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Introduction

The rectifiability properties of sets is a classical theme of Real Analysis and
Geometric Measure Theory. It has been widely studied in the Euclidean case
and one of the most important results is De Giorgi’s rectifiability theorem,
which says that, given a set of locally finite perimeter in Rn, at any point of
its reduced boundary the tangent set is unique and is a half-space (see [2],
Theorem 3.59). Roughly speaking, we can imagine to take a domain with a
nice boundary and zoom in around any point of the boundary; at the limit,
we expect to see “something straight” (the tangent hyperplane). As often
happens in Mathematical Analysis, given a result in the Euclidean case, the
next question is whether the same result holds in a more general space. This
is exactly the purpose of this thesis, that is to understand if De Giorgi’s
rectifiability theorem still holds in Carnot groups. This is a natural question
for this ambient space because there is a notion of dilation on it, so a way
of zooming. More precisely, we present the proof of the following theorem
about the structure of tangent sets to a set of locally finite perimeter in
Carnot groups and proved by L. Ambrosio, B. Kleiner and E. Le Donne in
[3]:

Theorem. Let G be a Carnot group and E ¦ G a set of locally finite perime-
ter. Then at |DÇE |-a.e. x ∈ ∂∗E there exists a tangent set which is a half-
space.

In simple terms, if we zoom in around almost every point of the reduced
boundary we could see different objects at the limit, but at least one of them
is a hyperplane.
In [13] B. Franchi, R. Serapioni and F. Serra Cassano proved that an analo-
gous theorem to De Giorgi’s one holds if the Carnot group has step 2. This
fact leads to a complete classification of tangent sets and has relevant con-
sequences, as in the classical theory, on the representation of the perimeter
in terms of the (spherical) Hausdorff measure and on the rectifiability, in a
suitable intrinsic sense, of the measure-theoretic boundary (see [13] for more
precise information). However, they also provided a counterexample show-
ing that in a Carnot group of step 3, called Engel group, there is a set of
locally finite perimeter with a point in the reduced boundary at which the
tangent set is a cone, but not a half-space. Actually, one expects that a
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similar result holds for a general Carnot group (up to consider almost every
point of the reduced boundary and not all) because vectors of the horizontal
layer generate the whole Lie algebra, but what is still missing is some mono-
tonicity/stability argument that singles out half-spaces as the only possible
tangent sets, making this question completely open.
The result of this work is a text divided into five chapters. In the first one, we
review some basic notions and facts from Differential Geometry. Above all,
we recall everything we need about vector fields, which play a fundamental
role in our arguments, and examine them also as operators on non-smooth
functions.
The second chapter is devoted to introduce the ambient space of the thesis,
that is Carnot groups. In particular, we show that they can be identified
with some Rn endowed with a suitable group law and a geometry different
from the Euclidean one, induced by an intrinsic notion of dilation. Fur-
thermore, we define a specific distance (the Carnot-Carathéodory distance)
which derives from the fact that Carnot groups are special examples of sub-
Riemannian manifolds.
The third chapter begins with the classical measure theory in metric spaces;
we define Radon and Hausdorff measures (other essential concepts for this
work) and recall the main related results. Then we introduce Haar measures,
which are a natural type of measure to consider when one deals with a group
structure, and see how all these notions can be specialized to Carnot groups.
In the fourth chapter, the geometric objects involved in our discussions are
presented, above all sets of locally finite perimeter and half-spaces. More-
over, we take a decisive intermediate step towards the announced theorem
by proving that if we iterate sufficiently many times the tangent sets to a
set of locally finite perimeter we obtain a half-space.
Finally, in the fifth chapter we provide the conclusion of the proof by show-
ing that iterated tangent sets are tangent sets to the initial set. After this,
we review the counterexample in [13] of the cone in the Engel group. This
chapter is also the occasion to highlight the differences between the step 2
case and the general one.
Here we give a sketch of the proof: let us call regular directions of E the
vector fields Z in the Lie algebra g such that ZÇE is representable by a
Radon measure and invariant directions those for which the measure is 0.
As in the proof of De Giorgi’s rectifiability theorem, the crucial step is the
study of the blow-up of E at any point x̄ of the reduced boundary ∂∗E, i.e.
the limits

lim
i→∞

¶ 1
ri

(x̄−1E),

where {ri}i∈N is a sequence of positive real numbers which decreases to 0 and
{¶¼}¼g0 are the intrinsic dilations of G. Proceeding as in the proof in [13] for
the step 2 case, we can prove that any scaling sequence leads to a tangent set
E1 (which depends on the sequence) with constant horizontal normal equal
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to the horizontal normal ¿E(x̄) to E at x̄. Given now an orthonormal basis
X1, . . . , Xm of the horizontal layer and the direction

X :=
m∑

i=1

¿E,i(x̄)Xi,

we look at the vector space spanned by Adexp(Y )(X) as Y varies among the
invariant directions of E1, since the adjoint operator Adexp(Y ) : g −→ g has
the property of mapping regular directions into regular directions whenever
Y is an invariant direction. This fact allows to find a new regular direction Z
with the property of having no components in the horizontal layer. We can
then consider the last component of Z and it turns out to be an invariant
direction of a tangent set E2 to E1 at a suitable point in ∂∗E1. Having gained
this new direction, this procedure can be restarted: the adjoint operator can
be used to generate a new regular direction, so that a new tangent set with
an invariant direction appears, and so on. What is then proved is that after
a finite number k of iterations (with k depending only on the stratification
of g) we have that Ek is a half-space. At this point, it only remains to prove
that this half-space is tangent to E at x̄. The proof of this fact is inspired
by a similar result in the context of tangent measures in Rn which appears
in [25]; adapting its proof to the setting of Carnot groups, we achieve our
goal.
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Chapter 1

Vector fields and related

notions

The aim of this chapter is to review some facts regarding vector fields, intro-
duce some related definitions that will be needed and fix the notation which
will be used. In the first two sections we will not provide all the details
to avoid discussions that are too long and far from our purposes: refer, for
example, to [20] to see them.

1.1 Vector fields

From now on, whenever we say “smooth” we mean “of class C∞”. Fur-
thermore, we point out that we will only consider real manifolds (without
boundary) of finite dimension.

Definition 1.1. Let M be a smooth manifold. A tangent vector v at a point
x ∈ M is a map v : C∞(M) −→ R which is a derivation, i.e. it is linear and
satisfies the Leibniz rule

v(fg) = v(f)g(x) + f(x)v(g)

for every f, g ∈ C∞(M). The tangent space TxM is the set of all tangent
vectors at x.

Clearly the tangent space has the natural structure of vector space. More-
over, it turns out that it has the same dimension of the manifold and a basis
is given by partial derivative operators. Precisely, if n is the dimension of
the manifold M and (x1, . . . , xn) is a system of local coordinates around a
point x̄ ∈ M ,

{
∂
∂xi

∣∣
x̄

}
i=1,...,n

is a basis of Tx̄M . Sometimes we will simplify
the notation with the symbol ∂xi or ∂i.
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Definition 1.2. Let F : M −→ N be a smooth map between two smooth
manifolds M , N and let x ∈ M . The differential of F at x is the map
dFx : TxM −→ TF (x)N that assigns to any v ∈ TxM the tangent vector
dFx(v) that acts as follows:

dFx(v)(g) = v(g ◦ F ) for every g ∈ C∞(N).

It is easy to observe that the differential is a linear map and satisfies the
chain rule: given two smooth maps F : M −→ N , G : N −→ P between
manifolds,

d(G ◦ F )x = dGF (x) ◦ dFx for every x ∈ M . (1.1)

Given a smooth manifold M , the tangent bundle TM of M is the disjoint
union

TM :=
⊔

x∈M

TxM

endowed with the natural projection Ã : TM −→ M , Ã(v) = x if v ∈ TxM . It
can be shown that TM can be equipped with a structure of smooth manifold,
so the following definition is well posed.

Definition 1.3. A (smooth) vector field is a smooth section of TM , i.e. a
smooth map X : M −→ TM such that Ã ◦X = idM .

We denote by X(M) the set of all vector fields on M and, clearly, it is a
vector space.
Vector fields can be used as operators that act on smooth functions. Pre-
cisely, given a vector field X ∈ X(M), let us indicate by Xx the value X(x)
of X at x ∈ M ; for any f ∈ C∞(M), we set

Xf(x) := Xx(f).

Then, by definition of tangent vector, every vector field X induces a linear
map X : C∞(M) −→ C∞(M) which satisfies

X(fg) = (Xf)g + f(Xg). (1.2)

Suppose that µ : I −→ M is a smooth curve on the manifold M (I ¦ R

is an interval). For any t0 ∈ I, we denote by µ̇(t0) := dµ( d
dt

∣∣
t0
) the tangent

vector to µ at the point µ(t0), so that µ̇ is the tangent vector field along µ
(sometimes we will indicate it by d

dtµ). If F : M −→ N is a smooth map, by
the chain rule (1.1) we have

d

dt
(F ◦ µ)(t) = dFµ(t)(µ̇(t)). (1.3)
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In particular, we can make explicit the action of the differential of a smooth
function f ∈ C∞(M) on a vector field X ∈ X(M):

dfx(X) = Xx(f) for every x ∈ M .

Let us remember that a map between two smooth manifolds is a diffeomor-
phism if it is smooth, invertible and its inverse is smooth.

Definition 1.4. Given two smooth manifolds M , N and a diffeomorphism
F : M −→ N , the pushforward of a vector field X ∈ X(M) by F is the
vector field F∗X ∈ X(N) defined by the identity

(F∗X)F (x) = dFx(Xx) for every x ∈ M

or, equivalently,

(F∗X)g = X(g ◦ F ) ◦ F−1 for every g ∈ C∞(N).

The pullback of a vector field Y ∈ X(N) by F is the vector field F ∗Y ∈ X(M)
defined as the pushforward of Y by F−1, i.e. F ∗Y = (F−1)∗Y .

Now let us define an important binary operation on X(M):

Definition 1.5. The Lie bracket of two vector fields X, Y ∈ X(M) is the
vector field [X,Y ] := XY −Y X, i.e. the vector field that acts in the following
way: [X,Y ]f = X(Y f)− Y (Xf) for every f ∈ C∞(M).

Proposition 1.6. For any X,Y ,Z ∈ X(M) the Lie bracket satisfies the
following properties:

(i) [X + Y, Z] = [X,Z] + [Y, Z],

(ii) [X,Y ] = −[Y,X],

(iii) [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

Proof. (i) and (ii) are direct consequences of the definition. (iii) is also a
simple consequence of the definition (just expand the left-hand side and all
terms simplify).

The next proposition describes the pushforward of Lie bracket, indeed it says
that pushforward and Lie bracket commute.

Proposition 1.7. If F : M −→ N is a diffeomorphism, then for any X,
Y ∈ X(M) we have

F∗[X,Y ] = [F∗X,F∗Y ].
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1.2 Flows and Lie derivatives

Given a smooth manifold M and a vector field X ∈ X(M), we can consider
the Cauchy problem





d

dt
ΦX(x, t) = X(ΦX(x, t))

ΦX(x, 0) = x,

for x ∈ M and t ∈ R. X is smooth, so the classical theory of ODEs ensures
local existence, uniqueness and smoothness of the solution ΦX : M×I −→ M
(for some open interval I ¦ R containing 0). The map ΦX is called flow of
the vector field X. If the solution exists globally (I = R), X and ΦX are
said to be complete. For the sake of simplicity, let us assume from now on
that any considered vector field is complete (however, this is a property we
will have from some point on).
Setting ΦX

t := ΦX(·, t), we have ΦX
0 = idM and the semigroup property

ΦX
s+t = ΦX

s ◦ ΦX
t for every s, t ∈ R. (1.4)

In particular, (ΦX
t )−1 = ΦX

−t and ΦX
t : M −→ M is a diffeomorphism.

Suppose f ∈ C∞(M) and X ∈ X(M). By definition, X is the tangent vector
field along its flow, hence if we consider the curve ΦX(x, ·) : R −→ M , for
some fixed x ∈ M , we get from (1.3) the following formula:

d

dt
(f ◦ ΦX)(x, t) = Xf(ΦX(x, t)). (1.5)

Remark 1.8. (1.5) says that applying a vector field to a smooth function
means to differentiate the function along it (or its flow). As a consequence,
if Xf = 0, then f is constant along the flow of X, that is f = f ◦ ΦX

t for
every (fixed) t ∈ R.

The next result provides a useful formula for the flow of the pushforward of
a vector field.

Proposition 1.9. Let F : M −→ N be a diffeomorphism and X ∈ X(M).
Then

ΦF∗X
t = F ◦ ΦX

t ◦ F−1. (1.6)

The flow allows to differentiate differential forms along a vector field. Let
us denote by F ∗É the pullback by a diffeomorphism F : M −→ N of a
differential form É on N .

Definition 1.10. Let X ∈ X(M) be a vector field and É ∈ Ωk(M) a k-form
on a smooth manifold M (for some integer k g 0). The Lie derivative of É
along X is the k-form LXÉ defined by

LXÉ(x) :=
d

dt

∣∣∣∣
t=0

(ΦX
t )∗É(x) for every x ∈ M .
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If we indicate by ' the wedge product between differential forms, from the
definition it can be easily shown that the operator LX enjoys the property

LX(É1 ' É2) = (LXÉ1) ' É2 + É1 ' (LXÉ2)

for every couple of differential forms É1, É2; in particular, for any É ∈ Ωk(M)
and f ∈ C∞(M) = Ω0(M) we have

LX(fÉ) = (Xf)É + fLXÉ. (1.7)

Furthermore, it follows almost immediately from the definition

d

dt
(ΦX

t )∗É = (ΦX
t )∗LXÉ. (1.8)

In practice the definition of Lie derivative can be difficult to deal with,
but the next theorem provides a very practical formula. Let us denote
by d : Ωk(M) −→ Ωk+1(M) the exterior derivative operator and by iX :
Ωk(M) −→ Ωk−1(M) the interior multiplication by a vector field X ∈ X(M),
which is defined by (iXÉ)(Y1, . . . , Yk−1) := É(X,Y1, . . . , Yk−1) for every
Y1, . . . , Yk−1 ∈ X(M).

Theorem 1.11 (Cartan’s magic formula). Let M be a smooth manifold and
X ∈ X(M). For any integer k g 0 and k-form É ∈ Ωk(M)

LXÉ = d(iXÉ) + iX(dÉ). (1.9)

1.3 Divergence and X-distributional derivative

On the way to our goal we will almost always have to deal with functions
that are not smooth in general. In the previous sections we saw how a vector
field acts on smooth functions, so now our aim is to expand this action on
locally integrable ones.
Let M be an n-dimensional smooth manifold which is orientable, so that we
can fix a volume form volM , namely a never vanishing top-degree form (in
this case, an n-form).

Definition 1.12. The divergence of a vector field X ∈ X(M) is the function
divX ∈ C∞(M) such that

ˆ

M
XudvolM = −

ˆ

M
u divX dvolM for every u ∈ C∞

c (M). (1.10)

X is said to be divergence-free if divX ≡ 0.

Remark 1.13. If (M, g) is a Riemannian manifold and volM the volume form
induced by the metric g, one can find an explicit expression for divX in terms
of the components of X and recognize that (1.10) is the divergence theorem
on manifolds. Anyhow, we will not need a Riemannian structure and we will
take (1.10) as the definition of divergence. Notice that it depends only on
the volume form.
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Let us immediately state and prove a useful characterization for the diver-
gence of a vector field, which is usually the definition used in Differential
Geometry:

Proposition 1.14. Given a vector field X ∈ X(M), a function f ∈ C∞(M)
is equal to divX if and only if LX(volM ) = f volM .

Proof. For any u ∈ C∞
c (M) we know by (1.7)

LX(u volM ) = (Xu) volM + uLX(volM ). (1.11)

Integrating both sides on M and using (1.10) we get
ˆ

M
LX(u volM ) = −

ˆ

M
u divX dvolM +

ˆ

M
uLX(volM ).

The integral on the left-hand side is 0 by Cartan’s formula (1.9), the fact
that the exterior derivative of a top-degree form is 0, Stokes’ theorem and
the fact that the boundary of a manifold is empty:

ˆ

M
LX(u volM ) =

ˆ

M
d(iX(u volM )) =

ˆ

∂M
iX(u volM ) = 0.

Therefore we have
ˆ

M
u divX dvolM =

ˆ

M
uLX(volM ) for every u ∈ C∞

c (M)

and this implies LX(volM ) = (divX)volM by the fundamental lemma of cal-
culus of variations. Viceversa, using the hypothesis on (1.11) and integrating
we have

ˆ

M
LX(u volM ) =

ˆ

M
XudvolM +

ˆ

M
fu dvolM .

As observed before, the integral on the left-hand side is 0 and so f satisfies
(1.10).

Suppose now that X ∈ X(M) is divergence-free. Combining (1.2) and (1.10)
we deduce

ˆ

M
fXg dvolM = −

ˆ

M
gXf dvolM for every f, g ∈ C∞

c (M). (1.12)

This motivates the next definition.

Definition 1.15. Let f ∈ L1
loc

(M) and X ∈ X(M) be divergence-free. The
X-distributional derivative of f is the distribution

ïXf, uð := −

ˆ

M
fXudvolM , u ∈ C∞

c (M).

If g ∈ L1
loc

(M), we write Xf = g if ïXf, uð =
´

M gu dvolM for all u ∈
C∞
c (M). If µ is a Radon measure (see Definition 3.1) on M , we write Xf = µ

if ïXf, uð =
´

M u dµ for all u ∈ C∞
c (M).
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This definition is reasonable: if f ∈ C1(M), by (1.12) (which is still valid) we
obtain that the X-distributional derivative of f coincides with the classical
action of X on f defined in Section 1.1 (actually, in Section 1.1 we defined
the action of a vector field on smooth functions in such a way that the result
is still a smooth function, but in order to be well defined only C1-regularity
is needed).

Example 1.16. Let us compute the X-distributional derivative of the char-
acteristic function of a “nice” domain in Rn. Let E ¦ Rn be the sub-level
set of a C1-function, i.e. there exist f ∈ C1(Rn) and c ∈ R such that
E = {x ∈ Rn : f(x) f c} and ∇f(x) ̸= 0 for every x ∈ ∂E. Let X ∈ X(Rn)
be divergence-free. If we denote by ï·, ·ð the Euclidean scalar product, we
have for any u ∈ C∞

c (Rn)

div(uX) = ïX,∇uð+ u divX = Xu,

so by the divergence theorem
ˆ

E
Xudx =

ˆ

∂E
uïX, ¿euE ð dHn−1,

where ¿euE is the unit outer normal to E. This proves

XÇE = −ïX, ¿euE ðHn−1
?∂E .

But from our hypothesis we know ¿euE (x) = ∇f(x)/|∇f(x)|, so

ïX, ¿euE ð = ïX,
∇f

|∇f |
ð =

ïX,∇fð

|∇f |
=

Xf

|∇f |

and substituting we finally get

XÇE = −
Xf

|∇f |
Hn−1

?∂E . (1.13)

An important property of divergence-free vector fields is the fact that their
flows are volume-preserving:

Proposition 1.17. Let X ∈ X(M). The flow ΦX
t is volM -measure preserv-

ing (i.e. for any t ∈ R and A ¦ M Borel set volM ((ΦX
t )−1(A)) = volM (A))

if and only if X is divergence-free.

Proof. If u ∈ C∞
c (M), the measure preserving property implies

ˆ

M
u dvolM =

ˆ

M
u ◦ ΦX

t dvolM for every t ∈ R.

Differentiating both sides with respect to t, moving the derivative inside the
integral sign (which can be done because the integrand is smooth) and using
(1.5), we have

0 =

ˆ

M

d

dt
u(ΦX(x, t)) dvolM (x) =

ˆ

M
Xu(ΦX(x, t)) dvolM (x).
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Then, again by the measure preserving property and (1.10),

0 =

ˆ

M
XudvolM = −

ˆ

M
u divX dvolM

for all u ∈ C∞
c (M), which implies divX = 0. For the converse implication,

let us observe that

volM (ΦX
t (A)) =

ˆ

ΦX
t (A)

dvolM =

ˆ

A
(ΦX

t )∗(volM ),

therefore by (1.8) and Proposition 1.14

d

dt
volM (ΦX

t (A)) =

ˆ

A

d

dt
(ΦX

t )∗(volM )

=

ˆ

A
(ΦX

t )∗LX(volM )

=

ˆ

ΦX
t (A)

divX dvolM = 0

This yields that volM (ΦX
t (A)) does not depend on t and so we have the

thesis.

In Remark 1.8 we saw that if the derivative of a smooth function along a
vector field is 0 then the function is constant along the flow. Let us prove
now that this result holds even for X-distributional derivatives.

Proposition 1.18. Let f ∈ L1
loc(M) and X ∈ X(M) be divergence-free. If

Xf = 0 in the sense of distributions, then, for any t ∈ R, f = f ◦ ΦX
t

volM -a.e. in M .

Proof. Thanks to the fundamental lemma of calculus of variations, it is
enough to show that for any u ∈ C∞

c (M) the quantity
´

M (f ◦ΦX
t )u dvolM is

independent of t. For any s, t ∈ R, from Proposition 1.17 and the semigroup
property (1.4) we get

ˆ

M
(f ◦ ΦX

t+s)u dvolM −

ˆ

M
(f ◦ ΦX

t )u dvolM

=

ˆ

M
f(u ◦ ΦX

−t−s) dvolM −

ˆ

M
f(u ◦ ΦX

−t) dvolM

=

ˆ

M
f(u ◦ ΦX

−t ◦ Φ
X
−s) dvolM −

ˆ

M
f(u ◦ ΦX

−t) dvolM .

A Taylor expansion around s = 0, combined with (1.5), ensures

(u ◦ ΦX
−t ◦ Φ

X
−s)(x) = (u ◦ ΦX

−t ◦ Φ
X)(x,−s)

= (u ◦ ΦX
−t)(x)− sX(u ◦ ΦX

−t)(x) + o(s),
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so substituting

ˆ

M
(f ◦ ΦX

t+s)u dvolM −

ˆ

M
(f ◦ ΦX

t )u dvolM

= −s

ˆ

M
fX(u ◦ ΦX

−t) dvolM + o(s) = o(s),

where the last equality holds by virtue of the hypothesis Xf = 0 in the sense
of distributions. This concludes the proof.
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Chapter 2

Carnot groups

Carnot groups are the ambient space in which we place ourselves for this
thesis, so in this chapter we introduce them with properties that we will
need.

2.1 Lie groups and algebras

Definition 2.1. A group G is said to be a Lie group if it is also a smooth
manifold in which the group operations of multiplication and inversion, i.e.
the maps

µ : G×G −→ G, µ(g, h) = gh,

º : G −→ G, º(g) = g−1,

are smooth.

Let us denote by e the identity element of the group.

Definition 2.2. A vector space g is a Lie algebra if it is equipped with an
operation [·, ·] : g × g −→ g which is bilinear, skew-symmetric and satisfies
the Jacobi identity

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 for every X,Y, Z ∈ g.

By Proposition 1.6, an example of Lie algebra is the set X(M) of vector fields
on a smooth manifold M endowed with the Lie brackets [X,Y ] = XY −Y X.
Let G be a Lie group. For any g ∈ G, let us denote by Lg the left translation
by g, that is the map

Lg : G −→ G, Lg(h) = gh.

It is the composition of the smooth maps h 7−→ (g, h) and µ and clearly its
inverse is L−1

g = Lg−1 , so it is a diffeomorphism. The same thing applies if
we consider the right translation by g

Rg : G −→ G, Rg(h) = hg.
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Definition 2.3. A vector field X ∈ X(G) is left-invariant if for any g ∈ G

(Lg)∗X = X, i.e.

d(Lg)h(Xh) = Xgh for every h ∈ G.

Remark 2.4. Actually, it is equivalent to say that the property only holds
for h = e, that is Xg = d(Lg)e(Xe) for every g ∈ G. Indeed, if this is true
we have by the chain rule (1.1)

d(Lg)h(Xh) = d(Lg)hd(Lh)e(Xe)

= d(Lg ◦ Lh)e(Xe)

= d(Lgh)e(Xe) = Xgh

for all h ∈ G. In other words, left-invariant vector fields are characterized
by their value at one point, for example the identity.

In differential terms, X is left-invariant if

X(f ◦ Lg)(x) = Xf(Lg(x)) (2.1)

for every x, g ∈ G, f ∈ C∞(G). Let us denote by XL(G) the linear subspace
of X(G) of left-invariant vector fields. Thanks to Proposition 1.7, it is im-
mediate to see that the Lie bracket of two left-invariant vector fields is still
left-invariant, so XL(G) is a Lie subalgebra of X(G). Moreover, Remark 2.4
says that it is isomorphic to TeG by the Lie algebra isomorphism

XL(G) −→ TeG

X 7−→ Xe.

In particular, if dimG = n, XL(G) is an n-dimensional subspace of X(G).
We will often identify XL(G) and TeG and indicate them by g. g is called
the Lie algebra of G.

Remark 2.5. Analogously we can introduce right-invariant vector fields XR(G)
and show that they can be identified with TeG. It is a convention to choose
left-invariant ones as the Lie algebra of a Lie group. We just stress the
fact that in general a right-invariant vector field is not left-invariant and
viceversa.

Proposition 2.6. For any left-invariant vector field X ∈ g the following
properties hold:

(i) ΦX
t (g) = gΦX

t (e) for every g ∈ G, t ∈ R. In other words, ΦX
t = RΦX

t (e).

(ii) ΦX
s+t(e) = ΦX

s (e)ΦX
t (e) = ΦX

t (e)ΦX
s (e) for every s, t ∈ R.

Proof. By left-invariance of X, we have from (1.6) ΦX
t ◦ Lg = Lg ◦ ΦX

t .
Evaluating this equality at e gives (i). Using the semigroup property (1.4)
and (i) we get ΦX

s+t(e) = ΦX
t (ΦX

s (e)) = ΦX
s (e)ΦX

t (e) and exchanging the
order of s and t we also have the other equality of (ii).
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Another important property of left-invariant vector fields is that they are
complete (see [20], Theorem 9.18), therefore from now on the assumption
of completeness will no longer be necessary. Furthermore, for this reason
we can set exp(X)(g) := ΦX

1 (g), for g ∈ G and X ∈ g, and the following
definition is well posed.

Definition 2.7. The exponential map exp : g −→ G is defined by exp(X) :=
exp(X)(e).

In this way we have exp(tX) = ΦtX
1 (e) = ΦX

t (e) for every t ∈ R. Moreover,
exp(X)(g) = g exp(X) by Proposition 2.6, so for any X,Y ∈ g

exp(Y )(exp(X)) = exp(X) exp(Y ). (2.2)

We can further make explicit (2.2) by the so-called Baker-Campbell-Hausdorff
formula: for two multi-indices ³ = (³1, . . . , ³k) ∈ Nk and ´ = (´1, . . . , ´k) ∈
Nk such that ³k + ´k g 1 and two vector fields X and Y , let us define

C³´(X,Y ) :=

{
(adX)³1(adY )

´1 . . . (adX)³k(adY )
´k−1Y if ´k g 1

(adX)³1(adY )
´1 . . . (adX)³k−1X if ´k = 0,

where (adX)nY := [X, [X, [. . . [X︸ ︷︷ ︸
n

, Y ]] . . . ] and (adX)0Y := Y . Then, setting

|³| := ³1 + . . . + ³k and ³! := ³1! . . . ³k!, the following formula holds (see
[27], Section 2.15):

Theorem 2.8 (Baker-Campbell-Hausdorff formula). Given two vector fields
X,Y ∈ X(G), the vector field

C(X,Y ) :=

∞∑

k=1

(−1)k−1

k

∑

³,´∈Nk

³i+´ig1 ∀i

1

³!´!|³+ ´|
C³´(X,Y ) (2.3)

is such that exp(X) exp(Y ) = exp(C(X,Y )) when the series on the right-
hand side is converging.

Remark 2.9. The series in (2.3) is not convergent in general, but it can be
treated as a formal series and substituted in (2.2). In any case, we will work
with the hypothesis that the group is nilpotent (see below) which reduces
the series to a finite sum, so we will not have to worry about this.

In what follows, given two linear subspaces V and W of a Lie algebra, we
set [V,W ] := span{[X,Y ] : X ∈ V, Y ∈ W}. Let g be a Lie algebra. Let us
define g1 := g and by induction gi+1 := [g, gi].

Definition 2.10. We say that g is s-step nilpotent if gs ̸= {0} and gs+1 =
{0}. We say that G is s-step nilpotent if its Lie algebra is.
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The following result is fundamental for the sequel (see [27], Theorem 3.6.2):

Theorem 2.11. Let G be a connected, simply connected and nilpotent Lie
group. Then the exponential map exp : g −→ G is a diffeomorphism.

For a Lie group G and k ∈ G, let us denote by Ck := Rk−1◦Lk the conjugation
map

Ck : G −→ G, Ck(g) = kgk−1.

Clearly it is a diffeomorphism, thus we can set Adk(X) := (Ck)∗X for every
X ∈ g and so Adk is an invertible linear map and

Adk(X)f = X(f ◦ Ck) ◦ Ck−1 (2.4)

for every f ∈ C∞(G). Moreover, Adk(X) is left-invariant by (2.1):

Adk(X)(f ◦ Lg)(x) = X(f ◦ Lg ◦ Ck)(k
−1xk)

= X(f ◦Rk−1 ◦ Lgk)(k
−1xk)

= X(f ◦Rk−1)(gxk)

= X(f ◦Rk−1 ◦ Lk)(Ck−1(gx))

= Adk(X)f(Lg(x)).

Then the following definition is well posed.

Definition 2.12. The adjoint operator is the map Ad : G −→ GL(g),
Ad(k) = Adk.

Let us denote by L(g) the set of all linear maps from g to itself and remember
that, for X ∈ g, adX : g −→ L(g) indicates the operator adXY = [X,Y ].
Then we have a useful expression for the composition of the adjoint operator
and the exponential map (see [17], Proposition 1.91):

Adexp(X) = eadX , (2.5)

where eA :=
∑∞

i=0A
i/i! ∈ L(g) for every A ∈ L(g).

Let us prove a characterization of the vector space spanned by Adexp(Y )(X)
for Y varying in a Lie subalgebra:

Proposition 2.13. Let G be an s-step nilpotent Lie group, g′ ¦ g a Lie
subalgebra and X ∈ g. Then

span{Adexp(Y )(X) : Y ∈ g′} = X + [g′, X] + [g′, [g′, X]] + . . .

+ [g′, [g′, [. . . [g′︸ ︷︷ ︸
s−1

, X]] . . . ].
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Proof. Let us denote by S the space span{Adexp(Y )(X) : Y ∈ g′}. Obviously
S contains X (just take Y = 0) and all vector fields Adexp(rY )(X) with r ∈ R

and Y ∈ g′. Moreover, we get from (2.5)

Adexp(Y )(X) = X + [Y,X] +
1

2
[Y, [Y,X]] + . . .

+
1

(s− 1)!
[Y, [Y, [. . . [Y︸ ︷︷ ︸

s−1

, X]] . . . ].
(2.6)

If ¿ is the dimension of g′ and Y1, . . . , Y¿ a basis of g′, taking into account
(2.6) we define for any Y =

∑¿
j=1 rjYj ∈ g′ the function Ψ : R¿ −→ S,

Ψ(r1, . . . , r¿) := Adexp(
∑¿

j=1 rjYj)(X)−X

=
s−1∑

k=1

1

k!

(
¿∑

j=1

rjadYj

)k

X

=
s−1∑

k=1

1

k!

¿∑

j1,...,jk=1

rj1 . . . rjk(adYj1
. . . adYjk

)X.

Since this polynomial takes its values in S, choosing rj1 = . . . = rjk = 1 and
ri = 0 for i ̸= j1, . . . , jk we deduce that all its coefficients belong to S. In
particular,

adYiX ∈ S and (adYiadYj + adYjadYi)X ∈ S.

By the Jacobi identity we have ad[V,W ] = adV adW + adW adV for every
V,W ∈ X(G), so

(adYiadYj + adYjadYi)X = 2 adYjadYiX + ad[Yj ,Yi]X.

This implies adYiadYjX ∈ S, so X + [g′, X] + [g′, [g′, X]] ¦ S. By induction,
let us suppose that for some k g 3

uk−1 := X + [g′, X] + [g′, [g′, X]] + . . .+ [g′, [g′, [. . . [g′︸ ︷︷ ︸
k−1

, X]] . . . ] ¦ S.

We know ∑

Ã∈Sk

(adYjÃ(1)
. . . adYjÃ(k)

)X ∈ S, (2.7)

where Sk is the set of all permutations of k elements. Applying the Jacobi
identity on (adYjÃ(1)

. . . adYjÃ(k)
)X sufficiently many times, one can show that

we can exchange two indices and fix the other ones up to terms that belong
to uk−1. More precisely, we have

(adYjÃ(1)
. . . adYjÃ(k)

)X − (adYj¸(1)
. . . adYj¸(k)

)X ∈ uk−1
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for every Ã, ¸ ∈ Sk such that Ã−1 ◦ ¸ is a transposition. Hence for any
Ã ∈ Sk we can iterate transpositions and write (adYjÃ(1)

. . . adYjÃ(k)
)X =

(adYj1
. . . adYjk

)X + WÃ for a suitable WÃ ∈ uk−1. In particular WÃ ∈ S
by inductive hypothesis, so from (2.7) we get (adYj1

. . . adYjk
)X ∈ S and

therefore also (adYjÃ(1)
. . . adYjÃ(k)

)X ∈ S. This proves uk ¦ S and so the

inclusion

span{Adexp(Y )(X) : Y ∈ g′} § X + [g′, X] + [g′, [g′, X]] + . . .

+ [g′, [g′, [. . . [g′︸ ︷︷ ︸
s−1

, X]] . . . ]

since uk = us for every k g s. The opposite inclusion is trivial thanks to
(2.6).

We conclude the section with a result which will be decisive in addressing
our problem.

Proposition 2.14. Let G be a connected, simply connected, nilpotent Lie
group and g′ be a Lie subalgebra of g such that dim g′ + 2 f dim g. Assume
that there exists X /∈ g′ such that W := g′ · {RX} generates the whole Lie
algebra g. Then there exists k ∈ exp(g′) such that Adk(X) /∈ W .

Proof. The exponential map exp is a diffeomorphism by Theorem 2.11 and
g′ is strictly contained in g, so K := exp(g′) is a closed proper Lie subgroup of
G and we can consider the left coset space G/K, i.e. the set of all equivalence
classes induced by the relation

x ∼ y ⇐⇒ x−1y ∈ K.

Let Ã : G −→ G/K, Ã(x) = xK, be the quotient map. By Theorem 21.17 of
[20], G/K is a topological manifold of dimension dimG/K = dimG−dimK =
dim g−dim g′ g 2 and it can be endowed with a structure of smooth manifold
such that Ã is a (smooth) submersion. In particular, if we call m the subspace
of g such that g = g′ · m, by the rank theorem for manifolds dÃ(X) ̸= 0
because the projection of X on m is nonzero.
By the way of contradiction, assume that the statement is false, so that
Adk(X) ∈ W for every k ∈ K. Since Adk(g

′) = g′, we have Adk(W ) ¦ W ,
which is equivalent to

(Rk)∗(Lk−1)∗Y ∈ W for every Y ∈ W , k ∈ K.

But vector fields in W are left-invariant, so (Lk−1)∗Y = Y and W is K-right-
invariant:

d(Rk)x(Wx) ¦ Wxk for every x ∈ G, k ∈ K.

Now let us consider the subspaces dÃx(Wx) of TÃ(x)G/K: they are all 1-
dimensional (because dimW = dim g′ + 1 and dÃ(X) ̸= 0) and they depend
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only on Ã(x) = xK (and not on x) thanks to the identity Ã ◦ Rk = Ã, the
chain rule (1.1) and K-right-invariance of W :

dÃx(Yx) = dÃxk(d(Rk)x(Yx)) ∈ dÃxk(Wxk)

for all Y ∈ W and k ∈ K. Hence we can define a smooth 1-dimensional
distribution W/K in G/K by (W/K)y := dÃx(Wx), where x is any element of
Ã−1(y). Any smooth 1-dimensional distribution is involutive and therefore
integrable by Frobenius’ theorem, so W/K is an integrable distribution, i.e.
there exists a 1-dimensional foliation F of G/K such that W/K is tangent
to F . Furthermore, F has at least codimension 1 since G/K has at least
dimension 2. Ã is a submersion, so we can consider the pullback F ′ := Ã∗F
of F by Ã, which is a foliation of same codimension as F , so at least 1, whose
leaves are the inverse images via Ã of leaves of F (see [6], Theorem 3.2.2). If
L′ = Ã−1(L) is a leaf of F ′, for some leaf L of F , we have

TxL
′ = Tx(Ã

−1(L))

= (dÃx)
−1(TÃ(x)L)

= (dÃx)
−1(W/K)Ã(x)

= (dÃx)
−1(dÃx(Wx)) § Wx

for all x ∈ L′. However, the fact that F and F ′ have same codimension
implies dimL′ = dim g′+dimL = dim g′+1 = dimW . Therefore, TxL

′ = Wx

for all x ∈ L′, which means that W is tangent to the leaves of F ′, namely W
is an integrable distribution. By Frobenius’ theorem, this implies that W is
a Lie subalgebra of g, so W = g because W generates g by hypothesis and
this is a contradiction: g has codimension 0 and cannot be tangent to the
foliation F ′, which has at least codimension 1.

2.2 Carnot groups

Definition 2.15. A Lie algebra g is said to be stratified if it admits a
stratification, i.e. there exist nontrivial linear subspaces V1, . . . , Vs of g such
that

g = V1 · . . .· Vs,

Vi+1 = [V1, Vi] for i = 1, . . . , s− 1,

[V1, Vs] = {0}.

Setting Vk = {0} if k > s, it is easy to see that Jacobi identity implies
[Vi, Vj ] ¦ Vi+j for every i ̸= j.
A stratification of a Lie algebra is unique up to automorphisms. More pre-
cisely, it can be proved the following result (see [19], Proposition 6.2.10):
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Theorem 2.16 (Uniqueness of stratifications). Let g be a stratifiable Lie
algebra with two stratifications,

V1 · . . .· Vs = g = W1 · . . .·Wm.

Then

(i) s = m,

(ii) Vj · . . .· Vs = Wj · . . .·Ws for every j = 1, . . . , s,

(iii) there exists a Lie algebra automorphism A : g −→ g such that A(Vi) =
Wi for every i = 1, . . . , s.

A Lie group G is said to be stratified if its Lie algebra is. Clearly a stratified
Lie group G is s-step nilpotent, where s is the number of needed subspaces
for the stratification.
A stratification V1, . . . , Vs allows to define a one-parameter group of inhomo-
geneous dilations on a Lie algebra g: for any ¼ g 0, let us define ¶̃¼X := ¼iX
if X ∈ Vi and extend it by linearity on the whole algebra. It is easy to prove
that these dilations enjoy the following properties:

• ¶̃¼µ = ¶̃¼ ◦ ¶̃µ,

• ¶̃¼([X,Y ]) = [¶̃¼X, ¶̃¼Y ],

• ¶̃¼(C(X,Y )) = C(¶̃¼X, ¶̃¼Y ) (where C(X,Y ) is defined in (2.3)).

Definition 2.17. A Carnot group G is a connected, simply connected and
stratified Lie group.

If G is a Carnot group and g its Lie algebra, by Theorem 2.11 the exponential
map exp : g −→ G is a diffeomorphism, so it induces a one-parameter group
of intrinsic dilations on G: for any ¼ g 0 and g ∈ G let

¶¼(g) := exp(¶̃¼(exp
−1(g))).

The following properties of {¶¼}¼g0 derive from those of dilations on a Lie
algebra:

• ¶¼µ = ¶¼ ◦ ¶µ, indeed

¶¼µ(g) = exp(¶̃¼µ(exp
−1(g)))

= exp((¶̃¼ ◦ ¶̃µ)(exp
−1(g)))

= exp((¶̃¼ ◦ exp−1)(exp(¶̃µ(exp
−1(g)))))

= exp((¶̃¼ ◦ exp−1)(¶µ(g)))

= (¶¼ ◦ ¶µ)(g),
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• ¶¼(gh) = ¶¼(g)¶¼(h), indeed

¶¼(gh) = exp(¶̃¼(exp
−1(gh)))

= exp(¶̃¼(C(exp−1(g), exp−1(h))))

= exp(C(¶̃¼(exp
−1(g)), ¶̃¼(exp

−1(h))))

= exp(¶̃¼(exp
−1(g))) exp(¶̃¼(exp

−1(h)))

= ¶¼(g)¶¼(h).

We have a useful relation between dilations on G and dilations on g:

Proposition 2.18. For any X ∈ g, (¶¼)∗X = ¶̃¼X, namely

X(f ◦ ¶¼)(g) = (¶̃¼X)f(¶¼(g)) (2.8)

for every f ∈ C∞(G), g ∈ G.

Proof. Since exp(tX) = ΦX
t (e), the thesis follows from (1.5), Proposition 2.6

and properties of dilations:

X(f ◦ ¶¼)(g) =
d

dt

∣∣∣∣
t=0

(f ◦ ¶¼)(g exp(tX))

=
d

dt

∣∣∣∣
t=0

f(¶¼(g)¶¼(exp(tX)))

=
d

dt

∣∣∣∣
t=0

f(¶¼(g) exp(t¶̃¼X))

= (¶̃¼X)f(¶¼(g)).

2.3 Exponential and graded coordinates

Let G be a Carnot group of dimension n and g its Lie algebra. We want
to show that G is diffeomorphic to Rn equipped with a suitable operation.
Let X1, . . . , Xn be a basis of left-invariant vector fields of g, so that all
X,Y ∈ g can be expressed as X =

∑n
i=1 xiXi, Y =

∑n
i=1 yiXi for some

x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn.

Definition 2.19. The system of exponential coordinates associated with the
basis X1, . . . , Xn is the map

E : Rn −→ G

x 7−→ exp

(
n∑

i=1

xiXi

)
.
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We can equip Rn with a group law, denoted by ·, which makes E a group
isomorphism:

x · y = z ⇐⇒ exp(X) exp(Y ) = exp

(
n∑

i=1

ziXi

)
,

which is equivalent to require C(X,Y ) =
∑n

i=1 ziXi. This equality tells us
that in general this group law can be written as

x · y = P (x, y) = x+ y +Q(x, y), (2.9)

where P = (P1, . . . , Pn) and Q = (Q1, . . . , Qn) are polynomial functions
which can be derived from (2.3). Moreover, one can easily see that the
identity element is e = 0 and the inverse element of x ∈ Rn is x−1 = −x.
With this product, Rn is a Lie group and its Lie algebra is isomorphic to g, so
in particular it is nilpotent. Since it is also connected and simply connected,
by Theorem 2.11 Rn is diffeomorphic to g, just like G, therefore G and (Rn, ·)
are diffeomorphic.
In the previous argument we never exploited the existence of a stratification
for G, so let us show now that, thanks to it, we can make a “privileged”
choice of the basis X1, . . . , Xn which permits to express the dilations in a
very intuitive way. Let g = V1·. . .·Vs be a stratification and set ni := dimVi

and mi := n1 + . . .+ni for every i = 1, . . . , s. Furthermore, let m0 := 0. We
say that a basis X1, . . . , Xn of g is adapted to the stratification V1, . . . , Vs if
for any i = 1, . . . , s the ni vectors Xmi−1+1, . . . , Xmi form a basis for Vi.

Definition 2.20. A system of exponential coordinates is said to be a system
of graded coordinates if it is associated with an adapted basis to a stratifica-
tion.

We will call the degree of the coordinate xi the unique natural number di such
that mdi−1 < i f mdi . If E : Rn −→ G is a system of graded coordinates,

let {¶̂¼}¼g0 be the one-parameter group of dilations induced by E on Rn, i.e.

¶̂¼ := E−1 ◦ ¶¼ ◦ E. Then we have

¶̂¼ : Rn −→ Rn

x 7−→ (¼x1, . . . , ¼xm1 , ¼
2xm1+1, . . . , ¼

2xm2 , . . . , ¼
sxms−1+1, . . . , ¼

sxn).

Observe that, if we set Q :=
∑s

i=1 ini, ¼
Q is the Jacobian of ¶̂¼.

In what follows, we will identify the dilations ¶¼ on G with their expression
in coordinates ¶̂¼ and we will denote them simply by ¶¼.

2.4 Heisenberg and Engel groups

Heisenberg and Engel groups are the most classic and studied examples of
Carnot groups, so in this section we present them.
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Definition 2.21. A Lie algebra hn with a basis X1, . . . , Xn, Y1, . . . , Yn, T
such that the only non vanishing commutations between elements in the
basis are

[Xi, Yi] = −4T for i = 1, . . . , n

is called a Heisenberg algebra.

A Heisenberg algebra hn can be stratified as hn = V1 · V2, where V1 =
span{X1, . . . , Xn, Y1, . . . , Yn} and V2 = span{T} = [V1, V1]. In particular,
hn is 2-step nilpotent.

Definition 2.22. The Heisenberg group Hn is the Carnot group associated
with hn.

This definition is well posed thanks to Lie’s third theorem, which says that
there exists a connected and simply connected Lie group associated with ev-
ery finite-dimensional real Lie algebra. Let us compute what the Heisenberg
group looks like in graded coordinates. Since hn is 2-step nilpotent, by the
Baker-Campbell-Hausdorff formula (2.3)

C(X,Y ) = X + Y +
1

2
[X,Y ].

If X and Y are expressed as

X =

n∑

i=1

xiXi +

n∑

i=1

yiYi + tT,

Y =

n∑

i=1

x′iXi +

n∑

i=1

y′iYi + t′T

for some (x, y, t), (x′, y′, t′) ∈ R2n+1, we have

[X,Y ] = 4(ïx′, yð − ïx, y′ð)T,

so that

C(X,Y ) =
n∑

i=1

(xi + x′i)Xi +

n∑

i=1

(yi + y′i)Yi + (t+ t′ + 2ïx′, yð − 2ïx, y′ð)T.

Therefore, Hn is isomorphic to R2n+1 = Rn × Rn × R with group law



x
y
t


 ·



x′

y′

t′


 =




x+ x′

y + y′

t+ t′ + 2(ïx′, yð − ïx, y′ð)


 .

In this structure, the identity element is 0 and the inverse of an element
(x, y, t) is −(x, y, t) = (−x,−y,−t). Furthermore, for any ¼ g 0 the intrinsic
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dilations are ¶¼(x, y, t) = (¼x, ¼y, ¼2t).
Let us find explicitly a basis of left-invariant vector fields: every left-invariant
vector field X is characterized by X(g) = d(Lg)e(Xe) for every element g of
the group (Remark 2.4). In our case, the differential of the left traslation
L(x,y,t) in 0 is given by the (2n+ 1)× (2n+ 1)-matrix

d(L(x,y,t))0 =




I 0 0
0 I 0
2y −2x 1


 ,

where I is the identity n × n-matrix. Hence, if ∂x1 , . . . , ∂xn , ∂y1 , . . . , ∂yn , ∂t
is the canonical basis of R2n+1, a basis of left-invariant vector fields is given
by

Xi(x, y, t) = d(L(x,y,t))0(∂xi) = ∂xi + 2yi∂t,

Yi(x, y, t) = d(L(x,y,t))0(∂yi) = ∂yi − 2xi∂t,

T (x, y, t) = d(L(x,y,t))0(∂t) = ∂t.

Definition 2.23. A 4-dimensional Lie algebra e with a basis X1, X2, X3, X4

such that the only non vanishing commutations between elements in the
basis are

[X1, X2] = −X3, [X1, X3] = −X4

is called an Engel algebra.

An Engel algebra e can be stratified as e = V1 · V2 · V3, where V1 =
span{X1, X2}, V2 = span{X3} = [V1, V2] and V3 = span{X4} = [V1, V3]. In
particular, e is 3-step nilpotent. Again Lie’s third theorem ensures that we
can give the next definition.

Definition 2.24. The Engel group E is the Carnot group associated with e.

As we did for the Heisenberg group, let us find an explicit representation of
the Engel group in graded coordinates. Since e is 3-step nilpotent, by the
Baker-Campbell-Hausdorff formula (2.3)

C(X,Y ) = X + Y +
1

2
[X,Y ] +

1

12
[X, [X,Y ]] +

1

12
[Y, [Y,X]].

If

X =
4∑

i=1

xiXi and Y =
4∑

i=1

x′iXi

for some x, x′ ∈ R4, we obtain

[X,Y ] = (x1x
′
2 − x2x

′
1)[X1, X2] + (x1x

′
3 − x3x

′
1)[X1, X3]

= −(x1x
′
2 − x2x

′
1)X3 − (x1x

′
3 − x3x

′
1)X4,

[X, [X,Y ]] = −x1(x1x
′
2 − x2x

′
1)[X1, X3] = x1(x1x

′
2 − x2x

′
1)X4,

[Y, [Y,X]] = x′1(x1x
′
2 − x2x

′
1)[X1, X3] = −x′1(x1x

′
2 − x2x

′
1)X4.
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Therefore, E is isomorphic to R4 with group law




x1

x2

x3

x4


 ·




x′1
x′2
x′3
x′4


 =




x1 + x′1
x2 + x′2

x3 + x′3 −
1
2(x1x

′
2 − x2x

′
1)

x4 + x′4 −
1
2(x1x

′
3 − x3x

′
1) +

1
12(x1 − x′1)(x1x

′
2 − x2x

′
1)


 .

Again, the identity element is 0, the inverse of an element (x1, x2, x3, x4)
is −(x1, x2, x3, x4) = (−x1,−x2,−x3,−x4) and for any ¼ g 0 the intrinsic
dilations are ¶¼(x1, x2, x3, x4) = (¼x1, ¼x2, ¼

2x3, ¼
3x4). The differential of

the left traslation Lx in 0 is given by the matrix

d(Lx)0 =




1 0 0 0

0 1 0 0
x2
2 −x1

2 1 0

x3
2 − x1x2

12
x2
1

12 −x1
2 1




,

so, if ∂x1 , ∂x2 , ∂x3 , ∂x4 is the canonical basis of R4, a basis of left-invariant
vector fields is given by

X1(x) = d(Lx)0(∂x1) = ∂x1 +
x2
2
∂x3 +

(
x3
2

−
x1x2
12

)
∂x4 ,

X2(x) = d(Lx)0(∂x2) = ∂x2 −
x1
2
∂x3 +

x21
12

∂x4 ,

X3(x) = d(Lx)0(∂x3) = ∂x3 −
x1
2
∂x4 ,

X4(x) = d(Lx)0(∂x4) = ∂x4 .

Now we provide another basis for e, which is simpler than the one before.
Let us consider a different coordinate system associated with X1, X2, X3, X4

on E, which is called strong Malcev coordinates (or canonical coordinates of
the second kind):

R4 −→ E

y 7−→ exp(y4X4) exp(y3X3) exp(y2X2) exp(y1X1).

Using the Baker-Campbell-Hausdorff formula (2.3) we have

exp(y4X4) exp(y3X3) exp(y2X2) exp(y1X1)

= exp

(
y1X1 + y2X2 +

(
1

2
y1y2 + y3

)
X3 +

(
1

12
y21y2 +

1

2
y1y3 + y4

)
X4

)
,

hence setting it equal to exp(x1X1+x2X2+x3X3+x4X4) we get y in terms
of x and so the map to pass from graded coordinates to strong Malcev ones,
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that is

H : R4 −→ R4

x 7−→

(
x1, x2, x3 −

x1x2
2

, x4 +
x21x2
6

−
x1x3
2

)
.

Its differential is

dHx =




1 0 0 0

0 1 0 0

−x2
2 −x1

2 1 0

x1x2
3 − x3

2
x2
1
6 −x1

2 1




,

so taking the image of X1, X2, X3, X4 we obtain a new basis Y1, Y2, Y3, Y4 of
left-invariant (with respect to the group law · transformed by the diffeomor-
phism H) vector fields for e:

Y1(x) = dHx(X1(x)) = ∂x1 ,

Y2(x) = dHx(X2(x)) = ∂x2 − x1∂x3 +
x21
2
∂x4 ,

Y3(x) = dHx(X3(x)) = ∂x3 − x1∂x4 ,

Y4(x) = dHx(X4(x)) = ∂x4 .

2.5 Left-invariant vector fields

Let G be a Carnot group of dimension n and E : Rn −→ G a system of
graded coordinates associated with an adapted basis X1, . . . , Xn of g. Our
aim is to find an explicit formula for left-invariant vector fields.

Definition 2.25. A function P : G −→ R is called a polynomial on G if the
composition P ◦ E is a polynomial on Rn.

This definition is well posed: if F is another system of graded coordinates,
the map E−1 ◦ F is a change of basis for Rn, so it is linear and therefore
P ◦ E is a polynomial if and only if P ◦ F = (P ◦ E) ◦ (E−1 ◦ F ) is.
Let pi : Rn −→ R be the canonical projection on the i-th coordinate and
Ãi := pi ◦ E

−1 : G −→ R. For a multi-index ³ ∈ Nn let us define

Ã³ : G −→ R

g 7−→
n∏

i=1

(Ãi(g))
³i .

Clearly any such Ã³ is a polynomial on G and one can observe that any
polynomial on G can be written as a finite linear combination of suitable Ã³’s.
We will call the homogeneous degree of Ã³ the natural number degH(Ã³) :=∑n

i=1 di³i.
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Definition 2.26. The homogeneous degree of a polynomial P =
∑

³ c³Ã
³

is the natural number

degH(P ) := max{degH(Ã³) : c³ ̸= 0}.

As one might expect, the homogenous degree of a polynomial does not change
if the system of graded coordinates changes:

Proposition 2.27. The homogeneous degree of a polynomial P is indepen-
dent of the system of graded coordinates.

Proof. Let E : Rn
x −→ G and F : Rn

y −→ G be two system of graded
coordinates associated respectively with the basis X1, . . . , Xn and Y1, . . . , Yn
adapted to the stratification g = V1 · . . . · Vs. If Yj =

∑n
i=1AijXi is the

expression of the vector field Yj in the basis X1, . . . , Xn, , for any 1 f j f n,
we have

(E−1 ◦ F )(y) =

(
n∑

j=1

A1jyj , . . . ,

n∑

j=1

Anjyj

)
.

Since the two basis are adapted, Aij ̸= 0 if and only if mdj−1 < i f mdj , so
the matrix A = (Aij) is block diagonal, i.e. of the form

A =




A1 0 · · · 0

0 A2
. . . 0

...
. . .

. . . 0
0 0 · · · As




,

where Ak is an nk × nk-matrix.
In order to get the thesis, it suffices to prove that for any ³ ∈ Nn the map
Ã³ ◦ F : Rn

y −→ R has the same homogeneous degree of the polynomial
(Ã³ ◦ E)(x) = x³1

1 . . . x³n
n . We have

(Ã³ ◦ F )(y) = (Ã³ ◦ E)((E−1 ◦ F )(y)) =

n∏

i=1

(
n∑

j=1

Aijyj

)³i

.

This polynomial is not identically 0 because A is invertible, which means
that none of its columns is null and so for any 1 f i f n there is an index ji
such that Aiji ̸= 0. Since Aij = 0 if di ̸= dj , this implies

degH

((
n∑

j=1

Aijyj

)³i
)

= di³i.
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Observing that the homogeneous degree of a product of polynomials is the
sum of the homogeneous degrees, we finally have

deg(Ã³ ◦ E) =
n∑

i=1

di³i =
n∑

i=1

degH

((
n∑

j=1

Aijyj

)³i
)

= degH

(
n∏

i=1

(
n∑

j=1

Aijyj

)³i
)

= degH(Ã³ ◦ F ).

Example 2.28. The polynomial P (x, y, t) = xy− t2 on the first Heisenberg
group H1 has homogeneous degree degH(P ) = 4 because the coordinate t
has degree 2 and power 2.

Definition 2.29. A polynomial P is said to be homogeneous of degree d > 0
if P (¶¼(g)) = ¼dP (g) for every g ∈ G and ¼ > 0.

It is not difficult to check that a polynomial P is homogeneous of degree d if
and only if it is a linear combination of polynomials Ã³ with degH(Ã³) = d.

Example 2.30. The polynomial P (x, y, t) = xy3+t2 on the first Heisenberg
group H1 is homogeneous of degree 4:

P (¼x, ¼y, ¼2t) = ¼x¼3y3 + ¼4t2

= ¼4(xy3 + t2)

= ¼4P (x, y, t).

We know from (2.9) that in graded coordinates (identifying G with (Rn, ·))
the left translation Lx by an element x ∈ Rn can be written as

Lx(y) = E−1(E(x) · E(y)) = (P1(x, y), . . . , Pn(x, y)), (2.10)

where Pi(x, y) are polynomials which can be derived from the Baker-Campbell-
Hausdorff formula (2.3). They are homogeneous of degree di:

¼diPi(x, y) = (Ãi ◦ ¶¼)(P1(x, y), . . . , Pn(x, y))

= (Ãi ◦ ¶¼)(E
−1(E(x) · E(y)))

= (Ãi ◦ E
−1)(¶¼(E(x)) · ¶¼(E(y)))

= (Ãi ◦ E
−1)(E(¶¼(x)) · E(¶¼(y)))

= Pi(¶¼(x), ¶¼(y)).

We are ready to prove how X1, . . . , Xn (and therefore all left-invariant vector
fields) are represented in graded coordinates:
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Proposition 2.31. Let G be a Carnot group identified with Rn through a
system of graded coordinates associated with an adapted basis X1, . . . , Xn; let
{∂i}i=1,...,n be the canonical basis of Rn and Xj(x) =

∑n
i=1 aij(x)∂i. Then

(i) aij(x) =
∂Pi(x, y)

∂yj

∣∣∣∣
y=0

is a homogeneous polynomial of degree di − dj,

(ii) Xj(x) = ∂j +
∑

{i : di>dj}

aij(x)∂i = ∂j +

n∑

i=mdj
+1

aij(x)∂i,

(iii) aij depends only on the coordinates xr with dr < di.

In particular, aij(x) = aij(x1, . . . , xi−1).

Proof. By (2.1) and the fact that Xj(0) = ∂j , we have for any f ∈ C∞(G)

Xjf(x) = Xj(f ◦ Lx)(0)

= ∂j(f ◦ Lx)(0)

=
n∑

i=1

∂jL
i
x(0)∂if(x),

where Li
x denotes the i-th component of Lx, and so from (2.10) we deduce

aij(x) = ∂jL
i
x(0) =

∂Pi(x, y)

∂yj

∣∣∣∣
y=0

.

By the homogeneity of Pi we get

¼diaij(x) = ¼di
∂Pi(x, y)

∂yj

∣∣∣∣
y=0

=
∂Pi(¶¼(x), ¶¼(y))

∂yj

∣∣∣∣
y=0

= ¼dj
∂Pi(¶¼(x), y)

∂yj

∣∣∣∣
y=0

= ¼djaij(¶¼(x)),

that is the aij ’s are homogeneous polynomials of degree di−dj . This implies
aij ≡ 0 if dj > di; moreover, since a 0-homogeneous polynomial is constant,
we have

Xj(x) =
∑

{i : di=dj}

cij∂j +
∑

{i : di>dj}

aij(x)∂i

for suitable constants cij ∈ R. We obtain cij = ¶ij thanks to the fact that
Xj(0) = ∂j , so

Xj(x) = ∂j +
n∑

i=mdj
+1

aij(x)∂i.
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Since each aij is homogeneous of degree di − dj , the coordinates xr with
dr > di − dj cannot appear in the polynomial structure of aij , therefore aij
cannot depend on the coordinates xr with dr g di, namely

aij(x) = aij(x1, . . . , xmdi−1
)

and, in particular, aij(x) = aij(x1, . . . , xi−1).

2.6 Carnot groups as Carnot-Carathéodory spaces

Let Ω ¦ Rn be an open connected set and X = {X1, . . . , Xm} a family of
locally Lipschitz vector fields on Ω, say

Xj(x) =
n∑

i=1

aij(x)∂i

with aij ∈ Liploc(Ω), j = 1, . . . ,m and i = 1, . . . , n. The subspace of Rn ∼=
TxΩ generated by X1(x), . . . , Xm(x) is called the horizontal subspace at the
point x, it will be denoted by HxΩ and its elements are called horizontal
vectors. Let us consider the n×m-matrix A whose j-column is made of the
components of Xj , i.e.

A(x) =



a11(x) . . . a1m(x)

...
. . .

...
an1(x) . . . anm(x)


 .

Definition 2.32. A Lipschitz curve µ : [0, T ] −→ Ω, T g 0, is X-admissible
if there exists a measurable function h = (h1, . . . , hm) : [0, T ] −→ Rm such
that

(i) µ̇(t) = A(µ(t))h(t) =
∑m

j=1 hj(t)Xj(µ(t)) for a.e. t ∈ [0, T ],

(ii) |h| ∈ L∞(0, T ).

The curve µ is X-subunit if it is X-admissible and ∥h∥∞ f 1.

In other words, an X-admissible curve is a Lipschitz curve such that its tan-
gent vector field is a.e. horizontal (and indeed they are also called horizontal
curves).

Definition 2.33. The Carnot-Carathéodory (C-C) distance between two
points x, y ∈ Ω is defined as

d(x, y) := inf{T g 0 : there exists an X-subunit curve µ : [0, T ] −→ Ω

such that µ(0) = x and µ(T ) = y},

setting d(x, y) := +∞ if d(x, y) = inf ∅.
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Let us prove that if all points of Ω can be connected via an X-subunit curve
then d is a distance:

Proposition 2.34. If d(x, y) < +∞ for every x, y ∈ Ω, then (Ω, d) is a
metric space.

Proof. Obviously d(x, x) = 0, whereas the symmetry property d(x, y) =
d(y, x) follows from the easy observation that if µ : [0, T ] −→ Ω is X-subunit
then µ̄(t) := µ(T − t) is X-subunit too. Furthermore, if µ1 : [0, T1] −→ Ω
and µ2 : [0, T2] −→ Ω are X-subunit curves such that µ1(0) = x, µ1(T1) = z,
µ2(0) = z and µ2(T2) = y then clearly

µ(t) :=

{
µ1(t) if t ∈ [0, T1]

µ2(T2 − t) if t ∈ [T1, T1 + T2]

is an X-subunit curve such that µ(0) = x and µ1(T1 + T2) = y, so passing
to the infimum we get the triangle inequality d(x, y) f d(x, z) + d(z, y).
It remains to prove d(x, y) > 0 if x ̸= y and we will do it by showing that
for any K ò Ω there exists CK > 0 such that d(x, y) g CK |x− y| for every
x, y ∈ K: let ε > 0 be sufficiently small so that

Kε :=
{
z ∈ Ω : min

w∈K
|z − w| < ε

}
ò Ω

and set M := supKε
∥A∥ (∥·∥ indicates the natural matrix norm), r :=

min{ε, |x − y|}. Let us consider an X-subunit curve µ : [0, T ] −→ Ω such
that µ(0) = x and µ(T ) = y and set

Ä := inf{t ∈ [0, T ] : |µ(t)− x| g r}.

Since |x− y| g r, the definition of Ä is well posed, Ä f T and by continuity
|µ(Ä)− x| = r. Hence

r = |µ(Ä)− µ(0)| =

∣∣∣∣
ˆ Ä

0
µ̇(s) ds

∣∣∣∣

=

∣∣∣∣
ˆ Ä

0
A(µ(s))h(s) ds

∣∣∣∣

f

ˆ Ä

0
∥A(µ(s))∥|h(s)| ds f MÄ f MT.

Then T g r/M and we have two cases:

(1) if r = ε, T g
ε

M
g

ε

MD
|x− y|, where D := sup

x,y∈K
|x− y|;

(2) if r = |x− y|, T g
1

M
|x− y|.
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Therefore it is enough to take CK := min

{
ε

MD
,
1

M

}
to conclude.

The metric space (Ω, d) is called Carnot-Carathéodory space.
The C-C distance could be defined in a different way: let µ : [0, 1] −→ Ω be
an X-admissible curve with coordinates h = (h1, . . . , hm) ∈ L∞(0, 1). For
1 f p f ∞ let

ℓp(µ) := ∥h∥p =





(
ˆ 1

0
|h(t)|p dt

) 1
p

if 1 f p < ∞

ess sup
t∈[0,1]

|h(t)| if p = ∞

and

dp(x, y) := inf{ℓp(µ) : µ : [0, 1] −→ Ω is an X-admissible curve

such that µ(0) = x and µ(1) = y},

setting dp(x, y) := +∞ if dp(x, y) = inf ∅. Then it turns out that the C-C
distance d is equal to dp for every 1 f p f ∞. Precisely, the following
theorem holds (see [23], Theorem 1.1.6, or [28], Proposition 4.2):

Theorem 2.35. For any x, y ∈ Ω and 1 f p f ∞, d(x, y) = dp(x, y).

Now we want to give a sufficient condition for connectivity via horizon-
tal curves. Let X1, . . . , Xm ∈ X(Ω) be smooth vector fields on Ω and
L(X1, . . . , Xm)(x) the Lie algebra generated by them at the point x ∈ Ω.
We say that X1, . . . , Xm satisfy the Chow-Hörmander condition if, for any
x ∈ Ω, L(X1, . . . , Xm)(x) has maximum rank, namely

rankL(X1, . . . , Xm)(x) = n for every x ∈ Ω. (2.11)

Then we have the following result, whose proof can be found in [7], [23]
(Chapter 1, Section 5) or [28] (Theorem 4.2).

Theorem 2.36 (Chow’s theorem). If the vector fields X1, . . . , Xm satisfy
the Chow-Hörmander condition (2.11), then the C-C distance d is finite. In
particular, there is always a subunit curve connecting any two points x, y ∈ Ω
and the topology induced by d coincides with the Euclidean one.

Let us turn back to Carnot groups and see how they can be seen as Carnot-
Carathéodory spaces. Let G be a Carnot group and let us identify it with
(Rn, ·) through a system of graded coordinates associated with a basis adapted
to the stratification g = V1 · . . . · Vs. Let m := n1 = dimV1 and X =
{X1, . . . , Xm} be the adapted basis of V1. By definition of stratification,
X generates the whole Lie algebra g, so it satisfies the Chow-Hörmander
condition (2.11) and therefore Theorem 2.36 says that X induces the C-C

29



distance d on G. Moreover, (V1)x takes the role of HxG and for this reason
we will refer to it as the horizontal layer.
The distance d “performs well” with respect to left translations and dilations
in the sense of the next proposition.

Proposition 2.37. For any x, y, z ∈ Rn and ¼ > 0

(i) d(z · x, z · y) = d(x, y),

(ii) d(¶¼(x), ¶¼(y)) = ¼d(x, y).

Proof. (i) is a consequence of the fact that a curve µ : [0, T ] −→ Rn from x
to y is X-subunit if and only if the curve µ̃ := Lz ◦ µ from z · x to z · y is
X-subunit. Indeed, if µ̇(t) =

∑m
j=1 hj(t)Xj(µ(t)) for a.e. t ∈ [0, T ], we have

by (1.3) (which can be used because actually it only requires differentiability
of the curve) and left-invariance of Xj ’s

˙̃µ(t) = d(Lz)µ(t)(µ̇(t)) = d(Lz)µ(t)

(
m∑

j=1

hj(t)Xj(µ(t))

)

=

m∑

j=1

hj(t)d(Lz)µ(t)(Xj(µ(t)))

=
m∑

j=1

hj(t)Xj(z · µ(t))

=
m∑

j=1

hj(t)Xj(µ̃(t))

for a.e. t ∈ [0, T ].
Instead, (ii) follows from the fact that a curve µ : [0, T ] −→ Rn from x to y
is X-subunit if and only if the curve µ¼ : [0, ¼T ] −→ Rn, µ¼ := ¶¼(µ(t/¼)),
from ¶¼(x) to ¶¼(y) is X-subunit. In fact, if for a.e. t ∈ [0, T ]

µ̇(t) =
m∑

j=1

hj(t)Xj(µ(t)) =
n∑

i=1

(
m∑

j=1

hj(t)aij(µ(t))

)
∂i,

since dj = 1 for every j = 1, . . . ,m, by Proposition 2.31 the appearing aij ’s
are (di − 1)-homogeneous polynomials and so

µ̇¼(t) =
1

¼
¶̃¼

(
µ̇

(
t

¼

))
=

n∑

i=1

¼di−1

(
m∑

j=1

hj

(
t

¼

)
aij

(
µ

(
t

¼

)))
∂i

=
n∑

i=1

(
m∑

j=1

hj

(
t

¼

)
aij(µ¼(t))

)
∂i

=

m∑

j=1

hj

(
t

¼

)
Xj(µ¼(t))
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for a.e. t ∈ [0, ¼T ].

A metric on a Carnot group which enjoys properties of Proposition 2.37 is
called homogeneous distance. We denote by

Br(x) := {y ∈ E : d(x, y) < r}

the C-C open ball of radius r > 0 and center x ∈ E.

Corollary 2.38. For any x, y ∈ Rn and r, ¼ > 0 we have Ly(Br(x)) =
Br(Ly(x)) and ¶¼(Br(x)) = B¼r(¶¼(x)).

Proof. It is an easy consequence of Proposition 2.37.

We lastly state an important theorem which says how C-C balls behave in
Carnot groups. Set for any x ∈ Rn and ¼ > 0

Box(x, ¼) := {x · z ∈ Rn : |zi| < ¼di , 1 f i f n}.

Theorem 2.39 (Ball-box theorem for Carnot groups). There exists a con-
stant C > 1 such that for all x ∈ Rn and r > 0

Box

(
x,

r

C

)
¦ Br(x) ¦ Box(x,Cr).

See [19] (Theorem 8.2.8) for the proof.

Remark 2.40. Observe that Theorem 2.36 and Theorem 2.39 imply that C-C
closed balls are compact in Carnot groups.
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Chapter 3

Analysis in Carnot groups

In Section 2.6 we saw that Carnot groups can be equipped with a distance.
This fact motivates the presence of this chapter, in which we first introduce
some notions and results of measure theory and then we specialize them to
Carnot groups. Furthermore, we dedicate the last section to the extension
of the concept of mollification to the case of Carnot groups.

3.1 Measures in metric spaces

We point out right away that when we use the expressions “nonnegative”,
“real” or “vector” referring to set functions (therefore also to measures) we
mean that they have codomain in [0,+∞], R and Rm with m g 1 respec-
tively.

Definition 3.1. Let E be a locally compact and separable (LCS) metric
space, B(E) its Borel Ã-algebra and consider the measurable space (E,B(E)).

(i) A (nonnegative) Borel measure which is finite on compact sets is called
a nonnegative Radon measure.

(ii) A real or vector set function which is defined on relatively compact
Borel subsets of E that is a measure on (K,B(K)) for every compact
set K ¦ E is called a real or vector Radon measure. If µ : B(E) −→ Rm

is a vector measure, we say that it is a finite Radon measure.

We will denote by Mm
loc

(E) = [Mloc(E)]m (resp. Mm(E) = [M(E)]m) the
set of Rm-valued Radon (resp. finite Rm-valued Radon) measures on E.
Moreover, if d is the distance on E, Br(x) := {y ∈ E : d(x, y) < r} indicates
the open ball of radius r > 0 and center x ∈ E.

Remark 3.2. In locally compact Hausdorff spaces nonnegative Radon mea-
sures are defined with the additional condition to be regular, i.e. outer and
inner regular on all Borel sets, but in a LCS metric space it is a consequence
of our definition (see [2], Proposition 1.43).
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Let us recall that, given an Rm-valued measure µ on a measurable space
(E, E), the total variation of µ is the set function |µ| : E −→ [0,+∞[,

|µ|(B) := sup

{
∞∑

i=0

|µ(Bi)| : Bi ∈ E pairwise disjoint, B =
∞⋃

i=0

Bi

}

and it turns out to be a nonnegative finite measure (see [2], Theorem 1.6).
Moreover, if E is a LCS metric space and µ ∈ Mm

loc
(E), |µ| can be extended

to a nonnegative Radon measure in the following way: taken an increasing
sequence {Ei}i∈N of relatively compact open subsets of E such that E =⋃∞

i=0Ei, for any B ∈ B(E) set

|µ|(B) := lim
i→∞

|µ|(B ∩ Ei).

Lemma 3.3. For any Rm-valued measure µ on a measurable space (E, E)
there exists a unique Sm−1-valued function f ∈ L1(E, |µ|;Rm) such that µ =
f |µ|.

Proof. µ is absolutely continuous with respect to |µ|, so by Radon-Nikodym
theorem there exists a unique function f ∈ L1(E, |µ|;Rm) such that µ = f |µ|
and, thanks to the identity |fµ| = |f ||µ|, |f(x)| = 1 for |µ|-a.e. x ∈ E.

Radon measures can be described in a “functional” way. The fundamental
result for doing this is the Riesz representation theorem. Let us denote by
C0(E;Rm) the space of continuous functions on E with values in Rm which
vanish at infinity.

Theorem 3.4 (Riesz representation theorem). Suppose E is a LCS metric
space and L : C0(E;Rm) −→ R a linear and continuous operator, i.e.

∥L∥ := sup{L(u) : u ∈ C0(E;Rm), ∥u∥∞ f 1} < ∞.

Then there exists a unique Rm-valued finite Radon measure µ on E such that

L(u) =
m∑

i=1

ˆ

E
ui dµi for every u ∈ C0(E;Rm).

Moreover, ∥L∥ = |µ|(E).

The proof of this result can be found in [26] (Theorem 6.19). Actually, in
[26] it is proved in a more general setting and for an operator on C0(E), but
arguing componentwise we can find the measure µ of the statement, whereas
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the last part is a consequence of Lemma 3.3 and Lusin’s theorem:

∥L∥ = sup

{
m∑

i=1

ˆ

E
ui dµi : u ∈ Cc(E;Rm), ∥u∥∞ f 1

}

= sup

{
m∑

i=1

ˆ

E
uifi d|µ| : u ∈ Cc(E;Rm), ∥u∥∞ f 1

}

= sup

{
ˆ

E
ïu, fð d|µ| : u ∈ Cc(E;Rm), ∥u∥∞ f 1

}

=

ˆ

E
ïf, fð d|µ| = |µ|(E).

The next result is a local version of Riesz representation theorem and follows
directly from it. Let us remember that Cc(E;Rm) is the space of continuous
functions with compact support on E with values in Rm.

Corollary 3.5. Suppose E is a LCS metric space and L : Cc(E;Rm) −→ R

a linear operator which is continuous in the following sense: for any compact
K ¦ E there exists CK > 0 such that

sup{L(u) : u ∈ Cc(E;Rm), ∥u∥∞ f 1, suppu ¦ K} < CK .

Then there exists a unique Rm-valued Radon measure µ on E such that

L(u) =

m∑

i=1

ˆ

E
ui dµi for every u ∈ Cc(E;Rm).

Remark 3.6. We can restate Theorem 3.4 by saying that Mm(E) can be
identified with the dual space of (C0(E;Rm), ∥·∥∞) and the dual norm is
|µ|(E), so in particular it is a Banach space. Corollary 3.5 says a similar
thing about Mm

loc
(E), but we have to be careful: we made the choice to give

the notion of continuity by hiding the topology on Cc(E;Rm) from which it
derives. To see how this fact is better formalized, refer to [2] (Remark 1.44).
However, aware of this omission, we say that Mm

loc
(E) identifies with the

dual space of Cc(E;Rm).

Accordingly with Remark 3.6, we have two different notions of weak* con-
vergence for Radon measures:

Definition 3.7. Let E be a LCS metric space, {µi}i∈N ¦ Mm
loc

(E) and
µ ∈ Mm

loc
(E); we say that {µi}i∈N locally weakly* converges to µ, and we

write µi
∗
−á µ, if

lim
i→∞

ˆ

E
u dµi =

ˆ

E
u dµ for every u ∈ Cc(E).

If µi’s and µ are finite, we say that {µi}i∈N weakly* converges to µ if

lim
i→∞

ˆ

E
u dµi =

ˆ

E
u dµ for every u ∈ C0(E).
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Remark 3.8. In general, a dual norm is lower semicontinuous with respect to
the weak* convergence, so by Theorem 3.4 the map µ 7−→ |µ|(E) is weak*
lower semicontinuous, that is

|µ|(E) f lim inf
i→∞

|µi|(E)

whenever {µi}i∈N weakly* converges to µ.

The next proposition provides an equivalence between these two types of
convergence.

Proposition 3.9. If E is a LCS metric space, {µi}i∈N ¦ Mm
loc(E) and

µ ∈ Mm
loc(E), then the following statements are equivalent:

(i) µi
∗
−á µ and supi∈N |µi|(E) < ∞;

(ii) {µi}i∈N ¦ Mm(E), µ ∈ Mm(E) and {µi}i∈N weakly* converges to µ.

Proof. Let us first assume (ii). Clearly weak* convergence implies local
weak* convergence, whereas the sequence {|µi|(E)}i∈N is bounded thanks to
Banach-Steinhaus theorem, so we have (i). Viceversa, since supi∈N |µi|(E)
is finite, each µi belongs to Mm(E) and by Banach-Alaoglu theorem there
exist a subsequence {µik}k∈N and µ̄ ∈ Mm(E) such that {µik}k∈N weakly*
converges to µ̄. If Lµ and Lµ̄ are the operators corresponding to µ and µ̄, by
hypothesis Lµ(u) = Lµ̄(u) for every u ∈ Cc(E;Rm), but since Cc(E;Rm) is
dense in (C0(E;Rm), ∥·∥∞) we have µ = µ̄ and the whole sequence {µi}i∈N
weakly* converges to µ.

Let us see now some important properties of local weak* convergence related
to the total variation.

Proposition 3.10. Let E be a LCS metric space, {µi}i∈N ¦ Mm
loc(E) and

µ ∈ Mm
loc(E). Suppose µi

∗
−á µ. Then we have

(i) for any U ¦ E open

|µ|(U) f lim inf
i→∞

|µi|(U); (3.1)

(ii) for any K ¦ E compact

sup
i∈N

|µi|(K) < ∞. (3.2)

Proof. (i). Consider an increasing sequence {Ej}j∈N of relatively compact
open subsets of E such that E =

⋃∞
j=0Ej . Since C0(U ∩ Ej) ¦ Cc(E), by

hypothesis {µi}i∈N weakly* converges to µ in Mm(U ∩Ej) for every j ∈ N,
so by Remark 3.8

|µ|(U) = lim
j→∞

|µ|(U ∩ Ej) f lim inf
j→∞

lim inf
i→∞

|µi|(U ∩ Ej) f lim inf
i→∞

|µi|(U).
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(ii). Let U be a relatively compact open subset of E such that K ¦ U . Since
C0(U) ¦ Cc(E), by hypothesis {µi}i∈N weakly* converges to µ in Mm(U),
hence by Proposition 3.9

sup
i∈N

|µi|(K) f sup
i∈N

|µi|(U) < ∞.

Definition 3.11. Let µ be a nonnegative measure on a LCS metric space
E. The support of µ suppµ is the closure of the set of all points x ∈ E
such that µ(U) > 0 for every neighborhood U of x. If µ is a real or vector
measure, the support of µ suppµ is the support of |µ|.

For a measure µ on a measurable space (E, E), we say that µ is concentrated
on S ¦ E if S ∈ E and |µ|(E \S) = 0. Therefore, if E is a LCS metric space,
suppµ is the smallest closed set where µ is concentrated. Moreover, it is not
difficult to prove

suppµ = {x ∈ E : µ(Br(x)) > 0 ∀r > 0}.

We conclude the section recalling a useful notion which allows to “carry” a
measure from a measurable space to another.

Definition 3.12. Let (E, E), (F,F) be measurable spaces and f : E −→ F a
measurable function. The pushforward (or image) measure of a nonnegative,
real or vector measure µ on (E, E) is the measure fqµ on (F,F) defined by

fqµ(A) := µ(f−1(A)) for every A ∈ F .

Using the classical standard machine argument, one can easily prove that,
for any function u ∈ L1(F,F , fqµ), u ◦ f ∈ L1(E, E , µ) and the change of
variables formula

ˆ

F
u dfqµ =

ˆ

E
u ◦ f dµ (3.3)

holds.

3.2 Differentiation of measures

In this section we want to review some results of Lebesgue differentiation
theory in metric spaces with hypothesis different from standard ones.

Definition 3.13. Let E be a metric space. A locally finite Borel measure
µ is said to be doubling if there exists M > 0 such that

µ(B2r(x)) f Mµ(Br(x)) for every x ∈ E, r > 0.

µ is called asymptotically doubling if

lim sup
r¸0

µ(B2r(x))

µ(Br(x))
< ∞ for µ-a.e. x ∈ suppµ.
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Obviously a doubling measure is also asymptotically doubling. Furthermore,
it is clear by definition that if µ is doubling then every ball has finite measure
and if there exists a ball B such that µ(B) = 0 then µ ≡ 0.

Lemma 3.14. If E is a metric space and µ a Borel measure, then for any
r > 0 the map x 7−→ µ(Br(x)) is lower semicontinuous.

Proof. Consider any sequence {yi}i∈N ¦ E which converges to x ∈ E and
set fi := ÇBr(yi), f := ÇBr(x). Then

f f lim inf
i→∞

fi

and so by Fatou’s lemma
ˆ

Br(x)
f dµ f

ˆ

B2r(x)
f dµ f

ˆ

B2r(x)
lim inf
i→∞

fi dµ

f lim inf
i→∞

ˆ

B2r(x)
fi dµ,

that is (for i large enough)

µ(Br(x)) f lim inf
i→∞

µ(Br(yi)).

We want to present the previously announced results for asymptotically dou-
bling measures, but we mention that one way of proving them is to show them
by initially assuming that the measure µ is doubling and then cover suppµ
with Borel sets in each of which µ satisfies a doubling condition. Precisely,
if we set for any j, k ∈ N

Ej,k :=

{
x ∈ suppµ : µ(B2r(x)) f jµ(Br(x)) for every 0 < r <

1

k

}
,

then suppµ =
⋃∞

j,k=1Ej,k and all Ej,k’s are Borel because

Ej,k =
⋂

r∈Q∩
]
0, 1

k

[
{x ∈ suppµ : µ(B2r(x)) f jµ(Br(x))}

and each set involved in the intersection is Borel by Lemma 3.14.

Theorem 3.15 (Lebesgue’s differentiation theorem). Let E be a separa-
ble metric space, µ an asymptotically doubling measure and f ∈ L1

loc(E, µ).
Then µ-a.e. x ∈ E is a Lebesgue point of f , that is

lim
r¸0

 

Br(x)
|f(y)− f(x)| dµ(y) = 0 for µ-a.e. x ∈ E.

The proof of the previous theorem can be found in [15] (pages 77-81 and
Remark 3.4.29) or [4] (Theorem 5.2.6) for the doubling case.

37



Theorem 3.16 (Lebesgue’s density theorem). Suppose E is a separable
metric space and µ an asymptotically doubling measure. For any Borel set
A ¦ E, µ-a.e. x ∈ A is a density point, i.e.

lim
r¸0

µ(A ∩Br(x))

µ(Br(x))
= 1.

Proof. The characteristic function ÇA ∈ L1
loc

(E, µ) because A is Borel, so by
Theorem 3.15 we have for µ-a.e. x ∈ A

lim
r¸0

 

Br(x)
ÇA dµ = ÇA(x) = 1

and the equality
 

Br(x)
ÇA dµ =

µ(A ∩Br(x))

µ(Br(x))

concludes the proof.

Remark 3.17. Theorem 3.16 still holds if we replace µ by its associated outer
measure µ∗, which is defined for any A ¦ E by

µ∗(A) := inf{µ(B) : B Borel, B § A}.

Indeed, let {Bi}i∈N be a minimizing sequence and B :=
⋂∞

i=0Bi; then B
is a Borel set and µ∗(A) = µ(B). Furthermore, for all Borel sets C we
have µ∗(A ∩ C) = µ(B ∩ C) (if not, adding µ∗(A ∩ C) < µ(B ∩ C) to
µ∗(A \ C) f µ(B \ C) we would get µ∗(A) < µ(B) since µ∗ is subadditive
and µ additive). Hence we can take a density point x of B and C = Br(x)
to deduce from Theorem 3.16

lim
r¸0

µ∗(A ∩Br(x))

µ∗(Br(x))
= lim

r¸0

µ(B ∩Br(x))

µ(Br(x))
= 1.

In particular, this proves that the set of points of A that are not density
points is contained in a µ-negligible Borel set.

Theorem 3.18 (Radon-Nikodym theorem). Let E be a separable metric
space, µ an asymptotically doubling measure and ¿ a locally finite Borel reg-
ular measure and assume that ¿ is absolutely continuous with respect to µ.
Then the limit

f(x) := lim
r¸0

¿(Br(x))

µ(Br(x))

exists and is finite for µ-a.e. x ∈ suppµ. Moreover, f ∈ L1
loc(E, µ) and

¿ = fµ.

The proof can be found in [10] (Section 2.9) in a much more general situation
or [15] (pages 82-86).
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3.3 Hausdorff measures

Hausdorff measures will be very important for our purposes, so we want
briefly to recall them. We refer to [4] for all the details and proofs not
provided. Throughout this section we assume that (E, d) is a metric space.

Definition 3.19. Let k g 0 and set

Ék :=
Ã

k
2

Γ
(
1 + k

2

) ,

where Γ(t) :=
´∞
0 xt−1e−x dx (t > 0) is the Euler’s Gamma function. For

any ¶ > 0 and A ¦ E let

Hk
¶ (A) :=

Ék

2k
inf

{
∞∑

i=0

(diamAi)
k : A ¦

∞⋃

i=0

Ai, diamAi < ¶

}
.

The k-dimensional Hausdorff measure of A is

Hk(A) := lim
¶¸0

Hk
¶ (A) = sup

¶>0
Hk

¶ (A).

The k-dimensional spherical Hausdorff measure Sk(A) of A is defined in the
same way, but with the constraint that the Ai’s can only be balls.

From the definition one can easily check that Hk and Sk satisfy

Hk f Sk f 2kHk. (3.4)

The next proposition lists some basic properties of Hausdorff measures.

Proposition 3.20. For any k g 0 and ¶ > 0 we have

(i) Hk
¶ and Hk are outer measures. Moreover, Hk (restricted to B(E)) is

a Borel measure;

(ii) Hk is Borel regular;

(iii) if A ¦ E is such that Hk(A) > 0, then Hk′(A) = +∞ for every
k > k′ g 0.

Hausdorff measures allow to define a fundamental notion of dimension:

Definition 3.21. For any A ¦ E we define the Hausdorff dimension of A
as

dimH(A) := inf{k g 0 : Hk(A) = 0}.

Remark 3.22. It is trivial by Proposition 3.20 that if k > dimH(A) then
Hk(A) = 0 and if k < dimH(A) then Hk(A) = +∞, but nothing can be said
in general when k = dimH(A).
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Theorem 3.23. Let µ be a Borel measure on E and assume that there exist
Q > 0, C g 1 and R > 0 such that

1

C
rQ f µ(Br(x)) f CrQ for every x ∈ E, r ∈ ]0, R].

Then for any x ∈ E

(i) HQ(BR(x)) ∈ ]0,∞[,

(ii) dimH(BR(x)) = Q

and, if in addition E admits a countable cover of balls of radius R, then
dimH(E) = Q.

Proof. (i). We first show HQ(BR(x)) < ∞. Fix r ∈ ]0, R[ and 0 < ¶ < R−r.
Let us notice that if x1, . . . , xk ∈ Br(x) are a certain quantity of points such
that d(xi, xj) > ¶ for all i, j = 1, . . . , k, i ̸= j, then the balls B¶/2(xi) are
disjoint and contained in BR(x), so

k
¶Q

2QC
=

1

C

k∑

i=1

(
¶

2

)Q

f
k∑

i=1

µ
(
B ¶

2
(xi)

)

= µ

(
k⋃

i=1

B ¶
2
(xi)

)
f µ(BR(x)) f CRQ.

Therefore k cannot be infinite and we can consider the maximal natural
number N with the property that there exist x1, . . . , xN ∈ Br(x) such that
d(xi, xj) > ¶ for all i, j = 1, . . . , N , i ̸= j. This maximality implies

Br(x) ¦
N⋃

i=1

B¶(xi),

hence

HQ
2¶(Br(x)) =

ÉQ

2Q

N∑

i=1

(diamB¶(xi))
Q

f
ÉQ

2Q
N(2¶)Q

= 2QÉQCN
1

C

(
¶

2

)Q

= 2QÉQC

N∑

i=1

µ
(
B ¶

2
(xi)

)

f 2QÉQCµ(BR(x)).
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By letting ¶ ¸ 0 we get

HQ(Br(x)) f 2QÉQCµ(BR(x))

for every r ∈ ]0, R[, therefore

HQ(BR(x)) = HQ

(
⋃

r<R

Br(x)

)
= lim

r·R
HQ(Br(x))

f 2QÉQCµ(BR(x)) < ∞.

We now prove HQ(BR(x)) > 0. Fix ¶ ∈ ]0, R[. Since HQ(BR(x)) is finite,
for any ε > 0 we can take countably many subsets {Ai}i∈N of E such that
BR(x) ¦

⋃∞
i=0Ai, diamAi < ¶ and

HQ
¶ (BR(x)) g

ÉQ

2Q

∞∑

i=0

(diamAi)
Q − ε.

Let xi ∈ Ai, so that Ai ¦ BdiamAi(xi). Hence we obtain

HQ
¶ (BR(x)) g

ÉQ

2Q
1

C

∞∑

i=0

µ(BdiamAi(xi))− ε

g
ÉQ

2QC
µ

(
∞⋃

i=0

BdiamAi(xi)

)
− ε

g
ÉQ

2QC
µ(BR(x))− ε

g
ÉQ

2QC2
RQ − ε.

Finally, by the arbitrariness of ε and letting ¶ ¸ 0 we get

HQ(BR(x)) g
ÉQ

2QC2
RQ > 0.

(ii) and the last part of the statement are immediate consequences of (i).

We recall the following useful relation between Hausdorff measures and mea-
sures on metric spaces.

Theorem 3.24. Let µ be a locally finite Borel measure on E and B ¦ E a
Borel set.

(i) If there exist k g 0 and t > 0 such that

lim sup
r¸0

µ(Br(x))

Ékrk
g t for every x ∈ B,

then
µ(B) g tSk(B) g tHk(B).
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(ii) If there exist k g 0 and t > 0 such that

lim sup
r¸0

µ(Br(x))

Ékrk
f t for every x ∈ B,

then
µ(B) f 2ktHk(B).

Corollary 3.25. If E is LCS and µ a nonnegative Radon measure, then for
any k g 0 the set

{
x ∈ E : lim sup

r¸0

µ(Br(x))

rk
> 0

}

is Ã-finite with respect to Sk.

Proof. Consider an increasing sequence {Ei}i∈N of relatively compact open
subsets of E such that E =

⋃∞
i=1Ei. Moreover, for any j ∈ N set

Bj :=

{
x ∈ E : lim sup

r¸0

µ(Br(x))

rk
g

1

j

}
.

The map

x 7−→ lim sup
r¸0

µ(Br(x))

rk

is Borel measurable by virtue of Lemma 3.14, so each Bj is a Borel set.
Therefore, if we let Ui,j := Ei ∩Bj , Ui,j is a Borel set,

{
x ∈ E : lim sup

r¸0

µ(Br(x))

rk
> 0

}
=

∞⋃

i,j=1

Ui,j

and thanks to Theorem 3.24

Sk(Ui,j) f
j

Ék
µ(Ei) < ∞

for every (fixed) i, j ∈ N.

3.4 Haar measures

Let G be a locally compact group. We continue to denote by Lg and Rg the
left and right translations by an element g ∈ G.

Definition 3.26. A Borel measure µ on G is said to be left-invariant if for
any g ∈ G (Lg)qµ = µ, i.e. µ(gB) = µ(B) for every B ∈ B(G). Similarly, µ
is said to be right-invariant if for any g ∈ G (Rg)qµ = µ, i.e. µ(Bg) = µ(B)
for every B ∈ B(G).
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Any locally compact group (and in particular any Lie group) has a natural
class of measures which we define now (keeping in mind Remark 3.2).

Definition 3.27. Let G be a locally compact group. A left (resp. right)
Haar measure is a nonzero left (resp. right)-invariant Radon measure on G.
If a measure is both a left Haar measure and a right Haar measure, it is
called Haar measure.

We want to state an existence and uniqueness theorem for Haar measures.
Actually, we will do it for left Haar measures, but the same result holds for
right ones by virtue of the following easy observation: let µ be a Radon
measure on a locally compact group and define the Radon measure µ̃(B) :=
µ(B−1); then µ is a left Haar measure if and only if µ̃ is a right Haar measure.
The proof of this result can be found in [11] (Theorem 2.10 and Theorem
2.20).

Theorem 3.28. Any locally compact group G possesses a left Haar measure.
Moreover, if µ and ¿ are two left Haar measures on G, then there exists c > 0
such that ¿ = cµ.

An important consequence of the existence of a right Haar measure is the
following result.

Proposition 3.29. Let G be a Lie group, g its Lie algebra and volG a right
Haar measure on G. Then any X ∈ g is divergence-free. Moreover, if
f ∈ L1

loc(G) then Xf = 0 (in the sense of distributions) if and only if
f ◦Rexp(tX) = f volG-a.e. for every t ∈ R.

Proof. Since ΦX
t = Rexp(tX) by Proposition 2.6, we have (ΦX

t )qvolG = volG
and so X is divergence-free by Proposition 1.17.
If Xf = 0, we immediately get f ◦ Rexp(tX) = f volG-a.e. by Proposition
1.18. Conversely, from the proof of Proposition 1.18 we deduce

d

dt

ˆ

G

(f ◦Rexp(tX))u dvolG = −

ˆ

G

fX(u ◦Rexp(−tX)) dvolG

for every u ∈ C∞
c (G). The left-hand side is 0 by hypothesis, so choosing

t = 0 we obtain

ïXf, uð = −

ˆ

G

fXudvolG = 0.

In general it is not true that left Haar measures are also right Haar measures
(and viceversa); a locally compact group which satisfies such property is
called unimodular. However, the next theorem says that nilpotency is a
sufficient condition for a locally compact group to be unimodular. The proof
derives from Corollary of Proposition II.25 of [24], the “algebraic” definition
of nilpotent group (which is equivalent to ours, see Theorem XII.3.1 of [16])
and the fact that abelian groups are unimodular.
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Theorem 3.30. Let G be a locally compact group and suppose that G is
nilpotent. Then G is unimodular.

In Section 2.3 we defined exponential coordinates for connected, simply con-
nected and nilpotent Lie groups. Let us prove now that these coordinates
take the Lebesgue measure to a Haar measure.

Lemma 3.31. Suppose G is an n-dimensional connected, simply connected
and nilpotent Lie group. Then, for any g ∈ G, Lg and Rg have Jacobian
identically equal to 1 in exponential coordinates.

Proof. We will prove the thesis only for left translations because the case of
right ones is completely analogous. In exponential coordinates the group law
becomes of the form (2.9) and Lx(y) = x+ y +Q(x, y) for every x, y ∈ Rn.
Using the Baker-Campbell-Hausdorff formula (2.3) one can compute Q and
check that the differential of Lx is a lower triangular matrix with entries
on the diagonal equal to 1 (see also [23], Lemma 1.7.2), hence the proof is
concluded.

Theorem 3.32. Let G be an n-dimensional connected, simply connected and
nilpotent Lie group. Any system of exponential coordinates pushes forward
Lebesgue measure on Rn to a Haar measure on G.

Proof. Consider a system of exponential coordinates E. Since E is a diffeo-
morphism and Ln a nonzero Radon measure on Rn, EqL

n is also a nonzero
Radon measure on G, therefore we only need to show that it is left and
right-invariant. This is true thanks to Lemma 3.31: for any B ∈ B(G) and
g ∈ G,

EqL
n(gB) = Ln(E−1(Lg(B)))

= Ln(LE−1(g)(E
−1(B)))

= Jac(LE−1(g))L
n(E−1(B))

= EqL
n(B)

and analogously EqL
n(Bg) = EqL

n(B).

3.5 Measures in Carnot groups

From now on, whenever we will talk about a Carnot group, we will implicitly
identify it with some (Rn, ·) via a system of graded coordinates E.
Consider a Carnot group G endowed with the C-C distance d. By virtue
of Theorem 2.36, (G, d) is a LCS metric space, therefore Corollary 3.5 en-
sures that each volume form volG on G defines a nonzero Radon measure,
in particular a left or right Haar measure if volG is respectively left or right-
invariant. But since G is nilpotent, by Theorem 3.30 it is unimodular, so left
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and right-invariant volume forms coincide and define Haar measures, which
are positively proportional by Theorem 3.28. Henceforth we will identify
volume forms with the associated Haar measures.

Definition 3.33. Let G be a Carnot group with stratification of its Lie
algebra g = V1 · . . . · Vs. The homogeneous dimension of G is the natural
number

Q :=

s∑

i=1

i dimVi.

Let us show a useful relation between Haar measures and dilations:

Proposition 3.34. If G is a Carnot group of homogeneous dimension Q
and volG a Haar measure, then

volG(¶¼(B)) = ¼QvolG(B) (3.5)

for every B ∈ B(G), ¼ g 0.

Proof. From Theorem 3.32 and Theorem 3.28 we know that there exists
c > 0 such that for any A ∈ B(G)

volG(A) = cLn(E−1(A)).

Therefore, recalling that Jac(¶¼) = ¼Q, we obtain

volG(¶¼(B)) = cLn(E−1(¶¼(B)))

= cLn(¶¼(E
−1(B)))

= c¼QLn(E−1(B))

= ¼QvolG(B).

As one might expect from the previous proposition, Q is the Hausdorff di-
mension of G with respect to the C-C distance. This is a well known result
in a more general context (see [22], Theorem 2), but in our setting we can
prove it:

Theorem 3.35. Let G be a Carnot group of homogeneous dimension Q.
Then dimH(G) = Q.

Proof. Let us take a Haar measure volG (which exists by Theorem 3.28).
Corollary 2.38 gives for any x ∈ G and ¼ > 0

Lx−1(B¼(x)) = B¼(e) = ¶¼(B1(e)),

hence by Lemma 3.31 and (3.5)

volG(B¼(x)) = volG(Lx−1(B¼(x))) = volG(¶¼(B1(e))) = ¼QvolG(B1(e)).

Therefore the proof is concluded by Theorem 3.23.
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With this fact in mind, let us prove that on a Carnot group there are few
natural choices of measures (Haar, Hausdorff, Lebesgue) and, actually, they
are the same up to a positive factor.

Proposition 3.36. Let G be a Carnot group of homogeneous dimension Q.
Then the Q-dimensional Hausdorff measure and the Q-dimensional spherical
Hausdorff measure (induced by the C-C distance) are Haar measures on G.
In particular, they coincide with the Lebesgue measure up to a positive factor.

Proof. The C-C distance d is homogeneous (Proposition 2.37), so observing
that for any A ¦ G and x ∈ G

diam(A) = sup
y,z∈G

d(y, z) = sup
y,z∈G

d(x · y, x · z) = diam(x ·A),

we have for any B ∈ B(G)

HQ(x ·B) = HQ(B),

SQ(x ·B) = SQ(B),

namely HQ and SQ are left-invariant. Analogously, they are right-invariant.
Furthermore, since any compact set is contained in a ball, by Theorem 3.23
(which can be applied as observed in the proof of Theorem 3.35) and (3.4)
HQ and SQ are finite on compact sets, so they are Haar measures. The last
part of the statement follows from the fact that Ln is a Haar measure on
(Rn, ·) (easy consequence of Lemma 3.31) and Theorem 3.28.

3.6 Group convolutions

Let us fix for this section an n-dimensional Carnot group G with its Lie
algebra g, homogeneous dimension Q and equipped with a homogeneous
distance.

Definition 3.37. Given two Borel functions f and g on G, their convolution
f ∗ g is defined by

f ∗ g(x) :=

ˆ

G

f(y)g(y−1 · x) dLn(y) =

ˆ

G

f(x · y−1)g(y) dLn(y)

for every x ∈ G, provided that the integrals converge.

We want to prove that, as in the Euclidean case, if we convolve a function
with nice functions we get nice approximations. Consider a function Ä ∈
C∞
c (G) such that

0 f Ä f 1,

ˆ

G

Ä dLn = 1 and supp Ä ¦ B1(e)

46



and set for any ε > 0

Äε(x) :=
1

εQ
Ä
(
¶ 1

ε
(x)
)
, x ∈ G.

The functions {Äε}ε>0 are called mollifiers.

Theorem 3.38. The following statements hold:

(i) if X ∈ g and g ∈ C1
c (G), then X(f ∗ g) = f ∗ (Xg);

(ii) if f ∈ C(G), then f ∗ Äε −→ f uniformly as ε ¸ 0 on compact subsets
of G;

(iii) if f ∈ L1
loc(G), then f ∗ Äε ∈ C∞(G) for every ε > 0 and f ∗ Äε −→ f

in L1
loc(G) as ε ¸ 0.

Proof. (i). Differentiating under the integral sign (it can be done because g
is compactly supported and f is integrable on supp g) and using (2.1) we get

X(f ∗ g)(x) = X

(
ˆ

G

f(y)g(y−1 · x) dLn(y)

)

=

ˆ

G

X(f(y)g(y−1 · x)) dLn(y)

=

ˆ

G

f(y)(Xg)(y−1 · x) dLn(y)

= f ∗ (Xg)(x)

for every x ∈ G.
(ii). Let K ¦ G be compact; f is uniformly continuous on K, so for any
ε̄ > 0 there exists ¶ > 0 such that for any x ∈ K

|f(x · y−1)− f(x)| f ε̄ for every y ∈ B¶(e).

Observing that

f(x) = f(x)

ˆ

G

Äε(y) dL
n(y) =

ˆ

G

f(x)Äε(y) dL
n(y),

we have

|f ∗ Äε(x)− f(x)| f

ˆ

G

|f(x · y−1)− f(x)|Äε(y) dL
n(y).

We can choose ε < ¶ so that supp Äε ¦ B¶(e) and we obtain

|f ∗ Äε(x)− f(x)| f

ˆ

B¶(e)
|f(x · y−1)− f(x)|Äε(y) dL

n(y)

f ε̄

ˆ

B¶(e)
Äε(y) dL

n(y) = ε̄.
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(iii). From (i) we know f ∗ Äε ∈ C∞(G). If K ¦ G is compact, by the
density of C(K) in L1(K) for any ε̄ > 0 there exists gε̄ ∈ C(K) such that
∥f − gε̄∥L1(K) f ε̄. From (ii) we know that gε̄ ∗Äε −→ gε̄ uniformly as ε ¸ 0
on K, so in particular in L1(K). Therefore we finally have for ε > 0 small
enough

∥f ∗ Äε − f∥L1(K) f ∥(f − gε̄) ∗ Äε∥L1(K) + ∥gε̄ ∗ Äε − gε̄∥L1(K)

+ ∥gε̄ − f∥L1(K)

f ∥f − gε̄∥L1(K) + ε̄+ ε̄ f 3ε̄.
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Chapter 4

Geometric measure theory in

Carnot groups

This chapter is devoted to introduce the main object of investigation of this
thesis, that is sets of locally finite perimeter, but it is also an opportunity
to see some geometric notions and results which will be fundamental in the
sequel.
We continue to denote by G an n-dimensional Carnot group endowed with
the C-C distance d, g its Lie algebra with stratification g = V1· . . .·Vs and
Q its homogeneous dimension. Moreover, we fix a Haar measure volG on G.
We also point out that for our purposes it will be important to have a notion
of orthogonality on the horizontal layer, so we fix a scalar product ï·, ·ðx on
(V1)x that makes its adapted basis X1(x), . . . , Xm(x) an orthonormal basis
for every x ∈ G. More precisely, if v =

∑m
i=1 viXi(x) = (v1, . . . , vm) and

w =
∑m

i=1wiXi(x) = (w1, . . . , wm) are in (V1)x, we set ïv, wðx :=
∑m

i=1 viwi.

4.1 Regular directions and vertical half-spaces

Recall that any X ∈ g is divergence-free (Proposition 3.29), so the next
definition is well posed.

Definition 4.1. Let f ∈ L1
loc

(G). A regular direction of f is a vector X ∈ g

such that Xf is representable by a Radon measure. An invariant direction
of f is a regular direction X ∈ g of f such that Xf = 0.

We will denote by Reg(f) the linear subspace of g made of the regular direc-
tions of f and by Inv(f) the linear subspace of Reg(f) made of the invariant
directions of f . Moreover, we will denote by Inv0(f) the subset of Inv(f)
made of the homogeneous directions of f , i.e.

Inv0(f) := Inv(f) ∩
s⋃

i=1

Vi.
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Notice that by Proposition 3.29 we have

f ◦Rexp(tX) = f for every t ∈ R, X ∈ Inv(f). (4.1)

If f = ÇE for some E ¦ G, we set

Reg(E) := Reg(ÇE), Inv(E) := Inv(ÇE), Inv0(E) := Inv0(ÇE).

Let us prove the basic properties of regular and invariant directions:

Proposition 4.2. Let f ∈ L1
loc(G). Then Reg(f), Inv(f) and Inv0(f) are

invariant under left translations and Inv0(f) is invariant under intrinsic
dilations. Moreover:

(i) Inv(f) is a Lie subalgebra of g and [Inv0(f), Inv0(f)] ¦ Inv0(f);

(ii) if X ∈ Inv(f) and k = exp(X), then

Adk(Y )f = (Rk−1)q(Y f) for every Y ∈ Reg(f), (4.2)

namely Adk maps Reg(f) into Reg(f) and Inv(f) into Inv(f).

Proof. Clearly Reg(f), Inv(f) and Inv0(f) are invariant under left transla-
tions because their elements are left-invariant. Furthermore, the invariance
under intrinsic dilations of Inv0(f) easily follows from Proposition 2.18.
(i). Observe that for any X,Y ∈ Inv(f) and u ∈ C∞

c (G) we have

ï[X,Y ]f, uð = −

ˆ

G

f [X,Y ]u dvolG

= −

ˆ

G

fX(Y u) dvolG +

ˆ

G

fY (Xu) dvolG

= ïXf, Y uð − ïY f,Xuð = 0,

therefore [X,Y ] ∈ Inv(f) and Inv(f) is a Lie subalgebra of g. Moreover, this
fact and the property [Vi, Vj ] ¦ Vi+j for every i, j = 1, . . . , s, i ̸= j, imply
[Inv0(f), Inv0(f)] ¦ Inv0(f).
(ii). Let Y ∈ Reg(f) and Z = Adk(Y ). For any u ∈ C∞

c (G) we have by
(2.4) and (2.1)

Zu(x) = Y (u ◦ Ck)(Ck−1(x))

= Y (u ◦Rk−1)((Lk ◦ Ck−1)(x))

= Y (u ◦Rk−1)(Rk(x))

for every x ∈ G, thus Zu ◦ Rk−1 = Y (u ◦ Rk−1). Therefore by a change of
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variables, (4.1) and the regularity of Y we obtain

ïZf, uð = −

ˆ

G

fZu dvolG

= −

ˆ

G

(f ◦Rk−1)Zu ◦Rk−1 dvolG

= −

ˆ

G

fY (u ◦Rk−1) dvolG

=

ˆ

G

u ◦Rk−1 d(Y f)

=

ˆ

G

u d((Rk−1)q(Y f)) = ï(Rk−1)q(Y f), uð.

Remark 4.3. Let X ∈ Reg(f) and assume that Xf g 0; for any t ∈ R and
Y ∈ Inv(f) we know from (2.6)

Adexp(tY )(X) = Xf +
s−1∑

i=1

ti

i!
adi

Y (X)f,

hence by (4.2) we get

Xf +

s−1∑

i=1

ti

i!
adi

Y (X)f g 0.

Since t ∈ R is arbitrary, this implies

ads−1
Y (X)f g 0

for every Y ∈ Inv(f). In particular, if s is even, by applying the same
inequality with −Y in place of Y we obtain ads−1

Y (X)f = 0, namely

ads−1
Y (X) ∈ Inv(f). (4.3)

Let us also see how regular directions behave with respect to dilations.

Proposition 4.4. Let f ∈ L1
loc(G) and X ∈ Reg(f). Then for all r > 0 the

identity

¶̃ 1
r
X(f ◦ ¶r) =

1

rQ

(
¶ 1

r

)
q
(Xf) (4.4)

holds.

Proof. Set Xr := ¶̃1/rX; from (2.8) we have for any u ∈ C∞
c (G)

Xr(u ◦ ¶r) = Xu ◦ ¶r,
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therefore by (3.5) we obtain

ïXr(f ◦ ¶r), uð = −

ˆ

G

(f ◦ ¶r)Xru dvolG

= −
1

rQ

ˆ

G

f(Xru) ◦ ¶ 1
r
dvolG

= −
1

rQ

ˆ

G

fX
(
u ◦ ¶ 1

r

)
dvolG

= −
1

rQ

ˆ

G

u ◦ ¶ 1
r
d(Xf)

= −
1

rQ

ˆ

G

u d
((

¶ 1
r

)
q
(Xf)

)
= ï

1

rQ

(
¶ 1

r

)
q
(Xf), uð.

We can now naturally define half-spaces by requiring invariance along a
codimension 1 space of directions and monotonicity along the remaining
direction; if this direction is horizontal, we call these sets vertical half-spaces.
Precisely, we have the following definition.

Definition 4.5. A Borel set H ¦ G is a vertical half-space if Inv0(H) §⋃s
i=2 Vi, V1 ∩ Inv0(H) is a codimension 1 subspace of V1 and there exists

X ∈ V1 such that XÇH g 0 and XÇH ̸= 0.

We can equivalently say that H is a vertical half-space if span(Inv0(H)) is a
codimension 1 subspace of g, V1∩ span(Inv0(H)) is a codimension 1 subspace
of V1 and XÇH g 0, XÇH ̸= 0, for some X ∈ V1: indeed, since

span(Inv0(H)) =
s⊕

i=1

(Vi ∩ Inv(H)),

requiring that V1∩ span(Inv0(H)) has codimension 1 and there is a direction
X ∈ V1 which is not invariant implies that Vi ∩ Inv0(H) = Vi for every
i = 2, . . . , s.

Remark 4.6. In the previous definition, X can be chosen to be orthogonal
to V1 ∩ Inv0(H). Indeed, if X were not, it would be a linear combination of
invariant directions and an orthogonal one X§ and it would be enough to
replace X by X§.

The next result provides a characterization of vertical half-spaces and says
that they are exactly the images of “half-spaces” in g via the exponential
map. Recall that in our notation m = dimV1.

Proposition 4.7. A subset H ¦ G is a vertical half-space if and only if
there exist c ∈ R and ¿ ∈ Sm−1 such that H = Hc,¿ a.e., where

Hc,¿ := exp

({
m∑

i=1

aiXi +
s∑

i=2

vi : vi ∈ Vi, a ∈ Rm,
m∑

i=1

ai¿i g c

})
.
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Proof. Let us work in the graded coordinates associated with the adapted
basis X1, . . . , Xn of g. In these coordinates the sets Hc,¿ are the usual half-
spaces in Rn with normal vector in Rm × {0}n−m, so it is easy to realize
that they are vertical half-spaces and we only need to prove that H has that
form. Let us denote by ¿ ∈ Sm−1 the unique vector such that the vector
X :=

∑m
i=1 ¿iXi is orthogonal to all invariant directions of H in V1 and

XÇH g 0; let H̃ also be the expression of H in graded coordinates. If we set
ni := dimVi, m0 = 0 and mi := n1 + . . .+ ni for every i = 1, . . . , s, we have
to show

H̃ =

{
(a, v2, . . . , vs) ∈ Rn : vi ∈ Rni , a ∈ Rm,

m∑

i=1

ai¿i g c

}

for some c ∈ R. By Proposition 2.31 we know Xj = ∂xj for every ms−1+1 f
j f ms = n, therefore by Proposition 1.18 and the hypothesis that Vs is
contained in Inv0(H) we have that Ç

H̃
does not depend on xms−1+1, . . . , xn.

Now, if ms−2+1 f j f ms−1, again by Proposition 2.31 the vector fields Xj−
∂xj are given by the sum of polynomials multiplied by ∂xi with ms−1+1 f i f
ms. As a consequence, by the previous observation and the hypothesis that
Vs−1 is contained in Inv0(H) we get ∂xjÇH̃

= 0 and again by Proposition
1.18 Ç

H̃
does not depend on xms−2+1, . . . , xms−1 either. By iterating this

argument we obtain that Ç
H̃

depends only on x1, . . . , xm. Furthermore, by
our choice of ¿ we have





m∑

i=1

Ài∂xiÇH̃
= 0 if À § ¿,

m∑

i=1

Ài∂xiÇH̃
g 0 if À = ¿.

If instead of Ç
H̃

there were a smooth function u ∈ C∞(G) under the previ-
ous conditions, it would be easy to check that u depends only on ïx, ¿ð =∑m

i=1 ¿ixi and is increasing with respect to it. However, after mollifying
Ç
H̃

and applying Theorem 3.38, we find that Ç
H̃

satisfies the same prop-
erty, namely there exists an increasing function µ : R −→ [0, 1] such that
Ç
H̃
(x) = µ(ïx, ¿ð) for a.e. x ∈ G. Since Ç

H̃
∈ {0, 1}, this implies that µ

is (equivalent to) a characteristic function ÇL for some L ¦ R. Actually, L
must be (equivalent to) a half-line because µ is increasing and L cannot be
∅ or R by virtue of the hypothesis XÇH ̸= 0, so there exists c ∈ R such that
L = [c,∞[. This is what we wanted to prove.

Remark 4.8. Notice that a function f ∈ L1
loc

(G) is equivalent to a constant if
and only if Inv(f) = g. Indeed, if f is equivalent to a constant, then Xf = 0
for every X ∈ g because X is divergence-free. Conversely, a computation in
graded coordinates similar to that in the previous proof shows that f does
not depend on any xi, 1 f i f n, so it must be equivalent to a constant.
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Up to modifications on negligible sets, from now on we will identify vertical
half-spaces with those of the form Hc,¿ .

4.2 Sets of locally finite perimeter

Regular directions allow to define the class of sets of locally finite perimeter.

Definition 4.9. A Borel set E ¦ G is said to be of locally finite perimeter
if XÇE is a Radon measure for every X ∈ V1.

If X1, . . . , Xm is the adapted basis of V1, for any f ∈ L1
loc

(G) such that
X1, . . . , Xm ∈ Reg(f) we can define the horizontal gradient as the Rm-valued
Radon measure

Df := (X1f, . . . , Xmf).

If E ¦ G is a set of locally finite perimeter, we call the perimeter of E the
measure |DÇE |; thanks to (4.4), it is homogeneous of degree Q − 1 with
respect to intrinsic dilations, that is

|DÇ¶¼(E)| = ¼Q−1(¶¼)q|DÇE |.

Similarly to the Euclidean case, the horizontal gradient enjoys the following
property:

Proposition 4.10. If Df = 0, then f is (equivalent to) a constant.

Proof. We have Inv(f) = g by Proposition 4.2 because X1, . . . , Xm generates
the whole Lie algebra g, so the proof concludes by Remark 4.8.

Now we just state an important result which will be used later; its proof can
be found in [14] (Theorem 1.28).

Theorem 4.11. Let {fi}i∈N ¦ L1
loc(G) be such that

sup
i∈N

ˆ

K
|fi| dvolG + |Df |(K) < ∞ for every K ò G.

Then {fi}i∈N is relatively compact in L1
loc(G).

Sets of locally finite perimeter could be very bad, so they are accompained
by a new concept of boundary which plays the same role as the topological
boundary for smooth sets.

Definition 4.12. Let E ¦ G be a set of locally finite perimeter. The reduced
boundary of E is the set ∂∗E made of the points x ∈ supp |DÇE | such that

(i) the limit ¿E(x) = (¿E,1(x), . . . , ¿E,m(x)) := lim
r¸0

DÇE(Br(x))

|DÇE |(Br(x))
exists,
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(ii) |¿E(x)| = 1.

The vector ¿E is called horizontal normal.

By Lemma 3.14 it is easily checked that the reduced boundary is a Borel set.
Furthermore, it satisfies the following invariance property:

Proposition 4.13. If E ¦ G is a set of locally finite perimeter, then ∂∗E
is invariant under left translations, i.e. y ∈ ∂∗E if and only if Lx(y) ∈
∂∗(Lx(E)) and ¿E(y) = ¿Lx(E)(Lx(y)).

Proof. For any 1 f i f m and u ∈ C∞
c (G) we have by (2.1)

ïXiÇLx(E), uð = −

ˆ

Lx(E)
Xiu dvolG = −

ˆ

E
Xi(u ◦ Lx) dvolG

=

ˆ

G

u d((Lx)q(XiÇE)) = ï(Lx)q(XiÇE), uð,

thus
DÇLx(E) = (Lx)qDÇE .

From this equality the thesis easily follows.

We now present two results that are satisfied by sets of locally finite perimeter
in Carnot groups, analogous to well known results in the Euclidean context.
The proofs can be found respectively in [14] (Theorem 1.18) and [13] (Lemma
2.31).

Theorem 4.14 (Relative isoperimetric inequality). Let E ¦ G be a set of
locally finite perimeter. Then there exists a constant c̄ > 0 such that for all
x ∈ G and r > 0

min{Ln(E ∩Br(x)),L
n(Ec ∩Br(x))}

Q−1
Q f c̄ |DÇE |(Br(x)). (4.5)

Lemma 4.15 (Density estimates). Let E ¦ G be a set of locally finite
perimeter and x ∈ ∂∗E. Then there exist three constants ci = ci(G) > 0,
i = 1, 2, and r0 = r0(x) > 0 such that

|DÇE |(Br(x)) f c1r
Q−1, 0 < r < r0, (4.6)

and
Ln(E ∩Br(x)) g c2r

Q, 0 < r < r0. (4.7)

The next theorem is a consequence of these results and states a fundamental
property of the perimeter.

Theorem 4.16. If E ¦ G is a set of locally finite perimeter, then there exist
three constants c̄i = c̄i(G) > 0, i = 1, 2, and r̄0 = r̄0(x) > 0 such that for
any x ∈ ∂∗E

c̄1r
Q−1 f |DÇE |(Br(x)) f c̄2r

Q−1, 0 < r < r̄0. (4.8)

55



Proof. The second inequality is exactly (4.6) with c̄2 = c1 and r̄0 = r0. For
the first one, let us observe that, since DÇE = −DÇEc , we have |DÇE | =
|DÇEc | and ∂∗E = ∂∗(Ec), so we can apply Lemma 4.15 with Ec in place of
E and we get

Ln(Ec ∩Br(x)) g c2r
Q, 0 < r < r0 = r̄0.

Therefore we deduce from (4.5) and (4.7)

|DÇE |(Br(x)) g
1

c̄
min{Ln(E ∩Br(x)),L

n(Ec ∩Br(x))}
Q−1
Q

g
1

c̄
(c2r

Q)
Q−1
Q =

c
Q−1
Q

2

c̄
rQ−1

for every 0 < r < r̄0, which is the first inequality with c̄1 = c
Q−1
Q

2 /c̄.

Corollary 4.17. If E ¦ G is a set of locally finite perimeter, then |DÇE | is
asymptotically doubling and concentrated on ∂∗E.

Proof. We have that |DÇE | is asymptotically doubling directly from (4.8).
Moreover, this implies by Theorem 3.18 that ¿E(x) exists and belongs to
Rm for |DÇE |-a.e. x ∈ G and is the function such that DÇE = ¿E |DÇE |. In
particular, |¿E | = 1 |DÇE |-a.e., thus

|DÇE |(G \ ∂∗E) = 0.

Combining Theorem 3.24, (4.8) and (3.4), we also have that the perimeter
|DÇE | can be bounded from above and below by the spherical Hausdorff
measure SQ−1, namely

c̄1
ÉQ−1

SQ−1(B ∩ ∂∗E) f |DÇE |(B) f 2Q−1 c̄2
ÉQ−1

SQ−1(B ∩ ∂∗E) (4.9)

for every Borel set B ¦ G, and similar inequalities hold with HQ−1.

4.3 Tangent sets

Studying the rectifiability of a set of locally finite perimeter means to under-
stand the structure of tangent sets, so let us define them. Recall that in a
general measure space (E,B(E), µ) a sequence of Borel sets {Bi}i∈N ¦ B(E)
locally converges in measure to a Borel set B ∈ B(E) if

µ(K ∩ (Bi∆B)) −−−→
i→∞

0 for every K ¦ E compact.

This is equivalent to say that {ÇBi}i∈N converges to ÇB in L1
loc

(E).
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Definition 4.18. Let E ¦ G be a set of locally finite perimeter and x ∈ ∂∗E.
We denote by Tan(E, x) all limit points, in the topology of local convergence
in measure, of the sets {¶1/r(x

−1E)}r>0 as r ¸ 0. If F ∈ Tan(E, x) we say
that F is tangent to E at x.

We denote by

Tan(E) :=
⋃

x∈∂∗E

Tan(E, x)

the set of all tangent sets to E. We also define the iterated tangent sets to E
in the following way: for any x ∈ ∂∗E we set Tan1(E, x) := Tan(E, x) and

Tank+1(E, x) :=
⋃

{Tan(F ) : F ∈ Tank(E, x)}.

We want to prove that if we iterate sufficiently many times the tangent
operator we get a vertical half-space. To do this, we start by stating a result
obtained in [13] (Claim 3.3, Claim 3.4 and beginning of Claim 3.5).

Proposition 4.19. If E ¦ G is a set of locally finite perimeter, then for
any x̄ ∈ ∂∗E the following properties hold:

(i) Tan(E, x̄) ̸= ∅;

(ii) each F ∈ Tan(E, x̄) is a set of locally finite perimeter and

¿F (x) = ¿E(x̄) for |DÇF |-a.e. x ∈ G;

(iii) V1 ∩ Inv0(F ) coincides with the codimension 1 subspace of V1
{

m∑

i=1

aiXi :

m∑

i=1

ai¿E,i(x̄) = 0

}

and, setting X :=
∑m

i=1 ¿E,i(x̄)Xi ∈ V1, X ∈ Reg(F ) \ Inv(F ) and
XÇF g 0.

Furthermore, we have e ∈ supp |DÇF |: indeed, by the way of contradiction,
if e /∈ supp |DÇF | there would be some Ä > 0 such that |DÇF |(BÄ(e)) = 0;
thus, setting Ex̄,r := ¶1/r(x̄

−1E), we would have by (4.5) (possibly taking a
smaller Ä > 0)

Ln(F ∩BÄ(e)) = 0 or Ln(F c ∩BÄ(e)) = 0.

If Ln(F ∩ BÄ(e)) = 0, by the fact that {ÇEx̄,ri
}i∈N converges to ÇF in

L1(BÄ(e)) along a suitable sequence ri ¸ 0 and (4.7)

0 = Ln(F ∩BÄ(e)) = lim
i→∞

Ln(Ex̄,ri ∩BÄ(e))

= lim
i→∞

Ln
(
¶ 1

ri

(x̄−1E ∩BÄri(e))
)

= lim
i→∞

Ln(x̄−1E ∩BÄri(e))

rQi
g c2 > 0,
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which is a contradiction. If instead Ln(F c ∩BÄ(e)) = 0, a similar argument
leads to another contradiction.
We also need two crucial lemmas. The first one shows that if X ∈ Reg(E)
belongs to

⊕s
i=2 Vi, then the tangent sets to E at |DÇE |-a.e. x ∈ ∂∗E are

invariant under the “higher degree component” of X. The underlying reason
for this fact is that the intrinsic dilations behave quite differently in the
X-direction and in the horizontal directions.

Lemma 4.20. Let E ¦ G be a set of locally finite perimeter, X ∈ Reg(E)
and assume that X =

∑ℓ
i=2 vi with vi ∈ Vi and ℓ f s. Then, for |DÇE |-a.e.

x ∈ ∂∗E, vℓ ∈ Inv0(F ) for all F ∈ Tan(E, x).

Proof. Let µ ∈ Mloc(G) be the Radon measure such that µ = XÇE . If
Q = 1, then s = 1 and there is nothing to prove, so we can assume Q g 2.
From Corollary 3.25 we know that the set N of points x ∈ G such that

lim sup
r¸0

|µ|(Br(x))

rQ−2
> 0

is Ã-finite with respect to SQ−2, in particular SQ−1-negligible and by (4.9)
|DÇE |-negligible. We will prove that the statement holds for every x ∈
∂∗E \ N and actually, by virtue of Proposition 4.13, we can assume x = e
up to a left translation. Given any u ∈ C∞

c (G), let R > 0 be such that
suppu ¦ BR(e); (4.4) with f = ÇE gives

ˆ

G

Ç¶ 1
r
(E)Xru dvolG =

1

rQ−ℓ

ˆ

G

u ◦ ¶ 1
r
dµ,

where Xr := rℓ¶̃1/rX, so that Xr tends to vℓ as r ¸ 0. We can bound the
right-hand side with

sup |u|

rQ−ℓ
|µ|(BrR(e)) = O(rℓ−Q)o(rQ−2) = o(1),

where the last equality holds because ℓ g 2, so passing to the limit as r ¸ 0
along a suitable sequence and moving the limit inside the integral sign on
the left-hand side (it can be done by the dominated convergence theorem
since Xru ∈ C∞

c (G)) we get vℓÇF = 0 for every F ∈ Tan(E, e).

The invariance of Inv0 under left translations and scaling shows that Inv0(F )
contains Inv0(E) for all F ∈ Tan(E). Moreover, we know that the codimen-
sion of span(Inv0(E)) in g is at least 1 (because it has codimension 1 in V1 by
Proposition 4.19) and is exactly 1 if E is a vertical half-space by Proposition
4.7. In this setting, the second lemma says that if this codimension is at
least 2 then a double tangent strictly increases the set Inv0(E) at |DÇE |-a.e.
point.
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Lemma 4.21. Let E ¦ G be a set of locally finite perimeter and assume
that

dim(span(Inv0(E))) f n− 2.

Then, for any x ∈ ∂∗E, Inv0(L) « Inv0(E) for some L ∈ Tan2(E, x).

Proof. Let g′ := span(Inv0(E)) and X :=
∑m

i=1 ¿E,i(x)Xi. We first show the
existence of Z ∈ g\ (g′+V1) such that Z ∈ Reg(F ) for every F ∈ Tan(E, x).
Observe that g′ is a Lie subalgebra of g by Proposition 4.2 and X /∈ g′ by
Proposition 4.19, so we can apply Proposition 2.14: there exists Y ∈ g′ such
that

Z := Adexp(Y )(X) /∈ g′ · {RX} = g′ + V1.

In particular, since Inv0(E) ¦ Inv0(F ) for every F ∈ Tan(E, x), Y ∈ Inv(F )
and so Z ∈ Reg(F ) for every F ∈ Tan(E, x) by Proposition 4.2.
Now, let us fix F ∈ Tan(E, x) and consider µ ∈ Mloc(G) the Radon measure
such that µ = ZÇF . Possibly removing from Z its horizontal component
(which can be done because F has locally finite perimeter by Proposition
4.19), we can write Z = vi1+ . . .+viℓ with ij g 2 and vij ∈ Vij \{0} for every
j = 1, . . . , ℓ. Then vik /∈ Inv0(E) for at least one k ∈ {1, . . . , ℓ}, so let us
choose the largest one with this property. Hence, setting Z ′ = vi1 + . . .+vik ,
since vij ∈ Inv0(E) ¦ Inv0(F ) for all k < j f ℓ, we still have Z ′ÇF = µ.
Therefore by Lemma 4.20 we can find L ∈ Tan(F ) such that vik ∈ Inv0(L);
this concludes the proof because vik /∈ Inv0(E).

We are now ready to prove the previously announced result. Recall again
that m = dimV1.

Theorem 4.22. Let E ¦ G be a set of locally finite perimeter. Then, for
any x ∈ ∂∗E, there exists a natural number k f 2(n − m) + 1 such that
H0,¿E(x) ∈ Tank(E, x).

Proof. Let us define

ik := max{dim(span(Inv0(F ))) : F ∈ Tank(E, x)}.

Thanks to Proposition 4.19, we know that sets in Tan(E, x) are invariant
in at least m − 1 directions, so that i1 g m − 1. Furthermore, we proved
in Lemma 4.21 that ik+2 > ik as long as there exists F ∈ Tank(E, x) with
dim(span(Inv0(F ))) f n−2, hence, up to apply the tangent operator at most
2(n−m) times, we find for some natural number k f 2(n−m)+1 an iterated
tangent set F ∈ Tank(E, x) with dim(span(Inv0(F ))) g n − 1. Moreover,
from Proposition 4.19 we know that V1 ∩ Inv0(F ) has codimension 1 in V1

and
∑m

i=1 ¿E,i(x)XiÇF g 0, so F is a half-space. Therefore, by Proposition
4.7 and since e ∈ supp |DÇF | we have F = H0,¿E(x).
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Chapter 5

The problem of rectifiability

We have all the tools to present the proof of the main result currently known
about rectifiability of sets of finite perimeter in Carnot groups, which is the
following theorem.

Theorem 5.1. Let G be a Carnot group and E ¦ G a set of locally finite
perimeter. Then for |DÇE |-a.e. x ∈ ∂∗E there exists a vertical half-space H
such that H ∈ Tan(E, x).

Moreover, we will provide a counterexample showing that the expression
“|DÇE |-a.e.” cannot be avoided and that in general this theorem cannot
hold in any point of the reduced boundary ∂∗E. All these results can also
be found in [3]. We will continue to use the notation introduced at the
beginning of Chapter 4.

5.1 Rectifiability in step 2 Carnot groups

In [13] the following theorem is proved:

Theorem 5.2. Let G be a step 2 Carnot group. If E ¦ G is a set of locally
finite perimeter, then for any x ∈ ∂∗E we have

Tan(E, x) = {H0,¿E(x)}.

In other words, in step 2 Carnot groups the analogue of De Giorgi’s rectifia-
bility theorem holds and at any point of the reduced boundary the tangent
set exists, is unique and is a vertical half-space. Observe that Theorem 5.1 is
very different from it because it does not hold at every point of the reduced
boundary and it does not say anything about uniqueness of the tangent
half-space. In this section we explain the idea regarding why there is this
big difference.
The proof of Theorem 5.2 proceeds in this way: the starting point is Propo-
sition 4.19, whose proof shows that the blow-up along any scaling sequence
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ri ¸ 0 leads to a tangent set F with constant horizontal normal. If the step
of G is 2, this is equivalent to say that F is a vertical half-space. This fact
is proved in [13] (Lemma 3.6), but here we provide a different proof, based
on Remark 4.3.

Proposition 5.3. Let G be a step 2 Carnot group. If E ¦ G is a set of
locally finite perimeter such that ¿E is (equivalent to) a constant, then E is
a vertical half-space.

Proof. Let À ∈ Rm be the constant value of ¿E and set X :=
∑m

i=1 ÀiXi. By
Proposition 4.19 XÇE g 0 and Inv(E) contains all vectors Y =

∑m
i=1 ¸iXi

with ¸ perpendicular to À. Then, since s = 2, from (4.3) we get [X,Y ]ÇE =
0 for every Y ∈ Inv(E) ∩ V1; but these commutators, together with the
commutators {[Y1, Y2] : Yi ∈ Inv(E) ∩ V1}, span the whole V2, hence the
proof is achieved.

Here is the discrepancy with the general case because this result does not
hold in a Carnot group of step larger than 2 (see Section 5.3 and Section
5.4 for some counterexamples) and this is the difficulty to bypass in order to
prove Theorem 5.1.

Remark 5.4. The sign condition Xf g 0 of Remark 4.3 is essential for the
validity of Proposition 5.3. For example, consider the first Heisenberg group
H1 with the representation in graded coordinates (x, y, t) ∈ R3 presented
in Section 2.4, so that the vectors of the basis of the horizontal layer are
X = ∂x +2y∂t and Y = ∂y − 2x∂t; take a smooth function g ∈ C∞(H1) and
define the function

f(x, y, t) := g(t+ 2xy).

We have Xf = 4yg′(t + 2xy) and Y f = 0, therefore for any c ∈ R the
sets Ec := {f f c} are Y -invariant, but they are not half-spaces if g is
not constant and, in fact, XÇEc changes sign because Xf does so and by
(1.13). Furthermore, the same example shows that there is no local version
of Proposition 5.3 because the sets Ec locally may satisfy XÇEc g 0 or
XÇEc f 0 (depending on the sign of g′ and y), but, choosing a suitable g,
they are not locally half-spaces.
In our proof of Proposition 5.3 the non-locality appears when we use formula
(4.3): indeed, its proof depends on the sign condition Adexp(tY )(X)ÇE g 0
with t arbitrarily large and by (4.2) this is the right translation of XÇE by
exp(tY ). Instead, the proof given in [13] relies on the possibility of joining
two different points in H1 by following integral lines of Y in both directions
and integral lines of X in just one direction. This is proved by showing
that both initial and final points can be joined with the identity element. In
particular, this fact reveals that these paths cannot be confined to a bounded
region, even if the points are confined within a small region.
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5.2 Existence of a tangent half-space

In this section we prove Theorem 5.1. Thanks to Theorem 4.22, we only need
to show that iterated tangent sets are tangent sets. Precisely, the following
result holds.

Theorem 5.5. Let E ¦ G be a set of locally finite perimeter. Then, for
|DÇE |-a.e. x ∈ ∂∗E we have

∞⋃

k=2

Tank(E, x) ¦ Tan(E, x).

In turn, this theorem is a consequence of an analogous one involving tangent
measures, proved in [25] (Theorem 2.12) in the Euclidean case. We will
adapt it to our setting after defining what tangent measures are.
From now on, for any x ∈ G and r > 0 we will set

Ix,r := ¶ 1
r
◦ Lx−1 .

Recall that, for a general LCS metric space E and q g 0, a measure µ ∈
Mm

loc
(E) is asymptotically q-regular if

0 < lim inf
r¸0

|µ|(Br(x))

rq
f lim sup

r¸0

|µ|(Br(x))

rq
< ∞ for |µ|-a.e. x ∈ E.

In particular, any asymptotically q-regular measure is asymptotically dou-
bling. Moreover, if E ¦ G is a set of locally finite perimeter, then the
perimeter measure |DÇE | is asymptotically (Q− 1)-regular thanks to (4.8).

Definition 5.6. Let µ ∈ Mm
loc

(G) be asymptotically q-regular and x ∈ G.
We denote by Tan(µ, x) the set of all local weak* limit points of the family
of measures {r−q(Ix,r)qµ}r>0 as r ¸ 0. If ¿ ∈ Tan(µ, x) we say that ¿ is
tangent to µ at x.

Theorem 5.7. Let µ ∈ Mm
loc(G) be asymptotically q-regular. Then for |µ|-

a.e. x ∈ G we have

Tan(¿, y) ¦ Tan(µ, x) for every ¿ ∈ Tan(µ, x), y ∈ supp |¿|.

The connection between Theorem 5.5 and Theorem 5.7 rests on the following
proposition:

Proposition 5.8. Let E ¦ G be a set of locally finite perimeter and x ∈ ∂∗E.
Then F ∈ Tan(E, x) if and only if DÇF ∈ Tan(DÇE , x) \ {0}.

Proof. Since F ∈ Tan(E, x), there exists a sequence {ri}i∈N such that ri ¸ 0
and

F = lim
i→∞

¶ 1
ri

(x−1E)).
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For any 1 f j f m and u ∈ C∞
c (G) we have by (2.1), (2.8) and (3.5)

ˆ

G

u d((Ix,ri)q(XjÇE)) = −

ˆ

E
Xj

(
u ◦ ¶ 1

ri

◦ Lx−1

)
dvolG

= −

ˆ

Lx−1 (E)
Xj

(
u ◦ ¶ 1

ri

)
dvolG

= −
1

ri

ˆ

Lx−1 (E)
Xju ◦ ¶ 1

ri

dvolG

= −rQ−1
i

ˆ

Ix,ri (E)
Xju dvolG,

thus by the dominated convergence theorem

1

rQ−1
i

ˆ

G

u d((Ix,ri)q(XjÇE)) −−−→
i→∞

−

ˆ

F
Xju dvolG =

ˆ

G

u d(XjÇF ).

If now u ∈ Cc(G), by the density of C∞
c (G) in Cc(G) (Theorem 3.38) for any

ε > 0 there exists uε ∈ C∞
c (G) such that ∥u − uε∥∞ f ε, hence by setting

Ex,ri := Ix,ri(E) and (4.6) we have for some R > 0 large enough

∣∣∣∣
ˆ

G

u d(DÇEx,ri
)−

ˆ

G

u d(DÇF )

∣∣∣∣ f
1

rQ−1
i

ˆ

BRri
(x)

|u− uε| d|DÇE |

+

∣∣∣∣
ˆ

G

uε d(DÇEx,ri
)−

ˆ

G

uε d(DÇF )

∣∣∣∣

+

ˆ

BR(e)
|u− uε| d|DÇF |

f (c1 + 1 + |DÇF |(BR(e)))ε,

namely {r1−Q
i (Ix,ri)qDÇE}i∈N locally weak* converges to DÇF . Finally,

DÇF ̸= 0 because e ∈ supp |DÇF | (remember the observation after Proposi-
tion 4.19).
Conversely, up to a left translation, we can assume x = e thanks to Proposi-
tion 4.13. Let {ri}i∈N be such that ri ¸ 0 and DÇF is the local weak* limit
of {r1−Q

i (Ie,ri)qDÇE}i∈N; moreover, set Ei := ¶1/ri(E), so that by the same
computation as before we have

DÇEi =
1

rQ−1
i

(Ie,ri)qDÇE .

Thanks to (3.2) and Theorem 4.11, without loss of generality we can as-
sume that {Ei}i∈N locally converges in measure to some F ′ ¦ G, so that
F ′ ∈ Tan(E, e) and by a density argument analogous to the previous one
{DÇEi}i∈N locally weak* converges to DÇF ′ . It follows DÇF = DÇF ′ , there-
fore by Proposition 4.10 ÇF − ÇF ′ must be (equivalent to) a constant; this
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can happen only when either F = F ′ or F = G \ F ′, but the second possi-
bility is ruled out because it would imply DÇF = −DÇF ′ and so DÇF = 0.
This proves F = F ′ ∈ Tan(E, e).

Proof of Theorem 5.5. At any point x ∈ ∂∗E where the property stated in
Theorem 5.7 holds with µ = DÇE we can consider any F ∈ Tan(E, x)
and L ∈ Tan(F, y) for some y ∈ ∂∗F ; then, by Proposition 5.8 we know
DÇF ∈ Tan(DÇE , x) and DÇL ∈ Tan(DÇF , y) \ {0}. As a consequence,
Theorem 5.7 gives DÇL ∈ Tan(DÇE , x) \ {0}, hence Proposition 5.8 again
yields L ∈ Tan(E, x). This proves Tan2(E, x) ¦ Tan(E, x) and therefore
also Tan3(E, x) ¦ Tan2(E, x) and so on.

It only remains to prove Theorem 5.7. We will follow the proof given in [21]
(Theorem 14.16) with some adaptations. We start with a lemma.

Lemma 5.9. Let A ¦ G, µ be a vector measure on G and a ∈ A be a density
point for A relative to |µ|∗, i.e.

lim
r¸0

|µ|∗(Br(a) ∩A)

|µ|(Br(a))
= 1.

If for some ri ¸ 0 and ¼i g 0 the measures ¼i(Ia,ri)qµ locally weak* converge
to ¿, then

lim
i→∞

d(a¶ri(y), A)

ri
= 0 for every y ∈ supp |¿|.

Proof. Let Ä := d(y, e) and let us argue by contradiction. If the statement
were false, Ä would be positive (otherwise y = e and the limit would be
equal to 0) and there would exist ε ∈ ]0, Ä [ such that d(a¶ri(y), A) > εri
for infinitely many values of i. Possibly extracting a subsequence, we can
assume without loss of generality that this happens for every i ∈ N, so that

Bεri(a¶ri(y)) ¦ G \A.

Furthermore, since ε < Ä and d is homogeneous (Proposition 2.37) we have

Bεri(a¶ri(y)) ¦ BÄri(a¶ri(y)) ¦ B2Äri(a).

Thus combining these two pieces of information with (3.1) we get

1 = lim
i→∞

|µ|∗(B2Äri(a) ∩A)

|µ|(B2Äri(a))
f lim sup

i→∞

|µ|(B2Äri(a) \Bεri(a¶ri(y)))

|µ|(B2Äri(a))

= lim sup
i→∞

|µ|(B2Äri(a))− |µ|(Bεri(a¶ri(y)))

|µ|(B2Äri(a))

= 1− lim inf
i→∞

|µ|(Bεri(a¶ri(y)))

|µ|(B2Äri(a))
= 1− lim inf

i→∞

(Ia,ri)q|µ|(Bε(y))

(Ia,ri)q|µ|(B2Ä (e))

f 1−
lim infi→∞|¼i(Ia,ri)qµ|(Bε(y))

lim supi→∞|¼i(Ia,ri)qµ|(B2Ä (e))

64



f 1−
|¿|(Bε(y))

lim supi→∞|¼i(Ia,ri)qµ|(B2Ä (e))
.

However, |¿|(Bε(y)) > 0 because y ∈ supp |¿| and the denominator is finite
by (3.2), so this is a contradiction.

We will also need a specific distance on Mm
loc

(G), which now we present. For
any R > 0 set

DR := {u ∈ Cc(G) : suppu ¦ BR(e), sup |u| f 1 and |u(x)− u(y)| f d(x, y)

for every x, y ∈ G}

and for any µ, ¿ ∈ Mm
loc

(G)

dR(µ, ¿) := sup

{∣∣∣∣
ˆ

G

u dµ−

ˆ

G

u d¿

∣∣∣∣ : u ∈ DR

}
.

It is easy to see that dR is a distance on the linear subspace of Mm
loc

(G) made
of Radon measures with support contained in BR(e). Moreover, dR induces
the local weak* convergence in all bounded sets (with respect to the total
variation) of such subspace:

Lemma 5.10. Let {µi}i∈N ¦ Mm
loc(G) be such that suppµi ¦ BR(e) and

supi∈N |µi|(BR(e)) < ∞. Then µi
∗
−á µ in Mm

loc(BR(e)) if and only if
limi→∞ dR(µi, µ) = 0.

Proof. By the way of contradiction, suppose that {dR(µi, µ)}i∈N does not
converge to 0. Then we can find a sequence {ui}i∈N ¦ DR and ε > 0 such
that ∣∣∣∣

ˆ

G

ui dµi −

ˆ

G

ui dµ

∣∣∣∣ g ε.

On the other hand, possibly extracting a subsequence, by Ascoli-Arzelà the-
orem we have that {ui}i∈N converges uniformly to some u ∈ DR; since by
hypothesis supi∈N |µi|(BR(e)) is finite, we get

lim
i→∞

ˆ

G

ui dµi =

ˆ

G

u dµ = lim
i→∞

ˆ

G

ui dµ,

which gives a contradiction.
Viceversa, it is easily observed that dR(µi, µ) −−−→

i→∞
0 implies

ˆ

G

u dµi −−−→
i→∞

ˆ

G

u dµ

for every u ∈ Lip(G) with suppu ¦ BR(e) (just multiply and divide by
Lip(u) sup |u|). If now u ∈ Cc(G) with suppu ¦ BR(e), there exists ε̄ > 0
such that suppu ¦ BR−ε̄(e); take a family of mollifiers {Äε}ε∈]0,ε̄[ and observe
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that uε := u ∗ Äε is a Lipschitz function and supp uε ¦ BR(e). Therefore by
Theorem 3.38 we obtain (for any ε > 0 small enough)

∣∣∣∣
ˆ

G

u dµi −

ˆ

G

u dµ

∣∣∣∣ f
ˆ

BR(e)
|u− uε| d|µi|+

∣∣∣∣
ˆ

G

uε dµi −

ˆ

G

uε dµ

∣∣∣∣

+

ˆ

BR(e)
|u− uε| d|µ|

f

(
sup
i∈N

|µi|(BR(e)) + 1 + |µ|(BR(e))

)
ε,

namely µi
∗
−á µ in Mm

loc(BR(e)).

We also observe that dR is separable:

Lemma 5.11. There is a countable dense set Q of Radon measures on G

with respect to dR, that is for any µ ∈ Mm
loc(G) and ε > 0 we can find ¿ ∈ Q

for which dR(µ, ¿) < ε.

Proof. Without loss of generality, we can assume m = 1 (otherwise just argue
componentwise) and that µ is a nonnegative measure (otherwise consider its
positive and negative parts µ+ := (|µ| + µ)/2, µ− := (|µ| − µ)/2). Let us
work in graded coordinates; for any i ∈ N, let Qi,1, . . . , Qi,mi be the half-open
dyadic cubes of side-length 2−i, i.e. cubes of the form

{x ∈ Rn : kj2
−i f xj < (kj + 1)2−i, kj ∈ Z, j = 1, . . . , n},

which have nonempty intersection with BR(e). Denote by xi,j the center of
Qi,j and consider the Radon measures

µi :=

mi∑

j=1

µ(Qi,j)¶xi,j ,

where ¶x is the Dirac measure concentrated at x. Then for any u ∈ Cc(G)
with suppu ¦ BR(e) we have by the dominated convergence theorem

ˆ

G

u dµi =

ˆ

G

mi∑

j=1

u(xi,j)ÇQi,j dµ −−−→
i→∞

ˆ

G

u dµ,

hence limi→∞ dR(µi, µ) = 0 by Lemma 5.10. This implies that the family of
Radon measures

Q :=

{
mi∑

j=1

qi,j¶xi,j : qi,j ∈ Q+, i ∈ N

}

satisfies the thesis.
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If now we define for any µ, ¿ ∈ Mm
loc

(G)

d̄(µ, ¿) :=

∞∑

R=1

1

2R
min{1, dR(µ, ¿)},

we have that d̄ is a distance on Mm
loc

(G) and by virtue of Lemma 5.10 and
Lemma 5.11 it inherits the properties of dR, namely d̄ induces the local weak*
convergence in all bounded subsets of Mm

loc
(G) made of Radon measures with

support contained in some bounded subset of G and is separable.

Proof of Theorem 5.7. Let x ∈ G be such that

ℓx := lim sup
r¸0

|µ|(Br(x))

rq
< ∞.

First of all, we check that for any sequence {ri}i∈N such that ri ¸ 0 we have

r−q
i (Ix,ri)qµ

∗
−á ¿ ⇐⇒ lim

i→∞
d̄(¿, r−q

i (Ix,ri)qµ) = 0. (5.1)

The first implication is a direct consequence of Lemma 5.10 because d̄-
convergence is equivalent to dR-convergence for all R > 0 and by (3.2) the
sequence {r−q

i (Ix,ri)qµ}i∈N is bounded in total variation on every ball. The
converse one is also a consequence of Lemma 5.10, but we have to deduce
the boundedness in total variation by our choice of x:

sup
i∈N

1

rqi
|(Ix,ri)qµ|(BR(e)) = sup

i∈N

1

rqi
|µ|(BRri(x))

f max

{
max
1fifN

{
1

rqi
|µ|(BRri(x))

}
, ℓx + 1

}
< ∞,

where N ∈ N is such that r−q
i |µ|(BRri(x)) f ℓx + 1 for every i g N .

Let us suppose that the following statement holds:

(A) for any ¿ ∈ Tan(µ, x), y ∈ supp |¿| and r > 0 we have r−q(Iy,r)q¿ ∈
Tan(µ, x).

With this assumption, the thesis follows by a diagonal argument: let

¸ = lim
i→∞

r−q
i (Iy,ri)q¿ ∈ Tan(¿, y);

thanks to (5.1), for each k ∈ N we can choose ik ∈ N such that

d̄(r−q
ik

(Iy,rik )q¿, ¸) <
1

k
.

Furthermore, by (A) we know r−q
ik

(Iy,rik )q¿ ∈ Tan(µ, x), so that again by
(5.1) there exists a sequence {sk}k∈N such that sk ¸ 0 and

d̄(r−q
ik

(Iy,rik )q¿, s
−q
k (Ix,sk)qµ) <

1

k
.

67



This gives limk→∞ d̄(s−q
k (Ix,sk)qµ, ¸) = 0, namely ¸ ∈ Tan(µ, x) once again

by (5.1).
It only remains to prove (A); however, since Iy,r = Ie,r ◦Iy,1 and the operator
¸ 7−→ r−q(Ie,r)q¸ is readily seen to map Tan(µ, x) into Tan(µ, x), we just need
to show the following property:

(B) for |µ|-a.e. x ∈ G we have (Iy,1)q¿ ∈ Tan(µ, x) for every ¿ ∈ Tan(µ, x)
and y ∈ supp |¿|.

Let us consider the set S of points where (B) fails: for any x ∈ S there exist
¿ ∈ Tan(µ, x) and y ∈ supp |¿| such that (Iy,1)q¿ /∈ Tan(µ, x). Thanks to
(5.1), this implies that there exist two integers k, z g 1 such that

d̄((Iy,1)q¿, r
−q(Ix,r)qµ) >

1

k
for every r ∈

]
0,

1

z

[
.

If we set

Ak,z := {x ∈ G : there exist ¿ ∈ Tan(µ, x) and y ∈ supp |¿| such that

d̄((Iy,1)q¿, r
−q(Ix,r)qµ) > 1/k for every r ∈ ]0, 1/z[},

we have that S is contained in the union of these sets, so it suffices to show
|µ|∗(Ak,z) = 0 for every integers k, z g 1.
Suppose by contradiction |µ|∗(Ak,z) ̸= 0 for some integers k, z g 1. Since d̄
is separable, we can cover Mm

loc
(G) with a countable family of sets {Bℓ}ℓ∈N

satisfying

d̄(¸, ¸′) <
1

2k
for every ¸, ¸′ ∈ Bℓ. (5.2)

Let us now consider the sets

Ak,z,ℓ :={x ∈ G : there exist ¿ ∈ Tan(µ, x) and y ∈ supp |¿| such that

(Iy,1)q¿ ∈ Bℓ, d̄((Iy,1)q¿, r
−q(Ix,r)qµ) > 1/k for every r ∈ ]0, 1/z[}.

Since Ak,z ¦
⋃∞

ℓ=0Ak,z,ℓ and |µ|∗ is countably subadditive, at least one
of these sets satisfies |µ|∗(Ak,z,ℓ) > 0; let us fix ℓ with this property and
set A := Ak,z,ℓ. Since |µ|∗(A) > 0 and |µ| is asymptotically doubling, by
Remark 3.17 we can find a ∈ A which is a density point of A relative to |µ|∗;
moreover, by definition of A we have a measure ¿a ∈ Tan(µ, a) and a point
ya ∈ supp |¿a| associated with a such that (Iya,1)q¿a ∈ Bℓ and

d̄((Iya,1)q¿a, r
−q(Ia,r)qµ) >

1

k
for every r ∈

]
0,

1

z

[
.

In particular, ya ̸= e; we can also write ¿a = limi→∞ r−q
i (Ia,ri)qµ for suitable

ri ¸ 0. Now, let us take ai ∈ A such that

d(a¶ri(ya), ai) f d(a¶ri(ya), A) +
ri
i
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for every i ∈ N; Lemma 5.9 ensures d(a¶ri(ya), ai) = o(ri) as i → ∞, so
¶1/ri(a

−1ai) −−−→
i→∞

ya. Since I¶1/ri (a
−1ai),1 ◦ Ia,ri = Iai,ri , this gives

lim
i→∞

r−q
i (Iai,ri)qµ = lim

i→∞
r−q
i (I¶1/ri (a

−1ai),1)q(Ia,ri)qµ

= lim
i→∞

(I¶1/ri (a
−1ai),1)q(r

−q
i (Ia,ri)qµ) = (Iya,1)q¿a.

Therefore, by (5.1) we can fix i sufficiently large such that ri < 1/z and

d̄((r−q
i (Iai,ri)qµ), (Iya,1)q¿a) <

1

2k
. (5.3)

On the other hand, since ai ∈ A = Ak,z,ℓ, we can find some ¿ ′ ∈ Tan(µ, ai)
and y′ ∈ supp |¿ ′| with (Iy′,1)q¿

′ ∈ Bℓ such that

d̄((r−q
i (Iai,ri)qµ), (Iy′,1)q¿

′) >
1

k
;

thus by applying the triangle inequality and combining (5.2) and (5.3) we
finally obtain

1

k
< d̄((r−q

i (Iai,ri)qµ), (Iya,1)q¿a) + d̄((Iya,1)q¿a, (Iy′,1)q¿
′) <

1

2k
+

1

2k
.

This contradiction concludes the proof.

5.3 A cone in the Engel group

In this section we provide a counterexample showing that Theorem 5.2 does
not hold if the Carnot group has step greater than 2. More precisely, we
will find a set of locally finite perimeter in the Engel group with a tangent
set which is a cone, but not a half-space, and explain what does not work
in the proof of Theorem 5.1 in this case. From now on, Hk denotes the
k-dimensional Hausdorff measure induced by the Euclidean distance.
Let us consider the Engel group E with the representation in strong Malcev
coordinates (x1, x2, x3, x4) ∈ R4 presented in Section 2.4, so that the vectors
of the basis of the horizontal layer are

X1 = ∂x1 ,

X2 = ∂x2 − x1∂x3 +
x21
2
∂x4 ,

X3 = ∂x3 − x1∂x4 ,

X4 = ∂x4 .

Recall that E is a Carnot group of step s = 3 with dimension of the horizontal
layer m = 2; moreover, it has homogeneous dimension

Q = 2 · 1 + 1 · 2 + 1 · 3 = 7.

69



For any ³ > 0, let P = P³ : R4 −→ R be the polynomial

P (x) = ³x32 + 2x4,

whose gradient is
∇P (x) = (0, 3³x22, 0, 2).

In particular, all level sets {P = c}, c ∈ R, of P are obviously graphs of
smooth functions depending on (x1, x2, x3). Notice that

|∇P (x)| =
√

4 + 9³2x42 = 2 +
9

4
³2x42 +O(|x|5).

We also have

X1P (x) = ∂x1(³x
3
2 + 2x4) = 0,

X2P (x) =

[
∂x2 − x1∂x3 +

x21
2
∂x4

]
(³x32 + 2x4)

= 3³x22 + x21 g 0.

(5.4)

We define
C := {x ∈ R4 : P (x) f 0},

whose boundary is the set ∂C = {P = 0}. Observe that the polynomial P
is homogeneous of degree 3: for any ¼ > 0

P (¶¼(x)) = P (¼x1, ¼x2, ¼
2x3, ¼

3x4) = ³¼3x32 + 2¼3x4 = ¼3P (x);

this implies ¶¼C = C for every ¼ > 0, namely C is a cone.
From (1.13) we know

ZÇC = −
ZP

|∇P |
H3

?∂C for every Z ∈ e;

hence by (5.4) we have that C is a set of locally finite perimeter and

DÇC = (X1ÇC , X2ÇC) = (0, 1)X2ÇC = −
3³x22 + x21
|∇P (x)|

(0, 1)H3
?∂C .

It follows

|DÇC | =
3³x22 + x21
|∇P (x)|

H3
?∂C

and so that the horizontal normal

¿C(x) = lim
r¸0

DÇC(Br(x))

|DÇC |(Br(x))
= (0,−1)

is constant. Therefore all points of supp |DÇC | belong to ∂∗C, in particular
0 ∈ ∂∗C; thus by the invariance of C under intrinsic dilations we have
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Tan(C, 0) = {C}, but clearly C is not a half-space.
Going through the proof of Theorem 5.1 again, one may realize that the
step that cannot hold in this case is when we use Lemma 4.20 to prove
Lemma 4.21. It says that non-horizontal regular directions Z for E give
rise, after blow-up, to invariant directions, at least at points x̄ ∈ ∂∗E where
|ZÇE |(Br(x̄))/r

Q−2 is infinitesimal as r ¸ 0. In our case, C is self-similar
under blow-up at x̄ = 0, so it must happen that |ZÇC |(Br(0))/r

Q−2 is not
infinitesimal as r ¸ 0 for every non-horizontal regular direction Z (actually,
all directions are regular for C). Let us show explicitly this fact for the
direction Z := Adexp(X1)(X2): by (2.6) and the commutator relations in E

we get

Z = X2 + [X1, X2] +
1

2
[X1, [X1, X2]]

= X2 −X3 +
1

2
X4

= ∂x2 − x1∂x3 +
x21
2
∂x4 − ∂x3 + x1∂x4 +

1

2
∂x4

= ∂x2 − (x1 + 1)∂x3 +
(x1 + 1)2

2
∂x4 ,

so that

ZP (x) =

[
∂x2 − (x1 + 1)∂x3 +

(x1 + 1)2

2
∂x4

]
(³x32 + 2x4)

= 3³x22 + (x1 + 1)2 = 1 +O(|x|).

According to Theorem 2.39, balls Br(0) are comparable to the boxes

Qr := Box(0, r) = [−r, r]2 × [−r2, r2]× [−r3, r3],

so we can consider them in place of balls for our computations. We want to
investigate the order of |ZÇC |(Qr) as r ¸ 0; for the sake of simplicity, let us
assume ³ ∈ ]0, 2], so that the function

g(x1, x2, x3) := −
³

2
x32,

whose graph is ∂C, has absolute value less or equal than r3 if (x1, x2, x3) ∈
[−r, r]2× [−r2, r2]. Hence Qr ∩∂C is the graph of g on the “basis” [−r, r]2×
[−r2, r2] of the box Qr and this fact, together with ∇g(0) = 0, gives

H3
?∂C(Qr) = H3(Qr ∩ ∂C) =

ˆ

[−r,r]2×[−r2,r2]

√
1 + |∇g|2 dL3

≈

ˆ

[−r,r]2×[−r2,r2]
1 dL3 = L3([−r, r]2 × [−r2, r2]) = 8r4.
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This implies

|ZÇC |(Qr) =

(
1

2
+O(|x|4)

)
H3

?∂C(Qr) = 4r4 +O(r5),

which finally gives

|ZÇC |(Qr)

r5
= O(r−1) as r ¸ 0.

5.4 Some sets with constant normal

As mentioned in Section 5.1, in contrast with the Euclidean and step 2
Carnot groups cases, it is not true that in a general Carnot group sets with
constant horizontal normal must be vertical half-spaces. We want to provide
another couple of examples of this fact. We will consider again the Engel
group E ∼= (R4, ·) in strong Malcev coordinates with the notation introduced
in the previous section.

Example 5.12. For a, b ∈ R, let P = Pa,b : R
4 −→ R be the polynomial

Pa,b(x) = 2ax4 − bx3 + x2.

Set Ec := {P f c} for every c ∈ R; since ∇P ̸= 0, by the regular level set
theorem all level sets ∂Ec = {P = c} of P are smooth embedded submani-
folds. Note that when both a and b are zero, the Ec’s are vertical half-spaces.
The derivatives along the vector fields of the horizontal layer are

X1P (x) = 0,

X2P (x) = ax21 + bx1 + 1,

hence X2P (x) > 0 for every (a, b) in a suitable neighborhood U ¦ R2 of
(1, 0). Then we have by (1.13)

DÇEc = −
ax21 + bx1 + 1

|∇P (x)|
(0, 1)H3

?∂Ec

and so for any (a, b) ∈ U the horizontal normal ¿Ec = (0,−1) is constant.
However, these sets are not cones, except when they are vertical half-spaces.

Example 5.13. Consider the smooth function f : R4 −→ R defined by
f(x) = x2 + arctan(x4) and set

E := {x ∈ R4 : f(x) g 0}.

We have by (1.13)

X1ÇE = 0,

X2ÇE =
1

|∇f(x)|

(
1 +

x21
2(1 + x24)

)
H3

?∂E g 0,
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so that the horizontal normal ¿E = (0, 1) is constant, but clearly E is not a
vertical half-space.

Example 5.13 is important because it gives a negative answer to the asymp-
totic stability of half-spaces. More precisely, let E ¦ G be a set with constant
horizontal normal and H the vertical half-space with the same horizontal
normal; if

lim inf
R→+∞

volG((E∆H) ∩BR(e))

volG(BR(e))
= 0,

one might ask if E is a vertical half-space to get an idea to prove uniqueness
for Theorem 5.1. However, the example says that this is not true: the set E
satisfies the inclusions

{
x2 g

Ã

2

}
¦ E ¦

{
x2 g −

Ã

2

}
,

so that, if we set H := {x2 g 0}, E∆H ¦ {−Ã/2 f x2 f 0} and by
Theorem 2.39 (for R sufficiently large)

(E∆H)∩BR(e)¦ [−CR,CR]×

[
−
Ã

2
, 0

]
×[−(CR)2,(CR)2]×[−(CR)3,(CR)3].

Therefore volE((E∆H) ∩ BR(e)) f cR6 for a suitable c > 0. On the other
hand, volE(BR(e)) = O(R7) thanks to (3.5), hence we finally get

lim
R→+∞

volE((E∆H) ∩BR(e))

volE(BR(e))
= 0.

In other words, E is asymptotic at infinity to the half-space H = {x2 g 0},
but we have already observed that E is not a half-space.
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