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Introduction

The present thesis studies a family of associative C-algebras known as
symplectic reflection algebras. These algebras, which were introduced by
Etingof and Ginzburg [1], have a rich and varied theory which have applica-
tions in different mathematical contexts: they are encoded with a combina-
torics which shows similarities with the one which arises from the classifica-
tion of a family of irreducible representations of finite groups of Lie type [22],
they are involved with the problem of the existence of symplectic resolutions
for some symplectic quotient varieties [6], and they have many analogies with
the universal enveloping algebra U(g) of a semisimple Lie algebra g.

In Chapter 1 we introduce some preliminary notions on Hopf algebras, graded
and filtered algebras, symplectic C-vector spaces, classical deformation the-
ory and Poisson algebras.

In Chapter 2 we define the symplectic reflection algebras following [1] and we
highlight some of their properties. In order to give their definition, Etingof
and Ginzburg consider a larger class of algebras consisting of deformations of
the smash product algebra SV#I', where SV is the symmetric algebra of a
finite dimensional C-vector space V and I is a finite group of automorphisms
of V.

In analagoy with Lie Thoery, the symplectic reflection algebras are the ones
for which the PBW-Theorem holds (Theorem 2.1.2) and we denote them by
H, ., where t, c are parameters.

Now, we study the substructures of a given symplectic reflection algebra H, .,
in particular we focus on a subalgebra: the spherical subalgebra.

We describe the proof of [1, Theorem 1.6] in which the spherical subalgebra
is interpreted as a deformation of the Poisson algebra (SV)'" and where it is
proved that for ¢ = 0 it is commutative.

To conclude Chapter 2, we recall from [6] and [1] the results which allow us
to relate the centre of the spherical subalgebra to the one of the correspond-
ing symplectic reflection algebra and we restate the characterization of the
centre of H;,. depending on the parameter ¢ € C that can be found in [6]:

o Ift £0, Z(H,.) = C.



o Ift =0, Hy,. is a finite module over Z(H,_.).

In Chapters 3 we focus on a particular family of symplectic reflection alge-
bras: the rational Cherednik algebras. Being a particular family of the main
mathematical objects of this thesis, the results stated in the general case
still hold. However, unlike general symplectic reflection algebras, rational
Cherednik algebras are Z-graded algebras and they admit a triangular de-
composition as C-vector spaces which is analogous to the one of the universal
enveloping algebra U(g) of a semisimple Lie algebra g.

We move on setting the ground to study their representation theory. In
particular, we focus on rational Cherednik algebras at ¢ = 0 and we recall
from [6] the definition of some quotients of algebras in the latter family: the
restricted rational Cherednik algebras. They inherit a triangular decomposi-
tion as C-vector spaces from the one of the corresponding rational Cherednik
algebras which will play an important role in their representation theory.

In Chapter 4, in the spirit of the representation theory of U(g), we report
some results on the representation theory of a restricted rational Cherednik
algebra from [14], obtained by exploiting its triangular decomposition. We
present the construction given in [6] of a family of finitely generated left
modules for this algebra called Baby Verma modules which are analogous to
the Verma modules for the universal enveloping algebra U(g) of a semisimple
Lie algebra g.

To conclude, we compute a concrete example for C? and a cyclic group.
In particular, we give an explicit description of the objects involved in the
thesis: the associated rational Cherednik algebra and the restricted rational
Cherednik algebra. Moreover, we compute the Baby Verma modules, writing
the computations in full detail in the case of a cyclic group of order 2.
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Chapter 1

Preliminaries

1.1 Hopf Algebras

1.1.1 Algebras and Coalgebras

Throughout this section F' is a field and tensor products are over F. As
in [3]:

Definition 1.1.1. A F-algebra (with unit) is a F-vector space A together
with two F-linear maps, multiplication m : A ® A — A and unit
u: ' — A, such that the following diagrams are commutative:

a) associativity: b) unity:
AQARA MY 40 A u@id/A@)A ide
lid@m lm F®A J/m AR F

AQA—" 4 4 I

Moreover, the two lower maps in b) are given by scalar multiplication, and
the same diagram gives the usual identity element in A by setting 14 = u(1F).

Definition 1.1.2. For any F-vector spaces V and W, the twist map
T: VW — W®Visgiven by 7(v ® w) = w ® v.

Note that A is commutative if and only if mo7 =m on A ® A.

Definition 1.1.3. A F-coalgebra (with counit) is a F-vector space C' to-
gether with two F-linear maps, comultiplication A : ¢ — C ® C' and
counit € : C' — F' such that the following diagrams are commutative:



a) coassociativity: b) counity:

C
Cc—2 C0xC Jo— T e
lA lA@id F®C\ lA /C@F
C®C 1d®A C@C@C e®id C@C 1d®e

We say that C' is cocommutative if and only if 7o A = A on C.

Remark 1.1.1.1. Notice that given a F-algebra (B, mp,up) then

(B & B,mB®B, aB(X)B) with an®B = (mB X mB) o (ZdB RXTRX ZdB) and
Upgp ‘= up @ upg, is again a F-algebra and similarly given a F'-coalgebra
(C,A¢,ec) then (C® C, AC®C7§C®C); where

Acge = (ide @T®Ridc) o (Ac @ A¢) and Ecge = ec e, is a F-coalgebra.

Definition 1.1.4. Let C and D be coalgebras, with comutiplications A¢
and Ap, and counits e¢ and p respectively.

a) Amap f: C — D is a coalgebra morphism if Apo f = (f® f)A¢ and
if EC :5Dof.

b) A subspace I C C'is a coideal if Al C1® C+ C® I and if ¢(I) = 0.

1.1.2 Bialgebras, Convolution, Summation Notation
Now we combine the notions of algebra and coalgebra;

Definition 1.1.5. A F-space B with maps m, u, A, ¢ is a bialgebra if
(B,m,u) is an algebra, (B, A, ¢) is a coalgebra, and either of the following
(equivalent) conditions hold:

1) A and ¢ are algebra morphisms

2) m and u are coalgebra morphisms.

Definition 1.1.6. Let B, B’ be bialgebras. A map f : B — B’ is a
bialgebra morphism if it is both an algebra and a coalgebra morphism.

Definition 1.1.7. Let (C, A¢, e¢) be a coalgebra and (A, ma,u4) be an alge-
bra. Then Homp(C, A) becomes an algebra under the convolution product:



(f *g)(c) =mao(f @g)(Ac)
for all f € Homp(C, A), ¢ € C. The unit element in Homp(C, A) is uacc.

Notation 1.1.8. Let C' be a coalgebra with comultiplication
A:C — C®C. The sigma notation for A is given as follows: for any
c € C, we write:

Ac = 20(1) X C(2)-

Remark 1.1.2.1. When A must be applied more than once, using the coas-
sociativity property in 1.1.3 a) we get:

Yeq) ® C2)ny ® €2 = Zc(l)(l) ® C(1)) ® C2)5 this element is written as
Yca) @ ¢y ® ¢z = Aa(c), where Ay(c) is the element (necessarly unique)
obtained applying coassociativity two times. Iterating this procedure we write:

Ap_1(c) =Zca)y ® -+ - @ ¢y,

where A,_1(c) is the element (necessarly unique) obtained applying coasso-
ciativity (n — 1)-times. Moreover it follows that for all ¢ € C,

¢ = Xe(ew)e) = Be(ce)eq)
and the convolution product is given by:
(f*g)(c) = Zf(c))glc)-
Now, we can give the definition of a Hopf algebra:

Definition 1.1.9. Let (H,m,u, A, ¢€) be a bialgebra. Then H is a Hopf
algebra if there exists an element S € Homp(H, H) which is an inverse of
tdy under convolution *. The map S is called antipode for H.

Remark 1.1.2.2. Note that in X-notation S satisfies:
E(Shl)hg = €(h)1H = Zhl(Shg)
forallh € H.

Definition 1.1.10. A map f: H — K is a Hopf algebra morphism if it
is a bialgebra morphism and if it holds:

f(Suh) = Sk(f(h)), for any h € H,

where Sy and Sk are the antipodes for H and K, respectively.
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Example 1.1.11. Let G be a finite group with unit e. The group algebra
H = F@ is the space of all formal linear combinations Y,cqa,9, a, € F, with
the multiplication:

(EQGGa;g) (EgGGalg/g) = Egeruv:ga’;aZg7

and with unit e.
Then H = FG becomes a Hopf algebra by defining Ag = g ® g, e(g) = 1
and Sg = ¢!, for any g € G.

Example 1.1.12. Let g be a Lie algebra and let U(g) be its universal en-
veloping algebra. Then U(g) becomes a Hopf algebra by defining
Ar=2®1+1®x, e(x) =0and Sz = —z, for any z € g.

1.1.3 Smash Product of Hopf Algebras
In this subsection let H be a F-Hopf algebra.

Definition 1.1.13. Let H be a Hopf algebra and V', W be left H-modules.
Then V ® W is again a left H-module via:

h-(v®@w)=Xh; - v®hy-w

foralhe Hyv eV and we W.
Rewriting the equality above in term of maps:

Pyew = (Py @ Py ) o (idyg @ T ®idw) o (A ®idy @ idw),

where &y : HQV — V and &y : H® W — W are the two given module
actions, Pygw : H® (VW) — V @ W is the module action on V @ W
and 7 is the twist map: H RV — V ® H.

Definition 1.1.14. An algebra A is a (left) H-module algebra if
forall h € H, a,b € A:

1) Ais a left H-module via h ® a — h - a.

3) h-14=e(h)l4.

Definition 1.1.15. Let A be a left H-module algebra. Then the smash
product algebra A#H is defined as follows:



1) As F-vector spaces, A#H = A® H, and we write the element a#h = a®h,
forae Aand h € H.

2) Multiplication is given by:

(a#th)(b#tk) = Salhy - D)#hk |
foralla,be A, h, k € H.

It follows from the definition that A ¥ A® 1 and H ~ 1 ® H, thus the
element a#h is frequently abbreviated by ah.

Example 1.1.16. Let H = F'G and let A be an H-module algebra. Since
Ag = g® g for any g € G, by Definition 1.2.2 2), we have that

g-(ab) = (g-a)(g-0b) for all a, b € A and thus g acts as an endomorphism
of A. Morevoer by Definition 1.2.2 1) g acts as an automorphism of A (since
gg~' =1). As a consequence there is a group homomorphism G — Autp(A)
and also the converse holds: any such a map makes A into a FG-module
algebra.

In this case A#FG = A x G, the skew group ring, where multiplication is
just:

(ag)(bh) = a(g - b)gh, for all a, b€ A, h, k € G.

Example 1.1.17. Let H and G be groups such that G acts on H by au-
tomorphisms. Then F'H is a F'G-module algebra and the smash product
FH#FG exists [7, Lemma 3.3.9]. Moreover by [7, Proposition 3.3.10], we
have the following isomorphism of algebras:

FH#FG ~ F(H % G).

1.2 Symplectic Vector Spaces

Throughout this section fix F' = C.

1.2.1 Definitions and Basic Notions

Definition 1.2.1. Let V be a vector space over C, and let
w:V xV — C be a bilinear form which satisfies the following properties
for any x,y € V:

(1) w(z,y) = —w(y, x) (skew-symmetric);
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(1) w(z,z) = 0 (totally isotropic);
(731) If w(y,x) =0 for all y € V, then z = 0 (non-degenerate).

Then w is a symplectic form on V and the pair (V,w) is called symplectic
vector space.

A subspace W C V' which satisfies w(z,y) = 0 for all z,y € W is said to be
1sotropic.

From now on V is a finite dimensional vector space over C.

Corollary 1.2.2. /8, Corollary 1.3] Let (V,w) be a symplectic vector space.
Then dimV is even.

Example 1.2.3. Let V' = C?". It is a symplectic vector space over C with
symplectic form w : C?" x C?* — C such that its associated matrix with
respect to the canonical basis of C*" has the following form:

0 I,
[y a
Notice that the matrix associated to w is skew-symmetric and non-singular.

Remark 1.2.1.1. If (V,w) is a symplectic vector space with dimV = 2n, then
by [8, Theorem 1.4] there exists a basis of V' such that the matriz associated
to w is as in Fxample 1.2.3.

Definition 1.2.4. Let (V,w) be a symplectic vector space and let W C V.
W is said to be Lagrangian if it is a maximal isotropic subspace in V/,
that is:

(1) w(z,y) =0 for all x,y € W (i.e. W is isotropic).

(#7) There is no U C V such that (i) holds for U and W C U.

Definition 1.2.5. Let (V,w) be a symplectic vector space and let U C V be
a subspace of V. We set U¥ = {v € V | w(v,w) = 0 for any w € U}. Then

U C V is said to be symplectic it U NU* = {0}.
In particular it follows that:

dimU® = dimV — dimU. (1.2)

Thus, given a subspace U C V:



e U is isotropic if and only if U C U¥. Then by (1.2): dimU < 3dimV.

e U is Lagrangian if and only if U C U* and dimU = 1dimV, [8, Defini-
tion 1.6].

Remark 1.2.1.2. In Example 1.2.3 we consider the subspaces U; = Span{ey, . ..

They are isotropic for any j < n and Lagrangian if and only if j = n.

Definition 1.2.6. Let (V,w) be a symplectic vector space. The symplectic
group Sp(V') < GL(V) is the group of automorphisms of V' which preserve
the symplectic form w:

w(g-v,g9-u) =w(v,u), for any g € Sp(V), and v,u € V.
From now on through this section let (V,w) be a symplectic vector space.

Definition 1.2.7. An element s € Sp(V) with |s| < oo is said to be a
symplectic reflection if:

dim{fveV |s-v=v}=dimV —2.

A group I' € Sp(V') which is generated by symplectic reflections is called a
symplectic reflection group.

Remark 1.2.1.3. Let (V,w) be a symplectic vector space with dimV = 2n

and let {vy,--+ ,v9,} be a basis of V' such that the matriz associated to w is
as 1 Frample 1.2.3.
Then:

Sp(V) = {X € GL(2n,C) | tXJX = J},

where J is as in (1.1).

Note that Sp(V') C SL(V), where SL(V) ={X € GL(2n,C) | detX = 1}.
Indeed, for any X € Sp(V) taking the determinants on both sides of the
equation X JX = J:

det(!X JX) = det' XdetJdetX = (detX)*det] = detJ,

we get detX = +1.
Then, viewing w as an element in A*V* we have w = vi VL 4+ - -+ v A3,

where {v],--- ,v3,} is the dual basis of the fized basis in V.
Consider W\ := w A -+~ ANw € A*"V*. By [18, Proposition 4.1] A*"V* is
—_—
n-times

one-dimensional, then w™™ = p(vi A --- Av3,) for some p € C*, where
vi A+ Ay, is the volume form in A*"V*. More precisely, by [20]:
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w/\”(vl, Un+1, " 5 Un, in) = EUESn+nsgn(U)w<UU(1)7 UU(”-H)) o 'W(UU(”)7 UU(”+R))'
Notice that since w = Xi_ v; Avy,,, the summands in the above equation are
non zero if and only if o(i +n) = o(i) +n, for any i € {1,--- ,n}. In par-
ticular by [21, 2.7], " (v1, Va1, U,y Vo) = 1!, dce, 0 # W € A*MV*,
By [18, Definition 7.1], w""(A) = udet(A), for any A € GL(2n,C).
Fiz X € Sp(V). Then w""(XA) = w""(A), i.e, pdetXdetA = udetA, with
€ C*. Thus, detX =1 and we conclude that Sp(V) C SL(V).

Lemma 1.2.8. Let (V,w) be a symplectic vector space with dimV = 2n
and let I' C Sp(V). Let S be the set of symplectic reflections in I'. For each
s € S, the spaces Im(1 — s) and Ker(l — s) are symplectic subspaces of V/
such that V = Im(1 —s) & Ker(1 — s) and dimIm(1 — s) = 2.

Proof. For any s € S, with |s|] = m < oo, s is diagonalizable over C with
m-th roots of unity on the diagonal. Indeed C is an algebraically closed field
with char(C) = 0, thus it contains all the distinct roots (which are the m-th
roots of unity) of its minimal polynomial. Since |s| < oo, the Jordan blocks
relative to the eigenvalues of s must be of finite order and since char(C) = 0
they must be diagonal.

Moreover, for any s € S, dimV; = dimKer(1—s) = 2n—2, where V] denotes
the eigenspace relative to the eigenvalue 1. By Remark 1.2.1.3 det(s) = 1,
then there are just two possibilities for the other eigenvalues A, Ay € C
(counted with multiplicity):

(1) M1 = Ay = —1;

(ZZ) )\1, )\2 = )\;1, with )\1 ?é +1.

Denote by V), V), the corresponding eigenspaces, then in (i) V), = V), = V_;
and dimV_y = 2, while in (i) V), # V), and dimV,, = dimV),, = 1.

Thus:

V_l, in (1)

Im(l—s)=
m( S) {V)q (&) V)\Q, n (11)

Hence: Ker(1—s)NIm(1—s)={0} and V = Ker(l —s) ® Im(1 — s).
Now, it remains to prove that Ker(l — s)¥ = Im(1 — s). Indeed, then we
get that Ker(l —s)N Ker(l —s)* = {0} and we can conclude by Definition
1.2.5 that Ker(1 — s) and Im(1 — s) are symplectic subspaces of V.

Notice that (1 — s)|ma—s) is an automorphism of Im(1 — s) and so any
v € Im(1 — s) is of the form v = w — s - w, with w € V. Moreover, for any
z € Ker(1l — s), we have that s - z = z and

w,z) =ww-—s5-w,z2)=ww,z) —w(s - w,z)=
=w(w,z) —w(s-w,s-z) =0,

i.e,



Im(l—s) C Ker(l—s)“.

The other inclusion follows by an argument on the dimensions of the sub-
spaces of V' we are considering.

Indeed, we know that dimKer(1 —s)* = 2 = dimIm(1 — s), hence it follows
that

Im(1—s) = Ker(l —s)“,

and we can conclude that Ker(1—s) and Im(1—s) are symplectic subspaces

of V. ]

From now on we denote by w; the 2-form on V' whose restriction to
Im(1 — s) is w and whose restriction to Ker(1 — s) is zero.

Using the definition given in [1]:

Definition 1.2.9. The triple (V,w,I'), where I' C Sp(V), is said to be
indecomposable if there is no w-orthogonal direct sum decomposition:

V =Vi®V,, where Vi and V; are ['-stable proper symplectic vector subspaces
inV.

Definition 1.2.10. Let h be a finite dimensional vector space over C and let
W C GL(h) be a finite subgroup. A pseudo-reflection is an element g € W
such that rk(1 — g) = 1.

A finite subgroup W C GL(h) is called a complex reflection group if it is
generated by the pseudo-re flections that it contains.

Lemma 1.2.11. [6, Lemma 1.18] Let (V,w,T") be an indecomposable triple.

1. Either V is a simple I'-module or V' = U & U* with U a simple I'-module
and U, U* Lagrangian with respect to w.

2. If V =U@®U*, then any symplectic reflection in I' acts on U as a pseudo-
reflection.

3. The space (A2V*)!" is one-dimensional.

Proof. Let V =U;®---® U be a decomposition of V' into simple I'-modules
and assume that V' # U;. We claim that U; is an isotropic subspace of V.
First of all, the space U; cannot be a symplectic subspace of V' because of
the indecomposability of the triple.

Consequently the subspace U; N U} is a non-zero I'-submodule of U;. This
implies that U; = U; N UY, i.e, Uy C Uy and the claim is proved.
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Let 0 # u € U;. Now, w is non-degenerate, so it is possible to find some
j # 1 and v € U; such that w(u,v) # 0. Hence U; @ Uj is not isotropic.

We prove that U; @ Uj is a symplectic subspace of V, i.e,

(U1 & U;) 0 (Us & Uy)* = {0}.

Consider Uy NU; ={w € U, | w(w,u) =0, for any u € Uy} C U;, where U;
is a simple I'-module. Let w € U; N U}y and g € T'.

Then w(g - w,u) = w(w,g~" - u) = 0 since U; is T-stable. Hence, we showed
that Uy N U; is a I-submodule of U;. Since U; is simple and there exists
v € U; such that w(v,u) # 0 by construction, it follows that Uy NU; = {0}.
Now, let uy +u; € (Uy @ U;)¥ N (Uy @ Uj). By construction:

(1) w(uy + uj,u) =0 for any u € Uy, and

(1) w(ug + uj, w) =0 for any w € Uj.

By (i) we have that w(uj,u) = 0 for any v € U; because U; is isotropic.
Then, since Uy NU; = {0}, it follows that u; = 0. Analogously, by (i7) it
follows that u; = 0. Then we get: (U;®U,;)*N(U&U;) = {0}. Hence U, & U;
is a symplectic subspace. Therefore, by the indecomposability of the triple
we get that U; @ U; cannot be a proper subspace of V, V = U; @ U;. In this
case, the symplectic form induces a I'module isomorphism w : U; — UY,
V = U, & Uy and this proves 1).

Now we want to prove that a symplectic reflection in I' must act on U; as a
pseudo-reflection, that is: for all g € I C Sp(V'), g # 1 such that

dim{v €V | g-v=v}=dimV -2, then: g, : Uy — U, is such that
dim{ue U, | g-u=u}=dimU, — 1.

This is true because U; ~ U;. Moreover, dimU; = dimU; = @ because
Uy @ Uy = V. Tt also holds: dimU{ = dim(U;)9, for any g € I'. Indeed for
any u € Uy such that ¢ - u = u, we have that ¢ : Uy — Uf, u — w(u, —)
is such that: g - ¢(u) = ¢(g-u) = w(g - u,—) = w(u,—) = ¢(u). Thus, any
symplectic reflection s € T" acts on U; as a pseudo-reflection and 2) is proved.
Write from now on U; = U. Now we will show that the space (A?V*)! is
one-dimensional. If V' is a simple I'-module there is nothing to prove since
w € (A2V*)! by hypothesis and by Schur’s Lemma the dimension of the
given space is at most equal to 1. If V = U @& U* we have that w € (A?V*)I',
hence the dimension of this space is at least 1.

So we have to prove that the dimension is exactly equal to 1 also in this case.
Assume that there exists 0 # v € (A*V*)', with v # \w, for some \ € C.
Then Kerv is a I-module and we can decompose V = Kerv @ V', where V'
is some I-module. If V' is a proper submodule of V', then by 1)

V =U @ U* and it must be V' ~ U. However, (V’,v) is a symplectic vector
space, I' C Sp(V’) and this is a contradiction by 2). Indeed, any symplectic
reflection s € I' must act on V' ~ U as a pseudo-reflection. Therefore v must
be non-degenerate and V' = V.

10



Take s € I' to be a symplectic reflection and consider H =< s >.

By Lemma 1.2.8, it is possible to decompose V' = Im(1—s)® Ker(1—s) into
symplectic vector subspaces (with respect to both w and v since we proved
that they are both non degenerate and by assumption

w, v € (A2V)).

Let Vo := Im(1—s). Then it is a two-dimensional symplectic vector subspace
of V and the restrictions vy and wqy of v and w to V{ are non-zero elements in
the one-dimensional space A2V; = (A2V;)®. Indeed, Vj being a symplectic
vector subspace of V' is also a symplectic vector space in its own right, and
requiring wy and 14 being non-zero elements in A2V = (A2V;)H is equivalent
to requiring wy and vy being nondegenerate in A2V = (A2V;)7.

After rescaling v if necessary, we may assume vy = wy. If v # w, then v — w
is a non-zero but degenerate element in (A?V*)", which is not possible since
we have shown that any 0 # v € (A2V*)' with v # A, A € C must be
non-degenerate. Hence v = w. ]

Example 1.2.12. Let V = U & U* be a finite dimensional vector space over
C. The space U @ U* has a natural pairing: (—,—) : U x U* — C, defined
by (z,y) := y(x), for any x € U and y € U*.

Then we define the standard symplectic form on V' as follows:

w((z,¢), (y,m) = (n,2) = (C,y) = n(x) — C(y),
for any x,y € U and (,n € U*.

Now choose a basis (ey,...,e,) in U and let (fi,..., f,) be its dual basis
in U*, defined by: f;(e;) = d;;.
The basis (€1, ..., €, f1,..., fn) of V satisfies:

W(ejaek) = W(fjafk) =0, w(fjaek) = _W(ejafk) = 05k

and it is called a symplectic basis for V. Hence we have that (V,w) is a
symplectic vector space, since it follows from the definition of w that it is a
nondegenerate and skew-symmetric bilinear form of V.

If we write in coordinates with respect to the fixed basis we get:

w((z,C), (y,m) = X(niz; — Gyy),

with @ = Xzje;, y = Yyje;, ¢ = X f; and n = Xn; f;.

Thus, from the natural pairing U x U* — C it is possible to define a
symplectic form on V = U ¢ U*.
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Moreover, if W is a complex reflection group acting on a finite dimensional
complex vector space U, then W acts diagonally on U & U*. Explicitly, W
acts on U* by (w - x)(y) := x(w™ty) for any x € U*, y € U and w € W.
Then we have a W-action on U @ U*: w- (z,y) = (w-x,w-y). In particular,
since W is generated by pseudo-reflections, i.e, elements fixing hyperplanes
in the action on U, then the same elements become symplectic reflections in
the action on U & U*.

Furthermore, it follows from the diagonal action that the natural pairing is
W-invariant. Hence, the symplectic form is also W-invariant and we can
conclude that W acts on V = U & U* as a symplectic reflection group.

1.3 Graded and Filtered Algebras

In this section we recall notions from [4]:

Definition 1.3.1. A N-graded associative algebra is an algebra A such that
A = BpenA, as a vector space and A, A, C A1, for all n, m € N.

Remark 1.3.0.1. The tensor algebra T'V is a N-graded associative
algebra: TV = @;>0T"V, where T'V := V. The multiplication is the tensor
product and the grading is the tensor degree: (TV )y, :=T™V.

Definition 1.3.2. An increasing filtration on a vector space V is a se-
quence of subspaces V<,, € V such that V,, C V., for all m < n and
UnVam = V.

Definition 1.3.3. An increasing filtration on an associative algebra A is
an increasing filtration A<, such that A<,, A<, C A<(nqn), for all m, n € Z.
An algebra equipped with such a filtration is called filtered algebra.

Definition 1.3.4. For a filtered algebra A = U,,>0A<, the associated
graded algebrais grA := ® A<, /A<(m—-1) where the product for any a € A<,
and b € A<, is defined as follows:

(CL + Agm_l)(b + Agn_1> = ab + A§m+n_1,
and we set: grp, A = (9rA)m =A<pm/A<im-1)-

Definition 1.3.5. A filtered deformation of a graded algebra B, is a fil-
tered algebra A such that grA ~ B as graded algebras.

Example 1.3.6. Let g be a Lie algebra and let U(g) its universal enveloping
algebra. Then by the classical PBW theorem: U(g)is a filtered de formation
of Sym(g), that is: gr(U(g)) ~ Sym(g).
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1.3.1 Homogeneous and Nonhomogeneous Quadratic
Algebras

Let V be a vector space over a field F' and let T'V be its tensor algebra
over F'. We recall some notions from [2]:

Definition 1.3.7. Fix a subspace R C T?V =V ® V and consider the two-
sided ideal J(R) in TV generated by R. A homogenous quadratic algebra
is the quotient algebra T'V/J(R), which is denoted by Q(V, R).

Now, we define their filtered analogous:

Definition 1.3.8. Let T=(V) = {&T7V]; < i} of TV. Fix a subspace
PCT=*(V)=k®dV @ (V®V) and consider the two-sided ideal J(P) in
TV generated by P. A nonhomogeneouos quadratic algebra is the quotient
TV/J(P) and it is denoted by Q(V, P).

Remark 1.3.1.1. Let U = Q(V, P) be a nonhomogenous quadratic algebra.
It inherits a filtration U<y C U<y C ... C U<y, from TV with

Uci = (TS(V) + J(P))/J(P) for any i € N.

Consider now the natural projection p : T<*(V) — V @V on the homoge-
nous component of degree 2, set R = p(P) and consider the homogenous
quadratic algebra A = Q(V, R). Then there is a natural epimorphism (that
we denote again by p): p: A — grU.

Ezplicitly, given an element f € TV denote by LH(f) its leading homoge-
neous component, and for any S C TV define LH(S) :={LH(f) | f € S}.
Recall from [19, 4] that grU ~ TV /J(LH(J(P))) and observe that

J(R) = J(p(P)) = J(LH(P)).

Hence, there is a surjective map of graded algebras:

p: TV/J(R) — TV/J(LH(J(P))),
v x+ J(LH(J(P))),

where J(R) = J(LH(P)) is the two-sided ideal in TV generated by the pro-
jections of each element in P C T<*(V') into its component of degree 2 (which
coincides with LH(P)) and J(LH(J(P))) is the two-sided ideal in TV gen-

erated by the highest homogeneous components of each element in J(P).

Definition 1.3.9. A nonhomogenous quadratic algebra U = Q(V, P) is of
PBW type if the natural projection p : A = Q(V, R) — grU is an isomor-
phism.
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Example 1.3.10. Let g be a Lie algebra over a field F. Consider its tensor
algebra T'(g) and the two-sided ideal I C T=?(g) = F ®g® (g®g) generated
by elements of the form: z®@y—y®x—|x,y], for any =,y € g, where the brack-
ets [—, —| is the Lie bracket on g. Notice that the universal enveloping algebra
ofg, U(g) = T(g)/I, is a non-homogeneous quadratic algebra. Consider now
its symmetric algebra: Sym(g) = T(g)/ < * ®y —y ® >, eg. Then by
the classical PBW-theorem we have that the map p : Sym(g) — ¢gr(U(g))
is an isomorphism, hence we can conclude that U(g) is of PBW-type.

1.4 Deformations and Associated Poisson Struc-
ture

1.4.1 Classical Deformation Theory

We recall some notions from [10]:

Definition 1.4.1. Let (A, ma,us) be a commutative associative F-algebra
with unit e.
A homomorphism € : A — F is an augmentation of A if cus = idp.

The subspace A := kere is called the augmentation ideal of A.

Example 1.4.2. Let F[[t]] be the unital ring of formal power series with
coefficients in the field F'. Then, F[[t]] is augmented with augmentation
e : F[[t]] — F given by: &(Ziez>0ait") := aq.

Example 1.4.3. Let F[t] be the unital ring of polynomials with coefficients
in F. Then F[t] is augmented with augmentation ¢ : F[t] — F given by:

e(f) := f(0), for any f € F[t].

Example 1.4.4. Let G be a finite group with unit e and let F[G] be its
group algebra. Then, F[G] is augmented by € : F|G] — F given by:

e(Xgecayg) = Ygeaty.

Example 1.4.5. An example of an associative and commutative F-algebra
that does not admit an augmentation is given by any proper extension F D F
of F.

Assume that an augmentation € : F — F exists, then Kere is an ideal in a
field, i.e, it is trivial. Hence, € is injective and it implies that F = F', which
is a contradiction with the assumption F # F.
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From now on in this subsection, (A, m4,u4) will be an associative, com-
mutative, augmented and unital F-algebra with augmentation € : A — F
and by a module we will understand a left-module.

Deﬁnition_l.4.6. Let W be an A-module. The reduction of W is the
F-module W := F'®4 W, with the F-action given by:

F(E' ®@4w):=EkE @4 w, for any k', k" € F and any w € W,
and tensor structure given by:
E ®4aw =ce(a)k’ @4 w, forany a € A, we W and k' € F.

Definition 1.4.7. Let now R be an associative F-algebra and A an aug-
mented unital F-algebra. An A-deformation of R is a an associative
A-algebra B together with a F-algebra isomorphism o : B — R.

In particular:

e If the A-module B is flat, i.e, if the functor B ® 4 — is left exact, then
the deformation is said to be flat.

o If A= F|[[t]], i.e, the ring of formal power series, then the deformation
is said to be formal.

Example 1.4.8. Let A = F[t| with augmentation ¢ as in Example 1.4.3
and R = F[z]. Then the algebra B = F[t, 7] is an A-deformation of R since
it is a F[t]-algebra and B = F ®@ppy F[t,z] ~ Flx].

1.4.2 Poisson Algebras

Definition 1.4.9. A Poisson algebra is a F-vector space V together with
two operations: the multiplication: - : V®V — V and the Poisson bracket:
{—,—}:V®V — V such that:
(7) (V,-) is an associative algebra,

(13) (V,{—,—}) is a Lie algebra, and

(14i) for any v € V, the map v — {u, v} defines a derivation for any u € V|
e, {u,v-w} = {u,v} -w+v- {u,w}, for any w e V.

Then, the triple (V,-,{—, —}) is a Poisson algebra.
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Definition 1.4.10. Let (A,-,{—, —}) be a Poisson algebra and assume that
A = @;enA; is N-graded. The Poisson bracket is said to be graded if there
exists some [ € Z such that {—, —} : A; x A; — A, ;4 forall i,7 € N.
Then [ is said to be the degree of the bracket.

Definition 1.4.11. Let (A, -4, {—,—}4), (B, 5,{—, —}5) be Poisson alge-
bras. A map f: A — B is a Poisson algebras morphism if it is an algebra
morphism such that:

f{ar, a2}t a) = {f(a1), faz)} s,
for any a,as € A.

Example 1.4.12. Every Lie algebra g is a Poisson algebra with respect to
the null associative product: a-b =0 and {—, —} given by the Lie bracket.
Every associative algebra A is a Poisson algebra with respect to the null
Poisson bracket: {a,b} =0, for a,b € A.

Such an algebra is called null Poisson algebra.

Example 1.4.13. An associative algebra (A, -, u4) is a Poisson algebra if we
put {a,b} =a-b—>b-a, for a,b € A. Indeed, (A,{—,—}) is a Lie algebra
and (i77) of Definition 1.5.8 follows from:

{a,b-c}=a-(b-c)—(b-¢c)-a=
=(a-b)-c=b-(c-a)—(b-a)-c+b-(a-c)=
= {CL?b} ct+b- {a,c}.
for any a, b, c € A.
Example 1.4.14. [11, Example 2.5] Let g be a Lie algebra with Lie bracket
[_7 _]'
By the classical PBW-theorem we know that: gr(U(g)) ~ Sym(g).

Hence, we can put on gr(U(g)) a Poisson structure as follows.
Recall that g injects into gr(U(g)) and that the latter algebra is filtered as:

Z/{S()CZ/{Sl C ttt Cugk C te
where U<y = F' and U<y, is generated by F' and by elements of the form
1 ® - ®uxp, with h <k and z; € g.
Thus:

gr(U(8)) = ®rzolh<rs1/Usk,
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and an element x of degree k is an equivalence class, [z], of tensor product
of at most k elements of g. Then we can define a skew-symmetric bilinear
map {—, —} : U<, X U<y, — U<(jyh-1) as:

{[=], [v]} = [zy — ya].

In this way, gr(U(g)) becomes a Poisson algebra with respect to the bracket
{—, —} defined above.

Notice that the Leibniz identity follows by a computation, while Jacobi iden-
tity follows from the usual one in the Lie algebra g by an induction on the
degree.

This algebra is called Lie-Poisson algebra over g.

1.4.3 The Associated Poisson Structure

There is a connection between deformations and Poisson structures. More
precisely, under the assumptions that we will state in this subsection, the
construction in [1, 15] yields a Poisson structure on a commutative and as-
sociative algebra.

Let A be a flat formal deformation of a commutative C-algebra A, i.e, let A
be a flat C[[t]]-algebra such that A = C @y A = A/t A= A.

There is a canonical Poisson bracket on A defined as follows.

First, given 4,0 € A, since A is commutative we have: [a,0] € t.A, where
[, 7] := @b — Oil.

Let m(u,v) > 1 be the greatest integer (possibly co) such that

[@, ] € t™®") A and let m > 1 be the minimum of the integers m(i, ) over
all pairs u, v as above. Then:

(7) If m = oo, we set the Poisson bracket on A to be zero,

(73) If m < oo, given u,v € A, choose 4,7 € A so that:
u =1 mod(tA) and v = 0 mod(tA), and put {u,v} = (t7™[a,0]) mod(t.A).

The assignment: u,v — {u,v} gives rise to a well-defined Poisson
bracket on A, which does not depend on the choices involved [1, 15].

Notice that m = oo in the construction above implies that [a,7] € t'A,
for any u,v € A, and for any [ > 1.

Since ﬂlzltl.A = 0, we see that the vanishing of the Poisson bracket on A
forces the whole deformation to be commutative ([1, Lemma 15.1]).
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Chapter 2

Symplectic reflection algebras

2.1 Definition

Throughout this chapter V' is a finite dimensional C-vector space, T'V is
its tensor algebra and I' C GL(V) is a finite group.
Recall from Example 1.1.11 that CI" is a Hopf-algebra and notice that TV
is a (left) CI'- module algebra.
Hence it is possible to define the smash product TV#I', as in Definition
1.1.15.

Following [1]:

Definition 2.1.1. Let TV #I' be the smash product of the tensor algebra
TV with CI', the group algebra of T'.
Given a skew-symmetric C-bilinear paring k: V x V — CI', put

Hy:=(TVH#D) /I <20y —y®@z —k(2,y) >0ypev,

where I < .,. > stands for the two-sided ideal in TV #I" generated by the
indicated set. Thus Hj, is an associative algebra.

Remark 2.1.0.1. Notice that for k = 0 all the generators x € V in Hy
commute with each other. Hence the resulting algebra is isomorphic to the
smash product algebra: Hy = SV #TI'.

Moreover it results that in this particular case the algebra has a natural grad-
ing obtained by placing CI' in degree zero and V' in degree 1.

However, when k # 0 the resulting algebra Hy, is no longer graded. Indeed the
relations in the two-sided ideal I are no longer homogenous. Nevertheless,
by assigning CI' degree zero and V' degree 1, Hy, inherits an
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N-increasing filtration (Hg)<e and we can consider its associated graded al-
gebra: gr(Hy) = &(Hi)<i/(Hi)<i-1)-

Remark 2.1.0.2. From the definition of Hy, it follows that in the associated
graded algebra gr(Hy):

rRy—yax=0 foranyz,y €V C gr(Hyg).

The reason is that x @ y — y ® x = k(x,y) € CI' which has degree zero and
the relation in gr(Hy) becomes: x @y —y @ x = 0.

As in [1], the natural embedding V' — gr(Hy) extends to a well-defined and
surjective graded algebra homomorphism Hy_q = SV #I' — gr(Hy).

We will say that the Poincaré-Birkhof f-Witt property (PBW for short)
holds for Hy, if this homomorphism is also an isomorphism.

2.1.1 The PBW Theorem for H,

Now we focus on one of the main results in [1], the so-called PBW
Theorem ([1, Theorem 1.3]).
Its proof is a generalization of a result in [2]. Using the notations in Defini-
tion 1.3.7 and Definition 1.3.8, Braveman and Gaitsgory found conditions on
the subspace P C T=%(V) under which a nonhomogenous quadratic algebra
U = Q(V,P) is of PBW type ([2, Theorem 4.1]). More precisely, they re-
quired A = Q(V, R) to be a Koszul algebra and gave the following necessary
and sufficient criteria [2, Lemma 3.3] on the subspace P:

(i) Im(a®id —id® a) C R (defined on (R®@ V)N (V ® R)); (2.1)
(i1) a0 (a®id—id® o) = —(8 ® id — id ® B); (2.2)

(iii) B o (id®a —a ®id) = 0 (2.3)

where & : R — V and f : R — F are the two F-linear maps used in [2,
3.2] to give a description of P C T<*(V) in term of maps, i.e,
P={x—ax)—px)]|xeR}

Remark 2.1.1.1. Note that in [2], Braveman and Gaitsgory only consider
algebras over a field, but as explained, e.g, in [13], everything works for
quadratic algebras over any ground ring R', provided R’ is a finite dimensional
semisimple C-algebra. In our setting R' = CI' and the result in [2] can be
applied since CI' is a finite dimensional C-algebra and it is semisimple by
Maschke’s Theorem.
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Remark 2.1.1.2. In order to apply Etingof and Ginzburg’s generalization
of [2, Theorem 4.1], we will work over CI' rather than over a field F' and
we will need SV#I to be a CI'- Koszul algebra. This follows from the fact
that SV is Koszul over C and it may be proved using an analogous of the
following resolution computed in [5, Example 2.1]:

= SV @AY — SVeV — SV — F — 0,

where the differential is a map: SV @ NNV — SV @AWV, j > 1 given by:

@1, o zn)vig A Aoy, — S (1) f (2 s )T Oy A e AV A A
where f(xy, -+ ,2,) € SV and viy A ... Nvy, € NV

Theorem 2.1.2. [1, Theorem 1.3] Assume that (V,w,T') is an indecompos-
able triple. Then, the PBW -property holds for Hy if and only if there exists
a constant t € C, and an AdI'-invariant function ¢ : S — C, s — cs,
where S is the set of symplectic reflections in I'; such that the pairing k has
the form:

k(x,y) = tw(z,y)l + Xesws(x,y)s, for all x, y € V.

Proof. The C-bilinear form k has necessarly to be I-invariant (where I' acts
on itself by conjugation) otherwise the PBW fails already in degree two of
the filtration; hence from now on we assume k to be I'-invariant.

Set K =CI', E =V ®c CI' and write: v — 09 for the action of I' on V
by symplectomorphisms. The space E has a K-bimodule structure, with left
and right I'-actions given by:

g:v®ar— v & ga
g:v®@ar— v® (ag)

forallveV,aeCl'and g € T

Consider the tensor algebra of the K-bimodule E, TxE = @;Ti E. For any
i > 0 there is a natural isomorphism: TiE ~ (TLV) ®c CI'. Thus there
is a N-graded algebra isomorphism: TxFE ~ (TV)#I'. Hence we can write:
Hy, =TkgE/I < P >, where I < P > is the two-sided ideal in T E' generated
by the K-submodule P C K & (E® E).

Following the proof in [1], write £ A E for the K-submodule in

E®xg E=V ®cV ®c CI' spanned by elements of the form:
TRYRg—yRr®g, forx, y € Vand g € T', and let kg be the (unique)
K-bimodule map: F ®g EF — K that extends k: V ®cV — K. Then we
have:

P={-kg(p)+pe K®(E®xE)|pc EAE}.
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Using the notation introduced before, Hy is a nonhomogenous quadratic
K-algebra and analogously Hy = SV#I' = Tk E/I < EAE > is a homogeneous
quadratic K-algebra. Hence to prove that Hj has the PBW property we
can use a K-version of the criteria in [2] (we must verify (2.1) — (2.2) —(2.3))
and the thesis follows. Since P C K @ (E ®k F), then any element of P can
be written as the sum of a non-zero element in EAE C E®yg E =TFE (of
degree two) and a term in K = T2 E. Indeed p € E A E and kg(p) € K.
Hence, in this situation the two K-linear maps a: EA F — E and

b: ENE — CI' turn out to be @« =0 and 8 = kg.

Let the tensor products be over K. In our setting (2.1) and (2.3) become
vacuous and following [1], condition (2.2) is equivalent to:

/{ZK ®ZdE — ZdE (029 /{ZK vanishes on ((E/\ E) KK E) N (E KK (E/\ E)) C TI?;-E

It results that (F A F) @k E) N (E @k (EANE)) = A*V @c CT', where
A3V C T3V denotes the space of totally skew-symmetric tensors.

Let Alt : TV — TV be the antisymmetrization on the tensor algebra T'V
defined as follows. Let T"V be the space of homogeneous tensors of degree
r, which is spanned by decomposable tensors: v ® -+ ® v, v; € V. Then
the antisymmetrization of a decomposable tensor is defined in the following
way:

Alt(ny @ - Q@ u,) = %ZUGST(—l)sgn(U)UG(l) ® -+ @ Vo(r)s

and it can be extended by linearity and homogeneity on the tensor algebra
TV. Moreover Alt(TV') ~ AV, where AV is the exterior algebra of V.
Hence, since ((EAE)®k E)N(E®k (EANE)) = AV ®¢ CT condition (i) is
equivalent to k ® idy —idy ® k on A3V. Furthermore, since k: V@V — K
in Hy, is such that k(z,y) = @y — y ® x, by a direct computation it follows
that (i7) is equivalent also to the identity:

Alt([z,y]z — x[y, z]) = 0, where [z,y] := 2 ® y — y ® x. Moreover, the latter
identity is precisely the standard Jacobi identity:

(2, [z, y]] = [[z, 2], y] + [, [z, 0. (2.4)
Thus, we find that (2.4) is equivalent to:
2, k(z,y)] = [k(z, %),y + [z, k(2,y)] in Hy,

for all z,y,z € V.

Now, write k(z,y) = 4erb(g, x,y)g, where b(g,z,y) € C. We claim that
b(g,z,y) =0 unless g = 1 or g € S. This would imply the statement.

Using the following identity in £ by omitting the tensor products:

2,9] = 29 — 299 = (2 — 29)g, we obtain:

22



[z, [z,y]] = Egerb(g, z,y)[2, 9] = Lgerb(g, z,y)(z — 29)g, and writing similar
expressions for the other terms: [[z, x|, y| and [z, [z, y]], (2.4) becomes:

ZgEFb(g7 z, y) (Z - Zg)g - der‘b(g7 2, .T)(y - yg)g + der‘b<g, <, y)(x - xg>g

Hence for any g € I' we must have:

b(g,,y)(z — 27) = b(g, 2, 2)(y — ¥?) + blg, z,y)(x — 29), (2.5)

for all z,y,2 € V.

Fix now g # 1 and assume b(g, x,y) is not identically zero. Then we choose
x and y such that b(g,z,y) # 0 and from (2.5) we observe that (y — y9)
and (x — 29) span Im(1l —¢g) = {fv € V |Jw € V;w—w? = v}, so
dimIm(1 —g) < 2.

Moreover by Remark 1.2.1.3, detg = 1 for any g € I', and if g # 1 then
dimIm(1 — g) > 2 (since g € I" is diagonalizable over C and

dimKer(1—g) < 2n—2, with dimV = 2n). Hence we get dimIm(1—g) = 2,
and by Definition 1.2.7 it holds that g € S.

Fix s € S. The assignment x, y — b(s, x,y) gives a skew-symmetric bilinear
form: V x V — C. Assuming this form is non zero, we find z,y € V such
that b(s,z,y) # 0. Thus, for g = s and z € Ker(1 — s), the above equation
yelds: b(s,z,z) =0 =0b(s,y, z), hence Ker(l — s) is contained in the radical
of the bilinear form: x,y — b(s,z,y) and it must also be proportional to
wy, since any alternating 2-form must be proportional on the two-dimensional
vector space Im(1 — s).

Thus I'-equivariance of k& implies the existence of an AdI'-invariant function
¢: S — C and an AdI'-invariant skew-symmetric bilinear form

f:V xV — C such that:
k(z,y) = f(x,y)1 + Ysescsws(z,y)s, for any z,y € V.

The form f belongs to (A2V*)! and by Lemma 1.2.11 it must be proportional
to w, and we get the thesis. O

Let C' denote the space of AdI'-invariant functions on S.

Remark 2.1.1.3. From now on we will always assume k to have the form
described in Theorem 2.1.2, for some t € C and ¢ € C. The corresponding
algebra Hy . := Hyj, will be referred to as symplectic reflection algebra. By
Theorem 2.1.2:

gr(Hie) >~ SVH#I and Hyp = SVH#TI.

In this case, we will say that Hy . is a PBW -deformation of SV #T.
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Remark 2.1.1.4. Notice that for any r € C* there is an algebra isomorphism
between H; . and H,,. induced by the map: TV#HI' — TV #I,

v — %v, g +—> g. Assume k to be as in the statement of Theorem 2.1.2
and consider the following map:

F:TVHD » Hype =TVHI /I < 2@y —y @z —rk(x,y) >44ev,
1
v 20, g g

Then, KerF ={Y e TVH#I' | FY) el <2z®y—y®@z —rk(z,y) >s4ev}
and it 1s an ideal in TV #I.

Note that F(z ® y —y ®@ z — k(z,y)) = 2(z @y —y @z — rk(z,y)) = 0 in
TVHI/[ <z @y—y@x —rk(x,y) >syev-

Then I <z ®@y—y®@x — k(x,y) >4,evC KerF, and by the fundamental
homomorphism theorem:

TV#F/I <T® y—y QT — k?(ZL’, y) >$,y€V: Ht,c — Lyt re

18 again a surjective algebra morphism.

Recall from Remark 2.1.0.1 that H,. and H,.,. are N-filtered algebras, i.e,
Uien(Hie)<i = Hie as a C-vector space, (Hie)<n(Hie)<m € (Hie)nim and
analogously for Hy; .

Moreover, the algebra morphism F respects the N-filtrations, i.e, for any
[ € N its restriction to the l-filtered components (Hy.)<; and (Hyi )< induces
a surjective C-linear map:

E . (Ht,c)ﬁl - (Hrt,rc)ﬁl-

Notice that for any | € N, (Hy.)<; and (Hyire)< are finite dimensional
C-vector spaces such that dim((Hy.)<;) = dim((Hptre)<i)-

Indeed, let {vy,--- ,v,} be a basis of V', by Theorem 2.1.2 it is possible to
find for both of them a basis made of ordered monomials in {v;};, g of
degree <1 with {v;}; € V and g € T

Since, Fy is a surjective map of finite dimensional C-vector spaces of the same
dimension, it is also injective. Then, F} is a bijection for any [ € N.

Thus, F' is an isomoprhism of algebras and Hy, ~ H,t ., for any r € C*.
Hence, we can conclude that the family of algebras {Hy } i cpc((cac)~(0,0) i
parametrized by the projective space C = (C & C)/C* of dimension dimC.

2.2 The Spherical Subalgebra

From now on we will always assume k to be as in the statement of The-
orem 2.1.2 and we will write Hy, = H, .
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Definition 2.2.1. Let e = ‘%Egepg denote the trivial idempotent in CT'.
The subalgebra eH; .e C H, . is called the spherical subalgebra of Hy .

Remark 2.2.0.1. [t is shown in [1,2.15] that there is a canonical algebra
isomorphism: A" — e(A#ID)e, a+— a-e= e-a, where A is an
associative algebra and the group I' acts on A by algebra automorphisms.

Remark 2.2.0.2. The spherical subalgebra, being a subalgebra of Hy . inher-
its a filtration from Hy..

In particular, let (Hy.)<e be the N-increasing filtration in Remark 2.1.0.1.
Then, (eH; .€)<e := (Hi.)<e N €eH; € is an N-increasing filtration of eH, .e.
Moreover, by Remark 2.1.0.1 there holds dege = 0 since e € CI'.

Thus, (eH.€)<e = €(H; . )<ee.

Hence, combining Remark 2.1.1.3 and Remark 2.2.0.1: fort =0 and ¢ =0
we have: e(Hyg)e = e(SV#T')e ~ (SV), and:

gr(eH, .e) ~ SV, for any (t,c) e C® C,

where SV is precisely the centre of SV #T .

Moreover, it is shown in the proof of [1, Theorem 1.8] that for ¢ = 0 and any
t # 0 it holds: Hyog = A#D, where A, =TV /I < 2Qy—yQ@r—tw(x,y) >4 yev
is the Weyl algebra of the symplectic vector space (V,tw).

Hence, by Remark 2.2.0.1 the spherical subalgebra eH;pe is isomorphic to
AT

Example 2.2.2. Let (C? w) be a symplectic vector space where w is the
canonical symplectic form on C? defined in Example 1.2.12 and let

G < Sp(2,C) = SL(2,C) be the finite group generated by the symplectic
reflection s = —1 € Sp(2,C), with s =1, s0 w, = w.

Let {z,y} be a basis of C? such that wy(z,y) = w(z,y) = 1.

Then, the group G ~ Cy acts on C? as follows: s-2 = —x, s-y = —v, i.e,
sr = —xs and sy = —ys.

Thus, the symplectic reflection algebra associated with the triple (C?, w, G)
is:

Hi.=C<ay>xG/<zy—yr—1t—c(s)s >pyev-

By Remark 2.1.1.3 we can find a basis of H, . as a C-vector space made of
ordered monomials in z,y, s, i.e, B = {z'y’, x'y’s | i,j > 0}.

Furthermore, given two elements z'y’, x%° € H;. we would be able to write
their product z'y/z%® with respect to the basis B. To this aim, notice that
the element y/x® can be rewritten using the relation ry — yx =t + ¢(s)s in
H; .. Indeed, by induction on the power of y, we get:
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= {xy" —nty"t —c(s)y" s, ifn#2,l€N (2.6)

xy" — nty™ L, ifn=2I[,1 €N,

Then, by induction on the power of z in (2.6) it is possible to find an expres-
sion for 1/2?, with j,a € N.
Let e = %(1 + s) be the trivial idempotent in CG and consider the spherical
subalgebra eH, .e of H, .
Since by Remark 2.2.0.2 gr(eH, .e) ~ egr(H;.)e ~ e(SV#G)e ~ (SV)¢,
we can find a basis of the spherical subalgebra as a C-vector space made of
ordered monomials in x, ¥y, s after multiplying them on both sides by e.
In particular, given the basis B of H;., we can find a basis of eH, e as
follows.

Note that since se = e in CG, then ex'y’se = exiy’e, for any i,5 > 0.
Thus we consider only the elements of the form: ex'y’e.
Since st = —xs and sy = —ys, it holds: sz'y/ = (=1)"alyls, ie, z'y’
commutes with s (and then with e) if and only if ¢ + j is even.
Explicity:

ex'yle = 3(z'y + (—1)"a'yls)e =

= (et (~1) atye) = {0’. RS

2 x'yle, ifi+j=2I,1€N.
Observe that the commutation relation [x,y] = t + ¢(s)s in H;. becomes
zye — yre = (t + c(s))e in eH;.e. This, together with the ones obtained
from it by induction on the power of x,y, are the only relations among the
ordered monomials in eH; .e. Hence, the desired basis as a C-vector space
of the spherical subalgebra is:

B ={z'y’e |i,7>0,i+j=2I1€N}.

Note that computing the product of two non-zero elements ez’y’e, ex®yte
of the spherical subalgebra eH, .e is equivalent to computing the product of
two elements z'y?, 2%9° of the symplectic reflection algebra Hy .. Indeed:

ex'y/eexr?yle = ex'ylexrtyle = exlyiv%yle.

By induction on the power of x in (2.6), we can compute the product above
with respect to the basis B’

We choose as generators of eH, .e as a C-algebra: xye, x?e and y’e.

Indeed any element can be obtained by adding and multilplying their linear
combinations.

Then, by induction on the power of x in (2.6), the relations among the chosen
generators are:
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[zye, 2%e] = zyr?e — x’rye = x(2’y — 2tw)e — r3ye =
= 23ye — 2tx’e — 2iye = —2tx’e,

[zye, y?e] = zyy’e — yPzye = xy’e — yPrye = xy’e — (zy® — 2ty)ye = 2ty’e,

[1%e, ye| = 12y’e — y22’e = 2%y’e — (y’x)ze =
= 2%y%e — (zy? — 2ty)ve = ry’*e — z(vy? — 2ty)e + 2tyre =
= 2tzye + 2tyze = 2t(zvy + yx)e = dtrye — 2t’e — 2tce.

2.2.1 The Spherical Subalgebra for t =0

In this subsection we will state a result on the commutativity of the
spherical subalgebra [1, Theorem 1.6].
Its proof is based on the construction in [1, 15] and we can notice that Etingof
and Ginzburg used the geometric structure of the spherical subalgebra in
order to get informations on its centre.

Remark 2.2.1.1. Note that the choice of a basis {vy,- - ,v,} of V identifies
SV with C[V], i.e, with the polynomial algebra Cluvy,--- ,v,] and

(SV)F = C[V]'. Then by [6, Lemma 1.17] it is possible to endow (SV)F
with a Poisson bracket {—,—}, obtained by restricting the Poisson bracket
on C[V] induced by the symplectic structure on V :

{f.9}o =w(f.g), for any f,g €V,

and by extending it as a derivation.
Moreover, from the standard grading in SV = @,;5o(SV)', it follows:

{—, =} (SV)' x (SIV)I' — (S 2V)L.
Thus the Poisson bracket {—, —}, on SV is of degree —2.

Theorem 2.2.3. [1, Theorem 1.6] For any ¢ € C, the algebra eH, e is
commutative if and only if t = 0.

Proof. Consider the family of algebras {H,; ¢ }rec o}

By Remark 2.1.1.4, these algerbas are isomorphic to each other for any

r € C~ {0}. Then, we treat the family {H,s,c}rcc o} @s a single algebra.
Explicity, consider # as an auxiliary variable and let TV [h] = TV @ C[h.
We regard T'V'[h] as a graded algebra with degh = 2 and we assume that the
group ' acts trivially on A. Then:

H:=(TVR#D) /I <z @y —y Rz — k(z,y)h € T>V & CT[h] >, yev,
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is a flat C[h]-algebra.

Let A := eHe be its spherical subalgebra. It is a flat C|[f]-algebra and it
holds A = C ®cp; A = A/hA. Notice that A/fA ~ gr(eH,.e), since by
Remark 2.2.0.2 A/hA = eHype ~ gr(eH; .e) for any (t,c) € C@ C, ie,

A is a flat C|h]-deformation of gr(eH,e).

Then we can see any member of the family {eHrt’TCe}re(c\{o} is the special-
ization at i = r of the C[h]-algebra A.

Since A/(h —1)A = eH, .e, we can view the C-algebra eH; e as a flat
C[h)-deformation of the commutative algebra gr(eH;.e) ~ (SV)'.

Thus, for any (t,¢) € C & C, by the general construction in [1, 15], this
deformation gives rise to a well-defined Poisson bracket By . on (SV)'.

Let m; . be the integer involved in the construction of the Poisson bracket.
Then:

(i) There are only two alternatives: either m;, = 1, or m;, = oco. The
algebra eH, .e is non-commutative if m, . = 1 and commutative if m; . = oo.
Indeed since A/hA = gr(eH;e), with degh = 2, the Poisson bracket B;. on
gr(eH;.e) = (SV)' has degree (—2m,_.).

By [1, Lemma 2.23 (ii)], in order for B;. to be non-zero, we must have
m, . = 1. However, by [1, Lemma 15.1], vanishing of B; . implies commuta-
tivity of the algebra A and (i) follows.

(¢1) If my. = 1, then B;. = f(t,c){—,—}u, where f : C®C — Cis a
non-zero linear function.

Indeed we regard t,c as variables with degt = degc = 2, while we set
degh = 0. Thus, A becomes a C[C @& Cl-algebra, depending on the pa-
rameter h.

Applying the Poisson bracket construction of [1, 15] we get, for

m; . =m = 1 (since ¢, c now are variables and not parameters), a bracket B
on (SV)'' @ C[C & C] of degree (—2).

By [1, Lemma 2.23 (i)], we have: B = f(t,¢){—, —}., for some f(t,c) € C.
Since the relations in H;. become homogeneous in our new grading, i.e,
degt = degc = 2 and degh = 0, it follows that {H,¢ . }rec+ and A are graded
algebras. Thus: (¢,¢) — f(t,c¢) is a linear function on C & C.

Moreover, for any (t,c) € C&C such that B, # 0, the Poisson bracket B, . is
clearly a specialization of B at the point (t,¢), that is: By, = f(t,¢){—, —}o
and (i) is proved.

By (7), the algebra eH, .e is commutative if and only if f(¢,¢) = 0.
Hence, the paramters (¢, c) such that eH, .e is commutative form an hyper-

plane in C & C' given by the equation f(¢,c) = 0.
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In order to complete the proof it suffices to show that f(t,c) = At for some
A € C*, i.e, that the above hyperplane is the one given by the equation ¢ = 0.
To prove this, assume that for some (¢, c) there holds f(¢,¢) = 0, and hence
the algebra ef, .e is commutative. In this case, choose a generic character
X : el .e — C, let T = H; . ®ecp, .o X be the induced H; module and
denote by p the corresponding structure morphism. By [1, Lemma 2.24], the
H; .-module T, is isomorphic, as a I'module, to the regular representation
of T.

We know that in the regular I'-representation, for any g € I" such that g # 1,
it holds tr(p(g)) = 0.

Now take the traces in 7}, on both sides of the relation: z®@y—y®z = k(z,y),
for any z,y,€ V. Then:

tr(p(z @y —y @) = tr(tw(z,y)p(1r) + Ssesc(s)ws(z, y)p(s)).
Since tr(p(s)) = 0 for any s € S, the equation above is equal to:

tr(p(z @y)) — tr(ply © v)) = tr(tw(z, y)p(1r))-

Notice that tr(p(x ® y)) = tr(p(y @ x)) for any z,y € V by a property of
the trace of two endomorphisms. Then, using the non-degeneracy of w we
get: 0 = |['|t. Hence f(t,c) = AXt, A € C*, i.e, the hyperplanes ¢t = 0 and
f(t,c) = 0 coincide and the statement is proved. O

Remark 2.2.1.2. The family {eH; .e}icc is a flat deformation of eHy qe to
be interpreted as in the proof of Theorem 2.2.3. Hence, by the construction in
[1, 15], this deformation induces a Poisson bracket on eHy.e to be denoted

{_>_}'

2.3 The Centre of the Symplectic Reflection
Algebra

In this section we will state some results which allow us to describe the
centre of the symplectic reflection algebra H; ..
In particular, in order to get our aim, the commutativity of the spherical
subalgebra will play an important role.

Theorem 2.2.3 together with [1, Theorem 1.5 (iv)], [1, Theorem 3.1] and a
result by Brown and Gordon in [9, 7.2], imply that the symplectic reflection
algebra is a finite module over its centre if and only if ¢ = 0.

Now we state the so-called Satake isomorphism:
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Theorem 2.3.1. [1, Theorem 3.1] For any ¢ € C' the map
Z(Hy.) — eHy e such that z — ze is a Poisson algebra isomorphism.

Remark 2.3.0.1. For any z € Z(Hy.), eze € Z(eH,.e) = eH, .e.
Moreover, z commutes with e € CI' and so eze = z€* = ze € eHy .e.

Note that we stated Theorem 2.3.1 just for t = 0, but there is an algebra
isomorphism for allt € C: Z(H;.)——Z(eH;e), [6, Theorem 2.5].

Example 2.3.2. Let H;. be the symplectic reflection algebra in Example
2.2.2 and eH, .e be its spherical subalgebra.
By Remark 2.1.1.3:

gr(Hi.) ~ Clz,y] x G = Hyy,

and by Remark 2.2.0.2:

gr(eH, .e) ~ Clz,y]% = eHye.

Fix t = 0. By the defining relations of the spherical subalgebra in Exam-
ple 2.2.2 we get that Z(eH,.e) = eH .
Choosing zye, e and y?e as generators of eHy e as a C-algebra, we get:
Z(eHoe) = C[z%e, y’e, Tye].
Thus, by the Satake isomorphism we get: Z(Hy.) ~ Z(eHy.e) and then:
Z(Hy.) = Clz?, y?, zy].

Hence, the Satake isomoprhism allows us to relate the centre of the
symplectic reflection algebra to the spherical subalgebra. Then making use
also of [1, Theorem 1.5 (iv)] we can state the following characterization of
the centre of the symplectic reflection algebra:

Theorem 2.3.3. [6, Theorem 2.6] The centre of the symplectic reflection
algebra H, . is described as follows:

1. Ift = 0 then the Satake isomorphism identifies Z. := Z(H;.)—>eHy e
and Hy . 1s a finite module over Z,.

2. If t # 0 then Z(H;,.) = C.

Proof. Statement 1. follows from [1, Theorem 3.1] and [1, Theorem 1.5 (iv)],
while it is possibile to find a proof of 2. in [9, Proposition 7.2]. ]
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Chapter 3

Rational Cherednik Algebras

3.1 A Particular Family of Symplectic Reflec-
tion Algebras

Let (V,w) be a finite dimensional symplectic vector space over C,
let I' € Sp(V) be a finite group and let < S >C I' be the subgroup generated
by the set S of symplectic reflections in I'.
Notice that it is a normal subgroup in I', indeed for any s € S, rk(1 —s) = 2
by Definition 1.2.6, and:

rk(1 —gsg™) =rk(g(1 —s)g™') =rk(l — s) =2, for any g € T.

Thus, gsg~' € S.

Moreover, as noted in [15, 4.2], the defining relations of the symplectic reflec-
tion algebra H, .(I') associated to the indecomposable triple (V,w,I"), show
that:

H ()~ H (<S5 >)x (/) <S>).

Therefore, the symplectic reflection algebras associated to an indecoposable
triple (V,w, "), where I is a symplectic reflection group are particularly im-
portant.

As we showed in Example 1.2.10, a standard way to construct symplectic
reflection groups is creating them out of complex reflection groups and we
will adopt this strategy in the sequel.

Remark 3.1.0.1. Let (V,w, ') be an indecomposable triple. By Lemma 1.2.9
there are two cases:

o V is a simple I'-module such that (A2V*)'' is one-dimensional.
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o V =h® Rk such that (N*V*)' is one-dimensional, h is an irreducible
['-module and it is a Lagrangian subspace.

In the latter case, any symplectic reflection g € I" acts on h as a pseudo-
reflection.

Thus, saying that I" is generated by symplectic reflections amounts to saying
that ' is a finite complex reflection group in a vector space h and that it acts
onV =h® h" by induced symplectic automoprhisms.

Indeed any pseudo-reflection s € I' on h induces the corresponding symplectic
reflection of V.= h® h*.

Thus, by Remark 3.1.0.1 we will be interested in studying the symplectic
reflection algebras associated to indecomposable triples of the form
(h @ h*, w, W), where W is a complex reflection group acting diagonally on
V =h®h" and w is as in Example 1.2.12.

3.1.1 Root Systems and Weyl Groups

Before giving the definition of rational Cherednik algebras, we need some
further definitions:

Definition 3.1.1. Let E be a Euclidean vector space with a positive-definite
inner product (—, —). A reduced root system is a finite collection R of nonzero
vectors in [E such that:

(1) R spans E as a vector space;

(i) Rae N R = {a, —a}, for any a € R;

(1i1) B — 289) o, ¢ R, for any «, 5 € R;

(a,@)

(iv) 222 ¢ 7 for any «, 3 € R.

(@)

If we omit condition (ii) then R is said to be a root system.

Definition 3.1.2. Let R be a root system in a Fuclidean vector space
(E,(—,—)). For any @ € R the coroot o is defined as:

VvV . a
«Q .—2(0470[).

The set of coroots also forms a root system in [E called the dual root system.

Definition 3.1.3. Let R be a root system in a Euclidean vector space
(E,(—,—)). The Weyl group corresponding to the root system R is the
subgroup W C GL(E) such that W =< s, | « € R > C GL(E), where s,
for any o € R is given by:
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Sa(V) =v — 2%@, for any v € E.

Remark 3.1.1.1. Note that W C O(E). Indeed:

(sa(0), 5a®) = (v = 228 0,0 — 22284) =

frnd ('U7 w) _ 2(0(,'U)) (U7 OZ) - 2(0&,’0)(&,11)) + 4(0&71))(01710) _

W( (o) ((0“3)( ) ()
— (o) - 4leE) ¢ ylosllen) (o)

for any a € R and v,w € E.

Example 3.1.4. Let (E, (—, —)) be the Euclidean vector space

E={(x1, -+ ,z,) € R" | ¥x; = 0}}, with the standard scalar product in R".
Let Apy i={ei—¢; | i # 7, 4,5 € {1,--- ,n}}, where (&)icq1,.. ) is the
canonical orthonormal basis of R"™.

Notice that A, is a finite reduced root system in (E, (—, —)).

Let W =< s, | i # j, i,j € {1,--- ,n} > be the Weyl group associated
to Anq. Any reflection s., ., € W permutes the coordinates ¢ and j of any
element (xq,--- ,x,) € E.

Thus, the reflection s.,_.; corresponds to the transposition (i, j) € Sy.

Since {(7,7) }ijije{1, n} generate Sy, we get that W acts on E as the sym-
metric group S,,.

Remark 3.1.1.2. Let W be a complex reflection group acting on a finite
dimensional complex vector space h. We say that h is a representation of
real type if there exists a real vector subspace h™® C h such that W acts on
h"¢ as a real reflection group and h = h™ ® C.

Moreover, assume h to be a simple W -module. Then there exists a

unique (up to scalars) W-invariant inner product (—, —)ye, i.e,

(wu, wv)pe = (U, V)pe for any w € W and u,v € K. It can be extended by
linearity to a non degenerate, positive definite W -ivariant C-bilinear form
(—,—) on h.

Remark 3.1.1.3. Notice that if W is the Weyl group associated to a finite
reduced root system in & then h = E ®g C is a representation of real type.

3.1.2 Different Defining Relations and Triangular De-
composition

As in [1, 4], we will focus on the special case of a symplectic reflection

algebra associated to an indecomposable triple (V,w, W), where V' = h@h*,

w is as in Example 1.2.12 and W is the Weyl group associated to a reduced
root system R C h*.
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By Remark 3.1.1.2 and Remark 3.1.1.3, h has a non degenerete W-invariant
inner product (—, —), and W is a finite group of orthogonal transformations
of h.

Let R be a finite reduced root system in h* and let S’ be the set of reflections
in the associated Weyl group W.

For a« € R C h*, we let s, denote the corresponding reflection in W, and
a¥ = 2 € h* the coroot corresponding to « € R.

Notice that oV can be regarded as a C-linear function R — C, i.e,

a¥ =2 ¢ (h*)* = h.

(e0) . . . .
From now on we fix a WW-invariant linear function ¢: R — C, a +—— ¢, and

teC.

Let now H;. be the symplectic reflection algebra associated to the inde-
composable triple of the form (h @ h*,w, W), a complex number ¢t € C and
a W-invariant function ¢ : S — C as above.

According to Definition 2.1.1 the algebra H; . is generated by h, h* and by
the group W, subject to the following defining relations:

1

wrxw " =w -z, for any x € h and any w € W,

wyw ! = w -y, for any y € h* and any w € W,

[1, 23] = 0 in H, ., for any z1, 25 € h,

[Y1,y2] = 0 in H, ., for any y;,y» € h”,

[%y] = t(l‘7 y) - %EQERCQ('I:7 a)(a\/?y)sa n Ht,ca
for any € h and y € h*.

Indeed by Theorem 2.1.2: k(z,y) = tw(x,y) + Lsesc(s)ws(x,y)s, for any
x,y € V. Thus we can rewrite k in the following way:

]{?(.I, y) - t(ZL’, y) - %ZQGRCQ(OCV, y) (ZE, Oz)Sa,

where (z,y) := y(x) for any € h, y € h* and where w, is written in
coordinates with respect to the basis {a, a¥} of the two-dimensional vector
space Im(l — sqo)men* (as in Example 1.2.12). In particular « is a basis of
the one dimensional vector space Im(1 — s,)n+ and a" is a basis of the one
dimensional vector space Im(1 — 54)n.

Moreover, since o and —a give rise to the same reflection, we put on the
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right hand side —% and the other defining relations follow from the definition
of the symplectic form on h ¢ h*.

Indeed we have that [z1,z5] = 0 for any zq, x5 € h since:

k(z1,22) = ws((71,0), (22, 0))11m(1-5) pen- = W((21,0), (22,0)) = 0 (and simi-
larly it follows that [y, ys] = 0, for any y;,y> € h*).

Now, we can give the definition of a rational Cherednik algebra as in [1]:

Definition 3.1.5. A rational Cherednik algebra with parameters (¢, ¢) is the
symplectic reflection algebra H; . corresponding to the I¥/-diagonal action on
h @ h*. Hence it is an associative C-algebra H;. generated by the spaces h,
h* and by the group W with defining relations (3.1).

Remark 3.1.2.1. Note that if the W-action is irreducible, the set S’ of
reflections in W forms either one or two conjugacy classes depending on
whether all the roots have the same length or not [1].

Thus, giving a W -invariant function ¢ : S — R amounts to giving a map:

ar—c, € C,
where ¢, depends only on the length of o € R.

Remark 3.1.2.2. Recall from Remark 2.1.1.4 that H;. ~ H,i,., for any
re C~{0}.

In the sequel we will focus in particular on the case t = 0, therefore we are
free to rescale ¢ by r whenever it is convenient.

Moreover, unlike a general symplectic reflection algebra, one can see from
the relations above that setting deg(h*) = —1, deg(h) =1 and deg(W) = 0,
makes the Rational Cherednik algebra Hy . into a Z-graded algebra (as in [6]).

Example 3.1.6. [1, 4 Example | Let h=C", R = A1 and W = S, as in
Example 3.1.4.

We write down the defining relations of the Rational Cherednik algebra as-
sociated with the indecomposable triple: (h @ h*,w, W), where w is the
canonical symplectic form of h & h* defined as in the Example 1.2.12.

We use the standard coordinates on C™ to write:

h={(zy, -+ ,x,) € C" | ¥z; = 0} and

Moreover, since h < C”, then there is a surjective map F' : C[C"] — C[h],
where C[zy, -+, z,| ~ C[C"].
Note that KerF = (z1+---+x,), thus Clh| ~ Clxy,- -+ ,z,) /(21 + -+ 2),
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and analogously Clh*] ~ Clzf,--- ,af]/(zf + -+ + x5).

Recall that in the A,_; case all the roots are WW-conjugate and so the linear
function ¢ : R — C is a constant function and we choose ¢ = 1. Then
we view the parameter k& = (¢,1) as a point of P. Thus the case ¢ = 0

corresponds to the point k£ = oo.

Write now s;; for the transposition: i <— j. The algebra Hy = H;1(S,)
is generated by h, h* and by the group S,,, with the following defining rela-
tions (which are a specialization of the ones in (3.1)):

Sijxi = xjsij, Sijyi = ijij, for any Z,j c {1, 2, s ,n}, ) 7£ j,
[yiwxj] = Sij, [xiaxj] =0= [yiayj]> for any Z?j S {1727 e 7n}7 [ 7é ja
Wk, Tr) = T — BiznSik-

Let H;. be the rational Cherednik algebra associated to the triple
(h® h*,w,W). Then, as a consequence of Remark 2.1.1.3, we get:

Corollary 3.1.7. [1, Corollary 4.4] For any k € C := (C @ C)/C*, multi-
plication in Hy induces a vector spaces isomoprhism:

C[h] ® C[h] © CW—>H,.

Remark 3.1.2.3. [12] Let g be a finite dimensional semi-simple Lie algebra
over C. Then:

g=n_ohdn,,

where h is a Cartan subalgerba and n, and n_ are the spans of the positive
and negative root spaces in g.

Moreover, let U(g) be the universal enveloping algebra of the Lie algebra we
are considering. Then, by the classical PBW -theorem, we get the following
triangular decomposition:

U(g) =U(n_)@U(h)®U(ny).

Remark 3.1.2.4. Note that by Corollary 3.1.7 there exists a decomposition
of the rational Cherednik algebra Hy . which is analogous to the one of a finite
dimensional semi-simple Lie algebra g, as in Remark 3.1.2.3.
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3.2 The Centre of the Rational Cherednik
Algebra for t =0

In this section we we will describe the centre of the rational Cherednik
algebra H, . for t = 0.
Note that since it is a symplectic reflection algebra, we already have a de-
scription of its centre (Theorem 2.3.3) but we will state some more properties.

Example 3.2.1. Let H, . be the symplectic reflection algebra associated to
the triple (C% w, @) as in Example 2.2.2.

Choose a basis {z,y} of V = C? such that: V = h® h* = Cz & Cy, where
h = Span{z} = Cz and h* = Span{y} = Cy and y(x) = 1.

Let w be the canonical symplectic form on V' as in Example 1.2.12 with
w(z,y) = 1 and let W =< ¢’ >C GL(h), with s = —1 € C be the Weyl
group associated to h* acting diagonally on V.

Then H;. in Example 2.2.2 is precisely the rational Cherednik algebra asso-
ciated to the triple (Cx & Cy,w, W), a complex number ¢ € C, a constant
function ¢ : h* — C, with defining relations (which are a specialization of
the ones in (3.1)):

s =—x¢, sy=—ys,

[z, y] =t+cs.

Fix ¢t = 0. By Theorem 2.3.1, it holds: Z(H,,.) ~ Z(eH,.e) = eHy e and
by Corollary 3.1.7 and Remark 2.1.1.3 we get:

Clh @ h*]"V —»eH, e.

Then, Z(Hy,.) ~ eHy.e ~ Ch & h*]".

Consider the following invariant subalgebras of Z(Hy,): C[h]" = C[z?] and
Ch]" = Cly?).

Recall from Example 2.3.2 that Z(H,.) = Cl2?, 42 zy]. Then, notice that
the two invariant subalgebras above are both contained in the centre of H, .
and thus C[z?] ® C[y?] C Z(Ho,..) = C[z?, y?, zy].

Furthermre, observe that Z(Hy.) = Clh@h*]" is a free module over its sub-
algebra C[h]" @ C[h*]"" = C[2?] @ C[y?] by Chevalley’s Theorem. Moreover
the rank of the free module Z(Hy,.) over C[h]" @ C[h*]" is [W| = 2. Indeed
we can choose {1,zy} as a basis.

In the previous example we showed some properties of the centre of the
rational Cherednik algebra H . we were considering. However, it is not the
only situation in which they hold.

In general we have:
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Proposition 3.2.2. [6, Proposition 2.7] Let Hy. be the rational Cherednik
algebra associated to the complex reflection group W, then:

o The subalgebras C[h)"Y and C[W*|V are contained in Zy. = Z(Ho,).

o The algebra Zy . is a free C[h)"Y @ C[h*]" -module of rank |W|.

3.2.1 Restricted Rational Cherednik Algebras

Recall from Proposition 3.2.2 that given a rational Cherednik algebra H; .
associated to an indecomposable triple (h & h*, w, W), at parameter ¢t = 0
there is an inclusion of algebras:

A:=Ch]" @ CIh*|" — Z(Hy.).
Thus, we are allowed to give the following definition:

Definition 3.2.3. [6] Let Hy . be a rational Cherednik algebra at parameter
t = 0. Then we define the restricted rational Cherednik algebra associated to
it as:

E = HO,C/AJrHO,ca
where, A, denotes the ideal in A of elements with zero constant term.

It is shown in [14] that H, is a Z-graded algebra where deg(z) = 1
deg(y) = —1 and deg(w) =0, for any x € h, y € h* and w € W.

Y

Definition 3.2.4. Let h be a finite dimensional C-vector space and let W
be any finite group of GL(h). We denote by C[h]; the ideal of all functions
with constant term equal to zero.

The ring of co-invariants for W is defined to be the finite dimensional quotient
algebra:

C[h)%W := C[h]/ < C[h]" >.

In general the ring of coinvariants is not easy to describe.
However if W is a complex reflection group, Chevalley gave a description of
C[h]9" as a W-module in [16]:

Proposition 3.2.5. [16] Let W be a complex reflection group. Then as
a W-module the ring of coinvariants C[h)°Y is isomoprhic to the reqular
representation. In particular: dimC[h]¢" = |W|.
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Remark 3.2.1.1. By Corollary 3.1.7 and by Definitions 3.2.3 and 3.2.4 it
follows that H. has the following triangular decomposition as a vector space:

H.—C[hY @ C[h*]%V @ CW.
Moreover, by Proposition 3.2.5 we have:
dim(H,) = |W>.

Example 3.2.6. Let H,. be the rational Cherednik algebra in Example
3.2.1. Fix t = 0 and consider the corresponding restricted rational Cherednik
algebra H..

By Remark 3.2.1.1 it follows that:

H,—~—C[h]°Y @ C[h*]“V @ CW,
with
C[h]“Y = C[z]/ < C[a]¥ >= C[z]/(=?),
and
Ch7)%W = Clyl/ < CylY¥ >=Clyl/ ().

Then, by Definitions 3.1.5 and 3.2.3, the restricted rational Cherednik algebra
H. is the C-algebra generated by h = Cz, h* = Cy, the Weyl group

W =< s >C GL(C), with s = —1 € C associated to h* and a constant
function ¢ : h* — C, subject to the following defining relations:

s =—xs, sy = —ys,

2> =0,y =0,
[z,y] = cs'.

Moreover, by Example 2.2.2 a basis of H, as a C-vector space is given by:

{17 x’ y? xy7 8/7 .TS/, y8/7 'rysl}'
Thus: dimH,. = |W|* = 8.
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Chapter 4

On the representation theory of
the restricted rational
Cherednik algebras

Recall from Remark 3.1.2.4 that a rational Cherednik algebra at

t = 0 admits a triangular decomposition which is analogous to the one of the
universal enveloping algebra U(g) of a semisimple Lie algebra g.

Moreover, recall from Remark 3.2.1.1 that a restricted rational Cherednik
algebra inherits a triangular decomposition from the one of the corresponding
rational Cherednik algebra.

Throughout this chapter, in the spirit of the representation theory of U(g),
we state some results on the representation theory of a restricted rational
Cherednik algebra H, by exploiting its triangular decomposition.

4.1 Baby Verma Modules

In this section we introduce baby Verma modules and we state the
Brauer-type reciprocity ([17]).

Let H, be a restricted rational Cherednik algebra as in Definition 3.2.3.
Recall from Remark 3.2.1.1 that it admits the following triangular decompo-
sition as a C-vector space:

H,—~C[h]°" @ C[h*]9" @ CW,
and consider the subalgebra C[h*|“°W #CW of H..
Remark 4.1.0.1. The subalgebra C[R*]°°W#CW should be seen as an ana-
logue of the subalgebra U(h & n) of the universal enveloping algebra U(g) of
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a semisimple Lie algebra g.
The algebra map:
C[h* |“WHCW — CW, p#w — p(0)w,

for any p € C[h*]°°" and w € W, makes any W-module into a

C[h*]°W #CW-module.

Moreover, H, is a right C[h*]9"#CW-module since C[h*]“°W#CW is a
subalgebra, of H,.

Let Irr(W) denote a set of complete, non-isomorphic, simple W-modules.
Following [6]:

Definition 4.1.1. Let A € Irr(W). The baby Verma module of H, associated
to A is:

A(/\) = E ®(C[h*]COW#CW )\,

where C[h*]{°" acts on A as zero.

Moreover the H.-action is given by:
h' - (h ®cejcow gow v) = (W'h Qcppeicow gew v),
for any h,h' € H, and v € .

Remark 4.1.0.2. Let A be a C-algebra and let M be a left A-module. Then
M* becomes a right A-module, where the action of A on M* is defined to be:

(f-a)(m):= f(a-m), for any f € M*, m € M and a € A.

Analogously, let M be a right A-module. Then M* is a left A-module, where
the A-action on M* is defined to be:

(a- f)(m):= f(m-a), for any f € M*, m € M and a € A.
Now consider the subalgebra C[h]#CW of H,. The algebra map:
C[h]®WH#HCW — CW, q#w — q(0)w,

for any ¢ € C[h]°°" and w € W, makes any W-module into a

C[h]°°" #CW-module. Moreover, by Remark 4.1.0.2 given a left W-module
(which is also a left C[h]“°"W #CW-module), \* is a right W-module (and a
right C[h]“°" #CW-module) with W-action given by:

(f - w)(w) = fw-v),
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forany f € A", v € Aand w € W.
Furthermore, H, is a left C[h]“" #CW-module since C[h]“V#CW is a
subalgebra of H..

Definition 4.1.2. Let A € Irr(W). The dual baby Verma module of H,
associated to A is:

V(A) = (N @cpjcow gew H.),

where C[h]¢°" acts on \* as zero.

Moreover, the H.-action is given by:
(h- @) (f @cmjcow sew B') = d(f Qcmjoow wew h'h),
for any ¢ € V()\), h, ' € H, and f € \*.
Remark 4.1.0.3. By Remark 3.2.1.1 it follows that as a C-vector space:
dim(A(N)) = dim(V(X)) = |W|dimA, for any A € Irr(W).

Remark 4.1.0.4. Recall from Chapter 3 that any restricted rational Cherendik
algebra H, is a Z-graded algebra by assigning deg(z) = 1, deg(y) = —1 and
deg(w) =0, for any x € h, y € h* and w € W.

Indeed by Remark 3.1.1.2 the associated rational Cherendik algebra Hy . is a
Z-graded algebra. Moreover the ideal Ay Hy . is a Z-graded ideal in Hy ., thus
H.= Hy./A Hy, is a Z-graded algebra.

Following [6, Subsection 2.5], denote by H,—mody, the category of finitely
generated, Z-graded (left) H.-modules.
Given M € Ob(H, — mody), it has a decomposition (as an abelian group)
M = @pezM,, where each M, is a (H,)o-module and (H.),,M,, € M, for
any m,n € Z.
The morphisms in H, — mody, are graded morphisms of degree zero, i.e, any
f € Homg_ 04, (M, N) is such that: f: M — N is a morphism of under-
lying modules that respects grading: f(M,) C N, for any n € Z.
By a submodule N of a module M € Ob(H, — mody) we understand N €
Ob(H,—modz), i.e, N = ®,enN,,, and for any n € N there holds i(N,,) C M,
where i : N — M is the set-theoretic inclusion, i.e, i € Homg .4, (N, M).
Moreover, if M € Ob(H, — modz), then M[i] will denote the Z-graded
H.-module with same underlying abelian group as M, same module struc-
ture, and with grading M[i]; = M;_;, with i, j € Z.
We denote by F' the forgetful functor:

F: H. — mody; — H.-mod,
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where H.—mod denotes the category of finitely generated (left) H.-modules.

Remark 4.1.0.5 ([17]). Let A be a Z-graded C-algebra, let B be a
Z-graded subalgebra of A and let N be a Z-graded B-module.

Then ARQgN ia a Z-graded A-module and for any i € 7, its i-th homogeneous
component is defined as follows:

(A®p N); = Spanc{a®pn | a € Aj,n € N;_;}.

Remark 4.1.0.6. [17] Let A be a Z-graded C-algebra, let M be a (left)
Z-graded A-module and let M* = Homg(M,C).

Then M* is a (right) Z-graded A-module with grading:

(M*); :={f e M| f(M;) =0 for any j # —i}, for any i,j € Z.

Remark 4.1.0.7. By Definitions 4.1.1, 4.1.2 and by Remarks 4.1.0.5, 4.1.0.6
it follows that for any A € Irr(W') the Baby Verma module A(X\) and the dual
Baby Verma module V() can be regarded also as finitely generated Z-graded
H.-modules, i.e, as objects in H, — mody,.

Indeed, by assigning degv = 0 for any v € X\ € Irr(W) and degf = 0 for any
[ e X, we get: (A(N)); = Spanc{a @cpprjcow gew v | a € (H.)i,v € A}, for
any i € Z. Analogously also V()\) inherits a Z-grading from H,. Indeed:

(A" ®cpeow pew He)i = Spanclf @cmoowgew b | f € X he (He)i}. Then,
consider (V(X)) = (X @cjpjcow gow He)* = Home(X* @cpjeow gew He, C),
by Remark 4.1.0.6 it holds:

(V(N); = Spanc{f € VA) | f(X\* @cpjeowyew He);) =0 for any j # —i}.

Before stating the main result of this section we need some further defi-
nitions. Let C be either H. — mod or H. — mody.

Definition 4.1.3. Let M € Ob(C) and let N be a submodule of M. Then
N is said to be a superfluous submodule of M if for any submodule P of M
such that P+ N = M, then P = M.

Definition 4.1.4. Let M € Ob(C). Then M is said to be projective in C if
for every epimorphism f € Home(M, N) and every morphism

g € Home(P, N), there exists a morphism h € Home (P, M) such that
foh=g.

Definition 4.1.5. Let M € Ob(C). A projective cover of M is a pair (X, f)
where X € Ob(C) is projective and f : X — M is a superfluous epimor-
phism in Home(X, M), i.e, Kerf is a superfluous submodule of X.

Definition 4.1.6. Let M € Ob(C). A submodule N of M is called maximal if
M /N is a simple module. The radical of M is the intersection of all maximal
submodules of M, i.e,
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Rad(M) = mN is a maximal submodule of MN

Now, we summarize the results of [17] applied to this situation:

Proposition 4.1.7. [6, Proposition 2.11] Let A, € Irr(W).

(i) The baby Verma module A(X) has a simple head, i.e, L(\) :== A(X)/Rad(A(N))

is a simple module in H. — mody and A(N) is indecomposable.
(13) A(X) is isomorphic to A(p)i] if and only if A ~ p and i = 0.

(13i) The set {L(N)[i] | X € Irr(W), i € Z} is a complete set of pairwise

non-isomorphic, simple Z-graded H.-modules.

(iv) F(L()\)) is a simple H.-module and {F(L(\)) | X € Irr(W)} is a com-

plete set of pairwise non-isomorphic simple H.-modules.

(v) If P()\) is the projective cover of L(A) in H. — mody, then F(P()\))
is the projective cover of F(L(\)) in H.-mod.

Example 4.1.8. Let H, be the restricted rational Cherednik algebra in Ex-
ample 3.2.6.

We compute the baby Verma modules of H, for any A € Irr(W), where
W =<s >C GL(C), with s = —1 € C.

We know that Irr(W) = {C,,C_}, where C; and C_ denote the trivial and
the sign representation respectively.

Then:

A(Cy) = H. Rcp)/w2)wew Cu.

By Remark 4.1.0.3 they are both two dimensional as C-vector spaces.
Indeed, {7 ®cp)/@2)ucw 1,1 @cpy/w2)zcw 1} is a basis of both A(C,) and
A(C_). The H_action is given by:

y - (1 ®cp/ernew 1) = (Y Scp)y2ypew 1) = (1 Qcpyly@pew y - 1) = 0 and
y - (@ Qcpyywypew 1) = (2y — cs' @cpy)y2ypew 1) =
= (zy cpy/rynew 1) — (65" Gcpyoypew 1) =
= (¢ Ocp)/wrrew ¥ - 1) = (8’ Scpyprypew 1) =
= F¢ Qcnrjcow gew 1,

for any y € h*, since s’ - 1 = £1, while

z - (1 ®cp)/2ypew 1) = (x2 ®cpy)/w2)new 1) and
z-(z QcCly]/(y2)#CWw 1) =(z QCly]/(y2)#CW 1) =0,
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for any x € h, since 2> = 0 € H,, and

s'+ (1 ®cpy)/2ypew 1) = £1 @cpy/(y2)#cw 1 and
8"+ (2 Bcpy)/w2ynew 1) = (=28 Qcpy)/2)pew 1) = FT Qcmrjeow sew 1,

for s € W.

Note that A(C.) are cyclic H.modules. Indeed {1 Rcly)/(y2)yscw 1} is a
generator for them as H.modules. Moreover, by the relation [x,y] = cs', we
distinguish two cases depending on ¢ € C.

o If ¢ # 0, A(C,) are simple modules.

Indeed, let (a+bx + gy + dry + lyxr @cpy/(y2ycw 1) with a, b, g,d,l € C,
be a non-zero element of A(C.). Note that:

(a+bx + gy + dzy + lyx Qcpy)/2ypcw 1) =
= (a + bz ®cpy)/w2ynew 1) + (9 Bcpy)/2)pew ¥ - 1)+
+(dz @cpy)/2ynew Y - 1) + (YT Qcpy)/2ypew 1) =
= (a + bz @cpy)/@2ypew 1) + (l2y — les’ @cpyyp2ypew 1) =
= (a+bz®cy)/w2)rew 1)+ 1z ®cp) /2 gewy-1) — (les' @cpy) 2ypew 1) =
= (a + bz ®cpy)/2ypew 1) + (Fle Qcpyy2ypew 1) =
= (CL F le + bx ®(C[y]/(y2)#(CW 1).

Then, without loss of generality let a+ bx @cp*jcow »cw 1 be a non-zero
element of A(C..), i.e, with a,b € C such that (a,b) # (0,0). Note that
it must hold b # 0. Otherwise, if b = 0, a ®¢pp*jcow xcw 1 18 a generator
of A(C4) for any a # 0, while if a = 0 it is the zero element in A(Cy).
Moreover, by the H -action we get that a+ bx ®cly)/(y2)#cw 1 generates
A(C,), for any a € C, b € C*. Indeed:

y - (a + bz cprcow gew 1) =
= (ya @cp+joow gew 1) + (byr @cprjcow pow 1) =
= (a ®cmrcowpew Y+ 1) + (Fbe @cprjoow sew 1) = Fbe @cprjcow wow 1,

for any y € h™.

Since for any b € C*, Fbc Qcp+jcow gew 1 generates the cyclic
H.modules A(C.), we get that any non zero element of A(C.) is a
generator. Then, there are no proper submodules of A(Cy.), except for
the zero submodule.

o If ¢ = 0, then C(x ®cyy)/ym)#cw 1) is the only proper submodule of
A(C.), so it is a maximal submodule.
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Indeed, let a+ bz @cyy)/y2)xcw 1 be an element of A(C.), with a,b € C
such that (a,b) # (0,0). Then, C(a + bx ®cyy)/2)#cw 1) is not a sub-
module of A(CL) for any a € C*, b € C. Indeed:

T - (a —+ bx ®C[h*]COW#CW 1) = ((]/Qj ®C[h*}COW#CW 1),

for any x € h, and (axr ¢+ jcowpew 1) € Cla + bz ®cpy2yuew 1).

If we consider the submodule generated by: ar @cp+jcow uow 1,

a + bx @cpprcow uew 1, we get that it is not proper and it is precisely
A(Cy).

Fix a = 0 and consider C(bx ®cpprjcow gew 1), for any b € C*.

Note that it is a proper submodule:

xT- (bZB Q| Cow oW 1) =0,
for any = € h, since 22 =0 € H,,

s - (bil? ®(C[h*}COW#(CW 1) = Fbx ®(C[h*]COW#(CW 1,

for any s’ € W, and

y - bz @crjcowgew 1) = (bey@cy/2uew) — (bes’ cpyl/grpew 1) =
= (bz ®cpy)/2yacw Y - 1) + (Fbe @cprjcow yew 1) =
= Fbe Acpy)/rpew 1 =0,

for any y € h*, since ¢ = 0.

Hence, C(bx ®cnrjcow gow 1) = C(x @cprjcow gow 1) is the only proper
submodule of A(Cy) for any b # 0, so it is maximal and

Rad(A((Ci)) = (C(SL’ ®(C[h*]C°W#(CW 1)

Then: L(C,) = A(C,)/Rad(A(C,)) and L(C_) = A(C_)/Rad(A(C_))
are their simple heads. More precisely, as C-vector space L(C,) and
L(C_) are 1-dimensional and a basis for them is given by:

{1 ®cmrjcow gew 1} As H_-modules they are generated by the same
element and the H.-action is as follows:

Y- (1 @cmejcowgew 1) = (1 ®cpy/w2yuew ¥ - 1) =0,

for any y € h™,

xZ - (1 ®C[h*]C°W#CW 1) =T ®C[h*]COW#CW 1 = O,

47



for any = € h, since r @cprjcowgew 1 € Rad(A(CL)) and

s (1 ®(C[h*]COW#(CW 1) ==41 ®(C[h*}COW#(CW 1,

with s’ € W.

4.1.1 Brauer-Type Reciprocity

Before stating the Brauer-type reciprocity we recall some notions on mod-
ule theory:

Definition 4.1.9. Let R be a ring and let M be a R-module. A composition
series for M is a finite chain of submodules of M

{0}=JhC---CJ,=M,

where all inclusions are strict and Jj, is a maximal submodule of J;, for any
k.

Remark 4.1.1.1. An R-module M has a composition series if and only if it
is both Artinian and Noetherian.

In particular if R is Artinian and M 1is finitely generated over R, then by
Hopkins’ Theorem it admits a composition series.

If an R-module M has a composition series, then any finite strictly increasing
series of submodules of M may be refined to a composition series, and any
two composition series for M are equivalent.

In this case, the simple quotient modules Jxi1/Jy for each k, are known as
the composition factors of M.

By Jordan-Holder’s Theorem the number of occurrences of each isomorphism
type of simple R-module, i.e, |{i; Jiy1/J; = Jyi1/Jx}| for any fixed k, as a
composition factor does not depend on the choice of composition series.

Remark 4.1.1.2. By Remark 4.1.1.1, for any A € Irr(W) A(N)[i] and
V(N)[i] for i € Z have composition series. Indeed they are finitely gener-
ated, Z-graded H,.-modules, H. is a finitely generated C-algebra and C is
Artinian.

Definition 4.1.10 ([17]). Let M € Ob(H.—modyz). Then M is said to have
a A-filtration if it has a filtration:

O=MycMyC---CM,_1CM,=M
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by submodules such that for each 0 < j < n, M;/M;_; ~ A(X)[i], for some
A€ Irr(W) and i € Z.

Note that for a given A-filtration of M by [17, Corollary 4.3], for any i € Z
the numbers:

[M = AN[i]] = {7 |M; /My ~ A},
are independent of the filtration used.

As an application of [17, Theorem 4.5], we have the following Brauer-type
reciprocity result:

Theorem 4.1.11. [1/, 4.6] Any projective object in H. — mody has a
A-filtration. In particular for A\, € Irr(W) and i € Z the projective cover
P(X\) of L(\) has a A-filtration and

[PA) = Alw)li]] = (V(p)[i] = LA),

where (V(p)[7] : L(X)) denotes the multiplicity of L(\) as a composition
factor of V(u)[i].

4.2 Example: the Cyclic Group

4.2.1 The Symplectic Reflection Algebra and Its Cen-
treat t =0
Let (C?,w) be a symplectic vector space where w is the canonical sym-

plectic form as in Example 1.2.12. Let {x,y} be a basis of C? such that
w(z,y) = 1 and let G C Sp(2,C) = SL(2,C) be the finite group generated

by:
= &)

where ¢ is a fixed primitive m-th root of unity.

Notice that it is a symplectic reflection. Indeed, € # 1 and by Remark 1.2.1.3
dete = 1, so it cannot have 1 as eigenvalue, i.e, dimKer(1 —e) = 0. By
Definition 1.2.7 we conclude that ¢ is a symplectic reflection and analogously
e’ is a symplectic reflection for any ¢ € {1,--- ,m — 1}.

Observe that by choosing such a basis it holds:

we(z,y) =+ = wem—1(x,y) = 1.

The group G ~ C,, acts on C? as follows:
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cor=trcy=£Tly,
soin C < x,y > xG we have the relations ex = {xe and ey = £ ye, and
the symplectic reflection algebra associated with the triple (C?, w, G) is:
H,=C<umxy>xG/l <ay—yr—t— X" et >

By Remark 2.1.1.3 we can find a basis of H;. as a C-vector space made of
ordered monomials in z,y,&’, for [ € {0,--- ,m — 1}, i.e,

B ={z'ye |i,j €N, 1€{0,---,m—1}}.

As in Example 2.2.2, given two elements z'y’, 2%y° in H, . we would be able
to write their product z'y/2%® with respect to the basis B. Notice that we
can rewrite the element y/z® by using the relation [z,y] = t + X" 'c;e’ in
H, .. Indeed by induction on the power of y, we get:

(4.1) y'o =ay" —nty " = S G(L+ 7 4 R gyl

for any n € Nso.
Observe that if n = m (mod m), then X7 e;(1 4+ &7 4 -+ + &7V =0
since each summand is the sum of roots of unity and:

L+ &4 g i) = 5_?_11 =0,

for any i € {1,--- ,m — 1}.

Then by induction on the power of z in (4.1) it is possible to find an expression
for y/z?, j,a € N.

Lete= 1 Emo e’ be the trivial idempotent in CG and consider the spherical
subalgebra eH,.e of Hy..

As it is noticed in Example 2.2.2; it is possible to find a generating set of
eH, .e made of ordered monomials in x,y, !, with [ € {0,--- ,m — 1} after
multypling them on both sides by e.

Note that ele = e, for any [ € {0,--- ,m — 1}. Indeed:

gllymilel = Lymileitl — e,
m - 1=

after rescaling the index 7 in the sum.

Then we only consider elements of the form: ez’y’e, for i,j € N.

Since ex = &xe and ey = £ lye, it holds: exly’ = & Iaiyle, ie, zhy
commutes with ¢ if and only if i — j = mh with h € N, i.e, if and only if
i = j (mod m). Analogously, it follows that elaty’ = (£)!(&7) lalylel, ie,
r'y/ commutes with ¢! for any [ € {0,- — 1} (and then with e) if and
only if il — jl = mh, with h € N| i.e, if and only if il = jl (mod m). Explicity:
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a, by — 1ym—1_i,.a,b, _ 1ym—1¢ia¢—ib,.a, b,
erty’e = - eletyle = SN LTy e =

=y 1¢ia sza be:
m— ¢ Y e, if a =b (mod m).

1 {0, if a Z b (mod m)

Indeed, let @ # b (mod m). Then there are two cases:

() there exists d € N such that a = b (mod d) with d|m, i.e, a — b = dey,
for some ¢; € N and a Z b (mod ) with r = 2.

In this case, Em JLeieriybe = 0. Indeed,

i=m—1—

Einiglgi(a—b) — Zﬁfolgidcl — 2;;&£idc1 4 1 r— 1)£id61 _ 0,

/

v
d-summands

and each summand is the sum of r-th roots of unity which is equal to zero.

(7i) a Z b (mod d) for any d € N such that d|m.

Then, LY ee=Pgeybe = 0 since X7;'¢~™ is the sum of m-th roots of
unity and it is equal to zero.

Notice that the commutation relation [x,y] = t + X7 'c;e’ in eH; e gives:

zye — yre = te + X" c;e. This, together with the ones obtained by induc-
tion on the power of x and y, are the non-zero relations among the ordered
monomials in ef;.e. Then a basis made of ordered monomials in z,y, e
with [ € {0,--- ,m — 1} of eH, e as a C-vector space is:

i

B ={z'y’e | i=j (mod m), i,j € N}.

Note that, as it is shown in Example 2.2.2, computing the product of two
non zero elements exr'y’e, ex?y’e in eH; e is equivalent to computing the
product of xy?, x%® in H,,.
We choose as generators of eH, .e as a C-algebra: 2™e, y™e and zye.
Indeed, let z'™*+9™+%e be a non-zero element of eH,.e. We prove by in-
duction on the power of xye that:

(4.2)  z%"e = (zye)* + X5 épga (zye)?, for some pg € C,

for any a € N>o.
Note that by (4.1):

(zye)? = (zye)(zye) = ryrye = v2y%e — trye — X" e aye,
e, (4.2) holds for a = 2:
z4y%e = (zye)? + t(zye) + I el aye.

Assume that (4.2) holds for @ — 1, with a € N:
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(43) xaflyafle _ ({L‘ye)afl + Za 1p§a 1)(xye)j, for some pga—l) eC

then we prove that (4.2) holds also for a € N. Indeed, by (4.3):
(z*y*'e)(zye) = (zye)* + LI 1p]a Y(zye)i*, for some pga_l) e C,

and, by (4.1) there holds:

(z*"7y* ) (zye) = x“‘ly“‘lxye =
= 1% 1( y (CL— l)ty Zml Cz<1+£_ + +§—i(a—2))ya 26i)ye:
= ¢ y e — (a _ 1)txa71ya 1 Zml Cz(l +§ et é-fi(an))xaflyafle‘

Thus, by combining the last two equations we get:

r%ye = (zye)® + X5 lpg )(xye) for some p( 9 eC,

with a € N, i.e, (4.2) holds for any a € N,.
Hence, we can rewrite /™ty mtee = (2m)lz%yo(y™) e = (x™e) (z%y%)(y"e)',
where x%y®e can be written with respect to the chosen generators. Thus,
any element can be obtained by adding and multypling linear combinations
of ze, y™e and zye.

Moreover, by induction on the power of x in (4.1) we can compute [x™e, y™e],
[z™e, xye] and [y™e, xye].

Now let t = 0. By Theorem 2.3.3, Z(Hy.) ~ Z(eH,.e) and by Theorem
2.2.3, Z(eH.€e) = eH ce.

Then the commutation relations [ze, y"e|, [t"e, xye] and [y"e, xye| are all
equal to zero for t = 0 and we get that eH, e = C[z"e,y™e, xye].

Hence, by the Satake isomorphism in Theorem 2.3.1 it holds

Z(Ho,) = Cla™, y™, zyl.

4.2.2 The Restricted Rational Cherednik Algebra

Note that the symplectic reflection algebra H;. we are considering is a
rational Cherednik algebra by choosing a basis {z,y} such that
C?=h @ h* = Cx ® Cy, where h = Span{z}, h* = Span{y} and y(z) = 1.
Let w be as above, i.e, as in Example 1.2.12 and let W =< s’ >C GL(C),
with s’ = £ € C such that & = 1, be the Weyl group associated to h*
acting diagonally on Cx @ Cy. Then, H, . is the rational Cherednik algebra
associated with the triple (Cz®Cy, w, W), a complex number ¢ and a function
¢: 8" — C as in Definition 3.1.5.
Thus we can rewrite the defining relation of H; . in the following way:

sy =¢&ws', sy = Vs, [r,y] =t + X el
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From now on we fix t = 0. Let A = Clh)"Y @ Ch*]"" = Cl2™] @ Cly™]
be a subalgebra of Z(Hy.) as in Subsection 3.2.1. By Proposition 3.2.2,
Z(Ho.) = Clz™,y™, zy| is a free module over A of rank |W| = m. Indeed, a
basis of Z(Hy,.) as a module over C[z™] ® C[y™] is given by:

{]-7 Xy, - 7I,m—lym—l}.

Consider the ideal A, in A of elements with zero constant term. The re-
stricted rational Cherednik algebra associated to Hy . is H, = Ho./A+Ho,,
and it is the C-algebra generated by h, h*; W and a function ¢ as above,
with defining relations:

sy =¢&xs', sy =& 1ys ) [, y] = Ei’i—llciﬁi and

Moreover, by Remark 3.2.1.1 it follows that as a C-vector space
dimH, = |W|*> = m3.

4.2.3 On the Representation Theory: the Baby Verma
Modules

Let W =< ¢ >C GL(C) as above, then W ~ C,,, and |W| = m.
Let Irr(W) be a complete set of non-isomorphic simple W-modules. Since
W is abelian, all its irreducible representations are one dimensional.
Moreover, any irreducible representation V' of C,, is specified by the require-
ment that the fixed generator £ of C),, must act on V' through the multiplica-
tion by a m-th root of unity. Then Irr(W) = {Cy,C¢, - -+, Cem-1}, where Cy
is the 1-dimensional C-vector space on which £ acts through multiplication
by &, for any i € {0,--- ,m — 1}.
Then, the baby Verma modules for H, are as follows:

A(Cqi) = (He @cpy/gmnew Cei),

for any i € {0,--- ,m — 1}.

Recall from Remark 4.1.0.3 that they are m-dimensional as C-vector spaces.
Indeed, for any i € {0,--- ,m — 1} a basis for A(Cy:) is given by:

{1 ®cpy)/@mpew 1 & Ocp/mpew 1+ 2™ Scpy/ymypew 13-

Then, as in Example 4.1.8, by the relation: [z,y] = X" 'c;¢" and by induction
on the power of z and y, we can compute the action of H, on the elements
of the basis.
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