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The goal of the thesis is to investigate exact worldsheet descriptions of some
black hole solutions in string theory and to analyse their properties. In
particular, recently a worldsheet description has been found for a class of
microstate solutions (describing some of the microstates of the black hole) in
terms of null-gauged Wess-Zumino-Witten (WZW) models. In such cases,
the consistency of the worldsheet theory imposes the absence of horizons,
as expected from a solution describing a particular microstate. The thesis
will explore more general worldsheet models of this kind with the aim of
understanding whether they can describe string dynamics on black hole so-
lutions, and to study their properties. First, we will focus on a worldsheet
description of Witten’s two-dimensional black hole in both Euclidean and
Lorentzian signatures, and we will show that such solutions can be obtained
in the null-gauging formalism. This investigation is then extended to a more
general class of models that describe non-extremal three-charge black holes.
The spectrum of such models will be studied.
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Introduction

In the field of black hole physics, the pursuit of reconciling quantum field theory with general
relativity highlights some of the most profound and challenging aspects of modern theoretical
physics. Black holes are not only fascinating objects due to their extreme gravitational fields
but also serve as crucial arenas for testing and refining our understanding of the universe’s fun-
damental laws. Their study bridges the gap between the macroscopic description of spacetime
and the microscopic realm of quantum mechanics, presenting a unique opportunity to explore
the frontiers of both theories.

One of the most compelling puzzles that arises at this intersection is the black hole informa-
tion paradox. This paradox presents a profound challenge to our understanding of information
conservation in the context of black holes. Quantum mechanics asserts that information about
a system must be preserved, even when the system undergoes transformations or interactions.
Moreover, general relativity, particularly through the lens of black hole physics, suggests that
information falling into a black hole may be irretrievably lost beyond the event horizon. How-
ever, in 1974, Hawking argued that black holes emit thermal radiation [1], and the resulting
evaporation leads to contradictions that raise fundamental questions about the nature of infor-
mation and the structure of black holes.

To tackle these critical issues, it is essential to engage with various aspects of quantum gravity.
Quantum gravity seeks to merge the principles of quantum mechanics with those of general
relativity into a unified framework. Although no complete theory of quantum gravity exists yet,
exploring different theoretical approaches can provide insights into how black holes behave and
how spacetime operates on the smallest scales. String theory emerges as a prominent candidate
for such a framework. By proposing that fundamental entities are not point-like particles but
one-dimensional “strings”, string theory aims to provide a comprehensive description of gravity
alongside quantum phenomena. This approach opens new avenues for understanding black
holes and their complex interactions with fundamental forces.

Over the past few decades, researchers have made substantial progress in understanding the
properties of black hole solutions within string theory. This endeavor has involved studying
various models, including seminal work by Strominger and Vafa [2], which demonstrated how
string theory provides a statistical description of black hole entropy. These contributions have
expanded to include a wide variety of black hole solutions in different dimensions. Despite
these developments, many approaches rely on effective field theories, which, while useful for
approximating certain aspects of string theory, do not fully capture its intricacies.

The primary focus of this thesis is to delve into exact worldsheet descriptions of black hole solu-
tions within string theory. This exploration involves extending beyond effective field theories to
understand how black hole solutions can be described in a true string-theoretic framework. In
this context, Wess-Zumino-Witten (WZW) models have emerged as a significant tool. Through
these models, it is possible to reproduce known supergravity solutions and further investigate
potential string effects by gauging certain currents and analyzing their quantum properties.
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INTRODUCTION

The structure of this thesis is designed to guide the reader through a comprehensive exploration
of the key concepts related to black holes and string theory.

Chapter 1 sets the stage by delving into the black hole information paradox, a fundamental
issue that bridges quantum mechanics and general relativity. This chapter provides a detailed
examination of the paradox, exploring its implications for information conservation and the
theoretical challenges it presents. Although it is not the central focus of the thesis, this chapter
establishes the necessary context and some motivations for the more advanced discussions that
follow.

Chapter 2 offers a thorough overview of string theory, which serves as the foundational frame-
work for the analysis presented in this thesis. Here, the fundamental principles of string theory
are explored, including the notion that particles emerge as vibrational states of one-dimensional
strings rather than being mere point-like entities. Additionally, this chapter introduces con-
formal field theory techniques, which are essential for analyzing the worldsheet descriptions of
black hole solutions. By laying this groundwork, Chapter 2 equips the reader with the technical
tools needed for the subsequent sections of the thesis.

Chapter 3 shifts focus to known results concerning black hole solutions within the realm of
supergravity. This chapter delves into the properties of black holes with one, two, and three
charges and examines Mathur’s fuzzball proposal, which offers a novel perspective on black
hole structure. The fuzzball models aim to describe solutions that are smooth and horizonless,
challenging the traditional view of a singularity surrounded by an event horizon.

Chapter 4 constitutes the core of the thesis, presenting the detailed analysis of Wess-Zumino-
Witten (WZW) models. This chapter establishes the essential components of these models
and explores the null-gauging procedure in depth. The idea is to investigate in what sense a
null-gauged WZW model can describe a black hole solution. To address this goal, Witten’s two-
dimensional black hole in both Euclidean and Lorentzian signatures is considered. Subsequently,
other more advanced solutions are analyzed. Furthermore, aspects related to the spectrum of
Witten’s black hole are studied.

Hence, this thesis aims to identify Wess-Zumino-Witten models that describe black hole solu-
tions, with the goal of studying their properties.

vi



Chapter 1

The Black Hole Information Paradox

It is well-known that black holes emit thermal radiation, commonly referred to as Hawking
radiation. This process leads to one of the most influential puzzles in theoretical physics,
known as the Black Hole Information Paradox.

Initially, the state of the Hawking radiation is accurately described as a thermal mixed state.
Therefore, if a black hole is formed by the collapse of a shell of matter in a pure state |ψ⟩,
the state that remains after the black hole has evaporated is represented by a density matrix.
Mathematically, if the initial pure state is denoted by |ψ⟩, the final state after evaporation is
described by a density matrix ρ given by

ρ = |ψ⟩ ⟨ψ| −→ ρ′ := U |ψ⟩ ⟨ψ|U †, (1.1)

where U is a unitary operator. This notation indicates the time evolution of the pure state
under the action of the unitary operator. In this context, ρ′ represents the state after evolution.

One can easily observe that if ρ = |ψ⟩ ⟨ψ| is a pure state, then ρ′2 = ρ′ must hold true, implying
that the final state ρ′ is also a pure state. This follows from the property of unitary operators
that preserve the purity of states.

The term “information paradox” arises from the apparent contradiction between this theoretical
framework and quantum mechanics. According to quantum mechanics, unitary evolution should
preserve information; that is, the evolution of pure states via a unitary operator U should always
result in a pure state. In other words, the unitary evolution maps pure states to pure states.
Thus, the evaporation of a black hole, which transforms an initial pure state into a thermal
mixed state, seems to violate this principle, suggesting that information about the matter that
collapsed to form the black hole is lost.

To better understand this paradox, we now proceed with a brief discussion on Hawking radiation
and its implications for the black hole information problem. The information and discussions
that follow are based on [3].

1.1 Hawking radiation
Let’s consider the Schwarzschild black hole metric

ds2 = −
(
1− rs

r

)
dt2 +

(
1− rs

r

)−1

dr2 + r2
(
dθ2 + sin2 θdϕ2

)
, (1.2)

where the Schwarzschild radius is rs = 2GM .
Natural units will be used here, where ℏ = c = kB = 1, with Newton’s constant expressed in

1



CHAPTER 1. THE BLACK HOLE INFORMATION PARADOX

terms of the Planck length and mass as G = l2P = m−2
P .

The previous coordinates are smoothly defined only in the exterior region corresponding to
r > rs; however, one can extend the validity of the description to the interior area by using the
so-called Kruscal extension of the Schwarzschild metric, namely

ds2 = −4rs
r
e−r/rsdUdV + r2

(
dθ2 + sin2 θdϕ2

)
,

UV = rs (rs − r) er/rs ,
U

V
= −e−t/rs .

(1.3)

The expression 1.3 is well-defined for r → rs and in the interior region while the value r = 0
represent a true physical singularity since the scalar RµνρσR

µνρσ diverges at this point.
Now, let’s consider an inertial observer falling through the black hole future horizon: it experi-
ences the whole process in a finite time τ in its own frame, while an asymptotic observer never
sees it on the horizon for a finite time t.
The relation betweem these two times is dτ ∝ e−t/rsdt and it is the origin of all the discussion.
In fact, a quantum field can be expanded in modes with a given τ -frequency ν, related to the
infalling observer, as well as in terms of the asymptotic modes with t-frequency ω.
The basic point is that the frequencies are not the same: their negative and positive parts are
mixed such that the mode blue-shifts as we follow it backward, or red-shifts as we follow it
forward.
For simplicity, the angular directions are ignored, treating the system as 1+1 dimensional. Ad-
ditionally, a massless scalar field is considered here, but analogous results can also be obtained
using other types of fields. The Klein-Gordon equation reads as

∂U∂V ϕ = ∂u∂vϕ = 0, (1.4)

where new coordinates u, v were introduced as

u = t− r∗ = −2rs ln

(
−U
rs

)
, v = t+ r∗ = 2rs ln

(
V

rs

)
, r∗ = r + rs ln(r − rs). (1.5)

The general solution is given by a superposition of waves

ϕ = ϕL(v) + ϕR(u) = ϕL(V ) + ϕR(U), (1.6)

where the left movers describe the ingoing solutions and the right movers the ougoing ones.
Let’s expand the right part of ϕ in modes by using the two different reference frames

ϕR =

∫ ∞

0

dν

2π(2ν)1/2
(
aνe

−iνU + a†νe
iνU
)
,

=

∫ ∞

0

dω

2π(2ω)1/2
(
bωe

−iωu + b†ωe
iωu
)
.

(1.7)

After the usual canonical quantization procedure, the bosonic ladder operators satisfy the
algebra [

aν , a
†
ν′

]
= 2πδ (ν − ν ′) ,

[
bω, b

†
ω′

]
= 2πδ (ω − ω′) . (1.8)

The ω-frequencies are related to the ν-frequencies by

bω =

∫ ∞

0

dν

2π

(
αωνaν + βωνa

†
ν

)
, (1.9)

2



CHAPTER 1. THE BLACK HOLE INFORMATION PARADOX

where the coefficients can be expressed as

αων = 2rs(ω/ν)
1/2 (rsν)

2irsω eπrsωΓ (−2irsω) ,

βων = 2rs(ω/ν)
1/2 (rsν)

2irsω e−πrsωΓ (−2irsω) .
(1.10)

The strategy now consists of taking the average of the number density of particles associated
with the b-modes in terms of the state |0a⟩, where this state satisfies

aν |0a⟩ = 0, (1.11)

due to the adiabatic principle.
In other words,

⟨0a| b†ωbω′ |0a⟩ = 2 (ωω′)
1/2

∫ ∞

0

dν

2π(2ν)1/2
dν ′

2π (2ν ′)1/2
β∗
ωνβω′ν′ ⟨ψ| aνa†ν′ |ψ⟩ =

= 2 (ωω′)
1/2

∫ ∞

0

dν

4πν
β∗
ωνβω′ν =

2πδ (ω − ω′)

e4πrsω − 1
=

2πδ (ω − ω′)

eω/TH − 1
.

(1.12)

One determines that the asymptotic observer measures a black body radiation with TH = 1
4πrs

that is the expected temperature of a Schwarzschild black hole.
The computation in the full 3+1-dimensional spacetime gives the same results up to a positive
factor that appears and that represents the trasmission probability related to the scattering
process between the right-moving and left-moving modes of the scalar field.

1.2 Where is the paradox?
Only the exterior of the black hole was directly involved in the derivation of the Hawking flux.
However, to understand the state related to the black hole, one cannot neglect the interior
details.
Here, the modes a are defined in both the exterior and interior regions, while the modes b
are defined only in the exterior region. In particular, to correctly invert the expression 1.9,
additional modes, denoted as b̃, need to be added.
Moreover, let’s defined the state |0⟩b,b̃ ∈ Hout⊗Hint to be the vacuum related to b and b̃ modes
(respectively, the exterior and interior modes).
The decomposition now is

aν =

∫ ∞

0

dω

2π

(
α∗
ωνbω − β∗

ωνb
†
ω + α̃∗

ων b̃ω − β̃∗
ων b̃

†
ω

)
, (1.13)

from which one can deduce that

|0⟩a ∝ exp

[∫
dωe

− ω
2TH b+ω b̃

+
ω

]
|0⟩b,b̃. (1.14)

The asymptotic observer is not able to detect the internal b̃-modes; therefore, it is necessary to
trace over the Hint factor,

ρout = Trint |0a⟩ ⟨0a| =
∏
ω

|Nω|2
∑
ω

e
−nωω

TH |nω⟩ ⟨nω| , (1.15)

where Nω is a normalization constant.
As briefly explained before, the expression 1.15 consists of a thermal density matrix and it
contradicts quantum mechanics since the starting state is a pure one.

3



CHAPTER 1. THE BLACK HOLE INFORMATION PARADOX

Furthermore, one could argue that [H, bω
†] = ωbω

† and, since [H, bω
†b̃†ω] = 0, the conclusion is

that [H, b̃†ω] = −ωb̃†ω. The last result seems odd because of the negative energy but it is correct:
here, the energy is defined as the conserved charge associated to the Killing vector that looks
like the time translation outside the black hole. This Killing vector changes signature at the
horizon and thus acts as a momentum for the interior modes, allowing either sign.
Moreover, the equation 1.15 simply indicates that the interior and exterior modes are entangled
with each other.
A possible naive interpretation is a pair production process at the horizon, where the particle
with negative energy falls into the black hole and the positive energy particle escapes to spatial
infinity.

1.3 The three standard alternatives

In addressing the black hole information paradox, three main alternative approaches have been
proposed over the past decades. Each approach presents its own advantages and challenges,
reflecting the complexity of the issue. Here, we will briefly discuss the key features of each
approach, focusing on their main ideas while omitting some of the finer details.

• Information loss.
One significant proposal is the concept of information loss, acknowledged by prominent
physicists such as Stephen Hawking, Robert Wald, and Ted Jacobson. This perspec-
tive suggests that information that falls into a black hole is irretrievably lost, implying
a fundamental reassessment of quantum mechanics as we understand it. The idea of
information loss posits that once information crosses the event horizon, it is destroyed
and cannot be recovered, leading to a conflict with the principle of unitarity in quantum
mechanics. This view is generally considered incompatible with the framework of String
Theory and the AdS/CFT correspondence, both of which imply that information should
be preserved. Indeed, String Theory and the AdS/CFT correspondence, which provide
a duality between a gravity theory in a higher-dimensional space and a conformal field
theory in lower dimensions, challenge the feasibility of information loss. Consequently,
this perspective is often seen as less satisfactory within the context of contemporary the-
oretical physics.

• Remnants.
The concept of black hole remnants offers an alternative approach, based on the idea
that black hole evaporation does not result in complete information loss. According to
this view, black holes might leave behind a remnant after they have evaporated through
Hawking radiation. The standard derivation of Hawking radiation, which is rooted in
quantum field theory on curved spacetime, breaks down when the event horizon shrinks
to the Planck scale during the final stages of evaporation. At this critical point, the
current theoretical framework is insufficient, and a theory of quantum gravity becomes
necessary to predict the outcome. In this scenario, one might envisage that evaporation
ceases and the black hole stabilizes into a remnant, preserving information in some form.
However, this proposal faces challenges, notably the requirement for an arbitrarily large
number of internal states to account for the information content. Both String Theory
and holography struggle to accommodate such a vast collection of states. This difficulty
casts doubt on the viability of the remnant hypothesis as a resolution to the information
paradox.

4



CHAPTER 1. THE BLACK HOLE INFORMATION PARADOX

• Corrections.
Another approach involves correcting the leading-order computations of Hawking radia-
tion to restore unitarity. Hawking’s original derivation, being a leading-order calculation,
is expected to be subject to corrections that could potentially address the information loss
issue. According to statistical mechanics principles, exponentially suppressed corrections
might be sufficient to purify the mixed state of the radiation, thereby preserving informa-
tion. However, these corrections have not proven effective in fully resolving the paradox.
Samir Mathur [4] demonstrated that even with small corrections, the von Neumann en-
tropy of the black hole’s final state would not decrease, indicating that the corrections
alone cannot purify the final state. Furthermore, in 2013, Almheiri, Marolf, Polchinski,
and Sully (AMPS) [5] introduced the concept of a “firewall,” a highly energetic radiation
zone at the event horizon, which infalling observers would encounter. Their analysis sug-
gested that adherence to general relativity and the nature of the horizon state implies the
presence of such a firewall, challenging the notion of a smooth event horizon. This con-
clusion suggests that some form of horizon-scale structure might be necessary to reconcile
Hawking radiation with unitarity. While this notion appears to contradict the “no-hair
theorem”—which asserts that black holes are characterized only by their mass, charge,
and angular momentum—String Theory offers a potential workaround. By introducing
explicit solutions with horizon-scale structures, String Theory provides a framework in
which such contradictions can be addressed. The proposal to replace black holes with
an ensemble of horizon-scale objects, known as the “fuzzball proposal”, will be explored
further in Chapter 3 and 4.

The black hole information paradox remains a profound challenge at the intersection of quan-
tum mechanics and general relativity. Its resolution is crucial not only for our understanding
of black holes but also for the foundational principles of physics. The exploration of alterna-
tive approaches, including the fuzzball proposal within String Theory, highlights the dynamic
interplay between theoretical insights and emerging solutions. By offering potential resolutions
to the paradox, String Theory and its fuzzball model contribute significantly to the ongoing
quest for a unified description of the fundamental nature of black holes and quantum gravity.

5
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Chapter 2

Introduction to String Theory and
Conformal Field Theory

2.1 String Theory as a theory of quantum gravity
The main lessons of general relativity teach us that gravity is not merely a conventional force,
as in Newtonian mechanics, but rather a profound manifestation of spacetime—a 4-dimensional
Lorentzian manifold—that curves in response to any form of energy and matter. The degrees
of freedom of the theory are described by the metric, and its dynamics are governed by the
Einstein-Hilbert action

SEH =
1

16πGN

∫
d4x

√
−gR. (2.1)

From the second part of the last century, many attemps were dedicated to understand how it
is possible to quantize the previous action.
Here, the aim is to briefly provide insight into some aspects related to the motivations for a
theory of quantum gravity: identifying its main issues, areas where such a theory is crucial
(and where it is not), and why String Theory could hold the key to solving these problems.
At first, the relevant coupling in general relativity is the Newton’s constant that can be written
in terms of the Planck mass mP as 8πGN = ℏc

m2
P
, where mP ≈ 2× 1018GeV.

By linearising the metric as gµν = ηµν +
hµν
mP

, then the action reads as

SEH =

∫
d4x

[
(∂h)2 +

1

mP

h(∂h)2 +
1

mP
2
h2(∂h)2 + . . .

]
. (2.2)

Hence, there is an infinite bunch of interactions where each term is accompanied by a power
of E/mP: therefore, one can treat a quantum gravity as an effective field theory that breaks
down when the energy E associated with the process of interest reaches the Planck scale.
It is currently uknown the UV-completion of general relativity at quantum level since the grav-
itational interactions become strong as the energy involved approaches the Planck scale and
a bunch of an infinite number of irrelevant couplings appears: in other words, this theory is
non-renormalizable.
One the most prominent solutions is given by String Theory. As explained in the following
sections, this theory, which describes the dynamics of a string, naturally incorporates the grav-
itational interaction. Furthermore, the concept of replacing fundamental objects from points
to strings allows for overcoming the problem of renormalizability and constructing a theory
that removes UV-divergences. At the beginning of this chapter, it is important to acknowledge
that much of the material has been drawn from [6]. In the subsequent sections, I will reference

7



CHAPTER 2. INTRODUCTION TO STRING THEORY AND CONFORMAL FIELD
THEORY

additional secondary sources that have been utilized to complement and support the discussions
and analyses presented.

2.2 The classical string
A particle traces out a worldline in Minkowski as a target spacetime, while a string sweeps out
a worldsheet M2 that can be parametrised by a timelike coordinate τ and a spatial one σ.
Here, the worldsheet is embedded into a D-dimensional minkowski spacetime through the em-
bedding Xµ(τ, σ) that, for closed string, satisfy the periodicity condition Xµ(τ, σ + 2π) =
Xµ(τ, σ). The action that describes the dynamics of a string depends only on its tension T and
it is given by

SNG = −T
∫
d2σ

√
−γ. (2.3)

It is called Nambu-Goto action and it geometrically represents the area of the worldsheet since
γ is the determinant of the metric induced from the target space to M2.
By varying the action, one can obtain as equations of motion

∂α
(√

−γγαβ∂βXµ
)
= 0. (2.4)

The same equations are equivalently reproduced by using the Polyakov action

SP = −T
2

∫
d2σ

√
−ggαβ∂αXµ∂βX

νηµν , (2.5)

where a new degree of freedom, that is the worldsheet metric gαβ, was introduced in order
to get rid of the square root in the action. By using the previous action with the constraint
δgαβ

S = 0, one finds exactly the same equations as before.
In addition to Poincaré and reparameterization invariance, the Polyakov Action, compared
with that of Nambu-Goto, presents a new symmetry called Weyl symmetry. It consists of the
transformations

Xµ(τ, σ) → Xµ(τ, σ),

gαβ(τ, σ) → Ω2(σ)gαβ(τ, σ).
(2.6)

Notice that the invariance of the Polyakov action is guaranteed because of the one-dimensional
nature of the fundamental object — the string.
One could also simplify the action: indeed, by using the diffeomorphic invariance, the resulting
metric is flat up to a conformal factor that can be removed by exploiting Weyl invariance too,
finally obtaining gαβ = ηαβ.
After the previous gauge choice, called conformal gauge, the expressions 2.5 and 2.4 simply
read as

SP = − 1

4πα′

∫
d2σ∂αX · ∂αX.

∂α∂
αXµ = 0,

(2.7)

while the constraint equations are given by

Tαβ = ∂αX · ∂βX − 1

2
ηαβη

ρσ∂ρX · ∂σX = 0, (2.8)

where the string constant α′ is defined by T = 1
2πα′ .

The first aim is to solve the theory at the classical level. Achieving this goal is not completely
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trivial because of the constraints.
By introducing the lightcone coordinates σ± = τ ± σ, the equations 2.4 become

∂+∂−X
µ = 0. (2.9)

Hence, analogously to 1.6, the general solution is given by a superposition, namely

Xµ(σ, τ) = Xµ
L

(
σ+
)
+Xµ

R

(
σ−) . (2.10)

The most general periodic solution can be expanded in Fourier modes as

Xµ
L

(
σ+
)
=

1

2
xµ +

1

2
α′pµσ+ + i

√
α′

2

∑
n̸=0

1

n
α̃µne

−inσ+

,

Xµ
R

(
σ−) = 1

2
xµ +

1

2
α′pµσ− + i

√
α′

2

∑
n̸=0

1

n
αµne

−inσ−
.

(2.11)

where xµ and pµ represent the position and momentum of the centre of mass of the string.
The reality condition imposes that

αµn = (αµ−n)
⋆ , α̃µn = (α̃µ−n)

⋆ , (2.12)

while the constraints are
(∂+X)2 = (∂−X)2 = 0, (2.13)

and, in Fourier space, they reduce to

Ln =
1

2

∑
m

αn−m · αm = 0,

L̃n =
1

2

∑
m

α̃n−m · α̃m = 0,
(2.14)

with n ∈ Z and the zero mode is defined to be αµ0 = α̃µ0 ≡
√

α′

2
pµ.

The zero modes are more relevant since they are directly connected with the square of the
momentum pµ: in other words, with the mass of the string.
In fact, from L0 = L̃0 = 0, one can easily find the classical mass spectrum of the string,

M2 =
4

α′

∑
n>0

αn · α−n =
4

α′

∑
n>0

α̃n · α̃−n, (2.15)

since pµpµ = −M2.
The previous equation is known as level matching, as it involves an equality between right-
movers and left-movers oscillators at the same time.

2.3 Open strings and D-Branes
In the closed case the spatial coordinate σ takes values in the compact set [0, 2π]; in contrast,
in the open string case, σ ∈ [0, π] and the string dynamics are governed by the same action and
equations of motion as before.
The basic differences are related to the boundary conditions; specifically,

δS = − 1

2πα′

∫ τf

τi

dτ

∫ π

0

dσ∂αX · ∂αδX =

=
1

2πα′

∫
d2σ (∂α∂αX) · δX − 1

2πα′

∫
d2σ∂α (∂αX · δX) .

(2.16)
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For the open string, the total derivative picks up the boundary contributions

1

2πα′

[∫ π

0

dσẊ · δX
]τ=τf
τ=τi

− 1

2πα′

[∫ τf

τi

dτX ′ · δX
]σ=π
σ=0

, (2.17)

where Ẋµ = ∂Xµ

∂τ
and X ′µ = ∂Xµ

∂σ
.

The first term is always zero by the principle of least action while the second one needs to be
put to zero.
This means that the possible boundary conditions are the following:

• Neumann boundary conditions:

∂σX
µ = 0 at σ = 0, π. (2.18)

Here, the ending points of the string are allowed to move freely and at the speed of light.

• Dirichlet boundary conditions:

δXµ = 0 at σ = 0, π. (2.19)

Now, the end points of the string lie at some constant position, Xµ = cµ.

By reviewing the calculations previously done in the closed case, one can extract the mass
spectrum for the open sector which, apart from a different factor in front, is the same as seen
before.
In order to understand the consequences of the two different possibilities for the boundary
conditions, let’s consider Dirichlet boundary conditions for some coordinates and Neumann
boundary conditions for others, such as

∂σX
a = 0 for a = 0, . . . , p,

XI = cI for I = p+ 1, . . . , D − 1.
(2.20)

Therefore, in this situation the end points of the string are fixed to lie in a (p+1)-dimensional
hypersurface in the target spacetime such that the SO(1, D − 1) Lorentz group is broken to
SO(1, p)× SO(D − p− 1).
The previous hypersurface is called Dp-brane: D stands for Dirichlet and p is the number of
spatial dimensions of the brane.
Such a hypersurface is a new dynamical degree of freedom that appears in String Theory from
its open sector.
In order to promote a Dp-brane to be dynamical, one simply can generalize the Nambu-Goto
action from 2 to p+ 1-dimensions as

SDp = −Tp
∫
dp+1ξ

√
−γ, (2.21)

where Tp is the tension of the brane and {ξa}a=0,...,p are the worldvolume coordinates swept out
by the p-brane.
This and other related information can also be found in [7].

2.4 The Lightcone Quantization of a string
There are two standard methods to canonically quantize a gauge theory such as string theory.
1) The covariant quantization:
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first, quantize the system, and subsequently impose the constraints arising from gauge fixing
as operator equations on the physical states of the system.
2) Lightcone quantization:
the alternative method is to first solve all the constraints of the system to determine the space
of physically distinct classical solutions, and then to quantize these physical solutions.
Here, the section is dedicated just to the second method since it is more convenient and easier.

2.4.1 Classical degrees of freedom

At first, one has to notice that there is a residual gauge symmetry described by

σ+ → σ̃+
(
σ+
)
, σ− → σ̃− (σ−) , (2.22)

that is given by diffeomorphisms that can be undone by a compensating Weyl transformation.
In lightcone coordinates on the worldsheet, the flat metric is given by ds2 = −dσ+dσ−.
A convenient way to fix the residual gauge freedom is to use lightcone coordinates in the target
space as well, namely X± =

√
1
2

(
X0 ±XD−1

)
.

As always, the solution of the equation of motion for X+ is the superposition of the left part
X+
L (σ+) and of the right part X+

R (σ−). The residual gauge freedom is used to impose

X+
L =

1

2
x+ +

1

2
α′p+σ+, X+

R =
1

2
x+ +

1

2
α′p+σ−, (2.23)

namely,
X+ = x+ + α′p+τ, (2.24)

that is called lightcone gauge.
The function X−(σ+, σ−) is completely determined in terms of the other fields and one can
solve the constraint equation for X−, going in Fourier space and obtain the mass spectrum by
looking at the zero mode,

M2 = 2p+p− −
D−2∑
i=1

pipi =
4

α′

D−2∑
i=1

∑
n>0

αi−nα
i
n =

4

α′

D−2∑
i=1

∑
n>0

α̃i−nα̃
i
n, (2.25)

where only the physical and trasversal D−2 modes in the oscillators {αi, α̃i}i=1,...,D−2 are taken
into account.
In conclusion, the most general classical solution is entirely captured by 2(D − 2) transverse
oscillator modes, together with a number of zero modes describing the center of mass and
momentum of the string xi, pi, p+and x−.

2.4.2 Canonical quantization

Now, let’s canonically quantize the physical degrees of fredome by imposing[
xi, pj

]
= iδij,

[
x−, p+

]
= −i,[

αin, α
j
m

]
=
[
α̃in, α̃

j
m

]
= nδijδn+m,0.

(2.26)

The Hilbert space is determined by defining a vacuum state |0; p⟩ that corresponds to the state
with no oscillations and momentum p for the center of mass of the string.
Hence, it satisfies the conditions

p̂µ |0; p⟩ = pµ |0; p⟩ , αin |0; p⟩ = α̃in |0; p⟩ = 0 for n > 0. (2.27)
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The Fock space is built by acting with the creation operators αi−n and α̃i−n, with n > 0.
In the operator setting, there is an ambiguity in the summation over oscillator modes on the
right-hand side of 2.25: this issue can be addressed by introducing a constant term in the
mass spectrum formula, which will be subsequently constrained to a specific value using some
consistency conditions. As presented in [8] , the final result is

M2 =
4

α′

(
D−2∑
i=1

∑
n>0

αi−nα
i
n − a

)
=

4

α′

(
D−2∑
i=1

∑
n>0

α̃i−nα̃
i
n − a

)
. (2.28)

After a regularization procedure that consists in an analytic continuation of the sum of all the
natural number by using the Riemann Zeta function, the mass spectrum for the closed string
results to be

M2 =
4

α′

(
N − D − 2

24

)
=

4

α′

(
Ñ − D − 2

24

)
, (2.29)

where N =
∑D−2

i=1

∑
n>0 α

i
−nα

i
n and Ñ =

∑D−2
i=1

∑
n>0 α̃

i
−nα̃

i
n.

2.4.3 Why is String Theory a theory of quantum gravity?

The ground state |0; p⟩ represents a tachyon since N = Ñ = 0 implies M2 = − 1
α′
D−2
6

and D
must be greater than 2 because it is the dimension of the target space where the two-dimensional
worldsheet is embedded.
Even today, tachyons in bosonic String Theory are not fully understood, but they are not
relevant to our discussion, since they are projected out by introducing fermionic degrees of
freedom in a supersymmetric scenario.
Conversely, the first excited states are the most importart sector since they contain the gravity
interaction. In fact, N = 1 means that there are (D − 2)2 particle states

α̃i−1α
j
−1|0; p⟩, (2.30)

each of which with mass squared

M2 =
4

α′

(
1− D − 2

24

)
. (2.31)

These states transform under the vector representation of SO(D−2) but, in order to guarantee
the Lorentz invariance to be respected at full quantum level, one has to impose that the previous
states need to fit into some representation of the full Lorentz group SO(1, D − 1). Recalling
the Wigner’s classification of representations of the Poincarè group, this is possible only if the
previous states are massless, namely if the target spacetime dimension of the bosonic string is
set to be

D = 26. (2.32)

As explained in [9], the proof can also be established by imposing the Lorentz algebra commu-
tation relations on the Lorentz generators. By adding fermions in a supersymmetric framework,
the critical dimension becomes D = 10 instead of 26.
So, the quantization procedure for a string is able, in order to avoid anomalies in the Lorentz
symmetry, to fix the dimension of the target space.
By using D = 26, the states 2.30 transform into a 24 ⊗ 24 representation of SO(24) that can
be decomposed as follows

traceless symmetric ⊕ anti-symmetric ⊕ singlet . (2.33)
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Hence, each of these modes corresponds to a massless field in spacetime, such that the string
oscillation can be identified with a quantum of these fields.
The fields are a symmetric tensor Gµν(X), a differential 2-form Bµν(X) and a scalar field Φ(X)
called dilaton.
The particle associated with the symmetric traceless representation of SO(24) is a massless
spin 2 particle. Nevertheless, based on general arguments initially proposed by Feynman and
Weinberg, any theory involving interacting massless spin-two particles must be equivalent to
General Relativity. A discussion of this topic can be found in [10]. Therefore, the tensor Gµν(X)
is identified with the spacetime metric.
The previous strategy is the standard way to motivate in which sense String Theory is a
theory of quantum gravity. In a supersymmetric scenario, the string spectrum still includes the
spacetime metric, the B-field, and the dilaton; consequently, the analysis remains essentially
valid.

2.5 Introduction to Conformal Field Theory
The transformations 2.22 are a specific case of what, in general, are called “conformal transfor-
mations” and they show that string theory is a conformal field theory on the worldsheet.
This section is dedicated to concisely describing some relevant features of two dimensional Con-
formal Field Theory at both the classical and quantum levels.
A conformal transformation is a change of coordinates σα → σ̃α(σ) such that the metric changes
by a positive function

gαβ(σ) → Ω2(σ)gαβ(σ). (2.34)

A field theory that is invariant under the previous transformations is called Conformal Field
Theory (CFT), namely it is a theory that looks the same at all length scales.

To make it more comfortable, let’s have a look at a theory on Euclidean space, where the
Euclidean worldsheet coordinates are defined from the Lorentzian ones by a Wick rotation in
time (σ1, σ2) = (σ1, iσ0). It is easier using complex coordinate: hence, let’s introduce z and z̄
such that z = σ1 + iσ2 and z̄ = σ1 − iσ2.
These coordinates are completely analogous to the left-moving and right-moving coordinates
introduced before in the lightcone quantization of a string.
By using the usual definitions for the holomorphic and antiholomorphic derivatives given by

∂z ≡ ∂ =
1

2
(∂1 − i∂2), ∂z̄ ≡ ∂̄ =

1

2
(∂1 + i∂2), (2.35)

the flat Euclidean metric reads as

ds2 =
(
dσ1
)2

+
(
dσ2
)2

= dzdz̄, (2.36)

where the components are gzz = gz̄z̄ = 0, gzz̄ = 1
2

and the measure factor becomes dzdz̄ =
2dσ1dσ2.
In this fashion, the conformal transformations in the 2-dimensional flat Euclidean space are
simply given by any holomorphic change of coordinates

z → z′ = f(z) and z̄ → z̄′ = f̄(z̄), (2.37)

since, under this transformation, the line element transforms as ds2 = dzdz̄ → | df
dz
|2dzdz̄.

Finally, I would like to emphasize that this introduction to conformal field theories is primarily
based on [11] and [12].
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2.5.1 Classical theory

Here, the stress-energy tensor is defined to be

Tαβ = − 4π
√
g

∂S

∂gαβ
. (2.38)

In any conformal theory the stress-energy tensor is trace-less Tαα = 0. Indeed, by taking a
rescaling (that is a special case of conformal transformation, just for simplicity) δgαβ = ϵgαβ,
then

δS =

∫
d2σ

∂S

∂gαβ
δgαβ = − 1

4π

∫
d2σ

√
g ∈ Tα, (2.39)

that must vanish since scale transformations are symmetries of the theory.
The trace-less condition in complex coordinates reads as Tzz̄ = 0.
In addition, the conservation equation in flat space-time ∂αTαβ = 0 simply becomes

∂̄Tzz = 0 and ∂Tz̄z̄ = 0. (2.40)

In other words, Tzz = Tzz(z) is a holomorphic function while Tz̄z̄ = Tz̄z̄(z̄) is an antiholomorphic
function.
For instance, let’s consider the stress-energy tensor of a free scalar field theory defined as

S =
1

4πα′

∫
d2σ∂αX∂

αX. (2.41)

This is the most physically relevant theory for our treatment since the action is essentially the
Polyakov one in conformal gauge.
By varying the action with respect to the metric, the stress-energy tensor follows as

T = − 1

α′∂X∂X and T̄ = − 1

α′ ∂̄X∂̄X. (2.42)

2.5.2 Quantum theory

One of the key ingredients to discuss a conformal field theory at quantum level is the operator
product expansion (OPE), where the product of two local operators can be written as a linear
combination of all the operators of the theory. More precisely,

Oi(z, z̄)Oj(w, w̄) =
∑
k

Ck
ij(z − w, z̄ − w̄)Ok(w, w̄), (2.43)

where by translational invariance the coefficients Ck
ij(z−w, z̄−w̄) depend only on the separation

between the two operators.
To be more specific, the right-hand side of equation 2.43 converges to the left-hand side within
a region defined by a radius of convergence. This radius is less than the distance from ω to the
nearest insertion point of another operator. Notice that in 2.43 an abuse of notation is used:
properly, it is not an operator equality but between time-ordered correlation functions that are
neglected in the notation for simplicity.
In other words, any OPE needs to be interpreted as

⟨Oi(z, z̄)Oj(w, w̄)⟩ =
∑
k

Ck
ij(z − w, z̄ − w̄)⟨Ok(w, w̄)⟩. (2.44)

The OPEs have singular behaviour as z → w: the singular terms are the only relevant for the
current discussion.
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Ward Identity and Primary operators

From the path integral formulation of the correlators

⟨O1 (σ1) . . .On (σn)⟩ =
1

Z

∫
Dϕe−S[ϕ]O1 (σ1) . . .On (σn) , (2.45)

where ϕ schematically represents all the fields in the theory and the partition function is
Z =

∫
Dϕe−S[ϕ], one can easily derive the generalization at quantum level of the Noether

current
− 1

2π

∫
ϵ

∂α ⟨Jα(σ)O1 (σ1) . . .⟩ = ⟨δO1 (σ1) . . .⟩ , (2.46)

known as Ward identity, where the integral on the left-hand-side is performed over the region
of non-zero ϵ parameter.
In any two dimensional quantum field theory, the previous result can be recast as

i

2π

∮
∂ϵ

dz ⟨Jz(z, z̄)O1 (σ1) . . .⟩ −
i

2π

∮
∂ϵ

dz̄ ⟨Jz̄(z, z̄)O1 (σ1) . . .⟩ = ⟨δO1 (σ1) . . .⟩ , (2.47)

where the Stokes’ theorem has been used.
Let us focus on the shift transformations in z or in z̄: indeed, since Jz is holomorphic and Jz̄
is antiholomorphic, the contour integral is described by a residue.
More precisely, from the change δz = ϵ(z),

δO1 (σ1) = −Res [Jz(z)O1 (σ1)] = −Res [ϵ(z)T (z)O1 (σ1)] , (2.48)

while from the shift δz̄ = ϵ̄(z̄),

δO1 (σ1) = −Res
[
J̄z̄(z̄)O1 (σ1)

]
= −Res

[
ϵ̄(z̄)T̄ (z̄)O1 (σ1)

]
. (2.49)

Hence, the previous analysis leads to the conclusion that the OPE involving an operator and
the components of the stress-energy tensor, T (z) and T̄ (z̄), reveals how the operator transforms
under conformal transformations.

Moreover, to understand the spectrum of a two dimensional CFT, one can introduce a rel-
evant class of operators, known as primary operators.
At first, an operator O is said to have weights (h, h̃) if, under δz = ϵz and δz̄ = ϵ̄z̄, O transforms
as

δO = −ϵ(hO+ z∂O)− ϵ̄(h̃O+ z̄∂̄O), (2.50)

where s = h− h̃ is the spin and ∆ = h+ h̃ is the scaling dimension of the operator.
One can show that for an operator with weights (h, h̃), the OPEs with T and T̄ are

T (z)O(w, w̄) = . . .+ h
O(w, w̄)

(z − w)2
+
∂O(w, w̄)

z − w
+ . . . ,

T̄ (z̄)O(w, w̄) = . . .+ h̃
O(w, w̄)

(z̄ − w̄)2
+
∂̄O(w, w̄)

z̄ − w̄
+ . . . .

(2.51)

Now, it was introduced enough technology to define what a primary operator is.
An operator O with weights (h, h̃) is said to be primary if its OPEs with the energy-momentum
tensor look like

T (z)O(w, w̄) = h
O(w, w̄)

(z − w)2
+
∂O(w, w̄)

z − w
+ non-singular terms ,

T̄ (z̄)O(w, w̄) = h̃
O(w, w̄)

(z̄ − w̄)2
+
∂̄O(w, w̄)

z̄ − w̄
+ non-singular terms.

(2.52)
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In other words, the singular terms with the maximum power are (z − w)−2 and (z̄ − w̄)−2.
It is a quite important class of operators and they have a simple transformation rule,

O(z, z̄) → Õ(z̃, ¯̃z) =

(
∂z̃

∂z

)−h(
∂ ¯̃z

∂z̄

)−h̃

O(z, z̄) (2.53)

under
z → z̃(z) and z̄ → ¯̃z(z̄). (2.54)

Because it is the more influential for string theory, let’s revisite some of the features discussed
above for the free scalar field described by the action 2.41 and with 2.42 to be the stress-energy
tensor of the theory.
At first, let’s have a look at the propagator, namely

0 =

∫
DX

δ

δX(σ)

[
e−SX (σ′)

]
=

∫
DXe−S

[
1

2πα′∂
2X(σ)X (σ′) + δ (σ − σ′)

]
. (2.55)

From which, one can extract,〈
∂2X(σ)X (σ′)

〉
= −2πα′δ (σ − σ′) . (2.56)

Then, after some computations involving the Stokes’ theorem and by using the polar coordi-
nates,

⟨X(σ)X (σ′)⟩ = −α
′

2
ln (σ − σ′)

2 (2.57)

that is the final expression for the propagator.
Moreover, one can analogously derive some other OPEs starting from the propagator: for
instance, some correlators involving derivative terms such as

∂X(z)∂X(w) = −α
′

2

1

(z − w)2
+ non-singular terms. (2.58)

In order to compute the OPE with the stress-energy tensor T , it has to be taken normal ordered
as always in any QFT. For instance, the correlator

T (z)∂X(w) = − 1

α′ : ∂X(z)∂X(z) : ∂X(w) (2.59)

simply becomes

T (z)∂X(w) =
∂X(z)

(z − w)2
+ . . . =

∂X(w)

(z − w)2
+
∂2X(w)

z − w
+ . . . , (2.60)

by using the Wick’s theorem.
Another example that will appear in section 2.6 is : eikX : which is a primary operator with
weights h = h̃ = α′k2/4. The previous operator can also be involved in the derivation of the
OPE between the stress energy-tensor components that reads as

T (z)T (w) =
1/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ . . . . (2.61)

In conclusion, the stress-energy tensor is not a primary operator in a conformal field theory.

The previous result can be generalized and is valid for any CFT, being essential for defining a
crucial quantity known as the central charge.
The central charge is defined as the coefficient (up to a factor of 2) of the term proportional to
(z − w)−4 in the OPE with the stress-energy tensor.
Hence, as shown in 2.61, in a CFT describing a free scalar field, the central charge is c = 1.
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The Virasoro Algebra and the State-Operator Map

After having completed the discussion about the operators in a CFT, it remains to discuss what
the states of the theory are.
In order to describe the worldsheet theory, that for closed string is topologically a cylinder, by
using the tools of the previously introduced conformal field theory on the 2-dimensional plane,
one can construct the following map

Figure 2.1: The map between the cylinder and the plane

where the complex coordinate ω of the cylinder is related to the plane coordinate z by

ω = σ + iτ, z = e−iω. (2.62)

On the cylinder, states exist on spatial slices of constant σ and evolve according to the Hamil-
tonian H = ∂τ . After mapping to the plane, the Hamiltonian transforms into the dilatation
operator D = z∂ + z̄∂̄. To maintain the cylindrical origins of the states on the plane, they
should reside on circles with constant radius. Their evolution is dictated by the dilatation oper-
ator D. Hence, the time-ordered correlator functions are replaced by some sort of radial-ordered
correalator functions by using the previous map (see Figure 2.1).
At first, let’s expand the stress-energy tensor components in Laurent series as

T (z) =
∞∑

m=−∞

Lm
zm+2

,

T̄ (z̄) =
∞∑

m=−∞

L̃m
z̄m+2

,

(2.63)

so that, the inverse relations are

Ln =
1

2πi

∮
dzzn+1T (z),

L̃n =
1

2πi

∮
dz̄z̄n+1T̄ (z̄).

(2.64)

In radial quantization, Ln is the conserved charge associated to the conformal transformation
δz = zn+1 and, similarly, L̃n is the conserved charge associated to δz̄ = z̄n+1.
Now, let’s compute the algebra of the generators

[Lm, Ln] =

(∮
dz

2πi

∮
dw

2πi
−
∮

dw

2πi

∮
dz

2πi

)
zm+1wn+1T (z)T (w), (2.65)

where here, z and w are both coordinates on the complex plane and, implicitly, the previous
equation contains a radial-ordering.
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Considering this, the outcome involves the OPE between the components of the stress-energy
tensor, which can be computed as previously described to yield the final result:

[Lm, Ln] = (m− n)Lm+n +
c

12
m
(
m2 − 1

)
δm+n,0, (2.66)

which is known as the Virasoro algebra. Here, c represents the central charge introduced earlier.
Similarly, the operators L̃m satisfy the same algebra, but with c replaced by c̃. Instead, the
commutation relations between Lm and L̃n are trivial, specifically[

Lm, L̃n

]
= 0. (2.67)

From this perspective, one can intuitively introduce the State-Operator Map, a distinctive
feature of two dimensional conformal field theories that sets it apart from ordinary quantum field
theories. In conventional quantum field theories, there typically exists no direct correspondence
between states in the Hilbert space and operators within the theory. However, this distinction
is fundamentally different in the context of conformal field theories.
Let’s consider, for simplicity, a conformal field theory living on a Riemann sphere with three
punctures, where each puncture represents the insertion of a local operator.

Figure 2.2: The Riemann sphere with three punctures

By leveraging the conformal invariance, it becomes possible to elongate each puncture into
a thin, elongated tube. One can further contemplate the scenario where each tube extends
infinitely, thereby transforming each puncture (or local operator) into an asymptotic state of
the theory.

Figure 2.3: The State-Operator Map
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In the illustration above, the punctures are represented as red points connected by thin black
tubes to the states, which are depicted as crosses in the image.
Obviously, one can reverse the procedure by starting with a state and obtaining a local operator
represented as a puncture.

2.6 The BRST quantization
The lightcone quantization of a string can provide all the main results, but in a not rigorous
way.
Here, it was discussed a more solid method through which adresses all the question related
to string quantization by making use of the results derived in the previous section related to
conformal field theory.
Let’s consider the Euclidean version of the Polyakov action that is given by

SP =
1

4πα′

∫
d2σ

√
ggαβ∂αX

µ∂βX
νδµν . (2.68)

Instead of the canonical quantization procedure, here the path-integral is involved: the partition
function

Z =
1

Vol

∫
DgDXe−SPoly [X,g] (2.69)

is obtained by integrating over all the possible embedding coordinates and metric configurations.
As for any gauge theory, it is not relevant the integration over all the space of gauge fields but
just on the space of inequivalent gauge fields, that is the set of gauge fields that are not linked
to each others via a gauge transformation (here, diffeomorphisms and Weyl symmetries): for
this reason, the necessity to divide by Vol, which is the volume of the gauge action in the field
space.
A convenient way of doing so, consists in using the Fadeev-Popov procedure.
At first, in this case the metric changes under a general gauge transformation ζ as

gαβ(σ) −→ gζαβ (σ
′) = e2ω(σ)

∂σγ

∂σ′α
∂σδ

∂σ′β gγδ(σ), (2.70)

and, as explained in section 2.2, in two dimensions these gauge symmetries are enough to fix
the metric in a specific form gζαβ (σ

′) called fiducial metric, that for example can be the flat one.
After having choosen the fiducial metric, one can compute the partition function related to this
choice as

Z[ĝ] =
1

Vol

∫
DζDXDg∆FP (g)δ

(
g − ĝζ

)
e−SP [X,g] =

=
1

Vol

∫
DζDX∆FP (ĝ

ζ)e−SP[X,ĝζ] =
1

Vol

∫
DζDX∆FP (ĝ)e

−SP [X,ĝ].

(2.71)

where the definition of the Fadeev-Popov determinant ∆FP (g), that is 1 = ∆FP (g)
∫
Dζδ

(
g − ĝζ

)
,

has been used.
Notice that in the second step, the integration over the metric disappeared because of the Dirac
delta function while in the third one the gauge invariance is involved.
Hence, in the integral nothing depends on the gauge transformation ζ: so, the gauge volume
factor can be extracted in the numerator that cancels the one present in the denominator,

Z[ĝ] =

∫
DX∆FP (ĝ)e

−SPoly [X,ĝ], (2.72)
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resulting the final expression of the integral over all the distinct physical solutions.
All the problems converges in the computation of the Fadeev-Popov determinant that is a
standard result in gauge theories,

∆−1
FP (ĝ) =

∫
DvDβ exp

(
4πi

∫
d2σ
√
ĝβαβ∇αvβ

)
. (2.73)

The steps to do in order to check the previous outcome consists in concentrating around the
identity of the gauge group such that the integration over ζ reduces to an integrataion over ω(σ)
and vα(σ) that are elements of the Lie algebra of the Weyl group and of the diffeomorphism
group respectively.
Then, one has to deal with an integral of a Dirac delta that can be written as an integral of an
exponential by introducing an ausiliary field βαβ that is a symmetric 2-tensor on the worldsheet.
Then, by treating βαβ as a Lagrange multiplier, one can integrate over ω(σ) and find the result
written above.

Introduction of ghosts

The further step consists in computing the inverse of the expression 2.73 to obtain the Fadeev-
Popov determinant.
A canonical way is to replace the commuting integration variables with anti-commuting fields
as

βαβ −→ bαβ,

vα −→ cα,
(2.74)

where b, c are called ghosts fields since they are Grassman-valued functions.
The final upshot is

∆FP [g] =

∫
DbDc exp (iSghost ) , (2.75)

where the ghost action is defined to be Sghost = 1
2π

∫
d2σ

√
gbαβ∇αcβ.

In conclusion, the partition function reads as

Z[ĝ] =

∫
DXDbDc exp (−SP [X, ĝ]− Sghost [b, c, ĝ]) . (2.76)

Furthermore, the ghost action can be simplified by employing the conformal gauge, where the
flat metric is taken as the fiducial metric. This results in

Sghost =
1

2π

∫
d2z(bzz∂z̄c

z + bz̄z̄∂zc
z̄). (2.77)

A more rigourous proof of D=26

The stress-energy tensor of the ghost CFT is

T = 2(∂c)b+ c∂b, T̄ = 2(∂̄c̄)b̄+ c̄∂̄b̄. (2.78)

Similarly to what was done in the section 2.5.2 for the bosonic scalar free field theory, one can
compute some relevant OPEs.
For instance, by computing the OPE with the stress-energy tensor, one can conclude that the
ghosts b and c are primary fields with weight h = 2 and h = −1 respectively.
Instead, the central charge of the ghosts theory is c = −26, since

T (z)T (w) =
−13

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
+ . . . . (2.79)

20



CHAPTER 2. INTRODUCTION TO STRING THEORY AND CONFORMAL FIELD
THEORY

A well-known fact is that the Weyl gauge symmetry is anomolous unless c = 0 because at
quantum level the trace of the stress-energy tensor is given by

⟨Tαα⟩ = − c

12
R. (2.80)

Hence, one needs to add exactly the right degrees of freedom to the string to cancel the contri-
bution from the ghosts.
The simplest way consists of adding D free scalar fields: indeed, the expression 2.61 shows that
each of these contributes c = 1 to the total central charge, so the entire procedure is consistent
if D = 26.

Vertex Operators and string spectrum

At first, let’s define a special class of states, known as primary states.
A state |Ψ⟩ is said to be a primary state of weights (a, ã) if

Ln |Ψ⟩ = 0 for n > 0,

L0 |Ψ⟩ = a|Ψ⟩,
L̃n |Ψ⟩ = 0 for n > 0,

L̃0 |Ψ⟩ = ã|Ψ⟩,

(2.81)

where Ln and L̃n are the Virasoro generators defined in 2.64.
The question is: what are the values of a and ã? By using the State-Operator map, each state
is associated to a local operator but only those that are gauge invariant are acceptable: hence,
not all the states are physical.
Let’s begin by examining reparameterization invariance. In the previous section, operators
have been positioned at specific locations on the worldsheet. However, in a theory where the
metric is a dynamical degree of freedom, this approach does not produce a diffeomorphism
invariant operator. To create an object that remains invariant under reparameterizations of
the worldsheet coordinates, one needs to integrate over the entire worldsheet. Consequently,
the operator insertions (in conformal gauge) take the following form:

V ∼
∫
d2zO. (2.82)

Now, let’s consider also the Weyl invariance: the measure d2z has weight (−1,−1) under rescal-
ing and, in order to to compensate it, the operator must have weight (1, 1).
So that, the previous constants are fixed as a = ã = 1 and this kind of operators are called
Vertex operators.
As an application, let’s briefly discuss the closed string spectrum by using the formalism intro-
duced so far.
In general, the vacuum of a two dimensional CFT is linked to the identity operator but the
string vacuum has also a centre of mass momentum pµ that can be generated by acting through
the operator eipẊ . Therefore, the Vertex operator associated to the tachyon is

V0 ∼
∫
d2z : eip·X : . (2.83)

Note that in Section 2.5.2, it was stated that the exponential operator is primary with weights
h = h̃ = α′p2

4
. However, since Weyl invariance requires h = h̃ = 1, the ground state must have

the well-known mass squared

M2 ≡ −p2 = − 4

α′ . (2.84)
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An analogous procedure can be applied to the excited states, confirming that the first level
consists of massless particles as expected.
For a more detailed discussion, I recommend referring to [13] and [14] where I drew part of the
material for this section.

2.7 Low-Energy Effective action
Up to now, a flat target space is taken into account: in this section, a more general background
describing where the strings propagate is provided. The Polyakov action is simply

SP =
1

4πα′

∫
d2σ

√
ggαβ∂αX

µ∂βX
νGµν(X), (2.85)

where gαβ is the worldsheet metric, while Gµν(X) is the target metric constructed from the
quantized gravitons discussed in Section 2.4.3.
In the same section, other fields appeared as the 2-form Bµν(X) and the dilaton Φ(X) and one
needs to understand how a string can couple to them.
In particular, the Vertex operator related to the first excited states of the closed string is

Vexcited ∼
∫
d2z : eip·X∂Xµ∂̄Xν : ζµν , (2.86)

where ζµν is the polarization tensor of the state, that is traceless symmetric for the graviton,
antysimmetric for the B-field and the trace of ζµν describes the dilaton.
Hence, by exponentiating the operator, one can uniquely determine the interaction terms,
resulting in the following action

SP =
1

4πα′

∫
d2σ

√
g
(
Gµν(X)∂αX

µ∂βX
νgαβ + iBµν(X)∂αX

µ∂βX
νϵαβ +α′Φ(X)R(2)

)
, (2.87)

where R(2) is the worldsheet Ricci scalar. As explained in [15], the specific form of the term
involving the dilaton depends on the fact that the dilaton is related to the string coupling as
gs = eΦ0 , where Φ0 = limitX→∞Φ(X). Instead, one can understand the physical interpretation
of the B-term by using an analogy with the electromagnetism. Indeed, an eletrically charged
point-particle couples to a background gauge 1-form Aµ on its worldline as∫

dτAµ(X)Ẋµ. (2.88)

The analogous coupling on the worldsheet involving a background 2-form is∫
d2σBµν(X)∂αX

µ∂βX
νϵαβ, (2.89)

where the derivatives appear since the 2-form is pull-backed on the worldsheet from the target
space.
Moreover, the analogy can be carried forward by considering the gauge transformation.
In the case of an electrically charged point-particle it is Aµ → Aµ + ∂µα, that is generalizable
as

Bµν → Bµν + ∂µCν − ∂νCµ. (2.90)

In addition, the field strength in electromagnetism is a 2-form F = dA, while here a 3-form H
has to be defined such that H = dB.
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Another aspect, which is only briefly mentioned here, is the derivation of the Einstein equations
in the low-energy limit.
At first, let’s consider just the part of the action 2.87 related to the metric. Certainly, one has
to demand that at full quantum level the conformal invariance of the theory is preserved, that
means

βµν(G) ∼ µ
∂Gµν(X;µ)

∂µ
= 0, (2.91)

with µ an arbitrary energy scale.
At 1-loop level, some UV divergences appear, which can be cured by adding counterterms. By
doing so, the wave function renormalization of the embedding coordinates is accompanied by
the renormalization involving the metric Gµν , such that

Gµν → Gµν +
α′

ϵ
Rµν . (2.92)

Hence, the condition for the conformal invariance simply reads as

βµν(G) = α′Rµν = 0, (2.93)

namely the target space needs to be Ricci flat.
In other words, General Relativity is recovered from String Theory by imposing its conformal
invariance at the quantum level.
In general, one needs to take into account the full bosonic action 2.87 and a generalization is
expected because of the presence of new fields. Specifically, the results are given by

βµν(G) = α′Rµν + 2α′∇µ∇νΦ− α′

4
HµλκH

λκ
ν ,

βµν(B) = −α
′

2
∇λHλµν + α′∇λΦHλµν ,

β(Φ) = −α
′

2
∇2Φ + α′∇µΦ∇µΦ− α′

24
HµνλH

µνλ.

(2.94)

The preservation of conformal invariance means that βµν(G) = βµν(B) = β(Φ) = 0, which can
be seen as the equation of motion for the background in which the strings propagate.

One can also focus on the low-energy effective theory of the bosonic sector from the string
theory, obtaining

SEFT =
1

2κ20

∫
d26X

√
−Ge−2Φ

(
R− 1

12
HµνλH

µνλ + 4∂µΦ∂
µΦ

)
, (2.95)

with k0 a normalization constant. Indeed, the corresponding equations of motion at leading
order are given exactly by 2.94.

2.8 A gentle introduction to Superstring Theory
In this section, only a glimpse of how adding fermionic degrees of freedom on the worldsheet is
provided to the reader.
Bosonic string theory encounters notable challenges, including the presence of a tachyon in the
spectrum and the lack of fermionic degrees of freedom. These issues lead to instability and
incomplete descriptions of fundamental particles. Superstring theory addresses these problems
by incorporating fermions and supersymmetry. The addition of fermions helps to project out
the tachyonic state, resolving one of the primary issues of bosonic string theory.
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Moreover, while bosonic string theory lacks protection against quantum anomalies, supersym-
metry ensures anomaly cancellation. This is a crucial aspect that makes superstring theory
consistent and well-defined.
Another significant advancement with superstrings is the introduction of dualities such as T-
duality and S-duality. These dualities reveal profound relationships between seemingly distinct
theories and help in understanding the theory across different coupling regimes.
In the bosonic string theory the mass-shell condition M2 = −p2 derives from the zero mode
constraint L0 |Ψ⟩ = 0 and also L̃0 |Ψ⟩ = 0 for the closed string.
Since the previous mass-shell equation is the Klein-Gordon equation in momentum space, in
order to have some fermions in the spectrum the Dirac equation

ipµγ
µ +m = 0 (2.96)

is needed.
Since L0 and L̃0 are the center of mass modes of the bosonic worldsheet energy-momentum
tensor (TB, T̄B), one can introduce some new fermionic energy-momentum tensor (TF , T̄F ) such
that the corresponding zero modes give the Dirac equation.
One can guess that the gamma matrices γµ satisfying the algebra {γµ, γv} = 2ηµν are the center
of mass modes of an anticommuting worldsheet field ψµ. In this perspective, one could consider
the following action as the generalization of the Polyakov one,

S =
1

4π

∫
d2z

(
2

α′∂X
µ∂̄Xµ + ψµ∂̄ψµ + ψ̃µ∂ψ̃µ

)
. (2.97)

From here, one can conduct similar analysis to what was previously done. One can compute
the spectrum and by using the supersymmetric framework, the critical dimension is found to
be

D = 10. (2.98)

The massless bosonic fields Gµν , Bµν , and Φ are always part of the superstring spectrum.
Additionally, there exist massless spacetime fermions and other massless bosonic fields. The
specific nature of these additional bosonic fields varies depending on the particular superstring
theory under consideration.
Indeed, with respect to bosonic string theory, the supestring one is not unique.
The main different theories are

• Type II: it possess both left and right moving fermions. This yields a spacetime theory
in 10 dimensions with N = 2 supersymmetry, indicating the presence of 32 supercharges.
Here, the additional degrees of freedom of the string are known as Ramond-Ramond fields.

– Type IIA: here, the new degrees of freedom include some gauge fields as a 1-form
Cµ and a 3-form Cµνρ.

– Type IIB: the Ramond-Ramond gauge fields include a scalar C, a 2-form Cµν and a
4-form Cµνρσ.

• Heterotic: it features only right-moving fermions on the worldsheet. Each heterotic string
includes a non-Abelian gauge field in spacetime, with gauge groups SO(32) and E8 ×E8.

• Type I: it encompasses open strings propagating in a flat ten-dimensional space, along
with closed strings.

These diverse theories offer a broader and richer framework compared to bosonic string theory
and have led to significant advancements such as the concept of branes and the formulation of
M-theory or F-theory.
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M-theory represents an even more comprehensive framework by proposing an eleven-dimensional
universe where various superstring theories are unified as different aspects of a single underlying
theory. It introduces higher-dimensional objects, such as two-branes and five-branes, expanding
our understanding of the fundamental structure of spacetime.
F-theory, on the other hand, extends superstring theory by incorporating additional dimen-
sions and allowing for more generalized solutions. It is particularly adept at describing gauge
theories and various compactification scenarios, providing deeper insights into the geometric
and physical properties of higher-dimensional spaces.
In addition to these advancements, two notable concepts in the realm of superstring theory are
compactifications and the AdS/CFT correspondence.
Compactification involves reducing the higher-dimensional space of superstring theory to the
four-dimensional spacetime we observe by factoring out the internal degrees of freedom of the
theory into certain manifolds. These geometrical structures are essential for preserving super-
symmetry in the lower-dimensional effective theory and play a crucial role in determining the
physical properties of the observed universe.
The AdS/CFT correspondence is another pivotal development, positing a duality between a
superstring theory or supergravity in Anti-de Sitter space and a conformal field theory on the
boundary of that space. This correspondence has provided profound insights into quantum
gravity, gauge theories, and the dynamics of strongly-coupled systems, showcasing the deep
connections between different theoretical frameworks. The content and analyses introduced
previously are based on [16].
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Chapter 3

Black holes in Supergravity

In the 1970s, a remarkable parallel was discovered between black hole dynamics and thermody-
namics, with Bekenstein-Hawking entropy [17], which is one-quarter of the event horizon’s area,
behaving like thermodynamic entropy. The challenge has been to provide a precise statistical
mechanical interpretation of this entropy. A famous paper written by Strominger and Vafa [2]
advanced this effort by examining black holes within five-dimensional string theory that has
N = 4 supersymmetry. They showed that the degeneracy of extremal BPS states, which can
be computed in these theories, agrees with the Bekenstein-Hawking entropy for large charges.
In this chapter, general results will be provided on how to construct black hole solutions from
string theory and how to calculate their microstates. The methods for obtaining black hole
solutions using D-branes wrapped on compact spaces are discussed. Initially, the procedure for
creating an extremal and supersymmetric black hole is demonstrated. Subsequently, the focus
shifts to non-extremal solutions for completeness. Furthermore, the chapter includes an intro-
duction to special solutions known as fuzzballs, which have no horizon and represent a single
microstate solution. These will also be discussed in Chapter 4, where some Wess-Zumino-
Witten models capable of describing fuzzballs will be considered.
Specifically, in order to study black holes in string theory, Susskind proposed considering a
highly excited string state with a mass M ≫ α′−1/2. If the string coupling g is assumed to be
small, meaning the string behaves almost like a free one, the left and right oscillator levels are
NL, NR ∼

√
α′M ≫ 1, resulting in a large number of degenerate states at fixed mass. Fur-

thermore, using the statistical mechanics framework, the degeneracy translates to an entropy
of

Smicro = ln[N ] ∼
√
α′M.

However, to describe a black hole, one needs to consider a regime where g is no longer pertur-
bative, since the Newton constant is G ∼ g2.

In particular, it was expected that if M is sufficiently large, then we get a black hole of mass
M with its entropy given by

SBH =
A

4G
,

which is the standard Bekenstein-Hawking formula.

The microscopic computation of the entropy, namely Smicro, is not trivial at large coupling
constant gs, and the matching with the Bekenstein-Hawking entropy (which is expected to be
valid) is not easy to prove.

In this scenario, the importance of BPS states emerges. In this context, the microstate count-
ing—and therefore the entropy—does not depend on the coupling, as it is protected by super-
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symmetry. The microstate counting Smicro can be carried out in string perturbation theory at
small coupling, and although the number of microstates would generally change for non-BPS
states as the coupling increases, this does not happen for BPS states. Thus, for BPS states, one
can compare the microstate counting done in string theory at small coupling with the entropy
computed using the Bekenstein-Hawking formula.

To provide a more detailed explanation, in the next paragraphs some standard BPS solutions
will be considered, which include the one-charge, two-charge, and three-charge cases. For the
three-charge case, a computation of the microscopic entropy will be explained and the matching

Smicro = SBH

will be verified.
It is essential to mention that a significant portion of this chapter’s content is based on [18]
and [19].

3.1 One-charge solution
The easiest BPS state is certaintly the one-charge solution.
Let’s begin by recalling that the Type IIA string theory can be obtained as a one dimensional
reduction of the eleven dimensional M-theory. In particular, let’s compactify on a circle S1

with radius R parametrized by a coordinate y with a periodicity of 2πR. Let’s suppose to wrap
n1 times the circle with a NS1 brane.
Such a string configuration produces the following supergravity solution,

ds2 = Z−1
1

[
−dt2 + dy2

]
+

8∑
i=1

dxidxi,

e2ϕ = Z−1
1 ,

Z1 = 1 +
Q1

r6
,

(3.1)

where the metric refers to the 10-dimensional one with xi as transverse coordinates. The
Bekenstein-Hawking entropy is trivially zero because the area corresponding to the horizon
r = 0 vanishes. The fact that SBH = 0 is actually in line with the microscopic counting. The
NS1 brane is in its ground state, so its only source of degeneracy comes from the zero modes of
the string, providing 128 bosonic and 128 fermionic states. Therefore, Smicro = ln[256], which
remains constant and does not increase with n1. Consequently, in the macroscopic limit as
n1 → ∞, we would find Smicro = 0 to leading order, which matches SBH. The same result can
be computed in the full 11-dimensional M-theory by treating the NS1 of the Type IIA theory
as an emergent M2 brane in M-theory that wraps the directions x11, y.
In this perspective, the vanishing of the lengths of x11 and y leads to the vanishing of the area
of the horizon at r = 0, confirming the Type IIA result.

3.2 Two-charge solution
The previous problem of the shrinking of the coordinate x11 can be overcome by using M5
branes oriented transverse to x11: namely, NS5 branes in Type IIA theory. This means that
additional compact dimensions are required to fully wrap around the five spatial directions of
the NS5 branes: for instance, let’s consider T 4 × S1.
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The supergravity solutions of the previous configuration are the following ones,

ds2 = Z−1
1

[
−dt2 + dy2

]
+ Z5

4∑
i=1

dxidxi +
4∑

a=1

dzadza,

e2ϕ =
Z5

Z1

,

Z1 = 1 +
Q1

r2
, Z5 = 1 +

Q5

r2
.

(3.2)

The coordinates {za}a={1,...,4} parametrizes the T 4, while the charge Q5 is proportional to the
number n5 of NS5 branes.
However, the horizon area remains zero. This is evident from the M-theory perspective, where
both the NS1 (obtained from M2) and NS5 (from M5) branes wrap around the y circle, caus-
ing it to shrink to zero as r → 0.

3.3 Three-charge solution
As discussed previously, both the one-charge and two-charge BPS models have zero horizon
area: this is no longer the case for the three-charge solution.
Indeed, let’s add a momentum charge P along the y−S1 manifold. In particular, let’s consider
Np units of momentum along the circle, so that these modes have an energy of Np

R
: hence, their

energy decreases as R increases.
The supergravity solutions

ds2 = Z−1
1

[
−dt2 + dy2 + Zp(dt+ dy)2

]
+ Z5

4∑
i=1

dxidxi +
4∑

a=1

dzadza,

e2ϕ =
Z5

Z1

,

Z1 = 1 +
Q1

r2
, Z5 = 1 +

Q5

r2
, Zp =

Qp

r2
,

(3.3)

display an horizon at r = 0.
A deeper analysis related to this background was considered in [20], and it will be discussed
further when the Wess-Zumino-Witten models are introduced in Chapter 4.
As discussed before, the horizon area no longer vanishes for this configuration due to the
presence of momentum.
Let us check this fact by computing the area of the horizon in the Type IIA setup and let’s
convert this area in the Einstein frame.
In the near horizon limit, the part proportional to Z5 in the 10-dimensional metric can be
written as

Z5

∑
dxidxi = Z5

(
dr2 + r2dΩ2

3

)
≈ Q5

[
dr2

r2
+ dΩ2

3

]
. (3.4)

Hence, approaching the horizon the length of the y − S1 manifold is given by

Ly = 2πR
Q

1
2
p

Q
1
2
1

, (3.5)

while the area of the transverse three-sphere becomes

AS3 =
(
2π2
)
Q

3
2
5 . (3.6)
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Furthermore, the volume of the torus T 4 in the limit r → 0 simply reads as

V string
T 4 = (2π)4V. (3.7)

So, the horizon area of the considered S3 × S1 × T 4 geometry is the product

AS = AS3LyVT 4 =
(
2π2
)
(2πR)

(
(2π)4V

)
Q

− 1
2

1 Q
3
2
5Q

1
2
p . (3.8)

In conclusion, by transitioning from the String frame (with 10-dimensional metric gSab) to the
Einstein frame (with metric gEab) using

gEab = e−
ϕ
2 gSab =

Z
1
4
1

Z
1
4
5

gSab, (3.9)

finally, the Beckenstein-Hawking entropy is given by

SBH =
AE

4G10

= 2π
√
N1N5Np, (3.10)

where G10 is the 10-dimensional Newton constant and the horizon area in Einstein frame AE
is related to the string one AS by

AE =

(
gEab
gSab

)4

AS. (3.11)

3.3.1 Computation of black hole entropy

After computing the black hole entropy for the three-charge solution using the standard Bekenstein-
Hawking formula, one could attempt to perform the same calculation through microscopic
counting. This microscopic counting was first carried out by Strominger and Vafa [2].
Instead of using the configuration explained before, known as the NS1−NS5−P system, one
can compute the microscopic entropy by using a dual solution in the D1−D5−P frame, where
the computation is easier, as presented in [18].
The two configurations are essentially the same since they are related through a sequence of T
and S dualities. In other words, by performing a T-duality in one of the directions of T 4, all the
charges remain unchanged, but the theory transitions from Type IIA to Type IIB. Moreover,
by using an S-duality transformation

NS1NS5P
S−→ D1D5P, (3.12)

the configuration D1−D5− P is reached.
The D1−D5− P geometry is described by the following metric

ds2 = − (Z1Z5)
−1/2 dt2 + (Z1Z5)

−1/2 Z−1
p dx25 + (Z1Z5)

1/2 dx278910 + Z
1/2
1 Z

−1/2
5 dx21234, (3.13)

where the coordinates x1234 parametrize the torus T 4, x5 the circle and the others the transverse
direction to the D5 brane. Moreover, the three harmonic functions Z1, Z5, Zp have been defined
in 3.3.
Hence, by making use of the S and T dualities, one can realize an equivalence between the
D1 −D5 − P configuration and the NS5 − F1 − P one. For this section, it was preferred to
use the former system. The branes are placed as shown in the picture below.
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Figure 3.1: Diagram showing the placement of the branes. Image taken from [18].

The supergravity charges are presented below, excluding any additional factors

Q1 ∼ gs (ℓs)
2N1, Q5 ∼ gs (ℓs)

2N5, Qp ∼ g2sNp. (3.14)

The horizon area depends on the string length and the string coupling as

AH ∼
√
Q1Q5Qp ∼ g2s (ℓs)

3
√
N1N5Np.

Conversely, the Bekenstein-Hawking entropy is independent of the coupling and length scales
as can be noticed from 3.10.
The goal now is to reproduce this entropy using string theory through a microstate counting:
for simplicity, the limit of small T 4 volume is considered, namely Qp

Q1Q5
≫ 1.

Since we are working in the limit gsN << 1 , the gauge theory describing the open strings is
a free theory. In other words, one can express the wave functions describing strings stretching
between D1 and D5 in the following form

ψ (x5) ∼ e
2π n

N1N5R
x5 , (3.15)

where n denotes the number of momentum units.
Hence, in order to compute the microstates, one has to calculate in how many ways we can get
the momentum p = Np

R
from partitioning the momentum over the D1 −D5 open strings with

the previous partition function.
This statement is the same of counting the number of partitionings

∞∑
m=1

nmm

N1N5R
=
Np

R
, (3.16)

where m counts the momentum in unit 1/(N1N5R) added by nm strings of this type.
This kind of counting can be performed by the following partition function:

Z =
∞∑
n=0

dnq
n, (3.17)

where dn counts the number of partitionings of the integer n.
In order to compute Z, one can make use of the geometric series for q < 1, the canonical
ensemble and a high temperature limit.
In particular, let’s set q = e−β and take the logaritm of the partition function as follows

logZ = −
∞∑
n=1

log (1− qn) =
∞∑
n=1

∞∑
m=1

(qn)m

m
=

∞∑
m=1

1

m

∞∑
n=1

(qm)n =

=
∞∑
m=1

1

m

∞∑
n=1

(
1

1− qm
− 1

)
=

∞∑
m=1

1

m

qm

1− qm
.

(3.18)

Furthermore, the average occupation number is

⟨n⟩ = 1

Z

∑
ndne

−βn =
∂

∂β
logZ. (3.19)
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The high temperature regime is imposed through β << 1, namely q ≲ 1, and the obtained
result is simply given by

logZ =
1

β

∑
m

m−2 + O
(
β0
)
, (3.20)

as ⟨n⟩ becomes large.
In terms of the Riemann zeta function,

⟨n⟩ = ζ(2)

β2
, (3.21)

so that, by using the standard formula S = logZ +β⟨n⟩ from thermodynamics, the final result
reads as

Smicro = 2π

√
N1N5Np

6
, (3.22)

since ⟨n⟩ = N1N5Np.
One may wonder about the factor of 6 that appears incorrectly in the denominator, but it is
not a problem: indeed, the previous computation was done considering only bosons, and in
a supersymmetric scenario, one must account for an equal number of fermionic and bosonic
degrees of freedom. By doing so, one can recover

Smicro = 2π
√
N1N5Np, (3.23)

which is the expected result.
In conclusion, the microscopic computation of the entropy for the BPS three-charge black hole
solution is in complete agreement with the Bekenstein-Hawking computation, namely

Smicro = SBH , (3.24)

as expected.

3.4 Non extremal black holes
This paragraph provides a brief introduction to the non-extremal generalization as presented
in [18].
The easiest solution with M > Q is the so-called black D3-brane, namely

ds2 = −Z−1/2
(
−f(r)dt2 + dx21 + dx22 + dx23

)
+ Z1/2

(
dr2

f(r)
+ r2dΩ2

5

)
, (3.25)

where the gauge field takes the form C0123 = Z−1 and both the functions f and Z are harmonic
with respect to the transverse directions.
Indeed, the previous solution is a non-extremal generalization of the usual supersymmetric D3-
brane that can be recovered by setting f to 1.
In this more general framework, f can be expanded around the supersymmetric solution as

f(r) = 1− ∆M

r4
. (3.26)

The charge for this solution is given by

Q =

∫
F5 = N, (3.27)

32



CHAPTER 3. BLACK HOLES IN SUPERGRAVITY

where F5 is the self-dual five-form field strength that couples to the brane.
Instead, the mass of the black D3-brane can be found by considering the gtt component of the
metric. More precisely, by using the previous expansion for f , the resulting mass is

M = Q+∆M, (3.28)

where ∆M must be positive to avoid a naked singularity. If M > Q (non-extremal regime), the
solution is not stable and two such branes can eventually collapse to a single object, because the
gravitational attraction is larger than the electrostatic repulsion. Furthemore, it has a non-zero
temperature.
An extremal solution is defined by the condition M = Q. Such a black object has zero Hawking
temperature and does not emit radiation. For small ∆M , the temperature is approximately
proportional to the excess mass: T ∼ ∆M .
Furthermore, one can consider other examples, such as the non-extremal generalization of the
results regarding the BPS three-charge black hole solution [21], which is given by:

ds2 =
1

f1

[
− f

fn
dt2 + fn

(
dx− r20 sinh 2αn

2fnr2
dt

)2
]
+ f5

(
1

f
dr2 + r2dΩ2

3

)
+ ds2T 4 ,

H = dx ∧ dt ∧ d
(
r20 sinh 2α1

2f1r2

)
+ r20 sinh 2α5dΩ3,

e2Φ = g2
f5
f1
.

(3.29)

The harmonic functions in 3.29 are given by

f = 1− r20
r2
, f1,5,n = 1 +

r21,5,n
r2

, r21,5,n = r20 sinh
2 α1,5,n. (3.30)

and the parameters α1,5,n are related to k, p, n by

sinh 2α1 =
2l2sg

2p

r20v
, sinh 2α5 =

2l2sk

r20
, sinh 2αn =

2l4sg
2n

r20R
2v
, v =

VT 4

(2πls)4
, (3.31)

where VT 4 represents the volume of the 4-torus.
This configuration is crucial since it will appear again in Chapter 4 where a formulation through
the Wess-Zumino-Witten model SL(2,R)×U(1)

U(1)
will be discussed.

Let’s take the near horizon limit of the NS5 branes and, by excluding for simplicity the S3×T 4

factors from the metric, one can find

ds2 =
1

f1

[
− f

fn
dt2 + fn

(
dx− r20 sinh 2αn

2fnr2
dt

)2
]
+
kl2s
fr2

dr2,

H = dx ∧ dt ∧ d
(
r20 sinh 2α1

2f1r2

)
+ r20 sinh 2α5dΩ3,

e2Φ = g2
kl2s
f1r2

.

(3.32)

The previous formula can be easily obtained from 3.29 since, in the decoupling limit previously
mentioned, f5 takes the form

f5 =
kl2s
r2

=⇒ r25 = kl2s . (3.33)
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Hence, one can perform the limit by dropping the 1 from the harmonic function f5, obtaining
equation 3.32.
Moreover, for future purposes that will be explored in detail in Chapter 4, let’s perform a
change of coordinates on the latter solution, namely

ρ̃2 = r2 + r20 sinh
2 αn. (3.34)

Under the previous transformation, 3.32 can be equivalently recast as

ds2 = −
(
ρ̃2 − ρ̃2−

) (
ρ̃2 − ρ̃2−

)
ℓ2ρ̃2

dt2 +
kl2s ρ̃

2

(ρ̃2 − ρ̃2−) (ρ̃
2 − ρ̃2−)

dρ̃2 +
ρ̃2

ℓ2

(
dx− ρ̃+ρ̃−

ρ̃2
dt

)2

,

H = dx ∧ dt ∧ d
(
r20 sinh 2α1

2ℓ2

)
,

e2Φ = g2
kl2s
ℓ2
,

(3.35)

where
ρ̃2+ = r20 cosh

2 αn, ρ̃2− = r20 sinh
2 αn

and
ℓ2 = ρ̃2 − r20 sinh

2 αn + r20 sinh
2 α1.

3.5 A gentle introduction to fuzzball solutions
In theoretical physics, the concept of fuzzballs arises in black hole physics, specifically within
the framework of string theory. This hypothesis presents a novel approach to understanding
black holes by addressing the limitations of classical descriptions provided by general relativity
and quantum mechanics.

The primary challenge in black hole physics has been reconciling the classical notion of a
singularity—a point of infinite curvature at the heart of a black hole—with the principles of
quantum mechanics. Traditional approaches often depict black holes as objects with an event
horizon surrounding a singularity. This picture, however, leads to several unresolved issues,
including the black hole information paradox.

Fuzzballs offer a different perspective. Instead of a singularity, the fuzzball hypothesis suggests
that the entire region within the event horizon is filled with a complex, extended structure.
According to this model, the “fuzzball” is a conglomeration of fundamental strings and branes,
which avoids the problematic singularity predicted by classical theory.

Mathematically, some fuzzballs are described by solutions to the equations of motion in su-
pergravity that lack an event horizon in the classical sense. These solutions have zero entropy
because they correspond to a single microstate rather than an ensemble of states. The previous
ones are considered to describe atypical microstate configurations, while the typical ones are
expected to be solutions that go beyond the supergravity limit as discussed in [22].

Once again, a key point of discussion is the black hole information paradox. Indeed, fuzzball
models can provide a framework to explore how these microstates can contribute to understand-
ing information preservation. As the coupling constant gs increases, fuzzball models suggest
that the microstates themselves become larger and effectively fill the space where the horizon
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would classically be. This means that fuzzball solutions help illustrate how information might
be preserved and not lost as black holes evaporate.

To fully understand the fuzzball solutions in a string-theoretic regime, one can consider specific
models, such as Wess-Zumino-Witten (WZW) models, which provide a more comprehensive
description of these solutions.
The information provided here and in the following sections is primarily sourced from [19].
More details will be provided in the following chapter, where a specific fuzzball solution will be
discussed using a class of Wess-Zumino-Witten models.

3.5.1 D1-D5 fuzzball solution

Here, the idea is to consider a specific model to demonstrate how a configuration of branes
and strings can form a solution that is smooth and horizonless, namely a fuzzball. The explicit
example that will be considered is the two-charge D1-D5 configuration. Such a configuration
can be described as the following supergravity solution

ds2 = −1

h

(
dt2 − dy2

)
+ hf

(
dθ2 +

dr2

r2 + a2

)
− 2a

√
Q1Q5

hf

(
cos2 θdydψ + sin2 θdtdϕ

)
+

+ h

[(
r2 +

a2Q1Q5 cos
2 θ

h2f 2

)
cos2 θdψ2 +

(
r2 + a2 − a2Q1Q5 sin

2 θ

h2f 2

)
sin2 θdϕ2

]
+

+

√
Q1 + f

Q5 + f
dzadza,

(3.36)

where

f = r2 + a2 cos2 θ, h =

[(
1 +

Q1

f

)(
1 +

Q5

f

)]1/2
. (3.37)

In particular, the previous model is specified by the D1-charge Q1, the D5-charge Q5 and
a =

√
Q1Q5

R
where R the radius of one of the compactified directions.

Furthermore, in the limit r ≪ (Q1Q5)
1/4, one can show that the previous metric reduces to

ds2 =
√
Q1Q5

[
−
(
r′2 + 1

) dt2
R2

+ r′2
dy2

R2
+

dr′2

r′2 + 1

]
+

+
√
Q1Q5

[
dθ2 + cos2 θdψ2 + sin2 θdϕ2

]
+

√
Q1

Q5

dzadza,

(3.38)

where r′ = r
a
. Namely, the spacetime geometry is given by AdS3×S3×T 4 with a flat geometry

at infinity. Moreover, such a spacetime structure features a "throat"-like region at smaller r,
and instead of ending in a singularity at r = 0, it smoothly closes off in a “cap”. Hence, there
is no horizon or singularity as expected for a fuzzball .
One could also investigate other fuzzball models such as the three-charge one, but the discussion
of the supergravity solution will be avoided here and will be addressed later by reproducing
this noted solution using a particular class of Wess-Zumino-Witten models.
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Chapter 4

Worldsheet description for black hole
solutions

As mentioned in Chapter 2, the quantization and some relevant physical aspects related to the
string action for a generic background Gµν are quite difficult topics. However, this is certainly
crucial in trying to address some problems related to black hole physics. In order to derive
some interesting properties for black holes, one can also proceed in a different fashion: the idea
is to use a class of sigma models, known as Wess-Zumino-Witten models.
In particular, the structure of the chapter is as follows. First, a general introduction to Wess-
Zumino-Witten (WZW) models will be provided. Subsequently, the null-gauging procedure
for WZW models will be presented, with a specific focus on the work of [23], which describes
a fuzzball solution. Following this reference, an analysis of the worldsheet consistency of this
coset theory will be provided to show that it is possible to reproduce a fuzzball solution through
a WZW model. Then, the perspective changes, and some black hole solutions will be examined:
first, Witten’s black hole solution (in both Euclidean and Lorentzian signatures) will be dis-
cussed, demonstrating that the same results can be achieved using the null-gauging procedure;
second, a more general coset model will be studied with the aim of understanding whether it is
possible to reproduce the metric of the extremal three-charge black hole solution introduced in
Section 3.3. Some comments on the spectrum of Witten’s black hole and its null-gauged model
will conclude the chapter.

4.1 Wess-Zumino-Witten models
Given the string worldsheetM2, a non-linear sigma model onM2 is given by an action describing
the dynamics of an embedding map g into a pseudo-Riemmanian manifold N that is endowed
with a metric Gµν . Namely,

g :M2 −→ N. (4.1)
Let’s suppose that the sigma model has a compact Lie group G as target space N . Furthermore,
G is assumed to be semi-simple that is equivalent to the existence of a non-degenerate inner
product on the associated Lie algebra g given by

⟨X, Y ⟩ = tr(XY ), (4.2)

normalized such that it acts on the generators as tr(tatb) = 1
2
δab.

For simplicity, let’s focus on the Riemann sphere M2 = S2, so that the group element is
represented as the image of the map g : S2 −→ G. It is important to emphasize that this
introduction to the basic concepts related to the Wess-Zumino-Witten models is primarily
based on [24] and [25].
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4.1.1 Classical theory

The most general global G×G-invariant action describing the dynamics of the embedding map
g is given by

S[g] ≡ S0[g] + kΓ[g], (4.3)

where the kinetic part is

S0 =
1

4λ2

∫
S2

d2z tr
(
g−1∂µgg

−1∂µg
)
, (4.4)

while the second one, known as Wess-Zumino term, is an integral over a filling region B of the
sphere,

Γ[g] ≡ − i

12π

∫
B

d3yϵαβγ tr
(
g−1∂αgg−1∂βgg−1∂γg

)
=

= − i

2π

∫
B

tr
(
g−1 dg ∧ g−1 dg ∧ g−1 dg

)
.

(4.5)

The previous model is called the Wess-Zumino-Witten (WZW) model on the Riemann sphere.
The main advantage of the WZW models is that they are a completely solvable class of models
with the conformal invariance that is preserved at quantum level.
In fact, if one uses only the first term in the action, the conformal invariance that is manifest
at the classical level is spoiled at the quantum one since a negative β-function appears: hence,
one can impose β = 0 by adding the Wess-Zumino term in the classical action.
It is easy to see the global G×G-invariance by using

g(z, z̄) 7−→ gLg(z, z̄)g
−1
R , (4.6)

where gL, gR ∈ G are constant elements.
Furthermore, the classical equations of motion in the usual (z, z̄) coordinates are given by(

1 +
λ2k

π

)
∂
(
g−1∂̄g

)
+

(
1− λ2k

π

)
∂̄
(
g−1∂g

)
= 0 (4.7)

and they are directly derived by varying the action with respect to g.
Moreoever, by computing the Noether currents related to the previous global and continuous
transformation, one can find

∂
(
g−1∂̄g

)
= 0,

∂̄
(
∂gg−1

)
= 0,

(4.8)

that means that each term of the equation 4.7 vanishes separately. Hence, the theory possesses
the desired holomorphic J and antiholomorphic currents J̄ defined respectively as J = k∂gg−1

and J̄ = kg−1∂̄g, with k = π
λ2

.
In fact, the previous statement is equivalent to the tracelessness of the stress-energy tensor,
which must be verified in any conformal field theory as discussed in Chapter 2.
Someone might be concerned by the fact that the Wess-Zumino term required an extension of
the embedding g to the interior of the sphere, since in the integral appears B.
As it should be, the action is completely independent of the choice of the extension, and now
the aim is to verify it.
The maps of the form g : S2 −→ G are classified by the second homotopy group π2(G) that,
for any Lie group, is well-known to vanish: in other words, every map g is homotopic to the
identity that certainly can be extendend on the interior.
However, the extension is not unique and different extensions are related to each other by

g : (B ⊔B)/∂B ≈ S3 −→ G, (4.9)
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since one can glue them together along the common boundary.
A mathematical fact is that π3(G) ∼= Z: hence, G = SU(2) ∼= S3 since any continuous map
from S3 to G is hopotopic to a map into SU(2).
Therefore, under a small variation δg of the extension, the variation of the Γ-term is just given
by

δΓ = − i

4π

∫
B

tr
((
−g−1δgg−1 dg + g−1 dδg

)
∧ g−1 dg ∧ g−1 dg

)
=

= − i

4π

∫
B

d tr
(
g−1δgg−1 dg ∧ g−1 dg

)
= − i

4π

∫
S2
tr
(
g−1δgg−1 dg ∧ g−1 dg

)
=

= − i

4π

∫
S2
tr
(
g−1δg d

(
g−1 dg

))
,

(4.10)

where the Stokes’ theorem has been involved.
Hence, by requiring that the variation δg vanishes on S2, Γ is invariant.
Then, one has to check what happens under considering topologically different estensions:
namely, under change of the homotopy class.
By using an expansion around the identity g(y) = y0 − iykσk, y ∈ S3 ⊂ R4, the difference of
the Wess-Zumino terms related to two different extension with neighbouring homotopy classes
can be computed as follows

∆Γ = − i

12π

∫
S3

d3yϵαβγ tr
(
g−1∂αgg−1∂βgg−1∂γg

)
= −i(−i)

3

12π
2π2

∑
i,j,k

ϵijk tr
(
σiσjσk

)
=

=
π

12

∑
i,j,k

ϵijk tr
([
σi, σj

]
σk
)
=

π

12
2i
∑
i,j,k,ℓ

ϵijk tr
(
ϵijℓσℓσk

)
=
iπ

6

∑
k,ℓ

2 tr
(
σkσk

)
=

=
iπ

6
12 = 2πi,

(4.11)
where the volume of the unit 3-sphere, that is 2π2, was used.
The previous fact can imply some ill-definedness of the theory at the quantum level. At classical
level, the expression 4.3 is completely well-defined for any real value of k while at quantum
level the situation changes.
Let’s consider the partition function in Lorentzian signature

Z =

∫
DgeiS[g]. (4.12)

In order to have a well-defined Z, the exponential of the action has to be single-valued, namely
S must be a periodic function with a period of 2π.
However, since ∆Γ = 2πi, the previous requirement is the same as

k ∈ Z. (4.13)

In conclusion, for topological reasons, in any compact Lie group the number k, known as the
level of the model, has to be an integer.

4.1.2 Quantum theory

As in any conformal field theory, at quantum level the main focus is on the OPEs between the
several operators of the theory. Here, the aim is to discuss the principal features of current al-
gebra in order to derive the so-called Affine Kac-Moody algebra. Furthermore, some comments
will relate to the usual OPE concerning the stress-energy tensor by using the famous Sugawara

39



CHAPTER 4. WORLDSHEET DESCRIPTION FOR BLACK HOLE SOLUTIONS

construction.
At first, let’s start with the holomorphic current J(z) = k∂gg−1: it has a conformal dimension
(1,0) because of the partial derivative operator.
This means that the OPE looks like

Ja(z)J b(w) ∼
∑
p

Xp(w)

(z − w)p
, (4.14)

where Xp(w) is an holomorphic field with conformal weigh 2 − p and the adjoint indices are
keept explicit.
By unitarity, the field Xp(w) has conformal dimension one and is therefore a current itself. In
fact, unitarity imposes that there are no operators with negative conformal dimensions; hence,
the second-order pole is the highest possible. Therefore, the only possibility (aside from the
trivial one, the identity) is to have a current. The previous sentence constrains the OPE to
satisfy the so-called current algebra that is

Ja(z)J b(w) ∼ kδab

(z − w)2
+
ifabc J

c(w)

z − w
, (4.15)

and similarly for the anti-holomorphic current

J̄a(z̄)J̄ b(w̄) ∼ kδab

(z̄ − w̄)2
+
ifabc J

c(w̄)

z̄ − w̄
. (4.16)

Analogously to what was done in 2.5.2 of Chapter 2 for the stress-energy tensor, one can
formulate the previous equations also in terms of modes by expanding the current as

Ja(z) ≡
∑
n∈Z

Janz
−n−1. (4.17)

The commutation relations by contour deformations are[
Jam, J

b
n

]
=

1

(2πi)2

(∮
dz

∮
|z|>|w|

dw −
∮

dz

∮
|z|<|w|

dw

)
zmwnJa(z)J b(w) =

=
1

(2πi)2

∮
0

dw

∮
w

dzzmwn
(

kδab

(z − w)2
+
ifabccJ

c(z)

z − w

)
=

=
1

2πi

∮
0

dw
(
kmδabwm+n−1 + ifabcJ

c(w)wm+n
)
=

= kmδabδm+n,0 + ifabcJ
c
m+n.

(4.18)

The previous Lie algebra is called Kac-Moody algebra.
Notice that the conserved quantities are given by the zero modes in the expansion

Ja0 =

∮
dzJa(z), (4.19)

and they satisfy the original Lie algebra g.
A question that remains open in the discussion is: is the theory conformally invariant at the
quantum level? The answer that was given is yes, but without giving a solid proof: now, let’s
delve into it.
The aim is to show that the energy-momentum tensor satisfies the Virasoro algebra.
Let’s start by considering the classical stress-energy tensor that is

T (z) =
1

2k
δabJ

a(z)J b(z) =
1

2k
Ja(z)Ja(z). (4.20)
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A quantized version can be given after having performed the normal ordered product since the
vacuum expectation value is expected to be finite, namely

T (z) = γ (JaJa) (z). (4.21)

The prefactor can be corrected at quantum level, for this reason a coefficient γ was introduced
in the definition. Specifically, in this scenario the normal ordering is defined as the constant
part of the product of the operators involved, in other words as

(JaJa) (z) ≡ 1

2πi

∮
z

dx

x− z
Ja(x)Ja(z). (4.22)

At first, one can compute the singular part of the OPE of T (z) with Ja(w) and the result is
given by

[Ja(z)T (w)]sing = γ

(
2kδabJ b(w)

(w − z)2
− fabc f

cb
d J

d(w)

(w − z)2

)
. (4.23)

Moreoever, by using the dual Coxeter number h∨ defined as fabcf bcd = 2h∨δad, one can easily
prove that

Ja(z)T (w) = 2γ (k + h∨)

(
Ja(z)

(w − z)2
+
∂Ja(z)

w − z

)
. (4.24)

Hence, in order to have for Ja(z) a conformal weight one, one obtains

T (z)Ja(w) ∼ Ja(w)

(z − w)2
+
∂Ja(w)

z − w
, (4.25)

after having defined the prefactor as γ ≡ 1
2(k+h∨)

. The previous relation can be used to compute
the OPE between the components of the stress-energy tensor. Indeed, starting from

[T (z)T (w)]sing =
1

4πi (k + h∨)

∮
dx

x− w
([T (z)Ja(x)]singJ

a(w) + Ja(x)[T (z)Ja(w)]sing) ,

(4.26)
one exactly finds the expected behaviour for a conformal quantum field theory,

T (z)T (w) ∼ c

2(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
, (4.27)

where
c ≡ k dim g

k + h∨
. (4.28)

This is the so-called Sugawara construction for the energy-momentum tensor.

4.2 Null-gauged Wess-Zumino-Witten models
In the previous chapter, the Wess-Zumino-Witten models were introduced because they are able
to reproduce string effects on a curved background, which would otherwise be difficult to treat.
The aim here is to provide motivation for this statement by explicitly showing all the details
in some specific models that illustrate the key ideas of the so-called null-gauging procedure for
a WZW model, as presented in [23], [26] and [27]. In general, given a Wess-Zumino-Witten
model defined on an upstairs group G, one can quotient away some specific generators related
to a subgroup H of G. The resulting G/H model is said to be gauged because for each cur-
rent that is quotiented away, there is a corresponding auxiliary gauge field that is introduced
and then integrated out. Moreover, the word “null” is related to the fact that the gauged
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currents are taken to be null with respect to the space-time causality of the upstairs group G
(i.e., with respect to the Cartan-Killing form defined on the Lie algebra of G); this condition
fixes some parameters of the theory in a natural way. First, before delving into a class of in-
teresting WZW models, the null-gauging procedure on general sigma models will be introduced.

4.2.1 Null-gauging formalism for general sigma models

Let’s consider a sigma model describing the dynamics of the embedding field

ϕ : M2 −→ N, (4.29)

where N is a pseudo-Riemmanian manifold equipped with a metric Gµν .
Furthermore, let’s suppose that in the model there exists a set of two Killing vectors {ξa}a=1,2

generating isomotries of N .
In order to gauge them, one has to introduce independent worldsheet gauge fields Aa, one
corresponding to each Killing vector.
Hence, the kinetic part ∂φiGij ∂̄φ

j becomes

LK = DφiGijD̄φ
j, (4.30)

where Dφi = ∂φi −Aaξia is the covariant derivative.
On the contrast, the WZ-term reads as

LWZ = Bij∂φ
i∂̄φj +Aaθa,i∂̄φ

i − Āaθa,i∂φ
i + ξi[aθb],iA

aĀb, (4.31)

where θa = (−1)a+1ξa · dφ ≡ (−1)a+1ξiaGijdφ
j are target-space one-forms pulled back to the

worldsheet.
The introduction of such one-forms is aimed at obtaining a chiral model, as it allows some
components of the gauge field to decouple.
Furthermore, a well-defined gauging is reached by imposing

ıaH = dθa, ıaθb = −ıbθa, (4.32)

as contraints on H = dB.
Hence, in this U(1)× U(1) gauged models, the gauged part of the lagrangian becomes

LA = −2Aξi2Gij ∂̄φ
j − 2Āξi1Gij∂φ

j − 4AĀΣ, (4.33)

where Σ ≡ −1
2
ξi1Gijξ

j
2 and the notation used is A ≡ A2, Ā ≡ Ā1.

Let us define the worldsheet currents J and J̄ as the pull-backs of the target-space one-forms
in the following manner,

J ≡ −θ1 · ∂φ ≡ −θ1,i∂φi, J̄ ≡ θ2 · ∂̄φ ≡ θ2,i∂̄φ
i, (4.34)

so that, the lagrangian is now

L = LK + LA = LK + 2AJ̄+ 2ĀJ− 4AĀΣ. (4.35)

Hence, after having integrated out the gauge fields, the result follows as

LEFT = Lungauged +
JJ̄

Σ
. (4.36)

In conclusion, the null-gauging procedure acts by adding the term JJ̄
Σ

to the ungauged la-
grangian.
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4.2.2 A class of interesting WZW models

Now, let’s consider a Wess-Zumino-Witten model defined on the upstair group G describing
the embedding g : M2 → G. In particular,

G/H × T4 =
SL(2,R)× SU(2)× Rt × U(1)y

U(1)L × U(1)R
× T4. (4.37)

The action of H = U(1)L × U(1)R on the upstair group elements is described through the
following group homomorphisms

l : H → GL,

r : H → GR,
(4.38)

where the global GL ×GR symmetry given by g 7→ ℓ(h)gr(h)−1, h ∈ H will be gauged. Here
and in what follows, the l and r are used also as the induced maps at Lie algebra level, namely
ℓ : h → g, r : h → g.
Furthermore, ℓ(h) and r(h) will be denoted as hL and hR respectively.
The choosen parametrization for the upstairs group is

g = (gsl, gsu, gt, gy) =
(
e

i
2
(τ−σ)σ3eρσ1e

i
2
(τ+σ)σ3 , e

i
2
(ψ−ϕ)σ3eiθσ1e

i
2
(ψ+ϕ)σ3 , et, eiy

)
, (4.39)

where σi denotes the ith Pauli matrix and y ∈ [0, 2πRy). Here, by looking at the previous
parametrization, SL(2,R) is treated as SU(1, 1).
At the Lie algebra level, the chiral embeddings related to the subgroup H are specified by the
real parameters {li, ri}i=1,2,3,4 and act as

ℓ(α) =
(
il1ασ3,−il2ασ3, l3α,−i l4

Ry
α
)
, r(α) = 0,

r(β) = −
(
ir1βσ3,−ir2βσ3, r3β,−i r4

Ry
β
)
, ℓ(β) = 0.

(4.40)

Equivalently, the previous transformation acting on the upstair group is the same as

g 7→ hLgh
−1
R =

(
eil1ασ3gsle

ir1βσ3 , e−il2ασ3gsue
−ir2βσ3 , e13αgte

r3β, e
−i l4

Ry
α
gye

−i r4
Ry

β

)
. (4.41)

In order to gauge the previous one, let’s introduced two independent h-valued worldsheet gauge
fields (A1, Ā1) and (A2, Ā2) that are imposed to be null and chiral: hence, one of their compo-
nents drops out and one can set A1 and Ā2 to be zero.
In order to define a Lagrangian that includes the remaining components of the gauge fields,
one needs to define similar embeddings for them such as

ℓ
(
Ā1

)
=
(
i11Ā1σ3,−i12Ā1σ3, l3Ā1,−i l4Ry

Ā1

)
, ℓ (A2) = 0,

r (A2) = −
(
ir1A2σ3,−ir2A2σ3, r3A2,−i r4

Ry
A2

)
, r

(
Ā1

)
= 0,

(4.42)

that are coherent with the previous ones 4.40.
A well-known fact concerns the expression of the general gauged invariant action of this model
[28], which is given by

S =
∑
j

sgn (κj)
kj
π

[∫
M2

1

2
Tr
[
g−1∂gg−1∂̄g

]
j
d2z +

∫
M3

1

3!
Tr
[
g−1dg ∧ g−1dg ∧ g−1dg

]
j
+

+

∫
M2

Tr

(
−

2∑
a=1

[
ℓ
(
Āa

)
∂gg−1

]
j
+

2∑
a=1

[
r (Aa) g

−1∂̄g
]
j
−

2∑
a,b=1

[
g−1ℓ

(
Āa

)
gr (Ab)

]
j

)
d2z

]
.

(4.43)
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Hence, under 4.41, the gauge fields transform as

A2 → hLA2h
−1
L + ∂hLh

−1
L , Ā1 → hRĀ1h

−1
R + ∂̄hRh

−1
R . (4.44)

Then, let’s introduce the currents related to SL(2,R)

j3sl = ksl Tr
(
−iσ3

2
∂gslg

−1
sl

)
, j̄3sl = ksl Tr

(
−iσ3

2
g−1
sl ∂̄gsl

)
, (4.45)

and similarly for SU(2),

j3su = ksu Tr
(
−iσ3

2
∂gsug

−1
su

)
, j̄3su = ksuTr

(
−iσ3

2
g−1
su ∂̄gsu

)
. (4.46)

One can easily compute them explicitely, finding

j3sl = n5

(
cosh2 ρ∂τ + sinh2 ρ∂σ

)
, j̄3sl = n5

(
cosh2 ρ∂̄τ − sinh2 ρ∂̄σ

)
,

j3su = n5

(
cos2 θ∂ψ − sin2 θ∂ϕ

)
, j̄3su = n5

(
cos2 θ∂̄ψ + sin2 θ∂̄ϕ

)
. (4.47)

For the abelian groups, the currents are simply defined as

PtL = ∂t, PtR = ∂̄t, PyL = ∂y, PyR = ∂̄y. (4.48)

Gauging the transformation 4.41 is the same of gauging the currents

J = l1j
3
sl + l2j

3
su + l3P

t
L + l4P

y
L,

J̄ = r1̄j
3
sl + r2̄j

3
su + r3P

t
R + r4P

y
R,

(4.49)

constrained to satisfy the null-condition, namely

n5

(
l21 − l22

)
+ l23 − l24 = 0, n5

(
r21 − r22

)
+ r23 − r24 = 0. (4.50)

With great patience, the previous action 4.43 can be made explicit and simplified, resulting in

S = Ssl
0 + Ssl

A + Ssu
0 + Ssu

A + St,y0 + St,yA , (4.51)

where

Ssl
0 =

n5

π

∫ [
∂ρ∂̄ρ+ sh2 ρ∂σ∂̄σ − ch2 ρ∂τ ∂̄τ − sh2 ρ(∂σ∂̄τ − ∂τ ∂̄σ)

]
d2z,

Ssl
A =

2n5

π

∫ [
Ā1

(
sh2 ρ∂σ + ch2 ρ∂τ

)
+A2

(
ch2 ρ∂̄τ − sh2 ρ∂̄σ

)
−A2Ā1 ch(2ρ)

]
d2z,

Ssu
0 =

n5

π

∫ [
∂θ∂̄θ + c2θ∂ψ∂̄ψ + s2θ∂ϕ∂̄ϕ+ c2θ(∂ϕ∂̄ψ − ∂̄ϕ∂ψ)

]
d2z,

Ssu
A =

2n5

π

∫ [
l2Ā1

(
c2θ∂ψ − s2θ∂ϕ

)
+ r2A2

(
c2θ∂̄ψ + s2θ∂̄ϕ

)
+ l2r2A2Ā1 cos(2θ)

]
d2z,

St,y0 =
1

π

∫
[−∂t∂̄t+ ∂y∂̄y]d2z,

St,yA =
2

π

∫ [
l3Ā1∂t+ r3A2∂̄t+ l4Ā1∂y + r4A2∂̄y − (l3r3 − l4r4)A2Ā1

]
d2z.

(4.52)

For simplicity, the notations cθ = cos θ, sθ = sin θ, ch ρ = cosh ρ, sh ρ = sinh ρ have been used.
Once reached this point, what remains is to integrate out the gauge fields and to perform a
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gauge choice. In this specific class of models the null-gauging procedure requires quotienting out
two abelian groups. Hence, one can fully fix the gauge by fixing two parameters in accordance
with the gauge transformation given in equation 4.41. For instance, after having imposed the
gauge σ = τ = 0, one can easily read the metric and the B-field by looking at the symmetric
and antisymmetric parts of the action. More explicitly,

ds2 =− ht
Σ0

dt2 +
hy
Σ0

dy2 +
(l3r4 + l4r3)

n5Σ0

dtdy + n5

(
dθ2 + dρ2

)
+ n5

hϕ
Σ0

sin2 θdϕ2 + n5
hψ
Σ0

cos2 θdψ2+

− 1

Σ0

[(l2r3 − l3r2) dt+ (l2r4 − l4r2) dy] sin
2 θdϕ+

1

Σ0

[(l2r3 + l3r2) dt+ (l2r4 + l4r2) dy] cos
2 θdψ,

B =
(l3r4 − l4r3)

2n5Σ0

dt ∧ dy + n5
hϕ
Σ0

cos2 θdϕ ∧ dψ +
1

2Σ0

[(l2r3 + l3r2) dt+ (l2r4 + l4r2) dy] ∧ sin2 θdϕ+

− 1

2Σ0

[(l2r3 − l3r2) dt+ (l2r4 − l4r2) dy] ∧ cos2 θdψ,

(4.53)
where

Σ0 =
1

n5

Σ = sinh2 ρ− l2r2 cos
2 θ +

1 + l2r2
2

+
l3r3 − l4r4

2n5

,

ht = sinh2 ρ− l2r2 cos
2 θ +

1 + l2r2
2

− l3r3 + l4r4
2n5

,

hy = sinh2 ρ− l2r2 cos
2 θ +

1 + l2r2
2

+
l3r3 + l4r4

2n5

,

hϕ = sinh2 ρ+
1− l2r2

2
+
l3r3 − l4r4

2n5

,

hψ = sinh2 ρ+
1 + l2r2

2
+
l3r3 − l4r4

2n5

.

(4.54)

Notice that, without loss of generality, the parameters l1 and r1 were set to 1.
The above metric describes a background that is the same as the well-known JMaRT solutions
[20].
The full results for the null-gauged model can be compared with the upstairs model that is
described by

ds2 = n5

(
− cosh2 ρdτ 2 + dρ2 + sinh2 ρdσ2 + dθ2 + cos2 θdψ2 + sin2 θdϕ2

)
− dt2 + dy2,

H = n5(sinh 2ρdρ ∧ dτ ∧ dσ + sin 2θdθ ∧ dψ ∧ dϕ).
(4.55)

Furthermore, it is possible to extract the expression of the dilaton by a 1-loop computation
or, analogously, by imposing that the previous B-field and metric satisfies the supergravity
equation of motion: one can solve them for the dilaton, obtaining the following expression,

e2Φ ∼ 1

Σ0

. (4.56)

4.3 Worldsheet consistency and horizonless condition
In this paragraph, the aim is to work directly at the coset CFT level, and some constraints will
be derived. Specifically, the values of the parameters related to the embedding of the abelian
subgroups being gauged cannot be chosen arbitrarily in order to ensure a well-defined gauge
invariant quantum theory.
The previous model 4.43 is invariant under the gauge transformation 4.41 and 4.44.
For simplicity, the notation

A2 = A, Ā1 = Ā, (4.57)
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will be used again.
In Chapter 2, we learned that the spectrum of a two dimensional CFT is related to the vertex
operators of the theory. It is the requirement of gauge invariance at the operator level that
brings forth some constraints, which will be derived here. To begin, a brief review is given
of the construction of superstring theory on the AdS3 × S3 × T 4. Next, a discussion about
null-gauged model will be done, including some conditions for supersymmetry. The third part
is dedicated to constraints for a gauge-invariant spectrum, while the final part focuses on a brief
discussion in the supergravity limit, where some CFT conditions will be derived by imposing
some constraints on the metric.

4.3.1 A brief review of superstring in AdS3 × S3 × T 4

As discussed in Chapter 2, the OPEs for the quantum SL(2,R) currents are

ja(z)jb(w) ∼ ηabk/2

(z − w)2
+
fabcj

c(w)

z − w
, (4.58)

where k is the level of the affine algebra and ηab is the Killing form.
By using the Sugawara construction, as explained in 4.1.2, one can compute the stress-energy
tensor OPEs, finding

csl =
3k

k − 2
. (4.59)

The canonical spectrum of the model is generated by lowest and highest weight and continuous
representations of the zero-mode algebra. Indeed, from the state |j, j⟩ by acting with j+0 , one
can span the discrete part of the spectrum that is

D+
j = ⟨|j,m⟩ ,m = j, j + 1, j + 2, · · · ⟩ , (4.60)

where j30 |j,m⟩ = m |j,m⟩. All the discrete states, and also the continuous ones that are given
by

Cαj =

〈
|j,m, α⟩ , 0 ≤ α < 1, j =

1

2
+ is, s ∈ R,m = α, α± 1, α± 2, · · ·

〉
, (4.61)

give rise to primary fields with conformal weights

∆ = −j(j − 1)

k − 2
. (4.62)

A similar discussion applies to the SU(2) group, as detailed in [23]. Here, ka is chosen for the
current generator to distinguish it from the generators of SL(2,R).
The relevant OPEs are

ka(z)kb(w) ∼ δabk′/2

(z − w)2
+
f ′ab
c kc(w)

z − w
. (4.63)

Analogously, the associated primary operators have weights

∆′ =
j′ (j′ + 1)

k + 2
, (4.64)

while the central charge is

csu =
3k′

k′ + 2
. (4.65)

In order to encode the supersymmetry, one has to consider the supersymmetric version of the
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previous algebra, i.e. ̂sl(2,R)n5 and ̂su(2)n5 . The first one is generated by linear combinations
ψa + θJa, with θ a Grassmann variable and Ja that satisfied the bosonic SL(2,R) with level
n5.
Hence, the other significant OPEs are

Ja(z)ψb(w) ∼ fabcψ
c(w)

(z − w)
,

ψa(z)ψb(w) ∼
n5

2
ηab

(z − w)
.

(4.66)

Notice that one can also decompose the current Ja as Ja = ja − 1
n5
fabcψ

bψc, where the first

bosonic current ja generates an ̂sl(2,R)k algebra with level k = n5+2. A similar discussion can
be done for ̂su(2)n5 : the generators can be expressed as combinations of χa + θKa. Just as Ja
was defined in terms of ja, a similar procedure can be followed to define a current ka from Ka.
All the essential ingredients of the conformal field theory on the worldsheet are encoded in

T =
1

n5

(jaja − ψa∂ψa + kaka − χa∂χa) +
1

2

(
∂Y i∂Yi − λi∂λj

)
,

G =
2

n5

(
ψaja −

1

3n5

fabcψ
aψbψc + χaka −

1

3n5

f ′
abcχ

aχbχc
)
+ λi∂Yi,

(4.67)

where T is the energy-momentum tensor while G is the supercurrent of the WZW model.
Hence, the central charge reads as

c =
3 (n5 + 2)

n5

+
3

2
+

3 (n5 − 2)

n5

+
3

2
+ 6 = 15, (4.68)

that, in order to avoid Weyl anomaly, needs to be cancel out by the central charge of the ghosts
CFT that has the bc-sector and the βγ one.
As always, the BRST charge of the theory is obtained by the “matter” theory and the ghosts
by

Q =

∮
dz : c (T + Tβγ)− γG+ c(∂c)b− 1

4
bγ2, (4.69)

where Tβγ is the stress-energy tensor related to the βγ ghost system.
Now, it is necessary to better understand which kind of physical states arise in such a model:
let’s focus only on the NSNS sector.
Here, it is crucial to understand all the possible inequivalent representations. To do that, the
following definition is necessary. As detailed in [29], the so-called spectral flow automorphism
of the current algebra is defined as

j±(z) → j̃±(z) = z±wj±(z), j3(z) → j̃3(z) = j3(z)− kω

2
z−1. (4.70)

The previous transformation induces an automorphism of the Virasoro algebra that is

Ln → L̃n = Ln + ωj3n −
k

4
ω2δn,0, (4.71)

where ω is an integer and it is called spectral flow charge.
A well-known result is that the previous transformation acts on the canonical affine represen-
tations typically results in inequivalent representations. These must be taken into account to
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ensure the generation of a consistent spectrum. In this perspective, the Virasoro primary op-
erators possess a weight that consists of the usual value plus a correction term dependent on
the spectral flow charge, namely

∆ = −j(j − 1)

k − 2
−mω − k

4
ω2. (4.72)

A similar analysis holds for the SU(2) group and for the fermionic sectors.
By considering both SL(2,R) and SU(2), the Virasoro condition is given by

1

2
+

1

2
− j(j − 1)

n5

−mω − n5

4
ω2 +

j′ (j′ + 1)

n5

+m′ω′ +
n5

4
ω′2 = 1, (4.73)

that is satisfies only by specific highest/lowest-weight operators.

4.3.2 Null-gauging procedure of coset CFTs at quantum level

Here, the aim is to learn which kind of constraints arise from the null-gauging procedure of a
coset CFT by focusing on the WZW model 4.43. An essential aspect is related to the ghost
sector: indeed, by using the following parametrization for the gauge fields

A = ∂HLH
−1
L , Ā = ∂̄HRH

−1
R , (4.74)

it can be demonstrated that the path integral of the gauged theory is equivalently viewed
as the path integral of the original WZW model on the upstairs group with an added ghost
contribution. The main consequence is directly related to the physical spectrum of the theory.
In fact, the presence of ghosts necessitates the inclusion of new chiral terms of the form∮

dz : c̃J :,

∮
dz : ¯̃cJ̄ :, (4.75)

in addition to the usual contributions to the BRST charges Q and Q̄. This leads to the previous
statement: physical operators must be gauge invariant. Indeed, under the gauging procedure
outlined above, the spectrum of the coset model is built simply out of the vertex operators of
the upstairs theory that are BRST-closed.
At first, from the usual coset construction given by

SL(2,R)× SU(2)× Rt × U(1)y
U(1)L × U(1)R

× U(1)4, (4.76)

let’s analyze only the upstairs theory.
The null currents being gauged are

J = iJ = J3 + l2K
3 + l3i∂t+ l4i∂y,

J̄ = iJ̄ = J̄3 + r2K̄
3 + r3i∂̄t+ r4i∂̄y,

(4.77)

where the notation is slightly changed respect to 4.49.
In order to have a supersymmetric theory describing a BPS background, the superparters of
the null-currents have to be defined as

λ = ψ3 + l2χ
3 + l3λ

t + l4λ
y, λ̄ = ψ̄3 + r2χ̄

3 + r3λ̄
t + r4λ̄

y. (4.78)

In this scenario, the BRST charge reads as

Q =

∮
dz :

[
c
(
T + Tβγβ̃γ̃

)
+ γG+ c̃J + γ̃λ+ ghosts

]
. (4.79)
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Hence, only operators which meet the standard Virasoro and γG-invariance conditions, and
are also neutral with respect to the bosonic currents J , J̄ and annihilated by γ̃λ and ¯̃γλ̄, are
considered physical: these statements are translated into constraint equations that have to be
imposed.
Finally, it is possible to determine all the constraints that need to be imposed on the vertex
operators to ensure a well-defined gauge-invariant spectrum.
The lightest physical states (without winding) are represented by unflowed operators with a
single fermionic excitation. All such operators must fulfill the Virasoro condition

−j(j − 1)

n5

+
j′ (j′ + 1)

n5

− 1

4
E2 +

1

4
P 2
y = 0, (4.80)

and they are invariant under the action of λ by construction.
The null-gauge condition reads as

m+ l2m
′ +

l3
2
E +

l4
2
Py = 0, m̄+ r2m̄

′ +
r3
2
E +

r4
2
Py = 0. (4.81)

Let’s now examine states that are spectrally flowed: here, the null-gauging constraints are given
by

0 = m+
n5

2
ω + l2

(
m′ +

n5

2
ω′
)
+
l3
2
E +

l4
2
Py,L,

0 = m̄+
n5

2
ω + r2

(
m̄′ +

n5

2
ω̄′
)
+
r3
2
E +

r4
2
Py,R,

(4.82)

where ω the spectral flow charge related to SL(2,R), while (ω′, ω̄′) on SU(2) and the momenta
are

Py,L/R =

(
ny
Ry

± ωyRy

)
, ny, ωy ∈ Z. (4.83)

In this context, the Virasoro conditions become more intricate

1

2
=
j′ (j′ + 1)− j(j − 1)

n5

−mω +m′ω′ +
n5

4

(
ω′2 − ω2

)
− 1

4

(
E2 − P 2

y,L

)
+N,

1

2
=
j′ (j′ + 1)− j(j − 1)

n5

− m̄ω + m̄′ω̄′ +
n5

4

(
ω̄′2 − ω2

)
− 1

4

(
E2 − P 2

y,R

)
+ N̄ ,

(4.84)

with N and N ′ defining the excitation numbers as always.
Globally, the analysis has to be conducted using the universal cover of SL(2,R), where the
left and right spectral flow parameters must be identical, namely ω = ω̄. Additionally, after
gauging the (1+1)-dimensional cylinder R×U(1), the resulting model has a single non-compact
timelike direction that enforces l3 = r3. There is also a more direct way to understand this
constraint. For instance, let’s substract the two equations in 4.84 and consider integer shifts
given by q of the form

(ω′, ω̄′, E, Py,L, Py,R) → (ω′ − a2q, ω̄
′ − b2q, E + a3q, Py,L − a4q, Py,R − b4q) . (4.85)

After performing a compensating shift and imposing the null-gauge conditions, the weights 4.84
are unchanged under the shifts for some specific choice of the parameters

l2 = m+ n ∈ 2Z+ 1, r2 = −(m− n) ∈ 2Z+ 1, m, n ∈ Z,

l4 = −
(
kRy −

p

Ry

)
, r4 = kRy +

p

Ry

.
(4.86)

By plugging the previous parameters into the null-gauging conditions one can easily find that

l3 = r3 = −

√
k2R2

y +
p2

R2
y

+ n5 ( m2 + n2 − 1), (4.87)
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as discussed before.
To summarize the results so far: starting with a class of generic null-gauged models, the gauged
currents are defined in terms of eight embedding parameters, namely li and ri for i = 1, 2, 3, 4
where, since the overall scale becomes irrelevant, one can impose l1 = r1 = 1. The remaining
six parameters must satisfy the two null conditions and also l3 = r3 due to the non-compactness
of t. Finally, by examining the worldsheet CFT, the theory is consistent only if the remaining
three parameters can be expressed in terms of three integers denoted as m, n, and k.

4.3.3 Supergravity background and fuzzball solutions

The aim of this section is to briefly explain what can be said about the previous conditions found
from the worldsheet analysis at the supergravity level, effectively finding that the consistency
of the worldsheet imposes a condition on the absence of horizons for the background metric.
Let’s consider the determinant of the metric 4.53, which, after imposing the usual null-gauging
conditions, can be recasted as

det g = −
(
n2
5 sin(2θ) sinh(2ρ)

4Σ0

)2

. (4.88)

From the previous formula, it is easy to see that the determinant only vanishes at ρ = 0.
To determine whether this point corresponds to a singularity or an event horizon, one can
compute the determinant of the induced metric on surfaces with constant ρ and t, and evaluate
it at ρ = 0, namely

lim
ρ→0

det g

∣∣∣∣
(y,θ,ϕ,ψ)

= −
(
n5 (l3 − r3) sin(2θ)

4Σ0(0, θ)

)2

. (4.89)

Hence, the consistency condition l3 = r3 found above is precisely the condition at the super-
gravity level that imposes the absence of both horizons and singularities in the background
metric.
In other words, the WZW model 4.2.2 describes a consistent worldsheet theory only if, in the
supergravity limit, the metric has no horizon: thus, it is precisely a fuzzball solution that was
introduced at the end of Chapter 3.

4.4 Witten’s black hole
Since, as seen above, WZW models are capable of reproducing fuzzball solutions, the question
is: is it possible to also reproduce solutions with horizons? To understand this, the null-gauging
of suitable models with horizons will be carried out, starting from Witten’s black hole.
The Witten’s black hole can be described as a SL(2,R) coset model given by G/H = SL(2,R)

U(1)
.

In this paragraph the Euclidean form will be presented at first and then, it will show how
to obtain the correspondent Lorentzian version in a non trivial way. The main reference for
Witten’s black hole is certainly given by [30].

4.4.1 Euclidean cigar

Let’s consider the following action

S0 =
k

8π

∫
M2

√
hhij Tr

(
g−1∂igg

−1∂jg
)
+ k

1

12π

∫
M3

Tr g−1dg ∧ g−1dg ∧ g−1dg. (4.90)

Here, h is used to denote the determinant of the worldsheet metric, whereas g denotes the
group element.
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In order to build a gauge abelian model, one can consider the U(1) subgroup generated in-
finitesimally by

δg = ϵ ·
{(

0 1
−1 0

)
g + g

(
0 1
−1 0

)}
, (4.91)

that is associated to the abelian gauge field

δAi = ∂iα. (4.92)

By using the complex coordinates (z, z̄), the action of the model is

S = S0 +
k

2π

∫
d2z

{
Az̄ Tr

[(
0 1
−1 0

)
g−1∂zg

]
+Az Tr

[(
0 1
−1 0

)
∂z̄gg

−1

]
+

+AzAz̄

(
−2 + Tr

[(
0 1
−1 0

)
g

(
0 1
−1 0

)
g−1

])}
.

(4.93)

The chosen parameterization for the upstairs group is given by

g = eiθLσ3eρσ1eiθRσ3 , (4.94)

where the parameters above are defined as

θL =
τ − σ

2
, θR =

τ + σ

2
. (4.95)

One can easily integrate out the gauge field, finding the following effective action

SEFT =
k

2π

[
∂ρ∂̄ρ+ tanh2 ρ ∂σ∂̄σ

]
. (4.96)

Hence, by comparing the final action with the string one, one finds a cigar form for the metric

ds2 =
k

2
(dρ2 + tanh2 ρdσ2), (4.97)

while the B-field is exactly zero.
In order to obtain the physical results, one needs to remove the gauge redundancies. To do
this, a gauge fixing is generally required. Considering that the gauge transformation is given
by equations 4.91 and 4.92, one can certainly choose τ = 0. However, this gauge choice has no
influence on the metric and the B-field since they do not explicitly depend on τ .
Furthermore, one can rewrite the previous model in a more suitable form. In particular, the
action S = S0 + SA can be written as follows

S0 =
k

π

[∫
M2

1

2
Tr(g−1

SL∂gg
−1∂̄g) +

∫
M3

1

6
Tr(g−1dg ∧ g−1dg ∧ g−1dg)

]
, (4.98)

while the gauged component can be identified as

SA =
k

π

∫
M2

Tr

[
−
[
ℓ
(
Ā
)
∂gg−1

]
+
[
r (A) g−1∂̄g

]
−
[
g−1ℓ

(
Ā
)
gr (A)

]
− 1

2
ℓ
(
Ā
)
ℓ (A)− 1

2
r(Ā)r(A)

]
d2z,

(4.99)
where the Lie algebra embeddings are defined to be

l(Ā) = ilĀσ3, l(A) = ilAσ3, r(Ā) = −irĀσ3, r(A) = −irAσ3. (4.100)
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In this scenario, the gauge transformation is simply given by

A → A+ ∂α, Ā → Ā+ ∂̄α, g → eilασ3geirασ3 . (4.101)

By using the parametrization 4.94 and the definitions 4.95, the last transformation is the same
of 

τ → τ + α(l + r)

σ → σ + α(−l + r)

ρ→ ρ.

(4.102)

The gauge transformed action S ′ is different from the starting one S by

δS = S ′ − S =
k

π
(l − r)

∫
M2

d2z[(−A(l + r) + ∂τ)∂̄α + (Ā(l + r)− ∂̄τ)∂α]. (4.103)

Hence, the model described by equations 4.98-4.100 is certaintly gauge invariant if l = r. This
identification (which can be normalized to 1) is the same condition under which the action
4.98-4.100 is the equal to the Witten’s action 4.93 (up to an irrelevant factor of 2).

4.4.2 Lorentzian version

In order to obtain the Lorentzian version, one could take the previous metric and just perform
a Wick rotation in the angle variable,

ds2 =
k

2
(dρ2 − tanh2 ρdθ2). (4.104)

Witten showed that it is possible to obtain the same result by slightly changing the action of
the gauged group [30].
Let’s take some convenient different coordinates for the upstairs group, namely

g =

(
a u
−v b

)
, with ab+ uv = 1. (4.105)

Now, the gauged current is taken to be proportional to the third pauli matrix

δg = ϵ ·
{(

1 0
0 −1

)
g + g

(
1 0
0 −1

)}
. (4.106)

The action of the model is straightforward to obtain and reads as follows:

S = − k

4π

∫
d2z (∂zu∂zv + ∂zu∂xv + ∂xa∂Σb+ ∂1a∂zb)+

+
k

2π

∫
d2z
(
Ā (b∂a− a∂b+ u∂v − v∂u) +A

(
b∂̄a− a∂̄b− u∂̄v + v∂̄u

)
+

+AĀ(4− 4uv) + ln a
(
∂u∂̄v − ∂̄u∂v

))
,

(4.107)

with the gauge symmetry that simply acts as the following translations

δa = 2ϵa, δb = −2ϵb, δu = δv = 0, δAi = ∂iα. (4.108)

After employing the same technology explained so far and imposing a = b as a gauge choice,
one can obtain a vanishing B-field and a metric that is

ds2 = −k
2

dudv

1− uv
. (4.109)
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The previous metric may seem unusual, but it is an extension of the usual Lorentzian Witten’s
black hole. Indeed, let’s consider the proper Lorentzian Witten’s black hole metric 4.104 and
let’s perform a radial redefinition

ρ′ = ρ+ ln
(
1− e−2ρ

)
. (4.110)

In this fashion, the same line element just reads as

ds2 =
k

2

[
tanh2 ρ ·

(
dρ′2 − dt2

)]
. (4.111)

Moreover, by performing the following change of coordinates

2v = eρ
′+t, 2u = −eρ′−t

cosh2 ρ = 1− uv, sinh2 ρ = −uv,
(4.112)

finally, the Lorentzian Witten’s black hole metric in these coordinates is just

ds2 = −k
2

dudv

1− uv
, (4.113)

that is exactly the metric found above.
In this coordinates, it is clear that the real singularity is uv = 1 since the scalar curvature

R ∼ 1

cosh2 ρ
=

1

1− uv
(4.114)

diverges as it approaches the singularity, whereas ρ = 0 (namely, uv = 0) corresponds to a
coordinate singularity.
The utility of the model in equations 4.98-4.100, used in the Euclidean case, can also be realized
in the Lorentzian case.
Moreover, one can consider the group parametrization

g = eθLσ3eρσ1eθRσ3 (4.115)

obtained by performing an analytic continuations of the parameters in equation 4.95.
Then, by using exactly the same action described by equations 4.98-4.99 and by modifying the
embeddings as follows

l(Ā) = lĀσ3, l(A) = lAσ3, r(Ā) = −rĀσ3, r(A) = −rAσ3, (4.116)

the effective action, obtained after integrating out the gauge fields and by imposing again the
choice l = r = 1, is

SEFT =
k

π

[
∂ρ∂̄ρ− tanh2 ρ ∂σ∂̄σ

]
, (4.117)

leading to a vanishing B-field and the following spacetime metric

ds2 = k
[
dρ2 − tanh2 ρ dσ2

]
, (4.118)

as expected for the Lorentzian version of Witten’s black hole.
In the previous derivation, the fact that both parameters l and r need to have the same sign
is essential for two different reasons. The first reason is that if the parameters are set, for
instance, to l = −r = 1, then the metric contains the following cotangent term:

ds2 = k
[
dρ2 − coth2 ρ dσ2

]
, (4.119)
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resulting in a different model.
A more fundamental reason is given by gauge invariance. Indeed, in this Lorentzian model,
the gauge transformations are essentially the same as in the Euclidean case, namely they are
described by the shifts in equation 4.102.

An analogous computation of the gauge-transformed action can be performed, and due to the
absence of the i factors in the group parametrization and in the Lie algebra embeddings, the
result has an opposite sign respect to the Euclidean one, namely

δS = S ′ − S = −k
π
(l − r)

∫
M2

d2z
[
(−A(l + r) + ∂τ)∂̄α + (Ā(l + r)− ∂̄τ)∂α

]
. (4.120)

Hence, exactly as before, the gauge invariance condition leads to l = r, which can be normalized
to 1.

4.5 Null-gauged model for Witten’s black hole
The aim is to formulate the previous Witten’s black hole in an equivalent way by using the
null-gauging procedure for both the Euclidean and Lorentzian signatures.

4.5.1 Euclidean version

Let’s take the following coset group

G/H =
SL(2,R)× U(1)y
U(1)L × U(1)R

, (4.121)

where the general group element is taken to be

g = (gsl, gy) =
(
e

i
2
(τ−σ)σ3eρσ1e

i
2
(τ+σ)σ3 , eiy

)
. (4.122)

Since this model is a specific case of the null-gauged model discussed in Section 4.2.2, the action
is essentially the same as that in equation 4.43, except that terms related to SU(2) and Rt are
neglected, and the Wess-Zumino term is zero in the Abelian case. Moreover, the embeddings
of the Lie algebras and the general conventions used are as follows:

sgn(κSL)κSL = k, sgn(κy)κy = −2, A1 = 0, Ā2 = 0,

l
(
Ā1

)
SL

= il1Ā1σ3, r (A2)SL = −ir1A2σ3, l
(
Ā1

)
y
= −il4Ā1, r (A2)y = ir4A2.

(4.123)

So that, the ungauged part becomes

S0 =

∫
M2

d2z
1

π

[
k
(
∂ρ∂̄ρ+ sh2 ρ∂σ∂̄σ − ch2 ρ∂τ ∂̄τ − sh2 ρ(∂σ∂̄τ − ∂τ ∂̄σ

)
+ ∂y∂̄y

]
, (4.124)

as expected.
On the contrary, by taking the symmetric and antysimmetric part of the action, one can easily
find

ds2 = k
(
− cosh2 ρdτ 2 + dρ2 + sinh2 ρdσ2

)
+ dy2,

H = k(sinh(2ρ)dρ ∧ dτ ∧ dσ).
(4.125)

Instead, by using the notations 4.123, the gauged part of the action is given by

SA =
2

π

∫
M2

[
Ā1

(
l1j

3
sl + l4∂y

)
+A2

(
r1̄j

3
sl + r4∂̄y

)
−A2Ā1(kl1r1 cosh(2ρ)− l4r4

]
d2z, (4.126)
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where the currents are defined to be

j3sl = kTr
(
−iσ3

2
∂gslg

−1
sl

)
, j̄3sl = kTr

(
−iσ3

2
g−1
sl ∂̄gsl

)
. (4.127)

One can also simplify their expression, finding

j3sl = k
(
cosh2 ρ∂τ + sinh2 ρ∂σ

)
, j̄3sl = k

(
cosh2 ρ∂̄τ − sinh2 ρ∂̄σ

)
(4.128)

.
By integrating out of the gauge fields via their equation of motion, they can be expressed as

Ā1 =
r1j̄

3
sl + r4∂̄y

l1r1k cosh(2ρ)− l4r4
,

A2 =
l1j

3
sl + l4∂y

l1r1k cosh(2ρ)− l4r4
.

(4.129)

Hence, the effective action becomes

S = S0 +

∫
M2

d2z
2

π

{
1

k cosh2 ρ− l4r4

[
k2 cosh4 ρ ∂τ ∂̄τ − k2 cosh2 ρ sinh2 ρ ∂τ ∂̄σ+

+ k2 cosh2 ρ sinh2 ρ ∂σ ∂̄τ − k2 sinh4 ρ ∂σ ∂̄σ + r4k ∂̄y
(
cosh2 ρ ∂τ + sinh2 ρ ∂σ

)
+

+ l4k ∂y
(
cosh2 ρ ∂̄τ − sinh2 ρ ∂̄σ

)
+ l4r4 ∂y ∂̄y

]}
,

(4.130)

where l1 and r1 were set to 1.

Furthermore, the null conditions are given by

− kl21 + l24 = 0,

− kr21 + r24 = 0,
(4.131)

and, by using l1 = r1 = 1, they can be used to express l4 and r4 as

l4 = −r4 =
√
k. (4.132)

Then, after having performed the gauge choice σ = τ = 0, the effective action reads as

SEFT =
1

π

∫
M2

d2z[(1+
2l4r4

−l4r4 + kl1r1 cos(2ρ)
)∂y∂̄y+k∂ρ∂̄ρ] =

1

π

∫
M2

d2z[tanh2 ρ∂y∂̄y+k∂ρ∂̄ρ],

(4.133)
from which one can extract the metric and the B-field

ds2 = kdρ2 + tanh2 ρdy2,

B = 0.
(4.134)

The previous gauge choice was performed since, coherently with the previous conventions, the
gauge transformation acts as

g →
(
eiασ3gsle

iβσ3 , e−i
√
kαgye

i
√
kβ
)

A → A+ ∂β

Ā → Ā+ ∂̄α.

(4.135)
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The first line can be expressed as (by using k = 1, for simplicity)
τ 7→ τ + α + β

σ 7→ σ + β − α

y 7→ y + β − α

ρ 7→ ρ.

(4.136)

Furthermore, one needs to verify that the previous model is exactly gauge invariant with respect
to 4.135. By using the null conditions 4.131, the transformed action is different from the starting
one by

δS = S ′ − S =
1

π

∫
M2

d2z[
√
k(∂y∂̄β − ∂̄y∂β) +

√
k(∂y∂̄α− ∂̄y∂α) + 2k(∂β∂̄α− ∂̄β∂α)+

k(∂τ ∂̄α− ∂̄τ∂α) + k(∂β∂̄τ − ∂̄β∂τ)].
(4.137)

Gauge invariance is guaranteed as δS = 0 and this is exactly the case. In fact, each term in
the previous equation is a boundary term as∫

M2

d2z[∂ω∂̄γ − ∂γ∂̄ω] =

∫
M2

dω ∧ dγ =

∫
M3

d(dω ∧ dγ) = 0, (4.138)

where Stokes’ theorem and the nilpotency of the exterior derivative are involved.
In other words, the previous model is gauge invariant as expected.
Let’s notice that by employing the following different parametrization for the upstairs group

g = (gsl, gy) =
(
e

i
2
(τ−σ)σ2eρσ1e

i
2
(τ+σ)σ2 , eiy

)
, (4.139)

and by gauging the currents j2sl, j̄2sl instead of the third ones, the expressions for the metric and
the B-field remain the same.

4.5.2 Lorentzian version

Analogously to what was done previously for the Lorentzian non-null case, let us change
the parametrization by performing an analytic continuation on the parameters of the group
parametrization. Hence, the convenient parametrization is

g = (gsl, gt) = (e
(τ−σ)

2
σ3eρσ1e

(τ+σ)
2

σ3 , et), (4.140)

where the coset group involved is G/H = SL(2,R)×Rt

U(1)L×U(1)R
.

Referring again to 4.43, the null-gauged action is

S =
k

π

[∫
M2

d2z

(
1

2
tr
(
g−1
SL∂gSLg

−1
SL∂̄gSL

))
+

∫
M3

1

6
tr
(
g−1
SLdgSL ∧ g−1

SLdgSL ∧ g−1
SLdgSL

)
+

+

∫
M2

d2z tr
[(
−l
(
Ā1

)
SL
∂gSLgSL

−1
)
+
(
r (A2)SL gSL

−1∂̄gSL
)
− tr

(
g−1
SLl
(
Ā1

)
SL
gSLr (A2)SL

] ]
+

− 1

π

∫
d2z∂t∂̄t− 2

π

∫
d2z
(
−lt
(
Ā1

)
∂t+ rt (A2) ∂̄t− lt

(
Ā1

)
rt (A2)

)
,
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where here the embedding homomorphisms are slightly changed as follows

l
(
Ā1

)
SL

= l1Ā1σ3, r (A2)SL = −r1A2σ3, l
(
Ā1

)
t
= l3Ā1, r (A2)t = −r3A2. (4.141)

After having integrated out the gauged fields and under the gauge choice σ = τ = 0 , the action
is

SEFT =
1

π

∫
M2

[
k∂ρ∂̄ρ+ (−1 +

2l3r3
l3r3 − kl1r1 cosh(2ρ)

)∂t∂̄t

]
, (4.142)

and by imposing the null conditions as l3 = −r3 =
√
k, l1 = r1 = 1, the resulting metric and

B-field are
ds2 = kdρ2 − tanh2 ρdt2,

B = 0,
(4.143)

as expected for the Witten’s black hole in Lorentzian signature.

Let us mention that the general gauge transformations here are slightly different, as follows:
τ 7→ τ + l1α + r1β

σ 7→ σ + r1β − l1α

t 7→ t+ l3α + r3β

ρ 7→ ρ,

(4.144)

while the transformations related to the gauge fields are the same of equation 4.135.
One could prove gauge invariance, in a manner similar to the Euclidean case. Indeed, by
applying the null conditions, gauge invariance holds also for such a Lorentzian null-gauged
model.

4.6 SL(2,R)k×U(1)

U(1)
WZW model

Now, the idea is to extend the Witten’s previous black hole model to be able to describe more
general black hole solutions in null-gauged WZW models. Similar to the approach taken for the
cigar, one needs to start with some known non-null gauged WZW models to describe certain
black hole solutions and then consider the corresponding null-gauged model. The simplest
generalization involves adding an external abelian group U(1), as discussed in [21].
In particular, the goal is to demonstrate the equivalence between the weakly coupled worldsheet
string theory described by the coset sigma model SL(2,R)k×U(1)

U(1)
× S3 × T 4 with SL(2,R) WZW

level k ≥ 2 and the non-extremal three-charge black hole in the NS5 decoupling limit.
This decoupling limit theory involves k NS5 branes wrapping T 4×S1, p≫ 1 F1 strings wrapping
S1 and n units of momentum along the S1.

4.6.1 Time-like coset formulation

Here, we are using the following parametrization for the upstairs group

G = (g, gx) = (eασ3eρσ1eβσ3 , ex), (4.145)

that is the usual one up to the identification θL = α and θR = β.
As mentioned before a lot of times, again the WZW action is the sum of the two terms
S = S0 + SA, where the first piece is
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S0 =
k

π

[∫
M2

1

2
Tr(g−1

SL∂gSLg
−1
SL∂̄gSL) +

∫
M3

1

6
Tr(g−1

SLdgSL ∧ g−1
SLdgSL ∧ g−1

SLdgSL)

]
+

+
2

π

[∫
M2

1

2
Tr(g−1

x ∂gxg
−1
x ∂̄gx),

(4.146)

while the gauged component is given by

SA =
k

π

∫
M2

Tr

[
−
[
ℓ
(
Ā
)
SL
∂gSLgSL

−1
]
+
[
r (A)SL gSL

−1∂̄gSL
]
−
[
gSL

−1ℓ
(
Ā
)
SL
gSLr (A)SL

]
− 1

2
ℓ
(
Ā
)
SL
ℓ (A)SL − 1

2
r
(
Ā
)
SL
r (A)SL

]
d2z +

2

π

∫
M2

[
−
[
ℓ
(
Ā
)
x
∂gxgx

−1
]

+
[
r (A)x gx

−1∂̄gx
]
−
[
gx

−1ℓ
(
Ā
)
x
gxr (A)x

]
− 1

2
r
(
Ā
)
x
r (A)x −

1

2
ℓ
(
Ā
)
x
ℓ (A)x

]
d2z,

(4.147)

Here, the gauge embeddings are defined by

l(Ā)SL =
−l1Ā√
k
σ3, l(A)SL =

−l1A√
k
σ3, r(A)SL =

r1A√
k
σ3, r(Ā)SL =

r1Ā√
k
σ3,

l(Ā)x = −l4Ā, l(A)x = −l4A, r(A)x = r4A, r(Ā)x = r4Ā,

(4.148)

where k is the level of the SL(2,R) part.

After integrating out the gauge fields and imposing the convenient gauge fixing condition
α = −β = y/2, one can find

ds2 = kdρ2 +

(
1

1− 4l4r4
l21+r

2
1+(l4+r4)2−2l1r1 cosh(2ρ)

)
dx2 −

(
k sinh2(ρ)[(l1 − r1)

2 + (l4 − r4)
2]

l21 + r21 + (l4 − r4)2 − 2l1r1 cosh(2ρ)

)
dy2+

+

(
4
√
k sinh2(ρ)(l4r1 − l1r4)

l21 + r21 + (l4 − r4)2 − 2l1r1 cosh(2ρ)

)
dxdy,

B =
2
√
k[l4r1 + l1r4]

l21 + r21 + (l4 − r4)2 − 2l1r1 cosh(2ρ)
dx ∧ dy.

(4.149)

The previous complicated formulas can be simplified by imposing the so-called timelike condi-
tion on the currents, namely {

l21 + l24 = 1

r21 + r24 = 1.
(4.150)

Hence, in this timelike coset formulation, the results simply read as

ds2 = (1− 2l4r4
∆

) dx2 − (−1 + l1r1 + l4r4) sinh
2(ρ)

∆
dy2 +

2 (−l4r1 + l1r4) sinh
2(ρ)

∆
dx dy + k dρ2,

B = −(l4r1 + l1r4) sinh
2(ρ)

∆
dx ∧ dy,

(4.151)
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where
∆ = −1 + l4r4 + l1r1 cosh(2ρ). (4.152)

One can also check that the model is invariant under gauge transformations that here are given
by 

g = (gSL, gx) →
(
e
− l1√

k
γσ3gSLe

− r1√
k
γσ3 , e−l4γgxe

−r4γ
)

A → A+ ∂γ

Ā → Ā+ ∂̄γ,

(4.153)

or, equivalently, 

α → α− l1√
k
γ

β → β − r1√
k
γ

x→ x− (l4 + r4))γ

A → A+ ∂γ

Ā → Ā+ ∂̄γ.

(4.154)

The timelike conditions can be implemented by defining some χ, ψ angles such that

l1 = cos(χ− ψ),

l4 = sin(χ− ψ),

r1 = − cos(χ),

r3 = − sin(χ).

(4.155)

It might seem simpler to define the parameters li and ri without considering the difference
χ−ψ. However, this approach is taken because it precisely reproduces [21] as will be discussed
in the following paragraph.

4.6.2 An alternative formulation

Let’s follow the notations used in [21]. In particular, the parametrization of the group element
is simply given by G = (g, gx) = (eασ3eρσ1eβσ3 , e

√
2/kx).

The action is given by

S0 =
k

4π

[∫
Σ

d2z tr
(
g−1∂gg−1∂̄g

)
− 1

3

∫
B

d3X tr
((
g−1dg

)3)]
+

1

2π

∫
Σ

d2z∂x∂̄x, (4.156)

while the gauged action reads as

SA =
1

2π

∫
Σ

d2z
(
AJ̄+ ĀJ+ 2AĀ(Ru⃗)TMu⃗

)
, (4.157)

with u⃗ is a unit vector and R, M are two 2× 2 matrices defined as

R =

(
cosψ sinψ
− sinψ cosψ

)
, (4.158)

u⃗ =

(
cosχ

sinχ

)
, (4.159)
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M =

(
1
2
tr (g−1σ3gσ3) 0

0 1

)
+R. (4.160)

The action is constructed to be gauge invariant, and additionally, the terms involving R and
M are required to be present since they ensure that the theory respects a condition involving
the gauge generators TL and TR, namely

tr
(
T 2
L

)
= tr

(
T 2
R

)
, (4.161)

that is necessary for having an anomaly free gauging.
Up to a factor of 2, the action above has essentially the same structure of 4.146, 4.147. Specif-
ically, by comparing the two actions, there is a clear dictionary that is specified by equation
4.155.
One might wonder about the flip of the sign in the WZ term: the sign (or the presence of an i
factor) is strongly dependent on conventions, but in this case, it does not have any effects here
since the chosen gauge fixing α = −β = y/2 is such that the WZ term vanishes.
By performing these subtitutions, one can be easily able to pass from the the initial formulation
to this alternative’s one.
In this scenario, the currents that need to be gauged are the following

J = i
(√

k tr
(
∂gg−1σ3

)
, 2∂x

)
(Ru⃗) =

(
2i√
k
J3, 2Jx

)
(Ru⃗) =

2i√
k
cos(χ− ψ)J3 + 2 sin(χ− ψ)Jx,

J̄ = −i
(√

k tr
(
g−1∂̄gσ3

)
, 2∂̄x

)
u⃗ =

(
2i√
k
J̄3,−2J̄x

)
u⃗ =

2i√
k
cosχJ̄3 − 2 sinχJ̄x.

(4.162)
By considering the previous action, one can analogously integrate out the gauge fields and,
finally, the gauged action is reduced to

SA = − 1

4π

∫
Σ

d2z

[
JJ̄

(Ru⃗)T (Mu⃗)

]
. (4.163)

Hence, after have performed the gauge choice α = −β = y/2, the final action is

S =
1

2π

∫
d2z∂x∂̄x+

k

2π

∫
d2z
(
∂ρ∂̄ρ− sinh2 ρ∂y∂̄y

)
− 1

4π

∫
d2z

JJ̄

∆ρ

, (4.164)

where ∆ρ = (Ru⃗)T (Mu⃗) = 1 + cosh2 ρ cosψ + sinh2 ρ cos(2χ− ψ).
Hence, the supergravity fields are expressed as

ds2 =
k

2
dρ2 +

1

2

(
1− 2 sinχ sin(χ− ψ)

∆ρ

)
dx2 − k

2

(
2 cos(ψ/2) sinh2 ρ

∆ρ

)
dy2+

+

√
k

2

(
2 sinh2 ρ sinψ

∆ρ

)
dxdy,

B = −
√
k

2

sin(2χ− ψ) sinh2 ρ

∆ρ

dx ∧ dy.

(4.165)

Now, we want to argue that this solution is the near-horizon limit of the three-charge black
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hole given in equation 3.32. Indeed, let’s perform the change of coordinates given by

ρ̃2 = kl2s (∆ρ − 2 sinχ sin(χ− ψ)) ,

t =
√
kls

cos(ψ/2) cos(χ− ψ/2)

cosχ cos(χ− ψ)
y,

x→
√
klsx−

sinψ

2 cosχ cos(χ− ψ)
t.

(4.166)

The resulting theory is defined as

ds2 = −
(
ρ̃2 − ρ̃2−

) (
ρ̃2 − ρ̃2−

)
ℓ2ρ̃2

dt2 +
kl2s ρ̃

2

(ρ̃2 − ρ̃2−) (ρ̃
2 − ρ̃2−)

dρ̃2 +
ρ̃2

ℓ2

(
dx− ρ̃+ρ̃−

ρ̃2
dt

)2

,

H = dx ∧ dt ∧ d
(
2kl2s sin(χ− ψ/2) cos(ψ/2)

ℓ2

)
,

e2Φ = e2Φ0
kl2s
ℓ2
,

(4.167)

where
ρ̃2+ = kl2s(1 + cosψ − 2 sinχ sin(χ− ψ)),

ρ̃2− = kl2s(1− cos(ψ)),

ℓ2 = ρ̃2 + 2kl2s sinχ sin(χ− ψ).

(4.168)

The two backgrounds described by equations 4.167 and 3.35 are equivalent when considering
the following identifications:

r20 = 2kl2s cosχ cos(χ− ψ),

sinh2 α1 − sinh2 αn = tanχ tan(χ− ψ),

sinh 2α1 =
2 sin(χ− ψ/2) cos(ψ/2)

cosχ cos(χ− ψ)
.

(4.169)

In addition, let’s notice that by neglecting the abelian group in the upstairs group, namely by
using x→ 0,ψ → 0,χ→ 0, the previous metric is reduced to be

ds2 =
k

2
(dθ2 − tanh2(ρ)dy2),

B = 0,
(4.170)

that is the Lorentzian Witten’s black hole as expected.

Failure in the extremal limit

In the previous paragraph, it was proven that the timelike coset formulation given by SL(2,R)k×U(1)
U(1)

was able to describe the near horizon limit of the three charge black solution 3.32.
However, it is crucial to stress that this is valid only in the non-extremal scenario and that in
the extremal limit the previous timelike formulation is no longer able to describe the black hole
solution.
The equivalence of the models 4.165 and 3.32 is based on the change of coordinates 4.166. In
fact, the extremal limit is achieved by imposing

l1r1 = 0, (4.171)
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or, equivalently,
cos(χ− ψ) cos(χ) = 0. (4.172)

This condition means that
χ = (2n+ 1)π

2
, ∀n ∈ Z,

χ = (2n+ 1)π
2
+ ψ, ∀n ∈ Z. (4.173)

Hence, one can notice that the change of coordinates 4.166 is not defined and the models cannot
be matched to be same.

4.7 Null-gauged SL(2,R)×U(1)x×U(1)t
U(1)L×U(1)R

WZW model

After discussing the timelike coset construction, we now aim to formulate the associated null-
gauged model.
The group element of the model is taken to be

g = (gSL, gx, gt) =
(
eασ3eρσ1eβσ3 , ex, et

)
, (4.174)

since in the null-gauging procedure one needs to add an abelian upstairs group, namely U(1)t.
The action of the null-gauged model is

S0 =
k

π

[∫
M2

1

2
Tr(g−1

SL∂gSLg
−1
SL∂̄gSL) +

∫
M3

1

6
Tr(g−1

SLdgSL ∧ g−1
SLdgSL ∧ g−1

SLdgSL)

]
+

+
2

π

[∫
M2

1

2
Tr(g−1

x ∂gxg
−1
x ∂̄gx)−

2

π

[∫
M2

1

2
Tr(g−1

t ∂gtg
−1
t ∂̄gt)

]
,

(4.175)

where the WZ-term is zero for the abelian group.
Conversely, the gauged part of the action is

SA =
k

π

∫
M2

Tr
(
−
[
ℓ
(
Ā
)
SL
∂gSLgSL

−1
]
+
[
r (A)SL gSL

−1∂̄gSL
]
−
[
gSL

−1ℓ
(
Ā
)
SL
gSLr (A)SL

])
d2z+

− 2

π

∫
M2

[
−
[
ℓ
(
Ā
)
t
∂gtgt

−1
]
+
[
r (A)t gt

−1∂̄gt
]
−
[
gt

−1ℓ
(
Ā
)
t
gtr (A)t

]]]
d2z+

+
2

π

∫
M2

[
−
[
ℓ
(
Ā
)
x
∂gxgx

−1
]
+
[
r (A)x gx

−1∂̄gx
]
−
[
gx

−1ℓ
(
Ā
)
x
gxr (A)t

]]]
d2z,

(4.176)

where

l(Ā1)SL = −l1Ā1σ3, r(A2)SL = r1A2σ3, l(Ā1)x = −l4Ā1, r(A2)x = r4A2,

l(Ā1)t = l3Ā1, r(A2)t = −r3A2.
(4.177)

By integrating out the gauge fields and by imposing the gauge choice σ = τ = 0 (namely,
α = β = 0), one finds

SEFT =
1

π

∫
M2

d2z[k∂ρ∂̄ρ− ∂t∂̄t+ ∂x∂̄x− 2
(l3∂t+ l4∂x)(r3∂̄t+ r4∂̄x)

∆NULL
], (4.178)

where
∆NULL = −l3r3 + l4r4 + kl1r1 cosh(2ρ). (4.179)
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The effective action described above leads to the following supergravity fields

ds2 = kdρ2 −

(
l3r3 + l4r4 + l1r1 cosh(2ρ)

∆NULL

)
dt2 −

(
2(l4r3 + l3r4)

∆NULL

)
dtdx+

(
1− 2l4r4

∆NULL

)
dx2,

B =
l3r4 − l4r3
∆NULL

dx ∧ dt,
(4.180)

where the null-constraints are the following

− kl21 + l23 − l24 = 0,

− kr21 + r23 − r24 = 0.
(4.181)

Moreover, the gauge transformations of the model are given by
g = (gSL, gx, gt) →

(
e−l1γσ3gSLe

−r1ησ3 , e−l4γgxe
−r4η, el3γgte

r3η
)

A → A+ ∂η

Ā → Ā+ ∂̄γ,

(4.182)

and they imply the following shifts 

α → α− l1γ

β → β − r1η

x→ x− l4γ − r4η

t→ t+ l3γ + r3η

A → A+ ∂η

Ā → Ā+ ∂̄γ

(4.183)

under which the action is invariant since its variation is a sum of boundary terms, analogously
to equation 4.137.
Moreover, one can notice that the expressions for the B-field and the metric in equation 4.180
are parameterized in the same way as the ones considered in equation 4.53, after removing
the SU(2) component. This does not mean that the solutions are the same, since the null-
conditions in equation 4.181 are different from those in equation 4.50; hence, there are two
distinct parameter spaces.
As a consistency check, one can consider the limit x → 0, r4 → 0, l4 → 0 where the model
reduces to SL(2)×U(1)t

U(1)L×U(1)R
.

Indeed, after having integrated out the gauge fields, the effective action becomes

Scigar = lim
x→0,r4→0,l4→0

S =
1

π

∫
M2

[
− ∂t∂̄t− 2l3r − 3∂t∂̄t

−l3r3 + kl1r1 cosh(2ρ)

]
, (4.184)

that is the usual Lorentzian Witten’s black hole action by imposing l1 = r1 = 1 and l3 = −r3 =√
k. Hence, both the timelike coset model previously discussed and the current null-gauged

model are able to reproduce the two dimensional Witten’s black hole in some certain limits.

4.8 Comments on the spectrum of the two dimensional
Witten’s black hole and null-gauging procedure

In light of the BRST quantization procedure (see [31], [32] and [21]) introduced in Chapter 2,
we now want to briefly analyze some properties related to the spectrum of the worldsheet CFT
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defined for the Witten’s black hole in Lorentzian signature (i.e., paragraph 4.4.2) and compare
it with respect to the null-gauged case (i.e., section 4.5).
Hence, let’s consider the ten dimensional critical string theory on a geometry given by SL(2,R)k

U(1)
×

N8, where N8 is an eight-dimensional spacelike compact manifold.
A primary vertex operator V (z, z̄) can be written as

V (z, z̄) = Vt(z, z̄)VN , (4.185)

where VN is a primary vertex operator on N8 while Vt(z, z̄) a primary vertex operator for the
coset SL(2,R)k

U(1)
.

A standard ansatz is to factorize Vt(z, z̄) into a contribution related to the upstairs group and
one related to the downstairs group, namely

Vt(z, z̄) = Ψ(z, z̄)eils(κLwL+κRwR), (4.186)

where the coefficient w(z, z̄) = wL(z) + wR(z̄) was introduced to parametrize U(1) at the
denominator of the coset. The absence of winding can be traced to the condition κL = κR = κ.
A well-known fact is that a vertex operator for SL(2,R)k can be written in terms of the in
the continuous representation of Euclidean SL(2,R) defined to be the space generated by the
common eigenstates of J3 and J̄3 with eigenvalues im, −im̄. This fact can be expressed by
writing

Ψ(z, z̄) = V j
m,m̄. (4.187)

By introducing the ghosts b, c and performing the BRST quantization method through the
path integral, one can check that the BRST charges of the theory can be written as

QBRST =
1

2πi

∮
dzJBRST , Q̄BRST =

1

2πi

∮
dz̄J̄BRST , (4.188)

where
JBRST = c (J+ 2Jw) , (4.189)

and similarly for ¯JBRST .
The current above is defined to be J = l · j3sl, namely the usual SL(2,R)k current defined in the
paragraph 4.4.2 and in section 4.5 with the coefficient l that was set to be 1.
By imposing that the state dual to the operator Vt(z, z̄) must be BRST closed, one can derive
the following constraints

l ·m+
1

2
lsκ = 0,

r · m̄+
1

2
lsκ = 0.

(4.190)

The previous results that has been derived in the timelike Witten’s model are in agreement
with the one that can be found from the analysis of the corresponding null-gauged model.
Indeed, one can consider the limit of 4.81 where the upstairs SU(2) and U(1)y are removed,
namely

m · l̃1 +
l̃3
2
E = 0,

m̄ · r̃1 ++
r̃3
2
E = 0,

(4.191)

with the parameters of the null model denoted by l̃ and r̃ to distinguish them from the timelike
ones.
One can notice that there is a dictionary from the 4.190 to 4.191 that is given by

l̃1 = l1, r̃1 = r1,

l̃3 = 1, r̃3 = 1,
(4.192)
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where units such that ls = 1 has been taken.
Therefore, the models are once again tested for equivalence with each other.
More specifically related to the spectrum of the theory, by considering Witten’s model as a
limit of the SL(2,R)k×U(1)

U(1)
model, as presented in [21], one can derive the Virasoro constraints.

The results are given by

−j(j + 1)

k
− l2sκ

4
=

1

2
(4.193)

in agreement with the Witten black hole’s limit of the null-gauged model analyzed in Section 4.7.

One could repeat an analogous procedure for the timelike model discussed in Section 4.6 and its
null-gauged variant analyzed in Section 4.7; however, the situation appears to be more compli-
cated. Indeed, adding an external U(1) appears to be non-trivial. Some efforts have been made
to demonstrate the equivalence of these two models at the supergravity level, but it appears
that there is no coordinate transformation that makes the metrics in equations 4.151 and 4.180
identical. Despite considering different gauge choices consistent with the gauge transforma-
tions given in equations 4.154 and 4.183, the equivalence has not been achieved. Hence, a more
detailed analysis will be needed.
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Conclusions

In this thesis, we have thoroughly investigated black hole solutions within the framework of
string theory, with a particular focus on worldsheet descriptions using Wess-Zumino-Witten
(WZW) models.

Chapter 1, which addresses the black hole information paradox, was dedicated to providing
motivations and interests for the subsequent studies.

Chapter 2 covered the essential aspects of string theory necessary to understand the following
sections.

Moreover, some well-known black hole and fuzzball solutions and their properties were briefly
summarized in Chapter 3.

In Chapter 4, we discussed the null-gauging procedure for WZW models and demonstrated
how a consistent fuzzball solution can be reproduced by analyzing the properties of a coset
theory at the quantum level. We addressed the challenge of formulating a null-gauged WZW
model capable of describing a black hole solution, starting with an analysis of Witten’s two-
dimensional black hole in both Euclidean and Lorentzian signatures and treating this solution
in a null-gauged framework. We also considered other solutions, namely those obtained by
extending Witten’s black hole and its null-gauged version with an additional U(1) group. In
particular, it has been established that, in the extremal case, the timelike coset construction is
not able to reproduce the decoupling limit of the three-charge black hole solution. Additionally,
Witten’s black hole is a consistent limit of this model. Moreover, some aspects related to the
spectrum of these models were studied.

Looking ahead, it would be particularly interesting to analyze further the seeming differences
between the timelike model discussed in Section 4.6 and its null-gauged variant analyzed in
Section 4.7. It might be useful to delve deeper into the worldsheet consistency of the timelike
model and study some strings effects on this background. Future work could also involve
examining other groups, such as SU(2), to describe black holes with angular momentum or
more sophisticated scenarios involving non-Abelian groups in the gauging. Additionally, the
consistency of the worldsheet CFT at the quantum level was only briefly introduced; further
investigation could provide a deeper understanding of the differences compared to fuzzball
solutions. An intriguing future direction would be to find a worldsheet description of black hole
entropy. Given that the entropy, according to the Bekenstein-Hawking formula, is related to
the black hole’s area, it would be valuable to identify a CFT operator on the worldsheet that
can reproduce the black hole entropy at leading order in α′, thereby extending the results of
[33], which are valid for the BTZ black hole solution.
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