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Introduction

Real world ecosystems support a striking amount of species, entwined to

one another by a complex web of ecological interactions.

We would expect the presence of a large amount of species to destabilize the

system (as seen in Robert May’s work), but in real ecosystems we observe

the opposite: more complex ecosystems tend to be more stable.

Explaining how this behavior emerges is an open problem in theoretical ecol-

ogy.

In this thesis, we model an ecosystem as a voter-like model that emphasizes

mutualistic interactions, which have historically been given less attention

than competitive interactions (such as predation). We then find that coop-

erative interactions promote stability even as the number of species grows,

showing a possible solution to the long standing paradox of species coexis-

tence.

In chapter 1 we introduce the necessary notions: first we briefly describe con-

tinuous time Markov chains and how they can be constructed with Poisson

point processes, then introduce the mean field limit, an important tool in the

analysis of complex systems.

In chapter 2 we introduce our model and study its stability around its equi-

librium, finding that in the case of mutualistic interactions and under loose

assumptions about the network of interactions, complexity (both in the num-

ber of species and in the density of their interactions) encourages stability.
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Chapter 1

Basics of Markov Chains and

the Mean Field Limit

In this chapter we introduce the necessary notions for the analysis of the

model: continuous time Markov chains, their representation through Poisson

point processes, and the mean field limit.

1.1 Continuous time Markov Chains

Definition 1.1.1. Given a probability space (Ω,F ,P), where Ω is a sample

space, F is a σ- algebra, and P is a probability measure, a stochastic process

is a collection of random variables {X(t) : t ∈ T}, X(t) : Ω → S, where S is

the state space of the process.

In our case X(t) is the state of the system at time t. In particular, our

model is a markovian and homogeneous process, meaning:

Definition 1.1.2 (Markov Process). (X(t))t∈R+ with values in S is a Markov

process if ∀ i, j, i1, ..., ik ∈ E, ∀t, s > 0, and ∀ 0 ≤ s1, ..., sk ≤ s,

P(Xt+s = j|Xs = i,Xs1 = i1, ..., Xsk = ik) = P(Xt+s = j|Xs = i)

Definition 1.1.3 (Homogeneous Markov Process). AMarkov process (Xt)t≥0

is homogeneous if the transition probabilities between states at times s and

1



2 1. Basics of Markov Chains and the Mean Field Limit

t+ s depend only on t, that is to say:

P(Xt+s = j|Xs = i) = P(Xt = j|X0 = i)

In the case of a homogeneous markov chain, we can study it through its

transition semigroup:

Definition 1.1.4. Given (Xt)t≥0 homogeneous markov process, its transition

semigroup is the matrix semigroup P (t) = (pij(t))i,j∈E, where

pij(t) = P(Xt+s = j|Xs = i)

Because we assumed the chain to be homogeneous, the transition semigroup

is well defined.

We can easily prove that it has a semigroup structure:

pij(t+ s) =
∑
k∈E

pik(t) · pkj(s) =⇒ P (t+ s) = P (t) · P (s)

The best way to describe the chain is its infinitesimal generator:

Definition 1.1.5 (Infinitesimal Generator). The infinitesimal generator of

a homogeneous continuous time markov chain with transition semigroup

(P (t))t≥0 is

Q = lim
h→0+

P (h)− I
h

From the definition the following properties immediately follow:

• P(Xt+h = j|Xt = i) = pij(h) = h · qij + o(h)

• P(Xt+h = i|Xt = i) = pii(h) = 1− h · qii + o(h)

In our particular case of a chain with a finite state space (|E| < +∞), the

following properties are true:

• infi qii > −∞

•
∑

j qij = 0
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The infinitesimal generator perfectly describes the chain: this is expressed

by the Kolmogorov equations:

Theorem 1.1.1 (Kolmogorov Equations). Let (P (t))t∈R+ be a transition

semigroup on E, where |E| < +∞, and let Q be the infinitesimal generator.

Then the following equations hold:

d

dt
P (t) = P (t) ·Q (Forward Equation)

d

dt
P (t) = Q · P (t) (Backward Equation)

Therefore, given the obvious initial constraint P (0) = I, the transition semi-

group can be expressed as

P (t) = eQt

What’s more, let µ(t) = (µ1(t), ..., µ|E|(t)) be the distribution of the chain at

time t. Then we also have that

d

dt
µ(t) = µ(t) ·Q (Global Equation)

Therefore we have that the infinitesimal generator Q determines the transi-

tion semigroup (P (t))t∈R+ and thus, the entire chain.

Now we want to find a clear way to represent a Markov chain with gen-

erator Q: to do so, we introduce homogeneous Poisson processes and the

Competition Theorem:

1.1.1 Homogeneous Poisson Processes and the Com-

petition Theorem

To define homogeneous poisson processes (from now forward, HPPs), we

must first introduce the more general notion of Random Point Process (or

RPP):

Definition 1.1.6 (Random Point Process). A Random Point Process is a

sequence (Ti)i∈N of non-negative random values such that
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• T0 = 0

• i > j =⇒ Ti > Tj

• limi→+∞ Ti = +∞

Given a random point process, we define:

• Its sequence of interevents (Si)i≥1, where Si = Ti − ti−1

• Its counting processN(a, b] = |T∩(a, b]|. The nondecreasing stochas-
tic process (N(t))t∈R+ , N(t) = N(0, t] perfectly describes (Ti)i∈N and

will be used as a substitute

As we’ve said before, we’re interested in homogeneous poisson processes:

Definition 1.1.7 (Homogeneous Poisson Process). The point process (N(t))t∈R+

is a homogeneous poisson process with intensity λ > 0 if:

• For any sequence of times 0 ≤ t1 ≤ ... ≤ tk, N(ti, ti+1) are independent

• For any interval (a, b] ⊂ R+, N(a, b] ∼ Poi(λ(b− a))

There is an equivalent, infinitesimal characterization of HPPs:

The point process (N(t))t∈R+ is a homogeneous poisson process with in-

tensity λ > 0 if:

• For any sequence of times 0 ≤ t1 ≤ ... ≤ tk, N(ti, ti+1) are independent

• P(N(t, t+ dt] = 1) = λ · dt+ o(dt)

• P(N(t, t+ dt] > 1) = o(dt)

A particularly important property of HPPs is the Competition Theorem:

Theorem 1.1.2 (Competition Theorem). Let N̂ = (Ni)i≥1 be a family of

indipendent HPPs with intensities (λi)i≥1. Then:

• Two distinct HPPs in N̂ have no points in common
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• if λ =
∑

i≥1 λi < +∞, N(t) =
∑

i≥1Ni(t) is a HPP with intensity λ

This tells us that the superposition of a countable amount of HPPs, under

certain conditions, is still an HPP.

We also have that, defining Z as the first point of N and J as the index

of the HPP that contains Z,

• P(J = i, Z ≥ a) = P(J = i) · P(Z ≥ a)

• P(J = i) = λi

λ

• P(Z ≥ a) = e−λa

Homogeneous Poisson Processes give us two ways to represent Markov

chains:

1.1.2 Representations of Markov Chains

Assume that we have Q̂ = (q̂ij)ij∈E matrix, with |E| < +∞ and 0 <

q̂ij < +∞, i, j ∈ E. We want to build a markov process with generator Q̂.

We do it as follows: let q∗ ≥ supi q̂i = supi

∑
j ̸=i q̂ij and define the matrix

M = (mij)i,j∈E as follows:

• mii = 1 + q̂ii
q∗

• mij =
q̂ij
q∗

for i ̸= j

Then we have that M is a stochastic matrix, which means we can define

(X̂i)i≥1 as the Markov process with transition matrix M . Now let λ = q∗

and N(t) be a homogeneous Poisson process of parameter λ. We define a

homogeneous Markov process (Xt)t≥0 as

X(t) = X̂N(t)

Let Q be this process’s infinitesimal generator. We now prove that Q = Q̂.

Let P be the transition semigroup: then, from the last section’s computa-
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tions, we have, for h << 1,

pij(h) = P(N(h) = 1) · P(The chain moves from i to j)

= q∗ · h ·mij + o(h)

= q̂ij · h+ o(h)

Which implies that limh→0 pij = q̂ij.

Another way to construct homogeneous Markov chains is by using the

competition theorem: let Q be the generator, and assume that at time 0,

the chain is at state I. Then for each state j ̸= I, we define a Homogeneous

poisson process (N j
t )t≥0 with rate qIj, and we put them in competition with

each other. As in the competition theorem, let Z be the first point in the

superposition, and J the index responsibile for it. Then, at time Z, we move

the chain’s state to J . By iterating this process, we can easily simulate

homogeneous Markov Chains.

In the next section, we will show some examples of a particular type of

homogeneous Markov process: interacting particle systems.

1.2 Interacting Particle Systems and exam-

ples

Interacting particle systems, intuitively, are homogeneous markov pro-

cesses that describe how the state of the points of a lattice evolve over time.

The points are linked by a graph, and the state of each point is influenced by

the states of its neighbous. In our model, points will represent individuals in

an ecosystem, and their states will represent their species.

Formally, interacting particle systems are homogeneous markov processes

with state spaces of the form SΛ, where S is called the local state space

and Λ is called the lattice.
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1.2.1 The Voter Model

The voter model is often used to model the evolution of populations. In

its standard form, called the linear voter model, we have S = {0, 1, ..., k},
Λ = Zd with a grid-like graph structure, and each site updates its state with

rate 1, choosing state σ with probability proportional to the number of its

neighbous with state σ.

Formally, we define Nx,i(σ), where x is the system’s state, i is a site, and

σ ∈ S, as the number of neighbours of i with local state σ. Then we have

that site i flips to value σ with rate rσi (x) =
Nx,i(σ)∑

τ∈S Nx,i(τ)
.

Our model in Chapter 2 is a modified version of the linear voter model.

1.2.2 Ising-Potts Model

In Ising-Potts models, the sites of the lattice Zd represent atoms in a

crystal, with local state space {−1, 1}, which usually represents the direction

of the atom’s magnetic field. The local state is called the site’s spin. Sites

like or dislike having the same spin as their neighbours, depending on a pa-

rameter β, with each site updating its spin at rate 1.

Defining Nx,i(σ) as in the voter model, we have that site i flips to value σ

with rate rσi (x) =
eβNx,i(σ)∑

τ∈S eβNx,i(τ)
.

As we can see, if β > 0, atoms tend to have the same spin as their neighbours,

meaning that the model is ferromagnetic. If β < 0, the model is antiferro-

magnetic.

From these simple examples we can already see that in general we cannot

solve interacting particle systems analytically , so we are interested in having

ways to turn a complex model into a simpler one, while conserving some of

the original model’s properties. One of these methods is the mean field

limit, which we will now discuss.
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1.3 The Mean Field Limit

Taking the mean field limit of an interacting particle system means re-

placing Λ with the complete graph with N nodes, and then taking the limit

N → ∞.

In this section we’ll find conditions under which, if f(X(t)) is a real function

of interacting particle system X, under the mean field limit f(t) evolves fol-

lowing a differential equation and is therefore deterministic.

We’ll then show the mean field limit of the linear voter model and Ising

model, and how their limiting differential equations behave.

1.3.1 Limiting differential equation

First we must give conditions under which a function of a Markov process

is still a Markov process:

Let X = (Xt)t≥0 be a Markov process with finite state space S, generator G,

semigroup (Pt)t≥0. Let T be another finite set, and f : S → T be a function.

∀x ∈ S, y′ ∈ T |f(x) ̸= y′, define

H(x, y′) =
∑

x′∈S:f(x′)=y′

G(x, x′)

The total rate at which f(Xt) jumps to y′, when Xt = x.

Then we have that, if H(x, y′) = H(f(x), y′) (that is to say, the rate at

which f(Xt) jumps to y′ depends only on f(x)), then Yt = f(Xt) is a Markov

process with generator H.

Now, for each N ≥ 1,let XN = (XN
t )t≥0 be an interacting particle system

with state space SN , generator GN and transition semigroup (PN
t )t≥0, and

let fN : SN → R be functions (when no confusion arises, we drop the N in

the notation. We define the quadratic variation and drift of the process

f(Xt) as, respectively:

αN(x) = α(x) =
∑
x′∈S

G(x, x′)(f(x′)− f(x))2
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βN(x) = β(x) =
∑
x′∈S

G(x, x′)(f(x′)− f(x))

We make the following assumptions:

• That the functions fN all take values in a closed interval I ⊂ R, with
left and right boundaries I− = infI and I+ = supI, not necessarily

finite;

• That there exists a globally Lipshitz function b : I ∈ R such that

lim
N→∞

sup
x∈SN

|βN(x)− b(fN(x))| = 0

• That

b(I−) ≥ 0 if I− > −∞ and b(I+) ≤ 0 if I+ < +∞

Under these assumptions, the differential equation d
dt
yt = b(yt) has a single

I-valued solution (yt)t≥0 for each initial state y0 ∈ I. Then we haave the

following theorem:

Theorem 1.3.1 (Limiting differential equation). Under the above condi-

tions, with the following additional assumptions:

1. That fN(X0) converges in probability to y0;

2. That

lim
N→∞

supx∈SN
αN(x) = 0

We have that, for each T < ∞ and ϵ > 0,

lim
N→∞

P(|fN(XN
t )− yt)| ≤ ϵ ∀t ∈ [0, T ]) = 1

Proof : Fix T < +∞, ϵ > 0, y0 ∈ I. Let L be the Lipschitz constant of

b, and set δ = 1
3
ϵe−LT .

Define the following events:

• Ω0 = {|f(X0)− y0| ≤ δ}

• Ω1 = {
∫ T

0
|β(Xt)− b(f(Xt))|dt ≤ δ}
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• For K > 0, ΩK,2 = {
∫ T

0
α(Xt)dt ≤ KT}

Thm 4.1 from [1] tells us that

P

(
sup

t∈[0,T ]

|f(Xt)− yt| > ϵ

)
≤ KTδ−2 + P(Ωc

0 ∪ Ωc
1 ∪ Ωc

2)

From assumption 1, we immediately have that limN→∞ P(Ωc
0) = 0.

Let AN = supx∈SN
αN(x), BN = supx∈SN

|βN(x) − b(fN(x))|. Then by hy-

pothesis we have AN → 0, BN → 0 for N → ∞. This implies that, for N

sufficiently large,∫ T

0

|β(Xt)− b(f(Xt))|dt ≤ BNT ≤ δ =⇒ P(Ωc
1) = 0

We also have that, ∀N ,∫ T

0

α(Xt)dt ≤ ANT =⇒ P(Ωc
AN ,2) = 0

Thus by setting K = AN , we have

KTδ−2 + P(Ωc
0 ∪ Ωc

1 ∪ Ωc
2) ≤

4ANT

δ2
= 36AN

Te2LT

ϵ2

Which goes to 0 as N → ∞ ■

For us, XN
t will be the interacting particle system with lattice the complete

graph with N vertices, and fN will (usually) be the fraction of vertices with

a certain local state.

It is important to note that the theorem is only valid for fixed time inter-

vals [0, T ]. It does not tell us how the mean field limit behaves at infinity.

This is due to the fact that ’at infinity’ the behaviour isn’t deterministic, and

the mean field limit can jump between solutions of d
dt
yt = b(yt).

We now show the mean field limits for the two models introduced in the last

section.

1.3.2 Mean Field Limit of the linear voter model

We consider a linear voter model with state space S = {0, 1}.
Let (XN

t )t≥0 be the model with lattice ΛN the complete graph with N ver-
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tices, let GN be its generator, SN its state space, and let

X̂N
t =

1

N

∑
i∈ΛN

XN
t (i)

be the fraction of vertices with local state 1. Because of what was said on

functions of Markov processes, we know that X̂t is a Markov process. We

want to study its behavior for N → ∞.

We take fN to be the identity function ∀N ∈ N. We need the generator of

X̂N
t :

X̂N
t has state space ŜN = {0, 1/N, 2/N, ..., 1}, and can only jump from x to

x+ 1/N or x− 1/N .

Let r+(x) be the rate at which it jumps from x to x + 1/N , and r−(x) the

rate from x to x− 1/N . Then we have

r+(x) =
∑

x′∈SN :X̂N=x+1/N

GN(x, x
′)

There are N · (1− x) such states (1 for each possible vertex with local state

0), and each one of those vertices flips with rate x, which means that we have

r+(x) = Nx(1− x)

And with a similar reasoning we have

r−(x) = Nx(1− x)

We can now compute the drift and quadratic variation of X̂N
t :

αN(x) =
∑
x′∈ŜN

H(x, x′)(x′ − x)2

= r+(x)
1

N2
+ r−(x)

1

N2

=
x(1− x)

2N

βN(x) =
∑
x′∈ŜN

H(x, x′)(x′ − x)

= r+(x)
1

N
− r−(x)

1

N

= 0
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All the conditions of the theorem are satisfied:

• The drift is uniformly approximated by b = 0

• The differential equation d
dt
yt = 0 admits a unique solution for all y0

• limN→∞ supx∈ŜN
αN(x) = 0

So we have that the limit of X̂N
t for N → ∞ is a constant function, meaning

that, in the mean field limit of the linear voter model, the fractions of sites

with local states 1 or 0 remain constant.

1.3.3 Mean Field limit of the Ising Model

We consider an Ising model with local state space S = {−1, 1}.
We substitute the lattice with the complete graph ΛN , and define

Nx,i(σ) =
1

|Ni|
∑
j∈Ni

1x(j)=σ

The fraction of neighbours of i with local state σ, and fix the rate at which

i flips to σ as
eβNx,i(σ)∑
τ∈S e

βNx,i(τ)

We call XN
t the markov process with these characteristics, with state space

SN , generator GN , lattice ΛN . For simplicity’s sake, we count each node

among its neighbours. By doing so, we have that Nx,i(σ) does not depend on

i and is the fraction of vertices with local state σ. We denote it with Nx(σ).

We now proceed in a similar way to the voter model: we have that the

average magnetization

X̂N
t =

1

N

∑
i∈ΛN

XN
t (i)

Is a Markov process, with state space ŜN = {−1,−1 + 2/N, ..., 1 − 2/N, 1}.
Let r+(x) be the rate at which it jumps from x to x + 2/N , and r−(x) the
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rate from x to x− 2/N . With the same reasoning we followed for the voter

model, there are NNx(−1) sites that can flip to 1, and each one does so with

rate eβNx(1)

eβNx(−1)+eβNx(1) . So we have

r+(x) = N ·Nx(−1)
eβNx(+1)

eβNx(−1) + eβNx(1)

And

r−(x) = N ·Nx(+1)
eβNx(−1)

eβNx(−1) + eβNx(1)

Obviously x = Nx(+1)−Nx(−1) and 1 = Nx(+1) +Nx(−1), which gives us

Nx(+1) = (1+ x)/2 and Nx(−1) = (1− x)/2. We can then rewrite the rates

as

r+(x) = N
1− x

2

eβ
x+1
2

eβ
x+1
2 + eβ

1−x
2

= N
1− x

2

eβx/2

eβx/2 + e−βx/2

And

r−(x) = N
1 + x

2

e−βx/2

eβx/2 + e−βx/2

Taking fN the identity function again, we calculate the drift and quadratic

variation of X̂N
t :

αN(x) = (r+(x) + r−(x))

(
2

N

)2

=
4

N

(
1− x

2

eβx/2

eβx/2 + e−βx/2
+

1 + x

2

e−βx/2

eβx/2 + e−βx/2

)

βN(x) =
2

N
(r+(x)− r−(x))

= (1− x)
eβx/2

eβx/2 + e−βx/2
+ (1 + x)

e−βx/2

eβx/2 + e−βx/2

=
eβx/2 + e−βx/2

eβx/2 + e−βx/2
− x

= tanh

(
1

2
βx

)
− x
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The theorem’s hypothesis are again all verified. We then have that, under the

mean field limit, for any fixed time interval [0, T ], the average magnetization

of the Ising model evolves following the differential equation

d

dt
yt = tanh

(
1

2
βyt

)
− yt

.

We study this equation’s behavior: consider the function f(x) = tanh(1
2
βx)−

x, with domain [−1, 1]. We have f(−1) > 0, f(1) < 0, which implies that

the function has at least one zero in its domain.

We have f ′(x) = 1
2
β(1− tanh2(1

2
βx))− 1 < 1

2
β − 1. For β < 2, the function

is strictly decreasing and has one and only zero in 0, which implies that the

differential equation d
dt
yt = tanh(1

2
βyt)− yt has a single, stable, equilibrium

point in 0, to which all solutions of the equation with −1 ≤ y0 ≤ 1 converge.

For β > 2, the function has 3 zeros, {0, b,−b} with b > 0 (the function is odd),

with 0 being unstable and the other 2 stable.This means that the differential

equation has 3 equilibria, 0 which is unstable, b to which all solutions with

y0 > 0 converge and −b to which all solutions with y0 < 0 converge.
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(a) β = 1

(b) β = 5

Figure 1.1: Simulations of the behavior of the mean field limit of the Ising

model, using the explicit Euler method, with y0 = 0.3, dt = 0.1
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Chapter 2

A voter-like model for species

coexistence

2.1 Our approach to the problem

The first to analyze ecosystem stability from a theoretical standpoint was

Robert May, who modeled ecosystems as a system of nonlinear differential

equations, oscillating around an equilibrium point. May then modeled the

matrix A that describes the system’s dynamic around its equilibrium as a

random matrix, and found that in the large S limit, stability becomes less

and less likely as S increases. This theoretical result, that clashes with em-

pirical observation, is known as May’s paradox.

We now introduce a voter-like model, through which we intend to prove the

importance of mutualistic interactions in ecosystems’ stability, and highlight

a possible path to reconciling biodiversity and stability.

Our approach differs from May’s in that we first model the ecosystem’s dy-

namic for each of its individuals as a stochastic process. We then take the

mean field limit and find a deterministic model described by a series of differ-

ential equations, and study its stability around its equilibrium points. In this

way A is determined by the ecosystem’s dynamic, instead of being directly

modeled as a random matrix.

17



18 2. A voter-like model for species coexistence

2.2 Description of the model

We model an ecosystem as an interacting particle system, with lattice

Λ = {1, ..., N} the complete graph with N vertices, and local state space

{1, ..., S}. Points of the graph represent individuals, and the local state

represents that individual’s species. We call ηz the species label at site z,

with the system’s state being given by η(t) = (η1(t), ..., ηN(t)).

We model species interaction by introducing a directed graph on {1, ..., S},
where directed links represent ecological interactions.

The strength of these interactions is modeled by two matrices M and L,

which describe cooperative and exploitative interactions respectively.

We require that M and L satisfy the following conditions:

• ∀i, j = 1, ..., S, Mij ≥ 0 ( M models mutualistic interactions)

• ∀i, j = 1, ..., S, LijLji < 0 or Lij = Lji = 0 (L models competitive

interactions)

• ∀i, j = 1, ..., S LijMij = 0 (two species can interact either competitively

or cooperatively, but not both)

Mij > 0 means that the j-th species benefits from the presence of the i-th

species, while Lkl > 0(< 0) and Llk < 0(> 0) means that the l-th species

exploits (is exploited by) the k-th species.

We ignore spacial effects for simplicity, as denoted by choosing the complete

graph as lattice.

We describe the system’s dynamics as a voter-like model, in which, for each

site i, the individual is removed and replaced with one of species j at rate

ω(j, η,M,L) = η̂j + ϵ1

S∑
k=1

η̂kMkjθ(η̂j) + ϵ2

S∑
k=1

η̂kLkj η̂j (2.1)

where θ is the Heaviside step function and η̂j =
ηj
N
.

For ϵ1 = ϵ2 = 0 we have the standard linear voter model, which we have

already analyzed.
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We fix the total number of individuals to account for the ecosystem’s carrying

capacity: a new individual comes into the ecosystem always at the expense of

another (our model has no empty sites, and sites do not empty, only change

labels).

Mutualistic and competitive interactions are modeled differently:

• Competitive interactions are quadratic, as they are modeled under the

classic law of mass-action in chemical reactions, where the probability

of interactions occurring is proportional to the number of individuals

of both the involved species;

• Cooperative interactions are linear, as we make the assumption that

they are mediated by some resource, which one species produces and

the other benefits from.

Figure 2.1: Visualization of the model’s dynamic:

In figure A we see the lattice, with linked nodes representing neighbors;

in figure B we see how the system evolves: each node can flip its neighbors’

states to its own with the rates described above;

in figure C we see a representation of the network of interactions between

species: in the case of mutualistic interactions, a direct link between i and j

means that the species j is aided by the presence of species i .

Image taken from [5]

We are unable to describe the behavior of the model as it is: to simplify

it, we take the mean field limit, by sending N → ∞, and study the behavior

of the resulting deterministic model:
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For each η̂j we have Ŝ = {1/N, 2/N, ..., N}.
η̂j increases at rate N · ω(j, η,M,L) (the total rate at which individuals flip

to species j) and decreases at rate N(η̂j)
∑S

k=1 ω(k, η,M,L) (total rate at

which individuals of species j flip to another species). We compute the drift

and quadratic variation:

βN(η̂j) =
1

N
N ·

(
ω(j, η,M,L)− η̂j

S∑
k=1

ω(k, η,M,L)

)

= η̂j + ϵ1

S∑
k=1

η̂kMkjθ(η̂j) + ϵ2

S∑
k=1

η̂kLkj η̂j

− η̂j

(
S∑

i=1

(η̂i + ϵ1

S∑
k=1

η̂kMkjθ(η̂i) + ϵ2

S∑
k=1

η̂kLkj η̂i

)

= ϵ1

S∑
k=1

η̂kMkjθ(η̂j) + ϵ2

S∑
k=1

η̂kLkj η̂j

− η̂j

S∑
i,k=1

(ϵ1 η̂kMkjθ(η̂i) + ϵ2η̂kLkj η̂i)

αN(η̂j) =
1

N2
N

(
ω(j, η,M,L) + η̂j

S∑
k=1

ω(k, η,M,L)

)
→ 0 as N → ∞

We can then write the limiting differential equation:

d

dt
η̂j = ϵ1

S∑
k=1

η̂kMkjθ(η̂j)+ ϵ2

S∑
k=1

η̂kLkj η̂j − η̂j

S∑
i,k=1

(ϵ1 η̂kMkjθ(η̂i)+ ϵ2η̂kLkj η̂i)

(2.2)

From now on, we assume the only interactions between species are mutualistic:ϵ2 =

0. This gives us

d

dt
η̂j = ϵ1

(
S∑

k=1

η̂kMkjθ(η̂j)− η̂j

S∑
i,k=1

η̂kMkjθ(η̂i)

)
(2.3)
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(a) Cyclic network (b) System evolution for cyclic network

(c) Supporting species (d) System evolution with supporting

species

(e) K5,5 (f) System evolution for bipartite graph

Figure 2.2: Figures(a) and (b): interaction network and system evolution for

a cyclic network

Figures(c) and (d): a single species supports all others. Observe how the

supporting species goes extinct for t → ∞
Figures (e) and (f): dynamic of a random bipartite graph, obtained from

K5,5 by keeping each directed link with probability 1/2
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2.3 Unsupported species and equilibrium points

As shown in Figure 2.2b, unsupported species (that is to say, species that

have an indegree of 0 in the interaction network) are extinct at equilibrium:

we can easily prove this by looking at equation (2.3): by setting d
dt
η̂j = 0 ∀j,

we get

η̂j =

∑S
k=1 η̂kMkjθ(η̂j)∑S
i,k=1 η̂kMkjθ(η̂i)

(2.4)

Let m = (mi) be an equilibrium point: if species j is unsupported, we have

Mij = 0 ∀i, which implies
∑S

k=1 η̂kMkjθ(η̂j) = 0, therefore mj = 0, meaning

that species j is extinct at all equilibrium points of the system.

The presence of unsupported species can cause a chain of extinctions: the

extinction of an unsupported species may cause other species to become

unsupported, and then extinct. To solve this issue, we prune the network

of interactions Ŝ:

1. If there are any nodes in Ŝ with an indegree of 0, we remove those

nodes and any links from and to those nodes (in matrix terms, if node

k has an indegree of 0, we remove the k − th row and column of M)

2. We repeat step 1, until all nodes have an indegree of at least 1. The

resulting network is called a pruned network

From now on,we assume that any network we analyze is pruned.

In a pruned network, at equilibrium, η̂j ̸= 0 ∀j. We observe that such

equilibrium points are the positive left eigenvectors of M such that the sum

of their components is 1: from equation (2.4), let m be the equilibrium point,

and assume mi > 0 ∀i: then we have

mi =
(mTM)i∑S
k=1(m

TM)k
(2.5)

Which is exactly what we wanted to prove.
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An important category of pruned networks are strongly connected net-

works, which we know to be equivalent to asking that M is irreducible. In

this case, we can apply the Perron-Frobenius theorem, which tells us that:

• The spectral radius r of M is an eigenvalue, and the only positive one;

• M has only two eigenvectors with positive entries:the right and left

r-eigenvectors.

Because of what said above, this implies that we have a single (feasible) equi-

librium point, in which all entries are positive.

When we will choose how to model the matrix M , we will do so in a way

such that Mij > 0 =⇒ Mji > 0, which lets us separate the network into

strongly connected clusters, which can be studied separately.

2.4 Linearization and Stability

We want to study the system’s stability: this means studying its behavior

around its equilibrium points, which is determined by the sign of Re(z), for

z eigenvalue of the matrix that describes the behavior of the system around

its equilibrium.

In particular, for the system to be stable, we want Re(z) < 0 ∀z eigenvalue.

Let m = (mi) be an equilibrium point, that we assume to have all positive

entries. Let A = (Aij) be the linearized matrix: then we have

Aij =
d

dη̂j

d

dt
η̂i

∣∣∣∣
η̂=m
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Substituting equation (2.3), we get

Aij =
d

dη̂j
ϵ1

(
S∑

k=1

η̂kMkiθ(η̂i)− η̂i

S∑
l,k=1

η̂kMklθ(η̂l)

)∣∣∣∣
η̂=m

= ϵ1

(
MT

ij − δij

S∑
l,k=1

η̂kMklθ(η̂l)− η̂i

S∑
k=1

Mjk

)∣∣∣∣
η̂=m

= ϵ1

(
MT

ij − δij

S∑
l,k=1

mkMkl −mi

S∑
k=1

Mjk

) (2.6)

To study A’s eigenvalues, we first have to choose how to model the matrix

M as a random matrix:

• We set the diagonal to 0: Mii = 0 ∀i ∈ {1, ..., S}

• Each off-diagonal pair (Mij,Mji) is set to (0,0) with probability 1−C

and is drawn from a bivariate Gaussian distribution of means (µ, µ)

with µ > 0 and covariance matrix (σ2, ρσ2, ρσ2, σ2) with probability

C. C represents the probability that two species interact and is called

connectance.

By modeling M this way, we’ve chosen to loosen our hypothesis on the sign

of mij: instead of assuming mij > 0 ∀i, j, we model mij as a random variable

with mean µ > 0.

As we’ve said before, we have Mij > 0 =⇒ Mji > 0, which means that

the interaction graph Ŝ can be divided into strongly connected components,

where each component can be considered a distinct ecosystem, independent

from the others.

We define:

• The mean of M’s off-diagonal elements µM = Cµ

• The variance σ2
M = E[(mij − µM)2] = C(1− C)µ2 + Cσ2

• The correlation ρM = cov(mij,mji)/σ2
M = ρσ2+(1−C)µ2

σ2+(1−C)µ2
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We study the system’s behavior in the large S limit: we assume that the

interaction network is strongly connected, which implies∑S
i=1 Mij ∼ (S − 1)µM ∀j ∈ {1, ..., S} (by the law of large numbers), which

means M has leading eigenvalue λM = (S − 1)µM , with left eigenvector

m = (mi)1≤i≤S, with mi ∼ 1/S. We then have

A′
ij =

Aij

ϵ1
= MT

ij − δij

S∑
l,k=1

mkMkl −mi

S∑
k=1

Mjk

∼ MT
ij − δij(S − 1)µM − µM

= (MT
ij − µM)− δij(S − 1)µM

Let M ′ = (m′
ij)1≤i,j≤S, with m′

ij = MT
ij − µM + δijµM . We have A′ =

M ′−SµMI, which implies that A′’s eigenvalues are M ′’s eigenvalues, shifted

by −SµM .

M ′ is a random matrix, with diagonal elements set to 0 and off-diagonal

pairs set to (−µM ,−µM) with probability (1− C) and drawn from a bivari-

ate Gaussian distribution of mean ((1−C)µ, (1−C)µ) and covariance matrix

(σ2.ρσ2, ρσ2, σ2) with probability C. M ′ has mean 0, variance σ2
M and co-

variance ρM (variance and convariance are invariants by translation).

This implies that M ′’s eigenvalues in the large S limit are uniformly dis-

tributed on an ellipse with center in 0 and semi-axis
√
SσM(1 + ρM) (real)

and
√
SσM(1− ρM) (imaginary) [2]. We then have, for each eigenvalue z of

A′,

Re(z) ≤
√
SσM(1 + ρM)− SµM

Which implies that if µM ≥ σM(1 + ρM)/
√
S, the equilibrium is stable with

probability 1 (A has the same eigenvalues as A′, multiplied by ϵ1: it’s equiv-

alent to analyze A′ or A for stability).

The condition also tells us that:

• As S increases, so does the system’s stability: more complex ecosystems

are more stable in this model;

• The stability also increases with µM : the system grows more stable as

the strength of its interactions increases.
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(a) S=10

(b) S=100 (c) S=1000

Figure 2.3: Eigenvalues of A, with µ=10,σ=1,ρ=0.5,C=0.5. Observe how

the ellix shape becomes more and more visible as S increases



Conclusions

Ecosystems are inherently complex, as they are composed of large amounts

of individuals, interacting with one another via a dense network of interac-

tions.

Due to this, they display emergent non trivial behavior, such as the apparent

link between complexity and stability.

Our goal was to show the importance of mutualistic interactions and the

impact that the topology of the interaction network has on the system’s be-

havior.

By modeling ecosystems as interacting particle systems driven by a voter-

like dynamic, we have analyzed the negative impact that unsupported species

have on biodiversity at equilibrium and found a sufficient condition for all

species to coexist. We then studied its stability, finding a positive link be-

tween it and complexity, showing that mutualistic interactions are an impor-

tant piece of the puzzle of ecosystem stability.

In this thesis we have focused on showing the link between cooperative in-

teractions and stability: further analysis of the model could focus on its

behavior when competitive interactions are also accounted for, and how the

system oscillates around its equilibrium points.

27



28 CONCLUSIONI



Appendix A

Python Codes

A.1 Ising simulation

def Ising_simulation(y0,step,iter,beta):

y=[]

t=[step*i for i in range(iter)]

drift=numpy.tanh(0.5*beta*y0)-y0

y.append(y0)

for i in range(iter-1): #Simulation with explicit Euler method

y0=y0+drift*step

y.append(y0)

drift=numpy.tanh(0.5*beta*y0)-y0

plt.plot(t,y)

plt.ylabel(’Average magnetization’)

plt.xlabel(’Time’)

plt.title(’Simulation of Ising model’)
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A.2 Simulation of voter-like model

def simulate(M,dt,iter,nu,S):

A=[[] for i in range(S)] #Stores hystory of simulation

M.transpose()

for i in range(S):

A[i].append(nu[i])

for i in range(iter-1): #Iteration with explicit Euler

for j in range(S):

nu[j]=max(nu[j],0)

v=np.matmul(M,nu)

v.transpose()

v1=sum(v)

nu_delta=v-v1*nu #Drift of the system

nu=nu+dt*nu_delta

for j in range(S):

A[j].append(nu[j])

times=[i*dt for i in range(iter)] #Create plot

for i in range(S):

plt.plot(times,A[i])

plt.xlabel(’Time’)

plt.ylabel(’Species density’)



A.3 Eigenvalues of A 31

A.3 Eigenvalues of A

def generate_matrix(S,mu,sigma,rho,C):

M=np.zeros((S,S)) #Build matrix M

for i in range(1,S):

for j in range(i):

if random.random()< C:

[M[i][j],M[j][i]]=np.random.multivariate_normal([mu,mu],

[[sigma**2,rho*(sigma**2)],[rho*(sigma**2),sigma**2]])

A=np.zeros((S,S)) #Build linearized matrix A

for i in range(0,S):

for j in range(0,S):

A[i][j]=M[j][i]-C*mu

if i==j:

A[i][j]=A[i][j]-(S-1)*C*mu

return A

def plot_eigenvalues(A): #Plot eigenvalues of matrix A

eigenvalues=np.linalg.eig(A)[0]

Re=[z.real for z in eigenvalues]

Im=[z.imag for z in eigenvalues]

plt.scatter(Re,Im)

plt.axvline(x=0,color=’r’,label=’Stability Barrier’)

plt.title(’Eigenvalues of linearized matrix’)

plt.xlabel(’Re(z)’)

plt.ylabel(’Im(z)’)

plt.show()
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