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Introduction

In this work, we will analyse the local Langlands correspondence, studying
the necessary concepts to understand what it says and trying to explain the
main concepts behind it.

Let F' be a non Archimedean local field of characteristic zero, i.e. a finite
extension of Q, for some prime number p. All the representations are to be
intended on complex vector spaces.

The local Langlands correspondence for GL,(F') associates some type of
representations of the general linear group GL,(F') of F' with some repre-
sentations related to the absolute Galois group of F.

Firstly, since the groups involved in this correspondence are topological, it
is natural to require that the used representations preserve, in some ways,
the topology of these groups. For this reason, our focus will be on a class
of representations called smooth representations. The main property of
these representations is that the stabiliser of a vector is open.

From the side of GL,(F), the core of the correspondence involves in
the supercuspidal representations. We can define them for a bigger
class of groups: p-adic reductive groups, i.e. reductive groups on a non-
Archimedean local field. For any parabolic subgroup P of G with Levi
decomposition P = M N, we can construct a representation of G starting
from an irreducible representation o of M. Indeed, it is enough to extend the
representation o to a representation Inf% o of P defining it to be trivial on
N and inducing this representation on G. The representation so defined is
called parabolically induced from . We are interested in the irreducible rep-
resentations of G which are not subrepresentations of parabolically induced
representations from some proper parabolic group, these are the supercusp-
idal representations which are the building blocks of this theory for different
reasons. In particular, they control the irreducible representations of G and
they allow us to classify them with the Bernstein-Zelevinsky classification.

On the other side, the central role is taken by a subgroup of the absolute
Galois group: the Weil group. It is defined starting from the canonical



exact sequence of Galois theory
1 — Gal(F/F") — Gal(F/F) — Gal(F™ /F) — 1.

where F and F™ are the closure and the maximal unramified extension of
F respectively.

Since the group Gal(F™ /F) is isomorphic to Z := [LienZi 2 Z, we can
define the Weil group Wr of F' by the exact sequence

1—>Ip >Wp—7Z—1.

Moreover, we are not interested in the topology that W inherits from the
absolute Galois group, but we endow Wy with a finer topology in which the
inertia subgroup Ir of F' is open and it has the same topology that it has
in the absolute Galois group of F'

We are interested in the semisimple representations (V,7) of Wp with an
attached endomorphism n such that

r(o) nr(o)*1 = |Art}1(0)|p n,

where Artp : F* — Wﬁib is the isomorphism of local class field theory. It
allows to study all the abelian extensions of F' studying the property of the
multiplicative group of F. In particular the attached endomorphism n con-
tains a lot of information about the representation.

In both the cases, we can define some invariants. The so called L-factor
and e-factor that are complex functions constructed from the representa-
tions. Despite having the same name, the constructions for the two sides
are different. In particular, the role of supercuspidal representations is cru-
cial for the GL,-side. We expect a sort of compatibility of the invariants
with respect to the correspondence.

With local Langlands correspondence we mean a series of bijections be-
tween the set of equivalence classes of representations of GL, (F') and n-
dimensional F-semisimple Weil-Deligne representations

recp : IrrRep(GL,,(F')/C) — WD-Rep,*(Wg/C)
such that
1. recp(m) = moArt™! for any 7 in IrrRep(GL; (F)/C) = IrrRep(F* /C).
2. For any 71 in IrrRep(GL,, (F)/C) and 75 in IrrRep(GL,,(F')/C)
L(m x m,8) = L(recp(m) @ recp(ms), s)

and
g(m x ma,s,19) = e(recp(m) @ recp(ma), s, ).



3. For any 7 in IrrRep(GLy,(F)/C) and IrrRep(GL1(F)/C)

recp(m ® (x o det)) = recp(m) @ recp(x).

4. For any 7 in IrrRep(GL,,(F')/C) with central character x

det recp(m) = recp(x).

5. For any 7 in IrrRep(GL,,(F')/C)

recp(7) = recp(m).

The work is organized as follows: In the first chapter we will analise the
property of smooth representations with a focus on the difference between
the representations of finite groups.

In the second and third chapters we will analise, respectively, the two sides
of the correspondence.

In the fourth chapter, we will construct the invariants using the previously
cited Berstein-Zelevinsky classification and we will expose the correspon-
dence.
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Chapter 1

Representations of Locally
Profinite Groups

Definition 1.1. A locally profinite group G is a topological group G
that satisfies one of the two equivalent properties

1. Any open neighbourhood of the identity in G contains an open com-
pact subgroup of G.

2. G is Hausdorff, locally compact and totally disconnected.
Remark 1.2. Clearly, a compact locally profinite group is profinite.

We always assume that G is a locally compact group such that any open
compact subgroup has countable index and V is a vector space over C.
We want to combine the classical notion of group representation with the
topology of a locally compact group. To do this

Definition 1.3. Let (V,7) be a representation of G. We say that V is

smooth if
V= U vE,

KCG
K open compact

where VE = {v eV :1(g)lv=v Vg€ K}.

Remark 1.4. Clearly, if G is finite and it is endowed with the discrete
topology, then any representation is smooth.

The terminology ”smooth” makes us think about continuity, indeed there
is a deep connection that we clarify in the next proposition.

Proposition 1.5. Let (V,7) be a representation of G. The following are
equivalent

(1) (V,m) is smooth.



(2) The stabilizer Stabg(v) := {g € G : 7(g9)v = v} of v in G is open for
any vector v in V.

(8) The map

II:GxV =V
(9,v) = 7(g)v

is continuous, where V' is endowed with the discrete topology and GxV
is endowed with the product topology.

Proof. (1) = (2): Assume (V,m) be smooth and let v in V. Then there
exists K open compact subgroup of G such that v is in VX and then

K C Stabg(v) C Stabg(v).

So Stabg(v) contains an open subgroup and then it is itself open.

(2) = (3): Assume Stabg(v) be open for any vector v in V. Since V is
endowed with the discrete topology, it is enough to prove that the preimage
of {w(g)v} is open. Clearly, the preimage of {m(g)v} is U, g Stabg(v)z 1 x
{m(x)v} that is open by hypothesis.

(3) = (1): Assume II is continuous and take a generic vector v in V', then
II-!(v) is open in G x V. So, there exist L open in G and U open in V such
that L x U C II"!(v). Furthermore, since

(1,0) = v,

we can suppose 1 € L and so L is an open neigherbood of 1. At this point,
since G is locally profinite there exists K open compact in G such that
K Cd@G. So

K xUCT v)

and we can conclude that K stabilizes v.
O

We can note that there is no condition on the dimension of V. In general
for finite groups it is enough to work with finite dimensional representations
since irreducible representations of finite groups are of finite dimension. This
is not true for representations of locally profinite groups. For this reason we
introduce a new concept.

Definition 1.6. Let V be a smooth representation of G. We say that V
is admissible if the vector space VX has finite dimension for any K open
compact subgroup of G.

Definition 1.7. A morphism f between smooth representations (V4,m1),
(Va,ma) is a linear map f : Vi — Vi such that the diagram



commutes for any g. We denote by Homg(Vi, V) the space of morphisms
of smooth representation which are also called G-morphisms.

So we can define the category Rep(G) of smooth representations of a
locally profinite group G.

Theorem 1.8. The category Rep(G) is abelian.

Definition 1.9. A representation (V, ) is said to be irreducible if V' = 0
and V has no G-stable subspaces different from 0 and V.

1.1 Semisimplicity

In representation theory of finite groups we are used to work with represen-
tations that are direct sums of irreducible G-subspaces.! In general this is
not true for a generic representation of a locally profinite group. For this
reason we introduce the following definition.

Definition 1.10. We say that (V,7) is G-semisimple? if V is the sum of
its irreducible G-subspaces.?

Proposition 1.11. For a representation (V,x) the following are equivalent

(1) V is the sum of its irreducible subspaces.
(2) V is the direct sum of a family of irreducible G-subspaces.

(8) Any G-subspace has a G-complement in V.

Proof. (1) == (2): Assume that V =), ; U;, with {U; : i € I} family of
irreducible G-subspaces of V. Let

I={JCI:) U;=EPU}
i€J eJ

Our aim is to use Zorn’s lemma on Z. For this aim, take {J, : a € A} a
totally ordered set in Z and J := J,c4 Ja- We want to prove that J is an
element of Z. Suppose by contradiction that J is not in Z, i.e. ZjeJ U;

'Remember that we are working with vector spaces over C and so Maschke’s theorem
holds.

2This is clearly compatible with the theory of finite groups.

3Notice that we do not require V to be the direct sum, but only the sum.



is not direct, so there exists S C J finite such that the sum Zjes Uj is
not direct. But S C J, for some a € A, so the ZjeJa Uj is not direct.
This is a contradiction, hence J is an element of Z. In this way we have a
maximal element J of Z. Let V' =3 .. ,U; C V. Forany i € I\ J, let us
consider the intersection U; N'V'. Since W; is irreducible, we have only two
possibilities:

1. U; N V' = 0. In this case, the sum U; @ V' is direct, but this is a
contradiction since V' = e U; and J is maximal in 7.

2. U;NV' =U;,soU; CV'.

Therefore V.= 3",.;U; € V' and then the equality holds.
(2) = (3): Assume that V = @,.;U;, with {U; : i € I} a family of
irreducible G-subspaces of V. Let

I:{JQIZWﬂ@iGJUiZO}.

As in the previous point, Z is inductively ordered and, by Zorn’s lemma, it
admits a maximal element J. Let U = ®;csU;. U; is the G-subspace that
we are looking for. Indeed

W+U=WaU

by hypothesis and if, by contradiction, V # W & U then there would exist
U; £ W @ U such that

W+ (U + Uj) =W + (BiezU; ® Uj) =W+ @ielu{j}Ui =W (@ielu{j}Ui)-

This is a contradiction for the maximality of 7. Hence V =X ® U.

(3) = (1): Assume that any G-subspace of V has a G-complement in
V. Let U = ), U; be the sum of all the irreducible representations of V.
By hypothesis, there exists a G-complement W of U in V. In other word,
V =U @& W. Our intent is to prove that W = 0. If W has an irreducible
G-subspace, it is an irreducible G-subspace of V and so it is in U. This is
a contradiction for the hypothesis of direct sum. So W has no irreducible
G-subspaces. In the same way, W is not irreducible. Let w be in W and
consider the G-stable subspace W’ of W defined as

W' = Span{r(g)w : g € G}.

W' is a finitely generated C[G]-module, so we have a maximal subrepresen-
tation W” of W’ 4. In particular W’/W" is irreducible. Moreover, since W
is a vector subspace of W, then U and W” are in direct sum.

By hypothesis, there exists a G-stable subspace of V', say Wy, such that

U W’ e W,.

“That is a maximal C[G]-submodule of W',




Moreover, the image of W’ under the projection in Wy is isomorphic to
W'/W". So Wy contains an irreducible representation of V', that is not
possible since all irreducible representations of V' are in U. Hence W =
0. O

In the above proof we have dealt with vector spaces which can have
infinite dimension. There are cases in which we are sure of working with
finite dimensional representations. The next lemma provides an important
example.

Lemma 1.12. Let G be a compact locally profinite group (i.e. a profinite
group) and let (V,m) be an irreducible representation of G. Then V is finite
dimensional.

Proof. Let v be a vector in V and suppose v in VX for some open compact
subgroup K of G. Since G is compact, the index |G : K| is finite and the
set {m(g)v: g € G/K} is finite. But it spans a G-stable subspace that has
to be V since it is irreducible. So dimV < [{n(g)v:9 € G/K}| <occ. O

Proposition 1.13. Let (V,x) be a smooth representation of G. If G is
compact, then V is G-semisimple.

Proof. Since (V, ) is smooth, we have

V= U vE.
KCG
K open compact

Substituting K with its normal core K¢ = NgeqgK g~ ! we can suppose that

any K is normal. Moreover the action of G on V¥ is the same of G /K since
V& is fixed by K. Since G is compact, any index |G : K| is finite and hence
VE is G-semisimple. Therefore V is G-semisimple. O

Corollary 1.14. Let (V, ) be a representation of G. ThenV is K -semisimple
for any K open compact subgroup of G.

We conclude this section with a generalization of Maschke’s theorem.

Theorem 1.15. Let H be an open subgroup of G of finite index and let
(V,m) be a smooth representation of G. The following are equivalent

(1) V is G-semisimple,
(2) V is H-semisimple.

Proof. (2) = (1): Suppose that V' is H-semisimple. By Proposition 1.11
it is enough to prove that any G-subspace has a G-complement in V. For
this aim, take U a G-subspace that is clearly an H-subspace. By hypothesis,



V' is H-semisimple and so U has an H-complement in V: V = U ®W. Take
the projection fyy : V — U and let

f:vV->U
v G 2 @)folee )
geG/H
so that
f= g o m@)e fuonl)

geG/H

For all win U, f(u) = u and so V = U @ Ker(f). Now it is enough to prove
that Ker(f) is a G-subspace. It is easy to compute that

m(z)o fom(z) = f
and then
fom(x) =m(x)o f
for all z in G. In particular, for all x in G and for all v in Ker(f)
f(m(x))(v) = m(x)(f(v)) = w(x)(0) = 0.
Therefore, Ker(f) is G-stable and (1) holds.

In order to prove the other implication we need other two important tools in
representation theory: the induced representation and Shur’s lemma
O

Corollary 1.16. (Maschke’s Theorem) If G is a finite group then every
representation is G-semisimple.

Proof. Let (V,7) be a representation of G. By the previous proposition, it
is enough to prove that G has a subgroup H for which V is H-semisimple.
H = {1} satisfies the condition and so the theorem holds. O

1.2 Induced Representations

In this section we want to describe a way to construct representations of a
locally profinite group G starting with a smooth representation (W, o) of a
closed subgroup H of GG. For this aim, consider the C-vector space

X={f:G=>W:[flhg)=0a(h)f(9),heHgeG}
We define an action of G on X as

(9-F)g) = f(g'g) forall g,¢" in G

10



i.e. a representation of G in X. This is the classical induced representation
that does not take smoothness into account and it is, in general, not a
smooth representation of G. In order to obtain a smooth representation we
introduce the following definition.

Definition 1.17. Let G, H, (W, o) and X as before. We define the repre-
sentation of G smoothly induced by o as

Ind% o = {f € X : there is a compact open subgroup K of G
such that f(gz) = f(g), for g € G and x € K}.

So we are taking the smooth part of the induced representation. This
technique can be used for all non smooth representations of a group G.
Let (W, 0) be a representation (not necessarily smooth) of G and consider

we= ) WK
KCG
K open compact
o™(g) = o(g)we

(W 5>) is a smooth representation® of G and it is constructed starting
with (W, o) in the same way in which we constructed the representation
smoothly induced. We can say more: if (V,7) is a smooth representation of
G and f is a G-homomorphism from V in W, for all v in V there exists an
open compact subgroup K of G that fixes v. Then

(x(K)F)(v) = F(ok)(©) = f(v) forall k € K

and so f(V) C W. In particular, Homg(V, W) = Homg(V, W).

This would be enough to prove the Frobenius reciprocity for smooth
representations starting with the classical version. Nevertheless, we will
give a direct proof.

Notice that now we have a functor

Ind% : Rep(H) — Rep(G).
(W, 0) = (Ind§ W, Ind$ o).

This is not the only functor that we have constructed, indeed there is another
one defined by

Res$ : Rep(G) — Rep(H)
(Vom) = (Vomm)

The connection between these two is expressed by the next theorem.

°If w is fixed by an open compact K, then 7(g)w is fixed by the open compact gKg™*

for any g in G. So W is a representation.

11



Theorem 1.18. With the same notation as before, we have
Homg (7, Ind%) = Hompy (Res$ 7, 0).
This isomorphism is called Frobenius Reciprocity.

Proof. Consider the homomorphism

oy IndG W — W

fe fQ).
oy is an H-homomorphism. Indeed, for any h in H and f in Ind% W we
have
ag(hf) =h(f(1)) = f(h) = o(h)f(1) = o(h)as(f).
So the map

Homg (7, Ind% ¢) — Homp (Res$ 7, 0)
b= agog

is well-defined since composition of H-morphisms is again an H-morphism.
Now, for a G-homomorphism f :V — W, we define

fe: V = IndGW
v fi(v) G- W
g = f((m(g)v).

Our claim is that f +— f, is the inverse of ¢ — a, o ¢.

b f%f*’_)aoof*:f
For all v in V we have

(ag o f2)(v) = ac(f+(v)) = fe(v)(1)) =

and so ay 0 f. = f.

e ) > a,00— (A, 00) =0
For all v in V and g in G we have
(ag 0 9)+(v)(9) =(a5 © @) (7(g)(v)) = ac(m(9)(v)) =
=0, (Indf o(9)(6(v)) = ag(Indf o(g)(4(v)))
=a,(Indf o(g) o ¢)(v) = Indf o (9)(é(v))(1)

=9(v)(9)

and so (a0 @), = ¢.

12



These equalities complete the proof. O

Remark 1.19. With the same notation as before we have that Res% is the
left adjoint of Ind%}. There are several important consequences, e.g. Resg
preserves colimits and Indg preserves limits.

Since we are working with a topological group we can construct another
induced representation related with compactness.

Definition 1.20. With the same notation as before, we define the compact
induction of (W,0) as

c-IndG W = {f € Ind% W : Supp(f) € CH for some compact C C G},

that is a G-subspace of Ind% W.

For this type of induced representation, we have an analog of the Frobe-
nius reciprocity.

Proposition 1.21. With the same notation as before, we have
Homg(c-Ind$%, 7) 2 Homp (o, Res$ 7).
Proof. Consider the map
G x W — c-Ind§ W
olxg)w if xg€ H.
(ng)'_)f(g,w):x_){ )

0 otherwise.

It will be fundamental that functions of the form f, ,,) generate c—Indfl wW.
Take ¢ € C-Ind%’}. For any = in G, let us consider a trasversal R of H in G
such that z is in R, i.e. the lateral of H that contains x is Hz. So we obtain

> fig ey (@) = olzz™u(@) = b ().
g€ER
Now we consider the morphism
ol : W — c-Ind§ W
w = fiw) = fw

that is an H-homomorphism. Indeed for any h,g % in H and w in W we
have

c-Indf; o (h)ag(w)(g) = c-Indf o (h) fu(g) = fulgh) =
za(g)a(h)w = fa(h)wa(g) =
=ag (o (h)(w))(g)

5We can suppose g € H since gh € H if and only if ¢ € G and in the other case
fu(g) =0.

13



and then

So the map

Homg (c-Ind$; o, 7) — Homy (o, Res$ )

¢ goa;

is well-defined since composition of H-morphisms is again an H-morphism.
Now, for all ¥ : W — V' H-homomorphism we define

Yy s c-IndG W — V
fow = 7(g)P(w).

Our claim is that ¢ +— 1), is the inverse of ¢ — ¢ o af,.

* Y= Y= hoag =1

For all w in W we have

(Veo) (W) = Vu(fuw) = w*(f(l,w)) = n(1)(w) = p(w)

and 80 Yy 0 ay = Y.
°* prgoag > (poag).=¢
For all w in W and ¢ in G we have
(60 0g)«(flgum) =m(9)d(ag(w)) = d(c-Indf 7(9) (f1w) =
:¢(f(g,w))
and so (poal), = ¢.
These equalities complete the proof. ]

Theorem 1.22. (Mackey decomposition) Let H, K be two subgroups of a
locally profinite group G respectively closed and open. Let (W, o) be a smooth
representation of H. Then we have an isomorphism of representations of K
given by

—1 o0
Res% Ind% (W, o) — ( H Indgmg_ng Resgmg}{ngg(VVa 9;10)>
geH\G/K

= (fg)gema/k

where (W, g;1o) is the representation of g-*Hg such that g;'o(g thg) =
o(h) and fq(x) = f(gz).

14



Proof. For any g in the double quotient H\G /K Consider the K-representation
Vg ={f e X : f(x)=0ifz ¢ HgK}
and its smooth part

Vitgx = {f € Vg : there is a compact open subgroup L of K
such that f(kx) = f(k), for k € K and = € L}.

Since K is open, the open compact of K are again open compact in G, so
Vi = Ind§ (W) N Vigk
={femdSW: f(zx)=0ifz ¢ HgK}.

Moreover, since G = {J ¢y, H9K, the representation ngH\G/K Viggrc of
K is the same of Ind% W 7. So

Resfe IndG W —  [[  Viow
geH\G/K

= (fg)gema/r

is an isomorphism.
After this observation, it is enough to note that the K map

1
Vg — Indgmg,ng Res?. "9 (W, g ')

Kng—'Hg
f=tq
has an inverse
Indf gy Rest 4 (Wog2 o) = Vi
f e [ [hgk = o(h) f(K)].
Indeed

i f'_>fg'_>fg:f
For all hgk in HgK we have

fo(hgk) = o (h) fy(k) = o (h)f(gk) = f(hgk).

‘fo’_)(f)g

For all z in G we have

"Only as representations of K'!



So f + fg4 is an isomorphism of K-representations and this conclude the
proof. O

Remark 1.23. Let H, K,G and (W, 0) as above. If K is compact, then we
have the isomorphism

— K
(maf W) =( T i, g, Resgy, (Wig o)) =

Kng—1Hg
geH\G/K
-1y _ K -
= H <Ind§m971Hg Resi(mgingg(W Jx 10’)) =
geH\G/K
~ H (QJIV)g_ngmK _ H V[/HﬁgKg_1
geH\G/K geEH\G/K

Now we can prove the other implication of 1.15.

Proof. We need to prove that if a representation (V,7) is G-semisimple,
then it is H-semisimple for any open subgroup H of GG that has finite index.
Without losing generality, we can suppose H normal. Indeed it is enough
to substitute it with its normal core as done in 1.13.

Since V' is G-semisimple, it is direct sum of irreducible G-subspace. We
can therefore assume V' irreducible that is equivalent to be a cyclic C[G]
module generated by any non zero vector v in V. So, if {g1,...,gn} is a set
of representatives of G/H, then V is generated by {m(g1)v,...,7(gn)v} as
C[H]-module. Since it is finitely generated, it has a maximal submodule W
and then an irreducible quotient (U := V/W, o) and a non zero map

Res% V — U.
Now, since G/H is finite and hence compact we have a non zero injective
map 8
VoldfU=chdfU= & (U gio)
9i€{g1,-.9n}

with g.o(h)(w) = o(g~thg)(w). Moreover g,o is clearly irreducible, indeed
if W’ is an H-subspace of U with respect to g0, then

o(h)(w) = g«o(ghg™")(w) € W'

So W' is an H-subspace of U with respect to o and so it is zero or U itself.
So C-Ind% U is H-semisimple and the same is true for its H-subspace V. [

8The injectivity is a consequence of the irreducibility of V.

16



1.3 Schur’s Lemma

Theorem 1.24. (Schur’s Lemma) Let (V,7),(W, p) be two smooth irre-
ducible representations of G. Then

(1) Endg(V) =C.
(2) If V=W then Homg(V,W) = C.
(3) If V2 W then Homg(V,W) = 0.

Proof. Let ¢ be a G-endomorphism of V. The vector spaces Ker f and Im f
are G-stable and so they have to be 0 or V. If Ker f =V or Im f = 0 then
f = 0. Hence, if f # 0 we have Imf = V and Ker f = 0, i.e. f is an
isomorphism and Endg(V') is a division algebra over C.

Now let v be a non zero vector in V' and let K be an open compact subgroup
of G such that v is in V. Since G/K is countable, the set {m(g)v : g €
G/K} is countable and since V is irreducible this set spans V. In particular,
dimc V' is countable. The value of a function in Endg (V') is determined by
its value in v, hence Endg(V) is countable. Now suppose that ¢ # a-Idy. In
particular, ¢ — a - Idy is non zero and so it is invertible. The set {m :
a € (C} is linearly dependent since it is uncountable and inside Endg (V)
that has countable dimension. So there exist ai,...an,b1,...b, in C such
that

n by
Zi:Cb—ai'Idv =0

Multiplying by II'(¢ — a; - Idy ) we obtain a polynomial f(¢) € C[t] such that
f(@) = 0. So there exist ¢y, ... ¢y, such that

0= f(¢) = "I (¢ — ¢; - Idy )™ .

Since Endg(V) has no nilpotent, ¢™ # 0. Then we have a contradiction:
there exists a € C such that ¢ —a-Idy is not invertible and so ¢ —a-1dy = 0.
Therefore (1) and (2) hold. For (3), take f : V' — W a G-homomorphism.
Ker f and Im f are G-subspaces of V' and W respectively and since V, W
are irreducible the only possibilities are f = 0 or f is an isomorphism. The
latter is not possible and so f = 0. O

Remark 1.25. This is the first time that we use the assumption that G/K
has countable index for any compact open subgroup. Without this assump-
tion we have a less strong statement than the previous one. Indeed, we
can only say that Endg(V) is a division algebra. If, in addition, (V,) is
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admissible Endg (V) = C as in the version of the previous theorem. For this
aim, recall that

V= U VE.
KCG
K open compact

In this case V¥ is finite dimensional for all K. Then, for any ¢ in Endg(V),
the restriction ¢y x has an eigenvalue that we call A. Since A is an eigenvalue
for ¢y x, then ¢ — A - Idy is not an isomorphism and so ¢ — A-Idy = 0 by
the irreducibility of V.

Remark 1.26. Let (V,7) be an irreducible smooth representation of G. Let
Z(G) be the center of G. For all z in Z(G) and g in G we have 7(g)m(z) =
m(z)m(g) and so 7(z) is in Endg (V) = C. Then we have a map

w, : Z(G) — C*

that satisfies 7(2)v = wy(2)v for all v in V and z in Z(G). Moreover, for all
K open compact subgroup of G, w, acts trivially on K N Z(G) that is still
an open compact subgroup of Z(G) ?. So w, is a representation of Z(G) of
dimension 1. We will call it central character of .

1.4 One-dimensional representations

In this section we want to introduce some tools to study one-dimensional
representations: for this aim, one fundamental class is formed by local fields.
Let F be a local field with discrete valuation ring O, maximal ideal m,
uniformizer w, valuation val, finite residue field kg. It is well known that

OfF = EEHOF/mF

with Op /m. finite and so that Op is profinite. Moreover, we have a fun-
damental system of open neighborhoods of 1 for £'* given by

l+mp2--21+mp2...
Since they are open compact, we conclude that F'* is a locally profinite

group.

Lemma 1.27. Let (V,7) be an irreducible representation of an abelian lo-
cally profinite group G. Then V is one-dimensional.

9{1} is closed and the map f : h — ghgh™' is continuous, so Z(G) = Nyec Calg) is
closed.
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Proof. Since G is abelian, we have
7w(g)m(h) = w(h)m(g) for all g,h in G.

This implies that m(g) is a G-endomorphism of V' for any ¢ in G and so, by
the Schur’s lemma 7(g) = z4 - Idy. Then any line in V' is G-stable. So V' is
one dimensional since V is irreducible. O

So all the irreducible representations of F'* are one-dimensional. These
representations take a central role in the representation theory.

Definition 1.28. Let GG be a locally profinite group. A representation of
dimension 1 is called smooth character of G.

Remark 1.29. There is a very important difference between character the-
ory for finite groups and the one for locally profinite groups. Let x : G — C*
be a smooth character. If G is finite we have x(g)?(%) =1, so the image of
G under a character is in the unit circle S'. This tool is very useful in rep-
resentation theory of finite groups but, in general, it is not true for infinite
groups. For this reason we introduce the next definition.

Definition 1.30. A character of a locally profinite group is said to be
unitary if its image is contained in the unit circle.

Proposition 1.31. If G is the union of its compact open subgroups, then
any smooth character is unitary.

Proof. Let x be a smooth character of G. Since S! is the unique maximal
compact subgroup of C* and since x is continuous, any compact subgroup
of G is such that x(G) C S*. So x(G) is a subset of S*. O

Another important example is the abelian group F endowed with the
sum. with respect to this operation, the following

mp 2D - 2mp 2D ...

is a fundamental system of open neighborhoods of 0 for F, composed by
open compact groups. So also F' is locally profinite and, with the product
topology, the same holds for F™. A really important example is GL,,(F) C
M, (F) = F™xn,

Moreover F' = J,,c; m}, so F' is the union of its compact open subgroups.
In particular, its characters are unitary.

Proposition 1.32. GL,(F) is locally profinite and GL,(OF) is profinite
with fundamental system of open neighborhoods of 1 given by K, = 1 +
w" M, (OF), where W is a uniformizer for F.
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Proof. We have already seen that M, (F) = F"*" is locally profinite with
the product topology. Now consider the map

det : M, (F) — F.

It is continuous since it is given by a polynomial equation. Hence GL,,(F') =
det ™! (F*) is open, closed and in particular it is locally profinite.

In the same way, since O is profinite, M, (Op) = O%*" is profinite and so
GL,,(OF) = det 1 (O%) N M, (OF) 19 is profinite.

For the last sentence, consider for any r the canonical map

GLA(OF) = GL,(OF /m}).

Our aim is to prove that the Ker of this map is K,.. But, it is a direct
consequence of

det(l+w"A) =1 mod my VA€ M,(F)

and hence 1 +@" M, (F') C GL,(OF).
In particular, the subgroup K, are open normal subgroup and so profinite.
O

Definition 1.33. Let n be a positive integer. A finitely generated Op-
submodule of F" is called lattice if it spans F™ as vector space.

Lemma 1.34. Let L be a lattice for F™. Then there exists a basis x1,...xn

of F™ on F such that
L= @OF ZT;
i=1

Proof. Let {z1,...,2m,} be a minimal set of generators of L over Op. Our
aim is to prove that this set is indeed a basis. By definition of lattice,
they generate F™ and so it is enough to prove that zi,...,z,, are linearly

independent. Suppose
m
Z A;T; = 0
i=1

with a; in F' and suppose for absurd that they are not all zero. Let j be
such that val(a;) = min; val(a;), so val(g—;) = vala; —vala; > 0 for all ¢ and

val(%) = val(1) = 0. In particular we have

U a
i
f.CUiIO
Za,
i=1

"Notice that not only the matrices in M,(Or) can have determinant in Op.
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and in particular

a;
T = — —
J Z a; 7
=1
i#£]j
So x; is a linear combination of the other z; with coefficients in Op. That
is an absurd for the minimality of {x1,..., 2, }. Therefore, we have a; = 0
for all i. O

Proposition 1.35. GL,(OF) is a mazimal compact subgroup of GL,(F)
and any compact subgroup of GLy,(F') is conjugate to a subgroup of GL,(OF).

Proof. Suppose that GL,(OF) is not maximal compact. So there exists H
subgroup of GL,(F'), compact and that contains GL(OF). Let A = (a;5)
be in H\ GL(OF) and without losing generality suppose that valp(ai;) =
min; j{val(a;;)}, that a;; = 0 for all j # 1 1! and that val(a;1) < 0'2. This
implies that in the entry 1 — 1 of A™ we have afj. So

H=|J)w™M,(0F)"H

m>0

has not a finite subcover. This is an absurd and so GL,(OF) is a maximal
compact subgroup of GL,,(F).

Let H be a compact subgroup of GL,,(F), let {e1,...e,} be the canonical
basis of I over F' and L := @}, O e;. Consider the map

®:HxL—F"
(h,v) = h(v).

The image of ® is compact since H is compact. Moreover,

Im(®) = | J @ ™LNIm(®)

m>0

is an open cover and so it admits a finite subcover that has to be of the
form (J;,_; w™L N Im(®) and in particular Im(®) C w"L. Since L is a
finitely generated O p-module we conclude that Im(®) is a finitely generated
Op-module by the Noetherianity of Op. Moreover, Im(®) is a lattice since
L =1dIm(®) and hence we can wrote

Im(@) = @ OF €Ty
=1

"'This is not restrictive, indeed we can do it using only row/column operations with
matrices of GL,(OF).

2Gince A is in H but not in GL,(OF), also A™" is in A\ GL,(Or) and hence it is
enough to substitute A with A~ if necessary.
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with {z1,...,2,} basis of F" over F. Let g be a matrix in GL,(F') such
that g(x;) = e;. This implies that gH g~ ! stabilizes L = ® O e; and hence
gHg™! C M,,(OF) and then gHg~! C GL,(OF) since

det(gHg ') = det(H) C F*.

1.5 Hecke Algebra

It is well known that there is an equivalence between representations of a
finite group G on C and C[G]-modules 3. Tt can be used, in general, to
study representations of groups endowed with the discrete topology. For
example, if H is a subgroup of a discrete group G with a representation W,
we have that

Indf W = K[G] ®@xpm W.

Unfortunately, this machinery does not work with smoothness condition. To
fix it we introduce another C-algebra constructed starting with G.

Let C2°(G) be the vector space of the locally constant functions f: G — C
such that the support of f

Supp(f) :={g € G : f(g) # 0}

is compact. We can easily define two representations of G

A: G — End(C®(G))

gr—>)\g:m»—>f(g_1

)
and
p: G — End(CX(G))
g pg x> f(xg)

respectively called left translation A and right translation p. Moreover,
p and A are smooth representations of G. Now we prove it is true for p.
Let C°(G/K) = C>(G)X be the vector subspace of C°(G) fixed by a
compact open subgroup K. So the functions in C°(G/K) satisfy

f(gk) = f(g) for all g in G and k in K.

The elements of C°(G) are locally constant, so for any ¢ in Supp(f) there
exists a compact open subgroup K, of G for which f is constant on gKj.

3Tn this context C[G] is the group algebra of G over C.
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Since gK, is a subset of Supp(f) that is compact, there exist g1, ... g, such
that

Supp(f) = U giK,.
=1

Now f is in C°(G/K) with K = NI'K,, and so p is a smooth representa-
tion. In the same way it is possible to verify that X is likewise a smooth
representation of G.

For this section we suppose that G is n unimodular locally profinite group
and p is a Haar measure on G.

Definition 1.36. Let fi, fo be functions in C2°(G). The associative oper-
ation

fi# falg) = /G f1(@) fala g) ()

is called convolution and the associative algebra H(G) = (C°(G), *) is
called Hecke algebra of G.

Remark 1.37. If G is a discrete group,

| r@in) =¥ 160

geqG

is a Haar integral. So H(G) and C[G] are isomorphic with isomorphism

f=Y flo)g.

geG

It is then clear that H(G) is the algebra that we were searching. Now
our aim is to construct a bridge that allows us to work with representations
of G as H(G) modules and viceversa.

Lemma 1.38. Let K be an open compact subgroup of G. Let ex(x) =
ﬁlK(l’) and let f be in H(G). Then

(1) ek is an idempotent element of H(G).

(2) ex * f = [ if and only if f(kg) = f(9g).

Proof. (1) ex xex(9) = [gex(x)ex(z 1 g)du(x). We have two cases, if
one between g and z is not in K, the integral is 0. If they are in K
we obtain

/K p(E)dp(z) = p(K) ™. (L1)

So the equality holds.
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(2) If f is left K-invariant
(e = £)0) = [ exto)f(a9)in(o)
= [ ext@(@ana)
= M(lK)/Kf(g)dﬂ(ﬂf) = f(9)

On the other hand, ex * f is left K-invariant. So if ex * f = f, then
the same holds for f.
O]

Before stating the principal theorem of this section, we need to define
what a smooth module is. Let M be a left #(G)-module. By convention we
write the action as f *m for all f in H(G) and m in M.

Definition 1.39. A smooth left #(G)-module V is a H(G)-module such
that H(G)«V = V.

Lemma 1.40. With the same notation as before, the following are equiva-
lent.

(1) V is smooth as left H(G)-module.

(2) For any v in V there is an open compact subgroup K of G such that
e *V = 0.

Proof. (1) = (2) Let v be in V. By hypothesis there exist fi,..., f, in
H(G) and vy,...,v, in V such that v = Y7 | fi * v;. For any f; let K be
compact such that f; lies in eg, * H(G) ek, ' and consider K = NK;. Now,

we obtain
T

eKv:Z(eK*fi)*vi:Zfi*vi:v. (1.2)
i=1

i=1
since the other implication is direct, this conclude the proof. ]
In the same way in which we have constructed C2°(G), we now con-

struct C2°(G, V), where V is a complex vector space, as the vector space of
locally constant functions f : G — V with compact support. For example,

CX(G) = CX(G,C). »

Now we are ready te expose the theorem that we were talking about.

“Note that by the previous lemma H(G) = Uy ex * H(G) xek.
15Tt is possible to prove that C°(G, V) = CE(G) @ V.
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Theorem 1.41. There exists an equivalence of categories between the cate-
gory of smooth left H(G)-modules and the category of smooth representations

of G.

Proof. Let (V,m) be a smooth representation of G. We define

v—/f (9)vdp(g)-

It is in V since the map g — f(g)m(z)v lies in C°(G,V). Let fi, f2 in
H(G). We have

w(fy * fa)o = /G f1 % Falg)n(g)vdulg)
_ / / £1(h) Fa(h = g)m (g)vdpu(h) ()
;//fl ) fo(£)m (st)dpa(ts)dpa(s) s=ht=hg

= [ [ 5 atermtstrdnteydnts
— [ 51)m6s) [ faltyn®duteiauts)
G G

= n(fi)m(f2)v.

So f + 7(f) is a homomorphism and then this defines an H(G)-module on
V. For the smoothness of V' as H(G)-modules, take K an open compact
subgroup of G. We get that 7(ex)v = v, i.e. visin V. So V is smooth as
H(G)-module.

Now let ¢ : V — V' be a G-homomorphism between two G-representations
(V,m) and (V',7’). In order to complete the definition of the functor, it is
enough to show that ¢ is a homomorphism of H(G)-modules. To do this,
we can re-define 7(f). For, we take an open compact subgroup K of G such
that v € VX and f(gk) = f(g). Then the integral can be re-defined as

*(flo=n(K) 3 flg)ir(g)

geG/K

Therefore, since the diagram

v 2y

Tr(g)i lﬂ’ (9)

VTH/’

commutes for any ¢ in G, it is clear that
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| V7

W(f)l |7

VsV

commutes.

So these conditions define a functor from smooth representations of G to
smooth left H(G)-modules.

For the inverse direction, take a smooth #(G)-module V' and consider the
morphism

H(G) Quay)V =V
fRuv— fx*xuo.

By definition of H(G)-modules this is H(G)-linear and since H(G) «V =V,
by hypothesis of smoothness, it is surjective. This map is also injective. For,
take >0, fi*xv; = 0 so that >;_, f; ® v; lies in the kernel of the function
defined before. So, by the previous lemma

Zfi®’vz' = Z(eK*fz‘@)Ui) =
i=1

i=1

= (ex ® fixvi) =

i1
n
:eK®Zfi*'Ui:0
i1

where K is an open compact subgroup of G that fixes each f;. So this defines
a representation 7 of G with the action 7(g) - (f ® v) = (Mg)f) ® v. This
representation can be written as

7(g)v = egK * v,

where K is an open compact subgroup of G with ex * m = m. With this
last equation, it is obvious that if ¢ : V' — W is a homomorphism of H(G)-
modules then ¢ is a morphism between the two associated representations.
The last step is determining the path on the bridge between representations
and H(G)-modules, i.e. the two functors are quasi-inverse. Let (V,7) be a
representation of G. Let us consider V' as H(G)-module, so that we obtain
a representation (V) of G. Take v a vector in V fixed by an open compact
subgroup K of G, with respect to v. We obtain

V(9)v = m(egr)v = m(g)v.

On the other hand, let (V,*) be a smooth H(G)-module. Considering V'
as G-representation, we obtain the smooth representation (V, 7). It is such
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that
m(g)v =m(g)(f *v) = (A(g)[f) *v.
In particular,
m(f)v = fxwv.

The smooth H(G)-module associated to (V, ) is defined by (f,v) — 7(f)v
and the last one is, by construction, f*wv. So the two modules coincide. [
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Chapter 2

Representations of GL,(F)

2.1 Reductive groups

Now we want to introduce the core of our representations: supercuspidal
representations. This type of representations make sense in a very rich
class of groups: the reductive groups.
Now we want to describe their construction in the generic case. Neverthe-
less, we are interested in GL,(F"), so our attention will be on the specific
situations useful to study GL, (F')
Let F be an algebraic closure of F. From now any extension of F will
be intended in F. Consider the general linear group with coefficient in F,
GL,(F). It is endowed of the Zariski topology thought as

GLn(F) = {(X,t) CF" xF:(det X)t —1=0} CF" L,
Definition 2.1. A linear algebraic group over F is a subgroup of GL,,(F),
for some n, that is closed with respect to the Zariski topology.

Remark 2.2. A linear algebraic group is an affine variety with the structure
of a group. Since we can see an affine variety as an affine scheme, a linear
algebraic group can be view as an affine group scheme over F' (reduced and
of finite type).

Now, we need to extend our definition to a subfield of F, in particular
we need to extend it to F.

Definition 2.3. Let L be a field contained in F such that F is an algebraic
closure of L, an affine variety over L is the set of common zeros of a colletion
of polynomials with coefficients in L.

'This is still a closed in the Zariski topology of GL,(F) for some n, but since the
coefficients are in a fixed subfield we need to be careful about our consideration.
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Remark 2.4. A crucial remark is that, despite having coefficients in L,
—n2

an affine variety over L lives in F 1 for some n and, in general, not in

L"*+1, The points that are contained in L™ +1 are called L-rational point.

Equivalently, if we denote by V the variety over L, the L-rational points of

V are the points in V N L7+,

Definition 2.5. Let L be a subfield of F such that F is an algebraic closure
of L. A linear algebraic group G over L is an affine variety over L with a
structure of group where the maps of product and inverse are regular maps
with respect to the structure of variety.

We denote by G(L) the L-rational point of a linear algebraic group G.

Proposition 2.6. Let G be a reductive group over F'. Then the F-points
G(F) of F are a locally profinite group.

Now, consider the subgroup N,,(F) of GL,(F) formed by the matrix of
the form

1 r12 ... Tin
0 1 Ton
0o 0 ... 1

So, the upper triangular matrices with only 1 on the diagonal. Note that
the characteristic polynomial of a matrix of this form is (z — 1)". So it is
diagonalizable if and only if the the geometrical dimension of the eigenvalue
1 is n, but this is possible only if the matrix is the identity. So the only

diagonalizable matrix in N, (F') is the identity.

Definition 2.7. An affine algebraic group in GL,(F) is called unipotent

if is conjugate to a subgroup of N, (F).

Definition 2.8. The unipotent radical of a linear algebraic group G is
the maximal connected unipotent normal subgroup of G.

Remark 2.9. Without losing generality we can suppose G connected. In-
deed, if GY is the irreducible component of 1 in G we have that the unipotent
radical of G is the same of G. In particular the next proposition explains
the role of GO.

Proposition 2.10. With the previous notation, the followings hold:
(1) G° is a closed normal subgroup of G.
(2) The index of G° in G is finite.

(3) Any closed subgroup of finite index of G contains G°.
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Proof. First of all we have to prove that G is the unique irreducible com-
ponent of G containing 1. If X and Y are as in the previous, then X x Y
is an irreducible variety and the same for XY that is the image of X x Y
under the product of G. In particular, the closure X x Y of X x Y is again
closed. But X and Y are subvarieties of X X Y. So X = X xY =Y. So
GY is well-defined and it is closed. Moreover, for any zy in G%, 27 1yGP is
again irreducible and it contains 1. So 27 'yG° = G° and so 27!y is in GP.
Hence GV is closed. In the same way gG%g~! is irreducible and contains 1
for all g in G. So G is normal. This conclude the proof of (1).

For the point (2), note that the irreducible components of G have to be
finite 2. In particular, take ¢ in G. The unique irreducible component of G
that contains g is ¢G°, and so there are only finitely many possibilities for
gGP. Therefore, G° has finite index in G.

To conclude the proof, let H be a closed subgroup of finite index of G.
GY/G° N H is a subgroup of G/H, in particular G°/G° N H is finite. So
G° N H is open and closed. Since GV is irreducible, G° N H = G° and hence
GV C H. O

Definition 2.11. A linear algebraic group is called reductive if its unipo-
tent radical is trivial.

Definition 2.12. Let G be a linear algebraic group. A Borel subgroup
of (G is a maximal closed connected solvable subgroup of G.

Definition 2.13. Let G be a linear algebraic group. A parabolic sub-
group of G is a subgroup of G that contains a Borel subgroup of G.

Now we are ready to state a central theorem in the construction of rep-
resentations of reductive groups.

Proposition 2.14. Let G be a reductive group and let P be a parabolic
subgroup of G. Then there exists a reductive group M such that

P=MxN

where N is the unipotent radical of P. This decomposition is called Levi
decomposition.

2.2 Parabolic induction and supercuspidal repre-
sentations

Let G be a reductive group with a parabolic subgroup P = M x N. Our
intent is to produce new representations of GG starting with representations
of M. If (W, o) is an irreducible representation of M, we can easily define it

2@ is a scheme over a Noetherian ring.
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on P since M = P/N. So, the resulting representation on P is an irreducible
representation of M which acts trivially on N and, in particular, it is again
irreducible. This representation is indicated with Inf¥ ¢ and it is called
inflation. It is better explained in the following diagram.

Inf]y o

P GL(V)

lo
M =P/N

Moreover, if (V,7) is a smooth representation of P, M acts on V and this
defines a smooth representation (VN,7V) of M. We have a C-linear map

Homp(Inf¥ o, 7) = Homys (o, 7™)
f=17

that is well-defined since the representation Inf])f doesn’t work on IV, so the
action of P is the action of P/N and hence the image of the map is in V.
In an analogous way, (V, 7) defines an action of M on Vi := V/V(N), where
V(N) = Span{v — m(n)v : v € V,n € N}. So we have a representation
(Vn, Jn(m)) of M. As in the previous, we have a C-linear map

Homp (7, Inf¥ o) = Homy; (Jn (1), o)
fef

So Infg has a right adjoint 7 — 7 and a left adjoint Jy.

Definition 2.15. With the notation as before, the functor
Jn : Rep(P) — Rep(M)

is called Jacquet Functor.

Now let i be a left Haar measure on G. Clearly it is invariant under left

translation, i.e.
/ f(gx)du(x / f(x)dp(z

But it is not invariant under right translation, so we can define ¢ : G — Ry

such that
/ F(xg)du(a / f(@)dula
in particular

56(99) /G f(@)dp(z) /G f(zgg)du(z) = 66(9)6(d) /G f(@)dp(z)

and then
6a(g9’) = dal9)da(g").
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Definition 2.16. With the notation as above

is called modulus character of GG.

Notice that for any compact subgroup K of G we have og(k) = 1, then
o¢ is clearly smooth.

Definition 2.17. Let G be a reductive group with a parabolic subgroup
P =M x N. Let (W, 0) be a representation of M. The representation

iS(W, o) :=IndE(W,61/* @ Inf¥ o)
is called normalized parabolically induced from (W, o).

Clearly i% defines a functor Rep(M) — Rep(G). As in the previous
chapter, we want to construct a functor Rep(G) — Rep(M) adjoint to ig.

Definition 2.18. Let G be a reductive group with a parabolic subgroup
P = M x N. Let (V,7) be a representation of G. The representation

rE(Vm) = (Vv In (852 @ mp))
is called normalized parabolically restricted from (V).

Proposition 2.19. With the notation before introduced, the following holds
Hom,y (r87, 0) = Homg (7, i%0).

Proof. Using the left and right adjoint of Infﬁ‘f and the Frobenius reciprocity,
we obtain

Homy; (r8m, o) = Hornj\/](J]\f(é_l/2 ® 7p),0)

~ Homp (55" ®7r|p,Ian o)

mp,0p 5% Inf o)
IndG( 51/ @ Infl 6))

= Homg(7,i%0).

Op

= Homp(

= Homg (7

(

This completes the proof. O
Finally we can define what is a supercuspidal representation.

Definition 2.20. Let GG be a reductive group with a parabolic subgroup
P = M x N. An irreducible smooth representation (V,7) of G is called
supercuspidal if rg(V) = 0 for all proper parabolic subgroups P of G.
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Remark 2.21. The previous definition can be viewed in a different way
using 2.19. Indeed being supercuspidal is equivalent to not being a subrep-
resentation of a normalized parabolically induced from a representation of
M.

Suppose (V, 7) is a supercuspidal representation of G. By definition 7§ (V) =
0 for any parabolic subgroup P = M N of G and then

0 = Homy (r$m, o) = Homg(r, i%0)

for any representation o of M. So 7 cannot be embedded in igo.

Conversely, if 7 is a smooth irreducible representation of G that is not a
subrepresentation of iga for some P = M N and o representation of M, by
the irreducibility of m 3, we have

Hom (187, o) = Homg(7,i%0) = 0

and hence rgw is zero.

In order to describe the property of the supercuspidal representations in
which we are interested , we need some tools.

Definition 2.22. Let G be a locally profinite group # and let (V,7) be a
representation of G. The action of G on the dual V* of V' define a represen-
tation

(90)(v) == ¢(m(g~")v)

for all ¢ in V* and for all g in G.
The obtained representation is called dual representation of 7.

Note that if 7 is smooth, the dual representation of 7 is not necessarily
smooth. For this reason we introduce a smooth one.

Definition 2.23. Let G be a locally profinite group and let (V,7) be a
smooth representation of G. The smooth part of the dual representation of
7 is called contragredient representation or smooth dual represen-
tation of 7. It is indicate by (V7).

Definition 2.24. Let (V, 7) be a smooth representation of a locally profinite
group (.  is said to be compact if for any non zero vector v in V' and for
any compact open subgroup K of G, the function

frw:G—=V
g mlex)m(g™)v

lies in C2°(G, V), i.e. it has compact support.

3Since 7 irreducibile, any morphism of representations from 7 has to be injective or
Zero.
4Not necessarily a reductive group.
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Definition 2.25. Let (V, 7) be a smooth representation of a locally profinite
group G. For any non zero vector v in V' and for any non zero morphism f
in V, the function
Mgy - G—C
g fr(g )
is called a matrix coefficient of (V, ).

Lemma 2.26. Let (V,7) be a smooth representation of G. For any compact
open subgroup K of G we have

V=VEgV(K)
as smooth representations of K.

Proof. Consider the function w(ex) : V — V. We know that it is an idem-
potent and clearly its image is V. Indeed, for any k in K and v in V we
have

1
m /K m(g)vdu(g)

1
= M(K)/Kﬂ(kg)vdﬂ(g)
1

— M(K)/Kﬁ(h)vdu(h) = 7(ex)v.

Moreover, the previous calculation shows that m(eg) is the identity on V.
So it is a projection and

(k) (m(ex)v) = m(k)

V =VE @ Ker(r(ek)).

It remains to prove that Ker(w(eg)) = V(K). For this aim, let v be in
V and H be an open subgroup of K such that v € VH. Without losing
generality we can suppose H normal ®°. Then, for any k in K we have

1 1
m(er)m(k)v = KA gg{;HW(gk)v Ry gg{;HW(g)v = m(ex)v.

In other words 7(ex)(v — w(k)v) = 0 and so V(K) C Ker(m(ex)). For the
other inclusion, we have that for v in Ker(r(ex)) holds

1 1
v=v—m(eg)v =0 — i Z m(k)v = i Z (v —m(k)v).
keK/H keK/H

Then Ker(m(ex)) = V(K). O

5If H is not normal we can take the normal core of H in K.
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Proposition 2.27. Let (V,7) be a smooth representation of G. Then the
following are equivalent

(1) V is compact.
(2) All matriz coefficients have compact support.

Proof. Let (V,m) be a compact smooth representation of G. Take v in V
and ¢ in VX where K is an open compact subgroup of G. We have that

E(v —m(k)v) = £(v) = E(m(k)v) = E(v) — (k™) (E(v)) = &(v) — &(v) = 0.

So &ly (k) = 0, and since 7(eg) is the projection of V' to VE we obtain
Eom(ex)=¢&. Hence, for all g in G we have

E(frew(9)) = E(m(ex)m(g™ )v) = &(m (g™ )v) = me,u(9)

and in particular
Supp me,, € Supp fe ,°

Moreover, since m(eg) is the projection of V' to V&, both the functions
frw and mg, are constant on the cosets of K, that are compact. So they
have compact support if and only if their support in G/K is compact, hence
finite. But this is true for fg ,, and for the previous equation, it is true for
Mg . SO Mg, has compact support.

Now suppose that all the matrix coefficients have compact support and let
E, be the subspace of VX generated by the image of fK.». We can consider
a basis of E, of the form {w; := fx,(9i)}ier and a & in VE such that
§o(w;) = 1 for any 7 in I. This implies that (J,.; ;K € Suppmg, . But,
for the same reason of the other implication, Supp myg, , modulo K is finite
and so the same is for | J;.; g;K. Hence I has to be finite that is equivalent
of E, being finite dimensional. Moreover, since (VE)* = VX we can take
€1,...& in (VE)* such that they form a basis for £ 7.

So, for any ¢ in G there is ¢ in I such that mg, ,(9) = &(fxw(9)) # O.
Therefore, we have

n
Supp fi.w C ) Suppme, .
i=1
Since the set on the right is finite modulo K, so it is the one on the left.
This concludes the proof. ]

Proposition 2.28. Let (V,m) be a smooth representation of G. If (V, ) is
compact and finitely generated, then it is admissible.

SNotice that this is true without using the hypothesis of compactness of (V, 7).
"In this case we are considering the restriction of &; on E,.
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Proof. Suppose that (V, ) is compact and finitely generated and let {vy,...,v,}
be a set of generators. We have already seen that fx ,, is constant on the
cosets gK for any K open compact subgroup of G. Moreover, since G/K

is finite, also Im(fk,y,) is finite. Now, let v be a generic vector in VX. By
hypothesis v = 3,  a;;jm(gij)v;. Hence we have that

v = 7"'(eK)U =7 eK Zau g’Lj U = Zam eK gzg E val gz]

).]

So, the finite set |J_, Im(ff.,) generates VX as vector space. O

Finally we can state the theorems that we were looking for. They explain
why the supercuspidal representations are the building blocks of this theory.
As we said before, the proofs will be done in the next section for the case

useful for GL,,(F).

Theorem 2.29. Let (V,m) be a smooth irreducible representation of G.
Then there exists a parabolic subgroup P = M x N of G and an irreducible
supercuspidal representation of M such that w is a subrepresentation of the
parabolically induced of M.

Theorem 2.30. Let (V,7) be an irreducible smooth representation of a
reductive group G. Then 7 is admissible.

2.3 Construction for GL,(F)

Now we are interested in the representations of GL,(F'). In particular, we
will see that we need to study the representations of GLy, (F') x...GLy, (F).
This is not only a way to extend our studies but it is necessary in order to
work in the case described in the previous section.

2.3.1 Levi decomposition
Definition 2.31. Consider the group GL, (F), then :

e The standard Borel subgroup B of GL,(F) is the set of upper
triangular matrices in GL,,(F).

e The standard maximal torus 7" of GL,(F') is the set of diagonal
matrices in GL,, (F).

e The unipotent radical U of B is the set of upper triangular matrices
that have 1 on the diagonal.

By the construction of the previous section, it is clear that we are inter-
ested in the parabolic subgroups of GL,(F') and in their Levi decomposi-
tions.
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Definition 2.32. Let n = (ny,...,n,) be a composition of n.

e The subgroup P, of GL, (F') formed by the matrices of the form

A A oo A
0 A22 c. Agn
0 0o ... A,

is called standard parabolic subgroup of shape n of GL, (F).

e The subgroup U, of P, formed by the matrices of the form.

Idll A12 A Aln
0 Idoy ... AQn
0 0 ... Idy

is the unipotent radical of P,.

e The subgroup M,, of P, formed by the matrix of the form

All 0 0
0 Ay»p ... O
0 0 ... A

is the standard Levi subgroup of P,.

e A subgroup P (respectively M) is called parabolic subgroup (Levi
subgroup) if it is conjugate to a standard parabolic (standard Levi)

subgroup.

Where the A; ; are matrices of order n; x n; and A;; is invertible for any 4.

Remark 2.33. Clearly we have that P, = M,U, and that M, NU,, = {1}.
Moreover if P = P is a parabolic subgroup, then P = MU where M := M;,
and U := Uj. This explains why we are interested in the representations
of M, = GL,,(F) x ...GLy, (F). Indeed, mixing the notions before met,
all the irreducible representations of GL,,(F) arise from supercuspidal rep-

resentations of GLy,, (F') x ...GLy, (F') by parabolic induction.

Remark 2.34. The connection between the last two definitions is clear.

Indeed we have the obvious equalities:

i P(l,...,l) =B
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b U(l,...,l) =U
b M(l,...,l) =T
® Pny=Mmn) =G

In order to study the supercuspidal representations of M,,, we need to
introduce the parabolic subgroups of M,, itself. For this aim, it is necessary
to define an order relation on the set of compositions of n.

Definition 2.35. Let n and n’ be two compositions of n. We say that

n <nif
T

n, = E n; for any j
J=ri-1+1

where 0 =79 < r; < --- <7rs =r are integers.

Remark 2.36. Let n and n’ be compositions of n such that n < n’. Then
o P, C Py
o M, C M,
° UL/ C UQ

Definition 2.37. Let n and n/ be as in the previous proposition. Then
P, N M, is a standard parabolic subgroup of ), with standard Levi
subgroup M,, and unipotent radical U,, N M,,.

In other words, the parabolic subgroups of M,, arise from parabolic sub-
group of GL,.

2.3.2 Representations of GL,(F)

Theorem 2.38. Let (V,m) be a smooth representation of GL,(F). Then V
s one dimensional or infinite dimensional.

Proof. Let (V, ) be a smooth representation of GL,,(F) of finite dimension.
Let {v1,...,v,} be a basis of V. Since V is smooth, for any v; there exists
an open compact subgroup K; of GL,(F) that stabilises v;. So K =) K;
is again an open compact subgroup of GL,(F) and moreover it stabilises all
v1,...,0, and so all V. Hence Ker 7 has an open compact subgroup. Now,
consider the matrices of the form

(eij(T))r,s

that have 1 on the diagonal, x in the entry i, 7 and 0 otherwise. Since Ker
is open and (e;;(0)),s = Id is in Ker 7, that is open, there exists = such that
(esj(x))r,s is in the kernel. So, by conjugation (e;j(x))r,s is in the kernel for
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any z. In particular SL,,(F') is generated by the matrices of that form and
so we can factorise the representation through the quotient

GL(F)/SL,(F) = F*
and hence V is one dimensional since F'* is abelian. O

Proposition 2.39. The subgroup °G = det™'(OF) of GL,(F) contains all
the compact subgroups of GL,(F) and GL,(F)/°GZ(GL,(F)) is finite.

Proof. °G is the kernel of

QL. (F) —d¢ty px 120, g0 < ox

so it is a normal subgroup of GL,(F'). Let H be a compact subgroup of
GL,(F), it is conjugate with GL,(O) by 1.35 moreover GL,(Or) <° G.
So

H < GL,(0r) < (°G)* =" G

It remains to prove that GL,(F)/°GZ(GL,(F)) is finite. Since the centre
of GL,(F) is {A € GL,(F) : A = AId with A € F*}, we obtain that
YGZ(GL,(F)) is the kernel of

GL,(F) -2 X > 5% x Op —» F*/(@")? x Op = Z/nl
and this conclude our proof. O

In order to prove the two theorems stated in the previous section, we
need some different lemmas. Moreover, from now and until the end of this
section, we will assume

G = GL,,(F) x -+ x GL,,.(F)
0G =Y GL,, (F) x --- x° GL,,(F)

with (n1,...,n,) a composition of n. Notice that, we can take as composition
of n, (n) itself, so any statement that we will prove for G is valid also for
GL,.

Lemma 2.40. Let AT :={A €T :a;=w",m; >mg>--->my,}. Then
GL,(F) = Uyep+ GLp(Op)A GL, (OF).
This result is called Cartan decomposition.
Lemma 2.41.
GL,(F) = GL,(Op)B = BGL,(OF)

where B is the set of upper triangular matrices. This result is called Twa-
sawa decomposition.
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Corollary 2.42. Since G = GLy, (F') x - - - x GLy,, (F), it is immediate that

G =GL,,,(Op)B; X --- x GL,,, (OF)B,
=By GL,,(OF) X - -+ X B. GL,, (OF)

where B; is the subset of triangular matrices in GLy,(F).

Proposition 2.43. The functors ig and rg are exact.

Proof. Since Indg and Resg are exact, it is enough to prove that Infy , 6113/ 2,

(5;1/2 and Jy are exact.
We know that Ian\P/[ has a left and a right adjoint, so it is exact.
For any smooth character x : G — C we have that C is a #(G)-module with
operation
f*v=cyv

for any f in #(G) and v in C and where ¢; := [ f(g)x(g)du(g). Moreover,
for any o complex number we have ¢y = acy. So, fixing a ¢y not zero, we
obtain for any v in C, v = (af) - 1 where a = % Therefore C is a free

1/2
P

H(G)-module and in particular y ® — is exact ®. This prove that §,~ and

5;1/2 are exact.

It remains to prove that Jy is exact. It is right exact since Infy is the right
adjoint of Jy. So we need to prove that if ¢ : (V,7) — (W, p) is an injective
map of P representations then Jy(¢) : Jy(V,7m) = Vy — In(W,p) = Wi
is an injective map of M representations. Take ¢(v) in W(IN) and let H be
an open compact subgroup of N such that ¢(v) € W(H) C W(N). Since H
is open and compact we have that

V=vilgVvH) W=wH"aW(H)
and in particular
o(vi) cw o(V(H)) € W(H).

Therefore, by the injectivity, ¢~ (W(H)) C V(H). In particular v is in
V(H) and so Jy(¢) is injective. O

Lemma 2.44. Let (V,m) be a finitely generated representation over C[G],

then r$(V,m) is a finitely generated representation over C[M].

Proof. Suppose that {vi,---, vy} is a set of generators of V' as C[G]-module.
By the Iwasawa decomposition GL,,(F') = GL,,(Ofr)B; = B; GL,,(OF)
and in particular GL,,(F")/B; is compact since GL,,(OF) is compact. The
same is true for their product G. Since B; x --- B, C P, G/P is compact.

8Since free implies flat
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Now, take H; an open compact subgroup of G such that v; € V¢ and let
H = NH;. In particular v; is in V¥ for any 4. Since it is open and G/P is
compact, the double cosets P\G/H is finite and so it is a set of representa-
tives {g1,- -, gi}. Theset {m(gi)v;}i; generates (V, Res& 7) as C[P]-module
and moreover it generates (V, 6~ /2@Res$ ) ? and hence {7 (g;)v;+V (N)}i
generate (Vy, Jy (6712 @ Res@ 7)) = r$(V, 7) as C[M]—module. O

Lemma 2.45. The functor ig(W, o) preserves admissible representations.

Proof. Let (W, 7) be a smooth representation of M. Since iG(W,7) =
Ind%(W, 5]13/2 ® Inf¥), it is enough to prove that Ind%, 6 ® — and Inf}
preserve admissibility.

If (W, 1) is admissible, then it is W = |JW where K runs over the open
compact subgroup of M. Our aim is to prove that (W,Inf¥ 7) is again ad-
missible. If K is an open compact of P, then K N M is an open compact of
M and hence VE™M is finite dimensional. Moreover, since Inf¥ 7 is trivial
on K\ M, we have V& = VMNK,

Now suppose (U, o) is an admissible smooth representation of P and consider
(U,6'2 @ o), then

(62 @ 7)(p)v = 62 (p)T(p)v.

Since K is compact, 6'/2(k) = 1 and so the subspace of U fixed by K respect
to 61/2 @ o is the same subspace fixed by K respect to o.

Finally it remains to prove that Indg preserves admissibility.

P\G/H is finite since G/P is compact and H is open. Let W be a repre-
sentation of P. By 1.23 we have

(magw) = (T wrnets™)
geP\G/H

that are finite dimensional since WFM9H9™" is finite dimensional from the
admissibility of W. This concludes the proof. O

Theorem 2.46. Let (V,m) be an irreducible representation of G. Then it
is supercuspidal if, and only if, (V, ResoGG) 18 compact.

Proof. (Theorem 2.29) Let (V, ) be an irreducible representation of G. Let
P = MN be a minimal parabolic subgroup of G such that r&(V,r) # 0.
Since P is minimal, then rg(V, 7) is supercuspidal. Moreover, it is also
finitely generated since (V,7) is irreducible and in particular finitely gener-
ated. Hence, by Zorn’s lemma, Tg(V, 7) admits a maximal subrepresentation
and so an irreducible quotient (W, 7) and in particular

Homg(V, i%(W)) = Homy (r&(V), W) # 0.

1/2

9We have already seen that §1/2 is exact
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Now, since rg is an exact functor, (W, 7) is supercuspidal. In particular

we have a G-homomorphism ¢ : V — i%(W) that is injective since V is

irreducible and Ker(¢) is a subrepresentation. O

Proof. (Theorem 2.30) Let (V,m) be a smooth irreducible representation of
G. Tt is a subrepresentation of a supercuspidal representation (W, 1) of M,
where P = M N for a standard parabolic subgroup of G. Since ig preserves
admissible representations, we can suppose G = P and (V, ) supercuspidal.
By 2.39, G/°GZ(G) is finite and hence

l
G=|]°Gz(G)g
=1

for some g1,...,¢g; in G.

By Schur’s lemma, Z(G) acts as a character on G. Moreover, V' is irreducible
and hence it is cyclic and generated by any non zero vector in V' as C[G]
module. This implies that {7(g1)v,...7(g;)v} is a set of generators of V' as
C[°G)-module. So (V,ResS},) is compact and finitely generated and hence
admissible. Now, if K is a compact subgroup of G, it is a compact subgroup
of °G and therefore it is finite dimensional. O]

2.4 Compactness and supercuspidality

In order to conclude this chapter we need to prove the theorem 2.46 that
allows us to prove the theorem 2.30. Our aim is to prove something stronger.
If n and n’ are composition of n such that n’ < n, we define

ATH(M,,) == {diag(w™ Idy, ..., w™ Idy,) € ATNZ(Myy) | m1 > my > -+ > ms}
and

AT (Myy, My) = {diag(A1, ..., Ar) | A € ATF(M,y) for all 1 <i <7}
where diag indicate the elements on the diagonal.

As in the previous section, we use the notation

G = GLy, (F) x -+ x GLy,,.(F)
0G =Y GL,, (F) x --- x° GL,,(F)

with ny +---+n, = n.
Before proving the theorem, we need some tools.
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Lemma 2.47. Let n = (ny,...,n,) be a composition of n and consider the
group

Ky, =14+ w"M,(OF) Kl =K,nU,
K% = K., N\ M, K, =K,nU,
where [jn is the transpose of U,,. Then we have
1. Kyy=K}!KVK, = K, K\ K}
2. For all A € A we have AK;; A\~ C KL and AK,,\"' D K,,;
3. Letn' = (n),...,n}) < n be a composition of n and let
e A (My)
then

(YNEAT = {1} =M KN

UNTKiN =T,

Lemma 2.48. Let \ be in AT. Let n be the unique composition of n such
that n' <n = (n1,...,n.) and X is in AT (M,,G). Now, let N = Uy NG.
If (V,7) is a smooth representation of G, then

UXKern (cy) nvEm =v(N)nvHEn
>0
with m positive integer and c\ = €k, \K,,-

Proof. Consider the open compact subgroup INV; := )\_IK;;)\Z of N. By 2.47,

we have
NUM

and in particular

=Jvw).

>0

By 2.26, we have V (IV;) = Kermy (en,). Therefore, our aim is to prove
that
m(cyn)v=0<+= 7y (en)v =0

for any v in VEm,
We can write

lK-i—Al |_|ulK+
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and by 2.47 we have

Kn=K KK

MEOK-N C K,

In particular, we have the disjoint union
d
KX Ky = M- XK N Ky, = M AT EINK, = | | MK,

Indeed, if u; is in u;K,y,, then
u;lui eK,NN = K;*;

hence
U = Uyj.-

The next computation complete the proof

d d
7 (cx) ;g < )v—g ;ﬂusz )7T|N(6Nl)v

O]

Theorem 2.49. Let (V,7) be a smooth representation of G. Than, the
following are equivalent:

(1) (V,m) is supercuspidal.

(2) The functions fu, : G = V have compact support modulo Z(G) for
all open compact subgroups H of G and all non zero vector v in V.

(3) The matrix coefficients of (V, ) have compact support modulo Z(G).
(4) (V,xlog) is compact.

Proof. (1) = (2) Let H and v be as in hypothesis. By 1.32 there exists
a positive integer m such that K,, C H and in particular

Supp fu,u € Supp fk,, v-
So, we can suppose H = K,,, and v in V. Let ¢, be the function
¢y : AT(G) = VH
A= 7('(6]-1)\]-[)?) = 7r(eH)7r()\)v = fH,v<)\_1)~

By 2.40, G = KATK with K = GL,(Or) NG. Now, by the normality of H
in K, we have
mwleg)nw(k) =n(k)m(ex) Vk e K.
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So, if g = K’A\k with k, k" in K and X in A we obtain

Sro(g™) =7k frraiy A1) = 7(K) iy (V)

that led us to the inclusion

(Supp fi7,) " € | J K Supp ¢rpy V.
kek/H

Our aim is to prove that for any v in V', Supp ¢, is finite modulo Z(G).
With this aim, let v be in V# | v in A*\ Z(G) and consider

P, =MU,

be the proper parabolic subgroup of G such that v in AT (M, G).
Bu supercuspidality of (V,7) and 2.48, we obtain

VE=vHnv@,) =vPn ] kerm(cu).
k>0

Therefore, there exists k, € Z>q such that
¢y (u*) =0 for all k > k,.
Now, consider
Xsi ={A €T :a;; =w for j <i,a;; =1 otherwise} € GL,, (F) C GL,(F)

If \is in AT, then have

s Ns

N = H H )\ds‘,i(/\)

s=1is=1

for d,; non negative integers and ds ,, integer.
Now consider the set

X :={A€ AT | dsi,(N) < kg forall 1 <ig<n,,1<s<t}

where
ko := max{ky, ;1 < s <t,1 <is <ngl.

In particular X has finite image in G/Z since A\ is in Z(G) for all s. Now,
if A € AT(G)\ X, then it is of the form

A= NG
for some ' € AT(G), 1 < s <rand 1 <is < ng with ds;(\) > ko. Finally
¢v(>‘) = W(CX)QSU/\S,idS’i(/\) =0.
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So Supp ¢, € X and this conclude this implication.
(2) = (3) It is enough to prove that

Supp me , € Supp fH,v

for any non-zero £ in V and non zero vector v in V for a compact subgroup

Hof G. 10 .
Fixed ¢ and v, the subgroup H that we are looking for is such that & € VH,
Then

(& fro(9)) = (& mem)m(g™ o) = (€ m(g™ ) = meu(9)

for all g € G, since £ = &m(eq).

(3) = (4) by 2.27, proving that (V,7|og) is compact is equivalent to
prove that all the matrices coefficients have compact support.

Let € be in V non zero and let v be a non-zero vector in V.
By hypothesis, the matrix coefficient m¢, has compact support modulo
Z(@G). Now, consider an open compact subgroup H of °G such that ¢ is
fixed by H, i.e. H isin V.

Therefore 4

Supp me , = U Hg;ZH
=1

with ¢g1,...,9q¢ in G. At this point, if
% Z(G)N G #0
we can suppose, without losing generality, g; in "G and so
9i2(G) N °G = g:(2(G) N °G),

Moreover, if
then we obtain
HgZ(GYHN G =10

since H is a subgroup of °G. Hence, we conclude that

d
Suppme, N °G C U Hg(Zn°G)H
i=1
which shows that mg , 9 G — C has compact support.
(4) = (1) We need to prove that (V, ) is supercuspidal, i.e.

rG(V)=0

10The subgroup H depends of the choice of € and v.
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for all proper parabolic subgroup P of G.
Consider a proper parabolic subgroup

P=MN

of G and let A be in AT+ (M,G)N °G. In order to show that 7§ (V) = 0 it is
enough to prove that Vy = V/V(N) is zero, or equivalently, that V = V(N).
Let v be in V and consider m > 0 such that v is fixed by K,,, i.e. v is in
VEm By hypothesis, the function

frpmw: "G =V
g m(er,)m(g o =m(cg1)v
has compact support, where c,-1 := ek, ,-1k,,. In particular,
me,v()\_l) =7(cy)v=0
for [ > 0. So, using again 2.48, we have

veVEnn UKerﬂ(c/\z) = VEm N V(N)

>0

Hence v is in V(N) and the proof is complete. O
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Chapter 3

Welil-Deligne representations

3.1 Weil Groups

3.1.1 Construction of Weil groups

Let F' be a non-Archimedian local field with fixed separable closure F*. Let
OF be its discrete valuation ring with maximal ideal m; and finite residue
field kr = IF, of characteristic p.
It is well known that the absolute Galois group of F, i.e. the Galois group
Gal(F® /F) of F® on F', can be viewed as the inverse limit of its intermediate
finite fields extensions. So

lim Gal(E/F)

E
In particular it is a profinite group.
Let F}, be the unique unramified extension of F' in F® of degree m and let
F™ be the maximal unramified extension of F' in F°. Then we have the
canonical short exact sequence

1 — Gal(F® /F") — Gal(F® /F) — Gal(F" /F) — 1.
Definition 3.1. The isomorphism

Om : L/mZ — L/mZ

z+— xf
is called Frobenius isomorphism.
Since Gal(F,,/F) = Z/mZ, then

Gal(F" /F) = limZ/mZ =7 = || Z,.!
m leN

!The last isomorphism is a direct consequences of chinese remainder theorem.
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and we can imagine the Frobenius isomorphism, firstly as an element of
Gal(F,,,/F). Moreover we can consider

and

where ®,, is the inverse of ¢,.

Definition 3.2. With the notation before introduced, ¢ and ® r are called,
respectively, arithmetic Frobenius substitution and geometric Frobe-
nius substitution.

Definition 3.3. An element of Gal(F® /F) is called geometric Frobenius
element if its image in Gal(F™" /F) by the canonical map

Gal(F* /F) — (F™ /F)
is (I)F.

Definition 3.4. Let L be an extension of F' contained in F5. A Frobenius
morphism of L over F' @, is the restriction of a geometric Frobenius ®p
on L.

Proposition 3.5. With the notation before introduced, < ®p >= 7.

Proof. Suppose that there exists m in Z such that < ®p >~ Z/mZ. In
particular @ has finite order, say n. This implies that 7" = Id on Z/mZ
for all m in Z and so ¢;,, = Id for all m in Z. Notice that ¢;, : x — x9™. So
we are saying that any element in Z/mZ has order a divisor of gm for all m
in Z. This is a contradiction, so < ®p > 7Z. O

Definition 3.6. The Weil Group Wy is the group algebraically con-
structed as the pre-image of < ®r >2 7Z in the canonical map

Gal(F® /F) — Gal(F™ /F).

We are interested in defining a topology on Wx finer with respect to the
topology induces on Wy by Gal(F® /F).

Definition 3.7. With the previous notation, the group
Ip = Gal(F® /F™")
is called the absolute inertia group of F.

Remark 3.8. The open subgroups of Gal(F*® /F') are of the form Gal(E/F)
where E is a finite extension of F'. So, in general, Ir is not open.
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Now we define the topology on W as the topology in which
e [ is open in Wp.
e [r C Wp has the same topology of Ir C Gal(F*® /F).

In particular W is a locally profinite group and so we can use the notion
obtained in the first chapter.

Remark 3.9. Since [ is open in Wg, the topology of Ir gives to us a lot
of information about Wr. This is a consequence of the fact that W is the
union of the set alr with a in Wg. So, a subgroup H of W is open if, and
only if, H N I is open in [p.

The open set in I are easily found, indeed, by Galois theory, they are of the
form Gal(F® /L) with L finite extension of F™". Moreover, by the primitive
element theorem, L = F"[a] with « in L. So we can define E = F[o] that
is a finite extension since « is algebraic over F.2 So we can bring back an
open of Wr to an open of Gal(F*® /F).

Proposition 3.10. With the notation before introduced, the canonical in-
jection
ir:Wp— Gal(Fs /F)

18 continuous.
Proof. Let H be open in Gal(F* /F). Our aim is to prove that
i (H)=HNWp

is open in Wg. It holds if, and only if, (H " Wg)NIp = H N IF is open in
Ir that is true since the topology of Ir in Wy is the same of the induced
by Gal(F*® /F). O

Let E be a finite extension of F' contained in F®. In the same way in
which we have constructed Wg, we can construct Wg that can be viewed,
by ip, in Wp 3. In particular, we have a bijection

Wg —Wprpn Gal(FS /E)
induced by the canonical map
Gal(F* /E) — Gal(F® /F).

In other words, we have an embedding of Wg in Wg.
Now, we will formalise the property of this embedding in the next theorem

2o is in L that is a finite extension of F™*", so « is in F®.

3Here we are fixing F* as separable closure of E.
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Theorem 3.11. Let E be a finite extension of F' and fix
WE = Wp N Gal(F® /E).

Then Wlflj is open and of finite index in Wg and it is normal if, and only if,
E/F is Galois. Moreover, Wg and WFE are topologically isomorphic.

Proof. W}{? is open in W if, and only if, WE N Ir is open in Ir. From
Galois theory, we know how the open of Ir C Gal(F*® /F™") are made. Now,
notice that

WENIp =Wp N Gal(F® /E)N Ip = Gal(F* /E) N Ip
— Gal(F® /E) N Gal(F® /F™) = Gal(F® /EF™).

Clearly F* /EF™ is a finite extension since E/F is so. Hence WE N Ip is
open in Irp. Moreover it is of finite index in Ir since open in a compact
group and so Wlflj is of finite index in Wg.

It remains to prove that Wr and WPE are topologically isomorphic, but
it is a direct consequence of 3.10 applied on E. Indeed, the continuity of

ip: Wg — Gal(FS /E)
implies that W is isomorphic to ig(Wg) = Wr N Gal(Fs /E). 4 O

3.1.2 Representations of the Weil Group

Our aim is to study representations of two different classes of groups, GL,, (F")
and Wr. We have already studied the dimension of the representations of
GL,(F), now, it is the moment to do the same for Wr. Contrary to what
we might think, they are completely different from those of GL,,(F'), as we
will see. Indeed, despite W is not compact, it maintains several properties
of Gal(F® /F) since W is dense in Gal(F® /F).

Before stating our main theorem about dimension, we need two lemmas.
Lemma 3.12. Let (V,p) be an irreducible representation of a group G. If

H is a normal subgroup of G that fizxes a non zero vector v of V, then H
fizes all V' and hence H is in the kernel of the representation.

Proof. Consider
W ={veV: vis fixed by H}.

By hypothesis it is not zero. Moreover, by the normality of H, W is a
subrepresentation of V. Indeed, suppose g is in G and w is in W. Since H
is normal, g~ 'hg is in H for any h in H, so

p(g~ hg)w = w

4The equality as sets is clear, the interesting part in the theorem is the continuity of
the isomorphism.
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and hence
p(hg)w = p(g)w.

In other words, p(g)w is fixed by H and so it is in W. Now, since W is
a non zero subrepresentation of the irreducible representation V', we have
V =W, and therefore H stabilises all V. ]

Lemma 3.13. Let (V,p) be an irreducible representation of a group G. If
there exists a subgroup H of G of finite index whose elements act as a scalar,
then V' is finite dimensional.

Proof. Since H has finite index on G, then we have a finite trasversal of
H in G, say {g1,...,9n}. Moreover, since V is irreducible, it is a cyclic
C[G]-module generated by any non zero vector in V', say v. Now, let ¢ in
G. There exist g; in {g1,,9n} and h in H such that g = g;h and hence

p(g)v = p(gih)v = p(gi)p(h)v = cnp(gi)v

where the last equality holds since h acts by a scalar c¢y,.
Therefore, {p(g1)v,...,p(gn)v} generates V and dim¢ V < |G : H|. O

Theorem 3.14. Let (V,7) be a smooth irreducible representation of the
Weil group Wg. Then V is finite dimensional.

Proof. Let v be a non zero vector in V. It is fixed by an open subgroup K
of Wr and so by an open subgroup J = K N Ir of Ir. Since J is open in
Ik, it is of the form J = Gal(F® /L) with L finite extension of F™". Now, by
the primitive element theorem, L = F™"[a] with « algebraic over F"" and
so over F'. Hence L = F[a]F™ and so

J = Gal(F° /L) = Gal(F® /F[a]F"") = Gal(F* /F"") N Gal(F® /F[a]).

Without losing generality we can suppose E := F[a] a Galois extension
of F. Indeed if E' is the Galois closure of the extension E/F, we have
Gal(F® /E') C Gal(F® /E) and so v is stabilised by Gal(F* /E') N Ip.

Now, since E/F is Galois, J is normal in Gal(F*® /F') and so in Wg. So, J is
normal and fixes a non zero vector v, hence it is in the kernel of p by 3.12.
Now, let ® be a Frobenius element in Wp. Since Ir/J is finite ®, there is
a power of ®, say ®¢, that acts trivially on I /J. But p factors as in the
diagram

Ip L > Aut(cV

~N 7

Ir)J

Ir is compact, so any quotient with an open subgroup is finite.
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and hence it acts trivially on the whole Ir. So p(®%) commutes with the
elements of p(Ir), and since it clearly commutes with p(®), we can conclude
that p(®?) commutes with the whole p(Wr) and hence it is a scalar by
Schur’s lemma, 1.24. Now, the subgroup < ®?,.J > has finite index in Wp
whose elements act as scalar, so by 3.13, V is finite dimensional. [

Despite Wy is not compact, all its irreducible representations are finite
dimensional as the representations of Gal(F® /F').
Since we have a continuous map i : Wrp — Gal(F®/F), we can con-
struct smooth representations of Wr starting with smooth representations
of Gal(F® /F) as in the next diagram. 6

W i » Gal(F® /F)

Aute (V)

Proposition 3.15. Let (V,p) be an irreducible smooth representation of
Gal(F® /F). Then poip is an irreducible representation of Wr.

Proof. Consider Ker p. It is an open subgroup of Gal(F* /F"), so Ker p € Wp,
otherwise Wr would be open in Gal(F* /F). Moreover, Wr Z Ker p, other-
wise p would be the trivial representation since W is dense in Gal(F® /F).
So, we have

Gal(F* /F) = Wpg -Kerp

and hence
p(Gal(F* /F)) = p(Wp).

Therefore, since V' is an irreducible C[Gal(F® /F')]-module, it is also an irre-
ducible C[Wg]|-module. O

Remark 3.16. Let (V1, p1) and (Va, p2) be two irreducible representations
of Gal(F® /F'). They are isomorphic Gal(F® /F’) representations if, and only
if, they are isomorphic as Wg representations. Indeed, any isomorphism
of Wg representations can be extended to a isomorphism of Gal(F® /F)
representation since Wy is dense in Gal(F® /F). 7

SIn this way, the category of representations of Gal(F® /F) can be viewed as a sub-
category of representations of Wgr. Moreover, these two categories are different, in-
deed we can construct representations of Wr that cannot be induced from representa-
tions of Gal(F® /F). A central example is taken by the one-dimensional representation
[| Artz" ||F : Wr — C. Tt cannot be constructed as a representation of Gal(F* /F'). More-
over, it is possible to prove that any representations of W is a of the form p® || Art " ||5
with s in C and p the restriction of W of a representation of Gal(F® /F).

"The density of Wr in Gal(F* /F) is a direct consequence of the fact that ®p in Wp
with the topology of W generates Z, while ®x in Wr C Gal(F® /F) generates Z.
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3.2 Local class field theory

Given a local field F, local class field theory is the branch of mathematics
that studies its abelian extension. Our focus is on the main theorem of this
theory, which we will not prove.

Theorem 3.17. Let F' be a local field and for any finite extension L of F
let Np/r be its field extension norm.
Then, there exists one, and only one, morphism of topological groups

Artp : F* — Gal(F®/F)
such that

o Artp(m) ), = P/ where w is a uniformizer for F and L/F is an
unramified finite extension.

e Ny /r C Ker(a > Artp(a)|r) for any abelian extension L/F and so we
have the commutative diagram

FX Artr Gal(Fab/F)

l !

FX/NL/F(LX) o Gal(L/F)
rtr/F

Moreover, if L is abelian over F, we have
[L:F]=|F*: NL/F(LX)|.

In the future we will indicate both F* — Gal(L/F) and F* /N /p(L*) —
Gal(L/F) with Arty,p. Notice that only the second one is bijective, while
the first one is only surjective.

Our aim is to construct a more useful version of the Artin map, in particular
a version that involves the Weil group of F'. Indeed, the version that we are
looking for states that the Artin map can be viewed as an isomorphism of
topological groups between F'* and the abelianization of the Weil group.
First of all, we need a new point of view for the Galois group of F® over F.

Definition 3.18. Let G be a group. Given a,b two elements of G, we call
commutator of a and b, the element of G

la,b] = a~ b Lab.

Definition 3.19. Let G be a topological group. The closure of the group
generated by the commutators of G is called commutator subgroup of G.

Definition 3.20. Let G be a topological group and [G, G] its commutator
subgroup, the abelianization of G is the quotient group G* = G/[G, G].

54



Lemma 3.21. Let G be a topological group. Its abelianization G is abelian.
Proof. Let g,h be in G and consider
[9,h] =g 'hlgh=1 mod [G : G|

hence
gh=hg mod [G: G].

O
Remark 3.22. If f : G — H is a map of topological groups and H is

abelian, the commutator subgroup is in the kernel and hence we can factorise
f through G’

G ! H
\ } /
Proposition 3.23. With the notation before introduced, the following holds

Gal(F® /F)® = Gal(F®/F).

Proof. Since the commutator subgroup of Gal(F® /F') is by definition closed,
it is of the form Gal(F® /L), with FF C L C F®, and then

Gal(F* /F)™ = Gal(L/F).

By Galois theory, it is enough to prove that L = Fa®,
Since Gal(F® /F)? is abelian, Gal(L/F) is so. Hence, L is an abelian ex-
tension of F' and it is contained in F%. This gives us the inclusion

Gal(F® /F) C Gal(F® /L).
For the other one, consider [o,7] in Gal(F® /L) with o,7 in Gal(F®/F).
Clearly [0|pab, T|pab] = [0, T]|pab, SO [0, 7] pav is in Gal(F/F) and thus it is
the identity map since Gal(F'%/F) is abelian. Hence, [0, 7] pav stabilises Fab

and therefore Gal(F* /L) C Gal(F® /F%). So, Gal(F® /L) = Gal(Fs /F)
and then L = F. O

Remark 3.24. Combining the previous proposition and remark we obtain
a map 7gp as in the diagram

Cal(F® /F) s 7. = Gal(F" /F)

Gal(F%/F) = Gal(Fs /F)
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As done for the construction of the Weil group of F', we can construct W_as
as the group that makes this sequence a short exact sequence

0 — Gal(F®/F") = W, a — Z — 0.

So, we have the commutative diagram with exact sequences

0 —— Gal(Fs /JF") —— Wp —"— Z 0

| |

0 —— Gal(F®/F") —— W, —2%5 7 — 0

and applying the snake lemma we obtain

0 — Ker (Gal(Fs /F) = Gal(Fab/F)) s Ker(Wp — W) —— 0

0 W.o/ Im (WF = W,rab) s 0.

Hence, we have Ker(Wp — W, ) = Gal(F* /F%) and Wp — W, a surjec-
tive, so

0 —— Gal(Fs /F2) y W Woab — 0

™

and therefore Wf,ib =2 W .

™

Proposition 3.25. Let L be an abelian extension of F. Then the Artin
map
AI‘tL/F : F* — Gal(L/F)

maps OF into Gal(L/F™ N L) 3
Proof. Since Arty p is surjective, it is enough to prove that

Art7 !

L p(Gal(L/F™ N L)) = OF..

In order to prove it, take a € F'*. Then

a = anl(a)x
with  in OF, and hence
1 1
Artrp(a)|pornr = ‘I’?n(r%)L/F Artpp(2)|parnr = ‘I’?nE%)L/F-

Therefore
ArtL/F(a)|FnrmL =1Id <~ Val(a) =0 <<= ac€ O;u .

In other words, Arty,p(a) is in Gal(L/F™ NL) if, and only if, a is in O O

8Notice that F™" N L is the maximal unramified extension of F' inside L.
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Remark 3.26. Notice that, if a is an element of F'*, it can be written as
a =@z with z in OF. So

Artp(a)|per = ArtF(anl(a)$)|Fnr = ArtF(ﬁ)r;I,Ef) = @?l(a).

In particular
Artp : F* = Gal(F®/F) = Gal(F/F)®

has image in W and the restriction of Arty on O has image in Gal(F®/F"")9,
SO
Artp : OF — Gal(F/F"™)

is well defined.
Lemma 3.27. The map

Artp : OF — Gal(F®/F™m)
18 surjective.
Proof. Consider Gal(F® /F™) as subgroup of Gal(F%/F),

Gal(F*/F) = lim Gal(L/F)
L

where L runs through the finite Galois extensions of F™ in F, that are
clearly abelian. This isomorphism induces the isomorphism

Gal(F*/F™) = lim Gal(L/F" N L)
L
with L abelian and finite over F""" N L. Moreover, by 3.25, Arty,r maps
O to Gal(L/F™ N L) for any L as before. Hence, Gal(L/F™ N L) is in the
image of Artp for any L and therefore Arty has dense image. Furthermore,

Artp is continuous and OF is compact and hence Artp(OFp) is compact and
dense in Gal(F®/F"™), hence Artp(Of) = Gal(F®/F""), O

Proposition 3.28. The Artin map
Artp : F* — Gal(F®/F)
18 injective.
Proof. By 3.17, Ker(Artp) is the intersection of all finite index open sub-
groups of F*. Since W% x (1 + W} Op) is open and of finite index 0
then
Ker(Artg) C m wp” x (1+wE0p) =1

m,n>1

O]

9In this case it is important to not confuse Gal(F**/F"") with Gal(F® /F™")*®, indeed
in general they are not isomorphic.
107t can be viewed as a consequence of 1.32 when n = 1.

o7



Now, we are ready to prove the main theorem of this section.

Theorem 3.29. Let F' be a local field with Artin map
Artp : F* — Gal(F®/F).
Then, it induces an isomorphism
Artp: F* — W@
that we will continue to call Artin map.

Proof. Consider the commutative diagram with exact rows

0 O F* s 7, 0

|= JAM

0 — Gal(F®/F")y —— W& — 7 —— 0

By the snake lemma we obtain

0 ——— Ker (F* = Wg*) —— 0

0 —— Wi/ Tm (F* — W) —— 0

and hence Artp : F* — Wf}b is an isomorphism of groups. It remains to
prove that it is an isomorphism of topological groups, so that Artzy and
Alrtlfﬁ1 are continuous.

Consider the restriction of Arty on Op

Artp: OF — Wb
that is continuous since composition of continuous functions.

Ofp ————— Gal(F?/F)

~
N
N
N
~
N
~

N

. Gal(Fab/FmT)

~
~
~
~
~
NI

Wi
Since F'* = Z x OF. then

Artp: F* - W@
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is continuous. The same is true for its inverse, indeed the restriction of
Art' on Gal(Fe®/F™) has image in O

Artp!: Gal(F*/F™) — OF
hence, it is continuous since Gal(F%/F™") inherits the topology from Gal(F%/F).
O

3.2.1 Weil-Deligne representations

In this section we will introduce the core of the Galois side: the Weil-Deligne
representations.

Let || — ||Fr = ¢ be the norm of F' where ¢ is the cardinality of the
residue field kp = Op /my of F.

—val(—)

Definition 3.30. A Weil-Deligne representation of the Weil group Wg
of F is pair (p,n) where p : Wp — Autc(V) is a smooth representation of
Wr and n is an endomorphism of V', called monodromy operator, such
that

e n is nilpotent.
e For any x in Wy we have
plo)np(o) ™t = || Art (a)]| 0.
Lemma 3.31. let f be a monic polynomial with coefficients in C. If there
exists p in C such that f(x) = p~"f(px) for any x in C, then f(x) = z"
with n = deg(f).

Proof. Let f be as in hypothesis. Then
n
flx) = Z a;z'
i=1
with a; = 1 and q; in C for any other i, hence
n n
p " flpr) =p Y ap'at =) ap "
i=1 i=1

Therefore

—n
a; = a;p

and then a; = 0 for any i # 1. O
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Remark 3.32. To be nilpotent is not really a request that we need to do,),
it is a consequence of the fact that V is finite dimensional. Indeed, if ®p is
a Frobenius in W, || Art™}(®F)|| = ¢~' and then

p(@p)np(®r) " =¢ 'n.
Now, since V is finite dimensional we can compute its characteristic poly-
nomial
f(A) =det(\1d,, —n) = det(AId,, —p(®p) n p(®p)~1)
=det(AId, —p~"n) = p " f(pA)

hence f(A) = A". So, with respect to the Jordan canonical form, n is a
upper triangular matrix with 0 on the diagonal. So n is nilpotent.

Definition 3.33. Let (p1,n1) and (p2,n2) be Weil-Deligne representations
of Wr. A morphism f : Vi3 — V5 of Weil-Deligne representations is a
morphism of Weil representations such that the diagram

L

ml lnz

Vi—— W
comimutes.

Definition 3.34. Let (p,n) be a Weil-Deligne representation. It is called
irreducible (respectively F-semisimple) if the representation (V,p) is irre-
ducible (respectively semisimple).

Remark 3.35. We are not really interested in the irreducible Weil-Deligne
representations.

If (p,n) is an irreducible Weil-Deligne representation, then Kern is stable.
Indeed, for any o in W and v in Kern

ple D nple)o = || Artp' (07 )|y

and hence
np(o)v = |[ At~ (o™ ")||pp(o) no = 0.

Therefore, Ker n is a non zero stable subspace of V' and hence is the whole V.
So, in this case the monodromy operator n doesn’t give us information. In
other word, a Weil-Deligne irreducible representation is "only” a irreducible
representation of the Weil group.

There is another way to think about a Weil-Deligne representation. Con-
sider the action of Wg on C

ozo = || Art™H(0)||p2
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where C is considered as additive group and consider the induced semidirect
product
Wi = Wpg x C.

Definition 3.36. The group
W}lr = WF x C
is called Weil-Deligne group.

Definition 3.37. A complex finite dimensional representation of the
Weil-Deligne group is a morphism of groups

p: Wi — GL,(V)
such that
e p restricted to Wr is a smooth representation of Wp.
e p restricted to C is analytic.
Definition 3.38. Let n: V' — V be nilpotent. Then we define
i
exp(n) =1+ Z i
jz1
Let u: V — V be unipotent. Then we define

logu = z:(—l)j_1 (u—'l)j.

i>1 J

Proposition 3.39. There is a canonical bijection between the Weil-Deligne
representations of Wr and the representations of the Weil-Deligne group.

Proof. Given a Weil-Deligne representation of the Weil group, we can con-
struct a representation p’ of the Weil-Deligne group as

p'(oz) = p(o) exp(zn).

Conversely, let p’ be a representation of the Weil-Deligne group. By defini-
tion

p = 'Oiwp : Wrp — GL, (V)

is a smooth representation of the Weil group. To be a Weil-Deligne repre-
sentation we need a monodromy operator compatible with the action of Wg
on C that defines Wj.. Our first claim is that p’(z) is unipotent for any z in
C*. Since we have

ozo = || Art™H(0)||p2
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1

it is enough to take o = ®}," inverse of a Frobenius, and since

At~ (@211 = g,
we have
p(@r) ' (2)0 (PF) = p(gz) = /()0 1!

This implies that p'(z) and p/(z)? are similar. In particular, if A is an
eigenvalue for p/(z), then A\? is an eigenvalue for p’(2)? and hence for p/(2)
by similarity. Moreover, by iteration, A\?" is an eigenvalue of ¢'(z) for any
natural n. Furthermore, the eigenvalues of p/(z) are at most dimc V, thus

)\qu _ )\qno

for some 0 < mg < ng < dimc V. Let

ri= I @ -4

0<m<n<dim¢ V

It is a positive number such that any eigenvalues of p'(z) is a r-th root of
unity.
Replaying the same idea on p'(£) and since
/ / Z>T
z)=p|-
p(z)=p (r
the eigenvalues of p/(z) are all 1.

Now, consider
l /
e Og<PZ<>>

with z a non zero complex number. It is well defined since p/(z) is unipotent,
and it is independent of z. Indeed, since p'(z) is analityc, we have

log p/(tz0) = log(p(20)") = tlog p'(20)
for any zp,t in C. Hence, for t = z and zy = 1 we have
log p(z) = zlog p'(1)

and so n is independent of z. Therefore we have a Weil-Deligne representa-
tion (p,n). O

In order to preserve this property, we need a new definition of contra-
gradient and tensor product of Weil-Deligne representations.

1Recall that C is taken as additive group, so the product in C' under the representation
is equivalent to the power.
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Definition 3.40. Let (p,n) be a Weil-Deligne representation of Wr. The
contragradient representation of (p,n) is the Weil-Deligne representa-
tion (p, n) where p is the contragradient of the representation p and i = —n’
is the opposite of the traspose of n.

Definition 3.41. Let (p1,n1) and (p2,n2) be two Weil-Deligne representa-
tions. The tensor product between (p1,n;) and (pg, n2) is the Weil-Deligne
representation (p; ® p2,n) where p; ® po is the tensor product of the two
representations and

n=Id;®ny+n; ®Idsy.

Clearly, the Weil-Deligne representations are more than ”classic repre-
sentations”, indeed, the monodromy operators that match with the represen-
tations of the Weil group encode some information which we are interested
in. This information leads us to the f-adic representations that we will study
later. Before it, we need a digression on some subgroups of Ir.

3.2.2 The wild inertia group.

Now, we come back to our local field ' with residue field of characteristic
p and consider its maximal unramified extension F™ . In order to continue
our path in the study of the f-adic representations of Wr, we need more
information about the extensions of F™".

Lemma 3.42. Let n be a number that is not divided by the characteristic p
of kp. Then, for any u in Of,., the polynomial

" —u

has n different solutions in k.

Proof. By definition F™ is the union of all the unramified extensions of F’
and hence the residue field kpnr of F™" is the union of all the finite extensions
of the residue field kr of F. 2 So kpnr is an algebraic closure kr of k.
Now, let u be an invertible element of Opnr and consider the polynomial

" — .

Since k%" is algebraically closed, it has a solution « and then we can consider

the polynomial
T\ "
et —1=4"=1 13
(0) —1=v

that has n different solutions since the characteristic of kpnr does not divide
n. Therefore, "™ — u has n different solutions. O

12This is a direct consequence of the fact that the unramified extensions of F' are one
to one with the finite extensions of its residue field.
13This is well definied since w is invertible in O%" and hence it is non zero in kp".

63



Proposition 3.43. Any invertible element of Opnr is an nth power for any
n non divistble by p.

Proof. Let u be as in the hypothesis. By the previous lemma

" —u
has n different solution in kpnr. Since F™ is not complete with respect to
its valuation, we cannot use the Hensel lemma on it. Nevertheless, we can
use the Hensel lemma on the smaller field extension L of F' such that its
residue field k;, contains one of the roots of the polynomial. Hence z™ — u
has a solution in O, by the Hensel lemma and hence it has a solution in
Opnr. Moreover, since the choice of the root is arbitrary, Opnr contains all
the nth roots of u. O

Remark 3.44. A special case of the previous proposition is given for u = 1.
Indeed, it tells us that for any n that is not divisible by p, F™" contains all
the nth roots of unity.

Theorem 3.45. For any n non divisible by p, F™" has a unique extension
E, of degree n.

Proof. Let E, be an extension of degree n. Since F™ is the maximal un-
ramfied extension of F', all its extensions are totally ramified. Indeed if an
extension is unramified over F™, it is unramified over F' and hence it is
contained in F™". Now, since F, is totally ramified over F™", then it is of
the form

E, =F"[q]

with o' = w for a uniformizer w. In order to prove that this extension
is uniquely determined, it is enough to prove that it is independent of the
choice of a root of w and independent of the choice of a uniformizer.
If 8 is another nth root of w, then % is a n-th root of unity and then it is in
F™ by the previous remark. Hence, E,, is independent of the choice of the
root of the uniformizer.
Let w’' be another uniformizer. Since w, W’ generate the same ideal, they
are of the form

W = v’
with u invertible in Opnr. By the previous proposition, u is an nth power
and hence L is independent of the choice of the uniformizer.

Therefore L is uniquely determined and F™" has a unique extension of degree
n. O

Remark 3.46. The previous theorem gives us an explicit construction of
the unique extension E,, of degree n of F™". It is of the form F™ [a] with
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o™ = w, and in particular we have an isomorphism

Gal(E,/F"™) =
(@)

a

where u,, is the group of nth roots of unity in F™".

Moreover, since E, is unique as extension of degree n and we cannot have
other unramified extensions, the composition of tamely ramified extensions
of F™ is again a tamely ramified extension of F'™" and hence of F.

Definition 3.47. The maximal tamely ramified extension F,, of F is
the field composited by all the extension E,, of F™".

Definition 3.48. The Galois group Pp := Gal(F® /Ey) of F® over E is
the wild inertia group of F'.

By the previous remark we have the isomorphism
Gal(Eso/F™) = [] Zm.-
mzp

Hence, the wild inertia group Pr of F' represent the ”p-part” of the inertia
group of F. This leads us to the exact sequence

1 — Gal(F® /Ex) — Gal(F® /F™) —— Gal(Ew/F™) — 1

that is

1 PF IF Hm#pZm — 0.

In particular, if tg : Ir/Pp — [],, 4p Zy, is a topological isomorphism as in
the exact sequence, it is possible to prove that by the action of Gal(F™" /F)
on Gal(Ey/F") .

to(Pro®Lt) = g (o)
with o in Ip/Pr and ®p a geometric Frobenius in Wg.
Now, consider a prime ¢ different from p. The map Ir — [[,, 4p L induces
a morphism

t:lp — 7y

and hence we have the exact sequence

Therefore the idea behind Kert is to delate the ”/-part” of the inertia group
of F', moreover we have the analogous property

t(gog™") = || Art™ (9)l|rt(o)

with z in Ir and g in Wpg.

4The action is given by the quotient Gal(Ew/F™") = Gal(Ew /F)/ Gal(F™" /F)
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3.2.3 [(-adic representations

In order to understand the role of the monodromy operator in a complex
Weil-Deligne representation, we need to enlarge our focus and to study a
different class of representations: the so-called /-adic representations.

Let ¢ be a prime different from p and consider a fixed separable closure
Qy of Q. The valuation valg, of Q induces a valuation Val@g on

o= U K

QCKCQy
[K:Qg]<o0

as

valg, : Q; — QU {00}
T = valg, [z ()

where valg,[,) is the unique valuation of Q[x] such that valg,(,)q, = valg,-
Despite any finite extension of Qy is complete with respect to the valuation
induced by Qy, it is not the same for Q, that is not complete.

Definition 3.49. A finite dimensional representation of a locally profinite
group G over a Q,-vector space is said to be smooth if for any v in V', the
stabilizer Stabyy,, (v) of v in W is open.

Moreover, if V is a finite dimensional Q-vector space of dim@e V =d,

then we have an isomorphism °

and hence B
AUt@z V= GLd(Q[)

Therefore, we can equip Aut@l V' with the product topology of @ngd.

Definition 3.50. A finite dimensional representation (V,p) of a locally
profinite group G over a Q,-vector space is said to be continuous if the
map p: Wrp — Aut@z(V) is continuous with respect to the topology previ-
ously defined.

Remark 3.51. As previously said, the topology of GL4(Q,) is the topology
of @ngd and hence a basis for this topology is given by the sets of the form

V;J(U) = {A € GLd(@@) : el-Aej S U}

5 This isomoprhism is not canonical and it depends on the choice of a basis of V over

Q.
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for an open U of Q, and where e;, e;j are the i-th and j-th vectors in the
canonical basis.

Now, let (V,p) a smooth representation of a locally profinite group G and
let o be in G such that p(o) is in V; ;(U) for some 4, j and U and consider

S := Stabg(p(o)e;).

By assumption S is open and thus So is so. Moreover, if h is in So, we
obtain
h = so
with s in S and hence
p(h)ej = p(o)e;
and therefore we have p(So) C V; ;(U) and So C p~1(V; ;(U)), in particular
p is a continuous representation.

Theorem 3.52. Let (V,p) be a finite dimensional, continuous representa-
tion of the Weil group W over Q,. Then, there exists one, and only one,
nilpotent endomorphism
n,: V-V
such that
p(o) = exp(t(o)n,)

for all o in some open subgroup of Ir and where t : Ip — Zy is as above
described.

Proof. Let ®; be the integral closure of Z, 6 in Q, and consider an isomor-

phism V = @gd where d is the dimension of the vector space V. By this
isomorphism we have Autg, /) = GL4(Qy).

For any positive integer m, let K,, be the open subgroup 7 of GL4(Q)
defined as
Ky =14+ 0" My(Dy).

They define a chain
o K1 €Ky C Ky -

such that K41 is normal in K, and K,,/K,,+1 is discrete. 18 Moreover,
for any M in M4(®Dy)

4
1+ mM)F =" (€> 19 (em )

=0

16 Although for finite extensions of Q, the integral closure of Z, and the ring of integers
coincide, we have not prove it for infinite extension. If x is in (’)@Z then there exists a finite
extension L of Qg such that x is in L and then z is in O, and in particular in the integral
closure of Z¢ in L and hence in ©,. Conversely, if x is in D, it is a root of a polynomial f
in Ze[x]. If L is the splitting field of f in Q, then z is in Oy, C (9@2. Therefore D, = (’)@.

"By the previous footnote D, = O@z is open.

18Notice that this is a generalization of the proposition 1.32.
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and for any j greater than 1
(U™ MY =" MI e K.
Hence
(1+0"M) =1 mod K.
Therefore, K,,/K,,+1 has exponent ¢. Moreover, if M and N are in My(®Dy)
we have
(L+0"MYAL+L"N) =1+ "M +{™N + *"MN =1+ (™M + ("N
(1+0MN)(L+"M) =14 "N + "M + >"NM =14 "N + (™M
and so K,,/K,+1 is abelian.

Now, define
J = Ker(t) N p~}(K>).

By definition p is continuous and hence J is open since intersection of open.
Moreover, p(J)/ K3 is abelian of exponent ¢ since it is inside Ko/ K3. But,
p(J) C p(Ker(t)) that cannot have exponent ¢ by construction of Ker(?).
Therefore p(J) C K3 and inductively

p(J) C K, Vm>2

and hence

p(J) € (] K ={1}.

m>2

Since I is profinite and J and Ker(¢) are open, then there exists Hy opens
subgroup of Ir such that

HoNKer(t) C J.

Moreover we can suppose p(Hp) C Ko, shrinking Hy (if necessary). More-
over, since Hy is open in Ip C Wp, there there exists a finite index open,
normal subgroup H of W 19 such that

HnNIp C Hy.

So, p factors through a continuous homomorphism ¢ : t(H N If) — Ky 2,
i.e. we have the commutative diagram

HnIp 2207 ary@,)

I I

t(HﬂIF) L K5

19We can take an open subgroup H’ of Wr such that H' N Ir = Hy by definition of
induced topology and then it is sufficient to take the normal core of H'.
20We are combining H N Ir C Hy, p(Ho) C Ko, HoNKer(t) C J and J C Ker p.
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and in particular
o(t(h)) = p(h) Yhe HNIp.

Moreover, since t respects
t(gog™") = || Art™}(g)l|rt(o)

for any o in Ir and g in W and || Art ™! (®x)|| = ¢~! for any Frobenius in
Wr, we obtain

o(qt(Pph®y")) = o(t(h))

and hence 2!

p(®ph®5)7 = p(h).

With a computation similar to the one done in 3.39, we obtain that p(h) is
unipotent for any h in H N Ir and then

n,, = t(ho) " log p(ho)
is nilpotent for any hg as above and such that t~!(hg) # 0. In particular
p(ho) = exp(t(ho) np).

It remains to find an open that satisfies our condition.
Let hg be a fixed element as above. The two functions

th(ho) — GLd(@g)
x = ¢(x)
x — exp(zn,)

coincide on t(hg), so on Zt(hg) and then on Zst(hg). Therefore
H = t_l(th(ho)).

H' :=t=Y(Zst(ho)). This concludes the existence.
For the uniqueness, let n: V' — V be nilpotent and such that

p(y) = exp(t(y) n)
for any y in an open H of Ir. Hence, whenever ¢(y) is not zero, we get

n = t(y) " log(p(y))

and hence it is equal to n, in an open of Ir. This concludes the proof. [J

24(H N Ip) C Z; is an additive group while the other groups in the diagram are with
the composition of function or with the product of matrices.
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Existence and uniqueness of the nilpotent endomorphism are not the
only interesting things. Indeed, the next corollary is the one we are most
interested in. Moreover, it gives a first idea of the connection between ¢-adic
representations and the Weil-Deligne representations over Q.

Corollary 3.53. Let (V,p) be a finite dimensional, continuous represen-
tation of Wr over Q, and let n, be the unique operator that satisfies the
condition of the previous theorem. Then

p(g)nyp(9) " = || At~ (9)l | my
for any g in Wg.

Proof. Since m p(g) n, p(g)~! has the characterising property of n,,
they must coincide for the uniqueness of n,. O

Definition 3.54. A Weil-Deligne representation of Wr over Q, is a pair
(p,n) where (V, p) is a smooth finite dimensional representation of Wx over

Qp and n: V — V is a nilpotent map such that

p(g)nyp(g) ™ = || Art™(g)l|F 1,
for any g in Wp.

Despite the pair (p,n,) of the previous theorem respects the second con-
dition to be a Weil-Deligne representation, it is not, because in general it is
not smooth.

Corollary 3.55. Let (V,p) be a finite dimensional, continuous representa-
tion of W over Q, and let n, the unique operator the satisfies the condition
of the previous theorem. Then, p is smooth if, and only if, n, = 0.

Proof. By hypothesis there exists an open subgroup H of Ir such that
p(o) = exp(t(0) n,)

for any o in H. If n, = 0 we obtain
p(o) =exp(0) =1d.

Hence H, that is open, is contained in the stabiliser of any vector v of V'
and therefore any stabiliser is open.

Conversely, suppose p is smooth. Let {v1,...,v4} a basis of V over Q,. For
any v; the stabiliser Stabyy,. (v;) is open and so it is not trivial 22. Then their
intersection is in the kernel of p that, therefore, cannot be trivial. In the

22Suppose Stabw,. (v;) is trivial. It is open in Wp and so open in Ip. Hence
Ir/Stabw, (v;) = Ir/{1} is finite, that is a contradiction.
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intersection Ker p N H, that it is not trivial since Ker p is open and normal,
we have

pl0) = exp(t(o) n,) = Id

then n, is zero. O
As already mentioned, the pair (p,n,), constructed from a continuous

representation (V,p), is not a Weil-Deligne representation. Nevertheless,

fixing a Frobenius element ®r in W, we have a canonical way to associate
a Weil-Deligne representation to the representation (V, p).

Lemma 3.56. Let (V,p) be a continous representation of Wr on Q, and
let n, the nilpotent endomorphism of V' associated to (V,p) by the theorem
3.52. The pair (ps,,n,) with
Pop - WF — Aut@z(V)
o 1 p(®h0) exp(~H(o) )

where a in Z and o in Iy is a Weil-Deligne representation.

Proof. Since p is a representation and n, is an endomorphism of V', clearly
(V. pa,) is a representation of the Weil group Wp. By the theorem 3.52,
there exists an open subgroup H of Ir such that

o) = exp(t(@) n,).

Hence, in H we have

pa(0) = p(o) exp(—t(o) ny) = exp(t(o) ny) exp(—t(z)ny) = Id.

Since H fixes any vector v in V, it is contained in any stabiliser. Hence
Stabyy, (v) is open for any v and therefore pg,, is smooth.
It remains to prove that

por(9) Mo pap(9)™" = || At~ (g)l[F ny
for any g in W, but this is a direct consequence of the fact that n, and
exp(£t(o)n) commute. So, if g = ®%o we have

o (9) 0 po(9) 7"

=p(g) exp(—t(0) ny) n,exp(t(a) n,y)p(g)
=p(g)n, p(g) ™
=||Art ™! (g)||Fn,.

-1
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Now we have a way of constructing a Weil-Deligne representation from
a less sophisticated representation: the continuous ones. But these types of
representations of Wg are more related than we have noticed so far.
Let Rep(Wg/ Q) be the category of representations of the Weil group on Q,
and let WD-Rep(Wg/ Q) be the category of Weil-Deligne representations
over Q. The next theorem is the key to understand the importance of the
operator n.

Theorem 3.57. Let ®r be a Frobenius element in Wg. The functor

Rep(Wr/ Q) = WD-Rep(Wr/ Q)
(V, p) = (p‘PIN nﬂ)

s an equivalence of categories.

Proof. First of all we need to prove that this is really a functor. Hence, we
need to associate a morphism of Weil-Deligne representations to any mor-
phism of continuous representations of Wr. The key point is that morphism
of representations do not require any condition on the continuity or on the
smoothness. So, if

¢:(V,p) = (U,m)
is a morphism of Wr-representations, the commutativity of the diagram

v .U

o) |7

V*>¢ U

for any g in W, induces a commutative diagram

v 2, u

Hg)~1 log<p(g)>l lt(g)-l log(x(g))

V7>U

in the intersection of the two opens associated to n, and n,. The uniqueness
property of n, and n; extends the commutative of the diagram to the whole
n, and n; and hence ¢ is a morphism of Weil-Deligne representations.
Now, consider the functor

Rep(Wrp/ Q) = WD-Rep(Wr/ Q)
(,n) = (V,7%7)

where
7O W — Aut@Z(V)

®%o — 7(PRo) exp(t(o)n)
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for any a in Z and ¢ in Ir. The continuity of 7% descends from the
smoothness of 7 and the continuity of o — exp(t(z)n) 23.
Now, if

¢:(1,n) — (6,m)

is a representation of Weil-Deligne representations, it is obvious a morphism
of Wg representations.
It remains to prove that the two functors are quasi-inverse that is clear since

exp(t(o)n)exp(—t(o)n) =1d.
this conclude the proof. O

Now, We come back to the field C. In particular, we are interested in
the isomorphism
1:C — Qg
with inverse
7 Qg — C.
The idea behind these isomorphisms is that @, and C have the same cardi-

nality and both contain Q. So, if S and T are trascendente bases respectively
of C and Q, over Q, then S and 7" have same cardinality. So

Q(5) = Q(T)

and therefore

C=0®) =T = Q.

These two maps induce another equivalence of categories between the cat-
egory of smooth representations of Wr over C and the category of smooth
representations of Wr over Q:

Rep(Wr/C) — Rep(Wr/ Q)
(V,p) = (Q,®,V, py)

where

P Wr — Autv(@g ®jV)
g~ Id®p(g)

with quasi-inverse functor:

Rep(Wr/Qq) — Rep(Wr/C)
(V> P) = (C &4 V, pC)

23In particular, 7®F is a continuous representations but it could be not smooth.
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where

pc: Wp = Auty (C®; V)
g~ Id®@p(g).

Moreover, as consequence, we have the equivalence of categories
WD-Rep(Wr/ Q) = WD-Rep(Wr/C).

By 3.57, the category on the left is equivalent to the category Rep(Wr/ Q)
and finally we have the equivalence that we were looking for

WD-Rep(Wp/C) = Rep(Wr/ Qy).

So, speaking about Weil-Deligne representations over C is equivalent to
speak about continuous representations of Wr over Q,. Therefore, the
monodromy operator n of a Weil-Deligne representation over C encodes the
information about the field Q,.

Remark 3.58. The central role of the path that we have just concluded is
taken by two objects:

1. The map t : [p — Zy,
2. The choice of the Frobenius ®r in Wg.

In the first one, the choice of a prime number ¢ different from p is crucial
to determinate the uniqueness of n,. Moreover, despite the association of a
Weil-Deligne representation to any continuous representation of Wr depends
on these two objects it is possible to prove that doing another choice of ¢
and @ the two Weil-Deligne representations constructed are isomorphic.
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Chapter 4

The local Langlands
correspondence

In the last two chapters we have constructed various tools for the representa-
tions of GL,(F') and Wr. As we have seen, the irreducible ones behave very
differently. The most obvious example is the dimensions. For the first ones,
the unique ”small” ! representations are characters, after which we have
only infinite dimensional representations. While the latter are not allowed
for the Weil group. So it is intuitive that the connection that we want to
establish is not between irreducible representations of GL,,(F') and W, but
it involves more than irreducibility and more than just these two groups.
We are not ready to give a complete version of the correspondence, but we
have enough tools to give an incomplete but relevant one.

As in the previous chapter, we will indicate the category of representa-
tions of a group G over a field K with Rep(G/K) and with IrrRep(G/K)
the set of equivalence classes of irreducible ones. Moreover we will indi-
cate WD-Rep’(Wr/C) the set of equivalnce classe of n-dimensional F-
semisimple representations of Wr over C.

The local Langlands correspondence (Incomplete one)

Let p be a prime number and F' a finite extension of Q,. Then there exists
one, and only one, collection of bijections

recy : IrrRep(GL,,(F')/C) — WD-Rep,*(Wg/C)
such that
1. recp(m) = moArt™! for any 7 in IrrRep(GLq (F)/C) = IrrRep(F* /C).
2.

'In this case, with ”small” we mean dimensionally speaking.
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3. For any 7 in IrrRep(GLy,(F')/C) and x in IrrRep(GL;(F')/C)
recp(m ® (x o det)) = recp(m) @ recp(x).
4. For any 7 in IrrRep(GL,,(F')/C) with central character x

det recp(m) = recp(x).

5. For any 7 in IrrRep(GL,,(F')/C)

recp(7) = recp(m).

where the last one indicates the contragradient representation. The point
two is intentionally left blank and it is the last topic that we need to cover
in order to expose the correspondence. It concerns two invariants that we
can associate with a representation of GL, (F') or a representation of Wp.
In both cases, they are called L-factor and e-factor. Despite the name, the
construction for one group is very different respect to the construction for
the other one. Nevertheless, it is enough intuitive that the point two requires
a "sort of compatibility” with respect to recp 2.

4.1 [-factor and e-factor

As previously mentioned, the paths that we have to follow are different
despite the name of the invariant. As done for the representations, we will
start with the GL,(F) side. A rigorous treatment of the topics in this
chapter is somewhat technical, so we present most of the results without
proofs.

4.1.1 GL,(F) side

Our focus will not be on the construction in all its details, but on the way
in which it is possible to generalise the definition of these factors to all
representations, starting with a certain class that we will introduce early
on.

Let 9 be an additive unitary character 2 of F, i.e. a character of the additive
group of F' and let U be the unipotent radical of the standard Borel subgroup
B of GL,(F), i.e. the set of upper triangular matrices that have 1 on the

ZNotice that we refer to any bijection of the correspondence with recz and not only to
one map.

3F is the union of its compact open subgroups and hence any additive character is
unitary.
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diagonal. From 1 we can define a one dimensional representation of U as
01/, U —= C
n
(wih<ijen = V(O wiit).
i=1

Definition 4.1. A smooth irreducible representation (V,7) of GL,(F) is
generic if
HomU(ReSSL"(F) m,0y) # 0.

It is possible to prove that being generic does not depend on the choice
of a character 1. A proof of this claim can be found in [1].

Definition 4.2. Let (V, ) be an irreducible smooth representation of GL,, (F).
A Whittaker functional is a function

A:V =5 C*

such that

for any w in U and v in V.

The existence of a Whittaker functional is not guaranteed, but clearly it
exists for generic representations. Indeed, if (V,7) is generic, by definition
we have

HomU(ReSSL"(F) 1) # 0.

So the Whittaker functional are the elements A in HomU(ResgL”(F) T, ).

Definition 4.3. Let (V,7) be a generic representation of GL,,(F') and let

A be a Whittaker functional in HomU(ReSSL"(F) m,1). The image W(m, )

of the map

GLn(F
F:V = Indg" "y
v (9= Am(g))v)
is called Whittaker model of 7w with respect to .

Remark 4.4. Remaining in the above setting we can better understand the
meaning of W(m,v). If g and ¢’ are in GL,,(F) and v is in V, we have



so F'is a morphism of representations between 7 and IndSL"(F) (v). More-

over, since 7 is irreducible, F' is injective and hence it is an injective mor-
phism of representations that induces an isomorphism between

V = W(r, ).

So, we can think at W(m, 1)) as a way to study m as subrepresentation of

IndSL"(F) 1. Clearly, in order to do it, m has to be generic, and hence we

can think of generic representations as irreducible smooth representations
that can be embedded in IndSL"(F) .

To define the factors for GL, (F'), we start with two generic representa-
tions 7 and 7" of GL,,(F) and a measure dx on GL,(F)/U invariant under
the action of GLy,(F).

Now, define the set

S(F") :={¢: F" — C|¢ locally constant and with compact support}.

Given a triple (W, W', ¢) € W(rm,¥) x W(n', 1) x S(F"), we define the

integral

Z(W. W', 6,5) = / W ()W (9)6((0,...,0,1)g)| det(g)[*dg
GLn(F)/U

moreover, it is a rational function of ¢~*.

ideal generated by

Finally, consider the fractional

{ZW, W' 6,5) : (W,W', 6) € W(m,1b) x W(a', ) x S(F™)}

in C[g®,¢™*]. Tt has a unique generator L(m x 7', s) of the form P(q~%)~!

where P is a polynomial with complex coefficients such that P(0) = 1.
Notice that the definition made for the moment is very strict and it works
only for a pair (m,7’) of generic representations of GL,,(F).

Theorem 4.5. (Gelfand and Kazhdan) Let (V,m) be a smooth and irre-
ducible representation of GL, (F'). Then, the smooth dual representation 7 of
7 s 1somorphic to the representation

g—m(g™)

where tg is the transpose of g.

4This implies that W(m, 1) does not depend on the choice of a Whittaker functional,
up to isomorphism.
This integral is not always convergent, but for R(s) >> 0 it is absolutely convergent.
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By the previous theorem, if W' is in W(, ¢) for a generic representation
7, then W defined as .
W(g) = W(wn'g™)

is in W(#, %) where wy, is the permutation matrix in GL,,(F) associated to
the permutation
t—n+1-—1.

Finally, if
p(x) = . o()Y('yr)dy =€ F"

and w,- is the central character of 7/, we define (7 x 7, s, 1) by the equality

Z(AW/,W’,l—s,d;)
L x 7, 1—5s)

Z(W, W' 1—s,¢)
L(rxn',1—35)

= wo(=1)"e(m x 7', 5,7)

In the same way, we define them for a pair of representations (m,7’) of
GL,,(F) and GL,,(F) respectively. Without losing generality, we can sup-
pose m < n. Let dg a measure on GL,,(F')/U invariant under the action of
GL,,(F), dz an Haar measure on My, (F') and define the integral

Z (W, W', j,s) =/ / W (g;)W'(g)-| det(g)|*~ "™/ 2dzdg ©
GLun (F)/U J M (F)

where W is in W(r, ), W' is in W(n’, %), j runs through {0,1,...n—m—1}
and

g 0 0
gj: x Ij 0
0 0 Inmj

As in the previous case, the fractional ideal generated by
{ZW, W', j,8) : (W, W) € W(m,¢) x W(r',4),0< 5 <n—m—1}
in C[¢®, ¢~*] has a unique generator L(m, 7', s) of the form P(¢~*)~! where

P is a complex coefficient such that P(0) = 1. Finally, if

I, 0
’U)n,m - < 0 Wh—m > € GLn(K)
we define e(7 x 7', s,1) by the equality

Z(wmm/WV/,WN/’,n—m—l—j,l—s)
L(mx7,1-s)

Z (W, W', j, )
L(mxnls)

= wp(—1)"" e (7T x 7', s)

5As in the previous case, this integral is absolutely convergent for R(s) >> 0.
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The last case that we need to define is the one in which m > n. In this case
we define

L(7r><7r’,s) ::L(W/xw,s), 5(7r><7r’,1/1,s) ::E(ﬂ’xw,w,s).

For the moment, we assume that these definitions can be extended to any
irreducible smooth representation starting with the generic ones. This topic
will be discussed in the last section of this chapter.

4.1.2 Wr side

Let (p,n) be a smooth irreducible Weil-Deligne F-semisimple representation.
Let V;, be the kernel of n and consider

VIF .= {veV,:plo)v=v Voelr}.
We define the L-factor of (p,n) as
L(p.s) = det(1 — g~*p(®@) 1)
For the construction of the e-factor we use the following theorem.

Theorem 4.6. Let ) be a non trivial character of F*, and let E range over
finite extensions of F'. There is a unique family of functions

WD-Rep;’(Wr/C) — C[¢°,q ]
pr—e(p,s,¥m)
such that:
1. If x is a character of E*, then
e(xoArtg, s, vg) =c(x,s,Vg)
2. If p1, p2 € WD-Rep;?(Wg/C), then
e(p1 ® p2,8,¢E) =€ (p1,5,9p) e (p2,5,9E)

3. If p € WD-Rep*(Wg/C) and F C E C K, then

n
€ (Inda//g 0, S, 1/JK> € (Ind%g 1k, s,¢K>

5(p,871/}E‘) B 8(1E587¢E)n

where Y = Yo Tryg p, g =Y oTrg/r and where 1g and 15 are the trivial
characters respectively of E and F'.

Proof. A proof can be found in [3] chapter 7 section 29-30. O

Now, we can complete the statement of the local Langlands correspon-
dence before introduced. As previously said, we need a compatibility of the
different factors defined for the two cases.
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The local Langlands correspondence (Complete one)

Let p be a prime number and F' a finite extension of Q,. Then there exists
one, and only one, collection of bijections

recy : IrrRep(GL,, (F)/C) — WD-Rep;(Wr/C)
such that
1. recp(m) = moArt™! for any 7 in IrrRep(GL; (F)/C) = IrrRep(F* /C).
2. For any 71 in IirRep(GLy,(F)/C) and 72 in IrRep(GLyy (F)/C)
L(my X ma,s) = L(recp(m) @ recp(ma), s)

and
e(m X 7o, 8,9) = e(recp(m) @ recp(ms), 8, 1).

3. For any 7 in IrrRep(GLy,(F')/C) and IrrRep(GL; (£)/C)
recp(m ® (x o det)) = recp(m) @ recp(x).
4. For any 7 in IrrRep(GL,,(F')/C) with central character x

detrecp(m) = recp(x).

5. For any 7 in IrrRep(GL,,(F)/C)

recq(7) = recp(m).

4.2 Bernstein-Zelevinsky classification

In order to complete the definition of L and e-factors for GL,,(F') we need a
way to classify the irreducible representations of GL, (F') starting with the
generic ones.

Clearly, this aim is not only useful to complete our definitions, but it is
more powerful. Indeed, we will see that there is a particular class of rep-
resentations that are generic and that can classify all the other irreducible
representations. This class of representations is the class of supercuspidal
representations.

Let C be the set of equivalence classes of irreducible representations of
GL,,(F) for any n natural number.

Definition 4.7. A segment in C is a subset A of C of the form {p, vp, v?p, ..., v* "1 p}
where p is in C and v(g) := | det(g)|.
p is called begininning of A and p’ := v¥71p is called end of A.
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Definition 4.8. Let A; and As be segments in C. We say that they are
linked if

o Ay Z Ay,
o Ay Z Ay,
e A UAs is a segment.
in particular, if we also have A NAg = () we say that they are juxtaposed.

Notice that, Ay and As can be juxtaposed if, and only if, they are of the
form

A1 = [p1, pl] Az = [p2, p]
with po = vp) or p1 = vph. If po = vp]| we say that A; precedes Aj.

Remark 4.9. If A = [p, '] = {p,...,v*"1p = p'} is a segment in C with p
an irreducible representation of GL,,(F), then we have two representations
attached to it.

Consider n = km and the composition km = (m,...,m) of n. The first
representation that we attach to A is the representation

p®]/p®®]/k_1p

of My = GLy, (F) X+ - - X GLyy, (F'). At this point, the group My, is the stan-
dard Levi subgroup of the standard parabolic subgroup Py, of GLyy, (F).

So, if

PXVP X+ X Vk_lp = ig}i:m(mp(@ vpR - Z/k_lp

where ig}}k’"(F) is the parabolically induced functor, we can define a repre-

m

sentation (A) of GLy,(F) as the unique irreducible representation of p x vp x
.-« x v*F=1p such that

GLgy (F -
TPQ ( )(<A>) =pRup®- - 1)
where 7“1(5;: ::m(F ) is the parabolically restricted functor.

The main theorem of this section is the next one.
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Theorem 4.10. (Bernstein-Zelevinsky classification)

o Let A = [p,vF1p] be a segment in C. Then p x vp X --- x V*"1p has

a unique irreducible quotient (A)t.

o Let Ay,..., A, be segments in C. Suppose for each pair of indices i, j
such that © < j, A; does not precede Aj;. Then the representation

(A1) x - X (Ay)

has a unique irreducible subrepresentation (Aq,...,A,) and the repre-
sentation

(An)fx - x (Ay)f
has a unique irreducible quotient (Aq, ..., A\t

o Any irreducible representation of GL,,(F') is isomorphic to some rep-
resentation of the form (Aq, ..., AL

o An irreducible representation ™ = (A1, ..., A of GL,(F) is generic
if, and only if, it is of the form

= (A1) x - x (A)!
with Az, A no linked segment for any i # j.
o If 7 is supercuspidal it is of the form (A)!.
cusptidal representation is generic.

In particular any super-

Proof. The main proof of this result can be found in [14]. O

The previous theorem is central in the study of the representations of
GL,(F) and it allows us to complete the definitions of L-factor and e-factor
for the GL,,(F') side. The key point is that the representations of the form
(A)! are generic.

1. If 7 is of the form (Aq,...,A,)t and if 7’ is arbitrary, then

L(m x 7', s) HL tx ', s)

e(m x 7' 1, s) Hs x4, s).

2. If 7 is of the form (A)t with A = [p,v*"1p] and #' = (A'), with
A = [p/,v" 1] with & > k, then

k
L(7r><7r',s):HL(pxp’,s—i—k—i—k'—l)
i=1

83



k+k —2i

k
e(mxa )= J] elexr vs+i+j-1)

i=1 §=0

L(ﬁXﬁ,,l—S—i—j)

X X s
jl;[O Lpxp,s+i+j—1)

3. If 7 is a smooth irreducible representation of GL,,(F') we define
L(m,s) = L(m x 1, ),
e(m, ), s) =e(m x 1,1, s).
with 1: F* — C* the trivial character of F'.

Another important consequence of the Bernstein-Zelevinsky classification is
related to the local Langlands correspondence. Indeed supercuspidal repre-
sentations are sent, via the correspondence, to Weil-Deligne representation
of the form (p,n) with p irreducible and n = 0. In other words, supercuspi-
dal representations are sent to irreducible representations of the Weil group.
This consideration, mixed with the work of Bernshtein and Zelevinsky, al-
lows to reduce the proof of the existence of the series of bijections

recy : IrrRep(GL, (F)/C) — WD-Rep;’ (W /C)
to a series of bijections
recr : SCusp(GL,(F)/C) — Irr Rep,,(Wk /C).

where SCusp(GL,(F)/C) is the set of equivalence classes of supercuspidal
representation of GL,,(F).
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