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Chapter O

Heuristic Prologue

0.1 Genesis of Stochastic Differential Equations

The starting point of stochastic processes in continuous time, is the study of dy-
namical systems of the form

i = f(r), rcRY (0.1)

in which a perturbation, often called noise in the literature, is added to the equa-
tion, making f depending also on w € €2, where (2, 7, P) is a probability space.

Equation (0.1) is an ordinary differential equation (ODE for short); these kind
of mathematical objects turn out to be particularly fitting in the description of the
evolution of certain situations. ODE are widely used in the more disparate settings,
from physics to economics, from financial markets to demographical phenomena,
from astronomy to different areas of engineering, from chemistry to biology.

One first example comes from Newton’s works in classical physics: the second
principle is usally written as

mi = F ,
which is an ODE: in fact, if ¢ — y(t) € R? describes the position of a point (whose
mass is denoted by m) in the space, then 0(t) := ¢/(t) and @(t) := y”(t) are its veloc-
ity and acceleration respectively. In general, the force ' depends on time, position
and velocity of the considered point, thus the above equation can be rewritten as
follows:

my"(t) = F(t,y(t),y (1))

We are dealing with an equation in which the unknown is a function of one variable
(the function y), in which some of its derivatives are involved.



0.1. GENESIS OF STOCHASTIC DIFFERENTIAL EQUATIONS

It is clear that the main aim is to "solve” these kind of equations, that is, find
all possible functions make the identity true.

The second matter is study uniqueness of solutions; one can easily find ODEs
which have not unique solution: take for istance y/'(t) = \/y(t) Vt € R.

Another classical example is the Malthus growth model: if y(¢) denotes the
number of entities of a population, then the model assumes the growth speed of this
population y'(¢) to be proportional with respect to the own entities mass, that is
the following relation has to be verified:

y'(t) = ay(t),

where « can be indended as v — p, where v and p are the natality rate and death
rate respectively.

In this case it is readily checked that functions of the form ce® solves the equa-
tion; moreover, imposing a solution ¢ : R — R passes thru a fixed point y, at some
starting time to, we can easily see that ¢ — o(t)e™ " is constantly equal to yg, from
which one gets uniqueness of the solutions.

However let us come back to (0.1) and understand euristically what stochastical
differential equations are and how do they born from this. We start by considering
a discrete version of (0.1) with V = 1, that is a finite differences scalar equation: so
for 0 < A < 1 we write

T(k+1)A = Tpa + A f(xra) + g(zra,w) - WkA(W) (0.2)

where f : R — R is deterministic (the drift) while g : R x © — R brings into the
equation some randomness (the diffusion coefficient) and {W2},>¢ is a sequence of
i.i.d. random variables such that, without loss of generality E[W/] = 0.

The next step is understand how W2 depend on A: what is a suitable order
of magnitude with respect to A, such that the passage to the limit in (0.2) for
k — +oo, gives back something reasonable?

So, let us focus on Var[W2]; setting t = nA, we can rewrite (0.2) as follows:

n—1 n—1
Ty =1x0+ A Z flxpa) + Z g(zpa, w) - W (w). (0.3)
k=0 k=0

Now, fixing t, it is clear that A — 0 implies n — 400, thus it follows that

n—

A floea) 228 /0 f(as)ds. (0.4)

k=0




0.1. GENESIS OF STOCHASTIC DIFFERENTIAL EQUATIONS

Next, suppose

e g=c,with c€R\ {0} constant; wlog ¢ =1
f=0

ro deterministic;

then, from (0.3) we would have

Var[z;] = Var

from which we get that

1
Var[W] =~ i A

that is a kind of information about the behavior of W/ with respect to A we were
searching for.

Let us then set )
t
Var[Wi] := A = ( —> :

At this point from the Central Limit Theorem one has that
1 n—1 HIA n—1
vn Zk:ﬂ k 1 A A0
= — E Wo —— N(0,1
\/E p k D ( )

from which

n—1
S ow % B, ~ N(0,1).
k=0

This holds for every t > 0, thus accepting all the B, live in the same probability
space, a stochastic process B = { B, };>0 is defined.

Next, we observe, that, fixed 0 < s < t, the random variables B; — B, and B,
are indipendent since they are limit in distribution of

5] 3]

tJ_
> W and > WP
[ ] h=0

k

respectively.




0.1. GENESIS OF STOCHASTIC DIFFERENTIAL EQUATIONS

It is now quite natural to expect that, fixed 0 < t; < --- < ty, the random
variables By, By, — By, ..., Bty — By, _, are indipendent, from which (By,,. .., B, )
is a gaussian random vector.

Observing now that when k& — +o0co one has VVkA ~ B(r4+1)a— By and considering
now a non-trivial g, we can write

n—1 ¢
S glaa) WP =2 | gla,)dB, | (0.5)
k=0 0

where the limit is intended in probability and, if the process B has a.s. trajectories
with bounded variation then the integral is a Riemann-Stieltjes integral; neverthe-
less a stochastic process having the properties B has, with moreover a.s. continuous
trajectories, is called Brownian Motion and a.s. have not bounded variation: in
this case the integral becomes a Stochastic Integral, which was introduced by the
japanese mathematician Ito.

Putting togheter (0.3), (0.4) and (0.5) we get

Ty = Tp —|—/0 f(zs)ds —|—/0 g(zs)dBs (0.6)

which is a Stochastic Differential Equation driven by the Brownian Motion B.

Consider z : [0,4+00[— R and f : R — R, both in ¢*; then we know that

4L f(zy) = f'(x) - x}, which can be rewritten in integral form as f(z;) = f(zo) +

t
Jo [/(xs) day .
x ds
Then one can asks: is this rule true if z = B (whose paths a.s. are not in ¢*)?
That is: does f(B;) = f(0) + f(f f'(Bs) dBg hold true? The answer is no, and this
is the motivation for the need of the celebrated [t6 Formula which is basically a
generalisation of the well known chain rule, and when # = B and f € 4?2, it reads
as

1) =10+ [ Fw)ass [ s

Let us note that stochastic differential equations can be represented in two equiv-
alent ways: the integral representation, which is the way (0.6) is written, and the
differential representation, that is

dxy = f(x) dt + g(xt) dBy

togheter with the initial value zy given. The differential representation is widely
used, although it is only a formal writing, since involved paths are typically irregu-
lar.




0.2. MORE RECENT DEVELOPMENTS

0.2 DMore recent developments

Recently Stochastic Differential Equations driven by a more general process became
object of interest in Stochastic Analysis research; such a process is called Fractional
Brownian Motion; it is a generalisation of the standard Brownian Motion and it
depends on an index H €]0, 1], called Hurst indez.

This process turns out to be useful in building many models in finance: in the
classical Black & Scholes pricing model, the randomness of the stock price S is due
to a Brownian Motion Z:

dS, = S,(udt + 0dZ,), Sp >0
dBt = TBt

where B is the bond price and € R and r, 0 € R.q. In particular the first equation
is a Stochastic Differential Equation.

It was observed that interesting financial models can be derived from this last
one by replacing the Brownian Motion Z with a fractional Brownian Motion Z;
the solution of this new model is called Geometric Fractional Brownian Motion.

Many examples of situations in which the considered quantities are naturally
positive can be reported. For istance the study of the motion of a particle on the
plane with no constraints when its y-coordinate is > 0 and ”stopping” it when it goes
below z-axis and is decreasing, removing this constraint once it becomes to increase.

These kind of models created the necessity to study SDEs with non-negativity
constraints; such a constraint can be imposed in many ways; for this last model, for
example, the Skorokhod problem (see chapter 2) turns out to be appropriate.

Studying these situations, the necessity to consider Skorokhod problem with
SDEs driven by fBM arose; this argument is debated in the literature only a few,
this is the reason why M. Ferrante and C. Rovira wrote their paper [2].

0.3 Last considerations

The stochastic integration with respect to the fBM has been studied by several au-
thors; nevertheless throughout this thesis we will consider H > %, case in which
the integral can be defined by a pathwise approach allowing a little regularity to
the integrand function: the results discussed by Young [1] ensure the existence of
the Riemann-Stieltjes integral fOT Usg dBf for every stochastic process {u; }+>0 whose
trajectories are \-Holder continous, when A > 1 — H; this result holds for every tra-

jectory in the sense that fOT us(w) dBH (w) is a Riemann-Stiltjes integral for every

9



0.3. LAST CONSIDERATIONS

fixed w € Q.

The starting point of this thesis is a paper by M. Ferrante and C. Rovira [2] in
which the problem of the existence and uniqueness of the solutions of such differen-
tial equations was discussed at first exploiting the A-Holder norm methods; in this
paper existence was proved, but some problem came out when the authors looked
at uniqueness.

A different approach was held by A. Falkowski and L. Stominski: in their pa-
per [3] they treated a more general Stochastic Differential Equation but with some
additional assumptions on the drift and diffusion coefficients, using the p-variation
norm techniques, proving both existence and uniqueness.

We will analyze the first approach, suggesting a possible path to prove uniqueness
with sup-norm approach.
In particular, this thesis is organized as follows: in the first chapter we will give the
Stochastic Analysis tools required in the sequel, in the second one we will introduce
our SDE with non-negativity constraints and the Young Integral, which is the one
used to work with such an equation. Finally in the last chapter we will discuss about
uniqueness.

10



Chapter 1

Stochastic Analysis Tools

1.1 The Fractional Brownian Motion

Let us fix a complete probability space (€2, <7, P).

Definition 1.1.1. An N-dimensional Gaussian Vector is a random vector
X =(Xy,...,Xn)
such that, X -a = Zjvzl Xja; : 2 — R is a normal random variable for every fixed
a€ RN,
Definition 1.1.2. Let I be a total ordered set. A stochastic process
X Q-R
is called Gaussian Process if for every J C I, |.J| < +o00, X|; is a gaussian vector.

Definition 1.1.3. A scalar fractional Brownian Motion with Hurst parameter H €
10, 1[ is a stochastic process

B": Q- R
where I = R>g, which is a centered (i.e. E[Bf] =0 Vt > 0) Gaussian Process with
covariance function given by

(s,t) = Cov[BY, B = E[BYB/"] = = (" + s*" — |t — s]*") (1.1)

It’s clear that when H = % we recover the standard Brownian Motion; in partic-
ular the increments (i.e. the random variables B, — B, for 0 < s < t) are indipendent

11



1.1. THE FRACTIONAL BROWNIAN MOTION

(we have denoted B := B'/?).
Instead, in the case H # %, the independency property of the increments does not
hold true any longer.

The theory developed in this chapter deals with the above introduced scalar frac-
tional Brownian Motion; nevertheless in the next chapters, working on the Stochastic
Differential Equation, an m-dimensional version of this object is used:

Definition 1.1.4. A m-dimensional fractional Brownian Motion with Hurst param-
eter H is a m-dimensional random vector

WH - (BH,I BH,m)
where the B are indipendent fBMs of the same parameter H.

The fractional Brownian Motion is invariant in law under certain transforma-
tions:

Proposition 1.1.1. If B is an H-fractional Brownian Motion, then also the fol-
lowing stochastic processes are such:

1. {a® B}, for every fixed a > 0, that is, the fBM is self-similar.

2. {Bl,, — B{T}i>¢ for every fixed t; > 0, that is, the fBM has stationary incre-
ments.

3. {t?1BH 1, that is, the law of the fBM is invariant under time inversion.
1/t

Conversely, any Gaussian process BY a.s with continuous trajectories and BY =0,
such that Var[Bf] = 1 for which 1. and 2. hold, then it is a fBM of index H.

Proof. The three invariace properties can be easily get recalling that two stochastic
processes have the same law if and only if they have the same finite dimensional
distributions; in particular for the second one, it can be useful to observe that from
(1.1) it follows that

E[(B — B)"| =t —s|*", (1.2)

from which in particular we get that

By, — By ~ N(0,82") ~ Bf' vt >0. (1.3)
The converse part follows by direct computations. O

12



1.1. THE FRACTIONAL BROWNIAN MOTION

1.1.1 Holder regolarity of the trajectories

Let us now prove the following important result:

Theorem 1.1.1. An H-fractional Brownian Motion BY = {B[};o1) has a.s. a-
Holder continous paths for all € |0, H|.

Proof. Let us define, for n > 1

@n3:{£30§k§2n—1} and .@::U@n.

n>1

Step 1: Let us fix 0 < a < H and prove that J¢, p > 0 such that

P(3s€ 9, : |Bl,.. — Bl >27%") <27 (1.4)
indeed we have
P(3s€ 2, : |BY,..—BIf>27") = (U {|BZ,-.. — BI| > 2%})
SEDn

<> P(|Bf,.— B >2")

SEDn
2 onp (1BH, . — BY| > 27°m)
= 2"P (Bl — B > 2 henm)

H|itm
Markov [|B3+2 n Bs |H i|
on

<
- 2—%omm
1
H _ pH|E™
— 2n<1+%am>E Bs—l—Q n Bs 9—nm
9—nH
BH _ —BH
and observing that —2—7— ~ N(0, 1), its expected value doesn’t depend on n,
g _pn|E™

thus setting ¢,, := E S*;:ZH and p,, := — (1 +m (%a — 1)) we have that

P(3s€ D, : |BE,.. — BI| >27°") < ¢, 27",

Observing that, since 0 < v < H, there exists m such that p := pm > 0, and setting
¢ = Cm, we get (1.4).

13



1.1. THE FRACTIONAL BROWNIAN MOTION

Step 2: 30" € & with P(Q*) = 1 such that
Vwe Q* In(w)>1 ¢ |BA, .. —BI <27 Vse€ 2, Vn>nw). (1.5)
Let us set
A,:={3s€ 2, : |BE,.. - Bl'|>27"} € &,
then, by Step 1 we get ), ., P(A,) < 400, hence, once we have set
A:=limsup 4, :=: ﬂ U Ay

n—+0oo n>1k>n
the first Borel-Cantelli Lemma allows to deduce that P(A) = 0; clearly A° € &/ and
P(A°) = 1.
Now, w € A& w € A, for countable many n > 1, thus w € A° < 3n(w) > 1 such
that w € AS Vn > n(w) and thus we get

A°={weQ : In(w) >1st. |BE, . —BI| <27 Vs € 9,, Vn > n(w)}
C{weQ : Inw) >1st. |BL, .. — B <27°" Vs € 2, ¥n>n(w)} = QO

from which Q* € o7 (by completeness) and clearly P(€2*) = 1 thus we have proved
(1.5).

Step 3: Let us prove that for m > n big enough, and for s,t € &, such that
|t —s| < 27", then a.s.

B —BI'| < Y 27 (1.6)
j=n+1
So, let us take w € QF, fix n(w) as in Step 2 and consider m > n > n(w).
We will use induction on m —n. Let us suppose without loss of generality 0 < s < ¢.
e Suppose m—n =1. Then s = 3£+ and ¢t = zfﬁ, where 0 < k < K/ <271 1,
hence

/

[t —s| <2™" <= <2™"

2n+1
— Lk —-k<?
— kK =k+1.

Thus t = s + 27"+ from which we get Bg_g—(n-&-l) — BH| < 27elntD) by (1.5).

e Suppose now (1.6) holds for every pair m > n such that m —n < h (fix one of
these pairs) for some h > 1; let us show (1.6) holds for suitable m’ > n’ such that
m' —n'=h+1
Pick s,t € Z,,41 such that |t — s| < 27" and define

Sp -— S

5; ::sj,l—l—Z*("*j), j=1...m+1—n.

14



1.1. THE FRACTIONAL BROWNIAN MOTION

Observe that
m+1

Smal-n =S+ Z 2 =g— 9o (Mt 4 9n ¢ D1 s
r=n+1
if by contradiction ¢ > Sy11-p, S8y t = Spy1pn + 27" € 900, then |t — 5| =
27" £ 27" absurd. Thus we have

0§S<t§8m+1_n.
So we define
uw:=max{j=0,1,....m+1—n: s; <t} >0

from which we have two cases: if s, = t we have
m—n

B B <3 |BIL, - Bl

8j+1 55

=0
m—n
" "
< E ’st+2—<n+j+1> - B

J=0

which is (1.6) with (m + 1) —n = h + 1, thus the inductive step is proved.
The other possibility is s, < t. In this case clearly the following relations hold:
u<m-—n
t < Su+1-
But, noticing that |s,_pi1 — Sm_n| = 27V since t € P41, it cannot be s, <
t<sys foru=m-—n,thusu<m-—n-—1.
Now we have to proceed as follows

u—1
B - BY| <|Bf' - B |+ | B, - BY

Sj+1
J=0

u—1
H H H H
< |Bt B BSu‘ + E : ‘st+2*(”+j+1) o BSJ‘

Jj=0

(1.5) u-l ,
< }BtI—I . BSHu’ + 22706(”+]+1)
=0
n+u
:|Bf{—BsHu‘—|— Z 27

j=n+1

15



1.1. THE FRACTIONAL BROWNIAN MOTION

then observing that ¢, s, € %,,,1 and noticing that s, <t implies t < s,.1, we get

[t — sul < |Sus1 — Sul = 9~ (ntutl)
and since
(m+1)—(n+u+1l)=h—u<h,

by inductive hypotesis we obtain

m+1 m+1

FIE RN SIS D SIER

j=n+u+2 j=n+u+1

which leads to the conclusion.
Let us note that the sum Z;’:;iu 12 27% makes sense since m +1 > n +u + 2
which is equivalent to u < m —n — 1.

Step 4: Conclusion.
Let us fix w € 2" and take n(w) as in Step 2; then consider n > n(w) and observe
that 2 = U,,~,, Zm. Hence, for s,t € & such that |t —s| < 27", when m tends to
infinity in (1.6), we get

- —ag —an 1
‘Bg{_Bf‘SZQ =2 (2a+1)'
Jj=n+1 \ ,

=:Ca

Now, we are dealing with ¢, s € & such that |t — s| < 27"“); thus, there exists a
unique n > n(w) such that

27t < |t — 5| < 27"
from which we find out that
|BI' — BIf| < co27%" = 2%, 27 < 20 |t — | (1.7)

Then, let us take Q € o7 with P(Q) = 1 such that ¢ — B (w) is continuous for
every w € Q _ _ _
Next, clearly QN Q* € &7 and P(2NQ*) = 1. So let us fix w € QN Q*,
We get

|B' - BY| B - BY|
sup ———————— <+ <= sup ——— < +00
tsco] |t —s|® tsea |t —s|®
s#t s#t
| B - BY|
— sup — < +o00.

t,s€D, t#s |t - S’a
[t—s|<2— ()

16



1.1. THE FRACTIONAL BROWNIAN MOTION

Now, the first equivalence is true because of the density of Z in [0,1] and the
continuity of the chosen trajectory B (w). The second one is obvious and the latter
side is true by (1.7). Thus we have proved that a.s. the fractional brownian motion
has continuous a-Holder trajectories, for every 0 < oo < H, as wanted. [

Now, in order to prove that the H-fractional Brownian Motion a.s. has not H-
Holder continuous trajectories, let us state a suitable law of the iterated logarithm,
as reported in [8]:

Theorem 1.1.2 (Law of the Iterated Logarithm for continuous Gaussian Processes).
Let {Y;}+>0 be a gaussian process a.s. with continuous trajectories, E[Y;] = 0. Then
set

w(s,t) =B Q) = %w(t,t) > 0.

Then define the process
Y;

X; = \/m

Suppose there exists a monotone, non-decreasing function v : R>y — R such that
v(0) = 0, and there exists sg, 51, 52, 3 > 0 with (3 < %/6’1 + 1 such that the following
relations are satisfied:

e lim Qs +1) = QL) =1 wuniformly in s > 0;
t—o+oo v(s+1t) — v(s)
t 181
ov(t)z(g) cv(s) >0, Vt>s>s0;
t /83
e u(t) < (;) v(s), Vt>s>s0;

Then, a.s. the following laws of the iterated logarithm hold:

lim (Sup X — \/210glogT) =0

T—+o0 0<t<T
from which
lim sup (Xt — +/2loglog t) =0
t—+o00
and finally
X
lim sup L (1.8)

e S
t—+oo V21o0glogt

17



1.1. THE FRACTIONAL BROWNIAN MOTION

Now, if Y = B it turns to be

1
w(s, t) = = (7 + 7 — |t — s|*)

2
1 2H
Qt) = Pk
By
Xt — t_H

and taking v := Q, fBi:=2H —¢, (y:=2H and 33 :=2H+5, where e := % >0,

the hypotesis of the theorem are easily fulfilled, thus, by (1.8) we get that a.s.

BH
lim sup ———o— = 1. 1.9
HJFOOID tHy/2loglogt (19)

Then fixing ¢y > 0 and considering the process {tQH (Bto 41— Bt0>} , which is
¢ >0
a realisation of the fractional Brownian Motion, since it is obtained by composing

a stationary increment of an H-fBM together with a time inversion, from (1.9) we
get that a.s.

H ( pH H
lim su ' <Bt0+% _ Bto)
t—>+oop Vv2loglogt

and using the substitution ¢ — % this last lim sup reads as

=1

H H
Bto +t Bto

lim sup =1

t—o+ tHy/2loglog(1/t)

from which we immediately get, a.s. for any ¢y > 0

BH o BH
lim sup —t°+tt = e

t—0+

:+OO,

which implies that, for a set of probability one, the trajectories of the fractional
Brownian Motion of Hurst index H are not H-Holder continuous around any point
to > 0, as claimed.

Finally we want to spend a couple of words about the modulus of continuity of
a function.
Given a function f : (X,dx) — (Y,dy) defined between metric spaces, a global
modulus of continuity for f, is a function wy : [0+ oo] — [0, +00] which vanishes at
0 and is continuous at 0 such that

dy(f(x), f() S wpldx(w,2")) Vo2’ € X.

18



1.1. THE FRACTIONAL BROWNIAN MOTION

Just for completeness, we recall the local notion: f admits a modulus of continuity
at the point x € X if there exists w, : [0 + oo] — [0, +00] (again zero at 0 and
continuous there) such that

dy (f(z), f(2") < w.(dx(z,2")) V2’ e X.

At this point, we report from [9] that a.s. the fractional Brownian Motion of
Hurst index 0 < H < 1 admits a global modulus of continuity given by

wp (6) = 67| log 8]2.

1.1.2 On the p-variation of the fractional Brownian Motion

Let us consider a function f : [a,b] — R and a partition of the interval [a,b], say
I:={a=ty <ty <-- <ty <tg,+1 =0b}; we define the mesh of the partition II
as |II| :== maxo<j<, |t;j+1 — t;|. Let us fix p > 0.

Then we define the p-variation of f on the partition I1 as

kn
VOFID) =3 | f () — FE)I
7=0

and the p-variation of f is thus given by
V) = sup V().

Let us take 7' > 0 and consider ¢; := Lj, j=0,...,n, thus, we have II,, := {ti Y=o,
which is a sequence of partitions of [0, 7] whose mesh goes to 0 as n — +00. Then
as stated in [10], we get

+o0 p<1/H
3 lim V@B 1L,)={ T -E[|Bf'|] p=1/H (1.10)
n—-+00 D > 1/H

where the limit is intended to be in L'(€2, &/, P) and thus, up to passing a subse-
quence, it holds a.s..
Since it is clear that surely

VOB > lim VE.(BT1L,)

n—-+00

then, it is clear too that, for every 0 < H < 1, a.s.
Vir(B") = +oc

that is, a.s. the trajectories of the fractional Brownian Motion, have not bounded
variation.

19



1.1. THE FRACTIONAL BROWNIAN MOTION

" 1/p )
Let us then note that the position || f||pvar,ap = (V((f g( f)) defines a semi-

norm, called the p-variation seminorm which is linked to the a-Holder seminorm
defined by (2.1): if f is a-Hoélder continuous, then it has finite 1/a-variation; to be
precise the following inequality holds:

||f”é—var,[a,b] S ||f||a,[a,b](b - a)a‘

Let us finally highlight the above p-variation and a-Holder seminorms become
norms by setting

@(f)p—var,[a,b] = Hf“oo,[a,b} + Hf”p—var,[a,b}
O(fafatl = | flloo oty + |.fllafa

called the p-variation norm and the a-Holder norm respectively.
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Chapter 2

Young Integration Theory

2.1 Foreword on Young Integral and overview on
the SDE

Consider 0 < A <1 and s,t € R, s < t; we will denote with €*([s, t]; R?) the space
of measurable functions f : [s,#] — R such that

[f(v) = f(w)]

1] 1= Su < 400 2.1
||f||)\7[ Jt] s§u<€§t |U — U|)‘ ( )
which is the usual A-Hélder space on [s,t] of Ré-valued functions (with |- | a norm

on R%).
Notation: throughout this thesis, when there will be not ambiguities on the do-
main we are working on, we could omit it, e.g. writing || f||x and €*(R?) instead of

| f1Ix s, and €*([s, t]; R?) respectively.

The object of our interest is the following Stochastic Differential Equation

t t
=&t / b(s, ) ds + / o(s, ) AW 4y (2.2)
0 0

which we will now describe precisely.

(2.2) is an equation in RY, where & € R := {(z1,...,24) 1 2; > 0Vi=1,--- . d}
is fixed and ¢ € [0, 7] for some fixed 7' > 0.

Next,
b:Rso x RY = R?
and
0 :Rsg x R* = My (R)
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2.1. FOREWORD ON YOUNG INTEGRAL AND OVERVIEW ON THE SDE

are bounded measurable functions, called drift and diffusion coefficient, respectively.
We will assume the following hypotesis on them:

b(t, ) — b(t,y)| < K|z —y| Va,y € RY, Wt € [0,T] (2.3)
lo(t,x) — o(t,y)| < Koz —y| Vo,y € R Vt € [0,T) (2.4)
lo(t,z) — o(s,z)| < Ko|t — s|” Vo € RY, Vs, t €[0,T] (2.5)
where v €]3,1], Ky > 0 and | - | denotes every time a suitable norm, conveniently

chosen, which will be specified in the next chapter. Hence, both b and ¢ are Lips-
chitz in space and furthermore o is v-Holder continous in time.

The term y = (y)i>0 is a vector valued, non-decreasing (the sup, the negative
part, and in general all tools which takes into account the total order of R, when
used for R? elements, are clearly intended componentwise) process, whose role is to
mantain x non-negative; thus it allows the non-negativity constraint to be satisfied.
We want to describe explicitly this process: a suitable tool to tackle this problem is
the Skorokhod Problem, which we will now recall.

First of all let us set
CL(Ry:RY) = {x € F(R;RY) : 2 € Ri} :

Then the Skorokhod Problem with normal reflection on R? (SP for short) is the
following:

Definition 2.1.1. Given a path z € €, (R, ; R?), a solution to the SP related to z
is a pair of functions (z,y), both in €, (R, ;R?), such that

1.z =2z + andxtERi forallt >0 ;
2. y4 =0 and t — vy is non-decreasing for each i = 1,...,d;
3. [ aldyl =0 for each i =1,...,d and for all ¢t > 0.

Let us observe that since ¢ — %! is non-decreasing, it belongs to BV|[0, T for any
fixed T" > 0, thus the integral above is a Riemann-Stiltjes one, hence expressing it

as Riemann sums
n—1

t
Pod T A
7=0
where the limit is taken over any partition Ilp; = {0 = sy < $1 < --- < s, = t} of

[0, ¢] whose mesh tends to 0, it can be seen that y’ can increases only when ' is zero.
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2.1. FOREWORD ON YOUNG INTEGRAL AND OVERVIEW ON THE SDE

Then it is well known (see [4] or [5]) how to write a solution to SP, explicitly for
each component of y (and thus of z):

yi = sup (z;) (2.6)

s€[0,t]

The path z is called reflector of z, while the path y is called regulator of z.

We will apply this result to obtain the non-negativity constraint for each path in
(2.2): namely, setting

t t
2z =& + / b(s,zs)ds + / o(s,xs) dWH
0 0

and solving for SP,, we can rewrite (2.2) as z; = z;+ 1, with z as the only unknown,
which satisfies a non-negativity constraint forced as wanted.

In the case of equation (2.2), z and y are called reflector term and regulator term,
respectively.

At this point, we need to explain how the stochastic integral

t
/ o(s,xs)dWH
0

has to be intended.

The classical stochastic integral (the one defined by It0) is defined with respect
to the standard Brownian Motion; one of the central point in the construction of
this integral, is the fact that the increments of a Brownian Motion are indipendent.
In the case we consider (1/2 < H < 1), independence of the increments is lost, thus,
we cannot use the classical stochastic integral.

The strategy we will apply, is to use a pathwise approach, that is, working with a
fixed w € : in this way we will both eliminate the indipendence problem and take
advantage from the regularity of the trajectories of the fractional Brownian Motion.
The right tool for our purposes is a generalization of the Riemann-Stiltjes integral,
which allows to perform integration with respect to functions (paths, in our case)
which has not necessarely bounded variation.

This is the Young integration, whose theory allows to define the integral

t
/ fudgu

where f is A-Holder continous and ¢ is y-Hoélder continous, where A+~ > 1. Young
integral will be introduced in the following sections, for which we will refer to [6] for
the first subsection and to [7] for the second one.
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2.2. INCREMENTS, THE MAP 6 AND THE SEWING MAP A

2.2 Increments, the map ¢ and the Sewing Map A

The Young Integral is defined constructing an algebraic structure based on the
notion of increment togheter with an elementary operator ¢ acting on them. Let us
describe it.

First of all, for an arbitrary 7" > 0, a finite dimensional normed vector space
(V,|-]) on R (where | - | : V' — Ry is a suitable norm on V') and an integer k > 1,
we denote by 6% (V) the set of all continous functions f : [0,7]" — V such that
fryot, =01t t; =t;4; for some 1 <7 <k —1.

Such functions are called (k — 1)-increments.
Moreover we set 6o(V) :=V.

Then endowing €5 (V') with the pointwise sum (i.e. given f,h € €(V') we define
(f + h)eyot, == fryt,, + hity.or, Where this last sum is the one defined on the vector
space V'), and defining a scalar product as (af)s..¢, := afy,.., (where o € R and
f € €:(V) and this last product is the product of an element of V' with a scalar) we
have given 6, (V) an R-vector space structure; in particular (¢%(V'),+) becomes an
abelian group.

Next we define the operator d; (for any k£ > 1) as follows:
k1 .
619 : Cgk(v> - (gk+1(v) ) (6k‘f)t1"'tk+1 = Z(_l)thl“'tAj"'thrl

i=1

where the hat ~ means the corresponding argument is omitted; define then 6y : V' —
%1(V) that maps v € V into the constant function f; = v.

These maps 9, are clearly R-linear maps and in particular are homomorphisms
of abelian groups.

Hence we can write
03 GV) B aV) B a1)S ... (2.7)

where 0j41 0 0 = 0 (equivalently Imd;, C ker dpy1): indeed, take f € €;(V) and
consider

k+1
5k+1(5kf51-~sk+1)t1~~tk+2 :5143—1—1 (Z(_l)jfsr“?j'“skﬂ) =

J=1 t1tpy2
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2.2. INCREMENTS, THE MAP § AND THE SEWING MAP A

k
= | — ft3t4---tk+2 + ft2t4--'tk+2 - ft2t3t5-"tk+2 T+ (_1> H ft2t3t4-"tk+1
—— —— N——— —_———

=:a1,2 =:a1,3 =:a1,4 =:a1,k+2

k+1
+ | — ft3t4'"tk+2 + ft1t4-“tk+2 - ft1t3t5"‘tk+2 T+ (_1) ft1t3t4-“tk+1
—_—— ——— N — —_———

=:a2,1 =:a23 =:a2,4 =102 k+2

k+1
- - ft2t4~~~tk+2 + ft1t4"'tk+2 - ft1t2t5“‘tk+2 + (_1) ft1t2t5“'tk+1
—_— Y Y S———
=:a3,1 =:a3,2 =:a34 =:a3 k+2

k k
(_1) 2 - ft2t3“'tk+1 + ftlts--'tk+1 - ft1t2t4"'tk+1 T+ (_1) +1 ft1t2t3"'tk
—_—— —— N—— ——

=10k42,1 =:0k42,2 =:0k+2,3 =0k42,k+1
_ i+7 i+7 _
=— > (DMay+ > (-)Vay,; =0
1<i<j<k+2 1<j<i<k+2

since clearly a; ; = a;;.

Thus, the sequence (2.7) of abelian groups connected with such homomorphisms
is a cochain complex, denoted with (€.(V), d), where €.(V) := J,~, €x(V), and the
above mentioned operator § : €, (V) — .(V) is called coboundary operator and is
defined acting on the increments as d; do, i.e. 5|<5k>(v) = 0.

We can rewrite the above property as d o 6 = 0.

Now, we have proved that Imd; C ker d, 1, but something stronger holds: the
inclusion is indeed an equality, as we now prove.

Let f € €i4+1(V) such that

5k+1ft1---tk+1f - ft2t3t4~-vtk+1?+ ft1t3t4-~-tk+1?_ ft1t2t4--~tk+1'{+ T
k+1 k+2
+ <_1) - ft1~~~tkt~+ <_1) * ftl"'tktk+1 =0

from which we have that

k+1 _ k+1
(_1) ftl"'tktk+1 - _ft2t3t4---tk+1?+ ft1t3t4---tk+1t~_ ft1t2t4---tk+1t~+ et (_1> ftl---tk?

-~

::Ftl”'tk+1{
and thus F does not depend on ¢; in particular we have that

Ftlu-tk_;,_l? = Ftl < tp410
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2.2. INCREMENTS, THE MAP 6 AND THE SEWING MAP A

from which, setting gs,...s, := (—1)F*1 f,,...s,0, we obtain that g € €;(V) and &g = f,
as wanted.

Thus the sequence (2.7) is exact, which is another way to say the cochain com-
plex (€.(V),0) is acyclic, that is, having denoted Z€1(V) := €,(V) N ker ¢, and
PBEL(V) = €,(V) N Imdg_; the spaces of k-cocycles and k-coboundaries respec-
tively, Z€,(V) = B€ (V) for any k > 1.

Even if we have introduced the subject in a general setting, the cases we will
investigate the most are & = 1,2, for which we will write explicitly how J; works:
taking f € €1(V), h € 63(V) and s,t,u € [0,T], we have that

(61f)st = ft - fs s (52h)stu = _htu + hsu - hst .

We resume now the fact above proved in the following

Lemma 2.2.1. Let £ > 1 and h € Z%,1(V). Then there exists a (nonunique)
f € €, (V) such that o, f = h.

In particular, taking a l-increment h € %5(V') such that doh = 0, Lemma (2.2.1)
ensures the existence of a (nonunique) f € %1(V) such that h;s = f; — f; this pro-
vides an heuristic interpretation on how ¢ works on %»(V'): it measures how much a
1-increment is far from being an exact increment of a function, i.e. a finite difference.

We have already pointed out that we will deal mainly with k-increments, with
k < 2. We now need a tool which will allow us to handle these objects properly:
namely, we measure the size of the increments with suitable Holder-type norms,
which we are going to describe.

Let us fix A > 0; if h € €,(V), we set

|ht8|
hl|x := sup
A 5,t€[0,T] |t — s|*
s#t

and
C (V) :={h € €(V) : ||h||x < +oo} .

Note that we have not specified the domain we are working on is [0, 7], since from
the context it is clear and this will not lead to any ambiguity.

Let us remark that the usual A\-Hélder space on [0,7] of V-valued functions
as defined at the beginning of the section, can be recovered in the k-increments
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2.2. INCREMENTS, THE MAP § AND THE SEWING MAP A

framework: if f € € (V) we have

113 = llovflla

and thus, setting
GNV) = {f e V) : [[auflx < +oo}
we trivially have €*(V) = €N (V).

Finally, given g € 63(V) and ~, p > 0, we set

lollpo = sup e
P s,t,u€0,T] |U - Slplt - U|7
t#uF#s

from which we define

lg[[x := inf {Z ngHPjy)\*Pj 9= Zgja 0<p; < )‘} )
- :

J

where this last infimum is taken over all sequences {¢g?}; C €3(V) such that g =
> ; ¢’ (when the sequence is not finite, we intend the sum converging pointwise,
with respect to the norm considered on V' - notice that being V finite dimensional
R-linear space, all the norms on it are equivalent) and all choices of the numbers
0<p; <A

Let us note that, given g € €3, we have

lglix < Nlgllpr—p YO <p <A (2.8)
Then, || - || is @ norm on %3(V) and we can consider
GNV)={g € G(V) : |gllx < +oo} |

which is clearly an R-vector space.

Note that the same kind of norms can be considered on the space Z € 3(V), leading
to the definition of the spaces Z%5(V) and thus Z€5"(V), where we have set
Gr(V) = Usst (V).

The crucial point in this approach to pathwise integration of irregular processes
is that, under suitable conditions, the operator ¢ admits a right inverse. We call
this operator the sewing map, and we denote it by A; we prove its existence in the
following
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Theorem 2.2.1 (The Sewing Map). There exists a unique map
A:ZEC5 (V)= 6 (V)

such that

Moreover, we have that
1
[ARIN < S5 IBlls - ¥h € ZE5(V), (2.9)

from which A : Z%€5(V) — (V) is lipschitz and thus continous for every fixed
A > 1, since A is linear when seen as an operator 2% (V) — €5N(V).

Proof. Let us fix h € Z€5"; hence h € Z€5 for some \ > 1.

Step 1: Let us start by proving the uniqueness of the sewing map.
In the next Steps, we will prove the existence of a l-increment M € %3 (V) such
that M = h, that is § : €(V) — Z€5(V) is surjective, which is equivalent to say
that it is right invertible; this right inverse is denoted by A and it is clearly defined
as Ah = M.
Now, the existence of another l-increment M’ € %5 (V) such that 6M’ = h is
equivalent to the existence of another right inverse A’, which is defined as A’M’ := h,
as above.
Thus, proving that M’ = M (for every fixed h) will imply that A’ = A, that is the
sewing map is unique, as claimed.
So, setting @ := M — M’ it is clear that Q) = 0 by linearity.
Hence Q € Z%5(V) and thus, by Lemma (2.2.1), there exists ¢ € € (V) such that
Qis = (09)1s = ¢ — g5 for every t, s € [0, T], from which we have that

|Qt_(.75| |Qts|
= = QI -

su su
O§s<$§T [t — s 0§5<F§T |t — s|*

So for every 0 < s <t < T we have that

0< B8] g — s
|t — s
hence, taking s fixed and passing to the limit for ¢ — s in the above expression,
since A —1 > 0, we get |¢i| = 0 (notice that both the value and the existence of
this limit are guaranteed by two policemen theorem). Since this holds for every s,
we have that ¢ = 0 on [0,7], from which we deduce ¢ is constant on [0, 7], which
implies Q = 0, i.e. M’ = M, as wanted.
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Step 2: Let us now construct a l-increment M € 65\ (V) satisfying M = h.
Since dh = 0, invoking again Lemma (2.2.1) we know that there exists a B € G,(V)

such that 0 B = h. We will build our M starting from B.

Pick s,t € [0,T] with s < ¢t and, for n > 0, consider the dyadic partition {r! : 0 <

i < 2"} of the interval [s, t], that is

Then, we can define

2n—1

n .__
Mp =By — Y By o
=0

(2.10)

which is a continous function and vanishes whenever s = ¢, thus M" € G,(V).

Now we have

27L+1_1 n_q
Mn+1 — Mn = — B n+1l_n+1 + B n n
ts ts § , T T § : Tit1i
i=0 i=0
2n—1 2" —1 2" —1
= — Bn+1n+1 E Bn+1n+1+§ B.n n
T2i+172i T2i+272i41 TigaTs
=0 =0
2" —1
— B n+1 n+1 B n+1 n+1 B n+1 n+1
Z T2i4+2"2; Toi+1T2¢ Toi42"2i41
2" —1
— 6B n+1l n+1_n+1
Z ( T21+2T21+1T21
2" —1

— h n+1 n+1 n+1
Z T2i+272i+172i

where the second equality is obtained by splitting odd and even terms, while the

third one is got by observing that 7 = r5;™ and 7, = r5;%}.

Considering then some {h7}; C %3(1/) such that h = 37, h/, some 0 < p; < A and

29
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: n+1 o
setting a, := ry; ", for s = 0,1, 2, one has that
2n—1
n+1 n
’Mts - Mts’ < E ‘hazalao‘

i=0
n—1

< : :: :’hazawo
n—1 ;

j

§ : § : ‘hazamo’ |a2 _ al’)\_pj|a1 — a Py

o A—pj 0j

]ag—a| ]]al—ao|]w—/ N——

= 2/\ n+1 ZZHh]”py/\ Pj

s])‘
2)\271()\ 1) Z thHP] A— Pj

thus, passing to the inf on the sequences {h/}; C €3(V) such that h = 37 #/ and
on the p; €]0, \[ we get

A
n+1 n |t_8| ||h||>\
M = Myl < —somen (2.11)
Since My, = 0, we have that M, = Y7~ » M7 — M, from which
—1 A n—1
n TR | e |1 1
‘Mts < Z ’Mts - Mts’ < oA Z 2j(A-1) 7
j=0 7=0
and thus My, := lim,,_,,, M]} exists and satisfies
|t _ 5|/\ - 92X — 275(A-1) - X _ 9 A .

From this we deduce that M;, vanishes whenever ¢ = s; moreover in step 4 we will
the continuity of M and thus it belongs to 6,(V).
Finally, since (2.12) holds for all s,¢ € [0, T] with s # , passing to the sup; ;c(o 79 52

we get
1
[M][x < %

from which M € €;(V). In step 6 it will be shown that §M = h, from which the
right inverse of ¢ is defined as Ah := M and thus (2.9) is satisfied.
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Step 3: We want to do the same as in step 2, but now with a general sequence
of partitions of [s, t].
Consider thus {II,},>1, say II,, := {s = r§ <o} <--- <rp <rp . =t} such

that its mesh |II,| := maxo<;<g, |77,; — 77| tends to 0 as n — +o00 and, without loss
of generality, II,, C II,,41 Vn > 1, from which {k,},>1 C N is a strictly increasing
sequence.
Set then

n
In . _
M =By = > By oy -

Now, if 2'2?' < |rfy =iy for all 1 <1 <k, supposing k, odd, say k, = 2m — 1,
we have that

2|t — s| _ k2|t — s
|t — s = 2\7"2] 23-1) ka—?“? 3 = |t —s|

which is a contradiction. If k, was even, once set k, = 2m, the argument is the
same.
Thus there exists some 1 < [; < k,, such that

2|t — s|
Ky,

e — 1l < (2.13)

Set then

HS) =11, \ {TZ}

from which it is clear that

= Mtrsln —h

n M M
Ti+1"1, T -1

and thus, as before, we consider some {h/}; C €3(V) such that h = >, A/, some

0 < p; < X and setting a, := r}'} for s = —1,0,1 we have that
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(1)
Z\[Hn Z‘[Hn _
ts ts ) - |ha1aoa_1|

< Z |ha1aoa 1

|hg1aoa 1| A—p; .
= - -|lay — aol™ P ]ag — a_1|”

lay — ao|* " |ag — a

<lai—a_1| <la1—a_1]

(2.13)

o[ —
< ( ) Wl

from which, passing to the inf on {h7}; and p; as above, we get

Il ('t;'y. (2.14)

We can now repeat the argument on Hg), finding thus an index [y for which (2.13)
holds and allows hence to define I1$ := H(l)\{rl2} = IL,\{r]’, . } and, as did above,

n® P
after having observed that M,," = M,
esimate

(1)
11, 11
‘Mts — M| <

TR to obtain the following

A
(1) (@) t—s
M ) <2 (1))

We proceed inductively by defining
Y .= Ao J=1, .k
and getting

by
() G-1) |t — s
M = M <2l (S ) 2.15
M <2 (N (2.15)
for j =2,...,k,.
(kn)
Thus, observing that M"" =0 (smce H = {s,t} is the trivial partition), one

(G-1) €
gets immediately M/" = M — Mtl;l + Zj:2 (Mtl;,[] — Mtrs“ ), from which,

exploiting (2.14) and (2.15) we have that
Jj—1) H(J)

(1) €}
A {Iln i {IIn i [IIn 11y — M\
| ts ‘ < ‘ ts — “Yls ‘ Mts ts

i 1
<Rt =) =
=17

< 2[Rl () [t — s
—_——

=:Cp,x
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from which the sequence {Mtrsln }n>1 C V is bounded and thus, by Bolzano-Weierstrass
(in fact being V a finite dimensional R-vector space, it is isomorphic to R, for some

I,
N) admits a converging subsequence {Mts ]} C V to an element we denote by
j>1

M, which satisfy | M| < et — 5|

Step 4: Let us see that M is continous in a fixed point (g, so).
Let us fix € > 0 and search for some § > 0 such that

|Mts - Mtoso| <e€ \V/(t, S) € B(to,so)(5)

where B g, ) (7) is the open ball centered in (zo, yo) and radius r > 0.

Denote the n-th dyadic partition of [s, t] already used in Step 2 with I ’ﬂ, specifying
now the interval [s, ¢].

So, calling gt Zzn 'B By n, where clearly 7" = s + —Z let us rewrite (2.10)
with this notation:

Mtf;Lf Y= B, -

Moreover we have seen {Mtgk’t]} . admits limit M,,, so does {SHLS yt]} ) e de-

note this last limit by Si,.

We will consider different cases according on all the possible relations between the
two intervals [s,t] and [sg,to], supposing always, without loss of generality, that

[s,t] N [s0,to] # 0 and [s, ] # [so, Lo]-

CASE A: [5,t] \ [0, to] # 0 # [s0,to] \ [s,t]. (2.16)
We now split S in a suitable way, writing
M = Biy+ (Bpua, — ST 000} = By, — SN0l (2.17)
and
M B+ (Bas = SO0 st a1
where

a, = min {Hf’ﬂ N[so,tol}, by = max {Hg’t] N [s0,to]}
Cp = min {HEO’tO] N [S’t]} ’ dn -= max {Hko:td n [S7t]} )

Now, as n — 400, supposing without loss of generality that the intersections are
not empty, it is clear that,

a, — inf { U 1 N [so,to]} = min {[s, t] N [so,to]} =: p

n>1
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where the last equality follows since (J,, -, 115" is dense in [s,].
Similarly we have that b, — max {[s,t| N [so,t0]} =1 ¢and ¢, = p, d, — q.
Hence it should be clear that

5.1
By,q, — ST Nt s A n— 400

and
s0,to

[s0,to]
By, — S U0 s M n— oo

Moreover, setting
§ := inf { U TR [50,150]} = inf {[s,t] \ [so,to]}, n:=sup{[s,?]\ [s0,to]}

and
¢ o= inf{[so, o] \ [s,¢]}, 0" :=sup{[so, o] \ [s,t]}
and passing to the limit in (2.17) and (2.18) for n — +o0, they turn into
Mis = Bys + Mgp — Bgp — Sie

and
Mtoso = Btoso + MIIP - BQP - S’I*E*

respectively, from which we immediately have

|Mts - Mt080| < |Bts - Bt0$0| + |ST]§| + |S77*§*

Recalling then that B is continous, we find §; > 0 such that |By, — By, | < § for
every (t,5) € By,s0)(61).

Next, since || M||x < 400 (Step 2), we have that | M| < |[M||\|t—s|* Vs, t € [0,T],
from which M is continuous on the diagonal of [0, T]?. Now, since Sy, = By, — M
and B is continuous on the whole [0,77?, it follows that S is continuous on the
diagonal too.

Now, observing the pair (s,t) respects the restriction (2.16) if and only if it be-
longs to

Xsot) = {(s,1) €0, TP : (0<s<so<t<to<T)V(0<sp<s<to<t<T)},

we have that
lim ﬂn—ﬂzo

(s,t)H(SQ,to
(87t)EX(50 ,to)
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and thus
lim Se=0.
()= (orte) T

(S,t)EX(SO ,to)

Clearly we have identical results when dealing with (£*, n*).

Hence we can find d; > 0 such that |Sy¢|,[Sy-¢-| < 5 for every (¢, s) € By s0)(02) N
X(soto) and thus, putting all togheter and setting 04 := min{éy, d»}, we finally get

$0,t0

|Mts - Mtoso| <e€ v(t7 5) € B(t0750)<514) N X(Soﬂfo)‘

CASE B: [s,t] \ [s0, to] = 0. (2.19)
Now a pair (s,t) satisfy this condition if and only if it belongs to
Yisoto) = {(s,0) € [0, TP : 0<so<s<t <ty <T}.

In particular in this case we have [so, to] \ [s, t] = [s0, S[U]t, to]; as did before we split
[sg.t
S conveniently (but now the equation for Mltl_s[”O T s enough):

[s0:to

] [s0:t0] [s0-t0] [s0-t0]
Ml'[n — Btoso + (Bts _ SHn ﬁ[s,t]) — By, — SH” N[so,s[ _ SH” NJt,to)

toso
and letting n — o0 this last equation turns into
Mo = Biosy T Mis — Bis — Sss — Stots s
from which we immediately get
| Mys — Myyso| < |Bis — Brosol + [Sssol + |Stt]
and with the same arguments used in Case A, we find a dg > 0 such that

|Mts — Mt030| < € V(t, S) - B(to,so)<5B) N }/’(SOJO)'

Caske C: [s0,to] \ [s,t] = 0. (2.20)
Now a pair (s,t) satisfy this condition if and only if it belongs to

Zisono) = {(5,8) €[0,T?:0< s <s9<tg<t<T}.
It is identical to Case B; thus there exists o > 0 such that

’Mts - Mt050’ <e€ V(t, 5) S B(to,so)<50) N Z(Souto)'
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Since X so.t0) U Yiso to) U Z(so.t) = [0, T1?, setting § := min{d4, dp, dc}, we can finally
conclude that

|Mts - MtoS()l <e€ \V/(t, 8) € B(t0750)(6)7

obtaining then the continuity of M at the point (sg, t).

Step 5: Let us show that M does not depend on the particular sequence of
partitions we use to define it, hence M is well defined.
Let us consider two arbitrary sequences of partitions of the interval [s,¢] such that
their meshes go to 0.
Let us fix ideas: for n > 1 we write

I, ={s=ry <r{ <---<rpg <rg , =t}

S, ={s=uy <uf <---<uy <up . =t}

where we have |I1,,|, |&,,| = 0 as n — +oo and we suppose without loss of general-
ity that II,, C II,,41 and &,, € &,,11, from which {h,}n>1, {kn}n>1 € N are strictly
increasing sequences.

Let us define then U, := 11, US,, and u,, +2 as the cardinality of i,; then, relabeling
the elements of i, we can write L, = {s = 1§ <t} <--- <t} <t} =1}

We recall that

kn i
m, Sn _
Mj" = Big=>» B, and Mg" = Bis = > Buyup -
i—0 =0

We want to prove that

n—-+o00

M — MSn 0.

So, let us consider

Mg = M| < | My = Mg | + | My — M|
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Now
kn Un
I, _ iln‘ _ _
Mts Mts - B’”ﬁlr? Bt?Jrlt?
i=0 §=0

kn

- Z Brzn+17’z' o Z Bt?ﬂt?
=0 1t €
TSt <t <ty
kn
<2 - >
< | Brr Bty
i=0 t?,t?JrlGiln
rESUE <t Sty
kn
ATy
=0

o
<cpp Y Iy =P
i=0

kn
< epa T M Z i — il
i=0

= [ IL,A 1t — 8] =50 0.
The proof that even }Mfsl" — Mg"‘ goes to 0 is the same because of the simmetry of
I1,, and &,, with respect to .

Hence we have proved that lim,, Mtrs[” does not depend on the particular sequence of
partitions used (provided its mesh goes to 0) and thus we can use the more useful
one, depending on the situation.

Step 6: Let us finally prove that M = h.
Pick 0 < s < u <t < T, and consider two sequences of partitions of the intervals
[s,u] and [u,t] whose meshes go to 0 as n — 400, say {Hlf’"]}nzl and {Hfﬁ’t]}nzl
respectively.
Set then Hf - HLf Ay Hgf ’t], which defines in turn a sequence of partitions of the
interval [s,t] whose mesh goes to 0.
As seen in Step 3, up to passing to a subsequence we have that

u,t] 5,t)

. [s,u] . [ . [
lim M =M, , lim M =M, , lim M =M,.

n—+400 n—-4o00 n—-4o00

Calling then k5™ + 2, K" + 2 and £ 4 2 the number of points of the partitions
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s ” s s [s,u] [u,t]
1 i and 115 respectively, and setting 15 = {royims T2 we have that

(5B)tus
il ri lsal 7 - ~
_Mtu + Mts - M . = (_Btu + Bts - Bus) +
s plot] pleul | glot] g sl
+ > By~ Y. By, "+§:B = Ntus
=kl =0

'

=0

from which, passing to the limit for n — +oo we get
htus = _Mtu + Mts - Mus - <5M>tus
that is M = h, as wanted. n

REMARK: Given a linear map between vector spaces ¢ : V. — W, it is well
known that if it is invertible on one side, a priori we cannot say anything nor on
uniqueness of this one-side inverse, neither on the invertibility of ¢ on the other side.

Nevertheless it can be proved that if ¢ admits an inverse on one side, such a
side-inverse is unique if and only if ¢ is invertible on the other side too.

In the previous theorem, for every A > 1 fixed, we have proved the right invert-
ibility of the linear map &, : €5\ (V) — 2Z°€5(V) and also that this right inverse is
unique; hence this linear map is left invertible too.

What we will use in the sequel is indeed left invertibility of do : €3'(V) —
Z€5(V) and the efforts done in order to prove right invertibility are justified since
right invertibility is equivalent to the uniqueness of the left inverse: in this way the
left inverse is well defined and uniquely determined.

It is important to note that left invertibility is no more verified if we look
at 0y as a map G(V) — Z€3(V), in fact it is equivalent to injectivity and
ker o N 62(V) = Imd; N 6,(V), but clearly this last one is not {0}.

Theorem 2.2.1, togheter with this last considerations, allows to get a canonical
decomposition of the preimage of the space Z€ 3" (V) under §, or, equivalently, of
a function h € %2(V') whose increment 0h is smooth enough:

Corollary 2.2.1. Given h € %5(V) such that d,h € €5 (V) for some A > 1; then
there exists, modulo a constant, a unique f € %7(V') such that h can be decomposed
as

h=0,f + Adsh (2.21)

Proof. First of all, let us note that since h is taken in %5(V) (not in 65\ (V)), as
pointed out in the previous remark, Adsh in general is not equal to h; thus g :=
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h — Adsh is not a trivial element of 6»(V).

On the other hand, having assumed d:h € 63 (V), we have that ,Adsh = doh and
thus g € Z€2(V) = B¢ (V). Hence there exists an element f € (V) such that
0 f =g=h— Adsh that is (2.21).

If there was a different f € (V) which satisfy (2.21), then we would have 4 f +
Aooh = h = (51f + Adyh from which (51(f f) = 0 that is, f — f € Z¢,(V) =
BE€ (V) =V, ie JveV such that f = f + v as claimed. O

At this point the link between the structure we have introduced and the integra-
tion of irregular functions is not clear yet, but the next Corollary deals with a limit
of a sum as the mesh of a sequence of partitions goes to 0, which begins to move
closer to something that reminds integration territory:

Corollary 2.2.2 (Integration of small increments). For any 1-increment h € 6,(V)
such that §h € €3 (V) for some A > 1, set 6 f = (Id —Ad)h. Then

(0f)es = lim thlﬂt (2.22)

n—-+00

where the limit is taken over any sequence of partitions II,, = {s =, <t; < --- <
tr, < tr,+1 =t} of the interval [s,t] whose mesh tends to O
The 1-increment df is the indefinite integral of the 1-increment dh.

Proof. Let us define partial sums for A with respect to the sequence of partitions
{Hn}n21:

kn
n . E
Stsn T ht¢+1ti
=0

Then, since h = df + Adh we have that

kn kn kn
Sgn = Z(éf)ti+1ti + Z(A5h>ti+1ti = (df)ts + Z(Aah)tﬂ-lti :
=0 =0 1=0

Now, being Aéh € €5 (V), the latter series converges to 0, in fact for a generic
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element 7 € 63'(V) we have that

kn kn
E Mtivat; SE ‘ntiJrlti
=0 i=0
kn }
77t1-+1ti by
= tiy1 — t

= [ti —

Fon
< nlla Y 1t —
=0

kn
< IS s — ¢
=0
— n—-+00
= [[llx[TL e = 5] "= 0

This proves both the relation (2.22) and its well definition (the limit does not depend
on the particular sequence of partitions, provided its mesh goes to 0). O]

2.3 From Riemann Integral to Young Integral

Let us now fix an interval [a,b] C R.
A tagged partition of [a,b] is a pair (II,,7,), where I, = {a =ty <t; < -+ <t, <
tr,+1 = b} is a usual partition of the interval [a,b], while 7,, = {a;}*" is a finite
sequence of arbitrary numbers such that ¢; < a; < t;,4.
The mesh of a tagged partition as above is defined as the mesh of IL,.

The Riemann Sums of a real valued continuous function defined on [a, b, say
f i la,b] — R, with respect to the tagged partition (II,, 7,), is defined as:

kn
St . — Z flai)(tivr — 1) -
i=0

Then we can define the usual Riemann Integral of a continuous function on [a, b] as
the limit of its Riemann Sums over any sequence of tagged partitions whose mesh
tends to 0:

n—+4o0o £

b kn
/ f(z)dr == lim Zf(ai)(tiJrl —1;).

It can be proved that this object is well defined, that is, it does not depend on
the particular sequence of partitions chosen (provided its mesh goes to 0).
Now we observe that the measure we integrate with respect to, is the one which
measures the interval [t;,t;11] as t;11 — t; = Id(t;41) — Id(¢;); it could be useful, in
some contexts, to integrate a function over a path which is not a segment (or a line),
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but a more irregular path; in order to perturb our segment we have to use a function
g different from the identity.

The Riemann-Stieltjes Integral of a function f with respect to g, raises right
from this consideration and, at this point, its definition is obvious:

b
/f( )dg(x) == lim Zf ar)(g(tia) — g(t:)). (2.23)

n—+400

where the limit is over any sequence of tagged partitions such that its mesh tends
to 0 (and, as before, this object is well defined).

One of the first problem that arises naturally is to detect all the possible pairs of
functions (f, g) for which (2.23) make sense.

One possible class of such pairs is given by taking f € €([a, b]; R) and g € BV([a, b]; R),
that is f continuous and g with bounded variation.

Let us consider now a trajectory of the fractional Brownian Motion of Hurst
index 0 < H < 1, say t — W} (w); we have already pointed out (see the end of the
previous chapter) that a.s. it is not of bounded variation.

Thus we would have some problem to perform Riemann-Stieltjes integral of a
continuous functions with respect to a trajectory of the fractional Brownian Motion
of any Hurst parameter H and this is one of the reasons why we need a different
integration tool.

A kind of integral that fits our problem is in fact the Young Integral, since it
allows to integrate functions f € €7 (.Aym(R)) with respect to g € €7'(R?), when
A+ > 1. Let us see how this can be performed.

Suppose at first f : [0,7] — Mym(R) and g : [0,7] — R™ be regular enough
such that, for 0 < s <t < T, the Riemann-Stieltjes integral fst fudg, is well defined
(another case in which this happens is when f is Riemann-integrable and g is lips-
chitz). We will exploit the usual integration rules in order to manipulate fst fudgy
until we express it in terms of A, fact that will allow us to extend the definition of
integral to functions f and g with the regularity above promised.

This extended integral is the Young Integral.
Let us denote I,(f dg) : f fudgy, using, in the sequel, one or the other according
to the convenience.
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We have

Iab(fdg) :/ fudgu

kn
= lim Zfati (gtiJrl - gtz)
=0

n—+00 £

kn kn
= nl_lﬂ_loo Z (fazi - f8>(gti+1 - gti) + fs Z(gti+1 - gti)
=0 — =0
:(5f)sati
t t
:/ (5f>sudgu+fs/ dg,
= st(éf dg) + fs((sg)st

Let us concentrate on the term I, (df dg); it clearly belongs to %5(R?); then, given
s,u,t € [0,T), we can define hgys := (621 (0 f dg))sur ; let us work on it exploiting the
usual integration rules. Without loss of generality let us consider 0 < s <u <t <T.

hgut = (521(6f dg))sut
= —Lu((f. = fu) dg.) + La((f. = f5) dg.) — Lau((f. = f5) dg.)
= —Lu((f. — fu) dg.) + Lu((f. — f5) dg.)
= Lu((f — fs — f + fu) dg.)
= (fu — fs)lu(dg)
= (0f)su(09)ut-

REMARK: Since

Ll(£. - £)d9) = | b ( I dfw) dg,

we read in the previous computations a nice property of the operator §: it trans-
forms iterated integrals into product of increments.

Now it is clear that h € %3(R?) such that 6h = 0 (since we recall that 6 = 0);
moreover the previous computations highlights how the regularity of f and g affects
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the regularity of h:

(2.8)
1Al < NIl

_ sup |hsut|
s,u,t€[0,T |u - S|)\|t - U|7
s<u<t
_ | fu — fsllge — gul
= sup 3
s,u,t€[0,T ‘u - 5’ |t - u"y
s<u<t
< sup | fu = [l sup |9 — 9ul

0<s<u<T |U— S[* . o<u<t<T [t —ul?
= I fllallglly < +o0

and thus h € Z€577(R?). So we can apply the sewing map to h, obtaining

I4(0f dg) = At (0 f09)

which, plugged into the expression [,,(fdg) = I4(df dg) + fs(0g)s found before,
gives back

Iq(f dg) = fs(69)st + Ast(9 fdg) - (2.24)

We are arrived here supposing f and g regular enough to being legitimate in us-
ing Riemann-Stieltjes integration, but right hand side of (2.24) is defined whenever
f € ENMym(R)) and g € €] (R™), with A+~ > 1, thus we have extended the
R-S integral to a more general integral: (2.24) is in fact the definition of the Young
integral.

The main theorem about Young integration follows:

Theorem 2.3.1 (Young Integral). The Young Integral of a function f € €N My m(R))
with respect to a function g € ;' (R™) with A+~ > 1 is defined as

Ist(.f dg) = fs(ég)st + Ast<5fég) .
Then we have:

1. Whenever f and g are regular enough to use R-S integral, then I,,(f dg)
coincides with the R-S integral of f with respect to g.

2. For any 0 < # < 1 such that 1 < v+ A(1 — ) =: us the Young integral
satisfies the following inequality

Lt (f g < 1F oo llglly It = sI” + e n sl FIGMAIN gl lt = s (2.25)

where ¢, 55 = 2°(2#5 — 1)1,
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3. The Young Integral can be expressed as limit of Riemann Sums:

kn
[st<f dg) = nl_g{loo Z fti<5g)titi+l
=0

where the limit is taken over any sequence of partitions of [s, t], say II,, = {s =
ty < tp < -+-tg, < tp,+1 = t}, whose mesh tends to 0. That is, the Young
integral, coincides with the one defined by Young in [1].

Proof. The first claim is true by construction; just look at how we got (2.24).

Let us prove the second claim. Recalling that for 0 < a < ¢ < b < T we have
(6f)ac(89)eh = haey With h € Z€5 17 (R?) and, as seen in the previous page, |||y, <
|| flIxllgll it follows that

ust(f dg)| S ‘fs(gt - gs)‘ + ‘Ast((sfag)‘

[Ase(h)|
£ sl s

_ |gt_gs‘
- |fs| |t _ S"Y

< I llocllgllyt = s+ [[ACR) sy [t = s

(2.9) -
< N lloollglly [t = s+ (227 = 1) 7| Al s [t = s*7
< [ fllsollgllo [t = sI” + 227 = D)7 I FIallglly [t = s

which is (2.25) with = 0. Now, if in this one instead of A we consider A\(1 — ) for
0 < B < 1 such that pg > 1, then we get

[La(f dg)| < [ fllscllgllslt = sI” + (27 = D7 1 flaa-pllglly [t — s

and observing then

Flasy = sup LTl
0<u<v<T |U - u\’\(lfﬁ)
— sup |fv_fu‘5’fv_fu‘l_ﬁ
0<u<v<T |U - u|/\(1iﬁ)

1-8
<2 (s )

0<u<v<T \U - U|’\
=2 FIILN £ 1157

from which claim 2 is proved.

Third claim: let us consider py := f5(d9)s: € €2(R?); with a direct computation one
shows that

(52p)acb = 52(f5(5g)st)acb = _(5f)ac(5g>cb (226)
from which clearly dyp € €57 (R%).
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Then using Corollary (2.2.2), we get

kn
(Id =Ad)ps: = ngffoo JZ:; Ptjtjrqs
that is
kn
Lim ; Fos (09)t,t00 = F5(09)st = Ast [82(f2(69) 20 )act)
2 1.(69)a + Aot [(0F)acl09) 0]
2 Lt dg)
which concludes the proof. O
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Chapter 3

A SDE driven by a Fractional
Brownian Motion

3.1 A preliminary Lemma and some notation

Let us start with a lemma we will use in the sequel.

Lemma 3.1.1. If K € R and f,g: K — R are continuous, then

sup f —supg| < sup|f — g]. (3.1)
K K K

Proof. Let us take xg, 1 € K such that supy f = f(zo) and supy g = g(z1) assum-
ing without loss of generality that f(xo) > g(z1). Hence we have

sup f — supg‘ = f(z0) — g(z1).
K K

Next consider x5 € K which realizes supy | f — g| = |f(22) — g(z2)[; then it is clear
that
|f(22) = g(w2)| = [ f(20) = g(w0)| = f(20) = g(w0)
and since
f(@o) = g(wo) = f(wo) — g(21) = g(m0) < (1)
we have proved (3.1). O

If € RY, we denote the usual euclidean norm in RY with ||z||: we omit the
reference to the space R or to the dimension N since it should be clear from the
context.

If A= (a;;) € Mym(R), we define
JA§*™ == sup{|| Av|| : v € S}

dxm
A = [y a2,
1,7
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We thus have two norms on .#,,(R), which is a finite dimensional R-vector
space, hence they are equivalent, so there exist two absolute constants Cy ,, cq.m > 0
such that

d, d (d,
camll - IS <A™ < Camll - 157 (3:2)

Take now f : [0, L] = Mym(R) and h : [0, L] — RY; we define

£ () — f(s)][{™

d,m
1 fllseiory == sup [IFOI™ [ fllajo.n == sup —
0<t<L 0<s<t<L |t —s|
1) = h(s)]
1lloc o, == sup [lA@)],  [[;llxpoz = sup —
0<t<L o<s<t<L |t —s]

3.2 A SDE driven by a fBM with 1/2 < H <1

Then let us recall quickly the problem: we want to prove uniqueness for the solutions
of the following d-dimensional stochastic differential equation

t t
Te= 6o+ / b(s, ) ds + / o(s,25) dg, +y (3.3)
0 0

—
where 1, = supge,<(25)7, & € Ri is fixed and ¢ is a fixed trajectory of an m-
dimensional fractional Brownian Motion, that is, g := W (w) for some w € Q*
fixed, where Q* € & is a set such that P(Q*) = 1 for which the regularity properties
discussed in the first chapter are fulfilled.
Moreover

b:[0,L] xR - RY |
o]0, L] x R* = My m(R)

are bounded measurable functions which satisfy (now we are able to be precise about
the norms):

1b(t, ) = b(t,y)|| < Kollx —y|| Va,y € RY, Vit € [0, L] (3.4)
lo(t, z) — o(t,y)Ii*"™ < Kollw — y|| Yo,y € R, vt € [0, L] (3.5)
HO’(t,iL‘) - O(Sax)Hgd’m) < KU’t - S‘V Vo e Rd? vsat € [07 L] (36)

where v E]%, 1] and Ky > 0. Hence, both b and o are Lipschitz in space, moreover
o is v-Holder continous in time.

Next we fix H €|3,v] and observe that, Ve €]0, H[ one has g € € ~([0, L], R™).
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Then in [2] it is proved that for every fixed A E]%, HJ, equation (3.3) admits a
solution x such that, a.s. x(w) € €*([0, L],R?). Hence, the notion of uniqueness
has to be given on the space ([0, L], RY).

Then, fixing % < M < Xy < H and supposing uniqueness was proved, if
) 2(02) are the solutions on €' and €2 respectively, being €2 C € it fol-
lows they must coincide; in particular ") € €*2. From this we deduce that with
uniqueness, we would have a solution z with a.s. trajectories belonging to €* for
every \ €]3, H].

A different proof of existence was given by M. Gubinelli and can be found in [11].

We summarize here the relations between the parameters considered above, in
order to be clear:

1
§<)\<H§V§1 .

3.3 Uniqueness problem

For the sequel, let us fix w € Q* and consider (Y, 2? € €*(]0, L], R%) two solutions
of (3.3), writing 2, % with the obvious meaning: ® = 2 + ¢y =12,

We will take 0 < T" < L, which will be chosen conveniently later.

Let us prove first that the map ¢ +— a(t,xgl)) - a(t,xgz)) =: A, is A—Holder
continous on [0, T]; this will allow us to integrate this function with respect to g in
Young sense.

Let us first take 0 < u < v < T and observe that

1A, = A ™ =0 (u, V) — o (u, 22) — o (v, V) + o (v, 22 [ {*™
d,m d,m
<o (u, ) — o (u, DY S5 4 [[or(w, V) — o (v, D) ||S4™
+ o, 2@ = o (u, @)™ + ||o(u, 2?) — o (u, 2P| "™
(3.5),(3.6)
< Ko [ — 2D+ 122 — 2@ + 2lu — v]”]

from which we immediately get

A, — A,
1Al = sup I
S<u<v<T |U - U|

< Ko (2™ [ 0z1 + 122 Iajoy + 27772
< K [Hx(l) N Hﬂ?(Q)H/\,[o,L} + 2LV7)\] —.
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Hence we have proved both the A-Holder continuity of A (as claimed) and its A-
Holder norm is bounded uniformely with respect to T

We finally recall that for every n € R, the negative part can be expressed as

=5l =) (3.7

Fix then t € [0,T]:

o @

‘yt —y” || = sup (2")" — sup (¥
0<s<t 0<s<t
d 2
=5 (s (£9) = s (£9)°)
7 \oss<t 0<s<t
31y 4 2
> ((sup J£9) = (29|

Now in what follows we denote with b%) and (A;); (or o(t,x);) the j-th component
of b and the j-th row of A; (or o(t,x)) respectively.

We think to (A); as a 4 ,,(R)-valued function.

Before going on, we prove that (A); is A-Holder continous on [0, 7] as we did before
for A and for the same reason: being allowed to integrate (A); with respect to g in
Young sense.

1(A); — (A,

[(A)jllxor = sup

0<s<t<T |t — s|A
1
B TN 0% PR W P
< — - sup 3
Clyn  0<s<t<T |t — s
e Ly JAC A
Clom  0<s<t<T |t — s|
A (@m)
SCd’m' su HAt ASH)\l
Clm  o0<s<t<T |t — ]
Ca,
= —=[|Allx 071
Ci,m
< Cd’mco
Cl,m
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3.3. UNIQUENESS PROBLEM

and we are done. In particular from this we deduce that

Cb7n

1(A); 00,071 < ||A||oo 0,7 - (3.8)

Working on the summands of the above sum, we have that

. . 71 4 . .
sup |(Z§1),J>— _ (Z(Q)’J)_‘ G p } |z (1), |Z(2),g|> + (Z§2),g _ Zgl),w

S S
0<s<t 2 p<s<

L sup. ||z ]|—|z(2)9||—|—— sup |z zgl)’j‘
2 0<s<

< sup ‘Zu 2]
0<s<t

IN

s

/5 [b(j)(u x(l ) — b(j)(u,xff))} du +/ (Ay);dgu

0

sup
0<s<t

S
< sup / |6(u, M) = b(u, z? )|| du+ sup / (Ay)j - dgu
0<s<t 0<s<t |Jo
(2.24)
< Ky sup |lz® — 2P0 - s+
0<s<t
+ sup [(Ao); - (9s — 90) + AOS(ht(zjcb))

0<s<t
where we have set
hY) =0 ((A)),e - (09)e = 6(a(-,2V); = (-, 2®))ac - (69.)eb

moreover since (Ag); = 0, the last term written turns into

KOHI'(D — x(2)\|oo7[0,t t+ sup Aos(hacb)‘ (3.9)

0<s<t

So it is now appropriate to study the term ‘AOS RU ))’

ach

(]lacb>‘
Rou(n)| = s — 0P
< NARD) xsrr—e o - ™77

(2.9) .
< (@M =) YR aym o - 8T

@8 atH - 1) AtH—e
< (2 —2) W[\ e 0,9 - 5 )

AH—¢
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3.3. UNIQUENESS PROBLEM

and since
’ [(Ac); = (Ad)i] - (9o — )|
1A [ b0 = sup
0 a,c,be(0,s] |C‘—'Q|A|b-—-cv¥*5
aF#c#b
1xm
(C—S) < sup ||(AC)J - (AG)JHg X ||gb - gc“
N a,c,be(0,s] |C — (l|)‘ |b — C|H—a
aF#c#b
< llgllzr—c,0,5 - sup 12 = Al s
= —¢,[0,s
a,c€[0,s] |C'—(ﬂA
aFc
AC _ Aa (d,m)
< Cunlgll—sio sup 12— 2ell
a,c€0,s] |C'—(ﬂ

a#c
(||$(1)||/\[05 + ||I(2)||)\,[0,5] + 23”‘*)}

(2A+H e__ 2)

< K

vl

where the last inequality was already seen. Thus, putting all togheter we get

AOS (h(J

ach

1 —e
)‘ < _2\/Em'tHH : (3.10)

sup
0<s<t

hence, setting
Hy = ||2%) — x(2)||oo,[0,t]

we have that (3.9) is less or equal than

KoH,; -t + ST =y (3.11)

1
2\/37715

and thus we can write

d
‘ y "< > ol =dy;

j=1

from which clearly
( - yt ‘ (3.12)
Next, since
2 d 4 \ 2
th(1) _ z§2) _ Z < gl)a _ Z?):J)

1

<.
Il

S

B

2
(Sup 2 z§2)’j|> |
1 0<s<t

.
Il
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3.3. UNIQUENESS PROBLEM

repeating already done steps, we can easily get

1

(3.13)

Hence exploiting (3.12) and (3.13) we get, for all ¢ € [0, T,

|

hence, being t — 2v/dv; non-decreasing, we get

||:1:(1) — x(2)H < 2\/_’yT

(1) (2)

P (2)

o

,[0,T]
that is, relabeling K, := 2vdKj,

Hy < K\ Hp - T +np - TMH
which is equivalent to (taking 7" small enough to get 1 — K17 > 0)

Hyp < 1
77Tir/\Jers - 1= KlT

and thus, setting f; := :c,E” — x§2) (it is clear that f; = 0) and

1=limsup ——
T—>0+p - KT

> i Hr
imsup ———
- T—>o+p nrT A=
(2)

L
> lim sup I
T oo+ nrTHAE

= lim sup Ifr = foll 1
T—0+ |T - Ol Nl

where o ;= A+ H — ¢ — 1.

At this point we focus our attention on

lim sup e = foll > 0. (3.14)
T—0+ ’t - 0‘

If (3.14) is > 0, then

— 1
lim sup |fr = fol =+

oo+ |T —0] neTe
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that is 1 > 400, which is a contradiction. Thus there must exists a T' > 0 such that
two solutions agree on the time interval [0, 7.

If otherwise (3.14) is = 0, then

lfr = foll _

34 lim =0.

T—0+ [T — 0|

This is where we have stopped the work. The obvious suggestion for future
works, is to exclude (3.14) is = 0; we write some comments about this in the
following concluding section.

3.4 Epilogue

Heuristically writing, the idea is that, the irregularity of the fractional BM affects
the solutions in a way that allows to handle properly (3.14).

The problem is that we need some local informations about the behaviour of the
solutions at 0 which does not seem trivial.

One last possibility, is expressing the solution of (3.3) as a limit of Riemann
Sums, trying from this to extrapolate the needed informations.
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