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Abstract

This thesis objective is to characterize the topological defects of a particular two
dimensional conformal quantum field theory. Topological defects can be interpreted as
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rules in amplitudes.

In this thesis, starting with an in-depth introduction to two dimensional conformal
field theories, we will discuss the general properties of topological defects in such
theories. Finally, we will explicitly describe the topological defects in a particular
conformal field theory that is relevant for applications to string theory, as it describes
a string moving in a space with a non-trivial topology and geometry, namely a K3
surface.
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Chapter 1

Introduction

This thesis sets out with the main objective of talking about defects in conformal field theories. Let
us briefly introduce these two subjects and motivate why their study can be considered important.

1.1 CFTs and defects

Conformal field theories: they are field theories which are invariant under conformal transformations.
These transformations are characterized by the fact that they act on the metric multiplicating it by
a positive function of the position; intuitively they are all the transformations which keep the angles
fixed but not the distances. This kind of theories pop up in a lot of different areas of physics: when
talking about the renormalization group in quantum field theories, when considering critical phenom-
ena in statistical mechanics and in the quantization of strings. In this thesis we will mainly talk about
field theories defined in two dimensions which apply in particular to the last case, therefore let us
explain how the two study fields intersect ( [5], [6]).

The main difference between a point particle and a string is that
in the first case its motion in spacetime forms a world-line while in
the second it forms on a world sheet. The position of the string will
then be parameterized by two quantities: 7 and o, obtaining the
following fields X*(7, o). If the string is closed o is taken periodic
giving rise to a theory defined on the cylinder.

Now the main idea, in the quantization process, is to consider this
theory as a quantum field theory defined in two dimensions. This
checks out with what we said before, but we still have to explain
where the conformal symmetry comes from. Fig.1.1: Closed string path

single string

Such symmetry can be demonstrated to be the byproduct of two more fundamental local symmetries:
the reparametrization invariance and the Weyl invariance. Between these two gauge symmetries the
first one is obvious and everyone meets it when studying the point particle. The second one comes
from an extra redundancy in the Polyakov formulation of the string which we will not treat in this
thesis.

Actually the connection is a bit more complicated than it looks
and this becomes evident in the Polyakov path integral.

With the cylinder we described a single string moving in space-
time, but there will be more than that: the string can divide in
two more strings, then reconnect and in general produce all those
kind of phenomena which looks very similar to the perturbative
expansions in Feynman diagrams for point particles. This fact can
be formalized and one actually finds a perturbative expansion in
the geometries on which the conformal field theory is defined.

single string

two strings

single string

Fig.1.2: Closed string path
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Therefore one can associate conformal field theories to pieces of the perturbative expansion of string
theory.

To end this part let us note that conformal invariance is special in the two dimensional case compared
to the higher dimensional ones. In particular it is much more restrictive having an infinite number of
charges. This fact makes working with these theories much easier, so much that a lot of the recent
mathematical effort in constructing actual interacting quantum field theories, with vertex operator
algebras, has been developed in them.

After that let us bring up the defects ( [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21],
[22], [23], [24], [25], [26] ). First of all one can describe them as operators not localized on a point, but
on a manifold of an higher dimension.

From this large set of operators we are interested in those with two particular characteristics: they
are topological and they are defined on hypersurfaces. For a defect to be topological means that when
inserted in a correlator, its deformations do not change the correlation function, unless the defect
crosses the support of other operators. The reason why we restrict ourselves to these properties is
because it is always possible from a symmetry to define a defect with these characteristics, but not all
the defects of this type correspond to symmetries. This kind of defects, in analogy with symmetries,
will impose ulterior constraints on the correlators.

Since we are mainly talking about theories in two dimensions the premier choice will be one dimensional
operators. These line defects will represent a generalization of symmetries, which one can use when
fixing the value of some correlators or establishing relations between them.

1.2 The theory of interest

After a necessary introduction on all these concepts, which are by themselves interesting, we will also
show how to apply them in practice for a certain theory, which is of particular interest to string theory.

In order to arrive to the main point we have to start with a problem which arises in string theory.
One of the main properties of string theory is that there are special conditions on the dimension of the
space in which the string is defined. In particular, in the quantization procedure, the Lorentz group
becomes anomalous and such anomaly can be cancelled out only if the space we are in has a special
dimension. For the superstring, which is one of the most important type of strings (since for example
it does not predict tachyons), this dimension is D = 10.

Clearly experimental evidence so far tells us that only four dimensions are detectable, therefore for the
theory to be consistent the other six dimensions must be “hidden”. How to carry out such a procedure
can be difficult to explain, but the main idea is to have the six additional dimensions compactified.
Briefly, when considering the spacetime manifold, it is possible to assign the first four dimensions to
the usual flat geometry as we know it, while constraining the other six on a compact manifold, for
example like a six dimensional torus.

It turns out that the best results are obtained by the following two choices for the compact manifold:
orbifolds and Calaby-Yau manifolds. The first one is a procedure in which one identifies the coor-
dinates under a certain transformation. One of the most common is the following Zso : = —X.
The second possibility corresponds to implementing the theory in particular types of geometries called
Calaby-Yau manifolds.

These two approaches are not completely separated, as in our case. In fact when considering the space
of moduli of a certain type of Calaby-Yau manifolds, which is given by the space of parameters or
metrics that one can choose for a manifold of a given topology (for example the radius in the torus),
under certain limits one can arrive to orbifold theories.

The theory we are interested in is a non linear sigma model on K3 [7]. First of all a non linear sigma
model means a theory whose fields are valued in a manifold with non-trivial metric, which is to be
expected if the space-time we are in is not trivial. A K3 surface, instead, is a particular 4 dimensional
(2 complex dimensions) Calaby-Yau manifold.
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The plan is to divide the 6 remaining dimension into a K3 surface and a two dimensional manifold
which could be the torus T2 or the orbifold of the torus 72/Zs. The last part of this geometry is very
well understood therefore we are left with the K3 surface.

At this point one could ask why are we considering exactly this manifold. This is because one can
demonstrate that the only manifolds that preserve at least half of the supersymmetries of the super-
string are either a K3 surface or 7. Since T* is not that interesting we take the other possibility.

With this introduction we understand why one may want to study this theory, but we did not explain
the reason behind the focus on their defects. Recent works have analyzed the symmetries of all the
moduli space of the K3 surfaces even though most of these theories are actually very obscure. Since
defects are generalizations of symmetries the hope is that in the future we can do the same with them,
but to start off we need to find the defects of at least one particular theory.

The simplest choice is T#/Zy which is an orbifold in the moduli space of K3 theories. That case is
described by a conformal supersymmetric theory with number of supercharges N = 4 (actually this
is true for any K3 surface), but can also be put in many different forms which, by the way, were also
used to study its symmetries [8]. Chosen a particular geometry for this theory one can show that it
can be written in the following form:

su(2)8 x su(2);, (1.2.1)
which is a tensor product of affine algebras. What exactly is an affine algebra will be explained in the
next section in which we will present conformal field theories. Such explanation will be complete in
the sense that everything needed to understand our analysis will be there, but not much more after
that. After all this topic is very extensive and to treat it in full it would require much more time and
many pages. The same is to be said about the presentation of defects: the main points are presented
in a way that guides the reader to the calculation.

After these two sections we will continue with some examples of defect analysis, showing how it can
be carried out, and specializing at last to the case we have here motivated.

Before starting the new chapter a last note would be that even though we motivated this effort using
string theory, it is by no means necessary in the calculation. Our analysis will be completely general
and any use of the conformal field theory above mentioned can refer to this study when concerned
with defects.



Chapter 2

Conformal field theory

2.1 CFTs in d-dimensions

We start by talking about these theories in a general way, defining the symmetry group in any dimen-
sion and looking for the direct general results of this. We will focus in particular on the case in which
d > 3, that is the least particular example from which we can start and, on a later section, consider
the d = 2 case: the one that we are interested in.

This chapter follows the references: [1], [2], [3], [4].

Global conformal invariance

Conformal field theories are theories which are conformal invariant. It is clear that to study these
theories we have to start from defining what are conformal transformations.
The conformal group is formed by globally defined and invertible coordinate transformations with the
following property:

Gu(@) = A@)gu(®)  Alx) >0, (2.1.1)

where g,,,, is the metric tensor of our d-dimensional theory.

First of all it is clear that Poincaré transformations are the subgroup with A(z) = 1. While Poincaré
transformations are isometries of the space which keep the distances and the angles fixed, one can
instead conceive the conformal group as the one that retain only angles still.

Then let us analyze the infinitesimal coordinate transformation ' = = + €(x):

Az dxP o o
g (2') = i g 906(%) = (0, — Ope (68 = 0,6%)gap(@) = guv (@) — (Buey + Bpey).  (2.1.2)

The requirement for this transformation to be conformal is to have

(auel/ + aueu) = f(x)g;w' (2.1.3)

Now we assume for simplicity that g, = 1., = diag(1,1,1,...) is the Euclidean metric, which will
also be our main case of interest (if we took instead a Minkowskian metric there would not be much
to change in the discussion).

So we manipulate this equation to find more convenient forms. First of all taking the trace

ﬂ@z%@ﬁ- (2.1.4)

Adding instead a derivative and permuting the indices one arrives at
28u61/€p = nupauf + nupauf - n;wapf' (2'1'5)

Multiplying by n*
20%¢, = (2 — )9, f. (2.1.6)



2.1. CFTS IN D-DIMENSIONS CHAPTER 2. CONFORMAL FIELD THEORY

Applying 0, to this last equation and using (2.1.3) and again (2.1.6)
(2 — d)0,0, f = nuw0*f. (2.1.7)
Finally multiplying again by n*¥ we get
(d—1)9*f = 0. (2.1.8)
Now that we have everything we need we can make some considerations. First of all when d = 1 these
equations do not put any constraint: any smooth transformation is conformal. This is coherent with

the fact that in one dimensions we do not have any notion of angles. Another special case is d = 2
and we will treat it later since it is going to be the one we will use in this thesis.

Then we start with d > 3. Equations (2.1.7) and (2.1.8) tell us that 9,0, f = 0, so at most f(x) =
A+ B,k
Substituting this equation in (2.1.5) we get 0,,0,€ = const which implies

_ v v,.p _
€ = ay +bux” + cppr’ Cuvp = Cupy- (2.1.9)

The coefficients in this equation must satisfy some constraints.
Since all the expressions derived before are “derivative” we do not put any on a,. Instead from
equation (2.1.3) and (2.1.4) we have the following restriction:

2
buv + by = 5 N (2.1.10)
which implies that b,, must be written in the following way:

b = ampy + My Mpyy = —Myy. (2.1.11)

Finally using (2.1.5) and (2.1.6) we find:

Cuvp = NMupbu + Nuwbp — M pby b, = *CJU#. (2.1.12)

These are the full infinitesimal transformations, when exponentiated they correspond to:

translation o't =zt + at,
dilation 2t =t
rotation 't = MF 2¥, (2.1.13)
SCT 2k i

T 121+ 222

It is well known that translations and rotations are generated by a, and m,,,, the fact that the dilations
come from « is also easily demonstrated. As for the special conformal transformations (SCT), to
convince ourselves that that is the right form, we can calculate the infinitesimal transformation and
confront it with the one we found. Moreover transforming the metric with this transformation one
finds a scale factor A(z) = (1 — 2b- z + b%z?).

Special conformal transformations also have an interesting property: they are not globally defined if
our space is R4 (or R¥11). In fact there always exists an z for which 1 — 2b- 2 + %22 = 0. The
solution to this is provided by the implementation of the conformal compactification of our space,
which basically means that we add the point {co} to our space.

After this discussion we can continue by studying the algebra of the transformations still in the d > 3
case.
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Conformal algebra

We want to study the representations of the conformal group on fields ®(x) and to do that we use
the algebra. To discuss the algebra one has to find the representations of the generators G, which
enter the following formula ®'(z) — ®(z) = —iw,G,P(z) (we are expanding up to first order in the
infinitesimal parameter w,).

We start then by considering the simplest possible field transformation: ®'(2’) = ®(z). We find for
this the following table of generators:

translation P, = —id,,
dilation D = —iz"0,, (2.1.14)
rotation L,y =i(x,0, — x,0,),
SCT K, = —i(2z,2"0, — v%0,).

From this one can demonstrate that the algebra can be written in a compact form if we define the
following antisymmetric tensor:

1
Juw = Ly Jflu:§(P#_Ku)v
1 (2.1.15)
J_10=D Jou: E(PM—FKM).

Then, if the spacetime is euclidean, we can use n = diag(—1,1,1,...) in d4+2 dimensions to write

[Jabs Jed) = {(NadTbe + MbeTad — NacTbd — NodTac)- (2.1.16)
This form also proves that the conformal group in d dimensions is isomorphic to SO(d + 1, 1).
Now we proceed to study any possible infinitesimal conformal transformation of the fields:
&' (2") ~ (1 — iw,T,)®(x). (2.1.17)

First of all we now consider only the Poincare transformations and take those that leave £ = 0 invariant:
the Lorentz group. Using the definition of the representations of the generators and equation (2.1.17)
one finds that:

®'(0) — ®(0) = —iw, G, P(0) =~ —iw,T,®(0). (2.1.18)

In this way we can define the spin operators as the following operator:
L, ®(0) = S, ®(0). (2.1.19)
Then such operator can be translated to a non zero value of x using this transformation:
e L e = 8, —2,P, + x,P,. (2.1.20)

The right side of this equation was calculated using the previous commutation rules and the Hausdorff
formula.
If now we ask for the field to transform under translation like this:

' (z + a) = ®(x), (2.1.21)

which is a reasonable condition, the representation of the generator P, will be the same as the one we
found previously. In total, one finds:

P,®(x) = —i0,d(z),

L ®(x) = i(2,0, — 2,0,)®(x) + S, P (7). (2.1.22)

This exact same procedure can be carried out for the full conformal group.
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Considering the subgroup which leaves the origin invariant we get the following matrices: S, as before
for the rotations, A for the dilations and k, for the special conformal transformations.

This matrices must form a representation of the conformal algebra so that, with the Hausdorff formula,
we can calculate the following general transformations:

D®(z) = (—iz"d, + A)d(z),

) (2.1.23)

ky®(z) = {ky + 20,A — 2¥S, — 2ix,2"0, + 1290, } ®(x).
In QFT the usual demand is that ®(x) belongs to an irreducible representation of the Lorentz group.
This has consequences for our matrices A and k,. We are looking in particular at the following
commutation relations:

A 4 (2.1.24)

The first equation tells us that A commutes with Sy if now we know that Sy, is irreducible, by
Schur’s lemma, one must have that any matrix commuting with it must be a multiple of the identity.
We deduce from this that A is basically a number, we define A = —iAI and call —iA the dimension
of the field.

The next equation instead, now that we know that A is a multiple of the identity, has only one solution
k,=0.

In principle from the generators calculated above we could derive the changes of ® under any finite
transformation, but we will present now only the case of a spin-less field. Under the conformal
transformation x — x’:

oz | 7B/
b(x) = &'(2) = |— O (z), (2.1.25)
ox
where %—g is the Jacobian of the conformal transformation of the coordinates.

A field transforming as the above is called quasi-primary. This type of fields will be very important
in our study, in particular when we will define primary fields.

Correlation functions

A direct effect of conformal invariance is that the correlation functions of the theory are constrained.
In particular we will consider correlators of quasi-primary fields.

Before that we seize the opportunity to explain a detail on the terminology that we are going to use.
When we will talk about fields we will not mean that it figures independently into the function integral
measure, but also composite quantities like the energy-momentum tensor are called as such, given that
they are local quantities.

In the theories that we will study in two dimensions we are going to consider only the correlators
and their symmetry properties; so “How many continuous, independent degrees of freedom there are”
becomes often not so clear. Useful instead in the analysis will be to consider “How many and which
primary fields (or quasi-primary) are there”.

Let us now return to our previous topic and write the definition of a two point correlation function of
quasi-primary fields:

(@1 (21) Py (2)) = ;/[di)] By (1) Po (o) e 1%L (2.1.26)

The invariance of the action and the functional integration measure leads to the following transfor-
mation of the correlator:

Ay /d Ag/d
(@1(2)) Pa(25)), (2.1.27)

T=x2

o
ox

oz’

(1) a(o2)) = |5

r=x1
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which, if we specialize to a scale transformation x — Az, becomes
(B1 (1) Po(w2)) = ANTE2(Dy (2]) Bo (). (2.1.28)
It is now already known that rotation and translation invariance have as a consequence
(P1(21)Pa(x2)) = f(|z1 — x2|). (2.1.29)

Requiring equation (2.1.28) (which is to ask for f to be homogeneous of a certain degree) fixes further
the expression to

Cip
(P1(21)P2(22)) = Ty — wa|AT7A7 (2.1.30)

where (' 2 is a constant coefficient.
At last we consider the SCT:

ox' 1

a—i = v =(1-2b-z+b%?). (2.1.31)
They lead to the equality

C C (A1+A2)/2

|71 — 2o A1FR2 BB gy — gp|AitAe

which is satisfied only if Ay = As.
This can be “parameterized” by C12 = 0 if Ay # As.

The same exact procedure can be carried out for the three point correlation function obtaining:

Ci23
(@1 (1) @2(22)P3(23)) = —X TR, =R R, 7As—A1 A FAI=AS
T1,2 Ta3 T1,3

(2.1.33)

where z; ; = |z; — x|

Unfortunately this stops here, from four (or more) point functions it is in fact possible to construct
anharmonic ratios, which are conformal invariant. Any function of these quantities will be possible in
the correlator.

For example the four point function will have the following expression:

4 4
AVEEVAVEYAY
(@1 (1) B (2) B (23) Da(24)) = f(ab) [[ o) A= Y"A,
i<j i=1 (2.1.34)
T1,273,.4 T1,273,4
aq = —— b = _,
T13%2.4 T2,3%1,4

where f(a,b) is a generic function of @ and b which are anharmonic ratios.

2.2 CFTs in 2-dimensions

This particular case of conformal theory requires special attention. As we will see in two dimensions
there are an infinite number of coordinate transformations that are locally conformal. Among this
set, of course, there are the ones we studied in the previous section, which are all the ones globally
defined.

The theory should nevertheless be sensitive to the infinite number of local symmetries and therefore
appear more constrained.
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Conformal group and algebra

Recollecting now equations (2.1.3) and (2.1.4) we get either one of the two following conditions on
conformal transformations in two dimensions:
doeg = Or€1 doe1 = —0h e,

(2.2.1)
Opeg = —01€1 Ope1 = O1¢6g.

From these we clearly recognize the Cauchy-Riemann equations appearing in complex analysis. A
good idea would then be to use complex coordinates:

1
z=x0 + 171 €= €p + i€g 8225(80—1'81),
1 (2.2.2)
Z=x9— 111 € =€y — €1 Oz = 5(80—}-161).
Note that now in terms of these variables:
(0 3 o (02
(2.2.3)

(0 L w (0 =2i
6/‘”_(—51 0) ‘ _<2i o)'

Before carrying on with the analysis of the algebra, let us notice that for certain manipulations it can
be useful to extend our variable space making z and Z independent. Then one can always find the
physical space in the two dimensional plane z* = Z.

Returning to equation (2.2.1) we will have that any holomorphic and antiholomorphic function on the
complex plane defines an infinitesimal conformal transformation. Actually since we are talking about
infinitesimal transformations it is enough for the functions to be meromorphic.

Now we know that any meromorphic function can be Laurent expanded as
oo
e(z)=> ez (2.2.4)
—0o0
Then calculating the representations of the generators for the simple field conformal transformation
' (2/,Z') = ®(2,%) one finds the following:
(2, 7) = ®(2,2)
=0(¢,7) — e(2)0D(¢,7) —€(Z)0 0(<,7)
58 = —e(2)0®(2, %) — €(2)0D(2, %) (2.2.5)
- Z enln®(2,2) + Gl ®(2,7),
n
where we introduced: . B
Iy =—2""10 I, = —z""1a. (2.2.6)

These two infinite sets of generators form two commuting Witt algebras:

[lma ln] = (m - n)lern,
[Zmain] = (T)’L - nﬂm—l—na (227)

It is interesting now to note which of these generators produce globally defined transformations. Let
us focus only on one of the copies of the algebra, the other part will follow this discussion identically.

10
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Take the I,s, they are not all everywhere well defined: first of all in z = 0 they are non-singular only
for n > —1.

The other ambiguous point would be z = oo which is part of the Riemann sphere (remember conformal
compactification). To study it we need to perform a change of variables (or change of chart thinking

from a differential manifold point of view): z = —.

Iy = — <—1>n_1 D (2.2.8)

which in w = 0 (z = 00) is non singular only for n < 1.

In conclusion one finds that the conformal transformations on the Riemann sphere are generated by
{l—1,lo, i} U{l-1, 1o, 1}

One can investigate what they correlate to and find that:
e [_; corresponds quite clearly to translations;
e o must instead be combined with Iy to form: (Ig + ly) dilations and i(ly — lg) rotations;
e /1 can be demonstrated to correspond to SCT.

Moreover, one can analyze these transformations looking at finite ones. Exponentiation of an holo-
morphic function gets another holomorphic function. Complex analysis then tells us that invertible
holomorphic functions globally defined on the Riemann sphere are only of the following form:

az+b
f(z) = 1 d ad — bc # 0. (2.2.9)
Note now that we can completely characterize this group with the set of matrices:
a b
A= (c d) det(A) =1 A=—-A, (2.2.10)

equipped with its standard matrix multiplication.
So the conformal group will be isomorphic to the Mébius group SL(2,C)/Zs.

Central extension

Let us go back to the Witt algebra. It turns out that this algebra admits a so-called central extension.
This is a very important topic, in fact these extensions of the algebra are closely related to projective
representations which are needed in Quantum Mechanics.

Moreover, if one “blindly” tries to quantize some of the most common classical conformally invariant
theories, they will not arrive to a representation of the Witt algebra but to one of its extensions. At
last if one tries to quantize the same theories on a curved manifold, instead of on a flat one, one will
find that the conformal symmetry becomes anomalous and such anomaly will be connected to the
central extension.

So first of all let us briefly explain what is a central extension.

The main idea is that we want to add a constant number to the usual commutation relations of a
certain algebra g. To do so what we will do is to add one new operator, C, which has a constant
eigenvalue on any irreducible representation of our original algebra (the general theory of central
extensions admits the possibility to add more than only one of these operators). By Schur’s lemma
we have that this property is satisfied by C' if it commutes with all the elements of g.

Note that this is exactly why it is called central extension: the new element C' will be part of the
center of the new algebra, which we will call §.

Now we implement this in Witt’s algebra, the new commutation relations will be:
[Lim, Lp) = (m —n)Lyipn + p(m,n)C,
[Lm,C] =0, (2.2.11)
[C,C] = 0.

11
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This algebra has to satisfy some properties, the value of p(m,n) is not arbitrary. The trivial solution
is p(m,n) = 0 for any given m,n. This is the least interesting case, since the new algebra will be the
direct sum of Witt’s algebra and the one dimensional algebra.

We look then for an alternative solution:

e first of all the commutator antisymmetry imposes p(n, m) = —p(m,n);
e then we can always fix p(1,—1) = p(n,0) = 0 redefining L, =L, + w for n # 0 and
LO — LO + Cp(lz,fl);
e Using then the following Jacobi identity:
0= [[Lmv Ln]u LU] + [[Lna L0]7 Lm] + [[L07 Lm}v Ln]
0= (m —n)ep(m + n,0) + nep(n, m) — mep(m, n) (2.2.12)
0 = (m +n)p(n,m),
where c is the eigenvalue for the operator C, one finds that for n # —m p(n,m) = 0;

o At last we use this Jacobi equality:

0= [[L—n-‘rlv Ln]) L—l] + HLTH L—l]’ L—n-i—l] + [[L—la L—n—i—l}v Ln]

2.2.13
0=(-2n+1)ep(l,-1)+ (n+ L)ep(n —1,—n+ 1) + (n — 2)cp(—n, n), ( )
from which we get a recursive relation that yields the result:
1 1

p(n, —n) = Zt 2p(n —1,—n+1) = ﬁ(n +1)(n — 1)n, (2.2.14)

having normalized p(2, —2) = % while keeping c free of constraints.

In total then we obtain a very important algebra:
c

[Lma Ln] = (m - n)Lern + E(m?) - m)5m+n,07 (2'2'15)

which is called Virasoro algebra and c is called central charge.

Primary fields

First of all we define a quasi-primary field in two dimensions; it is a field that under any global
conformal transformation z — w(z), Z — w(z) transforms like

dw\ ™" (dw\ "
&' (w,w) = | — — ®(2,7). 2.2.16
wm=(F) (F) oeo (22.16)
This generalizes to a primary field if ® transforms like this under any conformal transformation, both
local and global. By definition it is immediate to observe that any primary field is quasi-primary, but
not necessarily the reverse.

Fields which are neither primary nor quasi-primary exist and are called secondary.

Notice that in this expression we have introduced two new variables: h and h. They are called
conformal weights and their introduction comes with the fact that, differently than in the d > 2 case,
these fields can have spin different from zero; in particular we have

1

h:%(A—i—s) Ezi(A—s). (2.2.17)

In fact in a complex variable environment the transformation w(z) = Az is both a dilation and a
rotation. Decomposing A = |\|e?® and imposing that we stay on the physical plane w* =W — A\* = X
we get the following expression:

P (w, ) = A~ 22X g ) =

—A/2—5)2 \—A/24s/2 . (2.2.18)
- (|A|ew> (|A\e—29) B(2,7) = |\ Re 05D (2, 7).

12



2.2. CFTS IN 2-DIMENSIONS CHAPTER 2. CONFORMAL FIELD THEORY

The field is both dilated and rotated in the complex plane.

Since primary fields will be very important let us write down how they change under an infinitesimal
conformal transformation:

5ee®(2,2) = —(hde + €0 + hOe + €d)®(2,%z). (2.2.19)

At last another important field property in these theories is the following. A field is called chiral if it
only depends on z (®(z)) and antichiral if it only depends on z (®(%)).

Energy-momentum tensor and Ward identities

Since we have these symmetries let us look at the conserved currents from the Noether theorem. It is
well known that for translations and rotations the conserved currents are:

Traslations gy =T,
. vp (2.2.20)
Rotations Jg =Tz —THx",
where TH is the symmetrized energy-momentum tensor.
For the dilations one can show that the Noether current can be written as
g =Tha". (2.2.21)
From these we want to find the Ward identities. Their general form is
n
O () B (1) @ () = —i Y _ 62 — 2;)(D(21)...Ga®(x;)... D (7)), (2.2.22)
i=1

with G, being the representation of the generator of the symmetry and ji the conserved current.
With some calculations one arrives at:

Traslations Ou(Th (2)X) = — Z 3z — x;)0ui(X),
i=1
Rotations e (T () X) = —i Z $i0(x — x;)(X), (2.2.23)
i=1
Dilations (T} (z)X) = — Z Oz — zi) A (X),
i=1

where X stands for a product of n primary fields.

One may think that we forgot something: the special conformal transformations. Actually it can
be demonstrated that they do not bring any additional conserved charge. The only addition, from
Poincaré invariance to conformal invariance, is the tracelessness of the energy-momentum tensor.

Until now we have studied everything using the usual spatial coordinates (not the complex ones).
This is because our discussion actually holds for other dimensions as well (adding just some minor
modifications). Now we go to the complex coordinates specializing to the two dimensional case.

In order to do so we must write the Dirac delta function in complex coordinates:

1 1

These are demonstrable equalities. To understand why intuitively this is so, look at %, it is a mero-
morphic function, therefore 82*% = 0 for z # 0. The behaviour at z = 0 instead can be reconduced to
a delta function.

13



2.3. THE OPERATOR FORMALISM CHAPTER 2. CONFORMAL FIELD THEORY

The Ward identities explicitly written in complex coordinates are then:

n

1
270, (Ts . X) + 210:(T, . X) = — Z; &Zz_iwiawi (X),
210, (TezX) + 210:(T, 2 X)) = Z 0:—— 0, (X)),
(2.2.25)

n

1
27T<T§’ZX> = — Z azmh%(X%
i=1 ¢

i=1 Bl

where the last two Ward identities, corresponding to rotations and dilations, have been added and
subtracted. In total these equations give the following equalities:

re9x) -3 (= awi<X>+’”,)2<X>)]= ,

0z

—\z-wi (z —w;
" - (2.2.26)
— 1 h;
0, | {T(z,2)X) — Op (X)) + ————= (X =0
| @m0 -3 (525000 + et =0
where we have introduced the new quantities: T' = —27T, , and T = —27T5=.

From the above equalities we find first of all that T is chiral field, while T is antichiral. Then we get
the following expression

(T()X) =) O, (X) +

— |z w (z—wi)2<

n [ 1 hi X>]+T,eg,; (2.2.27)

followed by a corresponding one for 7.
The reg. means a regular holomorphic function of z without any poles.

2.3 The operator formalism

Until now we have studied the general consequences of a conformal symmetry without worrying too
much about which was the theory in consideration. To continue our analysis is now useful, instead,
to specify to a certain extent the object of our studies.

The theories that we want to consider are the ones on the cylinder, which mean a periodic spatial
direction. These are ones of the most studied theories due to its connection to string theory. As
mentioned in the introduction, if one thinks at the world-sheet, which is generated by a single string
moving in spacetime, it can be parameterized by a cylinder.

Radial quantization

First of all one can take any radius but for simplicity we take R = 1. Then in complex coordinates
the periodicity condition is
w ~ w + 2mi. (2.3.1)

Now we map this cylinder to the complex plane with the following transformation
z=e". (2.3.2)

This mapping sends the t - —oo to z = 0 and the ¢ — oo to the infinite point on the Riemann sphere.
The periodic condition is integrated in the various fields when they are single valued on the plane. In
the exact same way other conditions, like the antiperiodic one, are easily integrated using functions
which are not single valued on the complex plane.

14



2.3. THE OPERATOR FORMALISM CHAPTER 2. CONFORMAL FIELD THEORY

Q)))— (O)
Y
t

Fig.2.1: Mapping from the cylinder to the complex plane

Note that the passage from the cylinder to the plane is only necessary from a Minkowski/string
point of view (we are talking about the Minkowski with imaginary time which becomes euclidean
and makes for a well defined path integral). In the context of statistical mechanics, using euclidean
spacetime, one could have arbitrarily chosen the time direction to be “radial”, getting directly the
theory on the plane.

This will be a general property of our analysis. Our results will be justified in the infinite cylinder
framework, but everything we say holds also if we put all the premises as definition and construct, in
this way, a general euclidean conformal field theory in two dimensions.

Now we begin to build the theory starting by some properties of the operators and in particular
primary fields.

In fact, regarding the latter one, let us consider their Hermitian conjugation. It takes a form a bit
different than what we are used to:

[@(2,2)) =222 ( ) . (2.3.3)

This is not surprising, as a matter of facts considering the map from the cylinder to the complex plane
as a conformal transformation we have

O (w,w) = zhiﬁq)(z,é). (2.3.4)

Then imposing the usual Hermitian conjugation property for euclidean time in the physical cylinder:

[®(w, w)]T = B(u!, ), (2.3.5)
with w’ = —7 + iz, time inversion in complex coordinates, we get
7 7 11
2D (2, 2 = 2D <*, > , (2.3.6)
z*¥ z
since Z% = eV

After that we consider the Laurent expansion of primary fields:

O(2,z) = Z z_m_hf_”_Equ,n,
mymeL (2.3.7)
1 m+h—1 1 —n+h—1 =

Dy = dzz 9 dzz d(z,2).

T 2mi

This expressions can be reconduced to the Fourier expansion of the field on the cylinder (given its
periodic behaviour) using the conformal map between it and the complex plane.
Using the Hermitian conjugation property above, we find that

<I>(Z,E)Jf = Z E_m_hz_”_ﬁq);rn’n,
n,me”z (238)
O =Py

15



2.3. THE OPERATOR FORMALISM CHAPTER 2. CONFORMAL FIELD THEORY

Within radial quantization one finds out that time ordering, which is used to define correlators,
becomes radial ordering:

Dy (2)Pa2(w) 2] > w

(2.3.9)
Do (w)P1(2) 2| < |w]

R[®1(2) P2 (w)] = {

Note that now we are considering chiral fields, on the physical plane. Adding an antiholomorphic part
does not cause any problem.

Let us make a last consideration that is going to be useful later on. In our previous explanation,
we used the transformation of primary fields from the cylinder to the complex plane, but, since the
energy-momentum tensor is just a quasi-primary field, its transformation properties differ:

C

T(w) = 2°T(z) — 2

(2.3.10)
When going from the Riemann sphere to the cylinder we gain a vacuum expectation value of —g7 for
the holomorphic part and a similar one for the antiholomorphic one.

We will introduce the Laurent expansion of the energy-momentum tensor in the next section but
the treatment is not different from the one for the primary fields. The difference is that the Fourier
expansion of T on the cylinder and the Laurent expansion on the complex plane do not have exactly
the same modes due to the appearance of the new term we introduced before. What is generally
natural to do then is to make the following association:

c

linder lane
pylinder _ pplane _ £
0 0 2 ’

(2.3.11)

so that now one has a ground state energy different form zero on the cylinder.

The operator product expansion

Before writing down the Hilbert space of our radially quantized theory let us discuss one of the most
important topics in conformal field theories, which is the operator product expansion (OPE).

First of all, take a look at equation (2.2.27): on the left side we have a correlator of T' with X, while
on the left side only a correlator of X. The number of fields in the correlation function diminished.
In particular consider two points z and w, then send z — w. In such case one finds that

T(2)0(w,m) ~ — ' B(w, @) + —— 0D (w, W), (2.3.12)

(z —w) zZ—w

and a similar expression for T.
It is important to stress that this kind of expressions have to be considered always inside a correlator.

This fact sets the road to an interesting proposition: what if in a CFT two operators, like A(z) and
B(w), always respected a formula like the following one:

[AB]n (w)

Cow (2.3.13)

A(z)B(w) = >

n=—oo

for a certain set of fields [AB],(w) which are non singular at w = z.

It turns out that this is the case and this property is of fundamental importance since with it one
can solve the theory. As we will see the continuous use of (2.3.13) inside the correlators completely
determine their value.

For example let us study the OPE between two energy-momentum tensors and, by doing so, also
determine the relation between the OPE and the commutation relations of the modes.

16



2.3. THE OPERATOR FORMALISM CHAPTER 2. CONFORMAL FIELD THEORY

First of all it is quite easy to see that the charge for the conformal symmetry is
1 —
Q=5 f{ (d2T(2)e() + dZT(2)e(3)), (2.3.14)
i

where these are equal time integrals and their orientation is appropriately chosen.
Considering only the chiral part (the other one is identical), we expand both T'(z) and €(z) in modes:

T(z) =Y 2z " Ly Ln=g— dzz""1T(2),
T
ne”l (2315)
()= "e Q=> enln,
ne”L neL

where the integral is again an equal time one.

In quantum field theory the charge generates the symmetry using the commutator. Then L,, must
respect the Virasoro algebra as previously stated.

In total we get:

C
[Lm7 Ln] = (m - n)Lm+n + Em(mQ - 1)6n+m70,
[Lin, Ln] = 0, (2.3.16)
- — Cc
[Lons L) = (m — 1) Loy n + Em(m2 — 1)dntm.0-

Now we will relate the OPE to the commutation relations.
We define fw as an integral along a path that encircles w. Then we can write

f dzR(a(2)b(w)) = ]é dza(2)b(w) — 751 dzb(w)alz) = [A, b(w)]
w 1 2 (2317)

A :j{a(z)dz,

where C7 and Cy are fixed time contour with radii |w| + € and |w| — €.
The first equality correspond to the contour equality in the image below.

Fig.2.2: Contours subtraction

After that one sends € — 0 obtaining something like an equal time commutator.

Similarly one finds that

(A.B] =  du § d=RGa()p(w)

(2.3.18)
A= %a(z)dz B = y{b(z)dz.
This last equation can be used to demonstrate the validity of the following OPE:
c/2 2T (w) OwT (w)
T(z2)T ~ . 2.3.19
(2)T (w) R L i — ( )
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We have already fixed the commutation relation between the energy-momentum tensor modes in
equation (2.3.16). What is left to do is to verify that equation (2.3.19) inserted in (2.3.18) gives the
right result:

(Lo, L] % 7{ i 74 duw= T (2), T(w)]

_ (2m)7€dwwn+l jidzzm*lR( (2)T(w))

— 1 n+1% m~+1 0/2 2T(w) 8wT(w) 2.3.20
—(2m,)27€dww wdzz (z—w)4+(z—w)2+  —w ( )
1 n+1% dzzm—i—l 0/2 + 2T(’LU) + 8wT(w)

= — ¢d
omi Jo (z—w)* (z—w)?2 z—-w

&
= (m —n)Lytn + 12

— 1)0n4m,0-

Notice that confronting (2.3.19) with (2.3.12) we find that 7'(z) cannot be primary, but it could be
quasi-primary. Since with this OPE we can also calculate how T'(z) transforms infinitesimally under
a conformal transformation, it is possible to verify if it is quasi-primary or not.

0T (w) = —[Q,T(w)] = ~5 dze(2)T(2)T (w) = —EGZ’, e(w) — 2T (w)Ope(w) — e(w)OyT (w).
s
(2.3.21)
Now it is possible to demonstrate that the exponentiation of this expression is
T'(w) = (22 - [T(2) — —{w; 2}] fws 2} = B0 _ 3w (2.3.22)
- \dz 24 T daw 2duw’ o
where {w; z} is called Schwarzian derivative. With an explicit calculation one finds that
az+b
= —bc=1). 0.
{cz+d 2} =0 (ad —be =1) (2.3.23)

Therefore T'(z) is definitely a quasi-primary field of conformal dimension 2.

The Hilbert space of radial quantization

First of all we need a vacuum state. In a free field theory it is easy to define it, otherwise one does
the usual assumptions about the interaction “turning on” and “off”.
In this framework a field at infinity can be considered free, then we define an in state as

|®ir) = lim ®(z,%)]0), (2.3.24)

z,2—0

since on the complex plane the origin corresponds to the point at —oo in time on the cylinder.
Using now the Laurent expansion of the field given in formula (2.3.7) we find that for this in state to
be well defined one must have that

P |0) =0 (m > —h,n > —h), (2.3.25)

otherwise we encounter divergences.
If we consider in particular the in states of T'(z) we get the conditions:

L,|0) =0 L,|0) =0 n> -1, (2.3.26)

which by the way also imply the invariance of the vacuum under global conformal transformations,
since they are generated by n = 1,0,—1. This property also implies that its vacuum expectation
value vanishes.
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From the OPE of T'(z) and a general primary field ®(w,w) we get the following equation
(L, ®(w, )] = h(n + Dw"®(w, @) + w" 0P (w, @) n> -1 (2.3.27)

and a similar one for the antiholomorphic part.
Denoting now the following state by its conformal weights

|h, h) = ®(0,0)|0), (2.3.28)
we get the following properties:
Lolh,h) = h|h, h Lo|h, h) = L|h, h),
olb ) =hlRE)  TlhB) =TI 029
Ly|h,h) =0 Ly|h,h) =0 n > 0.

These looks a lot like highest weight representations of an algebra, with Cartan subalgebra given by
Loy and C' the central charge. This is reinforced by the following commutator too

(Lo, L] = mL_p. (2.3.30)

This fact can be demonstrated, the triangular decomposition of this algebra proves the existence of
highest weight representations.

To each primary field then corresponds a representation with highest weight |h); descendants of this
states are obtained as in the following expression:

L_p L _py...L_g, |h). (2.3.31)
Such a state will be an eigenvector of Ly with eigenvalue h' = h + ki + ko + ...+ k, =h+ N.
These representations are called Verma modules.
Normal ordering

We want now to introduce a notion of normal ordering in this context. The idea is that we want to
consider only the regular part in the product of two local operators inserted at the same point.
Involving the OPE, consider the expansion

N
[AB]n(w)
A(z)B = —. 2.3.32
@Bw = 3 T (23.32)
Then we can define and denote the normal order product in the following way
(AB)(w) = [AB]o(w). (2.3.33)

If we think at the OPE as a Laurent expansion of the first operator in w we have another useful
representation of the normal ordered product:

(AB)(w) = —— f () Bw). (2.3.34)

278 Jp 2 — W

We now use this formula to write an expression for the modes of the normal ordered product.
First of all

(AB)(w) = > w """~ (AB),,
"SZ (2.3.35)
(AB), = § G (AB) w),
27m
Then
(AB) _?{dw nbhathp— 1}{ dz A(z Bw)
" 271 27

2.3.36
it § g A()B) Lf B (2..36)
271 \z|>\w\ 271 Z—Ww |z\<|w| 271 Z— W ’
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Divided as it is in two pieces, we start from the first one. Expanding A and B in their Laurent series
we get

dz +hA+hB—1A(Z)B(w) y{ —r—ha—p—1,,~s—hp+p
a4z on \Z)P\W) r— s=hetp 4 B, 2.3.
% W p— . %ZZZ (2.3.37)

z|>|w| 2my p>0 7,8
using —— = m and the geometric series expansion (since |z| > |w|).
After that the integral over z giver a delta function setting »r = —h 4 — p, while from the the one over
w the only contributing term is the one with s = p 4+ n 4+ h4. This yields the total result of

> ApBnk. (2.3.38)

k<—h4g

For the second term Jy a similar calculation produces a similar result.
We obtain the following formula

(AB)p =T +J2= > ABuk+ Y. BuiAw (2.3.39)
kS_hA k>—hA

Now consider equation (2.3.25), one can think at the modes having m > —h as being annihilation
operators, the others can instead be thought as creation operators.

In the expression we have just found, we can see that annihilation operators are moved to the right
while the creation ones remain on the left. Therefore one can interpret normal ordering as in the
usual way with the placement of creation/annihilation operators.

Some technical notes about this. The normal ordered product is both non-commutative and
non-associative. Moreover our treatment was for the case of bosonic fields, but a similar one can be
applied to fermionic fields.

The normal ordered product comes in handy right away.
In fact one can write the regular part of the OPE as

A(2)B(w —smg—i—z akAB)( ). (2.3.40)
k>0

k
This can be easily verified. If we write the general form for the OPE and apply first the operator %
and then the normal ordering, we will obtain exactly the term [A, B]x(w) in the expansion.

Solving a theory

Finally after finding all these properties we can use them in order to almost solve our theory. By
solving a theory what we mean in this context is the calculation of all the correlators in the theory.
The fact that this is possible is a very important consequence of the conformal symmetry which,
makes these theories a very controlled and constrained environment in which one can work.

We start by considering correlators in which we have a string of primary fields X = ®;(w;)...®x(wy)
and what we will call a descendant field ®~"(w) = L_,®(w) (connected to descendant states by its
application to the vacuum inserted in w = 0):

(d7"X) = ot dz(z — w)' (T (2)®(w)X)
_ 1 —n 1 h; A
=5 f, dG-w) Z L D (O)X) e (@(w)X) (2.3.41)
=L n(®(w)X),
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wherein we defined the differential operator

. (n - 1)hl . 1
L_, = ZZ: [(wi o T w)n_lawi . (2.3.42)

Without any difficulty this result is generalizes to
(@CFLmhn) (1) X)) = L. L, (B(w) X)), (2.3.43)

where Gk —kn) (w) is obtained applying various energy-momentum tensor modes in order.
Therefore correlators of descendants fields are always reducible to those with only primary fields
which will be our main object of study.

So, first of all, let us look at the simplest correlator: the two point function. We already know that,
for fields that do not have the same conformal dimensions, it will be null. Let us take some fields
which instead have the same dimension

Cap
(w— 2)?h(w —z)2h

(Po(w, w)Pp(2,%)) = (2.3.44)
Now C\p is symmetric therefore we can always combine and rescale the fields so that Cog = d43. The

orthogonality of the fields also means that their conformal families (sets of a primary field and all its
descendants) are orthogonal by formula (2.3.43).

To solve all the other correlators we actually just need two other informations.
First of all in complete generality the OPE takes the following formula

B1(2,2)P2(0,0) = S S CLFH hw—hi—hat Kghy—ha-Ta+ K glF (0, 0), (2.3.45)
P (kA

where K =, k;, the expression [k] means a set of k; and the same for k. The fact that the OPE of
quasi-primary and primary fields only contains such fields and their descendants can be demonstrated
but it is quite non trivial.

Then let us consider the other fully determined correlator of any conformal field theory: the three
point function.

Cr12

= T 2h,—2h, — = _
<(I)'r"q)1(zv Z)‘q)2> - w,lﬁlgloow w <q)7‘(w7 w)q)l(zv Z)(I)Q(Ov 0)> - zh1+h2—hrzﬁl+ﬁ2fﬁr : (2346)
Using the OPE one finds that
P = Oty = Cppa, (2.3.47)

where the last one is the one we found in expression (2.3.46). Moreover since the correlators of
descendants are built on the correlators of primaries, as seen in (2.3.43), one can write

Cp[k E — o, Bp[k]w[k] (2.3.48)

with 875 oF 11)[20] =1.

The important property of these 8 coefficients is that they are completely determined by the Virasoro
algebra. We do not calculate them here or show their formula, but it is enough to know that such
things can be found.

From this analysis a theory then is specified solely by the following parameters: the central charges,

the conformal dimensions of the primary fields and the three point function coefficient Cpy,p,. Any
correlator of such a theory can be calculated by successive reduction of the product of primary fields.
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Bootstrap
There is actually the hope that we can say more about the parameters that we are left with from the

analysis in the previous section, this approach is called bootstrap.

In order to do this we are going to need the four point function
G(Z, Z) = <(I)i(21, 51)(1)]'(22, ZQ)CDl(Zg, ?3)<I>m(Z4, E4)>. (2349)

We know that such function has a dependence on the positions of the insertions determined by con-
formal invariance and a “free” dependence on the crossing ratios (anharmonic ratios). We are only
interested in the second one and that is the part we will consider. Let us define:

212234 _ Z12%34
T = T=—" (2.3.50)
213224 Z13%24
where z;; = z; — z;.

In order to solve the correlator we said we needed to use the OPE, so first we contract ®; with ®; and
then ®; with ®,,. We are left with a two point function of which we know the exact formula.
Explicitly the result is:

= Zcp CP Fm (pl2) T (p|7). (2.3.51)

Im* 1) 1]

?lm(p|x) and its antiholomorphic partner are called conformal blocks, they have quite complicated
formulas but given the central charges and the conformal dimensions they are fully determined.

Notice now that one can solve the same correlator in a different way: first contracting ®; with ®; and
then ®; with ®,,. Effectively this means exchanging ®; and ®,, which at the level of crossing ratios
is achieved by z — 1 — .

The expression one finds after an explicit calculation this time is:

Zcp CtFL (|1 — )T (p|1 — 7). (2.3.52)

im 5l

One can depict the fact that these two expressions are the same using the figure below.

>, CECE, >—< > €05 X

Fig.2.3: On the left we have the first expression, on the right the second

This is the reason why these are called crossing symmetry conditions.

Actually we have a last way to evaluate this function which is contracting first ®; with ®,,,. One then

finds:
ZCZ ]mﬁ’flm< |~ ) ( |> (2.3.53)

The hope for this kind of analysis would be to determine the coefficients ij and the conformal dimen-
sions of the theory thought these constraints even though there is no proof that in general this happens.

Let us end this section by saying that there are cases in which we can say a little bit more. This is
the case of rational conformal field theories (RCFT) which we will study in section (2.4).
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In that case there are only a finite number of conformal families and the conditions can be written as
matrix equalities which are a little bit easier to solve.

Operators and states

As the last part of our discussion about the operator formalism in conformal field theories, let us talk
briefly about another one of their important aspects.

In general, in a quantum field theory there is on one hand the space of states, while on the other, a
set of local operators. What happens in our case is that there is a simple useful isomorphism between
these two.

To explain how this works let us look at the following consideration. First of all take the infinite
cylinder, in a path integral formalism one has to specify the initial state of our theory at ¢ — —oc.
What one is able to demonstrate is that the path integral is the same as the one on the plane with
a particular local operator inserted at z = 0. This equality is extremely evident in our previous
construction of the Hilbert space.

One of the interesting corollaries one can get from this obser-
vation is the justification of the OPE.

First of all consider two operators inserted in a correlator.
With a conformal transformation we can always bring one at
the origin and the other one at a certain point z with |z| < 1
(as long as one does not have any operator between them):

.AZ(Z)AJ(O) (2.3.54)

It is possible then to divide the path integral in two parts, one

over the interior of the unit disk and one over the exterior.
Fig.2.4: Insertion of two local operators

Computing first the one on the interior
we get a path integral on the exterior of
the disk with a certain kind of boundary
condition/initial state at the unit disk.
This is compatible with a path integral
on the full plane with a specific initial
condition and therefore also with a path
integral with a particular operator in-
serted at the center by the operator-state
correspondence which we previously de-
scribed.

Fig.2.5 Path integral with boundary condition on the
left, with operator insertion on the right

This discussion clearly justifies the OPE.

Another way to see this is the following: if one does not have any operator between two other
operators a conformal transformation can bring these two operators as close as one wants, therefore
it kind of makes sense to have the product of these two operators represented by a single operator.
Also, from this argument, it looks as if the same theory constructed on spaces of the same homotopy
type gives the same results. For example a theory constructed on a contractible space would be the
same as one on a point.

2.4 Models

In this section let us introduce some theorise and some methods to construct them. They will be the
main objects on which we will work when looking for the defects.

23



2.4. MODELS CHAPTER 2. CONFORMAL FIELD THEORY

Free fermion

First of all the action of the free Majorana fermion with metric hog = diag(+1, —1) is
1 —
S = /d:codxl A (=) Uy 0, ¥, (2.4.1)
Ak

where k is a normalization constant, ¥ is a two dimensional vector, ¥ = Ufy9 and

70 = (? é) T (_01 é) . (2.4.2)

With this choice of v matrices the Majorana condition becomes that the components of the spinor are
real.
Now we perform a Wick rotation: xzg — xg, 1 — ix1, which entails 0y — —i0;. What we find with

that is 5 5 o
0.ang _ (Oo+1i01 0 _ - 0
VY 0 = ( 0 9 _2,81) =2 (O 8Z>. (2.4.3)

After that we rewrite everything in complex variables and extend Z to the whole plane. Setting the
notation for the components of the spinor as ¥ = ¥t = (y(z,%),4(2,%)) one obtains the following
form for the action:

1 oz 0
— T[9%
S = s /dzc%\/|g|2\11 <O 8) U

) (2.4.4)
= / dzdZ(on) + Yop).

Note that, as in equation (2.2.3), the components of the metric g are obtained through the change of
coordinate to the complex ones:

0o 1 u 0 2

The equation of motions for the theory are obtained varying the action with respect to 1 and 1.
First of all for ¢ we get:

1 _ _
0=6,5= / d=d=[5030 + b3(50)]

m (2.4.6)
The variation with respect to 1) yields a very similar result. In total then

O =0 =0, (2.4.7)

which means that these fields are chiral v = 1)(z) and antichiral 1) = ¥(Z).
Note now that the action is conformally invariant if ¢ is a primary field with conformal dimension
(h,h) = (3,0) and ¢ with (h,h) = (0,3). Moreover the theory is free therefore the engineering
dimension is the same as the actual one in the quantum theory.

There are two possibilities for the behaviour under rotations by 2:

¢(62ﬁiz) = +(2) Neveu-Schwarz sector (NS),

o (2.4.8)
(e ™z) = —(z) Ramond sector (R).
We are focusing on the chiral sector since the antichiral one has exactly the same properties.
Then we Laurent expand the field:
Ve =T =
T (2.4.9)

TEZ—F% (NS) reZ (R).

24



2.4. MODELS CHAPTER 2. CONFORMAL FIELD THEORY

Notice that the expansion is coherent with the field being single or multi valued on the plane.

We start by analyzing the Neveu-Schwarz sector.
One can verify that the propagators are:

FETm) = (2.4.10)

With this we can calculate the anticommutator between the modes:

(riba) = 74 74 9 3 RE(2)(w))

2m 21

_ k% dw s (2.4.11)
271

= kér-i—s,o
The first equality comes from formula (2.3.18), wherein for the fermions we have the anticommutator
instead of the commutator. Then we used the propagator in (2.4.10).

The energy-momentum tensor can be derived using the following generic well known equation:

aL
Ty = 87kg < Nl + Z G ngi) . (2.4.12)

We get: o B -
T.. = gyp0y Tz = —gyoyp Ty, = —goyp Tz = gy (2.4.13)

Even though it does not look symmetric, the terms off of the diagonal vanish using the equations
of motion. We know from equation (2.2.26) that the diagonal terms are one chiral and the other
antichiral. We will focus on the chiral one since for the other the behaviour is identical.

T(z) = g(voy)(2). (2.4.14)

Let us now write the Laurent modes:

Lin=9 ) m-sts <s+ 1> _y Z Vstom—s <5+ ;) (2.4.15)

3
$>—3 2

Using the anticommutator between the fermion modes we find

[Lma wr] = gk(_m - 2T)¢m+r‘ (2416)
Then choosing gk = % we get
m
(Lo, ¥r] = (=5 = ")¥metr, (2.4.17)

which can be easily demonstrated to be the commutation relation for a primary field of conformal
dimension h = %, as expected.
From now on we will choose the usual normalization k = 1.

Finally let us look at the central charge of the theory. It is possible to show that:
c
(0]L2L-2[0) = (O|[L2, L-2]0) = 5. (2.4.18)

Then explicitly:
1 1
L_5|0) = §¢_%¢_%\O> (0|Le = 5(0]¢%¢% (2.4.19)
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Finally:

= Oy g_110) = O (303} _,1]0)

1 1 1
= 1<0W%¢_%’0> = Z<OH¢%¢_%}’0> =1

(2.4.20)

Therefore the free fermion theory has central charge ¢ = %

Let us now consider the Ramond sector instead.
It is possible to show, using for example the mode decomposition, that this time the propagators are:

_ 1y/z/w+ w/z’

(W(w(w)) = 53—
@) = % z/q;;:tw\ /@/E’ (2.4.21)
(U (2)¥(w)) =0,

where we have already fixed k = 1.

This does not change the discussion on the anticommutator of the modes which in fact yields the same
result.

The energy-momentum tensor has the same expression but we encounter some difficulties when looking
at the modes. The main problem is given by 1)y which has the following property:

{0,¢0} =1 Yoo = % (2.4.22)

This fact makes the normal ordering prescription we used for Lg inexact, since there is not a “right”
choice when ordering the pair 1p1)9. What we can instead say is that the expression will be of the

form: . 1 1 1
Lo = 5 23 Y_stbs <$ + 2) 3 ZS Psth—s <5 + 2) +a, (2.4.23)
§>—35

SS_E

where we added a new constant term a which takes into account a possible reorganization of the terms.
Such constant term can be calculated using the commutation relations between the L,s, but in this
case there is a faster method:

(T(2)) = lim [—iaw ( v Z/Z)jw w/z> P ] ! (2.4.24)

w—z 2(2 — w)2 - 1622.

The first term corresponds to the correlator (1 (2)dy(w)), then, to take the normal ordering of this
composition of fields, we subtract its singular part and then send w — z, resulting in expression
(2.4.24). We have just obtained is the vacuum energy, which tells us that the generator Ly can be
written in the following way:

Lo= 5 X voatn (s45) 3 v (43 ) + 15 (2.4.25)

s>0 s<0

Notice now that the ground state of the Ramond sector has conformal dimension % since

1
Lo|0)r = —|0)g. (2.4.26)
16
Moreover the ground state is degenerate. Since 1y commutes with the whole Virasoro algebra, its

application to the ground state gives a representation identical to the first one except for the different
fermion number.
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RCFT

When we talked about the Hilbert space we did not consider two possibilities: we can have null norm
states and negative norm states.

First of all let us talk about null vectors. When considering all the states in (2.3.31) one finds that
sometimes the representation of the Virasoro algebra is reducible; this happens in particular when a
state exists such that L,|x) = 0 for n > 0. That state will be called null state and will be the highest
weight of a full representation of the algebra.

The state |y) and the all its descendants can be demonstrated to be also perpendicular to the whole

Verma module:
(X|L—ky---L—, |h) = (h|Lg,...Li, | x)* =0 (2.4.27)

and in particular one has that (x|x) = 0. For |x)s descendants one just has to use the commutation
relations between L,,.

From these representations one can obtain irreducible ones by quotienting out the null submodes,
identifying states that differ by states of zero norm. For these reasons it is important to study null
vectors.

To do that we start by considering a general vector; it can always be written in a certain basis as the
following: |v) =", As|a). Then its norm is:

101 = Aalalb)Xe =D XaMap . (2.4.28)
a,b a,b

This expression can be zero if and only if A, is an eigenvector of M with eigenvalue zero and this only
happens when detM = 0.

In our case this process uses the so-called Kaé¢-determinant at level N, that is the determinant of the
matrix My (h,c) composed by the following entries:

(h| HLk HL,mj\m Zk: = zmj = N. (2.4.29)

V. Ka¢ found and proved the following formula:

detMy(c,h) = an H (h — hyg(c)) PN =r2),
0<p,g<N

((m+1)p—mgq)? -1 1 1 [25—¢
hpq = =——+_
P4 dm(m + 1) R

where P(n) is the number of partitions of n and p, ¢ are integers.
For the square root one usually chooses the branch m € (0,00) even though the determinant is
independent from the choice thanks to the the symmetry of hy,,: {p = m —p,g > m+1—q}.

(2.4.30)

Now let us look at negative norm states. Clearly we do not want them in any field theory, we call this
property unitarity. The first consideration is that since

(h|LyL_y|h) = 2(h|Lo|h) = 2h (2.4.31)

we must have h > 0.
After that the considerations becomes more complicated, so we will just summarize the results:

e For ¢ > 1 and h > 0 there are no null states and no negative norm states.

e For ¢ = 0 one finds detMy = 0 for h = %2, n € Z.

e At last in the region ¢ < 1 and h > 0 for sure all points not laying on a the curve hy4(c)
are not unitary. A more careful analysis shows that negative states are absent only on certain
intersection points of such curves.
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In the last case we considered, one can haz
parameterize the set of unitary represen-

tations in the following way:

haa

C:l—L m:3,4,...
m(m+ 1)
((m+1)p—mg)* -1

hp,q(m) =

h3o

dm(m + 1)
(2.4.32)

withl < p<m-1landl<qg<m |
integers. Le

Fig.2.6: Curve of vanishing Ka¢ determinant (image from [2])

After this considerations, because of these constraints, only a discrete sets of ¢ survives with a finite
number of highest weight representations. These theories are called Rational CFT because they
admit only rational values of the central charges. Another way to call these theories, especially in
statistical mechanics is minimal models.

Kac¢-Moody algebras

We have seen what concerns the Virasoro algebra in the previous section, but it is not always true
that such an algebra appears alone. There are a lot of cases in which the conformal symmetry
is encapsulated in a bigger symmetry group or in general we have that the conformal algebra is
encapsulated in a bigger algebra.

This also usually means that the representations of the Virasoro algebra are contained in the
representations of these bigger algebras too. As we will see, this is interesting because it permits to
analyze, using this bigger algebras, theories that have an infinite number of representations of our
original algebra, contrarily to the RCFT which have only a finite number of possible representations.

Showing where these algebras may come from will help us understand why they are very relevant,
therefore let us start with that.

First of all consider a finite dimensional simple Lie algebra § = {j“|a = 1,2, ...,d} on C , with it we
want to construct a Loop algebra. A loop algebra is an infinite dimensional algebra composed by the
maps from the circle S; to g (P(f) € g, 0 € S1). If these maps are taken single valued the algebra
will be called untwisted (P(0) = P(2n)), if instead they are not the algebra will be called twisted
(P(2m) =T[P(0)], where T'isamap g — ¢ ).

Focusing on the untwisted case, Fourier analysis tells us that a basis for this new algebra is

a={jt=7"2"=7"®a=1,2,..,d;n € Z}. (2.4.33)
And knowing
d
rl fb T
G371 =Y 1 (2.4.34)
c=1

The commutation relations for the new algebra will be:

d
Ui 381 = b (2.4.35)

c=1

This is not yet an affine algebra (or Ka¢-Moody algebra), as we have seen for the Virasoro algebra
central extensions are usually needed in quantum theories.
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One can demonstrate then that the only non trivial central extension of this algebra by a central

element K will be ;

[ 48] =D F™6 i + MOmn 00K (2.4.36)

c=1

supposing that the Killing form of g is 6%’ which in many cases is true.

A last technicality is actually needed to conclude this treatment, we just need to know that, in order
to make the Killing form of the resulting algebra non-degenerate, we must add another element: the
derivation D.

In total then one find that we can describe our algebra as:

g=90®CK®CD, (2.4.37)
with commutation rules:
d

Uit 2] =Y 1™ dtnin + MO yn06°° K,

c=1
[D, jm] = mjm, (2.4.38)
(K, jm] = 0,
[D,K]=0.

Clearly this is an algebra of Laurent modes, we can then write them starting from a certain field:

dz

Je=> gt = 52", (2.4.39)
neZ

Then from the commutation rules of the modes one can extract the OPE, which is:

kaab Z'fabc .

4 (2)5" (w) ~ 7 (w), (2.4.40)

(z—w)? “—~z-w

where k is the eigenvalue of K in the representation.

An algebra like this is also naturally associate a certain energy-momentum tensor. This method is
called Sugawara construction.
First of all our ansatz will be:

d
T(z) =v> (%)(2),
a=1
; (2.4.41)
Lo =) (D it > dmidf)-
a=1 [<—1 I>—1

As previously mentioned using the OPE between the energy-momentum tensor and a primary field
®(z) one gets
[Lin, ®p) = (B — 1)m — n)Ppyin. (2.4.42)

It turns out that using the structure constant properties in an explicit calculation one arrives at
[Lin, jn) = —2yn(k + Cg) 4 (2.4.43)

where the dual Coxeter number can be defined by: Zb, . fhac fbed =— —2Cg5“d.

If we fix v = (2(k + Cy)) ™! we obtain that j%(z) will be a primary field of conformal dimension one.
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Therefore in total: .

T() = s e 20T (2.4.44)

a=1

This theory also has a determined central charge, which can be calculate it explicitly:

kd

c
= = (0|LaL_2]0) = 7*Y (0[5%5%5%15%1]0) = s 2.4.45
5 = (01L2L2[0) = §< ii%4%410) = 55 (2.4.45)
This means that the central charge of the conformal theory associated Algebra ‘ Cy
to the affine algebra gy, (it is costume to write k as a subscript) through su(N) N
the Sugawara energy-momentum tensor is so(N) | N—2
c = kd ] (2.4.46) Dual Coxeter number
(k+ Cy) relevant examples

Coset construction

We will now introduce a method to produce new theories from known ones. One can also use this
procedure to decompose a theory in different, smaller parts.

Let us start with an affine algebra g, originating from the simple Lie algebra g. Suppose that g
contains a subalgebra b C g; we will call the affine algebra deriving from such sub algebra B, -
From the Sugawara construction we get:

1 dimg o
TQ<Z) = Q(kg + Cg) ;(jg]g)(z)7

X dimh (2.4.47)
Ty(z) = 2 £ Cy) ;(J‘?}jt})(@-

Observe now that ji is a primary field of dimension & = 1 both with respect to Ty and Ty and that
Ty is constructed only using the Jiy'Ss then:

(Ty = Ty) (2§ = reg. i)
(Ty — Ty) (2)Ty(w) = reg.

After that, we split
Ty =Ty + Ty Ty =Ty4 — Ty (2.4.49)

and use Ty as the energy-momentum tensor of a new theory: gy, /B,

In order to understand how this new theory will be like we look at the singular part of the OPE
between two energy-momentum tensors:

ToppTapm ~ 1Ty — TyTh- (2.4.50)
From this we immediately understand that

. _C_C_kgdimg_kbdimh
T T R 1 Gy kg + Gy

(2.4.51)

This formula will be quite important since, in many cases, it identifies in a very clear way what theory
we are obtaining from this process.

Finally we specify the field content of what we will call the coset theory: all the fields in gy, which
have a non singular OPE with the operators in by, . From a modes point of view we are asking them
to commute with the algebra by, .
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An important case of coset constructions is the diagonal cosets: (gx, X Ok,)/0k +ko- As a mater of
facts in the tensor product algebra one always finds the following operators j, = j{,, + j3,, where the
Jin generate gg, and the ji',, gr,. Then one easily shows that

d
i do] =Y b in + MO 06° (ky + k). (2.4.52)

c=1
Therefore we have found the gg, 41, subalgebra justifying the diagonal coset construct.

Another important property is that the coset construction determines the decomposition of the highest
weight representations of g into highest weight representations of h and g/h. The fact that this is true
is highly non trivial and interesting. These rules are called branching rules and usually, given a
subalgebra b, they are very hard to find.
In general one can write:

Ry =R, o RY", (2.4.53)

R}

where RS corresponds to the representation of g with highest weight .
We will explain better how this practically works when we will introduce the characters, which is in
section (2.5).

Affine algebra example

We now finally apply everything we learned in this section to the theory we will work with the most.
It is the case of the affine algebra constructed from the su(2) algebra. To set the convention let us
write explicitly the commutation relations:

d
[ 3] = ivV2> " €ChE )+ MO n 00k, (2.4.54)
c=1

where €2 is the usual totally antisymmetric tensor. We define then the raising and lowering operators
and write down the resulting commutation rules:

N 1 . ~ 1. .
an:ﬁ it ﬁ@:ﬁ(ﬁniwfn),
- ik - ) o ) (2.4.55)
Ums Jn) = 5 -0meno Uil = Fimen Umodn] = FmOmino + 2
We can now write the following conditions for a highest weight state:
Jnlha) = gxlhg) =0 n>0,
. q
Jo h.q) = 0.

The triangular decomposition is obvious from these conditions: any operator with n > 0 is an annihi-
lation operator and any operator with n < 0 will be a creation operator, while for the zero mode we
keep the usual decomposition.

We can analyze these representations further. First of all one can immediately see that the zero modes
form a su(2) subalgebra of su(2). If we ask for the representation of the zero modes to be a finite
dimensional spin é representation we have the usual condition: ¢ =1 € Z.

Apart from the highest weight state, we denote the other states of this sub-representation as

h,qa) = (G )*h, q), (2.4.57)

were g, =l — 2a.
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One also finds that the zero mode one is not the only su(2) subalgebra, actually we have an infinite
number of them:

J(n) = J n
- ~3 nk
J(n) —JoT o

If we ask for all of these to be spin representations, identically to the first one, we get the condition
ke Z.
There is actually one more constraint on these theories, consider the norm of the state j |h ly:

= (h, 1] = 25|, 1)
ok (2.4.59)

=—-l+k.

Since this value must be non negative we have to require two things: k € Z* and 0 <1 < k.

Given the representation of the zero modes, everything else is determined, including the conformal
dimensions of all the states. Knowing that for this group Cy = 2 and d = 3 we can write:

3
,M Z S it Y ). (2.4.60)

a=1 [<-1 >-1

Then the highest weight conformal dimension is:

w

Lolh, q) = k+2 Zy J§lh, @)
(2.4.61)

3
g LRI = ).

From that one can calculate the conformal dimension of all the other states using equation (2.4.43).

This algebra is also used in one of the most important diagonal coset constructions:

su(2)g x su(2);

2.4.62
SU(2) 41 ( )
The central charge of the resulting theory is
3k 3(k+1) 6
_ 1— nrAp D S 2.4.63
R s T A k+2)(k+3) (24.63)

which is the same as (2.4.32) with m = k+2. This means that, with this coset construction, we obtain
all the minimal models.
As for the branching rules one can demonstrate that they are:

RY® R, = > RM e Ry (2.4.64)
0<v<k+]1
AMu+v=0 mod2

Where A, p, v are the ¢ values of the highest weight state of the corresponding representation of su(2);
with j = k,1,k+ 1 (2.4.56). Instead RZ; . corresponds to the Virasoro representation with conformal

weight calculated by the equation (2.4.30).
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2.5 CFT on the torus

So far we have considered theories on the Riemann sphere. In string theory such theories are used
to calculate the tree level amplitude, while other terms of the perturbative expansion correspond
to theories defined on higher genus Riemannian surfaces. In particular the second term (one-loop)
corresponds to the torus. This is the reason why evaluating the behaviour of conformal field theories
on the torus is important, it will be the first step to the construction of the theory on an arbitrary
surface.

Of course in statistical mechanics, while a general Riemannian surface may not be interesting, the torus
corresponds to a plane with periodic conditions in the two directions, making this section important
for this other field as well.

As we will see the most important implication of this construction will be the fact that unlike before
the holomorphic and antiholomorphic part will not decouple. Before we generally considered the chiral
and antichiral part as independent while now there will be rules on how to combine them. Exactly
how will be clarified in the next section.

Modular invariance
The torus can be described by a com-

plex plane on which one puts a lattice 7 &
and then identifies the various zones of / /
/P

that lattice. This corresponds to the con- /

dition:
1To| Q2
w ~ w+ may + noo, (2.5.1)

where (ag,a2) is a pair of complex /] ay
numbers with different phases.  The /
quantity describing the shape of the

torus 7 = €2 = 71 + i1y is called complex

«aq
structure or modular parameter.

[N

Fig.2.7: Lattice on the complex plane

There are multiple lattices describing the same torus, in particular if (81, 82) is equivalent to (aq, ag)
a matrix must exist such that:

(gD B (Ccl Z) <Z;> a,b,c,d €Z (2.5.2)

and in a similar fashion the inverse must be true too

(Z;) - adl—bc <—dc _ab> (g;) ) (2.5.3)

with integer entries. This imposes the condition ad — bc = +1 which is the same as saying that the
unit cell in each basis must have the same area (up to a sign). Furthermore the lattice spanned by
(a1,a9) and (—ag, —ag) have the same base cell, which means that they do not count as different

parametrizations.

From this considerations we find that the modular group which relates different ways to describe the
same lattice is SL(2,7Z)/Zs.
Choosing then (aj,a2) = (1,7) we get the following transformations for the parameter 7:

T —

ar+b (a b

or +d d) € SL(2,Z)/Zs. (2.5.4)
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It is possible, but not easy, to demonstrate that every modular transformation is generated by the
following two transformations:

e The first one is the modular T-transformation:
T:7—=714+1. (2.5.5)

e The second one is the modular S-transformation, this one will be the most important and the
one that constrains the theory the most:

1
St — ——. (2.5.6)
T
An interesting property of this transformation is S? = 1.

The partition function

Now let us look into the application where the modular invariance becomes relevant.

The fact that the partition functions is important both in statistical mechanics and as a generating
functional in a quantum field theory is well known. In string theory it is relevant as well, since it is
used in the calculation of the one-loop amplitude which, as we have already said, corresponds to the
torus.

We define then a partition function for the torus with the following process:

1. Start from a certain state |1);

2. Evolve such state around the torus until it returns to the starting point e
3. Take the product between the resulting state and the one we started with (¢|e
4. Finally sum over all the states in the Hilbert space Z¢<¢|6_27TT2H€27”—1P|1/)>.

—27r7'2H627r7'1P|,¢]> .
)
727TT2H€27TT1P ‘ 'lb)

)

Notice that in the third step we had to evolve the state both in time (72) and in space (71), this is
coherent with the identification we carried out using the lattice.

The final result is:
Z(1) = Try(e”2mm2H 2Py (2.5.7)

where the 27 is just a convention.
In the complex plane dilations are time translations and rotations are spatial translations therefore:

leane = LO + Z{),

HoT R, (2.5.8)
Pplane = Z(LO - LO)

This expressions can be determined using the considerations we made in the section about the con-
formal group and algebra in two dimensions (2.2).

From the plane to the cylinder we have seen that the only difference is, looking at equation (2.3.11),
the fact that we have a ground state energy:

— c+c
Hcylinder = Lo+ Lo+ 2%’
oM (2.5.9)
Pcylinder = Z(LO — Lo+ 24 )

Since for the torus we have the same expression as for the cylinder, in total we get

£ ___

Z(r) = Trac(q"o g Fo~31), (2.5.10)
2miT

with ¢ = e

As we have seen before, a modular transformation does not change the lattice. In the same way our
theory must be invariant under such a transformation and in particular the partition function must
be invariant.
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This is the main way in which we obtain constraints on the possible combinations of the holomorphic
and antiholomorphic representations.

Let us look at the best way to confirm this property. Since we are usually considering various highest
weight representations of the chiral and antichiral algebra, which could both be Virasoro algebras or
one of its extensions, the partition functions will be expressed as a sum of characters.

A character is defined as
Xi(T) = Trg,(¢""21), (2.5.11)

where R; is the space of one of our representations.
Then generally the partition function will be written as

Z(r,7) =Y xiMy¥X; M;; €N, (2.5.12)

where M;; is the multiplicity of the R; ® R; representation in our algebra.

In a lot of theories one has that under the T transformation the characters only obtain a phase, making
the partition function invariance easy to verify. For the S transformation instead, in many cases, one
can represent it as in the following:

- (_i> _ ; Syum o (7). (2.5.13)

Then, under that transformation,
1 1
Z(—=,-=) = Z ST Mpm /S X (2.5.14)
,L'7j’m’m
It is possible to demonstrate that S = ST, then in total the condition for modular invariance will be

SMST = M. (2.5.15)

Another property, that is possible to demonstrate, is that this matrix is also unitary SST = I and,
while it does not necessarily square to identity, S? = C which is the conjugation matrix and C? = 1.

Example theories
Since su(2); and RCFTs will be the main objects of our study let us talk about their partition

functions, characters and S matrices.

First of all we start with su(2);. From the so called Weyl-Ka¢ character formula it is possible to
determine that the character with highest weight 0 <1 < k has the following form:

(k) O111,k42(7,2) = O 1 ky2(T, 2) o~ 2minkz
T, Z) = Ok(T,2) 2.5.16
Xl ( ) @172(7', Z) — @_1,2(7', Z) lk Z q ( )
nEZ+2k
with z — 0.
At z = 0 the theta-functions have a well known S modular matrix in literature which is
1 i
S(k/+2) = ———— ¢x (—7ri> . 2.5.17
” T RS (2.5.17)

Using some trigonometric identities it is possible to arrive to the expression for the S modular matrix
of our characters:

S = G i R <k i S+ D+ 1)> . (2.5.18)

)

35
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Level Partition function Name

Notice that in this case the matrix
has real entries, therefore we have k=n Z =30 l? Ant1,m > 1
S* =S and S? =1

] L k=4n Z=Sr1 — xr—2t]? +2 2 Donia,n > 1
While for the T-transformation in- Xizo Ixat = Xl 2] =
variance one just needs h; — hy € Z, k=dn—2 Z =12l + 27 2 Xott1Xe—oi1 Dant1,n > 2
it turns out that there is a complete ) , ,
classifications of the matrices that k=10 Z = Ixo+xe|" +Ixa +x7I" + [xa +x10["  Es
respect: Z = |X0+X16|2+|X4+X12|2+|X6+X10|2+

k) 17 g(k) h=16 Ex

SHMST =M. (2.5.19) (x2 + X14)Xs + x5 (X + X14) + [xs]?
This is known as A-D-E classifica- Z = |x0 + x10 + X138 + X28]*+
k=28 FEs

tion, the table on the right shows

2
all the possible cases. IXs +x12 + 16 + Xzz|

The analysis of minimal models arises naturally from the one we just did; in fact remembering the
branching functions from the coset construction (2.4.64) we can write the following equality for the

characters: '
Xy (XM (7) = > X (X (2 (), (2.5.20)
0<(¢g—1)<k+1
p—q+e=0 mod2
where Vir(k + 2) corresponds to the minimal model with m = k + 2 (2.4.32).
Since a core element of the characters formula is the sum over the representation, knowing how these

representations decompose gives us the possibility to rewrite such sum in different ways and hence
find equalities as the one we just wrote.

Applying then the modular transformation to both sides, one arrives at the following formula:

vir+2) _ [ 2 ) T N [T
Sto0),00.a') (k+2)(k+3)( 1) sin { 7= pp' | sin | =—=ad’ ). (2.5.21)

As for su(2), a classification of modular invariant partition functions exists. In particular we have
that such classification boils down to the combination of the possibilities for our previous case. This
is always thanks to the branching function formula.

For this case we will not go into any deeper detail since it will not be needed for our purposes.
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Chapter 3

Topological defects

Now we dive into our main object of study, first in a general way, then specifically in conformal field
theories. Here we will introduce all the elements needed for the next section in which we will attempt
to find the defects of some particular theories.

This chapter follows the reference [10].

3.1 Defects in a general theory

When studying a theory usually we are inter-
ested in correlators of local operators like

(O1(21)02(22)O3(23)Ou(24)...).  (3.1.1) . Os(z3)

It is possible to get more informations about Os(21)
. . . . 02 To Fig oo
a theory considering instead \#a) 02/(-01)\/
(O1(21)02(C1)03(%1)..), (3.1.2) » Or(1) e Oi(n1)

which are correlators of operators that are
supported on higher dimensional manifolds,

. . Fig.3.1: Insertions for correlation functions
like lines or surfaces.

For example, it is well known that, in a U(1) gauge 4-dimensional theory, it is interesting to consider
the following operators W (y) = €"? % A, which are called Wilson loops.
In our discussion we will be interested in characterizing the operators with respect to how they

behave inside correlation functions.

An operator O(M) supported on a d-dimensional closed manifold M is said to be topological if any
correlator containing it,

(..O(M)...), (3.1.3)

is invariant under deformations of M which do not cross the support of the other insertions. Another
name for these operators is topological defects.

The main example of these objects is global symmetries. To describe how they give rise to topological
operators we start with an example.

Consider a U(1) symmetry (or a general continuous symmetry), such a symmetry, by Noether theorem,
has a conserved current d x J = 0. Quantistically this is represented by the expression (d x J...) = 0
which holds outside of contact points.

Let us now define the following operator: U, (M9™1) = ¢i@ Jaa=1*J  This operator is topological, in
fact if one considers a deformation of the support to M4~ we will have that

Ua(M/dfl) _ Ua(Mdfl) _ eian, xJ eian *J

3.14
:eian*J(eian,*inan*J_1):eian*J(eioszd*J_l):Q ( )
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where we call N the d dimensional manifold ot )
with the property: ON = M’ — M. S i
Remember that quantistically the above equa-
tion is true only if in the correlator there are . . d

no operators inserted in N (and therefore we [ == N )
do not have contact terms). This is consis- / / M
tent with our definition of topological opera- '
tor since we asked for the supports of different
operators to not cross.

Fig.3.2: Representation of the manifold we are considering
In this particular case, if we cross a point-like insertion, we can expect the following effect:
(Ua(M'd_l)Oq(a:)...> = emq<0q(x)Ua(Md_1)...>, (3.1.5)

where we are supposing that O, (z) has charge ¢ under our symmetry.

One can show the veracity of the statement by deforming M9~' and M’ to be space-like, then
i) 1y ¥J = Q, where @ is the charge of the state which arises after all the operators before U, (M =1y
have acted on the vacuum.

We can generalize this kind of “symmetry operator” to any symmetry, both continuous and discrete,
in the following way:

(Ug(M)O1(21)O2(22)...) = ((901)(21)(902)(22)...), (3.1.6)

where M is an hypersurface enclosing the other points in the correlator. Such operator will be
topological by definition.

We have just discovered that each symmetry gives a topological operator, but not all topological
operators are symmetries. We are interested in these structures exactly for this reason, they enlarge
the constrictions on correlators from just symmetries to all topological operators.

Now, we look at some general properties of these topological defects and also find a way to characterize
the ones coming from symmetries:

1. At the very least we will have an identity operator coming from the trivial identity “symmetry”.

2. The orientation of the underlying manifold matters.
For example

Uo(M) = i) = e=iolu*) = U_ (M), (3.1.7)
where M is the orientation reversed manifold.

3. We can define a trivial sum between defects in the following way:
<(L1 + 52)01($1)02($2)> = <L101($1)02(£I)2)> + <L201($1)02(3}2)> (318)

4. A fusion product between line defects also exists (we are considering the case in which there is
no operator between the defects), corresponding to the limit where two topological defects get
closer until they coincide.

Just applying the definition one find that, if the defects come from group elements: £; = £,
and LQ = LQQ, ﬁg = £1£2 = £g1092.

In general this product is associative and has a neutral el-
ement, the identity, but one does not necessarily obtain a
group. While every element coming from a symmetry group
has an inverse such that £L£L~1 = L71L = Ly, every element
not coming from a symmetry does not have to have one.
Actually one can demonstrate that this property is charac-
terizing: an element does not have an inverse if and only if it
does not come from a symmetry.

L1 | Lo L1089

Fig.3.3: Fusion of defects
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We have then found an immediate way to characterized the defects we are most interested in, which
are the non invertible ones.

3.2 Inserting defects in a 2-dim CFT

First of all notice that in this case the symmetry operators are one dimensional. Apart from line
defects the only other possibility would be to have area operators with a compact two dimensional
support. We will focus on the first case since, as said before, we are very interested in the concept of
symmetries’ extensions.

In a two dimensional conformal field theory we
have two conserved charges which arise from
the Noether theorem applied to the conformal

L

-

symmetry: T'(z) and T'(Z). s —

Since these charges generates all the coordi- - T(2) = - T(2)
nate transformations, we can ad.apt what ?t =T =5
means for a defect to be topological. In this L

context a defect is called topological if it is
“transparent” with respect to T'(z) and T'(Z),
as in the image on the right.

Fig.3.4: Transparency property
In figure (3.4) we also have the first way in
which one can insert a defect: horizontally.

Now we go from the infinite cylinder to the |£ |§
plane. We can set the initial state to be ¥ L

with an operator Oy inserted at the origin of

the plane, obtaining the image on the right. - . @ v

Then, it is possible to contract the defect on
the initial state since it is topological; this is
the same as sending the defect to t — —oo on
the infinite cylinder. The result of this opera-
tion is to modify the initial state with a linear
operator associated to the defect: ¥ — LU,

Fig.3.5: Defect contraction

An example of an associated linear operator comes from the symmetry defects, in that case it will
just act as the symmetry on the state.
Then the transparency property can be written in the following way:

[Ln, L] = [Ln, £] = 0, (3.2.1)

where L, and L,, are the modes of T(z) and T(z).
We have already seen that L,, and L,, generate the Virasoro algebra, therefore along each irreducible
representation of the algebra £ will be constant by Schur’s lemma.

There is actually another very important way one can
insert a defect. We place it vertically, even though it |£
looks similar to the previous case the results are very

different.
As usual the symmetry defect example clarifies what 7T =

we mean. Looking at its definition one can rephrase

it as: consider Lg4, every operator passing through it Oy
gets transformed with g and flg|0> = |0). In this regard

the vertical insertion of the defect, which we see on the

right, can be interpreted as a twisted theory. Fig.3.6: Vertical defects
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We mentioned twisted theories in the section about Kac-Moody algebras (2.4), basically the idea
is that they are not single valued: a rotation around the infinite cylinder (or around the origin in
the complex plane) does not give the same operator. In the symmetry case it is evident that the
condition is O(ze*™) = (gO)(z).

Clearly, as it is a new theory, it will have a completely different Hilbert space. Remembering the
fact that the defect is transparent with respect to the energy-momentum tensor, we can determine
that it is still single valued on the plane. This permits us to say that the new space will still be a
representation of the Virasoro algebras (holomorphic and antiholomorphic).

Let us now look at some properties of these spaces which we will call H:

e In general what might happen is that H; = ), but it is possible to demonstrate that if the CFT
is unitary, modular invariant and has an unique vacuum Hy # ().

e Since H is a representation of the Virasoro algebras, on the torus, one will have that
Zp = Z Mijxiyj Mij eN, (3.2.2)
1,J
where x; and X; are characters of representations of the Virasoro algebra.

e We defined before the sum of defects, then
g'fLH-Lg = %Ll D g‘CLQ. (3.2.3)

Since it is the direct sum of two spaces, the correlators in Hg, s, will be the sum of the
correlators in H;, and Hy,.

3.3 Defects in partition functions
The following considerations are fundamental for our analysis on defects, they give the first constraints
on the shape of our defects.

Consider the partition function of a certain theory with Hilbert space H{ and insert a defect in it
producing the following object:

Z(L) = Trac(Lqo~sig Fo), (3.3.1)
The insertion of the defect in this way gives T2 T2
figure (3.7A), in which we are representing the A g F B

torus as a square. This is similar to figure
(2.7) in the sense that the opposite sides of \/» ’ 1
the square are identified.

It is possible to demonstrate now that the
modular S transformation, which is 7 — —%, ‘ 7
applied to this first partition function gives
the partition function in figure (3.7B).

Fig.3.7: Defect on the torus

We can show that this is true using the definition of 7 = g—f, where ag, 1 come from equation (2.5.1).
To invert 7 would then mean to exchange as and «; producing exactly the mentioned figure.
Reading now figure (3.7B) as a partition function, we get:

ci_

Zg =Try, (qLO_ﬂq Lo—i) = ZMinin M;; € N. (3.3.2)
0]

This is the partition function of the theory twisted with the defect.
The correspondence we just draw is often used to put constraints on which defects can appear in our
theory.
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The first step in order to do that is to notice that expression (3.3.1) can be written as

Z(L) =Y LijxiX; Lij €C, (3.3.3)
,J

where the presence of the defect is embodied by I:ij.
This is because, as we said before, the defect is constant along each irreducible representation of the
Virasoro algebras and x;, X; are exactly that.

Now a clarification is in order. Schur’s lemma states: any liner map that commutes with an algebra
will act on the irreducible representations of such an algebra either as an isomorphism or as the zero
map.

In the particular case of the map being an automorphism, one finds that the only possibility is for
the map to be a multiple of the identity, which give rise to the idea of “acting as a constant”. The
maps between different representations (different highest weights) must be the zero maps since no
isomorphism exits between those. The last possibility is to have N;; > 1, in that case one has Nj;
identical representations which are naturally isomorphic.

Then one can always write such isomorphism as:

L8 = L8Nl 4., )@ (G, g, m, ) @) LY € Ca,a € {1,2,..., Ny}, (3.3.4)
n,n

where (|1,7,n,7))(®) is the (n,7)-th member of a basis of the vector space of the irreducible a-th

representation with highest weights corresponding to ¢, j.

To explain better how this can be visualized, let us consider the example in which N;; = 2 and write

the following expression
(1) L1 712 (1)
~ (R L L R
L 7 =5 5 ol 3.3.5
<R§J2')> (L?;l L?;Q) (13532)) ( )

(o)

where we labelled the representations as R;;

For each highest weight then the action of the defect should be thought not as a constant value, but as
a constant square matrix. Of course the matrix could be one dimensional giving rise to the constant
value interpretation.

Noticing that Schur’s lemma by itself already restricts the space of defects with which we have to
work, we now return to our previous discussion.

Looking at equation (3.3.1), it is quite easy to see that the f)ijs, appearing in expression (3.3.3),
correspond to:

Lij =Tra(Ly) =Y L. (3.3.6)
«
Then to complete the previously discussed procedure, we make an S transformation of (3.3.3) giving
Zy = Z Xi1Si1i2I~/i2j2S;‘L2j1le = ZXiMinja (3.3.7)
1,82,51,52 ,J

where the last equality refers exactly to the argument on figure (3.7).
Equation (3.3.7) then becomes
> SiviyLinjs S5, = Mij,.- (3.3.8)
12,2
This last equation is our constraint, since even if M;, ;, is not known, one must have M;, ;, € N. There
are cases in which this fixes all the defects of the theory. The practical aspect of this procedure will
be extensively explained when we will encounter the calculations.
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3.4 Defects properties

We now look at some other properties of defects which will be used in our successive analysis.

First of all we demonstrate that (£) > 0, where
(£)]0) = £|0). (3.4.1)

(L) is called quantum dimension of the defect.

Consider the partition function Zg(7) and calculate it in 7 = it. This means that ¢ = e~ 2", therefore
the trace becomes a sum of positive numbers which is, again, positive.

We use this fact in the following equation:

1
Z(L) <t> = Z;(it) > 0. (3.4.2)
i
Then one can combine this last inequality with
1 Lo—t——Tg—=Z 2m c+C
Z(L) o Tro(Lg™°~2ag 7072) = (L)et 24 + ..., (3.4.3)
i

where <L>€27ﬂ% arises, in the trace, from the vacuum state and as ¢ — oo will be the only relevant
piece. In total we get

(L)eT 5 >0 (£) >0, (3.4.4)

which is what we set out to show.

After that we have that many theories respect semi-simplicity. This property means that we have a
certain number of simple defects £; (which in most theories is finite) and that every other defect is
semi-simple. To be semi-simple means that such defect can be written as

L=> N, NieN. (3.4.5)

Even though the definition of a simple defect is a bit more complicated that this, we can consider
simple a defect that cannot be written as a sum of other defects.

Semi-simplicity has a very interesting consequence.
First of all we can always write

L1y = NipL Ni, €N, (3.4.6)

since, as we said before, the product of two defects is always a defect.
In the particular case of the product between a defect and its orientation reversed it is possible to
demonstrate that:

LE=Lg+ > n'L n' e N. (3.4.7)

2

This fact can be used to demonstrate that (£) > 1.

Consider the correlators (£) and (£) which are |C, _ | €
represented in the image on the right. Since L L

the two correlators are connected by the con- w=z,

formal transformation w = 1 they are identi-

z

cal. This shows that

L) = (L). 3.4.8
( > < > ( ) Fig.3.8: Defect correlators
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Then from (3.4.7) we get the following equation:
(L) =14 n'(Ly), (3.4.9)

that combined with equation (3.4.4) gives

(L) >1, (3.4.10)
which is what we wanted to find.
Specifically if the defect is not invertible:
(LY =14+ n' = (L) >1— (L) >1, (3.4.11)
while if the defect is invertible:
(0]LLJ0)y =1 = (L)? =1 —= (L) =1. (3.4.12)

This fact will become useful when trying to recognize such defects.

At last note that the same arguments in reverse gives from (£) > 1 — Z; # 0, which in turn means
Hy # (0. Therefore we also demonstrate the property that we stated the section before the last.

3.5 Junctions

We now introduce junctions. We will not go into a very detailed discussion, but mostly state
properties as facts without demonstrating them. This is because the role of this section is to provide
context to some of the things we will do later, but it will not be used in the calculations.

First of all, let us consider the possibility of having an oper-

ator start a defect in a different position than the origin. |§

The correlator in image (3.9), in radial quantization, can be

described as in the following: an operator inserted at the ori- Oy
gin creates a state in H at ¢ — —oo, which is evolved until at

a certain point in time, represented by the equal time circle He

in red, then the operator Oy maps it to a state in H.

An important observation to make here is that while the de-

fect itself can be moved without any consequence, moving the

operator that starts the defect changes the correlator. Fig.3.9: Theory gluing

The only case in which nothing changes is when the operator’s conformal charges are null and
therefore any coordinate transformation leaves the operator invariant.

We can add now another possibility, an operator that starts
more than one defect. The treatment is exactly the same ‘
as before: one finds a new theory with a new Hilbert space IQ g o C
Hgz, £,...0,- The same method applies because fusing all Ly 2
the defects one obtains a theory with a single vertical de-

fect: f}cﬁlﬂlnﬁk .

Notice that the order of the defects is important because to . Oy
exchange they must cross each other. It is possible to show Os

that a such Hilbert space and one obtained by a cyclic permu-
tation of the defects (for example H¢, . ¢, r,) are isomorphic,

. . L h Fig.3.10: Multiple defects
but with a possibly non trivial isomorphism.
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The last possibility which we have not mentioned is easy to guess: we can have operators that send
spaces with a certain number of defects k1 to a space with another number of defects k.

Knowing all this, we can now define what a junction is: in general a point in which defects intersect.
Now all these operators, which correspond to functions H — Hg, . r,, are in a one to one correspon-
dence with the states in Hg,  ¢,. In particular, to each operator corresponds the state into which
the vacuum is sent when acted upon:

[¥) = Oc,, e, (W)[0). (3.5.1)
Now the most used junctions are the topological ones, which send the vacuum to the subspace of
conformal weights h = h =0: V, ¢ C THLLW,L,Q.
The reason why we can assume most of the junctions are topological can be explained in the following
way.
First of all, let us consider a single defect: if £ # L4 then V; = (.

This is because, if the operators starting and ending the defect

are topological, then one could transform a defect on an closed L
line into a defect on a open line as shown in figure (3.11), . 3 .
without changing a correlation function. This implies that g

the defect encircling a local operator O can be opened and L

then closed around the vacuum, as shown in figure (3.12).

G L
(J [+ Oram
N o

Fig.3.12: Single defect acting on an operator Fig.3.11: Single defect with topological operators

This is clearly a problem because it means that the action of the defect is trivial on any operator,
which is in contradiction with the statement that such defect is not £4.

We found therefore that every operator starting a non trivial defect is not topological. The fact that
the focus is on topological junctions can be explained by showing that every other defect can be made
into a topological defect and an operator starting a single defect line.

In figure (3.13) we are executing the following steps:

1. First we have a non topological
junction;
2. In the second image we do a par- ;

tial fusion of the zone circled in ; 2 : Lo, LS& L4,~' Ls
red. We still have not treated par-  *! L1
tial fusion, but for now take it & Lg ™ s = /
5
L

for granted. What we are talking ; By
about will be explained later; . \
3. At last, we find a certain defect

operator starting a single defect Fig.3.13: Partial fusion of a non topological juction
(L) which connects to a topologi-

cal junction (u) of six defects.

The reason why the last junction is topological comes from a partial fusion property which we will
explain in the next section.

Before moving on, we add a last consideration.
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Consider a junction as the one in the image on the right.

Since we have for sure O = I the vector space of topo- N N L
logical junctions has dimV, 7 > 1.
It is possible to show that if the defect is simple » O - t O

dimVL’Z = 1 otherwise it is strictly greater than one.
In fact if one consider a semi-simple defect L5, O could
at least be the projectors on all the spaces of the defects
in witch L4 is written: Ly =), L;.

Fig.3.14: Junction of a defect £ and £

Note that in the last case we have to exclude operator that transform a simple defect into another
one. This is because if such an operator existed we would not be able to distinguish the two defects
in any correlator function, arriving at considering them as one.

3.6 Partial fusion

When talking about junctions a fundamental operation one could do is the partial fusion. One of
the reasons why it is important is because it permits us to build identities for junctions-defects
configurations which in return gives constraints on the defects. The only problem with these
constraints is that usually they are very hard to solve, making them most of the times unusable.

Let us start by introducing, how the partial fusion arises.
Consider two defects £1 and Lo which in a certain region L s
of space have parallel support. Then, what one can do, 1 2

is to deform the supports of the defects, in the region in u

which they are parallel, so that they get closer and closer C C —D L 1 L 2
until they fuse. By the description we have just done, we 1 2

can clearly understand why the resulting junctions are (7
topological, in fact the portion of the support where the L 1 L 2

two defects get close to each other is arbitrary and the
result must be the same since nothing in the description

changes until they are so close they fuse. Fig.3.15: Partial fusion

Note also that the topological junctions u and @ in figure (3.15) give an isomorphism between these
two Hilbert spaces: Hg, ¢, = Hg, g, -

Before continuing with this discussion let us make a clarification about these junctions. We saw that,
when the junction is of the type 3 — Hy, ¢, it is specified by a vector in Hg, . ¢, .

In this case we have g, ¢, — Hg,c,, one can show that these transformations are in a one to one
correspondence with the states in JH £y Lo ErEs"

Let us suppose now that £1 and Lo are two
simple defects and that £1L9 =), NiyLi. Tt
is clear that locally the defect product looks Ll

a lot like the partial fusion, the only differ- m
ence is that, in the first case, the portion of
the support we use for the fusion is the whole
defect. It is possible to show that the partial %

fusion can be decomposed as in figure (3.16), L 1
where v; and 9; are vectors respectively in the

spaces Vfl,ZQ, i and Val, o and their ten-

sor product is completely determined by the

theory.

Fig.3.16: Partial fusion decomposed
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3.6. PARTIAL FUSION CHAPTER 3. TOPOLOGICAL DEFECTS

To end this part about junctions, we list two other possible operation one can do with defects without
explaining in detail what they entail.

The first one is the one on the left of figure (3.17): it is the contraction of a defect circling around a
local operator. The difference with the usual “action of the defect on the operator” come from the
fact that now the defect circling around has a junction. The result will be a new operator which is
not local anymore but starts a defect.

The second one, instead, is the one on the right of figure (3.17): it is the contraction of a “bubble”
between two defects. The result will be the connection of the two external defects with a junction,
which, in a certain sense, will be the composition of the two junctions attaching those defects to the
circle.

'G 1 O]. L“{ ke }:/1
— \L 9 e Uy © Uz
u
/82 \“ L2
Y. Lg L

Fig.3.17: Contraction of a defect with a junction on the left, collapsing two junctions on the right
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Chapter 4

Defect calculations

In the end we study the practical way in which one usually finds defects.
We will start with an example theory: the Ising model, which corresponds to the Virasoro minimal
model of central charge ¢ = % After that we will proceed towards the original calculations of this thesis.

6
First of all considering su(2)% x su(2); and then going more in depth on a particular decomposition

of this theory, which is useful for this kind of analysis.

4.1 Ising model

This RCFT is one of the minimal models considered in section 2.4, in particular it is the one with
m = 3. In formula (2.4.32) we have already shown how one can calculate the three representations of
this Virasoro algebra:

1

h=0: 10) h:§: |1/2) h

1
50 11/16), (4.1.1)

where h is the conformal charge of the representation.
We want our theory to have also an antichiral part, which is constrained by modular invariance if we
want to be consistent on the torus. We make the easiest choice:

H= [R0®Ro]@[R% ®Ré]@[R% ®@ R, (4.1.2)

16

which is a diagonal theory. It is standard to call these representations as:
0:0) = |0) 11/2:172) = |e) 11/16:1/16) = |o). (4.1.3)

Supposing that we do not know anything else about the theory let us try to find the defects.

First of all we know that a general defect £ will act in the following way
£]0) = al0) Lle) = ble) Llo) = clo) (4.1.4)

on the primary fields, but also on all of the corresponding secondary fields, since the defect is topo-
logical.
This means that the partition function with the defect inserted becomes

Z = XoXo + X1/2X1/2 + XoXo — Z(L) = axoXo + bX1/2X1/2 + €X1/16X1/16- (4.1.5)

After that, one wants to use the S matrix so that we can obtain Z; as showed in formula (3.3.7). In
the last part of the section on CFTs on the torus, we have already met the formula for the S modular
matrix (2.5.21) of this model. Working it out for the three representations explicitly, we get

A 1 V2
3|1 1 V2. (4.1.6)
V2 V20

SVirng =
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4.1. ISING MODEL CHAPTER 4. DEFECT CALCULATIONS

In the calculation one must remember that in formula (2.5.21) the indices ¢ and p assume all the
possible values while the actual representations are half the amount due to the symmetry: {p —
m—p,q — m+1—gq}. Basically one just has to multiply by two the result for each single representation.
Then, with this, we arrive at the equation:

1 1 V2 11 V2\ /X

a 0 0
1 _
ZL:Z(XO X172 Xi6) | 1 1 —v2| |0 b0 1 L =2 X1/2
V2 V2 0 00 ¢/ \vV2 =v2 0 X1/16 (4.1.7)
. a+b+2c a+b—2c 2(a—b) Xo -
ZL:Z(XO X1/2 Xi16) |a+b—2¢c a+b+2c v2(a—b) X1/2

V2(a—b) V2(a—-1b) 2(a+D) X1/16

Now H; must be a sum of representations of the Virasoro algebra and therefore any combination
XiX; has to appear in Z; multiplied by a non negative integer, which will be the multiplicity of the
corresponding representation of Viry,—s X Viry,—3 in H;. One can set up the following identity:

a+b+2c a+b—2c V2(a—b) ny mg N3
Z a+b—2¢c a+b+2c ﬂ(a—b) =|n2 N1 n3g ni,ng,ng,ng € N. (4.1.8)
V3a—b) Vaa-b) 2a+b)) \ng ny n

This equality is exactly the same as equation (3.3.8).
Then it translates into the following system of equations:

a+b+2c=n a=mn,+ns+vV2ns3
b— 2= b= — 2
Clc—i— c=ny R ni + no \fng ’ (4.1.9)
3(a—b) =V2ng3 c=ny —no
F(a+b) =ny ni+ng = ny

which, with some manipulations, can be put in the form on the right.

These conditions on a, b and c tell us all there is to know on our defects. In particular the decomposition
in simple defects is clear: we have three fundamental defects: £1, Lo and L3, while any other defect
decomposes as L =ni1L1 +n9o Lo + ngLs.

Let us give these defects a name and show how they act on our Hilbert space:

Ly:1

70y = [0y le) = el flo) = o,

Lo:n

10) = [0) ile) = el o) = —Jo), (4.1.10)
Lg : N

N|0) = v/2/0) Nle) = —v2|e) Nlo) = 0.

Looking at how they act on the vacuum we can already tell that the first two defects are invertible
while the last one is not. In fact the first defect corresponds to the identity while the second one is
associated to the well known Zy symmetry of the theory.

The fact that n is a representation of that group can be also shown comparing the composition rule
of the group in question with the algebra of the defect. Let us write the algebra:

P’ =1 N?2=1+4 N7 =#AN = N. (4.1.11)

The composition of two ns gives the identity and this is in conformity with the Zy group as expected.
Note that in this particular case the defects are orientation independent. The orientation reversed of
a defect £ can be recognized by the following property: if the defect £ is invertible, £ is the inverse
defect; if instead £ is not invertible, £ is such that the simple defect expansion of ££ contains the
identity.
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4.2. DEFECTS PRESERVING su(2)$ x su(2), CHAPTER 4. DEFECT CALCULATIONS

From this, it results clear that reversing the orientation of each defect gives the defect we started with.

The most interesting defect for our purposes is IV since it is the only non invertible one. Let us have
a brief look at how can we use this defect to impose constraints on the correlators of our theory.

First of all consider the situation in which we have N besides an operator O as in figure (3.18). It
is now possible to “bring the defect on the other side”. When doing a partial fusion, the defect we
will find, is the same defects one finds in the total fusion. As argued before locally they are the same
thing. What instead changes is the presence of two junctions that connect all our defects. In the end
collapsing N on our operator gives a certain operator O that starts the defect it is attached to.

N O O 5

N O
‘o — o - I+ —b I+n

N N N N

Fig.3.18: Passing the defect N through an operator O

Knowing this one can carry out a transformation like the one in figure (3.19) on a correlator.
Consider a four points correlator, adding N around the four points corresponds to multiplying the
correlator by v/2. In fact, to send the defect to infinity, is the same as applying it to |0).

After that one can bring the defect inside the four points, in the same way as we have just done in
figure (3.18), and then collapse it. This last step, as before, gives a contribute of /2.

N
2 O O 3 0 N 0 0 O

1 =
T V2 T V2 . -

0

Fig.3.19: Correlators equalities
Finally we obtained what we set out to do: a non trivial equality between correlators.

Even though the Ising model is a completely solved theory in general one might conduct the analysis
in an unsolved one. Therefore in principle this kind of equalities may help us in determining all the
correlators of a theory or at least explain why certain correlators might be equal or even vanish.

4.2 Defects preserving su(2)$ x su(2),

Now that we have made an example of a complete analysis on defects, let us start to look at the

\ 6
theory we want to do the calculation on: su(2)§ x su(2);.

As the first step, we start by considering a simpler theory which is the diagonal one of the algebra
su(2); x su(2);:

Z = XoXo + X1X1- (4.2.1)
This is the partition function with the representations we have already seen in section (2.4).

Before going on with the discussion about the defects let us point out an important difference between
this case and the previous one. In the algebra we are considering it is possible to show that its
representations, A = 0 and A = 1, contain an infinite number of representations of the Virasoro
algebra. This fact makes it impossible to divide the partition functions in Virasoro characters and
therefore follow with the same analysis we completed for the Ising model.
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What we can instead do is to restrict ourselves to the defects that are not only topological but also
commute with the full algebra su(2);. In such case the defect will act as a constant on its two
representations, exactly as it does when we have a finite number of representations of the Virasoro
algebra.

Now one could use the same technique we used in the previous section, but for diagonal theories
a theorem helps us. Such theorem states that, if a theory is diagonal and has a finite number of
representations of its algebra A x A, the simple defects commuting with A x A are the Verlinde lines.
Such defects £; are in one to one correspondence with the irreducible representations of A and acts
on the primary states as:

where S is the matrix responsible for the the corresponding modular transformation. More informa-
tions on this argument can be found in article [10].

In this case using formula (2.5.18) we find two defects:

I

110y = |0) 1) = 1), (4.2.3)
5 2.
£1]0) = |0) Li|1) = —[1).

Notice that they are both invertible and the algebra is straightforward: L£2=1.

L1 comes from a Zg symmetry, in agreement with its algebra. This does not bring anything new to
what we already know about the theory, in fact, as mentioned in the introduction, all its symmetries
have already been studied.

— 0
Now we take into consideration the full algebra: a su(2)$ x su(2), diagonal theory.
The partition function is:

Z = Z Xili2i3i4i5i6Yi1i2i3i4i5i6‘ (424)

The various representations are marked by six indices i3 and each of them can assume the values 0 or
1.
As before, to find the defects, one just needs to use the Verlinde lines:

...... Sili2i3i4i5i6j1j2j3j4jsj6|~ PR (4.2.5)
500000051723 jajs jo

The S modular matrix can be easily found by taking the tensor product of the S modular matrices of
each su(2); factor. Then:

A sin(Z(ie + D) (e +1), . . . ..
Livigigigisi J1j27344ds5J6) = 3 . |719273740576) - (4.2.6)
st kl;[l sin(5(jx +1))

Now let us simplify the expression:

i =0
=01 ip=1jpr=0  =(=1)%* (4.2.7)
—1 ig=1j,=1

sin(§ (ix +1)(x +1))
sin(5(Jjx +1))

In total then one gets:

6

S T y TR 6 y TR
Liyipisisisis |1jadsagsds) = | [ (=10 jrjasdadsde) = (—1)=4=1 %% |j1jajajagsje)- (4.2.8)
k=1
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Since these defects act as the identity on |000000), they are all invertible. To understand what group

they form let us look at the algebra of these defects:

A N e 6 Vi s . e e .

Livpivivai Lzizzzi|iijzisiajsjs) = —1) 2=t O RIIR o i a s i)
)

(
6 TR
= (= 1)2k=1 9% o s ja s o) (4.2.9)

= L lij2isidsie),
with @} = (i} +i3) mod2.
This is exactly the algebra of the group

ZQ X Z2 X ZQ X Z2 X ZQ X Z2. (4210)

As one could have expected from the simplified analysis, we could not find anything new, no non-
invertible defect. The reason behind this may be because asking for the defects to commute with the

6 . . . . .
whole su(2)§ x su(2); algebra is too restrictive to get anything interesting. In the next section we will
try to address this point.

4.3 Free fermion construction of Vir,,_3 x su(2),

First of all let us explain the main points of the analysis we are going to carry on from this point.

Since the previous constraints were to severe, we were not able to find any useful defect. On the
other hand we are not able to describe all topological defects commuting with the Virasoro algebra,
because the spectrum contains an infinite number of Virasoro representations. What we will do is to

find a middle ground between these two possibilities, looking for a sub algebra of su(2)% x s (2)? that

is still rational, which means to have a finite number of representations.

We will find that the main challenge of the theory is that the partition function will not be diagonal
and therefore we will not be able to use the Verlinde lines. Nevertheless, there are other constraints
one can use to determine the theory’s defects.

—
7 x su(2)].

Finally, to simplify the calculations, we will start by considering only su(2)
Now that everything has been clarified, let us make the following consideration: su(2)? x mf can
be easily decomposed using the coset construction.
We have already seen that
su(2)1 x su(2);
511(2)2

Using equation (2.4.64) it is then possible to calculate the branching rules which, used in the characters,
give the following expressions:

— Virm—=3. (431)

Ao = X(1,1)0 T X(2,1)2
Aot = X(2,2)1 (43.2)
A0 = X(2,2)1

A1 = X(2,10 T X(1,1)25

where \;; with i, j € {0,1} are characters of su?, while X(p,q),k are characters of Viry,,—3 x su(2)s.

In particular the pair (p,q) determine the Virasoro minimal model representation through equation
(2.4.32), while k determines the representation of su(2)s.

Also we are taking the convention 3¢ < 4p. This selects one of the two possible ways in which such a
representation can be written using the symmetry {p - m —p,q - m+1—g¢}.

To be more concrete let us make the following considerations: Viry,—3 is the Ising model, (p,q) = (1,1)
corresponds to the h = 0 representation, (p,q) = (2,1) to the h = % and (p,q) = (2,2) to the h = 1—16.
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4.3. DECOMPOSITION INTO Viry,—3 x su(2), CHAPTER 4. DEFECT CALCULATIONS

Then, relabeling the characters of Viry,—s with the conformal weights instead of the two numbers
(p, q), we get:
Aoo = X0,0 + X1 i
Aol = XL 33
10 (4.3.3)
A0 = X%JQ

A1 = X109+ Xo2-

Now we should write the su(2)? x su(2) ) diagonal partition function and then decompose it using
equation (4.3.3):

Z = Xoodoo + A10A10 + Aot Aot + A i

= (00 + X1 2)(Xoo + X1 2) F X1 1 XL+ X2 1X1,

(X1 0+ x02)(X1 0+ Xo,2) (4.3.4)
= X0,0X0,0 T X0,0X 2 + X1 2Xo0,0 T X1 2X12+2X1 AX21 Tt

16~

_|_

X%,()X%,o + X%,QXO,z + XO,2X%,0 + X0,2X0,2-

It is better to write partition functions in matrix form. We start with

1 00 0\ /oo
01 0 0] [
:()\00 /\01 )\10 )\11) 00 1 0 Xlo (4.3.5)
00 0 1/ \\4
Calling then
V:<X0,0 Xig XL Xio Xo2 Xol Xlo Xl Xllwg) (4.3.6)
we also write:
110000000
110000000
002000000
000110000 B
Z=V|[0 00110000 => VMV, (4.3.7)
0000O0ODOTO0O i
0000O0O0OT OO
0000O0O0DOTOODO
000O0O0OOT OO

where the last step is a definition for MT",

In the next section we are going to find the defects, but before that, to make the following consid-
eration, will turn out to be useful. Both the algebras su(2); x su(2);, su(2)2 x Viry,=3 and their
representation can be described using a CFT of four free Majorana fermions. We will show this
starting with the first theory then passing to the second one which is the one we are mainly interested
in.

Let us consider four Majorana fermions 1!, ¥2, ¢ and ¢*. Each fermion will be described by a theory

identical to the one in section (2.4).
It is possible to organize 1!, 12, ¢? and * in the following complex fermions:

with  W; = \}i(wzj—l(Z)vLil/f%(Z)) U= \7(1#23 1(2) —ithgy(2))  j=1,2. (4.3.8)
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Using the OPEs for the Majorana fermions in section (2.4), one can show that:

o U)W (w) ~ 0 Wy(2) T (w) ~ 0. (4.3.9)

? J

z—w
Then, with an easy calculation, we find that the following currents have OPEs which correspond to

the algebra su(2); x su(2);:

T = S (W) () + (B30)(2);

JHl —i(\p*\y*)( ) J7 = i(W05)(2);

(
T2 (2) = ((‘1’ U1)(z) - ( W5)(2));
Jt? :z(\Ifl%)( ) i(W193)(2);

where the generators labelled with 1 give rise to the first su(2); and commute with all the generators
labelled with 2, which instead form the second su(2);.

With these currents, one can apply the Sugawara construction in order to obtain an energy-momentum
tensor. What one can show is that such tensor will be equal to the energy-momentum tensor of the
theory with the four fermions.

(4.3.10)

Furthermore one can describe all representations of su(2); x su(2); in terms of fermions.

First of all let us consider the (NS) sector of the fermionic theory.
In this sector the modes of the various currents are:

=S vnad— D v+ D v — Y viei

k>-1 k<-1 k>—1 k<-1

Z Uh e — > UL = Y R gt D gl gt
k>—— k<-% k>—1 k<—1

=i n e — > Uk ) —i( D R — > wRen )],
k>—l k<—1 k>—1 k<-1

Tyt = Z Un b= D V= D Uit Y Gin g+
k>77 k<-1 k>—1 k<-1

R O IR < TS B () SR e T LW
k>—1 k<-1 k>—1 k<—3

; (4.3.11)

T2 =1 D nokth = Y Rnog— D vnpti+ D vk
E>-1 k<-1 k>—1 k<-1

T2 = Z Un k= D YRk D R k= ) YR+
k>-1 k<—3 k>—% k<—3

i) Uh = Y b ) — (D> R — > il )]
k>—1 k<—1 k>—1 k<-1

R S S 2T S S N S S I { A
k>-1 k<-1 k>—1 k<-1

=i b — D> Uk ) (D R — Y vin ).
k>—1 k<-1 k>—1 k<-1

Then, using these expressions, we want to find the highest weights of the representations using the
conditions posed in (2.4.56).
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Let |0) ys denote the (N.S) vacuum of the free theory, then it is easy to verify that:

Jg’i|0>NS = Jflt’i 0O)ns =0 n > 0;
Jo'0)ns = 0; (4.3.12)
JiH0)ng =0 i=1,2.

This implies that |0) ys corresponds to a primary field ¢gg for su(2); x su(2);, which is the vacuum
representation, corresponding to Agg.

An intuitive attempt to find the other representations would be to apply the following modes to the
vacuum: ¥l %, ¢3, and ¥?,. Indeed, these states are not su(2); x su(2); descendants of the

2 2 2 2
vacuum, therefore they must belong to some other representation.

Moreover the conformal weight of the states ¢! , |0), ¢%,]0), ¢® , |0) and ¢* , |0) is 5. This is the same
2 2 2 2

weight as ¢11]0), where we are defining in a general way ¢;; as the primary field corresponding to the
character A, calculated using equation (2.4.61). Therefore, from these four states, we expect to find
$11/0).
First of all let us make the following consideration:
T3 0)ws = [t w7 l0)ns - 0> 0;
2 2
Ta 1 0) s = [ 47 1 10) s
34 ? Y 2 . (4.3.13)
Jo vl 1|0 ns = [Ty 7 1 ][0) s =12
2 2
JJ’Z¢11|O>NS: [JJ7Z7w],l]‘O>NS J=12,34.
2 2
Then it turns out that the commutator between any mode n of any generator with any field ¢ ,
. 2
will give a linear combination of fields of the type ¢fl 1. Such fields obey the following relation:
2

1/’2,1‘(» = 0 for n > 0. Therefore, to check equation (2.4.56), we just have to consider the n = 0
2

modes.

With a long calculation one finds:

[Jg’]7¢i1] = —51/131 [Jgﬂﬂpzl} = §¢l_l7
: 2 2 2 ‘ (4.3.14)
30 3 1 — (il 4 3J g4 1 (_yi-1%.3
[JO >¢_%] ( ) 2¢_% [J(] 7/IJZ)_%] ( ) 2¢_%
This can be reorganized as in equation (4.3.8):
31 qlxq L1 32 17 L1
[JO aq],l] - 5\:[],; [JO 7\1171} - 5\1/71’
2 2 2 2
[Jg,la \Ij2_71] = 5\:[}2_7l [Jggv \Ij%ﬂ = _5\1]2_7;7
2 1 2 2 1 2 (4.3.15)
ot W] = —-w?, g2, W2, =%,
2 2 2 2 2 2
1 1
[Jg’l,\lfl_;] = v, [J§’2,‘111_;] =— vl
2 2 2 2 2 2
This clearly looks like the 0 mode representation corresponding to the character Ajj.
At last one easily verifies that
ot e =0 [J5% e =0, (4.3.16)

2 2

confirming that \Ill_’z|0>N5 is indeed ¢11]0) ns.
2
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To find the last two representation: ¢19 and ¢o; of su(2); x su(2); we have to use the (R) sector.

As already mentioned in section (2.4) the ground state of this sector is degenerate. When we have
four fermions the construction of the degenerate states is as follows.

First of all we note the following anticommutation rules:

{wg, v5"} = o,

0 A (4.3.17)
{we, Wby = (W™ wh*y = 0.

In particular (V@)% = (¥g™)? = 0.
Now we can form a representation for the ground states first of all defining a lowest weight state |0) g
such that

Uel0)r =0 a=1,2. (4.3.18)

Then the other ground states will be the followings:
W5l0) R v3l0)r WGWE0) &- (4.3.19)

After that we have to consider the modes of the various currents. For the most part they are the same
as in the (N.S) sector, but Jg”l and JS”Q suffer from the same ordering ambiguity we had when we
were determining the zero mode of the Virasoro algebra for the free fermion. The ambiguity can be
fixed by requiring Jg 1 and Jg 2 to obey the expected commutation relations:

LIS =120y PR I = 20y (4.3.20)

Imposing such relations one is able to determine the following expressions:

k>0 k<0 k>0 k<0

T = (et - S udel - S wtt+ Y wtet).

k>0 k<0 k>0 k<0

(4.3.21)

Now since the (R) ground states of the free fermion theory have the same conformal weight as ¢1¢
and ¢g1, which is i, let us look for the highest weights within those states.

First of all, as they are ground states, it is easy to show that any mode JEF with n > 0 applied to
them gives zero. What remains to check are, again, the n = 0 modes:

1
M0 R = §|0>R Jo?0) R =0,

1
T UGUEI0)r = — WETEOR St TGRR0)R =0,

1 (4.3.22)
T w0} r =0 J*UG0)r = S U5|0)R.
1
Jo UG0R =0 JgPUG|0)R = 5 ¥gl0) k.
These look like the 0 mode representations corresponding to the characters x19 and xo1.
As a last check, one can verify that
JHMoY R =0 J?0VR = 0,
o 10n 0105 (4.3.23)

TR0 R =0 PO 0)R =0,

confirming that ’0>R = ¢10’0>NS and \11(2)‘0>R = ¢01‘0>NS'
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Now that we have determined the representations of su(2); x su(2); we would like to do the same for
su(2)y X Viry,—s. First of all we have to determine how the generators of the algebra are composed
by fermions.

One can easily verify that the su(2) subalgebra of su(2); x su(2); is given by:

T(z) = T4 (z) + T2 (2) = (W101) (2) = i(tbreho) (=),
JH) =Tt 1( )+ TH2(2) = (T]3)(2) + i( TG To)
)

( z) = 1[(Y1v3)(z) — ihaps)(2)], (4.3.24)
J(2) = T7N2) + T72(2) = i(010s)(2) 4 (01 U3

z) = i[(143)(2) + i(yat3)(2)]-

In these equations we can notice the complete absence of 14(z). Then if we write

1
T(Z) = 51#481#4 (4.3.25)
we find a field that both commutes with the full su(2), algebra and generates the Virasoro algebra
c= % Therefore all the generators of su(2)y x Vir,—3 have now been written.

As before we are interested in the representations and equation (4.3.3) is going to help us. The
calculations may be a bit lengthy but, to verify the statements we are going to make, one just have
to use the same procedures we showed for the representations of su(2); x su(2);.

Firstly, regarding the notation, we will call ®; ; the primary field corresponding to the character x; ;.
Then we start with:

D)2/0) v = T [0) ws,
2

. ' (4.3.26)
1 /0)ns = (U1, — WI)[0)xs = V2i [0)ws
2
As expected they both come from the representation of ¢17.
Next for <I)(i) 1 and <I>(j) 1 they are exactly respectively the representations ¢19 and ¢g;:
16° 16’
" 110 vs = 10)R,
(4.3.27)
|0>Ns = U5|0)&.

The last one requires more work. As |O> Ns is obviously the representation for ¢go|0)ns, we need to
find P19

First of all notice that every Jy, 7 respect the commutation relation [J3, In - Z] JiF" which means
that the states J; " 0)(vs) potentially could all give rise to I = 2 representations of su(2)a.
In order to determine the su(2)s x Vir,—3 primary state, we impose [J;,., a1Jn;" +as iy’ +...]|0) g = 0

for m > 0. In total one finds

1 ,[0)ns = (i = JH)0)ns = WL, —i? vt [0)ws. (4.3.28)

As we have determined all the highest weights we conclude this section. In the next section we will
start with the analysis of defects.

4.4 Defects preserving Vir,,_3 x su(2),

Let us look back at the partition function we wrote in (4.3.7). Notice that it is not diagonal and
therefore we cannot use the Verlinde lines. As per usual the first condition we can put on the defects
is the one in equation (3.3.8) and, in order to do that, we need to know the S modular matrix.

The S modular matrix for su(2)y x Viry,—s will be the tensor product of the S modular matrices of
the two algebras su(2)o and Vir,,—3. Let us write it:

1

TOT _ o2 aVir _ +q)(p'+ . T . T
e an =SSk = 5P s+ D+ 1) sin(Gpr) sin(Gad'). (44)

4
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4.4. DEFECTS PRESERVING Viry,—3 X su(2)s CHAPTER 4. DEFECT CALCULATIONS

S? is the S modular matrix for su(2)s and SV is the one for Vir,,—s.
Calculating the matrix values for the various representation in the same order as the vector V in
equation (4.3.6), we get the following result:

1 1 2 1 1 V22 V2 V2
1 1 2 1 1 V2 V2 V2 —V2
2 2 0o -2 =2 0 0 0 0
) 1 1 -2 1 1 V2 V2 V2 V2
sror—-11 1 -2 1 1 /2 V2 V2 V2 (4.4.2)
V2 V2 0 V2 —vV2 0 2 0 -2
V2 V2 0 —V2 V2 2 0 -2 0
V2 V2 0 V2 O —vV2 0 -2 0 2
V2 V2 0 V2 V2 =2 0 2 0

Now we parameterize the defects imposing that they commute with the su(2)y x Vir,,—3 x su(2), x
Virm=3 algebra.

As explained in section (3.3), the defects that commute with the algebra, when acting on a primary
field with ﬁ, will send such field in a primary field of the same representation.

The decomposition in (4.3.7) of the partition function shows that there are eight representations of
51(2)2 X Viry,—3 X 51(2), x Viry,—3 and that seven of them have multiplicity 1 while ((2,2)1) x ((2,2)1)
has multiplicity 2. This means that £ will act on the non degenerate primary fields just multiplying
them by a constant, while for the two ((2,2)1) x ((2,2)1) primary fields it will act as a 2 x 2 matrix.
We can therefore write:

a b 0000000
cd 0000000
00e 000000
000 Ffgo0000
2(6)=v]|0 00 h g 0O0O0O0|V, (4.4.3)
000000000
000000000
000000000
000000000

where e = TrE with E being a 2 x 2 matrix.

By the relation Z;(7) = Z(£)(—1/7) and using using the modular transformation of the characters
we find:

at+bt+ct+d+de+ f+g+h+qg=16n

a+b+c+d—f—g—h—q=28nsy ny N1 N2 N3 N3 N5 TNg N5 Ng
a+b+c+d—4de+ f+g+h+qg=16n;3 ny N1 N2 N3 N3 N5 Ng N5 Ng
a+bt+ct+d+f+g+h+q=4dny ny N2 M4 M2 N2 2ng 205 2ng 2105
V2(a—b+c—d+f—g+h—q)=16ns R I
\/5 b d h 16 ZL = V ny ns no ny n ns Ng ns ne

(a=btec—d—f+g—h+q)=16n ny mr 2ng ny ny ng Mg Ny Nio
\/§<a+b_c_d+f+g_h_Q):16n7 ng mnsg 2’)7,7 ng mng mnio ng n10 N9
V2(@a+b—c—d—f—g+h+q) = 16ng ny ny 2ng My ng ng Ny N9 Nio
a—b—c+d+f—g—h+q=38ng ng mng 2ny mg mg Mg N9 N1 No

a—b—c—l—d—f+g+h—q:8n10

(4.4.4)
where ni,ns,ns, n4, ns, ng, N7, ng, N9 and nig are non negative integers, related to a,b,c,d,e, f, g, h
and ¢ by the interpretation of Z; as a sum of characters of representations of the algebra su(2)y x
ViTng X 5u(2)2 X szg .

o7
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4.4. DEFECTS PRESERVING Viry—3 X su(2)2

CHAPTER 4. DEFECT CALCULATIONS

With some manipulations one can arrive at the following form

)
a=mn1+na+n3+ng+nio + v2(ns + ne

c—m+n2+n3—ng—n10+\/(n5+n6

\/§(n7 + ng

\@(m + ng

)+ )
b=n1 +ng +n3 —ng — nig — V2(ns + ng) + vV2(n7 + ng)
) — )
) — )

&

d:m+n2+n3+ng+n10—\f(n5+n6 (n7+n8

¢ =2 —ny) (4.4.5)

f=mn1—ns+n3+ng —nio + V2(ns — ng) + v2(n7 — ns)
g =n1—n2+n3—ng+nio— V2(ns —ne) + vV2(n7 — nsg)
h =mn1 —ng +ng — ng + n1o + vV2(ns — ng) — vV2(n7 — ng)
q=mn1—n2+n3+ng —ni — vV2(ns —ne) — vV2(n7 — ng)

ng = 2(n1 + n3)

From the last expression it may look like we have nine simple defects, but we should not forget that
these equations put constraints only on e = T'rE, but otherwise leave the matrix E unconstrained.

Representing the defects with its values

(a b cd E f g h q), (4.4.6)

9

a “defect of type n;” is one with the corresponding following form:

ny : (1111 E 1111) trEy =2,

ny : (1111 E -1 -1 -1 -1) trEy =0,

ng: (1111 E 1111 trEs = =2,

ns : (V2 —v2 V2 V2 B V2 —v2 V2 —V2) trEs =0,

ng : (V2 —vV2 V2 —V2 Es —V2 V2 —V2 V2) trEg = 0, (4.4.7)
n (V2 v2 V2 —v2 B V2 V2 V2 —V7) trE7 =0,

ns: (V2 V2 V2 V2 By V2 V2 V2 V2)  trEs =0,

ng : (1 -1 -1 1 Ey 1 -1 -1 1) trEg =0,

nio : (1 -1 -1 1 Ep -1 1 1 —1) trEg = 0.

As we were saying for each “type n;” there might be different defect, which differ from one another
by the specific form of the matrix E. Let us call m; the number of non equivalent defects of type n;

and denote such defects as Lgl), L(z), - Lgmi).

(2
In order to calculate each m; we have to use techniques more sophisticated than the constraints applied
so far. For example, in article [9], one considers correlators of theories on the torus in which one inserts
two parallel defects. Imposing then modularity and consistency on these correlators, one finds out
ulterior constraints on the defects.

We will not report the argument in detail, but just use the formula (4.4.9).
First of all let us introduce the following notation for the partition functions:

Z=3 Vz;V’ 2. =Y ViZEV. (4.4.8)
i?j i,

Then the following equality holds

) L L
Z Ni?zz ]1]2 lSJS Z le]l Zzzm
1373
4.4.9)
55 5 (
wi ij Z Som

m
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4.4. DEFECTS PRESERVING Viry,—3 X su(2)s CHAPTER 4. DEFECT CALCULATIONS

S is the S modular matrix of the theory and ) . is the sum over all simple defects.

At the end of our analysis we will be able to write explicitly all of our defects, with that it will be easy
to show that in our case Z; = Z7. Knowing this, we can write the previous equation in the following
form

10
i3 YE o o n;
ZNiliQlejQZZSJS_ Z m; 2 73 (4.4.10)
1373 i=1,i#4

where Z,,, is the partition function of a simple defect of type n; .
Now the only things left to determine in equation (4.4.10) are the various values of m;. Using smart
choices for the four numbers (i1, 2, j1,j2) we can even isolate each m; like:

(i1,92,J1,J2) = (1,1,1,1) —= 1=my (4.4.11)

Without doing explicitly the full calculation we will just report the results. It turns out that we have
two defects of the types no, ng and nyg, while all the other types only get one defect.

In total then we have twelve defects which we will call: £, Lél), ng), L3, L5, Lg, L7, Lg, Lgl), Lg),
£ and £

10 10 *
Notice that the parameter a is just the quantum dimension (£). From this observation and by
equation (4.4.7), we can already recognize which defects are non invertible: L5, Lg, L7 and Lg.

As the last step will use different techniques in order to determine the unknown parameters in the
matrices of which, up to now, we only know the trace.

The first consideration we can make is that the only defect compatible with the identity is £;. Then
we must have

L1=2Lg: (1111 E 1111) E1—<(1) (1)> (4.4.12)

We also know that, among the topological defects that preserve su(2)e x Vir,,—s, there are the ones
that preserve the larger algebra su(2); x su(2);.
Because the theory is diagonal with respect to su(2); x su(2); the simple defects are only the Verlinde
lines £;;, where 4,5 € {0,1}. Since this is identical to the su(2)$ analysis in section (4.2), we just show
the result:
L£10]00) = [00)  L10[01) = [01)  L10[10) = —|10)  Lyp[11) = —[11),
L01]00) = [00)  Lo1]01) = —|01)  Lo1]10) = |10)  Lo1|11) = —[11), (4.4.13)
L11]00) = [00)  £11/01) = —[01)  £11]10) = —[10)  Lyq|11) = [11).
while Log = L74. The states lij) are the highest weight states corresponding to the representations
R;; x R;; of the algebra.

Using now equations (4.3.3) and (4.3.4) to compare su(2); x su(2);’s representations with su(2)y x
Virm=s’s, we see that the following defects must be present in the theory we are studying right now:

(111141111 A—<_1O>,

0 -1
10
(1111 B -1 -1 -1 -1) B:<0 _1>, (4.4.14)

-1 0
1111C -1 -1 -1 -1) C’:(O 1).

For compatibility reasons one easily determines that, in order, these defects must be L3, Lgl) and Lg).
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4.4. DEFECTS PRESERVING Viry,—3 X su(2)s CHAPTER 4. DEFECT CALCULATIONS

The next constraint is the fact that the defect algebra must be closed under the fusion product.

Take a correlator with two concentric defect lines which act on the representations in the following
way:

La: (a1 a2 a3 as E. a5 as ar as),

(4.4.15)
Ly (b by by by Ey bs be by bg).

Now, by definition, the fusion product tells us that such correlator is identical to one with a single
defect line in which the defect is the product of the original ones. Then, in the first configuration, we
can act on the operator encircled by the defects first with the nearest one and that with the second,
while, in the second configuration, we just act with the only defect present.

The resulting equality tells us that the defect which arises from the fusion product act on the various
representations as

LpLg (b1a1 boas bgaz bsay FEpE, bsas bgag braz bgag), (4.4.16)

where we have taken £, to be be the nearest defect.
Notice that in general the fusion product is not commutative and its eventual commutativity depends
on the matrices E of the two defects.

Knowing that the result of the fusion product must be a defect and therefore a sum of simple defects,
we can get some constraints. The first one comes from the following product

Lalss (V2 V2 V2 VB By VB V3 VB —V3). (4.4.17)

Looking at all the parameters, except for the matrix which is still undetermined, the result has to a
be a simple defect and not a sum of them. In particular the defect must be none other than L5 itself.
This determines E5 as

—F5 = FE5 — Es = <8 8) . (4.4.18)

The exact same argument holds for £g, £7 and Lg, therefore: Fg = E7 = Eg = FEs.

We are left with just four defects to determine. Let us start with £él) and LgQ).
As before we calculate

£ (11 11 B 1 1),
@ ) (4.4.19)
L3Lg™ (1 -1 -1 1 -E” 1 -1 -1 1>.
If we had Eél) = 32) = FE5 as before Lél) would then be the same defect as Lg). But, from our

previous discussion, we know that we need two distinct defects of type ng. This means that the only
possible solution for the algebra, in this case, is Lgﬁél) = Lgf) which implies —Eggl) = Eéz).

We should also consider the fact that both defects Lél) and Lg(f) are invertible.
Looking at the determined parameters, the only possibilities are either:

EVEY =1 oo EVEP =-EVEMN =1 -  EVPED =1, (4.4.20)

thus
EVEMN = (-)#1  TrEy =0, (4.4.21)

where g9 € {0,1} is an unknown parameter.
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The general solution to these constraints is

B = ( (=)% = bycy b ) , (4.4.22)

cy —+/(—)% — bgcg

for unknown parameters by, cg € C and g9 € {0,1}.

Let us now take into consideration L%) and L%). First of all, the previous discussion hold in this case

as well with the result: —E%) = E%).

Now consider the following defect
ISVIE (11 11 BED 111 ). (4.4.23)

It is clear that Lgl)ﬁél) is either L%) or L%). Since both defects are still not completely determined
we can choose which one is it. We choose Lgl)ﬁél) = L%) and for this algebraic rule to be consistent

we must have that
EVEYN =B - mrEPMED =T1rEY] =0 (4.4.24)

Imposing this constraint one finally finds the following parametrizations:

B = <O ()%%1) EY) = ( 0 ()qg091>. (4.4.25)

C9 0 —C9 0

Automatically, then, the other constraint that we previously put on Eél) is verified for E%):

1) (1 —)go+1 0
EQED = <( )0 oy +1> , (4.4.26)

We are left therefore with exactly two parameters, g9 and cg, to determine, but there are not any
more constraints coming just from the fusion algebra. As a last step we will use the OPE between
our representations to complete this analysis.

The OPE is a relation, which applies inside correlators, between two neighbouring fields.

The main strategy here is to consider a correlator with two operators encircled by a defect and some
other fields. Such correlator will be equivalent to the one in which we used the OPE between the two
encircled fields:

(. LAZ)B(w)...) = (.3 (2 — w)[AB(w)...). (4.4.27)
k

Collapsing then the defect on the operators, if the OPE is known, we will find a condition on the
defect.

Even though the contraction of a defect on two operators A(z) and B(w) may be non trivial, in our
case we will consider a defect which corresponds to a symmetry. In such case, the defect will act on
the two operators as the symmetry it corresponds to.

(%)
1

16>

For our scopes it will be enough to consider the OPE between just the two ® 1 primary fields. Let

us write the Ramond fields in the following way:

0)r = (§765)(0)[0)vs U5l0)r = (£°€5)(0)[0)ns- (4.4.28)

It is possible to show that each highest weight |H) in a one to one correspondence to a primary field
®(z) defined on the whole plane. In particular we have the relation:

o(0)[0) = |H). (4.4.29)

In this sense we can extend the field values to all the plane obtaining the primary fields: (£ &5 )(2)
and (£;65)(2).
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From [8] we know that the following OPEs hold:

EH)E (w) ~ U(w)(z — w) e, (4.4.30)
£ (2)&; (w) ~ Wi (w)(z —w)ic,
where ¢ € C such that ¢ = i. Also the ~ symbol means equality up to a regular part.
So, first of all, let us calculate the following OPEs:
2V (202 () = (&) 6 6 W) = — & (R ()& ()& (w) -
~ = (\I”{(w)(sz)ic)(‘l'é(w)(z*w)iC): z<sz>%< T (w) — (2 — w) 2 (Wieh) (w),
2V (2)8Y () = (G E)EE )W) =~ & ()& W) ()& (w)
~ = (T () (2 — w) i) (Wa(w) (2 — w)Te) 1= —iz — w) 2 (W) (w) + (2 — w) 2 (Wieb) (w),
2V (22 () = (&) D6 )W) =~ & (R ()& (& (w) : (4.4.31)

ct

~ s ) ) (1 506 - w)(%\lfé)(w)> = oW () — (= - w) (W) (),
2V ()81, () = (G E)EE &) W) =~ & ()& W) () (w) ;

167
ct

~ = ) = ) (14 5~ ) ET) ) = —Wiw) + G e - 0) (i) w).

The notation : ... : means that the quantity has to be normal ordered.

Right now we have just written the first terms of these OPEs, but similarly as what we said about
equation (2.3.48) the rest of the expansion can be completely determined using the algebra.

Looking always at the same section one could wonder why the expression we found is quite different
from the one in (2.3.45), this is because we did not choose the same normalization as in equation
(2.3.44). Note also that the important part of these OPEs is not the actual coefficients, since with a
simple rescaling of the fields they would change, but, as we will see, how they relate to each other.

Let us consider the highest weights we found in the previous section, it is immediate to see which
primary fields respect the relation in (4.4.29). Then one easily arrives to the following identifications:

(W) (w) = == (T Bog) ()
. 1
(Wipa)(w) = 504 5(w), (4.4.32)
Ui (w) = @ga(w),
(Wistha) (w) = — 5 (T7 @3 ) (w).
Therefore we can rewrite the OPEs as:
®(12)71(2)®%)71(w) ~ —\}i(z —w)3 (Do) (w) — \2@’ - w)%é%ﬂ(w)’
@ (10D ()~ — (2 — )b (J* 1 wie, W
Pl >‘D36,1( )~ g W e)w) + ﬁ< P ale) (4.4.33)

16 16’
ct
@i?,l<z><1>ih< )~ ~Boz(0) z@—w)(ﬁ‘l’%ﬂﬂw
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Up to now we have just talked about chiral fields, but for the antichiral case we obtain exactly the
same results. Now let us compose holomorphic and antiholomorphic part finding:

(1) o) T\
(I)T1671;1I,T(Z’ Z)q)%,l;%i(w’w)
1 —+ _ =+
~ 5‘2 - w‘[(J+J ‘1’0,0;6,6)(% w) + CI)%QEE(U), w) + J+(I)070;g7§(w7 w) +J q)%,Q 66(“1? w)), (4.434)
o el o (ww)~ B
L LT Lo LT
167 ,1 bl 16’ ’1 k)
1 _
~ 5\2 — w\[(J+J+<I>0066)(w,w) + @, , 15w w) - J+¢ooii(w’w) — T ®, 500w, )],
[ 2149 g 277
(1) 12 ~ __ * 20+t _ —
Q%J;?j(z,z)q)%ﬁ,l;lij(w,w) i o53(w, W) 16‘2 w|“(JTJ ®%’0;%76)(w,w)+
1 1, =t
F )y o), ®) 2 BT, 1 ) (w,).
4 2% Yy 4 072 270
o o Z (4.4.35)
2 1 _ 2 - _
PP Ay g (00) ~ i®0555(w, ) = gle —wl TNy pg) (w D
1 +

Then consider a correlator where the defect Lgl) is inserted on a circle enclosing the pair of fields

1 — 1
[(I)(l) 1;TT(Z’ Z)(I)( )

. (w,w)], we obtain
1601767 6

1T
L1

. (4.4.36)
070;;5(10,@) - J CI)%Q;G,G(waw)]-

Comparing this to the OPE [<I>(f) ) TT(Z,E)(I)(? . TT(’w,@)] we get the constraint (cg)? = 1.
16°416° 16416

Since EESQ) = —Esgl) we can choose cg = 1, the case with cg = —1 will correspond to EE()Q).

At last we consider a correlator where Lél) now encircles the pair of fields

@) (229 L (w,m)], obtaining:
1677167 1677167
2 1 . + _
(=)o Ii(z,z)qﬁ)lﬁ(w,w)Ncho,mj(w,w)—E\z—wﬁ(ﬁJ ®, 7o) (w, W)+
LRI f5+1ite: 22 (4.4.37)
1 5t
——(z— w)(J+<I>%’O,67§)(w,w) - Z(Z —w)(J <I>072g76)(w,w)
Again comparing this to the OPE [@(f)l - T(Z,E)q)(ll)lTT(w,ﬁ)] we finally find g9 = 0.
16176 16'L16
So everything about the defects has been determined, let us write them all:
Liq: (1111 E 1111) B=(Y
Id - 1 1 = 0 1 I
1 0
o (1 111 EY -1 -1 -1 —1) B = (0 _1>,
Lo (4.4.38)
(2) . 2 @ _ (—
TS (1111E§) 1 -1 -1 _1> E2—<0 1>,
Ly (1111 E 1 111) Egz_lo
o -1/’
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Lor (V2 V2 V2 VR B VR V2 VE V) E5:(3 0),

o

Lo : (V2 —v2 V2 V2 Bs V2 V2 —V2 V?2) E6:<8 8>,
Lr: (V2 V2 V2 —V2 Er V2 V2 —V2 —2) E7:(8 8))
Le: (V2 V2 —VZ —V2 By —V2 —v2 V2 VD) E8=<8 8),

(4.4.39)
1 -1 -1 1 EP 1 -1 -1 1) BV =

1 -1 -1 1 BY -1 11 —1> B =

( (
£ (1 1 -1 1 EP 1 -1 -1 1) E§2)=<_01 01>,
( (

1
550)3
0 -1
1 0 /"

As for the fusion algebra one can easily show that the invertible elements form the dihedral group
(D4), also known as the octic group, with relations:

£ (1 1 -1 1 B® 111 —1) EY =

I
(L8 = (L) = (£s)? =11 (4.4.40)

This group corresponds to the theory’s symmetries.
Let us also write the most important fusion products for the non invertible defects:

(£5)> =Lra+ L3 (L6)* = Lra+ L3

(57)2 =L+ L3 (LS)Q =Lrq+ L3

LsLg = Lgls = L8 + £ L5L7 = LLs = L5V + £ (4.4.41)
LsLly = Lsls = L) + £ Loby = Lol =L + 0

Lols = Lgls = L5 + £ Lrls = Lgby = L0 + £8P,

All the other rules of the algebra can be easily calculated using the expressions in (4.4.38).

4.5 Connection to the full theory

Let us now explain how the analysis in the previous section relates to the full theory with the algebra

su(2)} x 5u(2)2 X Viry,—3 x 5u(2)i1 X 5U(2)y X Virp—s.

First of all we introduce the concept of a theory which is the tensor product of two. With this we do
not only refer to the subdivision of the theory algebra into the tensor product two subalgebras, but
to the full separation of the Hilbert space, and therefore also of the operatorial content of the theory,
into the tensor product of two.

The most immediate consequence of this definition is the factorization of all correlators into the
product of two correlators in the corresponding two theories.

A characterizing property of this kind of phenomenon is the following: a theory with Hilbert space H
is the tensor product of two theories with Hilbert spaces 3 and Hs if and only if the theory’s partition
function can be factorized into the product of the partition functions of the other two theories.

Zse = Zg, Dy (4.5.1)
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This fact can be easily demonstrate using H = H; ® Ho.

We are going to show that thls is true in our case. In particular the two pieces will be the representa-

tions of the su(2)} x su(2) ) algebra and the ones of the su(2)y x Viry,—3 x su(2), x Vir,,—s algebra.
First of all, by definition (2.5.11), the characters always factorize in the following way:

XR;®R; — XR;XR;» (452)

which in our case means:
S (1) (2) 4.5.3
X11121324§hl X7,122’L37,4Xhl’ ( T )

where the indices i1i2i3is correspond to a representation of su(2)] as in section (4.2), while h,l are
respectively the conformal weight of the Vir,,—3 representation and the highest weight label of the
su(2)y representation as in section (4.3). Notice also that we are going to label the theory and the

characters corresponding to the su(2)} x 5u(2);L algebra with (1) and the other with (2).

Then the full partition function can be written as:

_ (1) (2) O 74 %)
Z = E X11221314‘/i N1112Z3Z4Z31323374]X]1J2]3J4Vj ’ (454)
111213141J172J374]
with
J— . . . . . . . Th
Nivigigiaijijojajaj = 511]1522]2523J3514J4M1J ’ (4.5.5)

where V and MT" were defined in section (4.3), equations (4.3.7) and (4.3.6).

It is easy to see then that the partition function factorizes into

1 2)
Z= Z(I)Z(Q) = ( Z X£12213Z4511J1512J2513j3 z4j4X]1]2]3]4 ZV MThV( ) (4'5'6)

11121314J17273J4

which is exactly what we wanted to show.

Now, in order to find the full theory defects, let us proceed with the following construction: given
a defect Lgl) in theory (1) and Lg) in theory (2) we can define the tensor product between defects
Lgl) ® Lg) as the defect such that on the various representations acts as /351) ® ZJ?.

From the factorization of the partition function, and in general of the theory, we will have that this
definition gives, indeed, a topological defects of the full theory. Moreover, what one can show, is that
they are all the topological defects of the theory.

Finally, due to this last property, all the defects can be written as a sum of tensor products between
simple defect of the two theories. This means that

{Lgl) ® 55-2)]51(1) is a simple defect in theory (1) and ng) is a simple defect in theory (2)} (4.5.7)

is the set of simple defects in the full theory.

In our case we have that the defects of the theory (2) were studied in the previous section, while in
theory (1), in analogy with section (4.3), the simple defect are the Verlinde lines.

——6
If we take a step back and consider the diagonal theory of the algebra su(2)% x su(2);, one can
easily show that it can be decomposed into the tensor product of six diagonal theories with algebra
su(2); x su(2),. In this sense (4.5.6) is a direct consequence of the fact that the full theory can be

1 x su(2) ) theory and a diagonal su(2)? x su(2) ) theory.

written as a tensor product of a diagonal su(2)
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In the end, knowing this last information, we can take the analysis even further.

2
Let us consider the full theory as the tensor product of three su(2)? x su(2); theories. After that we
can use equation (4.3.3) to decompose every representation of su(2)? into representations of Vir,,—3 x

s5u(2)s.
From these considerations one determines the simple defects that commute with the algebra (Vir,,—3 x
su(2)2)% x (Virp—s x su(2),)3 are:

{[,Ell) ® Lg) ® Lg’)wg) is a simple defect in the j-th theory with algebra Vir,,—3 x su(2),}, (4.5.8)

noticing that the defect analysis for each of these theories follows identically to section (4.4).

This concludes our analysis.
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Conclusion

Let us recap what we have seen so far.

First of all, we introduced conformal field theories basically from scratch. Then we brought up
topological defects and demonstrated their usefulness. Finally we showed actual calculations in
example theories and in actually relevant ones.

The results of this are the followings:

Oxs (2)(15 diagonal theory as

e We were not able to determine any new information from the su(2)
it was;

e We were instead able to find the decomposition of the algebra, and of the representations,

su(2)? x mi = 5u(2)2 X Virg—s x 5u(2)y X Virm—3 ;

e This decomposition allowed us lessen the constraints on the defects and find various non invertible
ones;

o After that we reconducted the results of the smaller theory on the algebra su(2)s x Viry,—3 x

su(2), X Viry,—3 to the actual theory which has the algebra su(2)] x su(2)a x Vir,—s x 511(2)41L X
su(2)y X Virp—s;

e As the last point we also showed how the full algebra decomposes into (Viry,—3 x su(2)2)® x
(Virm=s x su(2),)? and demonstrated how to calculate the theory’s defects which commute with
such algebra.

In total we could say that this gives us an overview both on the problem on hand, but also on the
general possible uses for this kind of tool.

Let us be reminded what was the long term objective of this line of work.

The theory we took into consideration is one of the possible ways to write a specific non linear sigma
model on a K3 surface. The symmetries of all moduli space of these theories have already been
determined, even though some of this theories are very obscure. Our aim is to take this one step
further and determine also the defects of all the moduli space of these theories, in this way we might
be able to understand these theories better.

In this thesis we started with analyzing the defects of just one of these non liner sigma models on K3.
The next steps in order to take the analysis further would be the following ones:

e The decomposition using diagonal cosets can be iterated, obtaining a su(2); X su(2)5 X Vir,,—g X
Virm=s X Virp—4 X Vir,,—3 algebra, where the antiholomorphic part is identical;

e With some inspiration one may also find finer decomposition with still a finite number of repre-
sentations;

e Looking at this progression, it may give us an insight on what kind of topological defects, which
only commute with the Virasoro algebra, we can expect in the theory.

As stated in the introduction every sigma model is described by a certain supersymmetric N = 4
algebra. The problem is that this kind of algebras have an infinite number of representations and
therefore are hard to deal with when looking for defects.
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Following this procedure we hope to find more and more defects, which will give us a glimpse of what
the total defect content may look like.

In the last decomposition mentioned we left the last su(2); untouched, this is because one can show
that the N = 4 supersymmetric theory has a su(2); subalgebra.

The next step, that we have just mentioned, should follow the guidelines we traced in this thesis, the
only worrying point would be the increasing number of representations one has to deal with. A last
advice for anyone who might want to take on this work would be to try to automatize the defect
calculations in a way that makes the computer do the heavy lifting.
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