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INTRODUCTION

In the present thesis work, the theory of varifolds and its application to the Plateau
problem are discussed.

Chapter 1 provides a concise, non exhaustive, summary of the minimal theory
necessary to fully understand the content of the subsequent chapters. We begin by
recalling fundamental concepts of measure theory, functional analysis, submani-
folds and n-rectifiable sets. Particularly important results are Riesz representation
theorem for Radon measure and the divergence theorem for C?-class n-dimensional
manifold, which will play a major role for the definition of generalized mean curva-
ture for varifolds in the following chapter. It is advised that the reader has a solid
preliminary knowledge of all the results mentioned in this chapter as, for the sake
of readability and practicality, no proofs will be included in Chapter 1. The main
references for this chapter are: [Fol99], [BB11],[Sim84],[BR07].

Chapter 2 introduces the definition of n-varifold, which, roughly speaking, one
can interpret as a measure-theoretical generalization for the concept of n - dimen-
sional surface. Initially, the most abstract definition of general n-varifold as Radon
measures on the space G, (R"**), which is the product of R"** with the space of
n - dimensional planes contained in it, is stated. Later, n-rectifiable varifolds are
defined. The chapter proceeds by defining the generalized mean curvature for var-
ifolds which extends the notion of mean curvature for C?-class manifolds. The in-
tegrability properties of this mean curvature are examined, ensuring monotonicity
properties of the mass measure of varifolds, by stating various versions of the mono-
tonicity formula. Chapter 2 concludes with the proof of a Sobolev-type inequality
for varifolds, known as the Michael-Simon’s inequality. The reference for this chap-
ter are: [All72] and [All75] for the definition of n-varifolds and the monotonicity
formulae; [DPGS24] for the inspiration of the proof of the weighted monotonicity
formula; finally [Sim84] for the Michael-Simon’s inequality.

Chapter 4 is centered around proving Allard’s regularity theorem for n - recti-
fiable varifolds. The original proof, provided by Allard in Section 8 of [All72] and
subsequently rewritten in Chapter 5 of Simon’s book [Sim84], relies on Lipschitz
approximation results for the support of varifolds with small curvature in the L”
norm, for some p larger than the dimension of the varifold’s support. This approach
then uses harmonic approximation to demonstrate rapid decay of the tilt-excess en-
ergy (which morally represent the Sobolev W2 norm of a varifold), leading to the
CY1="'P regularity for the varifold support. In contrast, we propose a more mod-
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ern approach based on the ideas present in [DPGS24]. Specifically we establish the
same result for varifolds with essentially bounded generalized curvature with re-
spect to the mass measure. While it is reasonable to expect that similar techniques,
or slight adaptations, could potentially prove the same regularity theorem in the
more general setting of curvature in LP, this extension is not trivial and warrants
further research and efforts (see Section 4 for a more detailed commentary).

Finally, Chapter 5 applies the theory developed in the previous chapters to the
Plateau problem, namely the problem of finding the minimal surface spanning a
given boundary. The chapter begins with a brief introduction to the problem, fol-
lowed by the rigorous definition of surface that spans a given boundary and a formu-
lation of the Plateau problem in a sufficiently general context. After recalling some
technical results, including the deformation theorems present in [DS00], the exis-
tence and C* regularity (up to a 7" -negligible set) for solutions of this problem
are proved using the arguments presented in [DLGM17] and [DPDRG20].
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1. PRELIMINARY RESULTS AND NOTATION

1.1. Basic Measure Theory

1.1.1 First Definitions

In the following (X, d) denotes alocally compact, separable metric space. For brevity
we will write X in place of (X, d), when the metric d is intended.

We indicate by P(X) the family of subsets of X, and by B(X) be the Borel o-
algebra of X (i.e. the smallest o-algebra containing the open subsets of X).

Whenever we write (a;) j € P, where P now is any set, we mean that ay,..., a, ...
is a countable sequence, starting from a non-negative integer k € N. The value of
k will always be the minimum between 0 and the smallest non-negative integer for
which ay. is well defined. We simply write (a;) if the index j is intended.

Definition 1.1 (Measures). We say that a set function pu is

1.

an outer measure, if £ : P(X) — [0,00] is increasing (i.e. p(A) < pu(B) whenever
A € B € X), countably subadditive (i.e. u(U;A;j) =¥ ;u(A;) for all (Aj)
P (X)) and u(@) =0;

a (positive) measure, if u : B(X) — [0, 00) is countably additive (i.e. u(U i Aj) =
Zj w(Aj) forall (A;) = B(X) pairwise disjoint) and u(@) = 0;

a Radon measure, if u : B(X) — [0,00] and, for any compactly contained Y €
X, the restriction

A—p y(A):=p(YnA)
is a measure;

a vector-valued measure, if u : B(X) — RY is countably additive and u(2) =
0eRY;

. avector-valued Radon measure, if u : B(X) — [0,00] and, for any compactly

contained Y € X, the restriction
A= y(A):=p(YnA

is a vector-valued measure;
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6. asigned-measure, if u: B(X) — R is a vector-valued measure.

For the rest of this subsection, p will always be a vector valued Radon measure,
unless we specify otherwise.

Definition 1.2 (Total Variation). The total variation of u : B(X) — RY is the finite
set function ||yl : B(X) — [0,00) defined by the position

|l (B) :=sup {Z |u(Bj)|:B = UB]-, (Bj) < B(X) disjoint sequence}
J J
We invite the reader to actually check that, if y is vector-valued measure as in

Definition 1.1, then there is no B € B(X) such that ||ull(B) = co.

Definition 1.3 (Set of Concentration). We say that E is the set of concentration of
U, or equivalently that p is concentrated on E, if

u(B)=pu(BNE) VBeBX).
Definition 1.4 (Support). The support of y is defined to be
sptp:={xe X: |ulB,(x)) >0 Vr>0}.

One can easily prove that spty is characterized by being the smallest closed sub-
set C of X such that ||ul(X\C) = 0. Therefore sptu is always larger then the set of
concentration of .

1.1.2 Covering Theorems

In the present subsection we introduce the main covering theorems that will be
used in the rest of the work.

The ambient space X will always be the Euclidean N-dimensional space RY,
with N positive integer.

Theorem 1.1.1 (Besicovitch Covering Theorem). There exists k = k(N) € N with
the following property. Let % be a collection of closde ball of RN such that

A:= {x € RN :3r > 0 such that B, (x) € 93}
is bounded. Then there are %, ..., B subfamilies of % such that
(i) PBj is adisjoint family for each j € {1,..., k};
i) AcUs_, (U%)).
The second result we need to recall is the following.

Theorem 1.1.2 (5-Covering Lemma). Let & be a family of closed balls with radii
not larger than a constant R > 0. Then there exists ' € % disjoint and countable
family such that

U#z<Us# := U 5B.

Be#A'
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In the statement of (1.1.2) the set 5B denotes the ball with center the center of
B and radius 5 times the radius of B.

Before stating the last covering theorem, we need to introduce the notion of fine
covering.

Definition 1.5 (Fine Covering). Let % be a family of closed balls and A < RY. We
say that 4 is a fine covering of A if for each x € A we have

inf{r>0:m€<%’}=0.

Theorem 1.1.3 (Vitali Covering Theorem). Let A< RY be bounded and Borel. Sup-
pose % to be a fine covering of A and let i be a (positive) Radon measure onRN . Then
there exists ' < B at most countable and disjoint subfamily such that

wA\U%) =o.

1.1.3 Uniform Integrability and Vitali’s Theorem
Definition 1.6 (Uniform Integrability). Let (X, X, u) be any measure space and let
FcllX,z, ). We say that F is uniformly integrable if

lim sup/ |fldu=0.
M=oo re 7 /1 f1> M)

Theorem 1.1.4 (Vitali). Let (X, X, u) be a finite measure space. Suppose that f : X —
R is measurable and (f;) j < LY(X,Z, ). Then the following are equivalent:

@ fj LA fand{f;: j €N} is uniformly intregrable;
(i) feLl'(X,Z,p) and f; L f

1.1.4 Differentiation of Measures

Definition 1.7 (Absolutely Continuous Measure). Let i be a vector valued mea-
sure and v a positive measure on X. We say that y is absolutely continuous with
respect to v, and write u < v, if the following implication holds for any B € B(X):

v(B)=0 = pu(B)=0
Definition 1.8 (Singular Measures). Let u, v be vector valued measures on X. Then
u and v are (mutually) singular, and write p L v, if there exists a set B € B(X) such
that
lul(B)=0 and [v[(X\B)=0.

The following theorem establishes a remarkable decoposition result for mea-
sures.



4 Chapter 1. Preliminary Results and Notation

Theorem 1.1.5 (Lebesgue-Radon-Nikodym). Lery:B(X) — RYN be a vector-valued
measure on X, and let v : B(X) — [0,00) be a (positive) measure on X. Then there
exists a function f € LY(X,v,;RN) and a vector valued measure ©® L v such that

du= fdv+dy’,

/q)du:/q)de/q)dus
X X X

for every u-integrable function ¢ : X — R.

meaning that

Definition 1.9 (Lebesgue-Radon-Nikodym Derivative). The function f in the state-
ment of Theorem 1.1.5 is called Lebesgue-Radon-Nikodym derivative of y with re-
spect to v, and will be sometimes denoted by one of the following

dp
= — = D
f dv v
As a corollary we give a construction for the Lebesgue-Radon-Nikodym deriva-
tives of measures in a slightly more general setting.
Theorem 1.1.6. Letv bea (positve) Radon measure on X, and let u be a vector valued

measureon X. If u < v, then forv-a.e. x € X we have that

Dy pu(x) =lim M eRN.
r—0 v(B; (x))

Observe that Theorem 1.1.5 implies that y <« v if and only if there exists a v-
integrable function f such that du = fdv. Inparticular, recalling that for any vector-
valued measure p we have u < ||y, then

du=fdlull. (1.1)

Furthermore it is not difficult to prove, using some basic properties of the total vari-
ation of a measure, that the function f in (1.1) takes values in sN-1.=9B,; Il -a.e..

Corollary 1.1.1 (Lebesgue Differentiation Theorem). Let v be a positive measure
on an open subset Q) < RN, If fe LP(Q,v), then

lim If—=fx)IPdv=0
=08, (x)

forv-a.e. x€Q.

1.1.5 Lebesgue and Hausdorff Measures

Definition 1.10 (Lebesgue Measure). In R" we define the Lebesgue measure as the
unique outer measure .~ : P(RY) — [0,00] such that

N
ZL"(lay, by) x...x lay,by)) = H (bj—a;).
j=1
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We refer to [Fol99] for the well-posedness of the above definition, as well as the
construction of the Lebesgue measure via Caratheodory’s theorem. Furthermore,
in the same reference, one is able to find proof for the fact that the restiction of .Z N
to the Borel o-algebra defines a Radon measure.

Fix two parameters s > 0 and 6 > 0. Then we define the Hausdorff (s, §)-premeasure
to be

A (A) = % inf{Z(diam(Aj))s :AcJAj,diam(4)) < 5},
] J

where

ns/Z
wgi=—————
I'(l1+s/2)
and I is the Euler’s Gamma function.

Definition 1.11 (Hausdorff s-Measure). We define the Hausdorff s-Measure on R
as the outer measure .7 : P(R") — [0, 00] by the position

A (A) = lim A (A).

Observe that .75 (A) exists in [0,00] for any A € P(RY) by monotonicity of the
map 6 — ,%’35 (A).

Moreover one can prove the following well-known results about the Lebesgue
measure .V and the Hausdorff s-measure .7#*:

1. both . #Y and #7* are invariant under translations and under isometries. More-
over, for every A >0 and every A€ P(RN) we have

PNAA) = AN 2N (A) and H#5(AA) = 15 H#5(A).

The aforementioned properties, together with some further arguments in-
volving the isodiametric inequality prove that /#V = #V (a detalied argu-
ment is given in [Fal85]). Therefore we can continue by stating properties
only regarding 7°.

2. J° are Borel-regular measures, meaning that
H5(A) =inf{#°(B): Be BRY),AcB} VAePRM).

By virtue of this, together with the observation made right after the definition
of Lebesgue measure, from now on we say interchangeably (if the context is
clear), with a small abuse of notation, that a Borel-regular measure y is an
outer measure, a Radon measure or a measure.

3. " is the counting measure.
4. if 51 < s then the following implications hold for every A € P(R"):

(A <oo = H2(A)=0 and 2(A)>0 = (A =0.



6 Chapter 1. Preliminary Results and Notation

Item 4. of the above list motivates the following

Definition 1.12 (Hausdorff Dimension). The Hausdorff dimension of a set A €
PRY) is

dim j(A) :=inf{s > 0: 7°(A) =0} =sup {s > 0: 7°(A) = oo} .

In what follows we will only consider Hausdorff /-measures with / € N.

1.1.6 Densities

All of the [outer/Radon] measures considered from now on, will be Borel-regular,
hence, according to the convention established in the previous subsection, we will
call them all measures if no confusion is likely to arise.

Definition 1.13 (Lower and Upper [-Densities). Let u be any measure in RY, and
fix ¢ € N. We define the lower and upper ¢/-densities of y at a point x € RV as the
quantities

f—“(Br(x)) and ©“*(u,x):=limsup KB ()

O’ (u, x) := limin - -
=0 wpr r—0 wer

respectively. Whenever the lower and upper ¢-density at a point x of u coincide,
we say that p has [-density at x and set ©(y, x) to be the common value. More in
general, we define the [upper/lower] (u, £)-density of a set A€ P(RN) at a point x,
ad write

G)i(u,A,x) and @l*(,u,A,x)

respectively, as [upper/lower] ¢-density of the measure p_4, where we recall that
U4 is defined by

poa(B):=pu(AnB) VBePRN).

Theorem 1.1.7 (Upper Density Theorem). If i is a measure and A is j1-measurable
set with u(A) < oo, then

0 (u,Ax)=0 A’ -aexecRN\A

Easy consequences of the above theorem are

Corollary 1.1.2 (Lebesgue Density Theorem). IfAe P(RY) is. N -measurable, then
the density ON (LN, A, x) exists £V -a.e. onRN, and

0 LN—_gexeRMA
NN, A,x) = N .
1 XY-aexeA

and
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Corollary 1.1.3. Let u be a Radon measure on RN . We set

Hs = HeM,
where M* denote the set of positive lower ¢ -density for u, namely
M, :={xeRN:0,(u x)>0}.

Then

i M (Br () _

i B, 00) =1 p.-—a.e.x.

In particular, ©% (1., x) > 0 for . -a.e. x.

1.2. Miscellanous from Functional Analysis

In this section, Q will always be an open subset of RY.

1.2.1 Lipschitz Function

Definition 1.14 (Lipscitz Function). A function f: Q — R is said to be a Lipschitz
function if there exists a constant L € [0,00) such that

[fX)-fI<Llx—-yl Vx,yeQ. (1.2)

We collect of of the Lipscitz function defined on Q with values in R’ in the family
Zip(RY) (or simply .Zip(Q), if £ = 1). Finally we set Lip(f) to be the smallest
constant L such that (1.2) holds.

Observe that if f € Zip(Q;RY), then we can always write f = (fi,..., f¢), with f:
Q — R, and one can readily prove that f; € Zip(Q;R) for all j € {1,...,¢}. Therefore
we will only present theorems for functions taking values in R.

We first have the following basic extension theorem:

Theorem 1.2.1. Let E be any nonempty subset of RN, and let f € ip(E). Then there
exists a function f € Zip(RN) such

Lip(f) =Lip(f) and f|g=f.

Next we need the theorem of Rademacher concerning differentiability of Lips-
chitz functions on RV,

Theorem 1.2.2 (Rademacher’s Theorem). If f € Zip(RY), then f is differentiable
ZN-a.e.; that is, the gradient V f (x) = (01 f (x), ..., 0n f (x)) € RN exists and

lim L= -Vf@)- (-0 _
y=x ly—xl

0

for £N-a.e. xe RV,
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We shall also need the following C! approximation theorem for Lipschitz func-
tions in our discussion of n-rectifiable sets

Theorem 1.2.3 (C' Approximation Theorem). Suppose f € Zip(RY). Then, for
each € > 0 there exists a function g € C'(RN) such that

NUx: f) #guix: Vi) #Vgoh <e.

Finally we establish some basic facts about Hausdorff measures of Lipschitz im-
ages.

Theorem 1.2.4. Let A < RN be ¢ -measurable and assume #¢(A) < co. Fix f €
ZLip(A,R™), and let N(f,y) := #°(f 1 ({y})). Then

i) f(A) SR™ is #* measurable, and

AL (F(A) = Lip(H)l A4 (A);

(i) y— N(f,y) is ¢ -measurable function (i.e. the preimages of Borel subsets of
R via N(f,-) are ¢ -measurable sets) and

N(f,y)d#(y) <Lip(f)’ #°(A).
Rn’l

1.2.2 Riesz Representation Theorem

The following theorem will be needed for the definition of generalized mean cur-
vature for n-varidolds in Chapter 2. In particular it gives a representation for the
dual of space of test functions (Cg, [l -l co). For sake of readability we are stating the
theorem only in the particular case where the ambient space is Euclidean; however
the same result holds in much more general enviroments (cfr. [BB11])

Theorem 1.2.5 (Riesz Representation Theorem). LetQ < RN be open and suppose
v C?(Q;[R{l) — R to be a linear functional such that

sup (V,p)<oco VK< X compact.
eCYK)
lell0=1

Then there exists a Radon measure vy on X, called representation of ¥, and a -
measurable function h: Q — R! with |h| = 1, such that

<‘l’,w>=/<ﬂ'hduw Ve CAQ).
Q

1.2.3 Compactness for Radon Measures

Let us denote by Rad(Q2) the set containing all of the positive Radon measures on a
fixed open subset Q € RV. Recalling Theorem 1.2.5, we recover a natural topology
for the set Rad(2), which is given by the following definition.
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Definition 1.15 (Weak-* Convergence for Measures). We say that a sequence of
Radon measure (i ;) € Rad(Q) converges weakly-* to y € Rad(Q), and write y j —*u,
if

lim (pdpj:/(pdu Vo e CQ).
j=Jq Q

Observe that, if 4 and u; are the positive Radon measures associated with the
positive positive functionals ¥ and ¥ respectively by Theorem 1.2.5, then p; —*
u in the sense of Definition 1.15 if and only if ¥; —* ¥ in the classical sense for
distributions.

The following result is therefore not surprising.

Theorem 1.2.6 (Compactness). Let (u;) € Rad(Q) be a sequence with the following
property:

suppj(K)<oo VKEQ.
J
Then there is u € Rad(Q) and a subsequence (u,); such that pj, —* p.

1.3. Submanifolds

Let n, k € N be positive integer. From now on the dimension of the (Euclidean)
ambient space will always be N =n + k.

1.3.1 Definition and Tangent Spaces

Definition 1.16 (C" Submanifold). Let0 < r € Nu{oo}. We say that M is a n-dimensional
C" submanifold of R"*¥ if for each x € M there are opensets VSR W c Rk with
x € W, and a bijective proper map y € C" (V; W) such that

py(V)=WnM.

We recall that v is proper, by definition, if and only if for each K € W compact,
w~1(K) € V is compact. This requirement on v allows us to exclude some patho-
logical examples: for instance

M := ({0} x (=1, 1)) U{(t,sin(1/1) : t > 0} < R?

is not a submanifold of R? for any 0 < r € N U {oo}.

Moreover, using the inverse function theorem, one proves that every n-dimensional
C" submanifold of R"*¥ can be written, up to rotations, as the graph of a C” func-
tion u: V cR" — RF.

Definition 1.17 (Tangent Space). Let M be a n-dimensional C” submanifold of
R"** and fix a point x € M. The tangent space TxM of M at x is the collection of all
vectors v € R"*¥ such that there exists a C! curve y: (~1,1) — M with the following
properties:

Y0 =x and y'(0)=w.
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One can readily check that Ty M is a n-dimensional vector space (or simply an
n-plane) with basis

{019, 00y (N},

where v is as in Definition 1.16 and ¥ (y) = x.
We now discuss some differentiability properties on submanifolds.

Definition 1.18 (C Functions). We say that a function f : M — R’ is of class C"",
and write f € gm(M; RY) (or simply f € €™(M), if £ = 1), if f is the restriction to M
of a function f € C"™(U; RY), where U is an open subset of Rk containing M.

For a given v € T, M, we define the directional derivative of f at x as

d
0y f(x):= Ef(}/(t))ltzo (1.3)

for any C! curve y: (-=1,1) — M with y(0) = x and y’(0) = v. Moreover one can
easily check that the definition (1.3) does not depend on the choice of the curve v,
and that the position

v 0y f(x) (1.4)

defines a linear map on Tx M.

1.3.2 Area and Coarea Formulae

Definition 1.19 (Locally Lipschitz Function). We that a function f: M — R? is lo-
cally Lipschitz, and write f € Zip,,.(M; RY) (or simply f € Zip|,. (M), if € = 1), if
the following property holds:

VxeM3p>0,L>0suchthat|f(y) - f(2)|<Lly-zl Vyze€By(x)

We define the derivative of f in direction v € TxM as in (1.3), provided the right
hand-side is well defined. We claim that in fact there exists a set E oh .7#"-measure
0 such that 8, f (x) exists for every x € M\ E and for each v € Ty M. The proof indeed
follows by Rademacher’s theorem (Theorem 1.2.2). Letting y be as in Definition
1.16, one considers the Lipschitz map f oy € Lip(V; M); hence there exists a 7" -
negligible set Ey < V such that fow is differentiable at every point of V\ Ey. The rest
of the proof is a simple exercise left for the reader.

Definition 1.20 (n-Jacobian). Let f € Zip,,.(M; RY). We define the n-Jacobian of
f atapoint x € M as

Iuf ()= [ det(V3, f(x) o Var f (),

where we set, for /#"-a.e. xe M,
n
Vmf(x):= ) 0, f0)7), (1.4)
j=1

Vi * f(x) oV f(x) 1= (07, f(X) - 0z,,, f (XD)12j,m=n € R"®R",

and {r1,...,, 7} forms an orthonormal basis for T, M.
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With a small abuse of notation, we use the same symbol Vj, f(x) to denote the
linear function defined by (1.4), namely we write V;f(x) : Txy M — R? and

Vpf(X)T:=0,f(x)

In the case ¢ = n we conclude that the area formula holds for f. More precisely
we have the following theorem.

Theorem 1.3.1 (Area Formula). Let M be a n-dimensional C" submanifold of R"+¥.
Fix f € Zip). (M, RY) for some ¢ = n. Then

(@) if f is bijective and A< M is 7" -measurable, f(A) < R’ is 7" measurable,
and

A" (f(A) =/]Mfd<%ﬂ”;
A
(ii) if f is bijective and ¢ : M — [0,00) is any 7" -measurable function, we have

/ (pOf_ld%”"=/ oIvfdA",
fv) M

(iii) if f is not assumed to be bijective, and we set N(A, f,y) := %O(f‘l({y}) nA),
then y— N(A, f,y) is 7" -measurable and

NA f,y)dx"(y) = / Jmfd".
) A

We conclude this subsection with the coarea formula. Let us first introduce the
coarea factor of a function.

Definition 1.21 (Coarea Factor). Let M be a n-dimensional C! submanifold of R***
and let f € Zip,.(M; [R{[) , for some ¢ < n. Then the coarea factor of f at a point
x€Mis

Ty ()= \/det(Va f(x) o V3, f(0), (1.5)

whenever the right hand-side is well defined. In (1.5), Vf*(x) denotes the trans-
posed linear map of Vf(x) : TyM — R’.

Theorem 1.3.2 (Coarea Formula). Let M be a n-dimensional C! submanifold of

R™ ¥ and let f € Lipy,.(M;R’) , for some ¢ < n. Then, for any Borel set A< M

/ Ji fdA" = / ) A"AN TNy AL ().
A R

1.3.3 Divergence Theorem and Mean Curvature

In the following, a vector field on M is any function of the form X = (X1, ..., Xp41) :
M — R™k_ A vector field X on M is tangent to M if X (x) € Ty M for each x € M.
Finally, we say that a vector field X is of class C™ if X is of class C™ in the sense of
Definition (1.18).



12 Chapter 1. Preliminary Results and Notation

Definition 1.22 (Divergence). Let X be a vector field on M of class C 1 We define
the divergence of X on M as

n+k
divyX:= ) VuXj-ej,
j=1

with {ey, ..., ;1 &} being the canonical basis of Rk,

Theorem 1.3.3 (Divergence Theorem). _Let M be a n-dimensional C" submanifold
of Rk, and assume that the clousure M of M is a smooth compact submanifold
with boundary OM := M\M. If X is a C' vector filed on M and X is tangent to M,
then

/ divy X dA#" = —/ X-ndA",

M oM

wheren : OM — R"** is the inward pointing unit co-normal of 0M; that is \n| =1, 1
is normal to 0M, tangent to M, and points into M at each point of 0M.

We remark that M needs not to be orientable in Theorem 1.3.3. Moreover, in
general, the clousure M of M will not be a nice manifold with bounday; indeed it
can certainly happen that .72”" (0 M) > 0. For example consider the case

M:={(t,sin(1/1)) e R*: t > 0} < R?.

Then M is a 1-dimensional C* submanifold of R? in the sense of Definition 1.16,
but 0M is the interval {0} x [-1,1]. Nevertheless in the general case we still have the
following.

Corollary 1.3.1. Let M be a n-dimensional C" submanifold of R"**. If X is a C'
vector filed on M, X is tangent to M and sptX N M € M, then

/ diVMXd%n =0.
M

We now provide a construction for the mean curvature of a (at least C?%) sub-
manifold of R"*¥, and a generalization of Theorem 1.3.3 in the general case of X C!
vector field on M (not necessarily tangent).

Definition 1.23 (Second Fundamental Form). Let M be a n-dimensional C? sub-
manifold of R”*¥. We define the second fundamental form of M at a point x € M to
be the bilinear form

By: TeM x TeM — (T M)*

such that

k

By(t,m) ==Y - 0rvi(x)Vv;(x) YT,m€ TeM,
=1

where vy, ..., vk are (locally defined, near x) vector field such that {v;(y),..., vk ()}
forms an orthonormal basis for (T M)* for every y in some neighborhood of x.
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Definition 1.24 (Mean Curvature). With the same notation of the above definition,
we define the mean curvature of M as the vector field

n
H(x):=trBy = Z Bx(tj,7}),
j=1
where {11, ..., 7} is any orthonormal basis for T M.
Observe that, if vy, ..., vy are vector fields as in Definition 1.23, then

(divav ) (0)v (). (1.6)

k
=1

k n
Hx)==3 ) (17-0:,v;(0))v;(y) =~
j=11=1

j
Let now X be any C! vector field on M and write

X=xT+x*4,
with XT tangent to M, and X' (x) € (TyM)* at all x € M. Then, by virtue of (1.6),
near x we have

k

divy X+ =) (v;- X)divyv; = -X - H.
j=1
Therefore the formula
divy X =divy X' - X-H

holds at each point of M. Together with 1.3.3, this proves the following more general
result.

Theorem 1.3.4. Let M be a n-dimensional C" submanifold of R"** and assume
that the clousure M of M is a smooth compact submanifold with boundary OM :=
M\M. IfX is a C! vector filed on M, then

/divMXd%”:—/ X-ﬂdjf”—/ X -nds#"t,
M M oM

wheren : OM — R is the inward pointing unit co-normal of M.

1.4. n-Rectifiable Sets and Measures

1.4.1 Tangent Properties

Definition 1.25 (n-Rectifiable Sets). A set M < R"*¥ is said to be n-rectifiable if
there exists a 7" -negligible set My and there are functions F; € Zip(A; S R"; RK)
for j € N\{0} such that

o0
U F;i(Aj)
=1

MZM()U(
]:
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By virtue of the C! approximation theorem (Theorem 1.2.3) one easily proves
the following proposition.

Proposition 1.4.1. Let M € R"*¥ be fixed. The following are equivalent:
(i) M is n-rectifiable;
(ii)) M = U?O:O Nj, where the union is disjoint, Ny is 5¢" -negligible and each Nj,
j =1, isan-dimensional C' submanifold of R"*k.

We now want to give an important caracterization of n-rectifiable sets in terms
of approximate tangent space, which we first define:

Definition 1.26 (Approximate Tangent Space). If M < R"*¥ is a ./#”-measurable
set and let 9 € L1 (M, H",). For each x € Rk we say that a n-plane T < Rk jg
the approximate tangent space of M with respect to 9 it

lim f(y)ﬁ(x+ry)d<%ﬂ”(y)zﬁ(x)/fd%”" VfECS(IR’”k),
"=0J g0 T

where ¢, : R"** — R"*¥ is the function

Qrx(y) = Y= vx,yeR"™F r>0
r

Of course the approximate tangent space is unique, if it exists; therefore we shall
denote it by T, M. Moreover, from Proposition 1.4.1, one deduces that, if M =U; N},
with Ny 7" -negligible and N; C' submanifold, then

TyM=9(x)TyN; #"-aexeN; j=1I,

where Tx M denotes the approximate tangent space of M, while T, N is the tangent
space as in Definition 1.17.
We are now ready to give the aforementioned characterization.

Theorem 1.4.1. Let M < R"*X pe s#"-measurable and 9 € L' (M, %”L’]lw) The follow-
ing are equivalent:

(i) M is n-rectifiable;
(ii) the approximate tangent space TxM of M at x with respect to 9 exists for 7" -
ae xe€M.
1.4.2 Area and Coarea

Throughout this subsection M is supposed to be n-rectifiable, so that we can ex-
press M as the disjoint union U; M; as in item (i{) of Proposition 1.4.1.

Definition 1.27 (Gradient on M). Let f € Zip,,.(U), where U < Rk is an open
set containing M. Then define the gradient of f at 7#"*-a.e. y € M by

VMf(x)::VM].f(x) ifye Mj,

where Vy; f(x) is as in Definition 1.4.
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As for the case of submanifolds, with a small abuse of notation we use the same
symbol V; f (x) to the note the linar form V,f(x) : TxyM — R

VuMfT:=0:f(x) T€T M.

Definition 1.28 (M-Jacobian). If f = (fi,..., f¢) with f; locally Lipschitz for all 1 <
j < ¢, then we define the M-Jacobian (or simply Jacobian, when M is intended) of
fatxe M as

Jmf ()= /det(V}, f(x) @ Var f ()
(cfr. Definition 1.20 for the notation).

In view of the area formula for submanifolds (Theorem 1.3.1) and Proposition
1.4.1, we deduce the more general result:

Theorem 1.4.2 (Area Formula for n-Rectifiable Sets). Ler M < R"** be n-rectifiable
and f € Lip;,.(M;R’). Then

/ GImfdA" = / P fAYAN A" (y)
A Rn+

holds for every 7€ -measurable set A < M and every 7" -measurable function ¢ :
M —[0,00).

Finally, as in the smooth case we define the coarea factor of a function f €
Lip;oc (M; R’), where here ¢ < n, as

Ty f ()= \/det(Vau f(x) o V3, f(0),

so that we can state

Theorem 1.4.3 (Coarea Formula for n-Rectifiable Sets). Let M CR"*K bean -rectifiable

set and let f € Lip,,.(M;R’) , for some ¢ < n. Then, for any Borel set A< M

/]}Qfdjf”=/[%”_W(Amf_l({y}))dff(y).
A R
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2. VARIFOLDS

2.1. General and Rectifiable Varifolds

In this section we introduce the notation and terminology for varifolds that we will
use throughout the whole work.
First, let

Gn+k,n):={Sc R"*K: Sis alinear subspace of dimension n}.

We then define the metric p: G(n+k,n) x G(n+ k,n) — IRQ(’)r defined by

n+k . .
p(S, 1) = |HS_HT|5:\J Y gt -,
ij=1

where, for each R € G(n+ k,n), Ig : Rk — R is the orthogonal projections to R

and (H;é]):l;fl € R"* @ R"*¥ is its matrix in the canonical base of R"*¥, One may

easily prove the compactness of (G(n + k, n), p).
Given A € R"** we define
Gu(A):=AxGn+k,n)

and we proceed to endow it with the product metric of the restriction of the Eucle-
dian with the above defined p.

Definition 2.1 (Varifold). Given Q € R"*¥, an n-varifold in Q is any Radon measure
V defined on G, (Q2). When we say that V is an n-varifold without specifying the set
Qweintend that V is a Radon measure on G, (R”+k). We collect all of the n-varifolds
on Q in the set V,,(Q).

Denoting by 7 : G,(Q) — Q the canonical projection 7n(y,S) := y, given V €
V,(Q), there is a naturally associated Radon measure py € Rad(Q) defined by

py(B):=V(n ' (B)), VBeB(Q).
The measure uy is called mass measure of the varifold V and the total mass of V is

M V)= py(Q).

17
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Given a Borel subset B Q and a V € V,(Q) it is always possible define another
n-varifold by restriction on G, (B) in the following way

Ve, (A):=V(ANGL(B), VYAeB(G,(Q). (2.1)

The measure on the left hand side of (2.1) is called restriction varifold of V to B.
The following lemma should help the reader to have a better understanding of
the geometry underlying the definition of n-varifolds.

Lemma 2.1.1. Let V € V,(Q) be a given n-varifold. Then, for uy-a.e. x € Q there
exists a Radon measuren® on G(n + k, n) such that

J B(S AV (y,S)
[ s = tim
Gumhm =07 pv (Bp(x))

for each € C2(G(n + k, n)). Moreover, for any A€ B(Q),

/ B(S) AV (x,S) = / / B(S)dn'Y dpy (x)
Gn(A) AJG(n+k,n)

holds for every f € C2(G(n + k, n)).

Proof. Since G(n + k, n), endowed with the metric defined in the beginning of this
section, is compact and separable, then also (C‘C)(G(n +k, n);[Rar ), Il - ||C0) is separa-
ble, hence we may fix

{Bj € CUG(n+k,nj;RY) : jeN} € CHG(n+k, n);RY)

which is dense. Observing that the position
B— B(S)dV(y,S) BeB(Q)
Gn(B)

defines, for each j € N, a measure on Q which is absolutely continuous with respect
to py, by Lebesgue-Radon-Nikodym there are functions py-measurable function
{f;j : J € N} such that
fG,,(B,, w Bi(S)dV(y,S)

tv (Bp (X))

. =1
fito = lim,
for py —a.e. x € Q and for all j € N. This means that
/ fix)duy(x) = / B(S)dV(x,S) VBeB(Q).
B Gn(B)

Let the Z; and Z be the sets defined by the positions

Zj:={x€Q: fj(x) is not well defined} VjeN, 2.2)

z=U 2z, (2.3)
JjeN
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so that f; is well defined on Q\Z for each j € N and py (Z) = 0. We now claim that
the limit

J6,8,0) BO AV (1, 9)

2.4
(v (Bp (%)) @

7°(B) := lim
p—0*

exists for each x € Q\ Z and for each S € C‘C)(G(n + k, n)); moreover we claim that the
position

B—1* 2.5)

defines a continuous linear functional (C?(G(n + k, n); [R{g Ll Co) — Rforevery x e
Q\ Z. If this was the case, by Riezs representation theorem, there would be a Radon
measure 77° on G(n + k, n) such that

ﬁx(ﬁ)z/ B(S) dn* VﬁEC?(G(n+ k,n),uy—a.e.xeQ,
G(n+k,n)

and, from (2.4), the first claim would immediately follow. The second claim is an im-
mediate consequence of the first and the definition of Lebesgue-Radon-Nikodym
derivative.

Therefore we only have to prove that the limit in (2.4) is well posed and that the
map in (2.5) is continuous. Fix f € C2(G(n + k, n);R) and a constant £ > 0. Then
we can write § = 7 — g7, with g%, 8~ = 0, hence, by density of (f;);, we can find
j*,j~ € Nsuch that

ol
16"~ B+l o

_ t
5, ”,B _,Bj*)"c0<5.

Therefore the right hand side of (2.4) can be written as

lim fGn(Bp(x))(ﬁ_ (Bj==Bj-ndVv N fGn(Bp(x))(ﬁj+ ~Bjav
p—0* v (Bp(x)) pv (Bp(x))

(2.6)

)

and since the absolute value of the limit of the first term appearing in (2.6) is arbi-
trarily small, and the limit of the second exists and it is

fi+ ) = fi- (),
we have proved that the definition of 7* is well posed. Finally

fGn(Bp(x)) 1BSI1dV

1 (Bo (1))
av

[7*(B) < lim
p—0*

fGn(B,,(x))
=1 _—
p—0" 1y (Bp(x))
=Bl co.

The proofis concluded. O

181l co
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The very last lines of the proof of Lemma 2.1.1 imply that the family of Radon
measures (1%), is in fact a family of probability measures on G(n + k, n). More pre-
cisely n* is a probability measure for yy-a.e x. A n-Varifold on Q therefore con-
sists of a Radon measure pu together with, at uy-a.e. point x, a probability mea-
sure. By virtue of this, we shall establish the following notation for a given varifold
VeV, Q):

V=uemn, 2.7

meaning

/ de=/ (/ f(x,9dn*(9)| dux) (2.8)
Gy (RK) Q \JGn+k,n)

for all functions f € C2(G,(Q)). It is also easy to see that, if V € V,,(Q) is defined by
(2.7), then u = py.

Vice versa it is clear that all of the measures defined by the position (2.7) (i.e.
acting on compactly supported continuous functions as in (2.8)) are n-varifolds.
Hence Lemma 2.1.1 gives a complete characterization of the elements of V,,(Q).

We also remark that the class of smooth n-dimensional manifold injects into the
one of n-varifolds in the following way. Given M smooth n-dimensional manifold,
we consider the mass measure py = 2"}, for the Rk part, and the family of Dirac
delta measures (6 7,m) x for the Grassmaniann part. Then the map

M—VM):=pm®O1,M)x

is injective, and extends the notions of support and tangent plane in a weaker and
more general sense, guaranteeing in fact a reasonable measure-theoretic extension
of the concept of n-dimensional surface.

Definition 2.2 (Rectifiable n-Varifold). We say that a n-varifold V € V,(Q) is a rec-
tifiable n-varifold if there exists a couple (M, ) with M < Q n-recfiable set and
9e Ll (M;#") positive function which is supported in M such that the decompo-

loc
sition of V induced by Lemma 2.1.1 is

V=92, ® 6 1,Mm),

where 0, ) is the approximate tangent space of M at .7’"-a.e. point x. In this case
we will write V = v(M, ) and we will say that 9 is the multiplicity (or multiplicity
function) of V.

We will denote by %Z,,(Q) the set of all n-recrifiable varifolds and by .#,(Q) the
subset of n-rectifiable varifolds with integral multiplicity.

From the above remark it is now easy to see how varifolds are a natural measure-
theoretical generalization of the concept of manifolds.

We conclude this section with the following definition.

Definition 2.3 (Convergence of Varifold). Let (V;); be a sequence of varifold in
Q € R"*, We say that the sequence (V})j converges to a varifold V € V,(Q), and
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will write V; —* V, if

lim f(x,8dV;(x,8S) = fx,89dV(x,S)
=0/ Gr () Gn(Q)

holds for all f € C2(G,(Q)).

In other words the convergence of (Vj)jis defined to be the weak-* convergence
of (V}); as a sequence of Radon measures.

2.2. First Variation and Mean Curvature

Given a n-varifold V on Q € R"** we wish to define a notion of rate of change of
its mass with respect to compact variation, in the same spirit of the definition of
first variation of a functional in Calculus of Variations. In this case the compact
variations will be represented by deformations induced by compactly supported
vector field. A compact variation of a n-varifold V will be the n-varifold obtained
by transporting V along the flow of a continuous compactly supported (in ) vector
field. Hence, before giving the definition of first variation, it is necessary to specify
what we mean by transporting V along the flow of a vector field. More generally we
can give the following.

Definition 2.4 (Push-Forward Varifold). Let V be a n-varifold on Q < Rk and let
v :Q — Qbe a C' map with W|sptuynQ Proper (i.e. ¥~ (K) nsptuy is compact for
every compact subset K € Q). Then the push-forward varifold of V through v is
the n-varifold *V on Q defined by

/ _fDdw V), T)=/ F (), Vy(8) Jsy(x) dV (x,S)
Gn(@) )

n

forall fe C?(Gn (Q)), where, recalling the notation introduced in Chapter 1, Jsy (x)
is defined as

Jsw(x) =\ /det(V 5y (0 o Ve (x). 2.9)

Given a vector field X € C}(Q; R"+k), we can always consider the family of Cauchy
problems {(CPy)}

/ —
{(px(t) = X(@x(1) P

@x0)=x

Since X is compactly supported, there exists £y > 0 such that (CP) admits one
unique solution ¢ : (—&p, &9) — Q for each x € Q. Hence we can consider the flow
of X defined as the map

D:(—€0,€0) xQ—=Q, (£,x)— DL, x) 1= @x(L).
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In particular, given a vector field X € Cg (Q;[R’”k), there is a naturally associated
family of maps {®,(-) : Q — Q}_, <<, with the following three properties:

O =idq, (2.10)
®[|Q\sth = id|Q\sth forall —gg < t<ey, (2.11)
(£, x) — @;(x) € C' ((—£0, €0) x Q). (2.12)

Definition 2.5 (First Variation). Let V € V,(Q) be fixed. We define its first variation
to be the linear functional 5V : C} (Q;R"*¥) — R by

d
SV(X):= E%@f VeGasptx)| oy VX € CHEOGR™H),

where (t, x) — ®(x) is the flow of X.

IfXe cg (R"™5) Se G(n+k,n) and {11,...,T,} is an orthonormal basis for S,
then we have defined the divergence of X on S as

n
diveX:=) 7;-0;,X=S:VX, (2.13)
i=1
where : is the matrix opration defined by
n+k
A:B:=tr(A'B)= Y a;;b;; YABeR"For™k

ij=1

and in (2.13) we have used the identification S = I1g. Therefore we can write
d 4 d
E/_/Z(G%VLG,L(sth))lt:O: E]sd)t(y)hzodwy,S)
d
= /divs (d—tq>t(y)|t:0) dav(y,S)
= /diVsX(J’) av(y,S).
Recalling the definition of first variation, we obtain
oV(X) = / divs X () dV(y,S), VXe CCl (Q;R™Ky, (2.14)
Gn(Q)

Recall the general version of the divergence theorem presented in Chapter 1,
which states that if M < R"** is a C?-class n-dimensional submanifold, and X €
CH(M;R™*F), then

/divMXd%””:—/ X-ﬂd%”—/ X-vdA,, (2.15)
M M M

where H is the mean curvature vector of M (i.e. the trace of the second funda-
mental form of M) and vy is the inward pointing unit normal vector defined
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on the boundary on M. Therefore, given V := v(M,1) and X € Cg (Q;[R””‘) with
I XNl coqmn+ky =1land Q € R™*, we have, by virtue of the above computations

|5V(X)|s/ |X-g|d%ﬂ"+/ |X -v|d#"1,
MnsptX OMnsptX

. 1 itk
Since H € LIOC(M,IR”+ ),
6V X < 1HI 1 (i em + 7" OM N Q) < 00,

therefore the map 8V is a continuous functional defined on a dense subset of C2 (Q; R"*¥).
Using some classical extension arguments one can easily see that 6V can be ex-
tended as a continuous functional (not relabeled)

SV (CUABR™ ), | [l c0) = R.

Therefore, by Riezs representation theorem, 6V is identified by a vector valued
Radon measure 6V on Q and its total variation measure [|0 V| is the non-negative
Radon measure on

I6VI(B):= sup [6V(X), VBeBQ). (2.16)
XeCo(B;R"+F)
X1l o<1

Moreover, form the classical measure-theoretical results (cfr. Chapter 1), there ex-
ists a |6 V||-measurable function v : Q — R"** such that |v(x)| = 1 for |6 V| —a.e.x €
Q and

5V(X):—/ X-vd|§V|, VXeClQR™F), 2.17)
MnQ

We now set, for each x such that the following limit exists (i.e. for 7#"-a.e. set, by
virtue of Theorem 1.1.7),

g(x):= f}ir{)l+ % (2.18)
Subsequently, let H be the vector valued function function
H(x):=g(x)V(x) #"—ae xeQ.
Writing the decomposition of |0 V| as
Al6VI=gds#"+do Z Z:={xeQ:g(x)=o0c} (2.19)
from (2.17), we obtain
SV(X) = —/ X-ﬁd%"—/ X-vdo. (2.20)
M Z

From (2.14), (2.15), (2.20) and arbitrariness of X and Q2 we deduce that

H=H#"-ae, v=v " '-ae, H#" 1 ZAIM)=0.
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To the aim of obtaining weaker and more general notions of mean curvature and
unit normal which coincide with the classical ones on C2-class manifolds, but ex-
tend also to general n-varifolds, one may try to repeat the same process presented
in the previous lines, by dropping the restrictive assumption

Ja C?-class n-dimensional submanifold such that V = v(M, 1),

but it will soon realize that (2.16) is, in general, not finite on compact sets. On the
other hand, as soon as § V can be extended with continuity to the whole CS (Q;R"K)
(endowed with its natural norm), replacing .7#"* with uy in (2.18) yields the follow-
ing expression for the first variation of V:

SV (X) = —/ X-Hdpy —/ X-vdo.
Q z
Being more precise, we can give the next well posed definitions.

Definition 2.6 (n-Varifold of Locally Bounded Total Variation). Let V be a n-varifold
in Q < R™*. We say that V is of locally bounded total variation in €, and write
VeV, (Q), if for each W € Q, there exists a constant C = 0 such that

sup OV (X)| =C.
XeCH(W;R"F)
I1Xl o<1

If V is of locally bounded total variation then §V can be extended to a map C?(Q; R"*¥) —
R, which will still be denoted by 6 V and called first variation of V.

Definition 2.7 (Total Variation of a Varifold). If V € V,,(Q), we denote by |6 V| the
unique non-negative Radon measure on B(Q) (which existence is guaranteed by
Riezs representation theorem) such that

I6VIB):= sup |6V(X)
XeCOB;R™F)
IXll o<1
for each B e B(Q).

Definition 2.8 (Generalized Mean Curvature, Inner Unit Normal and Boundary).
Given a n-varifold of bounded total variation in Q and called V, let g be the Lebesgue-
Radon-Nikodym derivative of ||6 V|| with respect to the mass measure py, i.e.

OVI|(B
S L4 71C))

—a.exe(,
om0t By MY

and let v be a |6 V||-measurable function such that
oV(X)= —/ X-vd|oV].
Q
Then the vector valued functions H, v and the set Z defined by

Hx):=gx)v(x), v(x):=yz(x)v(x), Z:={xeQ:g(x)=o00}.

are respectively called generalized mean curvature, generalized inner unit normal
and generalized boundary of the varifold V.
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Finally, inspired by the classical definition of stationary n-dimensional subman-
ifolds of R**¥, we give:

Definition 2.9 (Stationary n-Varifold). Let V be a n-varifold in Q. We say that V is
stationary in Qif 6V = 0.

The first variation |6 V|| is therefore a quantifier for the sum of mean curvature
and the measure of the boundary (in generalized sense) of a n-varifold. Hence sta-
tionary n-varifolds are to be interpreted as those varifolds that have both 0 mean
curvature and a 0-measure boundary in Q.

Ending this section we introduce the notation %" (Q) to indicate the subfamily
of V,(Q) containing varifolds V that have empty generalized boundary and general-
ized mean curvature H,, in L” (uy). In the case of p = 1 we will simply write 7},(Q)
instead of 7/,,1 (Q). Assuming that a n-varifolds V € #,,(Q), which is equivalent of
saying that the first variation §V is absolutely continuous with respect to the mass
measure Ly, then §V writes as

5V(X)=—/X.gdu.
Therefore, establishing the notation
(H,X)::/X-ﬂd,u VX e CHOQ;R™H), (2.20)
||ﬂ||1(B):=/B|ﬂ|du VB e B(Q), (2.20)

under the standing assumption dV = &, we can write
oV(X)=—(X,H), [6VIB)=I1HI(B)

for all X and B as in (2.20) and (2.20) respectively.
Finally we remark that by Theorem 1.1.5 (Lebesgue-Radon-Nikodym) we have

. OV(By(x)
Hx):=lim-———— pu-a.ex (2.21)
p=0  u(Bp(x))

where 6 V denotes the Radon measure associated with the functional X — 6 V(X) =
—(X, H).

2.3. Monotonicity Formulae

In this section we are analyzing some important properties of the mass measure
of a varifolds with locally bounded first variation (i.e. admitting generalized mean
curvature and boundary). More precisely, given V € %Z,(Q) n 7,,(Q) and x € Q, we
will prove some meaningful monotonicity properties of function

{1y (Bp ()
p._>—

2.22
oo (2.22)
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defined on a reasonable neighborhood of 0 € R. Therefore, by extension, we will
recover salient information about the n-density of the mass measure. For sake of
readibility we briefly recall that for a measure u € Rad(Q) the lower and upper n-
densities at a point x are defined to be

B
0" (1, x) := 1imigf%, (2.23)
p— n
H1(Bp (X))

O™ (u, x) := limsup (2.24)

p—0 wpp"

respectively. If the lower and upper n-densities coincide at some point x, we say
that the common value is the n-density of y at x, and we denote it by ©" (g, x).

Since we will state different monotnicity formulae, requiring less and less inte-
grability properties of the mean curvature, we have decided to divide this section
into subsections. The first two will be dedicated to the monotonicty formula (MF)
for bounded mean curvature and Lf; . mean curvature respectively; the third one
will contain an important corollary concerning the semi-continuity of the density
of a varifold; finally in the last two we will present weaker but more general for-
mulations of the MF which will be useful for proving a Sobolev-type inequality for
varifolds in the next section.

Before starting to state and prove the aforementioned results, we need to intro-
duce some useful notations. If f: G,(Q2) — R is such that the following quantities
are well defined, we set

Vrf(y):=UrVf(y) YTeGn+k,n)
and, if V = v(M, 9) is rectifiable, then, according to the notation of Chapter 1
Vufy)=Mr,mVfy)

for all y such that T, M is defined. Analogously the differential operator Vé is de-
fined as Vg1 and Vﬁ is defined by projecting the gradient onto TyML. When we
refer about a varifold V € %, (Q), unless we explicitly specify otherwise, we denote
by M its support and 9 its multiplicity (i.e. V =v(M,9)).

2.3.1 MF for Bounded Mean Curvature.

Theorem 2.3.1 (Monotonicity Formula). Let V € %,(Q) n ¥, (Q). Fix x € sptu with
po := dist(x,0Q) > 0 and assume the existence of a constant A > 0 such that |H| < A
u-a.e.. Then we have the monotonicity formula

(Bp(x)) B,
u pn 3 U)u( (x))

F(p) Flo) =
1 |2 (MFB)

Vo r
M___ du(y)

=Gl(o,p)
By(x\By() T

forall0 < o < p < po, wherer := |y—x|, F(p) € [e~°,e"P] and G(a, p) € [eP0, eP0)
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Proof. Let ¢ € C'(R) be a function with the following properties
=1 on(-o0o0,1], ¢=0 on[l+g00), ¢ <0

for some € > 0 to be chosen later. Then, for p € (0, pp) we define the functiony : R —
R and the vectorfield X € C}(B,, (x);R"*5)

Y(r):=@rlp), X :=yly—xDy-x).

For simplifying the notation, from now on we will use r := |y — x|. The gradient of X
is therefore written as

VX)) =Y (NVre(y-x) +yr)V(y-x)
=Y (NrvreVr+y(r il

hence,
<X,LI>=—/TyM:VX(y)du(y)
—/V(r)rIVMrIZdu—/Y(r)tr(TyM) du (2.25)

=p— dp /(p(r/p) du— pd— /(p(r/p)IV r? du— n/(p(r/p) du.
Therefore, making the left hand side of (2.25) explicit, we obtain the expression

a (I(P)) _ T (p)
dp \ p" p"
where I and J in (2.26) are defined as

1
+ ol /(p(r/p)(y—x)-ﬂdu, (2.26)

I(p):z/(p(r/p)d,u, ](p)::/w(r/p)wjlrﬁdy. (2.27)

Since @(r/p) =0for r > (1-¢)p and |H| < A, then
I(p) 1 (y—x) I(p)
AP < n/(p(r/p)y—-ﬂdusAg P (2.28)
p p p p

where we defined A; := (1 + €)A. Therefore there exists a constant E(p) € [—Ag, A¢l
for each p € (0, pg) such that

/ (p)

Multiplying both sides of (2.26) by the integrating factor

F(p) := elo Emdr (2.29)

we obtain

A !
e~ Aepo 2 J (p) i (F(p)m) < eAePoM' (2.30)

p" " dp p" p"
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Recalling the definition of J(p) and the fact that d%(p(r/p) =0forr>(1+¢)p and
for r < p, we deduce

J'(p) - J'(p) - T (p)
(I+gnn =~ p* = rn

hence, together with (2.30), we have

A
w0 _d (F(p)l(p))se/\gpof(p).
pn rl’l

< 2.31
(A+e)r)™  dp (2:31)

Integrating (2.31) in the interval (o, p) gives the two inequalities

e*AsPO L2
/mWM” (p(rip)—(rio))du

1(p) 1(0)
SF(P)F—F(U) o

eAsPO L2
s/ o IV rl“(p(rip)—@(rio)) du

hence, letting € \, 0 as well as ¢ \ ¥(-o0,1], by monotone convergence we deduce

1 .2
e_AsPO/ |er|
By(0\By(x) "
(Bp(x)) B
< Fp P2 gy 1Bo)
p" gl

VJ_ r 2
< eAsPO/ | Mn | d,u,
By(x\Bs(x) T

which is exactly (M Fp).
O

As an immediate corollary we establiosh monotonicity properties for the mass
measure of stationary varifolds.

Corollary 2.3.1. Let V € %,(Q) be a stationary varifold. Fix x € spty with pg :=
dist(x,0Q) > 0. Then the function

H1(Bp (X))
P wnp"

p € (0,dist(x, po))
is non decreasing.

2.3.2 MF for Mean Curvature in Lf; .and p>n.

Let us continue to assume V € %, (Q)N7;,(Q) but assume that H is merely an Ll’; W
function, with p > n, rather than than bounded (i.e. L*(w)). Then we can repeat all
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of the computations made in the proof of the Monotonicity Formula up until (2.27),
then (2.28) will be no longer true. On the other hand, provided

% / P au) <an 4
p HPdu| <ah, a:=
0 Bpy () 4p-n

for some constant A to be chosen later. Assume p < po/(1 +¢€). Recalling both
Holder’s inequality and the fact that ¢(r/p) = 0 for r > (1 + ) p, we have

1 (y—x)
I—/ (rlp)——-Hdul|
PE @(rip P u

1+e¢ -1
< FIIHIILP(BPO)(I(p)) P
B l+e (2.32)

) 1 1
no1-n p 1(p)\»
@) po 14 / |ﬂ|pdﬂ) (_ﬁ)ﬂ
Po \ p By (%) P

14
S%(&)n(l+ﬂ)
po \p p"

where, in (2.32) clearly LP (B, (x)) is intended with respect to the mass measure of

the varifold, and the for the last inequality we have used the fact that (1 + a) =5 <
1+ a for any a > 0. Therefore we can write (2.27) as

d (Ip)\ J(p 1(p)
a5 )= e o

for every p € (0, po/ (1 + ¢€)), with

p

2al\ n

|F0(p)|si(p°) .
Po

After multiplying both sides of (2.33) by the integrating factor

F(p) := elo Fdr (2.34)

and defining E(p) := F(p) — F(0) we then obtain

d I /
d—(F(p) (ﬁ)+E(p)):F(p)](f) Vp e (0, p0/(1+6)). (2.35)
p P P
Observing that
P 1-2
/ |F0(r)|drslA(ﬁ) ’ (2.36)
0 2 \po

P P
|F(p) — F(0)| = | / F'(1)d7| < e2? / |Fo(v)l dr, 2.37)
0 0
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we recover the bounds

e < e 2 AP < pig) < @zPIP0)T < o0 (2.38)
1 lA p 1_%
E@l<-e*A[£] ", pew,po (2.39)
2 Po

In particular, if A < 1, then

p\'v
|E(p)|SA(a) , p€(0,po),

thus, proceding as in the previous proof: integrating (2.35) and passing to the limit
as €\, 0 and ¢\ ¥(~o0,1]» We conclude
1(By (x))

p"

W(Bg(x))

F(p) + E(p)) - (F(a) g + E(a))
|VL r|2 (MFLP)
=G(o,p) Y —du,
Bp(x)\B;(x) T

for some G(o, p) € [e™,e? and forall 0 < o < p < py.

2.3.3 Semi-Continuity of the Density.

Corollary 2.3.2. Let V € %, (Q) N ¥,(Q), x € sptu and assume its mean curvature is
either

1. bounded by a constant A;;

2. in sz) (1) and satisfies

n

v
p
P 14 o—
|H|” d <al;, a:=
Po (/Bpo(x) - 'u) ? 4(p—n)

for some constant A, € [0,1) where pg := min{1, dist(x, 0Q)}.

Then ©™(u, x) exists.

Proof. In the first case we see that (M Fp) guarantees that the function

(Bp(x)
p F(p)% (2.40)

is increasing in a right neighborhood of 0, where F is the function defined in 2.29,
hence it is increasing as well and its limit at 0 is 1. Therefore ©" (u, x) coincides with
the limit in 0 of the function defined in (2.40).

We repete the same argument for the second case, observing that (MPyp) gives
the monotonicity of

(B, (1))

p—Flp)—5 (2.41)

with F defined in (2.34) and E(p) := F(p) — 1.
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Corollary 2.3.3. Let V € Z,(Q) n7,(Q), x € sptu and suppose the existence an open
set U € Q and a constant R > 0 such that U + Bg < Q. If H satisfies either

1. |HI <Ay inU;

2. He LI’ZC(,u) and

1
1-2 p p
R 7 (/ Iﬂl’”dp) <aly, a:=
Bgr(x) 4(p-n)

holds for some constant A € [0,1) forallx e U.

Then the function x — 0" (u, x) is upper-semicontinuous in U.

Proof. In any case, thanks to Corollary 2.3.2, the density ©"(u, x) is well defined at
every point of U.

Assume that 1. is met and let (x) ; € U be a sequence converging to some x € U.
Take p, € > 0 such that By (x) € U. Then, for flarge enough we have

Bp(x}) S Bpse(x) Vj=7],

therefore
w(Bp(x;)) H(Bp+e(X))
@n('u,xj)SF(p)TanF(p+€)Tpn. (2.42)
Since (2.42) holds for all j large enough
Byie(x)
limsup®” (1, x;) < F(p + &) ——— (2.43)

j—oo Wp

Letting € \, 0 and then p \, 0 in (2.43) we are able to conclude.
The second case is completely analogous: one simply need to add the term E(p)
as it has been done in the proof of Corollary 2.3.2.
O

2.3.4 Generalized MF for Mean Curvature in Lll0 o

In this subsection we will actually establish a generalization of the statement of the
Monotonicity Formula. In particular, inspired by the fact that in the proof of the
above-mentioned theorem we can merely require H to be LllOC and also consider
functions different from y to compose the testing vectorfield X as long as they are
regular enough, we give

Theorem 2.3.2. Let V € %,(Q) N7, (Q), f € CL(Q) be a non-negative function and
let x € sptu. Then there exists a constant C = C(n) > 0 such that the inequality

1
fdu
wnp" JB,®

1 1 \Y% + fIH
N n/ Fdu- / | Mf’|171ﬂ_| du
wno By (%) nwy Bp@ r

holds for every0 < 0 < p < pg, with pp := min{1, dist(x, 6Q)}

(2.44)
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Proof of Theorem 2.3.2. Without loss of generality, we assume X = 0. We define the
function

—B21x2, iflx=1
wan(n=2) | ;mzs if x| >1’

n
2

h(x):=

so that h e CH1(R"F) 0 C2(R"*¥\4B;) and

Vhw=-——1% =
X)=- ’
wpn |, iflx>1
) 1 %Hnﬂo if x| <1
D*h(x) = -— L(ln _m) if|x[>1"
AT \n kT g2 )

ForO<o=n<w=p<Rweset
h(x/n) hx/1)
gr(X) = 2 ez
Then, simple computations give

gn=0 onR"™N\B,,

Ti,,—ni,,)x, ifo<|x|<t

Vg: (JC):—L El —L)x ifr<|x|<n .
M o : <

|x|n nn
0, ifn<|x|<oo

Moreover, for each S € G(n + k, n) we have

T ot 0T

Asger = XBnn_ )(B,n_ XBU\BT( ~ |HSX|2)< XB,  XB.
onn" 0T wplx|" | x|2

Thus

X By _ XB:

" w,T"

divs(fVgry) < ( )f+ Vg Vsf.

Finally we define

1

I(r):=
" wpr"

/ fdu Y0o<r<npy. (2.45)
By

Then, recalling the definition of mean curvature and the properties of g ; listed
above, it follows that

Im)—-1(7) 1 B XB;
n-1 n—-1 ) \w,n" T
1
== / (fvgr,n ‘ﬂ"‘Vgr,n'va) du
n-—7.Js,

1
2~ IVeeali / (IVamfI+f1HI) dp

By

1
= | (st 1) e

WnT
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Letting n \, 7, together with standard approximation arguments (for instance, the
one used in the proof of the monotonicity formula in the h € Z*°(uy) case), we
deduce

1
I'(1) z—m/ (IVmf1+ fIH]) dp. (2.46)
n B;

Integrating (2.46) from 7 = o to 7 = p yields, after an exchange of integrals,

IV fl+ fIHI
=y, (2.47)

I(p)—1(0) = —C/

n
B, r

for some constant C = C(n). Recalling the definition of I, (2.47) gives exactly the
claim.
O

2.3.5 Weighted ME

The following result is a natural generalization of [DPGS24] in the case of H € LP (1)
for some p € (n,00].

We now show that if, in the statement of the generalized monotonicity formula
(Theorem 2.3.2), we require H € LP (uy) for a sufficiently large p, a slight modifica-
tion of the previous argument allows us to have a stronger monotonicity formula
for convex non-negative functions.

Lemma 2.3.1. Let p € (n,00] and V = v(M,9) € ¥,} (Q) N %,,(Q) such that 9(x) = 1
for py -a.e. x. Fix a point X € sptuy and let py := min{1,dist(x,0Q)}. If f € CL(Q) isa
non-negative convex function such that |V f ||~ < 1, then the inequality

fdu=zf©) = Col Hlro (I fll +p)p" "7, (2.48)

wnp" JB,0)
where C = C(n, p), holds for every 0 < p < py.

Proof. Without losing generality, we assume X = 0. LetusfixO<o<s1<n<p=<
po and consider the functions h, gr , and I defined in the proof of Theorem 2.3.2.
Then, recalling that f = 0 is convex

. XB -

divs(fVgrn—&rnVf) Sf(w 7;” - wXBT”)' (249

n n
Therefore,
Im-I1r) _ 1 :
- > n_T/leM(ngr,n_gfvﬂVf)d”
1
_ Vo, -H—g. Vf-H)d
n-1 /g, (fV&rn-H=genVSf-H) du (2.50)

1
e | fvgr,n'ﬂdM‘H/ genVSf-Hdpl|.
n—-t By By
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Denotingby g € [1, n/(n—1)) the Young conjugate of p and using Holder’s inequality
we obtain

| [ fVgun-Hdul < CIVg il fll ol Hll rn™ 9,
BU

| | genVf-Hdul < Cligeyle | Hlp9™,
By

for some constant C = C(n, p) > 0. Since, upon changing C for a large one (still
depending only on n and p), we have

n-rv n—-t
gzl < CT_” and [[Vg;gllro < C-[n_*l’

then (2.50) implies

w = —T%llﬂllm (Il oo + 7)™ 9.
Using a standard approximation argument, letting  decrease to T we deduce
I'@®) z=CIHI e (I fll ot P! "P). (2.51)
Integrating (2.51) T = 0 to T = p, we recover
I(p) — I(0) = =Cll Hll » (I fll oo + (0" P = o' 7"P) 4 p> 7P —g>7MP) - (2.52)
If

90) =1, 0]
0 is a Lebesgue point of 9, In

than, passing to the limit as o \ 0 in (2.52) gives immediately the claim.
In the general case we repeat the above arguments for a sequence x; — 0 such
that (I) and (II) hold and consider the functions

1
I-(r)::—/ du Vre(0,dist(x;,0B1)).
J wnr" B,(xj)f H Po

We deduce the existence of a constant C = C(#n, p) such that

1

wpp"

/ Fdu= £ - ClHN (1l +p) p'™"P VjeN.
By (xj)
Finally (2.48) follows by continuity of the functions

P fdu, x— f(x).
By (x)



2.4. A Sobolev-Type Inequality for Varifolds 35

2.4. A Sobolev-Type Inequality for Varifolds

It is a well-know that, in a flat Euclidean space of dimension N € N, the integra-
bility of the (weak) derivatives imply some better integrability the function. More
precisely if a function f is integrable and non-negative in the whole space, that
is fe LY(RY) and f admits a (weak) gradient V f which is integrable too, then we
can deduce the integrability of the function f #-1; moreover there exists a constant
C = C(N) such that

n-1

( f%dgN) ! sc/ IVfldsN. (2.53)
RN RN

In what follows we will prove something very analogous to (2.53) which applies
to integrable functions on a rectifiable varifold rather than on a Euclidean space.
Clearly we expect that the gradient which apprears in the right hand side of (2.53)
will be replaced by the projected gradient onto the support of the varifold, namely
Vs; moreover it is natural to expect that the mean curvature will play a crucial role
as - in general - the geometry of an object usually plays important roles in regards
to the generalization of integral relations which hold in the flat spaces (cfr. the gen-
eralization of the Divergence Theorem on Riemannian manifolds vs the standard
Divergence Theorem). In fact the correct generalization of (2.53) has exactly the
shape that we expect, that is

n-1

(/Mfﬁ du)T sc/M(|va|+f|g|) dp.

Before giving the statement of the theorem we prove a rather technical and use-
ful lemma, on which, for simplifying the notation, we use the convention f(co) in-
stead of writing lim; . f (7).

Lemma 2.4.1. Suppose f, g are bounded, non-decreasing functions defined on (0, 00).
Ifn=2 and for any0 < o < p we have

o
lsf(—:)sf(—f:)+/ &Z)dr. (2.54)
g p 0 T

Then there exists p € (0, po), with pg := 2f(oo)%, such that

n

57po
2

fGp) < g(p) (2.55)
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Proof. Assume by contradiction (2.55) to be false for all p € (0, pg). Then
Po
flo) _ f(po) +/ g dr
0

—_—<
Tn

0<o<po o 00"
Po
< oo + 2 AL drt
po™  5"po.Jo T"
2 500
< —f(oo) + M dt

po"  5poJo  t"
Po 5p0
Z_f(OO)_’_i &dt-f-/ Mdl’
po"  5pol\So 1" o
< —f(OO) + g su f(O') + 2 f(OO) .
Po"™  So<o<p, 0" S(n—1) po"

Therefore

3y 1@ _50-1)+2 f(co)
50<o<py 0" ~ 5(n—1) po" "’

(2.56)

Using the first inequality of (2.54), (2.56), the definition of py and the elementary
inequality
5(n—-1)+2

<2 Vn=2,
5(n-1)

we deduce

which is a contradiction.
O

Theorem 2.4.1 (Michael-Simon’s Inequality). LetV = v(M9) € Z,(Q)N7,(Q) and
assumed =1 %”L '11\/1 -a.e.. Then there exists a constant C = C(n) such that

n-1

(/Mf%du)TSC/M(IVMf|+f|ﬂ|)dM 2.57)

holds for every non-negative function f € C:(Q).

Proof. Fix a non-negative f € C1(Q). Since the support of f is compact in Q, then
we can run through again the proof of Therem 2.3.2 untill we integrate in the inter-
val (o, p) the expression (2.46), so that we can write

1 1

— fap—— fau

P" JB,w " JBy(x)
(2.58)

P
Z—C/ —n/ (IVmfI+fIH) dudt,
0 T JB(x)
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for any x € sptu and for any 0 < 0 < p < R, with R, small enough. From (2.58) we
deduce that the functions

o= fdu wp)= / (Vuif1+ FIHD dp

Bp(x) Bp(x)

satisfy the assumptions of Lemma 2.4.1 as soon as f(x) = 1, hence, for any element
x of the set

M, =sptun{yeQ: f(y) =1}

p=px<2(/fdu)}l

1
p((p) <5" (/fd[.l) w(p). (2.59)

we can find
such that

By virtue of the 5-Covering Lemma we can find countable sequences (x;); € M;
and (p;); such that, defining B; := By, (x;),

(2.59) holds for every couple (xj,0;),
BjﬂB[ZQ Vj?f[,

M < UBj;
j=0

therefore summing among all of the balls (B;) the expression (2.59), we obtain

/led,uSSn(/fd,U):‘/(lVMf|+f|ﬂ|)d'u.

Let us fix a function y € C! (R) with the following properties
Y=0 in(-00,0], y=1 inlgo00), 7 =0,
with € > 0 to be chosen later, and let us define the function
W =yf» -1 VYt>0,yeq.
Defining
Mg :=sptun{yeQ: f(y) 2za} Va>0,
M := sptun{yeQ: ft(y) =1} 2 Myse,
and repeating all of the above arguments to the function ft instead of f we get

B(Myie) < / frdp
My (2.60)

S5"(,U(Mt))%/(7/(f— DIV fl+ fil HD) dp,
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hence, multiplying by (¢ + ¢) = both sides of (2.60), and obseving that

#(Mt)(t‘f‘é‘)%s (f+£)ﬁdp5/(f+8)ﬁd#’
M; M
we get

(£+8) 7T u(Mpse)
\d ~ 2.61)
<5" (/(f+s)ﬁ) /(Y’(f— DIV fl+ I HD dp.

Now we integrate (2.61) for ¢ € (0,00). On the left hand side we get, using Fubini-
Tonelli,

> 1 n _n_ _n_
/ (t+e)mTuMpre)dt=—— [ (fr1—-enT)dpu.
0 n-—1 M,

On the other hand, observing that the Fundamental Theorem of Calculus tells us

/ /(Y’(f—t)IVMfl)dudtS/IVMfIdu,
0

and that Fubini-Tonelli again, this gives

S 00
/ /ft|ﬂ|dl~ldf5/ / |Hldp
0 0 M;

=/f|ﬂ|du,
n

n_l/]we(fnl —gnfl)dl_t

55”(/(f+e)n"1);/(IVMf|+f|ﬂl)du.

we recover

(2.62)

Passing to the limit as € \| 0 in (2.62) yields (2.57) with the constant C(n) = 5"(n —
1)/n.
O



3. RECTIFIABILITY AND PRECOMPACTNESS OF INTEGRAL
VARIFOLDS

3.1. Introduction

The goal of this chapter is to state and prove two results: a rectifiablity criterion for
general varifolds, and the pre-compactness of the class of integer rectifiable vari-
folds.

First we will prove that as soon as a n-varifold admits a (generalized) mean cur-
vature in Lll0 . then its restriction to the set of positive lower n-density of it forms a
n-rectifiable varifold. The precise statement is the content of the following theorem,
see below for the notation used.

Theorem 3.1.1. Let V € ¥,,(Q). Then V. is a n-rectifiable varifold.

For sake of readability, we briefly recall the notation that will be used throughout
this chapter: Q € R**¥ is any open subset; V,,(Q) is the class of n-varifolds in Q;
7, (Q) denotes the class of varifolds having locally bounded first variation (i.e. they
have a generalized mean curvature in LllOC (uv), with uy being the mass measure
of a varifold V); by %, (Q) we denote the classes of n-rectifiable varifolds and by
1 (Q) the subclass of n-rectifabile varifolds having integral multiplicity. Finally, if

V € V,(Q), then we will write, in virtue of LEMMA(NUMBER),
V=pe(n,
with ¢ Radon measure on Q, that we will briefly denote by u € Rad(Q), and n* prob-

ability measure on G(n + k, n) for u—a.e. x and V, will be the restriction of V to the
set

M, :={x € sptu: 07 (u,x) >0}.
The second result that will be covered in this chapter is a precompactness the-
orem for integral varifolds. In particular we will give sufficient conditions to a se-

quence of integral n-rectifiable varifolds (V;); to admit a subsequence (V;,), such
that V;, —* V, for some V € .%,(Q).

39
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Theorem 3.1.2. Let (V;); S I4(Q) N ¥, (Q) such that the following property is satis-
fied

sup(uj(W) + ||gj||1(W)) <co YWEQ,
jeN

then there exists a subsequence (Vj,)¢ of (V) j and a varifold V € .7, (Q)n ¥, (Q) such
that Vi, =* V.

In order to prove the main theorems, let us introduce some preliminary notions.

Definition 3.1. Let n be any probability measure on G(n + k,n). Then we define
A(n) as the matrix

A :=/ Sdn(S),
G(n+k,n)

where we have identified as usual the n-plane S with the matrix of the orthogonal
projection R"** — § c R"*k,

By definition of first variation 6 V of a varifold V, then we see that for any vector

field X € C! R"F;R"*¥) we have

SV(X) = / divsX(»)dV (3,5)
G (Rnﬂc)

:/ (/ S:VX(y) dn”(S) au(y)
Rk \J G(n+k,n)

= Am?): VX () du(y).

Rn+k

Recalling the definition of mean curvature for a varifolds having locally bounded
first variation,

Rrt+k

=-6V(X)

- AmY):vXdu.

Rn+k

Let us end this section with a key property of A (7).
Proposition 3.1.1. Let1n be a probability measure on G(n+ k,n). Then
dimker A(n) < k. (3.1

Furthermore the equality in holds in (3.1) if and only if i) is a Dirac delta measure
centered at some Sg € G(n + k, n).

Proof. Assume that v € ker A(n) < R"**, then

0= (v, Amv) =/ (v, Svy dn(S).

G(n+k,n)
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Since S € Sym; . (R), then this implies
ISvi2=(v,Svy=0 n-aeSeGn+kn),

therefore v € ker S for n-a.e. S, hence there exists G < G(n + k, n) of full n-measure
such that

ker A(n) < [ kerS. (3.2)
SeG
Recalling that n(G) = 1, we deduce that G # &, thus the right-hand side of (3.2) has
dimension not greater than k.

One implication of the second claim is trivial, so we only need to prove that if
is not a Dirac delta, then the dimension of ker.A(n) is strictly smaller than k. If 77 is
not a Dirac delta, then every n-full measure subsets of G(n + k, n) contains at least
two distinct elements P, Q. Thene ker P nker Q has dimension strictly smaller than
k. The conclusion follows from (3.2).

If n is not a Dirac delta, then every n-full measure subsets of G(n+ k, n) contains
at least two distinct elements B, Q. Therefore O

3.2. Preliminary Results

Recall that if y is any Radon measure on R”** and x € R"**, then the upper and
lower n-density of u at x are denoted by ©7 (i, x) and ©™* (u, x) respectively. If those
two coincide, then we say that u has n-density at x and denote it by ©” (u, x).

For any x € R"** and r > 0 we consider the function ¢, (y) := (y — x)/r. We
define the dilation of a Radon measure p by a factor of r and center x as the Radon
measure

1
(B (x))
Observe that, thanks to the normalization factor in the definition of i, x and Banach-

Alaoglu theorem, given u and x for every sequence r; \, 0 there exists a subse-
quence (rj,)¢ and a Radon measure o such that

Mrx: ((Pr,x)#ﬂLBl(O)'

*
Hx,rj, Ox

Definition 3.2. Given u € Rad(Q) and x € sptu, we define the set Tan(u, x) as the

family of all measures o such that there exists a sequence r;j \, 0 with pi,; x —* 0.
The elemets of Tan(y, x) are called tangent measures of u at the point x.

Lemma 3.2.1. Let u € Rad(Q) and x € Q any point such that ©}(u, x) > 0. Then, for
every t € (0,1) there exists a tangent measure o ; at x such that

o.(By)=t"

Proof. STEP 1. We claim that for all x € Q such that ®” (i, x) > 0 we have

B
lim sup (B (X)) -

>t" Vte(0,1). 3.3
oo P LB, 0) €@D 5:3)
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Assume indeed the existence of xj € Q of positive lower n-density and of constants
£€0>0, tp € (0,1) and r¢ > 0 such that

W(Byr (%)) < (1 —€0) 1 (Br(x9) V1€ (0, 10]. (3.4)
Since tg ro < foro < 1o for any j = 2, we can iterate (3.4) in order to obtain
KB, (%0) = (1= e0) 1y u(Br, (x0)),
0

and so we deduce

u(B,; (X)) )
0< lim ———— < lim (1 - &p)’ u(By, (x)) =0,
j—oo wnt] j—oo

0

a contradiction.
STEP 2. Fix r € (0,1) and let r; | 0 realizing the limsup corresponding to (3.3),
ie.
. W(Bgr (X)) _ M(Br;(x)
limsup = lim .
r—0  H(Br (X)) j—oo (B, (x))

(3.5)

Recalling the definition of dilation of a measure we see that the right-hand side of
(3.5) consists of the limit as r; \, 0 of prj,x(Bt), and since - up to subsequences -
Wr;,x converges weakly—" to some tangent measure o, then, by Fatou,

o:By) = limsup,u,j,x(B_t) =",
j—o0

O

The above lemma states that at, as soon as the lower n-density of a measure
at a point is positive, then the tangent set is non-trivial. Furthermore it says that
there exists at least one measure in Tan(y, x) which, at scale ¢, looks at most n-
dimensional.

The definition of push-forward of a varifold needs to be slightly different from
the one of push-forward of a measure. More precisely we know thatif 7 is any Radon
measure defined on an abstract Borel space (X, B(X)), the the push-forward of t
through a function w : X — X is defined by testing against C? functions as

/f(z)d(W#T)(z) :=/f(1//(y))dr(y)- (3.6)
X X

On the other hand, given a varifold V € V,(Q) and v : Q — Rk 3 differen-
tiable function, we see that we can not use the formula (3.6) for constructing the
push-forward of V through vw. Indeed the test functions for V are of the type g €
CA(Gp (R™*K)), hence they have a R”*¥ part and a Grassmannian part. The most nat-
ural thing is to try and replicate (3.6) with the map (y, T) — (¢ (y), Vy/(S)), in order
to get a formula of the type

/ g(z,8) dwy*V)(z,8) =" / g ), V(1) dV(y, T), 3.7)
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where the notation ¢*V denotes the push-forward of V as a varifold on Q rather
than the one of a measure on G, (R"%); but (3.7) is not well suited for applying the
area formula. A better definition would consider the deformation factor of the mea-
sure induced by v, i.e. the Jacobian. The definition that we give of push-forward
of V with respect to a locally Lipschitz function v : R**¥ — R"*¥ is given by the
position

/g(z,S)d(u/#V)(z,S)::/g(lp(y),Vw(T))]Tw(y)dV(y, 1) (3.8)

for all g € C2(G, (R™*5)).

The presence of the Jacobian factor in the definition of push-forward of varifolds
require us to make appear a compensation factor in the definition of dilation of a
varifold. Observe that the dilation function ¢, x(y) := (y — x)/r has n-dimensional
Jacobian equal to 1/r" for every n-plane, therefore if we wish to use Banach-Alaoglu
Theorem to prove the existence of tangent varifolds at almost every point the defi-
nition of dilated varifold needs to be as follows.

Definition 3.3. Let V € V,(Q), x € Q and r > 0. Denoting by ¢, the map y —
(y — x)/r, we define the dilation of V by factor r and of center x as the varifold

r}’l

#
= —_— V ,
1(Br (X)) Prx VL Gu(B1)

Vix:

with ¢f  V defined as in (3.8).

Lemma3.2.2. LetV = u® n*)x € V,(Q). For u-a.e. x € Q and every sequencer; \, 0
there exists a subsequence (rj,) ¢ and o € Tan(, x) such that

Vijx =l x® 7 V700) ) =" 0@ =1 VE° (3.9)
Proof. The first equality of (3.9) follows immediately from the definitions of dila-
tions of varifolds and measures.

Fix x € Q such that Tan(y, x) # @ (from the above remarks p-a.e. x satisfies this
property) and choose o € Tan(u, x) . We set (r;,), to be a subsequence of (r;) ; such
that

Hirj, x -0 (3.10)

and fix f € C2(G,(By)) arbitrarily. Then

/ /fdnx”fﬂdu,ij(z)
B
= [ ([ ran+ [ ranric [ gan) au,
1
:/fd(prjg'x®17x)+f (/frj[,xdny—/frj[,xdnx) d/l(y)
By (x)



44 Chapter 3. Rectifiability and Precompactness of Integral Varifolds

where f; i < T):= fler i +(), T). From (3.10) and the continuity of the function

z— /f(z, T)dn™(T)

we get

[ fatumony— [ rawen.

We now prove that

y_ X
]ﬁrm (/frj,,xdn /frj[,xdn )d,u(y) . (3.11)

holds for p-a.e. x € Q. Recalling that Cg(G(n + k, n)) endowed with the topology of
the uniform convergence is separable, we define a countable family .7 < C2(G(n +
k, n)) which is dense with respect to the aforementioned topology. For each ¢ € .
we define the function

Fp:Q—R, F¢(x)::/(pd17x.

Then Fy € LY(Q, p) for all ¢ € .% hence the set Sy of Lebesgue points of Fy, is a full
p-measure subset of Q. Recalling that . is countable, and defining S := Nge.o S
then

L(Q\S) = 0.

IfxeS ye Cg(Bl) and ¢ € .7, then, writing w,j[,x(y) = w((prj[,x(y)), we have

/ /wrjl,x(y)gb(T)dny(T)du(y)=/ Vrj,x(NFp(y) du(y)
By (x) By (x)

/ /wrj[,x(y)¢(T)dnx(T)du(y)=/ Vi, x (N Fp(x) dp(y).
By (x) By (x)

Moreover, recalling that x is a Lebesgue point of Fyp, then

| Vr;,x(Fp = Fp(x) dpl < Ilelco][

|Fg — Fg(x)| dpt —— 0.
B, (%) By (x) {—o0

This proves (3.11) in the particular case f =y ¢. By linearity we recover (3.11) for all
of the functions of the form

N
BD— Y, YmWm(D) wpeClB),¢pe., NeN,

m=1

which are dense in Cg (Gn(By)) in the topology induced by the norm of the uniform
convergence. Via a standard approximation argument we deduce (3.11) for the ar-
bitrarily fixed f.

O
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Definition 3.4. We call the varifolds V{° arising from (3.9) tangent varifolds of V at
x, and we collect all of them in the set Tan(V, x).

An important remark about Lemma 3.2.2 is the fact that the Grasmannian part
of the tangent varifolds is independent of both the space variable and of the chosen
blow up (r;) j; hence one could write, with some abuse of notation that

Tan(V, x) = Tan(u, x) ®n".

Furthermore, by using standard theorems in differentiation of measures, we have

i B2 Br)

= «—a.ex,
=0 B,y

and, recalling Corllary 1.1.3,
O (u«,x) >0 for y, —a.e.x,
and, as a consequence
Tan(u, x) = Tan(u, x) for u. —a.e.x,. (3.12)
Finally Lemma 3.2.2, combined with (3.12), implies
Tan(V, x) = Tan(V,,x) for u. —a.e.x. (3.13)

Later on we will see how these considerations play a crucial role in the proof of
Theorem 3.1.1.

Lemma 3.2.3. LetV € ¥,,(Q). Then

1. atp-a.e. point x, every tangent varifold W € Tan(V, x) is stationary (i.e. H, =
0);

2. ifWeTan(V,x) and W = g ®n* for some o € Tan(u, x) (which, by Lemma 3.2.2,
happens p-a.e.) then o is invariant under translations by directions in A(n®).

Before proving the above result, we recall that if o € Rad(Q2), then we have a
naturally associated distribution T, defined by the position

Ta((p)::/(de:: (0,p) VYpeCPQ).
Q

Furthermore the distributional derivatives d; ¢ are defined as the distributional deriva-
tives of Tz, namely

(0i0,9) :=—(0,0;p) Ve CIQ).

The distributional gradient of o is therefore the (unique) vector valued distribution
on Q such taht

n
Vo-X:= (VU,X)::Z@I-U,X,-):—/diVXdU
i=1 Q
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where X is any element of Cg (Q, [R'”k). With these definitions we are able to define
consistently the partial derivative of ¢ in direction v, where v in any unitary vector
of R"*k as

0,0=Vo-v.

Adopting this convention it is not hard to see that a Radon measure o is invariant
under translations in direction v if and only if the partial derivative of o with respect
to v is 0. In fact we have the formal computation

d
EU(B +tv)=VoB+tv)-v=0,0B+tv) BeB(Q),veB;

which one can make rigorous by testing against smooth functions. Therefore, prov-
ing that a measure ¢ is invariant under translations in direction lying on a n-plane
T is equivalent of proving that

TVo=0

in the distributional sense. More explicitly:
/ T:VXdo=0 VXeCHQR"™F).

Proof of Lemma 3.2.3. Let Q' be the set of x € Q be such that both the conclusion
of Lemma 3.2.2 and the mean curvature of V is well defined and has finite absolute
value at x, in the sense that

16VII(B,(x)
H(Br(x))

i.e. xis a Lebesgue point for | H|. From Lemma 3.2.2 and Lebesgue differentiation

theorem, we deduce that Q' is a full u-measure subset of Q, hence it will be enough

to prove the statement for every point of Q.
Let r; "\, 0 be a sequence such that

)

[H(x)| = lim
r—0

Vijx —~*W=0en" (3.14)

For an arbitrary vector field X € Cg (By; R™*k) we define Xj = Xogr, x, where ¢, x
denotes as usual the dilation of factor r; with center x. Then, observing that VX o
Prix = VX;/rj, and recalling the definition of push-forward of a varifold, we de-
duce

(ﬂj,X)z/ S:VX( dVy, x(3,9)
G(B1)

(H, Xj)
= rj—
K(Br; (%))

srj(][ ﬂdﬂ)"Xj”CO
Br]-(x)

—0.
j—oo

(3.15)
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On the other hand, by (3.14), we deduce that W has a mean curvature H,, which is
Uw integrable, and we have

(ﬂj,X)Z/ S:VX(y)dVrj,x(y,S).—><LIW,X). (3.16)
G(By) J—oo

From (3.15) and (3.16) we obtain the first claim.
For the second claim we observe that, by simply recalling the definition of mean
curvature,

O=(ﬂw,X)=/S:VX(y)dV(y,S)= Am*):VXdo
B,

holds true for any X € C}(By;R"*¥). By the remark made right before the start of
this proof, we deduce that ¢ is invariant under translations in directions of .A(n*)
O

3.3. Further Lemmas

The key step for proving the n-rectifiability theorem is to prove the following. Under
the same assumptions of Theorem 3.1.1 then:

1) the Grassmannian part of the varifold concentrated on a single plane at .-
almost every point;

2) the mass measure is absolutely continuous with respect to .7";

3) the tangent measure of u at p.-a.e. every point is one unique plane, which
coincides with the plane of 1).

In particular, recalling the definition of V., we can also drop the assumption on the
lower n-density at the cost of replacing V by V. in 1), 2) and 3).

Let us begin by proving that the existence of a locally integrable mean curvature
forces the Grassmannain part into a single n-plane.

Lemma 3.3.1. LetV = u® (n%) € ¥,(Q). Then for u. -a.e. x€ Q,n* =6, for some
Ty e G(n+k,n).

Proof. By virtue of Lemma 3.2.2, we know that for -a.e. x we can find a sequence
r; .0 and ¢ € Tan(y, x) such that

Hrjox —*g, Vi x —~*ogen’.
Therefore, recalling the definition of y,. and remarks (3.12) and (3.13), then we can
repete the above considerations for u.-a.e. point replacing ¢t and V by p. and V.,

respectively. Hence we suppose

(W)rjx =" 0, (Vi) x—"W:=oen"
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Moreover, invoking Lemma 3.2.1, for any ¢ € (0,7(n, k)) (with 7 to be chosen later)
we can - upon changing the sequence r; and the tangent measure o - assume that

o(By) =t (3.17)

and, from Lemma 3.2.3, follows that ¢ is invariant under translations in direction

of Z:= A(n*). Let N := dim Z. Using some elementary theorems of geometric mea-

sure theory we deduce the existence of a constant C = C(n, N) > 0 and a probability

measure y supported on Z* such that if C is the cylinder C := Hz(Bz)xz(Bs),
2 2

we have
oc=CH @
LC L ZnC Y. zLinC-

Assume by contradiction that n* is not a Dirac delta. Then, from Proposition
3.1.1, it follows that

N=n+1,
and since for any # € (0, v/2/2) we have that B;”k €Iz (By) x,1(By) €C, then
o c(B) <CANBN)yyBMN) < Cont?. (3.18)

If we choose 7(n, k) smaller the min{(Cw,;+2"%)~!,v/2/4}, then clearly (3.18) can
not hold for any ¢ € (0, 7), hence we contradict (3.17).
O

Before continuing with our Lemmas, we briefly recall the notion of uniform in-
tegrability and Vitali convergence theorem (Theorem 1.1.4) established in Chapter
1.

We now provide a technical result, that will be useful it the near future.

Lemma3.3.2. Let (v;)j,(aj)j,(bj)jSL (R™) and assume

1
loc
1. 0< l/j=dj+bj,'

2. {bj: j €N} precompact in L (R™);

loc

3. supyoAZL"lajl > A}) — 0 as k — oo;

x5 1
4. aj OinL,.

Then{v;: j € N} is precompact in Llloc([R%").

Proof. Fix any non-negative cut-off function y € C2°(R"). Then, by arbitrariness of
our choice of y, it is enough to show that there exists a sequence (j,), <N such that
both (ybj,) converges in L' and xaj, — 0in L'. Observe that 1. implies a; < |bjl
for all j € N; hence, if (j,), is such that (bj,), converges in Llloc, then {)(a]‘.[ :f eNlis

uniformly integrable as
/ lxa;,| S/ |bjl,
lya;, 1>M} {Ibj|>M}
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and {bj, : £ € N} is uniformly integrable by 2. Theorem 1.1.4. Also, form Theorem
1

L
1.1.4 and assumption 3. we obtain that a 1o, 0, hence, by 4., we deduce
7
/mezl = /Xaj/ +/Xa;z (=0 0.

Lemma 3.3.3. Assume (V}); € ¥,(Q), Vj:=pu;® (173?) x to be a sequence of varifolds
satisfying the following properties:

O

1. the sequence (V;); is equi-compactly supported in By, which means that there
exists a set K € By such thatsptu; € K forall j eN;

2. sup jen 1 H;ll1(By) < oo;
3. there exists a n-plane S such that [ |T - S|dV;(y,T) — 0 as j — co.

; ; 1 pn.
Then, up to subsequences, there exists a functiony € L (Bl",fL"Bln) such that
IS =yS AN (B) ——0 Vie(©O,D) (3.19)
LBy j—oo

where .U? i= (Ig)ypj, yS :=yollg, By := Mg(BI*) and g : R"** — S is the orthogo-
nal projection onto S.
Proof. STEP 1. We begin by observing that without loss of generality, we can as-

sume S = R” x {0}* =~ R” and so we can simplify the notation by adopting the con-
ventions IT:=I1g and

Rk 5 x = (£,0) e R" x R,

Let v; := ITyu; € Rad(B}") and let ¢ € C°(B}") be a non negative and radial mollifier
so that {/¢}e>0 is a standard approximation of the unity. Then defining y; := v; %
ye; forall j € Nand €\ 0 any arbitrary sequence, we see that (3.19) is proved as
soon as we prove

{y;j:j €N} is precompact in ! (BI”). (3.20)

STEP 2. Let us remark some elementary properties and notations that we will
use throughout the whole proof. For a function ¢ € C} (B}") we will denote by V¢ the
gradient with respect to the ¢ € R” variables, and by V the standard gradient with
respect to the x € R"*¥ variable, so that

" (Vep(T1(x)) = V(g o I (x). (3.21)

Let e € R", then we can compute the distributional derivative of v; in direction e by
testing against functions ¢ € Cg (BI"), using (3.21), as

=0V, ) =/ Oepolldu; =/ V(poll)-edu;
B{1+k Bln+k
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where, with a small abuse of notation, in the last integral we used (and we will con-
tinue to use) the same symbol e to denote both the vectors e e R” and ¢:= e®0 €
R"*¥. Since

n+k
V(poll)-e= Z Gj((pOH)-ej =S:e®V(poll) =S:V(e(poll),
/=1

we can write
—(aevj,(p):/ S:V(e(peID))dV;(x,T)
Gn(BJF)
:/(S—T):V(e((pOH))de+/T:V(e((pol_[))de (3.22)
:/(S—T):e®H*(Vf(p0H)de—/(e-ﬂj)tpOHduj,
and so, defining the distributions
<X‘?,q>>::/(S—T):e@H*(chH)dvj Vo e CL(BI;R™)

(87, ¢) = /(e-ﬂj)woﬂ dpj YeeCy(BD),
(3.22) reads
@evj, ) =(divX7, @) + (g}, ),

hence, in the sense of distributions,

el

Be,Vj div(;X;‘ 8]
Vevji= = : +] =:dive X; + gj. (3.23)

. e e
0e,Vj dlv(ng n gj"

STEP 3. From assumptions 2. and 3. respectively, it follows that X]? € Rad(B];R™)
and g; € Rad(B1). Recalling thaty; = v * ¢, is a smooth function for every j €N,
then, by convolving both sides of (3.23) with the kernel y,; we obtain

Vgr}/j = diVEYj + ]’l] (3.24)

where Yj := X x ¢, and hj := gj xy/¢; and the derivatives are taken in the classical
sense. Again by assumptions 2. and 3. respectively, we deduce

sup IIXJ‘?II(BI”).—>0 and supsup ||g;||(Bf)<oo,
lel=1 j—oo jeN lel=1

then

Yj =0, /IY]-I—»O, {hj:jeN}ng(Bl)isbounded. (3.25)
Bf



3.3. Further Lemmas 51

STEP 4. From (3.24) we can obtain an explicit expression for y; by taking the
divergence w.r.t { and applying the inverse of the Laplacian on both sides (note
that by assumption 1., all of the functions in (3.24) are equi-compaclty supported
on By, so the inverse of the Laplacian is well defined). In particular we get

Yj = Af_ldivgrdiVE Yj + AgldiV§hj,

where the operator Agl is defined as

AFf=Exf, E(y)::{_%’ ifn=2 yER™.
cIn(ly), ifn=2
Hence
A7 divedive Y;(€) = D*E % Y;(§)
= Kx ) (3.26)
S R

where PV. denotes the principal value of the integral, and

A7'divehj = VeE % hj(E)
=:Gx hj(¢)
E-y)-h;(
I§—yl”

_Cn

By Frechet-Kolmogorov theorem on precompacness in L”, the operator h+— G x h
is a compact operator Li(B{’) — Llloc([R") (here Li(Bf) denotes the L} (B{’) functions
having compact support in B}'). Indeed we have, for some M = 1,

M
|G*h(z+y)—G*h(y)|dysClzlln(m) |hldy
B! B!

forall z € B{". In particular {k; : j € N} is precompact in Llloc(lR”). On the other hand
one can show, using the expression (3.26) that there exists a constant C indepen-
dent of j such that

supAZL"({|IKx Yj| > A}) < C/ 1Yjl.
A>0 B{’

From (3.25) and Lemma 3.3.2 we are able to recover (3.20), and so the result is
proved.
(|

We are ready to prove that the existence of a mean curvature in Lll0 . implies
that the restriction of the mass measure to the set of positive lower n-density is
absolutely continuous with respect to the measure J7".
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Lemma 3.3.4. AssumeV € ¥,(Q). Then p, < 7"
Proof. Define the sets M) and M, as

M) :={xesptu:0%(u,x)>A} VA>0
M, := {x € sptu: 0" (u, x) > 0}.

Then clearly
1
«%{'Il\h (B) = T (B)

for any Borel set B < Rk therefore f%’f_ 7\4* is a o-finite Radon measure. We can ap-
ply Lebesgue-Radon-Nikodym differentiation theorem with p, and /¢, obtain-
ing

po = 0A g, + 0,

whtl:;re Je Llloc(M*,j‘fL '\1.) 1s the derivative of p. with respect to "), and p L
LM,*
We now show that p is the zero measure. By contradiction assume p # 0. Since

pand 72}, are mutually singular, then p is concentrated on a set E such that
EcM,, #"(E)=0. (3.27)
As an immediate consequence of (3.27) and the area formula follows that
H(F(E) =0 VFe ZLip®R"™5RY™E). (3.28)

Let us fix a point X € M, and a sequence r; \, 0 with the following properties

pBr(x) _ .. p«(Br(X)) _
0ty (B (@) 10 w(B, () ®
Jdo € Tan(y, x) = Tan(u+, x) = Tan(p,x) s.t. o_g, #0 (Im
2
[H(X)| < oo (I1D)
3SeGn+k,n)s.t. Vj:= V,j,y—*cr@és = W. v

Observe that properties (I),(II) and (III) are satisfied p-a.e. by some basic measure
theoretic arguments, while property (IV) is also satisfied p-a.e. from what we have
already remarked about the structure of the set of tangent varifolds together with
Lemma 3.3.1. The mass measures of the varifolds V; can be written as

wji= vy = (@, 2)n (0773, ) + @1, 2 )00, (3.29)

hence from (3.27) follows that (3.29) is the decomposition of y; in the absolutely
continuous and singular parts with respect to %}, . In particular, denoting for
sake of notation (pr;x)4p as pj, we have that p; is concentrated on the set

_E-X

E;:=
Ik —
Ty
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therefore, from (3.28), we have
%”"(Ej) =0 Vj=1
Setting E]S :=II5(Ej), by the same argument we deduce
HAMED=0 Vj=z1.

Fix X e Cg (B{”k; [R”*k) and let ﬂj be the generalized mean curvature of Vj. De-
noting by X := Xo Pr,x We have

(ﬂj,X>:/T:divX(y)dV(y,T)
S

(B ()

(H, X;)
=rj—/

p(B (X))

<7 (][ H] du) IXllco
Brj(x)

—0

j—oo

/T:divXj(y)dV(y, T)

where the limit goes to zero thanks to (III). Furthermore, from (IV) we immediately
get

/IT—SIde(y, T)—— /IT—SIdW=0.
j—oo
By virtue of Lemma 3.3.3, we can choose a function y € ! (B{’) such that
Il =yS A5 N (B —0 Vie©OD), (3.30)
1

where in (3.30) we adopted the same convention as in the proof of Lemma 3.3.3,
that is

pdi= Mo)pj, y®:=Tsoy, Bf:=Tis(BI").

Using (I), we are allowed to replace /J? with p? := (Ilg)4pj. Since pj —* o as j — oo
and o _pask # 0 we have
1/2

0<la’|(BY)
2

<liminf| pS|(BS
imin Il 1IC %) (3.31)

=liminf|| o3[ (E] N BY),
Jj—oo 2
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where ¢5 := (I s)#0 and E]S =IIs(E}), to be coherent with the previous notation. On
the other hand J#" (E}.g) =0forall j =1, therefore

liminf o3l (E  B) = liminflp$ - 552" S| (E; 0 BY). (3.32)
Jj—oo 2 Jj—oo 57 2

The contradiction follows from (3.30), (3.31) and (3.32).

Finally we state and prove 3).

Lemma 3.3.5. Let V € 7,,(Q) and define M to be the set of all points x such that
0" (uy,x) > 0. If uy (Q\M) =0 then:

(i) jff}w is o -finite and there exists a positive function 9 € L', z%’f_’}w) such that
V= 1‘)%{’]’\4@9 O1)x-

(ii) Tan(V,x) = {wLn‘%ﬂLnTmBl ®6Tx}f0rpv-a.e. X.

Proof. The first statement follows from the proof of Lemma 3.3.4 together with
Lemma 3.3.1; therefore only (ii) requires a proof.

Let us simplify the notation writing u instead of py. Using Lemma 3.2.2 and
Lemma 3.2.3 it suffices to prove the result for every x in M such that every tangent
varifold W € Tan(V, x) can be written as

W=U®6Tx

for some o € Tan(y, x) which is invariant by translations in directions lying in T.
This very last property of o, together with some basic decomposition theorems
form measures, allows us to write

o=CH" oy (3.33)

for some probability measure y supported in T and a normalization constant C >
0. Fix any such x, W, o,y and C and let r; \ 0 such that Prjx —*g.

STEP 1: y({0}) # 0. Using Fatou’s Lemma and recalling that x € M, for any p €
(0,)wehave

— (Bor; (x))
U(Bﬁ”k) > limsup ML
j—oo  H(Br; (%))
B
r=0" (B (x)) (3.34)

> |liminf in
r—0 (B (x))

=0  wp(pr)"
= pn

On the other hand decomposition (3.33) gives

Cwnp™y(BE) = a(BY x B) = o(BIF), (3.35)
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From (3.34), (3.35) and arbitrariness of the choice of p € (0,1) we deduce

Y(B_L‘) =

1
Vpe(0,1);
Cwy pe01)
which in turn implies

>0

1
a:=y({0}) = Co

n

STEP 2: 0(By) = p" 0 (By) for a.e. p € (0,1). The monotonicity formula for station-

ary varifolds and our choice of W give

o(B B
(Bp) _ o(Br) Vo<p<R=<1.
p" R"

Choosing R = 1 we prove one inequality. The other one follow by choosing p € (0,1)
such that o (0B,) = 0 (which is the case for a.e. p € (0,1)), (3.34) and recalling that
o(By)=1.

STEP 3: conclusion. Using STEP 1 we recover the non-trivial decomposition in
mutually singular measures

Y=ado+7, (3.36)
hence
y{oy =o0. (3.37)
Observe that the measure
6:=CH7, ® (ado)
satisfies
6(By) =A"6(B) YAe(0,1).

By virtue of STEP 2 and of the fact that o — § is a (positive) measure, we deduce that
the inequalities

%Tn ® ?(B;H— k) .
0= (0-6)B)=C———— = Cwn¥(Bp) (3.38)
hold for a.e. p € (0,1). From (3.37) and (3.38) follows ¥ = 0, hence (3.36) gives the
conclusion.

O

3.4. The Rectifiability Theorem

This section is fully dedicated to the proof of the rectifiability criterion which we
have stated as Theorem 3.1.1 For sake of readibility we write again the statement
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Theorem 3.1.2. Let V € ¥,,(Q). Then V. is a n-rectifiable varifold.
Proof of Theorem 3.1.2. Using (i) of Lemma 3.3.5 with
M= M, :={x€Q:0"(u.,x) >0},
it follows that "}, is o-finite and that we can write
Ve = 19%{7\/1* ®©0T,)x

for some positive function 9 € LY(M,, Q%i ’]’V[*).
Applying (ii) of Lemma 3.3.5 to V.. we deduce that for u.-a.e. x € Q and for every
f € C%(By) we have

/ fale)rx Py fax". (3.39)

TxNB;

Therefore given any arbitrary f € C%(B;) and any Lebesgue point x of 9 such that

(3.39) holds
1 w(Br(x))
| 7o nctns <E0EE [ et
— 9(x) faz".
r—0 T«NBy

Finally using the rectifiability criterion Theorem 1.4.1, we obtain n-rectifiability
of the set M., which in turn proves that at i, -a.e. x the approximate tangent space
of M, coincides with Ty.

O

3.5. Integral Pre-Compactness

As an immediate consequence of Theorem 3.1.1 we deduce an inclomplete precom-
pactness theorem for n-rectifiable varifolds.

Proposition 3.5.1. Assume (V) j € %, (Q) N ¥,,(Q) is a sequence such that

sup(uj(C) + |Iﬂj||1(C)) <o VCEQ,
JjeN

then exists a subsequence (V;,) ¢ and a varifold V € ¥,(Q) such that Vi, —* V. More-
over, if the limiting varifold V as positive lower n-density at py-a.e. point, then
VeZ,(Q)n¥,(Q).

Indeed the existence of a limiting varifold V € 7#;,(Q) is an immediate conse-
quence of the definition of total variation for measures, the definition of weak-*
convergence and Banach-Alaoglu Theorem. The second part of the statement - i.e.
the rectifiability of V - is literally an immediate effect of Theorem 3.1.1.

What about if we replace the assumption (V;) j € Z,(Q)N7,,(Q) with (V}) ; £, (Q)N
7,(Q) in Theorem 3.5.1? Can we still prove that the limiting varifolds V belongs to
I (Q), provided is lower n-density is positive? The following lemma gives a posi-
tive answer to these questions.
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Lemma 3.5.1. Assume (V}); € .%,(Q) N 7,(Q) is a sequence such that

Sup(,uj(K)+ ||gj||1(1<)) <oo VKEQ, (3.40)
JjeN

then exists a subsequence (V;,), and a varifold V € ¥,,(Q) such that V;, —* V. More-
over, if the limiting varifold V as positive lower n-density at py-a.e. point, then
Ve Z,(Q)nY,(Q).

Proof. The first part of the statement is a particular case of the fist part of Proposi-
tion 3.5.1, so we only need to prove the integral-n-rectifiability of the limiting var-
ifold, provided its lower n-density is positive at almost every point of its support.
From the same Proposition 3.5.1 it follows that V € %,,(Q) n ¥;,(Q), hence we can
write

V=904",® 0 r.m),

where - as usual - M is n-rectifiable set, 9 € L1 (M;5#") is positive function and
T M is the approximate tangent space of M at the point x.

From assumption (3.40) follows the existence of x € Rad(Q2) such that - up to
subsequences - (| H i 1) j converges weakly-* to k. By standard differentiation theo-
rems then we get that the Lebesgue-Radon-Nikodym (LRN) derivative

K (B (x))

f(x) = }‘II’]’(I] m € (0,00) My —a.e.x (341)

Let us now fix a point X such that

9(x) € (0,00) @M
TxM =: S exists (In
fX) € (0,00). (11D

Without loss of generality we can assume
S=R"x {0} =R" (V)

and let us denote by IT and IT* the orthogonal projections to S and S* respectively,
so that - with a small abuse of notation - we can write x = (I1(x), [T+ (x)). Let ri\0
be a sequence such that K(@Brj) =0forall j = 1. Then, by convergence of (llﬂj ),
for any ¢ € N there exists j, € N large enough such that

IH;, 1 (Br, (X)) = (1 + 0r, (X)) (B, (X)). (3.42)

Moreover we can choose j, such that (j,), forms an increasing sequence of natural
numbers, starting from a ¢ sufficiently large (that, for simplicity we will assume
starting from 0). Combining (3.41) and (3.42) we deduce

1H;, 11 (Br, (X)) i K (B, (X))

o B ®) A B P
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and so, for ¢ € N large enough,
1H; II1(Br, (X)) <2f(X)uy (B, (X). (3.43)

—Je

Consider now the standard dilations of factor r, and center X (that we will call
as usual ¢, 7) and let us define the blow-ups

vii=gl v, Vi=gl (v, jleN.
Since V; —* V as j — oo, we deduce that
Vj[—* vt asj—oo VleN,
and because S = TxM, we also get
Vi 9@ A ® 55 asl — co.

Via a diagonal argument - upon extracting a subsequence of (j;), - defining V :=
V]i we get

1, (Br, (0) < 241y (By, () < 4@ w1 (3.44)
e (BY x BO\(BI x B¥)) = 0,, (1) (3.45)
2

pye (Bl x BX) < 20@wy,
0 A"y ® By ) = VI =" 0D A 5@ 85, asl—co. (3.46)

Let us now define the cut-off functions

1€ C§°(B\"/§/2) such that y1 =1in Bg (3.47)
X2 € cg"ua@Z ,,) suchthaty;=1in B'%“ (3.48)

1) =11 x2), x=(&0 =), M x)
Wy:=yV’ veeN.

The sequence (W), is obviously compaclty supported in B;. Suppose the exis-

tence of a function y € ) (Bl %i'gn) such that
1

Iy, —st{’gls I(BS)—0 VYre(0,1), (3.49)

where the notation used in (3.49) is the same as the one used in the proof of Lemma
3.3.3. Recalling (3.47) and (3.48) and (3.45),

Ky, (BY) = pw, (B x RY)
2 2
= (x2 0 I1M) pw, (B x BY)
2

=3 (BY) -0y, (1),
2

n, gk
L(Bl xBl)
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therefore

S S n S
IKGe sy =Y A sl (B1) — 0. (3.50)

Using the Area Formula we deduce that H;S/[ is of the form

S o) n ~
d = + ¥y,
Hoe g, b = 07 by, Ve

with v, J_Jf’gs and

812
. 9 ~
()= ) fﬁf) = ) @) +n.(y)
fEM[ ]M[ (f) EGM[
=y )=y

for each y e BIS/2 such that ]'M[H(E) #Z0forall ¢ € H’l({y}). Moreover from (3.50)
follows that

V1B ),) —— 0,
{—o00
19[ — Y in Ll(Biglz;%n)r
{—o00
while from (3.46) and the observation JsIT = 1 follows
ne——0 inL'(B},, 2.
{—o0
Therefore - up to subsequences - we also have

N> Y 9,6 ——y(eN #"-aeyeBl,.
-~ {—00
§eMy
=y

On the other hand, (3.46) implies

S * n
”Vk(Bf,sz{C) 8(@%3{"

By uniqueness of the limit and the fact that .7#’"-a.e. point satisfies (I),(I) and (III),
we conclude that

JdeN uy-—a.e.

The only thing left to prove is (3.49). Since we have already remarked that (W),
equi-compacly supported, it is enough to show that it also satisfies assumptions 2.
and 3. of Lemma 3.3.4, namely it suffices to prove that

n+k

sup | Hyy, [l1(B;™") <oo, (3.51)
leN

lim |T—S|dWy(y, T)=0. (3.52)
{—00 )G, (Bl
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For (3.51) we observe that for any arbitrary X € Cg (B{“k; [R’”k), and defining X, :=
Xo@,,zand ys:= yo¢,,z we have

KHyy,, X} = '/T:VX(Z)x(z)dV[(z, T)'

/T:VX[(}’)Xe(y)def(y,T)‘

= r[n—l
1
= o1 /TZV(XM(/)de(—/T:Xg@VX[de[
< o (K, Xex ol + v, (Br G Rl ol Xl o)

_ 2pv(Br, )

n

r (f@re+49DNVYlco) IX | cown,

where the last inequality follows from (3.43) and so (3.51) isa consequence of (3.44).
Finally (3.52) is trivially implied by the definition of W, (as a cut-off of V) and (3.46)
O

The previous result (Lemma 3.5.1) is nevertheless not satisfactory as the neces-
sity of the assumption of a positive lower n-density for the limiting varifold makes
it only an incomplete pre-compactness theorem. We wish to prove that the afore-
mentioned assumption is redundant and implied by the uniform lower bound for
the density of the sequence. In [Sim84] there is a proof that not only this is the case,
but of also the stronger statement

V— 0" (uy,x) isUSC under varifold convergence (3.53)

hold. However the proof of (3.53) presented in Simon’s book heavily relies on the
Monotonicity Identity (cfr. Chapter 2). With the scope of generalizing this theory
in the case of varifolds with locally bounded first variation with respect to some
anisotropic functional on which the Monotonicity Identity is no longer applicable,
we present a proof of a slightly weaker statement than (3.53) which only relies on
the validity of the Michael Simon inequality for varifolds (cfr. Chapter 2).

We commence giving a formal argument. Assume (V}); to be a sequence of
varifolds in 7 (Q) having n-density uniformly bounded from below by a positive
constant, that - without loss of generality - we can assume to be 1, and mean cur-
vatures (H ), which are equi-bounded in L* by a constant M > 0. This very last
condition is actually equivalent to asking

AM > 0s.t. || H; Il (B (x)) < My (By ()t — a.e. x.

Then the Michael Simon inequality tested against a positive and smooth function

[ writes
(/fd“f)nnlSC(/lvﬂdﬂﬁM/fd#j), (3.54)
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If we let V; —* V, assume x € sptV and formally substitute f by the characteristic
function of a ball B, (x) in (3.54) we obtain the expression

n-1 d
(uBy(x))) = =C d—pl.l(Bp (X)) + Mu(By(x)) |5
hence we deduce that the function p — (B, (x)) solves the differential inequality
e 1 .1 (1-M ;)
y = C y y
with the further conditions

y(0)=0, y()>0 Vp>0.

Assuming p — u(B,(x)) to be continuous in 0, we can find py sufficiently small such
that the function is a solution of the problem

Y'=Ly"n in(,p0)
y(0)=0 : (3.55)

y(p) >0 Yp € (0, po)
Since the function y(p) := (p/(Cn))" is the unique smooth solution of the problem

/

y=3¢y"n in(0,p0)
y(0)=0 , (3.56)
y(P)>0 Vp € (0, po)

we deduce that

u(Bp(x))> 1
wyp"  (Cn)"

Vp€(0,p),

and so we have the lower density bound that we need in order to apply Lemma
3.5.1 and conclude. Before making this argument rigorous, we prove a preliminary
result.

Lemma 3.5.2. Assume that f : [0,6) — R, where § > 0, is a measurable function sat-
isfying the following properties:

1. f(0)=0;
2. f(p)>0forallpe (0,0)

3. there exists a constant A > 0 such that f satisfies the following integral condi-
tion forevery0<o<p <9

1 [P n-
fo)=f@) =~ / (fa@n'™ dr.
g

Then f(p) = (p/ (An)™) for every p € [0,6).
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Proof. From 3. we deduce that f is non-decreasing, hence differentiable almost
everywhere; furthermore its derivative satisfies

1 n—
)= K(f(p))T1 a.e.p€[0,6). (3.57)

Using 2. and (3.57) we can write

1 1
fe)n ()= 5 @epe0). (3.58)

Integrating (3.58) in the interval (0, p), using again the monotonicity of f and 1. we
obtain on the left hand side

o 1 P 1/
/ f(r)rlf’(r)drzf (nf@7) a
0 0

snf(p)%;

while on the right hand side we obtain p/A.
O

Lemma 3.5.3. Let (V}); € 7,(Q) be a sequence of varifolds and let (H ij be the se-
quence of corresponding mean curvatures. Assume the following properties are sat-
isfied:

1. liminf;_.e ||ﬂj||1(K) < oo forevery K € Q;
2. ©"(uj,x) 21 for u;—a.e. x (as usual uj denotes the mass measure of V;);
3. there exists a varifold V € V,(Q) such that V; —*V.

ThenV € ¥,(Q) and

IH]1(K) <liminf||H;[1(K) VK €Q, (3.59)
J—0o0o
Ol(u,x)>0 p—a.exeQ, (3.60)

where H and p denote the mean curvature and mass measure of V respectively.

We remark that each varifold in the sequence of the statement satisfies the rec-
tifiability criterion Theorem 3.1.1, hence we can write

V= 0; 4y, @ @1 VjeEN

where M; := spty; is a n-rectifiable set, 9; is a LllOC function which is not smaller
than 1 on M; and T M; is - as usual - the approximate tangent space of M; atx.

Proof. The fact that V € 7},(Q) and (3.59) are immediate consequences of the def-
inition of total variation of a measure and the definition of weak-* convergence.
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Indeed, given K € Q, and recalling that (y, T) — divy X(y) is continuous for any
smooth vetorfield X, then

IHI(K)=  sup (H,X)
XeCUK;R"F)
X1l o<1

= sup /diVTX(y) avy,T)
XeCOKGRE)
I1Xll o<1

= sup lim [ divrX(y)d Vi(y, T)
XeCOK;RMKy ]~
I1Xll o<1

<liminf  sup /divTX(y) dvi(y, T)
J7%0 xecO xRtk
IXllcost

= liminf| H; I, (K).
J—0o0

To the aim of proving (3.60) we establish the following notation. Fix K € Q. With
N; will denote the points of M; such that e (1j,x)<1,and so

uj(Nj)=0 VjeN. (3.61)
Then we let p* := min{1, dist(K,0Q)} and we define the sets

ILH, 111 (Bp (x))
11(By (%))
FJ':= K\EJ'

EZ”ZI{XEK\N[Z smVpE(O,p*)},

for any ¢, m € N. Therefore x € F,f” if and only if ©" (ug, x) <1 or
. 1
dox€(0,07) : pe(By, (X)) < - IH,ll1(Bs, (x)). (3.62)

Let £ be the collection of all balls of center x € F;"\ Ny of radius o as in (3.62).
Then, using Besicovich Converinglemma we find N = N(n+ k) € N and subfamilies
B, ..., By of £ such that

P is a disjoint family Vi € {1, ..., N}

F;"\Nggtvj( U B).

i=1 BE@,‘

Therefore, from (3.61), (3.62), the above mentioned properties of 4y, ..., &N, and 1.
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of the statement we deduce

pe(E)) = o (FY'\Ny)
N

1
<—Y Y IH,Ih®

l':lBGQ?,‘

=

ILH 111 (K + By+)

IA

I3z

for some universal constant C > 0. Hence

p(nt([) F™) < liminfy;(int([) F™)
izl J=oo izl

C
= )
m
and since for all m =1 we have

p(() Uint(() E™) < p(l int(() F™),

m=1/¢>1 il (=1 i=f

from (3.63) and continuouity for measures follows that

w(() Uint()E™) =0.

m=1/¢>1 i=f
Let F :=Nm=1Urz1int(N;=¢ F]™). Then it is enough to prove that
0" (u,x) >0 VxeK\FE

Let us fix x € K\F. Then, by the very definition of F, it follows that there exists m = 1
such that

xe JK\F" vi=z1.

i=l

Therefore, via a diagonal argument, we can find sequences (y;) j and (i;) ; such that
1 , .
ij—x|<}, N3ij /oo, y]-eEi’;1 VjeN,

hence
| H,, I (By () < muy; (Bo(yi)) Vo€ (0,p"). (3.64)

From now on, for sake of readability, we relabel (V;;)j as (V). Let ¢ :R—Rbea
function with the following properties
@=1 on(-o0,1/2],
¢@=0 on/[l,o00),
peC'® and ¢ <0.
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and define the functions y :R— R, f; : Rk LR, f: R"* _ R as
Y@ :=@rlp), fi=yly-yih, f@)=yly—xD,

where 0 < p < p* is chosen arbitrarily. For sake of notation we will write r; :=
ri(y):=ly-yjland r := r(y) := |y — x|. From the definition of f it follows that

da P
V = / V = - / —V,
f=y@®Vvr dp((,o(r p))r T
and since d%(p(r/p) =0 if% ¢ [1/2,1], then for any T € G(n + k, n) we have

d
IV f(yl SZd—p(tp(r/p)), (3.65)

and the same computations made with r; in place of r prove (3.65) with f replaced
by f;. Since the varifolds (V;); and the functions (f;); satisfy the assumption of the
Sobolev Inequality, then we can write

n-1
(/cp(rj/p)% duj)
3.66
p (3.66)
sc(zd—p @(rilpydu;+ [ @(rjlp)H;ldu;|,

where C > 0 depends only on n. Moreover (3.64) implies that
/ glH;lduj<m gdp; (3.67)
By (yj) By (yj)

holds for every non-negative simple function g. Using measure-theoretical approx-
imation arguments one proves that (3.67) holds also for every integrable function,
thus (3.66) writes

da
d—p/q’(rj/l))d#j
n-1 (3.68)

1 n_ n m
zo0\ [ euilprrdu) == [ Gilp)dp;.

Now we integrate both sides of (3.68) in the interval (o, p), with0 < o < p < p*, so
that we obtain

/(p(rj/p)dpj—/go(rjlo)duj

=p 1 _n_ % m
2/,20 (i (/qo(rj/,o)'H d,uj) —E/tp(rj/p)duj) dar.

Since || fj — fllco — 0and uj —* pas j — oo and , passing to the limit in j in (3.69)
yields

(3.69)

/(p(r/p)d,u—/(p(r/a)du

t=p( N nT_l -
E/T:U (E (/‘P(I’/P) -1 d,U) —?/(p(r/p)d,u) dr.
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and letting ¢ increase to the characteristic function of (—oo, 1] gives, by monotone
convergence

1(Bp(x)) — p(Bg (%))
(3.70)

P n-1 (1 m 1
2/ w(By(x)) n (z—?,u(BT(x))" dar

By contradiction assume @7 (i, x) = 0. Using this assumption we deduce the
existence of a sequence p; \ 0 such that

HB,, (X)

l—c0 Wppy

)

therefore, by monotonicity of p — (B, (x)) we deduce the existence of o = px(m, n)
such that
L DBy > = Ve (0,5
2c ~ MR =y TPEO
hence (3.70) writes

T

1 ne
(B (X)) — p(Bg (%)) = E/ ,u(BT(x))Tl dr, (3.71)

g

and since (3.71) holds for all 0 < 0 < p < Py, then, by virtue of Lemma 3.5.2 we
deduce

n

(B (x)) = Yp € (0,0x),

0
(4Cn)"
which contradicts the absurd assumption ©% (i, x) = 0.

O

Now we can finally prove the precompactness result for integral varifolds that
we stated as Theorem 3.1.2. As we did for Theorem 3.1.1 we re-write here the state-
ment

Theorem 3.1.2. Let (V) j € .7,(Q) N 7, (Q) be a sequence such that

sup(uj(C) + ||ﬂj||1(C)) <00 VCEQ,
jeN

then is a subsequence (Vj,)¢ and a varifold V € .7,(Q) N 7;,(Q)
such that Vi, —=* V.

Proof of Theorem 3.1.2. The existence of a subsequence (V},), and a varifold V €
¥,(Q) is trivial (cfr. proof of Lemma 3.5.1), therefore (Vi,)¢ and V satisfy all of the
assumptions of Lemma 3.5.3, so that V has positive density at pyy-a.e. point. The
conclusion of the proof follows from the second part of Lemma 3.5.1.

O



4. ALLARD’S REGULARITY THEOREM

4.1. Introduction

This chapter is dedicated to the proof of Allard’s Regularity Theorem. Let us be-
gin by introducing the following set of assumptions depending on parameters p €
(n,00] and 6 > 0:

0 € M < B; n-rectifiable and closed;
V=vWM,)=pu®br,Mm)x and 921 p-a.e;
HelP(u) and |Hlr <6;

wB) < (1+6)w,.

(*p,ﬁ)

Before asserting the main theorem we need to introduce some notation. Given
a function u: X — Y between we denote by Graph(u) its graph, namely

Graph(u) :={(x,u(x)):x€ X} = X x Y.

Finally, if f: Q < RN — RM is a continuous function, we define the a-Holder semi-
norm of f as

If () = fF)
fleve = S8 Ty
;,c;éy

If [ f]coe(q) is finite, then we say that f is a-Hdlder continuous and write f € Cco* Q).

With the notation C/%(Q) we denote the subfamily of clQ) containing the func-
tions F such that

[0pFlcoaqy <o YBeNN, Bl = .

Theorem 4.1.1 (Allard’s Ragularity Theorem). For any p € (n,00) there are con-
stants 6y = 6o(n, k,p) and y = y(n, k, p) in (0,1) such that if(*,,yg) holds for any
0 € (0,00], then there exists a linear isometry q : Rk RHE gpd a function u €
CH=nP (B RY) such that M0 By = q(Graph(uw)).

The proof of Theorem 4.1.1 constitutes the content of Chapter 5 of [Sim84]. Fur-
thermore, in the same reference, an estimate for the C1='?-norm of u in terms of
6 and a multiplicative constant depending only on 7, k and p is established.

67
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We hereby provide a concise overview of the principal concepts delineated in
Allard’s proof. First, we introduce the Tilt-Excess of a varifold V = v(M, 9) relative to
a n-plane S in a ball B, (x), which is

E(V,S, xo,7) ::/ | T M —SI>dp. 4.1)
By (xp)

In can be easily demonstrated that the tilt-excess can be controlled, in a smaller
ball, by the sum of I2-distance from M to the plane and the I[2-norm of the mean
curvature H. More precisely that

dist? (x, xo + S) d,u+/ |H|?
B

E(V,S,xo,r/Z)SC(/ =
pn+2 () pn 2

du)

Br(x)

holds for some global constant C = C(n, k, p) > 0. The key result is the Lipschitz ap-
proximation theorem, essentially stating that the support of the varifold coincides,
up to a " -small set, with the graph of a Lipshitz function f. Subsequently, by
an approximation of such an f in L? with an harmonic function u, and using stan-
dard elliptic estimates, one establishes the existence of global constants 1 and o,
together with a n-plane S such that

E(V,S,x0,nr) <n?Y"P)inf  E(V,T,xo,1), (4.2)
TeG(n+k,n)

provided (*p,(;) is satisfied for some 6 € (0,8¢]. This result goes by the name of
Tilt-Excess Decay Lemma.

Using the Tilt-Excess Decay Lemma, one proves the existence of a global con-
stant §¢ such that, if (%, 5) holds true for some 6 € (0,8¢], then there exists a Lips-
chitz function f whose graph coincides with M = sptuy. Moreover, by plugging an
explicit formulation of (4.1) in the case of M = Graph(f), into (4.2), one proves the
(1 - n/p)-Holder continuity of the gradient of f.

An immediate consequence of Theorem 4.1.1 is

Theorem 4.1.2 (Allard’s Regularity Theorem, L™ case). For every a € (0,1) there
are constants 69 = 6o(n, k,a) andy =y(n, k,a) in (0,1) such that if (ko,5) holds for
any & € (0,8¢], then there exists a linear isometry q : R"** — R"™* and a function
Ue Cl'“(B;’;Rk) such that M n By = q(Graph(u)).

In this chapter we present a proof of Theorem 4.1.2 via a more modern approach.
The main reference in [DPGS24], on which all of the results of this chapter have
been stated and proved only for the case p = co.

4.2. Decay of Oscillations
For the whole section, we assume the following:
1. n< p < oo, and use the convention a/oo:=0 for all @ € R;

2. 0€ M n-rectifiable closed subset of Bg, with R < 1;
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3. V =v(M,9) € ¥/ (Bgr) where ¥, (Br) denotes the family of varifolds having
mean curvature in L” (uy);

4. 9=1 p-a.e;
5. u(By) = %wnr” foreveryO<r <R.

6. the constants denoted by C; for j € N\{0} appearing in the proofs will always
depend only on n, k, p unless we specify otherwise.

For sake of readability we recall the weighted monotonicity formula for varifolds
with mean curvature in L? that we stated in Chapter 2.

Lemma 4.2.1. Fix a point X € sptuy and let po := min{1,dist(¥,0Bg)}. If f € CL(Bg)
is a non-negative convex function such that |V f| 1~ < 1, then the inequality

1

fdu= f©0)—CollHlirr (I fll oo +p)p' P,
wnp" JB,0)

where C = C(n, p), holds for every 0 < p < py.

The above result allows us to prove a partial Harnack inequality. Before doing
so we need to introduce the notion of oscillation of a varifold relative to a n-plane.

Definition 4.1 (Oscillation). Let V be any varifold in B; such that xj € sptuy and
fix Se G(n + k, n). Then we set

1
oscs(V, o, 1) = 5 sup {5 (x - y)| : x, y € sptuy N B, (x0)},

where as usual we denote by IT3 : R"*¥ — $+ the orthogonal projection onto S*. If
Xp = 0 we write oscg(V, r); furthermore, if V and S are intended, we may use osc(r)
in place of oscg(V, r).

Lemma 4.2.2 (Harnack inequality). Under the standing assumptions for a varifold
V, there exists a constantn = n(n, k, p) € (0,1/2) with the following property. If p €
0,1] and

oscs(p)
p2—n/p

oscs(p)<np and ||Hlr <

forsome S € G(n+ k, n), then
oscs(np) = (1 —n)oscs(p). 4.3)

Proof. STEP 1. We can assume, without loss of generality, p = 1. Indeed suppose
the statement to be true for p = 1 and let p € (0, 1). We define the scaled varifold

V= v(M/p,9(p) = v(M,9).

Then for any a > 0 we have

~ 1
osc(V,a) = Eosc(V, ap); (4.4)
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and, testing against Cg ([R’”k ; [R””‘) vector fields, one deduces
H=pH[p"), (4.5)

where in (4.5), EI denotes the mean curvature of V. Using (4.5) to compute the
LP-norm of H and plugging a = 1 into (4.4) we deduce

P PN HI L 8) = I Hl v 3, < 05c(V,1) = 51—"”’%.
STEP 2. Assume p = 1, S = R” x {0} and write
R™F 5 x = (x!, x%) e R"” x R¥,
Suppose
A:=o0sc(l)<n and |[Hlr <A, (4.6)

but (4.3) to be false for some 1 > 0 yet to be chosen. From (4.6) we deduce the
existence of yy € spty N By such that

sptunB; < {ye R y2 -2l < /1}.
Since (4.3) does not hold, we can fix y1, y» € B, N sptu such that

1} - 31> 200 -mA.
Then we set the unitary vector

0®( 2 _ 2)
K= z-yl ZyZ € aB{H—k,
|y1 —,V2|

and the convex functions on B;
"

AN A
fl(x)::((x—yo)-K—E) , fz(X)2=(—(X—J/0)'K—§

Some rapid computations give

0<fi< % 4.7)
1
filyp = (5 —Zn)A (4.8)

forie{1,2}. Let

I;i(r):=

fidy, 0<r<1-n,ief{l,2}.
WnT™ JB,(y)
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Recalling that A <1, (4.6), (4.7), (4.8) and Lemma 4.2.1, we deduce that for every
r € [n,1/2] and for every i € {1,2} we have

1
I;(r)= (E—ZU)A—COA

A
—+ r) pl-nip
2

1
> (5 —2n—C0r1_”/”))L

> (% —(C0+2)r1_””’)/1.

Therefore
L)+ L) = (1-2(Co+2)r'™™P)A Vren,1/2]. (4.9)

On the other hand, recalling (4.7), item 5. of the assumptions in the beginning of
the section and observing that sptf and sptf, are disjoint and y1, y2 € By,

Wpl /B B
( 1 2)
r(y1)U r(yZ)

< T W(Brizy) (1A + foll ) w10)
- % (r+2m"

4 r’

52(1+C12)A.

L) +1(r) =

3
1—2(co+2)r1*"’l’sz(1+clﬂ) Vrem1/2). 4.11)
r
Choosing r* = r*(n, k, p) and n = n(n, k, p) such that
3
1-2(Cy +2)r1_"/p>Z(I+C1r) Vre(,r") (4.12)

and subsequently n =n(n, k, p) < (r*)2, (4.11) and (4.12) yield to a contradiction.
O

The above result also makes clear our need for item 5. of the assumptions stated
in the beginning of this section: we need to exclude the possibility of having a vari-
fold which consists of two of two separated sheets.

As a consequence of Lemma 4.2.2 we have the following.

Lemma 4.2.3. There are positive constants § = f(n, k, p) and C = C(n, k, p) with the
following property. Let V = v(M,9) be a varifold satisfying the standing assumptions,
together with 0 € M Suppose that V = v(M3). Forany R€ (0,1], and S € G(n + k, n),
then

B
oscs(r) < Closcs(R) + | Hll ,» RZ"'P) (%)

for every r € [C(oscs(R) + | Hllz» R>~™'P), R].
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Proof. By virtue of a rescaling argument (cfr. Proof of Lemma 4.2.2) we can assume
R =1. Fix S€ G(n+ k, n) and let us write osc instead of oscg in the rest of the proof.
Let K > 0 be a large number yet to be fixed and define the function

F(r):=osc(r) + K| H|lpr* P <1 Vre(o,1).

STEP 1. We claim thatifn = n(n, k, p) is the constant determined in Lemma 4.2.2,
then

Fnr)=(Q-n)F(r) Vr:osc(r)<nr. (4.13)
Fix indeed r such that osc(r) < nr. We have two cases:
1. If | H|lzpr?>~™'P < osc(r), then Lemma 4.2.2 gives

Fmr) < (1 —mosc(r) +n* ""PK|H| pr* P
=A-mF()

Since 1 is much smaller than %
2. Ifosc(r) < | Hllrr r2="'P then a straightforward computation gives

F(nr) <osc(r) +n> PK|H|ppr?"'P
<(L-mKIHlpr*"P
=A-mF),

provided K = K(n, k, p) > 1/(1 —n—n>""'P)
STEP 2. By induction, if F(1) <7/, then

osc(n) < Fp/) < (1 —-n)  F(1).

STEP 3. Fix r such that F(1) < r < 1 and choose j € N such that n/*! < r < /.
Then we have

nﬁ(j+1)

osc(r) <osc(n’) < F(p)) < F(1) <KrPFQ), (4.14)

provided g = B(n, k, p) and K = K(, k, p) are such that
ﬁ 1
n>1-n7 Kz-——. (4.15)
1-7

Finally (4.14), together with the choice C = max{1,K?} with K = K(n, k, p) as in
(4.15), concludes the proof.

O
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4.3. Proof of for p = co via Improvement of Flatness

Theorem 4.3.1 (Improvement of Flatness, p = co). Foreverya € (0,1), there are pos-
itive constants c,ey,n and C depending only on n and k with the following property.
IfV =v(M,9) € ¥,2°(Bg) is n-rectifiable varifold with

1. )C()EM,‘
2.9=z1;
3. u(By) = %wnr”foreacho <r<ReR;

and, for somed <6p and Se G(n+k,n),
ce
oscs(V,xp,R)<eR and |Hl|~ < i (©,c)

Then thereexists T € G(n+ k,n) with |S— T| < Ce such that
oscr(V, xo,nR) <0 %R. (4.16)

Notice that the conclusion of Theorem 4.3.1 may be iterated at all scales. In
particular, if we let
. oscs(V,x,1)
EW,x,r):= inf ————+ClHlrow.eyl
SeG(n+k,n) r
for some C large, then Theorem 4.3.1 yields the existence of global constants 7, &g
such that

E(V,0,nR) =<n“E(V,0,R),

provided E(V,0, R) < €. A straightforward induction argument yields, for every r >
0,

. oscs(V,0,r)
nf ———

a
i sE(V,o,r)sc( ) E(V,0,R) 4.17)
SeG(n+k,n) r

r
R

We now show how Theorem 4.3.1 implies Theorem 4.1.2. For making the read-
ing easier we rewrite the statement of Allard’s theorem

Theorem 4.1.2 For every « € (0,1) there are constants 6y = §y(n, k, a)
andy =1vy(n,k,a) in (0,1) such that if (k) holds for any 6 € (0,6¢],
then there exists a linear isometry q : Rk — g1+
and a function u € Cl’“(Bf; R¥) such that M 0 By = q(Graph(u)).

Proof of Theorem 4.1.2. Assume the result is false. Then there exists a sequence
6 \\ 0 and a sequence of varifolds V; = v(M;, ;) satisfying the assumptions of The-
orem 4.1.2 with 8 replaced by 6 ;, for which the conclusion of the theorem does not
hold.

We claim that, for j large enough, the assumptions of Theroem 4.3.1 are in place
for R =1/2 and any xp € M;N By,2. Then the fact that M; can be written as the graph
of a C1“ function follows from (4.17).
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In the direction of proving the above claim, we first remark that, up to subse-
quences, there exists a stationary varifold V = v(M,9) with M < By, uy(B)) < wy
and 9 = 1 uy-a.e.. By virtue of Theorem 5.3 of [All72] we have M = %{’g, for some
SeGn+k,n).

Given a € (0,1), let now gy be the constant given in Theorem 4.3.1. Then, for j
large enough,

. n+k . 7l @
M]g{yEBl .|Hsy|52}.

The only thing left to prove is that

/(B <1 L) @n 4.18
e l/z(x))_( +Z)2—n (4.18)

for every j large and every x € M;. Given the above inequality, by the Monotonicity
formula, provided § ; is smaller than some universal constant, we obtain

’

DN | —

3
pj(Br(x) < Ewnr” VOosr=<

as required in Theorem 4.3.1.
We now prove (4.18). If the result is false, then there exists a subsequence (j,)¢
and points x, € Mj, N By, such that

1
Hj, (B12(xj,)) = (1 *

Wp
on (4.19)

Up to extracting a further subsequence, we can assume x, — x € By/» and, by mono-
tonicity, x € M. Therefore, for any € > 0,

1 n
Wp (E + 5) = ((Be+1/2(x))

= limsup pj, (Be+1/2(x))
{—o00

= limsup 1, (B1/2(x¢))
{—o0
contradicting (4.19) and thus concluding the proof.
O

The rest of this section is dedicated to the proof of Theorem 4.3.1. We begin with
a key preliminary result.

Lemma 4.3.1. Let Q € R"** be open, and fix a varifold V = v(M,9) € ¥,°(Q) with
9=1py-a.e. . Ifa function f € C>(Q) is such thatf| achieves a local maximum
at xp € sptuy NQ, then

Sptuy

tr, D? f (x0) < [l Hl 1= IV f (x0);

where we set try, A to be the n smallest eigenvalues of A€ M.
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Proof. Without loss of generality, we assume x; = 0 and that f has a global strict
maximum at 0. By contradiction, assume that there are 6 > 0 and r > 0 such that

tr,D* f(xg) = | Hll g = 6 (4.20)

for every x € B,. Up to choosing a smaller r and adding a constant to f, we also as-
sume that f(0) > 0 and that {f > 0} nsptuy < B,. By mollification and the standing
assumptions we obtain

IHl [ fIVfldpy = /

divy (fV ) dpy
{f>0} {f>0

:/ (|va|2+fdivMVf) duy (4.21)
{f>0

= fdiVMVf d,uv.
{f>0}

Combining (4.20) and (4.21) we deduce
5 / Fdpy< [ f(divaVf - 1HI=IVF1) dpy,
{f>0} {f>0}

which contradicts the fact that 0 € sptuy.
O

Proof of Theorem 4.3.1. Without loss of generality we may assume R = 1. By contra-
diction, assume there are sequences £; \, 0, ¢; \, 0 and (V;); such that V; satisfies
all of the assumptions of the statement for some fixed S € G(n + k, n) (that we as-
sume to be R” x {0}%) with (o ) replaced by (o, j¢;), for which however (4.16) fails
for every choice of n>0and T € G(n + k, n).

Using the compactness result Theorem 3.1.2, up to subsequences, there exists a
n-rectifiable varifold V = v(M, 9) with the following properties

Vi=*V, 921 py-ae, H,=0.

To the aim of making the notation lighter, from now on we write y; instead of uy;
and p instead of py; moreover . Recalling that (o ,¢;) implies

sptu;j {x: ( l,xz) eR" x RF : |x?| sgj} =:S5,,
therefore
=9I .
H LB]
Moreover, since x — 9(x) has vanishing distributional gradient,

=921

for some constant 9.
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For each j e Nwe set
22
Fi:R™F Rk Fi(xl, %) = (xl, —) VxeR"™K,
€
J
and consider the blow-up varifolds
Vji= FIV; = v (F;(M)), 950 F;') =:v(M;,9)).
Clearly
M;SB!'xBF VjeN, 4.22)

Moreover, since F; is an homeomorphism for each j € N, M j relatively is closed and
non-empty. Up to considering a subsequence, there exists a closed non-empty set
M such that

lim dist s (M;, M) =0, (4.23)
j—oo
where dist ;» is the Hausdorff distance defined on relatively compact subsets of
BI" X B{C .
We now prove that M is the graph of an harmonic function. In order to do so, we
set

AWy := {zeRk:(y,z)EM},

and claim
Uy #o VYyeB}, @
Jue CO(Bl,; B suchthat @(y) = (u(y)}, ®)
u is harmonic. (9]

Proof of @). By contradiction, assume there exists y € B’ such that @(y) = @.
Since M is relatively closed, this implies

Mn (B} xBr) =2,
for some r > 0 small enough. By (4.23), then, for j large enough,
M;n (B (y) < Br) = 2.
Therefore
0= lijIIlioglfuj(B;l(y) x B1)

> 09 pn (B} (y) x BY)
= ﬁown r”y
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which is false.
Proof of 3). By virtue of Lemma 4.2.3 we can find constants C = C(n, k) and
B = P(n, k) suchthat, if x = (y,z) € M; N By;2 and r € (Ce,1/2), then

osc(Vj,x,r) < Csjrﬁ VjeN.
In particular
|21 — 22l <2Ce;rP Vi = (yi,2) € MjN By (x),i = 1,2.
Therefore
21 -Zl <2CrP V% = (y1,7) € M;n (Bf(y) x B{“) i=1,2.

Hence, by (4.23), passing to the limit as j — co we deduce

~ o~ B = (. =N AT n k) ;—

|21 — 22| =2Cly1 — yo!” VX;i=(yi,z) EMN (Bl,2 x By ) i=12,
which implies (B).

Proofof (@). Let h: B}, — R* be the harmonic function determined by the con-
dition
h - n = 0.
( WBQM

If u # h, then there is 6 € (0,1/2) small such that, for all j € N sufficiently large, the
function

1| z 0
G(x):zi‘g—j—h(y) +5|y|2, x=(yrz)€B{7XBf

is such that G| M; achieves its maximum at some point x; = (3, z1) with

1
<--9.
[yl 2

We claim that j can be chosen so large that, for every T € G(n + k, n), it holds
divrVG(x1) > | Hy, Il 1=, (4.24)

which would contradict Lemma 4.3.1. In the rest of the proof of (C), C will be some
constants depending only on 7, k and §, which may be different every time, but are
independent of j.

By standard elliptic estimates,

max{|Vh(y)l,ID*h(y)} < C.
Therefore

C
IVG(x1)|= — Vjlarge enough,
€j
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and

IHy ll1|VG(x1)| < Ccj —— 0.
j —oo

Thus, in order to prove (4.24), it is sufficient to prove that, for j sufficiently large,

inf  divpVG(x;) =6. (4.25)
TeG(n+k,n)

Using our usual convention, we define the function
1
fx):=—2z—h(y).
£j
Then
D*G(x1) = D*f(x1) - f(x1) + Vf(x1) (Vf(1))" + 6T
> D2 f(x1)- flx1) +O1lg
=:A.
In particular, since Ah =0,

divgVG(x1) = trgA
z
Ah(y)- (—1 - h(yl)) +nb
€j
=nd,
where trgB = Z?zl A¢;-¢&;, for any orthonormal basis {¢, ...,¢,} of S. Since |A] = C,
by continuity there exists y > 0 such that

divyVG(x) =6 VYT:|T-S|<7v;

proving (4.25) in the case |T — S| <.
On the other hand, if |T — S| > v, then there is a unit vector v = (v},v2) € T <
R” x R* and a constant k = x(n) such that

[val =2 xy.
Then
divyVG(xy) = trr A+ (Vf(x)*n) 2.

We have [tr7 A| < |A| < C and

1
[(Vf(x)* Ml =|-Vh(y)vi+ ;Vzl
]

1
= —|vao| = |Vh(y1)l
€j

ZQ—C.
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Thus
Ky c
divyVG(x1) = (E— - C) -C=6
J

for j large enough. This proves (4.25) in the case [T — S| = y.
Conclusion of the proof of Theorem 4.3.1.From (4.22) follows that

suplul<1;
Bj),

and from (C) and classical elliptic estimates, we deduce the existence of a constant
C = C(n, k) such that

sup (IVul +|D*ul) = C.
Big
We can now choose 1 = 17(n, k) > 0 small enough such that

1+a
() - u(0) - Vu(©)y| < Clyl* < L

VyeBy . (4.26)

Recalling that 0 € sptu for each j € N, (4.23) and multiplying (4.26) by €, for j eN
large enough we have

lz=6;Vu)yl = ejn”“ Vx=(y,2) € MjnB,.
We have therefore proved that
osc(V;,0,m) < g;n'™*

for all j € N sufficiently large: a contradiction.
O

An important corollary, which will play an important role in Chapter 5 for prov-
ing the regularity theorem for solutions of the Plateau problem is the following.

Corollary 4.3.1. Let Q € R be open and V = v(M,9) € #,(Q) and let H € L ()
be its generalized mean curvature. Assume V to satisfy (¥ co,5) for 6 € (0,8¢). Fut-
thermore suppose 9(x) = 1 for y-a.e. x € Q and H = h|,,, where h € C?%(U; R"K) for
some open set U < Q) containing M and q € N. Then, foranyxe M and a € (0,1), up
to rotations of R™*¥, there exists an open subset W < R", a function u € C1*>%(W;R¥)
and p > 0 such that

M N By(x) =Graph(u) and ©"(u,-) =1 on Graph(u).

Proof. Fix a > 0. Under the standing assumption, we can choose p > 0 such that,
after applying the appropriate translation and rotation, there exists a function u €
cLe(w;R¥) with the property

M N By (x) = Graph(u),
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where ¢ = p/2. Since 9 = 1 5 "-a.e. on Graph(u), and Graph(u) is a C! submani-
fold, then ®"(y, ) = 1 at every point of Graph(u).

Let £p € (0,1). Since, without loss of generality, Vu(x) = 0, by choosing a smaller
o if necessary, we can assume that |Vu| < g9 on Bs(x) and so it is easy to prove that
u satisfies the following system of equations

n
Auj=) 0j(A;j(Vw) +hysi Yie(l,.. Kk,
j=1

with 4; j() e C*R" ® R¥) such that
|A;j(P)|<CIP|* and |VA;;(P)|<ClP|

for some constant C = C(n). Then by the Schauder theory for elliptic equations we
see that h € C»%(B, (x);R"*¥) implies u € CT*2>%(B, (x); R¥).
O

4.4. Ideas for a Generalization to n < p < oo

All of the arguments presented in Section 4.2 and in Section 4.3 work also in L
for p € (n,00); the only exceptions are Lemma 4.3.1 and, as a consequence, the
harmonicity of the function u constructed in the proof of Theorem 4.3.1. On the
other hand, if one is able to prove that the aforementioned function « is harmonic
where defined, then the very same arguments used in the proof of Theorem 4.1.2
yield to the proof of Theorem 4.1.1 for p € (n,00).

In this section we will only focus in the case of codimension k = 1. To the aim of
proving the harmonicity of the function u of the proof of Theorem 4.3.1, we begin
with a formal argument.

Let us recall how the function u was constructed. We started with a sequence
of varifolds (V) j for each j € N, M; := sptu; is contained in the strip B x [~€;, €]
and the mean curvature H ; had LP (u j)-norm not greater than ¢ jc;, for some £; \, 0
and c; \, 0. Subsequently, we considered the sequence of functions (F;); defined
as

F(y,2):= (ygi) V(y,2) € R" x RF
]

and the sequence of rescaled supports (M s
M;:=Fj(Mj)S B! x B¥ VjeN.

By virtue of classical results on precompactness on the metric space of of compacts
sets endowed with the Hausdorff distance dist ,», we deduce that, up to a not rela-

belled subsequence, there exists a relatively closed set Me Bf x B{“ such that

lim dist (M}, M) = 0.

j—oo
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Finally, using Lemma 4.2.3 we are able to prove that M n B, x RF is actually the
graph of a function u € C%(By).

Assuming (M;)j tobea C?-graph-like sequence the result that we need to prove
can be written as

Proposition 4.4.1. Let p € (n,00) and (vj); < Cl(Bf). Assume the existence of se-
quences €\, 0, ¢c; \, 0 and of a function u € C%(By) such that:

L vl =¢€j;

2. |Hjlltr = cjej, where H; is defined as

Vv;

\/l+|VUj|2

Hj:=div VjeN
we have ;
3. setting uj:=vjle;, we have that (u;) j converges uniformly to u;
then u is harmonic on B;.

The proof of Proposition 4.4.1 is greatly inspired by the proof of the Alexandroff-
Bakelman-Pucci principle presented in [CC95].

Proof. We prove that u is harmonic via a viscosity approach. For simplifying the
notation, in this proof we shall write B, instead of B:,’. We argue by contradiction.

Suppose there exists xp € By and ¢ € Cg (Bp (¥0)) such that

u — @ has a strict maximum at xo,
Ap(yo) <0

Without losing of generality we can assume yp = 0 and the existence of constants
A>0and r > 0 such that

u(0) —p(0) = -21,
u(y)- @) >21 onodB,,
Ap(y)= A onB;,.

Let @ := € j¢. By uniform convergence of (u;) ; we can write, for j € Nlarge enough,

vj(0)—p;0) < —¢jA, (4.27)
vim—@ij(y)>¢ejd ondBy, (4.28)
A@j(y)z€jA onB;. (4.29)

Moreover we can find a sequence (y;) ; such that

¥ global minimum point of y g, (v; —¢;), yj ——0.
j—oo
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Let us denote by K; the convex envelope of the function y g, (v; — ;) in By,. From
now on we only consider the truncation to B; of the function v; and ¢; (i.e. x5, v;
and g, ¢;), which will still be denoted by v; and ¢ ; respectively. For all j € N such
that (4.27) holds, we have

BEZJJ c B_ (uj—(;)j)(yj) c VK]'(BZP).
o o

Thus, recalling the area formula and that
detD’K;(y)=0 in{yeB,: K;j(y) # (vj— o)W},

for the values of j such that (4.27), (4.28) and (4.29) hold, there exists a constant
C; = C;(n) such that

1 (e 1
_(f_) < / PPN
Ci\ 4p Bukjy (1+]pl?) 2

det D*K;
:/ e A S dy (4.30)
By (1+IVK;2) 3

S/ Glvi—g;ldy,
{vj—p;j=K;}

where G[v i—¢ ;] denotes the Gaussian curvature of the graph of the function v;-¢;,
hence the determinant of the second fundamental form of Graph(v; — ¢ ;). Denot-
ing by H[v; — v ;] the mean curvature of Graph(v; — ¢;) (i.e. the trace of the sec-
ond fundamental form of Graph(v; — ¢;)), and applying the the AM-GM inequality,
(4.30) writes

1 )Ln)” " / n
—|— €= Hivi—@il) dy. (4.31)
C1(4p f {Uj_(pj:Kj}( i—¢il)" dy
Suppose
H[vj—q)j]=(1+0(e,-))Hj+O(sjt) on {Kj=vj—¢j}. (%)

By (*), and (4.31), we deduce existence of constants C,, C3 > 0 which are indepen-
dent of j such that

Hi\"
C2$C3/ (—’) dy+O0E")
wi—pj=Kj} \ €]

IH;llzr\"
Sngl_n/p(E]—) +O(s§")
j

= ngl_”/”c}l + O(s?")

—0.

j—oo

Which is a contradiction.
This proves that u is super-harmonic in Bj.
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The proof of the harmonicity of © in B; follows from a specular argument, using
¥ € C2(Bp(x0)) such that

u — v has a strict maximum at Xy,
Aw(xp) <0

instead of ¢.
To the aim of proving (*), we recall that

IVo;llo,) + ||D2(Pj||L°°(B,) =0(gj),
IVvjl=0(j;) on {Kj=vj-¢j}.

Where (4.4) follows from the fact that
VK;j=Vvj-Vp; L"-aeon{Kj=vj—g;}. (4.32)
Since by convexity of K; we have
/18]'
IVKj| = —,
2p
then, invoking (4.4), (4.32), and continuity of Vv, (4.4) follows. Recalling the ex-

pression for the mean curvature of a smooth graph, on {K; = v; — ¢} we write

Vvji—Ve;

/ L 12
1+|Vv] V(pjl (4.33)

1
= (Ln=Llv; = @;1): (D*v; = D2pj);

\/1+|Vl/j—V(pj||2

where in (4.33) we defined, for f € C?,

. VfeVf
T14|VS2

Hlvj—¢j]=div

Lif] € Mn[R).

Therefore |L[f]| < 1, hence the matrix 1, — L[f] is invertible for every choice of
f € C?. Let R[f] be the inverse matrix of 1,, — L[f]. Then, by the previous estimates
(4.4), (4.4),

H[Uj—(pj]

1+Vo; 2

= (1,-Llvj - ¢j]) Rlv]]
V1+ IV -2

(1,-Llv;])
1+ V2
Ag;j (Vv;,D*¢;Vu;)

+
3/2
J1+IVe2 (1+1IVR)

(L - Livy))

\/1+IVy;?

H(D*wj-9))

=(1+0(e)) :(D*wj-9)) (4.34)

=(1+0()) | Hj -
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Using (4.29) and (4.4) in (4.34), we conclude the proof of both (*) and of Proposition
4.4.1.
O

Generalizing the arguments presented in the proof of Proposition 4.4.1 is how-
ever not easy. The first difficulty is the fact that we do not know a priori that M; is
a graph-type set. The second and more subtle obstacle is that the standard notion
of viscosity solutions is not well suited for the environment of LP functions, with
p € (n,00), on wich we can no longer rely on pointwise estimates. What seems the
correct notion is the one of of WP -viscosity solutions. We refer to [Sch04] for the
aforementioned definition.

In [Sch04] the author addresses both of the issues considering the upper and
lower functions of a varifold V, i.e. the functions

v*(y):=sup {z eR*:(y,2) € sthV},
v (y) = inf{z eRF: (y,2) € sptuv}
respectively, and proves:

1. The function v* are twice approximately differentiable .#"-a.e. and their ap-
proximate differentials satisfy

vt
V1+ |Vt

(-VvE(»),1
V1+IVvE(y)

H(y, v:(y) =div

for #"-a.e. y such that v*(y) e R.

2. The functions upper and lower functions v and v~ are WP -viscosity sub
and super solutions respectively of the partial differential equation

diV(L) :ﬂj(" v) (_VU,D

3. A strong maximum principle holds for v*. More precisely there are no W?P?-
class functions vy that both touch from above v* (i.e. v* — has a maximum
point) and make

_ +
div(v—w)sﬂj(.'l}+) (-vov*,1)

V1+|Vyl2 V1+|Vut2

hold in an open set U, unless their graph is contained in sptuy. A symmetri-
cal result holds true for v~.

These three result should therefore guarantee an extension of Proposition 4.4.1
to the general case in codimension k = 1. However all of the results proved in
[Sch04] are based on the classical proof of Theorem 4.1.1 as in [Sim84]; making
therefore pointless the whole discussion. Further research is thus needed in order
to give an analogous of Theorem 4.1.2 in the case p € (n,00) even in the simpler
case of codimension k = 1.



5. APPLICATION TO THE PLATEAU PROBLEM

5.1. Introducing the Plateau Problem

The Plateau problem, named after Belgian physicist Joseph Plateau, emerged as a
challenge in both mathematics and physics during the 19th century. At its core,
the problem revolves around finding the surface of minimal area spanning a given
boundary curve. While the question seems simple, not only its solution involves
intricate mathematical concepts, but the very formulation of the problem together
with areasonable notion of solution has puzzled mathematicians and physicists for
decades.

The origins of the problem are found in the observation of soap film bubbles.
Particularly, it stems from the investigation into how soap bubbles minimize the
surface area while spanning a given boundary:.

Mathematically, the Plateau problem can be framed within the realm of calcu-
lus of variations. In this case, the functional to be minimized is the surface area
functional #"(-), subject to certain boundary conditions. However, unlike classi-
cal problems in calculus of variations, the Plateau problem presents unique chal-
lenges due to the nonlinearity and nonconvexity of the associated Euler-Lagrange
equations.

Throughout history, mathematicians have made significant strides in address-
ing the Plateau problem. Prominent figures such as Bernhard Riemann, David
Hilbert, and Jesse Douglas have contributed important insights, leading to the de-
velopment of powerful mathematical tools such as geometric measure theory and
the theory of partial differential equations.

Despite these advancements, many aspects of the Plateau problem remain un-
resolved. Challenges persist in extending solutions to higher dimensions, under-
standing the behavior of minimal surfaces in non-Euclidean spaces, and character-
izing the global structure of minimal surfaces.

5.2. Formulation of the Problem

In this section, we give a rigorous formulation of the problem withing the frame-
work of calculus of variation. We will only that assume the boundary to be spanned
is any closed subset of the ambient space and we will guarantee existence of a man-
ifold solution which is C* smooth up to a .7#"*-negligible set. First and foremost

85
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we introduce the main notions for the Chapter.

Definition 5.1. Let @ : R"*%¥ — R"*K pe a function and B,(x) < R"** a given ball.
For ¢ e NU {oo} we say that @ is c? -isotopic to the identity in B, (x) if there exists a
function A € C/([0,1] x R"*k; R"*K) such that:

1. AQ0,") = idguss;
2. AL, = ;
3. A(,") =idgnik () in R™F\B,(x) for every 1 € [0,1];

4. A(z,) :R"™k — Rk jg 4 Cl-class diffeomorphism for every ¢ € [0, 1].

We collect all of the functions which are C’-isotopic to the identity in B, (x) into the
family D¢ (x,7). When ¢ = co we will simply write D(x, r).

Observe that properties 3. and 4. respectively of the above definition imply
that if ® € D¢ (x, r), then ® = id outside of B;(x) and ® is a ct diffeomorphism, in
particular it is bijective.

Definition 5.2 (Lipschitz Deformations). We define the class Z(x, r) of Lipschitz
deformations on the ball B, (x) as the family of Lipschitz functions @ : R"** — R"+k
for which there exists a sequence (®;) ; € D(x, r) uniformly converging to @; i.e.

Dx,1):=D5 1) A Lip@R"k; Rk

Definition 5.3 (Deformed Competitor). Fix a closed subset I' € R"** and let M <
R™ ¥\ be relatively closed and n-rectifiable. If B,(x) € R"*F\I" we say that a de-
formed competitor of M in B, (x) is any element of the family

DComp(M, x,1) :={®(M) : ® € D(x,1)}.

When dealing with the Plateau problem we want to work in class F of sets which
is large enough so that we can exclude the possibility that a Lipshitz deformation of
a set in F outperforms the infimum in F, hence the following definition.

Definition 5.4 (Good Class). GivenI' < Rk closed, we say that a family G(I') of n-
rectifiable and relatively closed subsets of R"k\Tisa good class if for any M € G(T'),
and for all balls B, (x) € R"*¥\I with center x € M we have

inf J(N) < inf S (P)

Neg@) PeDComp(M,x,r)
N\B;(x)=M\B(x)

We will show how the notion of good class gives the correct environment on
which to consider the problem of minimizing the measure 7#", namely the prob-
lem

minimize J#" among G(I). (5.1)

In order to transform (5.1) into a Plateau problem we need to define a reasonable
notion of boundary, that will be embodied by I', and of spanning the given boundary
on which we can use the theory developed in the previous chapters. To this aim we
give the following definitions.
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Definition 5.5. Let I' € R”*¥ be closed. We set S* to be the k-dimensional sphere
and

br = {y :SF - Rk smooth embedding}.

We say that a subfamily 4" < %t is closed by isotopy with respect to T" if € satisfies
the implication

YEC = [ylrc%,

where [y]r is the isotopy class of y with respect to T'.

Definition 5.6 (¥-spanning). Let I' € R"*¥ be a closed set and let % be closed by
isotopy w.r.t. . We say that a n-rectifiable relativley closed subset M < R**¥\T" is
C-spanning I' if

MnyShH#o vye¥,

and we collect them all into the family F (T, %).

We will prove that F (T, %) is a good class in the sense of Definition 5.4, hence,
with these notions established, we can formulate the Plateau problem as

minimize S#" among F(T,%). a

In this chapter we establish existence for solutions of (), provided 57" is finite
for at least one M € F(T',%). Moreover we prove that solutions of () are analytic
except on a .7 -negligible subset.

We briefly discuss the idea we are presenting. We have already remarked how n-
rectifiable sets inject naturally into the class of n-rectifiable measures; in particular,
for any n-rectifiable set M we have a canonically associated n-rectifiable Radon
measure u = "), therefore we can embed the problem () into the larger class
of measures. The latter , together with the notion of weak-* convergence, being a
suitable environment on which to apply the direct method of Calculus of Variations.
We therefore commence by finding a measure solution p of (3). The critical part will
be proving that the measure solution p is actually a set solution in the sense that we
can find M spanning I such that u = 72"} . In order to show that u is obtained by
the injection of a rectifiable set M we use a rectifiability criterion (which is due to
Preiss) hence we reduce the problem into proving that the n-density of pis 1 almost
everywhere, while showing M is ¢ -spanning I" will follow by a closure property of
F(T,9).

Once a minimizing set M is obtained the we will be able to prove that M is a
local minimum of the area functional #"(-), hence that the n-rectifiable varifold
V :=v(M,1) is stationary. Applying then Allard’s Regularity Theorem (cfr Chapter 4)
we prove that M is a C!-class manifold, which in turn implies that M is analytic up
to a s¢""-negligible subset.
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5.3. Technical Lemmas

Throughout the whole section, I' will always denote a closed subset of R**¥, and
¢ will always be a family of embeddings S¥ — R"*k\T closed under isotopy with
respect to I'. Furthermore, given x € R**¥\T we set d,, := dist(x,T).

Lemma 5.3.1. Under the standing assumptions onT and €, the family F (T, %) is a
good class in the sense of Definition 5.4.

Proof. We prove that F (I, %) is a good class by proving the stronger statement that
forany M e F (T, %), xe M, r € (0,dy) and any ® € Z(x, r), we have ®(M) € F (T, %).
Let us fix any M,x, r, ® as above, and assume ®(M) ¢ F (I',%). Then let y € € be
such that

y(SHnoM) = 2.
Without loss of generality, we can suppose
y(SH) n®(M\B, (x)) = @.
By definition of Z(x, r), there exists a sequence (® i)j €D(x,r) such that

lim @} —®|lco =0.
J—0o0

Recalling that y(SF) is compact, and ® j =id outside of B, (x), then
ySHno;m =2 (5.2)

for any j sufficiently large.
On the other hand ®; € D(x, r), hence ®; is invertible. Therefore

;! (y(s*) no;() = (]! oy(sh)) n M.

Recalling that ®@; is isotropic to the identity in B, (x), thus d)jTl oye%,and M €
F(T,%), follows that

(07 oy(sh)nM#2. (5.3)

The contradiction follows by applying ®@; to (5.3) and comparing it to (5.2).
O

We introduce a notion of convergence for n-rectifiable sets.

Definition 5.7 (Weak-* Convergence of Sets). Let O € R"** be open. We say that a
sequence of relatively closed and n-rectifiable sets (M;) € Q weakly-* converges to
a set M, if the sequence of measures (7" ’Z‘Mj) j weakly-* converges to the measure
A w

The following lemma established a closing property of the class F (I', %) under
weak-* convergence of sets.
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Lemma 5.3.2. Assume (M) < F(T,%) to be weakly-* converging to a relatively
closed, n-rectifiable set M < R"*F\T'. Then M € F(T,%).

Proof. We argue by contradiction. If M ¢ F (I', %), then there exists y € € such that
yShHnMm=w2.

Since y(Sk) is compact and M is relatively closed in [R””‘\F, there exists € > 0 such
that the tubular neighborhood of radius 2¢ of y(§k) (denoted by Uy (y)) has empty
intersection with M. Let u:= "} and u; := %”L’}w] for each j € N. By weak-*
convergence of (M;); to M, we deduce

]lLI{:oﬂj(Uzs (y) =0. (5.4)

Let W : S¥ x B — Ue(y) be a diffeomorphims such that ¥(-,0) = y and ¥ (-, )
is parallel to y and passes through the point y((1,0,...,0)) + y. Then y, := ¥(-, y) is
isotopic to y for each y € B, hence

Miny,(S#@ VyeBl jeN. (5.5)
Finally we define IT: S¥ x B! — B! to be the projection (y, z) — z, and set
IT:Ug(y) — B, M:i=MoW™l

It is easy to check that IT is Lipschitz, hence the coarea formula and (5.5) imply

n

W€
A MiNUg(y) =2 ——— > 0. 5.6
(M;nUe(y)) ip(D)" > (5.6)
The contradiction is given by (5.4) and (5.6).
O

A key result we are going to use, is a deformation theorem for closed set due to
David and Semmes [DS00].

Before stating the theorem, let us introduce some further notation. Given a
closed cube Q = Qy(x) of center x € R"** and side length ¢ > 0, we cover it with a
grid of closed cubes with side length ¢, for some 0 < € < ¢, each having non-empty
intersection with Int(Q); moreover we assume such a covering to be centered at x
(i.e. one of the cubes is centered at x). The family of smaller cubes will be denoted
by A¢(Q). Then we define

Cr:=UJ{TnQ:TeA.(Q, TndQ # o},
Co=U{TeA(Q):(TNQ)Z C1, TNIC, # B},
Q':=0Q\(C,UCy).

Asa consequence

Ae(Q'UC) ={T € Ae(Q): TS (Q' UCy)}.
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For each non-negative integer j < n+ k, we let A&j(Q1 U Cy) denote the collec-
tion of all j-dimensional faces of cubes in AE(Q1 U Cy), and A: ].(Ql U C,) be the

subfamily of A, j(Q' U C,) of elements which are not contained in (Q' U C,).
Finally we define the j-skeleton of order € in Q' U C, as

Se,j(Q'UC) :=JAj(Q' UCy).

Theorem 5.3.1 (Deformation Theorem for Cubes). Let r > 0 and € > 0 be fixed
constants, and assume E to be a compact subset of a cube Q < B(xy), such that
FC"(E) < oo. Then there exists Og g € D (X, 1) satisfying the following properties:

(i) @ p(x)=x forall xe R"*\(Q'u Cy);
(i) ®¢p(x)=xforall x € Sg,—1(Q*UCy);
(iii) Pe,p(EN(Q'UC2) S Se,n(Q'UC) UA(Q!UCy);
(iv) ®cp(T) S T forevery T € A, j(Q' UCy), forall j € {n,...n+k};
(v) either ™ (@ g(E)NT) = 0 or (@, p(E)NT) = (), forevery T € A}, ,,(Q);

Wi) A" (@ p(ENT)) < L1 (ENT) forevery T € A (Q' U Cy), for some constant
L, which depends only on n and k (but notone).

Later we will need to implement the above deformation theorem for a closed set
E onrectangles rather than cubes. More precisely let us consider a closed rectangle

R:=100,011% .. x[0,0psr), €1=.<Cpir

and a tiling of R”*¥ made of rectangles which are e-homothetic to R. Let AR(R)
denote the family of translalted and e-scaled copies of R, and let us set

cl:={TnQ:TeARQ),Tnor# 2},
ch=J{re AR :(TnR 2}, Tnocl £ 2},
R':=R\(CRuChH).
As before, for any integer j < n + k we let Af,j (R'u Cf) denote the collection of j-

dimensional faces of rectangles in Af (R'u Cf), and Af; (R'u Cf) will be the set of

elements of AX(R' U Cf) which are not contained in d(R' U CX). We also define the
j-skeleton of order € in R' U CF as

sfjj(Rl uCH :=JAg,;(Q'uCy).
The following theorem is an immediate consequence of Theorem 5.3.1

Theorem 5.3.2 (Deformation Theorem for Rectangles). Letr > 0 and e > 0 be fixed
constants, and assume E to be a compact subset of a rectangle R < B, (xp), such that
H"(E) < oo. Then there exists Og g € D (X, 1) satisfying the following properties:

(i) ®¢p(x)=x forall xe R"™F\(R'UCy);
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(ii) . g(x)=x forallxe Sg,n_l(R2 uCy);
(iii) ®¢p(EN(R'UC,)) S Sen(RIUC) UAR UCy);
(iv) ®.g(T)< T forevery T € A&]-(R1 UGCy), forall jein,..,n+k};

() either " (®¢ p(E)NT) =0 or " (D¢, g (E)NT) = #™(T), forevery T € A ,(RY);
i) A (D p(ENT)) < Ly (ENT) forevery T € Ac(R' U Cy), for some constant

Ly, which depends onlyon n, k and ¢,/¢, (but noton ).

5.4. Existence and Regularity Theorems

Theorem 5.4.1 (Existence). Let T < R"** be a closed set, and let € be a family of
embeddings S* — R K\T closed under isotopy w.r.t. T. If

inf 7" < oo,
F(I,%)

and (M;) € F(T,%) is a minimizing sequence, then there exists M € F (I',¢) such
that M; —* M. In particular M is a solution of the Plateau problem (3).

Proof. For each j € Nwe set
l’l'] = %j;\/]} .

Under the standing assumptions we can suppose without loss of generality that
pj —* u, for some p € Rad(R™*¥\TI'). We then define M := sptu\I’ and also consider
the canonical density one rectifiable varifolds

Vi ::%’3\/1,» ® (Or.M;)x =Hj® (O 1M (5.7
Since (M) is a minimizing sequence, we can assume the bound
1R <200 RN <00 VjEN,
and therefore we can assume that
Vi—="V=pemn«

in the sense of varifolds.

By virtue of Lemma 5.3.2, proving that V is n-rectifiable and with density con-
stantly equal to 1 will be sufficient to prove the theorem. In particular, doing so will
prove that M is a solution of the Plateau problem ().

STEP1. The limiting varifold V is stationary in R"+¥\I'. Assume indeed the exis-
tence of a smooth vector field X € C} (R"**\T;R"*¥) such that

oV(X) <0

where 8V is the first variation of the varifold V (cfr. Chapter 2). By a standard
partition of unity argument for the compact set spt(X) in the open R"*¥\T', we get



92 Chapter 5. Application to the Plateau Problem

existence of a ball B, (x) € R"*¥\T and a vector field (not relabeled) X € Cg (Br(x))
such that the first variation (cfr. Chapter 2 for the definition and the notation)

0V (X)<—-2c¢ forsomec>0.

For arbitrarily small 7 > 0, we have ® :=id + tX € Z(x, r). Moreover, there exists an
open set A< R"** containing B, (x) such that

Hory (0A) =0. (5.8)
Recalling the definition of first variation of a varifold, we have
Uty (A) < —ct+ u(A).
By lower semicontinuity and (5.8), for j € N large enough
/Jq)#Vj(A) - % s-ct+ujA.
Therefore

2
%”(Amsptuq,#vj)s—ct+<%””(Aﬁsptuj)+;. (5.9)

Recalling (5.7), adding to both sides of (5.9) the term /" (R"**\ A)n M i) and not-
ing that ®(M;)\A = M;\A, then

H@(M) < A" (M)) —ct+ ;

Since @ € 2(x, ) and B, (x) € R"*¥\T, this is a contradiction with the minimizing
property of the sequence (M;) € F(I',%¢). Therefore V is stationary, namely V €
7,(®"*¥\T') has mean curvature H,, = 0.

STEP 2. We claim that

B
300 = 9o (n, k) - “(w’—;")) > 9y VxeM,re0,dy).
n
Equivalently, we prove that
1/n
36=PB(n,k)>0: M >f VYxeM,le(0,2dy/Vn).

Fix x € M and 0 < ¢ < 2d,/+/n such that u(0Q,(x)) = 0, and assume
Qe (x)) < p"en, (5.10)

for some constant 8 > 0 that will be chosen later. We show that we can select § =
B(n, k) such that, if (5.10) holds, then x can not belong to spty, as we are able to
construct a sequence of cubes Q; := Qy, (x) such that:

(D Qo:=Qr(x);
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(I) pw@Q;)=0forallieN;

(ITT) Setting m; := u(Q;), then

(IV) letting L; be the constant of Theorem 5.3.1, then

forall i e N.

(V) Defining

6 }/n
L:=max{6,—— ¢ and ¢&;:= ——, (5.11)
1-(1-1/LpYn ;

we have

(1-6e))l; =l =(1—4e)l;;

(VI) the following properties are satisfied

lim m; =0 and liminf¢;>0.

1—00 1—00

The cube Qy satisfies by construction (I), (II) and (IIT). Suppose that the cubes
Qo, ..., Q; have already been defined, and set

m] = " (M; 0 Q.

We now cover Q; with the family A, ¢, (Q;) of closed cubes of side length €;¢;, and
let Cf, Cé and Q} be the corresponding sets defined at the end of the previous sec-
tion. We then set Q;; := Q}. Note that (5.11) implies that both Cé' and Q;4; are
non-empty; moreover Cl.1 U Cl? is a strip of width not larger than 2¢;¢; around 0Q;,
hence the side length ¢, of Q;4; satisfies

(1—4ep)l;<li1 <(1-2e))¥;.
We now apply, for each i, j € N, Theorem 5.3.1 with E = M;, Q = Q; and ¢ = ¢;¢;,

obtaining maps ®"J := D¢, 0, K;-
We claim that, for j sufficiently large, we have

m] < Li(m] —m], ) +o0;(1). (5.12)

To the aim of proving (5.12), we first observe that if there existssome T € A” , | (Q;+1)
such that

A" (@M (M T)) = A#"(T),
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then
(€:0)" = A" (T)
< "M@ (M) N Qi+1)
< Lh%ﬂn(Mj NnQ;)
j

Therefore
, (5.13)

and plugging (5.13) into (5.11), yields

1

= .
ﬁ_LlL

Therefore, recalling item (v) of Theorem 5.3.1, we can choose = (n, k) > 0 small
enough such that

A" (@ (MjnQi41) =0 Vjlarge enough. (5.14)

Finally, since (M;); is a minimizing sequence and, by Lemma 5.3.1, FI,%)is a
good class, (5.14) gives

m{ =m;+o0;(1)
< "M@ (M;nQp) +0;(1)
= A" (@ (M) 0 Qi41)) + (@ (Mjn (C}uC2)) +0;(1)
< LA™ (M;n (CLuCl)) +0;(1)

=Li(m] —m!, ) +o0;(1).

Passing to the limit as j — oo in (5.12), we obtain

1
Mmiy1 < (1——) mi, (5.15)
Ly

that is property (IV). Since ¢;+1 = (1 —4¢;)¢;, we can slightly shrink the cube Q;4;
to a concentric cube Q;.H with side length Z;.H > (1-4¢j)¢j and ,u(OQ;.H) =0 for
which (IV) still holds, just getting a lower value for m;,;. With a slight abuse of
notation, we relabel these all of these cubes Q;. +1 88 Q1.
Using (5.15) and (III) for Q;, we deduce
én

i+1

1 1
migg<|1-—|m;<|1-—|p"—F——,
il ( Ll) : ( Ll)ﬁ (1-66,)"
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Therefore (5.11) gives (III) for Q;+;. Furthermore, observing that (III) and (V) for Qo
imply €9 < 1/L, we also obtain

€i+1 =€j. (5.16)
We finally prove (VI). From (IV), immediately follows

lim m; = 0.
i—o0

On the other hand, recalling (5.16) and our definitions of ¢; and L, we have

.. i
liminf — =
i—moo g

—18

(1-6¢;)

6m1/" 11/71
[t 4]
o\ LPLIT_,a—6ep I

1_—_(1__)
O( L(1—6€0)l L1

1l
(=}

v
—18

v
—18

Y
e

Therefore

liminf¢; >0
1—00

is proved.
STEP 3. From STEP 1 and STEP 2, together with Theorem 3.1.1 we deduce that V
is n-rectifiable, hence it is of the form

V=ﬁjﬁ%® (6TXM)’

for some n-rectifiable set M < R"**. On the other hand, being M the support of p,
we deduce u(MAM) = 0. Hence, for the rest of the proof we write

pu=9x", and V=907",®r.m).
Furthermore, Corollary 2.3.1 guarantees that, for any x € M, the function

- (B (x))

W rn rE(O,dx)
n

is increasing.
STEP 4. We prove that

9(x)=1 VxeM: T.M exists.
Actually we prove something slightly more general, that is

((Prj,x)#lJ
—

921 VxeM:3r;\0s.t. —*9x) A (5.17)

J
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where T is any element of G(n + k, n).
Fix any point x, sequence (rj); and Se G(n+ k, n), as in (5.17). We can suppose,
without loss of generality, x = 0 and T = R" x {0}*. Let us set

_ ((Prj,x)#ﬂ

n
r
J

rj,Xx .

IJ]

(which is a different definition from the one of i, . given in Chapter 3). Observe
that

M
spt(u'i™) < ,

J

and that the weak-* convergence, together with the lower density estimates of STEP
1, imply the Kuratowsky convergence of sptu’/* to S. In particular, for any € > 0,
there are infinitely many p > 0 such that

€
Mmeg{yeR"+k:|yn|,...,|yn+k|<1—0‘%}. (5.18)

By contradiction, assume 9(0) < 1. Thanks to the monotonicity of the function
r— W(Br(x)/ (wxr™), (5.18) implies the existence of r > 0 and « < 1 such that the
following properties hold

KQr)

rn

/J(aQr) =0, <a, Mn (Qr\Rr,sr) =g, (5.19)

where R, ¢, is the rectangle [—7/2,7/2]" x [-er/2,e7/2] k In particular, thanks to the
weak-* convergence u; —* u, we have

( r)
% sa and p;j(Qr\Byre) =0;(1). (5.20)

We now wish to clear the small amount of mass appearing in the complement
of R, .,: we achieve this by repeatedly applying Theorem 5.3.2. We set

€
R:erm{XERn+k:xn+12§r}, E::M?::Mj

and we apply Theorem 5.3.2 to this rectangle with these choices of R, € and E,
obtaining the map W1/ := @, M;. We recall that the obtained constant L for the
area bound is universal, since it depends on the side ration of R, which is bounded
from below by 1 and from above by 4, provided € small enough. We then set Mjl. =

gl (M? ) and repeat the argument with
€
R:=Qrn{xeR™F:x,, < —Er}, E:=M!,

obtaining a map W2/ := @, 1. We set again MJ2 = ‘I’Z'f(Mjl.) and iterate this proce-
"

dures to the rectangles

€ £
Qrﬂ{xe[l%’”k:xmg > Er},...,Qrﬂ{xeRMk:xmk < —Er}.
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After 2k iteration, we set
ME =W o oWl (M)).
We are going to use the cube Q,(,_, 5 because, taking ¢ small enough, then
Ve > 4Ce,
where C > 1 is the side ration considered before. This allows us to claim that
A M0 Q- ye) Ry e 6er) = 0 (5.21)

Otherwise there would exists a n-face of a smaller rectangle T < (Q;\R,¢,) such
that

A MEENT) = A(T) = (1)
which would lead to the following contradiction for j large:
(en™ < #™(T)
< A" (M50 (Qr\Ryer)
< LK™ (M; 0 (Qr\Ryer)

— 0.

j—oo

In particular, we cleared any measure on every slab

n+k r

U {rer™*:3er <ixil <1-v&5}nQu_yz)-

i=n+1 2
Now we want to construct a map P € Z(0,r), collapsing R, _,/z) e Onto the
tangent plane S = R” x {0}*. We adopt the notation
R"+k Sx= (x/,xu) eR" x R”+k.

Then we set

! I
X"l :== max{|x1],...,1x,1} and|x"|| := max{lx,41l,.... [ Xp+kl}

and we define P as follows:

Ax'max"1-3en* x" .
(s, GOS0 2 s (1= g ") if max(lx' ) 16" 1) < 5

P(x):=
{id otherwise,

where (-)* denotes the positive part, and g : [0, r/2] — [0, 1] is a compacly supported
cut off function such that

10
g=1 on [0,r(1-v?)/2] and |g|s—.
rVe
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Then P € 2(0,r) and it is not difficult to show that there exists a constant C =
C(n, k) > 0 such that

Lip(P) <1+ Cve.

We now set Mj = P(sz.k), which verifies , thanks to (5.21),

A" (M0 (Qu- e \Q_ /gy, =0, (5.22)
and
A" (MnQAQu—ya) < 1+ CVE " A (MF* 1 (Q\Qu_a),)
< (L+CVa) L* 2™ (M 0 (Qr\(Qq_ /) U Rrer)))
+(1+CVe) A" (MjN (RrerQ_ z,)
< (1+CvVe) A" (M0 (Rrer\ Q- yp),) + 05 (1),

(5.23)

where in the last inequality we have used (5.20). Moreover, by using (5.19), (5.20)
and (5.22), we also have, for j large

a-van' — a-vanr
M NQ,)
<(1+Cve +
o r (5.24)
M;n +0;(1
<(1+CVE) ( ]rgr) (1)
<a+o0j(1)
<l.
As a consequence of (5.24) and compactness of M i, there exists y} € Q(”l_ VA and
6 > 0such that, if we set y; := (y;.,O), then
MjnBj (y)=2 and Bj (y)€Q)_ s, (5.25)

After the last deformation, our set M j N Q- is contained in the tangent plane
S =R" x {0}* and we want to use the property (5.25) to collapse Mj NQu-, ), into
oQ" ) x 0F. To this end, for every j € N let us define the following Lipschitz
m

(1-ver
ap:

! ! I 4
x'+7Z. ,x ) ifxeR,_
Y](x) = ( Jrx 1-Verr ,
X otherwise

with

X' =¥l r—alx"
Z. = min{l, 5, ! } - yj,x(x’—y}),
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where y x > 0 is such that

’ ! ! n k
X +yjx(x —yj)eaQ(l_\/ar x 0",

One can easily check that Y j € 2(0, r). Moreover, setting
M :=Y;(M)),
we have that
M}\Qr =M;\Q, andjf"(M} NQu-yar) =0, (5.26)
thanks to (5.22), since
ky _
A" (OQ(_ 5, x 10} =0.

Since F(I', %) is a good class by virtue of Lemma 5.3.2, by Definition 5.4 there exists
a sequence of competitors (N;)j € F (', %) such that
Nj\B; = Mj\B, and J¢"(Nj)="(M})+0;(1).
Hence, thanks to (5.23) and (5.26), we get
A" (M) = A" (N)) 2 A" (M) = A" (Nj) +0j(1)
=" (M;n Q) =" (M;NQy) —0j(1)
2" (MjnQq_z) + A" (Mj 0 (Rrer\Q_ /gy, )+
-0j(1) = (A +CVe)A" (MjN (Rrer\Qu - z),))
2 " (MjNQu_ey) = CVEH" (M (Rrer\ Qi /) — 05 (1).

Passing to the limit as j — oo and using the weak-* convergence u; —* u, STEP 1
and (5.19), we deduce
liminf.72" (M;) = liminf. 22" (N}) + u(Qq - /e),) — CVer"
Jj—oo Jj—oo
= liminf. 2" (N;) + (9o (1 - V)" — CVe)r".

Jj—oo

Since, for € > 0 small, this is a contradiction with the fact that (M;) ; is a minimizing
sequence, we finally conclude that 9(0) = 1.
STEP 5. We prove that

9x)<1 VxeM: T.M exists.
As we did in STEP 4, we prove the stronger claim

((Prj,x)#li
n

9<1 VxeM:3r;\0s.t. —"9x)HA, (5.27)

J

for some T € G(n+ k, n).
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Indeed assume wlog x =0, (r;) j and R x {O}k to satisfy (5.27), but 9(0) = 1+0 > 0.
By the monotonicity result established in STEP 2, for every € > 0 there exists r > 0
such that

MnQr<SRyer, 1+0<#Qnr)51+(1+£)a. (5.28)

Recalling that 77 '11\/1]- =pj —" u, we have
"M Q) > (1 + g) h
o
%”((MJ- NQI\Ryer) < Zr" Vj=jolr). (5.29)

Consider the map P € 2(0,r) with Lip(P) < 1+ Cy/¢ defined in STEP 4, which
collapses R,(1_,/z) . 0nto T. Since F(T',%) is a good class,

H"MinQ) <A +B;+C;,
where we defined
A=A PMj O R ) er)),
Bj:= A" (P(Mj N\ (Rrer\Ry_ 7))
€ := " (P(MjN(Qr\Ryer)).

By construction

gj = r",
while, by virtue of (5.29), we have
. o
€; = (Lip(P)" 7" (Mj 0 (Qr\Rper) = (1+CVE)" 1",
Therefore, passing to the limit as j — co, we obtain

(1 - 2) r' < r" +liminf®; + (1 + C\/E)"zr".
2 j—oo 4

Which in turn implies

1 (1 B,
(——(+—C‘/a)asliminf—’. (5.30)

2 4 j—oo T

On the other hand, from (5.28), it follows
. 36]' n
limsup s 1+ CVe) " 1uQr\Qu— ey (5.31)
Jj—oo

s1+CVa"(Q+Q+8a)r"-1+0)A-Ve)"r"). (5.32)

Choosing ¢ sufficiently small, (5.30) and (5.31) provide a contradiction.

Together with the previous steps, we have proved p = "}, with M relatively
closed and n-rectifiable. Recalling Lemma 5.3.2, we deduce that M € F(I',%) is a
solution of the Plateau problem (3).

O
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Theorem 5.4.2 (Regularity). Let M € F (I, %) be a solution of the Plateau problem
). Then there exists a 7" -negligible set~ = M such that M\X is a C*° sub manifold
0fRn+k.

Proof. By virtue of Theorem 5.4.1, there exists a solution M € F (T, %) of (). More-
over, recalling STEP 1 of Proof of Theorem 5.4.1, the varifold V := v(M, 1) is station-
ary. Applying Corollary 4.3.1 we deduce the existence of a 77" -negligible set X such
that M\X is a C* submanifold of R"**\T".

O
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