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Abstract

The thesis extends the properly-degenerate KAM theory proposed by L. Chierchia
and G. Pinzari to a very general setting. The original theorem assumes that the
averaged Hamiltonian function possesses the first order Birkhoff invariants which
are non resonant up to order 4. And this thesis generalizes this assumption to an
arbitary order. Following the original proof by L. Chierchia and G. Pinzari, the
measure of the set of invariant tori in the new setting is also generalized.
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Chapter 1

Introduction

Is the solar system stable? Since Newton’s era this has been a key problem of
celestial dynamics. To answer this question, we are required to study the integra-
bility of perturbed Hamiltonian. In 1954, Kolmogorov reported his breakthrough
result [10, T1] on the integrability of the perturbed Hamiltonian system at the In-
ternational Congress of Mathematicians, which marked the beginning of the KAM
theory.

After that, J. Moser and V.I. Arnold enriched the result [12, [I], which states that
a small perturbation added to an integrable Hamiltonian system will not break
the major part of the unperturbed motions, provided that the "non-degeneracy”
conditions hold for the integrable part of the perturbed Hamiltonian system.

Unfortunately, the result cannot be directly applied to the solar system, or more
generally, the planetary (n+1)-body problem. The planetary problem is equivalent
to the integrable n uncoupled two-body problem with a small perturbation, which
is due to the interactions among the planets. However, its associate integrable part
does not depend fully on the action variables, which, called proper degeneracy,
violates the non-degeneracy condition. This problem was solved in 1963 with
the “Fundamental Theorem” proposed by Arnold, and the following result was
obtained for the planar, nearly-circular three-body problem

“For the majority of initial conditions under which the instantaneous orbits of
the planets are close to circles lying in a single plane, perturbation of the planets
on one another produces, in the course of an infinite interval of time, little change
on these orbits provided the masses of the planets are sufficiently samll.



In particular, ... in the n-body problem there exists a set of initial conditions
having a positive Lebesgue measure and such that, if the initial positions and ve-
locities of the bodies belong to this set, the distances of the bodies from each other
will remain perpetually bounded. ”

It was until the 1995 that the result in the general spatial three-body problem was
proved. And in 2004, the n-body case was first completely proved with a different
KAM method. And in [3], which is the main reference of the thesis, the hypotheses
of the Fundamental theorem were weakened and the measure estimates on the
Kolmogorov set was improved. And the new theorem was successfully applied to
the planetary n-body problem [§].

A properly—degenerate system is a conservative system whose Hamiltonian
function is of the form [3 [§]

H(I,¢,p,q; 1) == Ho(I) + pf (L, 0,0, ¢ 1)

where (I,p) € V x T C R™ x T™ and (p,q) € B*? C R?*" are standard
symplectic variables, here V is an open, connected, bounded subset of R™, B?n2
is a ball around the origin, and, finally, x4 is a small and positive parameter. The
phase space is

P =V xT™ x B>
We have the following assumptions:
e (a) The “frequency map” I — wy(I) := 0rHy(I) is a diffeomorphism in a
complex open neighborhood of V;

e (b) The “averaged perturbation”

1
av ) ;[7 = [7 Y ) ; d
fa(p a3 1, 1) (%)m/mf( @, 0, ¢; p)dep

is “in Birkhoff normal form of order 2s”, i.e.:

fav(paQ7[7:U“):f0([)+Q(])T+ETB(])T++ Z bl(])rzl

2

i1, 50 €{1, 2}

+O(|(p, ) **™)

p2+q? |
2 )

where r = (ry,--- ,1,,) and r; 1=

2



e (c) The “first order Birkhoff invariants are non resonant up to order 2s”,
i.e., the vector-valued function I — Q(I) = (21(1),--- ,y,, (1)) verifies the
following inequality

n2
Q) - k| =Y Q(Dk;| > const >0, VI €V, Y0 < [k| < 25, k € Z™
j=1

e (d) The “matrix of the second order Birkhoff invariants is not singular”, i.e.,

|det(B(I))| > const >0, VI € V

Properly—degenerate systems have been introduced by V.I.Arnold in [I] as a
mathematical tool for the study of the stability of planetary systems. Such systems
were next reconsidered in the paper [3], in turn based on [§]. The case treated
in this thesis is a particularization of the statements in [8 [3], where the integer
number s in item (b) above was chosen to be 2 (in [I] it was taken to be 3). The
generalization is here introduced in order to obtain a finer estimate of the so—called
“resonant set” in the case of high order non-resonance of the first order Birkhoff
invariants. We argue some problems of Celestial Mechanics would benefit of such
a finer estimate. As an example, it can be applied to the planetary problem, as the
first order Birkhof invariants of the planetary Hamiltonian written in a suitable
set of coordinates are non—resonant at any order, as proved in [4].

Techniques used here strictly follow [, [3].

Denote by B, = B* = {y € R?"2 : |y| < €} the 2ny—ball of radius € and let
P.=V xT" x B,
We prove the following theorem:

Theorem 1 ([8, 3]). Let H be real-analytic on P and assume (a), (b), (c) and
(d), and let ny,ny be positive integers, T > ny, and 7, > n := ny+ny. Then, there
exist positive numbers €, < 1, C,,v. > 1 such that, if the following conditions hold

0<e<e, p<C.e (1.1)

and if 3,71, are taken so as to satisfy puys < v and

Y max{\/ﬁ(log(e_%_l))nﬂ, 6(10g(€_25_1))T*+1} < ,—y < Vs
€202 (10g (8(12)2THD)) ! < 4y < o, (1.2)
7*6(23+1)/2(10g(8(12>2(T+1)))T*+1 <Ay < 7*62



there exists a set K C P formed by the union of H—1invariant n—dimensional tort,
on which the H—motion is analytically conjugated to linear Diophantine quasi-
periodic motions. The set IC is ok positive measure and satifies

meas(P.) > meas(KC) > [(1 - 07) (1 - 016(25—3)712/2)
gp) (1.3)
-Gy (’h +5+7+ 6(253)”2/2> } meas(P.)
€



Chapter 2

Notations and Useful Tools

First we introduce some basic notations and definitions.

e in R™ we fix the I-norm: |I] := 1|, := >, |L];
e in T we fix the sup-metric: |¢| = |¢|w = maxi<i<y, |pi| (mod 27);

e in R™ we fix the sup-norm: |p[ := |ple = maxi<i<n, [pil, |a] = g =

maxi<i<n, ‘Qi |;

o if ACR™, or AC T™, and r > 0, with the specific norms defined above,
the complex r—neighborhood of A is denoted by

A = U{zE(C”l:\z—x]<r}

€A

e let U C RY a real-analytic function f : U x T™ — R is identified with
its analytic extension f : U, x T?" — R over a (r,s)— neighborhood of its

domain. The sup-Fourier norm || f||v, xtm := || f|lr,s is defined by
1f s =Y sup |fu(D)]e

where |k| == [(ki, -+, km)| == > iry |ki], and fi(1) is the k-th Fourier coeffi-
cient of f:

Jell) = fIp)e*¥dy

2m)™ Jom



note that the Oth Fourier coefficient fy(7) is the the averaged term of f with
respect to ¢:

and we also have that
FIg) =Y fell)e**
kezm

If K > 0 and A is a sub-lattice of Z™, Tk f and I f denote the K-truncation
and the A-projection of f

Tif =Y fulD)e™?, Tnf:=> fill)e™*

k<K kEA
and if K =0 or A = {0} we have Ty f = Il;o, f = fo(1) = f(I).
e given specific norms, f: A C RY — R" is Lipschitz if

,_ |f(1) = f(I')]
£ = I;E?’EA [[ =TI

exists and L(f) is called Lipschitz constant of f.

A function f is called bi-Lipschitz if f is a injective Lipschitz function with a
Lipschitz inverse function. For bi-Lipschitz functions we have two Lipschitz
constants 0 < L_(f) < L,(f) such that for all I,I' € A

LN =TT <[fU) = fU) < L(HI =T

where

e We denote by D.,; C R™ the Diophantine (v, 7)-numbers

D, ={weR|w- k| > # Vk € Z"\{0}}

e D, - C R denotes the “two-scale Diophantine set”, defined as the set
of vectors w = (wy,wy) € R™*"2 gatisfying, Vk = (ky, ko) € (Z™ x Z™)\{0},

I%’ if k1 #0

22 ifky =0,ky #0

|k.|‘r7

\w-k\:]wl-k1+w2.k2|2{

Note that, when v, = v := v, then D,, , » = D,, -, with n = n; +ny. Here we take
Y1 > Y2



2.1 Averaging theory

The proof of Theorem [1] strictly follows the proof of Proposition 3 in [3]. As in
such papers, we use the “normal form theorem” due to [6} [7], in the form revisited
in [9] and adapted to “two—scale systems”, as in [8] [3].

Proposition 1 ([9, 8, B]). (Averaging theory) Let K,5 and s be positive numbers
such that Ks > 6 and let oy > ap > 0; let A x B x B' C (Rl* x R2) x R™ x R™,
and v = (r,rp,1,) a triple of positive numbers. Let H := h(I) + f(I,¢,p,q) be
a real-analytic Hamiltonian on W, 5y == A, X B, X B;,q X ']Téfsl? Finally, let A
be a (possibly trivial) sub-lattice of Z"2 and let w = (w1,ws) denote the gradient
(O, h, On,h) € Rtz Let k = (ki ky) € Z" x Z!* and assume that

f k1 £ 0 _
wok >0 TREO s k) e AR <K (21)
Qo, 1 k’l =0
d
E = fllosss < %, where d := min{rs, r,r,}, ¢y 1=

e(1+em)

> (2.2)

Then, there exists a real-analytic, symplectic transformation
U (I, ¢ 0, ) € Wopasesis = (1,9,0,0) € Wosss
such that
H,:=HoU=h+g+ f. (2.3)

with g in normal form and f, small:

g=>_ al',p,q)e*? (2.4)
keA

with 1997, 12
Cm
— ATk v/2,545/6 < T—
||9 A Kf” /2,54+5/6 > 11 and
_ 9 2 _
> OéQd >

FE

S Zv
(2.5)
Hf*”v/2,§+s/6

Moreover, denoting by z = z(I',¢',p',q'), the projection of V(I', ¢, p',q") onto the
z—uwariables (z = 11, Iz, o, p or q) one has

max{ays|I; — I1|, aas|Iy — I, aor|o — '], aaryp — |, aorplg — ¢'|} < 9E (2.6)



Note by setting the constant K to be very large (with respect to s), we may
obtain a transformed Hamiltonian H, with a very small perturbed term f, (see
equation (2.5)). And since the choice of m is arbitary, we can set m = 0 to
eliminate the dependence of the Hamiltonian on the variables (p, ¢). Furthermore,
if we set A := {0} we find that the term ¢ is only dependent on the variable I (see
equation ([2.4)), according to which we may apply the average theory infinitely
many times. For the proof of this proposition the reader may refer to [2] 3].

2.2  Birkhoff normal form

Proposition 2. (Birkhoff normal form [3, [3]) Let « > 0,s > 3, and Q =
(Q,-+, Q) € R™ be non-resonant of order s, i.e.,

k| >a>0, VkeZ™ with0 < |k| <s (2.7)

and let z = (p,q) € B2" = {z : |2| < &} C R*" — H(2) be a real-analytic
function of the form

P +aq;

= Z Qi + O(|2)?), where r; := (2.8)
i=1

Then, there exists 0 < € < €y and a real-analytic and symplectic transformation
¢:2=(p,G) € B — 2+ 2(%) € B2 (2.9)

which puts H into Birkhoff normal form up to order s, i.e.,

[s/2]
—Ho¢p= ZQTZJFZQJ )+ O(|z]°*) (2.10)

where, for 2 < j < [s/2], the Q;’s are homogeneous polynomials of degree j in
P+
2

7= (1, ,Tpm) with 7; == . The polynomials Q); do not depend on ¢.

2.3 Some Useful Theorems and Formulae

Theorem 2. (Quantitative Implicit Function Theorem [8]) Let F' = f + g :
CY(D%(0),C"), where:



(1) f is a diffeomorphism of D%(0) such that f(0) = 0 and Jacobian matric
JOf non degenerate on D}(0);

(2) SUPDR(O)Hag” ZDR(U)H(af)fl” < %;

(3) "Poa0 91 00101

r

, where 0 <r < R;

N =

Then, there exists a unique zy € B*(0) such that F(zy) = 0.

Lemma 1. Suppose A and B are two n X n matrices, and A is invertible, and
A B|| < & then A+ B is invertible and

1A~
L= [[A=Hl1B]

I(A+B)| < (2.11)

Proof. Since ||[A7Y||||B|| < 3, with quantitative implicit function theorem we obtain
that I + A™!'B is invertible. let Q := A™'B, and

k=0

we show that Q, converges as n — oo. Indeed, we have the following norm
estimate

1Qall = HZ Q|
<l < Ylal
k=1 k=1

since [|Q|| < 3, we have Q.|| converges as n — co. And let n,m — co and n > m,
we obtain

1Qn = Qull = |l Z D'QM < Z lof*

k=m-+1 k=m+1
m+1
_lal
1— Q]

which converges to zero as n,m — oco. The above computation indicates On
converges (Cauchy sequence), and we denote Q = lim,_, 0 Q.



Now we prove that Q = (I + Q)~'. Indeed we can compute

1Qn(I + Q) — IH—HZ Q’“+Z FQET — I

=||I+(— )" Q”“—IH
= [(=D"@""|

which converges to zero, hence we have

Therefore we have

1
I+Q)7 Y =Q| = <
It )l =lQll = HZ Q' < 1= a0
which gives us
I(A+B)7 = (I +AT'B) AT < AT + A7 B) 7|

A~

—1-]AB]

B

= [[ATB

]

Lemma 2 ([3]). Let n1,ny € N7 > n :=ny +ny,71,7% > 0,0 <7 < 1,D be a
compact set. Let

w=(w,wy): Dx B — QCR™ xR™

be a function which can be extended to a diffeomorphism on an open neighborhood
of D x B}, with wy of the form

wo (11, I2) = woa(I1) + B(11) 15

where I, — (1) is a (ny X ny)-matriz, non singular on D. Let

1
Ry > max |wi|, a>max||B], c(n,7)i= Y o—
Dx B b otwern |l

10



and denote

R”/l,’YZﬂ' = {] - <]1=]2) € D x B;LQ 5“)(—,) ¢ D’YIW%T}

Then,
meas (R yor) < (0171 + 027—?> meas(D x B!?)
T
where
—1 nR?171 no
= maXDXB;?Z’H(aw) " ap @ c(n, T)p (2.12)
co = maxpl||B7Y|™a™  e(ny, T)

for a suitable integer p depending on D and w;.

11



Chapter 3

Proof of Theorem

The proof of Theorem (1] closely follows the proof of the Theorem 1.4 in [3, [§]. As
in [3 8], we divide it in 6 steps. Steps 1-5 are precisely as in [3, 8], apart for
taking into account (in an almost obvious way) the number s of item (b) in the
Introduction, which in [3, 8] was absent. More careful estimates appear in Step 6,
which deals with the measure of the invariant set.

As in [3] 8], we assume that H has an analytic extension to a domain P, ¢ s, ‘=
Vipo X Tl X B?g” with sy < 1, and the frequency map wy := 9y H is a diffeomorphism
of V,,.

Step 1 Averaging over the fast angles ¢’s

Let 0 < € < e !. First we want to use averaging theory, with I} = ny,ly =
0,m =ng,h=Hy, f = pf,B=B"={0},r, =1, =¢,5s = 80,5 =0,A = {0}, and
K such that

_ _ 6
e Kso/6 . 2541 o o 2 og (6*(2s+1)) (3.1)

Let 7 > ny, M := max; supy, 02, Ho(1)], and 7 be a suitable constant which
will be given later. Then, let

D:=wi (D) NV (3.2)

where D5, is the (¥, 7)-Diophantine set. And we have the following measure
estimate

meas(V\D) < Cymeas(V) (3.3)

12



To apply averaging theorem, we need to check condition (2.1). Let I € D,, we
obtain

5 .
wo(1) - k| > T pEM
and let the right-hand side be larger than or equal to % = a1 = iy, we get
T —
2MKT+1

hence we can choose p as follows (C' is a suitable constant):

o 5 g
=miny ==, ~N — 34
p {QMKT+1 po} SR (3.4)

Now we also need to check condition (2.2]), and assume that psg is smaller than
€2 (this can accomplished by choosing a very large C'), we have d = psg, hence

27 Cn2K80 chTH

pllfll——— = pllfll—F—

%MK2 (r+1)

= 1

Since from the condition (2.2)) we want this to be smaller than 1, ¥ need to satisfy
the following:

3> /Cull 120, MR+ (35)

indeed, we can let v, >> 25(6/s0)"'\/C||f|lca,M be a very large constant,
and make sure that 7 > 7. /n(log(e™>*71))™" in the end we also need 5 >
V*G(IOg(E_QS_l))T-H.

Now conditions (2.1)) and (2.2) are verified, and Ksy > 6 is trivial. Let
A = D,r = p, then according to the averaging theorem, we have a real-analytic
symplectomorphism

(bl . <[17 %01,1717611) € Wﬁ/2,50/2,50/6 — ([7()07])7 Q) € Wﬁ,eo,so (36)
where W ¢, 5, := Dy x T2 x B2, And H is transformed into

H1 ::Hogbl

3.7
= Ho(lh) + por (I, pr, 1) + pfi(lh, 1,01, ¢1) (3.7

13



and, according to (2.5)), we have

1227co, (ulIFID? _ 1227w, (1]l £11D
11 OéQd 11 #[380

_ 12 2y, (ul £

11 %som
122°Cen, (pl| )2 M K7
11 Y250

12 2°Cp, (ul| f1) M K>+
11 O f1[ 200, M K21 5,
124/

11 Ksg

2 plfll
11 log(e=25-1)

g1 — MfavHﬁ/Q,eo/Zso/ﬁ <

<

<

<
<

note fify, = [z\Tx f since A = {0}. Hence

1
— Javl||p/2,e s ~O(———~
g1 = favllp/2,c0/2.50/6 (log(e*%*l))

And by equation (2.6)), we have ayso|ly — I| < 9u||f]l, i.e.

1< Ol 180l
- 2%’7— S0 ,780

_ IsulIK
VOulf120., K15,
< kil

N \/ Cn, M log(e=251)

~ o(l)

log(e=2s-1)

Similarly, we have that

vE )

— — ~O(——
’pl p‘a ’(JI Q‘ <10g(€72571)

14



and

| f | £1]
lo1 — @] < ‘,HS _Oull/]

2P T ok iR
_ 36u| flCM K>
< =
1
~ O( )

log(€—23—1>

And by (2.5)), we have

< oo 2o Gl )°
OZQd

< i 2l 1)
2kL45ﬁﬂFﬁ6

< oososo_ 2en (I £])?
- Cu\|f|\29cn21\7lf<2(f+l>
C4M K2(T+1)

||Mf1 ||ﬁ/2760/2750/6

KSO/G i

< 625“u||f||
~ O(N€23+1>

Step 2 Determination of the elliptic equilibrium for the secular system

Since we assume that f,, has a non-degenerate elliptic equilibrium point at the
origin and g is close to f,, (of order O(W)) , we have that, for any I; € D4,

g1 also has a elliptic equilibrium point close to the origin of order O(m) ,

which we call (pe(11),q.(I1)), and assume that |[(pe(11),q.(11))| < €/4. Now let
0 < € < €/4, (note € is defined before) we have a transformation

b2 1 (L2, 02,02, 42) € Wijaesoyi2 = (11, 01,01, 01) € Wiia.e0/2,50/6 (3.8)
whose generating function is
S(Iz,p2, 01, q1) = Lo - o1+ (P2 + pe(L2)) - (1 — qe(12))
and that is equivalent to
L =1
1= s — O, (p2 + pe(12)) - (@1 — qe(12))
p1 = D2+ pe(l)
@1 = ¢+ qe(I)

15



from which we obtain
1
1log(e*25*1)

where (] is a suitable constant, and by Cauchty estimate

2 — 1| = [0n, (P2 + Pe(l2)) - (@1 — ge(12))|
[(p2 + pe(l2)) - (@1 — qe(12))]

D2 — p1l,lg2 —u| < C

<
- p/4
< |22+ pe(l2)) - o
- p/4
- 4(6 + C’l/logi(e_%_l)) €
} Cz]\ﬁ‘{ﬂrl
< 402Ml_(7“(e + Cy/log(e%71)) - €
- %6(10g 6—28—1)T+1
8CM (6/s0)" C
_ ( /50> (6 + _1 - )
Y log(e72s71)
~ O(e G

" logle )

this term can be very small due to the propriate choice of ~..

The Hamiltonian will be transformed into
Hy = Hy 0 ¢
= Ho(L2) + pg2(I2, p2, g2) + pe* ™ fo(Ia, 02, p2, go)

where go = g1 © ¢o, > fy = ufi o ¢o. And note that in such case go has
a 2s-non resonant and non-degenerate elliptic equilibrium point in the origin of
(p2, g2)-coordinate.

(3.9)

Step 3 Symplectic diagonalization of the secular system

Following the [3], we have a symplectic map

b3 1 (I3,03,03,43) € Wps.e/2,50/24 = (L2, 02,02, 02) € Wjae s0/12 (3.10)

which acts as the identity on the I3-variables, and is close to the identity on other
variables in the sense
€

sl g — g5 < Cp——
|p2 p3| |q2 Q3| = 210g(€72571)
016
— 3| < C3( + ————
|(P2 <103| = 3(6 + log(e_gs_l)

16



And we obtain that
Hs = Hyo 93
= Ho(I3) + pgs(Is, ps, q3) + pe* " f3(Is, 3, p3, q3)
where f3 := fy 0 ¢35, and

(3.11)

93(I3,p3,q3) = g2 © P3(I3,p3,q3) = fo(fza) + Q([?,) r3+ R

2 2
where 73 = (131, + ,T3ny), 7'3i = %l,z =1,2,--- ,ny and
R R €
Q-QL IRl < Cy—————
‘ |7| ’ 410g(672371)

where R has a zero of order 3 for (ps,q3) = 0.

Step 4 Birkhoff normal form of the secular part

Given that € is non resonant up to order (2s), Propositio shows that there
exists a Birkhoff transformation

G4t (L4, 04,04, q1) € Whi6,e/a,50/28 — (I3, 03,3, 3) € Wi/.c/2.50/24 (3.12)

which puts g3 into Birkhoff normal form up to order 2s, i.e., the Hamiltonian is
transformed into the form

Hy = Hso ¢y
X ) 1 .
=Ho(ly) + M(fo(LL) + QLy) - + Jra B(I)ry+---

+ Z l;i([4)r4i17”4i2 <1y + O(|(pa, q4)]23+1))+

i1, ,is€{1,++ ,na}
—+ [L€28+1f3 o ¢4(I47 ¥4, P4, q4)

=: Ho(L,) + p1ga(Ls, pa, qu) + p€* " f4(1s, P, pay Ga)
(3.13)
2 2
where T4 = wﬁi = 17 27 T, and :u628+1f4 = MO(|(p47 Q4)|25+1)+N€28+1f30¢4-
And we have that

62

1Og(€—25—1)

63

Vi log(e72571)

|ps — pals g3 — qa] < C'(n2)

|03 = @a| < C(ny)

Step 5 Global action-angle variables for the full system

17



Fix the real ny-dimensional annulus

Ale) == {J e R™: et o i<, 1<i< no} (3.14)
and let
D:=D x Ale), p:=min{c;e®tV/2 5/16}, §:=50/48 (3.15)
where D is defined in equation . On D; x T, we define a transformation
5 (J,10) = ((J1, J2), (¥1,¥2)) = (1,04, P4, G4) (3.16)
with
Iy =7,
P4 =11,

Pai = \/@ COS 2,
q4; = \/@Sﬁl (0%
where 1 = 1,--- ,ny. The transformation ¢5 transform Hy into the form
Hs(J, 1) :== Hyo ¢5
= Ho(J1) 4 pgs(Ji, Jo) + e f5(J,0)

= Ho(J1) + u(fo(Jl) + Q) - T + %J2 - B(J))Jy 4 -

+ Z bi(J1) Jaiy Jaiy - - JQis)

i1, ,is€{1, 2}

+ pue* T fy 0 ps

(3.17)

From the above steps 3.12|§3.16]), we have the following transfor-

mation

¢:=gr1opa0¢30¢s0¢;5: () = (Ji, Ja, b1, 92) = (1, ,p,q) (3.18)
which is well defined, and the following inequalities hold
\I— N =|I-L+L—L+L—I3+1I3— I+ 1, — Jp
= |[ - Il| < CI#
o — 1] = | — o1+ p1 — P2+ P2 — Y3+ Pz — s+ s — Y1
<l — @1] + lo1 — @2l + |2 — @3 + |03 — pul + |04 — ¥
4 (e €3

—+ (6 + W W) + C(m)\/ﬁlog(e_%_l)

)+ (2 +

< -
= log(e=2-1)
1

< - -
< Cole+ log(€72sfl))

18



and

|Di — Desi — \/2J2i oS Voi| = |pi — P1i + P1i — Dai + D2i — P3i + P3i — Dai + Pai — \/2J2; €08 Yo — peil

i o Clm)— &

< S —
= log(e—25-1) ™ log(e=2s—1) - log(e=2s-1)

<C max{ ./, €}
= P log(e2s-1)

@i — Gei — /2J2i sino;| = |qi — qui + qui — Q2i + G2i — @30 + Q30 — Qui + qui — /22 Sin o — qe

Vi ‘ C(na) <

< I
— log(€f2sfl) + 10g(€72871> + 10g<€72571)

<C max{//i, €}
= Tlog(e2s-1)

Step 6 Construction of the Kolmogorov set and estimate of its measure

Fix 71 and 75 = pvs. We apply the two-scale KAM theorem (following [3]),
with

H=Hs, h=Hy+pgs, [=p*""fs, D=D, p=p
and s = §/5,5 = 45/5.

We need to check that the frequency map w,, : O(Ho+ pugs) is a diffeomorphism
of D; and its Hessian matrix 0*(Hy 4 pgs) is non-singular.

Claim: The frequency map w,, := 9(Hy + pgs) is a diffeomorphism of Dj.

Proof: Assume that 0; represents taking derivative with respect to J;, and 0, w.r.t.

Jo. We have
wy, = 0(Hoy + p195)

_ all‘fp + ,LLQ1f0 + ,U/GIQ : ;]2 + %Jz : (aIB)J2 + -+ MZZ»(@?%)J%IJ%Q e S
pS + pBJy 4 1320 bigr0a (JaidajJor) + -+ w2 0i0a(Jaiy Jaiy - - - Jai,)

Since the analyticity of the frequency map is assumed, we only need to prove
ist injectivity. That is, we want to prove, for any frequency v = (vy;urs), the
following equation has only one solution on (Ji, J2) € Dj

Oy Ho + 1101 fo + pdi - Jo + gh : (31B)J2 +-eet MZ(ali)i>‘]2il Jaiy -+ Jai, = 11

MQ + MBJ2 +u Z Z;ijkaZ(JQiJZjJZk) +Fu Z 6132(J2i1 Joiy - Joi,) =

ijk

19



First we consider the second equation: for any fixed J; € D, we have

Q + BJQ + Z EijkaQ<J2iJ2jJ2k) + -+ Z BZ’@Q(JQZ‘l JQZ‘Q cee <]2is) = Uy

ijk

Since B is non-singular (according to our assumption), we find that J, = B~ (1, —

A

2) solves the following equation (the major part of the second equation)
Q + BJQ = 9

Given that the remaining part is of order O(e*), we could assume that the
expected solution is of the form

JQ = B_l(l/g - Q) + )

with § is of order O(e?), substituting it into the second equation we obtain

J2:V2

Q + B(Bil(VQ — Q) + (5) -+ Z i)ijk@Q(JQiJQjJQk)‘JQ + -+ Z l;ia2(J2i1 J2i2 ct JQiS)
ijk i
= B+ Z i)z‘jka2(<]2i<]2j<]2k>|h + -+ Z 6132(J2¢1 Joig -+ Jai )]sy =0

ijk

which is denoted by f(J) + g(d) = 0, where f = Bé and g is the remaining terms.

Note dsf = B is non-degenerate and [|(05f)7"| = |B~!|| is bounded by a
suitable constant N, i.e. supp||B7!|| < N. And by Cauchy estimates,

4
€
swp sl < 19 < o
A(E)p/lg p p

4

€

<C =

oMK+
4

<o < L

2N

=l

provided that p and e satisfy some conditions (u > Ce®). Hence by quantitative
implicit function theorem there exists a unique &g in A(€)z/16 such that f(dg) +

g(do) = 0, as a consequence of which, Jy = 3_1(y2 — Q) + dp is unique.
Second we consider the first equations

O Hy+ Ma1f0 + M61Q - Jo + gh : (31B)J2 + -+ MZ(01B¢)J2¢1 Joiy - Jai, = 11

20



Note wy := &1 Hy is well defined in Dy, and we assume that ||(d;wp) || is bounded
by My in Djs. Let the remaining terms be denoted by wy, by Cauchy estimates,

sup || 0wy || < C’HW}H < C’%
Ds/16 p P

<co—4L
Y

AM2 K2(T+1)
4M2K2(7+1)
S CM’)/EEQ(lOg 672571)2(T+1)

provided that g and e satisfy some conditions (¢ < Ce?). Similarly by the quan-
titative implicit function theorem, we have J; is also uniquely determined. |

Claim: The frequency map w, has a non-singular Jacobian matrix, i.e. dw,, on
D;.
p

Proof: Denote W := Ow,,, then we have

Wis = M51Q + M(aIB)JQ + Z(aléijk)aQ(JQiJQjJQk) et u 2(3161‘)62(%@‘1 Joiy -+ Jai,)

ijk

Wo = ,U(91Q + M(&E)JQ + Z(aﬂ;z‘jk)aQ(JQiszJQk) et u Z(algi)aQ(JQil Joiy - Jai,)

ijk

Woo = ,UB + ,UZ l;ijkag(JziJZjJQk) + ,UZ Biagz(t]%l Joiy - Jai,)

ijk

note here W5 and Wy, are symmetric. Indeed we can rewrite the Jacobian matrix
in the following form

wW=w’+w!

where

~

W ( OtHo+ pdifo  pohQ+ u(@lé)Jz)
po Q2 + (01 B).J; uB

21



and
Wl Y- Ty + 50 - (7 B) o+ O(pe) 0351 (Oabign) 02 JoiasJar) + O(ue®)
 \ B2 (01bik) 0o (Jai Jaj Jak) + O(ue®) 370 bijed3 (JaiJajJar) 4 O(pe®)

Due to the smallness of y and e, W' is a very small term. We first consider 1/°
and prove its invertibility

Wo:< 0t Hy ualmu(alB)Jz) +<M812f0 o)

_ (0tHo pA\ L (nC 0
"\ pAT uB 0 0

note the first part of W is invertible and its inverse is

 (OfHy — pA(uB)pAT) — (03 Ho — pA(uB) " pAT)  pA(pB) !
—(uB — pAT(0fHo) " pA) " n AT (07 Ho) ™ (uB — pAT (0 Ho) ' pA)~

Hence we have
02Hy, uA\ (.. (02Hy, A\ ' [(uC 0
0 _ 1o pA 1o HA 2
v _(MAT 1 )<2d+(uAT uB) (0 0

_ (0iHo pAY (1 pC(02Hy — pA(uB) ' pAT) ! 0
~ \pAT uB —pC(pB — pAT (07 Ho) ' nA) ' uAT (07 Ho) =" 0

Sy

) (id + WO)

note in the big parentheses we have an identity matrix added by a small term,
WO, of which the norm is bounded by

WO < max{p||CI1(8F Ho — pA(uB) ' pAT) ]
ullCIN (B = pAT (07 Ho)™ wA) ™ |[[|nAT |11 Ho) 'II}
=max{y||C|||[(0FHy — pAB~AT) 7|,
ullCIN(B — pAT (87 Ho) ™ A) M| AT[1(0F Ho) ™1}

22



where

and

~ ; Cu C 1
p||Cll = MHa%fOH < - < P < 06—2
P AM2 K2(7+1)

107 Ho — pABTAT) Y| = || (id — (8} Ho) " AB™ AT) "1 (97 Ho) |
< 1182 Ho) Il (i — (07 Ho)~H ABTAT) |
< My||(id — u(; Ho) P ABTMAT) 7|

< My ) |lp(0PHy) " ABTT AT
k=0

o0

< Moy (uMo) | AIF B~|F A"

I(B — nAT (97 Ho) ™" A) 7| = ||(id — pB~" AT (97 Ho) ' A) ' BT
< |B7Yl(id — pB~r AT (97 Ho) T A) Y|

< C
> 1_ 0%12\40
Hence we have that
~ ,M MO ILL C C
Wo| < C=—F——+, -
979 < (€ g O 57—

and |[IWO]| < 5 is possible. Hence hence the matrix W is invertible, and

o1y ¢
w5~ ==

Now we consider the Jacobian matrix W,

W=W>+W'=W°:d+ (W°)'Wwh)

23



and the matrix (W?)~'W?! has the norm bounded by

IO W < ()W
< gC’ue2
1
1
< =
2
This proves that the Jacobian matrix W is also invertible. |

With a suitable constant C';, we have that

||awu|| < M = C—f—a 7M = C—i-p’?i M = C+[1,_1, F = M€2S+1C+,
Ml = C+7 M2 - C+/L71

and we also have

K= glog (8(12)* )

pmin{ )
QM K™ 9N+ ( )
. - 3.19
— i 2! K2 (254+1)/2 16 7
mln{20+KT+1’ 20+I[LKT+1’CIE ’pO/ Y 32MKT+1}
— i "N 72 (25+1)/2 16 gl
We need to check that the following conditions hold
E E EM
c—— <1, é=——<1, ¢— <1 (3.20)
Mp M p? P

Claim: The smallness conditions hold when 7y, 45 >> 7,e25T1/2(1og(8(12)27+1))7+1,
Proof: Substituting p into the smallness conditions, we check the first term of
equation (3.20)), i.e.

A,u€23+10+ {401[(2(7“) 4CJ2rK2(T+1) 1 162 322 )22+
c ) ~ Y s oy —o
o ok 3 et g 7

} <1
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since 72 > Cpl| f||2%¢p, M K27 | clearly we have

AMGQS—HO—&- 322M2K2(T+1) M€28+1 C+ 322M2K2(T+1)
c -

<é¢ —
C; PO Cullf e, iR
€2$+1C+ M
<é <<1
- Oy Ol fllen,
and
2s+1
NS Nien
= << 1
¢ Cy Aestl CC%C+
we also need
2541y 402 K2(T+1) 402 K2(7-+1)
Flaas = max{—= 5 ,— }<<1
Cy gh V3
namely
25+10, 402 (6 2(1+1) 1 8(12 2(t+1)\\2(7+1) 1 1
A CACR O/ g8 P 11
Cy M1 72

Hence we need that

,71,,?2 > 7*\//76(28+1)/2(10g(8(12)2(7+1)))(7+1)

Then the second term of equation ([3.20)) can also be verified

2s+1 402 K2(r+1) 402 K2(T+1) 1 162 322M2_f(2(7+1)
é'ue - ax{— 2 ,— 2 1225410 27 ——2} <1

pC'y M V2 e Po v

with similar computations, we have that
ueBto, 392 V72 {20 +1) peBto, 392 V2 [{2r+1)
¢ ~2 <c 2.2 ooy << !

e g pCy y2e?(log(em2s71))2r+D)
and
6M628+10+ 1 ¢ <1

< J—
pC. st T 2
with a suitable ¢;. And

A,LL€2S+IC+
C

pC

403K2(T+1) 40—2~_K2(T+1)

2 ) 22
71 V3

max{ P<<1
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gives us

M5 A >> 7.e 2D (log(8(12)%7H)) T+

Finally, the third smallness condition is similar with the second one, hence it
is obviously satisfied. |

Hence, according to the two-scale KAM theorem , for any w € Q, = w,(D)N
D, ~,+, one can find a unique real-analytic embedding

¢, 0 €T = (11(6;w),v12(0;w)), 0 +u(f;w)) € Re(D,) x T"

with r = 2‘“25%((%+ + ﬁ + 4nCpu~'), which can be proved to be very small.

Then, the H-flow is analytically conjugated to 8 — 0 + wt. We have T, := ¢,,(T")
and set 7, := ¢(1,,), where ¢ is the symplectic transformation defined before.
Now we have the measure of the Kolmogorov set to estimates

K = ¢(K) = Upeo. To (3.21)

where K := Uyeq, T, Let DX = W, (Dy,70,-) ND. Then since the map ¢ (see

Y1,72,T
equation ([3.18))) is volume preserving, we have, from the two-scale KAM theorem

measkC = measK
> meas(Re(D,) x T") — ¢, (meas(D\DZ x T™) 4+ meas((Re(D,)\D) x T"))

Y1,72,T
Let V:=V x B2,, where B”, := {|Ji| < co¢’}. Indeed, D CV and A(e) C B,
indicates that D C V. Define P, :=V x T™ x {p? + ¢? < €*}. We have that
meas(D, x T") > meas(D x T")
- : (3.22)
= meas(D)meas(.A(€) )meas(T")

from equation (3.3) we know that

meas(V\D) = V — meas(D)

< Cymeas(V)

which indicates

meas(D) > (1 — Cy)meas(V) (3.23)
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and due to the definition of A(e), we get

meas(A(e)) = meas(B2,) — meas(Bc  (2041)/2)

= Ony (CQE ) — Ony (016(2S+1)/2)n2
n2
— oy (c26)™ {1 _ <_> ewssm/z] (3.24)
Co
n €1 " (2s—3)na/2
=meas(B,) [1—(— ] ¢ 2
Co

Hence from equation ([3.22] 3.24)) we have

ng B
meas(D, x T") > (1 — C_’f’y) 1-— (Cl) (25— 3)n2/2 meas(V )meas(B]>, )meas(T")
i C2 1

>(1- C”‘y) 1-— (01> @532/} eas(V)meas(T™)

C2

= (1 — 0’7) 1-— (Cl> 6(28_3)n2/2 meas(P\/E)

Ca
(3.25)
indeed, we have (Jl,Jg,zﬁl,@/)g) €V T =V x B2, xT" and (I,¢,p,q) €

P\/ﬁ V x T x {p? + ¢? < 2c9€%}, and we also have a map ¢, which is
symplectic, hence volume preserving, mapping from )V x T" to P NCoes Hence we
can conclude that meas(V)meas(T") = meas(P\/@).

Claim: E% <1

Proof: We have that, for some suitable constant C

2s+1 2s+1
e Oy 1 1 €
r= 2—A—+—+4n0u =(C—
p <C+ Cip +) p

The expression of p is already known, we can substitute each term (see equation
3.19) to prove our claim:

r €2s—|—1 628+1 20+KT+1
5 =05 =0—
€ PE € "

2541
< CG 2C+
— €2 7*6(25+1)/2

S QCC+ 6s—i—%—2
Ve

<< 1
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and similar we obtain

r €28+1 623—i—1 20+K7'+1
o C— 2 ¢ 2 2
€ PE € Y2
< %GSJF%*Q << 1
Ve
and
r 0628+1 0628"1‘1 1
2 pe2 €2 ¢ e2s+1)/2
C 1
< Zetrtcc]
&1
and also
r €2s+1 g2s+1 32MKT+1
o C— 2 2 -
€ PE € o
2s+1
€ 1
<C —<<1

& Vi
given that p is of order O ((loge™)~%).
Denoting B := BZ;EQ, one has that
meas(Re(V;)\V) < Cyrmeas(V)
hence
meas(V;) < (14 Cyr)meas(V)

and
meas(B,\ B) = meas(B,) — meas(B)

= O, [(Co€® + 7)™ — (c26?)™]

- an2(0262)"2[(1 + L)n ]

Co€2
easB)(14-=) —1
=m — ] -
Co€?
NaoT
~ B)2L
meas( )6262

meas(V\D) = meas(V x B\D x A(e))
< meas(V\D x B) +meas(V x B\A(e))
< Cymeas(V x B) + C'e®* 732/ 2meas(V x B)
< O 4 €279m2/2 meas(V)

28

(3.26)

(3.27)

(3.28)



and from equation (3.26)/3.27))

meas(V,\V) < meas((V,. x B,)\(V x B))
< meas(V,\V x B,) + meas(V, x B,\B)

< Cyrmeas(V x B,) + {(1 + L) - 1] meas(V, x B)

0262

n2
< Cyr (1 + Lz) meas(V x B)
Co€

+ [(1 + Q%) v 1} (14 Cyr)meas(V x B)

< Cyr (1 + E) meas(V x B) + (E> (14 Cyr)meas(V x B)

Co€2 Co€2

< (C’Vr + QC’Vrniz + EZ) meas(V)
Co€ Co€

(3.29)
Thus from equation ((3.28)/3.29))

meas(Re(D,)\D x T") < meas(Re(V,)\D x T")
< meas(Re(V,)\V x T") + meas(V\D x T")
< (20\/7’ (1 + Lz) + (1 + %) —Cyr — 1) meas(V x T")
Co€ Co€
+ C(5 + @322 meag(V x T")

< (C’Vr + QCVTM + 22 CH + 6(253)”2/2)> meas(V x T")

Co€2 €2
(3.30)
And we can also prove that (with some suitable constant C')
meas(D\D, s, - x T") < meas(R,, 5, x T")
<C(m+ %)meas([) X B2 x T™) (3.31)

~

72
< Cln + Z)meas(P_/—5)
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Hence from equations ([3.25) 3.31]) we have that

meas/C = measK

> meas(Re(D,) x T") — ¢, [meas(D\D x T™) + meas( D,)\D) x T")]

Y1,72,T

~— C1 " 25—3)n2 /2
> (1-C%) {1 — <g> ¢(2s=3)m2/ ] meaS(P\/T (7 ) meas(P\/@)
23 3 ng 2
e (2t (14 55) o (14 5) 01 G P
A= . (25—3)n2/2
> (1-C%) [1 <C ) } meas(P /— —aC\m+ )meaS(P /—20262)

—Cp <ZCVTM + 2y Cyr C(y+ 6(23_3)”2/2)) meas(P@)

> (1= 09 [L - e 9" mens(P ) = Co (0 + 3 ) meas(P, 5
—C (72 +'Y+€(28 3)n2/2> meas(P - 62)

by replacing v/2c,€2 with €, we obtain equation ([1.3), hence the Theorem 1] is
proved.

3.1 Two—scale KAM theorem [3]

Theorem 3 ([3], Proposition 3). Let ny,ny € Nyn :=ny +ng, 7 > n,y; > v >
0,§>0,5>0,p>0,DCR"™ xR" A:=D,, and let

H(I,¢) = h(I) + f(1,¥)
be real-analytic on A x T%, . Assume that wy := Oh is a diffeomorphism of A

with non singular Hessian matriz U := Owy = 0?h and let U denote the n x ny
submatriz of U. Let

Mz suplUl, Nz supl0ll. M = swplU, B = [l

define
:= max{2%n, 12"}

>

6 := min{ n }
p QMKTH’QMKTH”)

6
K =~ log (8(12)*7+V)
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and let MO M® be the upper bounds on the norms of the sub-matrices ny x
n,ny X n of U™L of the first ny, last ny rows. Assume the following conditions hold

st 1,¢ £ 1 EM 1 3.32

CM—pA2<7CM—pA2<707< ( )

Then, for any w € Q, = wo(D) N Dy, ~,.r, 0ne can find a unique real-analytic
embedding

G0 €T — (n(0;w),v2(0;w)), 0 +u(b;w)) € Re(D,) x T" (3.33)

where r := 2%(%—1—%%—471]\_4) such that T,, :== ¢,(T") is a real-analytic n— dimensional
H-invariant torus, on which the H-flow is analytically conjugated to 0 — 6 + wt.
Furthermore, the map (0;w) — ¢,,(0) is Lipschitz and one-to-one and the invariant
set IC:= U, cq. T satisfies the following measure estimate

meas (Re(D,) x T"\K) < ¢, (meas(D\Dy x T") + meas((Re(D,)\D) x T"))
(3.34)

where Do := Dy = Wy (D pr) N D and ¢ := 14 (143205 max {7, 151"
Finally, on T x §., the following uniform estimates hold

E MOE
v1(w — (W) < 2— + bn——
o1(50) = 1)) < 257 + 5n
E M@
v w) — 1D <2—— +5n—:
ea(6) = )] £ 2505 +-5n
E's
u(-w)| < 2M,62 (3.35)

where v; denotes the projection of v € R™ xXR"™ over R™ and I°(w) = (I?(w), I(w)) €
D is the wy—pre-image of w € §2,.

Theorem is proven in [8,B]. We report its proof here for sake of completeness.
As in the tradition of KAM theory in the real-analytic class, an iterative lemma
is used.

3.2 lterative Lemma [3]

Lemma 3. [Lemma B.1, [3]] Let n1,ns € Nyn:=mny +ng, 7 >mn,7 > v > 0,5 >
0,5>0,p>0,DCR"™ xR", A:=D,, and let

H(I,4) = () + f(I, )
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forany 1 < j € N, there exists a domain D; C R", two positive numbers p;, s; and
a real-analytic and symplectic transformation ®; on W; = (D;),. x T%, . which

] S+s;
conjugates Hy := H to

Hj:Hgoq)j:hj—f-fj

Lettmg, for j =0, Dy := (,uol(D71 o) N D, sy = s,p0 = p, My := M, M, :=
M, My = M, M"Y = MO 3P .= M@ Ey:= B, Ky := K, po := p,

and, for j =1, p1 = po/16,51 = so/12, My = My + %Mo,]\;h = Mo + %Mm]\% =
20y, i1 = 2010 51 — 251

6 Mop?
K, = —log (8(12)2(”1)%%) :
1

S 0

1

o . TN V2
= min , —= , 3.36
P {2M1K{+1 M KT+ P 1} (3:36)

andfm”j>1 p]—,OJ 1/16 S; = §5— 1/12 M M 1+2j;—1Mjflan: Aj,1+
g My, My = 2M;_y, MY = 20, MU_2M”

2J 2i—T
6 Moy p?
K. — —] ](192)2(r+1H 290
)= log (8120 20 ),
1 Ey
E» = E‘_
J 8(12)2(T+1) MOﬁ% j—1
N . gk 2
- ,— . Pi 3.37
P; mm{2MjKjTH 2MjK;+1 P]} ( )
then
(1) the map
iy =",y 1eD “tow; 1(I) € D; 3.38
Ly (g )i 1€ j—1 " W ow;_1(I) € D; (3.38)
verifies
Vil
52n M\ E;
sup|L()—zd|§ i J_17) !
-1 I pja
_ (3.39)
52 B
sup|L(2) id| < " i e
i—1 11 Pji—1



and

M, _E;_
L(i; —id) < 2°p == (3.40)
Pj-1
(2) the perturbation f; has sup-Fourier norm on W;
1fillw, < Ej (3.41)

(3) the real-analytic symplectomorphism ®; is defined as ®; = Uy o---0W;, where

Wyt (L, ) € Wiy = (Ig—1, Yp—1) € Wiy (3.42)
verifies
) (1) 3Bk
sup L2 (T o) — 1| < oo
(Di)py XT3, i) = 071 2My—1pr—1
3E)_
sup L7 (I, ) — [ < —————
(D) oy X T2, 2My—1pr—1
3EL_185_
sup |Vk—1(Lg, Vi) — Yi| < Ak—lgl (3.43)
(Dr)pop XT5 2Mk—1pk_1
and the rescaled dimensionless map U, —id = 155V 0 1;; —1d has Lipschitz
constant on (Dy),,/p X T?§+Sk)/s
) 8n max{ st —, e} (12T+1)k_1 k>1
LV —id) < Mkélf’kfl]; My, 1pr—1 6 ’ (3.44)
36n max{37%, Tt k=1

where id denotes the identity map, 14 denotes the d x d identity matriz, 1,5 =
(p™'1,,s71,), Dy := p7' Dy, T :=R/(27/5)Z.
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Chapter 4

Proofs of the lterative Lemma and

Theorem 3

4.1 Proof of the lterative Lemma

Proof. We apply the averaging theorem (Prop, withm =0,y =ny,ly =ny, B =

B’ = {0}. We have that Dy = wy ' (D, 1p.7) N D.

First we consider the 1st iteration. Our Hamiltonian is

Ho(I,4) = H(I,¢) = h(I) + f(I,9) = ho(I) + fo(I,1)

and wy := 0h, clearly wo(Dy) C Dy, 1y,

(4.1)

To apply the averaging theorem, the non-resonance condition ([2.1)) needs to be
verified. For 0 < |k| < Ky, I € (Dy);,, and the choice of py,we have that

JL

KT
wo(D) - k| > { K

Kg

— Mopo Ko > 72
— MopoKq > 2

indeed, if Iy € Dy, we have

"

|wo(lo) - k| = {:_;

kT

o
Kgo
Y2

T
KO

AVARLY,

and VI € (Dy)z,, 31y € Dy be such that
11 — Io| < po

34

2K;

2K]

=!0q, kl#o (42)
= (g, k1:0 .
ky # 0
ky =



hence

wo(1) - k| = |wo(I) - k —wo(lo) - k + wo(lo) - Kl
> |wo(Zo) - k| — |wo(1) - k — wo(lo) - k|
> |wo(Zo) - k[ — |wo(]) — wo(lo)| Ko
> |wo(Lo) - k| — [[woll[L — Io| Ko
N {;—lg —]\ffopoKo,kl # 0
B ;(—25 —MopoKo, k1 =0

since Ko = 2 log (8(12)2")), clearly we have Kgsy > 6. Now we need to verify

boundedness condition (2.2]) with do := poso and cg = e/2

27COK080 S EO 2700;}(0
aady 20
27COK0

QKT pO

Eq

< Ey

Hence, according to the average theorem we have a transformation

vy (]1,¢1) € (DO)/}O/Q X Tg+50/6 — (10,1/10) S Wo = (Do)
and the Hamiltonian is transformed into the form
H1 = HO ©) \Ifl

= ho(Il) + 91(11) + f1(117w1>
=:hi(L) + fi(11,v1)

From averaging theorem we have that

1227¢0E2 12 27¢ F3
11 O[Qdo 11 Q’YTQSPA()SO
2 2Tc B2 L2 2o B2

1 2M]\0/[0K703+1 Po 11 MOpO
2

E
117°

g1 — f0||ﬁo/2,50/6 <

IN

| /\
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and

_ P 29C0E2
I uligo < e Fo0rs 2078
1 2
< S{azprzto < B
and
11 w2 9B 9
0 17w1 1 < < =
Q180 57 S0
3E,
S 71
K(7)'+1
< 3E,
~ 2Mopo
similarly we obtain
11 _ ) < 9Ey < 3AEO
0 ( 1777Z)1> 1 < <
@280 2Mopo
9E, 3Eys
W}O(Ihwl) _¢1| < 0 < 020

052/30 o 2M0,5(2)

We also estimate the strength of ¢;
sup |g1] < sup [gi — fol + sup |fo

(Do) pg /2 (Do) g /2 (Do) pg /2

13
< —Ey
11
and with the Cauchy estimate we obtain

Sup(DO)SﬁO/S |agl |°°

sup [0%g1]| = sup [0%g1 |0 < e
(Do) pg /4 (Do) po /4 :00/
SUD(Dy) /2 |91
(Po/8)?
< 13 Lo
— 114
from which we have, for w; := dhy = Ohy + 0g1,
sup |lwil| = sup ||0%ho + g
(Do) g /4 (Do) o /4
13 E
< My + 26220
11 pg

1
< My + §M0 =: M,
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(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)



and for || ]| we have

sup [wi]| = sup [|82hg + 0%qi (4.13)
(Do) g /4 (Do) g /4
13 E
< Mo+ 20220
11 pj

~ 1 - ~
§M0+§M0=1M1

To estimate ||(Ow;) |, we first estimate the following

sup [|0°g1(0%ho)~"|| < supl|0®g1|| sup||(0°ho) ! (4.14)
(Do) po /4
<ol 1
11 52 2

and, by Woodbury formula we have

sup [[(0%ho + 0%g1) 'l = sup [[(9%ho) ™" — (0%ho) ' 0"91(0%ho + 0%g1) |

(Do) pg /4 (Do) pg /4

< sup [[(0®ho)" I+ sup [[(0%he) ™' 0g1(0%ho + 0%g1) |

(Do) pg /4 (Do) pg /4
< sup [[(8Pho) M|+ sup [[(8%ho) T ?qull sup [[(0Pho + 1)
Do) pg/4 (Do) g /4 (Do) pg /4

(4.15)
from which we have

<SP )
— 1—sup Do)ﬁ0/4||(a2ho) 102g1||

sup [|(Qw1) | = sup [[(9*ho +0%g1)"

(Do)ﬁo/4 (Do)ﬁ0/4
<2 sup [[(0%ho)”|
(Do) o /4
< 2My =: M,
(4.16)
Now we define a map
i = (0", i) = Wfl o wo|py (4.17)

let Iy € (Do)z/16 be such that |I — Io| = r < £, then

w1 (1) — wi(Lo)] = |wo(I) + dg1(1) — wo(lo) — g1 (Lo)|
= |wo(I) — wo(lo) 4+ g1 0wy (wo(I)) — Bg1 © wy ' (wo(lo))|
> (1= [|0%91(8%ho) || |wo(I) — wo (o)
11 r

aar,” = o,

v
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this indicates that
wi ((Do)pos16) 2 (Wi(Do)) sy (s211)

since we also have

13/11FE
sup |wp — wi|1 = sup |0g1|1 < ng
Do Do po/2
n26 p() M()Eo
1M, 77

11 M, 28n — 32M,

26p0 1 _ po

hence

wo(Do) € (wi(Do)) sy ys2110) < w1 (Do) po/16)

By our definition, 21 maps from Dy to Dy, and we have

sup |07 (Io) — 15" = sup [i{" (Ip) — 1§V s

Do Do

= sup |(w; )M owo(Ly) — (wi )™ o wi(To)hs

Dy
< MV sup |wo(Io) — wi(Io)|

Do
_ 2§ZEAZ§1XEb
11
520 MV E,
11 o

And similarly we could get

) ) 52n MP'E,
sup |L§2)(]0) — ]éz)| = sup |L§2)(]0) |1 < ; 0
Do Dy Lo

and . _
sup |01 (I) = Ioe < My sup [0g1]s
(Do) gy /s (Do) pg /8

3po/8
13/11E,
3po/8
< 208 Moko
— 33 po

< 2Mj
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(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



And the Lipschitz constant of 7; — id is bounded by

L(iy —id) <n inf sup|D(i; —id)||

0<r<po/8 (Do)r

SUD(Dy), 5 111(1) = L]oo

<n inf 4.24
(0,60/8) ,00/8 —r (4.24)
< 8n 208 M()Eo < 26 M(]EO
po 33 o I

Since WO(D0> = wl(Dl) and C«JO(DO) Q u)l((Do)ﬁO/lﬁ), this indicates that

D1 C (Do) posis (4.25)

hence

(D1)s, C (Do)soss
D

)
(), s (3) s (3)
Po / 51760 0/ po/(8p0) Po J po/(2p0)

We define a scaled map, on (%)ﬁl/ﬁo X (%)(HSI)/SO,

Uy —id: 1,0 015" —id

$0,50

and with Cauchy estimate

1D = id)| o,

. <||D(¥, —id
ﬁO)ﬁl/ﬁ0X<%>(§+81)/So B H ( ' Z >H<&

PO )ﬁo/(8ﬁ0) * <%)(§+So/l2)/so

1 .
< —5 (W —id)||  p, ™
min %%712_'_;0 <ﬁg>ﬁo/<2ﬁo> (30><§+50/e>/so

T

X <S ) because
po/(2po) 0

and this can be evaluated (let A := ( ) )
po (5+s0/6)/s0

. ] 1 1
(V1 —id)|[a < maX{T||11 — I(I1, 1) a, —||901 —@(I1,1)|la}

1 3E0 1 3E0 1 3E080
< max{—
po 2Mopo” po 2Mopy S0 2Mop?

3E, 3E, 3
2Mopg " 2 My 2

< max{
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hence
3B, 3E
. max{ 5375 2N of?
||D(‘1’1—2d)||<g> () S T s
P0 ) p1/po N0/ (3+s1)/50 min{ 55, 1357
E E
<18 max{—oﬂ, A—OA}
Mopg Mop?

Now for the (j + 1)—th iteration, j > 1, we have Hamiltonian of the form
(4.26)

Hy = hi(1;) + f5(15,45)
and w; := 0h;, note we have that w;(D;) € D., -, . We need to check conditions

(2.1) and (2.2]) before applying averaging theorem. For 0 < |k| < Kj, I; € (D;),,,
and due to the definition of p;, we have

A MK =S = a ky #0
KT iPit = oK7 1 1

will;) -kl = Q00 e B (4.27)
xr ~ MipiK; =g =tz ki=0

and clearly we have K;s; > 6 given the definition of Kj, and

E42760Kj8j _ E.27COKj _ E.2700Kj
T ad, T azp; ! kb
B J (4.28)
< 27¢o— {2
Mj/)j
From the averaging theorem, we have a transformation
5, x T2, (4.29)

Vi1t (g1, js1) € (Dg)p 2 X Toys, 6 = Ly, 45) € Wy = (Dj)y,

and the new Hamiltonian is

Hjpy = HjoW;p,
= hj(Lj41) + gjr1(Lin) + fi(Ljsa, j41) (4.30)
=t hjr1(Lir1) + fir (L, ¥41)
and we have the following estimates
_ 12 2700E|2 2 27COE2
19501 = fillp 2806 < 5 B rinrrs
< 2
— 11
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and

K5 2900E2 CK.s, 2
i1l 25,06 < €7 Jdej] < e s
<2 1 Ly E
= 38(12)%0F) Mo
2
= gt
and also -
W1 R {©) j
‘ j ( ]Jrl?w]Jrl) ]+1| ~ —QMJPAJ
3E;
2 T ) = 2] < 2 4.32
3E;s;
|¢j(lj+17¢j+1) - ¢j+1| < 2Mj ]2

And the strength of g4 can be estimates

sup |gj+1| < sup [gjea — fil+ sup |fj]

Dj)p; /2 Dj)p; /2 Dj)p; /2 (4 33)
2 13 '
< —FE;+E; < —F,
11 Th S 11 J

and from the Cauchy estimate we have

sup [|0%gjll = sup [[0°gj41llee < 73
(Dj)p;/4 (Dj)p; /4 10]/
Sup(D]-)ﬁj/2 ’g]'+1| (4‘34)
(hj/8)*

< 1BE;

11 pj
from which we have, for w;y := 0h;+1 = Ohj + g1,
sup [|Owjall = sup [|h; + gl < sup [|0%h] + sup (0%
(D)5, /4 (D) /4 Dj)p;/a (Dj)p; /4
13 B 13 E;
< M; + 20— M, 4+ 25— M;

11,32_ J 11 M;p?
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And now since M; < M, < 2M;, Mj < Mj+1 < 2]\%- and, by definition,
Kji1 = 12K;, we obtain
2 O

- pro1 =12}
M KT oty KT T 16

71 Y2 by = &}
2. 2Mj12T+1KT+1’ 2. 2M‘12T+1K;—+17 J+ 16
—1 n 2 Pj
> NP
2(12)T+1 {2M KTH’ 2M KTH’pJ} 2(12)7+1

pj+1 = min{

> min{

therefore, according to the definition of F;

Lj EO EO 1 j—1 1

I <
M;p7 = Mypj \ Mo 8(12)2+ 8(12)2(+D)
EO ( E(] 1 >j—1 1

Mop] Mopg 8(12)2+1) ) 8(12)2(r+1)
EO EO Jj—1 4(12)2(T+1) J
M Mopo 8(12)2(r+1)

1
sup [|Owja|| < My + 55 My =2 My (4.35)

hence
Dj)p;/a

And similarly for ||@;11]|, we have

sup [|0wjpi|| = sup [|0%h; + 92g;44 |
(Dj)p; /4 (D), /4
N 13 E;
< M; + 26—A—2 (4.36)
11p
. M. .
S M] —|— Q_JJ = Mj+1
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To estimate [|(Ow;41) ], first we compute

sup  [|0°g;+1(0%h;) || < sup||0%g;41 ]| supll(9°hy) "]

(D )pj/4
< o013 13 E; :
11 pj
13 Ey M;
-1 pE Y
if we have M; = 2M;_;, we get
_ 1
sup [[0°g541(9°hy) 7' < 5
(Dj)p, /4
and this gives us
sup [[(0%hy + 0%gj0) || < 2M; =2 My (4.37)
(Dj)p, /4
Now we define a new map
. A1) A2 -
li+1 = (Lg»_gl,bg-_gl) = j—l}l OCL)j‘D. (438)
let I' € Dy, I € (Dj),/16 be such that [I —I'| < ’1’%, then

|wjs1 (1) = w1 (IN)] = w;(I) + 0gj1(I) — w;(I") — 0gja(I')]
= |w; (1) — w;(I") + 0gj41 0wy (w; (1)) — Dgjr 0w (w;(1"))]
= |w;(I) — w;(I") 4 9gj41 0 (Ohy) " (w; (1)) — Bgjar © (Oh;) ™~ (w;

> (1= [10g551(0%hy) " lw; (1) — w;(1')]
> 1 11 |[ [,’ L
2 M, 2M;
this implies that
wis1 ((Dj)p16) 2 (wie1 (D)) 5. (3001 (4.39)
and we also have
13/11E;
sup |w; — wip1h = sup|dgj1li < n———>
D; D; pi/2
26E M] pj
"1 P2 M,
26 EoM, b
"R M
L pj

43



hence

w;i(D;) C (wi1(D))), sanry € wWirr ((Ds)p, 16) (4.40)

We explore the properties of the map 7, first

1 1
supligh (1) = 1) = sup (i () = 1}V
= SBP |(wj_+11)(1) ow;(L;) — (wj_Jrll)(l) owj1(L;)h
0 _
< My sup |wjy (1) — wii (I)| = MY, sup |91
D; D; (4.41)
(1)
< 0 13/ 260 ME,
]+1 2 J 11 A
27 Pj
_52n M;l)Ej
1L
similarly
(2)
52n M E
I;) — = I; _—— 4.42
e 2, (1) = 1P| = i (1) = 1) < T ﬁj (4.42)
and _
sup |ij11(1) = oo < Mjy1 sup  [0gj41]c0
(D), /8 (Dj)p, /8
_ SUPD;), |9+
s 238
13/111?/ (443)
< oML
393/8
L 20805
33

With this and Cauchy estimate we have

L(ij41 —id) < f D id
(Ej41 — 1 )_n0<7}gp]/8(s;l)>r|! (L1 —id)|

D), i1 (1) = Tl

<n inf
(05/%) P8 —r »
_ 81208 NLE; _ 1664n I, E, (4.44)
=588 5 - 38 2
s ME;
< 29
P
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Note by our definition, i;11(D;) = Djt1, L.e., wj(D;) = wjt1(Dj41), this indi-
cates

Dj+1 g (Dj)ﬁj/16 (445)
and moreover

(Dj+1)ﬁj+1 - (Dj)ﬁj/S

(%), (), (@), e
PO/ /o P0/ 5/ (8p0) PO/ 5/ (2p0)

(EZ)(HS] 1)/s0, We define a scaled map

On (Zit1y,

50 pi+1/po X

Wiy —id =15 ,V01:"  —id (4.47)

£0,50

and by applying the Cauchy estimate,

ID(Wj41 — id)”(%

£0 )ﬁj+1/ﬁ0 (%)(§+Sj+l)/so

< D(Wj41 —id)||  », ™
(%)pj/(spo)x(§>(§+5j/12)/50

™

1
S —H(\Ij +1 7 Zd)”
305 8 / (TJ)PJ/(QPO) <SO)(5+5J‘/6)/50

min{

8p0 1250

let A:= < ) X <ﬁ> , this can be evaluated because
70 p;/(2p0) (5+s;/6)/s0

. , 1
(W1 —id)|[a < max{ﬁ—Hfm — L1 @)l — |Isoy+1 — (L1, pj11) ] a}

< a { 1 3EJ 1 3[2J 1 3EJSJ
maxy—— y A T~ y T T~
- po 2M;p;" po 2M;p; S0 2M;p°

and then

max{ 3E; 1 3E; 1 3E;s;
. . Po 2M]pj po 2M;p;’ o 2M3p2
[ D(Wj41 — Zd)||(D;+1) () S 55, s
PO/ pi11/bo %0/ (5+s;41)/50 mln{%v 1250
3E; 3E; 3E;s; 3E; 3E; s; 3E;
max{ = e max {2 b o

po 2M;p;j° po 2M,;p;° so 2N 03

z(l;ﬁ)jv 127+1 N IIllIl{S(W)j? 12j+1}

p0 2M]p2’ po 2M; P37 S0 2M]p

m1n{8(

E; E; E; 1 1
max Ly —L —L-t.max{-—, =
< § {Mjp?.’ Mjp?’ Mjp?-} {1617 123}
= - 13 1 1
2 min{§ (51 ), o0

E; E; | (12771’
§4maX{M-J,62.’ A]Az}( - )
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And we have the following Lipschitz estimate
£(\ilj+1 — ’Ld) S 2n sup||D(\ifj+1 — Zd)”oo

E;, E; | (1271’
< 8nmax{—~L5, = < > (4.48)

J
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Now we prove theorem 1

4.2 Proof of Theorem 3

Proof. Step 1. Construction of the ”limit actions
Recall our definition of i;, we have that, for 7 > 0
A A1) ~(2) -1 .
L = (041, L) == wi o wjlp, : Dj = Djia (4.49)
and on Dy = wy (D, .r) N D, we define
lop:=1d, [j:=10jolj_10---0l, j>1 (4.50)
We first prove the uniform convergence of 7, let ¢ > j, we have
i—1 i—1 i—1
sup 5 — 5], < Zsup o1 —ul; < Zsup i1 00 —ido ], < Zsup| b1 —id) o i,
l=j Do l=j Do I=j Dg
i—1 i—1 i—1
< Zsup |41 — id], < Z sup |ig1 —id|; < Zn sup |i41 —id|
=3 (Dl)pl/8 I=j (Dl)pl/8

1 208M1El

<
- 33 p1
since the right-hand side can be very small, the uniform convergence is verified. If

l=j

we let i« — 00, the following estimates will be verified

. 208 M E,
— <
sup|L il g n33 5
=L 208 1 Ey (2(12)7+1)-
< M 2l SIE;
25 W e g /
= 208 1, . E;M;
v )
— z:" 12 (r+1)>l 3(28 ) ij
< = 208 1 1 1,
n—— -——pj
"33 2(12) ) (2n) 28,1
_ b - 1 1 bi _ <,
5 T+1)\Il— 8 4 — 1
=3 — (2(12)t D) (28n)!7 ~ 2
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We define

i:=Ilimi;, D, :=1i(Dy) (4.51)
j

and the following is alread proved
D, € (\(&5(Do))y, = [ Dy, (4.52)
J J

and if we let 7 to be equal to zero, we have that

, 208 Eo My ~— 1 1

sup i —id|; < n——

upli =i < 0= 2 Gy @y )
Ey M, '
< 8n oA 0
Po
which implies

D, € (Do)sppito /o (4.54)

With the similar method and equation (3.39) the following estimates can also
be verified

i—1
sup ]z§” - Zg-l)\l < Zsup \Zl(i)l — idW|
Do = Di

< S 52_” Ml(l)El

- I 11 Pl
by letting ¢ — co, and j = 0, we get
MV E
sup [{V —idM|; < 5= (4.55)
Do Po
and we can also prove
MPE
sup |i® — id?|, < 5n—"" (4.56)
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Let p; = 2n JQ i we have
]

L(ij41 —id) < H (1 + 1)
= exp Zlog(l + )| —1
Lj=0
< exp Zﬂj] -1
Lj=0
where
. M E MyE
> =3t <o
3
hence
MyEq MyE
L(ij41 —id) < exp {27n ?2 } —1< 2% 02 0 (4.57)
Po Po
and let 7 — oo, we have
MyE
L(7 —1id) < lim sup L(ij41 —id) < 2%n L (4.58)
I
hence on Dy, the lower and upper Lipschitz constants are
MyE MyE,
L(D)>1-2n=22 L£,(]) <1+ 2%n—2" (4.59)
Po 125
Step 2.Construction of ¢,
On Wj1 = (Dj-1)p,0 X T,
¢, :=V0---0; (4.60)

It is clear that {®} converges uniformly on W, := D, x T" C N;W;, and we call
its limit @, i.e. ® := lim;_,., ®; and define

$u(0) = (01 (60;w), v2(05w)), 0 + u(f;w)) = @ (i(w; ' (), 0) (4.61)
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note here we must make sure w € D,, ., » Nwo(D). And on D,

E._
TP —id|; < hm Z sup|\If —id)y < hm Z _k—}
1<k<j Wk 1<k<] k—1Pk—1
=2 = Mupr =32 “— Mo (8(12)2+0)E " Mopg~ po
0
<2
— Moypo

and, similarly,
I ® —id]; < hrn Z sup|\Il —id|y
1<k<j Wk
3 Ep.

< lim S 4.63
J 1%; M 1Pk-1 ( )

and
3 Er 15,
I, ® — id|; <lim Z sup|\Il(¢ —id|; < hm —Ak;sél
J 1<k<j We 1<k<j My—1pj—4
> S0 (4(12)2(T+1))k EQ )k 1 E()

3
<=y 2
~ 241, (8(12)2““))’“(1\40/3% 125 pg

(4.64)

Let Q. := wo(D) N Dy sy w € D, and [9(w) = wy ' (w) = (1P (w), I9(w)), then we
have

o1(,w) = (W) = sup L 2(i(wp ' (w)), 0) — I} (w)]
= sup [,z ( W' (w)),0) = ILi(I%(w)) + Mi(I°(w) — [ (w)]
< sgplﬂl (((wg ' (), 0) = Li(I°(w))] +sgp|Hll(I°(w)) — I}(w)]
< sup |10 — id +SBOp|H1Z—z'd| *

E, MYE
<29 45p—0 0
Mo po Po

(4.65)
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with the same computation we have

E, MPE,
v (-, w) — I(w)] < 2—"— + 5n 0 (4.66)
M()po pO
E,
(- w)| = 10+ u(0;w) — 0] = sup |MB(I(I°(w)), 0) — O] < 220
e Mo p2
(4.67)

From the above estimates, we have

T, = ¢u(T") C(Di)y gy m X T"C Dy xT"
M,

0P0 Mopg

E MyE
where r = 2-£o 2 _Eo | gy MoFo,
i p + lope + o

Similar with 7, we need to verify the Lipschitz constant of the rescaled map of
®. First we define the following rescaled domain:

D, x T2, = py ' Dy x (R/(21/50)Z )s/s0 (4.68)
and the rescaled map is defined as
®=15,P015"
= lim 1y, 0 @; 0 1 (4.69)
zhm\I/lo---o‘i/j

j
To estimate its Lipschitz constant, we define

iji=®; —id=V,0---00; —id
— B oW, —id— W, +
= (1 —id)o U, +¥; —id
:ij_lo\i/j—l—\ifj—id
and its Lipschitz constant satisfies

L(is) = L(ij-1)L(V;) + L(T; —id)

= L(i;1)L(V; —id +id) + L(V; — id)
< L(ij1) (L(¥; —id) + 1) + L(V; — id)
< L(ij-0) (L(V;y —id) + 1) (L(V; —id) + 1) + L(P;_1 —id) (L(V; — id) +

zm

k — Zd ) 1
k:l
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therefore

J

J
L(® —id) = limsup L(®; — id) < lim [ [ (£(¥y —id) + 1) — 1
J k=1

= (L(¥),—id)+1) -1
k=1
= exp Zlog (L(Vy, —id) +1)| =1 <exp [Z LTy — zd)] -1
Lk=1 k=1
< f:za (Lo Lo }( Fo 127)k1 |
ex n max —, - -
P | k=1 MO 5 MO MOP(%

note the exponent part is

o o Rl E, E, 1
8 — 197 <8 .
Z nmax{l\fcf2 }(Mop?) ) nmaX{Mo i MO/S2}1 4127

Po Mopy Po
Ey E
< 16n max{ 9 A—O}
Mops Mopj

from which we have

E,
Moﬁ” Mo}
Ey
M0 = Mop2

-1

L(d —id) < exp [1671 max{—- }

< 32nmax{—— } (4.70)

Hence ®, ®, and the map (0,w) — ¢,,(#) are bi-Lipschitz and injective.

Step 3 For any w € D, Nwo(D), T, := ¢,(T") is a Lagrangian H-invariant
torus with frequency w

Let I, € D, be an independent variable, and ¢;(Iy, 1) denote the H-flow
starting at (Io, ), we want to prove

6(D(1,,0)) = D(L,,0 + w. (L)1) (4.71)

where w,(I,) := wo(i"1(L.)).
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We try to estimate the bound of the following

|0¢(P (L, 0)) = (L, 0 + wi(L)1)] := |9 (P(Ls, 0)) — P(Ly, 0 + wi(L)t)] oo
< [@u(@(1s,0)) — & (@;(Ls, 0)) [+
+10u(®;(1s, 0)) — @;(L, 0 + w.(L)t)[+
+ | P (L, 0 + wi (L)) — (L, 0 + wi(L)1)]

by letting j — oo, due to the uniform convergence of ®; to ® on W, , we have
that as j — oo

|0e(P(1,0)) — ¢(P;(1.,0))| — 0
1B;(1,,0 + wo (1)) — ®(,, 0 + w, (L)E)] — 0

Now we have to prove that as 7 — 0

since the transformation (composition of canonical transformations) ®; is canonical
on Wj, let ¢7(I.,0) be the flow of H; = H o ®; = h; + f; starting from (I,,0), we
have

01(®;(L., 0)) = ©;(¢{(1.,0))
hence we are reduced to prove that as j — oo,
|5(67 (1, 0)) = @;(L, 0 + w. (L)1) = 0
that is
GI(L,0) — (1,0 + (L)) = 0

Indeed, let (I;(t),v;(t)) = ¢}(I.,0) be the Hj-evolution of (I.,8), then from

the Hamiltonian equation

j_j(t) = —0ypH; = =0y f;(1;(t),1;(t))
Y;i(t) = 0rH; = Orh;(1;(1)) + 01 f;(L;(1), (1))

we obtain

Li(t) =L — | 0y fi(1;(7),¢;(7))dr

23



Therefore

L(t) — L] = / O (1, (7). (7))

t
< / 10,5(1; (), 5 (7)) dr
b
Sj,1/12
1 Ey 1
t Ej_lSj_1/12

8(12)2(+1 My g
1 T By \? 1
<t Ey————
- (8(12)2(T+1)> (Mof33> ¥50/12i+1
_ 12 (B, j12tE0_>O L
as 0
= 81220 ) \MopZ) s J

which shows that |[;(¢) — I.| = 0, i.e., I;(t) = I.. And

< |51l
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[0;(t) — 0 — w (L)t = /0 Orh;(L;(T)) + Orfi(L;(7), (7)) — wa(Li)dT

< [ 1010+ 008057, 4(0)) — (1) i
< [ttt —wtldr + [ sl —n(L)jir+
+ [ oA o)

where we have

/0 |w; (1;(7)) — wj (L) |dT < tw;(1(t)) — w;(LL)]

< tsup |Ow;|sup |1;(T) — L]

<tM;sup|l;j(1) —I,| = 0as j — o0

and

¢
/ lw; (L) — wi (L) |dT < tsup |w;(1.) — wi(l)] = 0as j — 00
0

o4



since

wi (1) = wo(i™ (1))
= lijmwo(lfl(f*))

= llmwo @) wo_l OWJ(I*)
J

= lim w;(/,)
J

and also as j — o0

/O 00 £5(L (7). 05(r))ldr < 401 f5] < =0

t
Tpj-1/16
hence |;(t) — 0 — w.(L)t] = 0, i.e., ¥;(t) = 0 4+ w. (L)t

Step 4 Measure estimates

We want to prove

meas (Re(D,) x T"\K) < ¢, (meas(D\D,, ,,» x T") + meas((Re(D,)\D) x T"))
(4.72)

where D, -, = w3 (D, 1r) N Dy = 1+ (1 + 3208 max{ L, >2n and K =
Uscq. 1w First we decompose the left-hand side
meas (Re(D,) x T"\K) < meas((Re(D,)\D) x T") 4+ meas(D x T"\ K)
Note the map
i—1id: Dy — D,

is Lipschitz on Dy and verifies L(i — id) < 2%%. And we could extend this

map to a Lipschitz function with the same Lipschitz constant on (Dy),,, with
p1:=8nEM/p/(1 — 28nME/p*). We denote this new map as i, — id, clearly we
have £ (i) > 1— 2%%.

From the Lipschitz constant of the extended map i., we could conclude that
l. sends a ball with radius p; centered at I, € Dy over a ball with radius (1 —

28n%)p1 - 871%, note Sn% > supp, |¢ — id|;. Hence

Dy Cie((Do)y,)

95



Then

meas(Doy\D,) = meas(Dy\i(Dy))
= meas(Dy\i.(Dy))
< meas (ie(Re(Do)py ) \ie(Do))
< meas(i.(Re(Dy)p, \Do))
< L(Z.)"meas(Re(Dy),, \Do)
< L(2)"meas(Re(D,,)\Dy)
< L(2)" (meas(Re(D,,)\D) + meas(D\Dy))

and

meas(D\ D,) < meas(D\ Dy) + meas(Dy\ D)
< (14 L(2)")meas(D\Dy) + L(7)"meas(D,, \D)

Note the previous discussion is related to the map 7, more precisely, related to
L D*7 D07 n, ‘C(z)v D7 P1

we can repeat the above argument with

d, K =d(D, xT"), D, xT", 2n, L(®), D xT", py

where
256G+ a)
p2 - 1 32 E 1 1 (473)
— nﬁ—g maX{M, I
then
meas(D x T"\K) < (1 + £(®)*")meas(D x T\ D, x T") + L(®)*"meas((D x T™);,\D x T™)
< (14 £(D)*™)meas(D\D, x T") + L£(®)* meas((D),,\D x T™)
< (14 £(P)*™)meas(D\Dy x T") + L£(®)* meas((D),,\D x T™)

after rescaling all the sets

meas(D x T™\K) < (1 + £(®)*)meas(D\Dy x T") + L(®)* meas((D),5,\D x T™)

<
< (1 + L£(®)*)meas(D\Dy x T") + L(®)*"meas(D,\D x T")



note here we should choose p, to be such that pps <r = 2]\% +2M£ﬁ +8n%. And

finally

meas (Re(D,) x T"\K) < meas((Re(D,)\D) x T") 4+ meas(D x T"\ K)
< (1 + L£(®)*) (meas(D\Dy x T") + meas((Re(D,)\D) x T"))

]
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