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Introduction

In this work, we will analyse the local Langlands correspondence, studying
the necessary concepts to understand what it says and trying to explain the
main concepts behind it.

Let F be a non Archimedean local field of characteristic zero, i.e. a finite
extension of Qp for some prime number p. All the representations are to be
intended on complex vector spaces.
The local Langlands correspondence for GLn(F ) associates some type of
representations of the general linear group GLn(F ) of F with some repre-
sentations related to the absolute Galois group of F .
Firstly, since the groups involved in this correspondence are topological, it
is natural to require that the used representations preserve, in some ways,
the topology of these groups. For this reason, our focus will be on a class
of representations called smooth representations. The main property of
these representations is that the stabiliser of a vector is open.

From the side of GLn(F ), the core of the correspondence involves in
the supercuspidal representations. We can define them for a bigger
class of groups: p-adic reductive groups, i.e. reductive groups on a non-
Archimedean local field. For any parabolic subgroup P of G with Levi
decomposition P = MN , we can construct a representation of G starting
from an irreducible representation σ ofM . Indeed, it is enough to extend the
representation σ to a representation InfMP σ of P defining it to be trivial on
N and inducing this representation on G. The representation so defined is
called parabolically induced from σ. We are interested in the irreducible rep-
resentations of G which are not subrepresentations of parabolically induced
representations from some proper parabolic group, these are the supercusp-
idal representations which are the building blocks of this theory for different
reasons. In particular, they control the irreducible representations of G and
they allow us to classify them with the Bernstein-Zelevinsky classification.

On the other side, the central role is taken by a subgroup of the absolute
Galois group: the Weil group. It is defined starting from the canonical
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exact sequence of Galois theory

1 → Gal(F/Fnr) → Gal(F/F ) → Gal(Fnr/F ) → 1.

where F and Fnr are the closure and the maximal unramified extension of
F respectively.
Since the group Gal(Fnr/F ) is isomorphic to Ẑ :=

∏
l∈N Zl ⊇ Z, we can

define the Weil group WF of F by the exact sequence

1 → IF →WF → Z → 1.

Moreover, we are not interested in the topology that WF inherits from the
absolute Galois group, but we endow WF with a finer topology in which the
inertia subgroup IF of F is open and it has the same topology that it has
in the absolute Galois group of F .
We are interested in the semisimple representations (V, π) of WF with an
attached endomorphism n such that

r(σ) n r(σ)−1 = |Art−1F (σ)|F n,

where ArtF : F× → W ab
F is the isomorphism of local class field theory. It

allows to study all the abelian extensions of F studying the property of the
multiplicative group of F . In particular the attached endomorphism n con-
tains a lot of information about the representation.

In both the cases, we can define some invariants. The so called L-factor
and ϵ-factor that are complex functions constructed from the representa-
tions. Despite having the same name, the constructions for the two sides
are different. In particular, the role of supercuspidal representations is cru-
cial for the GLn-side. We expect a sort of compatibility of the invariants
with respect to the correspondence.

With local Langlands correspondence we mean a series of bijections be-
tween the set of equivalence classes of representations of GLn(F ) and n-
dimensional F -semisimple Weil-Deligne representations

recF : IrrRep(GLn(F )/C) → WD-Repssn (WF /C)

such that

1. recF (π) = π ◦Art−1 for any π in IrrRep(GL1(F )/C) ∼= IrrRep(F×/C).

2. For any π1 in IrrRep(GLn(F )/C) and π2 in IrrRep(GLm(F )/C)

L(π1 × π2, s) = L(recF (π)⊗ recF (π2), s)

and
ε(π1 × π2, s, ψ) = ε(recF (π)⊗ recF (π2), s, ψ).
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3. For any π in IrrRep(GLn(F )/C) and IrrRep(GL1(F )/C)

recF (π ⊗ (χ ◦ det)) = recF (π)⊗ recF (χ).

4. For any π in IrrRep(GLn(F )/C) with central character χ

det recF (π) = recF (χ).

5. For any π in IrrRep(GLn(F )/C)

recF (π̃) = ˜recF (π).

The work is organized as follows: In the first chapter we will analise the
property of smooth representations with a focus on the difference between
the representations of finite groups.
In the second and third chapters we will analise, respectively, the two sides
of the correspondence.
In the fourth chapter, we will construct the invariants using the previously
cited Berstein-Zelevinsky classification and we will expose the correspon-
dence.
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Chapter 1

Representations of Locally
Profinite Groups

Definition 1.1. A locally profinite group G is a topological group G
that satisfies one of the two equivalent properties

1. Any open neighbourhood of the identity in G contains an open com-
pact subgroup of G.

2. G is Hausdorff, locally compact and totally disconnected.

Remark 1.2. Clearly, a compact locally profinite group is profinite.

We always assume that G is a locally compact group such that any open
compact subgroup has countable index and V is a vector space over C.
We want to combine the classical notion of group representation with the
topology of a locally compact group. To do this

Definition 1.3. Let (V, π) be a representation of G. We say that V is
smooth if

V =
⋃
K⊆G

K open compact

V K ,

where V K = {v ∈ V : π(g)v = v ∀g ∈ K}.

Remark 1.4. Clearly, if G is finite and it is endowed with the discrete
topology, then any representation is smooth.

The terminology ”smooth” makes us think about continuity, indeed there
is a deep connection that we clarify in the next proposition.

Proposition 1.5. Let (V, π) be a representation of G. The following are
equivalent

(1) (V, π) is smooth.
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(2) The stabilizer StabG(v) := {g ∈ G : π(g)v = v} of v in G is open for
any vector v in V .

(3) The map

Π :G× V → V

(g, v) → π(g)v

is continuous, where V is endowed with the discrete topology and G×V
is endowed with the product topology.

Proof. (1) =⇒ (2): Assume (V, π) be smooth and let v in V . Then there
exists K open compact subgroup of G such that v is in V K and then

K ⊆ StabK(v) ⊆ StabG(v).

So StabG(v) contains an open subgroup and then it is itself open.
(2) =⇒ (3): Assume StabG(v) be open for any vector v in V . Since V is
endowed with the discrete topology, it is enough to prove that the preimage
of {π(g)v} is open. Clearly, the preimage of {π(g)v} is

⋃
x∈G g StabG(v)x

−1×
{π(x)v} that is open by hypothesis.
(3) =⇒ (1): Assume Π is continuous and take a generic vector v in V , then
Π−1(v) is open in G×V . So, there exist L open in G and U open in V such
that L× U ⊆ Π−1(v). Furthermore, since

(1, v) 7→ v,

we can suppose 1 ∈ L and so L is an open neigherbood of 1. At this point,
since G is locally profinite there exists K open compact in G such that
K ⊆ G. So

K × U ⊆ Π−1(v)

and we can conclude that K stabilizes v.

We can note that there is no condition on the dimension of V . In general
for finite groups it is enough to work with finite dimensional representations
since irreducible representations of finite groups are of finite dimension. This
is not true for representations of locally profinite groups. For this reason we
introduce a new concept.

Definition 1.6. Let V be a smooth representation of G. We say that V
is admissible if the vector space V K has finite dimension for any K open
compact subgroup of G.

Definition 1.7. A morphism f between smooth representations (V1, π1),
(V2, π2) is a linear map f : V1 → V2 such that the diagram
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V1 V1

V2 V2

π1(g)

f f

π2(g)

commutes for any g. We denote by HomG(V1, V2) the space of morphisms
of smooth representation which are also called G-morphisms.

So we can define the category Rep(G) of smooth representations of a
locally profinite group G.

Theorem 1.8. The category Rep(G) is abelian.

Definition 1.9. A representation (V, π) is said to be irreducible if V ̸= 0
and V has no G-stable subspaces different from 0 and V .

1.1 Semisimplicity

In representation theory of finite groups we are used to work with represen-
tations that are direct sums of irreducible G-subspaces.1 In general this is
not true for a generic representation of a locally profinite group. For this
reason we introduce the following definition.

Definition 1.10. We say that (V, π) is G-semisimple2 if V is the sum of
its irreducible G-subspaces.3

Proposition 1.11. For a representation (V, π) the following are equivalent

(1) V is the sum of its irreducible subspaces.

(2) V is the direct sum of a family of irreducible G-subspaces.

(3) Any G-subspace has a G-complement in V .

Proof. (1) =⇒ (2): Assume that V =
∑

i∈I Ui, with {Ui : i ∈ I} family of
irreducible G-subspaces of V . Let

I = {J ⊆ I :
∑
i∈J

Ui =
⊕
i∈J

Ui}

Our aim is to use Zorn’s lemma on I. For this aim, take {Ja : a ∈ A} a
totally ordered set in I and J :=

⋃
a∈A Ja. We want to prove that J is an

element of I. Suppose by contradiction that J is not in I, i.e.
∑

j∈J Uj

1Remember that we are working with vector spaces over C and so Maschke’s theorem
holds.

2This is clearly compatible with the theory of finite groups.
3Notice that we do not require V to be the direct sum, but only the sum.
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is not direct, so there exists S ⊆ J finite such that the sum
∑

j∈S Uj is
not direct. But S ⊆ Ja for some a ∈ A, so the

∑
j∈Ja Uj is not direct.

This is a contradiction, hence J is an element of I. In this way we have a
maximal element J of I. Let V ′ =

∑
j∈J Uj ⊆ V . For any i ∈ I \ J , let us

consider the intersection Ui ∩ V ′. Since Wi is irreducible, we have only two
possibilities:

1. Ui ∩ V ′ = 0. In this case, the sum Ui ⊕ V ′ is direct, but this is a
contradiction since V ′ =

∑
j∈J Ui and J is maximal in I.

2. Ui ∩ V ′ = Ui, so Ui ⊆ V ′.

Therefore V =
∑

i∈I Ui ⊆ V ′ and then the equality holds.
(2) =⇒ (3): Assume that V =

⊕
i∈I Ui, with {Ui : i ∈ I} a family of

irreducible G-subspaces of V . Let

I = {J ⊆ I :W ∩ ⊕i∈JUi = 0}.

As in the previous point, I is inductively ordered and, by Zorn’s lemma, it
admits a maximal element J . Let U = ⊕i∈JUi. Ui is the G-subspace that
we are looking for. Indeed

W + U =W ⊕ U

by hypothesis and if, by contradiction, V ̸= W ⊕ U then there would exist
Uj ̸⊆W ⊕ U such that

W + (U + Uj) =W + (⊕i∈IUi ⊕ Uj) =W +⊕i∈I∪{j}Ui =W ⊕ (⊕i∈I∪{j}Ui).

This is a contradiction for the maximality of J . Hence V = X ⊕ U .
(3) =⇒ (1): Assume that any G-subspace of V has a G-complement in
V . Let U =

∑
i Ui be the sum of all the irreducible representations of V .

By hypothesis, there exists a G-complement W of U in V . In other word,
V = U ⊕W . Our intent is to prove that W = 0. If W has an irreducible
G-subspace, it is an irreducible G-subspace of V and so it is in U . This is
a contradiction for the hypothesis of direct sum. So W has no irreducible
G-subspaces. In the same way, W is not irreducible. Let w be in W and
consider the G-stable subspace W ′ of W defined as

W ′ = Span{π(g)w : g ∈ G}.

W ′ is a finitely generated C[G]-module, so we have a maximal subrepresen-
tationW ′′ ofW ′ 4. In particularW ′/W ′′ is irreducible. Moreover, since W ′′

is a vector subspace of W , then U and W ′′ are in direct sum.
By hypothesis, there exists a G-stable subspace of V , say W0, such that

U ⊕W ′′ ⊕W0.

4That is a maximal C[G]-submodule of W ′.
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Moreover, the image of W ′ under the projection in W0 is isomorphic to
W ′/W ′′. So W0 contains an irreducible representation of V , that is not
possible since all irreducible representations of V are in U . Hence W =
0.

In the above proof we have dealt with vector spaces which can have
infinite dimension. There are cases in which we are sure of working with
finite dimensional representations. The next lemma provides an important
example.

Lemma 1.12. Let G be a compact locally profinite group (i.e. a profinite
group) and let (V, π) be an irreducible representation of G. Then V is finite
dimensional.

Proof. Let v be a vector in V and suppose v in V K for some open compact
subgroup K of G. Since G is compact, the index |G : K| is finite and the
set {π(g)v : g ∈ G/K} is finite. But it spans a G-stable subspace that has
to be V since it is irreducible. So dimV ≤ |{π(g)v : g ∈ G/K}| <∞.

Proposition 1.13. Let (V, π) be a smooth representation of G. If G is
compact, then V is G-semisimple.

Proof. Since (V, π) is smooth, we have

V =
⋃
K⊆G

K open compact

V K .

Substituting K with its normal core KG = ∩g∈GgKg−1 we can suppose that
any K is normal. Moreover the action of G on V K is the same of G/K since
V K is fixed by K. Since G is compact, any index |G : K| is finite and hence
V K is G-semisimple. Therefore V is G-semisimple.

Corollary 1.14. Let (V, π) be a representation of G. Then V is K-semisimple
for any K open compact subgroup of G.

We conclude this section with a generalization of Maschke’s theorem.

Theorem 1.15. Let H be an open subgroup of G of finite index and let
(V, π) be a smooth representation of G. The following are equivalent

(1) V is G-semisimple,

(2) V is H-semisimple.

Proof. (2) =⇒ (1): Suppose that V is H-semisimple. By Proposition 1.11
it is enough to prove that any G-subspace has a G-complement in V . For
this aim, take U a G-subspace that is clearly an H-subspace. By hypothesis,
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V is H-semisimple and so U has an H-complement in V : V = U ⊕W . Take
the projection fU : V → U and let

f : V → U

v 7→ 1

|G : H|
∑

g∈G/H

π(g)fU (π(g
−1)v),

so that

f =
1

|G : H|
∑

g∈G/H

π(g) ◦ fU ◦ π(g)−1.

For all u in U , f(u) = u and so V = U ⊕Ker(f). Now it is enough to prove
that Ker(f) is a G-subspace. It is easy to compute that

π(x) ◦ f ◦ π(x)−1 = f

and then

f ◦ π(x) = π(x) ◦ f

for all x in G. In particular, for all x in G and for all v in Ker(f)

f(π(x))(v) = π(x)(f(v)) = π(x)(0) = 0.

Therefore, Ker(f) is G-stable and (1) holds.
In order to prove the other implication we need other two important tools in
representation theory: the induced representation and Shur’s lemma

Corollary 1.16. (Maschke’s Theorem) If G is a finite group then every
representation is G-semisimple.

Proof. Let (V, π) be a representation of G. By the previous proposition, it
is enough to prove that G has a subgroup H for which V is H-semisimple.
H = {1} satisfies the condition and so the theorem holds.

1.2 Induced Representations

In this section we want to describe a way to construct representations of a
locally profinite group G starting with a smooth representation (W,σ) of a
closed subgroup H of G. For this aim, consider the C-vector space

X = {f : G→W : f(hg) = σ(h)f(g), h ∈ H, g ∈ G}.

We define an action of G on X as

(g · f)(g′) := f(g′g) for all g, g′ in G
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i.e. a representation of G in X. This is the classical induced representation
that does not take smoothness into account and it is, in general, not a
smooth representation of G. In order to obtain a smooth representation we
introduce the following definition.

Definition 1.17. Let G,H, (W,σ) and X as before. We define the repre-
sentation of G smoothly induced by σ as

IndGH σ = {f ∈ X : there is a compact open subgroup K of G

such that f(gx) = f(g), for g ∈ G and x ∈ K}.

So we are taking the smooth part of the induced representation. This
technique can be used for all non smooth representations of a group G.
Let (W,σ) be a representation (not necessarily smooth) of G and consider

W∞ :=
⋃
K⊆G

K open compact

WK

σ∞(g) = σ(g)W∞

(W∞, σ∞) is a smooth representation5 of G and it is constructed starting
with (W,σ) in the same way in which we constructed the representation
smoothly induced. We can say more: if (V, π) is a smooth representation of
G and f is a G-homomorphism from V in W , for all v in V there exists an
open compact subgroup K of G that fixes v. Then

(π(k)f)(v) = f(σ(k)(v)) = f(v) for all k ∈ K

and so f(V ) ⊆W . In particular, HomG(V,W ) = HomG(V,W
∞).

This would be enough to prove the Frobenius reciprocity for smooth
representations starting with the classical version. Nevertheless, we will
give a direct proof.
Notice that now we have a functor

IndGH : Rep(H) → Rep(G).

(W,σ) 7→ (IndGHW, Ind
G
H σ).

This is not the only functor that we have constructed, indeed there is another
one defined by

ResGH : Rep(G) → Rep(H)

(V, π) 7→ (V, π|H)

The connection between these two is expressed by the next theorem.

5If w is fixed by an open compact K, then π(g)w is fixed by the open compact gKg−1

for any g in G. So W∞ is a representation.
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Theorem 1.18. With the same notation as before, we have

HomG(π, Ind
G
H)

∼= HomH(Res
G
H π, σ).

This isomorphism is called Frobenius Reciprocity.

Proof. Consider the homomorphism

ασ : IndGHW →W

f 7→ f(1).

ασ is an H-homomorphism. Indeed, for any h in H and f in IndGHW we
have

ασ(hf) = h(f(1)) = f(h) = σ(h)f(1) = σ(h)ασ(f).

So the map

HomG(π, Ind
G
H σ) → HomH(Res

G
H π, σ)

ϕ 7→ ασ ◦ ϕ

is well-defined since composition of H-morphisms is again an H-morphism.
Now, for a G-homomorphism f : V →W , we define

f∗ : V → IndGHW

v 7→ f∗(v) :G→W

g 7→ f((π(g)v).

Our claim is that f 7→ f∗ is the inverse of ϕ 7→ ασ ◦ ϕ.

• f 7→ f∗ 7→ ασ ◦ f∗ = f
For all v in V we have

(ασ ◦ f∗)(v) = ασ(f∗(v)) = f∗(v)(1)) = f(π(1)(v)) = f(v)

and so ασ ◦ f∗ = f .

• ϕ→ ασ ◦ ϕ→ (ασ ◦ ϕ)∗ = ϕ
For all v in V and g in G we have

(ασ ◦ ϕ)∗(v)(g) =(ασ ◦ ϕ)(π(g)(v)) = ασ(π(g)(v)) =

=ασ(Ind
G
H σ(g)(ϕ(v)) = ασ(Ind

G
H σ(g)(ϕ(v))) =

=ασ(Ind
G
H σ(g) ◦ ϕ)(v) = IndGH σ(g)(ϕ(v))(1) =

=ϕ(v)(g)

and so (ασ ◦ ϕ)∗ = ϕ.
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These equalities complete the proof.

Remark 1.19. With the same notation as before we have that ResGH is the
left adjoint of IndGH . There are several important consequences, e.g. ResGH
preserves colimits and IndGH preserves limits.

Since we are working with a topological group we can construct another
induced representation related with compactness.

Definition 1.20. With the same notation as before, we define the compact
induction of (W,σ) as

c-IndGHW = {f ∈ IndGHW : Supp(f) ⊆ CH for some compact C ⊆ G},

that is a G-subspace of IndGHW .

For this type of induced representation, we have an analog of the Frobe-
nius reciprocity.

Proposition 1.21. With the same notation as before, we have

HomG(c-Ind
G
H , π)

∼= HomH(σ,Res
G
H π).

Proof. Consider the map

G×W → c-IndGHW

(g, w) 7→ f(g,w) : x→

{
σ(xg)w if xg ∈ H.

0 otherwise.

It will be fundamental that functions of the form f(g,w) generate c-IndGHW .

Take ψ ∈ c-IndGH . For any x in G, let us consider a trasversal R of H in G
such that x is in R, i.e. the lateral of H that contains x is Hx. So we obtain∑

g∈R
f(g−1,ψ(g))(x) = σ(xx−1)ψ(x) = ψ(x).

Now we consider the morphism

αcσ :W → c-IndGHW

w 7→ f(1,w) =: fw

that is an H-homomorphism. Indeed for any h, g 6 in H and w in W we
have

c-IndGH σ(h)α
c
σ(w)(g) = c-IndGH σ(h)fw(g) = fw(gh) =

=σ(g)σ(h)w = fσ(h)wσ(g) =

=αcσ(σ(h)(w))(g)

6We can suppose g ∈ H since gh ∈ H if and only if g ∈ G and in the other case
fw(g) = 0.

13



and then

c-IndGH σ(h)fw = αcσ(σ(h)(w)).

So the map

HomG(c-Ind
G
H σ, π) → HomH(σ,Res

G
H π)

ϕ 7→ ϕ ◦ αcσ

is well-defined since composition of H-morphisms is again an H-morphism.
Now, for all ψ :W → V H-homomorphism we define

ψ∗ : c-Ind
G
HW → V

fg,w 7→ π(g)ψ(w).

Our claim is that ψ 7→ ψ∗ is the inverse of ϕ 7→ ϕ ◦ αcσ.

• ψ 7→ ψ∗ 7→ ψ∗ ◦ αcσ = ψ
For all w in W we have

(ψ∗ασ)(w) = ψ∗(fw) = ψ∗(f(1,w)) = π(1)ψ(w) = ψ(w)

and so ψ∗ ◦ ασ = ψ.

• ϕ 7→ ϕ ◦ αcσ 7→ (ϕ ◦ αcσ)∗ = ϕ
For all w in W and g in G we have

(ϕ ◦ αcσ)∗(f(g,w)) =π(g)ϕ(αcσ(w)) = ϕ(c-IndGH σ(g)(f(1,w)) =

=ϕ(f(g,w))

and so (ϕ ◦ αcσ)∗ = ϕ.

These equalities complete the proof.

Theorem 1.22. (Mackey decomposition) Let H,K be two subgroups of a
locally profinite group G respectively closed and open. Let (W,σ) be a smooth
representation of H. Then we have an isomorphism of representations of K
given by

ResGK IndGH(W,σ) →
( ∏
g∈H\G/K

IndKK∩g−1Hg Res
g−1Hg
K∩g−1Hg

(W, g−1∗ σ)
)∞

f 7→ (fg)g∈H\G/K

where (W, g−1∗ σ) is the representation of g−1Hg such that g−1∗ σ(g−1hg) =
σ(h) and fg(x) = f(gx).
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Proof. For any g in the double quotientH\G/K Consider theK-representation

VHgK = {f ∈ X : f(x) = 0 if x ̸∈ HgK}

and its smooth part

V∞HgK = {f ∈ VHgK : there is a compact open subgroup L of K

such that f(kx) = f(k), for k ∈ K and x ∈ L}.

Since K is open, the open compact of K are again open compact in G, so

V∞HgK = IndGH(W ) ∩ VHgK
= {f ∈ IndGHW : f(x) = 0 if x ̸∈ HgK}.

Moreover, since G =
⋃
g∈HgK HgK, the representation

∏
g∈H\G/K V

∞
HgK of

K is the same of IndGKW
7. So

ResGK IndGHW →
∏

g∈H\G/K

V∞HgK

f 7→ (fg)g∈H\G/K

is an isomorphism.
After this observation, it is enough to note that the K map

V∞HgK → IndKK∩g−1Hg Res
g−1Hg
K∩g−1Hg

(W, g−1∗ σ)

f 7→ fg

has an inverse

IndKK∩g−1Hg Res
g−1Hg
K∩g−1Hg

(W, g−1∗ σ) → V∞HgK

f 7→ f̃ : [hgk 7→ σ(h)f(k)].

Indeed

• f 7→ fg 7→ f̃g = f
For all hgk in HgK we have

f̃g(hgk) = σ(h)fg(k) = σ(h)f(gk) = f(hgk).

• f 7→ f̃ 7→ (f̃)g
For all x in G we have

(f̃)g(x) = f̃(gx) = f(x).

7Only as representations of K!
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So f 7→ fg is an isomorphism of K-representations and this conclude the
proof.

Remark 1.23. Let H,K,G and (W,σ) as above. If K is compact, then we
have the isomorphism

(IndGHW )K ∼=
( ∏
g∈H\G/K

IndKK∩g−1Hg Res
g−1Hg
K∩g−1Hg

(W, g−1∗ σ)
)K

=

=
∏

g∈H\G/K

(
IndKK∩g−1Hg Res

g−1Hg
K∩g−1Hg

(W, g−1∗ σ)
)K ∼=

∼=
∏

g∈H\G/K

(g−1∗ V )g
−1Hg∩K =

∏
g∈H\G/K

WH∩gKg−1

Now we can prove the other implication of 1.15.

Proof. We need to prove that if a representation (V, π) is G-semisimple,
then it is H-semisimple for any open subgroup H of G that has finite index.
Without losing generality, we can suppose H normal. Indeed it is enough
to substitute it with its normal core as done in 1.13.
Since V is G-semisimple, it is direct sum of irreducible G-subspace. We
can therefore assume V irreducible that is equivalent to be a cyclic C[G]
module generated by any non zero vector v in V . So, if {g1, . . . , gn} is a set
of representatives of G/H, then V is generated by {π(g1)v, . . . , π(gn)v} as
C[H]-module. Since it is finitely generated, it has a maximal submodule W
and then an irreducible quotient (U := V/W, σ) and a non zero map

ResGH V → U.

Now, since G/H is finite and hence compact we have a non zero injective
map 8

V → IndGH U = c-IndGH U =
⊕

gi∈{g1,...,gn}

(U, gi∗σ)

with g∗σ(h)(w) = σ(g−1hg)(w). Moreover g∗σ is clearly irreducible, indeed
if W ′ is an H-subspace of U with respect to g∗σ, then

σ(h)(w) = g∗σ(ghg
−1)(w) ∈W ′.

So W ′ is an H-subspace of U with respect to σ and so it is zero or U itself.
So c-IndGH U is H-semisimple and the same is true for its H-subspace V .

8The injectivity is a consequence of the irreducibility of V .
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1.3 Schur’s Lemma

Theorem 1.24. (Schur’s Lemma) Let (V, π),(W,ρ) be two smooth irre-
ducible representations of G. Then

(1) EndG(V ) = C.

(2) If V ∼=W then HomG(V,W ) ∼= C.

(3) If V ̸∼=W then HomG(V,W ) = 0.

Proof. Let ϕ be a G-endomorphism of V . The vector spaces Ker f and Im f
are G-stable and so they have to be 0 or V . If Ker f = V or Im f = 0 then
f = 0. Hence, if f ̸= 0 we have Im f = V and Ker f = 0, i.e. f is an
isomorphism and EndG(V ) is a division algebra over C.
Now let v be a non zero vector in V and let K be an open compact subgroup
of G such that v is in V K . Since G/K is countable, the set {π(g)v : g ∈
G/K} is countable and since V is irreducible this set spans V . In particular,
dimC V is countable. The value of a function in EndG(V ) is determined by
its value in v, hence EndG(V ) is countable. Now suppose that ϕ ̸= a·IdV . In
particular, ϕ− a · IdV is non zero and so it is invertible. The set

{
1

ϕ−a·IdV :

a ∈ C
}

is linearly dependent since it is uncountable and inside EndG(V )
that has countable dimension. So there exist a1, . . . an, b1, . . . bn in C such
that

n∑
i

b1
ϕ− ai · IdV

= 0.

Multiplying by Πni (ϕ−ai · IdV ) we obtain a polynomial f(t) ∈ C[t] such that
f(ϕ) = 0. So there exist c1, . . . cm such that

0 = f(ϕ) = ϕn0Πi(ϕ− ci · IdV )nj .

Since EndG(V ) has no nilpotent, ϕn0 ̸= 0. Then we have a contradiction:
there exists a ∈ C such that ϕ−a ·IdV is not invertible and so ϕ−a ·IdV = 0.
Therefore (1) and (2) hold. For (3), take f : V → W a G-homomorphism.
Ker f and Im f are G-subspaces of V and W respectively and since V,W
are irreducible the only possibilities are f = 0 or f is an isomorphism. The
latter is not possible and so f = 0.

Remark 1.25. This is the first time that we use the assumption that G/K
has countable index for any compact open subgroup. Without this assump-
tion we have a less strong statement than the previous one. Indeed, we
can only say that EndG(V ) is a division algebra. If, in addition, (V, π) is
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admissible EndG(V ) = C as in the version of the previous theorem. For this
aim, recall that

V =
⋃
K⊆G

K open compact

V K .

In this case V K is finite dimensional for all K. Then, for any ϕ in EndG(V ),
the restriction ϕ|V K has an eigenvalue that we call λ. Since λ is an eigenvalue
for ϕ|V K , then ϕ− λ · IdV is not an isomorphism and so ϕ− λ · IdV = 0 by
the irreducibility of V .

Remark 1.26. Let (V, π) be an irreducible smooth representation of G. Let
Z(G) be the center of G. For all z in Z(G) and g in G we have π(g)π(z) =
π(z)π(g) and so π(z) is in EndG(V ) = C. Then we have a map

wz : Z(G) → C×

that satisfies π(z)v = wπ(z)v for all v in V and z in Z(G). Moreover, for all
K open compact subgroup of G, wz acts trivially on K ∩ Z(G) that is still
an open compact subgroup of Z(G) 9. So wz is a representation of Z(G) of
dimension 1. We will call it central character of π.

1.4 One-dimensional representations

In this section we want to introduce some tools to study one-dimensional
representations: for this aim, one fundamental class is formed by local fields.
Let F be a local field with discrete valuation ring OF , maximal ideal mF ,
uniformizer w, valuation val, finite residue field kF . It is well known that

OF
∼= lim
←−

OF /m
n
F

with OF /m
n
F finite and so that OF is profinite. Moreover, we have a fun-

damental system of open neighborhoods of 1 for F× given by

1 +mF ⊇ · · · ⊇ 1 +mn
F ⊇ . . .

Since they are open compact, we conclude that F× is a locally profinite
group.

Lemma 1.27. Let (V, π) be an irreducible representation of an abelian lo-
cally profinite group G. Then V is one-dimensional.

9{1} is closed and the map f : h → ghgh−1 is continuous, so Z(G) =
⋂

g∈G CG(g) is
closed.
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Proof. Since G is abelian, we have

π(g)π(h) = π(h)π(g) for all g, h in G.

This implies that π(g) is a G-endomorphism of V for any g in G and so, by
the Schur’s lemma π(g) = zg · IdV . Then any line in V is G-stable. So V is
one dimensional since V is irreducible.

So all the irreducible representations of F× are one-dimensional. These
representations take a central role in the representation theory.

Definition 1.28. Let G be a locally profinite group. A representation of
dimension 1 is called smooth character of G.

Remark 1.29. There is a very important difference between character the-
ory for finite groups and the one for locally profinite groups. Let χ : G→ C×
be a smooth character. If G is finite we have χ(g)O(G) = 1, so the image of
G under a character is in the unit circle S1. This tool is very useful in rep-
resentation theory of finite groups but, in general, it is not true for infinite
groups. For this reason we introduce the next definition.

Definition 1.30. A character of a locally profinite group is said to be
unitary if its image is contained in the unit circle.

Proposition 1.31. If G is the union of its compact open subgroups, then
any smooth character is unitary.

Proof. Let χ be a smooth character of G. Since S1 is the unique maximal
compact subgroup of C× and since χ is continuous, any compact subgroup
of G is such that χ(G) ⊆ S1. So χ(G) is a subset of S1.

Another important example is the abelian group F endowed with the
sum. with respect to this operation, the following

mF ⊇ · · · ⊇ mn
F ⊇ . . .

is a fundamental system of open neighborhoods of 0 for F , composed by
open compact groups. So also F is locally profinite and, with the product
topology, the same holds for Fn. A really important example is GLn(F ) ⊆
Mn(F ) ∼= Fn×n.
Moreover F =

⋃
n∈Zm

n
F , so F is the union of its compact open subgroups.

In particular, its characters are unitary.

Proposition 1.32. GLn(F ) is locally profinite and GLn(OF ) is profinite
with fundamental system of open neighborhoods of 1 given by Kr := 1 +
wrMn(OF ), where w is a uniformizer for F .
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Proof. We have already seen that Mn(F ) ∼= Fn×n is locally profinite with
the product topology. Now consider the map

det :Mn(F ) → F.

It is continuous since it is given by a polynomial equation. Hence GLn(F ) =
det−1(F×) is open, closed and in particular it is locally profinite.
In the same way, since OF is profinite, Mn(OF ) ∼= On×n

F is profinite and so
GLn(OF ) = det−1(O×F ) ∩Mn(OF )

10 is profinite.
For the last sentence, consider for any r the canonical map

GLn(OF ) → GLn(OF /m
r
F ).

Our aim is to prove that the Ker of this map is Kr. But, it is a direct
consequence of

det(1 + wrA) ≡ 1 mod mr
F ∀A ∈Mn(F )

and hence 1 + wrMn(F ) ⊆ GLn(OF ).
In particular, the subgroup Kr are open normal subgroup and so profinite.

Definition 1.33. Let n be a positive integer. A finitely generated OF -
submodule of Fn is called lattice if it spans Fn as vector space.

Lemma 1.34. Let L be a lattice for Fn. Then there exists a basis x1, . . . xn
of Fn on F such that

L =

n⊕
i=1

OF xi

Proof. Let {x1, . . . , xm} be a minimal set of generators of L over OF . Our
aim is to prove that this set is indeed a basis. By definition of lattice,
they generate Fn and so it is enough to prove that x1, . . . , xm are linearly
independent. Suppose

m∑
i=1

aixi = 0

with ai in F and suppose for absurd that they are not all zero. Let j be
such that val(aj) = mini val(ai), so val( aiaj ) = val ai− val aj ≥ 0 for all i and

val(
aj
aj
) = val(1) = 0. In particular we have

m∑
i=1

ai
aj
xi = 0

10Notice that not only the matrices in Mn(OF ) can have determinant in OF .
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and in particular

xj = −
m∑
i=1
i ̸=j

ai
aj
xi.

So xj is a linear combination of the other xi with coefficients in OF . That
is an absurd for the minimality of {x1, . . . , xm}. Therefore, we have ai = 0
for all i.

Proposition 1.35. GLn(OF ) is a maximal compact subgroup of GLn(F )
and any compact subgroup of GLn(F ) is conjugate to a subgroup of GLn(OF ).

Proof. Suppose that GLn(OF ) is not maximal compact. So there exists H
subgroup of GLn(F ), compact and that contains GL(OF ). Let A = (aij)
be in H\GL(OF ) and without losing generality suppose that valF (a11) =
mini,j{val(aij)}, that a1j = 0 for all j ̸= 1 11 and that val(a11) < 012. This
implies that in the entry 1− 1 of Am we have am11. So

H =
⋃
m≥0

w−mMn(OF ) ∩H

has not a finite subcover. This is an absurd and so GLn(OF ) is a maximal
compact subgroup of GLn(F ).
Let H be a compact subgroup of GLn(F ), let {e1, . . . en} be the canonical
basis of Fn over F and L := ⊕n

i=1OF ei. Consider the map

Φ : H × L→ Fn

(h, v) 7→ h(v).

The image of Φ is compact since H is compact. Moreover,

Im(Φ) =
⋃
m≥0

w−mL ∩ Im(Φ)

is an open cover and so it admits a finite subcover that has to be of the
form

⋃r
m=1w

−mL ∩ Im(Φ) and in particular Im(Φ) ⊆ w−rL. Since L is a
finitely generated OF -module we conclude that Im(Φ) is a finitely generated
OF -module by the Noetherianity of OF . Moreover, Im(Φ) is a lattice since
L = Id Im(Φ) and hence we can wrote

Im(Φ) =

n⊕
i=1

OF xi

11This is not restrictive, indeed we can do it using only row/column operations with
matrices of GLn(OF ).

12Since A is in H but not in GLn(OF ), also A−1 is in A\GLn(OF ) and hence it is
enough to substitute A with A−1 if necessary.
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with {x1, . . . , xn} basis of Fn over F . Let g be a matrix in GLn(F ) such
that g(xi) = ei. This implies that gHg−1 stabilizes L = ⊕OF ei and hence
gHg−1 ⊆ Mn(OF ) and then gHg−1 ⊆ GLn(OF ) since

det(gHg−1) = det(H) ⊆ F×.

1.5 Hecke Algebra

It is well known that there is an equivalence between representations of a
finite group G on C and C[G]-modules 13. It can be used, in general, to
study representations of groups endowed with the discrete topology. For
example, if H is a subgroup of a discrete group G with a representation W ,
we have that

IndGHW
∼= K[G]⊗K[H] W.

Unfortunately, this machinery does not work with smoothness condition. To
fix it we introduce another C-algebra constructed starting with G.
Let C∞c (G) be the vector space of the locally constant functions f : G→ C
such that the support of f

Supp(f) := {g ∈ G : f(g) ̸= 0}

is compact. We can easily define two representations of G

λ : G→ End(C∞c (G))

g 7→ λg : x 7→ f(g−1x)

and

ρ : G→ End(C∞c (G))

g 7→ ρg : x 7→ f(xg)

respectively called left translation λ and right translation ρ. Moreover,
ρ and λ are smooth representations of G. Now we prove it is true for ρ.
Let C∞c (G/K) := C∞c (G)K be the vector subspace of C∞c (G) fixed by a
compact open subgroup K. So the functions in C∞c (G/K) satisfy

f(gk) = f(g) for all g in G and k in K.

The elements of C∞c (G) are locally constant, so for any g in Supp(f) there
exists a compact open subgroup Kg of G for which f is constant on gKg.

13In this context C[G] is the group algebra of G over C.

22



Since gKg is a subset of Supp(f) that is compact, there exist g1, . . . gn such
that

Supp(f) =

n⋃
i=1

giKg.

Now f is in C∞c (G/K) with K = ∩niKgi and so ρ is a smooth representa-
tion. In the same way it is possible to verify that λ is likewise a smooth
representation of G.
For this section we suppose that G is n unimodular locally profinite group
and µ is a Haar measure on G.

Definition 1.36. Let f1, f2 be functions in C∞c (G). The associative oper-
ation

f1 ∗ f2(g) =
∫
G
f1(x)f2(x

−1g)dµ(x)

is called convolution and the associative algebra H(G) = (C∞c (G), ∗) is
called Hecke algebra of G.

Remark 1.37. If G is a discrete group,∫
G
f(g)dµ(g) =

∑
g∈G

f(g)

is a Haar integral. So H(G) and C[G] are isomorphic with isomorphism

f 7→
∑
g∈G

f(g)g.

It is then clear that H(G) is the algebra that we were searching. Now
our aim is to construct a bridge that allows us to work with representations
of G as H(G) modules and viceversa.

Lemma 1.38. Let K be an open compact subgroup of G. Let eK(x) =
1

µ(K)1K(x) and let f be in H(G). Then

(1) eK is an idempotent element of H(G).

(2) eK ∗ f = f if and only if f(kg) = f(g).

Proof. (1) eK ∗ eK(g) =
∫
G eK(x)eK(x−1g)dµ(x). We have two cases, if

one between g and x is not in K, the integral is 0. If they are in K
we obtain ∫

K
µ(K)−2dµ(x) = µ(K)−1. (1.1)

So the equality holds.
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(2) If f is left K-invariant

(eK ∗ f)(g) =
∫
G
eK(x)f(x−1g)dµ(x)

=

∫
G
eK(x)f(g)dµ(x)

=
1

µ(K)

∫
K
f(g)dµ(x) = f(g)

On the other hand, eK ∗ f is left K-invariant. So if eK ∗ f = f , then
the same holds for f .

Before stating the principal theorem of this section, we need to define
what a smooth module is. Let M be a left H(G)-module. By convention we
write the action as f ∗m for all f in H(G) and m in M .

Definition 1.39. A smooth left H(G)-module V is a H(G)-module such
that H(G) ∗V = V .

Lemma 1.40. With the same notation as before, the following are equiva-
lent.

(1) V is smooth as left H(G)-module.

(2) For any v in V there is an open compact subgroup K of G such that
eK ∗ v = v.

Proof. (1) =⇒ (2) Let v be in V . By hypothesis there exist f1, . . . , fr in
H(G) and v1, . . . , vr in V such that v =

∑r
i=1 fi ∗ vi. For any fi let K be

compact such that fi lies in eKi ∗H(G) ∗eKi
14 and consider K = ∩Ki. Now,

we obtain

eKv =
r∑
i=1

(eK ∗ fi) ∗ vi =
r∑
i=1

fi ∗ vi = v. (1.2)

since the other implication is direct, this conclude the proof.

In the same way in which we have constructed C∞c (G), we now con-
struct C∞c (G,V ), where V is a complex vector space, as the vector space of
locally constant functions f : G → V with compact support. For example,
C∞c (G) = C∞c (G,C). 15

Now we are ready te expose the theorem that we were talking about.

14Note that by the previous lemma H(G) =
⋃

K eK ∗ H(G) ∗eK .
15It is possible to prove that C∞

c (G,V ) ∼= C∞
c (G)⊗ V .
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Theorem 1.41. There exists an equivalence of categories between the cate-
gory of smooth left H(G)-modules and the category of smooth representations
of G.

Proof. Let (V, π) be a smooth representation of G. We define

π(f)v =

∫
G
f(g)π(g)vdµ(g).

It is in V since the map g 7→ f(g)π(x)v lies in C∞c (G,V ). Let f1, f2 in
H(G). We have

π(f1 ∗ f2)v =

∫
G
f1 ∗ f2(g)π(g)vdµ(g)

=

∫
G

∫
G
f1(h)f2(h

−1g)π(g)vdµ(h)dµ(g)

(∗)
=

∫
G

∫
G
f1(s)f2(t)π(st)dµ(ts)dµ(s) s = h, t = h−1g

=

∫
G

∫
G
f1(s)f2(t)π(st)dµ(t)dµ(s)

=

∫
G
f1(s)π(s)

∫
G
f2(t)π(t)dµ(t)dµ(s)

= π(f1)π(f2)v.

So f 7→ π(f) is a homomorphism and then this defines an H(G)-module on
V . For the smoothness of V as H(G)-modules, take K an open compact
subgroup of G. We get that π(eK)v = v, i.e. v is in V K . So V is smooth as
H(G)-module.
Now let ϕ : V → V ′ be a G-homomorphism between two G-representations
(V, π) and (V ′, π′). In order to complete the definition of the functor, it is
enough to show that ϕ is a homomorphism of H(G)-modules. To do this,
we can re-define π(f). For, we take an open compact subgroup K of G such
that v ∈ V K and f(gk) = f(g). Then the integral can be re-defined as

π(f)v = µ(K)
∑

g∈G/K

f(g)π(g)v.

Therefore, since the diagram

V V ′

V V ′

π(g)

ϕ

π′(g)

ϕ

commutes for any g in G, it is clear that
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V V ′

V V ′

π(f)

ϕ

π′(f)

ϕ

commutes.
So these conditions define a functor from smooth representations of G to
smooth left H(G)-modules.
For the inverse direction, take a smooth H(G)-module V and consider the
morphism

H(G)⊗H(G)V → V

f ⊗ v → f ∗ v.

By definition of H(G)-modules this is H(G)-linear and since H(G) ∗V = V ,
by hypothesis of smoothness, it is surjective. This map is also injective. For,
take

∑r
i=1 fi ∗ vi = 0 so that

∑r
i=1 fi ⊗ vi lies in the kernel of the function

defined before. So, by the previous lemma

n∑
i=1

fi ⊗ vi =
n∑
i=1

(eK ∗ fi ⊗ vi) =

=
n∑
i=1

(eK ⊗ fi ∗ vi) =

= eK ⊗
n∑
i=1

fi ∗ vi = 0

whereK is an open compact subgroup of G that fixes each fi. So this defines
a representation π of G with the action π(g) · (f ⊗ v) = (λ(g)f) ⊗ v. This
representation can be written as

π(g)v = egK ∗ v,

where K is an open compact subgroup of G with eK ∗m = m. With this
last equation, it is obvious that if ϕ : V →W is a homomorphism of H(G)-
modules then ϕ is a morphism between the two associated representations.
The last step is determining the path on the bridge between representations
and H(G)-modules, i.e. the two functors are quasi-inverse. Let (V, π) be a
representation of G. Let us consider V as H(G)-module, so that we obtain
a representation (V, γ) of G. Take v a vector in V fixed by an open compact
subgroup K of G, with respect to γ. We obtain

γ(g)v = π(egK)v = π(g)v.

On the other hand, let (V, ∗) be a smooth H(G)-module. Considering V
as G-representation, we obtain the smooth representation (V, π). It is such
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that
π(g)v = π(g)(f ∗ v) = (λ(g)f) ∗ v.

In particular,
π(f)v = f ∗ v.

The smooth H(G)-module associated to (V, π) is defined by (f, v) 7→ π(f)v
and the last one is, by construction, f ∗ v. So the two modules coincide.
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Chapter 2

Representations of GLn(F )

2.1 Reductive groups

Now we want to introduce the core of our representations: supercuspidal
representations. This type of representations make sense in a very rich
class of groups: the reductive groups.
Now we want to describe their construction in the generic case. Neverthe-
less, we are interested in GLn(F ), so our attention will be on the specific
situations useful to study GLn(F )
Let F be an algebraic closure of F . From now any extension of F will
be intended in F . Consider the general linear group with coefficient in F ,
GLn(F ). It is endowed of the Zariski topology thought as

GLn(F ) = {(X, t) ⊆ F
n2

× F : (detX)t− 1 = 0} ⊆ F
n2+1

.

Definition 2.1. A linear algebraic group over F is a subgroup of GLn(F ),
for some n, that is closed with respect to the Zariski topology.

Remark 2.2. A linear algebraic group is an affine variety with the structure
of a group. Since we can see an affine variety as an affine scheme, a linear
algebraic group can be view as an affine group scheme over F (reduced and
of finite type).

Now, we need to extend our definition to a subfield of F , in particular
we need to extend it to F .

Definition 2.3. Let L be a field contained in F such that F is an algebraic
closure of L, an affine variety over L is the set of common zeros of a colletion
of polynomials with coefficients in L. 1

1This is still a closed in the Zariski topology of GLn(F ) for some n, but since the
coefficients are in a fixed subfield we need to be careful about our consideration.
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Remark 2.4. A crucial remark is that, despite having coefficients in L,

an affine variety over L lives in F
n2+1

for some n and, in general, not in
Ln

2+1. The points that are contained in Ln
2+1 are called L-rational point.

Equivalently, if we denote by V the variety over L, the L-rational points of
V are the points in V ∩ Ln2+1.

Definition 2.5. Let L be a subfield of F such that F is an algebraic closure
of L. A linear algebraic group G over L is an affine variety over L with a
structure of group where the maps of product and inverse are regular maps
with respect to the structure of variety.

We denote by G(L) the L-rational point of a linear algebraic group G.

Proposition 2.6. Let G be a reductive group over F . Then the F -points
G(F ) of F are a locally profinite group.

Now, consider the subgroup Nn(F ) of GLn(F ) formed by the matrix of
the form 

1 x12 . . . x1n
0 1 . . . x2n
...

...
. . .

...
0 0 . . . 1


So, the upper triangular matrices with only 1 on the diagonal. Note that
the characteristic polynomial of a matrix of this form is (x − 1)n. So it is
diagonalizable if and only if the the geometrical dimension of the eigenvalue
1 is n, but this is possible only if the matrix is the identity. So the only
diagonalizable matrix in Nn(F ) is the identity.

Definition 2.7. An affine algebraic group in GLn(F ) is called unipotent
if is conjugate to a subgroup of Nn(F ).

Definition 2.8. The unipotent radical of a linear algebraic group G is
the maximal connected unipotent normal subgroup of G.

Remark 2.9. Without losing generality we can suppose G connected. In-
deed, if G0 is the irreducible component of 1 in G we have that the unipotent
radical of G0 is the same of G. In particular the next proposition explains
the role of G0.

Proposition 2.10. With the previous notation, the followings hold:

(1) G0 is a closed normal subgroup of G.

(2) The index of G0 in G is finite.

(3) Any closed subgroup of finite index of G contains G0.
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Proof. First of all we have to prove that G0 is the unique irreducible com-
ponent of G containing 1. If X and Y are as in the previous, then X × Y
is an irreducible variety and the same for XY that is the image of X × Y
under the product of G. In particular, the closure X × Y of X × Y is again
closed. But X and Y are subvarieties of X × Y . So X = X × Y = Y . So
G0 is well-defined and it is closed. Moreover, for any xy in G0, x−1yG0 is
again irreducible and it contains 1. So x−1yG0 = G0 and so x−1y is in G0.
Hence G0 is closed. In the same way gG0g−1 is irreducible and contains 1
for all g in G. So G0 is normal. This conclude the proof of (1).
For the point (2), note that the irreducible components of G have to be
finite 2. In particular, take g in G. The unique irreducible component of G
that contains g is gG0, and so there are only finitely many possibilities for
gG0. Therefore, G0 has finite index in G.
To conclude the proof, let H be a closed subgroup of finite index of G.
G0/G0 ∩ H is a subgroup of G/H, in particular G0/G0 ∩ H is finite. So
G0 ∩H is open and closed. Since G0 is irreducible, G0 ∩H = G0 and hence
G0 ⊆ H.

Definition 2.11. A linear algebraic group is called reductive if its unipo-
tent radical is trivial.

Definition 2.12. Let G be a linear algebraic group. A Borel subgroup
of G is a maximal closed connected solvable subgroup of G.

Definition 2.13. Let G be a linear algebraic group. A parabolic sub-
group of G is a subgroup of G that contains a Borel subgroup of G.

Now we are ready to state a central theorem in the construction of rep-
resentations of reductive groups.

Proposition 2.14. Let G be a reductive group and let P be a parabolic
subgroup of G. Then there exists a reductive group M such that

P =M ⋉N

where N is the unipotent radical of P . This decomposition is called Levi
decomposition.

2.2 Parabolic induction and supercuspidal repre-
sentations

Let G be a reductive group with a parabolic subgroup P = M ⋉ N . Our
intent is to produce new representations of G starting with representations
of M . If (W,σ) is an irreducible representation of M , we can easily define it

2G is a scheme over a Noetherian ring.
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on P sinceM ∼= P/N . So, the resulting representation on P is an irreducible
representation of M which acts trivially on N and, in particular, it is again
irreducible. This representation is indicated with InfMP σ and it is called
inflation. It is better explained in the following diagram.

P GL(V )

M = P/N

InfMP σ

σ

Moreover, if (V, π) is a smooth representation of P , M acts on V N and this
defines a smooth representation (V N , πN ) of M . We have a C-linear map

HomP (Inf
M
P σ, π) ∼= HomM (σ, πN )

f 7→ f

that is well-defined since the representation InfMP doesn’t work on N , so the
action of P is the action of P/N and hence the image of the map is in V N .
In an analogous way, (V, π) defines an action ofM on VN := V/V (N), where
V (N) = Span{v − π(n)v : v ∈ V, n ∈ N}. So we have a representation
(VN , JN (π)) of M . As in the previous, we have a C-linear map

HomP (π, Inf
M
P σ) ∼= HomM (JN (π), σ)

f 7→ f

So InfMP has a right adjoint π 7→ πN and a left adjoint JN .

Definition 2.15. With the notation as before, the functor

JN : Rep(P ) → Rep(M)

is called Jacquet Functor.

Now let µ be a left Haar measure on G. Clearly it is invariant under left
translation, i.e. ∫

G
f(gx)dµ(x) =

∫
G
f(x)dµ(x).

But it is not invariant under right translation, so we can define δG : G→ R>0

such that ∫
G
f(xg)dµ(x) = δG(g)

∫
G
f(x)dµ(x)

in particular

δG(gg
′)

∫
G
f(x)dµ(x)

∫
G
f(xgg′)dµ(x) = δG(g)δG(g

′)

∫
G
f(x)dµ(x)

and then
δG(gg

′) = δG(g)δG(g
′).
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Definition 2.16. With the notation as above

δG : G→ R>0

is called modulus character of G.

Notice that for any compact subgroup K of G we have σG(k) = 1, then
σG is clearly smooth.

Definition 2.17. Let G be a reductive group with a parabolic subgroup
P =M ⋉N . Let (W,σ) be a representation of M . The representation

iGP (W,σ) := IndGP (W, δ
1/2
P ⊗ InfMP σ)

is called normalized parabolically induced from (W,σ).

Clearly iGP defines a functor Rep(M) → Rep(G). As in the previous
chapter, we want to construct a functor Rep(G) → Rep(M) adjoint to iGP .

Definition 2.18. Let G be a reductive group with a parabolic subgroup
P =M ⋉N . Let (V, π) be a representation of G. The representation

rGP (V, π) := (VN , JN (δ
−1/2
P ⊗ π|P ))

is called normalized parabolically restricted from (V, π).

Proposition 2.19. With the notation before introduced, the following holds

HomM (rGP π, σ)
∼= HomG(π, i

G
Pσ).

Proof. Using the left and right adjoint of InfMP and the Frobenius reciprocity,
we obtain

HomM (rGP π, σ) = HomM (JN (δ
−1/2
P ⊗ π|P ), σ)

∼= HomP (δ
−1/2
P ⊗ π|P , Inf

M
P σ)

= HomP (π|P , δ
1/2
P ⊗ InfMP σ)

∼= HomG(π, Ind
G
P (δ

1/2
P ⊗ InfMP δ))

= HomG(π, i
G
Pσ).

This completes the proof.

Finally we can define what is a supercuspidal representation.

Definition 2.20. Let G be a reductive group with a parabolic subgroup
P = M ⋉ N . An irreducible smooth representation (V, π) of G is called
supercuspidal if rGP (V ) = 0 for all proper parabolic subgroups P of G.
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Remark 2.21. The previous definition can be viewed in a different way
using 2.19. Indeed being supercuspidal is equivalent to not being a subrep-
resentation of a normalized parabolically induced from a representation of
M .
Suppose (V, π) is a supercuspidal representation ofG. By definition rGP (V ) =
0 for any parabolic subgroup P =MN of G and then

0 = HomM (rGP π, σ)
∼= HomG(π, i

G
Pσ)

for any representation σ of M . So π cannot be embedded in iGPσ.
Conversely, if π is a smooth irreducible representation of G that is not a
subrepresentation of iGPσ for some P =MN and σ representation of M , by
the irreducibility of π 3, we have

HomM (rGP π, σ)
∼= HomG(π, i

G
Pσ) = 0

and hence rGP π is zero.

In order to describe the property of the supercuspidal representations in
which we are interested , we need some tools.

Definition 2.22. Let G be a locally profinite group 4 and let (V, π) be a
representation of G. The action of G on the dual V ∗ of V define a represen-
tation

(gϕ)(v) := ϕ(π(g−1)v)

for all ϕ in V ∗ and for all g in G.
The obtained representation is called dual representation of π.

Note that if π is smooth, the dual representation of π is not necessarily
smooth. For this reason we introduce a smooth one.

Definition 2.23. Let G be a locally profinite group and let (V, π) be a
smooth representation of G. The smooth part of the dual representation of
π is called contragredient representation or smooth dual represen-
tation of π. It is indicate by (Ṽ , π̃).

Definition 2.24. Let (V, π) be a smooth representation of a locally profinite
group G. π is said to be compact if for any non zero vector v in V and for
any compact open subgroup K of G, the function

fK,v : G→ V

g 7→ π(eK)π(g−1)v

lies in C∞c (G,V ), i.e. it has compact support.
3Since π irreducibile, any morphism of representations from π has to be injective or

zero.
4Not necessarily a reductive group.
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Definition 2.25. Let (V, π) be a smooth representation of a locally profinite
group G. For any non zero vector v in V and for any non zero morphism f
in Ṽ , the function

mf,v : G→ C
g 7→ f(π(g−1)v)

is called a matrix coefficient of (V, π).

Lemma 2.26. Let (V, π) be a smooth representation of G. For any compact
open subgroup K of G we have

V ∼= V K ⊕ V (K)

as smooth representations of K.

Proof. Consider the function π(eK) : V → V . We know that it is an idem-
potent and clearly its image is V K . Indeed, for any k in K and v in V we
have

π(k)(π(eK)v) = π(k)
1

µ(K)

∫
K
π(g)vdµ(g)

=
1

µ(K)

∫
K
π(kg)vdµ(g)

=
1

µ(K)

∫
K
π(h)vdµ(h) = π(eK)v.

Moreover, the previous calculation shows that π(eK) is the identity on V K .
So it is a projection and

V = V K ⊕Ker(π(eK)).

It remains to prove that Ker(π(eK)) = V (K). For this aim, let v be in
V and H be an open subgroup of K such that v ∈ V H . Without losing
generality we can suppose H normal 5. Then, for any k in K we have

π(eK)π(k)v =
1

|K : H|
∑

g∈K/H

π(gk)v =
1

|K : H|
∑

g∈K/H

π(g)v = π(eK)v.

In other words π(eK)(v − π(k)v) = 0 and so V (K) ⊆ Ker(π(eK)). For the
other inclusion, we have that for v in Ker(π(eK)) holds

v = v − π(eK)v = v − 1

|K : H|
∑

k∈K/H

π(k)v =
1

|K : H|
∑

k∈K/H

(v − π(k)v).

Then Ker(π(eK)) = V (K).
5If H is not normal we can take the normal core of H in K.
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Proposition 2.27. Let (V, π) be a smooth representation of G. Then the
following are equivalent

(1) V is compact.

(2) All matrix coefficients have compact support.

Proof. Let (V, π) be a compact smooth representation of G. Take v in V
and ξ in Ṽ K where K is an open compact subgroup of G. We have that

ξ(v − π(k)v) = ξ(v)− ξ(π(k)v) = ξ(v)− π(k−1)(ξ(v)) = ξ(v)− ξ(v) = 0.

So ξ|V (K) = 0, and since π(eK) is the projection of V to V K , we obtain
ξ ◦ π(eK) = ξ. Hence, for all g in G we have

ξ(fK,v(g)) = ξ(π(eK)π(g−1)v) = ξ(π(g−1)v) = mξ,v(g)

and in particular
Suppmξ,v ⊆ Supp fξ,v

6

Moreover, since π(eK) is the projection of V to V K , both the functions
fK,v and mξ,v are constant on the cosets of K, that are compact. So they
have compact support if and only if their support in G/K is compact, hence
finite. But this is true for fK,v, and for the previous equation, it is true for
mξ,v. So mξ,v has compact support.
Now suppose that all the matrix coefficients have compact support and let
Ev be the subspace of V K generated by the image of fK,v. We can consider
a basis of Ev of the form {wi := fK,v(gi)}i∈I and a ξ0 in Ṽ K such that
ξ0(wi) = 1 for any i in I. This implies that

⋃
i∈I giK ⊆ Suppmξ0,v. But,

for the same reason of the other implication, Suppmξ0,v modulo K is finite
and so the same is for

⋃
i∈I giK. Hence I has to be finite that is equivalent

of Ev being finite dimensional. Moreover, since (V K)∗ = Ṽ K , we can take
ξ1, . . . ξn in (V K)∗ such that they form a basis for E∗v

7.
So, for any g in G there is i in I such that mξi,v(g) = ξi(fK,v(g)) ̸= 0.
Therefore, we have

Supp fK,v ⊆
n⋃
i=1

Suppmξi,v.

Since the set on the right is finite modulo K, so it is the one on the left.
This concludes the proof.

Proposition 2.28. Let (V, π) be a smooth representation of G. If (V, π) is
compact and finitely generated, then it is admissible.

6Notice that this is true without using the hypothesis of compactness of (V, π).
7In this case we are considering the restriction of ξi on Ev.
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Proof. Suppose that (V, π) is compact and finitely generated and let {v1, . . . , vn}
be a set of generators. We have already seen that fK,vi is constant on the
cosets gK for any K open compact subgroup of G. Moreover, since G/K
is finite, also Im(fK,vi) is finite. Now, let v be a generic vector in V K . By
hypothesis v =

∑
i,j aijπ(gij)vi. Hence we have that

v = π(eK)v = π(eK)
∑
i,j

aijπ(gij)vi =
∑
i,j

aijπ(eK)π(gij)vi =
∑
i,j

fK,vi(g
−1
ij ).

So, the finite set
⋃n
i=1 Im(fK,vi) generates V

K as vector space.

Finally we can state the theorems that we were looking for. They explain
why the supercuspidal representations are the building blocks of this theory.
As we said before, the proofs will be done in the next section for the case
useful for GLn(F ).

Theorem 2.29. Let (V, π) be a smooth irreducible representation of G.
Then there exists a parabolic subgroup P =M ⋉N of G and an irreducible
supercuspidal representation of M such that π is a subrepresentation of the
parabolically induced of M .

Theorem 2.30. Let (V, π) be an irreducible smooth representation of a
reductive group G. Then π is admissible.

2.3 Construction for GLn(F )

Now we are interested in the representations of GLn(F ). In particular, we
will see that we need to study the representations of GLn1(F )× . . .GLnr(F ).
This is not only a way to extend our studies but it is necessary in order to
work in the case described in the previous section.

2.3.1 Levi decomposition

Definition 2.31. Consider the group GLn(F ), then :

• The standard Borel subgroup B of GLn(F ) is the set of upper
triangular matrices in GLn(F ).

• The standard maximal torus T of GLn(F ) is the set of diagonal
matrices in GLn(F ).

• The unipotent radical U of B is the set of upper triangular matrices
that have 1 on the diagonal.

By the construction of the previous section, it is clear that we are inter-
ested in the parabolic subgroups of GLn(F ) and in their Levi decomposi-
tions.
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Definition 2.32. Let n = (n1, . . . , nr) be a composition of n.

• The subgroup Pn of GLn(F ) formed by the matrices of the form
A11 A12 . . . A1n

0 A22 . . . A2n
...

...
. . .

...
0 0 . . . Arr


is called standard parabolic subgroup of shape n of GLn(F ).

• The subgroup Un of Pn formed by the matrices of the form.
Id11 A12 . . . A1n

0 Id22 . . . A2n
...

...
. . .

...
0 0 . . . Idrr


is the unipotent radical of Pn.

• The subgroup Mn of Pn formed by the matrix of the form
A11 0 . . . 0
0 A22 . . . 0
...

...
. . .

...
0 0 . . . Arr


is the standard Levi subgroup of Pn.

• A subgroup P (respectively M) is called parabolic subgroup (Levi
subgroup) if it is conjugate to a standard parabolic (standard Levi)
subgroup.

Where the Ai,j are matrices of order ni × nj and Ai,i is invertible for any i.

Remark 2.33. Clearly we have that Pn =MnUn and that Mn ∩Un = {1}.
Moreover if P = P gn is a parabolic subgroup, then P =MU whereM :=Mg

n

and U := Ugn. This explains why we are interested in the representations
of Mn

∼= GLn1(F ) × . . .GLnr(F ). Indeed, mixing the notions before met,
all the irreducible representations of GLn(F ) arise from supercuspidal rep-
resentations of GLn1(F )× . . .GLnr(F ) by parabolic induction.

Remark 2.34. The connection between the last two definitions is clear.
Indeed we have the obvious equalities:

• P(1,...,1) = B
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• U(1,...,1) = U

• M(1,...,1) = T

• P(n) =M(n) = G

In order to study the supercuspidal representations of Mn, we need to
introduce the parabolic subgroups of Mn itself. For this aim, it is necessary
to define an order relation on the set of compositions of n.

Definition 2.35. Let n and n′ be two compositions of n. We say that
n ≤ n′ if

n′i =

ri∑
j=ri−1+1

nj for any j

where 0 = r0 < r1 < · · · < rs = r are integers.

Remark 2.36. Let n and n′ be compositions of n such that n ≤ n′. Then

• Pn ⊆ Pn′

• Mn ⊆Mn′

• Un′ ⊆ Un

Definition 2.37. Let n and n′ be as in the previous proposition. Then
Pn ∩Mn′ is a standard parabolic subgroup of Mn′ with standard Levi
subgroup Mn and unipotent radical Un ∩Mn′ .

In other words, the parabolic subgroups of Mn arise from parabolic sub-
group of GLn.

2.3.2 Representations of GLn(F )

Theorem 2.38. Let (V, π) be a smooth representation of GLn(F ). Then V
is one dimensional or infinite dimensional.

Proof. Let (V, π) be a smooth representation of GLn(F ) of finite dimension.
Let {v1, . . . , vm} be a basis of V . Since V is smooth, for any vi there exists
an open compact subgroup Ki of GLn(F ) that stabilises vi. So K =

⋂
Ki

is again an open compact subgroup of GLn(F ) and moreover it stabilises all
v1, . . . , vn and so all V . Hence Kerπ has an open compact subgroup. Now,
consider the matrices of the form

(eij(x))r,s

that have 1 on the diagonal, x in the entry i, j and 0 otherwise. Since Kerπ
is open and (eij(0))r,s = Id is in Kerπ, that is open, there exists x such that
(eij(x))r,s is in the kernel. So, by conjugation (eij(x))r,s is in the kernel for
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any x. In particular SLn(F ) is generated by the matrices of that form and
so we can factorise the representation through the quotient

GL(F )/ SLn(F ) ∼= F×

and hence V is one dimensional since F× is abelian.

Proposition 2.39. The subgroup 0G = det−1(O×F ) of GLn(F ) contains all
the compact subgroups of GLn(F ) and GLn(F )/

0GZ(GLn(F )) is finite.

Proof. 0G is the kernel of

GLn(F ) F× R>0 ≤ C×det |−|F

so it is a normal subgroup of GLn(F ). Let H be a compact subgroup of
GLn(F ), it is conjugate with GLn(OF ) by 1.35 moreover GLn(OF ) ≤0 G.
So

H ≤ GLn(OF )
g ≤ (0G)g =0 G

It remains to prove that GLn(F )/
0GZ(GLn(F )) is finite. Since the centre

of GLn(F ) is {A ∈ GLn(F ) : A = λ Id with λ ∈ F×}, we obtain that
0GZ(GLn(F )) is the kernel of

GLn(F ) F× ∼= wZ ×OF F×/(wn)Z ×OF
∼= Z/nZdet

and this conclude our proof.

In order to prove the two theorems stated in the previous section, we
need some different lemmas. Moreover, from now and until the end of this
section, we will assume

G = GLn1(F )× · · · ×GLnr(F )
0G =0 GLn1(F )× · · · ×0 GLn(F )

with (n1, . . . , nr) a composition of n. Notice that, we can take as composition
of n, (n) itself, so any statement that we will prove for G is valid also for
GLn.

Lemma 2.40. Let Λ+ := {A ∈ T : aii = wmi ,m1 ≥ m2 ≥ · · · ≥ mn}. Then

GLn(F ) = ⊔λ∈Λ+ GLn(OF )λGLn(OF ).

This result is called Cartan decomposition.

Lemma 2.41.

GLn(F ) = GLn(OF )B = BGLn(OF )

where B is the set of upper triangular matrices. This result is called Iwa-
sawa decomposition.
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Corollary 2.42. Since G = GLn1(F )× · · ·×GLnr(F ), it is immediate that

G =GLn1(OF )B1 × · · · ×GLnr(OF )Br

=B1GLn1(OF )× · · · ×BrGLnr(OF )

where Bi is the subset of triangular matrices in GLni(F ).

Proposition 2.43. The functors iGP and rGP are exact.

Proof. Since IndGP and ResGP are exact, it is enough to prove that InfMP , δ
1/2
P ,

δ
−1/2
P and JN are exact.
We know that InfMP has a left and a right adjoint, so it is exact.
For any smooth character χ : G→ C we have that C is a H(G)-module with
operation

f ∗ v = cfv

for any f in H(G) and v in C and where cf :=
∫
G f(g)χ(g)dµ(g). Moreover,

for any α complex number we have cf = αcf . So, fixing a cf not zero, we
obtain for any v in C, v = (αf) · 1 where α = v

cf
. Therefore C is a free

H(G)-module and in particular χ ⊗ − is exact 8. This prove that δ
1/2
P and

δ
−1/2
P are exact.
It remains to prove that JN is exact. It is right exact since InfMP is the right
adjoint of JN . So we need to prove that if ϕ : (V, π) → (W,ρ) is an injective
map of P representations then JN (ϕ) : JN (V, π) = VN → JN (W,ρ) = WN

is an injective map of M representations. Take ϕ(v) in W (N) and let H be
an open compact subgroup of N such that ϕ(v) ∈W (H) ⊆W (N). Since H
is open and compact we have that

V = V H ⊕ V (H) W =WH ⊕W (H)

and in particular

ϕ(V H) ⊆WH ϕ(V (H)) ⊆W (H).

Therefore, by the injectivity, ϕ−1(W (H)) ⊆ V (H). In particular v is in
V (H) and so JN (ϕ) is injective.

Lemma 2.44. Let (V, π) be a finitely generated representation over C[G],
then rGP (V, π) is a finitely generated representation over C[M ].

Proof. Suppose that {v1, · · · , vm} is a set of generators of V as C[G]-module.
By the Iwasawa decomposition GLni(F ) = GLni(OF )Bi = BiGLni(OF )
and in particular GLni(F )/Bi is compact since GLni(OF ) is compact. The
same is true for their product G. Since B1 × · · ·Br ⊆ P , G/P is compact.

8Since free implies flat
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Now, take Hi an open compact subgroup of G such that vi ∈ V Hi and let
H = ∩Hi. In particular vi is in V H for any i. Since it is open and G/P is
compact, the double cosets P\G/H is finite and so it is a set of representa-
tives {g1, · · · , gl}. The set {π(gi)vj}i,j generates (V,ResGP π) as C[P ]-module
and moreover it generates (V, δ−1/2⊗ResGP π)

9 and hence {π(gi)vj+V (N)}i,j
generate (VN , JN (δ

−1/2 ⊗ ResGP π)) = rGP (V, π) as C[M ]−module.

Lemma 2.45. The functor iGP (W,σ) preserves admissible representations.

Proof. Let (W, τ) be a smooth representation of M . Since iGP (W, τ) =

IndGP (W, δ
1/2
P ⊗ InfMP ), it is enough to prove that IndGP , δ ⊗ − and InfMP

preserve admissibility.
If (W, τ) is admissible, then it is W =

⋃
WK where K runs over the open

compact subgroup of M . Our aim is to prove that (W, InfMP τ) is again ad-
missible. If K is an open compact of P , then K ∩M is an open compact of
M and hence V K∩M is finite dimensional. Moreover, since InfMP τ is trivial
on K \M , we have V K = VM∩K .
Now suppose (U, σ) is an admissible smooth representation of P and consider
(U, δ1/2 ⊗ σ), then

(δ1/2 ⊗ τ)(p)v = δ1/2(p)τ(p)v.

Since K is compact, δ1/2(k) = 1 and so the subspace of U fixed by K respect
to δ1/2 ⊗ σ is the same subspace fixed by K respect to σ.
Finally it remains to prove that IndGP preserves admissibility.
P\G/H is finite since G/P is compact and H is open. Let W be a repre-
sentation of P . By 1.23 we have

(IndGP W )H ∼=
( ∏
g∈P\G/H

WP∩gHg−1
)

that are finite dimensional since WP∩gHg−1
is finite dimensional from the

admissibility of W . This concludes the proof.

Theorem 2.46. Let (V, π) be an irreducible representation of G. Then it
is supercuspidal if, and only if, (V,ResG0G) is compact.

Proof. (Theorem 2.29) Let (V, π) be an irreducible representation of G. Let
P = MN be a minimal parabolic subgroup of G such that rGP (V, π) ̸= 0.
Since P is minimal, then rGP (V, π) is supercuspidal. Moreover, it is also
finitely generated since (V, π) is irreducible and in particular finitely gener-
ated. Hence, by Zorn’s lemma, rGP (V, π) admits a maximal subrepresentation
and so an irreducible quotient (W, τ) and in particular

HomG(V, i
G
P (W )) ∼= HomM (rGP (V ),W ) ̸= 0.

9We have already seen that δ−1/2 is exact
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Now, since rGP is an exact functor, (W, τ) is supercuspidal. In particular
we have a G-homomorphism ϕ : V → iGP (W ) that is injective since V is
irreducible and Ker(ϕ) is a subrepresentation.

Proof. (Theorem 2.30) Let (V, π) be a smooth irreducible representation of
G. It is a subrepresentation of a supercuspidal representation (W, τ) of M ,
where P =MN for a standard parabolic subgroup of G. Since iGP preserves
admissible representations, we can suppose G = P and (V, π) supercuspidal.
By 2.39, G/0GZ(G) is finite and hence

G =
l⊔

i=1

0GZ(G)gi

for some g1, . . . , gl in G.
By Schur’s lemma, Z(G) acts as a character on G. Moreover, V is irreducible
and hence it is cyclic and generated by any non zero vector in V as C[G]
module. This implies that {π(g1)v, . . . π(gl)v} is a set of generators of V as
C[0G]-module. So (V,ResG0G) is compact and finitely generated and hence
admissible. Now, if K is a compact subgroup of G, it is a compact subgroup
of 0G and therefore it is finite dimensional.

2.4 Compactness and supercuspidality

In order to conclude this chapter we need to prove the theorem 2.46 that
allows us to prove the theorem 2.30. Our aim is to prove something stronger.
If n and n′ are composition of n such that n′ ≤ n, we define

Λ++(M ′n) := {diag(wm1 Idn′
1
, . . . , wms Idn′

s
) ∈ Λ+∩Z(Mn′) | m1 > m2 > · · · > ms}

and

Λ++(Mn′ ,Mn) = {diag(λ1, . . . , λr) | λi ∈ Λ++(Mn′
i
) for all 1 ⩽ i ⩽ r}

where diag indicate the elements on the diagonal.

As in the previous section, we use the notation

G = GLn1(F )× · · · ×GLnr(F )
0G =0 GLn1(F )× · · · ×0 GLnr(F )

with n1 + · · ·+ nr = n.
Before proving the theorem, we need some tools.
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Lemma 2.47. Let n = (n1, . . . , nr) be a composition of n and consider the
group

Km = 1 + wmMn(OF ) K+
m = Km ∩ Un

K0
m = Km ∩Mn K−m = Km ∩ Ūn

where Ūn is the transpose of Un. Then we have

1. Km = K+
mK

0
mK

−
m = K−mK

0
mK

+
m;

2. For all λ ∈ Λ+we have λK+
mλ
−1 ⊆ K+

mand λK
−
mλ
−1 ⊇ K−m;

3. Let n′ = (n′1, . . . , n
′
s) ⩽ n be a composition of n and let

λ ∈ Λ++
(
Mn′

)
then ⋂

i

λiK+
mλ
−i = {1} =

⋂
i

λ−iK−mλ
i

⋃
i

λ−iK+
mλ

i = Un

Lemma 2.48. Let λ be in Λ+. Let n′ be the unique composition of n such
that n′ ≤ n = (n1, . . . , nr) and λ is in Λ++(Mn′ , G). Now, let N = Un′ ∩G.
If (V, π) is a smooth representation of G, then⋃

l⩾0

Kerπ (cλl) ∩ V Km = V (N) ∩ V Km

with m positive integer and cλ = eKmλKm.

Proof. Consider the open compact subgroup Nl := λ−lK+
mλ

l of N . By 2.47,
we have

N =
⋃
l⩾0

Nl

and in particular

V (N) =
⋃
l⩾0

V (Nl) .

By 2.26, we have V (Nl) = Kerπ|N (eNl
). Therefore, our aim is to prove

that
π (cλl) v = 0 ⇐⇒ π|N (eNl

) v = 0

for any v in V Km .
We can write

λ−lK+
mλ

l =
d⊔
i=1

uiK
+
m
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and by 2.47 we have

Km = K+
mK

0
mK

−
m

λ−lK0
mK

−
mλ

l ⊆ Km.

In particular, we have the disjoint union

Kmλ
lKm = λl · λ−lKmλ

lKm = λl · λ−lK+
mλ

lKm =
d⊔
i=1

λluiKm.

Indeed, if ui is in ujKm, then

u−1j ui ∈ Km ∩N = K+
m

hence
ui = uj .

The next computation complete the proof

π (cλl) v =
1

d

d∑
i=1

π
(
λlui

)
v =

1

d
· π(λl)

d∑
i=1

π(ui)v = π(λl)π|N (eNl
) v.

Theorem 2.49. Let (V, π) be a smooth representation of G. Than, the
following are equivalent:

(1) (V, π) is supercuspidal.

(2) The functions fH,v : G → V have compact support modulo Z(G) for
all open compact subgroups H of G and all non zero vector v in V .

(3) The matrix coefficients of (V, π) have compact support modulo Z(G).

(4) (V, π|0G) is compact.

Proof. (1) =⇒ (2) Let H and v be as in hypothesis. By 1.32 there exists
a positive integer m such that Km ⊆ H and in particular

Supp fH,v ⊆ Supp fKm,v.

So, we can suppose H = Km and v in V H . Let ϕv be the function

ϕv : Λ
+(G) → V H

λ 7→ π(eHλH)v = π(eH)π(λ)v = fH,v(λ
−1).

By 2.40, G = KΛ+K with K = GLn(OF )∩G. Now, by the normality of H
in K, we have

π(eH)π(k) = π(k)π(eK) ∀k ∈ K.
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So, if g = k′λk with k, k′ in K and λ in Λ we obtain

fH,v(g
−1) = π(k′)fH,π(k)(λ

−1) = π(k′)ϕπ(k)(λ)

that led us to the inclusion

(Supp f−1H,v)
−1 ⊆

⋃
k∈K/H

K Suppϕπ(k)vV.

Our aim is to prove that for any v in V H , Suppϕv is finite modulo Z(G).
With this aim, let v be in V H , ν in Λ+ \ Z(G) and consider

Pν =MνUν

be the proper parabolic subgroup of G such that ν in Λ++(Mν , G).
Bu supercuspidality of (V, π) and 2.48, we obtain

V H = V H ∩ V (Uν) = V H ∩
⋃
k≥0

kerπ(cνk).

Therefore, there exists kν ∈ Z≥0 such that

ϕν(u
k) = 0 for all k ≥ kν .

Now, consider

λs,i := {A ∈ T : ajj = w for j ≤ i, ajj = 1 otherwise} ∈ GLns(F ) ⊆ GLn(F )

If λ is in Λ+, then have

λ =

r∏
s=1

ns∏
is=1

λ
ds,i(λ)
s,i

for ds,i non negative integers and ds,ns integer.
Now consider the set

X := {λ ∈ Λ+ | ds,is(λ) < k0 for all 1 ≤ is ≤ ns, 1 ≤ s ≤ t}.

where
k0 := max{kλs,i ; 1 ≤ s ≤ t, 1 ≤ is ≤ ns}.

In particular X has finite image in G/Z since λs,0 is in Z(G) for all s. Now,
if λ ∈ Λ+(G) \X, then it is of the form

λ = λ′λ
ds,i(λ)
s,i

for some λ′ ∈ Λ+(G), 1 ≤ s ≤ r and 1 ≤ is ≤ ns with ds,i(λ) ≥ k0. Finally

ϕv(λ) = π(cλ′)ϕvλs,i
ds,i(λ) = 0.
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So Suppϕv ⊆ X and this conclude this implication.
(2) =⇒ (3) It is enough to prove that

Suppmξ,v ⊆ Supp fH,v

for any non-zero ξ in Ṽ and non zero vector ν in V for a compact subgroup
H of G. 10

Fixed ξ and v, the subgroup H that we are looking for is such that ξ ∈ Ṽ H .
Then

⟨ξ, fH,v(g)⟩ = ⟨ξ, π(eH)π(g−1)v⟩ = ⟨ξ, π(g−1)v⟩ = mξ,v(g)

for all g ∈ G, since ξ = ξπ(eH).
(3) =⇒ (4) by 2.27, proving that (V, π|0G) is compact is equivalent to

prove that all the matrices coefficients have compact support.
Let ξ be in Ṽ non zero and let v be a non-zero vector in V .

By hypothesis, the matrix coefficient mξ,v has compact support modulo
Z(G). Now, consider an open compact subgroup H of 0G such that ξ is
fixed by H, i.e. H is in Ṽ H .
Therefore

Suppmξ,v =
d⋃
i=1

HgiZH

with g1, . . . , gd in G. At this point, if

giZ(G) ∩ 0G ̸= ∅

we can suppose, without losing generality, gi in
0G and so

giZ(G) ∩ 0G = gi(Z(G) ∩ 0G).

Moreover, if
giZ(G) ∩ 0G = ∅

then we obtain
HgiZ(G)H ∩ 0G = ∅

since H is a subgroup of 0G. Hence, we conclude that

Suppmξ,v ∩ 0G ⊆
d⋃
i=1

Hgi(Z ∩ 0G)H

which shows that mξ,v :
0 G→ C has compact support.

(4) =⇒ (1) We need to prove that (V, π) is supercuspidal, i.e.

rGP (V ) = 0

10The subgroup H depends of the choice of ξ and v.
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for all proper parabolic subgroup P of G.
Consider a proper parabolic subgroup

P =MN

of G and let λ be in Λ++(M,G)∩ 0G. In order to show that rGP (V ) = 0 it is
enough to prove that VN = V/V (N) is zero, or equivalently, that V = V (N).
Let v be in V and consider m > 0 such that v is fixed by Km, i.e. v is in
V Km . By hypothesis, the function

fKm,ν : 0G→ V

g 7→ π(eKm)π(g
−1)v = π(cg−1)ν

has compact support, where cg−1 := eKmg−1Km
. In particular,

fKm,v(λ
−l) = π (cλl) v = 0

for l ≫ 0. So, using again 2.48, we have

v ∈ V Km ∩
⋃
l⩾0

Kerπ (cλl) = V Km ∩ V (N)

Hence v is in V (N) and the proof is complete.

47



Chapter 3

Weil-Deligne representations

3.1 Weil Groups

3.1.1 Construction of Weil groups

Let F be a non-Archimedian local field with fixed separable closure Fs. Let
OF be its discrete valuation ring with maximal ideal mF and finite residue
field kF ∼= Fq of characteristic p.
It is well known that the absolute Galois group of F , i.e. the Galois group
Gal(Fs /F ) of Fs on F , can be viewed as the inverse limit of its intermediate
finite fields extensions. So

lim←−
E

Gal(E/F )

In particular it is a profinite group.
Let Fm be the unique unramified extension of F in Fs of degree m and let
Fnr be the maximal unramified extension of F in Fs. Then we have the
canonical short exact sequence

1 → Gal(Fs /Fnr) → Gal(Fs /F ) → Gal(Fnr/F ) → 1.

Definition 3.1. The isomorphism

ϕm : Z/mZ → Z/mZ
x 7→ xq

is called Frobenius isomorphism.

Since Gal(Fm/F ) ∼= Z/mZ, then

Gal(Fnr/F ) ∼= lim←−
m

Z/mZ := Ẑ ∼=
∏
l∈N

Zl.1

1The last isomorphism is a direct consequences of chinese remainder theorem.
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and we can imagine the Frobenius isomorphism, firstly as an element of
Gal(Fm/F ). Moreover we can consider

ϕF := (ϕm)m

and
ΦF := (Φm)m

where Φm is the inverse of ϕm.

Definition 3.2. With the notation before introduced, ϕF and ΦF are called,
respectively, arithmetic Frobenius substitution and geometric Frobe-
nius substitution.

Definition 3.3. An element of Gal(Fs /F ) is called geometric Frobenius
element if its image in Gal(Fnr/F ) by the canonical map

Gal(Fs /F ) → (Fnr/F )

is ΦF .

Definition 3.4. Let L be an extension of F contained in Fs. A Frobenius
morphism of L over F ΦL/F is the restriction of a geometric Frobenius ΦF
on L.

Proposition 3.5. With the notation before introduced, < ΦF >∼= Z.

Proof. Suppose that there exists m in Z such that < ΦF >∼= Z/mZ. In
particular ΦF has finite order, say n. This implies that Φnm = Id on Z/mZ
for all m in Z and so ϕnm = Id for all m in Z. Notice that ϕnm : x 7→ xqm. So
we are saying that any element in Z/mZ has order a divisor of qm for all m
in Z. This is a contradiction, so < ΦF >∼= Z.

Definition 3.6. The Weil Group WF is the group algebraically con-
structed as the pre-image of < ΦF >∼= Z in the canonical map

Gal(Fs /F ) → Gal(Fnr/F ).

We are interested in defining a topology on WF finer with respect to the
topology induces on WF by Gal(Fs /F ).

Definition 3.7. With the previous notation, the group

IF := Gal(Fs /Fnr)

is called the absolute inertia group of F .

Remark 3.8. The open subgroups of Gal(Fs /F ) are of the form Gal(E/F )
where E is a finite extension of F . So, in general, IF is not open.
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Now we define the topology on WF as the topology in which

• IF is open in WF .

• IF ⊆WF has the same topology of IF ⊆ Gal(Fs /F ).

In particular WF is a locally profinite group and so we can use the notion
obtained in the first chapter.

Remark 3.9. Since IF is open in WF , the topology of IF gives to us a lot
of information about WF . This is a consequence of the fact that WF is the
union of the set aIF with a in WF . So, a subgroup H of WF is open if, and
only if, H ∩ IF is open in IF .
The open set in IF are easily found, indeed, by Galois theory, they are of the
form Gal(Fs /L) with L finite extension of Fnr. Moreover, by the primitive
element theorem, L = Fnr[α] with α in L. So we can define E = F [α] that
is a finite extension since α is algebraic over F .2 So we can bring back an
open of WF to an open of Gal(Fs /F ).

Proposition 3.10. With the notation before introduced, the canonical in-
jection

iF :WF → Gal(Fs /F )

is continuous.

Proof. Let H be open in Gal(Fs /F ). Our aim is to prove that

i−1F (H) = H ∩WF

is open in WF . It holds if, and only if, (H ∩WF ) ∩ IF = H ∩ IF is open in
IF that is true since the topology of IF in WF is the same of the induced
by Gal(Fs /F ).

Let E be a finite extension of F contained in Fs. In the same way in
which we have constructed WF , we can construct WE that can be viewed,
by iF , in WF

3. In particular, we have a bijection

WE →WF ∩Gal(Fs /E)

induced by the canonical map

Gal(Fs /E) → Gal(Fs /F ).

In other words, we have an embedding of WE in WF .
Now, we will formalise the property of this embedding in the next theorem

2α is in L that is a finite extension of Fnr, so α is in Fs.
3Here we are fixing Fs as separable closure of E.
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Theorem 3.11. Let E be a finite extension of F and fix

WE
F =WF ∩Gal(Fs /E).

Then WE
F is open and of finite index in WF and it is normal if, and only if,

E/F is Galois. Moreover, WE and WE
F are topologically isomorphic.

Proof. WE
F is open in WF if, and only if, WE

F ∩ IF is open in IF . From
Galois theory, we know how the open of IF ⊆ Gal(Fs /Fnr) are made. Now,
notice that

WE
F ∩ IF =WF ∩Gal(Fs /E) ∩ IF = Gal(Fs /E) ∩ IF

=Gal(Fs /E) ∩Gal(Fs /Fnr) = Gal(Fs /EFnr).

Clearly Fs /EFnr is a finite extension since E/F is so. Hence WE
F ∩ IF is

open in IF . Moreover it is of finite index in IF since open in a compact
group and so WE

F is of finite index in WF .

It remains to prove that WF and WE
F are topologically isomorphic, but

it is a direct consequence of 3.10 applied on E. Indeed, the continuity of

iE :WE → Gal(Fs /E)

implies that WE is isomorphic to iE(WE) =WF ∩Gal(Fs /E). 4

3.1.2 Representations of the Weil Group

Our aim is to study representations of two different classes of groups, GLn(F )
and WF . We have already studied the dimension of the representations of
GLn(F ), now, it is the moment to do the same for WF . Contrary to what
we might think, they are completely different from those of GLn(F ), as we
will see. Indeed, despite WF is not compact, it maintains several properties
of Gal(Fs /F ) since WF is dense in Gal(Fs /F ).
Before stating our main theorem about dimension, we need two lemmas.

Lemma 3.12. Let (V, ρ) be an irreducible representation of a group G. If
H is a normal subgroup of G that fixes a non zero vector v of V , then H
fixes all V and hence H is in the kernel of the representation.

Proof. Consider
W = {v ∈ V : v is fixed by H}.

By hypothesis it is not zero. Moreover, by the normality of H, W is a
subrepresentation of V . Indeed, suppose g is in G and w is in W . Since H
is normal, g−1hg is in H for any h in H, so

ρ(g−1hg)w = w

4The equality as sets is clear, the interesting part in the theorem is the continuity of
the isomorphism.
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and hence
ρ(hg)w = ρ(g)w.

In other words, ρ(g)w is fixed by H and so it is in W . Now, since W is
a non zero subrepresentation of the irreducible representation V , we have
V =W , and therefore H stabilises all V .

Lemma 3.13. Let (V, ρ) be an irreducible representation of a group G. If
there exists a subgroup H of G of finite index whose elements act as a scalar,
then V is finite dimensional.

Proof. Since H has finite index on G, then we have a finite trasversal of
H in G, say {g1, . . . , gn}. Moreover, since V is irreducible, it is a cyclic
C[G]-module generated by any non zero vector in V , say v. Now, let g in
G. There exist gi in {g1, ·, gn} and h in H such that g = gih and hence

ρ(g)v = ρ(gih)v = ρ(gi)ρ(h)v = chρ(gi)v

where the last equality holds since h acts by a scalar ch.
Therefore, {ρ(g1)v, . . . , ρ(gn)v} generates V and dimC V ≤ |G : H|.

Theorem 3.14. Let (V, π) be a smooth irreducible representation of the
Weil group WF . Then V is finite dimensional.

Proof. Let v be a non zero vector in V . It is fixed by an open subgroup K
of WF and so by an open subgroup J = K ∩ IF of IF . Since J is open in
IF , it is of the form J = Gal(Fs /L) with L finite extension of Fnr. Now, by
the primitive element theorem, L = Fnr[α] with α algebraic over Fnr and
so over F . Hence L = F [α]Fnr and so

J = Gal(Fs /L) = Gal(Fs /F [α]Fnr) = Gal(Fs /Fnr) ∩Gal(Fs /F [α]).

Without losing generality we can suppose E := F [α] a Galois extension
of F . Indeed if E′ is the Galois closure of the extension E/F , we have
Gal(Fs /E′) ⊆ Gal(Fs /E) and so v is stabilised by Gal(Fs /E′) ∩ IF .
Now, since E/F is Galois, J is normal in Gal(Fs /F ) and so in WF . So, J is
normal and fixes a non zero vector v, hence it is in the kernel of ρ by 3.12.
Now, let Φ be a Frobenius element in WF . Since IF /J is finite 5, there is
a power of Φ, say Φd, that acts trivially on IF /J . But ρ factors as in the
diagram

IF AutC V

IF /J

ρ

5IF is compact, so any quotient with an open subgroup is finite.
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and hence it acts trivially on the whole IF . So ρ(Φd) commutes with the
elements of ρ(IF ), and since it clearly commutes with ρ(Φ), we can conclude
that ρ(Φd) commutes with the whole ρ(WF ) and hence it is a scalar by
Schur’s lemma 1.24. Now, the subgroup < Φd, J > has finite index in WF

whose elements act as scalar, so by 3.13, V is finite dimensional.

Despite WF is not compact, all its irreducible representations are finite
dimensional as the representations of Gal(Fs /F ).
Since we have a continuous map iF : WF → Gal(Fs /F ), we can con-
struct smooth representations of WF starting with smooth representations
of Gal(Fs /F ) as in the next diagram. 6

WF Gal(Fs /F )

AutC(V )

ρ◦iF

iF

ρ

Proposition 3.15. Let (V, ρ) be an irreducible smooth representation of
Gal(Fs /F ). Then ρ ◦ iF is an irreducible representation of WF .

Proof. Consider Ker ρ. It is an open subgroup of Gal(Fs /F ), so Ker ρ ̸⊆WF ,
otherwise WF would be open in Gal(Fs /F ). Moreover, WF ̸⊆ Ker ρ, other-
wise ρ would be the trivial representation since WF is dense in Gal(Fs /F ).
So, we have

Gal(Fs /F ) =WF ·Ker ρ

and hence
ρ(Gal(Fs /F )) = ρ(WF ).

Therefore, since V is an irreducible C[Gal(Fs /F )]-module, it is also an irre-
ducible C[WF ]-module.

Remark 3.16. Let (V1, ρ1) and (V2, ρ2) be two irreducible representations
of Gal(Fs /F ). They are isomorphic Gal(Fs /F ) representations if, and only
if, they are isomorphic as WF representations. Indeed, any isomorphism
of WF representations can be extended to a isomorphism of Gal(Fs /F )
representation since WF is dense in Gal(Fs /F ). 7

6In this way, the category of representations of Gal(Fs /F ) can be viewed as a sub-
category of representations of WF . Moreover, these two categories are different, in-
deed we can construct representations of WF that cannot be induced from representa-
tions of Gal(Fs /F ). A central example is taken by the one-dimensional representation
||Art−1

F ||F :WF → C. It cannot be constructed as a representation of Gal(Fs /F ). More-
over, it is possible to prove that any representations of WF is a of the form ρ⊗||Art−1

F ||sF
with s in C and ρ the restriction of WF of a representation of Gal(Fs /F ).

7The density of WF in Gal(Fs /F ) is a direct consequence of the fact that ΦF in WF

with the topology of WF generates Z, while ΦF in WF ⊆ Gal(Fs /F ) generates Ẑ.
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3.2 Local class field theory

Given a local field F , local class field theory is the branch of mathematics
that studies its abelian extension. Our focus is on the main theorem of this
theory, which we will not prove.

Theorem 3.17. Let F be a local field and for any finite extension L of F
let NL/F be its field extension norm.
Then, there exists one, and only one, morphism of topological groups

ArtF : F× → Gal(F ab/F )

such that

• ArtF (π)|L = ΦK/L where π is a uniformizer for F and L/F is an
unramified finite extension.

• NL/F ⊆ Ker(a 7→ ArtF (a)|L) for any abelian extension L/F and so we
have the commutative diagram

F× Gal(F ab/F )

F×/NL/F (L
×) Gal(L/F )

ArtF

ArtL/F

Moreover, if L is abelian over F , we have

[L : F ] = |F× : NL/F (L
×)|.

In the future we will indicate both F× → Gal(L/F ) and F×/NL/F (L
×) →

Gal(L/F ) with ArtL/F . Notice that only the second one is bijective, while
the first one is only surjective.
Our aim is to construct a more useful version of the Artin map, in particular
a version that involves the Weil group of F . Indeed, the version that we are
looking for states that the Artin map can be viewed as an isomorphism of
topological groups between F× and the abelianization of the Weil group.
First of all, we need a new point of view for the Galois group of F ab over F .

Definition 3.18. Let G be a group. Given a, b two elements of G, we call
commutator of a and b, the element of G

[a, b] = a−1b−1ab.

Definition 3.19. Let G be a topological group. The closure of the group
generated by the commutators of G is called commutator subgroup of G.

Definition 3.20. Let G be a topological group and [G,G] its commutator
subgroup, the abelianization of G is the quotient group Gab = G/[G,G].
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Lemma 3.21. Let G be a topological group. Its abelianization Gab is abelian.

Proof. Let g, h be in G and consider

[g, h] = g−1h−1gh ≡ 1 mod [G : G]

hence
gh ≡ hg mod [G : G].

Remark 3.22. If f : G → H is a map of topological groups and H is
abelian, the commutator subgroup is in the kernel and hence we can factorise
f through G′

G H

G′

f

Proposition 3.23. With the notation before introduced, the following holds

Gal(Fs /F )ab = Gal(F ab/F ).

Proof. Since the commutator subgroup of Gal(Fs /F ) is by definition closed,
it is of the form Gal(Fs /L), with F ⊆ L ⊆ Fs, and then

Gal(Fs /F )ab = Gal(L/F ).

By Galois theory, it is enough to prove that L = F ab.
Since Gal(Fs /F )ab is abelian, Gal(L/F ) is so. Hence, L is an abelian ex-
tension of F and it is contained in F ab. This gives us the inclusion

Gal(Fs /F ab) ⊆ Gal(Fs /L).

For the other one, consider [σ, τ ] in Gal(Fs /L) with σ, τ in Gal(Fs /F ).
Clearly [σ|Fab , τ|Fab ] = [σ, τ ]|Fab , so [σ, τ ]|Fab is in Gal(F ab/F ) and thus it is

the identity map since Gal(F ab/F ) is abelian. Hence, [σ, τ ]|Fab stabilises F ab

and therefore Gal(Fs /L) ⊆ Gal(Fs /F ab). So, Gal(Fs /L) = Gal(Fs /F ab)
and then L = F ab.

Remark 3.24. Combining the previous proposition and remark we obtain
a map πab as in the diagram

Gal(Fs /F ) Ẑ = Gal(Fnr/F )

Gal(F ab/F ) = Gal(Fs /F )ab

π

πab
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As done for the construction of the Weil group of F , we can construct Wπab

as the group that makes this sequence a short exact sequence

0 → Gal(F ab/Fnr) →Wπab → Z → 0.

So, we have the commutative diagram with exact sequences

0 Gal(Fs /Fnr) WF Z 0

0 Gal(F ab/Fnr) Wπab Z 0

π

πab

and applying the snake lemma we obtain

0 Ker
(
Gal(Fs /F ) → Gal(F ab/F )

)
Ker(WF →Wπab) 0

0 Wπab/ Im
(
WF →Wπab

)
0.

Hence, we have Ker(WF → Wπab) ∼= Gal(Fs /F ab) and WF → Wπab surjec-
tive, so

0 Gal(Fs /F ab) WF Wπab 0

and therefore W ab
F

∼=Wπab .

Proposition 3.25. Let L be an abelian extension of F . Then the Artin
map

ArtL/F : F× → Gal(L/F )

maps O×F into Gal(L/Fnr ∩ L) .8

Proof. Since ArtL/F is surjective, it is enough to prove that

Art−1L/F (Gal(L/Fnr ∩ L)) = O×F .

In order to prove it, take a ∈ F×. Then

a = πval(a)x

with x in O×F , and hence

ArtL/F (a)|Fnr∩L = Φ
val(a)
Fnr∩L/F ArtL/F (x)|Fnr∩L = Φ

val(a)
Fnr∩L/F .

Therefore

ArtL/F (a)|Fnr∩L = Id ⇐⇒ val(a) = 0 ⇐⇒ a ∈ O×F .

In other words, ArtL/F (a) is in Gal(L/Fnr∩L) if, and only if, a is in O×F
8Notice that Fnr ∩ L is the maximal unramified extension of F inside L.
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Remark 3.26. Notice that, if a is an element of F×, it can be written as
a = πval(a)x with x in O×F . So

ArtF (a)|Fnr = ArtF (π
val(a)x)|Fnr = ArtF (π)

val(a)
|Fnr = Φ

val(a)
F .

In particular
ArtF : F× → Gal(F ab/F ) = Gal(F/F )ab

has image inW ab
F and the restriction of ArtF onO×F has image in Gal(F ab/Fnr)9,

so
ArtF : O×F → Gal(F ab/Fnr)

is well defined.

Lemma 3.27. The map

ArtF : O×F → Gal(F ab/Fnr)

is surjective.

Proof. Consider Gal(F ab/Fnr) as subgroup of Gal(F ab/F ),

Gal(F ab/F ) ∼= lim←−
L

Gal(L/F )

where L runs through the finite Galois extensions of Fnr in F ab, that are
clearly abelian. This isomorphism induces the isomorphism

Gal(F ab/Fnr) ∼= lim←−
L

Gal(L/Fnr ∩ L)

with L abelian and finite over Fnr ∩ L. Moreover, by 3.25, ArtL/F maps

O×F to Gal(L/Fnr ∩L) for any L as before. Hence, Gal(L/Fnr ∩L) is in the
image of ArtF for any L and therefore ArtF has dense image. Furthermore,
ArtF is continuous and OF is compact and hence ArtF (OF ) is compact and
dense in Gal(F ab/Fnr), hence ArtF (OF ) = Gal(F ab/Fnr).

Proposition 3.28. The Artin map

ArtF : F× → Gal(F ab/F )

is injective.

Proof. By 3.17, Ker(ArtF ) is the intersection of all finite index open sub-
groups of F×. Since wmZ

F × (1 + wnF OF ) is open and of finite index 10,
then

Ker(ArtF ) ⊆
⋂

m,n≥1
wmZ
F × (1 + wnF OF ) = 1

9In this case it is important to not confuse Gal(F ab/Fnr) with Gal(Fs /Fnr)ab, indeed
in general they are not isomorphic.

10It can be viewed as a consequence of 1.32 when n = 1.
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Now, we are ready to prove the main theorem of this section.

Theorem 3.29. Let F be a local field with Artin map

ArtF : F× → Gal(F ab/F ).

Then, it induces an isomorphism

ArtF : F× →W ab
F

that we will continue to call Artin map.

Proof. Consider the commutative diagram with exact rows

0 O×F F× Z 0

0 Gal(F ab/Fnr) W ab
F Z 0

∼= ArtF

By the snake lemma we obtain

0 Ker
(
F× →W ab

F

)
0

0 W ab
F / Im

(
F× →W ab

F

)
0

and hence ArtF : F× → W ab
F is an isomorphism of groups. It remains to

prove that it is an isomorphism of topological groups, so that ArtF and
Art−1F are continuous.
Consider the restriction of ArtF on OF

ArtF : O×F →W ab
F

that is continuous since composition of continuous functions.

O×F Gal(F ab/F )

Gal(F ab/Fnr)

W ab
F

Since F× ∼= Z×O×F then

ArtF : F× →W ab
F
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is continuous. The same is true for its inverse, indeed the restriction of
Art−1F on Gal(F ab/Fnr) has image in O×F

Art−1F : Gal(F ab/Fnr) → O×F

hence, it is continuous since Gal(F ab/Fnr) inherits the topology from Gal(F ab/F ).

3.2.1 Weil-Deligne representations

In this section we will introduce the core of the Galois side: the Weil-Deligne
representations.
Let || − ||F = q− val(−) be the norm of F where q is the cardinality of the
residue field kF = OF /mF of F .

Definition 3.30. A Weil-Deligne representation of the Weil group WF

of F is pair (ρ, n) where ρ : WF → AutC(V ) is a smooth representation of
WF and n is an endomorphism of V , called monodromy operator, such
that

• n is nilpotent.

• For any x in WF we have

ρ(σ) n ρ(σ)−1 = ||Art−1F (σ)||F n .

Lemma 3.31. let f be a monic polynomial with coefficients in C. If there
exists p in C such that f(x) = p−nf(px) for any x in C, then f(x) = xn

with n = deg(f).

Proof. Let f be as in hypothesis. Then

f(x) =
n∑
i=1

aix
i

with a1 = 1 and ai in C for any other i, hence

p−nf(px) = p−n
n∑
i=1

aip
ixi =

n∑
i=1

aip
i−nxi.

Therefore
ai = aip

i−n

and then ai = 0 for any i ̸= 1.
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Remark 3.32. To be nilpotent is not really a request that we need to do,,
it is a consequence of the fact that V is finite dimensional. Indeed, if ΦF is
a Frobenius in WF , ||Art−1(ΦF )|| = q−1 and then

ρ(ΦF ) n ρ(ΦF )
−1 = q−1 n .

Now, since V is finite dimensional we can compute its characteristic poly-
nomial

f(λ) =det(λ Idn− n) = det(λ Idn−ρ(ΦF ) n ρ(ΦF )−1)
=det(λ Idn−p−1 n) = p−nf(pλ)

hence f(λ) = λn. So, with respect to the Jordan canonical form, n is a
upper triangular matrix with 0 on the diagonal. So n is nilpotent.

Definition 3.33. Let (ρ1, n1) and (ρ2, n2) be Weil-Deligne representations
of WF . A morphism f : V1 → V2 of Weil-Deligne representations is a
morphism of Weil representations such that the diagram

V1 V2

V1 V2

n1

f

n2

f

commutes.

Definition 3.34. Let (ρ, n) be a Weil-Deligne representation. It is called
irreducible (respectively F -semisimple) if the representation (V, ρ) is irre-
ducible (respectively semisimple).

Remark 3.35. We are not really interested in the irreducible Weil-Deligne
representations.
If (ρ, n) is an irreducible Weil-Deligne representation, then Ker n is stable.
Indeed, for any σ in WF and v in Ker n

ρ(σ−1) n ρ(σ)v = ||Art−1F (σ−1)||F n v

and hence
n ρ(σ)v = ||Art−1(σ−1)||Fρ(σ) n v = 0.

Therefore, Ker n is a non zero stable subspace of V and hence is the whole V .
So, in this case the monodromy operator n doesn’t give us information. In
other word, a Weil-Deligne irreducible representation is ”only” a irreducible
representation of the Weil group.

There is another way to think about a Weil-Deligne representation. Con-
sider the action of WF on C

σzσ−1 = ||Art−1(σ)||F z
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where C is considered as additive group and consider the induced semidirect
product

W ′F =WF ⋉C.

Definition 3.36. The group

W ′F =WF ⋉C

is called Weil-Deligne group.

Definition 3.37. A complex finite dimensional representation of the
Weil-Deligne group is a morphism of groups

ρ :W ′F → GLn(V )

such that

• ρ restricted to WF is a smooth representation of WF .

• ρ restricted to C is analytic.

Definition 3.38. Let n : V → V be nilpotent. Then we define

exp(n) = 1 +
∑
j≥1

nj

j!
.

Let u : V → V be unipotent. Then we define

log u =
∑
j≥1

(−1)j−1
(u−1)j

j
.

Proposition 3.39. There is a canonical bijection between the Weil-Deligne
representations of WF and the representations of the Weil-Deligne group.

Proof. Given a Weil-Deligne representation of the Weil group, we can con-
struct a representation ρ′ of the Weil-Deligne group as

ρ′(σz) = ρ(σ) exp(z n).

Conversely, let ρ′ be a representation of the Weil-Deligne group. By defini-
tion

ρ := ρ′|WF
:WF → GLn(V )

is a smooth representation of the Weil group. To be a Weil-Deligne repre-
sentation we need a monodromy operator compatible with the action of WF

on C that defines W ′F . Our first claim is that ρ′(z) is unipotent for any z in
C×. Since we have

σzσ−1 = ||Art−1(σ)||F z
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it is enough to take σ = Φ−1F inverse of a Frobenius, and since

||Art−1(Φ−1F )||F = q,

we have
ρ′(ΦF )

−1ρ′(z)ρ′(ΦF ) = ρ′(qz) = ρ′(z)q 11

This implies that ρ′(z) and ρ′(z)q are similar. In particular, if λ is an
eigenvalue for ρ′(z), then λq is an eigenvalue for ρ′(z)q and hence for ρ′(z)
by similarity. Moreover, by iteration, λq

n
is an eigenvalue of ϕ′(z) for any

natural n. Furthermore, the eigenvalues of ρ′(z) are at most dimC V , thus

λq
m0

= λq
n0

for some 0 ≤ m0 ≤ n0 ≤ dimC V . Let

r :=
∏

0≤m≤n≤dimC V

(qn − qm).

It is a positive number such that any eigenvalues of ρ′(z) is a r-th root of
unity.
Replaying the same idea on ρ′( zr ) and since

ρ′(z) = ρ′
(z
r

)r
the eigenvalues of ρ′(z) are all 1.
Now, consider

n :=
log(ρ′(z))

z

with z a non zero complex number. It is well defined since ρ′(z) is unipotent,
and it is independent of z. Indeed, since ρ′(z) is analityc, we have

log ρ′(tz0) = log(ρ′(z0)
t) = t log ρ′(z0)

for any z0, t in C. Hence, for t = z and z0 = 1 we have

log ρ′(z) = z log ρ′(1)

and so n is independent of z. Therefore we have a Weil-Deligne representa-
tion (ρ, n).

In order to preserve this property, we need a new definition of contra-
gradient and tensor product of Weil-Deligne representations.

11Recall that C is taken as additive group, so the product in C under the representation
is equivalent to the power.
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Definition 3.40. Let (ρ, n) be a Weil-Deligne representation of WF . The
contragradient representation of (ρ, n) is the Weil-Deligne representa-
tion (ρ̃, ñ) where ρ̃ is the contragradient of the representation ρ and ñ = − nt

is the opposite of the traspose of n.

Definition 3.41. Let (ρ1, n1) and (ρ2, n2) be two Weil-Deligne representa-
tions. The tensor product between (ρ1, n1) and (ρ2, n2) is the Weil-Deligne
representation (ρ1 ⊗ ρ2, n) where ρ1 ⊗ ρ2 is the tensor product of the two
representations and

n = Id1⊗ n2+ n1⊗ Id2 .

Clearly, the Weil-Deligne representations are more than ”classic repre-
sentations”, indeed, the monodromy operators that match with the represen-
tations of the Weil group encode some information which we are interested
in. This information leads us to the ℓ-adic representations that we will study
later. Before it, we need a digression on some subgroups of IF .

3.2.2 The wild inertia group.

Now, we come back to our local field F with residue field of characteristic
p and consider its maximal unramified extension Fnr. In order to continue
our path in the study of the ℓ-adic representations of WF , we need more
information about the extensions of Fnr.

Lemma 3.42. Let n be a number that is not divided by the characteristic p
of kF . Then, for any u in O×Fnr , the polynomial

xn − u

has n different solutions in knrF .

Proof. By definition Fnr is the union of all the unramified extensions of F
and hence the residue field kFnr of Fnr is the union of all the finite extensions
of the residue field kF of F . 12 So kFnr is an algebraic closure kF of kF .
Now, let u be an invertible element of OFnr and consider the polynomial

xn − u.

Since knrF is algebraically closed, it has a solution α and then we can consider
the polynomial (x

α

)n
− 1 = yn − 1 13

that has n different solutions since the characteristic of kFnr does not divide
n. Therefore, xn − u has n different solutions.

12This is a direct consequence of the fact that the unramified extensions of F are one
to one with the finite extensions of its residue field.

13This is well definied since u is invertible in Onr
F and hence it is non zero in knr

F .

63



Proposition 3.43. Any invertible element of OFnr is an nth power for any
n non divisible by p.

Proof. Let u be as in the hypothesis. By the previous lemma

xn − u

has n different solution in kFnr . Since Fnr is not complete with respect to
its valuation, we cannot use the Hensel lemma on it. Nevertheless, we can
use the Hensel lemma on the smaller field extension L of F such that its
residue field kL contains one of the roots of the polynomial. Hence xn − u
has a solution in OL by the Hensel lemma and hence it has a solution in
OFnr . Moreover, since the choice of the root is arbitrary, OFnr contains all
the nth roots of u.

Remark 3.44. A special case of the previous proposition is given for u = 1.
Indeed, it tells us that for any n that is not divisible by p, Fnr contains all
the nth roots of unity.

Theorem 3.45. For any n non divisible by p, Fnr has a unique extension
En of degree n.

Proof. Let En be an extension of degree n. Since Fnr is the maximal un-
ramfied extension of F , all its extensions are totally ramified. Indeed if an
extension is unramified over Fnr, it is unramified over F and hence it is
contained in Fnr. Now, since En is totally ramified over Fnr, then it is of
the form

En = Fnr[α]

with αn = w for a uniformizer w. In order to prove that this extension
is uniquely determined, it is enough to prove that it is independent of the
choice of a root of w and independent of the choice of a uniformizer.
If β is another nth root of w, then α

β is a n-th root of unity and then it is in
Fnr by the previous remark. Hence, En is independent of the choice of the
root of the uniformizer.
Let w′ be another uniformizer. Since w, w′ generate the same ideal, they
are of the form

w = uw′

with u invertible in OFnr . By the previous proposition, u is an nth power
and hence L is independent of the choice of the uniformizer.
Therefore L is uniquely determined and Fnr has a unique extension of degree
n.

Remark 3.46. The previous theorem gives us an explicit construction of
the unique extension En of degree n of Fnr. It is of the form Fnr[α] with
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αn = w, and in particular we have an isomorphism

Gal(En/F
nr) → µn

σ 7→ σ(α)

α

where µn is the group of nth roots of unity in Fnr.
Moreover, since En is unique as extension of degree n and we cannot have
other unramified extensions, the composition of tamely ramified extensions
of Fnr is again a tamely ramified extension of Fnr and hence of F .

Definition 3.47. The maximal tamely ramified extension E∞ of F is
the field composited by all the extension En of Fnr.

Definition 3.48. The Galois group PF := Gal(Fs /E∞) of Fs over E∞ is
the wild inertia group of F .

By the previous remark we have the isomorphism

Gal(E∞/F
nr) ∼=

∏
m ̸=p

Zm.

Hence, the wild inertia group PF of F represent the ”p-part” of the inertia
group of F . This leads us to the exact sequence

1 Gal(Fs /E∞) Gal(Fs /Fnr) Gal(E∞/F
nr) 1

that is

1 PF IF
∏
m ̸=p Zm 0.

In particular, if t0 : IF /PF →
∏
m̸=p Zm is a topological isomorphism as in

the exact sequence, it is possible to prove that by the action of Gal(Fnr/F )
on Gal(E∞/F

nr) 14.
t0(ΦFσΦ

−1
F ) = q−1t0(σ)

with σ in IF /PF and ΦF a geometric Frobenius in WF .
Now, consider a prime ℓ different from p. The map IF →

∏
m̸=p Zm induces

a morphism
t : IF → Zℓ

and hence we have the exact sequence

1 PF Ker t
∏
m̸=p,ℓ Zm 0.

Therefore the idea behind Ker t is to delate the ”ℓ-part” of the inertia group
of F , moreover we have the analogous property

t(gσg−1) = ||Art−1(g)||F t(σ)

with x in IF and g in WF .

14The action is given by the quotient Gal(E∞/F
nr) ∼= Gal(E∞/F )/Gal(Fnr/F )
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3.2.3 ℓ-adic representations

In order to understand the role of the monodromy operator in a complex
Weil-Deligne representation, we need to enlarge our focus and to study a
different class of representations: the so-called ℓ-adic representations.

Let ℓ be a prime different from p and consider a fixed separable closure
Qℓ of Qℓ. The valuation valQℓ

of Qℓ induces a valuation valQℓ
on

Qℓ =
⋃

Qℓ⊆K⊆Qℓ
[K:Qℓ]<∞

K

as

valQℓ
: Qℓ → Q ∪ {∞}

x 7→ valQℓ[x](x)

where valQℓ[x] is the unique valuation of Qℓ[x] such that valQℓ[x]|Qℓ
= valQℓ

.
Despite any finite extension of Qℓ is complete with respect to the valuation
induced by Qℓ, it is not the same for Qℓ that is not complete.

Definition 3.49. A finite dimensional representation of a locally profinite
group G over a Qℓ-vector space is said to be smooth if for any v in V , the
stabilizer StabWF

(v) of v in WF is open.

Moreover, if V is a finite dimensional Qℓ-vector space of dimQℓ
V = d,

then we have an isomorphism 15

V ∼= Qℓ
d

and hence
AutQℓ

V ∼= GLd(Qℓ).

Therefore, we can equip AutQℓ
V with the product topology of Qℓ

d×d
.

Definition 3.50. A finite dimensional representation (V, ρ) of a locally
profinite group G over a Qℓ-vector space is said to be continuous if the
map ρ : WF → AutQℓ

(V ) is continuous with respect to the topology previ-
ously defined.

Remark 3.51. As previously said, the topology of GLd(Qℓ) is the topology

of Qℓ
d×d

and hence a basis for this topology is given by the sets of the form

Vi,j(U) = {A ∈ GLd(Qℓ) : eiAej ∈ U}
15This isomoprhism is not canonical and it depends on the choice of a basis of V over

Qℓ.
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for an open U of Qℓ and where ei, ej are the i-th and j-th vectors in the
canonical basis.
Now, let (V, ρ) a smooth representation of a locally profinite group G and
let σ be in G such that ρ(σ) is in Vi,j(U) for some i, j and U and consider

S := StabG(ρ(σ)ej).

By assumption S is open and thus Sσ is so. Moreover, if h is in Sσ, we
obtain

h = sσ

with s in S and hence
ρ(h)ej = ρ(σ)ej

and therefore we have ρ(Sσ) ⊆ Vi,j(U) and Sσ ⊆ ρ−1(Vi,j(U)), in particular
ρ is a continuous representation.

Theorem 3.52. Let (V, ρ) be a finite dimensional, continuous representa-
tion of the Weil group WF over Qℓ. Then, there exists one, and only one,
nilpotent endomorphism

nρ : V → V

such that
ρ(σ) = exp(t(σ) nρ)

for all σ in some open subgroup of IF and where t : IF → Zℓ is as above
described.

Proof. Let Dℓ be the integral closure of Zℓ 16 in Qℓ and consider an isomor-

phism V ∼= Qℓ
d
where d is the dimension of the vector space V . By this

isomorphism we have AutQℓ(V )
∼= GLd(Qℓ).

For any positive integer m, let Km be the open subgroup 17 of GLd(Qℓ)
defined as

Km = 1 + ℓmMd(Dℓ).

They define a chain

. . .Km+1 ⊆ Km ⊆ Km−1 . . .

such that Km+1 is normal in Km and Km/Km+1 is discrete. 18 Moreover,
for any M in Md(Dℓ)

(1 + ℓmM)ℓ =

ℓ∑
j=0

(
ℓ

j

)
1ℓ−j(ℓmM)j

16Although for finite extensions of Qℓ the integral closure of Zℓ and the ring of integers
coincide, we have not prove it for infinite extension. If x is in OQℓ

then there exists a finite
extension L of Qℓ such that x is in L and then x is in OL and in particular in the integral
closure of Zℓ in L and hence in Dℓ. Conversely, if x is in Dℓ it is a root of a polynomial f
in Zℓ[x]. If L is the splitting field of f in Qℓ then x is in OL ⊆ OQℓ

. Therefore Dℓ = OQℓ
.

17By the previous footnote Dℓ = OQℓ
is open.

18Notice that this is a generalization of the proposition 1.32.
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and for any j greater than 1

(ℓmM)j = ℓm+jM j ∈ Km+1.

Hence
(1 + ℓmM)ℓ ≡ 1 mod Km+1.

Therefore, Km/Km+1 has exponent ℓ. Moreover, ifM and N are inMd(Dℓ)
we have

(1 + ℓmM)(1 + ℓmN) = 1 + ℓmM + ℓmN + ℓ2mMN ≡ 1 + ℓmM + ℓmN

(1 + ℓmN)(1 + ℓmM) = 1 + ℓmN + ℓmM + ℓ2mNM ≡ 1 + ℓmN + ℓmM

and so Km/Km+1 is abelian.
Now, define

J = Ker(t) ∩ ρ−1(K2).

By definition ρ is continuous and hence J is open since intersection of open.
Moreover, ρ(J)/K3 is abelian of exponent ℓ since it is inside K2/K3. But,
ρ(J) ⊆ ρ(Ker(t)) that cannot have exponent ℓ by construction of Ker(t).
Therefore ρ(J) ⊆ K3 and inductively

ρ(J) ⊆ Km ∀m ≥ 2

and hence
ρ(J) ⊆

⋂
m≥2

Km = {1}.

Since IF is profinite and J and Ker(t) are open, then there exists H0 opens
subgroup of IF such that

H0 ∩Ker(t) ⊆ J.

Moreover we can suppose ρ(H0) ⊆ K2, shrinking H0 (if necessary). More-
over, since H0 is open in IF ⊆ WF , there there exists a finite index open,
normal subgroup H of WF

19 such that

H ∩ IF ⊆ H0.

So, ρ factors through a continuous homomorphism ϕ : t(H ∩ IF ) → K2
20,

i.e. we have the commutative diagram

H ∩ IF GLd(Qℓ)

t(H ∩ IF ) K2

ρ|H∩IF

t

ϕ

19We can take an open subgroup H ′ of WF such that H ′ ∩ IF = H0 by definition of
induced topology and then it is sufficient to take the normal core of H ′.

20We are combining H ∩ IF ⊆ H0, ρ(H0) ⊆ K2, H0 ∩Ker(t) ⊆ J and J ⊆ Ker ρ.
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and in particular
ϕ(t(h)) = ρ(h) ∀h ∈ H ∩ IF .

Moreover, since t respects

t(gσg−1) = ||Art−1(g)||F t(σ)

for any σ in IF and g in WF and ||Art−1(ΦF )|| = q−1 for any Frobenius in
WF , we obtain

ϕ(qt(ΦFhΦ
−1
F )) = ϕ(t(h))

and hence 21

ρ(ΦFhΦ
−1
F )q = ρ(h).

With a computation similar to the one done in 3.39, we obtain that ρ(h) is
unipotent for any h in H ∩ IF and then

nρ := t(h0)
−1 log ρ(h0)

is nilpotent for any h0 as above and such that t−1(h0) ̸= 0. In particular

ρ(h0) = exp(t(h0) nρ).

It remains to find an open that satisfies our condition.
Let h0 be a fixed element as above. The two functions

Zℓt(h0) → GLd(Qℓ)

x 7→ ϕ(x)

x 7→ exp(x nρ)

coincide on t(h0), so on Zt(h0) and then on Zℓt(h0). Therefore

H ′ := t−1(Zℓt(h0)).

H ′ := t−1(Zℓt(h0)). This concludes the existence.
For the uniqueness, let n : V → V be nilpotent and such that

ρ(y) = exp(t(y) n)

for any y in an open H of IF . Hence, whenever t(y) is not zero, we get

n = t(y)−1 log(ρ(y))

and hence it is equal to nρ in an open of IF . This concludes the proof.

21t(H ∩ IF ) ⊆ Zl is an additive group while the other groups in the diagram are with
the composition of function or with the product of matrices.
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Existence and uniqueness of the nilpotent endomorphism are not the
only interesting things. Indeed, the next corollary is the one we are most
interested in. Moreover, it gives a first idea of the connection between ℓ-adic
representations and the Weil-Deligne representations over Qℓ.

Corollary 3.53. Let (V, ρ) be a finite dimensional, continuous represen-
tation of WF over Qℓ and let nρ be the unique operator that satisfies the
condition of the previous theorem. Then

ρ(g) nρ ρ(g)
−1 = ||Art−1(g)||F nρ

for any g in WF .

Proof. Since 1
||Art−1(g)||F

ρ(g) nρ ρ(g)
−1 has the characterising property of nρ,

they must coincide for the uniqueness of nρ.

Definition 3.54. A Weil-Deligne representation of WF over Qℓ is a pair
(ρ, n) where (V, ρ) is a smooth finite dimensional representation of WF over
Qℓ and n : V → V is a nilpotent map such that

ρ(g) nρ ρ(g)
−1 = ||Art−1(g)||F nρ

for any g in WF .

Despite the pair (ρ, nρ) of the previous theorem respects the second con-
dition to be a Weil-Deligne representation, it is not, because in general it is
not smooth.

Corollary 3.55. Let (V, ρ) be a finite dimensional, continuous representa-
tion of WF over Qℓ and let nρ the unique operator the satisfies the condition
of the previous theorem. Then, ρ is smooth if, and only if, nρ = 0.

Proof. By hypothesis there exists an open subgroup H of IF such that

ρ(σ) = exp(t(σ) nρ)

for any σ in H. If nρ = 0 we obtain

ρ(σ) = exp(0) = Id .

Hence H, that is open, is contained in the stabiliser of any vector v of V
and therefore any stabiliser is open.
Conversely, suppose ρ is smooth. Let {v1, . . . , vd} a basis of V over Qℓ. For
any vi the stabiliser StabWF

(vi) is open and so it is not trivial 22. Then their
intersection is in the kernel of ρ that, therefore, cannot be trivial. In the

22Suppose StabWF (vi) is trivial. It is open in WF and so open in IF . Hence
IF /StabWF (vi) = IF /{1} is finite, that is a contradiction.
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intersection Ker ρ ∩H, that it is not trivial since Ker ρ is open and normal,
we have

ρ(σ) = exp(t(σ) nρ) = Id

then nρ is zero.

As already mentioned, the pair (ρ, nρ), constructed from a continuous
representation (V, ρ), is not a Weil-Deligne representation. Nevertheless,
fixing a Frobenius element ΦF in WF , we have a canonical way to associate
a Weil-Deligne representation to the representation (V, ρ).

Lemma 3.56. Let (V, ρ) be a continous representation of WF on Qℓ and
let nρ the nilpotent endomorphism of V associated to (V, ρ) by the theorem
3.52. The pair (ρΦF

, nρ) with

ρΦF
:WF → AutQℓ

(V )

ΦaFσ 7→ ρ(ΦaFσ) exp(−t(σ) nρ)

where a in Z and σ in IF is a Weil-Deligne representation.

Proof. Since ρ is a representation and nρ is an endomorphism of V , clearly
(V, ρΦF

) is a representation of the Weil group WF . By the theorem 3.52,
there exists an open subgroup H of IF such that

ρ(σ) = exp(t(σ) nρ).

Hence, in H we have

ρΦF
(σ) = ρ(σ) exp(−t(σ) nρ) = exp(t(σ) nρ) exp(−t(x) nρ) = Id .

Since H fixes any vector v in V , it is contained in any stabiliser. Hence
StabWF

(v) is open for any v and therefore ρΦF
is smooth.

It remains to prove that

ρΦF
(g) nρ ρΦF

(g)−1 = ||Art−1(g)||F nρ

for any g in WF , but this is a direct consequence of the fact that nρ and
exp(±t(σ) n) commute. So, if g = ΦaFσ we have

ρΦF
(g) nρ ρΦF

(g)−1

=ρ(g) exp(−t(σ) nρ) nρ exp(t(σ) nρ)ρ(g)−1

=ρ(g) nρ ρ(g)
−1

=||Art−1(g)||F nρ .
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Now we have a way of constructing a Weil-Deligne representation from
a less sophisticated representation: the continuous ones. But these types of
representations of WF are more related than we have noticed so far.
Let Rep(WF /Qℓ) be the category of representations of the Weil group on Qℓ

and let WD-Rep(WF /Qℓ) be the category of Weil-Deligne representations
over Qℓ. The next theorem is the key to understand the importance of the
operator n.

Theorem 3.57. Let ΦF be a Frobenius element in WF . The functor

Rep(WF /Qℓ) → WD-Rep(WF /Qℓ)

(V, ρ) 7→ (ρΦF
, nρ)

is an equivalence of categories.

Proof. First of all we need to prove that this is really a functor. Hence, we
need to associate a morphism of Weil-Deligne representations to any mor-
phism of continuous representations ofWF . The key point is that morphism
of representations do not require any condition on the continuity or on the
smoothness. So, if

ϕ : (V, ρ) → (U, π)

is a morphism of WF -representations, the commutativity of the diagram

V U

V U

ρ(g)

ϕ

π(g)

ϕ

for any g in WF , induces a commutative diagram

V U

V U

t(g)−1 log(ρ(g))

ϕ

t(g)−1 log(π(g))

ϕ

in the intersection of the two opens associated to nρ and nπ. The uniqueness
property of nρ and nπ extends the commutative of the diagram to the whole
nρ and nπ and hence ϕ is a morphism of Weil-Deligne representations.
Now, consider the functor

Rep(WF /Qℓ) → WD-Rep(WF /Qℓ)

(τ, n) 7→ (V, τΦF )

where

τΦF :WF → AutQℓ
(V )

ΦaFσ 7→ τ(ΦaFσ) exp(t(σ) n)
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for any a in Z and σ in IF . The continuity of τΦF descends from the
smoothness of τ and the continuity of σ 7→ exp(t(x) n) 23.
Now, if

ϕ : (τ, n) → (δ,m)

is a representation of Weil-Deligne representations, it is obvious a morphism
of WF representations.
It remains to prove that the two functors are quasi-inverse that is clear since

exp(t(σ) n) exp(−t(σ) n) = Id .

this conclude the proof.

Now, We come back to the field C. In particular, we are interested in
the isomorphism

i : C → Qℓ

with inverse
j : Qℓ → C.

The idea behind these isomorphisms is that Qp and C have the same cardi-
nality and both contain Q. So, if S and T are trascendente bases respectively
of C and Qp over Q, then S and T have same cardinality. So

Q(S) ∼= Q(T )

and therefore
C = Q(S) ∼= Q(T ) = Qℓ .

These two maps induce another equivalence of categories between the cat-
egory of smooth representations of WF over C and the category of smooth
representations of WF over Qℓ:

Rep(WF /C) → Rep(WF /Qℓ)

(V, ρ) 7→ (Qℓ⊗jV, ρℓ)

where

ρℓ :WF → AutV (Qℓ⊗jV )

g 7→ Id⊗ρ(g)

with quasi-inverse functor:

Rep(WF /Qℓ) → Rep(WF /C)
(V, ρ) 7→ (C⊗i V, ρC)

23In particular, τΦF is a continuous representations but it could be not smooth.
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where

ρC :WF → AutV (C⊗i V )

g 7→ Id⊗ρ(g).

Moreover, as consequence, we have the equivalence of categories

WD-Rep(WF /Qℓ) ∼= WD-Rep(WF /C).

By 3.57, the category on the left is equivalent to the category Rep(WF /Qℓ)
and finally we have the equivalence that we were looking for

WD-Rep(WF /C) ∼= Rep(WF /Qℓ).

So, speaking about Weil-Deligne representations over C is equivalent to
speak about continuous representations of WF over Qℓ. Therefore, the
monodromy operator n of a Weil-Deligne representation over C encodes the
information about the field Qℓ.

Remark 3.58. The central role of the path that we have just concluded is
taken by two objects:

1. The map t : IF → Zℓ,

2. The choice of the Frobenius ΦF in WF .

In the first one, the choice of a prime number ℓ different from p is crucial
to determinate the uniqueness of nρ. Moreover, despite the association of a
Weil-Deligne representation to any continuous representation ofWF depends
on these two objects it is possible to prove that doing another choice of t
and ΦF the two Weil-Deligne representations constructed are isomorphic.
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Chapter 4

The local Langlands
correspondence

In the last two chapters we have constructed various tools for the representa-
tions of GLn(F ) and WF . As we have seen, the irreducible ones behave very
differently. The most obvious example is the dimensions. For the first ones,
the unique ”small” 1 representations are characters, after which we have
only infinite dimensional representations. While the latter are not allowed
for the Weil group. So it is intuitive that the connection that we want to
establish is not between irreducible representations of GLn(F ) and WF , but
it involves more than irreducibility and more than just these two groups.
We are not ready to give a complete version of the correspondence, but we
have enough tools to give an incomplete but relevant one.
As in the previous chapter, we will indicate the category of representa-
tions of a group G over a field K with Rep(G/K) and with IrrRep(G/K)
the set of equivalence classes of irreducible ones. Moreover we will indi-
cate WD-Repssn (WF /C) the set of equivalnce classe of n-dimensional F -
semisimple representations of WF over C.

The local Langlands correspondence (Incomplete one)

Let p be a prime number and F a finite extension of Qp. Then there exists
one, and only one, collection of bijections

recF : IrrRep(GLn(F )/C) → WD-Repssn (WF /C)

such that

1. recF (π) = π ◦Art−1 for any π in IrrRep(GL1(F )/C) ∼= IrrRep(F×/C).

2.

1In this case, with ”small” we mean dimensionally speaking.
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3. For any π in IrrRep(GLn(F )/C) and χ in IrrRep(GL1(F )/C)

recF (π ⊗ (χ ◦ det)) = recF (π)⊗ recF (χ).

4. For any π in IrrRep(GLn(F )/C) with central character χ

det recF (π) = recF (χ).

5. For any π in IrrRep(GLn(F )/C)

recF (π̃) = ˜recF (π).

where the last one indicates the contragradient representation. The point
two is intentionally left blank and it is the last topic that we need to cover
in order to expose the correspondence. It concerns two invariants that we
can associate with a representation of GLn(F ) or a representation of WF .
In both cases, they are called L-factor and ε-factor. Despite the name, the
construction for one group is very different respect to the construction for
the other one. Nevertheless, it is enough intuitive that the point two requires
a ”sort of compatibility” with respect to recF

2.

4.1 L-factor and ε-factor

As previously mentioned, the paths that we have to follow are different
despite the name of the invariant. As done for the representations, we will
start with the GLn(F ) side. A rigorous treatment of the topics in this
chapter is somewhat technical, so we present most of the results without
proofs.

4.1.1 GLn(F ) side

Our focus will not be on the construction in all its details, but on the way
in which it is possible to generalise the definition of these factors to all
representations, starting with a certain class that we will introduce early
on.
Let ψ be an additive unitary character 3 of F , i.e. a character of the additive
group of F and let U be the unipotent radical of the standard Borel subgroup
B of GLn(F ), i.e. the set of upper triangular matrices that have 1 on the

2Notice that we refer to any bijection of the correspondence with recF and not only to
one map.

3F is the union of its compact open subgroups and hence any additive character is
unitary.
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diagonal. From ψ we can define a one dimensional representation of U as

θψ : U → C

(uij)1≤i,j≤n 7→ ψ(

n∑
i=1

ui,i+1).

Definition 4.1. A smooth irreducible representation (V, π) of GLn(F ) is
generic if

HomU (Res
GLn(F )
U π, θψ) ̸= 0.

It is possible to prove that being generic does not depend on the choice
of a character ψ. A proof of this claim can be found in [1].

Definition 4.2. Let (V, π) be an irreducible smooth representation of GLn(F ).
A Whittaker functional is a function

Λ : V → C×

such that
Λ(π(u)v) = ψ(u)Λ(v)

for any u in U and v in V .

The existence of a Whittaker functional is not guaranteed, but clearly it
exists for generic representations. Indeed, if (V, π) is generic, by definition
we have

HomU (Res
GLn(F )
U π, ψ) ̸= 0.

So the Whittaker functional are the elements Λ in HomU (Res
GLn(F )
U π, ψ).

Definition 4.3. Let (V, π) be a generic representation of GLn(F ) and let

Λ be a Whittaker functional in HomU (Res
GLn(F )
U π, ψ). The image W(π, ψ)

of the map

F : V → Ind
GLn(F )
U ψ

v 7→ (g 7→ Λ(π(g))v)

is called Whittaker model of π with respect to ψ.

Remark 4.4. Remaining in the above setting we can better understand the
meaning of W(π, ψ). If g and g′ are in GLn(F ) and v is in V , we have

(g′ · F (v))(g) =F (v)(gg′) =
=Λ(π(gg′)v) =

=Λ(π(g)π(g′)v) =

=F (π(g′)v)(g)
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so F is a morphism of representations between π and Ind
GLn(F )
U (ψ). More-

over, since π is irreducible, F is injective and hence it is an injective mor-
phism of representations that induces an isomorphism between

V → W(π, ψ). 4

So, we can think at W(π, ψ) as a way to study π as subrepresentation of

Ind
GLn(F )
U ψ. Clearly, in order to do it, π has to be generic, and hence we

can think of generic representations as irreducible smooth representations

that can be embedded in Ind
GLn(F )
U ψ.

To define the factors for GLn(F ), we start with two generic representa-
tions π and π′ of GLn(F ) and a measure dx on GLn(F )/U invariant under
the action of GLn(F ).
Now, define the set

S(Fn) := {ϕ : Fn → C|ϕ locally constant and with compact support}.

Given a triple (W,W ′, ϕ) ∈ W(π, ψ) × W(π′, ψ) × S(Fn), we define the
integral

Z(W,W ′, ϕ, s) =

∫
GLn(F )/U

W (g)W ′(g)ϕ((0, . . . , 0, 1)g)|det(g)|sdg 5

moreover, it is a rational function of q−s. Finally, consider the fractional
ideal generated by

{Z(W,W ′, ϕ, s) : (W,W ′, ϕ) ∈ W(π, ψ)×W(π′, ψ)× S(Fn)}

in C[qs, q−s]. It has a unique generator L(π × π′, s) of the form P (q−s)−1

where P is a polynomial with complex coefficients such that P (0) = 1.
Notice that the definition made for the moment is very strict and it works
only for a pair (π, π′) of generic representations of GLn(F ).

Theorem 4.5. (Gelfand and Kazhdan) Let (V, π) be a smooth and irre-
ducible representation of GLn(F ).Then, the smooth dual representation π̃ of
π is isomorphic to the representation

g 7→ π(tg−1)

where tg is the transpose of g.

4This implies that W(π, ψ) does not depend on the choice of a Whittaker functional,
up to isomorphism.

5This integral is not always convergent, but for ℜ(s) >> 0 it is absolutely convergent.
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By the previous theorem, if W is in W(π, ϕ) for a generic representation
π, then W̃ defined as

W̃ (g) =W (wn
tg−1)

is in W(π̃, ψ) where wn is the permutation matrix in GLn(F ) associated to
the permutation

i→ n+ 1− i.

Finally, if

ϕ̂(x) :=

∫
Fn

ϕ(y)ψ(tyx)dy x ∈ Fn

and ωπ′ is the central character of π′, we define ε(π×π′, s, ψ) by the equality

Z(W̃ , W̃ ′, 1− s, ϕ̂)

L(π̃ × π̃′, 1− s)
= ωπ′(−1)nε(π × π′, s, ψ)

Z(W,W ′, 1− s, ϕ)

L(π × π′, 1− s)
.

In the same way, we define them for a pair of representations (π, π′) of
GLn(F ) and GLm(F ) respectively. Without losing generality, we can sup-
pose m < n. Let dg a measure on GLm(F )/U invariant under the action of
GLm(F ), dx an Haar measure on Mj×m(F ) and define the integral

Z
(
W,W ′, j, s

)
=

∫
GLm(F )/U

∫
Mj×m(F )

W (gj)W
′(g)·|det(g)|s−(n−m)/2dxdg 6

whereW is in W(π, ψ),W ′ is in W(π′, ψ), j runs through {0, 1, . . . n−m−1}
and

gj =

 g 0 0
x Ij 0
0 0 In−m−j

 .

As in the previous case, the fractional ideal generated by

{Z(W,W ′, j, s) : (W,W ′) ∈ W(π, ψ)×W(π′, ψ), 0 ≤ j ≤ n−m− 1}

in C[qs, q−s] has a unique generator L(π, π′, s) of the form P (q−s)−1 where
P is a complex coefficient such that P (0) = 1. Finally, if

wn,m =

(
Im 0
0 wn−m

)
∈ GLn(K)

we define ε(π × π′, s, ψ) by the equality

Z
(
wn,mW̃ , W̃ ′, n−m− 1− j, 1− s

)
L (π̃ × π̃′, 1− s)

= ωπ′(−1)n−1ε
(
π × π′, ψ, s

) Z (W,W ′, j, s)

L (π × π′, s)
.

6As in the previous case, this integral is absolutely convergent for ℜ(s) >> 0.
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The last case that we need to define is the one in which m > n. In this case
we define

L
(
π × π′, s

)
:= L

(
π′ × π, s

)
, ε

(
π × π′, ψ, s

)
:= ε

(
π′ × π, ψ, s

)
.

For the moment, we assume that these definitions can be extended to any
irreducible smooth representation starting with the generic ones. This topic
will be discussed in the last section of this chapter.

4.1.2 WF side

Let (ρ, n) be a smooth irreducible Weil-Deligne F -semisimple representation.
Let Vn be the kernel of n and consider

V IF
n := {v ∈ Vn : ρ(σ)v = v ∀σ ∈ IF }.

We define the L-factor of (ρ, n) as

L(ρ, s) = det(1− q−sρ(Φ)|V IF
n

)−1.

For the construction of the ε-factor we use the following theorem.

Theorem 4.6. Let ψ be a non trivial character of F×, and let E range over
finite extensions of F . There is a unique family of functions

WD-Repssn (WE/C) −→ C
[
qs, q−s

]×
ρ 7−→ ε (ρ, s, ψE)

such that:

1. If χ is a character of E×, then

ε (χ ◦ArtE , s, ψE) = ε (χ, s, ψE)

2. If ρ1, ρ2 ∈ WD-Repssn (WE/C), then

ε (ρ1 ⊕ ρ2, s, ψE) = ε (ρ1, s, ψE) ε (ρ2, s, ψE)

3. If ρ ∈ WD-Repssn (WE/C) and F ⊆ E ⊆ K, then

ε
(
IndWK

WE
ρ, s, ψK

)
ε (ρ, s, ψE)

=
ε
(
IndWK

WE
1K , s, ψK

)n
ε (1E , s, ψE)

n

where ψK = ψ ◦TrK/F , ψE = ψ ◦TrE/F and where 1E and 1F are the trivial
characters respectively of E and F .

Proof. A proof can be found in [3] chapter 7 section 29-30.

Now, we can complete the statement of the local Langlands correspon-
dence before introduced. As previously said, we need a compatibility of the
different factors defined for the two cases.
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The local Langlands correspondence (Complete one)

Let p be a prime number and F a finite extension of Qp. Then there exists
one, and only one, collection of bijections

recF : IrrRep(GLn(F )/C) → WD-Repssn (WF /C)

such that

1. recF (π) = π ◦Art−1 for any π in IrrRep(GL1(F )/C) ∼= IrrRep(F×/C).

2. For any π1 in IrrRep(GLn(F )/C) and π2 in IrrRep(GLm(F )/C)

L(π1 × π2, s) = L(recF (π)⊗ recF (π2), s)

and
ε(π1 × π2, s, ψ) = ε(recF (π)⊗ recF (π2), s, ψ).

3. For any π in IrrRep(GLn(F )/C) and IrrRep(GL1(F )/C)

recF (π ⊗ (χ ◦ det)) = recF (π)⊗ recF (χ).

4. For any π in IrrRep(GLn(F )/C) with central character χ

det recF (π) = recF (χ).

5. For any π in IrrRep(GLn(F )/C)

recF (π̃) = ˜recF (π).

4.2 Bernstein-Zelevinsky classification

In order to complete the definition of L and ε-factors for GLn(F ) we need a
way to classify the irreducible representations of GLn(F ) starting with the
generic ones.
Clearly, this aim is not only useful to complete our definitions, but it is
more powerful. Indeed, we will see that there is a particular class of rep-
resentations that are generic and that can classify all the other irreducible
representations. This class of representations is the class of supercuspidal
representations.

Let C be the set of equivalence classes of irreducible representations of
GLn(F ) for any n natural number.

Definition 4.7. A segment in C is a subset ∆ of C of the form {ρ, νρ, ν2ρ, ..., νk−1ρ}
where ρ is in C and ν(g) := | det(g)|.
ρ is called begininning of ∆ and ρ′ := νk−1ρ is called end of ∆.
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Definition 4.8. Let ∆1 and ∆2 be segments in C. We say that they are
linked if

• ∆1 ̸⊆ ∆2,

• ∆1 ̸⊆ ∆2,

• ∆1 ∪∆2 is a segment.

in particular, if we also have ∆1∩∆2 = ∅ we say that they are juxtaposed.

Notice that, ∆1 and ∆2 can be juxtaposed if, and only if, they are of the
form

∆1 = [ρ1, ρ
′
1] ∆2 = [ρ2, ρ

′
2]

with ρ2 = νρ′1 or ρ1 = νρ′2. If ρ2 = νρ′1 we say that ∆1 precedes ∆2.

Remark 4.9. If ∆ = [ρ, ρ′] = {ρ, . . . , νk−1ρ = ρ′} is a segment in C with ρ
an irreducible representation of GLm(F ), then we have two representations
attached to it.
Consider n = km and the composition km = (m, . . . ,m) of n. The first
representation that we attach to ∆ is the representation

ρ⊗ νρ⊗ · · · ⊗ νk−1ρ

ofMkm = GLm(F )×· · ·×GLm(F ). At this point, the groupMkm is the stan-
dard Levi subgroup of the standard parabolic subgroup Pkm of GLkm(F ).
So, if

ρ× νρ× · · · × νk−1ρ := i
GLkm(F )
Pkm

ρ⊗ νρ⊗ · · · ⊗ νk−1ρ

where i
GLkm(F )
Pkm

is the parabolically induced functor, we can define a repre-

sentation ⟨∆⟩ of GLn(F ) as the unique irreducible representation of ρ×νρ×
· · · × νk−1ρ such that

r
GLkm(F )
Pkm

(⟨∆⟩) = ρ⊗ νρ⊗ · · · ⊗ νk−1ρ

where r
GLkm(F )
Pkm

is the parabolically restricted functor.

The main theorem of this section is the next one.
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Theorem 4.10. (Bernstein-Zelevinsky classification)

• Let ∆ = [ρ, νk−1ρ] be a segment in C. Then ρ× νρ× · · · × νk−1ρ has
a unique irreducible quotient ⟨∆⟩t.

• Let ∆1, . . . ,∆r be segments in C. Suppose for each pair of indices i, j
such that i < j, ∆i does not precede ∆j. Then the representation

⟨∆1⟩ × · · · × ⟨∆r⟩

has a unique irreducible subrepresentation ⟨∆1, . . . ,∆r⟩ and the repre-
sentation

⟨∆1⟩t × · · · × ⟨∆r⟩t

has a unique irreducible quotient ⟨∆1, . . . ,∆r⟩t.

• Any irreducible representation of GLn(F ) is isomorphic to some rep-
resentation of the form ⟨∆1, . . . ,∆r⟩t.

• An irreducible representation π = ⟨∆1, . . . ,∆r⟩t of GLn(F ) is generic
if, and only if, it is of the form

π = ⟨∆1⟩t × · · · × ⟨∆r⟩t

with ∆i,∆j no linked segment for any i ̸= j.

• If π is supercuspidal it is of the form ⟨∆⟩t. In particular any super-
cuspidal representation is generic.

Proof. The main proof of this result can be found in [14].

The previous theorem is central in the study of the representations of
GLn(F ) and it allows us to complete the definitions of L-factor and ε-factor
for the GLn(F ) side. The key point is that the representations of the form
⟨∆⟩t are generic.

1. If π is of the form ⟨∆1, . . . ,∆r⟩t and if π′ is arbitrary, then

L(π × π′, s) =

r∏
i=1

L(⟨∆i⟩t × π′, s)

ε(π × π′, ψ, s) =
r∏
i=1

ε(⟨∆i⟩t × π′, ψ, s).

2. If π is of the form ⟨∆⟩t with ∆ = [ρ, νk−1ρ] and π′ = ⟨∆′⟩t, with
∆′ = [ρ′, νk

′−1ρ′] with k′ ≥ k, then

L(π × π′, s) =
k∏
i=1

L(ρ× ρ′, s+ k + k′ − 1)
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ε(π × π′, ψ, s) =

k∏
i=1

k+k′−2i∏
j=0

ε(ρ× ρ′, ψ, s+ i+ j − 1)


×

k+k′−2i−1∏
j=0

L(ρ̃× ρ̃′, 1− s− i− j)

L(ρ× ρ′, s+ i+ j − 1)

 .

3. If π is a smooth irreducible representation of GLn(F ) we define

L(π, s) = L(π × 1, s),

ε(π, ψ, s) = ε(π × 1, ψ, s).

with 1 : F× → C× the trivial character of F .

Another important consequence of the Bernstein-Zelevinsky classification is
related to the local Langlands correspondence. Indeed supercuspidal repre-
sentations are sent, via the correspondence, to Weil-Deligne representation
of the form (ρ, n) with ρ irreducible and n = 0. In other words, supercuspi-
dal representations are sent to irreducible representations of the Weil group.
This consideration, mixed with the work of Bernshtein and Zelevinsky, al-
lows to reduce the proof of the existence of the series of bijections

recF : IrrRep(GLn(F )/C) → WD-Repssn (WK/C)

to a series of bijections

recF : SCusp(GLn(F )/C) → IrrRepn(WK/C).

where SCusp(GLn(F )/C) is the set of equivalence classes of supercuspidal
representation of GLn(F ).
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