z = > . a,z™ ... 2",
then p(z) = y. O

Lemma. Let K be a field and f: K™ — K™ ® K an injective maps. Then there exist a morphism
g=(1]a): K™ ® K — K" such that g o f is an isomorphism.

Proof. As f is injective, the images of ej,...,e, are linearly independent. We may therefore
complete them to a bases { f(e1),..., f(en), v+ } of K" ® K, with v € K™ and x € K. Define
a = —v/x, hence kerg = (v + ) (since ¢ = (1]a) has rank n or in other terms the kernel is

1-dimensional) and therefore (f(e1),..., f(e,)) Nkerg = (0). Hence g(f(e1)),...,g(f(e1)) are
linearly independent: it follows that g o f is injective and hence by dimension considerations an
isomorphism. O

Note that one can see this lemma as an instance of the more general property: any short exact
sequence of K-vector spaces, for K a field, splits.

Proof. (proposition) First note that Ry and Ry have the same residue field, that we denote k, by
2.2.1. Note moreover that by the decomposition of 1'1711"/11‘11"+1 and tﬁg"/lﬁg”“described above
we have that

~ ~ n—1
. m7 . my" . my "
dimg | — ) =dimy, [ —— | —dimg [ —— | =
n+1 ~ n+1 n
my my my
. my" . iy ! . my
= dlmk ¥l | T dlmk —=n | = dlmk Tl
my m m,

and by noetherianity these dimensions are finite.
Let’s consider now the map

p: Ry = Ra[t]] = Ra[s]] = Rells]l/(s — ) — R,

where the last map is the evaluation ev, for some x € m. Note that ¢ is a local morphism: if
a € my then correspond to some b+ sg € my, i.e. b € my, but then b+ zg(z) € ms. In particular
¢ induces a k-linear map on the cotangent spaces

_ oy my ~ My mo o~ Mo
— = S5 Okt — S ©ks = | 5 0ks|/(s—1T) — —,
my my m; m3 m3

where 7 is the reduction mod m3 of z. Suppose now to be able to find an z such that ¢ is an
isomorphism: the first lemma above implies the surjectivity of ¢ (as it is clear that it induces an
isomorphism on the residue fields). Let’s now consider the map induced on the associated graded
rings:

G(p): G(R1) = Pmy/mi*! — Pmy/my*™! = G(Ry)
n=0 n=0
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this is an isomophism since any @, : m7/m}™ — my/m5 ! is surjective (as ¢ was surjective) and

therefore an isomorphism since the two vector spaces have the same dimensions. By lemma 10.23
of [1] and the completeness of Ry, Ry we conclude that ¢ is an isomorphism.

Hence the only thing missing is to find an € mg such that ¢ is an isomorphism. The existence
of this element follows by the second lemma above: in our case f is the map 4 — =3 @© ks and if

we define T = ¢(0, 1), then g = evz, so that go f = @. Any lift x of = thereforé does Zthe job. O

2.3 Systems of modules

2.3.1 Let R be aring. We introduce now the notion of system of R-modules of type II. The "II"
in the name is justified since this notion is a generalization of the corresponding one defined in
[10], where this arise as a natural name.

Definition. Let I be a parahoric level structure. A system of R-modules of type II for I is a
family (M;);er of locally free R-modules of rank 2¢g together with a chain («;);e; of R-linear
maps

Q2g—i, a; QXip_q Qg Qg Qg

M; > M; M; M;

04in

M_;,

r—1

and a class ({-,);)icr of "alternating" perfect pairings (-,-);: M; x M_;, — R, in the sense that
(z,y); = —(y,z)_; for any x € M;,y € M_;, such that

i for any ¢ € I’ there exist an isomorphism €;: M;;o4 -~ M;, compatible with the chain of
maps and the family of pairings;

i (aj(z),y); = (x,0_;(y)); for any i € I', j = succ(i) and x € M, y € M_;;

iti pcoker(M; — M;) = 0, i.e. the R-module structure on coker(M; — M;) induce a well
defined module structure over R/pR, and coker(M; — M;) is locally free R/pR-module of
rank d(, ), for any i € I', j = succ(i);

iv for any i € I’ the composition M; —— ... - M;_o4 = M; is the multiplication by p map.

2.3.2 The conditions 7. and 4. in this definition deserves some more explanations.
REMARK. Let i € I’ and j = succ(¢). Let moreover p € Spec R and consider the localization «;
of aj: M; — M, then there are two possibilities:

o coker(a;p) is free of rank d(i, j) over R, /pR,, if R, has residue characteristic p,

® (o, is an isomorphism, if R, has residue characteristic different from p.

In fact if the residue characteristic of R, is different from p, then p # 0 in x(p) and therefore
p € R;. Hence pcoker(a;,) = 0 implies coker(aj,,) = 0 (note that the rank condition in this
case is an empty condition), i.e. «, surjective. But in general a surjective map between finite
free modules of same rank is an isomorphism (the proof uses a Nakayama’s lemma and a splitting
exact sequences argument as in 1.4.2).

We can moreover state 7i. in a slight different way using the isomorphisms \;: M; — MY,
induced for any ¢ € I’ by the perfect pairings (-, -);, i.e. given by x — (x,-) for any x € M.
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Lemma 2.3.1. The the condition ii. in the above definition is equivalent to the commutativity of
the following diagram

I M2g—iT Mir e Mz Ml M—io
’il)\gq_ir ’Zl)\ir ﬁl)\il :lAio Zikio

4 \% \ \% \4

_— Mir—Qg M_ir “e M_il M_io Mio

where the top row uses the «;’s as maps (unless if ig = 0 or i, = g, in such a case we use the
identity respectively for the maps My — My and My — M,) and the bottom row is obtained
dualizing the top one.

Proof. Take a pair 1, j of consecutive indexes. The commutativity of the square

MJLMZ

oY

MY, —= M_,
is equivalent to \;(a;(z)) = a¥;(Xj(z)) = Aj(z) o a_; for any x in M;, or in other terms that
(aj(x),y)i = (x,—;(y)); for any x € M;, y € M_;. O

2.3.3 By induction (or looking at the previous equivalent characterization) is trivial to drop the
hypothesis j = succ(¢) in 4, as we state in the following lemma. A notational remark for the next
lemma and for the sequel: sometimes we will drop the lower indexes and we will denote by «
also the compositions of the «;’s, when it is clear from the context which is the source and which
the target of them. Some other times, to be more precise, we will use ad(7) for the composition

Lemma. Let M, be a system of R-modules of type II for I. Leti,j € I', with i < j, and let
x € M;, y € M_;. Therefore (a%9)(z),y); = (z, a7 (y));.

A similar discussion holds for 7ii.

Lemma. Let M, be a system of R-modules of type II for I, leti,5 € I', with i < j < i+ 2g and
consider the map o347 M; — M;. Then pcoker(M; — M;) =0, i.e. the R-module structure
on coker(M; — M;) induce a well defined module structure over R/pR, and coker(M; — M;) is
locally free R/pR-module of rank d(i, ).

Proof. It’s enough to check the condition for R local and by the previous remark only in the case
of char(R) = p.

Suppose then this condition for any pair of consecutive indexes and take two arbitrary indexes
1,7 of I’ such that ¢ < j < i+ 2¢ and enumerate all the middle indexes: i = kg, ... kn, ...,k = J;
write d,, = d(i, ky, ).

We prove the claim by induction on n: the base case n = 1 is the assumption, suppose then
that coker(My, — My,) = My, /a%(M,,) is free of rank d,; what we need to prove is that
coker(My, 11 — My,) = My, /ad+1(My, 1) is free of rank d, ;1. Consider the exact sequence

adn (My,,) _ M, — My,
adn+1 (M, adnti(My, ) adn(My,)

0— — 0,

n+1)
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it splits as My, /ad (My, ) is free (of rank d,,), hence projective. Note moreover that the module
adn(My,)/ad+1 (M, ., ) is isomorphic to a» (My, /a(My, ., )), where & is the map induced by
« on the cokernels, hence it has d,, 41 generators (possibly not linearly independent). Hence it is
a finite projective modules over a local ring, and therefore free.

So far we have shown that My, /ad=+1(Mj, ) is free of rank at most d,,11. Let us see now why
the rank is exactly d, 1. Note that by the condition iv. of the definition of system of modules
My, /0?9 (Myg124) = My, /pMy, = (R/pR)?9 and consider the split exact sequence

adn+1 (Mkn+1) Mko Mko

0— — —
% (MkoJrQQ) a2g(Mko+29) adnt (Mkn+l)

— 0.

By a similar argument as above ad+1 (My, ,,)/a?9(My,+2,) has rank at most 2g —d,, 11, but since
the middle term has rank 2¢g the only possibility is that the two modules on the side have exactly
rank 2¢g — dp+1 and d, 41 respectively. O

REMARK. Looking carefully at the previous proof we can write explicitly a basis for an M;
in the case R local and char(R) = p. With the notation as in the above proof choose a set
{Md,s-- >N, -1} of free generators of coker(My,, ., — My, ) and for any such an element choose
a lift n, to My, (with h the only index in I’ such that A < k < succ(h)): the images of the n;’s in
M; form a basis of it as free R-module.

In fact the previous proof shows that the images of the 7;’s in coker(a?9) = M;/pM; form a
basis of it over R/pR. Note that M; finitely generated (direct summand of a finite free module,
hence quotient of it) and p € m, where m is the maximal ideal, hence we may apply Nakayama’s
lemma to show that the images of the ny’s in M; form a basis of it as free R-module.

Ezample 2.3.2. Let’s give an explicit example of what we remarked above.
Let ¢ = 3 and I = {1,2} and assume that M; = M;;¢ (but the assumption is not very
restrictive). We get a system of modules of the shape

—M; =M > Ms=M_1—>My=M_o —> My — M —->M_1—M_5—

Let’s choose 11 € My, n2,n3 € Mo, ny € M_5, n5,1n9 € M_1 such that their reductions give a basis
respectively for coker(Ms — M), coker(M_o — M), coker(M_q1 — M_s), coker(My; — M_1).
Hence M; has a basis over R given by

{044(770), M, 04(772)7a(ﬁs)»as(ﬁ4)7a4(ﬁs) }
By the periodicity conditions in the definition of system of modules the choice of the n;’s that we
made is a suitable choice also for all the others M;’s. Hence the sets

{ a3(770)7 a5(n1)a 12,73, 0[2(774), a3(n5) } )

{ o, 042(7’]1)7 043(772)a 043(7I3)a 045(7’]4)7 UB } ;

{a(mo), &®(m), a*(n2),a*(n3), ma, (ns) }

are bases respectively for My, M_1, M_5.

2.3.4 In the sequel we will need some further definitions about system of modules:

Definition. Let I a parahoric level structure, My = (M;, a;, (-, )i )icr and Ng = (N;, B, [+, |i )icr
two system of R-modules of type II for I.

A morphism M, — N, of system of R-modules of type II is a collection of R-linear maps
(ni: M; — N;);ep compatible with the two pairings and the two chains of maps (and periodicity
isomorphisms).

24



REMARK. Note that in particular the compatibility with the periodic isomorphisms correspond
to the condition that for any ¢ € I’ the diagram

« « =
My —— ... —— M; oy — M,
lm im% lm
[e% @ =
Ni4>-~-4>Ni72g4>Ni

commutes.

Definition. Let I be a parahoric level structure, S’ a scheme. A system of Og/-modules of type
I for I is a family (M;);cr of locally free Og/-modules of rank 2g endowed with a chain of maps
and alternating pairings such that locally on any affine open Spec R of S the chain give rise to a
system of R-modules of type II. A morphism of system of S’-modules is a collection of isomorphism
compatible with the chain of maps and the alternating pairings.

2.3.5 Consider the following example of system of R-module of type II.

Ezample. Let I be a parahoric level structure and R any Z,-algebra; consider the collection
of submodules (A_; r)ierr with connecting linear maps and pairings as described in 1.3. The
properties described there ensure that it gives rise to a system of R-modules of type II for I, that
we denote as A_q g.

The following proposition says that if R is a local ring this is the only possible example.

Proposition. Let I be a parahoric level structure, R be a Zp-algebra and and M, a system of
R-modules of type II for I. If R is a local ring there is an isomorphism My — A_q R.

Proof. The proof is a tricky but elementary calculation that relies on the fact that, as R is local,
any M; is free. Let’s divide the two cases: first suppose that R has residue characteristic different
from p. In this case the a;’s are isomorphisms hence the choice of a basis of M;, induces a choice
of a basis on all the others M;’s and hence a family of isomorphisms n;: M; — A_; r compatible
with the two chains of maps. Moreover for any i € I’ the diagram

@ @ =
M; —— ... M; 9y — M;
im ing im
«a [e] =
Aip——...—> Ny sn——=A_iR

is commutative by the condition v in the definition of system of modules: take x € M;, it has
image 7;(px) following one side of the square and pn;(z) following the other side; they are equal
as n; is R-linear. This proves the compatibility with the periodicity isomorphisms.

To prove that the n;’s are compatible with the pairings it is enough to show (by condition

it in the definition) that we may chose a basis of M;, such that if we endow M_;, with the
1

corresponding basis via «, than (-,-);, has matrix G = (_@J (J)), where J = ( .- ). By some

10

easy matrix computation one can show that for any perfect pairing R29 x R?9 — R it is possible
to find a change of basis n: R?9 — R?9 such that the pairing has G as matrix. Let’s now fix any
basis of M;, and the corresponding on M_;,, this gives two isomorphisms v;, : M;, — R*J and
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Yeig: M_;, — R?9. This induces via the isomorphisms a pairing R?9 x R?% — R and fix 7 as
above. Note that the diagram

Yig n
M;y —— R* — = R%
mla
Y—ig n
M_;y — R* —~ R*

commutes, hence 7 o «;, corresponds to the choice of a basis on M;, such that the corresponding

basis via « corresponds to 7 o y_;,, hence the matrix of (-,-);, in this bases is G.

Let’s now discuss the case of R of residue characteristic p. The case for I = {1,...,g} can be
found in [10] (proposition 3.6). The general proof is a sight generalization of this latter.
Let’s choose ng, for kK =0,...,2g — 1 as in the remark in 2.3.3. If we assume (without loss of

generality) that the chain is 2¢g periodic (i.e. M;12, = M; and the ¢;’s are always the identity), it
is clear that the example 2.3.3 has nothing special: in general the images of the n;’s via the a;’s
in the various M; give bases of them. Moreover if the numbering of the n’s follows the pattern
of the example it is clear that such a choice of bases gives a sequence of 2¢g-periodic isomorphisms
v M; = A_; r such that the a’s are compatible with the standard chain of maps on A_, g,
e.g. in our special example a*(ng),a*(ns) € M; are mapped respectively to a%(ny) = pno, and
ab(ns) = pns, hence the matrix of a: M; — M_; in the two chosen bases becomes

p

p

Let’s discuss now the compatibility of the pairings. By the condition #. of the definition of system
of modules if we know that the matrix of (-,-);, is G = ( %, 7)), then the same hold for any other

{-,-)s, hence the v;’s define an isomorphism of system of modules v: My — A_,.

Hence it is only left to prove that we may change the choice of the 7;’s in such a way that
the matrix (-,-);, is G. A notational remark: in the following we will we drop not only the any
indexes from «, but also the exponent. This does not lead to any confusion: depending on the
different parahoric level structure is possible to recover the correct number of iterations needed.
We will do an exception only for a?9, that correspond to the multiplication by p.

Suppose first to have fixed a choice of the n;’s, we get the corresponding bases on M;, and

M_,,, that we denote as {vo,...,v29—1} and {wo,...,weg—1 }. Write the matrix of (-,-);, as

(—Ct'A g), by B = (bi j)i j=0,. g—1 the inverse of A = (a; ;)i j=0,. 4—1 (that exists as the paring is

perfect). We will show the claim in 3 steps.

1. In this step we will change inductively 7o, ...,n4—1 in such a way that C' = O in this new
matrix.

Let C = (¢k,1)k,1=0,...,g—1 and by ¢ the k-th row of C. Suppose that ¢, ; = (vg, w;) = 0 for all
k=0,....,K—1and [l =0,...,g and define

g—1
K" =K + Z Chitbm, i &(Ng+m)-
l,m=0
This means that vEF" = ( etka ), where e;, denote the column with 1 in the k-th place, 0 else.
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Therefore for [ # K

c A

hence with this new choice of nx we have that cx; = (vg,w;) = 0 for all £ = 0,..., K and
l=0,...,9
. Similarly as above we may change inductively 7, ...,724—1 in such a way that D = O. In this

case V3% = (~ t]f;df( ), where dj, denotes the k-th row of D.

. In this third step we change again inductively ng,...,n, in such a way that A = J, i.e. the
condition (x); ; is verified, where

a;; =0 ifi+j#g—1
(Kij =94 L
a; ;=1 ifi+j=9g-1
Suppose then that C = D = O and (*); ; hold for any ¢ =0,...,g—1land j =0,..., K —1
and note that for L=g—1-— K
0 if j < L (by inductive hypothesis)

ap.j = (vp,wyyj) = o
1 = (n o) {<nL,a29(a(ng+j>)>=p<nL,a<ng+j>>epR > 1

Hence (since A is invertible and p = 0 modulo the maximal ideal) it follows that ar x € R*.
We define therefore u = ay, x and

new

Y =n; —u i jaln) i # L

-1
N = u; 7ML
. . . t
The corresponding change of coordinates has matrix ( 5 ?), where
1
E = u_laOJ; o1 u_lag_l,L

It follows that the matrix of (-,-);, in this new basis is

10

(6 DT 0)(6 D=0 &)

hence C"*V = D"V = (). Moreover the inductive hypothesis is equivalent to ask that

0 ... 0 a0, K ag,g—1

1 ... ag—1,K --- Ag—1,9—1
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and therefore

0 ... 0 aggy - Aoy
) : :
EA == 1 9
1 ... agil’Kﬂ R
or equivalentely with the new choice the condition (x);; is fulfilled for ¢ = 0,...,9 — 1 and

i=0,... K.

This 3 steps together show that we may change the 7 still getting lifts of free generators of
the cokernels and such that with the induced basis on M;, and M_;, the pairing (-, -);, is G. O

2.3.6 The proof of the following proposition uses the same techniques used in the proof of the
proposition above, with some minor changes. We will therefore omit it. The Iwahori case is
(briefly) explained in [10].

Proposition. Let I be a parahoric level structure, R be a Z,-algebra and and M, a system of
R-modules of type II for I. Suppose that a is a nilpotent ideal of R and that there exist an
isomorphism Me @p R/a AN A_e R/as then we can lift it to an isomorphism M, AN Ao R.

2.3.7 We claimed that our notion of system of modules is a generalization of the corresponding
one in [10]. Let’s conclude this section showing that this is indeed the case.

Let therefore I = {0, ..., ¢} and by simplicity of notations suppose that M; = M, 4,, we will
show that the system M, is always isomorphic to the system given by the chain

M, . My

(x,y)o ifi=0
(z,y)g ifi=g
[.’IJ, y]l = g e
—y(x) ifi=1,...,9-1
z(y) ifi=-1,...,—g+1
and again extended periodically.
By the lemma in 2.3.2, the diagram
— My Zor M, My~ My —2% My
v A;loa;/ 1 ay oo v %
— M, M, M,y My My

is commutative, moreover the compatibility with the pairing follows by the definition if the \;’s.
This shows the equivalence of the two definitions in the Iwahori case.
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2.4 Local model diagram

In this section we will finally describe the relation between A; y and the local model introduced
in the previous chapter.

2.4.1 Let S be a base scheme and M an S-scheme.

Definition. A local model diagram for M is a diagram M <> M N Mlec where M and
M!'o¢ are two S-schemes, ¢ and v two smooth morphism of the same relative dimension and ¢
surjective (as a scheme morphism, i.e. as a map on underlying topological spaces).

The importance of this notion is the fact that it relates étale locally M with M!¢: this is very
useful if M!¢ is a scheme of "easier nature" than M, as we will see in the case M = Arn.

Proposition. Let M &M N M be a local model diagram for M. For any point x € M
choose z € ¢~ (x) and set y = (z). Suppose moreover that Opg,e, Opgroc , are noetherian rings

—

(e.g. if both M and M'° are locally noetherian). Then O//\; = O pgioc -

Proof. As ¢ and 1 are smooth of same relative dimension d, hence O/M\z & m[[Xh o Xd
and 6]\-2\2 = (’)ﬁy[[Xh ..., X4]] (by [6] vol.4 Prop. 17.5.3.). Hence applying inductively the
theorem in 2.2.3 we get the result. O

2.4.2 Our next task is to introduce the candidate local model diagram for A; n over the base
scheme S = Spec Z,[(,,], chosen a fixed parahoric level structure I. To do that we need to associate
to an S’-valued point ((A;)icr, (ai)icr, (Ni)icr,n) € Arn(S') a system of modules of type II in
a canonical way.

Consider for any i the sheaf of Og-modules R! (ai)«(€2%, /) that we call de Rham cohomology
sheaf, where a;: A; — S’ is the structure morphism of A; and R (a; )« is the first right hyperderived
functor of (a;).. Write moreover H}p (A;/5") =T'(5, Rl(ai)*(ﬂgi/s,)). If S = Spec R, with R a
noetherian ring, then H}y (A;/5") coincides with the classical definition of the algebraic de Rham
cohomology, as e.g. the one of [9]). In [10] (proposition 3.1) it is shown that if S” = Spec R is
affine Hly (A;/5") is a locally free R-module of rank 2g and that the Weil pairings on the chain
(A;)ier induce alternating pairings on (HéR(Ai/S/))iej/ making it into a system of R-module of
type II. Globalizing this property we get that for S’ arbitrary the chain (Rl (ai)*(QAi/S,))
defines a system of Og/-modules of type II.

iel’

2.4.3 From now on we denote M\¢(I) = M"¢(I) ® Zy[(n], where M'°°(I) is the scheme in-
troduced in section 1.4. We want to use it as M!°¢ in a local model diagram for A N over

Spec Zy[Cn]. )
Moreover as M we choose the scheme representing the following functor: for any S-scheme

S’ the set As n(S’) is the set of (isomorphism classes of) pairs (z,7), where 2 € A; n(S'),
say T = ((Ai)ie],...) with (A;); the family of abelian schemes of dimension g, and where

v RNai)«(Q%, /51) — Ao @z, Os. In [10] it is proved that:
Proposition. The functor AI,N defined above is representable by an S-scheme.

Let’s then define moreover the two morphisms of the diagram: let ¢: ALN — Ar n to be
the morphism "forgetting ", i.e. such that on S’-valued points (x,7) — 2. The definition
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of 1 is slightly more involved: let S’ = Spec R affine and consider for any ¢ € I the Hodge
submodule wy, /g = F(S’, (ai)*(QAi/S/)) of Hiy (A4;/5): wa, s is a locally free direct summand
of rank g functorial in the A;. Write 7 for the isomorphism induced by 7 on global sections, i.e.
v': Hig(Ae/S") —5 A_e r. We define then ¢ on S’-valued points for S’ affine as by the law
(z,7) = (7/(wa,/s/)),;- We have that

Proposition. ¢: flI,N — Ar N is smooth and surjective.

Proof. The surjectivity of ¢ follows from the proposition in 2.3.5: in fact it is enough to check
the surjectivity on K-valued points for K field, see e.g. [5], section 4.3. Since any field is a
particular local ring given a point z = ((Ai)iep, .. ) € Ar n we may apply the proposition for
Hig(A44/S"), for S’ = Spec K: therefore there exists an isomorphism of K-vector spaces of type I1
v: Hig(Ae/S") = A_e k, hence a point of the form y = (z,7) € A . By definition ¢(y) = .

The formal smoothness of ¢ follows from 2.3.6. Consider in fact the solid commutative square

Spec R/a —~— /II,N

1 T lw

Spec R Arn

where a be is an ideal of R such that a®> = 0. Via Yoneda lemma z correspond to a point
(z0,7) € Ar.n(R/a) and consequently ¢ oz to 29 € Ar n(R/a); but by the commutativity of the
diagram it the projection of a point z; € Aj y(R). If we consider now the de Rham cohomology
system of modules corresponding to xg and z; we are exactly in the situation of the proposition:
we may lift vy to v1 such that the point (z1,v1) € AI,N(R) projects to (zo,70). By the Yoneda
lemma (x71,71) correspond to the dotted arrow y and it makes the two triangles commute.

Since moreover one can show that ¢ is locally of finite presentation the formal smoothness
implies the smoothness (see [2] paragraph 8.4, theorem 8). O

The following theorem ([10], theorem 2.1) proves the formal smoothness of ¢

Theorem. (Grothendieck-Messing) Let A a local artin ring, let a be an ideal of A such that a®> = 0
and Xo an abelian scheme over A/a. Then there exist an abelian scheme X over A lifting X, i.e.
Xo = X Xgpec 4 Spec A/a and an equivalence of categories (note that Hig (X/A) is independent of
the chosen lift X of Xo)

(lifts of Xo to A) — (]—' C Hir(X/A) direct summand of rank dim X> .

X' wxr/a € Hip (X'/A) = Hip (X/A)
It follows that
Proposition. ¢: Ay xy — M°(I) is smooth.

For the proof we need the following refinement of the formally smooth criterion for smoothness
(see [7], exposée 11, theorem 3.1)
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Lemma. Let f: X — Y a morphism locally of finite type between locally noetherian schemes.
Suppose that for any Y' = Spec A, with A local artin ring and for any nilpotent ideal a of A it is
possible to fill any commutative the square of the shape

Y, —=Y ,

L

Y —= X
where Y] = Spec A/a, with the dotted diagonal arrow. Then f is a smooth morphism.

Note moreover that by an inductive argument it is enough to check the above condition only
for ideals a such that a? = 0.

Proof. (proposition) First we show that ¢ is locally of finite type: it is a formal consequence of the
fact that ¢ is so. In fact the condition of being locally of finite type is stable under composition
and if f, g are morphism of schemes such that g o f locally of finite type, then also f is so. We
already know that ¢ is locally of finite type and A; n locally of finite type over SpecZ,[(n],

hence Aj y is locally of finite type over Spec Z,[(x]; therefore A; n N M<(I) — Spec Zy[¢n]
is locally of finite type hence 1 is so. Let therefore A be a local artin ring and a an ideal such
that a2 = 0. Consider the solid square

Spec A/a AI,N ;

/7/

Spec A ——= M%¢(I)

by the Yoneda lemma the top arrow correspond to a point of ALN(A/a), i.e. a pair (z,7), where
Xr = ((Ai)iel’7 .. ) S .ALN(A/Cl) and v HéR (Az/(A/a)) ;> A—i,A/u~

The map Spec A/a — M°(I) correspond to a point of M¢(I)(A/a) and since this map
factors trough AI,N then the chain of submodules (G;) of the A; 4/4’s correspond to the chain
of Hodge submodules of the Hp (Al-/(A/a))’s. This maps factors also through Spec A, i.e. the
chain (G;) can be lifted to a chain of submodules (F;); of the A; 4.

By the Grothendieck-Messing theorem (and the proposition in 2.3.6) we may lift any A; to A;
over A, 7 to v: Hlig(A;/A) — A_; 4 in such a way that the Hodge submodule w; of Hly (4;/A)
correspond to F; via . Moreover one can show that the fact that (F;); € MS(I) gives the
polarizations and the conditions required to make (4;); into a point of AI,N(A)I we omit this
(although important) detail as goes a little bit further into the constriction of the A;’s. The
previous discussion shows the existence of the dotted arrow and to the commutativity of the two
triangles. By the above lemma we get therefore the smoothness. O

2.4.4 The outcome of all this section is that following

Proposition. A; y P flLN N M}\‘;C(I) is a local model diagram for A; n. Hence Ar n and
M<(I) are étale locally isomorphic in the sense of the proposition in 2.4.1.

Proof. Tt is left to prove only that ¢ and 1 have the same relative dimension: see the second part
of the proof of 4.6 in [10]. O
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2.5 Examples

In this paragraph we will do some examples to illustrate the power of the local model diagram:
the local model M'¢(I) is defined by some linear algebra computations, we will show that is
possible to write explicitly local equations. These local equations hold also for M¢(I), hence
the previous discussion says that these are local equations (in the étale sense) for of A; . With
these computations we will fill moreover the missing point in the proof of the representability of
M™<(I) (see 1.4.3)

2.5.1 We begin with an easiest nontrivial example. Let ¢ = 1, I = {0,1} (i.e. we consider
a Iwahori level structure). Let’s choose the affine open chart U of Grassz 1,7, x Grassz17, =
IP’%p X Pép such that the set of R-valued point is

={(().) ).

where we identify the matrixes with the free submodule that they define (see the paragraph 1.2
for the details on the charts).

U and M'¢(I) are both subfunctors of P%p X IP’%F, hence we may see U(R) and M'°¢(I)(R) as
subset of IP%F(R) X P%p(R), for R any Z,-algebra. Under this identification U(R) N M™¢(I)(R) is
the set of diagrams

R2 > R2

] ]

Fo——=F1

with a = (g (1)), Fo = (}c) and F; = (11’) (the isotropic condition is trivial for submodules of rank
1, since the pairings are alternating).

Therefore the condition a(Fy) C F; is equivalent to the existence of A € R such that

(6 ) ()= ()

i,e. x = X and p = Ay. In other words the condition gives for the R-valued point an equation
TY = D.

It follows that U N M'°*(I) = V(zy —p) C Aj as functors and therefore the discussion of
1.4.3 says that V(xy — p) is an open affine piece of M'°¢(I). If we repeat this calculations for
any different chart U of P; x P we find other local equations and we may write explicitely the

gluing datum defining M'°¢(I). Obviously this is needless for the local study we are interested in.

2.5.2 The following example is studied in [13] to determine the local structure of the Siegel
modular threefold around its singularities.

Let g =2, I = {1}. Hence M°¢(I)(R) = {F1 C Ay g : a*(Fi) C Fi }. This time the inter-
esting local chart is the one where F is free with matrix

O N 8
— e e o
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In fact Fi- with respect to the standard alternating pairing has matrix

—w oy
1 0
0 1]’
z -z
hence o?(Fi-) € Fy correspond to
] 1 —-w Yy
p 0 |_ p L0
0 p | P 0 1]
z - 1 z -
1 0 A -n
|z oy (A n\_ | Atpy nrtey
Tl o w]\p oe) T | Netpw nztew
0 1 n €

comparing the two side we get therefore the equation xw — zy 4+ p = 0, functorially on R.

2.5.3 We give one more general example. Let g =2, I = {0,2}. Then M °¢(I)(R) is the set of
diagrams of the form
R4 > R4

] ]

Fo—Fy

and such that Fy, F» are totally isotropic. Once again lets choose a local chart, namely the one
where

1 0 a b
0 1 c d
]:O - T y b ]:1 - 1 O
Z w 0 1
Therefore Fo = Fd‘ if and only if
1 0
1 1
(1 0 =« z) 1 y =0,
—1 w
i.e. w= . Analogously F3 = F, if and only if a = d.
The condition a(Fp) C Fo becomes
p O P 1 0
0 B p 0 1] _
T - 1 z y|
z 1 z w

A n ;

p

Y

w
b Aa+pb ma—+eb
dl (A n\ _ [Ae+pud nec+ed
o) (2 2)-
1 o €

S =0 2
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comparing the two side and recalling x = w and a = d we get the system of equations

r=w a=d
ra+zb=p zc+za=0.
ya+x2b=0 yc+za=p
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