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Abstract

Since the publication of the pioneering article Volatility is Rough [31], it
is commonly accepted the fact that the logarithm of the market volatility

1
behaves like a fractional Brownian motion with Hurst index H < —. Because

of this, rough volatility models are very popular nowadays. In particular,
we want to focus our attention on the so called rough Heston model: for
this type of model, the volatility is described by a one dimensional, affine
Volterra process. Even if this choice is coherent with some market features
and the characteristic function of the log-price is known in semi-closed form,
the drawback is that the variance process is not a Markov process and, as
a consequence, some difficulties arises in the simulation. Indeed, for the
rough Heston model, the only one simulation method known up to now is
the Hybrid Quadratic Exponential (HQE) scheme presented in [28]. On
the other hand, one other possibility, is to approximate the rough Heston
model with the lifted Heston model which is based on the substitution of
the fractional kernel, which appears in the original model, with the sum
of an appropriate number of exponential kernels: this choice preserves the
Markovian structure of the variance process and simplifies the simulation.
Recently, one new simulation scheme which deals with the lifted Heston
model was presented in [$]. Thus, the goal of this thesis is to compare this
new scheme with the HQE: in particular, we will perform different numerical
tests in order to check the level of accuracy of these schemes in reproducing
some market features.
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Introduction

Rough volatility models are very popular since the publication of the famous
article Volatility is rough [31]|, where the authors show that the historical
volatility paths are more irregular than those described by standard Brow-
nian motion. This empirical evidence leads to the decision of modeling the
variance process upon the fractional extension of standard Brownian motion.
This choice produces a dynamics which is not only able to reproduce some
statistical property of the volatility, but it also overcome some problems of
stochastic volatility models in capturing some market features, for instance
the short time explosion of the at the money skew. Nevertheless, rough
volatility models are usually less tractable due to the fact that the variance
is no more described nor by a Markov process neither by a semimartingale.
Among all the models that belong to this class we focus our attention on
the rough Heston model. It is presented by O. El Euch and M. Rosenbaum
in [25]: they prove that for this model, which can be thought as the rough
counterpart of the classical Heston model described in [30], the character-
istic function is known in semi-closed form solving numerically a fractional
Riccati equation. This allows for pricing options using the Fourier inversion
technique, providing the possibility to calibrate the model to European op-
tions. Nevertheless, due to the non Markovianity of the variance process,
there are problems in finding efficient simulation schemes which are neces-
sary for pricing exotic options: so far, the only one which is available is the
Hybrid Quadratic Exponential (HQE) scheme of Gatheral [25].

To overcome this problem, the lifted Heston model was introduced by Abi
Jaber [1]. This scheme approximates the variance process of the rough He-
ston model with a (finite) weighted sum of Markovian process driven by a
standard Brownian motion. In addition to the fact that the characteris-
tic function can be computed solving a finite dimensional system of Riccati
equations, classical simulation schemes (such as the implicit Euler scheme)
are available due to its Markovian structure. The drawback is that using the
parameters proposed by Abi Jaber, it is required a high number of approx-
imating factors and this reduces the computational speed. Since recently it
has been proposed a new simulation scheme by C. Bayer and S. Breneis 3]
which allows to reduce the number of factors necessary for the approxima-
tion.



Thus, we want to compare the scheme of Gatheral with that of Bayer and
Breneis in order to understand how good they are in reproducing realistic
results on the implied volatility surface (for instance the smile and the skew).
Moreover, we analyze the regularity of the volatility paths that they generate
in order to check the coherence with the rough behaviour of the historical
volatility. To conclude, we also analyze their capability in reproducing the
asymptotic behaviour of the skew stickiness ratio.

The exposition is organized as follow:

e Chapter 1 starts with an introduction to the classical Heston model
and explains its limit in reproducing the short time explosion of the
at the money skew. Then, we introduce some results on the fractional
Brownian motion and Volterra processes: for the first one, we show
that it is neither a Markovian process nor a semimartingale, while for
the second we prove a theorem on the existence of continuous weak
solution which is useful to conclude that the variance process in the
rough Heston model is well defined. Finally, we introduce the rough
Heston model.

e Chapter 2 deals with the lifted Heston model. In particular, we ded-
icate an entire section in showing that, choosing in an appropriate
way the parameters, this model represent a good approximation of the
rough Heston model. For this purpose, we prove some results on the
convergence of the kernel which guarantee the (theoretical) quality of
the approximation.

e Chapter 3 is devoted to the description of the simulation schemes that
we use in this thesis. Firstly, we describe the scheme of Bayer and
Breneis showing in detail how it is derived, then we illustrate also the
derivation of the Hybrid Quadratic Exponential scheme of Gatheral.

e Chapter 4 is the core of this thesis and it presents the numerical exper-
iments that aim to compare the schemes described in Chapter 3. First
of all, we compare the computational costs of the two schemes showing
that the HQE is generally more expensive due to the non Markovian
structure of the rough Heston model. At a later time, we perform
some tests on the accuracy in reproducing some properties of the im-
plied volatility: we focus our attention on the smile of European Call
options and on the skew of European and Forward Start Call options.
In the last section, we analyze the roughness of the volatility paths es-
timating their Hurst index in order to check if they present the rough
behaviour described in [31].



e Chapter 5 is dedicated to the skew stickiness ratio. At first, we de-
scribe what is its role in linking the variation of the spot price and the
variation of the at the money implied volatility. Then, following the
idea of Bergomi in [13], we prove an asymptotic result valid for small
maturity. We also verify the feasibility of this result for maturity of
practical interest.

e Chapter 6 contains the conclusion and a brief discussion on possible
future developments of this work.






Chapter 1

Stochastic volatility models

A stochastic volatility model (SVM) is a pricing model in which we assume
that the underlying asset has a volatility driven by a stochastic process. In
particular these models have the general form
dSt = TStdt + ﬂStth, S() > 0 (1 1)
dvy = p(t,ve)dt + o(t,v)dBy, wvo >0 '

where the parameters r, Sy, vg represent respectively the risk-free rate, the
initial value of the spot and the initial value of the variance.

This kind of models are very useful especially in equity markets since they are
able to replicate the so called leverage effect, that is the inverse relation ob-
served in the market between the price of a stock and its volatility. ! It is pos-
sible to replicate this phenomenon thanks to the fact that the two Brownian
motion are correlated with a correlation factor pdt = d(W, B):, p € [—1,1].
The famous Black and Scholes model [17] is just a particular case of this
kind of models in which v; = vg for all ¢ > 0. On the other hand a more
realistic model is the so called Heston model that we will describe in the
next section 1.1.

A fractional volatility model (FVM) is a refined version of a stochastic
volatility model in which the volatility is driven by a fBm. The authors of
[31] proposed to describe the volatility process with a fBm with Hurst index
H < 1/2 coherently with some statistical properties that can be observed
from historical data. This idea brings to the introduction of the category of
rough volatility models. As pointed out by Bayer in |1 1] we can distinguish
two kind of rough models: simple rough models in which the volatility is
a function of a fBm and non simple rough models in which the volatility

!The idea behind the leverage effect is that financial leverage, such as debt, can am-
plify the impact of market movements on a company’s equity. When the stock price
falls, the debt burden becomes relatively larger, leading to increased of financial risk and,
consequently, higher volatility in the stock price. (For more details see [16], [19]).

)



is described by a stochastic Volterra equation with a fractional kernel (For
more details on this kind of SDE see [3]).

To this last class of models belongs the rough Heston model which is a more
sophisticated development of the classical one.

1.1 Heston model

The Heston model [30] is a one dimensional stochastic volatility model where
the underlying asset S and the volatility process v follow the dynamics:

{dSt = Sy /v dW,

1.2
d'UiL = )\(9 — ’Ut)dt + O'\/thdBt ( )

Here the initial value of the underlying Sy can be observed from the mar-
ket while the parameters A, 0,0, vy are positive and represent respectively
the mean reversion rate, the long run variance, the volatility of the vari-
ance and the initial value of the variance. Moreover we assume that the
risk-free rate r = 0 and that the Brownian motions have a correlation factor
pdt = d{W, B);.

Due to the fact that the volatility follows a CIR process, the fact that
A, 0, 0,09 are positive is not sufficient to guarantee that the process remains
positive but it is necessary the so called Feller condition: 2

Proposition 1.1.1. Consider the CIR process (v¢)i>0 in Equation (1.2). If
2\0 > o2 then vy > 0 for all t € [0,+00) almost surely. On the contrary
if the previous condition is violated the process can reach zero with positive
probability.

The Heston model is very popular due to the fact that it generates rea-
sonable shapes and dynamics for the implied volatility surface and because
there is an explicit formula for the characteristic function of the asset log-
price. For this reason it is possible to calibrate ® the model to European
options in a very efficient way and then to use the calibrated model in or-
der to price exotic options such as American or Asian-type performing for
example a Monte Carlo simulation.

Theorem 1.1.1. In the Heston model in Equation (1.2), once defined X; =
log(S;) and considering the natural filtration Fy = o(Ws, Bs|0 < s <t <T)
it holds true that

F(t,z, Xy, v) = E(eiZXT|]-'t) — ABFB()v+C(H) Xy

*For a rigorous derivation see sections 4,5 and 6 of [20].

3The calibration of a pricing model consists in choosing the parameters of the model
in such a way that they minimize the distance between the market prices and the cor-
responding prices given by the model. Typically this procedure is performed using the
prices of European options.



where the functions A(-), B(:),C(:) are completely determined solving a Ric-
cati differential equation.

Proof. First of all we apply 1t6’s Lemma to X; = log(S;), then we get

dX, = —%dt + U d Wy

If we apply the Feynmann-Kac formula for the function F (t,z, Xy, vp) =
E(e*X7|F;) we find the PDE:

aj_gaj+A(9_ )87F+3827F+L2’L)827F+ 82F
x o0 T 2 922 2 00 " P ozdv ~
F(z,v,T) =e"*

Supposing that F(t, z, Xy, v) = eADFB (vt C()X:

solution we have:

and imposing that it is a

2
F[(A+ Bv+ Cz) - gc + X0 —v)B + 502 - %32 +0opvBC| =0
A(T) = B(T) =0
C(T) =iz

We can simplify F' so this is a Riccati differential equation that can be solved
analitically and so the theorem is proved O

One of the main drawbacks of the Heston model is that it is not able to
reproduce at the same time the smile # for short and long maturity. This
is related to the fact that this model has an exponential kernel and so it

presents a typical time scale of Y Indeed applying It6’s lemma we derive

the equation

t ¢
v = e Mug + /\9/ e M=8)gs + a/ e*)‘(tfs)\/@st (1.3)
0 0
that shows us the fact that the variance in the Heston model is a Volterra
process with exponential kernel.
Moreover, as we said above, in [31], the authors show that for a wide range
of assets the historical volatility is much rougher than the one reproduced by
a standard Brownian motion. Due to this fact it is common since recently
to replace the standard Heston model with its rough counterpart that does
not present a time scale due to the fact that it present a fractional kernel.
Unfortunately since the volatility in this model is not driven by a standard

“The smile is the value of the implied volatility for options of the same kind, written
on the same underlying, with the same maturity but with different strike prices. This is
called smile because its shape sometimes recalls the one of a smile.

7



Brownian motion this process is no longer neither a semimartingale nor a
Markov process as shown in section 1.2. To overcome this problem it is possi-
ble to approximate the rough Heston model with the so called Markovian-lift
(see chapter 2) which replaces the fractional kernel with an infinite sum of
exponential kernels each one with its typical time scale. °

1.2 Fractional Brownian motion

The purpose of this section is to present the main results on fractional Brow-
nian motion in order to show that if the volatility is rough, then it can not be
nor a Markov process neither a semimartingale. Moreover we will also prove
a result that will be used in the following to study some statistical property
of our variance processes. All the definitions and results of this section can
be found in the first two chapters of [37].

Definition 1.2.1. A stochastic process X = (X¢)ier is said to be a Gaussian
process if for all k € N and for all t; < ... < ty in T the random vector
(Xtys .o, Xy,) is Gaussian.

Definition 1.2.2. Let H € (0,1], a fractional Brownian motion (FBM) is
a centered and continuous Gaussian process BY = (B,fl)tzo such that the
covariance function is given by:

1
E[B B = S (£ + 52 — [t — 5[*") (1.4)

Remark 1. If H = % the FBM coincides with the standard Brownian motion,

on the other hand it is easy to see that if H = 1 then B! = tBf almost
surely for all ¢. Thus in the following we exclude this two trivial cases.

Proposition 1.2.1. Let B be a fractional Brownian motion, then © :

e Self-similarity: for all a >0, (a= ¥ B2)>0 = (Bf)i>0
. : _ H Hy  _ (pH
e Stationary increments: for all h>0, (Byy;, — By )i>0 = (B} )i>0

o Time inversion: (t2HB?)tZO = (ng)tZO

Proof. Clearly the three processes in the left-hand side of Proposition 1.2.1
are continuous, centered and Gaussian (direct check). So, it remains to prove
the condition on the covariance:

®The idea is that we can use an infinite number of Heston model, each one with its
characteristic time scale, to approximate its rough counterpart.
Sall the "=" stand for equal by law.



e fixa>0and 0 <s<tso

a—2H

Bla~2# (BHBH)] = ©—((at)" + (as)™ — (ot — as)*") = E[B{ B

s

e fixh>0and 0<s<tso

BI(BYL, — BINBIL, — BN = 527 + 2 — (¢ — ") = BIBJ B

s

o let 0<s<tso

752H 4 82H

Bi(es YY) = 0=

t s 2 E (t - S)2H> N E[BtHBf]

(tS)QH
O

The next proposition will be very useful in the estimate of the Hurst
index of the volatility process.

Proposition 1.2.2. Let B be a fractional Brownian motion, then for all
t,s,q > 0 it holds
E[(Bf, — B = M, ¢ (1.5)

where My is the moment of order q of a standard Gaussian.

Proof. From self-similarity and stationariness of increments
E|(Bii, — B)) = E[(B")7] = E[t"? (B{")T] = M, t""
O

1
Theorem 1.2.1 (Stochastic representation). Let H € (0,1) with H # 5

define
c—\/ / ((1—|—u)H_%—uH—%)2du<oo
0

and let W = (Wi)i>0 be a classical Brownian motion. Then the process
B = (BgH)tZO defined as

35121(/0 ((t—w)2 (u)H—%)qu+/0t (tu)H—%qu> (1.6)

—0o0

1s & FBM with Hurst parameter H.



The proof of the Theorem 1.2.1 can be found in [37]. Now it is important
for us to focus on the non trivial properties of this process, in particular the
following theorems show that it is neither a semimartingale nor a Markov
process.

1
Theorem 1.2.2. Let BY be a FBM with Hurst index H # 3 Then it is
not a semimartingale.

To show the proof it is necessary the following preliminary result:

Lemma 1.2.1. Let B be a FBM with H € (0,1), let p > 1 and let G ~
N(0,1). Then in L*(Q) as n — oo it holds

1
0 i > —
n or>g ,
(1BY - B — SB(GP) if p=
k‘:l n n ) 1
+oo if p<ﬁ

The proof of this lemma is quite long and can be found in [37]. We
assume that it is true and so it is possible to give the proof of Theorem
1.2.2.

1
Proof. Since in the rough Heston model H < — let us focus only on this

case. The idea to prove the other case is very similar. By selfsimilarity it is
sufficient to consider a time interval [0,1]. Recall that if S is a semimartingale
then

n

> (Se = Sea)” — (S)

k=1

in probability as n — +o0o0 where (S) is the quadratic variation of the process
S.7

But using the previous lemma it holds

n
ST (B - BL)? —
k=1 " "

so that B can not be a semimartingale. O

1
Theorem 1.2.3. Let BY be a FBM with Hurst index H 3 Then it is

not a Markov process.

"The quadratic variation of a stochastic process (X¢);>o in the interval [0, 7] is defined
taking a partition 0 = t; < ... < t, = T with step 7 = 112;:2( t; — t;—1 and considering
sSitsn

n

lim Z (X, — Xti71)2 .For more details see Chapter 4 of [34].

4
T—0 i—1

10



Proof. Assume by contradiction that it is Markovian, so that since it is
Gaussian it must be for all 0 < s < ¢ < u that 8

E(B, BE((B')?) = E(B, B )E(B{'B") (1.7)
Choose u = 1 and define for every s € (0, 1] the function
1
o(s) =E(BY'B) = 5(1+ 5™ — (1 5)*") (1.8)
so by construction it holds for all 0 < s <t <1
E(B{ B{')

B Y

and

¢(s) = ¢(s/t)o(t)
Now define ¢ (z) = log(¢(e™™)) for all x > 0 so that it is easy to observe by
the previous constructions that:

e (0)=0
e lim ¢(z)=—00

T—r—+00

o Y(z+y) =1p(x)+Y(y)

Thus it holds that 9 = —c < 0 so that ¥(z) = —cx or equivalently

x
¢(x) =z forall0 <z < 1.
Taking the second derivative in (1.8) gives:

¢'(s) = H2H — 1)(s*72 — (1 - 5)*7%)
and since H(2H —1) # 0 and 2H —2 < 0 it holds lim 16" (s)] = +o0.
s—

But it is also true that ¢ (s) = ¢(c — 1)s°~2 hence lin% 16" (s)| = c|(c—1)| #
S—

+00.

This leads to a contradiction so that B is not a Markov process. O

1.3 Volterra processes

In this section we want to present the so called Volterra processes. This kind
of processes belong to the class of the diffusive processes and they can be
defined as the solutions of a special class of stochastic equations. In finance
it is common to use the so called affine Volterra process. The attractiveness
of affine processes arises from the fact that they exhibit a high degree of
tractability and from their ability in the description of the rough behaviour
that presents the volatility in the market. The other side of the medal is
that in general these processes are neither semimartingale nor Markovian.

8See chapter 11 of [33].

11



Definition 1.3.1. Consider a filtered probability space (2, F, (Ft)t>0,P). A
stochastic Volterra equation is an equation of the form

X =Xo+ /Ot k(t — s)b(Xs)ds + /Ot k(t — s)o(Xs)dWs (1.9)

with (Wy)¢so an m-dimensional Brownian motion, k € L} (RT, R™?) and
b: R 5 RY o : RY — R™ continuous functions. A solution of this

equation s said to be a Volterra process.

As well as for ordinary stochastic differential equation it is possible to
distinguish between strong and weak solution. In particular we said that
Equation (1.9) admits a weak solution if there exists a filtered probability
space (2, F, (Fi)i>0,P), an (Fu),>o adapted Brownian motion (W;);>0 and
an adapted, continuous process (X;)s>o such that Equation (1.9) holds V¢ >
0. Moreover this process is said strong solution if in addition it is adapted
to the natural filtration of the Brownian motion (G)i>0 = (6(Ws|s < t))i>0.
Now we can state an important result on the existence of continuous weak
solution under certain condition.

Theorem 1.3.1. Consider the equation
t t
X =Xo+ / k(t — s)b(Xs)ds + / k(t — s)o(Xs)dWs (1.10)
0 0

defined on a filtered probability space (2, F,(Ft)i>0,P). Suppose that the
functions b: R* - R, o : R — R™™ are continuous and that there exists
a positive constant a > 0 such that

max{|b(z)],|o(z)|} < a(l + |z|), Yz € R%

Moreover assume that each component of the kernel k; ;, i,7 =1, ...,d satis-
fies the conditions: k; j € L} (RT,R), there exists c € (0,2] such that

/ "2, (s)ds = O(t9)

0
and

/T (km(s + t) — ki7j(8))2d8 = O(tc)
0

for every T < co. In addition suppose that there exists a measure L : Rt —
R of locally bounded variation such that ®

kxL=Lxk=1.

Then there exists a continuous weak solution for any initial condition Xg €
R%.

“The stochastic convolution between a measurable function k and a locally bounded
t

variation measure L is defined by (k* L)(t) = / k(t — s)L(ds). In general this operation
0

is not commutative, for instance if you consider non-commuting square matrices.

12



For the proof see [3] Theorem 3.4. Now we want to use this theorem
to derive an important result that will be the core for the derivation of the
dynamics in the rough Heston model.

Corollary 1.3.1. Consider the Volterra equation

1t I
X, =Xo+ / (t— )2 I\N0 — X,)ds + —— / (t —5)* Lo/ XedW,
I'(a) Jo I'(a) Jo
(1.11)
1
fora e biggl(g, 1).
Then for any initial value Xg € R there exists a continuous weak solution.

Proof. We only need to check that the kernel and the other functions satisfy
the hypothesis of Theorem 1.3.1.

a—1
The kernel k(z) = %
e

/t kQ(s)ds = —tQail
0 (200 — DI ()

is locally square integrable, and we have

as well as

’ — k(s 2 S ; 2a—1 _ j2a—1 2a—1
[ ks 40— k6)Ps < s [ e

—Q

thus we can fix ¢ = 2a — 1. Moreover we can consider L(dx) = %dw
-«
and so we have

t (t o S)a—lsa—l

(k*L)(t):/O mds:l.

In addition the functions b(X) = A(0 — X) and ¢(X) = 0V X are clearly
continuous and respectively with linear and square root growth. Thus all the
hypothesis are satisfied and then we conclude the existence of a continuous
weak solution. O

Remark 2. Under the Lipschitz condition of the functions b and o it is also
possible to prove the existence and uniqueness of continuous strong solution
of (1.9). The problem of Equation (1.11) is that the function o(X) = oV X
is not lipschitz in zero.

It is possible to prove that Equation (1.11) admits a unique solution in

law as demonstrated in Theorem 6.1 of [3]. Nevertheless the proof is very
technical and goes beyond the aim of this thesis.
The important fact is that the rough Heston model, that we are going to
present in the next section, is based on a variance process of the form given
by Equation (1.11) and thanks to these results we have a good definition of
the model.

13



1.4 Rough Heston model

The rough Heston model (RHM) is build up in such a way that the underlying
asset S follows the same dynamics of the classical Heston model and the
variance v is defined such that

I I
Vg —vo—i-/ t—s)o‘_l)\ 0 — v, ds—l—/ t—s)“_la vedBy
(@) Jo ( ( ) I'(@) Jo ( ves
(1.12)
1 1
where the additional parameter « = H + 3 belongs to (5, 1).

Remark 3. In the limit when a — 1 the RHM converges to the classical one

Remark 4. As showed by the authors in [31] the rough volatility is coherent
with what is observed in the real market and so the dynamics of Equation
(1.12) is referred to the real word probability measure P. Nevertheless, for
our purpose of pricing options, we can assume that the dynamics given by
Equation (1.12) is true also under the risk neutral measure Q as for semi-
martingale models.

The fact that the volatility in the rough Heston model is no more a semi-
martingale and a Markov process seems to be a problem for its tractability,
however, as showed by the authors in [25], the characteristic function is
known even if it is necessary to solve numerically a fractional Riccati differ-
ential equation. Nevertheless nowadays there are some available techniques
that do it in a quite efficient way (see for instance [18] ).

1.4.1 The rough Heston model’s characteristic function

Definition 1.4.1. Define the fractional integral of order r € (0,1] of a
function f as

(1) = F(l) /0 (t— s f(s)ds

whenever the integral exists.
Define the fractional derivative of order r € [0,1) as

D0 = sy g [ () 0)ds

whenever the derivative exists.

Using the above definition it is possible to state the following theorem.

14



Theorem 1.4.1. Consider the rough Heston model given by
t
Sy =S+ / ViAW,
0

= L t —g)et — vg)ds L t —35)* oo
ut0+r(a)/o(t 1IN — v,)d +F(a)/o(t Jo 1o /zdB,

| (1.13)
and define X; = log(S;) and L(a,t) = E(e'®Xt). Then it holds
L(a,t) = exp(OAI*h(a,t) + voI*h(a,t)) (1.14)
where h(a,-) is the solution of the fractional Riccati equation
D%h(a,t) = 1(—a2 —ia) + (iapoc — N)h(a,t) + 0—2h2(a t)
9 - 2 p I 2 9 (115)
I'"*h(a,0) = 0
For a complete derivation of this result, we refer to [25], [38], [32]. The

idea is to use an appropriate sequence of Hawkes processes that converges in
law to the rough Heston model, find their characteristic function and then
derive the one of the logarithm of the asset price in the RHM as a limit.
The characteristic function is useful for the calibration of the model but it
is not possible to use it for pricing exotic options which require Monte Carlo
simulation. Nevertheless due to the lack of Markovianity of the volatility
process the simulation is difficult, thus it has been introduce the lifted Heston
model which we will present in the next chapter.
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Chapter 2

Lifted Heston model

2.1 General results

In order to preserve the Markovian structure of the Heston model and the
accuracy of the rough version, it is convenient to consider the lifted Heston
model. In section 2.2 we will prove some important results that explain why
this model is a good approximation of the rough Heston.

The lifted Heston model was introduced as a multifactor approximation of
the rough Heston model in [2]. Then in [I| the author shows one way to
reduce the high number of factors that must be determined for an efficient
approximation. Here the idea is to consider n factors driven by the same
Brownian motion but with different mean reversion. This means that we are
working with exponential kernels that determine different time scales so that
we overcome the problems arising in the use of the standard Heston model
and, at the same time, we preserve the Markovian structure. In particular
for a fixed n € N the dynamics of the stock price and of the variance is such
that:

dSP = S\ /urdW,,  SE >0 (2.1)
v =gh(t) + Y wiu™ (2.2)
=1

AU = (UM = Mop)dt + o /odBy, U =0 Vi=1,..,n (23)

with parameters the function g{j, the constants A\, € RT, w’, 2 >0 Vi =
1,...,n and pdt = d(B,W), p € [-1,1].

In [1] the author gives the rigorous proof of the existence and uniqueness of
a continuous strong solution of (2.1)-(2.3).

This approximation of the RHM allows to preserve the quality of the classic
Heston model and its rough counterpart, and also to speed up the simulation.

17



Remark 5. In the following we omit the apex n if there is no ambiguity.
. t n
Observing that E(U,"") = / e @ =IE (M) ds ! and taking the ex-

0
pectation on both sides of (2.2) it is possible to find the relation

n t
Gt =B + A} wr / e = E (1) ds (2.4)
i=1 0

From now on, we will restrict our attention to the case in which the
deterministic function gg(+) is of the form:

n ¢
9o (t) = vo + )\GZM?/ e ) ds, 0,0 >0 (2.5)
i=1 0

Remark 6. Tt is clear that if n = 1,w] = 1 and 2} = 0 we find the classical
Heston model.

Theorem 2.1.1. Consider the evolution described in the lifted Heston model
(2.1)-(2.3) and define X;* = log(S}’). Then it holds:

E(e!*X7 | F;) = exp <¢”(t, T) +iaX{ + Zw?z/)"’i(T - t)Utn’i>, Vi <T
i=1
. (2.6)
where (Y™")1<i<n solves the following n-dimensional system of Riccati ODEs:

(W) = =g 4 Flia, > wiem), 9™(0) =0, i=1,..n
j=1
with
1 o?

F(ia,v) = 5(—0,2 —ia) + (poia — X\)v + ?vz

and

T—t n .
(1, T) = /0 Flia, 3 wlgmi(s)gh(T — s)ds, t<T
=1

Here the problem seems to be the high number of parameters that must
be determined because we have to consider 2n+ 5 parameters: (v, A, 8, p, o)
and the other 2n (wj',xj)i=1,.n. Nevertheless, in [1| the author provides
a parameterization of (wj',x})i=1,. . in terms of the Hurst index H of a
limiting rough volatility model and one additional parameter r, and so they
reduce to 6 once you have chosen the value of H which usually is fixed at 0.1.

1Assuming dU; = (—zU; — Mvg)dt + o+/ved By then by It0’s lemma we have d(eztUt) =
—Xe*'vdt + e**o\/vidB; so that writing the equation in the integral form and taking the
expected value on both sides we find our goal

18



Lemma 2.1.1. The fractional kernel appearing in Equation (1.12) admits
the representation

tH=3 /+°° - e~ H=3dx
— = e dx), dx) = 2.7
TES I A e
Proof. Observe that
+00 +o00 t —-H-1
/ ety H 2y :/ e_”"t(x)ifdm. (2.8)
0 0 t—H—2
Perform the change of variable tx = 2z so that
H-1 oo —z (L-H)-1 H-1r1
(2.8) =t""2 e ?z\2 dz=1t 2F(§—H)
0
O
Using the above lemma and setting vg = 0, it is possible to rewrite
Equation (1.12) as
+00
v = / Ui(z)p(dx), x>0 (2.9)
0
where
t
Us(z) = / e~ (N0 — v5)ds + o/0;dBs), VY& >0 (2.10)
0

This is important because it allows us to look at the dynamics given by
Equation (1.12) as a superposition of infinitely many processes (U(x))z>0
that have the same dynamics but different mean reversion z € (0, +00).

2.2 Convergence to the rough Heston model

In this section we want to prove some important results about the conver-
gence of the kernel appearing in the LHM to the one of the RHM and so to
validate the Markovian approximation that we are doing.

First of all, it is important to observe that thanks to Equation (2.3) we have
that Equation (2.2) can be rewritten as

t
vy = gi(t) +/ K"(t — s)(—Avids + o\/vldBy) (2.11)
0
where .
K™(t) =) wpe ™ t>0. (2.12)
i=1

Then, choosing in an appropriate way the values of (w;', x}')1<i<n, We can
prove the convergence in L*(0,T) of K™ to the fractional kernel K.
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1 1
Theorem 2.2.1. Let « = H + 5 € bz’ggl(§, 1) and (rp)n>1 be a sequence

of real numbers such that
41 and nlog(r,) — +00 asn— 4oo (2.13)

and define (w;', xj )1<i<n such that

n_ (7" Y- ) Din/2) (1—a)i
o= e ey (2.14)
l—a\ri -1 i—1-n/2
) (2.15)

Then for oll T > 0 it holds

HKn_KHL2(O,T)—>O n — 400

H_%da:
I(H+Lr(-H+1)

+oo
where K(t) = /0 e " u(dx) and p(dr) =

Proof. Set ' = "2 for i = 0, ...,n and observe that it holds by construc-

n

;i
tion w]' = / p(dx). Then it is possible to write:

Ny
o o]
K"(t) — K(t) :/ p(dx) + Z/ e~ — e ") p(d) +/ e " u(dr)
0 77; 1 i
=L+ 1+ I3

Thus we can estimate the L?-norm of each integral (Ij)jef1,2,3)- Relying on
a second order Taylor expansion, along the lines of the proof of Proposition
7.1 in [20], we get:

n N ;i
[ e e utan)] < CrtPn-17 [ e ), 1<
n

T n
Mi—1 i—1

for all ¢ = 1,...,n, and with C' > 0 independent of n,4,t. Thus if we consider
the summation over all ¢ we get

T5/2 00 B
IBllz, < Oyt = 17 / (1 A 2=Y2)u(der)
5 0

that gives ||I2||z, — 0 due to the hypothesis (2.13).
Moreover thanks to the same hypothesis on 7, we have:

n

0 l-a Tn —(1—a)n/2
e < [ ) = 2 = T 0 s o
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and

T - oo \/1_67—2337“ Ie) < (rn)(l/Q—a)n/Q 0
H3HL2_/7771 Tﬂ(x)_m—) as mn — o0

n

and so we have proved the theorem. O

This is an important result because it tells us that in the limit the lifted
Heston model converges to the rough version which is the one that we want
to approximate.

Moreover in [10] the author shows a stronger result:

Theorem 2.2.2. Let L'(X) = {f : X = X : ||f||z, < oo} and L} .(X) =
{f: X = X: fe LYX), fis bounded and continuous}. Assume that
K"(t) are chosen such that

T
en:/ |K(t) — K"(t)|dt =0 as n— oo
0

and there exist C>0 such that
K"(t) < CK(t), (K" (t)<CK'(t) Vt<T

Let f: R — R be a function of the log-stock price and f its Fourier transform.
Define fr(x) = e R f(x) for each R € R and consider the set T = {R €
R: fre L}, and fr € L'} and let a € TN [0,1]. Assume that there eist
C1,6 > 0 such that

£ (b +ia)| < Cy(1+ [b])~0F9

Then there exist C,e > 0 independent of C1,6, f such that if e, < € then for
0 # 6 it holds

A 1 1Y\ o1
() - EGO) < 00 (g + 5 )™ 210
Moreover for § = 6 it holds
[E(f(X1)) = E(f(X})] < CCylog(e;, Ven (2.17)
The rigorous proof can be found in [10]. For us it is important to notice

that this result is crucial since it tells us that we can work with the lifted
Heston model instead of using the rough one without losing too much pre-
cision if we choose n such that e, < € 2. Now we want to show that it is

possible to choose K" (t) s.t. e, — 0 because, up to now, we only know that
|K" — K||, — 0.

2The constants C1, § are fixed so thanks to the hypothesis on the convergence to zero
of e, we can increase the number of factors in the Markovian kernel in order to move
down the error under a certain tolerance
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Theorem 2.2.3. Under the same assumption of Theorem 2.2.1 it holds
I|K™ — Kl|lpior) =0 asn— o0

Proof. The idea is to use the same approximation of Theorem 2.2.1 so we
give only a sketch of the proof. Define ;' = 7«;—”/2 fori=0,...,n and I, I
and I3 as we did in the proof of Theorem 2.2.1. First all we have

. W
(e —e ) p(da)| < Ct2r711/2(rn—1)2/ (LA2" Y2 u(dx), t<T

n
Mi—1

"
g

Thus taking the sum over all i = 1, ..., n and thanks to the hypothesis (2.13)
on the asymptotic behaviour of r,, we get ||I2||r, — 0.

Moreover ]
L, < TC(a)yr™/20=2) ¢
and also
~ 00 | _ g—aT B
3|z, < Cl(a)/ e adr 0
M

~ ~ 1
where C'(a), Cy () are two positive constants depending on « = 3 +H. O

Remark 7. In [10] the authors provide a more sophisticated estimate of the
error, in particular they prove that using Gaussian quadrature rules they can
achieve the rate of convergence

|K™" = K|[L10,) < Ce~238van,

This means that if we choose in a good way the nodes and the weights, the

1
error goes to zero exponentially fast for all H > —— and so we need a lower

number of factors n to approximate the rough kernel.
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Chapter 3

Simulation schemes

In this chapter we want to describe efficient simulation schemes both for the
rough Heston model and for its lifted version. Thanks to Theorem 2.2.3 and
Remark 7 we expect a good approximation from the simulation of the lifted
model and, once again, we underline that due to its Markovian structure
the simulation is expected to be computationally easier. As we said in the
previous chapter, starting from the dynamics of the variance process !

v = 1 t —$)* Y0 = \vg)ds L t —8)* oo
=t [ 0= s+ s [ (=) ﬁdgsl)
a—1 '

ith
o) wi

and approximating the fractional kernel K (t) =

n

K™(t) = wie ™" (3.2)

=1

we get the Markovian approximation:

dS; = \/ViSi(pdW; + /1 — p2dBy), So=s0>0 (3.3)
AVi = —2;(V} — v})dt + (0 — \V,)dt 4 o/ VidWy, Vi = v} (3.4)

n
for : = 1,...,n where V; = z:wﬂ/;Z =w-V; and v(i) are chosen such that

=1
n

g w;vg = vg. Now we want to compare two possible simulation schemes:

1=1

the first has been provided by the authors of [3], it deals with the lifted
model and it is an extension of the Moment Matching scheme of [35], while
the second has been provided in [28] and works directly on the rough model.

'We adapt the dynamics of Equation (1.12) according to what is presented in [3]. In
particular the only difference is that we bring A inside the parenthesis and so one should
think to 6 as O in Equation (1.12).

23



3.1 Weak simulation scheme

Looking at Equations (3.3)-(3.4) it is clear that the volatility process does
not depend on the stock price so this suggests to provide a simulation scheme
for the volatility and then use it to simulate the stock price preserving the
correlation p between the two processes.

3.1.1 Simulation of the volatility

Consider Equation (3.4) and split it into the deterministic and the stochastic
part.
Define D(z, h) := Zj, the solution at time h of the ODE

dZ} = —zi(Z} —vp)dt + (0 — \Zy)dt, Zj=7', Z,=» wZi (3.5)
=1
and S(y,h) := Y}, the solution at time h of the SDE 2
dY} = o/YidW,, Yi=y, Yi=) wY; (3.6)
=1

Now observe that the first one can be solved exactly and the solution is given
by
D(z,h) = Zj, = ez 4+ A7 (e — Td)b

where A = —A\1w’ — diag(x) and b = 01 + diag(x)vy.
On the other hand, we have

dY, =w-dYy =Y wio/YedWy = wo/YedW;, Yo=w-y  (3.7)
=1

n
where w = Z w;. This is an SDE which is studied in [35] where the authors
i=1
provide an approximated solution using a scheme which is based on the idea
that we can simulate a discrete random variable Y}, which matches the first

n
five moment of our original variable Y;, = ijY}f for which the dynamics

j=1
is given by Equation (3.7). In order to do this we need to define the values:

and use them to construct the quantities

®The solutions D(z, k) and S(y, h) are vectors since they contain the components that
must be used to construct the variance process (V;):>o0.
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3
e m] =z, m2:x2+:cz, m3:$3+3x2z+§xz2

mizox3 — ma(z2 + 3) + M3

® D1 =
z1(z3 — 21) (22 — 21)
. mizi1xsz — ma(x1 + x3) + ma3
2 pu—
xo(x3 — x2) (1 — T2)
miriTe — m2(.1’1 + xg) + m3
® D3 =

$3(.7}1 - 33‘3)(33‘2 — $3)

e vy =x+Cz—/(3z+ C?z2)z

0w2:Z+(C—Z)Z

e x3=0+Cz++/(3z+ C?z2)z

_6+V3

o ( 1

Then define the discrete, one dimensional, random variable Y}, which takes
value x; with probability p; for i = 1,2, 3.

Remark 8. It is important to observe that it holds E(Y}) = m; for i = 1,2,3
and the values (;, pi)i=1.23 are chosen such that E(Y}) = E(Y}) for k =
1,...,5. For a rigorous derivation of this result we refer to [35] and [3|. Thus,
since this method simulates a random variable which matches the first five
moments of Y}, in the in the following we refer to this scheme as Moment
Matching scheme without ambiguity.

Now we want to simulate the entire process Y. Thus proceed in this way:
1. Since the right hand side of (3.6) is the same for all i = 1,....,n we

deduce that the solution must be of the form Yy = 3’ + Q where Q is
a scalar random variable

n
, Y, — w-
2. Observe that Zin}f =w-y+uwQ = Q = w
i=1
R YV, —w -
3. Define the vector Q = <hWy> 1.
w0

4. Set the approximated solution

N A~ ~

Sy,h)=Yr=y+Q
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Finally we combine the solution of the ODE and the approximated solu-
tion of the SDE using the Strang splitting and get

ACTR (v h) = D(S(D (v, Z)h)él) (3.8)

for approximating Vj, given v.

Remark 9. The Strang splitting method is a numerical scheme for the solu-
tion of differential equation. The general scheme can be described as follow:

d
o Consider the differential equation d—gz = fo(y)+ f1i(y), y(0)=yo and

suppose that you computed the value y(s) at a certain time s. Now
we want to consider the interval [s, s + As].

e Make half a step with the operator fy such that % = foln1), vi(s) =

A
y(s), t€ [s.5+ =,

e Make a full step with the operator f; such that % = fi(y2), ya(s) =

A
yi(s+50), te fs, s+ A,

d
e Make another half a step with the operator fy such that % = fo(ys), ys(s+

%):yg(s—i-%), te |:S+A25,8+A8:|.

e The global solution at time s+ As is given by y(s+ As) = y3(s+ As).

For more details on this method consult [30].

3.1.2 Simulation of the stock price

Thanks to the fact that we have a simulation scheme for the volatility, now
we are able to simulate the entire process (S, V) where V is the the vector
of variances in R" defined by (3.4).

First of all, it is easy to check that the solution of Equation (3.3) is given by

t t
Sy = So eXp(/ VVi(pdW, + /1 — p2dB,) — ;/ Vids) (3.9)
0 0

thus it will be useful to define the process Y = Y for i = 1,...,n where
Y = / Vids. (3.10)
0
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So if we now consider Equations (3.3)-(3.4) and the one that we have intro-
duced dY}' = Vdt, Yy =y', we can split the system into two parts:

1. Consider the first system of SDE SY ((s,v,y), h) given by
dS; = \/V,SipdWy, Sp=s
dVi = —z;(V} — v})dt + (0 — A\V,)dt 4+ o/ VidWy, Vi = v}
Ay} = Vidt, Yy =4y'.

2. Let the second one be SB((s,v,y),h) such that

dSt =\ ‘/tSt\/ 1— p2dBt, S() =S
d‘/tZ =0, VE)Z = Ué
Ay =0, Yg =1

The second can be solved explicitly since the volatility is constant and it

gives us
1
Sy = sexp(x/v(l — p?)By, — 51}(1 - p2)h>
V,=v
Yp=y

For the solution of S we have to use a numerical approximation, so first of
all we compute Vj, = A°IE(v_h) and use it to compute with the trapezoidal

rule Y, =y + §(v + Vh) using the relation between the processes V and Y
given by Equation (3.10).
Now suppose that the solution has the form

n

S, :sexp<at+2bi(Y;—Y(})+ZCZ-(W—V0")>. (3.11)

i=1 i=1
Thus taking the It6’s differential we have

n X 1 & o
dS; = Sy (adt + Zbide + Zcidvg +5 Z cicjd(V?, VJ)t)
i=1 i=1 B,j=1

=5 [(a + Zn:ci:rivé + Gznch)dt
i=1 i=1

n n

+ Z <b¢ — G, — Aw; Zn: cj + %0210@- Z cjck> Vfdt + Zn: oc; \/‘Zth}
i=1 j=1 i=1

jk=1

thus, in order to have a solution of the system of SDE S" | we have to impose
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n n
a+ Zcixiva +GZC7; =0
i=1 i=1

n 1 n
b; — cir; — \w; E cj+§(72wi E CjCk =0, +=1,...,n
Jj=1 Ji.k=1

n
E 0C; =p
i=1

It is important to observe that the last equation has not a unique solution
and once we have determined the coefficients (¢;)i—1,.. , we have also fixed
the others by virtue of the first two equations.

In [3] the authors suggest to choose

p
ci = —0;1
g

where §;1 = 1if ¢ = 1 and 0 for any other j # 1. It seems to be the choice
that makes the numerical algorithm as stable as possible, especially after we
have sorted 0 < z1 < ... < x, °. Fixing the coefficients ¢; in this way we
have that

1
A B$15i,1 + w2 — Swip?
o o

a:—(xlvé—i—Q)g 5

and therefore
_ P 1 1 1 pPo 1 1
S =sexp( (= (@1og+0)t+a1 (V) =¥)+ (A= ) (i =Yo)+(V/ = V7))

Hence we have an approximate solution of S given by

A

Vi, = A (v, h)

. h .
YhZY+§(V+Vh)
o

ﬁh=S@m(gkﬁm%+@h+mﬁf—ﬁb+(k—g>(%—Kﬁ+@?—%50

Now we have to combine the solutions SZ and S": in [3] the authors assert
that numerical evidence suggest to use the randomized Leapfrog splitting.
In order to do this consider a random variable U ~ Unif(0,1) independent
of everything else in the model, then set

SV(SP (s vy )b ) i U S
SB(SW((s,v,y),h),h) otherwise

3This is just an empirical evidence, the authors do not prove it in a rigorous way

STH((s,v,y),h) = (3.12)
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Remark 10. The Leapfrog method is a scheme for the numerical solution of
differential equations. The idea is that given a differential equation of the
form

dy
2 _F
o (v)

the time derivative at time nAt can be approximated by
U((n+1)At) —U((n —1)At)
2At

thus
U((n+ 1)At) =U((n — 1)At) + 2AtF(U(nAt)).

For more details and a rigorous description we refer to [15].

3.1.3 Simulation of the entire process (5,V)

Now that we have a simulation scheme for the variance and for the stock
price we can combine then to simulate the entire process (S, V). The general
description can be given in the following way:

e For a fixed discretization step At, given the vector V,,_1; compute V,
i.e. the variances at time ¢,, using the scheme given in Equation (3.8) .

At
e Compute the vector Y,, = Y,,_1 + ?(Vn +V,_1).

e Use the scheme described in (3.12) to compute S, given Sp_i.

e Compute the variance at time t,, using V,, = w - V,,.

Remark 11. Looking at the simulation scheme described above it is evident
the Markovian structure of the model. Indeed for the simulation at time ¢,
we only need the value of the processes at time ¢,,_1.

3.2 Hybrid Quadratic Exponential scheme

The next simulation scheme that we want to study is the Hybrid Quatratic
Exponential scheme which was presented by Gatheral in [28]. This scheme
works directly on the rough version of the model. The idea is to combine the
Quadratic Exponential* (QE) scheme of [5] and the Hybrid scheme of [12].
To do this we deal with rough processes of the form

t
S, = So + / S /isdW, (3.13)
0

“See appendix B
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UtZE(Ut)+/O K(t—s)\/v»Sstzf(t)—l—/o K(t —s)\/&s(s)dBs (3.14)

with B, W two correlated Brownian motions with correlation p, forward
variance &, (t) = E,(v:) (if v = 0 we write £(¢) instead of £,(¢)) and K (-) an
appropriate kernel.

In particular we will assume that K(t) = t?=Y2L,(t), t € (0,+00] with

1
He <0, 2) and Ly : (0,400] — [0, +00) of class C*°, slowly varying at 0 °

and bounded away from 0.
For a given time horizon ¢ we fix a time step A = ¢/N. Since there is no
ambiguity we write n instead of nA, so that for every n < N we get

U = VA = E(vpa —I—Z/ K(nA — s)\/vsdBs

£(nA) +Z/ K(nA - s)\/vsdB;

:§n+un

where
€n = E(vn|Fn1) = &0 + Z / K(nA — s)\/v5dB, (3.15)
is an F,,_1 adapted variable, and

nA

Up = / K(nA — s)\/vsdBs (3.16)
(n—1)A

is the martingale part. In addition to this consider the n-th increment of

X; = log(S;) parallel to the volatility process and define it as

nA
w= [ Vb, (3.17)

(n—1)A

Thus our goal is to find a way to simulate the random variables fn, Uy, Xn i
order to be able to reconstruct the value of v,, and S,,. Moreover we observe
that at time ¢,,_1 the value of fn is known since it is JF,,_1 measurable. Thus
when we are at time t,_1 and we want to perform the simulation for time
t, we need to take into account the fact that én+1, Un, Xn are correlated,
and then we need to compute the correlation matrix. For this purpose it is
useful to introduce the following quantities:

®A function F : (0, 400) — (0, +00) is said to be slowly varying at 0 if for any positive

constant ¢ > 0 it holds lim Fct) =1.
t—o+ F(t)
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Definition 3.2.1. For every p,q > 0 define

A A
G(A) = /0 K(s+pA)ds, (q(A) = /0 K(s+ pA)K(s+ qA)ds

Using the Definition 3.2.1, we are able to prove the following result that
is crucial for our goal of computing the correlation matrix.

Lemma 3.2.1. Let A
Co,0(A) :/ K2(S)d8
0

1
and assume that K(t) = t"=Y2L,(t), t € (0,A] with H € <0’ 2) and

Ly : (0,A] = [0,400) of class C*, slowly varying at 0 and bounded away
from 0.
Then assuming that the simulated forward variance curve E(vg|Fp—1) is twice
differentiable

_ %0(8)

var(un| Fo1) = 55— (&n + 2Hv, 1) + O(A*T2H)

Proof. Using the definition of u,, and applying [td’s isometry we get

nA

var (up|Frn—1) = / K%(nA — 5)E(vs|Fp_1)ds
(n—1)A
Perform a change of variable r = s — (n — 1)A so that
E niYy n— - Un—
E(vs|Fn-1) = vn-1 + ( (nl7 Al) ! 1>r+0(r2)
= v,_1 + ({”_Avn_l>r + O(TQ)
Moreover it holds
/nA r K2(nA — s)ds = /Ar Kz(A —r)dr = CO’O(A)A + O(A2+2H)
(n—1)A 0 2H +1

Then, using 5 =

1 .
SH 1 we can directly compute the error

var(un | Fa-1) — C0,0(A)(Bén + (1 — B)vn-1)

~

na &n — Un—1 )
= / <Un1 + A Bén — (1= B)vp—1 + O(r))K (nA —r)dr
(n—1)A

B A
=t /0 (r = BAYKX(A — r)dr + O(AZF2H)

— O(A2+2H)
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1
2H +1

Thanks to Lemma 3.2.1 and making the piecewise constant approxima-
tion vs & Uy, s € ((n — 1)A, nA] we can compute the covariances:

Remark 12. From now on v,, = (én +2Hv,_1)

var(up| Fn-1) = 0n(0,0(A)

var(énJrl | Frn—1) = UnC1,1(A)

%
S

var(Xn|[Fn-1) & UnA
OV (tn, Ent1|Fn1) = 5nCo1(A)
Co(A)
cov(Xn, €nt1lFno1) A~ TnCi(A) (3.18)

and thus plugging them into the correlation matrix we get

Un

Q

cov(Unp, Xn|Fn-1

1 Pu,x pu,£
R=1pux 1 pye (3.19)
Pug  Pxe 1

where all the entries are independent of the time step n and take values

P = o(A) e = C,1(A) = G1(A)
X SAGo(A) T T (D) God) T T AL (D)

Now we want to use a specific kernel in order to match the dynamics de-
scribed in Equation (2.2). To do this we introduce two kernels.

Definition 3.2.2. The power-law kernel is defined by

g 1 1
k()= —— -3 = c¢tH 3.
O=tm+imt 2Tt

The Mittag-Leffler kernel is given by

- 7% 00 (_)\tHf%)n
K(t) = ot! ;}r((nﬂ)(HH/?))'

1
where H € (0, 2) is the Hurst index.

Remark 13. As proved in [27], in the rough Heston model the kernel which
appears in Equation (3.14) is a Mittag-Leffler kernel. If A = 0 then it reduces
to a power-law kernel.

Now we need to compute the quantities (; ;(A) for different values of
1,7 > 0. As we will see in the next Lemma this is possible only if we consider
a power-law kernel and only for some values of i, j.
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Lemma 3.2.2. For the power-law kernel
cAFF3

H+3

GA) = ((z‘ Layted it

[N
N———

and )
Gi(A) = 207HA2H((Z~ L 1) Z-QH)'

The proof consists in making a direct computation of the integrals. Un-
fortunately when we use Mittag-LefHler kernel it is not possible to derive a
closed form formula due to the fact that we are integrating a series. Thus it
is necessary to perform a numerical integration as pointed out in the thesis
Monte Carlo simulation schemes for rough Heston model of Scaramelli.
Even for the power-law kernel we still have the problem of the computation
of ; ;(A) if i # j. However in [28] Gatheral says that numerical experiments
suggest that for 4 > 0 and j > 1 it is possible to compute (; j(A) using the
approximation

Gig(A)A = G(A)G(A). (3.20)
Thus, using (3.20), we find out the approximated correlation matrix
(15
R=1{p 1 1 (3.21)
p 11

G(A) _,
Véo(Bd)A Y

Remark 14. The approximation given by Equation (3.20) was derived for the
power-law kernel. Nevertheless in the thesis Monte Carlo simulation schemes
for rough Heston model of Scaramelli they say that this approximation is still
true also for the Mittag-Leffler kernel and so we do the same.

where p ~

Using the approximation R we observe that y, and fnﬂ are perfectly
correlated. Then it comes out that in practice, it is sufficient to simulate two
random variables consistent with the correlation matrix R. To do this we
use a bivariate version of the Quadratic Exponential scheme, following what
is made in [25].

Consider the random variables u,, X, defined by (3.16) and (3.17). Using
the linear regression we get

U, = BuxXn + €n

C(A)
positive, then we have to be ensure that

Un:Un"i‘én:ﬁuXXn-f—En—i-én > 0.

Thus we give the following lemma which describes the procedure that have
to be applied.

where By, = and cov(xp,€,) = 0. Moreover, the variance has to be
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1, 1.
Lemma 3.2.3. Let By Xn = BuxXn + §§n and €, = €, + §§n be generated
independently using the QF scheme with the following condition:

1

. R . 1.
E(ﬁuxx"|FN—1) = 55717 I[:?4(€n|"rn—1) = ign

. _ R _ 1
var(Xn|Fn—1) = a4\,  var(én|Fn—1) = 0n(lo0(A) — ZCO<A))
Then vy, = BuyXn + €n + fn >0 and u, = BuyXn + €n 15 such that

Var(un‘]:nfl) = EnCO,O(A)a COV(una Xn|]:n71) = 'DTLCO(A)

The proof can be found in [28]. Using Lemma 3.2.3 we give the following
steps to describe the Hybrid Quadratic Exponential scheme:

1. Given yyi for k < n, fix 0 < § << 1 and compute

n—1
€n = max{d, En + Z \/anJrl,nAde(A) Xk:}-
k=1

2. Compute the ratios

Buxin _ AVar[BuyXn| Fu-1] _ 4Go(A)*Tn
' & A2

and

€n __ 4var[én|]:nf ] _ 4ﬂn C (A)2
vip = 2ol = G (onte - 957).

3. Simulate By, Xn and €, using the bivariate QE scheme based on the
ratios at the previous point. Then using Lemma 3.2.3 compute

_ (Buxf(n - én/z)
Xn = B

€n = €y — én/Q

CO(AA) Un + én.

4. Compute v, = uy, + En = BuxXn + €n + én =

1 1
5. X, = X1 — Z(U” + vp_1)A + /1 — p? i(vn + Un1)AZE + pxn

where Z;- is an independent standard Gaussian.

6. Compute S,, using the fact that X,, = log(S,) and so S, = e*".
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Remark 15. Looking at the HQE scheme we see that u,, and x,, are generated
at each step. In addition these two random variables have zero expected value
so we get

A~ n . n_ A
Ent1 = E(vpy1|Fn) = &ng1 + Z \/4 k+2,Ak+2( )Xk-
k=1

This is an evidence of the non-Markovianity of the two processes £ and v
since to compute &,+1 (which is F,, measurable) we need the entire history
of xx, k < n.

35



36



Chapter 4

Numerical tests

In this chapter we want to study some numerical properties of the two sim-
ulation schemes presented in chapter 3. In order to do this, we fix the same
parameters presented in [1]:

A=03, 0=03, 6 =0.02, V=002 p=-0.7, Sy=1.

In addition to this we fix also the Hurst index H to 0.1.

The chapter is organized in the following way: in section 4.1 we compare
the computational costs of the two schemes, then we focus our attention on
European Call options: firstly we analyze the smile for a single maturity
in section 4.2, and subsequently the whole volatility surface in section 4.3.
At a later time, in section 4.4 we will focus on the skew both for standard
European both for Forward Start Call options. Finally we give an estimate
of the Hurst index produced by the two schemes in section 4.5.

4.1 Computational costs

First of all, we want to investigate on the computational cost of the two
simulation schemes. In [8] the authors point out that the cost of the Hybrid
Quadratic Exponential scheme is O(M?) while for the Moment Matching
simulation scheme it is O(N2M), where N is the number of factors in the
approximating kernel given by Equation (3.2) and M is the number of time
steps. This implies that since usually we use N =2 or N = 3 the computa-
tional cost for the Moment Matching scheme is approximately linear.

In order to verify it with an example we fix N = 2, a maturity 7" = 1 year
and 11 linearly spaced values in [—0.5,0.5] for the log-moneyness. ! Then
we compute the smile with the two methods performing 1 million simulations
and choosing as discretization steps M € {1,2,4,8, 16,32, 64, 128,256,512,1024}.

'For a Call option written on an underlying with current stock price Sy and strike K

we define its log-moneyness as log(S—O).
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—— Moment Matching execution time

HQE execution time
10°

execution time (s)
\

10!

10° 10! 102 10°
number of time steps

Figure 4.1: Computational costs (in seconds) of HQE and Moment Matching
scheme for the computation of the smile at time T = 1, considering 11
linearly spaced values in [—0.5,0.5] for the log-moneyness, using different
time steps and performing 1 million samples.

The implied volatility is computed with the bisection method once we have
computed the price with the Monte Carlo simulation. As we can observe in
Figure 4.1 the cost for the HQE scheme seems to be similar to the one of
the Moment Matching scheme for M < 128, while for higher number of time
steps it is much expensive. The rate of growth of the computational cost of
the HQE scheme seems to be greater than O(M?): indeed, in that case, the
graph should be a straight line with slope 2.

4.2 European Call option’s smile

Now we consider Plain Vanilla Call options with different strikes and we
investigate on the quality of the smile approximation, trying to understand
what is the optimal choice for the number of time steps M and the opti-
mal number of factors N that must be considered in the Moment Matching
scheme. Due to the fact that the characteristic function of the logarithm of
the stock price is known in semi-closed form both in the rough Heston model
and for its Markovian approximation, we take as reference point the smile
given by the the Fourier inversion technique in the RHM and look at the
maximal relative error over all the strikes. 2

Thus, we fix the maturity T = 1 year and 11 linearly spaced values of the
log-moneyness in [—0.5,0.5]. Of course for the Moment Matching scheme it
is necessary to fix also the nodes and the weights: we did it according to
what is presented in [10] and the values are reported in Table 4.1.

The value of the relative errors are reported in Table 4.2 and looking at them

2To compute the characteristic function in the rough Hestom model it has been used
Adam’s scheme (see e.g. [22]) while for the characteristic function of the Markovian lift it
has been used a predictor corrector scheme (see e.g. [2], [9]).
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N=2 N=3
Nodes 0.05 | 87171 | 0.03333 | 2.2416 | 46.831
Weights | 0.7673 | 3.2294 | 0.5554 | 1.1111 | 6.0858

Table 4.1: Nodes and weights computed according to [10] for T'=1, H = 0.1,
and N = 2,3.

we can observe three important features:

e The errors, when N = 3, are bigger than for N = 2 for a number of
time steps M < 128, this is related to the fact that the maximal mean
reversion is greater for N = 3 and so we need a thinner discretization
step. Indeed, for greater values of M, the errors are under 1%.

e There is a clear trade-off between a more accurate Markovian approx-
imation and a less accurate simulation. In other words if we fix a
number of time steps M and we increase N, we know by the theory
that the Markovian approximation is closer to the original model but
due to the higher mean reversion we loose precision in the simulation.
In particular for a fixed N we have to fix a number of steps M > xy,
where x is the maximal mean reversion, to be able to appreciate the

contribution of this mean reversion. >

e The error of the HQE scheme decreases more slowly than the one of
the Moment Matching. This is a problem because to achieve a greater
precision, we will need a higher number of time steps and this increases
noticeably the computational time as we saw in Figure 4.1.

To conclude this section we report an example of smiles in Figure 4.2 together
with the corresponding (relative) errors in Figure 4.3. As we can observe the
Moment Matching smile and the Markovian smile are perfectly covered by
the rough one. On the other hand we can see that there is a little difference
with the HQE smile for strikes out of the money, indeed looking at Table 4.2
we see that the Moment Matching error is of order 0.5% while the HQE one
is above 1%.

31t is well known that a process of the form dY; = k(0 — Y;)dt + 0V Y:dB; has a mean
reversion time of 1/k so to appreciate its mean reverting behaviour we expect that a
thinner discretization step is needed.
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M HQE | Mom. matching N=2 | Mom. matching N=3
1 0.3002 0.2532 0.3851
2 0.2959 0.1609 0.2620
4 0.1912 0.0696 0.1651
8 0.1048 0.0193 0.0884
16 | 0.0429 0.0069 0.0326
32 1 0.0185 0.0059 0.0122
64 | 0.0175 0.0115 0.0223
128 | 0.0097 0.0081 0.0092
256 | 0.0286 0.0143 0.0085
512 | 0.0089 0.0218 0.0033
1024 | 0.0117 0.0297 0.0082

Table 4.2: Maximal relative errors of the implied volatility smile with 1
million paths. The Monte Carlo error is always below 0.03%. The error of
the Markovian approximation is 0.0025 for N = 2 and 0.0006 for N = 3.

== Moment matching

0.26 —e— HQE

—— Markov approximation Fourier
0.24 —— Rough Heston Fourier

implied volatility

-0.4 -0.2 0.0 0.2 0.4
log-moneyness

Figure 4.2: Implied volatility smiles using 1 million paths and M = 32 time
steps and nodes and weights reported in Table 4.1 for N = 2. The rough
Heston and the Markovian smiles are obtained using the Fourier inversion
technique.

4.3 Implied volatility surface

Now we are going to study the whole implied volatility surface. This means
that we have to consider different maturities and also different strikes. Thus
we fix:

Ti=", K=eVT" j=1,.,16, =-01,-0.09,..,01  (4.1)

We rescale the log-strikes according to VT because we want to consider only

liquid options.

4An option is said to be liquid if we can buy or sell it quickly and without modifying
its market value. The intuition is the following: if you fix a strike K and you have two
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error

log-moneyness
Figure 4.3: The relative errors with respect to the rough smile for the Mo-
ment Matching scheme (blue line) and the HQE scheme (red line) using
M = 32 time steps and nodes and weights reported in Table 4.1 for N = 2.
The dashed lines represent the Monte Carlo errors.

Since now we are working on an entire surface we could proceed changing
the nodes and the weights for every maturity and performing different Monte
Carlo simulations for options with different maturities in order to replicate
perfectly the smile. However, this is not a good choice because if we need
to simulate an entire portfolio with many different assets, we need to fix
the nodes and the weights once for all, in order to perform a Monte Carlo
simulation that can be used for pricing all the options in the portfolio. Thus,
we need to choose the interval [0, Tp] that will be used to determine the nodes
and the weights. The authors of [10] tell us that the best choice supported
by empirical evidence is to choose
Ty = Ty T ™)

where T}, and T}, are respectively the first and the last maturity that we
consider and the value of the exponent are given by:

o) =2, a(2) = 3, a(3) = 5
ad) = 1, a(5) = 5, al6) = 1

a(N)=0,N>7

This choice produces the nodes and the weights reported in Table 4.3.
The relative errors and the computational times are reported in Table 4.4
and Table 4.5. In this case, we can observe that to achieve a relative error

maturities 71 < 7% then the option with the longer maturity has much time to reach the
level in/out of the money, thus to compare options with different maturities we rescale
their strikes.
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N=2 N=3
Nodes 0.2 | 34.8683 | 0.084 | 5.6485 | 118.0062
Weights | 1.336 | 5.6628 | 0.8039 | 1.6079 | 8.8078

Table 4.3: Nodes and weights computed according to [10] for T' = %, 1=
1,..,16, H =0.1 and N = 2,3.

M | HQE | Mom. matching N=2 | Mom. matching N=3
16 | 0.0865 0.1046 0.1659
32 | 0.0787 0.0458 0.0854
64 | 0.0544 0.0225 0.0407
128 | 0.0309 0.0171 0.0161
256 | 0.0155 0.0183 0.0054
512 | 0.0097 0.0184 0.0026

Table 4.4: Maximal relative errors of the implied volatility surface with 1
million paths. The error of the Markovian approximation is 0.0177 for N = 2
and 0.0018 for N = 3. The Monte Carlo error is always under 0.03%.

M HQE | Mom. matching N=2 | Mom. matching N=3
16 27.38 19.82 22.44
32 46.01 29.19 29.38
64 93.02 45.68 47.82
128 | 222.21 80.74 88.52
256 | 613.13 151.53 160.42
512 | 1666.54 295.95 310.35

Table 4.5: Computational time (in seconds) for the implied volatility surface
with 1 million samples. The computational times using the Fourier inversion
technique are respectively 182.96 for the rough Heston model, 78.48, 83.26
for the Markovian approximation with N = 2, 3.

under 1% with the Moment Matching scheme fixing N = 2 we need more
than 512 time steps so it is better to choose N = 3 which needs more or less
200 time steps to achieve an error of 1% while the HQE scheme needs 500
time steps.® On the other hand, the data reported in Table 4.5 suggest that
the best possible choice is the Moment Matching scheme with N = 3 due to
the explosion of the computational time of the HQE scheme. Moreover, as
we can observe, the computational time of the volatility surface of the rough
Heston model is comparable to the one of the Monte Carlo simulation, even
if we have to compute numerically the characteristic function.

On the left side in Figure 4.4 it is possible to observe the at the money

®The estimate of the number of steps is made using linear regression.
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0.1375
0.1375 1

0.1350 01350 4

0.1325 01325 4

implied volatility
implied volatility

0.1300 01300 1
—— Moment matching Backbone N=2
—— Moment matching Backbone N=3 0.1275 4
—— HQE Backbone
—— Markovian Backbone 0.1250 4

Rough Backbone

0.1275

0.1250

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8

time to maturity time to maturity
(a) ATM backbone using 1 million (b) ATM backbone for HQE scheme
samples, M = 128 time steps, nodes and Moment Matching scheme per-
and weights reported in Table 4.3. forming 10 million samples, N = 2,3
The Markovian and the rough back- and M = 128. The dashed lines rep-
bones are obtained using the Fourier resent the 99% confidence interval for
inversion technique. each backbone.

Figure 4.4
g 103
1074 _‘_a—-r—---r--a--f""'—'_
I/./.

time to maturity

Figure 4.5: The relative errors with respect to the rough backbone for the
Moment matching scheme with N = 2 (blue line) and N = 3 (purple line)
as well as for the HQE scheme (red line) using M = 128 time steps. The
dashed lines represent the Monte Carlo errors.

backbones ¢ computed with the the Fourier inversion technique as well as
with the simulation schemes with M = 128 and performing 1 million sam-
ples. As we can observe, the general behaviour is the same, but the back-
bone generated by the Moment Matching scheme with NV = 3 is very close to
our reference curve generated by the Fourier inversion technique: this con-
firms the fact that increasing N the lifted model will approximate the rough
counterpart. On the right side we repeat the experiment keeping fixed the

5The backbone is obtained looking at the implied volatility of options with the same
strike price K but different maturities.
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discretization step but increasing the number of samples to 10 million and
adding a confidence interval of 99%.

The relative errors, as well as the Monte Carlo errors can be seen in Fig-
ure 4.5: as we have already observed, in this case, the best possible choice is
the Moment Matching scheme using N = 3 factors, since it gives a smaller
error and it is computationally cheaper.

To conclude this section, we also add Figure 4.6 which represents the value
of the implied volatility surface for the maturities reported in (4.1): as we
can observe, the slope of the surfaces decreases as soon as the maturity in-
creases and this is coherent with the theory. Moreover, due to our choice of
rescaling the strikes, we can observe that for shorter maturities, the strikes
are closer to the at the money level . In Figure 4.7, we plot the same slices
of the implied volatility surfaces of Figure 4.6 but in a different system of
coordinates given by the transformation (¢, K) — (¢, K ‘/’:/).

As we can observe, in this system of coordinates the smiles present very
similar behaviour. In particular they seem to have the same slope: this ob-
servation confirms what we said above on the fact that to have liquid options
we need to rescale the log-strikes according to v/ .

= T=0.0625

0.17

0.16

0ss(t, K)

0.13

011

0.10 1

0900 0925 0950 0975 1000 1025 1050 1075 1100 0900 0925 0950 0875 1000 1025 1050 1075 1100
K K
(a) Slices of the implied volatility sur- (b) Slices of the implied volatility sur-
face generated by Moment Matching face generated by HQE scheme per-
scheme performing 1 million samples, forming 1 million samples, using M =
using M = 128 time steps, N = 3. 128 time steps.
Figure 4.6
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using M = 128 time steps, N = 3. 128 time steps.

Figure 4.7

4.4 The implied volatility Skew

Given a pricing model where the stock price is described by a stochastic
process (St)¢>0 and a European Call with strike K and maturity 7" we know
that the implied volatility is a map

OBS : (T, K) — UBS(T’ K)
defined such that
C(T,K) = Cps(T, K,0p5(T, K))

where Cpg(-,0ps(T, K)) denotes the price in the Black-Scholes model with
volatility ops (7T, K). The same relation can be given considering the relative
strike k = K/Sp instead of K using the trivial fact that

(St — K)" = (St —k Sp)™.
Then we define the at the money implied volatility skew at time T as

0

U(T) = 5rops(Tk) (4.2)

k=1

Remark 16. In the literature it is common to find the definition

W)= Dops(T,)| . k= los(K/S).

k=0
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These two definitions are perfectly compatible once you decide to consider
the implied volatility as a function of the relative strike or of the relative
log-strike.

Our goal now is to study the skew that our simulation schemes produce.
It is well known that the at the money skew of implied volatility explodes
for short maturities as we can see for instance from Figure 4.8 taken from
[1]. The incapability of the classic Heston model (as well as the classic
stochastic volatility models) to reproduce this behaviour is one of the main
motivations that brings to the introduction of the fractional volatility models
7. Thus, we want to investigate if our simulation schemes are able to match
this behaviour especially in the limit as ¢t — 0.

olo s 10 15 20
Maturity (in years)

Figure 4.8: Term structure of the at the money skew of the implied volatility
for the S&P index on June 20, 2018 (red dots) and the exponential fit f(t) =
0.35 ¢~ 04,

4.4.1 European Call

The first step is to investigate the behaviour of the at the money skew for
European Call options. Of course we have to compute it numerically and so
we are going to follow these steps:

e Fix 25 linearly spaced maturities T; = ;—5, 1=1,...,25.

e Fix 4 relative strike prices
k1 =0.999, ko = 0.9995, ks = 1.0005, k4 = 1.001

close to the at the money level. As we said before these strikes will be
rescaled according to ka = k:j\./ﬁ, 7=1,..,4, i=1,..,25.

"For more details we refer to Chapter 7 of [4] and the pioneering paper [31].
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e Compute the implied volatility surface and then for each maturity 7;
compute the incremental ratio

B lops(Ti, k3 ;) — ops (T3, k3 ;)|

Uy (7;
) Wi K,

and N
B ‘O’BS(H, k4,i) - O_BS(Ev kiz)‘

* *
k4,i - kl,z’

Uy (T7)

e Fix a tolerance e = 10™2 so that if

|V (T;) — Vo (T3
Uy (T;)

<e

we accept Wy (7;) as skew otherwise we tighten our strikes and repeat
the procedure.

The methodology described above applies both to simulation schemes and
close form solutions with the only difference that the prices that we need
to compute the implied volatility are obtained performing a Monte Carlo
simulation or using the Fourier inversion technique.

N=2 N=3
Nodes 0.25 | 43.5854 | 0.09746 | 6.5545 | 136.9341
Weights | 1.4607 | 6.1477 | 0.8531 | 1.7064 | 9.3478

Table 4.6: Nodes and weights for the maturities 7' = 0.04,...,1, H = 0.1,
and N =2, 3.

N=2 N=3
Nodes | 0.7906 | 137.8292 | 0.21 | 14.1212 | 295.0156
Weights | 2.3151 | 9.7435 | 1.1597 | 2.3197 | 12.7069

Table 4.7: Nodes and weights for the maturities T' = 0.004, ...,1, H = 0.1,
and N =2,3.

In Figure 4.9 we report the graphs of the skews: on the left hand side, we
can observe that choosing N = 2 we have not a good fit for longer maturity
while this problem disappears fixing N = 3 as we can see from the graph
on the right. In Figure 4.10 we plot the relative errors with respect to our
benchmark which is the rough skew: as we can see, choosing N = 2 we reach
an error of 10% while the maximal error is around 2% choosing N = 3 or
using the HQE scheme. In addition, the choice of the Moment Matching
scheme with 3 approximating factors seems to behave in a better way due
to the fact that generally the error is below 1%. Moreover, we can see that
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Figure 4.10: Relative errors of ATM skew with maturities T =
0.04,0.08,...,1, H = 0.1, M = 250 time steps for the HQE scheme and
Moment Matching scheme with N = 2,3 approximating factors.

the error for the first maturity is greater for the Moment Matching scheme
with V = 2: this is related to the fact that the maximal mean reversion for
N = 2 that we can observe in Table 4.6 is too small to mimic the explosion
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for short maturities. For completeness, we report also the maximal errors
for the Markovian approximation which are respectively 10.5% and 0.8% for
N = 2,3. This is coherent with the behaviour that we see in Figure 4.9: in
effect the graph of the Markovian approximation seems to be very close to
the Moment Matching one generated with the same number of approximat-
ing factors.

Now, we want to study the behaviour also for shorter maturities, therefore
we apply the same methodology that we used before but with maturities

T, = 2%, 1 = 1,...,250. This means that we consider options with daily
maturities starting from tomorrow until 1 year with the usual convention of
250 days per year. Unfortunately, it is not possible to compute the skew for
all these maturities with Fourier technique in an acceptable time, so we fix 50
linearly spaced maturities starting from 77 = 0.004 till T59 = 0.984 in order
to match the maturities that we consider in the Monte Carlo simulation.
The results are plotted in Figure 4.11 and, looking at these graphs, we can
clearly see that the best choice to fit the rough skew is to fix NV = 3 once
again. Indeed, using N = 2 we have some problems for longer maturity (as
before) but also in the short time limit. Thus, even if we have not computed
the errors, we can conclude that the best choice to fit the rough skew using
the Moment Matching scheme is to use (at least) 3 approximating factors.
To conclude this section, we want to underline the fact that this choice is
independent of the maturities that we consider, since it approximates in a
better way the rough skew both for shorter and longer times to maturity.

4.4.2 Forward Start European Call

The next step is to study the implied volatility skew for the Forward Start
European (FSE) options. To do this, we need to slightly change what we
did in the previous section.

Definition 4.4.1. A Forward Start European Call option written on S with
maturity T, forward-start date t € (0,T) and relative strike k is defined by
the payoff

(St — kSy)*t (4.3)

Remark 17. Tt is clear that if we want to determine the price of a FSE option
with payoff given by Definition 4.4.1 at a time ¢; > ¢ this reduces to the price
of a standard European Call with strike kSj.

Clearly, it is necessary to adapt the definition of the implied volatility
skew since now our strike K = kS; is random. To compute the implied
volatility skew we need a formula to determine the price of Forward Start
options under the Black-Scholes model. Thus, we need the following theorem
which can be found in [1].
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Theorem 4.4.1. Consider the Black-Scholes model with volatility o, interest
rate v and an option whose payoff is given by Equation (4.3). Then for all

s<t<T it holds:

e TIE,[(Sr — kSi)*] = See TR [(Sp — k)]

(4.4)

where S is the spot process with current value at time t given by Sy = 1.

Proof. By definition of no arbitrage price Vs < t we have
C(s,T,kSt)) = e "T=IE (St — kSy) "]
= e "TIR[E [(Sr — kS]]
= e "T=OE, [e" P00, T, kSy))
= e TEIE[S(N(dr) — ke "IN (dy))]

= S,C(t, T, k)

log () + (r + 5)(T — 1)

where d; =
VI —t

,dy = dy —ov/T —t and C(t,T,k)

o
is the Black-Scholes price at time ¢ of a Call with maturity 7', Sy = 1 and

strike k.
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Thanks to Theorem 4.4.1 we can define the implied volatility and con-
sequently the skew for Forward Start options.

Definition 4.4.2. Consider a Forward Start European Call option with
starting date t, maturity T and relative strike k. Suppose that its mar-
ket price is given by C(t,T,k). Then we can define the implied volatility
ops(t,T,k) as the value of volatility such that

C(t,T, k) = CB3(t, T, k,ops(t, T, k))

where CB5(t, T, k,ops(t, T, k)) is the price of the option in the Black-Scholes
model with volatility ops(t, T, k) given by Theorem 4.4.1.

Now we can define the implied volatility skew similarly to what we did
in the case of European Call options.

Definition 4.4.3. Consider a Forward Start options written on S with start-
ing date t, maturity T and relative strike k. Let opg(t, T, k) be its implied
volatility, thus we define the at the money forward skew at time T

0
\I/t(T) = %O—BS(ta T, k) (45)
k=1

Remark 18. In Chapter 9 of [1] the authors demonstrate that rough volatility
models can describe a blow-up of the at the money skew as time to maturity
decreases. Therefore, we expect that also the lifted model present this be-
haviour since, in the limit, it converges to the rough version. Unfortunately,
we are not able to determine neither the characteristic function that must be
used to price Forward Start options in the rough Heston model, nor for the
lifted version. Due to this lack, we base our analysis only on Monte Carlo
simulations.

We keep fixed the maximal maturity 7' = 1 year and we choose to split
our interval in two different ways: in the first case we take Ty = 0.02 <
Ty = 0.04 < ... < T =1 while in the second case we fix Ty = 0.004 < T} =
0.008 < ... < T =1 8. Moreover, for each choice of the discretization step,
we decide to take three possible starting dates t; = 0.3 years, to = 0.5 years
and t3 = 0.9 years.

From numerical experiments we observe that the method that we use to
compute the skew for standard European options does not behave well in
the case of Forward Start options, since it requires a high computational time
to achieve the desired level of precision. This is principally related to the
fact that the computation of a derivative using the finite difference method
is ill conditioned by the Monte Carlo error. The problem is that pushing

8These choices correspond respectively to 50 and 250 linearly spaced maturities in the
interval [0, 1] neglecting the first.
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forward the starting date, the standard deviations increase: for instance, if
we choose a discretization step of 0.004 we have that the standard deviations
of the asset price performing 1 million simulations are

003 = 8%, o095 =10.6%, o009 =14.5%.

So, this implies that as soon as we push forward the starting date, we need
to tighten our strikes, to perform a high number of Monte Carlo simulations
and this slows down the computations.

Nevertheless we overcome this problem adopting a scheme based on the use
of Chebyshev interpolant. This method is very useful because it allows us
to approximate the smile with a polynomial for which the derivative can be
computed in closed form without numerical approximations. The choice of
Chebyshev interpolant is motivated by the fact that it presents very good
property of convergence with respect to the uniform norm as we will see.

Definition 4.4.4. Given a function f : [-1,1] — R and a set of distinct
points {x1,...,xn} then the Lagrange interpolant is the polynomial of degree
at most n — 1 defined by

pn1(z) =Y flzk) La(x)
k=1

where

T —x;
Ly(z) = H ’
. T — Ty
JF#k
is the k-th Lagrange polynomial.
Choosing the point x; = cos(ﬂ), 1 = 1,....,n and computing the Lagrange

interpolant we will find the Chebyshev interpolant.

Remark 19. The choice of the interval [—1, 1] for the domain of the function
can be easily extended to a more general case of a close interval [a, b] using
the affine transformation:

(b—a)
2

ye[-1,1 — (y —a) + a.

The Chebyshev interpolant and its derivatives have very good property
of convergence which can be summerized in the following theorem.

Theorem 4.4.2. Let f: [—1,1] — R be an analytic function which is ana-
litically continuable to the closed Bernstein ellipse E,, of radius p > 1. Then
for each integer m > 0 there exists a positive constant ¢ such that

170 = ™ |l < cp™"
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For the proof and for more details on Chebyshev interpolant we suggest
to consult [6] and [7]. For us, it is important since if we suppose that the
smile function is "smooth enough" we can compute the skew for Forward
Start options applying the following procedure:

e Fix the partition 77 < ... < T, of the interval [0, 1] as indicated above
and choose the starting date t.

e Simulate the paths of the underlying asset and choose the value corre-
sponding to the starting date.

e Fix 7 relative strike prices in the interval [0.997,1.003] according to

the rule ( )
3 2t — 1w

i =1 ,i=1,...,7.

k + cos( 11 > 7 7

These strikes correspond to the Chebyshev nodes that we need to com-

pute the interpolant, moreover, as we said before, they will be rescaled

B — VT
3yt j

according to , 3g=1,..,7 i=1,...n and then we mul-

tiply them by the values of S;. *

e Compute the implied volatility surface using Theorem 4.4.1 and then
for each maturity 7; compute the Chebyshev polynomial of degree at
most six pg(k) that fits the smile.

e Thanks to the property on convergence of Chebyshev interpolant its
derivative pg(k) is a good approximation for the derivative of the smile
that is the skew. Thus, we compute the derivative of pg(k) and take
as skew pg(1).

We underline the two great advantages given by this procedure:

e [t allows us to reduce the number of Monte Carlo simulations because
we need only 1 million samples and subsequently we use only the in-
terpolants for all the computations. In particular, the number of inter-
polants is equal to the number of maturities (one for each smile) and
they can be computed in a very efficient way, since we have a closed
form formula given in Definition 4.4.4.

9Plo’cting the true smile vs the interpolant it seems that the quality of the approxi-
mation does not deteriorate even if the rescaled nodes do not correspond exactly to the
Chebyshev nodes.
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e We are substituting a numerical derivative with the exact one because
the derivative of a polynomial is well known and we compute it in

k=1

ATM Skew of fwd option starting at 0.3 year

ATM Skew of fwd option starting at 0.5 year
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(a) ATM forward implied volatility
skew for a Call option with start-
ing date t = 0.3, maturities T" =
0.32,0.34,...,1 performing 1 million
samples with M = 500 time steps.
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(b) ATM forward implied volatility
skew for a Call option with start-
ing date t = 0.5, maturities T" =
0.52,0.54, ..., 1 performing 1 million
samples with M = 500 time steps.

Figure 4.12
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(a) ATM forward implied volatility
skew for a Call option with start-
ing date t = 0.3, maturities T =
0.304,0.308, ..., 1 performing 1 million
samples with M = 1000 time steps.

(b) ATM forward implied volatility
skew for a Call option with start-
ing date t = 0.5, maturities T =
0.504,0.508, ..., 1 performing 1 million
samples with M = 1000 time steps.

Figure 4.13
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What we can observe in Figure 4.12 and Figure 4.13 puts in evidence
some important features:

e The Moment Matching scheme is able to reproduce the blow-up of
the at the money skew for short maturities. Indeed, as for standard
European options, we have an explosion. This is related to the higher
mean reversion which dominates the others for short maturities.

e The best choice for the number of factors N in the Markovian approx-
imation seems to be N = 3. Indeed the Moment Matching skew is
(quite) perfectly overlapping the HQE skew in both cases. This fact
is coherent with what we observed in the case of standard European
options for which we had a reference skew computed via the Fourier
inversion technique.

The last thing that we want to verify is that the quality of the skew
does not deteriorate if we push forward the starting date. To do this, we
fix the last starting date ¢ = 0.9 and in order to have significant results we
fix the daily discretization step as we did above. The results can be seen in
Figure 4.14 and they confirm that the quality is maintained also for a very
long starting date.

ATM Skew of fwd option starting at 0.9 year

—— Moment matching skew N=2
—— Moment matching skew N=3
6 —— HQE skew

0.90 0.92 0.94 0.96 0.98 1.00
time (years)

Figure 4.14: ATM forward implied volatility skew for a Call option with
starting date ¢t = 0.9, maturities T = 0.904, 0.908, ..., 1 performing 1 million
samples with M = 1000 time steps using Moment Matching scheme with
N =23.

4.5 Estimate of the Hurst index

In the spirit of [31] we want to estimate the Hurst index produced by the
sample path of the volatility process (v/V;)i>0. In particular, our goal is
to check that the volatility behaves like a fractional Brownian motion with
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1
Hurst index H < 3

Then we define oy = 1/V; and we estimate the (discrete) g-variation
1
m(g,A) =+ > loia = og_1yal? (4.6)
i=1

T
for different values of ¢ > 0 and A = — where T is the temporal hori-

zon that we want consider. Thus, we need a discretization of the interval
[0, 7] which is determined for different values of N. Of course N can not be
too small if we want a good approximation of the g-variation of the volatility.

Remark 20. In the original paper [31] the authors show that the process
(log(ot))e>0 behaves like a fractional Brownian motion. Nevertheless, in
[I] Abi Jaber estimates the g-variation of the volatility which has a rough

1
behaviour with H < —. Our choice is also motivated by the fact that for the
HQE scheme the volatility can reach the zero level so we can not consider

the logarithm.
Thanks to Proposition 1.2.2 our guess is that

m(q, A) = CqAHq

and so this enables us to recover the Hurst index H. We want to underline the
fact that this test is different from the others because it wants to determine a
path-wise property of the variance while the previous experiments deal with
its law. Due to this reason, we consider also the drift implicit Euler scheme
which is briefly described in the following.

T
e Fix a time step At = i and a number of factors V.

e Approximate the variance V? using

form:O,...,M—l and Ath :Wt —Wt

m+1 m*

N
o Take V; . — (Zwi%Hﬁ 10

m—+1
=1

0T his choice is not the only one that guarantees that the variance process remains non
N
negative, indeed we could also decide to define V;,, , = | Z intierJ

i=1
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We choose to add also this simulation scheme because the theory guarantees
that as soon as the time steps At — 0 the simulated dynamics converges to
the original one.
First of all, we want to check graphically what is the behaviour of the simu-
lated variance with the different methods in order to understand if they are
able to trick the human eye. ' Thus, we fix the maturity 7' = 1 year and we
consider the daily value of the variance which corresponds to a discretization
of the interval [0, 1] into 250 sub-intervals of equal length. In addition, we
tighten our time step splitting [0, 1] into 2500 sub-intervals.

As we can observe in Figure 4.15, Figure 4.16 the HQE scheme seems to
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the total variance V = w -V for (b) Variance sample for the Hybrid
the Moment Matching scheme using Quadratic Exponential scheme using
M = 250 time steps. M = 250 time steps.
Figure 4.15

replicate in a good way the rough behaviour of the market variance even if
the simulation reaches the level zero very often (in this case more that 60
% of the values are zero). On the contrary, the Moment Matching scheme
seems not to be able to trick the human eye mimicking the rough behaviour
of the market variance. To understand if this is a problem related to the
simulation scheme or to the lifted Heston model, we repeat the experiment
using the drift implicit Euler scheme keeping fixed the number of factors
N = 3 and all the other parameters. As we can observe from Figure 4.17,
this scheme seems to replicate the rough behaviour of the variance process,
thus we conclude that the problem was related to the choice of the simulation
scheme. Indeed, it is not clear at all why, even tightening the time steps,
there are some points in which the exponential behaviour seems to overcome
the noise.

"We want to understand if the simulated paths are similar to what we observe from
historical market variance.
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the drift implicit Euler scheme using
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Figure 4.17

Now that we have an idea of the behaviour of the sample paths we want to
estimate the Hurst index. To have a good sample for our estimate we decide
to fix A =1,...,50, then we face the problem of the choice of the discretiza-
tion step. We decide to fix it with the aim of having a good trade off between
the accuracy of the estimate and the noise that arise in the computation of

the ¢g-th moment.

From empirical evidence the choice of M = 2500 for the Moment Matching
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scheme and the HQE scheme seems to perform in an efficient way. We con-
sider a time window of 1 year so, with the convention of 250 trading days
per year and 6.5 trading hours per day, this corresponds to a choice of

A = 0.65 hours, ...,5 days

As we can see in Figure 4.18 the moments seem to lie on a straight line in
both cases. Now we plot the slope of the regression straight line against ¢
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Figure 4.18

and we observe that there is a linear relation between them as we can see
from Figure 4.19.

In particular, we find that the estimated Hurst index is 0.19 for the Moment
Matching scheme and 0.09 for the HQE scheme. This confirms our guess on
the rough behaviour of the volatility.

Remark 21. We want to remark the fact that we repeat the test also doubling
the number of the values for the Delta and keeping fixed the number of
time steps. We obtain very similar values for the Hurst index, however the
moments are affected by a greater noise and so this makes the estimate less
accurate.

We also repeat the experiment for the estimate of the Hurst index in the
case of the drift implicit Euler scheme: the results are very similar to those
of the Moment Matching scheme. As a matter of fact, we find an Hurst
index H = 0.17. As pointed out by Abi Jaber in [!] for the drift implicit
Euler scheme, we have seen that also the Moment Matching scheme presents
a rough behaviour (at least for a sufficiently thin time step) with an Hurst
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index way below 0.5 which is what we expected since the volatility process,
in this case, is driven by a Brownian motion.
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Chapter 5

Skew Stickiness Ratio

The concept of skew stickiness ratio (SSR) was introduced for the first time
by Bergomi in [13]. Therein he demonstrates the asymptotic behaviour of
the skew stickiness ratio in the case of stochastic volatility models. Since the
classic Heston model, described by Equation (1.2), is a special case of the
more general rough version, the aim of this chapter is to study the SSR in
the rough Heston model.

The skew stickiness ratio was introduced to derive a relation between the
implied volatility and the stock price. Since they are both observable in the
market, it makes sense to ask whether there exists a relation that links them.
In particular, the goal is to understand how a variation of the spot impacts
the implied volatility. The importance of being able in linking the movements
of the spot and the movements of the implied volatility is that in this way
traders can make Delta hedging instead of the more expensive Vega hedging.

Let us focus on a European Call option with current value of the spot Sy,
maturity 7" and strike K. We know that its market price can be expressed
using the Black and Scholes model by the relation

C(T,K,So) = Cps(T, K, So,o55(T, k))
where k = log(K/Sp) is the log-moneyness and opg(-) is the implied volatil-
ity.
Thus, since the price is affected by the spot and by the implied volatility,

to hedge options using the Black-Scholes formula, traders need to hedge two
effects:

e The effect of a change of the spot price (Delta hedging)
e The effect of a change of the implied volatility conditional on a change
of the spot (Vega hedging).
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Let us focus on at the money options, i.e., with k& = 0. Market makers
typically assume that the variation of the at the money implied volatility
and the variation of the stock price are linked by the linear relation

05
dops(T,0) = oc(T)S— +e=a(T)0X +e¢ (5.1)
0
where € represents the Gaussian noise independent of the rest and with zero
ean, and §.X 05 _ 51— 5%
mean, an =— = —.
’ So So

Then, taking the conditional expectation w.r.t. 4 X on both sides of Equation
(5.1), we observe that

E[6ops(T,0)[6X]

o(T) = 5X

If we consider the at the money skew

W) = L ops(T,k)

Ok k=0
then we can finally compute the skew stickiness ratio as
a(T)
R(T) = ———. 5.2

Looking at Equation (5.2), we observe that the SSR can be thought as a
measure of how much the at the money implied volatility moves conditional
on a move of S in units of at the money skew. In the market it is common
to distinguish two regimes according to the value of the SSR:

e Sticky-strike: The implied volatility is fixed for a given strike indepen-
dent of the stock price.

e Sticky-delta: The at the money implied volatility is fixed independently
on the current stock price.

Remark 22. The sticky-strike regime implies that if we consider the at the
money implied volatility and a stock price increase from Sy to Sg+ S then,
if we change the system coordinates using the transformation (¢, k) — (t, K)
I where K = Spe”, and using a first order Taylor expansion for the implied
volatility we have

08
So
that implies R(T) = 1. On the other hand, the sticky-delta regime implies

that dops(T,0) = 0 because the at the money implied volatility remains
fixed independently on the value of the spot and thus R(T") = 0.

'Observe that this change of coordinates is such that 3% = %%

0ops(T,0) =ops(T, Sy +05) — ops(T, So) ~ (T)
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It has been demonstrated in [13] that for stochastic volatility models
R(T) — 2 for T'— 0. Thus, as demonstrated in [29], we want to show in a

3
different way that for the rough Heston model R(T") — <2 +H | for T — 0.

To this end, we need to formalize in a rigorous way the concept of skew
stickiness ratio.

Definition 5.0.1. Define o4(T, k) the implied volatility observed at time t,
for a Call option with maturity T and strike price K = Spe*. Then consid-
ering X := log(St/So) we define the skew stickiness ratio
E[(04(T, Xi) — 00(T,0)) Xi]

V(T)E[(X¢)?]

Rt(T) =

where Y(T') = ;{:UBS(T, k)
k=0

Remark 23. Definition The skew stickiness ratio is the linear regression co-
efficient of the at the money implied volatility level in the time interval (0, t)
against the movement X; in unit of at the money skew. This is exactly
the definition given by Bergomi in [13]: we can observe that it involves the
maturity T but also the time step ¢. Then, our aim is to compute the limit

R = %131\0 %gr(l) R(T). (5.3)

Moreover, it is important to observe that Definition 5.0.1 involves only ex-
pected values, this implies that in general the short time limit does not hold
pathwise.

To follow the idea of Bergomi, it is convenient to introduce two other
processes: the forward variance and the the implied variance swap volatility.

Definition 5.0.2. Given the dynamics a variance process (Vy)i>0 we define:

o The forward variance for date T observed a time t € [0,T] &(T) =
E[Vr|Fi], where (Fi)i>o0 is the natural filtration.

o The implied variance swap volatility for date T observed at time t < T

~ d .
o1 such that &(T) = ¥ia ((T _ t)at%T)-

We recall that the dynamics in our model is given by

1
dXt:—il/;dt—i—\/thBt, Xo=0 (5.4)
with
Vi = Vp+ —— /t(t = INO - Vy)d P /t(t ) Lo/ V,dW,
=W — S — Vs)ds -8 g s s
' T(a) Jy T(a) Jo
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1 1
where o = < +H> € <2,1>, 0,0 >0, A > 0 and pdt = d(W, B); with

2
p€[-1,1].
Now we want to follow the same procedure applied by Bergomi in [13], thus
we need to understand what is the dynamics of the forward variance curve.

Proposition 5.0.1. Assume that the dynamics of the model is given by
FEquation (5.4) with A\ > 0. Then the forward variance curve evolves accord-
g to

(1) = o~ (L =) Va@am. 69
n>0

In particular for (T —t) — 0 it holds

dT—Wk%EIPMT_QWqu} o(T—1)*L.  (5.6)

n>0

For the proof we refer to [27]. The important thing is that thanks to
Proposition 5.0.1, applying the Equation (5.6) we can assume that A = 0
because we are interested in the short time limit. Indeed, if we suppose that
A =0, then

1 T
Vr=Vo + / (T — 5)* Lo/ V,dWs. (5.7)
I'(a) Jo

Thus, taking the conditional expectation at time ¢ < T on both sides of
(5.7), and using the properties of the stochastic integral, we find

= i ! — 5 a—lU
Mﬂ—%+nmﬁa“) VVedW (5.8)

which can be written as

d&(T) = (T — 1) /&(t)dWs. (5.9)

7
INC)
Essentially, using Proposition 5.0.1 and Equation (5.9) we observe that when
(T' —t) — 0 the mean reversion A has no effect.

Remark 24. The same result can be obtained working with A > 0 and then
passing to the limit for 7' — 0 but it requires more computations and so we
prefer to proceed assuming A = 0 from the beginning. The general case can
be found in Appendix A.

Moreover, using Definition 5.0.2, we can derive an approximation for the
implied variance swap volatility: integrating on both sides we find

1 T
&I:Q,T = (T—t)/t &e(s)ds.
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Now, applying the chain rule and taking only the lowest order term in dt we
obtain

1 T
doyr = —/———— d ds. 5.10
b= ey | e (5.10)

After that, we want to use Equations (5.9)-(5.10) to compute the skew sticki-
ness ratio using the approximation given by Bergomi in |13] where he replaces
the implied volatility with the volatility of the variance swap. Hence, we have
to determine the ratio

E[d6o+ rd X4
Y(T)E[(dX1)?]
Remark 25. To have an intuition we can think at the quantity in Equation
(5.11) as the ratio between the infinitesimal covariation of the processes

(6¢,7)¢>0 and (X¢)r>0, and the infinitesimal quadratic variation of (X3)i>o.
This ratio is measured in unit of at the money skew.

Ri(T) = (5.11)

The next step is to compute the at the money skew. In order to do this
we use the well known asymptotic approximation 2

L1 E[(Xr —E(X7))%] ‘
k=0 OV (E[(XT - E(XT))2]>3/2

0
7O-BS(Ta k)

o (5.12)

Once again, we underline the fact that we neglect higher order factors in
the computations since we are interested in short time limit with respect to
T. Now assume that (X;)¢>0 evolves according to Equation (5.4). Applying
[t6’s lemma we derive:

T T
X%:/ %(1—Xt)dt+2/ X/ VidBy
0 0

and

T Xt T
X%:?,/ XtVt<1—>dt+3/ X2\/VidB;.
0 0

2

Thus, we can compute the first three moments which we need to give the
asymptotic estimate of the skew. In doing this, we obtain:

T
¢ B(Xr) = — [ et

o« E(X2) = /OTg(t)dt—E</OT Xttht>

3 T T
o E(X3) :E<_2/0 X,?tht+3/0 Xttht).

*For a complete derivation of this result see Chapter 9 of [14].
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In particular we can go forward and, neglecting the drift term of X; which
will be of higher order in the limit for 7" — 0 and by means of the Itd
isometry, we can compute

E</OTXtV2dt> :/OT</OtIE[\/I75thBS]>dt

_ /OT</;E[\/175(% + /Ot (t_“)a_la\/fudwu)dBSDdt

I'«)
_ /OT </Ot %(t - s)o‘lE(Vs)ds> dt
 VppoT'+e
S T(a+2)’

Then, at first order, we obtain the approximations:
3/2 T 3/2
(Elcer - BCen?)) - = ([ ewas)
0

o 14+«
E[(Xr — E(X7))?] = %.

and

Now we compute the ratio
E[d6 rd X:]
E[(dX¢)?]

For the numerator we obtain

1 T
E[d6trdXi] = 26tT(T_t)/t E[d:(s)dX:]ds

_ 1 T po _ po—1
- BT /t LTS E(V)de(s — 1) ds

~ po(T — ) Wodt
267D (a+ 1)

while
E[(dX:)?] = Vodt.

Thus, computing everything for t = 0 and using the properties of the Gamma
function, we find that the skew stickiness ratio becomes

(a+1) (fOTf(s)ds)?’/z‘

Vobo,rT3/?

R(T) = (5.13)

To conclude we need to apply Lebesgue differentiation theorem:
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Theorem 5.0.1. Let f € L}, .(R™). Consider B(xg,r) the ball with center
in xg € R" and radius r > 0. Then if |B(xo,r)| is the Lebesque measure of

the ball 1
lim ——— f(z)dz = f(xo).
P B0 Jigaory T T

1 [T
Applying Theorem 5.0.1 we deduce that &31 = T/ &(s)ds — Vy as
0

T — 0 and then we can conclude that
3
R(T)—H)z—l—le—f—i as T — 0.

Remark 26. We propose also an alternative derivation of this result in Ap-
pendix B. The idea is to use the asymptotic relation, valid for short ma-
turities, between the skews of local and implied volatility described in [21].
Nevertheless, we are not able to prove it in whole generality and we have to
make some restrictive assumptions.

5.1 Numerical results

Now that we have derived the asymptotic behaviour of the skew stickiness
ratio in the rough Heston model, we want to investigate on the performance
of the simulation schemes of our interest.

First of all, we need to understand how good is the approximation given by
Equation (5.13) for maturities of practical use, thus we fix the time interval
[0, 1], we split it into 250 linearly spaced maturity (so ranging from 1 day till
1 year) and we plot the theoretical skew stickiness ratio in Figure 5.1 for dif-
ferent values of the Hurst index H. The integral in (5.13) is computed using
the trapezoidal rule, while the expected value of the variance is computed
performing 1 million Monte Carlo simulations using the Moment Matching
and the HQE scheme described in chapter 3.

In such a way, we find that the relative error with respect to our benchmark
of 1.6 is around 1.5% for the Moment Matching scheme while is around 0.9%
for the HQE scheme. Thus, in order to reduce the error it is necessary to
consider shorter maturities. Nevertheless, it is useless from a practical point
of view since the smallest maturity that we can find in the market is 1 day
and moreover, it is also expensive from a computational point of view, since
we need to tighten the discretization step.

Now we want to compute the skew stickiness ratio using Equation (5.2),
which is consistent with what we would do if we have had market data. In
order to do this, we need to simulate sample path of the spot, and then we
can use it to compute the at the money skew and the at the money implied
volatility. Therefore, we follow these steps:
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Theoretical Skew Stickiness Ratio

Theoretical Skew Stickiness Ratio

2.4

2.24

SSR

2.01

1.8

1.6

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10

maturity maturity
(a) Theoretical skew stickiness ratio (b) Theoretical skew stickiness ratio
for maturities ranging from 1 day for maturities ranging from 1 day
till 1 year computed with Moment till 1 year computed with Hybrid
Matching scheme with N = 3. Quadratic Exponential scheme.
Figure 5.1

e Fix a time step At = 1 day, define t; = iAt, ¢ =0, ..., 250 and simulate
a sample path of the spot over a time window of 1 year.

e Relying on Equation (5.2) we need to compute the at the money skew:
we do this using Chebyshev interpolant instead of finite difference
method, in order to speed up the computations. Then, we fix seven

strikes 5 0i 1
ki=1+ cos<(21_4 )W>,i:1,...,7

close to the at the money level.

e Fix 4 maturities for which we compute the skew stickiness ratio. In
particular, since we are interested on the short time limit we decide to
choose T € {1 day, 1 week, 2 weeks, 1 month}.

e For each maturity 7' compute
E[(Sti1 — kY TS:) |1 F,] i=0,..,250 and j = 1,..., 7.

St o — S,
%, the at the money implied volatility o; (T, 0)
t;

and the at the money skew ;(T) for i = 0, ..., 250.

e Compute 0.X; =
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e Compute the linear regression coefficient between the (§.X;1;(T))i=o.,... 249
and (0341(7,0) — 04(T,0))i=o,... 249-

The first problem that we encounter is how to determine the forward price
which means how to compute

E[(St,+7 — Si,)T|Fi] i=0,...,250.

Clearly to do this with the Fourier inversion technique, it necessary to use
the conditional characteristic function, but Theorem 1.4.1 gives us the char-
acteristic function of the log-price only at ¢ = 0. This problem may be
overcome (at least theoretically) thanks to Corollary 2 at page 119 of [24].
Nevertheless, this result would be completely useless due to the huge com-
putational time that it requires.

Even if we decide to use the Markovian lift, where the conditional charac-
teristic function is given by Theorem 2.1.1, we face some problems in the
computations.

Then we work with Monte Carlo method, relying on the Moment Match-
ing scheme with 3 approximating factors since, as we saw in section 4.1,
it is efficient from a computational point of view and it is also able to fit
the rough skew. 3 In this case, we face the problem of the choice of the
nodes (x;)i=1,2,3 and the weights (w;);—123 that must be used to compute
the prices: to be consistent, we fix the same that we use to simulate the
spot path, they are reported in Table 5.1. Moreover, we simulate also the

sample path of the volatility, so that at time each time ¢; we can use the
3

values V&, th, V{j’ to compute the variance V;, = Zwﬂftz that is necessary
j=1
to compute the implied volatility.

Nodes | 0.2099 | 14.1212 | 295.0156
Weights | 1.1597 | 2.3197 | 12.7069

Table 5.1: Nodes and weights used to compute the skew stickiness ratio.

Then, applying the steps described above we give the estimates of the
skew stickiness ratio reported in Table 5.2.

1 day | 1 week | 2 weeks | 1 month
SSR | 1.804 | 2.757 3.723 4.979

Table 5.2: Estimated values of the skew stickiness ratio for maturity 7' €
{1 day, 1 week, 2 weeks, 1 month}.

3Unfortunately it is not possible to reproduce this experiment for HQE scheme because
it would require too much time.
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1 day skew stickiness ratio
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T T T T T T T T T
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(a) 1 day skew stickiness ratio com-
puted with the Moment Matching
scheme.

1 week skew stickiness ratio

0.2
0.1 4
0.0
E
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L=]
-0.1
-0.2
-0.3 —— Regression line
—— H+1.5 slope
—0.06 -0.04 -0.02 0.00 0.02 0.04 0.06

OXy(T)

(b) 1 week skew stickiness ratio com-
puted with the Moment Matching
scheme.

Figure 5.2

2 weeks skew stickiness ratio

0.2

0.1

0.0 1

-0.3 1 —— Regression line
—— H+1.5 slope

-0.02 0.00 0.02 0.04
oXy(T)

-0.04

(a) 2 weeks skew stickiness ratio com-
puted with the Moment Matching
scheme.

1 month skew stickiness ratio
0.2
0.1
0.0 -
E
53
[=]
-0.1
-0.2
03 —— Regression line
—— H+1.5 slope
-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03

OXy(T)

(b) 1 month skew stickiness ratio
computed with the Moment Match-
ing scheme.

Figure 5.3

In Figure 5.2 and Figure 5.3 we report the diagrams with the theoretical

3
level of H + 3 and the estimated one.

As we can observe, the estimated values are far above the asymptotic level

of 1.6 even for short maturity.

This can be caused by the first order approximation of the skew

poVo

TH-l—l

0
%O’BS(Ta k)

(5.14)

im0 20(H +5/2) ( JTe(s)ds)?

Indeed, it is true for small maturity 7', so we need to understand how good
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—— skew approximation .55
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(a) The rough Heston skew computed ton skew computed with the Mo-
with the Moment Matching scheme ment Matching scheme using Cheby-
using Chebyshev interpolant and the shev interpolan and the first order ap-
first order approximation. proximation.
Figure 5.4

is this approximation for the maturity of our interest. Looking at Figure 5.4
we observe that the first order approximation overestimates the skew: this
implies that if we replace the rough skew with the approximation given by
Equation (5.14) we would find a lower value for the skew stickiness ratio.

In addiction, we also report the values of the residual sum of squares (SSE)
and the coefficient of determination (R?). They are both statistical indicator
of how good our data are described by a linear regression model. In particular

we define:
n

SSE = Z (yi — 9i)? (5.15)
i=1
and
n )2
R2=1-— Zml(y—’yl) (5.16)

>ic1 (i — 9)?
where y is the vector of the observed values of do, 3 is the vector of the

values of do predicted by the model, and g is the mean value.
The values of these statistical indicator are reported in Table 5.3.

1 day | 1 week | 2 weeks | 1 month
SSE | 0.0049 | 0.0044 | 0.0042 | 0.0037
R? 10.2294 | 0.2522 | 0.2497 | 0.2500

Table 5.3: Values of the residual sum of squares and the R? coefficient for
maturity T € {1 day, 1 week, 2 weeks, 1 month}.
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cov(,y)

If we define by := and by := ¢y — b1 T then

var(x)
Thus, it is possible to write Equation (5.16) as

COV2 X
R? = W@)(Wy()w (5.18)

that allows us to interpret the R? coefficient as a statistical measure that
indicates the proportion of the variance in the dependent variable y that is
predictable from the independent variable z. In this case we observe that
only 25% (more or less) is generally captured by model, then the stickiness
ratio can predict only a fraction of the variation of the implied volatility
knowing the variation of the spot.

72



Chapter 6

Conclusions and future
developments

The rough volatility models are famous for their capability in reproducing
short time explosion of the at the money skew of Plain Vanilla options.
Among these models, we focused on the rough Heston model. It is a chal-
lenging task to find an efficient simulation scheme for this model due to its
non Markovian structure and the singularity of the kernel, indeed, at the
moment, the only one available scheme is the Hybrid Quadratic Exponential
(HQE) of Gatheral. One other possibility is to work with the Markovian
lift which is a multi-factor stochastic volatility model which converges to the
rough Heston when the number of approximating factors n goes to infinity.
In this setting we analyzed the Moment Matching scheme proposed by Bayer
and Breneis.

Thanks to the fact that the characteristic function of the log-price is known
in semi-closed form we were able to price Plain Vanilla options using the
Adam’s scheme and therefore we used these prices as benchmark for the
simulation schemes of our interest.

Our analysis showed that both schemes are able to fit the implied volatility
surface and the skew explosion typical of rough models. In particular, the
HQE scheme and the Moment Matching scheme with 3 approximating fac-
tors seems to share the same behaviour in terms of the skew both for Plain
Vanilla and for Forward Start options.

We investigated also the Hurst index produced by the sample path of the
variance process and we verified that both present a rough behaviour with an
Hurst index way below 0.5. Nevertheless, the variance process generated by
the HQE scheme reaches very often the zero level while the Moment Match-
ing always produces a positive variance.

To understand the cause of this behavior, in the future, it will be interesting
to investigate if there exists a condition on the parameters of the model which
guarantees that the variance always remains positive both for the rough He-
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ston model and for the Markovian lift.

The other advantage that we noticed in using the Moment Matching is the
lower computational time that requires to achieve a satisfactory level of accu-
racy. This is a clear consequence of the Markovian structure of the underlying
model.

The last object that we analyzed was the skew stickiness ratio. We faced
some difficulties in the empirical validation of the theoretical result on the
short time limit that we obtained. In particular, our empirical analysis was
based on the Moment Matching scheme which is built on an approximation
of the rough Heston model. Further research could study a fast algorithm to
obtain the conditional characteristic function in order to compute the real
stickiness ratio generated by the original model. Finally, we also suggest to
deepen the relation between the local volatility and the skew stickiness ratio
that we found in the sketched proof in Appendix B.
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Appendix A

(zeneral case

Consider the dynamics

1
AX; = —5 Vidt + \/VidB,

t
V;=V0+1/(t— 8)* N0 — V)ds+1/ (t — ) Lo/ VedWy
0

I'(a) I'(a)
1 1
where o = 3 +He <2, 1>, 0,0,\ > 0 and pdt = d(W, B), with p € [-1,1].

Since A > 0 the kernel which appears in the dynamics of the forward variance
curve (see Proposition 5.0.1) is

) = ot IZ n+1

n>0

Thus, doing the same computations that we did for A = 0 we have that in
the small time limit:

T
. E[(XT—E(XT))2]:/O £(s)ds

T rt
o E[(X7 — E(XT))3] = 3p/0 /0 k(t — s)&(s)dsdt

B(dX,)*] = &(t)dt

T
E[dé, 1d X = Mf’i(gdft) /t k(s — t)ds.

Looking at Proposition 2.1 in [27] it holds
)
€)= Vo~ (Vo) [ Sk(s)ds,
0
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Then we can use it to deduce the estimate

t Voot™ o oz
/0 k(t = S)€(s)ds ~ LI+ 0UH) = K1),

So thanks to the previous approximation the SSR can be computed by

1 k@) e)dr)?
RO =717 260,r S E(t)dt '

Now observe that:

. T N ol il
/Ok(t)dt aF(a)+O(T )

T a+1
~ Vool
~— T%2),
° /0 k(t)dt T(a+2) + O( )

Passing to the limit for T' — 0 and using Lebesgue differentiation theorem
we conclude that

R(T)—>a+1:H+g.
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Appendix B

An alternative derivation

Let us define the local volatility n(t, k) as the function of time ¢ and strike
k that solves the Dupire equation (see [23])

8C(t, k
0 (t k) = 132@,30(;75,13:) (B.1)

where C(t, k) is the price of a Call option with maturity ¢ and strike k. As
usual we indicate with o(¢, k) the implied volatility of a Call option with
maturity ¢ and strike k.
If we indicate with B(t, k, o) the price in the Black model with volatility o,
then using the relation

B(t, k,o(t, k) = C(t, k) (B.2)

we can write the Dupire equation in terms of the implied volatility. In
particular we obtain

9 o + 20t0i0 (B.3)
T T I 2ki(y + ovi) oo + k20td30 + k2ty(y + ov/1)(0ko)? '
1 1 "
where y = — < log(k) + 0\/7?). In [21] the authors show that writing
oVt 2

the Equation (B.3) in the coordinate system
0(t) =t. ((t.k) =72 log(k) (B.4)

they are able to derive the asymptotic relation between the skew of the local
and the implied volatility

647;(0,0) = (H + §>8CU(0,0). (B.5)
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The idea is to use this result to prove the asymptotic behaviour of the skew
stickiness ratio.
Starting from the dynamics of the log-price Xy := log(S;)

1
dX; = —§Wdt +VVidB:, Xo=0 (B.6)

where B; is a Brownian motion under the risk neutral measure we can define
the skew stickiness ratio observed at time t for a maturity 7" as

E[(o4(T, St) — 00(T, 50))|St — So]
Ooo(T, So) (St — So)

Ry(T) := (B.7)

where o4(T, k) is the implied volatility observed at time ¢ of a Call option
with maturity T and strike k.
Then the quantity of our interest is given by

R := lim lim R(T). (B.8)

t—=0T—t

Remark 27. Tt is not clear at all if it is possible to invert the two limits.
Indeed in [13] Bergomi defines R := %im lim R+(T).

—0t—0

First of all we pass into the coordinate system (6, () given by Equation
(B.4). In this system we can observe that

1_
Op = 012702 " 5. (B.9)

Thus, letting T' — ¢ we obtain

lim R4 (t) = lim E[o(t,((t,St)) — oo(t,0)]S;]

1 , (B.10)
t—0 =0 tH_§aCUO(ta 0)(St — So)

Recall that the local volatility can be computed as the conditional expec-
tation of the stochastic volatility and this holds also in the case of rough
Heston model as shown in [21], thus

i (0(T), C(T, k) = Ee[Vr| ST = k. (B.11)
Furthermore, by the chain rule, we obtain
k5 (0,¢) = 200(6, )00 (6, ¢) (B.12)

so that

lim Ry (1) = Tim — 122 (L4 50)) = 051, 0)|54

1 , (B.13)
t—0 =0 20 (¢, O)tHfﬁacao(t, 0)(St — So)
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To continue we have to show that %in(l)g'(t, St) = 0.
—

By definition
C(t,St)—tH_< /Vds+/ de) (B.14)
= ¢H+3 (t/o 1/;d3+t/() \/Vsst) (B.15)

= 73 (1, + L) (B.16)

It is straightforward to prove that ¢ +%Il — 0 when ¢ — 0 (Use Lebesgue
1
differentiation theorem and H + 3 > 0).

t
For small time it is true the estimate / VVidB, ~ \/VoB; = VVoVIN
0

where N is a standard Gaussian.

Then we obtain )
tH+§IQ ~ tH\/ %N

and since H > 0 we can conclude that
%E}I})C(t, St) =0 a.s.

Then we obtain

o ElHLC(50) — a3(L OIS
=0 264 (t, 0)tH 28400(15, 0) (St
RS - B0
=0 20 (¢, 0)tH 28400(75, 0)(St — So)
_ 210(0,0)0¢n0(0,0)
200(0,0)0¢00(0,0)
3

—H+2
+2

So)

where we use the fact that n2(t, Sy) = o2(t, S;) = V; for all t > 0.

Remark 28. The strong assumption we made in this derivation is the applica-
bility of the chain rule. This is likely related to certain regularity conditions
on the volatility process.
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Appendix C

The Quadratic Exponential
scheme

The Quadratic Exponential scheme, is a simulation scheme that was devel-
oped by Andersen in [5] to guarantee that the variance process

dvt = )\(0 — Ut)dt + 04/ ‘/tth
remains non-negative at each step t,. First of all, we consider the ratio

var v, | Fn—1]

Un = BonlFor))?

then we distinguish two cases:
If ¢, <2 then
Un = an(ﬁn + Zn)2

where Z,, is a standard Gaussian and

vn’fn 1]
P = \/anwn =Tl

On the contrary, if wn > 1 then

Un
Un = _H(Un<pn)7n log <p>

with U,, ~ Unif(0,1) and

2
T
It is straightforward to check that means and variances are correctly matched.
Moreover, since the two regions overlap Andersen suggests to use the value

= SE[onl Faoa] (L + ).

DPn = 9

3
— as watershed.

The values of ay,, Bn, 7n and p, are obtained applying a moment matching
procedure.
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