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Abstract

This thesis focuses on learning-based approaches for theTravelling Salesperson Problem (TSP).
While these techniques achieve comparable performance to classical solvers on small sizes, they
fail to generalize the learned strategies to larger instances. In particular, GraphNeuralNetwork
(GNN)architectureswithnon-autoregressive (NAR)decoding scheme shownotably poorper-
formance when applied to graph sizes beyond those seen during training. However, leveraging
the efficiency of NARmodels through the compositional paradigm has led to some of the top-
performing learning-basedmethods in the literature. Even though such approaches had a lot of
success by breaking down the original problem into subproblems, they ignore the potential to
combine direct and compositional generalization. We address this by leveraging the direct size
generalization improvements in the compositional setting. In particular, our model achieves
competitive performance compared topreviousmethods, having9 times fewerparameters than
the current architecture used in the same framework. Moreover, during our exploration of di-
rect NAR generalization, we also tested SizeShiftReg, a novel regularizationmethod originally
designed for the graph classification task. To the best of our knowledge, this is the first appli-
cation of SizeShiftReg to learning-based methods in the Combinatorial Optimization (CO)
domain. We obtain a 7.4% reduction in the average optimality gap on the test dataset, which
indicates the potential of SizeShiftReg to improve the direct generalization of learning-based
approaches for the TSP. However, further experimentation with significantly more computa-
tional resources is required to scale the application of SizeShiftReg to the amount of data used
in state-of-the-art models.
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Notation

This section outlines the notation used throughout the thesis. The listed symbols represent the
default notation, and any exceptions will be clearly specified as needed.

Numbers, Arrays, and Functions

x A scalar
x A vector
X A tensor of≥ 2 dimensions
f(x), F (x) A function of scalar input
L(θ) A loss function, where θ are model parameters

Indexing

xi i-th element of vector x
Xi,j Element (i, j) of matrixX

Weuse the zero-based numbering for the indices. That is, our indices go from 0 to n−1 for an
array of size n. For a n×mmatrix, the rows and columns go from 0 to n− 1 and 0 tom− 1,
respectively.

Sets

X A set
[a, b] The real interval including a and b
R The set of real numbers
Z The set of integers

Regular Latin letters (e.g.,X ,Y ) are used to denote general sets. Blackboard bold symbols (e.g.,
R, Z) are reserved for special sets, such as the set of real numbers or integers.
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1
Introduction

In this chapter, we provide a concise introduction to our work. We begin by motivating the
problem in general aswell as the specific research scope thatwe are interested in. Following that,
we summarize our main contributions. Finally, we provide an overview of the thesis structure.

Motivation

Combinatorial Optimization (CO) focuses on problems where the objective is to optimize a
cost (or objective) function by selecting the best subset from a finite set, subject to constraints
that determine the feasible solution space [1]. Despite their inherent theoretical complexity, as
many CO problems of practical interest are NP-hard, they are often solvable in practice using
heuristic methods that provide efficient solutions for specific instances. However, these tech-
niques typically rely on expert knowledge acquired through years of research on specific prob-
lems. Furthermore, practical problem instances often involve minor changes in constraints,
features, or even a slightly redefined version of the same problem. Recently, Machine Learn-
ing (ML) approaches have been proposed to overcome these issues, leveraging their ability to
discover common patterns in given problem instances. These approaches could allow faster
development of efficient algorithms for practical applications [1, 2].

Among the 21NP-complete problems identified by [3], ten are decision versions of graph op-
timization problems, andmany others can also be represented using graphs [1]. Moreover, the
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2D Euclidean Travelling Salesperson Problem (TSP) has been the most intensely studied NP-
hard graph problem in the operations research community. In addition to its significance in
applications such as logistics, genetics, and scheduling, the progress made in solving the TSP
has also been used as inspiration in solutions to related problems [4]. However, as the number
of nodes increases beyond thousands, the running time of even themost advanced solvers, such
as Concorde [5], becomes prohibitive for practical applications.

MLoffers an alternative approach that leverages data to learn the policy for solving theTSP and
its variations. Given the natural graph structure of the problem, the Graph Neural Network
(GNN) architecture has been themost successful in this task. Once trained, GNNs provide sig-
nificant time improvements with respect to their heuristic counterparts [4]. However, GNN
approaches have shown competitive performance compared to classical solvers only on graphs
with limited number of nodes due to the inherent generalization issue. In fact, learning the
underlying structural patterns in the data that scale to large instances has been identified as one
of the key challenges in the field [1, 4]. Recently, some approaches have tried solving this issue
by training on large instances directly [6, 7]. However, they often require complex models,
extensive resources, and longer inference time. More importantly, generalization across sizes
presents a fundamental property that ML approaches should obtain.

The authors of [4] describe a unifiedpipeline that encompasses recentMLapproaches for learn-
ing the TSP in the literature. They opt for zero-shot generalization from smaller to larger in-
stances due to the time-consuming training on large instances directly. They distinguish be-
tween autoregressive (AR) and non-autoregressive (NAR) architectures. NAR approaches
produce heatmaps by predicting the probability of each edge belonging to the optimal solu-
tion independently. On the other hand, AR approaches model the sequential inductive bias
through step-by-step graph traversal. Their analysis focuses on the AR architecture due to its
favorable sequential decoding scheme. In contrast, NAR architectures, though faster, scale
poorly to larger graph sizes than present in the training data.

The most popular approach to overcome the poor generalization of NAR architectures is the
application of the divide-and-conquer paradigm. For example, the authors of [8] pretrain a
GNN on small graphs of fixed size (20 or 50). However, instead of directly using the model
to produce the heatmap at inference time, they sample a number of subgraphs of the same
fixed size, use the model directly on each subgraph separately, and merge the outputs into the
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heatmap for the original large graph. Finally, they use theMonteCarloTree Search (MCTS) to
construct the final solution from the merged heatmap. With this simple method, they obtain
good generalization performance on graph sizes up to 10000. In fact, their testing setting has
been adopted inmost of the subsequentworks in the literature, which confirms the importance
of this paper. However, their pretrained models on graphs of small size have a large number of
parameters that, when combined with an expensive MCTS on the heatmaps, could prohibit
real-time applications. Moreover, their approach completely neglects the direct generalization
of models which leads to a complex model overfitting on a specific graph size.

Our Contributions

We build on top of the work in [4] and [8]. That is, we identify that the approach in [8] uses an
overly-complex model (approximately 11,000,000 trainable parameters) to train on relatively
small graphs of size 50. Moreover, their model focuses specifically on performing well on a
fixed graph size without any analysis of its direct generalization performance. We show that
having a simpler model with better generalization can be beneficial for three main reasons, i.e.,
faster inference time, significantmemory savings, and thepotential to extend the compositional
heatmap construction by includingmultiple levels of composition, sampling graphs outside of
training size, and/or including variable graph sampling sizes at inference time. Moreover, we
show the possibility of improving the direct generalization of NAR approaches even with the
lack of sequential inductive bias. We elaborate on our methods in the following paragraphs.

We begin by analysing the effects of simple architectural changes (model scale, normalization
methods, activation functions, depth/width ratio) on the direct generalization performance of
NARarchitectures. Following that,we apply SizeShiftReg [9] to theCOdomain. SizeShiftReg
is a regularization method originally designed to improve size-generalization capabilities of
GNNs for the graph classification task. It operates by simulating a size shift in the training
data and regularizing the GNN to be robust to such a shift. Size shift is obtained using graph
coarsening techniques while the regularization aims to minimize the discrepancy between the
node embedding distributions of the original graphs and its size-shifted versions. To the best
of our knowledge, we are the first to apply SizeShiftReg in the domain of combinatorial opti-
mization. Finally, we adapt the compositional heatmap construction introduced in [8] towork
with the Anisotropic Graph Convolutional Network (AGCN) architecture from [4].
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We summarize our contributions as follows:

• We extend the analysis of the direct generalization performance of NAR architectures
by experimentingwithmodel scale, normalization techniques, activation functions, and
depth/width ratio.

• We apply SizeShiftReg [9] to the task of learning the edge probability heatmap for the
TSP. Our results show that we can obtain up to 7.4% reduction in the average optimal-
ity gap on the test dataset while improving (or at least maintaining) the performance
on every graph size. However, our experiments currently work with limited amount of
data with respect to state-of-the-art approaches. Scaling our method to larger datasets
requires more resources than we have available for this thesis, and presents a direct line
of future work.

• We obtain competitive performance to the model in [8] with approximately 9 times re-
duction in the number of model parameters.

• We show the potential of extending the compositional heatmap construction to larger
graph sampling sizes. That is, our model improves with the increase of subgraph sam-
pling size at inference time, while the performance of the baseline gets worse.

Thesis Structure

The remainder of this thesis is structured as follows. In Chapter 2, we begin by laying the foun-
dational concepts necessary for understanding our work. This is followed by an exploration of
the existing literature and methodologies in Chapter 3. Chapter 4 describes the Neural Com-
binatorial Optimization (NCO) pipeline [4] that encompasses current approaches in the liter-
ature. In Chapter 5, we present the SizeShiftReg [9] method that we later adapt to our task.
Chapter 6 motivates and describes our technical contributions. We then move to Chapter 7,
where we describe our experiments followed by the interpretation of the results. Finally, in
Chapter 8, we conclude by summarizing our findings, discussing the implications of our work,
and suggesting potential directions for future research.
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2
Preliminaries

2.1 GraphNeural Networks

Standard ML approaches expect vector data as input. However, in many domains, the most
natural data representation has a graph-like structure. Modelling the relationships between the
data can be evenmore important than the information stored in single data points. The typical
example is the application in social networks where we can represent the users as data points,
and the connections between them as edges. For this reason, we need ML architectures that
are able to process graph data and extract valuable information both from the instances and
the connections between them [10]. In this section, we provide an overview of Graph Neural
Networks (GNNs) that were designed specifically for such scenarios.

2.1.1 Definitions

Graph

Firstly, we need to definewhat dowemean by “graph-like data”. Formally, a graphG = (V,E)

is defined by a set of nodes V and a set of edges E between these nodes [11]. Graphs can be
classified into two types based on the nature of their edges: directed and undirected graphs. In
a directed graph, the edges have a direction,meaning that an edge (u, v) is distinct from an edge
(v, u). This implies that the relationship from u to v is not necessarily the same as from v to u.
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In contrast, an undirected graph contains edges that do not have a direction, so an edge (u, v)
is identical to an edge (v, u). This reflects a symmetric relationship between nodes u and v.
Generally, graphs can have multiple edges between each pair of nodes as well as self-edges, i.e.,
edges of type (u, u). However, inmany cases, we restrict ourselves to simple undirected graphs,
i.e., undirected graphswith atmost one edge between each pair of nodes and no self-edges [11].

We often represent the graph as an adjacency matrix A ∈ R|V |×|V | where an entry Aij is 1
if there is an edge between node i and node j, and 0 otherwise. Additionally, we can have
weighted graphs where entries in the adjacency matrix represent the weight of and edge and
can take any real value. For example, in a TSP instance, edge weights represent the distance
between the nodes.

Node embeddings

Our goal is to find a projection of the nodes in a latent space (e.g., Rd), where the geometric
relations in the latent space correspond to the relationships created by the edges in the original
graph [11, 12]. In this way, we can obtain a vectorial representation of a node that contains
information about the single data point represented by it along with the information from
its neighbors (the nodes connected by an edge). For a detailed overview of node embedding
methods, please refer to [11].

Graph embeddings

Similarly to node embeddings, the goal of graph embedding techniques is to find a latent space
representation of the graph as awhole. A typical way of achieving this is to first obtain the node
embeddings for all the nodes of a graph and then combine them to form a representation of
the entire graph. This can be done in different ways, e.g., summing the node representations,
taking their mean, or even learning the mapping from node to graph embeddings.

Permutation invariance and equivariance

Consider a function f that takes an adjacency matrixA as input. The function f is Permuta-
tion Invariant if the following holds:

f(PAP T ) = f(A), (2.1)

6



whereP is a permutationmatrix. On the other hand, the function f is said to be Permutation
Equivariant if the following is true:

f(PAP T ) = P f(A). (2.2)

Informally, permutation invariance ensures that the output of a function will be the same in-
dependently of the order of rows and columns in the the adjacency matrix while permutation
equivariant functions have an output that is consistent with the permutation of the adjacency
matrix [11]. These concepts are crucial for making sure that the node and graph embeddings
that we obtain are independent of the node ordering.

2.1.2 NeuralMessage Passing

In this section, we describe theNeuralMessage Passing framework along with the basic GNN
architecture. Figure 2.1 illustrates the neuralmessage passing framework for a single node. The
image is taken from [11] that we follow as a reference for this section.

General Framework

The main idea of neural message passing is to exchange and update vector messages between
nodes using neural networks. The embedding of a node in layer (ℓ+1) gathers the information
from its own representation and representations of the neighboring nodes at the previous layer
ℓ. We use the previously established notation along with denoting the matrix containing the
node features withX ∈ Rd×|V |, N (u) for the neighborhood of node u, and h(ℓ)

u to denote
the embedding of node u at layer ℓ. The node embeddings are updated in the following way:

h(ℓ+1)
u = UPDATE(ℓ)

(
h(ℓ)

u ,AGGREGATE(ℓ)
(
{h(ℓ)

v : ∀v ∈ N (u)}
))

= UPDATE(ℓ)
(
h(ℓ)

u ,m
(ℓ)
N (u)

)
,

(2.3)

where UPDATE and AGGREGATE represent arbitrary differentiable functions [11]. In case
ofGNNs, these functions are neural networkswith learnable parameters. The aforementioned
message, obtained from the neighborhood of node u, is denoted asm(ℓ)

N (u).
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The inputs of the first layer are initial node features, i.e., h(0)
u = xu,∀u ∈ V . Then, the node

embeddings of each layer are updated by the formula written above for L iterations. The final
embeddings for each nodeh(L)

u can thenbe used for various purposes (for the downstream task,
to obtain graph embeddings, etc.). It is also important to note that, as the AGGREGATE
function takes a set as input, this definition of a GNN is permutation equivariant by design
[11].

Figure 2.1: Overview of the neural message passing framework, focusing on the target nodeA. The messages are aggregated
fromA’s neighbors whose messages are based on information aggregated from their own neighbors. This process is repeated
for a number of layersL. Image taken from [11].

.

The Basic GNN

In the general definition of the neuralmessage passing framework, we can implement theGNN
in different ways based on the choice of AGGREGATE and UPDATE functions. In this sub-
section, we describe the basic GNN that lays the foundations for most of the modern architec-
tures. It is defined as follows:

h(ℓ)
u = σ

W
(ℓ)
self h

(ℓ−1)
u +W

(ℓ)
neigh

∑
v∈N (u)

h(ℓ−1)
v + b(ℓ)

 , (2.4)

whereW (ℓ)
self ,W

(ℓ)
neigh ∈ Rd(ℓ)×d(ℓ−1) denote trainable parameters, and σ is an elementwise non-

linearity (e.g., ReLU). We often omit the bias term b(ℓ) ∈ Rd(ℓ) to ease the notation.
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2.1.3 Graph Convolutional Networks

There are multiple ways in which the Graph Convolutional Network (GCN) architecture can
bemotivated [13]. Here, we keep it simple and we present it as a basic GNNwith the addition
of symmetric normalization in theAGGREGATIONfunction and self-loops in theUPDATE
function [11]. GCN updates the hidden node embeddings as follows:

h(ℓ)
u = σ

W (ℓ)
∑

v∈N (u)∪{u}

h
(ℓ−1)
v√

|N (u)||N (v)|

 . (2.5)

Normalizing the embeddings by the size of the neighborhood can be a key ingredient in dealing
with varying sizes of node degrees.

2.2 Combinatorial Optimization

2.2.1 Combinatorial Optimization Problems

Combinatorial Optimization (CO) problems consist of finding an optimal solution from a
discrete (and finite) set of feasible solutions. We aim to pick a solution that has the maximum
(minimum) value of the objective (cost) function that we have defined. The following is a for-
mal definition of a combinatorial optimization problem as defined in [1].

An instance of a combinatorial optimization problem is a tuple (Ω, F, w), where Ω is a fi-
nite set, F ⊆ 2Ω is the set of feasible solutions, and c : 2Ω → R is a cost function with
c(S) =

∑
ω∈S c(ω) forS ∈ F . The goal is to select an elementS∗ (the optimal solution) that

minimizes c over the feasible set F .

In this definition, we decide to frame it as a minimization problem, but it can equivalently be
defined as the maximization problem. We also want to consider the decision version of the
CO problems, where we ask if there exists an element in F with the cost smaller than a given
value. The decision versions of the problems are important because they allow us to classify the
problems as NP-complete [1].
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2.2.2 Travelling Salesperson Problem

The Travelling Salesperson Problem (TSP) asks the following question: “Given a list of cities
and the distances between each pair of cities, what is the shortest possible route that visits each
city exactly once and returns to the origin city?” For a more formal definition, we should first
define a hamiltonian cycle. A hamiltonian cycle of an undirected graphG = (V,E) is a simple
cycle (no repeating nodes) that contains every node in V . TSP consists in finding a hamilto-
nian cycle of minimum weight [14]. Figure 2.2, taken from [1], illustrates an instance of the
TSP and its optimal solution.

Many CO problems, including the TSP, that we find interesting belong to the NP-hard class,
while their decision versions are NP-complete [1, 15]. Even though the worst-case scenario
is intractable, many practical instances can be solved by defining them as linear optimization
problems, constrained problems, or satisfiability problems, and using the methods designed
for solving them. We refer the reader to [1] for amore comprehensive description of these tech-
niques.

Figure 2.2: On the left, we can see a complete graph where blue edges have a weight of 1 and red edges have a weight of 2.
On the right, we can see the optimal TSP solution denoted by the the green edges. Image taken from [1].

2.2.3 Traditional techniques for solving CO problems

There are various ways of categorizing techniques for solvingCOproblems. We follow the sim-
ple categorization of [1] where we distinguish between exact methods, local search and meta-
heuristics, and approximation algorithms.

Exact methods

As the name suggests, exact methods provide provably optimal solutions for CO problems.
These include techniques like Integer Linear Programming solved through the branch-and-
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bound algorithm, which iteratively refines solutions using linear programming relaxations and
cutting planes. If the CO problem is not directly modeled by integer programming, variations
of the branch-and-boundmethod are applied using problem-specific relaxations. Additionally,
Constraint Programming (CP) is another exact approach that systematically enumerates all
possible solutions, leveraging constraints to reduce the search space and ensure optimality. The
main downside of such approaches is the time required to obtain a solution that makes them
inapplicable for large-scale instances.

Local search and metaheuristics

Local search andmetaheuristics offer an alternative for handling largeCO instanceswhere find-
ing the exact solution is infeasible. Local search begins with an initial candidate solution and
iteratively improves it by exploring neighboring solutions. One of the main problems of this
approach is the tendency to get stuck in local optima. However, it can be enhanced with meta-
heuristic techniques such as simulated annealing, tabu search, and genetic algorithms, which
help navigate complex solution landscapes and mitigate the local optima problem.

Approximation algorithms

Approximation algorithms, typically running in polynomial time, provide solutions that are
guaranteed to bewithin a certain boundof the optimal solution. Examples includePolynomial-
Time Approximation Schemes (PTAS) and Fully Polynomial-Time Approximation Schemes
(FPTAS), which offer solutions within a factor of 1 + ϵ of the optimal, where ϵ is a tunable
parameter that balances the trade-off between running time and solution quality. These prov-
able guarantees of solution closeness to the optimum are the main difference with respect to
local search.

2.3 Generalization

One of the most fundamental problems in ML is designing algorithms that will have good
performance on inputs other than its training data [16]. For theoretical insights on the general-
ization in deep learning, please refer to [17, 18]. In this section, we first explain what we mean
by generalization inML followed by a quick overview of regularization techniques. Finally, we
introduce the notion of zero-shot learning to lay the foundation for motivating our work.
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2.3.1 Overfitting and Underfitting

Typically, when we train an ML model, the assumption is that we have access to the training
set and the test set. Machine learning is different from optimization because we also want to
minimize the generalization error (test error) in addition to minimizing the training error. We
can define the generalization error as the expected value of the error on a new input [16]. Aswe
do not have access to all the possible inputs, we estimate the generalization error by computing
the error on the test set. In order to better understand how to tackle the challenge of finding
this trade-off, we define the notions of capacity, overfitting and underfitting.

Underfitting occurs when a model is not able to properly fit the training set, i.e., the training
error value is not sufficiently low. On the other hand, overfitting indicates that our model
has learned the training set “too well”, i.e., we have a large gap between the training error and
the test error [16]. Whether a model overfits or underfits can be somewhat controlled by its
capacity. The model’s capacity determines its ability to fit various functions. Obviously, more
complexmodels aremore likely to overfit the training datawhile less complex ones are in danger
of underfitting. Figure 2.3 provides an illustration of this trade-off. In addition to controlling
the size of the set of functions that our model can learn, we can also control the identity of
those functions. We introduce such techniques in the next section.

Figure 2.3: Typical relationship between model capacity and error rates. Initially, both training and generalization errors are
high, indicating underfitting. As capacity increases, the training error decreases, but the gap between training and generaliza‐
tion errors gets bigger. Beyond a certain point, this gap surpasses the benefits of reduced training error, leading to overfitting,
where the model capacity exceeds the optimal level. Image taken from [16].
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2.3.2 Regularization

Regularization technique is broadly defined as any strategy that is aimed to improve the gen-
eralization error without improving the training error [16]. The aim is to prevent overfitting
and allow the network to learn the underlying patterns that will be present in the unseen data.
Usually, regularization methods come in the form of certain constraints on the model. A typ-
ical way to introduce the constraints is adding an additional term to the loss function Ltot in
the following way:

Ltot = Lorig + λLreg, (2.6)

whereLorig is the original loss function (e.g., cross-entropy loss),Lreg is the regularization term,
and λ is a hyperparameter that controls the trade-off between the two. We omit the model pa-
rameters θ to ease the notation.

Depending on how we define the additional term Lreg, we can introduce different effects to
our model. The most basic ones add constraints on the model’s parameter values in order to
simplify the model and avoid learning the noise present in the training data. The most com-
mon approaches of this kind are L1 and L2 parameter regularization, where Lreg is defined as
the L1 and L2 norm of the model’s weights, respectively. However, apart from adding a term
that simply controls themagnitude of theweights, we can enforce various additional properties
into our model. For example, we can guide the learning process to incorporate certain priors
that we want to enforce. Moreover, we can even add the terms that can act as soft constraints
to ensure the solution correctness.

Finally, we want to point out that adding an additional term into the loss function is not the
only way of regularizing the model. In fact, we can use the techniques such as: data augmen-
tation, multi-task learning, early stopping, parameter sharing, ensemblemethods, dropout, ad-
versarial training, and many more. For a detailed explanation of different regularization ap-
proaches, please refer to [16].
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2.3.3 Zero-shot learning

In this section, we first introduce a general notion of zero-shot learning. Subsequently, we put
it in the particular context for CO problems that we followed in our work.

In practical ML applications, we often have to work with limited amounts of data. Specifi-
cally, collecting labelled samples for all the categories can be very expensive. For this reason, a
paradigm named Few-shot learning (a subset of the more general n-shot learning) has been pro-
posed. Few-shot learning deals with machine learning problems where our dataset contains a
limited amount of examples with supervised information [19]. It typically uses transfer learn-
ing and meta-learning-based approaches to efficiently adapt the model to classes with only a
handful of labeled samples.

A more extreme case is zero-shot learning that aims to recognize and categorize objects whose
instances may not have been seen during training [20]. So, our test set contains classes that
are not present in the training set. To recognize unseen classes, the model focuses on auxiliary
information that contains properties of both seen and unseen classes. An illustrative example
would be training a model on domestic animals, and using the learned descriptive attributes to
identify a new, unseen, wild animal. In the zero-shot learning setting, we test only on the in-
stances of unseen categories. However, in order to have amodel applicable in practice, wewant
to test both seen and unseen examples. This paradigm is called generalized zero-shot learning.
For a detailed survey of these approaches, please refer to [21, 19, 20].

In our work, we are interested in a different form of zero-shot learning. Instead of focusing
on classifying unseen categories, we aim to generalize solutions from smaller to larger instances
without additional training. This setting is relevant for computationally-intensive CO prob-
lemswhere training on large sizes requires a lot of time and resources. For example, the authors
of [4] demonstrate how learning the TSP can be unfeasible for large graphs. Somemore recent
works, such as [6], have been able to train on larger sizes directly, but large and complex mod-
els have many disadvantages. Developing models with the ability to learn the policy that scales
across sizes is a fundamental problem for ML approaches in CO. For an overview of recent
progress in this area, please refer to Chapter 3.

14



3
RelatedWork

Machine learning approaches for solving combinatorial optimization problems have become
very popular in recent years. Themainmotivation is in discovering and leveraging commonpat-
terns in the given problem instances [2]. The authors of [1] provide a comprehensive overview
of GNNs applications in the combinatorial optimization domain. They identify that distin-
guishing structural patterns in the data while scaling to large instances is one of the key chal-
lenges of this approach [1]. They provide a survey of the approaches focused on finding high-
quality feasible solutions as well as works focused on proving the optimality of solutions. Fi-
nally, they discuss the recent neural algorithmic reasoning approach [22] to simulate the al-
gorithmic behavior in GNNs [1]. The remainder of this section describes the approaches for
finding high-quality feasible solutions for theTSP andVehicleRouting Problems (VRPs)with
special attention to their size-generalization ability.

GNN-based approaches for the TSP can be categorized based on the learning paradigm that
they use, i.e., Supervised Learning (SL) [8, 23, 24, 6, 25], Reinforcement Learning (RL) [26,
27, 7, 28, 29, 30], and Unsupervised Learning (UL) [31, 32]. These methods perform well
on the small instances, but their performance significantly downgrades on large-scale prob-
lems [24, 4]. SL methods require high-quality solutions that are expensive to obtain for the
large-scale instances while the RL-based methods suffer from the sparse reward problem and
device memory limitations [24, 33]. UL approach has been proposed to overcome the main
downsides of the SL and RL approaches [31]. However, its ability to generalize to very large
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instances still has not been properly explored [32]. Various approaches applied in the context
of the mentioned learning paradigms, that will be discussed in the following paragraphs, have
mitigated the generalization problem with varying degree of success.

Another way to categorize ML solvers is into constructive and improvement methods [30].
Within the constructive approaches, as explained and analyzed by [4], there are autoregressive
(AR) solvers [26, 27, 28, 24] and non-autoregressive (NAR) solvers [23, 8, 7, 25]. Autoregres-
sive approach introduces the sequential inductive bias present in the TSP which improves size
generalization, but its complex decoding scheme requires longer computation time. In con-
trast, NAR approaches produce heatmaps by predicting the probability of each edge belong-
ing to the optimal solution independently. This leads to significantly faster inference compared
to AR models, but their performance scales poorly to larger sizes than present in the training
dataset [4]. Improvement solvers [34, 35, 36], on the other hand, start from an initial solution
and learn to improve it in an iterative manner. This approach leads to better zero-shot gen-
eralization to large instances since it is typically used to guide decisions within classical search
algorithms. However, it usually does not provide benefits in terms of execution time and it
requires hand-crafted heuristics which may not be available for unexplored problems [4, 29].
Recently, diffusion based approaches [6, 30] have been proposed. They can be put in the ex-
isting categories, e.g., DIFUSCO [6] can be regarded as the constructive non-autoregressive
approach, but it is also important to stress the novelty of applying diffusion to CO problems.

TSP, andVRPs in general, have shown tobemore challenging in termsof scaling learning-based
approaches to larger instances compared to non-sequential problems such as SAT [4]. The au-
thors of [4] describe a unifiedpipeline that encompasses various constructive approaches. They
demonstrate how directly learning on large instances is time-consuming while the zero-shot
generalization from smaller to larger instances is challenging, and it often requires additional
techniques [4]. Their analysis focuses on AR approaches because of the meaningful inductive
bias that we mentioned earlier. Many subsequent works try tackling the challenge presented
it this paper either by enabling more efficient training on larger sizes or aiming to improve the
generalization performance in a zero-shot manner. We present an overview of both families of
methods in the following paragraphs.

The aforementioned diffusion-based approaches do not focus on the zero-shot generalization,
but they directly train on large instances [6, 30]. DIFUSCO [6] does require muchmore hard-
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ware for training compared to zero-shot generalization approaches, but it achieves good results
with strong generalization across different graph sizes. On the other hand, the UL framework
[31, 32, 37] manages to train directly on large instances while using only∼ 0.2% of unlabelled
training samples and∼ 10% of model parameters with respect to SL and RL paradigms. This
approach seems very promising, but its generalization ability requires more extensive explo-
ration [32]. DIMES [7] is a novel RL approach that enables training on large instances by
introducing a compact continuous space for parametrizing the underlying distribution of can-
didate solutions. DIMES achieves strong results, but it has longer inference time compared to
some of the top-performing methods [29, 7].

On the other hand, the authors of [8] focus on the zero-shot generalization of NAR mod-
els. They do not improve the model’s zero-shot generalization performance directly, but they
opt for the divide-and-conquer approach. That is, they train a model on small, fixed-size in-
stances and build a heatmap for the large instance using graph sampling, graph converting, and
heatmaps merging. They achieve good performance on graphs up to 10000 nodes, but the
method might not be suitable for real-time applications because it uses both the GNN with
large number of parameters and an expensive MCTS on the produced heatmaps. The divide-
and-conquer approach has also been successfully applied inmore recent works [29, 28]. As op-
posed to the NAR architecture in [8], the authors of [28] employ an autoregressive approach
to learn two levels of policies. The upper-level policy chooses a subset of nodes as the subprob-
lem while the lower-level policy solves the open-loop TSP on the chosen subproblem. The
proposed framework does not perform aswell as the state-of-the-art approaches, but it achieves
reasonable solution quality very quickly whichmakes it suitable for real-time applications [28].
Conversely, the authors of [29] use a divide-and-conquer approach by locally optimizing sub-
parts of a solution. Starting with an initial solution, they sample a number of subproblems,
feed them into the neural networks, and optimize only the subproblem that yields the largest
improvement [29]. Their method is the first one to be tested on TSP instances of size 20000.
Whereas the approaches discussed focus on breaking down the problem into smaller instances
and combining the solutions, themethod in [24] improves the generalization to larger instances
by changing the model architecture. Differently from most of the constructive methods that
typically use the heavy encoder and light decoder as initially proposed in [26], the authors of
[24] introduce an architecture that puts most of the parameters in the decoder. They attempt
to enforce the network to learn scale-independent features by refining the the learned node re-
lationships during the training as opposed to one-shot node embedding learning in previous
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approaches. However, the approach has only been tested on instances up to 1000 nodes while
the recent approaches usually test on graphs of sizes up to 10000. While the current approaches
improve zero-shot generalization by either developingmodels that generalize to larger instances
directly or by breaking down the problem into subproblems, they rarely focus on combining
the two seemingly opposing alternatives. Moreover, direct generalization of AR approaches
seems to be more extensively explored compared to its NAR counterpart due to the favorable
sequential inductive bias.
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4
Neural Combinatorial Optimization

In this section, we describe a generic pipeline for solving the TSP by constructive, learning-
based approaches. The authors of [4] have defined this pipeline by unifying recent ideas in
the literature. Firstly, we describe the pipeline skeleton followed by the various implementa-
tion choices for the particular stages. Figure 4.1 overviews the pipeline stages while Figure 4.2
illustrates each stage separately. Both images are taken from [4].

4.1 Neural Combinatorial Optimization Pipeline

Figure 4.1: Sequential stages of the NCO pipeline. Image taken from [4].

4.1.1 ProblemDefinition

In our work, we deal with 2D Euclidean TSP that the authors of [4] define as: “Given a set
of nodes and the distances between each pair of nodes, what is the shortest possible route that
visits each node and returns to the origin node?” Formally, we are given a fully-connected graph
with n nodes in the two dimensional unit square S = {xi}ni=1, where each xi ∈ [0, 1]2. The
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goal is to find a permutation of nodesπ = (π1, π2, . . . πn), named a tour, that visits each node
exactly once and has the minimum total length. The total tour length L(π|S) is defined as:

L(π|S) = ∥xπn − xπ1∥2 +
n−1∑
i=1

∥xπi
− xπi+1

∥2,

where ∥ · ∥2 denotes the L2 norm and πi denotes the i-th node in the tour.

Graph Sparsification

We provide a typical definition of the TSP where input is a fully-connected graph. However,
we will use graph sparsification to reduce the input sizes. Graph sparsification is a technique
that reduces the number of edges in a graph while still maintaining its essential properties. In
the literature, it is often used for efficiency when processing large scale instances [38, 4]. Re-
garding our application, it is also important for redefining the input to allow for effective use
of SizeShiftReg [9]. We explain this in Section 6.2.2

There are various alternatives when choosing the specific graph sparsification technique. We
opt for the one that showed the best generalization performance in [4]. That is, instead of a
full graph, we connect each node to its n× k%-nearest neighbors, where k is a parameter that
controls the percentage of edges that we keep (e.g., k = 0.5 indicates that we keep half of the
edges). In this way, the graphs have a fixed diameter across sizeswhich leads to the same number
of message passing iterations necessary to spread the information, independently of the graph
size [4]. In theory, this could remove the contribution of edges belonging to the optimal solu-
tion. However, in practice, it improves the performance for reasonable values of k, i.e., 0.2%
or larger in [4], but some works remove significantly more edges [6].

4.1.2 Graph Embedding

We start by using GNN encoders that take the sparsified graph as input and produce embed-
dings for nodes, edges, and the whole input graphG. These embeddings will then be used as
inputs to the subsequent step of the pipeline. Introduction to GNN architectures is provided
in section 2.1. Detailed description of the particular architectures used in thiswork is presented
in Section 4.2.
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4.1.3 Solution Decoding

The Solution Decoding step takes the embeddings produced by the GNN and outputs the
probabilities of nodes and/or edges for belonging to the optimal solution. The decoding can
be categorized into Non-autoregressive Decoding (NAR) and Autoregressive Decoding (AR)
[4].

TheNARapproachperforms a link-prediction task on the embeddings producedby theGNN.
Each edge is assigned a probability of belonging to the optimal solution independently of all
the other edges. The simplest and the most-common way of defining this predictor is a simple
Multi-Layer Perceptron (MLP) on the edge, node, and/or graph representations [23, 8, 4]. Sec-
tion 4.3 provides a description of the edge-classifiers used in this work.

NAR decoding, though fast, does not introduce a sequential inductive bias that is natural for
the VRPs [4]. For this reason, the solution decoding can also model this inductive bias by pro-
ducingnodeprobabilities dependent on eachother. For example, the attentionmodel designed
in [26] starts from a random node and outputs a probability distribution over its neighbors at
each step.

4.1.4 Solution Search

After obtaining the probabilities for edges or nodes of belonging to the optimal solution, we
can perform various search techniques to transform them into discrete decisions. The imple-
mentation of the search technique will differ depending on the solution decoding (AR vs
NAR). As our work uses a NAR approach, we focus on the solution search techniques de-
signed for this solution decoding paradigm. Search techniques vary in complexity and perfor-
mance. In [4], the authors compare the Greedy Search, Beam Search, and Solution Sampling.
However, there aremore sophisticated search techniques such as the one presented in [25], that
is based on Dynamic Programming (DP). Moreover, the authors of [8] use MCTS, which is a
form of reinforcement learning for solution optimization. A detailed comparison of solution
search techniques is provided in Section 4.4.
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4.1.5 Policy Learning

Policy Learning refers to the ML paradigm used to train the network. As mentioned in the
related work section, all of the three main paradigms (SL, RL, and UL) have been applied to
the TSP with varying degrees of success. We focus on the SL paradigm in our work. In case of
NAR decoders, we minimize the binary cross-entropy loss between our model’s edge predic-
tions and the ground-truth TSP solution [23, 8, 4]. On the other hand, for AR architectures,
we can train the network byminimizing the cross-entropy loss between the predicted probabil-
ity distributionover all edges leaving the current node and thenext node from the ground-truth
tour [39, 4]. Teacher-forcing is used to stabilize the training [40].

4.2 Graph Embedding - Architectures

There are numerous possibilities for designing GNN encoder architectures for learning the
TSP. In this section, we provide details about the two architectures that we use in our experi-
ments. We inherit the concepts and notation from Section 2.1, where we introduce GNNs.

4.2.1 Anisotropic Graph Convolutional Network

Anisotropic Aggregation makes the aggregation function directional by scaling the contribu-
tion of the neighboring nodes’ representationshj,∀j ∈ Ni through edge gates σ(eij) [41, 4].
We take the model from [4] presented by the following formulas:

h
(ℓ+1)
i = h

(ℓ)
i + ReLU

(
NORM

(
U (ℓ)h

(ℓ)
i + AGGj∈Ni

(
σ(e

(ℓ)
ij )⊙ V (ℓ)h

(ℓ)
j

)))
, (4.1)

e
(ℓ+1)
ij = e

(ℓ)
ij + ReLU

(
NORM

(
A(ℓ)e

(ℓ)
ij +B(ℓ)h

(ℓ)
i +C(ℓ)h

(ℓ)
j

))
, (4.2)

where U (ℓ),V (ℓ),A(ℓ),B(ℓ),C(ℓ) are learnable parameters, NORM denotes the normaliza-
tion layer that can incorporate BatchNorm [42] or LayerNorm [43], σ is the sigmoid func-
tion,⊙ is theHadamard product, ReLU denotes the rectified linear unit [44], and AGG is the
neighborhood aggregation function (abbreviated from AGGREGATE in Section 2.1). Net-
work inputsh(0)

i , e(0)
ij are d-dimensional linear projections of the node coordinates xi and the

Euclidean distance ∥xi − xj∥2, respectively [4].
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(a) Problem Definition

(b) Graph Embedding

(c) Solution Decoding and Solution Search

Figure 4.2: Depiction of NCO pipeline stages. Model is trained end‐to‐end via SL, RL, or UL (Policy Learning stage). Image
taken from [4].
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4.2.2 Att-GCRN

The graph convolutional residual neural network with attention mechanism (Att-GCRN) ar-
chitecture is originally used by [23], and subsequently adapted in [8]. Firstly, the inputsxi and
dij , representing the coordinates of node i (represented as a 2 × 1 vector) and the distance of
edge (i, j), are embedded into a d-dimensional vector space:

v
(0)
i = W1xi + ai, (4.3)

e
(0)
ij = W2dij + bij, (4.4)

where v(0)
i and e(0)

ij denote the d-dimensional embeddings corresponding to node i and edge
(i, j). W1,W2,ai, and bij are trainable parameters. We obtain a d×nmatrixV (0) represent-
ing the embedding of all the vertices, while a tensorE(0) of dimension d× n× n contains the
embeddings of all the edges [8].

The obtained embeddings are now fed in to the feature extractor of L layers. The elements
v(ℓ) and e(ℓ), denoting the node and edge representations of the ℓ-th layer, respectively, are
calculated as follows:

v
(ℓ)
i = v

(ℓ−1)
i + ReLU

(
BN

(
Conv(v(ℓ−1)

i ) +
∑
j ̸=i

α
(ℓ)
ij ⊙ Conv(v(ℓ−1)

j )

))
, (4.5)

e
(ℓ)
ij = e

(ℓ−1)
ij + ReLU

(
BN
(
Conv∗(e(ℓ−1)

ij ) + Conv(v(ℓ−1)
i ) + Conv(v(ℓ−1)

j )
))

, (4.6)

whereReLUdenotes rectified linearunit [44], BNdenotes batchnormalization [42], andConv
represents a one-dimensional convolutional layer with the stride of 1 and d kernels of size 1×1

[8]. Conv∗ differs from Conv by having d kernels of size 1 × 1 × 1, but the output of both
convolutional layers is a vector of dimension d × 1. As this architecture uses the attention
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mechanism [45], we have α(ℓ)
ij denoting the attention coefficient of the edge (i, j):

α
(ℓ)
ij =

exp
(
LeakyReLU

(
Conv⋄(e(ℓ)

ij )
))

∑
k ̸=i exp

(
LeakyReLU

(
Conv⋄(e(ℓ)

ik )
)) , (4.7)

where LeakyReLUdenotes the leaky rectified linear unit [44]. Conv⋄ is a one-dimensional con-
volutional layer consisting of one 1× 1× 1 kernel with stride 1, and it outputs a real value [8].

Edge representations at the final layere(L) are then fed into the classification network (solution
decoding step from the pipeline described earlier). The classification network outputs amatrix
of shape n× n representing the heatmapP , where Pij is the probability of the edge (i, j) be-
longing to the optimal solution. The concrete architecture used the for the edge classification
is described in Section 4.3.

Finally, the Att-GCRNmodel [8] uses a focal loss function [46] to calculate the accumulated
loss:

L(P ) = − 1

M

M∑
m=1

N∑
i=1

∑
j ̸=i

(
β0(1− I

(m)
ij ) + β1 · I(m)

ij

)(
I
(m)
ij − P

(m)
ij

)
log(P (m)

ij ), (4.8)

where Im is a n × n matrix corresponding to the m-th training instance. The element Imij
equals 1 if the edge (i, j) belongs to the ground-truth solution of them-th training instance,
and it is equal to 0 otherwise. Pm

ij is the probability assigned to an edge (i, j) corresponding to
m-th training instance. β0 and β1 are balanced coefficients relative to the edges not belonging
to (or belonging to) the ground-truth solutions, which are calculated as follows [47, 8]:

β0 =
n2

n2 − 2n
, β1 =

n2

2n
. (4.9)

4.3 NAR Solution decoding - architectures

As described in Section 4.1.3, NAR solution decoding is defined as a link-prediction task on
the embeddings produced by the GNN encoder. In general, the link-predictor can be of arbi-
trary complexity, but it is usually implemented using a simple MLP [8, 4, 23].
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AGCN Solution Decoding

In particular, the authors of [4] implement a two-layerMLP on the node embeddings from the
final GNN encoder layer L (the corresponding GNN encoder is described in 4.2.1):

P̂ ij = W2

(
ReLU

(
W1

(
[hG,h

(L)
i ,h

(L)
j ]
)))

, (4.10)

whereW1 ∈ R3d×d,W2 ∈ Rd×2 are trainable parameters, [·, ·, ·] is the concatenation opera-
tor, andhG is the graph embedding. It can be obtained in various ways (mean, max, sum), but
in [4] mean has shown the best performance:

hG =
1

n

n∑
i=0

h
(L)
i . (4.11)

The final probabilities of each edge Pij are obtained by applying softmax to logits P̂ ij .

Att-GCRN Solution Decoding

The classification network in [8] contains threeMLP layers operating on the final encoder edge
embeddings e(L). The heatmapP is obtained as:

P = MLP(e(L)), (4.12)

where MLP contains three fully connected layers.

4.4 Solution Search Techniques

As described in the NCO pipeline, we need to perform a search on the space of probabilities
obtained by the model to construct the solution. In this subsection, we describe the solution
search techniques used for NAR approach, i.e., those that work on probability heatmaps.
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4.4.1 Greedy Search

Greedy search is the simplest and the fastest technique used to obtain the final tour prediction.
We traverse a graph starting from a random node and mask already visited nodes to obtain a
TSP tour. The probability to traverse from a node to its neighbor is based on the probability
(output of our model) off the connecting edge. Hence, the probability of a partial tour π′ is
defined as p(π′) =

∏
j′∼i′∈π Pi′j′ , where we traverse from node i to node j [4].

4.4.2 Beam Search

We can improve greedy search by keeping b most probable tours at each step instead of just
one. This algorithm is called beam search, and the number of tours we keep at each step is the
beamwidth. Increasing the beamwidth (or simply searching longer) can improve the solution
quality, but it comes with a trade-off of using more time. Moreover, using a very large beam
width can overshadow the model’s poor generalization ability [4, 48].

4.4.3 Dynamic Programming Search

Deep Policy Dynamic Programming (DPDP) [25] is a form of beam search that, instead of
searching the solution space, operates over the Dynamic Programming (DP) state space. It
uses the heatmap predicted by the model to derive the scoring policy at each step of the search.
DPDP is a general framework that requires definition of several ingredients depending on the
specific problem. Please refer to [25] for details on these ingredients and how they should be
defined in order to construct the TSP state space.

4.4.4 Monte Carlo Tree Search

MonteCarlo Tree Search (MCTS) is a reinforcement learning-based approach that operates by
sampling k-opt transformations guided by the generated probability heatmap P . Heatmap-
based approaches in the literature use variations of MCTS for finding high-quality solutions
[6, 8, 31, 7]. In our experiments, we use the implementation from [8]. Firstly, we give an
overview of the procedure in the next subsection followed by multiple subsections that break-
down each one of its components.
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Search overview

The search starts from an initial tour that is obtained using the heatmap probabilities. Then,
it iteratively improves the solution by performing 2-opt moves until it finds a local optimum.
Once there are no better solutions within the small neighborhood, the search expands to a
larger neighborhood with k-opt moves, for k > 2. Given the infeasible size of the enlarged
neighborhood, promising moves are sampled based on the heatmap obtained from the model.
Moreover, the heatmap probabilities are updated using RL with the goal of reinforcing the
edges that have been present in good solutions. After the sampling pool is exhausted, the search
jumps to another state by repeating the initialization process from the beginning.

State and action representation

MCTS starts from an initial tour π and iteratively select an action a to reach an improved
solution π∗ until we run out of search time. Each solution is represented as a permutation
(π1, π2, . . . πn) of all the vertices (which induces the edges between them) while an action
can be defined as a k-opt transformation (2 ≤ k ≤ n), where we delete k edges and add
k new edges to the solution. The problem with this formulation is that it can lead to an
unfeasible solution as we are allowed to arbitrarily delete and add k edges. Hence, the au-
thors of [8] use a different representation that requires only k (previous one needs 2k) deci-
sions for each action and guarantees the feasibility of the solution. Action is represented as
a = (a1, b1, a2, b2, . . . , ak, bk, ak+1), where a1 = ak+1. Now, we can represent an action as
deleting k edges of the form (ai, bi) and adding k edges of the form (bi, ai+1) for 1 ≤ i ≤ k.
Using this representation, we reduce to k decisions because bi can be uniquely determined
based on the choice of ai. Moreover, this action representation guarantees to transform the
state to a cycle (a feasible solution). Please refer to [8] for a detailed explanation of these claims
followed by an example. Given these notions, we can define the difference between the tour
lengths obtained by applying the action a as:

∆(π,π∗) = L(π∗)− L(π)

=
k∑

i=1

dbi,ai+1
−

k∑
i=1

daibi ,
(4.13)

where L(π) denotes the length of the tour π and dij is the distance on the edge eij . Negative
difference indicates that the tourπ∗ is better.
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Initial state and promising actions

Before getting into the details of the search, we should clarify how we find an initial state as
well as which actions wewant to consider at each step. State initialization starts from a random
node π1 and iteratively selects node πi from the set of unvisited nodes. Unvisited node j is
selected with the probability exp(Pπij) and the sum of the probabilities of the candidate ver-
tices is equal to 1. Instead of considering all the actions with a certain k, we remove those that
contain an edge (bi, ai+1) with Pbiai+1

< 10−4. The remaining actions are called promising
actions.

Small neighborhood search

The search begins in the small neighborhood of the current state by evaluating promising ac-
tions with k = 2 one by one. We do not necessarily consider all such actions because we move
to the better solution as soon as it is found. We repeat this process until there no more promis-
ing actions with k = 2 that can improve our solution. The goal is to use this simple procedure
to quickly reach the local optima.

Targeted Samplingwithin EnlargedNeighborhood

Finding ahigh-quality solution requires searchingwithin a larger neighborhood, i.e., evaluating
actions with k > 2. As this is very expensive in general, we sample a subset of promising ac-
tions guided by our heatmapP that will be updated throughout the iterations. The procedure
is composed of four steps: (1) Initialization, (2) Simulation, (3) Selection, and (4) Backpropa-
gation. Figure 4.3, taken from [8], illustrates this sequence of steps.

Figure 4.3: Overview of the targeted sampling within enlarged neighborhood. Image taken from [8].
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Initialization

We define two symmetric n× nmatrices,W andQ. Elements ofW control the probability
of choosing vertex j after vertex i, and are initialized as 100 × Pij . On the other hand, Qij

keeps track of how many times the edge (i, j) is picked during simulations, and every value is
initially 0. We also need a variable c to keep track of the total number of simulated actions.

Simulation

In the simulation process, we generate a number of actions to be considered from a stateπ. We
remind you that we make a series of decision choosing ai for 1 ≤ i ≤ k while bi can be deter-
mineduniquely onceai is chosen. So,we estimate thepotentialZbij of each edge (bi, j), j ̸= bi,
based on the following formula:

Zbij =
Wbij

Ωbi

+ α

√
ln(c+ 1)

Qbij + 1
, (4.14)

where Ωbi =
∑

j ̸=bi
Wbij∑

j ̸=bi
1

is the averaged value inW of all the nodes relative to bi. The poten-

tialZbij balances exploration and exploitation with the term
Wbij

Ωbi
that prefers highly-probable

edges and the termα
√

ln(c+1)
Qbij

+1
that prefers under-explored edges. The hyperparameterα allows

for experimentation with levels of intensification and diversification.

After randomly choosing an initial a1 (that implies b1), we define the set Vp of all the nodes
that haveWbij ≥ 1 besides a1 and the node already connected to bi. We choose a node from
Vp with probability:

Pj =
Zbij∑

p∈Vp
Zbip

. (4.15)
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The only exception is when we want to close the loop, which happens if connecting bi to a1
is an improving action or i ≥ 10. In two those cases, we let ai+1 = a1. We generate actions
until we find an improving action or until we reach a maximum number of actions controlled
by the parameter h.

Selection

If the simulation process finds an action leading to a better solution, we move to a new state
πnew. Otherwise, we move out of the current search area by jumping to a random state using
the initialization method described previously.

Backpropagation

Wewant to update the values of ourmatricesW andQ as well as the variable c throughout the
iterations. The count c is simply incremented whenever an action is evaluated, while Qbiai+1

increases by 1 for each edge (bi, ai+1) in the evaluated action. Most importantly, whenever we
reach an improved stateπnew fromacurrent stateπ by applyinga = (a1, b1, a2, b2, . . . , ak, bk, ak+1),
we update our probability matrix in the following way:

Wbiai+1
← Wbiai+1

+ β

[
exp
(
L(π)− L(πnew)

L(π)

)
− 1

]
, (4.16)

where β is a hyperparameter used to control how much we increase the probability of edges
appearing in the improved state. Backpropagation is used to make the sampling process more
targeted by increasing the probability of favorable edges.

Termination

The process of simulation, selection, and backpropagation repeats until there are no more im-
proving sampled actions. At that point, the search jumps to a new state where it again starts
from a local neighborhood search. The whole procedure stops once the time controlled by the
parameter t has elapsed. In the end, the best solution foundwithin the allowed time is returned.
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Figure 4.4: Overview of the method to produce compositional heatmaps. Image taken from [8].

4.5 Compositional Heatmaps

In [4], the authors identify two crucial challenges for learning-based TSP approaches:

• Training on large-scale instances is very computationally expensive.

• Current approaches scale poorly to larger instances. This is especially true for NAR
architectures.

For this reason, various divide-and-conquer approaches have been recently proposed [8, 29, 28].
In this section, we present the compositional approach from [8] that we use throughout our
work.

If you go back to steps 2 and 3 of ourNCOpipeline, you can see that we use ourmodel directly
on the graphs at inference time. However, we can introduce additional steps into heatmap con-
struction to have a compositional approach in cases where training and test graph sizes signifi-
cantly differ.

We sample a number of subgraphs of sizem (m is a hyperparameter) from the original graph
and use our model to obtain the heatmaps for all the subgraphs independently. Then, we can
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merge the heatmaps from the subgraphs into one big heatmap for the large-scale graph. By
settingm to the training graph size as in [8], we can expect the model to perform well on the
sampled subgraphs. In this way, we hope to mitigate the generalization problem and obtain
better heatmaps as the input to the search procedure. In Figure 4.4 , taken from [8], we pro-
vide an illustrative overviewof the procedure. In the following paragraphs, we break down each
step.

Graph Sampling

We use graph sampling to obtain a certain number of subgraphs from the original graphG =

(V,E). It starts by initializing counters oi and Oij to zero for each vertex i ∈ V and edge
(i, j) ∈ E. In each iteration, the vertexwith the smallest oi is chosen (ties are broken randomly)
as the clustering center. The k-nearest neighbors algorithm (k is actually set tom in this case) is
then used to form a subgraphG′ containingm vertices. For every vertex i and edge (i, j) inG′,
the corresponding counters oi and Oij are incremented by one. This process continues until
the minimum value of oi reaches a lower bound ω (a hyperparameter).

Graph Converting

As, in practice, we synthetically generate our train data from the uniform distribution, the
model will train on graphs with randomly distributed nodes in a unit square. Our subgraph
sampling can change this distribution and potentially decrease the model performance. To en-
sure that the extracted subgraphG′ has the samedistribution,we convert it into anewgraphG′′.
First, we calculate the minimal and maximal values of the horizontal and vertical coordinates
for the vertices inG′ and denote them as xmin, xmax, ymin, ymax. We then calculate the normal-
ization factor s = 1

max(xmax−xmin,ymax−ymin)
), and normalize the coordinates (xi, yi) of every node

i ∈ G′ as follows:

xnew
i
← s× (xi − xmin), ynewi ← s× (yi − ymin). (4.17)

After applying the normalization, we have subgraphs with uniformly distributed nodes.

Merging SubgraphHeatmaps

Heatmaps for each of the z (a hyperparameter) subgraphsG′′ are obtained as an output of our
model. We thenmerge them into a complete heatmap for the original graphG. The probability
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Pij of each edge (i, j) being a part of the optimal solution is computed in the following way:

Pij =
1

Oij

×
z∑

k=1

P ′′
ij(k),

where P ′′
ij(k) represents the probability that edge (i, j) belongs to the optimal solution in the

k-th subgraph G′′. Edges with Pij < 10−4 are marked as unpromising and are excluded to
simplify the search space.
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5
SizeShiftReg

In this chapter, we describe SizeShiftReg, a regularizationmethod introduced in [9]. We begin
with the high-level view of the whole technique followed by the description of its components.
Finally, we discuss an inherent limitation of the approach (and similar approaches) noted by
the authors.

5.1 SizeShiftRegOverview

SizeShiftReg is a regularization method designed to improve size-generalization capabilities of
GraphNeural Networks for the graph classification task. In many applications, graphs of vary-
ing sizes are encountered, and while GNNs theoretically handle graphs of any size, their per-
formance often degrades when the size of the test graphs significantly differs from the training
size. SizeShiftReg deals with this problem by simulating a size shift in the training data and
regularizing the GNN to be robust to such a shift. Size shift is obtained using graph coarsen-
ing techniques while the regularization aims to minimize the discrepancy between the node
embedding distributions of the original graph and its size-shifted versions. This method is
model-agnostic and it does not assume access to any additional data apart from the training
set. Experimental results in [9] show its effectiveness on the TUDataset library [49] with a
train/test split specifically designed for size-generalization evaluation. Moreover, the results
show the method’s robustness to the choice of the model and the graph coarsening technique.
In Figure 5.1, taken from the original paper, we can see an illustration of the whole pipeline.
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Figure 5.1: Overview of the SizeShiftReg pipeline. Image taken from [9].

5.2 Graph Coarsening

Graph coarsening is a technique used to reduce the size of a graph while preserving its essential
structural properties. A typical application of graph coarsening is to reduce the computational
load by working on smaller graphs with the main properties of their original versions [5]. On
the other hand, in SizeShiftReg, graph coarsening creates smaller versions of the original graphs
to simulate a size shift in the training data.

Formally, given a graph G = (V,E), where V is the set of nodes and E is the set of edges, a
coarsened graph Gc = (Vc, Ec) is obtained by partitioning V into subsets and merging the
nodes within each subset into a single node. The edges in the coarsened graph are determined
by the connectivity between these subsets. The goal is to generate a coarsened graph where the
number of nodes is reduced (i.e., |Vc| < |V |) whilemaintaining key properties such as the spec-
tral characteristics of the original graph. This is crucial for ensuring that the coarsened graph
remains a valid representation of the original structure.
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The authors of [9] have tested four different coarsening methods. The first two are specialized
techniques introduced in [5], i.e., Spectral Graph Coarsening andMulti-level Graph Coarsen-
ing while the other two are baselines based on standard spectral clustering and k-means cluster-
ing algorithms. The specialized methods do provide the best results in general, but the overall
technique maintains similar performance independently of the coarsening method.

5.3 CentralMoment Discrepancy

The Central Moment Discrepancy (CMD) [50] is a statistical metric that measures the dis-
crepancy between two high-dimensional distributions. In the context of SizeShiftReg, CMD
is used to regularize theGNNby enforcing that the distribution of node embeddings generated
for the original graph and its coarsened versions are similar. In order to use CMD on the node
embeddings, we need to treat them as bounded high-dimensional distributions by normalizing
the GNN layers and/or using bounded activation functions.

CMD is calculated by comparing the central moments (mean, variance, skewness, etc.) of the
distributions up to a certain order. For two distributions p and q, the CMD between them is
given by:

CMD(p, q) =
1

|b− a|
∥E(p)− E(q)∥2 +

∞∑
k=2

1

|b− a|k
∥ck(p)− ck(q)∥2, (5.1)

where E(p) and E(q) are the expectations, interval [a, b]d is the support of probability dis-
tributions, and ck represents their k-th order moment. In practice, the number of moments
considered is usually limited to 5 to reduce the computational complexity.

5.4 Implementation Details

Nowthatweprovided thehigh-level idea aswell as the backgroundknowledge for SizeShiftReg,
we present concrete implementation steps as described in [9].
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5.4.1 Coarsened Dataset

The first step is to simulate a shift by creating a coarsened version of the training dataset. Let
Gc : (G, r) → Gc

r be a coarsening function that returns a coarsened graphGc
r with ⌊r × n⌋

nodes, where r ∈ [0, 1]. Given an original dataset of graphsD = {G1, G2, · · ·Gl} and a set
of coarsening ratiosC = {r1, r2, . . . , rk}, the original training graphs are coarsened multiple
times, resulting in a set of coarsened datasets. We denote them byDrj for each ratio, i.e. Drj =

{Gc
rj ,1

= Gc(G1, rj), G
c
rj ,2

= Gc(G2, rj), . . . , G
c
rj ,ℓ

= Gc(Gℓ, rj)}, ∀j = 1, 2, . . . , k.
Simply put, for each graph in the training set and each coarsening ratio , a coarsened graph is
generated. The node features in the coarsened graph are obtained by aggregating the features
of the corresponding nodes in the original graph using methods like mean, max, or sum.

5.4.2 Regularization Loss

During training, the GNN is regularized by minimizing the CMD between the node embed-
dings of the original and coarsened graphs. The total loss function used for training is a combi-
nation of the standard supervised loss (e.g., cross-entropy for classification), denoted by Lorig,
and the CMD-based regularization loss:

Ltot = Lorig + λ
k∑

j=1

ℓ∑
i=1

CMD(fθ(Gi), fθ(G
c
rj ,i

)), (5.2)

where λ controls the strength of the regularization, ℓ is the number of graphs in the training
set, k is the number of coarsening ratios, and fθ is the GNNwith trainable parameters θ.

5.4.3 Pseudocode

In Algorithm 1, taken from [9], we can see the pseudocode of the regularization loss compu-
tation for a batch of graphs. In practice, the coarsened graphs can be pre-computed before the
training begins and the computation is parallelized across graphs in the batch for efficiency. Au-
thors report a 50% overhead in terms of training time with respect to the same model without
SizeShiftReg.
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Algorithm 1 Computing Regularization Loss for an Input Batch during Training
Require: Coarsening ratiosC , coarsening function Gc(graph, ratio)
Input: BatchB of size nb, GNNmodel fθ
1: coarsened_batches← {}
2: for r inC ▷Create a new batch of coarsened graphs for each ratio
3: BatchBr ← [ ]
4: forG inB
5: Gc

r ← Gc(G, r)
6: Br.add(Gc

r)
7: end for
8: coarsened_batches← coarsened_batches∪Br

9: end for
10: ℓ← 0 ▷ Initialize loss
11: forBr in coarsened_batches
12: for i in {1, 2, . . . , nb}
13: embs_og← fθ(B[i]) ▷Compute node embeddings for original graph
14: embs_coarse← fθ(Br[i]) ▷Compute node embeddings for coarsened version of graph
15: ℓ← ℓ+ CMD(embs_og, embs_coarse) ▷Compute CMD between node embeddings
16: end for
17: end for
18: return ℓ

5.5 Limitations

An important assumption for the effectiveness of SizeShiftReg is that small graphs contain
information relevant for larger instances. However, this is not tied to this method specifically,
it is also true for other approaches with similar goals [51, 52, 9]. In case there are no features
that are independent of the graph size, we are left with including larger graphs in the training
set as the best option.
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6
OurMethod

In this chapter,wemotivate anddescribeourmethodology that builds on topof the approaches
in previous chapters (Chapter 4 and Chapter 5, in particular).

6.1 Motivation

In this section, we specify the problem setting that we focus on, followed by the gaps that we
identified in the current approaches to solving it. Please note that the aim of this section is
to motivate our approach by describing what type of impact we aim to make. That is, we do
not get into the technical realization nor do we necessarily implement and test every idea men-
tioned in this section. The concrete description of what we have done to achieve our goals is
left for the following sections of this chapter as well as Chapter 7.

As alreadymentioned in previous chapters, NAR architectures for the TSP have the following
issues [4]:

• Training on large-scale instances is very computationally expensive.

• NAR architectures scale poorly to large instances.

We can try overcoming this issue by including larger instances in our training set and come up
with methodological changes to enable more efficient training. However, such approaches in
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the literature typically require a lot of computational resources, complexmodels, and increased
training time. Moreover, even if training on larger instances becomes the norm at some point,
we still believe that generalization across sizes presents a fundamental property that models
should have. For this reason, we focus on the zero-shot generalization setting.

One of the most successful (and simplest) approaches to achieve generalization of NARmod-
els to significantly larger sizes is introduced in [8]. The authors combine the Att-GCRN ar-
chitecture with compositional heatmaps to train on graphs of size 50 and generalize to sizes of
200, 500, 1000, and 10000 with a lot of success. In fact, most of the subsequent papers actu-
ally use the testing setting from [8] which shows its importance. For more details about these
approaches, please refer to Chapter 3.

However, we believe that the proposedmethod has a few downsides that we try to improve. In
short, the current approach trains a very complexmodel on a fixed, small graph sizewithout any
effort to make the model itself directly generalizable. Then, the model that overfits a specific
size (and performs very well on it) is used to construct a compositional heatmap as described
earlier. Thus, all the generalization effort is taken away from the model, that only focuses on a
specific size, and transferred into the compositional heatmaps procedure.

It seems like the approach completely neglects themodel’s direct generalization ability and aims
to solve the problem by going to the other extreme. In fact, the authors do not even report
their model’s performance without the compositional construction of heatmaps. From one
point of view, this is reasonable because the performance is way better than previous methods
trying to directly generalize the NAR approach. On the other hand, we think that designing
simpler models with improved direct generalization (apart from being an interesting analysis
on its own) can be combined with the compositional heatmaps approach. In the following
subsections we discuss these considerations in more detail.

6.1.1 Overly ComplexModel

The graph encoder in [8] is theAtt-GCRNmodel described in subsection 4.2.2with d (embed-
ding dimensions of nodes and edges) set to 300 and ℓ (number of convolutional layers) equal
to 30. The encoder is followed by a 3-layer MLP as described in subsection 4.3. This leads to
a large model of just over 11,000,000 parameters for relatively small graph sizes of 50. In this
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subsection, we discuss how a simpler model can provide benefits in terms of efficiency and the
potential to extend the compositional heatmap construction.

Efficiency

A very obvious reason for trying to obtain a simpler model is the efficiency. It seems as, given
that it only learns on the small graph sizes, the proposed Att-GCRNmodel might be too com-
plex. Having a simpler model would allow for quicker inference, shorter training time, and
reduced memory requirements. Of course, this could come with a certain degradation of per-
formance. In the following sections regarding our solutions and experiments, we describe our
attempts on finding a proper trade-off.

Increased Compositionality

Another benefit of having a simpler model that performs as well (or closely) to the more com-
plexmodel is the opportunity to extend the compositional heatmaps procedure. With a smaller
model, we could potentially have multiple levels of graph sampling instead of just one. As of
now, themethodworks by splitting a large graph (e.g., 10000 nodes) into subgraphs of 50, uses
the model to obtain heatmaps of each subgraph, and then merges them into a large heatmap.
However, we could also split the same large graph into subgraphs of, e.g., 1000 nodes, then
split them into subgraphs of 50, and repeat the heatmap merging procedure twice. Of course,
this could theoretically be done with any model, but the time and memory constrains would
force us to use a simpler model. That is, we use the example of the increased compositionality
to illustrate that a lightweight model could give us the opportunity to extend our techniques
within the same resource setting.

6.1.2 Model Designed for Fixed Graph Sizes

As we already mentioned, the authors of [8] state that they do not intend to make a model
directly generalizable across sizes. However, it could be interesting for the following reasons:

• Analyzing the influence of regularization techniques applied to NAR architectures in
the combinatorial optimization domain

• Combining the regularized model with the heatmap compositionality approach.
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Regarding the first point, we are interested in how SizeShiftReg [9], originally designed for the
graph classification task, extends to learning theTSP. Secondly, if we had amodel that produces
high-quality heatmaps for different sizes, we could sample the graphs of various size at inference
time instead of fixing on the training size. In this way, we hope to better identify the promising
edges across various graph sizes. Moreover, we could potentially increase the graph sampling
size, up to the size on which the model performs well, while still training on small graph sizes.

6.2 Technical Changes

Now thatwe statedwhatwe aim to achieve, we are ready to present our technical contributions.
Firstly, we present our decision regarding the model architecture. Then, we explain why we
opted for the SizeShiftReg and how we adapted it to our task.

6.2.1 Model Architecture

We combine the approaches from [4] and [8]. That is, we took the AGCN from [4] (described
in 4.2.1) and adapted the compositional construction of heatmaps to work with this architec-
ture. In this subsection, we discuss the reasoning behind the architecture choice followed by
the implementation challenges.

Why dowe change the architecture?

We decided to use theAGCNarchitecture from [4] because it is suitable for our approach both
from the methodology and analysis point of view. AGCN performs anisotropic message pass-
ing using edge gates σ(e(ℓ)

ij ) to scale the neighboring node contributions. Thus, the only role
of edge representations is to weigh the neighborhood in the aggregation function. Notice how
the finalMLP layer is not defined on edge representations, but on the corresponding node em-
beddings. On the other hand, the Att-GCRN [8] performs the prediction directly on edge
representations (and it also uses them to learn the attention coefficients α(ℓ)

ij ). If we put this
into the context of applying SizeShiftReg, we think that the architecture where node embed-
dings play a key role for final predictions could be more suitable. Moreover, regarding our goal
tomake the architecturemore generalizable, notice that AGCN introduces the global informa-
tion into the edge probability prediction while the Att-GCRN focuses only on the particular
edge.
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Additionally, theAGCNarchitecture also provides a stronger foundation for our analysis. The
papers [4] and [8], even if dealing with the same problem, essentially have different goals in
mind. While [4] tries to systematically analyze generalization capabilities of GNNs for learn-
ing the TSP, [8] deals directly with trying to obtain the best performance possible. For this
reason, [4] provides a lot of experimental insight into the architecture behavior (even if mostly
concerning the AR approach ) under various settings while [8] talks about a single setting that
achieved state-of-the-art performance at the time. Thus, we can take advantage of the insight
provided by the authors of [4] to extend the analysis of NAR architectures. In fact, our ap-
plication of SizeShiftReg was motivated partially by the results of their analysis as explained
in subsection 6.2.2. Finally, [4] is an extension of the work in [23] (done by mostly the same
authors of [4]) where Att-GCRN (with subtle differences) was initially used for the same task.
Thus, the authors themselves have chosen the AGCN architecture for the generalization per-
formance analysis.

Implementation Details

From the conceptual point of view, applying the compositional heatmap construction to a new
architecture was simple while the code implementation posed a few challenges.

In principle, the output of both architectures is a heatmap representing the probability of each
edge belonging to the optimalTSP solution. However, there is a difference regarding themodel
inputs. Given that we use graph sparsification as opposed to Att-GCRN that operates on full
graphs, we had to consider two different scenarios at inference time. Before explaining that, it
is important to understand that the architecture we use predicts the probabilities even for the
edges that were removed in graph sparsification. That is, absence of an edge will affect node
embeddings by not considering the neighbor connected by it, but it is still possible to assign
high-probability to that edge if the model learns to do so. Thus, we have an option of setting
the probabilities of such edges to zero before merging the heatmaps. This decision introduces
a trade-off between exploration and exploitation, and we decide to experiment with both alter-
natives. In the experiments, we will refer to it as heatmap masking.

For the implementation, we combined the code repositories of the corresponding papers. Both
of the models are implemented using PyTorch [53]. Moreover, we want to emphasize that the
repositories did not originally work with the latest version of PyTorch and other supporting
libraries. We have made simple changes to upgrade the versions which led to a significant train-
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ing time reduction with respect to the one reported in [4]. In particular, the training time on
the samemodel is approximately 2.5 times faster. To be clear, we have just updated the code to
work with the newest versions of libraries without making any significant changes to optimize
the training. In this thesis, we report the reduced training times.

6.2.2 Adapting SizeShiftReg

Firstly, we explain whywe have chosen SizeShiftReg [9] as our regularization technique. Then,
we explain how we applied it to our task.

Motivation

SizeShiftReg has been successful in the generalization setting of the graph classification task. In
particular, the authors [9] trained on the 50% smallest graphs and tested on 10% largest graphs
in the dataset. They obtain up to 30% average performance increase on graphs 3 to 9 times
larger than the average training size.

If we put this into our context, where we train on size up to 50 and test on sizes up to 10000,
it is obvious that the size difference can be way larger. However, we find SizeShiftReg suitable
for two main reasons that we already briefly mentioned:

• NAR models in the literature have usually not been successful in generalizing directly
(without divide-and-conquer techniques such as compositional heatmaps and/or com-
plex post-hoc search methods) even to graphs 3 to 9 times larger. We want to test the di-
rect generalization capabilities ofNARapproaches aswell as the applicability of SizeShiftReg
to different domains. Moreover, SizeShiftReg could also be applied to AR techniques
that usually aim for direct generalization. From this point of view, probing into its per-
formance in other domains is an interesting research question.

• Strong generalization to larger sizes, even if “only” 3 to 9 on average, can be combined
with the compositional heatmaps method as we described before. That is, at inference
time, we could sample larger sizes than the ones we trained on and/or sample various
graph sizes to obtain relevant edges across different scales.

We argue that the improvements that SizeShiftReg could bring would be valuable in our set-
ting, but why would we expect it to perform well for learning the TSP? First of all, if we take a
more detailed look at how a GNN is used in this approach, we understand that there are many
similarities to the classification task. That is, we do not directly optimize for the shortest cycle,
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but we predict the probability of each edge. Thus, we can see this as estimating the probability
of each edge being classified as an edge that belongs to the optimal tour. More importantly,
conclusions from analysis in [4] align with the purpose of SizeShiftReg. Before we describe it,
we note that it was conducted for AR approaches, but we believe that similar behavior should
be observed for NAR approaches as well.

The authors of [4] analyze how distributions of node and graph embeddings behave across dif-
ferent graph sizes. They compare the embeddings of the best and worst performing architec-
ture settings (aggregation functions and normalization techniques) in terms of generalization
performance. Their results show that the best-performing architectures lead to themost stable
embedding distributions across different graph sizes. Maintaining similar representational dis-
tributions across different sizes shows that the network is extracting meaningful information
from training instances [4]. Thus, the authors advocate for development of GNN architec-
tures and normalization layers that are expressive, but invariant to distribution shifts at the
same time. We identified SizeShiftReg as a promising technique for enabling the network to
learn these meaningful representations across scales as well as to prevent performance break-
downs due to distribution shifts.

Implementation

We said earlier that we use graph sparsification, not only for efficiency and generalization pur-
poses, but also for a proper application of SizeShiftReg. We need to redefine input graphs for
a meaningful application of graph coarsening. That is, we aim to obtain a smaller representa-
tion of an original graph preserving its main topological features. For this reason, coarsening
a fully-connected graph would not be a very meaningful choice. Instead, graph sparsification
introduces interesting topological properties by reducing the number of edges.

We perform graph sparsification by, instead of a full graph, connecting each node only to its
n × k%-nearest neighbors (k is a parameter) as explained in Section 4.1.1. Notice that such
graph sparsification does not necessarily lead to an undirected graph. This introduces another
design choice for the application of SizeShiftReg. It is originally implemented only with undi-
rected graph coarsening techniques, i.e., it handles directed graphs by first making all the edges
undirected and then performing graph coarsening. This is important as most of the graph
coarsening techniques are actually designed for undirected graphs and they require symmetri-
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cal adjacencymatrices. If wewere to just blindly apply this, we could obtain (especially for large
coarsening ratios) a coarsened version of the graph with more edges than the original. We do
not want this behavior, thus we are left with the decision of applying directional graph coars-
ening techniques or heuristically fixing the coarsened graph. As the authors demonstrated the
robustness of SizeShiftReg to different graph coarsening techniques [9], we opt for the latter.
Designing a specific directional graph coarsening technique could be an interesting direction
for future work, but we do not expect it to have a significant impact on our results.

When we consider alternatives for reducing the edge count of coarsened graphs, we should
choose the one that preserves the topology and edge distribution in the best way. Hence, we
keep the topology obtained from the coarsening procedure and we operate on each node inde-
pendently by removing its edges, so that it keepsn×k%of edges. Basically, if the conversion to
an undirected graph has led to the coarsened graph having some nodes with higher percentage
of edges than in the original graph, we remove the furthest edges until the percentages are equal.
In this way, we take into account the topology induced by graph coarsening, but also align the
edge count distribution across original and size-shifted graph versions. Lastly, we note that we
always use the mean function to aggregate the coarsened graph node features.

Another important design decision is specifying the embeddings that we regularize. In [9], the
authors use a basic GCN version (along with some other GNN architectures) where they only
have the node embeddings while our anisotropic architecture produces edge embeddings as
well. However, we still decide to calculate the regularization loss based only on the CMD be-
tween node embeddings of original and coarsened graphs. As we explained earlier, the edge
embeddings are only used for weighing the neighboring node contributions, thus it is not clear
whether regularizing them would be a valid approach. Moreover, there is a possibility of regu-
larizing the graph embeddings, but, as we use very simple graph pooling techniques (e.g. sum,
mean, max), the graph representations directly depend on node representations. Introducing
a learnable graph pooling technique along with SizeShiftReg would be an interesting direction
to enhance the influence of global representation, but we restrict to node embeddings in our
work.

However, the biggest challenge in our SizeShiftReg application was the increase in dataset size
with respect to the original paper. In particular, authors of [9] train on datasets containing up
to 9,629 graphs while both of the papers we build upon use way larger datasets. In particular,
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the TSP20-50 dataset from [4] contains 1,280,000 instances while [8] uses 990,000 instances
of the TSP50 dataset. Not only are the datasets themselves large, but they can also get multiple
times larger depending on the number of coarsening ratios used. This large difference in scale
introduces the following challenges:

• Increased time for dataset preparation as we have to coarsen a large number of graphs

• Increased model training times

• Increased GPU and CPUmemory requirements.

For these reasons, we have not used the full datasets as in [4, 8] for our SizeShiftReg experi-
ments. We report the details about the dataset sizes we used in Section 7.3.3.

Finally, wewant to briefly comment on the practical code implementation. We had to combine
code repositories from [4] and [9] that use different libraries for data loading, data preparation,
and model training. Moreover, given the aforementioned problem of large datasets, we had to
increase the computation time to save memory in certain parts of the implementation. Details
are reported in the section discussing the SizeShiftReg training time overhead.
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7
Experiments

7.1 Experimental Setup Overview

Our experiments are conceptually split based on the following considerations:

• Architecture experiments vs SizeShiftReg experiments

• Direct generalization vs Compositional generalization.

Tomake things clear, all of these aspects are interconnected, but we explain them separately to
provide the reasoning behind the experimental design. We assume the knowledge of the previ-
ous chapter because we aligned the experiments with the goals of our analysis.

In the architecture experiments, we vary the model size, activation functions, normalization
techniques, depth, and width (along with additional hyperparameters). These aspects are im-
portant tofinda simpler architecture that performs aswell (or close to) the complexAtt-GCRN
architecture [8]. Moreover, different activation functions and normalization techniques influ-
ence the distribution and magnitude of node embeddings which is especially relevant in the
context of applying SizeShiftReg. These aspects are important for the generalization of any
model, but aligning node embeddings usingCMDrequires them to be represented as bounded
probability distributions. To sum up, the goal of these experiments is to analyze the architec-
tural changes independently, but also as a preparatory analysis for SizeShiftReg application.
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Regarding the second categorization, we analyze two different task settings. For direct general-
ization, we use the model as in [4]. That is, the model is used directly on larger instances and
the heatmap is explored by beam search. Given that the beam search is a very simple technique,
we somewhat mimic the generalization setting from [9], even though we do not really perform
direct classification as we have a post-hoc search. On the other hand, compositional general-
ization is tested following [8]. We sample small graphs, use the model on them, combine the
heatmaps, and run MCTS to obtain the final solution. In this way, we test how our simpler
models compare to the Att-GCRN architecture.

Putting it all together, we provide the structure of our experiments. The authors in [8] have
only used their model with the compositional approach without providing any insight into
the model’s direct generalization performance. Instead, we use the direct generalization results
to guide our model choice for the compositional evaluation. In order to understand how we
can combine the two approaches, we need to explore the connection between them. Thus, we
organize our direct generalization experiments in the following way:

• Show the main challenge of direct NAR generalization for TSP

• Analyze the influence of simple architectural changes

• Analyze the influence of SizeShiftReg.

Finally, we use these models in the compositional generalization setting.

7.2 Experimental Setup Details

7.2.1 Training

Datasets

We train on TSP datasets provided in [4], containing synthetically generated graphs with n

nodes uniformly sampled in the unit square. Models without SizeShiftReg are trained on
1,280,000TSP instances of varying sizes from 20 to 50 (namedTSP20-50). On the other hand,
models with SizeShiftReg are trained both on graphs of varying sizes (20-50) as well as graphs
with a fixed size of 50 to test its influence in different settings. Moreover, for SizeShiftRegmod-
els, we do not use the whole dataset, but up to 384,000 instances because of time andmemory
constraints. This will be clearly explained in the dedicated sections.
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Model Setup

As already described, wewill train theAGCNarchitecture. In the original paper [4], they focus
on the model with 4GNN layers and hidden dimension d = 128 (although they do test other
settings as well) which amounts to approximately 350,000 parameters. We vary the number of
GNN layers between 4, 7, 10, 15, 18, 27, and 30 and embeddings dimensions between 64, 96,
and 128. Models are trained for 10 or 20 epochs usingAdam optimizer with a fixed learning
rate of 1e− 4, and a batch size of 128.

We always usemax aggregation for node embeddings, mean aggregation for graph pooling, and
0.5% as the percentage in graph sparsification. On the other hand, we test various normaliza-
tion techniques, i.e., batch normalization, layer normalization, L1 normalization, and L2 nor-
malization. Regarding the activation functions, we test ReLU, tanh, and sigmoid.

Unless we state differently, we consider the model configuration that was adopted in [4]. That
is, we set the hidden dimension d to 128, we use ReLU as the activation function, and batch
normalization with batch statistics. We will explicitly state the other hyperparameters, but we
specify default options to avoid redundancy.

7.2.2 Evaluation

Ourmethods are evaluatedbasedon the optimality gap. Optimality gap is defined as the average
percentage ratio of predicted tour lengths relative to optimal tour lengths. We calculate it based
on the formula from [23] that is used through the literature:
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where g is the test dataset size while L(πpred
i ) and L(πopt

i ) denote the length of the predicted
and the optimal tour for the i-th test instance, respectively.

For all the sizes, but the TSP10000, we use the Concorde solver [54] to obtain an optimal
solution. The TSP10000 solutions are compared to the LKH heuristic [55] because it would
take too much time to compute the optimal solution.
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Beam Search

For the direct beam search evaluation, we follow the setting from [4]. That is, we test ourmod-
els on a test set of 25,600 instances (taken from [4]), consisting of 1,280 samples for each size
from 10 to 200. We fix the beam search size to 128 and report the optimality gap across sizes.
The results will be reported on the plots with TSP sizes on the x axis and optimality gaps on
the y axis as in [4]. However, we keep the constant scale on the y axis ranging from 0% to 100%
for all the plots instead of cutting off at the largest value for each plot separately. We do this to
ensure that our results are comparable across different plots which is very important to prop-
erly understand our analysis.

MCTS

ForMCTS evaluation, we follow the setting in [8], reusing all their test datasets. That is, we test
on 128 instances of TSP200, TSP500, and TSP1000 while we use 16 samples for TSP10000.
For a fair comparison, we set all the hyperparameters as in the original paper. Most impor-
tantly, we set the sampled graph size to 50, and we fix the amount of search time as in the
paper. However, there is an important note regarding the runtime. In [8], they use the GPU
implementation of the MCTS and report the corresponding search times. We ran into many
problems trying to reproduce these results on the GPU. All the other works in the literature
that we are aware of [31, 6, 7, 29] have opted for the CPU version, probably for the same rea-
sons. CPU runtimes are usually reported on the whole test set by parallelizing on many cores,
but we decided to follow [29] and report the running time per instance. In this way, we have
a fair comparison that does not depend on the number of CPU cores used. We also report the
heatmap generation time as in all the other works.

7.2.3 Hardware resources

Formodel training, we used GPUs available in free versions of Google Colab and Kaggle Note-
book. Moreover, we had access to 2NVIDIA Titan Xp GPUs with 12 gigabytes of memory
each. For the MCTS experiments, we used one Intel Xeon Gold 5220CPU utilizing 64 cores.
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7.3 Direct Generalization Results

In this section, we report beam search experiments conducted to probe deeper into direct gener-
alization capabilities of NAR approaches. We already mentioned that the authors of [4] have
done a thorough analysis using the autoregressive AGCN architecture. However, they only
briefly dealt with NAR approaches as they argued that autoregressive decoding is a better in-
ductive bias for the TSP. On the other hand, we already discussed in our motivation section
howNARapproaches are still worth exploring because they aremuch faster and can be used to
compositionally construct the heatmaps. For these reasons, we decided to extend the existing
analysis of direct NAR generalization.

7.3.1 What is the main challenge?

Firstly, we want to show why the current NAR approaches have not been successful in direct
zero-shot generalization. As we will see, they tend to overfit on the training data size which
completely undermines their ability to learn the underlying generalizable patterns. Of course,
this is common for any zero-shot generalization setting, but we provide the results to illustrate
how drastic this can be for NAR approaches applied to TSP.

We train three models, test them using beam search, and plot the optimality gaps as a function
of TSP size. All three models have the AGCN architecture, but they have varying complexity.
The first twomodels are trained on all 1,280,000 instances of sizes from 20 to 50 by setting the
number of GNN encoder layers to 4 and 10. We name them AGCN4 and AGCN10, respec-
tively. The third model, named AGCN*, also has 4 encoder layers, but it is trained only on a
subsample of 128,000 TSP20-50 instances. AGCN4 is trained for 10 epochs, AGCN10 for
20, and AGCN* for one epoch only. The models with 4 layers have around 350,000 parame-
ters, while the 10-layer model has around 850,000.

The results are plotted in Figure 7.1. We first focus on the difference between AGCN4 and
AGCN10. We can see that the more expressive model fits the training data way better, but
its generalization performance deteriorates as the testing size increases. It is true that it per-
forms better even outside the training size, but the relative improvement decreases until the
simpler model eventually gets better. This behavior is common amongst NAR architectures
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and presents an issue that is very hard to overcome. In fact, we added the AGCN* specifically
to emphasize how drastic this can be. As you can see, the model that is trained only for one
epoch on only a tenth of data significantly outperforms the other twomodels on test instances
with approximately 130 nodes and above (around 2.6 times increase with respect to training
graph sizes).

Basically, we performed slightly modified experiments to restate what the authors in [4] have
already concluded. That is, the current NAR approaches cannot directly adjust to the dis-
tribution shift of larger test instances. At that point, they mainly focused on the alternative
autoregressive approach. Instead, we extend the analysis of NAR approaches in the remainder
of this section.

Figure 7.1: The main challenge of direct NAR generalization. Increasing model complexity and number of training instances
leads to overfitting on the training graph sizes.

7.3.2 Effects of Simple Architectural Changes

The current analysis of NAR approaches does not cover the influence of a few components
that are crucial for our method. We are interested in the effects of different normalization tech-
niques that bound the node embedding values. Moreover, we want to analyze the influence of
network’s depth and width on the direct generalization performance.
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Please notice that these considerations are important on their own, but they also provide in-
sight into the SizeShiftReg application. That is, they influence the node embedding distribu-
tion which is crucial for the CMD-based regularization loss. In fact, we cannot directly apply
SizeShiftReg in the original setting because it does not produce the node embeddings in the
formof a bounded probability distribution. The embeddings’ scale is controlled by the learned
parameters in the batch normwhile the ReLU activation function also has an unbounded out-
put. In that case, the cross entropy loss and the regularization loss have very different scales
which makes it very hard to analyze and tune the regularization influence. We will get back to
these points when we report SizeShiftReg results.

In Figure 7.2, we can see the effects of different normalization techniques on direct general-
ization performance. We train five AGCNmodels on all 1,280,000 instances of sizes from 20

to 50. We set the number of GNN encoder layers to 10, and number of epochs to 20. The
baseline is the model with the unchanged architecture (named “original”), and all the other
models introduce simple changes to assess their influence. That is, “tanh” uses the tanh activa-
tion function instead of ReLU for node embeddings (edge embeddings still have ReLU). The
model named “L1” normalizes the node embeddings to have L1 norm equal to one while the
“L2_batchnorm” uses the L2 norm. Finally, “L2_no_batchnorm” uses L2 norm, but also re-
moves the batch normalization.

The most important thing to keep in mind when analyzing these models is the trade-off be-
tween the training size performance and the generalization performance. That is, improving
one of the two is fairly easy, but improving both poses quite a challenge. The “L1” has no
desirable properties, thus we totally excluded it in further analysis. “L2_no_batchnorm” gen-
eralizes the best out of all the models, but it fails to capture the training set patterns. It could
be interesting scaling it up further because it does provide the best overall trade-off amongst
sizes. TheL2 model with batch norm does not generalize as well as the original, but it stabilizes
the learning throughout the epochs (not shown in the plots) and allows the model to better
capture the training data size patterns. Finally, the “tanh” model outperforms the baseline on
all the sizes, so we explore it further.
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Figure 7.3 shows the optimality gap on the validation set with fixed graph size 50 duringmodel
training. We have the training steps on the x axis and the optimality gap value on the y. The
blue line represents the model with tanh on the node embeddings while the green line shows
the originalmodel. We can see that the tanh function enables themodel to capture the training
size patterns in a better way while maintaining stronger generalization capability.

Figure 7.2: Effects of various normalization techniques on direct NAR generalization.

That being said, the tanh model still has poor generalization overall. Bounding the node em-
beddingswithin a certain range can definitely have a positive impact on generalization aswe can
see in the two of our models. It is possible that an extensive analysis of classical normalization
techniques could have significant impact on the generalization. However, we instead use this
preliminary analysis to guide further decisions regarding the compositional approach and the
application of SizeShiftReg.
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Figure 7.3: Validation optimality gap of AGCN models on graphs of size 50. The green line represents the optimality gap
of the model using ReLU (original), while the blue line refers to the model with tanh activation function. Bounded node
embeddings obtained by using the tanh activation function enable the model to capture the training size patterns in a better
way while still maintaining stronger generalization capability.

We also test the influence of varying the model depth and width. Depth refers to the number
of GNN encoder layers ℓwhile width refers to the embedding size of nodes and edges, denoted
by d. We train models on three levels of complexity, i.e., approximately 350,000, 850,000, and
1,280,000 trainable parameters. For each level of complexity, we train two different versions
of the model by changing the depth and width, keeping the same number of parameters. All
the models have the AGCN architecture with tanh activation function because it had the best
overall performance in the previously reported analysis. We name them by putting the num-
ber of layers after the architecture name (as before) followed by the embedding size after the
underscore. For example, AGCN4_128 has 4GNN encoder layers and the embedding size set
to 128. Results are shown if Figure 7.4. Please note that we separated the results on two plots
only for better visibility. That is, putting all the lines in one plot blurs the small differences that
we want to interpret.

Overall, we notice that the performance remains similar with different depth/width configu-
ration. Simply changing the model depth does not solve the generalization issue. However,
as noted earlier, improving the performance both on the training size and outside of it is not
straightforward. Thus, we want to take into account even the slight improvements. In particu-
lar, deepermodels perform better on the training sizes on all three complexity levels. Moreover,
the depth improves the generalizationperformance onmediumand largemodelswhile the shal-
lower model has better generalization on the lowest scale.
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(a) Small and medium scale models (b) Large scale model

Figure 7.4: Effects of varying model depth and width across different model complexity levels.

To sum up, simple architectural changes can mitigate the generalization problem to a certain
degree. However, it seems that more significant improvements require the application of ad-
vanced regularization techniques. We use the insight obtained in this analysis to guide the ap-
plication of SizeShiftReg [9].

7.3.3 Effects of SizeShiftReg

In this section, we present the results of applying SizeShiftReg [9] to our models. We begin by
summarizing key insights that are crucial for interpreting the results. Next, we present a sim-
ple example as a preliminary analysis. Following this, we test the effects of SizeShiftReg when
training both on variable and fixed graph sizes. Finally, we report the training time overhead of
using SizeShiftReg.

Summary

Aswe explain at the end of Section 6.2.2, using all 1,280,000 training instances in SizeShiftReg
experiments requires more resources than we have available. For this reason, we use up to
384,000 instances of both TSP20-50 and TSP50. This amounts to 30% and 39% of dataset
instances used in [4] and [8], respectively. Furthermore, instead of testing various graph coars-
ening techniques as in [9], we always use the spectral graph coarsening [5]. Even if we do not
use the whole datasets, we believe that these dataset fragments are large enough to perform a
meaningful analysis.
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Taking this into consideration, the models reported in this section are not able to reach the
competitive performance on training graph sizes with respect to some of the models using all
the training data. For this reason, they have not been considered in the final compositional gen-
eralization analysis where we try to obtain results comparable to [8]. However, we have used
enough data to show the potential of SizeShiftReg in our application. In particular, we obtain
up to 7.4% reduction in the average optimality gap on the test dataset while improving (or at
least maintaining) the performance on every graph size. We have to introduce an additional
consideration to explain the significance of this result. That is, a decrease in the average opti-
mality gap on all the test sizes can be obtained by improving the performance on some sizes and
degrading it on others. Such results are valuable as long as the relative performance decreases
are not large. For this reason, we do not simply provide the numerical results, but we inter-
pret the plots showing themodel performance. However, more significant results are obtained
when we are able to decrease the average optimality gap while not increasing it for any size. We
were able to obtain this in our best setting as already mentioned. However, scaling such results
to more complex models and more data requires further work.

Finally, we want to add the note regarding the influence of bounded node embeddings. As we
report in Section 7.3.2, restricting node embeddings in different ways can improve generaliza-
tion performance. In our SizeShiftReg experiments, we always bound the node embeddings
because this is necessary for its application (explained in Section 5.3). The baseline models are
identical in every aspect, with the only difference being whether SizeShiftReg is applied dur-
ing training. This means that the generalization performance improvements that we report are
not the result of adding normalization and/or changing the activation functions, but due to
the application of SizeShiftReg.

To sum up, using SizeShiftReg to improve the performance of current state-of-the-art mod-
els in the literature requires more time, resources, and experimentation than available for this
thesis. However, we believe that our SizeShiftReg results provide a meaningful proof of con-
cept for its application in learning the TSP. Our results are promising, but we cannot be sure
whether they would translate to a larger scale without additional exploration. Moreover, as
you will see in Section 7.4, we were able to obtain strong results even without incorporating
SizeShiftReg in the best-performing models, that is left for future work.
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Preliminary analysis

We start by analyzing the effects of SizeShiftReg on a very simple model to understand its ef-
fects in a scenario where there is a lot of potential for improvement. That is, we train AGCN
model with 4 encoder layers on 128,000 TSP20 instances for 10 epochs. We compare its per-
formance with and without SizeShiftReg. In particular, we train one model with coarse ratio
0.8, one with 0.9, and one with both of them. We differentiate the models with and without
SizeShiftReg by including “with_ss” and “wo_ss” in their names on the plot legend. For the
model without SizeShiftReg, we report the results after training for 1 epoch (“epoch0” on the
plot) and for 10 epochs (“epoch9”). For the SizeShift models, we always report the results after
the 10-th epoch. Results are reported in Figure 7.5.

Figure 7.5: Results of preliminary analysis. SizeShiftReg brings major improvements on the simple model trained on small
graph sizes of 20 nodes.
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We can see that SizeShiftReg brings major improvements in terms of generalization perfor-
mance in this simple scenario. In particular, the baseline model has very unstable training
shown by the better performance after 1 epoch than after 10 epochs. SizeShiftReg introduces
stability and allows themodel to learn throughout the epochs. However, we want to point out
that adding the coarsening ratio of 0.8 in addition to 0.9 brings down the performance. We
will discuss this inmore detail whenwe analyzemore complexmodels in the following sections.

Wedesigned this toy example to indicate the potential of SizeShiftReg in our application. How-
ever, obtaining significant improvements in more-realistic scenarios with better performing
models requires carefully choosing various hyperparameters. Instead of extensively trying all
the possible combinations, we tune them by tracking the model training behavior and/or con-
sidering previous results. We report this analysis in the following sections.

Training on varying graph sizes

We train AGCN models with 10 encoder layers and the hidden embedding size of 128 (re-
sulting in approximately 850,000 parameters) on 384,000 TSP20-50 instances for 20 epochs.
Since the models use ReLU activation function, we normalize the node embeddings to have a
unit L2 norm after each layer. We train the model without SizeShiftReg (named “baseline”),
three SizeShiftReg models with coarsening ratio 0.9 varying the regularization coefficient λ
between 1.0, 5.0, 25.0, and one model with both 0.8 and 0.9 coarse ratios with λ set to 5.0.
Models are namedbased on the coarsening ratios and regularizing coefficient they use. We show
the results in Figure 7.6.

We can see that varying the value of λ significantly changes the influence of SizeShiftReg. The
model with λ set to 1.0 performs similarly to the baseline with small generalization improve-
ments while increasing it to 5.0 leads to significantly better performance on larger sizes. How-
ever, it also decreases the performance on the training data size. Increasing λ to 25.0 leads to
the model over-focusing on the regularization loss and increases the optimality gap on all the
testing sizes. Finally, we see that adding the coarsening ratio of 0.8 in addition to 0.9 has a neg-
ative impact on the model performance.
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Figure 7.6: SizeShiftReg applied during training on the dataset with graph sizes from 20 to 50. Varying the normalization
coefficient λ has a strong influence on the model performance. Training with λ set to 5.0 significantly improves model’s
ability to generalize, but negatively impacts the performance on the training data sizes.

We trained many more models in the same scenario (in terms of training data and model com-
plexity) varying the normalization techniques and activation functions to test the effects of
different node embeddings distributions on the improvements obtained by SizeShiftReg. The
results exhibit very similar patterns as in Figure 7.6. That is, we are able to obtain significant
improvements on large sizes by training with SizeShiftReg using the coarsening ratio 0.9 and
tuning the normalizing coefficient. However, we always see worse performance on the train-
ing size and negative impact of lower coarsening ratios, i.e., 0.7 and/or 0.8. For this reason,
we find that reporting all such results is redundant. Instead, we first analyze this behavior in
more detail followedby a slightly changed settingwherewe obtain better relative improvement.

We train the same model as before with SizeShiftReg using coarsening ratios of 0.7, 0.8, and
0.9 together while λ is set to 1.0. It gets compared to the model without SizeShiftReg and to
the model using only the coarsening ratio of 0.9with the same λ. Figure 7.7 shows the perfor-
mance while Figure 7.8 shows the training losses of the model using three coarsening ratios.
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In Figure 7.8, we can see the cross entropy loss and the CMD loss (SizeShiftReg loss) through-
out the training steps. The smoothed curves are represented in a strong color, whereas the
originals curves have a faint appearance. The plots indicate that the model training achieved
what we aimed for, i.e., it reduced both the losses in a reasonably stable manner. This means
that we were able to introduce the SizeShiftReg effect into the model without hurting the per-
formance on the original task significantly. However, in Figure 7.7 we can see that the model
with three coarsening ratios performs worse than the baseline on all the sizes. Moreover, we
also add the model with coarsening ratio 0.9 and the same value of λ as a reference. It seems
that the larger coarsening ratios do not introduce a proper bias into the model.

Figure 7.7: Lower coarsening ratios than 0.9 negatively influence the performance on all sizes even if the training is stable.
Identifying the cause of this issue requires deeper analysis. It could be due to model hyperparameters, small training graph
sizes and/or coupling between graph sparsification and graph coarsening techniques.
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(a) Cross‐entropy loss

(b) CMD loss

Figure 7.8: Cross‐entropy and CMD loss during training. Original curves have a faint appearancewhile the smoothed versions
have a stronger color. Both of the losses decrease in a stable manner which indicates that the hyperparameters are properly
set for the application of SizeShiftReg.

One of the possible reasons for this might be that the lower coarsening ratios could lead to un-
informative graphs. For example, coarsening the graphs of size 20 with the coarsening ratio
of 0.7 produces graphs with only 14 nodes. Authors of [9] have noticed similar behavior in
some of their experiments. However, this is just a conjecture, and understanding this behav-
ior would require a deeper analysis. It could also be due to the model complexity that is not
able to capture the patterns across various sizes with a limited number of parameters (850,000).
Moreover, we could test the influence of removingmore (less) edges in the graph sparsification
technique. This would induce a different topology that could be crucial as the input to graph
coarsening.

To show that even better improvements can be obtained, we provide a slightly different setting
where SizeShiftReg shows strong generalization improvementswithout increasing the optimal-
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ity gap on the training set sizes. We keep everything the same as before except for the model
complexity and depth/width ratio. That is, the number of encoder layers is set to 30 and the
embedding size to 64, leading to 640,000 parameters. The baseline model is compared to two
models with SizeShiftReg. Both of them have λ set to 5.0while the coarsening ratios differ be-
tween only 0.9 and (0.8, 0.9) combined. Results are reported in Figure 7.9. The results show
that the generalization performance is improved keeping approximately the same optimality
gaps on the training sizes. Moreover, the combination of (0.8, 0.9) coarsening ratios slightly
improves on top of the 0.9 alone.

Figure 7.9: Decreasing the model’s embedding size and increasing the number of layers enhances the relative improvement
obtained by using SizeShiftReg. Models are able to maintain the performance on small sizes while having significant general‐
ization improvements.

To sumup, we have seen that introducing a proper amount of SizeShiftReg improves the gener-
alization performance when training on varying sizes from 20 to 50. However, testing various
scenarios that could directly influence how much improvement we could get requires exten-
sive analysis out of the scope of this thesis. Instead, we shift our focus to training on TSP50 to
analyze the effects of applying SizeShiftReg when training on a fixed graph size.
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Training on a fixed graph size

In this section, we analyze the effects of SizeShiftReg when our models are trained on the
TSP50 dataset. We start by using 128,000 data samples for the preliminary results followed
by an extension to 384,000 training instances. Instead of experimenting with different coars-
ening ratios as in the previous section, we focus on using (0, 8, 0.9) combined as it showed the
best performance in [9].

Same as before, we train the baseline AGCN model with ReLU activation function and L2

normalization on the node embeddings. We compare the baseline with two models that use
SizeShiftReg with different values of λ (1.0 and 5.0). Results are reported in Figure 7.10. We
can see that the model with λ set to 1.0 improves both on the training size (slightly) and on
larger instances. In fact, the average optimality gap on all test sizes is reduced from 37.478%
for the baseline model to 30.052%, leading to an improvement of 7.426%. On the other hand,
increasing λ leads to even better performance on larger sizes, but it degrades the performance
on sizes 50 and below.

Figure 7.10: Training the model on 128,000 TSP50 instances with SizeShiftReg leads to significant improvements. Introduc‐
ing a proper amount of SizeShiftReg by setting λ to 1.0 clearly improves the model performance in this setting.

68



As we find these results very promising, the same analysis is extended to 384,000 TSP50 in-
stances and the results are reported inFigure 7.11. Wenotice that thepreviously best-performing
λ of 1.0 does not provide the same benefits when we increase the dataset size. In this case, us-
ing stronger regularization (λ = 5.0) leads to better generalization performance, but it also
increases the optimality gaps on small graphs. Scaling to more data does not lead to the gen-
eralization improvements without training data size performance degradation as we obtained
before. However, we report the analysis that shows why these results are valuable and sums up
our analysis on the effects of SizeShiftReg.

Figure 7.11: Effects of SizeShiftReg when training on 384,000 TSP50 instances. Unfortunately, our improvements do not
translate to the larger dataset in a straightforward manner. However, our model is still able to obtain stronger generalization
with decreased performance on the training graph sizes. Whether further experimentation could lead to closing this gap on
the small sizes while still improving the generalization performance remains a question.

Figure 7.12 sums up the conclusions from our SizeShiftReg analysis. We plot the results of
models trained on 128,000 and 384,000 TSP50 instances with prefixes “128k” and “384k”,
respectively. On the left, we put the results of previously reported analysis on models with
ReLU activation function and L2 node embeddings normalization for both dataset sizes. On
the right, we report the same analysis training models with tanh activation function without
any normalization as the outputs are already bounded. We will interpret the results of models
using ReLU because we have already described their performance, but the models with tanh

69



show similar patterns. We included the tanh results to demonstrate that our insights are rele-
vant across various settings.

Baseline models behave as we already described in Section 7.3.1. That is, adding more data
results in model overfitting on the patterns present in the training data size. Then, including
SizeShiftReg during training leads to varying generalization improvements. As we already said,
SizeShiftReg enhances the performance across sizes leading to a meaningful average optimal-
ity gap decrease of 7.4% when training on the lower amount of data. If we increase λ, we get
even better generalization, but the model is not able to capture the training data size patterns
as well as the baseline. In case of scaling to more data, we were able to significantly improve the
generalization performance, but we have not found the proper λ that also keeps the optimality
gaps on smaller sizes as good as the baseline. However, if we closely observe the purple line,
we notice that the “384k” model with SizeShiftReg has the best generalization performance
while capturing the data set patterns as well as any other model besides the one that overfits on
the training data size. That is, it combines the benefits of smaller and larger λ when training
on smaller amount of data (observe purple, green, and red lines). In fact, it does have the best
average optimality gap of 28.668% out of all the presented models. However, whether it can
capture the training data patterns as well as the baseline while maintaining similar generaliza-
tion performance remains an openquestion. We suspect that thismight require higher number
of parameters to increase the expressivity combined with stronger SizeShiftReg.

(a) ReLU withL2 normalization (b) tanh

Figure 7.12: Summary of SizeShiftReg results.
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Training Time Increase

The authors of [9] report the 50% overhead in terms of training time when using SizeShiftReg.
In our application, we had to increase the computation time to save memory in certain parts
of the implementation because of the huge increase in dataset scale, that we discussed earlier.
For this reason (and possiblymany others, such as different hardware resources), we observe an
average training time increase of 2.69 times with respect to the model without SizeShiftReg.
We report the relative differences in training times for one epoch in Table 7.1. Please keep in
mind that we possibly use different parameters and resources for different models. Hence, for
example, increasing the epoch size 3 times with the same dataset does not lead to a 3 times
increase in training time per epoch. However, we report the results of training themodels with
and without SizeShiftReg within the same setting to ensure a fair comparison. We can see that
the overhead gets relatively smaller when increasing the dataset size which is a good indication
for further scaling. Moreover, we believe that an optimized implementation paired with better
resources can make the overhead closer to the one reported in [9].

Number of Instances Training Data Size Epoch Time without SSR Epoch Time with SSR

128,000 TSP50 7m 20.6m
384,000 TSP20-50 12m 35.7m
384,000 TSP50 28m 60m

Table 7.1: Comparison of training times per epoch with and without SizeShiftReg (SSR).

7.4 Compositional Generalization Results

In this section, we report the results obtained by applying the compositional heatmap proce-
dure [8] to our models. We begin by describing our experimental setting in detail (please refer
to Section 7.2 for the preliminary knowledge). Following that, we discuss the trade-offs of us-
ing simpler models. Finally, we show that our best model achieves competitive performance
compared to Att-GCRNwith 9 times fewer parameters.

Experimental Setup

We test three different scales of theAGCNmodel to analyze the performance/complexity trade-
off. Number of parameters varies between 350,000, 850,000, and 1,280,000. Remember,
from Section 7.3.2, that we can construct these model scales with different depth/width ratios.
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That is, we will first test the models with node and edge embedding sizes of 128, and 4, 10, or
15 GNN encoder layers followed by the models with the embedding size of 96, and 7, 18, or
27GNN encoder layers. As before, models with 350,000 parameters are trained for 10 epochs
while the other two model scales are trained for 20 epochs. Models use either tanh or ReLU
activation function which will be specified in the dedicated sections.

Ourmodels are compared against3baselines, i.e., a classical solver (ConcordeorLKH), heatmaps
provided by [8], and our reproduced results of their model (around 11,000,000 parameters).
To clarify, we cannot simply report the results from the original paper because they are heavily
dependent on the hardware configuration. For this reason, one baseline is obtained by down-
loading the heatmaps provided by the authors of [8] and running the MCTS on them. In-
stead, the second baseline uses the trained Att-GCRN provided by the authors to generate
the heatmaps. We run the MCTS procedure in exactly the same environment with the same
hyperparameters in all our experiments to ensure fair comparison. The authorsmeasure the cu-
mulative running time on all the instances for both heatmap generation and MCTS. Instead,
we report only the cumulative time to generate the heatmaps. As we have reused their MCTS
procedure, the running time will be exactly the same, and we want to emphasize the models
comparison. MCTS is fixed to search for 20, 50, 100, and 1000 seconds on TSP200, TSP500,
TSP1000, andTSP10000, respectively. These time constraints are adopted from [31, 6, 7, 29].

Performance results are reported in Table 7.2 and Table 7.3. The results are separated in two ta-
bles with the same structure to provide a clear interpretation based on the models trained. For
each model, we report the average solution length, optimality gap, and cumulative heatmap
generation time on all test instances. We do not report the results of the “Att-GCRN (orig-
inal model)” baseline for the TSP10000 dataset because we were not able to reproduce the
heatmaps due to the GPUmemory exception. Moreover, classical solver running times are not
reported because we are interested in comparing ML approaches. For the “Att-GCRN (origi-
nal heatmaps)” baseline we copy the times from the paper as we do not generate the heatmaps
ourselves. In our setting, generating heatmaps with their model tookwaymore time than origi-
nally reported. Wewill comment on this shortly. For themodel names, we follow the same rule
as before, the number after “AGCN” denotes the number of GNN encoder layers while the
node (and edge) embedding size comes after the the underscore. For example, “AGCN4_128”
denotes themodel with 4 layers and embedding size of 128. The flags in the parentheses next to
the model indicate whether it masks the edges and/or uses tanh instead of ReLU.Masking the
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edges means setting the probability of the edges that were removed in graph sparsification to
zero as explained in Section 6.2.1. Regarding themodel training times, we report them inTable
7.4. Training time for the Att-GCRNmodel is taken from [8] because we never retrained it in
our setting. We only used the available trained model to generate the heatmaps as previously
explained.

Finally, before we interpret the results, we should state some important considerations regard-
ing the comparison. First of all, there are no established metrics in the literature to compare
optimality gaps relative to model complexity. We will just separately compare optimality gaps
differences and discuss the trade-offwith respect to the number of parameters. Secondly, as you
can see in the tables, there is a significant performance difference between the original heatmaps
provided by the authors and our reproduced heatmaps for their model. Again, we did not re-
train the model, we just downloaded it and generated the heatmaps. For this reason, we will
compare to both of the baselines even though they refer to the same model. Finally, we have
a consideration regarding the time needed to generate the heatmaps. We were not able to use
as large batch size as they did for their model (again, for memory reasons), so our reproduced
heatmap generation times for their model are way larger than in the original paper. Fair time
comparison is a major problem in the field, and this is not tied to our case. Hence, please con-
sider time comparisons as the estimates. It is clear that our smaller models are significantly
faster, but it is way harder to quantify exactly howmuch.

ShallowModels Results

In this section, we report the results of the models with embedding size set to 128. We call
them shallowmodels just to distinguish from the subsequent analysis of models with different
depth/width ratio. Models use either ReLU or tanh depending on the performance in prelim-
inary beam search analysis. That is, we choose the better performing activation function on
each scale. Moreover, we test the masked and non-masked version of the heatmap for every
model. Results are reported in Table 7.2.

The first thing we notice across all models is the negligible effect of heatmap masking. In all
cases, the difference between the masked and non-masked version is very low. More impor-
tantly, there is no pattern where one of the options outperforms the other consistently. This
indicates that the differences are likely due to the variation in different runs rather than the
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method itself. It seems that the models do not assign high probabilities to the edges removed
during graph sparsification which is the desired behavior in the learning process. For these rea-
sons, we always consider the masked version for performance comparison.

Looking at the results, we see that none of ourmodels have been able to reach the performance
of Att-GCRN. However, remember that our models are approximately 31, 13, and 9 smaller
in terms of the number of parameters than the baseline. This is evident in heatmap generation
times as well. Our cumulative heatmap generation times are significantly shorter, especially
when compared to times where we reproduce the heatmaps in the same setting. As we noted
earlier, inference time comparisons are not reliable. Therefore, we will not provide specific
quantification, but the results clearly indicate significant improvements.

Our models show an expected pattern of better performance with increased complexity. How-
ever, the rate of increase does diminish as we can see that the AGCN10_128model relatively
improves over AGCN4_128more than the AGCN15_128 over AGCN10_128. That being
said, the relative increase in number of parameters is also way larger in the first case. We cannot
simply choose the best model scale as it depends on the desirable trade-off for the specific appli-
cation. Moreover, besides considering the performance/complexity trade-off, smaller models
can also extend to additional techniques that require more forward passes. For example, they
could allow us to use the extended compositional construction mentioned in Section 6.1.1.

Finally, we analyze howour largestmodel compares to the baseline. The relative optimality gap
differences with respect to the original heatmaps are 0.1613, 0.4275, 0.4418, and 0.75. If we
compare to the reproduced heatmaps by running the provided model, we get 0.1112, 0.1734,
0.1597, and NA for TSP10000 as we were not able to reproduce the results. The baseline
is better across sizes, even if by a small margin, thus we can be certain that it is indeed a better-
performingmodel. However, significantmemory and time savings offered by ourmodel could
be more important depending on the application.
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Method
TSP200 TSP500 TSP1000 TSP10000

Length Gap (%) Time Length Gap (%) Time Length Gap (%) Time Length Gap (%) Time

Solver 10.7280 0.0000 / 16.5836 0.0000 / 23.2268 0.0000 / 71.7778 / /
Att-GCRN (original heatmaps) 10.7470 0.1768 20.62s 16.7902 1.2462 31.17s 23.6274 1.7247 43.94s 74.2262 3.4111 249.6s
Att-GCRN (original model) 10.7524 0.2269 50.91s 16.8323 1.5003 125.85s 23.6927 2.0068 268.85s / / /
AGCN4_128 (ReLU; masked) 10.8091 0.7556 3.53s 16.9699 2.3301 8.02s 23.8839 2.8298 19.69s 75.2402 4.8237 135.99s
AGCN4_128 (ReLU; not masked) 10.8120 0.7895 3.53s 16.9613 2.2778 8.02s 23.8843 2.8315 19.69s 75.2706 4.8662 135.99s
AGCN10_128 (tanh; masked) 10.7699 0.3893 5.39s 16.8767 1.7677 13.15s 23.7749 2.3605 29.24s 74.8187 4.2366 149.22s
AGCN10_128 (tanh; not masked) 10.7717 0.4064 5.39s 16.8846 1.8156 13.15s 23.7521 2.2619 29.24s 74.8093 4.2234 149.22s
AGCN15_128 (tanh; masked) 10.7644 0.3381 7.79s 16.8611 1.6737 18.39s 23.7298 2.1665 38.85s 74.7645 4.1611 164.82s
AGCN15_128 (tanh; not masked) 10.7618 0.3145 7.79s 16.8628 1.6838 18.39s 23.7366 2.1957 38.85s 74.7413 4.1287 164.82s

Table 7.2: Compositional generalization results 1.

DeepModels Results

In this section, we report the results ofmodelswith the embedding size set to96 and7, 18, or 27
GNN encoder layers. As we have seen in Section 7.3.2, deeper models usually slightly improve
compared to their shallow counterparts on the same scale. We test them using the composi-
tional generalization to analyze how they compare in this setting. Moreover, we perform an
additional analysis by setting the subgraph sampling size to 75 for our model. In this way, we
achieve comparable results to the baseline with 9 times decrease in the number of parameters.
To be clear, we remind you that the subgraph sampling size is set to 50 in all the other models
(both ours and baselines) as explained in Section 7.2.

As the choice between masking and not masking the heatmaps did not have any influence in
previous analysis, we decided to test only the masked heatmaps with deep models. Moreover,
we always set the activation function to tanh because it was used for our depth/width analysis
in Section 7.3.2. As a consequence, the corresponding flags are removed from themodel names
in the table to ease the notation. On the other hand, we add an additional flag for the last two
models to denote that they sample the graphs of size 75 instead of 50 when constructing the
compositional heatmap. Results are reported in Table 7.3. Please note that the results of three
baselines are copied for reference.

Deeper models show variable performance in terms of comparison with their shallower coun-
terparts. That is, the deeper model on the smallest scale is worse than the shallow one across
all sizes. We remind you that it had weaker performance in direct generalization as reported in
Section 7.3.2, so this result was expected. On the other hand, for the other two scales, we have
improvements on TSP200, TSP500, and TSP1000, but the performance is slightly worse on
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TSP10000. Thus, we were able to close the gap a bit more with respect to the baseline onmost
sizes, but the deeper models also require more time to generate the heatmaps. The memory re-
quirements are the same because we do not change the number of parameters within the same
model scale.

Finally, we perform the experiment with increased subgraph sampling size where we obtain
our best results. We set the subgraph sampling size to 75 instead of 50 for our best model
(AGCN27_96) and theoriginalAtt-GCRNprovidedby the authors to generatenewheatmaps.
TheAtt-GCRNbaselinemodel obtains larger optimality gaps on every sizewhen the subgraph
sampling size is increased. On the other hand, our bestmodel (AGCN27_96) improves the per-
formance on all sizes when we increase the subgraph size. As we discussed in Section 6.1, hav-
ing amodel that generalizes well across sizes can be combined with the compositional heatmap
approach. This result is one of such examples. Moreover, if we compare it to the strongest
baseline (their original heatmaps with subgraphs of 50), we have competitive results. That is,
our model is slightly better on TSP200 while it still performs worse on larger sizes with the
absolute differences of 0.2745, 0.2735, and 0.6018 on TSP500, TSP1000, and TSP10000, re-
spectively. However, if we compare it to our reproduced results of the baseline Att-GCRN
(with its best setting, i.e., subgraph size set to 50), we have basically the same performance. Ac-
tually, our model is slightly better on TSP200 and TSP1000, slightly worse on TSP500, while
the TSP10000 is not comparable because we were not able to reproduce the results of the orig-
inal paper due to memory constraints.

To sum up, our final results show that:

• We are able to achieve competitive performance to the Att-GCRNmodel from [8] with
approximately 9 times fewer parameters.

• There is potential in combining simpler models that have improved generalization per-
formance with the compositional heatmap approach.

Regarding the first point, we want to note that the term “competitive” is intentionally loosely-
defined. That is, we perform a little bit better than what we were able to reproduce from the
paper, but still not as good as rerunning their heatmaps. These comparability issues are ubiqui-
tous in the field, sowe cannot always provide a precise quantification. However, we still believe
that our results indicate the advantages of using simplermodels. The second point is a proof of
concept for the direction of future work. That is, we show the potential benefits of combining
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a simpler model that has improved generalization outside the training size with the composi-
tional construction of heatmaps. Future work can focus on implementing some of the ideas
presented in Section 6.1 that directly build upon these results.

Method
TSP200 TSP500 TSP1000 TSP10000

Length Gap (%) Time Length Gap (%) Time Length Gap (%) Time Length Gap (%) Time

Solver 10.7280 0.0000 / 16.5836 0.0000 / 23.2268 0.0000 / 71.7778 / /
Att-GCRN (original heatmaps) 10.7470 0.1768 20.62s 16.7902 1.2462 31.17s 23.6274 1.7247 43.94s 74.2262 3.4111 249.6s
Att-GCRN (original model) 10.7524 0.2269 50.91s 16.8323 1.5003 125.85s 23.6927 2.0068 268.85s / / /
AGCN7_96 10.8221 0.8761 4.6s 17.0004 2.5132 9.69s 23.9295 3.0264 20.55s 75.4148 5.0069 135.13s
AGCN18_96 10.7669 0.3622 7.89s 16.8674 1.7129 16.73s 23.7596 2.2946 36.13s 74.8367 4.2617 158.36s
AGCN27_96 10.7570 0.2697 9.01s 16.8391 1.5410 23.06s 23.7204 2.1259 47.37s 74.8349 4.2591 172.58s
Att-GCRN (original model; 75 subgraph size) 10.7625 0.3202 70.94s 16.8617 1.6771 174.47s 23.7348 2.1874 333.82s / / /
AGCN27_96 (75 subgraph size) 10.7453 0.1599 13.09s 16.8358 1.5207 32.38s 23.6884 1.9882 66.39s 74.6582 4.0129 196.28s

Table 7.3: Compositional generalization results 2.

Method Training Data Sizes Training Times

Att-GCRN TSP50 25h
AGCN4_128 TSP20-50 4h
AGCN10_128 TSP20-50 12h 30m
AGCN15_128 TSP20-50 16h
AGCN7_96 TSP20-50 4h 30m
AGCN18_96 TSP20-50 14h 45m
AGCN27_96 TSP20-50 20h

Table 7.4: Compositional generalization model training times.
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8
Conclusion

In this thesis, we explored the size generalization of learning-based approaches for solving the
TSP, focusing specifically on GNN methods. In particular, we identified and addressed the
gaps in current NAR approaches focusing on zero-shot generalization scenario. We begin
by extending the analysis of direct NAR generalization through experimenting with simple
architectural changes, i.e., model scale, normalization techniques, activation functions, and
depth/width ratio. Our results show the positive influence of bounding the scale of node
embeddings. However, the results are still far from the desirable generalization performance.
Hence, we use the insight obtained from this preliminary analysis to guide our application of
SizeShiftReg [9]. SizeShiftReg is a regularization method originally developed for the graph
classification task, and this is, to the best of our knowledge, the first application of this tech-
nique to the CO domain. We obtain up to 7.4% reduction in the average optimality gap on
the test dataset while improving (or at least maintaining) the performance on every graph size.
However, we were not able to scale our SizeShiftReg application to the amount of data used
in state-of-the-approaches due to the lack of adequate resources. Anyway, our results show the
potential to improve direct NAR generalization using carefully designed regularization tech-
niques. Moreover, even without including SizeShiftReg, our model achieves competitive per-
formance compared to the Att-GCRN model [8], one of the top-performing models in the
literature, in the compositional generalization scenario, while having 9 times less parameters.
Finally, our results demonstrate the advantages of combining simpler models that offer im-
proved generalization performance and the compositional construction of heatmaps. That is,
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the performance of our model improves with the increase of subgraph sampling size at infer-
ence time, while the performance of Att-GCRN baseline model degrades in the same scenario.

FutureWork

We identify two avenues for future work. The first one is a direct extension of the work done
in this thesis while the second direction considers insight drawn from the concurrent advance-
ments in the literature.

Even though we obtained significant improvements by applying SizeShiftReg, resource con-
straints have not allowed us to experiment with the amount of data used in most of the state-
of-the-art approaches. Further experimentation is required to understand howmuch improve-
ment can be obtained by applying SizeShiftReg to the CO domain. Furthermore, the applica-
tion of SizeShiftReg is in no way limited to the specific setting that we considered. For exam-
ple, with minimal code changes, our implementation can be translated to the AR version of
the AGCN architecture. As the recent AR architecture [24] directly generalizes to graphs of
sizes up to 1000 nodes, it would be interesting to test the effects of SizeShiftReg in this setting.
Regarding the secondmajor focus of our work, we showed that simpler models with improved
generalization performance open up possibilities to extend the compositional heatmap proce-
dure. However, we only scratched the surface, and the direct extension could include further
experimentationwith increased size of sampled subgraphs paired with the two levels of compo-
sitional heatmap construction and/or sampling of variable subgraph sizes to identify promising
edges across increasing scales.

Regarding the second line of future work, we also consider the latest advancements in the lit-
erature. Concurrently with our work, the authors of [56] criticize current heatmap-based ap-
proaches for the TSP. In particular, instead of using a GNN to produce the heatmaps, they
introduce a simple model with only one tunable parameter τ . It works by applying the soft-
max activation function on the distance matrix of a TSP instance to obtain the score for each
edge. The smoothness of the scores is controlled by the parameter τ . Instead of the gradient de-
scent, they optimize τ with a simple grid search procedure. Their simple method outperforms
most of the existing neural solvers in the literature.

From one point of view, their work addresses the same gap that we noticed. That is, current
architectures are too complex and competitive performance can be obtainedwith simplermod-
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els. On the other hand, their work completely shifts the focus from typicalML approaches and
points out their shortcomings. Moreover, the authors advocate for developing more theoreti-
cally sound heatmap generation methods because the current approaches perform worse than
existing heuristics. The conclusion that ML approaches have not reached the performance of
heuristic solvers is well-known in the literature, but the authors of [56] further analyze this
issue.

On theotherhand, the authors of [57]point out a fundamental drawbackof all current learning-
based approaches in theCOdomain. That is, themodels focus solely on learning from the data
while completely ignoring the underlying algorithmic structure of the problem. They propose
the neural algorithmic reasoning paradigm to inject algorithmic knowledge into the learning-
based CO solvers. In particular, they pretrain the network to execute related algorithms that
run in polynomial time (e.g., algorithm for finding the minimum spanning tree in case of the
TSP). Their experiments show a significant increase of performance with respect to the net-
works unaware of algorithmic knowledge. That being said, leveraging algorithmic knowledge
has not been explored prior to this work, which opens up a new avenue of future research. We
believe that the introduction of algorithmic knowledge into the network pairedwith a carefully
designed regularization technique to ensure robustness against size distribution shifts (such as
SizeShiftReg) presents a promising direction towards closing the gap with respect to heuristic
approaches.
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