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Preface

Complex networks are powerful tools to investigate real-world systems in many areas of
science, especially those of interest in Physics such as biophysical and ecological systems.
Networks can model complex systems through a convenient representation in terms of
nodes and their connections. However, we cannot always describe interactions among
elements through physically present links, such as electric power transmission links in
a power grid: in some cases, the structural features of a complex system have to be
statistically inferred by observing the time course of relevant physical quantities. That
is a well-known inverse problem which, to date, has not been yet satisfactorily solved,
although it is a very common scenario when modelling interconnected systems. Solving this
problem would allow us to characterize the macroscopic features of a networked system,
from mesoscale organization to critical behaviour.

To this aim, the goal of my thesis is to bridge the observation of collective dynamics,
in terms of multivariate time series, with the structural and functional robustness of the
underlying complex network.

Specifically, we will explore the limits of the fuzzy network approach, recently introduced,
where uncertainty about the existence of edges results in an ensemble network reconstruc-
tion. Besides being a new approach for network inference, it has not yet been used to
investigate the resilience behaviour of a complex network, both from a theoretical and
computational viewpoint.

In network science, we use percolation theory to address robustness, a key aspect in un-
derstanding systems’ macroscopic response to failures and perturbations. Our theoretical
analysis aims at extending this formalism to the case where edges are defined by an exis-
tence probability since existing techniques are only valid for physical links.

In parallel, the computational analysis considers synthetic networks and Kuramoto dy-
namics on top of them to characterize robustness through the time course of oscillator
phases far from equilibrium. By assuming no knowledge about the network behind the
Kuramoto dynamics, we first test the standard procedure where interactions are inferred
by thresholding the correlation matrix obtained from time series on each network node.
We study the limit of this method by analyzing various structural properties. We then
elude the reconstruction phase and opt for the fuzzy network approach, where we deal
with a network ensemble sampled by the probability adjacency matrix reconstructed from
the correlation one. The analysis focuses on finding the right conditions under which the



network ensemble better represents the robustness properties of the synthetic network
underneath.

In the first chapter, after briefly introducing the original Kuramoto model, we focus on
the toy model from which we extract the multivariate time series analyzed in this work.
Indeed, the first chapter provides the reader with the main properties of the stochastic
Kuramoto model on networks (SKMN). Moreover, we discuss the importance of consid-
ering all the relevant dynamical stages characteristic of the synthetic data we create. We
highlight the importance of time integration to capture the entire synchronization pro-
cess (from the transient time until stationarity) since oscillators’ phase time series are the
unique observables from which to recover network topology.

The second chapter is devoted to network topology reconstruction by thresholding pro-
cedure. That is widely used as a standard procedure to infer the network interaction
structure between dynamical units from multivariate time series. Though in the third
chapter we explore the limits of this standard reconstruction procedure, this discussion
is of central importance. Indeed, we look for the best model parameter set (coupling,
noise and time region) for which the thresholding reconstruction procedure shows the best
reconstruction.

The third chapter opens by discussing the reliability of the thresholding criterion choice
to assess the connection among units in a system. Therefore, we introduce an alternative
network inference method: the fuzzy network model. That is the main reconstruction pro-
cedure of this thesis. We discuss the random permutation (RP) and iterative amplitude
fast Fourier transform (IAFFT) methods to create the null hypothesis testing to recover
the fuzzy matrix II from the SKMN dynamics. II resembles a weighted adjacency matrix,
instead, each entry m;; defines the existence probability for the ¢j link in the network.
After computing II, in the last chapter, we focus on the probabilistic perspective of this
approach. All the network descriptors must be re-defined as random variables since they
reflect the uncertainty about edge existence. Therefore, we can define the fuzzy counter-
part of some basic structural descriptors as the node excess degree distribution. Finally,
we focus on the robustness problem. After extending the theory of percolation to fuzzy
networks, we want to assess whether the reconstructed network resilience properties are
representative of the synthetic network underneath the SKMN model.



Chapter 1

Modelling dynamical processes on
complex networks

Networks are powerful tools for studying real-world systems in many areas. Networks of
citations between papers, power grids, social networks, human transportation, brain neu-
ral structure or earth climate are some examples of a vast range of systems we can model
through network tool.

Networks can model real systems through a convenient representation in terms of nodes
and edges. Nodes individuate the many units that make up the analyzed system whereas
edges individuate relationships or interactions among them.

In the following, networks and graphs are synonyms: we use the word graph to refer to
the abstract mathematical concept, while network mainly concerns real system modelling.
Both terms can be used without distinctions, however, we state a clear preference over the
term network.

Network theory has its roots in Graph theory which dates back to Euler’s famous Konigs-
berg bridge problem [1]; since then it has become a relevant interdisciplinary topic, per-
vading many fields from sociology to communication from physics and biology. In the
past few years, the availability of large amounts of data and a considerable increase in
computing power has given a new empirically driven momentum to such an attractive and
powerful theoretical framework.

1.1 Basic introduction to networks

Most of the basic theoretical tools introduced to describe and analyze real-world networks
come from graph theory. An undirected (directed) graph G = (N, E) is a collection of N
nodes linked by E edges. We represent each edge in our network as an unordered (ordered)
pairs of distinct vertices, so that e;; € £ C N x N (where ¢ and j both belong to IV set).
A network that has neither self-edges (e;; = 0, Vi € V) nor multiple edges (multiple
definitions for e;;) is called a simple network or simple graph. A network with multiple

3



4 1.1. BASIC INTRODUCTION TO NETWORKS

edges is called a multi-graph.
A simple graph is completely determined by the (N, E) collection and this information
can be written in the following matrix form:

ail . Q1N
A= Lo : (1.1)
aNit ... QNN

A, the adjacency matriz, is the uniquely related to each graph G = (N, E). A € M(N x
N, Z) records each link between node i to node j with 1 in the i-th row and the j-th
column; 0 if the link is not present.

1 if eij € FE
a;; = 1.2
" { 0 otherwise. (12)

Networks with symmetric A are undirected otherwise they are directed. Self-edges, also
called loops, contribute to a one to the main diagonal entries. Moreover, we can take into
account multiple edges by substituting the 1 value in (1.2) with the opportune multiplicity
mij

This basic mathematical structure can be complicated in many ways: e.g. real numbers
can be attached to each edge. Then, we can write a;; = w;;: that is the weighted adjacency
matrix.

With the help of the adjacency matrix we can define many important properties of a
network. Newman’s Networks: An Introduction [2] offers a clear exposition of common
classes of graphs and their properties.Let us introduce some of them.

The number of edges |E| can be recovered as |[E| = 3 Y, > Qij-

The degree k; of i-th node is the number of nodes to which i is connected to.

ki = Zai_j = Zajia (1.3)
J J

for an undirected graph. If G is directed the in-degree k;" is the number of i’s in-coming
edges, while the out-degree k?"' counts its out-going edges.

kin = Z aji and ko = Z ajj. (1.4)
J J

An important property of networks is the mean vertex degree, which stands for the average
number of neighbours of a generic node in G.

>iki _ 2|E|
ky=="—= .
(k) = = N
Then, we define the network connectance (sparsity or density) as the fraction of edges to
all possible links between N vertices:

(1.5)

_ 12l

(3)

p (1.6)
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To conclude the list of most important properties, we introduce the concept of path, a
sequence of edges connecting two nodes and its length is the number of edges traversed in
the path. A component (connected component Cg is a subgraph of G, where each vertex
i € Cg C€ N can be reached bu all other vertices j € Cg following paths running along
edges. We summarize the main properties in Figure 1.1.
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Figure 1.1: (a) The simple network model that represents the pattern of connections (edges)
between neural units (nodes). In figure are also shown more sophisticated network models such as
weighted graphs, graphs with explicit functional forms for their dynamics or multi-layer networks.
(b) Common measures of interest in a network G. Image from [3].
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1.2 Introduction to dynamics on networks

Network theory has recently become of interest to investigate empirical systems in many
areas of science. Indeed, it provides a modern and powerful tool in complex systems anal-
ysis, to better understand their behaviour with the help of network modelization. One key
question is how to turn the modelling results into conclusions or predictions about how
the overall system behaves.

The statistical analysis revealing the underlying principles of highly complex topological
structures is only one step towards this kind of understanding. On top of that, another
relevant issue is to highlight the interplay between structure and function (Figure 1.2).
Let us consider, for instance, the extreme importance of the combination of those two
characteristics in the study of the human brain [4,5] or in the new insights for the stability
analysis of the climate system [6,7].
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Figure 1.2: (a) Three dimensions of network model types. The human brain network. The image
highlights the first dimension in green: (b) the network theory representation of the brain from
data to graph modelling. In blue (c) the before-mentioned interplay between structure and function
which allows us to acknowledge how connectomes work by looking for example at EEG time
series. In red (d) the third dimension, we do not discuss, extends network model from elementary
descriptions to coarse-grained approximations. Image from [3]

Nowadays, studying the emergence of collective dynamics in complex networks has in-
creased the attention to relating the dynamics of a network to its topology and local
properties. Recent studies show that dynamical processes, like network synchronization,
one focus of this work, are strongly influenced by the structure of the underlying net-
work [8-10]. Furthermore, in many realistic systems, dynamics feedback can reshape the
network topology, but this is far beyond the goal of this work, although absolutely fasci-
nating.

In this thesis work, we will focus on the interplay between network structure and dynamics.
To be more specific, in this first chapter, we will mainly deal with the stochastic Kuramoto
model, the dynamics we choose to study on top of various synthetic networks.
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A generic complex system is composed of non linearly interacting, many N components.
Each i-th system unit can be generally described by one or more physical observables
which define its own state. Let x; denote this internal D-dimensional state, then x;(t) =
[mgl)(t), 562(2) (t), ..y xED) (t)]T € RP is its complete notation at time ¢.

The general evolution of the state is governed by a system of N differential equations:

N
x;(t) = fi(xi(t)) + ZAijgij(mi(t)a xj(t)) + Ii(t) + &(1) (1.7)
j=1
where 4,7 € {1,2,...,N}; f, : R® = RP and gij RP x RP — RP, respectively, define the
intrinsic and interaction dynamics of the D-dimensional units.
The function I;(t) represents external drivers, whereas &;(t) stands for the stochastic term
due to noise, be it additive or multiplicative [11].
Indeed, eq. (1.7) is a system of N stochastic differential equations (SDE). Two dif-
ferent components contribute to the system’s evolution: the generally non-linear and
time-dependent drift term and the volatility component. The drift term is identified
by the nonlinear function f, g and I. For each d € [0,1,...,D], the second term

5-(d)(t) = (D (t))dW;(t)/dt introduces a stochastic contribution, where W(@(t) is a

(2
N-dimensional Wiener process with the following constraints:

(€DWEDE)T) = 2eLnd(t ~ ¢) and T2 () D@D (1)) = D@ D@).  (18)

Here € represents a non-negative numerical constant taking into account noise strength.
Referring to ¥ matrix, the random noise can be additive or multiplicative considering or
not the (@ dependence.

Last but not least for our analysis, the term A;; defines the interaction topology in terms
of the adjacency matrix A, such that A;; = 1 if there is a direct physical interaction from
the unit j to 7 and A;; = 0 otherwise.

Adjacency matrix univocally defines a network, which is an abstraction used to model a
system that contains discrete, interconnected elements. In network modelling, nodes (also
called vertices) individuate interacting units in the system, whereas the interconnections
are represented by edges (links).

Let us now consider a specific realization of eq. (1.7), where the i-th unit is one of N
oscillators in a system and its unique internal state is its phase. The drift term contains
both an intrinsic but trivial contribution given by i-th oscillator’s natural frequency and
an interaction term considering a complex topology. At last, our dynamics model includes
an additive noise term. This is the stochastic Kuramoto model on network, but first let
us introduce the original Kuramoto case.

1.3 Introduction to Kuramoto model

Kuramoto model [12] takes part in the mathematical approaches to tackle the problem of
collective synchronization. It models a system made up of oscillators, which exert a phase-
dependent influence on the others. Such a system shows an equilibrium phase transition.
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If the coupling is too weak compared to the natural frequencies of the oscillators, the
system behaves incoherently as oscillators cannot synchronize. However, all oscillators
constantly evolve in the phase space into synchrony when the coupling is strong enough.
Kuramoto proposed the following governing equations for each oscillator phase 6; in the
system:

0;(t) = w; + % 3 sin(6i(t) - 6;(1)) (1.9)
j=1

where ¢ is the coupling strength among oscillators and w; is the natural frequency of the
i-th oscillator. The frequencies w; are distributed according to some function g(w), which
is usually assumed to be unimodal and symmetric about its mean frequency. The factor
1/N is included to ensure the good behaviour of the model in the thermodynamic limit.

0.

The macroscopic phase coherence r(t) describes the collective '

dynamics of the whole population of our problem, moreover,
it is the order parameter linked to the phase transition Ku-
ramoto system shows at varying coupling (Figure 1.3). The
concept of the order parameter is very useful for a quantita-
tive theory of phase transitions, in general, and critical phe-
nomena, in particular [14,15]. It consists of a characteristic
(macroscopic) quantity (r~) of the system assuming values
different from zero above a threshold (critic) parameter (o) Figure 1.3: Geometric inter-
and being zero otherwise (Figure 1.4). When symmetry is pretation of the order param-
broken by lowering the coupling strength below o, this spe- eter (1.10). The phases 0;
cial quantity will be linked to that symmetry. In other words, 2ar¢ plotted on the unit circle.

this quantity measures the degree of order/synchronization in Their centroid is given by the
complex number re*¥, shown
the system.

as an arrow. Image from [13].
. 1 < .
r(t)e® = N Z e (®) (1.10)
j=1

where 1 (t) is the average phase. The module of r(¢) ranges in 0 < r(¢) < 1, the two limits
r(t) ~ 0 and r(t) ~ 1 respectively describe the condition in which all the oscillators are
either phase locked or move incoherently.

Manipulation of eq. (1.9) and eq. (1.10) allows for an analytical treatment in terms of the
mean field approach.

r(t) sin(u(t) — 6i(t)) = % 3 et (1.11)
=1

0;(t) = w; + or(t) sin(y(t) — 6;(t)) (1.12)
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Mean field approach analytical treatment operates in equation (1.12) as each oscillator
interacts with all the others only through the global quantities r(¢) and ¢ (¢). The oscillator
phase is indeed the result of its intrinsic natural frequency w;, besides second term in eq.
(1.12) provides the most relavant and interesting contribution. The factor r(¢) provides a
positive feedback loop: as r(t) increases the collective dynamics becomes more coherent,
resulting in strengthening the interconnection between the oscillators and including more
and more of them in the “coherent pack”.

Moreover, we calculate the critical coupling o, by looking for steady solutions of eq. (1.12).
Stationarity is then recovered at the lim; .o, and allows for the assumption r(¢) and v (¢)
being constant. Without loss of generality, we can set ©» = 0, therefore going in the
so-called co-moving reference frame. This transformation leads to the equations of mo-
tion [12,16]:

HZZWZ—O'TSIH(HJ (l: ]-77N) . (113)

o, o

Figure 1.4: Dependence of the steady-state coherence r., on the coupling strength o. Image
from [13].

When the coupling is larger than the critical value, o., the solution of eq. (1.13) contem-
plates two different types of long-term behaviour for oscillators in the system, depending
on the size of |w;| relative to or. Numerical simulations of the model verified the following
results. Oscillators for which |w;| < or, approach a stable fixed point defined implicitly
by:

w; = orsinb;, (1.14)

These oscillators belong to a phase-locked bulk at frequency 2 in the original frame. The
remaining oscillators, subject to |w;| > or, drift around the circle, sometimes accelerating
and sometimes rotating at lower frequencies.

The following self-consistent equation can be derived for r, by imposing that drifting
oscillators follow some stationary distribution [13],

r= ar/2 (cos2 0) g(w)do, (1.15)

_
2



10 1.4. STOCHASTIC KURAMOTO MODEL ON NETWORK

where w = orsin (f). This equation admits a non-trivial solution, beyond which r > 0.

(1.16)

Expression in eq. (1.16) is the value of critical coupling at the onset of synchronization.
Moreover, near the onset of synchronization, the order parameter, r, obeys the following
law,

re~(o—o.)" (1.17)

with 8 = 1/2. Indeed, it turns out that /3 critical exponent gives much deeper information
than the critical coupling o, itself [17]. The reason is that the latter significantly relies on
the microscopic details of the system, while the exponents are, in a certain sense, universal
as they depend only on a few fundamental parameters. This introduces us to the beautiful
concept of universality [18].

The Kuramoto model (KM, from now on) approach to synchronization was a breakthrough
for understanding synchronization in large populations of oscillators.

However, when dealing with more realistic cases, e.g. for finite populations of oscillators or
including some noise term, analytical attempts show unsolved problems and rise questions
regarding global stability results [19]. In what follows, we introduce noise term and a
non-trivial connection topology [2].

1.4 Stochastic Kuramoto model on network

In the following we reformulate the governing equations in the Kuramoto model to include
both noise and some connectivity different from the complete-graph topology involved in
the original KM in eq. (1.9).

The dynamics of the stochastic Kuramoto model on network (SKMN) is then described
by:

N
0:(t) = wi + - D Aijsin(8;(t) - 0:(1)) + &(t) (1.18)
1 j=1

where A;; takes into account the new complex topology , the coupling is normalized on
the node degree k; as prescripted in section 3.1.2. in [20]: the inclusion of weights in the
interaction impose a dynamic homogeneity that masks the real topological hetereogeneity
of the network. The stochastic part of eq. (1.18) involves some additive Gaussian noise,
as

&) =0 and (&1)E(t)) = 2ed;0(t —t). (1.19)

We introduce the noise term in our model in order to make it more realistic. Moreover, the
stochastic term dampens the phase oscillator synchronization, as it could be problematic
in order to reconstructing the topology.
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1.4.1 Comments on SKMN and computational implications

After having introduced the SKMN, we remind that, in the next two chapters, we want
to recover the system’s topology from Kuramoto collective dynamics.

As phase time series from IV oscillators are the unique observables from which to recover
such relevant information, we must be very attentive to the different parameters involved
in the SKMN.

First, we notice that coupling o and noise intensity € are two competing parameters.

An increase in ¢ implies that the oscillator’s phases in the systems synchronize quickly.
Viceversa, a noise intensity increase makes the synchronization less stable and slower.
Besides influencing the time at which the collective dynamic synchronizes, both features
affect the collective amount of synchronization in the system. Indeed, the global order
parameter r shows a critical transition in varying the coupling, but it is also partially
conditioned to the stochastic term of SDE eq. (1.18).

N
r(t)e O = % S ettt (1.20)
j=1

From previous considerations on quicker and slower dynamic responses to varying param-
eters, let us consider T, the total integration time of the SDE.

In fact, T is a crucial feature of time series analysis. As we are dealing with the Kuramoto
model, we want to set 1" long enough to capture the entire synchronization process, from
incoherence to coherence (see both panels in Figure 1.5). Then, the integration time set-
ting must consider both the time transient, in which oscillators are still decoupled and
random (e.g. low r(t) in Figure 1.5B, and the stationary state, where synchronization of
the system reaches its maximum strength.

Using different T' times in the Kuramoto processes has two relevant computational impli-
cations, involving the algorithm to integrate the SDE.

In this regard, we here present the computational integration method we opt for in this
work, which is the Euler-Marujama (E-J) scheme [21].

We know that the E-J algorithm is more accurate and stable in integrating a general SDE,
more the infinitesimal integration interval dt is small.

This implies that:

e Whenever we are dealing with low coupling, we choose dt slightly higher to avoid
long computational times, but meantime such that not to nullify Euler-Marujama
precision.

o We pay attention to having sufficiently “dense” time series.
If 0;(t) = [6;(0), 0;(dt), ..., 0;(T — dt), 6;(T)] is the considered time series we want the
components to be numerous enough to compute a meaningful correlation matrix.
Correlation matrix is one of the main component for the network inference we will
deal with in the next chapters.

The following table specifies the time integration 7" and dt interval which must be chosen
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to obtain a meaningful collective dynamics from SKMN eq. (1.18) on the chosen network.

o ‘ 1.5 1.75 2 2.5 3 3.5 7 11 15
E-RT 60 50 40 25 22.5 20 ) 4 3
B-AT | 625 525 425 26 23.5 225 7 4 3
W-ST | 65 55 45 30 27.5 25 10 ) 4

dt 0.001 0.001 0.001 0.001 0.001 0.001 0.00025 0.00025 0.0001

Table 1.1: dt and T values for integrating eq. (1.18) depending on the coupling and network chosen.
E-R stands for Erdos-Renyi, B-A is the Barabasi-Albert model and W-S is Watts-Strogatz. All
networks have similar average degree equal to ~ 12.

We notice that the time integration T depends mainly on the chosen coupling strength o.
Moreover, we highlight the fact that 7" is chosen such that the dynamics reaches its steady
state (7o) more or less when t — T'/2 (obviously for o > o).

We then report some graphs validating the fact that the entire synchronization process is
captured.

0=1.75,¢=0.01 _\_.(,.-w., o~
0.67 — r(e), k=1,...,Ng & 0.8 e
gos| A\ ol
QY. [
-+~ "w. \ "’ \ -+
v A’ " IR s\w‘! g0.6
£ 0.4 ‘,\ g
g ‘1‘ 4“1' ' t»" "’ g
503 "}r ‘\ ‘ ' , (| 504
T A\\ . ‘ y ‘\l, " /\' B
g02 ’ m , S
= »z/ ‘ \ In AN \ !" =0.2 0=2.5,£=0.01
0.1} f — R, k=1,..., Ni¢
0.0 0.0 — /)
0 10 20 30 40 50 0 5 10 15 20 25

Time Time

Figure 1.5: The soft coloured lines represent the global order parameter r(k)(t), where superscript
(k) individuates the k-th process in the noise ensemble {(r(’“)(t))}k:[m’m,]\/“}, N,y = 20. Instead,
the solid black line is 7(t) the average synchronization parameter. Both panels show the order
parameter derived from SKMN on Erdos-Renyi network ({k) ~ 12) and € = 0.01, however (A) has
o = 1.75, whereas (B) o = 2.5, integration time 7" and time interval dt are choosen such that ehe
entire synchronization process is captured (see Table 1.1).

From Figure 1.5, we highlight the presence of two panels. The introduction of noise in
SKMN dynamics forces us to consider some statistical ensemble of synchronization dy-
namics processes with equal parameters; we then change the noise seed and the initial
conditions both on 6;(0), the initial phases of the oscillators, and w;, their natural fre-
quencies.

The soft coloured lines represent the global order parameter r(k)(t), where superscript (*)
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individuates the k-th process in the noise ensemble {(r(*) () }r=1,2,....N,- Instead, the
solid black line is 7(t), the average synchronization parameter.

a1 )
m(t) =+ > ) (1.21)
=1

To have a significant ensemble but small enough not to have a computationally expensive
algorithm, we consider an ensemble of N;; = 20 processes for each noise intensity and
coupling.

That is an arbitrary choice but allows us to determine whether or not the average syn-
chronization process reaches stationarity.

1.5 Computational results

In the previous section, we describe the main characteristics of the SKMN, introduce
the computational scheme to integrate its SDE (1.18) and highlight the importance of
capturing the entire synchronization process to implement a fair analysis of our model.
In the following discussion, we focus on how the two main parameters coupling ¢ and
noise intensity e affect the dynamics.

Specifically, we aim to recover the landscape, which describes the stationary lim;_,o, 7 (%)
macroscopic complex order parameter in eq.(1.22), as a function of the two free parameters
of model (1.18): € and o.

©c o
> 0 o

©c o
W

r(t) order parameter

o
[N

0=2.5,£=0.01

— (1)

— Fe

e
i

0 5 10 15 20 25
Time

Figure 1.6: Synchronization process on an Erdos-Renyi network of 256 nodes ({k) ~ 12), with
€ = 0.01 and o = 2.5, T=25 and dt=0.001.

For a fixed network topology, we calculate the stationary ro, global order parameter by
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looking at the synchronization process in Figure 1.6.

Following what we learned in section 1.4.1, we fix the coupling and the noise and set
T the total time of the process long enough to capture the synchronization process, on
average. The fact we are looking to the average synchronization process is due to the fact
that we are working with a stochastic model. Indeed, we must consider the average order
parameter 7(¢) in eq. (1.21) due to the noise ensemble N;; we introduced above.

Fixing coupling and noise, we iterate the process for V; = 20 times by changing the noise
seed and the initial conditions both on 6;(0), the initial phases of the oscillators and w;,
their natural frequencies.

N.B.: 6;(0) are extracted from a uniform distribution U,y where [a,b] = [-2m,27],
whereas w; come from a normal distribution N(0,1). Both distributions do not affect the
Kuramoto model; specifically, the w; distribution only affects how the critical threshold
coupling is approached and not the value itself.

Therefore to calculate ro, we work with 7(¢) quantity defined in eq. (1.21). In the example
in Figure 1.6, the image represents the averaged order parameter 7(t) at various instants
in time. We are left with a process of Nyteps = %; we average over the final 2000 steps
(red part of the plot in Figure 1.6) to find the stationary r, parameter.

In the following we present the results for various network typologies.

ER network
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Figure 1.7: (A) Landscape representing the order parameter r, at stationary conditions, by varying
the two main parameters of SKMN dynamics, that are noise intensity € and coupling strength o.
The network underneath the model is the Erdos-Renyi with (k) ~ 12. Pay attention to the
log10 scale in noise intensity axis, (B) 2-dimensional reproduction of results in panel A.

We want to reproduce the results of the following landscape as they show a non-trivial
behaviour. We hope that some formula can analytically fit this landscape and, specifically,
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we would like to reproduce the behaviour of the critical coupling o. as a noise function.
The fact the transition is smooth (see Figure 1.7B) rather than having the theoretical
form in Figure 1.4 is due to finite-size effect and to the role of noise in giving a realistic
taste to the model [19].
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Figure 1.8: (A) Landscape representing the order parameter r, at stationary conditions, by varying
€ and o in the SKMN dynamics. The network underneath the model is the Barabasi-Albert with
(k) ~ 12. (B) 2-dimensional reproduction of results in panel A.
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Figure 1.9: (A) Landscape representing the order parameter r, at stationary conditions, by varying
€ and o in the SKMN dynamics. The network underneath the model is the Watts-Strogatz with
(k) ~12. (B) 2-dimensional reproduction of results in panel A.
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1.5.1 Future research perspectives

At the end of previous paragraph we obtain three different landscapes (see Figure 1.7,
1.8 and 1.9), each for a different typology of synthetic network. Each image show a very
interesting result about the dependence of 7+, on both o and €. Indeed, the 7 (0, €) is not
trivial and it seems to show a metacritical point.

Moreover the landscape reflects what said before, paragraph 1.4.1, about the competition
between the coupling and the noise intensity. For each noise intensity, we explore different
types of coupling: from values which not cause synchronization, to coupling at the critical
threshold and above.

To recover an analytical behaviour of landscapes in Figures 1.7, the idea is to follow an
approach similar to Arenas [20] (from eq.(25) to eq.(29)) to have some analytical insights on
the critical coupling dependence both on network topology and noise (the last parameter
is not included in the approach by Arenas).

Instead of defining a global order parameter, the one used in the fully connected original
KM

N
. 1 .
r(t)e*® = ~ Z e0i(®), (1.22)
7j=1
we define a local order parameter:
‘ 1 X ,
T; (t + dt)ewi(t+dt) = T Z Az‘jelej (t); (1.23)
7 =1

As we will look for the order parameter in stationary conditions the previous equation
reduces to:

. 1 .
T‘Z‘elgi = — Z Aijewj. (1.24)

A new global order parameter to measure the macroscopic coherence is readily introduced
as:

re'® = rieti (1.25)

Moreover from eq. (1.25) we find that » ~ r; as in the fully synchronized state we have a
uniformly rotating one cluster state where ¢ =6 =605 = ... = Oy.

If we take into account ansatz in eq. (1.25), we have that at steady state each node is
coupled to a local field (r;) that is equal to the global one (r). Here ¢ is the global phase
and at the steady state 6’1 = 92 =..= 9]\/ = 0. Then:

. 1 .
re'® = — Z At (1.26)
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By observing that:

rcos(¢p—0;) rsin(}(\ﬁ*ai)
1 o 1 o RS
rei(6—0:) - Z -5 Z ij €08 (60 — 0) +i 1 > Agsin (0, — 6;). (1.27)
= j=1 ' =1
Substituting in eq.(1.18), we obtain
0; = w; — orsin (6; — ¢) + &(1) (1.28)

Close to the (meta)stable state: 6; ~ ¢ — sin(¢p — 6;) ~ ¢ — 6;, then:
0; = wi — or(0; — @) + &(t) (1.29)
By introducing ; = 6 — 6; we obtain:
)i = —w; — orh; — &(t) (1.30)

As a future step, we can solve the analytical quest of o, as function of the network topology
and noise by noticing that this is a set of N decoupled Langevin equations.

In the following chapter, we aim to review the thresholding procedure for ad-hoc time se-
ries. Indeed, we analyze data from the SKMN dynamics to infer the topology underneath,
which we assume to be “unknown”.
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Chapter 2

Network reconstruction from
thresholding

In the previous chapter, we discussed the main features of the stochastic Kuramoto model
on a network (SKMN). In the following discussion, we aim to review the thresholding
procedure for ad-hoc time series. Indeed, we analyze data from the SKMN dynamics to
infer the topology underneath, which we assume to be “unknown”.

We explore the results for the Erdos-Renyi model [2]. We try to address the topological
reconstruction from the most general viewpoint by considering several values of the pa-
rameters involved in the SKMN model. Our goal is to find the best parameters set for
which the thresholding reconstruction procedure shows the best reconstruction.

Network science is concerned with understanding and modelling the behaviour of intercon-
nected systems. The analysis of these systems in terms of networks has recently become
a relevant interdisciplinary topic, which provides a modern tool to study spatial and tem-
poral data. Synthetic or observational data are a starting point for many developments
in the field, especially when dealing with network inference, whose aim is to solve the
following inverse problem [24,25]: from information about the dynamics, reconstruct the
network of interactions.

In Figure 2.1 [26], we illustrate the procedure to inference network topology from indirect
measurements (incomplete and erroneous networks, time series dynamics and proximity
events) coming from some unknown underlying network structure.

Usually, the dynamics is individuated by the vector s(x(t)), a N-dimensional multivariate
time series of measured observables from an empirical system. Since we cannot always
take into account all the details of such system, s(x(t)) is a function of x(t), described by
eq. (1.7). In many cases, the reconstruction problem relies solely on the s(xz(¢)). However,
in the following chapter, we will deal with synthetic x(¢) derived by the SKMN to cope
with the topology reconstruction problem.

19
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Figure 2.1: The figure from [26] shows how to infer the network topology from the observational
data knowledge. An unknown interconnected system, an network of interactions A, gives us a
result some kind of observational data D. In this work we deal with the collective noisy dynamics
(central picture). Inference reconstruction reminds us to recognize that the data D is the result
of measurement process P(D]A) that is conditioned on the unseen network, but is to some extent
unavoidably decoupled from it. To estimate the underlying network, we need to perform an in-
ferential step P(A|D), which needs to include our modelling assumptions about how the network
and the data are generated. This results in A, which will have an uncertainty that reflects the
experimental design, accuracy of the measurements and overall feasibility of the particular recon-

struction problem.
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State of the art in literature provides many different methods to infer the network in-
teraction structure between dynamical units from multivariate time series. Besides, the
most widely used procedure is the standard thresholding one. This method consists of
the computation of an appropriate statistical similarity measure (SSM) to quantify in-
terdependencies between nodes. We typically measure pairwise correlations or statistical
causality between network vertices time series and then apply a criterion to decide whether
the measured interaction is significant or not. Therefore, we discard values below a chosen
threshold such that an edge is assigned only between units whose interaction is sufficiently
strong. In this thesis, we choose as SSM the Pearson correlation coefficient, CC.

In statistics, Pearson’s r, also known as the correlation coefficient, is a measure of linear
correlation between two sets of data, let us say X and Y. The general definition provides
the following formula. We denote Pearson correlation coefficient as CCx y:

cov(X,Y)

CCxy =
0X0y

(2.1)
CCxy is essentially a normalized measurement of the covariance, the ratio between the
covariance of two variables and the product of their standard deviations

As we will deal with time series s;(¢) data, the previous definition eq.(2.1) must include
some temporal parameter. From now on, the correlation coefficient is specified as CCj;(7):

_ cov[si(t)s;(t+ )]

Os;(t)0s;(t+7)

CCZ‘J’(T) = CC(Si(t),Sj<t+T))

(
g (silt) = 5:)(s5(t +7) — ;)

VS (st — 5P S (sl ) — )

What differentiates the time series formulation of Pearson’s coefficient eq (2.2), from the
general one in eq (2.1) is, as anticipated, the temporal parameter.

Indeed, the correlation measure depends on 7: this relevant quantity reflects the time lag
between two time series.

For the sake of simplicity, we take 7 = 0, because it is computationally easier to calculate.
Moreover, our analysis will deal with synchronization dynamics whose time lag 7 would
be, anyway, near to the zero value. We drop out the 7 notation in CCjy;(7) considering
the time-lag as 7 = 0, if not differently specified.

(2.2)

2.1 Thresholding recontruction methods

Now, let us introduce the thresholding reconstruction procedure. We denote with 0;(t)
notation the time series linked to the ¢-th vertex of a generic N nodes network, G.

Since in the following we will deal with synthetic time series, we consider some statistical
ensemble to add information to gain a better reconstruction. Therefore, we analyze the

ensemble {{Hz(t)}gé)c, {01(’5)}1(?@ ey {Hz(t)}l(]evg)} where the N;; ensemble is due to a noise
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term we introduce in our toy model dynamics. Here, we propose two methods to recon-
struct the network of interactions from information about the dynamics, {6;(t)}i=1,.. n: let
us call them Before Reconstruction (BR) and After Reconstruction (AR) meth-
ods.

Both procedures involve the noise statistical ensemble, where we take into account Ny
processes, {{Ql(t)}gé)cy, {Hl(t)}gé)@ o {0i(t )}Elevg

However, the actual reconstruction, where we discard values below a chosen threshold to

recover the interaction matrix! AU , takes place at different steps in the two methods.

Once we have the {Gi(t)}z('ec time series, where (¥) individuates the k-th element in the
noise ensemble, we first choose a statistical similarity measure, the correlation coefficient
matrix (CC) to quantify interdependencies between pairs of time series.

In the BR-Method, for each k in the noise ensemble, we consider all the {#;(¢)}®*) time
series in the network. We compute the correlation matrix CCZ-(;C) for each pair (i,7) time
series. Hence, we obtain N;; correlation matrices, we averaged them and use the mean
correlation matrix @ij = ” CC (k) /Ni: to obtain the inferred network from thresh-
olding. The BR-Method allows for the reconstruction of a unique network Aij starting

with the N;; processes in ensemble.

Whereas in AR-Method for each {6;(t)}(¥) time series we compute the correlation matrix
C’C’( ). Therefore we reconstruct a graph A( ) by thresholding each C’C ) From the size
N;; ensemble {AAR} = {A } we recover the different topological propertles that are

then averaged.
In the following scheme we summarize the thresholding procedure for both methods:

BR-Method AR-Method
o ) .
CCy = Y CC) Ny {CCy YR = (CCPY i, i
Varal k
At =0(CC; = W) {Ai AR = {6(CCY — W)}, v,

where © is the Heaviside function ©(x) := 1,50 and W is the chosen thresholding criterion.

From the adjacency matrix ABR, we can recover all the topological properties to compare

the unique reconstructed network with the original one. Whereas from {4;;}*F ensemble
we derive an ensemble of topological properties to average and compare with the ones of

the original network G.

IThe apex *F stands for the fact that A;‘JR is the reconstructed adjacency matrix instead of the original
one linked to the G network.
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2.1.1 On the sparsity thresholding condition

Now, let us specify the chosen thresholding criterion W to decide whether the measured
interaction C'Cj; is significant or not.

At =0(0C; —W) (2.3)

The thresholding procedure is chosen such that the network reconstructed has the same
number of links of the original network G.
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Figure 2.2: Results from [27]. Allometric scaling v parameter for edges size |E| calculated for
different types of networks. The legend on the right shows the area of interest of various networks,
which involve several systems from Economics, to Transportation or Biology. It is interesting how
~s from different systems are concentrated around a unique value. (y) = 1.04 4 0.36.

Recent studies [28,29] have revealed that many real networks are sparse, i.e the percentage
of active interactions is inversely proportional to the system size. Sparsity condition is
individuated by the fraction of edges in a network |E| respect to the all possible links,
which are (g ), if N is the number of nodes. Then the sparsity (density) p is:

P= J\fé'vE—| 1) 24)
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The analysis of about 500 various types of networks (Figure 2.2) confirms literature’s
results on sparsity and computes an average behaviour for the edge’s number.

|E| ~ N7 (y)=1.04+0.36 (2.5)

The result of a unique + is very interesting since it implies that many real-systems follow
some optimization law to assess the connection among units, which obviously reflects in
systems’ stability, explorability, and efficiency.

Though the outcome is worthy of further analysis, we use it to threshold the network to
impose the realistic sparsity ansatz. Therefore as the original synthetic network is already
sparse, we want the reconstructed network to have the same number of links.

2.1.2 Time interval subdivision

Moreover, whether the thresholding procedure analysis deals with the BR-Method or with
the AR-Method, we both consider the whole time series {6;(t)}i=1,.. n, or we divide them
into subsequential intervals to further investigate the dynamics at different times [30].
The following Figure 2.3 makes our procedure clearer.
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Figure 2.3: Time interval subdivision.

As shown in Figure 2.3 our time series are divided into subsequential time intervals, interval
d, to infer the topology network by use of both BR or AR thresholding method. If 6;(¢)
goes from 0 to T', we divide [0,T] interval into Ny sub-intervals: then each interval d is
individuated by [tg—1,tq], where d=1,...,Ng (to =0 and ty, =T).

Indeed, for each interval d we use the “cut” time series 05"(¢) with ¢ € [tq_1,tq]. Therefore,
we find the correlation matrix CCj; from the time series (i,j) pairs restricted to the
t € [tg—1,tq] interval and proceed to network inference by thresholding as usual. The time
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interval subdivision procedure allows to individuate different time region of the collective
dynamics. If we refer to the SKMN synchronization problem we will deal with, we find
that for interval d with d < 3 there is no synchronization since phases are random; when
d € [3 — 5] dynamics starts to synchronize due to coupling o; finally for d > 5 dynamics
reaches equilibrium. That is a consequence of the time integration 7" we set in Table 1.1.
Then, the analysis of network inference restricted to interval d allows us to find an optimal
dynamics time region for reconstruction.

2.2 Assesing the quality of reconstructed networks

In the previous pages we discuss the thresholding reconstruction methods (BR and AR),
the statistical similarity measure (CC) and the thresholding criterion (sparsity ansatz).
Now, we can proceed analyzing data from the stochastic Kuramoto model on a network
(SKMN) to infer the topology underneath, which we assume to be “unknown”. We explore
the results for the Erdos-Renyi model [2].

The synthetic Erdos-Renyi case
We here report the equation of the SKMN dynamics:
N
f; = w; + ]_% z; Ay sin(0; — 0;) + &(t) (2.6)
j=

In the following section, we deal with the SKMN on the synthetic Erdos-Renyi network,
which parameters are specified by the following table

Network ‘ degree < k > ‘ spars. p ‘ avg path length [ ‘ assort. Tam ‘ clust. C
Erdos-Renyi | ~ 1265 | 0.05 | 2.46 | 0034 | 0.048

Now we want to assess the quality of network reconstruction by thresholding procedure by
looking at specific parameters’ for the SKMN. To do that, we use the results obtained in
previous chapter about the order parameter 7, at stationary conditions (Figure 2.4). We
notice the o and e parameters individuate three relevant regions depending on whether or
not the synchronization is present and on its strength:

e Before synchronization, the bluish area;
e At the onset of synchronization, the green area;
e When synchronization in the system is strong, yellow areas.

Since every colour in Figure 2.4 is linked to a different dynamical behaviour of our system
of N oscillators, we fix several pairs of (o,e) parameters to set the collective dynamics in
such meaningful regions.

Then, for each (o,€) pair, we analyze the {{Hz(t)}gé)g, {Hz(t)}gz)g, o {Hz(t)}gg)} time series
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Figure 2.4: Landscape representing the order parameter 7., at stationary conditions, by varying
the two main parameters of SKMN dynamics, that are noise intensity e and coupling strength o.
The network underneath the model is the Erdos-Renyi specified by the parameters in the above
table.

ensemble to infer the adjacency matrix A*% 2.

In the following the thresholding procedure analysis will use both the full time series, or
the 'cut’ time series by dividing 6;(¢) in 10 time intervals as discussed in section 2.1.2.

Before assessing the quality of topology reconstruction, we must decide whether we prefer
the BR or AR method described in section 2.2.

It is important to remind we use the sparsity ansatz we discussed in section 2.1.1 to include
only CCj; highlighting a sufficiently strong interaction. Therefore, the W thresholding
criterion would change depending on (o,€) pair choice.

At first, we discuss the change in the threshold by varying (o,e). Secondly, we discuss
differences in the Frobenius norm, then the fraction of correctly inferred links (true positive
ratio, TPR) and we conclude with a comparison of the so-found degree distribution by
use of the Jensen-Shannon distance. All these properties should give us an idea of the
network reconstruction quality.

In each of the following figures, the * points represent the inferred network property, when
the reconstruction method, being it BR or being it AR, involves the analysis of the full
time series coming from the SKMN in eq. (2.6); whereas the solid line with ° points shows
the same measures when dealing with the 'cut’ time series in one of the ten intervals in
which we divide our dynamics. To consider growing time regions for Kuramoto dynamics

2+R gtands for BR or AR methods
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has the purpose not only to evidence the quality of reconstruction when the oscillators
collective dynamics reaches the steady state, but aims at evaluating the inference method
behaviour for dynamics at transient time.

2.2.1 Threshold

Here we present the plots (Figures 2.5, 2.6 and 2.7) for the threshold value W for different
coupling strength o and noise intensity € in SKMN in eq. (2.6).
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0.50 1.1
b o 4
* _I:-
0.45 1 1.5 15 1.5 15
* 1.0 * GE D= — e — e — e — e — e ——e——
0.40{ * : "555-5\.
* - Y
0.35{ * 5 W
<
wn
o
0.301 £
0.251
0.20+
0.15 | ‘
L N N Mmooy & o N o o O
~ * * * ~ * * * * * ~
5 § § § § £ § §£ § § g

Figure 2.5: On the left: BR; on the right AR. * points represent the W criterion value when the
reconstruction method involves the analysis of the full time series coming from the SKMN in eq.
(2.6) (all ts); whereas the solid line with ° points shows the same measures when dealing the ten
intervals in which we divide our dynamics (int d). We fix noise intensity to ¢ = 0.01, while the
lines are coloured depending on the coupling strength o € [1.5,2,2.5,3,3.5,7,11, 15].

The two methods are different: it is evident that the threshold W is higher in the AF-
Method than in BF-Method. Both methods show interesting patterns if we look at interval
d behaviour. In AR method we observe that when coupling is low there is no difference
in analyzing the full time series or the time series restricted to interval d. This is because
o strength is not enough for the collective dynamics to become coherent. However, once
we reach the critical coupling o. we observe that the W value decrease as the dynamics
starts synchronizing and the threshold settles to lower values when stationary conditions
are reached.

Moreover, in both methods, we observe that an increase of noise intensity implies the
threshold to decrease (Figure 2.6 and 2.7). That is due to the before-mentioned action
of noise to make the time series less synchronized and, therefore, less pairwise correlated,
resulting in setting a lower W.

The trend is quite different in BR method: for high noise intensities the threshold is lower
(it makes sense) and the behaviour of W decreases when synchronization stationarity is
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Figure 2.6: Same description of Figure 2.5. However, here we fix coupling o = 2.5, while the lines
are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

reached. However, for lower € and considering intervals increasing in time the chosen

threshold increases.
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Figure 2.7: Same description of Figure 2.5. However, here we fix coupling ¢ = 7, while the lines
are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

2.2.2 Frobenius norm

After discussing the choice of the threshold to cut-off the edges in the reconstructed net-
work we finally deal with some measures to compare the quality of the topological inference.
Let us introduce a first measure to compare the reconstructed network with the original
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synthetic one. We choose to introduce the Frobenius norm F:

_ ||Arecontructed _ Aoriginal” B \/Zi>j |A§§Contructed . A;);iginal|

F (2.7)

Normalization Normalization

When considering a general system of N vertices, we can describe two opposite networks:
the fully connected A and the completely disconnected A graph. The adjacency ma-
trices, individuating the two cases, have all ones and all zeros entries, respectively.
Therefore, the normalization of the Frobenius norm is its value in comparing the fully
connected and the completely disconnected graph. That is to say:

al ol N(N —1)
Normalization = ||A* — AM|| = | >~ |Al — Ald) = |} "|1-0] = —— (29

i>j 1>

Frobenius norm from reconstruction is shown in the following Figures 2.8, 2.9 and 2.10.
Best reconstruction is achieved lower is the F' value.
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Figure 2.8: On the left: BR; on the right AR. * points represent the Frobenius norm value when
the reconstruction method involves the analysis of the full time series coming from the SKMN in
eq. (2.6) (all ts); whereas the solid line with ° points shows the same measures when dealing the
ten intervals in which we divide our dynamics (int d). We fix noise intensity to e = 0.01, while the
lines are coloured depending on the coupling strength o € [1.5,2,2.5,3,3.5,7,11, 15].

What we can say from the previous pictures is that the two reconstruction method are
similar, but BR-Method seems to better reconstruct expecially on the time region at the
onset of synchronization (which is around the 4* and the 5" interval). This is even more
evident when considering higher coupling and lower noise.

However by looking at Figure 2.8 we notice that after a certain coupling ¢ = 11 the trend
is inverted and the Frobenius norm increases again.

The best reconstruction provides a Frobenius norm assessing around 0.3%. Even though
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the reconstruction is not optimal we can identify some interesting patterns depending on
the considered time interval, the coupling and the noise.
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Figure 2.9: Same description of Figure 2.8. However, here we fix coupling o = 2.5, while the lines
are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].
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Figure 2.10: Same description of Figure 2.8. However, here we fix coupling ¢ = 7, while the lines
are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

2.2.3 True and False positive ratio

Then, we evaluated the performance of the inference method by plotting the fraction of
correctly inferred links (true positive ratio, TPR) and the fraction of wrongly inferred
links that are not present in the structural network (false positive ratio, FPR).

In Figure 2.11, 2.12 and 2.13, we plot only the true positive ratio. That is because of
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Figure 2.11: On the left: BR; on the right AR. * points represent the TPR value when the
reconstruction method involves the analysis of the full time series coming from the SKMN in eq.
(2.6) (all ts); whereas the solid line with ° points shows the same measures when dealing the ten
intervals in which we divide our dynamics (int d). We fix noise intensity to e = 0.01, while the
lines are coloured depending on the coupling strength o € [1.5,2,2.5,3,3.5,7,11, 15].

the constraint of the inferred network to have the same links as the original synthetic
one. Therefore, if we correctly estimate a fraction of edges equal to TPR, the remaining
inferred links belong to the FPR fraction, which is exactly 1-TPR.

We notice an evident difference in the BR and AR methods: the Before Reconstruction
method systematically provides more TFR (less FPR) than the After inference procedure.
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Figure 2.12: Same description of Figure 2.11. However, here we fix coupling o = 2.5, while the
lines are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

Concerning the BR method, what TPR plots (Figure 2.11A, 2.12A and 2.13A) suggest
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is similar to the result found for the Frobenius norm. Indeed the correctly reconstructed
edges do not exceed the 0.3% of the correctly inferred edges in the original network.
Instead, the AR procedure (Figure 2.11B, 2.12B and 2.13B) shows worse results than the
ones in Frobenius plots since the true positive ratio does not exceed 0.1% of the edges
correctly inferred, which suggests a bad network topology reconstruction. That may sug-
gest that the BR procedure better works in reconstruction, however, this improvement is
significant only in the middle interval d, that is the transient region before synchronization
and stationarity condition takes place in the dynamics.
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Figure 2.13: Same description of Figure 2.11. However, here we fix coupling ¢ = 7, while the lines
are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

If we focus on Figures 2.12 and 2.13, the pattern is even more interesting. In fact, the two
figures show the TPR result for o coupling near the critical o, and above this threshold
value. By increasing the coupling above o., the true positive ratio tends to be higher,
especially in the region at the onset of synchronization. However, from Figure 2.11, we
notice that after o = 11, the TPR values start to decrease again.

The results for different noise intensity are very similar to the ones for Frobenius norm.
Focusing on BR method and the region at the onset of synchronization, lower noise inten-
sities € = 0.0001 and € = 0.001 show both in Figure 2.12 and 2.13 a better score than for
€ =0.01 and e =0.1.

2.2.4 Jensen-Shannon distance

We conclude the comparison between BR and AR methods in thresholding network infer-
ence by looking at the Jensen-Shannon distance between the degree distribution for the
reconstructed network and the original one.

Let us call the inferred network degree distribution as PR (k), since *R=BR,AR are the
chosen reconstruction method and k denoted the degree. Instead, P°rie?l (k) individuates
the original network degree probability distribution.
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Figure 2.14: On the left: BR; on the right AR. * points represent the degree distribution JSD
value when the reconstruction method involves the analysis of the full time series coming from the
SKMN in eq. (2.6) (all ts); whereas the solid line with ° points shows the same measures when
dealing the ten intervals in which we divide our dynamics (int d). We fix noise intensity to e = 0.01,
while the lines are coloured depending on the coupling strength o € [1.5,2,2.5,3,3.5,7,11, 15].

The Jensen—Shannon divergence (JSD) is a symmetrized and smoothed version of the
Kullback-Leibler divergence where P*R(k) and P°"&nal (k) are the two distributions to be
compared.

D(PR||M D( Periginal || pf
750 = PRI + Do 29)
where R .
P porigina
M- (2.10)

2

D(P™R||M) quantifies the information loss of a probability distribution M (k) from another
probability distribution P(k) by means of the Kullback-Leibler divergence:

D(P()||M(-) ZP logll{{)) (2.11)

The KL divergence is clearly non-negative and vanishes if and only if the two distributions
are equal, but it is not symmetric since it properly quantifies the loss of information when
Q is used to approximate P.

We plot the JSD results in the Figure 2.14, 2.15 and 2.16. Comparison between BR and
AR method still shows a preference for BR procedure since JSD is sistematically lower.
Moreover by looking at Figure 2.15 and 2.16, we notice that higher coupling show a smaller
JSD wvalue for the full time series analysis. When considering the time intervals interval d
before the oscillators reaches stationary state, we notice that for ¢ = 7 a lower noise
implies an inferred degree distribution more similar to the original one.
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Figure 2.15: Same description of Figure 2.14. However, here we fix coupling ¢ = 2.5, while the
lines are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

The trend is the opposite for interval d with d > 4, since the JSD is lower when considering
higher noise intensities.
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Figure 2.16: Same description of Figure 2.14. However, here we fix coupling o = 7, while the lines
are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

We conclude this section by stating that the BR method of reconstruction is the preferable
over the AR procedure.
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2.3 Inferring macroscopic topological indicators

By knowing the structure of a network, the adjacency matrix A, we can calculate from it
some measures that capture particular features of the graph topology.

In the following, we focus on the Before method reconstruction since it appears to be the
best one. Though we cannot be exhaustive, we look at some of the network’s measures to
see if the inference results are still promising for such relevant topological indicators. In
particular, we discuss the average path length, the assortativity and clustering.

2.3.1 Average path length

Before reconstruction, € = 0.01

g

281 15 15
*
*
S 2.7
2
2 *
< *
=
©
o
[ il
¢ 26 \/
©
]
Ed ® /
2.5
2.4 i :
K ~ (2% m * 0 © N % o S
~ b Y Y * Y * * h * ~
5 § & & &£ § §& &£ § & g

Figure 2.17: BR plot where * points represent the [ value when the reconstruction method involves
the analysis of the full time series coming from the SKMN in eq. (2.6) (all ts); whereas the solid
line with ° points shows the same measures when dealing the ten intervals in which we divide our
dynamics (int d). We fix noise intensity to e = 0.01, while the lines are coloured depending on the
coupling strength o € [1.5,2,2.5,3,3.5,7,11,15].

As suggested by its name, average path length gives information on the distance between
two nodes in a network, where distance is measured as the minimum number of edges
linking the two. Then, to put the definition into a useful equation, we first define the
mean distance [; between node ¢ and all the other nodes in the network.

1
li=— dij 2.12
nZ : (2.12)

where d;; is the number of edges linking ¢ and j node in the shortest path.
Then we average [; over all vertices in the graph to obtain the mean distance I, which is
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the average path length.
1
= Z dij (2.13)
ij
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Figure 2.18: Same description of Figure 2.17. However, here we fix coupling o = 2.5, 7, while the
lines are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].

The results concerning the average path length are shown in Figure 2.17 and 2.18. We
are happy with the results since the [ seems to be well recovered both by the full time
series analysis and by the network reconstructed at intervals of the SKMN time series.
Comparing Figure 2.18A and 2.18B, we notice that the [ measure is more similar to
the average path length of the original Erdos-Renyi network (light blue orizontal line)
when coupling is higher. If higher noise seems to better recover [ property, by paying
more attention we notice the result is quite similar even for lower noise intensities and
especially for time series analyzed in the time regions before stationarity is reached.

2.3.2 Assortative mixing

Assortative mixing or homophily is the tendency of nodes to connect to other vertices with
similar characteristics. In the following we choose to measure the assortative mixing by
degree. This measure the tendency of nodes to connect other vertices with degrees similar
to their own.

Assortative mixing by degree can be quantified in several different ways. We choose the
one in eq. (21) in [31] which gives us:

(A — kik; /2m)kik;
Tam = EU( ’ j/ m> ) (214)
2 (Kidij — kikj/2m)kik;
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Figure 2.19: BR plot where * points represent the assortativity r4,, value when the reconstruction
method involves the analysis of the full time series coming from the SKMN in eq. (2.6) (all ts);
whereas the solid line with ° points shows the same measures when dealing the ten intervals in
which we divide our dynamics (int d). We fix noise intensity to ¢ = 0.01, while the lines are
coloured depending on the coupling strength o € [1.5,2,2.5,3,3.5,7,11, 15].

Figure 2.19 shows no significant pattern, since r,,, measure seems not having a specific
behaviour. However, by comparing Figure 2.20A and 2.20B it is a little be easier to notice
that for higher coupling the measure is better inferred especially for those time intervals
for which stationary state is still not reached.
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Figure 2.20: Same description of Figure 2.19. However, here we fix coupling ¢ = 2.5, 7, while the
lines are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].
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2.3.3 Clustering coefficient

The clustering coefficient C' is the average probability that two neighbours of the same
node are, in turn, connected. Since the clustering coefficient involves a transitive property,
we can define it as the density of triangles in a network. The following plots show the
results for the reconstruction compared with the value in the original synthetic network.
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Figure 2.21: BR plot where * points represent the C value when the reconstruction method involves
the analysis of the full time series coming from the SKMN in eq. (2.6) (all ts); whereas the solid
line with ° points shows the same measures when dealing the ten intervals in which we divide our
dynamics (int d). We fix noise intensity to e = 0.01, while the lines are coloured depending on the
coupling strength o € [1.5,2,2.5,3,3.5,7,11,15].
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Figure 2.22: Same description of Figure 2.21. However, here we fix coupling ¢ = 2.5, 7, while the
lines are coloured depending on the noise intensity e € [0.0001,0.001,0.01,0.1].
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By comparing result in Figure 2.22A and 2.22B, we notice that a higher coupling ¢ = 7
better recover the clustering property than for o = 2.5.

Moreover, we notice an interesting behaviour depending on the time region we conduct
our analysis on. Before and at onset of synchronization the C' measure remains near the
original network value, however when time series stationarity is reached (int d, with d > 4
in the case with higher coupling), the clustering coefficient increases (when considering
lower noise intensities).

2.4 Synthetic networks results from the optimal region
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Figure 2.23: This figure summarizes the thresholding reconstruction process for different o and
e parameters on Erdos-Renyi network with (k) ~ 12. For each of the three relevant regions
individuated we plot the Frobenius norm value.
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In this section, we summarise the results learned in the previous paragraphs. We try to
address the previous questions on best network inference from the most general viewpoint,
considering all parameters involved in the SKMN model.

Indeed, we are not interested in finding an optimal reconstruction; besides, we focus on
finding the best parameters in the thresholding reconstruction procedure, which would be
relevant to exploring the fuzzy-network framework. From comments on the previous plots,
we can derive that for the Erdos-Renyi synthetic network under the SKNM, the optimal
parameters are low noise intensity and coupling above the critical o.. This result can
be summarized by reporting the Frobenius norm (Figure 2.23), which better shows this
pattern of optimal reconstruction. Moreover, we notice that the time interval subdivision
is useful to better recover the network topology. By including the transient time, the
onset of synchronization and the stationarity part in the time series analysis, we can find
that a better reconstruction is achieved just before the collective dynamics have reached
synchronization.

As we will see at the beginning of the next chapter, thresholding introduces some arbitrar-
ity in the reconstruction process since this method relies on the choice of a thresholding
criterion. Consequently, we witness the inference of complex features even when no com-
plex structure is present. Therefore, in next chapter, we introduce and define a new
approach to network inference, the fuzzy network model to overcome the problem and
gain a meaningful reconstruction method.



Chapter 3

Network reconstruction from
fuzzy network modelling

In the previous chapter, we explore the limits of the thresholding reconstruction of network
topology. Moreover, we assess the optimal parameters and time region to infer the net-
work underneath the SKMN dynamics. In this chapter, we discuss why the thresholding
procedure is not always reliable by looking at a simple but significant example. Therefore,
we introduce and define a new approach to network inference, the fuzzy network model.
In the last section, we calculate the main information of this method, the II matrix: an
adjacency matrix analogous.

But first, let us introduce some general knowledge about null hypothesis and surrogate
testing that will be of use in the present chapter.

3.1 Surrogate data testing

Since we use the analysis of pair of nodes (i,7) time series as a proxy for the structural
connectivity of the system, the very first question is whether the dynamics of the N
dimensional system results in purely random noise, or exhibits some deterministic features.
Surrogate methods can provide some relevant answers to this question. However, it is
important to estimate surrogate data by correctly assuming the underlying null hypothesis,
not leading to false rejection.

How many surrogates do we create?

Typically, to test the deviation of original data from the distribution of the surrogates, we
generate several realizations of the chosen model. But how many surrogates do we need
for a minimal significance requirement? For a residual probability a of false rejection,
corresponding to a level of significance (1 — «) x 100%, we generate M = 2K/a — 1
surrogates sequences, where K is a positive integer for a two-sided test.

41
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Thus, including the data itself, we have 2K/« sets. It is quite an obvious result that larger
values of K give a more sensitive test than K = 1. For a minimal significance requirement
of 95% and K = 1, we thus need at least 39 surrogate time series for a two-sided test.

In the following, we discuss various methods to estimate the null hypothesis model.

3.1.1 Random permutation surrogates

Random permutation (RP) surrogates are central to checking whether there is any tem-
poral structure in the data or whether analyzed time series are just uncorrelated noise.
The algorithm consists of randomly re-shuffling the original time series to obtain M sur-
rogates. The synthetic RPs possess the same mean and variance as the original signal,
but any temporal structure is destroyed.

Any correlations present in the data will lead to the null hypothesis rejection as data
possess some temporal structure. Besides this statement, we can not conclude anything
further about the nature of this structure without further tests. At the same time, when
testing against noise in empirical systems, we can regularly face a low signal-to-noise ratio:
a failure to reject does not necessarily imply that the data are just noise. In the Kuramoto
model and the majority of cases, data can be verified as not being uncorrelated noise by
visual inspection.

3.1.2 Nonlinear testing: FT, AAFT and IAAFT surrogates

Very few real-world time series, suspected of showing non-linearity, follow a Gaussian
single-time distribution. It follows that non-linearity testing has its simplest signature
from non-Gaussianity !

Thus, a possible null hypothesis is the one where surrogate data are generated by a sta-
tionary Gaussian linear stochastic process. The most general univariate linear process is
given by:

M T
S¢ = Z a;Si—1 + Z bing—1 (3.1)
i=1 i—0

where {rn;} are Gaussian uncorrelated random increments.

Since we want to test against a whole class of processes, without specifing one particular
linear process only (a; and b; in eq. (3.1)), we are dealing with the so-called composite
null hypothestis.

Among various approaches to testing for a composite null hypothesis, the most attrac-
tive seem to be the ones creating constrained realisations [34]. Instead of thinking to s;
underlying model equations eq. (3.1), this means we look at surrogate datas by creating
sequences with the same first and second order properties of the original data (mean,
variance and auto-covariance function), but which are otherwise random.

"We pay attention to the fact that data may be distorted in the measurement process, leading to
non-Gaussian distribution even if the underneath dynamic is linear.
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Indeed, the Fourier transform (F'T) surrogates procedure is a phase randomization process
where we preserve linear behaviour, i.e the power spectrum/autocorrelation, but destroy
any non-linearity. Constrained realizations of this null hypothesis would require the gen-
eration of random sequences with the same power spectrum (fully specifying the linear
process) and the same single-time distribution (specifying the effect of the measurement
function) as the observed original data. The algorithm requires the calculation of Fy(s;)
the discrete Fourier transform of the original signal, let call it s(t) = s; where time ¢ is
discrete with T' time-steps.

2
: (3.2)

T-1 .
1 2mikt
2 _ E
|Fk(st)’ - ‘\/Tt_o SteXP( T )

i.e. the periodogram estimator of the power spectrum. Then, we generate a vector of
random phases ay (0 < o < 27 are independent uniform random numbers).

We then create the new phase randomized vector Fj(S;), by multiplying the Fourier trans-
form of the data by random phases at previous step, |Fj(5;)| = e’ |Fj(s¢)|.

Finally, we recover surrogate time series {s;};—o .7 by transforming back to the time
domain:

27rikt)

=
5 = ﬁ kzo | Fi. ()| exp ( -7 (3.3)

The FT null hypothesis discussed so far (Gaussian linear processes) is not what we want
to test against in most realistic situations. In particular, the most obvious deviation from
the Gaussian linear process is usually that the data do not follow a Gaussian single-time
probability distribution. It is frequent that empirical data, obtained by measuring inter-
vals between events, can lead to false rejections of the null hypothesis. Attention must
be paid to ensure that a conclusion of non linearity does not arise in the system during
measurement rather than resulting from the underlying dynamics.

However, there is a simple generalisation of the FT null hypothesis that explains devi-
ations from the normal distribution by the action of an an invertible time-independent
instantaneous (i.e. no time delays) measurement function h:

M T
st = h(xt), Ty = Z a;Ti—1 + Z bine—1 (3.4)
=1 =0

where the restriction that h is invertible( i.e. z; = h™!(s;)), time-independent (station-
ary /autonomous) and instantaneous is very severe and essential.

The Amplitude Adjusted Fourier Transform (AAFT) method proposed in [35] attempts
to invert the measurement function h by rescaling the data time series to a Gaussian dis-
tribution. Then the Fourier phases are randomized and the rescaling is inverted.

As discussed in [36], this procedure is biased toward a flatter spectrum. In the same refer-
ence, a scheme is introduced that removes this bias by iteratively adjusting the distribution
and the spectrum of the surrogates, the iterative amplitude adjusted Fourier transform
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(TAAFT). Alternatingly, the surrogates are rescaled to the exact values taken by the data
and then the Fourier transform is brought to the exact amplitudes obtained from the data.
The discrepancy between both steps either converges to zero with the number of iterations
or to a finite inaccuracy, which decreases with the length of the time series, to achieve a
closer match between both the distribution and the power spectrum in the original data
and the surrogates.

3.2 Random network model

Let us start with a simple model where we consider an N-dimensional vector, s =
[$1,82,-.,8i,...,8Nn]. For each vector component i, we build an artificial L-dimensional
discrete time series, whose components are random numbers extracted from a generic dis-
tribution D.

Therefore for each vector entry i, we have: s;(t) = [s;(0), ..., s;(L)] where s;(m) € D with
m € (0,1, ..., L). We obtain the following (N, L)-matrix:

L columns
81<0) 81(1) Sl(L— 1)
82.(0) SQFl) . SQ(L.* 1) N rows (35)
sn(0) sn(l) ... sy(L—1)

By just using the information about time series, we want to learn the topology between
every i-th component, namely the nodes of a hypothetic and unknown N-dimensional
network.

Even the least attentive reader would notice the evident anomaly of the task, as there
should not be any proper link among the N components, because we are looking at ran-
dom time series.

Starting with N time series, we want to end up with a unique adjacency matrix individ-
uating the associated network.

In order to make the procedure clear, we describe each step of the Simple Random Net-
work model (SRNM) in the following paragraphs.

e The first one 3.2.1 deals with the calculation of a similarity measure to compute the
correlation level between any pair of time series s;;

e The second 3.2.2 provides Z-scores calculation from the previously calculated simi-
larity measures by comparing them to some null hypothesis;

o At last 3.2.3, we decide on some threshold to cut off lower Z-scores, in order to point
out the paired nodes from the most highly correlated time series.
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3.2.1 Measuring statistical similarity between time series

We first compute some statistical similarity measure, SSM, between each pair of nodes
(,7) in the N-dimensional system as a proxy for the structural connectivity of the system.
In general we can apply any statistical descriptor, here we list some of them: Pearson
correlation coefficient (CC), Spearman’s rank correlation (SC), or the spectral coherence
(SpeCoh) [37]; an information-theoretic tool as mutual information (MI) [38]; or a state-
space reconstruction tool, convergent cross mapping (CCM) [39].

In this thesis, we choose as SSM the Pearson correlation coefficient. In the following
section 3.4, our choice will be soon clear.

As we are dealing with time series s;(¢) data, the correlation coefficient is specified as

CCyji(1):

covlsi(t)s;(t+7)] _
Tsi(t)Ts5(t+7)
o (silt) = 83)(s5(t +7) — §5) (3.6)
VR G - T e 1) 5)

The correlation measure depends on 7: this relevant quantity reflects the time lag between
two time series.

For the sake of simplicity, we take 7 = 0, but the results of SRNM (eq.3.5) would be equal,
independent of the 7 choice. We drop out the notation considering the time-lag as 7 =0
if not differently specified.

In the following, the apex label (°¥) stands for the fact that the matrix CC’i(; bs) (1) is a
unique realization that univocally individuates the system 3.5 in analysis; the observed
system indeed.

CCij(1) = CC(si(t), sj(t + 7)) =

3.2.2 Null hypothesis testing

The second step is to build a null model to compare with our specific observable, the
present realization of random numbers for each component of the N vector.

Such a model should consider an adequate null hypothesis Hi(]m”): that is the lack of
relationships between the nodes ¢ and j.

The simplest way to calculate such model distribution is to re-shuffle the observed time

course at each site, to destroy any temporal correlation [40].

Algorithm: null hypothesis distribution
1: for kin [1,2,..., M]:

2: for ¢ in range(N):

3: s (#) = re-shuffle(s;(t))

4: Vk CC(null) CC( (null)( ) S(null) (t))

’7J
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The previous table summarizes the algorithm to create RP surrogates from the original

time series. We consider a significant statistic M to computationally fit the Gaussian
(null) ~_(null)

distribution whose mean and standard deviation (@ij 104

score calculation eq. (3.7).

) are involved in the Z-

30
N(Eg?%m, O'g?g”))
25 — CC33
p(ccgéll
~ 207 7

CCi(;bS) . mgmull) E::‘
1) E:

P 10/

Dij = 1-— erf(\}%) (38) 5]

—0.10 -0.05 0.0 0.05 0.10

null
CCl

Figure 3.1: Null hypothesis distribution for link (i,7) = (6,8) The orange line is the gaussian
distribution with p = CC"" = —0.0007 and o = (™" = 0.0218. The red vertical line

C’Cgbs) = —0.0211 individuates our observed case for the specific edge.

,

We then compare our observable towards the null model distribution and recover the linked
Z-score.

We highlight at this point the parameters involved in the SRNM model: the number
of nodes, N=100, the time series length, L=2000, the chosen distribution is a Bernoulli
0 »p

1 1—p

Figure 3.1 highlights the null model comparison for edge (7,j) = (6,8): the plot show we
can not reject the lack of connectivity between the two chosen vertices.

D=B(p) = , with p = 0.5, and the size of the null ensemble is M =500.

The following plot shows the distribution of every p-value related to each pair of nodes in
our artificial network.

From both panels of Figures 3.2, we recover an important piece of information. The p-
value distribution is uniform (Figure 3.2B). This is the result of the Gaussian distribution
of correlation values between any two time series in the SRNM. Precisely Z-scores are
Gaussian distributed indeed (Figure 3.2A).
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Figure 3.2: (A) Z-score distribution for every possible edge (180) in the SRNM, where N = 100,
L = 2000 and the distribution D from which to extract the time series is a Bernoulli B(p), with
p = 0.5, (B) p-value distribution for the SRNM.

3.2.3 Network obtained from thresholding

Once we obtained in paragraph 3.2.2 the p — values corresponding to each possible link
in the N = 100 network, we impose a significance level of p — value < « in rejecting the
null hypothesis.

Degree distribution for Z;;,=1.96, a, = 0.05

30
Il ex 3.1

25 7zz1 Poisson with <k> from 3.1

N
o

# of Nodes
(=}
(6]

10

Figure 3.3: In blue we plot the network degree distribution derived from thresholding our problem
with significance level o = 0.05. Red histogram shows a comparison of a random network Poisson
distribution with link existence probability p related to the significance level cut-off.
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The analyzed case 3.5 shows that, when choosing such a threshold, the cut-off provides an
Erdos-Renyi network whose link probability p is related to the chosen significance level «,
but is actually the result of spurious correlation. Therefore, the so-found network itself is
a spurious network correlation, the meaning of this result will be better explained in next
section 3.2.3.

In Figure 3.3, we show the result of SRNM for a significance level ay, = 0.05.

Why is multiple testing a problem?

This simple model is a reminder to pay attention to the thresholding procedure in infer-
ring a network from any time series. Indeed, the previous SRNM model is an example of
multiple testing. In fact, we simultaneously test a set of hypotheses: the existence of a
link between any pair of vertices in a network.

As discussed in paragraph 3.2.3, statistical hypothesis testing is based on rejecting the
null hypothesis if the likelihood of the observed data under the null hypothesis is low.

It is important to observe that the probability of observing a rare event increases when
testing multiple hypotheses. This increased probability enlarges the likelihood of incor-
rectly rejecting a null hypothesis?.

This is exactly our case, where we wish to define the link’s presence for (];[ ) possibilities.
Let us now ask the question about the probability of observing at least one significant
result just due to chance. Consider the case where we have 20 hypotheses to test (e.g.
possible edges in a network), and we impose a significance level of 0.05. If S describes the
event of having at least one significant result, S¢ is the event of no significant results.

P(S) =1 - P(5°) =

3.9
=1—(1-0.05)% ~0.64 (3.9)

This simple calculation shows that we have a 64% chance of observing at least one signif-
icant result, even if all of the 20 tests are actually not significant.

We do not leave to reader’s imagination how many significant results we can find for our
case with (];/ ) possibilities, simply due to chance.

(%) N2 -9
PS)=1-(1-arp)\2)~1—-—1—-arg)” ~1-10 for N =20, atg = 5%
~ 0.98 for N =20, atyg = 9%
(3.10)

One possible solution to multiple testing was proposed by Bonferroni [41].
The Bonferroni correction sets the significance cut-off at ai/n. For example, in the example

2This kind of error is called a type I error (false positive) and is sometimes called an error of the first
kind.
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above, with 20 tests and a=0.05, you’d only reject a null hypothesis if the p-value is less
than 0.0025.

P(S)=1-P(5% =
=1—(1-0.0025)%" ~ 0.0488.

However depending on the correlation structure of the tests, the Bonferroni correction
could be extremely conservative, leading to a high rate of false negatives.

3.3 Introduction to the Fuzzy network approach

Though the SRNM model in section 3.2 appears to be trivial, section 3.2.3 reports some
significant observations to pay attention to in many computational frameworks and, specif-
ically, to our inverse problem. With the knowledge of multiple testing deficiencies, we do
not opt for the thresholding procedure, neither we choose for the conservative Bonferroni
correction. From now on, we only deal with the so-called fuzzy network approach.

Original (unknown) Network Probabilistic Network Model Descriptors Inference

Degree

Network
Reconstruction — = B B .

: b+ EE

):\ Transitivity
Low NN Hioh I
|._

X u R

Aw!qeqmd

Method

Probability of
link presence

Awqeqmd

Observable Observable

Figure 3.4: The figure from Ref. [26] synthesize the fuzzy network reconstruction method. In many
practical problems we cannot observe directly the structure of a system, while we observe the time
course of physical variables from each units of the system. The fuzzy reconstruction method allows
us to obtain, within the framework of Bayesian inference, the probabilistic network model (central
picture). Such a model provides us with the probability of link existence which uncertainty reflects
on the topological descriptors of our model. E.g. degree and transitivity on the right side of the
picture.

The fuzzy network method allows revealing the structural features of a complex system
from the observed collective dynamics [42] (Figure 3.4). The proposed methodological
framework allows us to analyze structural features of a complex network by taking into
account all p-values, the strength of the evidence against the null hypothesis of lack of
connectivity in our problem, without imposing a significance level/ cut-off (the threshold-
ing criterion ay indeed).
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Employing a Bayesian procedure [43,44], reference [42] allows us to compute 7;;, the ex-
istence probability of an edge between node i and j, from the above-mentioned p;;-values.

B;; P(HY,
T =1— [1 + (%)] : (3.11)

ij
where
—epi;Inp;;  for pi; < el
By ={ Puh Pu=e (3.12)
1 for pij > €

The only free parameter is the prior probability for the null hypothesis P(H%) of the lack
of connectivity between nodes 7 and j. In the following, we set it equal to 1 — p for all the
edges, where p is the average density of the networks considered. With this choice, we are
allowed to write the prior probability as P(H"), without the subscript ij.

The probabilities m;; of existence of the edge between nodes ¢ and j can be rearranged in
a matrix 11, to obtain the probabilistic counterpart of the adjacency matrix:

11 ... TN

™1 ... TNN

The matrix IT reminds us of a weighted adjacency matrix, but it has a different meaning:
the value 7;; represents the existence probability of the (i,7) link. Therefore we are left
with an ensemble of networks in which adjacency matrices are sampled from the II.

Hence, each network in the fuzzy ensemble is considered a realization of the possibilities
encoded in the probabilistic model II. Besides avoiding the introduction of any arbitrary
choice in the process and dealing with multiple testing deficiencies 3.2.3, the fuzzy network
provides some theoretical insights based on a new formulation where uncertainty about the
existence of the edges reflects the uncertainty about the topological descriptors (Chapter
4).

3.4 Fuzzy network modelling of the SKMN dynamics

Let us apply the same method of the previous section 3.2 to a toy model dynamics: the
Stochastic Kuramoto model on a synthetic network.

N
b;(t) = w; + kﬂ 3" Aijsin(6;(t) — 0;(1)) + &i(1) (3.14)
(3 ]:1

Similarly to model in 3.5, we start with N time series, but now we want to end up with
the fuzzy network matrix II. The procedure we follow is the same one described in the
first two paragraphs of the previous section 3.2. However, we use the p-value information
to compute IT from eq. (3.11) and eq. (3.12).
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At this point, we can justify the choice in 3.2.1 for Pearson’s coefficient as for the Kuramoto
oscillators’ dynamics the cross-correlation is usually the best performing similarity measure
[45]. From results in Chapter 2, we set the following parameters:
Network | degree (k) | o | € | T | dt | PH%) =1-p
Erdos-Renyi | ~12.65 | 5 | 0.0001 | 6.5 | 0.00025 | 0.95

Table 3.1: Parameters in the SKMN dynamics (eq.(3.14)) to compute the fuzzy matrix II.

where p is the density link of the synthetic Erdos-Renyi network.

We compute for each pair of oscillators the Pearson’s coefficient C’Ci(; %) as in equation
(3.6). We first choose to integrate the entire time series as shown in Figure 3.5A. The
time considered is significant as we can tell we involve in the computation all the phases
of synchronization dynamics Kuramoto model implies (see Figure 3.5B). As a second step,
we use the time interval subdivision (shown in Figure 3.5B) to compute the fuzzy matrix
for each time region involved in the synchronization process. Moreover, we remind that
we create an ensemble N;; = 20 of single SKMN realization for a fixed coupling and noise,
as prescripted in section 1.4.1.

1.0
s 508
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Time (s) 0 1 2 3 4 5 6
Time (s)
(A)
(B)

Figure 3.5: Simulating stochastic Kuramoto model on Erdos-Renyi network, with (k) = 12, 0 = 5,
e =0.0001 (A) 6(t) phase time series for each node in the Kuramoto network. (B) Order parameter
function in time computed as in eq. (1.22).

At this point, we have to test statistics from the SKMN dynamics against a null hy-
pothesis. At first, we proceed with the same testing in the SRNM exercise in section
3.2.2 (RP surrogates). When realizing that data cannot be uncorrelated noise because of
synchronization, we opt for IAFFT surrogates.
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3.4.1 RP surrogates testing

As prescripted in section 3.1.1, we generate M = 100 RP surrogates for each time series
of the Kuramoto model with the parameters in Table 3.1. M = 100 is sufficient to have
significant statistics for the null model hypothesis.

Z-Gauss in different time regions
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Figure 3.6: (A) Null hypothesis distribution for link (4, j) = (6,8) The orange line is the Gaussian
distribution with p = WE?UN)(O) and o = ag-w”). The red vertical line individuates our observed
case for the specific edge. (B) Z-score distribution for all the edges from the single SKMN realiza-

tion. The solid black line represent the Z-score result obtained from the C’C’Ejbs) of the full time

series; whereas the dashed coloured lines are come from the analysis of the time series in different
and growing in time temporal intervals of the original time series.

(obs)
ij
CC’Z(»;Lu”’m), where m = 1,2,..., M coming from the RP surrogates.

What we obtain is that for every link in the network, the correlation coefficient is very
high (see Figure 3.6A).

Hence the Z-score (Figure 3.6B), for the single SKMN realization, obtained after the null
hypothesis comparison, is very high with respect to the SRNM in the previous section.
Therefore we reject the hypothesis of uncorrelated noise time series.

However, we notice a change in the Z-score distribution for time regions above the 4"
temporal interval. This interval coincides with the onset of synchronization (see Figure
3.5B), we explain the change as the time series from non-coherent, after 4" temporal
interval, became more and more synchronized until stationarity is reached.

Therefore, we test the observed correlation coefficient CC against the distribution of

We try to reduce the rejection of the null hypothesis for the single realization by instead
relying on the average result in the N;; = 20 statistical ensemble due to noise variability.
For each noise seed realization of SKMN we compute the ZZ(Jk )_scores.
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Since Zg?)—scores come from a Gaussian distribution (see Figure 3.6A), we then can cal-
culate the Z-Stouffer [46] to then proceed with the computation of p;j-values.

Nit = 7 (k)
ZStouffe'r = Zk:]lv't (315)
pij — value = 1 — exf (27117 /1/2) (3.16)

where erf stands for error function® and erf(Z/+/2) is the probability that the error of a
single measurement lies between —Z and +Z7.

However this averaging procedure makes no difference. The consequence is that the p-
value to reject the hypothesis of no link between two oscillator is mainly zero (Figure
3.7B). Therefore the fuzzy network method provides us with a link existence probability
matrix m;; mainly composed by ones. This coincides with the result for which we have
a quasi-fully connected network, that gives us no information about the topology of the
underneath system, which is indeed sparse.

Z-Stouffer in different time regions p-value in time regions
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Figure 3.7: (A) Z;;-Stouffer distribution for all the edges from all the single SKMN realizations in
the NV;; noise ensemble. The solid black line represents the Z;;-Stouffer scores result obtained from
the CCZ(;bS) of the full time series; whereas the dashed coloured lines come from the analysis of
the time series in different and growing in time temporal intervals of the original time series. (B)
pij-values distribution for all the edges from from all the single SKMN realizations in the N;; noise
ensemble. p;;-values are calculated by means of eq. (3.16) from the Z;;-Stouffer results found from
eq. (3.15).

The answer to this result is shown in the following plot 3.8 where we point out the effect

2 z 2

3 —t

erffr = — / e dt.
NZI
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of the reshuffling on a single time series 6;.

— 6>(t)
RP(62(t))
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Time
Figure 3.8: The blue line is a single time series of the Kuramoto model see Figure 3.5A, the orange
plot is the time series reshuffled for the null hypothesis comparison.

3.4.2 TAFFT surrogates testing

Since the failure of the previous null hypothesis testing, we try a more specific statistical
test: the non linear testing discussed in section 3.1.2 and, more precisely, we create M =
100 IAFFT surrogates by the use of pyunicorn.py package developed in [47] with 5
iterations.
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Figure 3.9: (A) Null hypothesis distribution for link (i, ) = (6, 8) the distribution is non-Gaussian

with p = CC; and o = . The red vertical line individuates our observed case for the
specific edge. (B) Z-score distribution for all the edges from the single SKMN realization. The solid
black line represent the Z-score result obtained from the C’Cz(sbs) of the full time series; whereas
the dashed coloured lines are come from the analysis of the time series in different and growing in
time temporal intervals of the original time series.
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As the distribution of the null-IAFFT is non-Gaussian (see Figure 3.9A), we then proceed
with Chebishev inequality [48]. In probability theory, Chebyshev’s inequality guarantees
that no more than a certain fraction of values can be more than a certain distance from the
mean. Inequality has great utility because it can be applied for a wide class of probability

distributions. Let CC’%WH) be the random variable with finite expected value p = @,E}W”)
2 (

. . i
and finite non-zero variance oy nell)  Then for any real number z > 0,

1
22

Pr(|CC’§§bS) — @gw”” > zo*i(;mll)) < (3.17)

. k),Cheb /1. .
Therefore, we are left with an ensemble of ZZ»(j ):Che (Figure 3.9B), the z calculated in eq.
k),Cheb . . . .
(3.17). We first find the p;;-value for each ZZ-(j )Cheb_gcore by using Chebishev inequality:
K 1
pz(»j) —value = ————;. (3.18)
7(k),Cheb
(]
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Figure 3.10: (A) Probability density function of ng, with df = 2N;; = 40 (B) P-value distribution
from cumulative density function of Xif, with df = 2N,; = 40.

We then apply the Fisher-test [49,50]. Fisher method combines extreme value probabilities
from each test, commonly known as p-values, into one test statistic (x?) using the formula:

Nit
k
Ve gy ~ —2 ) log(p})) — value), (3.19)
k=1
As final step we compute the p-value of the empirical x2 w,, found (Figure 3.11A).

To do it we compare the values with the 1 — CDF(X?lf) by imposing df = 2Nz = 40
degrees of freedom*. The following plots (Figure 3.10A and 3.10B) show both the X?lf

4PDF and CDF are respectively the probability and the cumulative density function
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distribution f (ng) and the 1 —CDF (X?lf) function to asses the p-value of our observable.

In the following formulas, we set = := ng

1 -1 _—z
fY(z) = PDF¥ () = ST (df /2) a2 1emn/2 (3.20)
1 df =
F¥(z) = CDF¥ (2) = TR <2, 2) (3.21)
p —value =1 — F¥(x) (3.22)

By comparing the X% N, result with the function in Figure 3.10B, we then derive the
pij-value distribution for each edge in the Network (Figure 3.11B). By the use of these
pij-values, we the recover the fuzzy probability matrix II.

X3y, fisher method in different time regions X&r=2n, ~ Fisher's method test in time regions
t interval \ t interval
BT
0.05 10 10
0.04
> >
£0.03 g
g 210°
o o
o o
+0.02 =
0.2 0.4 0.6 0.8
X3n, p-value
(A) (B)

Figure 3.11: (A) x3 n,, distribution for all the edges from the single SKMN realization. The solid
black line represents the x3 ., result obtained from the full time series; whereas the dashed coloured
lines come from the analysis of the time series in different time temporal intervals of the original
time series. (B) p;;-values distribution for X3 N, tesults in panel A. p;;-values are calculated by
means of eq. (3.22) from the x3y = results found for Fisher test eq. (3.19).

The result for the TAFFT is the opposite of the RP surrogates null hypothesis results.
Indeed, the probability of rejecting the null hypothesis is higher in the first part of the
dynamics since the SKMN dynamics shows an highly non-coherent collective behaviour.
Whereas after the ro, global steady state is reached all time-series are linear and therefore
the associated p;j-values are higher on average (int d, with d > 4 in Figure 3.11B).

Therefore to calculate a significant fuzzy matrix II, we use the values found from analyzing
the time region interval before synchronization is reached. We then plot the link existence
probability distribution (red line in Figure 3.12), that represents the fuzzy matrix we
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M;
Figure 3.12: Fuzzy matrix m;; distribution. The solid black line represents the result obtained from
the full time series; whereas the dashed coloured lines come from the analysis of the time series
in different time temporal intervals of the original time series. The line red line highlight the m;;

distribution at the onset of synchronization.

choose to compute robustness properties in the next chapter.

Now that we have found a meaningful fuzzy network linked to the collective dynamics
of SKMN, we are ready to extend the network percolation theory to the fuzzy network
approach and plot the results for the robustness properties of our inferred network.
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Chapter 4

Inferring network robustness from
network dynamics

In the previous chapter, we explained why introducing the fuzzy network approach is
relevant to network topology inference. Besides, by looking at the SKMN time series,
we extract the fuzzy probability matrix II, where an existence probability describes each
edge in our reconstructed network. In the following discussion, we at first extend the
arguments in [42] by reformulating some topological descriptors of a complex network
having information about each edge’s existence 7;;.

Specifically, we focus on excess degree distribution and then the percolation problem. At
last, we use the theoretical results about percolation in this new approach to assessing the
robustness properties of the reconstructed fuzzy network II. We then compare the results
with the ones for the original network underneath.

4.1 Building the node excess degree distribution

4.1.1 Standard case

Let us start by defining the standard degree distribution p(k) and g(k).

p(k) is the probability that a randomly chosen node in our network has exactly k links
attached or, alternatively, p(k) can be read as the fraction of nodes in the network with
k-degree.

Instead, g(k) is the probability distribution of the excess degree at the end of an edge.
Where the excess degree is the number of edges attached to that vertex other than the one
we arrived along. Alternatively g(k) is the fraction of nodes in the network with excess
degree k.

29
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Moreover the unique mapping between p(k) and ¢(k), that is intrinsic in g(k) definition:

(k + Dp(k +1)
(k)

q(k) = (4.1)

holds for the configurational model networks.

Single fixed network

In the following we denote index (G) to indicate the single network G' we are referring to.
(G)(k) is the probability that ¢ node has k neighbours.

i
That is a delta-dirac function on dEG), the value of neighbours node 7 has in (G) specific
network:

When dealing with G network, p

p k) = 8(k — d{9) (4.2)

%

We define ql(G)(k‘) the excess probability distribution for a specific node in the network,

what we will call the node excess degree distribution.
We first have to find an analogous definition coherent with the standard degree distribu-
tion, that is: qi(G) (k) is the probability that by following one of i’s links we find a neighbour

whose excess degree is k (Figure 4.1).

K- excess dogee

)
I

Figure 4.1: Node excess degree definition.

Given that, we first try to make the previous definition more precise for a single fixed
network. This definition will be fundamental both to computational use and as interme-
diate step to the theoretical part, where we then try to extend the reasoning for the fuzzy
network approach.

By taking a specific node 7, we can have k} neighbours. However if we are dealing with
a unique network G, individuated by its adjacency matrix A, the number of neighbors of

node 4 will be fixed by the value d\©

;. That could be easily represented by a delta Dirac
on dEG) fixed value.
Once knowing the exact number of first neighbours of ¢ node, we have two cases:

e Either the i node has dz(-G) = 0 (i is isolated) and therefore (“g;(k) = 0 Vk =
0,N —2.
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e Either d'“) + 0.

Let us define Fy:, that is the ensemble of all the sets, N;, of k] neighbours of node i.
| Fiz| = (,iv) Each N; € Fy: contains the specific neighbouring nodes of i, [N;| = k] is its
cardinalit}zf.

As the network is fixed, d
tion of dEG) first neighbours, that we will call NfiX. Therefore among all the combinations
of k nodes in G, Fr, the only significative is Niﬁx. In NiﬁX set we then count for all

the neighbours who have excess degree exactly equal to k. We then obtain the following
formula:

(@)

, is a unique numerical value individuating a unique configura-

Nl o 0(dTY =k
gi(k) = 8(di = /f%k)[ D> AN =N) [ZJENI ;*] )}
kr=1 N;EF}» g
o z (4.3)
Gk)=1 YieG,d; #0
k=0

where 5(d§-_i) = k) returns 1 if node j (neighbour of i) has exactly k& neighbours other
than .
Equation (4.3) is a complicated way of writing the following:

qi(k)= Y O(N*=N,)
NZ‘EFdi
ZjeNflx (S(d‘giz) = k)
k*

2

Sien, 6(d) = k)
S
(4.4)

The last equation is of immediate meaning: that is the number of neighbours among the

ensemble Niﬁx, the actual neighbour of i-th node, which have k links without considering

the node i from which we start.

4.1.2 Theoretical formula for fuzzy networks

In reference [42], the probability distribution linked to the i-th node degree is derived as:
pi(k) = Z H Tij H (1 — mal (4.5)

N;€F, jEN; leNy

We would like to recover an analogous formula from the excess degree distribution. We
start our reasoning from eq. (4.3):

S (i) _
qi(k) = Z é(d; = k;‘)[ Z S(NFX = ;) [Ztem o(d; " = k)”7

*
k*=1 Ni€F,«
1

7
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where we have to substitute all the deltas, to include the variability the fuzzy network
approach provides.
We will rewrite it in the following form:

= oy, 0(d ) =k
qi(k) =) ijwwnxzﬁm(J ) (4.6)

k*
ki=1 LNi€F: i

The 6(d; = k}) and 6(N* = N;), that univocally identify the single network have to
be subsituted by considering all the possible numbers of neighbours and the consequent
configurations each node ¢ could assume, P(N;|k}). P(N;|k}) is of immediate derivation

by:
P(Nilk7) = [ mi; T [t —mal (4.7)

JEN; leN?

where Ny is the set containing all the other nodes in the network other than ¢ and the k7
neighbours, N is the complement of N;.

(2 jen; 5(d§.72) = k)) = (n) is the average number of first neighbours, in the NV; configura-
tion, which have degree k excluding the link with ¢ node. The average is due to the fact
that each first neighbour j allows for two possibilities:

J

. (i)

d; = k with b p: k

j = N WA DIOB P ((_)Z.) Vj e N; (4.8)
dj # k with prob 1 —p; (k)

n.b. pg-_l) (k) is the same as the node degree distribution computed by formula (4.5) except
the fact we remove the neighbour node ¢ from the calculation as we are interested in the
excess degree.

Therefore we can have k} different possibilities for n, the number of first neighbours in
the V; configuration which have degree k excluding the link with ¢ node:

e n = 0 no first neighbour with excess degree k, this happen with probability [];c v, [1—
(=)
P (K));

en=1 Just one first neighbour with excess degree k, this happen with probability
w0 Mien, L =" ()

on = ki all first neighbours with excess degree k, this happen with probability

HteN bt ().
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We then must take into account all the different possibilities for each j € NN;

k* —1 —1
Snton Y pentw Haea v (8) Mpene[1 =0~ (R)]

N-1
0= 5 | Tl m T 0-m .
kf=1N;eFyx LjeN;  leNy v
(4.9)
This will bring us to the following formula:

ks
my=(>" 0@ =k)=S"n S TIpC%) 1 —205 k), (4.10)

JEN; n=0 cn(m a€A beAe
1

where we take into account all the possibilities in the summation AeN(™) in which A

considers all the possible combination of neighbours in NV;, \Ni(”)\ = (If;*), for which exactly

n neighbours among the &} have excess degree k. The formula is valid Vk = 0,1, ..., N = 2.
We can notice that in the following reasoning we have not considered the case in which ¢
node is isolated. Following the fuzzy network approach reasoning in Raimondo paper this
happens with a frequency equal to:

pitk=0)= T[] -yl (4.11)

jeG\{i}

where j € G\ {i} means j can assume be any node in the network apart from i-th vertex.
Therefore it makes sense to normalize only on the not isolated i possibilities which is
computed as p;(k #0) =1 — p;(k = 0).

mi; =0, Vj € G, is the pathological case in which node i is isolated for all the networks
in the fuzzy ensemble. Since there is no link between nodes j and ¢, we can not define a
node excess degree distribution for this pathological case.

The final formula is then:

N o (jen, 8(dS=k))
Zk;:ll > Nier,. P(Nilk) - jEN; kZJ

ai(k) = o £0) : (4.12)

Comparison between theoretical and computational approach

When dealing with the fuzzy network approach we start from II = [m;;] Vi, j € G which
inform us about the existence probability of each link e;;, P(e;;) = Bern(m;).

Hence our computational framework will deal with an ensemble of simulated networks
{A(-G)}G:L‘..,N(p in which each Al(f) = P(e;j). The cardinality of the ensemble, Ng has to
be sufficiently numerous to correctly represent our problem ~ 10° (we set Ng so high to
better visualize that eq. (4.12) correctly match the computational results in Figure 4.2).

Therefore for each AEJG) we compute q(G)(k:) by using Eq (4.4).

i
The average of the node excess degree distribution over the whole ensemble will provide
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us with a computational value of this fuzzy network property, which will be compared to
the same theoretical measure to test it.

G)
4.13
NG 1solated d = 0 Z % ( )

Nisolated (d; = 0) is the number of networks in the ensemble for which ¢ node is isolated.
The N — Nisolated(d; = 0) normalization is therefore due to the fact that ¢;(k) has no
meaning for an isolated node.

g;""P (k) =

The following Figure shows the result for the toy network of N = 5 nodes with a synthetic
fuzzy matrix. The panel on the left is the same picture presented in [42], node degree

(@)

2 (k) value in eq. (4.2) on every
network of the fuzzy ensemble (p;”""(k) = NG NG qZ )(k)) and by the use of eq. (4.5).
This is not a new result. However if we look at the panel on the right in Figure 4.2, we
notice that the node excess degree distribution in formula (4.12) perfectly matches the
behaviour of the fuzzy ensemble (4.13). That reveals our analytical reasoning is correct.

distribution follows the same curve both by averaging p

0.8+ 0.8
— pi'(k) — pi(k) pi (k) pi(k) pi(k) — af'k) — af'tk) (k) (k) qif'(k)
[ L R—t L ) P5™ (k) 5™ (k) i R T R— ) MRk qemPK)
0.7, 0.7
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frequency
=)
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Figure 4.2: On the left we plot the figure for the N = 5 toy network in [42] paper where theoretical
formula (4.5) perfectly recovers the simulation results of the fuzzy ensemble where 10° network are
sampled from ;.

The figure on the right shows the node excess degree distribution in formula (4.12) that perfectly
recovers the behaviour of the fuzzy ensemble (4.13).

4.2 Recovering the standard excess degree distribution

In Figure 4.3, we try to recover the standard degree and excess degree results by computing
p(@ (k) and ¢() (k) for each network G of the ensemble {Az(f)}G:L.-.,NG and then plotting
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the average values p(k) = Zgﬁl p (k) and G(k) = g§1 ¢ (k).
If standard excess degree distribution p(k) can be easily recovered from the node excess

degree distribution p;(k) (Figure 4.3 on the left):

ph) = S opik) =5 S T mg [T 10— mal (4.14)

i€G 1€G NiEFki JEN; lENiC

there are some problems in recovering the standard excess degree distribution ¢(k) from
formula (4.12) (not perfect match in two histograms in right panel of Figure 4.3).

degree distribution p(k)

0.40
p(k) q(k)
0.35 p(k) 0.35 qth (k)
<
0.30 S 0.30
c
S
0.25 3025
ki
0.20 T 0.20
(0]
g
0.15 € 0.15
T
A
0.10 3 0.10
x
(0]
0.05 0.05
0.00—"5 i ? 3 4 0.00 0 1 3 3
degree k degree k

Figure 4.3: For the N = 5 toy network in [42] we plot the degree distribution p(k). p(k) and g(k)
labels in legend stands for the average computation of degree/excess degree distribution on every
network in the fuzzy ensemble. p'"(k) and ¢*"(k) are the values computed from eq. (4.14) and eq.
(4.15), respectively. On the left panel we show the results for degree distribution. On the right
panel we show the results for excess degree distribution.

Indeed, we tried the following ansatz:

a(k) =3 k) 5 (4.15)

1€G

where jig, and (m) are defined respectively the mean average degree for node i (Z] Tij)
and the average number of edges (3, >, m;/2). We then dimostrate that this formula
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provides with a normalized excess degree distribution.

Bd; ‘ Hd;
k=0 o= kZ:O igz(:;qi(k) 2(m) zezc:; k:Z:O " 2m) (4.16)
——

If this ansatz is correct and, therefore, we recover the standard definition of excess degree
distribution from ¢;(k), that would be the ideal case. Since, in network theory, ¢(k) can
be recovered from p(k) and, moreover p(k) = & > pi(k) (eq. (4.3)), this means there
should be a unique mapping between p;(k) and g;(k). But as we will see in the following
discussion this is not our case.

In fact finding a dependence of ¢;(k) on p;(k), ¢i(k, pi(k)) would mean rewrite eq. (4.6) in
a way that allows us showing the p;(k) term.

This is correct if we find that the sum over the product of two successions is equal to the
product of the separate sum of the same two successions.

If this is not true in general, we can computationally show it is still not the case of our
formula (4.6).

qi(k (4.17)

= v, 0T =k
)= | D PWlk): (e 5@3 )>],

k‘,f:l NiEFk;_k g

= v, 0 =k
ai(k) # Y PNk - Y (e, »] =

k*
k:;k:1 _NiEFk;« NiGFk;f ?

N-17T (=9)

) (Xjen, 0(d; 7 =K))

=2 |mtk) 3 = #
kr=1 L N;EF}» .

N-—1 N—-1T Z <Z 5(d(_2) _ k‘)>- (418)

A3 oplk) D0 | Y -

kr=1 ki=1 L Ni€F i

N-1 N-1T ) 5 d(*l) = k)]
_ pz(k*) Z Z <Zj€Ni ( j )>

k*
ki=1 k=1 _NiEFk.;k ? J

Therefore we deduce the ansatz in which q(k) = 3 ;cq qi(k) * % is not true. There is
no mapping between the standard excess degree distribution and our new formulation.

Now let us discuss the main point of our work: we want to look at the robustness properties
of networks described by the fuzzy model II derived by observing the SKMN collective dy-
namics. We test whether the reconstructed network resilience properties are representative
of the synthetic network underneath the SKMN.
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4.3 Percolation on networks

The main aim is to find robustness properties by extending the generating function for-
malism to the fuzzy network case since existing techniques are only valid for physical links.
Now that we have found a precise reformulation for the excess degree distribution on each
node of the fuzzy network, we exploit the result or, at least, the same reasoning to face
the percolation problem.

We choose to measure network robustness properties in terms of percolation theory since
it provides the most complete way to assess the system’s response to failure through node
removal. We start by considering some general network theory results to gain some un-
derstanding of the percolation transition and the giant cluster.

Let us consider the behaviour of the site percolation process on networks generated using
the configuration model (chapter 13 and 16 in [2]), a simple but useful model of a network
with a specified degree distribution. The mathematical formalism of the generating func-
tion is here used.

Being ¢, the occupation probability of a vertex, u is the average probability that a vertex
is not connected to the giant cluster via its connection to some particular neighbour.

u="> q(k)(1— ¢+ pu") (4.19)

k

Then the probability of belonging to the giant cluster is:
S=1-) plku* (4.20)
k

Vertex 4 is not connected to the giant cluster if is not connected to the giant cluster via
all its connections. Supposing its degree is k, averaging over all nodes in the network we
obtain Y, p(k)uk.

All these results are well-known in literature. Let us deal with the new framework [42].
In the fuzzy network setting, the uncertainty about the existence of the edges is reflected
in the uncertainty about the topological descriptors. Therefore we must reformulate the
network descriptor u, with the one at the level of the single node, u;.

u; is the probability that vertex ¢ is not connected to the giant cluster GC' via its connection
to some particular neighbouring vertex. Vertex i is not connected to the giant cluster if
its not connected to the giant cluster via all its connections.

Therefore we can define the node quantity s; as the probability that the i-th node belongs
to the Giant Cluster. The average property is then recovered by:

1
S = sti (4.21)

i€G

The formula for u; and s; follows the same reasoning of the previous section on the node
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excess degree distribution.

ui:1—¢+¢-Nzl 3 !H i ) Z IT e TT 0 =34 H[l—m]]

kr=1 N¢€Fk; JEN; k=0 NJeF —i) teEN; SENS leNf
(4.22)
To make eq. 4.22 clearer we rewrite it in the following way:

N-1
u=1—¢+¢- Z Z [ H [mj - f(neighbours of i node)} H [1— Wil]] (4.23)
ki=1 NieFk;f JEN; leN?

where

N-2
f(neighbours of i node) = Z Z H Tt H — Tjs) (4.24)

<
<.

f(neighbours of i node) is a function depending on the neighbours of node i. However
every neighbour of node 4, let us call it j has k excess degree.

Summatory Z,]CV;OQ takes in account all the possible excess degrees, node j can have.
Therefore we further look at each neighbour of j, let call it ¢. Node t belongs to IV,

the set that contains a specific combination of (N K 2) nodes among all possible sets in

the ensemble F,gfl). Obviously both node i and j are excluded from the N — 2 in the
combinatorial term (N & 2).

As final step we multiply 7;; the existence probability of the link between node j and
node t to the probability u; that ¢ does not belong to the Giant Cluster. Our formula is
therefore computed by successive iteration as in the message passing algorithm [51]. In
fact we start our algorithm by assigning to u; random real numbers between [0, 1] interval,
we iterate formula (4.22) until all u; converge to stable values. Then we compute s; from

u; to the recover the Giant Cluster S.

-1

Z Z HWU u;j H — i) (4.25)

=0 N;€F}, jEN; leNY

4.4 Computational results for robustness properties

In Chapter 3, we showed that the probabilistic network, the so-called fuzzy network, relies
on finding a probability matrix, II, in which entries 7;; define the existence probability of
each edge. In previous sections we exploit the theoretical insights based on this new for-
mulation where uncertainty about the existence of the edges reflects the uncertainty about
the topological descriptors (node excess degree distribution and giant cluster component).
At the same time, the fuzzy network allows for a computational approach where we com-
pute the topological descriptors of each complex network of the fuzzy ensemble and then
average them to obtain the information about the fuzzy network.



CHAPTER 4. INFERRING NETWORK ROBUSTNESS FROM NETWORK DYNAMICS 69

In this last section, we want to look at the robustness properties of the network inferred
starting from the SKMN collective dynamics. We test whether the reconstructed network
resilience properties are representative of the synthetic network underneath the SKMN,
the Erdos-Renyi graph in table 4.2.

The first step is to derive the fuzzy “adjacency” matrix, II. Indeed, we use the result found
in the last part of third chapter. To make the derivation clear, we resume the procedure.
The inference method involves the SKMN collective dynamics analysis. In chapter 2, we
find the model setting parameters for which the best reconstruction is shown by help of
the standard thresholding procedure. Our results find that the topological inference is
better achieved for coupling higher than the critical coupling o. and low noise intensities.
Moreover, by the time region dynamics subdivision (section 2.3), we find an optimal
reconstruction region just before the transient time is off.

As a second step, we fix this optimal setting for (o, €) parameters and we extract time
series from the time region before the collective dynamics results in the order parameter
reaching its steady state, 7(t) — 7oo.

With this information we can calculate the probability matrix of edge existence II.

Let us now concentrate on the computational part of the fuzzy network approach. We
proceed by sampling an ensemble from the IT matrix. Hence our computational framework
will deal with an ensemble of Ng simulated networks {AEJG)}G:L..-,NG: in which each

AEJG) = P(e;;). Where P(e;;) informs us about the existence probability of each link e;;,
P(e;j) = Bern(mj;).

We choose the cardinality of this ensemble to enumerate 103 networks. This value is set
in order to make the algorithm feasible and at the same time consider a numerous enough

statistics.

For each graph in the fuzzy ensemble, univocally individuated by its adjacency matrix
A@) | we test robustness by using percolation network theory. We opt for the uniform
random removal method. The algorithm for each network A(©) is the following, where ¢
is the probability of a node in the network to be removed, which is equal to the fraction
of removed vertices.

We start by ¢ = 0 value (no removed nodes) we randomly select the ¢ N nodes in our
analyzed network and we delete them, cancelling out all the connections with the still
existing vertices. After the removal, we calculate the value of the Giant Cluster, which
is the largest connected component in our network. We then proceed by removing more
and more nodes in the network until ¢ = 1 (see Table 4.1). We remind that the first
step of this algorithm allows the computation of the Giant Component since no nodes are
removed.

For each network A(%), we iterate the random removal 100 times to avoid our algorithm
being affected by the order in which we remove the nodes.

We then obtain 100 sequences of {GC¢}¢:0’0_17__’1. For each GC? we compute the average

over the 100 values: GC(¢) = Z}g{ GCf/lOO.

We repeat the above procedure for each A in the fuzzy ensemble. We proceed by com-
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Algorithm: GC node random removal

0: ¢ =0, A% = 4@
1: While ¢ # 1:

2 select N¢ nodes labels to be removed: [i1,. .. ing]
3 we impose AZ ;=0 Vj € G,Vk in previous list
4: calculate GC? of the new A%

5 ¢=9¢+do

Table 4.1: GC node random removal procedure.

puting the average of GC(¢) over the network ensemble. The hope is that robustness
properties mimic the original network underneath. We obtain the results in Figure 4.4.

1.01 —— GCE-R <k>~12
—— S2ER <k>~12
—— GC fuzzy ensemble

S2 fuzzy ensemble

o
o

©
N

GC fraction

o
(N}

0.0{ — RN
0.0 0.2 0.4 0.6 0.8 1.0
removed nodes fraction ¢

Figure 4.4: The figure shows the comparison between the Erdos-Renyi network with topological
descriptors in table 4.2 and the ensemble of 1000 network belonging to the fuzzy ensemble. S2
curves, the second giant components, are multiplied by a 10 factor.

The behaviour of the Giant Cluster by varying the ¢ probability is similar between the
reconstruction method and the original Erdos-Renyi network. However, the critical thresh-
old of the uniform removal process is not very well recovered. Then for both networks, we
look at the second giant cluster to better analyse percolation process differences. Indeed,
percolation theory tells us that we find the critical threshold ¢., where the second giant
cluster reaches its maximum.

The fact that the correspondence is not perfect is probably due to the fact that the in-
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ferred topological descriptors such as the average degree, the average path length, the
assortativity and the clustering are not too well recovered (Table 4.4).

Network ‘ degree < k > ‘ d ‘ average path lenght ‘ ass ‘ clustering
Erdos-Renyi ~ 12.65 0.05 2.46 0.034 0.048
1000 ensemble ~ 18.97 0.07 2.21 0.0784 0.088

Table 4.2: Properties of the original Erdos-Renyi network vs the average properties of the recon-
structed fuzzy ensemble.

Finally, we are interested in finding a correspondence between the theoretical and compu-
tational approaches. We cannot use the “theoretical” algorithm since the computational
cost for a network of 256 nodes is too expensive.

Though we cannot compute the GC(¢) function from eq. (4.21), for our experimental
fuzzy network, we can test the correctness of our formula by comparing both the compu-
tational and theoretical fuzzy methods for the giant cluster on a smaller synthetic fuzzy
network. The theoretical formula to calculate the giant cluster for the fuzzy network ap-

1.01 -« —— e
GC fuzzy ensemble
. —— S2 fuzzy ensemble
0.8 -
c .
0.6 \
o
@) ]
& 0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0

removed nodes fraction ¢

Figure 4.5: Comparison between the random removal of nodes from each network in the fuzzy
ensemble and the one given by an Erdos-Renyi network with link probability defined above. The
network is composed by 10 vertices and the fuzzy ensemble has 10® networks.

proach gives a promising result for a smaller synthetic fuzzy network of 10 nodes (Figure
4.5).

Still, we must work on our algorithm to make it feasible. As a future step, we will look
for some approximations that leave out most of the redundant information in IT and, at
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the same time, correctly describe the properties of the fuzzy network ensemble by making
the computation more efficient.

A possible procedure to start such approximation is taking the fuzzy probability matrix
Il = [my] Vi,j € G and plotting the distribution of m;;. Then, we can deal with the
redundant information in II and how to approximate the fuzzy network model depending
on such distribution shape.



Conclusions

The main goal of this thesis is to analyze the robustness of an interconnected system when
we have available information only about its collective dynamics. State of the art methods
allow to infer network structure from multivariate time series with several limitations.
Here, we explore the new probabilistic network framework proposed in Ref. [42], the so-
called fuzzy network model, for which robustness is still an unexplored feature.

We analyze collective dynamics simulated from the stochastic Kuramoto model (SKMN)
on Erdos-Renyi networks to compute the fuzzy matrix I, whose entries define the existence
probability of each link of the inferred networks.

From the II matrix, we extract a statistical ensemble of inferred networks. Our goal
is to prove that the percolation process, averaged over this probabilistic ensemble, is
representative of the robustness properties of the synthetic network underneath SKMN
dynamics. In our discussion, we choose to measure network robustness properties in
terms of percolation theory since it provides the most complete way to assess the system’s
response to failures and perturbations. Our results are promising but, since we dealt only
with the Erdos-Renyi networks, we have to test our framework on other network models
to gain further insights into the quality of robustness quantification.

The most considerable advantage of fuzzy network modelling is that it avoids the introduc-
tion of arbitrary choice to threshold connections in the network inference process. While
the most widely used procedure applies a thresholding criterion to decide whether the
quantified interdependency between nodes is significant or not, the fuzzy network model
overcomes the need to impose a significance level on connection strength and computes
m;j, the existence probability of the edge between node ¢ and j.

In this framework, the p;;-values computation is extremely relevant and care must be paid
to choosing the null hypothesis to compare.

In the SKMN collective dynamics analysis, we notice that null hypothesis testing involving
random permutation (RP) surrogates is too weak in suppressing the pairwise connection
among nodes. Conversely, we find that iterative amplitude adjusted Fourier transform
(IAFFT) surrogates testing is way too effective in cancelling out the interaction. A pos-
sible improvement of this work would involve finding a more coherent hypothesis testing
relative to the SKMN dynamics.

Despite the limitations we highlight in our discussion, the thresholding reconstruction
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procedure is an important step in assessing the quality of inferred networks depending
on parameters set for the SKMN dynamics. In fact, in chapter 2, we set the threshold
criterion to obtain reconstructed networks that follow the sparsity ansatz coming from the
allometric scaling result. Since the collective dynamics we analyze is characterized by a
stochastic term, we use the additional information due to noise to propose two different
methods: the before and after reconstruction, respectively, BR and AR. Both strategies
involve averaging the noise ensemble dynamics information to reconstruct the topology of
interactions. Comparing properties of the BR and AR inferred networks with the equiv-
alent topological descriptors for the original network, results in a clear preference for the
BR method over the AR. This result reflects the expected outcome since the BR procedure
better suppresses the spurious correlation among time series. BR thresholding procedure
applied on the SKMN dynamics on top of Erdos-Renyi networks gives optimal reconstruc-
tion parameters for low noise intensity and coupling above the critical o.. Besides from
the analysis on different time regions of the SKMN dynamics (transient time, onset of syn-
chronization and stationarity), we find that a better reconstruction is achieved just before
the collective dynamics has reached synchronization. These results were a fundamental
step to the fuzzy network modelling inference.

Several improvements to our approach are possible and worth investigating. For instance,
we could refine the statistical similarity measure we use to quantify interdependencies
between nodes in our network: in fact, if we opt for a statistical similarity measure different
from the basic correlation coefficient, we probably enhance some dissimilarities in the
inferred topological structure.

Besides avoiding the introduction of any arbitrary choice, the fuzzy network provides some
theoretical insights based on the new formulation where uncertainty about the existence
of the edges reflects the uncertainty about the topological descriptors. In our work, we
exploit the fuzzy framework to define the excess degree distribution for the single node
and to reformulate the network theory percolation problem.

For small networks, the analytical formulas we derive perfectly capture the topological
descriptors in the fuzzy model framework. However, in the case of large networks, the
computational costs reveal to be prohibitive. Then the next step in our method would
involve finding some approximations that leave out most of the redundant information in
II, to correctly describe the properties of the fuzzy network ensemble in a more efficient
way.

Concerning the analysis of the stochastic Kuramoto network model discussion, we found an
interesting critical behaviour: the order parameter r., dependence on both the coupling
and noise intensity. At first sight, this landscape highlights a metacritical point in the
portrayed phase transition curve, requiring further analysis.

A future research line could be to investigate further the analytic framework that could
include noise, coupling and network topology to explain such phase transition behaviour.
Finally, we conclude by stating the interdisciplinary scope of this study. An example of
application of this framework could involve ecology: e.g. we can replace our toy model
SKMN dynamics with the generalized Lotka-Volterra function, allowing for the analysis
of population evolution on networks. In the next future, a new experimental setting will
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provide us with time series involving populations of interacting bacteria: we can then infer
the robustness properties of bacteria communities to perturbation through the developed
framework.

Nonetheless, the purpose of our framework is wide-ranging since it focuses on the inter-
play between network structure and dynamics. Indeed, we can substitute the stochastic
Kuramoto model on a network with a more general description. Referring to discussion
in Chapter 1, let us take the general dynamics of an interconnected system:

N

%i(t) = fi(xi(t)) + Z Aijgii(mi(t), (1)) + Li(t) + &;(t) (4.26)

j=1

Here x;(t) is the internal D-dimensional state associated with the i-th unit of a complex
system described in the network theory framework. The vector x;(t) consists of several
observables individuating meaningfully descriptors of the analyzed system.

The possibility of considering D > 1 opens quite an exciting future research perspective
where we extend our framework to the case of multi-layer networks.
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