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Chapter 1
Introduction

All the historical information that follows is taken from an introductory preface
of Marsden, Ratiu and Scheurle [11] and Marsden, Weinstein [13].

Reduction as a mathematical topic finds its roots in the works in mechanical
systems of Euler, Lagrange, Hamilton, Jacobi, Routh, Riemann, Liouville, Lie,
Poincaré. For them, reduction was just the tool to simplify computations in their
examples by reducing the degrees of freedom. This is by the way the technique
encoded in the classical Noether Theorem (which was originally discovered by varia-
tional principles and not using symplectic methods). An instance of early reductions
is the Routh one (for systems with cycling coordinates).

A more geometric approach to reduction takes place in Poisson and symplectic
spaces, and it is due to Lagrange and Jacobi. Nevertheless some objects that modern
theory takes into account were first discovered by Lie (for instance, the Lie Poisson
brackets of the dual Lie algebra g* of a Lie group G).

Along the 1960’s geometric mechanics had been developing considerably and it
started to be interesting not only to mathematical physicists such as Arnold, Small
and Soriau but also to pure mathematicians such as Kostant and Kirillov, who linked
orbit symplectic reduction with group representation theory. The 60’s school led to
the modern era of reduction theory which, accorded with the community, it was born
with the fundamental papers of Arnold [2] and Smale [15]. In particular, Smale set
the usual construction of symplectic reduction and he realized the importance of the
role of two key objects, namely momentum maps and quotient constructions (for
the case of lifted action of a Lie group G on a manifold @) to its cotangent bundle
T*Q).

Standard symplectic reduction is the following: if one has a symplectic, free,

proper Lie group action on a symplectic manifold with an equivariant momentum



map (with respect to Coadjoint action on the dual Lie algebra of the group) then one
can perform a reduction on level sets of the momentum map by a suitable subgroup
to form the orbit space which happens to be a symplectic manifold as well. This
thesis investigates conditions in which the symplectic reduction by a non-abelian
group is equivalent to the symplectic reduction by an abelian subgroup.

Interesting results already appear in literature for compact Lie groups. Without
going into details it is relevant to cite Blaom Lemma 7.3 in [3]. In this reference
the author proposes restricting to an appropriate invariant symplectic subspace and
then perform symplectic reduction by a maximal torus (i.e. a compact, abelian,
connected subgroup).

To our knowledge, the possibility of obtaining similar results for non-compact Lie
groups has not been investigated, and this was the driving motivation of this work.
Interestingly, the symplectic reduction by certain abelian subgroups of metabelian
nilpotent groups has been recently used by Bravo-Doddoli, Le Donne and Paddeu
to determine properties of their sub-Riemannian geodesic flow [4]. The precise re-
lationship between their results and those contained in this thesis remains to be
defined.

The main reference in the developing of the thesis has been the book [10]. In
particular, the main results are a consequence of the general theory of symplectic
reduction by stages developed in Chapter 5.2 of the book. However, to the best of
our knowledge, these results, formulated in this thesis as Theorems 2.4.1 and 3.3.1,

are original.

Structure of the thesis.

We begin in Chapter 2 by introducing the objects which lead to the statement and
the proof of the main result of the thesis. In Chapter 3 we will review the theorem
in the particular case of a group with semidirect structure. In this framework, we
give a result on the symplectic structure of Coadjoint orbits. Chapter 4 is devoted
to some explicit examples in which we will be able to illustrate elements of the
theory developed before. Finally in the appendix we review some basic results in
differential geometry and theory of fibrations that turn out to be useful in the thesis

and we briefly recall how symplectic reduction works.



Chapter 2

The Main Theorem

This chapter has the goal to state and prove Theorem 2.4.1 which is the main
result of the thesis, which will be applied in Chapter 3. The first sections are devoted
to the setting of the objects that will appear in the theorem, such as the groups we
take into account, their properties and the actions on a symplectic manifold. After

that we state and prove the main theorem.

2.1 Geometric setting

Let M be a Lie Group with regular, abelian, normal Lie subgroup N < M. Let
m = Lie(M) and n = Lie(N). Call the immersion map I : N < M. The tangent
map at the identity is a natural immersion of the Lie subalgebra n in the total one:
t:=1T, I :n < m. This is a Lie algebra homomorphism and in particular a linear
map. We can consider:
i rmt — n’ (2.1)
where ¢* is the dual map of 7. We will look at the map ¢* in two different ways:

e let 4 € m*. This is a functional acting on the vector space m; this can be
restricted, as a map, to the vector subspace n so that it has the exact meaning:

pln = 7*(p). We check this relation in n* by testing it on a generic v € n:

(1,1(v)) = poi(v) = pla(v).
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e i* is a surjective (linear) map as the dual map of an injective one. We will call

the set (i*)~!(v) the fiber of v inside of m*, for v € n*.
A fundamental role will be played by the Lie group action:
M xn® —n",
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defined by:
U (v) = i"(Ad), -1 (1)), me M,ven’, (2.2)

where p is any element in the fiber (i*)~!(v).

Lemma 2.1.1. The action 1 above is a well defined smooth Lie group action.

Proof. We have to show that 1,,(v) does not depend on the representative in the i*
fiber, i.e. the result:

*F(Ady, () = i*(Ady, (1)

holds whenever i*(u) = i*(¢/').
The core fact we use here is that N is normal in M. This implies that the conjugation
action of M on itself leaves N invariant and this also happens at the Lie algebras
level, namely:

Adp(v) en, VYmeM, ven. (2.3)

Let £ € n. Then:
(i"(Ady, 1), §) = (Adyapi(€)) = (. (Adp-1(i(€)))-

Now i*(u) = i*(1/) means in particular that p(v) = p/(v) for every v € n. Also
(Ad,,-1(i(€)) € n by (2.3), so the last term of the above equality equals to:

(1, (Adm-1(i(8))) = (" (Ady,—1), ),
which shows what we wanted. OJ

Proposition 2.1.2. The restriction of 1 to N x n* coincides with the Coadjoint

action of N on n* (which is a trivial action on n*).

Proof. First, as a consequence of (2.3), the inclusion map i : n < m satisfies:
Ad,-10i = i0Ad,—1, VYneé€N.

Dualizing we get:

"o Adl_, = Ad’, 0.

We apply the last identity to v € n*:
Adr (V) = Adj v 0i™ () = "o Ad) 1 (p) = Yn(v),

where 1 € m* is any element such that *(u) = v. O

10



The action 1 gives rise to a subgroup which will be crucial in the formulation of

the main theorem of the thesis, namely the Y —isotropy subgroup of v € n*:

={meM|,(v)=v} (2.4)

The following lemma shows that in our framework the subgroup N is contained in
M, for any v € n*. We will further see that an important focus in the theory is to

spot those v € n* such that the converse inclusion holds as well, reaching M, = N.
Lemma 2.1.3. Letv en*. Then N C M,,.

Proof. Here we use the fact that IV is abelian and so the Adjoint action of N on n
is trivial (see Proposition A.1.2). Let n € N and v € n. Let pu € (+*)*(v). Then:

(n(v),v) = ((Ady-ap),v) = (Adyap,i(v))
= (1, Adp1(i(v))) = (p,i(v))
= (i"(n),v) = (v0),
so that 1, (v) = v, hence n € M,,. O

Another property of the subgroups we are taking into account (that will be useful

later) is the following.

Proposition 2.1.4. Let p € m* and v = i*(p) € n*. The isotropy subgroups M,,, M,
(with respect to the Coadjoint Action of M on m* and the 1-action of M on n*)
satisfy:

M, C M,.

Proof. Let m € M,: then Ad’ _.j = pn. As a consequence:

(V) = (Adyap) = () = .

2.2 Assumptions on the momentum values

We are now ready to state the conditions on the momentum values p € m* (on
which we are going to perform reduction) must respect. As usual, in the following
definitions, M, denotes the isotropy subgroup of v € n* under the 1-action of M on

*

n.
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Definition 2.2.1 (Hypothesis (A)). Let p € m*. We say that u satisfies Hypothesis

(A) if:
Mi*(#) - N

The next hypothesis is a specialized version of the Stages Hypothesis of [10]
which is simpler to work with and it is convenient to our purposes. In accordance

with [10] we term it SSH which stands for “Special Stages Hypothesis”.

Definition 2.2.2 (Hypothesis (SSH)). Let u € m*. We say that p satisfies Hypoth-
esis (SSH) if for any other u' € m* such that i*(u') = i*(u) there exists n € N such
that:

o= Ad ().

2.3 A pair of Hamiltonian actions and their re-

duction

Let us consider now the standard Symplectic reduction framework recalled in
Appendix A.2, where the Lie group M that acts on the symplectic manifold (P, w)
has N < M as above. Namely, the ingredients are:

e (P,w) a symplectic manifold;

e M a Lie group with N normal and abelian regular Lie subgroup;
e Y : M x P— P a free, proper and symplectic Lie group action;
e Jy : P — m* an equivariant momentum map for the action y.

Let p € Jy(P) C m*. We recall from Appendix A.2 that the reduced space (P,,w,,)

is a symplectic manifold where:
Py= Jy (0)/ M,
and the symplectic form w, € A?(P,) is characterized by the condition:
W, = W, (2.5)

where:

T Iyt () — P, i Iyt (p) — P

are the orbit projection and inclusion.

In our context we can also consider the restriction of the x action to V.

12



Lemma 2.3.1. The restriction X := X|nxp : N Xx P — P still is a free, proper

and symplectic action and it has an equivariant momentum map given by
Jy:=1i"oJy: P—n". (2.6)

Proof. The fact that the restriction is free and symplectic follows by definition. Also,
let K C P be a compact set. Then:

neN|P N xu(P)£0={meM|P N xun(P)#£0}NN,

where both the last sets are closed, the first being a compact set in the manifold M
(which is Hausdorff), the second by the assumption that N is a regular Lie subgroup
of M. So the intersection is a closed set which lies in a compact one, hence it is
compact. This gives properness of y.

Let us prove now that Jy := i* o Jj; is a momentum map for this action. Let v € n.
Our goal is to prove:

d(JIn(2),v) = i,w(z),

for every z € P, ie. that J, = (Jy,v) € C*(P) is the Hamiltonian function of
vp € X(P) the infinitesimal generator of the y action. What we know is that:

d(Jm(2),n) = iy w(z)

holds for every n € m since Jj; is a momentum map. By basic Lie group theory the
exponential maps of the groups N and M are related by expy|n = expy. We use

this fact in the computation of the infinitesimal vector fields:

d - d .
vp(z) = it XexpN(tv)(Z) = it XexpM(i(tv))(z) = i(v)p(2).
t=0 t=0

As a consequence we get that:
d{In(2),v) = d(i*(Ju(2)),v) = d{Ju(2),i(v)) = i(v)p(z) = vp(2),

which is what we wanted.
Let us finally prove that Jy is equivariant. We are actually able to prove more: y

is M-equivariant with respect to the action . Indeed, for m € M and z € P:
In(xm(2)) = (Iu(xm(2))) = 1"(Ady 1 (Ju(2))) =

bm (" (T (2))) = Ym(JIn(2)).

This gives in particular N-equivariance in view of Proposition 2.1.2. O

13



Remark 2.3.1. As a matter of fact, Jy is the unique map that makes the following
diagram commute:
P
N
nr.

The above lemma allows us to consider the symplectic reduction of P by the y
action of N following the framework of Appendix A.2. Given that IV is abelian, the
Coadjoint action of N on n* is trivial (see Proposition A.1.2) and hence N, = N for
every v € n*. Therefore, for v € Jy(P) C n*, the symplectic reduced space is given
by (P,,w,) with:

P, = J3 )N,

and the symplectic form w, € A?(P,) is characterized by the condition:

W, (2.7)

o
T, Wy =1,

where:
T I (W) — P, i, Y (v) = P (2.8)

are the orbit projection and inclusion map.

In the Main Theorem of the thesis we compare the two reduced spaces P, and
P, for p € Jy(P) and v = i*(u). Roughly speaking, whenever such p satisfies
Hypothesis (A) 2.2.1 and (SSH) 2.2.2, then P, is symplectomorphic to P,.

2.4 Main Theorem

We are now ready to formally state the Main Theorem of the thesis and prove
it.
Theorem 2.4.1 (Main Theorem). Let M be a Lie group with abelian and normal
reqular Lie subgroup N. Suppose M acts freely, properly and by symplectomorphisms
on a symplectic manifold (P,w) with equivariant momentum map Jy : P — m*.
Let p € Jy(P) C m* and suppose p satisfies hypotheses (A) and (SSH) given in
Section 2.2. Then the symplectic reduced spaces (P,,w,) and (P,,w,) with v = * ()

are symplectomorphic.

2.4.1 Proof of the Main Theorem.

The proof of the theorem is organized as follows. We first set what the symplec-

tomorphism F' between the two manifolds is and we prove it is a bijective symplectic

14



map. After that we propose what is its inverse ¢ and we prove it is a smooth map.
The whole construction is summarized in the following commuting diagram whose

undefined maps will be specified as we go along.

Step 1: the inclusion map j,.
We recall from Lemma 2.3.1 that the momentum map for the restricted action, Yy,

of N on Pis Jy =i*oJy. As a consequence we have:

i (w) € IR () = Tt W)

Call j, : J;;' () — J5'(v) the inclusion map. We claim j, is a smooth embedding.
The technique we use here is to recover J;,/ (11) as a level set of a regular value of
a smooth function with Jy'(v) as a domain. Denote by n° C m* the annihilator of

n C m and consider the map C,, : Jy'(v) — n°, where:
Cul2) = Ju(z) = p, 2z € Jy'(v).
First of all C,, is well defined as a map into n°® since if we take £ € n:
(Cul2),i(€)) = (Ju(2),i(&)) = (&) = (" (Ju(2)), &) — (¥ (), €)
= (In(2),6) = (&) = 0.

We trivially have Jy,' (1) = C,;*(0) and T.C, = TZJM]J;(V). We should check, as
we claimed, that T,C,, is surjective for every z € Jy/ (u). Fix z € Jy;' (p) and let
V= Im(T.C,) < n°. We wish to show that V' = n°. We do this as follows. Consider
a direct complement £ of n so that m = n@¢€. There is a natural identification n° ~ ¢*

and hence also (n°)* ~ (£*)* ~ £. In view of this, the subset:
W = {{et| =0 YveV}

is identified with the annihilator of V' within (n°)*. Therefore the condition V' = n°
holds if and only if W = {0}.

15



Let a € T, Jy'(v) and ¢ : (—¢,¢) — Jy' (v) a smooth curve such that ¢(0) = 2,
d(0) = a. Let £ € W. Then since T,C\,(a) € V:

0 = (T.Cy(a), &) = <% OC“(C(tD’5>
-4 el = 2  Celel®)

Given that (Jy)e € C*°(P) is the Hamiltonian function of {p € X(P), we conclude
that:
w(2)(ép(2),a) = 0, VaeT.Jy' (v).
This implies £p(2) € (T.Jy'(v))“ and therefore by item (7ii) of the Reduction
Lemma A.2.3:
&p(2) € T:(xn (2))-

In summary, we conclude that the infinitesimal generator {p at z is tangent to
the N-orbit through z. This implies that £ € n and therefore we conclude that
¢ € tnn= {0}, which leads to W = {0} as required.

Step 2: the symplectomorphism F.
Let z € Jy/ (1) and [2]y, = 7.(2) € P,. We define F : P, — P, by:

F(lz]m,) =m0 ju(2), (2.9)

where j, is the inclusion map as in Step 1.
We now show that:

(a) F is a well defined map.
(b) F is bijective.
(c) F is smooth.

(a).  Let [2]a, = [#']ag,. In view of Proposition 2.1.4 and Hypothesis (A) we have
M, C M, = N. Hence we may write 2’ = x,(z) with n € N which implies:

T, 0 Ju(2) = m, 0 ju(2).

In other words, F' does not depend on the representative of the class we choose,
hence it is well defined.

(b). F is an injective map. Let 2,2’ € Jy; (1) and assume F([z]ar,) = F([2']a,),

16



ie. m,(z) =m,(2'). So thereis n € N C M such that x,(z) = z’. We need to check
that m,(z) = m,(2’). By item (i) of the Reduction Lemma A.2.3:

YTt (M-2) = M, -z,

as desired.

F is surjective. Let z € Jy'(v) and take for granted that:

(N - 2)N Jy () # 0. (2.10)
In this case there exists a representative 2’ € J;;' (1) of [2]y € P, such that:

F([Z' ) = moju(?) = [FIv = [2]n
Therefore the surjectivity of F' may be established by showing that (2.10) holds for
every z € Jy'(v). To prove this, let i = Jy(z) € m*. Notice u, fi belong to the
same fiber since, by (2.6):
i"(p) = ("o Ju)(2) = JIn(z)

=V = Z.*(M)v
so that Hypothesis (SSH) 2.2.2 applies: there exists n € N such that u = Ad’_, (ji).
Set 2’ := Xxn(z). Then on the one hand:

7 eN-z.

On the other hand, by equivariance of Jy;:

Tu() = Juln(2)) = Adis (Jae(2))
= Ada (@) = n,

so 2 € Jyt(p). Therefore, 2 € (N - z) N Jy (1), showing that the intersection is

(2.11)

non-empty.
(¢).  The definition (2.9) of F' implies:

Fom, = m 03, 2.12
© Ju

Now, 7, is a surjective submersion and 7, o j, is smooth. Using Lemma A.1.3 from
differential geometry we conclude that F' is smooth.

Step 3: F' is symplectic
We now take into account the symplectic structures of P, and P, given by the 2-
forms w,, w, characterized by (2.5) and (2.7). We claim F' : (P,,w,) — (P,,w,)
is symplectic, i.e.

*
Fw, = w,.

17



Given that (2.5) characterises w), it suffices to show:

7T; F* wy — Z;W (213)
Using (2.12):
m Pt w, = (Fom)w, = (m,0j)w
= Jp W = Ju i, w,

where we used (2.7) in the last equality. Now, the following inclusion diagram clearly

commutes:
T (1) == J5 ()
S
P
so that:
Jniyw = (iyoju,)'w = iyw,

which is right hand side in (2.13).
Step 4: the inverse ¢.

We first give the definition of what we propose as the inverse of the map F. Let
[z]n € P,. If i/ := Jp(2), then, applying (2.6) as above, we conclude that i*(u') =
i*(n) = v. By (SSH) Hypothesis (see 2.2.2) there exists n € N such that y =
Ad’_,(y'), and by equivariance of Jy; we get Jy(xn(2)) = p. We define ¢ : P, —
P, by:

¢([z]v) = mu(xn(2)). (2.14)

Similarly to what we did for F', we will prove that:
(a) ¢ is well defined;
(b) ¢ is the inverse map of F;
(c) ¢ is smooth.

(a). Let 2 € Jy'(v) such that [¢/]y = [z]n. There exists an 71 € N such that
2" = xn(2). We repeat the same construction for 2’ as we did for z in the definition of
¢. Let us consider i = Jy/(2'). Again, since i*(u) = i*(f) = v, by (SSH) Hypothesis
2.2.2 there exists 7 € N such that p = Ad}_,(f1); as a consequence:

o([Z]v) = m(xa(2) = mulxa o xa(2)) = mu(xan(2))-

18



We must check that ¢([z]n) = ¢([2']x), which is equivalent to the condition:

Tu(Xn(2)) = mu(xan(2)).

In other words, we must prove the existence of m € M, such that:

Xn(2) = Xman(2)-

Clearly this holds if and only if z = X,-1.s7(2). By freeness of y this is satisfied
if and only if n~'mnn = e, and so in order to conclude the proof we need to check

1

that m =nn~' 2=t € M,. But this is true because, by equivariance of Jj; and the

definition of n and 7n:

Xn(2), xa(2) € Ty ().
On the other hand, we clearly have x,(2),xa(2") = xan(2) € xn(2) C xm(2).
Therefore, by item (7i) of Reduction Lemma A.2.3:

Xn(2), Xa(2') = X (2) € Ji () Nxar(2) = X, (2).

Hence,
n, hnne€ M, = m=nn"'n" eM,,
as we wanted.
(b).  The fact that ¢ is the inverse of F easily follows by the definitions of the two

maps. Fix z € Jy'(v) and consider an element n € N that works out the definition
of ¢([z]n) as mu(xn(2)). Then, using (2.12):

Foo(lzlv) = F(o(m(2))) = Fomuoxa(?)

= T o Ju(Xa(2)) = T 0 Xa(2)

= DIy = [2lw,
whatever n € N is.
(c).  The most delicate part in the proof of the smoothness of ¢ is how to encode
the smoothness of the assignment z +— n (see the definition of ¢[(z)x]). In order
to do so, we will pass through a section on an NN,-Bundle (the language of this is
developed in Appendix A.3).

Let us take zy € Jy'(v) and consider any local section:
r:U— m,'(U),

where U C P, is a neighborhood of [z]x, i.e. T'is a smooth map such that 7, o' =
tdy. The map:
Jyol' : U —m*

19



is smooth and we claim it takes values on the N-Coadjoint Orbit Ad} (u). Actu-
ally we see that JM|J1;1(,,) does, which is enough. Indeed, let z € Jy'(v). Then
i*(Ja(2)) = v by (2.6) and so by (SSH) Hypothesis 2.2.2 there exists an n € N such
that Ad*_,(Ja(z)) = p. So our claim holds.

Before we continue with the proof we make a remark on the notation. As we
see from (A.2), the notations (Ad)* and Ad* mean two different things, which are
linked by the following equalities:

(Ad)'(n,0) = (Ad)y(n) = Adr(n) = Ad*(n™",p).

We will use both notations in the following.

By the Orbit identification Theorem A.1.5 we may identify the Coadjoint orbit
Ady(p) with the quotient group N/N,, where N, is the isotropy subgroup of p
in N with respect to the N-Coadjoint action. This identification is done via the

diffeomorphism:
B,:N/N, = Ady(n), Bu(nN,) = Ad*(n,p), Vné€N.
Let us call Jy ol := B;l o (JproI'), which is the map that represents Jy; o' in the

identification above. Precisely, we have the following diagram that commutes:

J]\/[OF

Ady(

%BJ (2.15)

N/N,.

Now by theory of Principal Bundles we can interpret 7 : N — N/N,, as a Principal
N,-Bundle (see Corollary A.3.2). The local lift existence Theorem A.3.3 then ensures
the existence of V' C U, neighborhood of [zo]x, and (Jy;oT)* : V. — N smooth lift
map of Jy; o . Precisely, last diagram (2.15) is completed, obtaining:

J]\/[OF

Tl Ay (u

(JMoF)‘Zl NBT (2.16)

N —Z— N/N,.

Also, notice that if we denote by ((Ad)*)* : N — Ad} (1) the orbit map at p, then
((Ad)*)* = B, oT.

Consider the smooth map:
o:V—N, o(lzln) = (JuoD)([2]n) 7",
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where ~! is the group inverse. Use ¢ to construct the map:

a:V.— B, alZln) = muXoam (T(2N))),

which is clearly smooth being the composition of smooth maps. We claim that:

¢([zlv) = a([zly) Vizlv €V,

(2.17)

which implies that ¢ is smooth at [z9]y and hence everywhere on P,. The rest of

the proof consists of showing that (2.17) holds.

On the one hand, given that Jy o I'([z]n) € Ady (1), there exists an n € N such

that:
(Ad)*(n, Ju o I'([2]n)) = p.

Also, by commutativity of the diagram (2.16), we have:

Juol([z]n) = ByoTo(Juo F)K([Z]N)
= ((Ad)")" o (Jar o T)([2]w)
= (Ad)*((Jar o ) ([2]n), 1)

Therefore:

po= (Ad)*(Jar o D)([2Iw) ™", Jar o T([2]w))
= (Ad)*(a([z]n), Ju o T([2]w))-

Combining the above expression for p with (2.18) yields:

po= (Ad)(o([zln)n~", ),

which implies that:

a([2]n) = Tu(Xo@em) T ([2]n)))  (by definition of «)

(2.18)

(2.19)

(2.20)

On the other hand, I'([z]y) is a representative of [2]y in J5'(v), since T is a local

section of m,. Also, the choice of n we made before equation (2.18) is exactly the one
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that realizes the (SSH) Hypothesis 2.2.2 with the pair u, Jys o I'([2]x), since (2.18)

is equivalently written as:

Ay (T o D([EN)) = p.

As a consequence, by definition of ¢, we have:

o([z]n) = muxn(T([2]N)))-

Comparing (2.20), (2.21) we get (2.17), as we wanted.
This finishes the proof of the Main Theorem 2.4.1.
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Chapter 3
Semidirect product Lie groups

In this chapter we apply our Main Theorem 2.4.1 to specific cases. In Section
3.1 the goal is to examine the case where the Lie group M is a semidirect product of
a Lie group G and a vector space V. In Section 3.2 we characterize the momentum
values © € m* that satisfy the Hypotheses (A) 2.2.1 and (SSH) 2.2.2 of the theorem
in the semidirect product setting. In Section 3.3 we focus on the case in which the
symplectic manifold P = T*M and the action of M on T*M is by the cotangent lift
of left multiplication, where M is the semidirect product Lie group M = G x N,
with N abelian. We will determine conditions ensuring that the Coadjoint orbits in

m* are symplectomorphic to the cotangent bundle T*G.

3.1 Preliminaries

In this section we examine the case where the Lie group M in Theorem 2.4.1 is

the semidirect product:

M = GxYV,

where G is a Lie group itself acting linearly on the R-vector space V' by an action:
p:GxV —V.

As a consequence we can think of G as a regular matrix group in GL(V'), precisely

we have a Lie group representation:
a:G— GLV), alg)v) = ¢(v). (3.1)

This case fits the framework of main theorem because we think of the vector space

V' as a group with + as the group operation. Also, in a semidirect product, the
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“acted” subgroup is normal by definition. Thus V plays the role of the normal,
abelian, regular subgroup N of M.

We recall that the group structure of M is given by endowing M = G x V =
{(g,v) | g € G,v € V}, with the product:

(91,711) ‘M (927712) = (91 ‘G g2,01 + ¢91U2)-

From now on we will omit the group product notation. Since M coincides with
G x V as a manifold, then every tangent space at a point is the direct sum of the
tangent spaces of the two single manifolds. This is true in particular at the identity
element:

m=17T M = TeGGEBT()V = g@V

€M

As a consequence an element « in the Lie algebra m is uniquely written as a = £ 4u,
for some unique € € g, u € V. We will write o = (£, u). Our goal now is to derive a
formula for the Adjoint and Coadjoint representations and the Lie brackets in this
context.

Let (g,v), (k,1) € M. Then the conjugation of (k,1) by (g,v) is:
C(va)(kvl) = (gav)(kvl)(gav)_l = (g,v)(k,l)(g_l,gbg&(l)_l))
= (9,0)(k.D)(g7", b1 (—v)) = (g,0)(kg™" 1+ Pudy-1(—v))
= (gkg ™", v+ @51+ Erig1 (=) = (gkg™", v+ dg(l) = dgrg1(v))),

where in the last equality we used the fact that ¢ is linear as an action. As a
consequence the Adjoint action (as defined in Appendix A.1.1) on (§,u) € m is
given by:

Ad(g)(&1) = Tieqn)Clow(§ 1) = (AdF(E), ¢y(u) — pu(Adg (€))), (3.2)

where Ad® is the Adjoint action of the group G, ¢y = Topy : V. — V and, for
v € V, the map:
pp:g—V (3.3)

is the infinitesimal action of £ on v, namely:

o) = L Goen(v). (3.4)

dt{,_g
We will shortly abbreviate (3.2) as:

Adg) (& u) = (g€, gu — pu(g€))-
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The dual Lie algebra is m* = g* x V* (notice we cannot express it as a direct sum
since g* and V* are not subspaces of m*). Let u = (v,a) € m*. By definition
of Coadjoint action (A.2), Adj, -1(7,a) is the element in m* such that for every

(§u)em
(Adfy y-1(7,0), (& u)) = ((7,a), Adgu)- (&)
= ((1,a), (976 97w — p_o(971€)))
(97, 9a), (§,u+ pu(§))) (3.5)
= ((97,90), (&) + {(97,9a), (0, ps(£)))

= <(g’77 gCL), (57 u)> + <g’Y7 0>9 + <g(l, pv<§>>V
Denote by p} : V* — g* the dual map of p, defined by (3.3). Then, for every £ € g:

(ga, pu(§))v = (py(ga), &)

Therefore, the last term of (3.5) is equal to:

((g7,9a), (§,u)) + {py(ga),)g + (0,u)y
= ((97,9a), (§w)) + ((py(ga),0), (&, u))
= ((97 + py(ga), ga), (&, u)).

By arbitrariness of (£,u) € m we conclude that:

(
(
=
(

Adfy 1 (1,0) = (97 + P} (ga), ga). (3.6)

3.2 Main Theorem in semidirect products
Recall that we have the surjective linear map * : m* — n* = V* defined in
(2.1). Here it acts precisely as a standard projection:
gt x VE— V' *(y,a) = pra(v,a) = a. (3.7)
Proposition 3.2.1. The action ¢ : M x V* — V* defined by (2.2) is given by:
w(g,v)<a) = ga,
where (g,v) € G XV =M and a € V*.

Proof. For an a € V*, an element p in the fiber (*)~!(a) is u = (v, a), for any

v € g*. As a consequence:

Vg (a) = i"(Adj, -1 (7, a))
= i"((97 + py(ga), ga))
= ga.
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]

The following theorem considerably simplifies the verification of the Hypotheses
(A) 2.2.1 and (SSH) 2.2.2 in the context above by a simple algebraic computation.

Theorem 3.2.2. Consider the semidirect product Lie group M = G x V', with dual
Lie algebra m* = g* x V*. Let a € V*. If the isotropy subgroup of a with respect to
the induced linear action of G on V* is trivial (G, = {eg}), then both Hypotheses
(A) 2.2.1 and (SSH) 2.2.2 hold for u = (vy,a) € m* (for any v € g*). On the other
hand, if G, # {ec} then hypothesis (A) does not hold.

Proof. By Proposition 3.2.1 we have:
M, = {(g9,v) e GxV | ga=a}.

Hence we have:

Mis(y,0) = M
= {(9:v) €GxV[ge€G.}
= G, x V.

In our setting V = N, so Hypothesis (A) holds if and only if G, = {e¢}.

To complete the proof we shall use the following lemma.

Lemma 3.2.3. The hypothesis G, = {eq} implies:

{i(a) JveV} = g (3.8)

Let u = (v,a), ¢ = (v/,d’) € m* be such that i*(u) = i*(¢/). By (3.7) we

conclude a = a’. Moreover, by (3.6) we have:

Adl,, y-1(v,0) = (74 pi(a), a).

So by the Lemma we conclude the existence of a certain © € V' such that v+ pi(a) =

~" and hence:
Adf, 5y =1,
so Hypothesis (SSH) holds. This finishes the proof of the theorem. O

Proof (of Lemma 3.2.3). We take into account the G-representation « from (3.1).

a, being a Lie group homomorphism has tangent map:
a=Ta:g— gl(V),
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which is a Lie algebra homomorphism. Now let v € V. In view of (3.4), for every

ey
d
dt|,_,

|, o))

= a(§)(v),

Pv (f) = gbeXp(tf)(U)

and so for every a € V*:

<p2<a>7§>g = <a7ﬂv(f)>v
= {a,a()(v))v (3.9)
= {(@(§))(a), v)v-

The induced linear action on V*, ¢ : G x V* —s V*, works as follows:

(Dg(a),v)v = {a,dg-1(v))v
= (a,a(g™ )W)y
= (a,(a(g)) " (v))v
= (((a(g)) ™) (a), v)v,
so we have:
g(a) = ((al9))™)"(a). (3.10)

Let again € € g. The infinitesimal generator of ¢ associated to & at a € V* is
&y+(a) € V* such that Vv € V:

(G-, = &

4
dt|,_,

. (Gexpee) (@), vy (using (3.10))

{aexp(—=¢£t))"(a), v)v

| R W)y

= {a,a(=)(v))v
= {(@(=£)"(a),v)v,

= {a,

so we have explicitly:

v+(a) = —(a(§))"(a). (3.11)
Now consider a € V* as in the statement. Suppose £ € g is such that (p(a),&); =0
for every v € V. Then by (3.9):

0 = ((a(§))"(a),v)v  (using (3.11))
= (Ev+(a),v)v.
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Since this holds for every v € V we conclude &y«(a) = 0. Now the hypothesis
G, = {ec} at a Lie algebra level reads g, = {0}. This implies that the infinitesimal
generator at a, {y«(a) = 0, which holds if £ = 0.

Therefore we have shown that (p}(a), &), vanishes for all v € V' if and only if
¢ =0. In other words {p}(a) |v € V} = g*, as we wanted. O

3.3 Coadjoint orbits of semidirect products

In this section we apply our Main Theorem 2.4.1 to show the following result

about the structure of Coadjoint orbits of semidirect product Lie groups.

Theorem 3.3.1 (Coadjoint orbits of semidirect products). Let M = G x N be a
semidirect product Lie group with N abelian. If € m* satisfies Hypotheses (A)
2.2.1 and (SSH) 2.2.2 then the Coadjoint orbit O, equipped with the KKS form is

symplectomorphic to T*G equipped with the canonical symplectic form.

A particular case of the above theorem, applicable when NN is a vector space V

(as in the previous section), is the following.

Theorem 3.3.2. Let M = G XV be a semidirect product Lie group with V a vector
space. Let p = (v,a) € m* = g* x V* and suppose that the isotropy subgroup
of a € V* with respect to the induced linear action of G on V* is trivial. Then
the Coadjoint orbit O, equipped with the KKS form is symplectomorphic to T*G

equipped with the canonical symplectic form.

The above theorem is a direct consequence of Theorems 3.3.1 and 3.2.2, so we

only give a proof of Theorem 3.3.1.

Proof (of Theorem 3.5.1). M acts on T*M by L = LT™M cotangent lift of left mul-
tiplication. In particular M = G x N as a manifold, and so T*M =T*G x T*N.
What we know from Theorem A.2.4 is that in this setting, Jy; : T*M — m* is
surjective, coincides with the dual Lie algebra component of the right trivialization
p(g,ay) = TFRy(ay), and the orbit space P, = J;;'(1)/M, is symplectomorphic to
O,, the Coadjoint orbit through ;€ m*. On the other hand we will show below that,
for every v € n*, the symplectic reduced space Jy'(v)/N = P, is symplectomorphic
to the cotangent bundle T*G equipped with the canonical symplectic form. The
result is therefore a consequence of our Main Theorem 2.4.1 which guarantees that

P, and P, are symplectomorphic.
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Let us prove that P, is symplectomorphic to T*G as we claimed above. Denote
by L: N x (T*G x T*N) — T*G x T*N the restriction to N x T*M of L. We first
claim that:

L, = (idpeq, LTY), ¥neN. (3.12)
Indeed, for every ¢g,g € G, n,n € N:
L(g,n)(g7ﬁ) = (gvn)(gaﬁ) = (g G gan ‘N ¢[g](ﬁ))7
so that, since L|y = Lieg,):
En(g7ﬁ> = (gvnﬁ) = (ZdG7LH)(§Jﬁ)7

then:

L, = (idpq, Ly).
Moreover:
Iy = i"ody = i"op: T"G XT*N — g" xn* — ",
and using (3.12) we could prove in fact that:
INn=pnyopry: T"G xT*N — T*N — n*.
Also, if Py denotes the right trivialization of 7%V, the map:
P := (idpsg,Pn) : T"G x T*N — T*G x (N x n")

is a diffeomorphism, thus there exists a map Jy : T*G x (N x n*) — n* such that

the diagram commutes:

T*G x T*N —2— T*G x ( an)

Since Jy = Jy o P!, then for every v € n*:
Jy'(v) = P(Jy'(v)) = T°G x Px(py' (v))
= T"G x (N x {v}) ~T*G x N.
We propose as a model for the orbit space:
P, = Jy'(v)/N ~ T*G,
with orbit projection 7 = pry:
T:T"Gx N — TG, 7((9,0y),n) — (g, ).

In order to check this is a correct model we should see that:
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1. 7 is a surjective submersion, which is trivially true;
2. 7 respects the L orbits;

3. T*wpeq = (1) wrepr, where i, : TG x N — T*G x (N x n*) is the inclusion
map and 7, : T*G x N — T*M is its representation in the identification by

P. In other words the following diagram commutes:

T*G x N —“— T*G x (N x n*)

lT \ lpil

TG T*M.

Let us check 2. If we take for granted that in the cotangent bundle trivialization

L, : T*N — T*N is represented by:
(L ide) : N x 0" — N x 0, (3.13)
2 means that if we take ((g, ), n),((g, 53),n) € T*G x N then:
7((g,9),n) = 7((9,55), 1) (3.14)

if and only if there exists an n € N such that:

Pil((gv&g)v(nv V)) = Eﬁ<P71((g7ﬁ§)7<ﬁv V))
= P_l((g,ﬂg),(ﬁﬁ, V))v

where in the last equality we used (3.13). But this is true if and only if:

(9, 9) = (9, 55)

JeN:n = nn

which is actually true by meaning of (3.14) and transitivity of L : N x N — N.
It only remains to check what we claimed in (3.13), precisely that the following

diagram commutes:

i.e. that for every (n,a,):

Py o Ly(n,an) = (Lg,idy) o Py(n, ay). (3.15)
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Now, left hand side is:

Py o La(n,a) = Py(n, Ty, La-1(an)) = (n, T, Run) (T, L1 ()
= (mn, (TanLa—1 0 TeRan)*(an)) = (n, TZ (L1 © Rap)(cn))
= (mn, T7 R (o)),
where in the last equality we used the fact that N is abelian. Right hand side of
(3.15) is:
(L, idy) o P(n,ap,) = (Lg,idy)(n, TS Ry(aw,)) = (nn, T2 Ry(aw,)),

which gives the claim.
In order to prove & we need the explicit formula for the canonical symplectic
form on a cotangent bundle T*H of a Lie group H in the trivialized coordinates.

This is done in Proposition 4.4.1 of [1].

Proposition 3.3.3. Let wr«y be the canonical symplectic form on T*H. Let also
w¥ € A2(H x b*) be defined as:

wS = (PH)*WT*H‘

Then for (h,pn) € H x b* and (v, p), (w,0) € Tiu(H x b*) =T, H x b* we have:

WS (hy 1)(0, ), (w,0)) = —(p, ThRys (w)) + (0, ThRys (v)
+ <,U, [[Tthfl(U), Tthfl(w)]]).
Now we can say more if H is abelian. Fix g € h* and consider the immersion

map:
Ju:H— Hxb*  h—(hp).

If he H and v,w € T, H, by definition of pull back:
(G (v, w0) = w0 (h, 1) (Thgu(v), Thgu(w))
= w(h, 1)((v,0), (w, 0))
= (1, [Th By (v), Ti Ry (w)]).
Now if H is abelian then h is abelian, i.e. [¢,n] = 0 for every &, € h. Thus:
(ju)'w® = 0.

All the considerations above clearly apply to H = N, thus (j2)"w% = 0. We recall
that we need to prove the equality in A*(T*G x N):

T*wT*G = (iy)*wT*M. (316)
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With a slight abuse of notation we will denote wrsy; = wr«g + wr«ny. Now, on one
hand, left hand side of (3.16) clearly is:

T W = Wrq,

as T is a projection. On the other hand, by construction 7, = (idp-g, P~ 0 jN) so
right hand side of (3.16) is:

(i) wrm = wreg + (]iv)* (P
= Wr*Qg —+ (Jiv)* P* W+ N

= wr+g + (Jiv)* wif

)* Wr* N

= Wr+g,

as we wanted. This concludes the proof of the theorem. n
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Chapter 4
Examples

In this chapter we go deeper on specific examples than we did for the general
semidirect product case. Precisely we will recover what is the symplectomorphism
between the reduced spaces for the example of the 2-Euclidean Lie group SE(2) ~
St x R2. After that we compare two similar linear actions on the same vector space,
checking that the fact that the non normal part G is abelian is not the key point
for the application of our Main Theorem 2.4.1. In the third section we review two
different realizations of the Heisenberg group which allow us to touch an explicit

non semidirect product example.

4.1 SE(2) example.

We define the 2-Fuclidean group as the matrix group:

1 0 0
SE(2) = { a cos(f) —sin(f)
b sin(f) cos(0)

a,beR, 9681}, (4.1)

with matrix multiplication as the operation. This group is representable as the
semidirect product S! x R?, with linear action of S' on R? the rotation of a vector.
Precisely the group multiplication is, for 6,6 € S* and v = (a,b),v' = (a’, V) € R*:

(0',0") -sp@) (0,v) = (0" + 0,0+ Ryv), (4.2)
where Ry is the 2 X 2 rotation matrix of angle . The group structures in (4.1) and
(4.2) are isomorphic via the map:

1 0 0
(0,a,b) = | a cos(f) —sin(0) | . (4.3)
b sin(f) cos(0)

33



In order to apply the Main Theorem 2.4.1 we know we have to investigate the induced
S'-action on (R?)* and precisely the related isotropy subgroups (see Theorem 3.2.2).
Identifying (R?)* with R? via the euclidean scalar product, we have that such an
action is given by:

0-v = Ryv,

for v = (v1,1,) € R?, and so:

{O} if (1/1, 1/2) — (07 0)
Sl lf (1/1, 1/2) 7é (0, 0)

G, =

As a consequence we get the following corollary of Theorem 3.2.2 as an application

for an SE(2)-action on a symplectic manifold.

Corollary 4.1.1. Let us consider an SE(2) ~ S' x R? free, proper and symplectic
action on a symplectic manifold (P, w) with equivariant momentum map Jyr : P —
se(2)*. Let u = (y,v1,v2) € Jy(P) be such that (v1,v2) # (0,0). Then there exists
a symplectomorphism between the reduced spaces (P,,w,) and (P,,w,) (see Section
A.2 for notation. In particular P, = Jy, (1)/SE(2), and P, = Jy'(v)/R?).

For pedagogical reasons we consider in detail the case of SFE(2) acting on its
cotangent bundle T*SFE(2) by cotangent lift of left multiplication. We will be able
to give an explicit expression of the symplectomorphism F' between two models of

the orbit spaces.

4.1.1 SFE(2), se(2) and se¢(2)* preliminaries

Let us find first the Lie algebra structure. On one hand, using the matrix repre-
sentation, we have that a vector in se(2) is the derivative at ¢t = 0 of a matrix curve
in SE(2) passing through the identity:

p 0 0 0 0 0
T a(t) cos(A(t)) —sin(@@t)) | = |a —sin(0)f —cos(h)f
=0 b(t) sin(0(t)) cos(6(t)) b cos(0)f —sin(h)0 o
0 00
= la 0 6| =(@,ab),
h 6 0

b

where by * : R — s¢(2) we mean the tangent map of the identification (4.3) at the

identity, which is the Lie algebras identification. Since in the matrix representation
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the Lie brackets are given by the commutators, then we can find the Lie brackets in

(4.2) version. Precisely, if & = (w, v, v2), (W', V], v}) € s¢(2):

0 0 0 0 0 0
[£.7] = &q—0E = —wvy —ww' 0 — | =Wy —ww 0
viw 0 —wuw VoW’ 0 —ww
0 00

= |Wve—wvh 0 0
viw—wvy 0 0
As a consequence:
[¢,n] = (0,w'vy — wvy, viw — w'vy).
In the same way we recover the Adjoint action of SE(2) on se(2). In the matrix
representation, for A € SE(2), £ € se(2):
Ada(€) = AgAY,
Thus, since:
0 0 0
Ada(§) = | wvicos(d) —vysin(@)+wb |0 —w |,

vy sin(f) + vy cos(f) —wa |w 0

then Ad: (S' x R?) x (R x R?) — (R x R?) is
Ad g a,p)(w, v1,v2) = (w,v1 cos(0) — vasin(f) + wb, vy sin(f) + v cos() — wa).

The dual Lie algebra se(2)* is again identified with (R3)*, which corresponds to R?
itself if the duality pairing is the scalar product. For p = (v,v1,10) € R? = (R?)*,
Adyy , -1 (1) acts on £ as:

(Adfy o 1y-1(1), &) = (v, v1,12), Ad(g,ap)-1 (w, V1, v2))

0 w
)

Vo —v sin(6) + vq cos 9) +w(a COS(Q) + bsin(6)

() ()0 (0
S W WIN () ()
- (e Z:)-( ) (e




so that, in the end:

Ad?@,a,b)*l(ﬂ) = (’V + Ry (Zl> . (;b> , Ry (Zl> ) (4.4)

With the above expression, it is easy to see that the Coadjoint orbits in se(2)* are

of two types, depending on v = (v, 11):
1. If v = 0 orbits are singletons: Adg, (1) = {(7,0,0)};
2. If v # 0 orbits are cylinders: Adg, (1) ~S' x R.

It will be useful to consider the isotropy subgroup of a value p with respect to
Coadjoint action in view of a symplectic reduction. For generic values (Case 2),

writing v = (a, b), we have:

SE2), = SEQ2)n = {(0,v) € SE2) | —vib+ wa =0}

(4.5)
= {(0,v) € SE(2) | v = Ay, for some A € R}.

4.1.2 Symplectic reduction of T*SE(2) by SE(2)

Cotangent lifted action. We now consider the cotangent lift of the action by

left multiplication of SE(2) on itself, which we denote as:

L:SE(2) x T*SE(2) — T*SE(2).
This is a free, proper and symplectic action. With the notation conventions
introduced above, let (0',a',0') € SE(2) and (0,a,b, pg, pa,pp) € T*SE(2), where
(P, Pa; py) are the induced bundle coordinates for covectors on 17, , ) SE(2), with

(0,a,b) € SE(2). Then, abbreviating by p the column vector (pg, pa, pp), we have:

L(@’,a/,b/) (97 a, bapaapaapb) = ((9/’ a, b) ’ (9’ a, b)’ Jgtp)7

where Jp, is the Jacobian matrix of left multiplication by (¢, a’, V') € SE(2) evaluated

at (6,a,b) and ~* denotes inverse transpose. In view of (4.2) we have:

110 0

r] = 0 )
L RG,

and hence, since R;t = R;,l, the matrix J;* coincides with Jr. Therefore:

L(G’,v’) (97 U7p97p11> - (9/ + Q? v’ + RG’U7p97 RQ’p’u)a (46)

where we have written v' = (a’, V'), v = (a,b), py, = (Da,Pb)-
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Momentum map. We now compute the momentum map Jsge) : T*SE(2) —
R? with the identification of se(2)* with R? of section 4.1.1. In view of Theorem
A.2.4, for (0,a,b,pg, pa,pp) € T*SE(2) we have:

Jsp@) (0, a,b,p0, D0 pp) = Jp,

where Jg is the Jacobian matrix of right multiplication by (6, a,b) € SFE(2) evaluated
at (0,0,0) (corresponding to the group identity) and we have again abbreviated by
p the column vector (py, pa, pp) € R3. In view of (4.2) we have:

1 (0 0
JR - _b 3
a |0 1
and therefore:
Jse@)(0,a,b,p0, pa, Do) = (P9 — Pab + Do, Pa, D). (4.7)

Symplectic reduction at generic momentum values. Fix u = (v,vq,15) €
R3 = se(2)* satisfying the generality condition of Corollary 4.1.1, namely v +v2 # 0.

In view of (4.7) we have:

Tsi (1) = {(0,a,5,p6,p0, 1) | Pa = 1,06 = Vo, —by +avy =7 —pg}.  (4.8)

It is clear from the above expression that Jgé(z)(ﬂ) may be parametrized with the
coordinates (6, a,b) . This is a consequence of the fact that Jg 5(2) (p) is diffeomorphic

to SE(2) since the momentum map Jgg(9) is a (right) trivialization.

Proposition 4.1.2. The symplectic reduced space P, = JS_é@) (n)/SE(2), is diffeo-
morphic to the cylinder through p in R® = se(2)*, given by:

Cu = A ,m) | vl +vg = n* + 07},
with orbit map m, : Jgé@) (n) — C given by:
Wu(9> a, bap97 V1, V2) = (pev R9p1)>7

where p, = (pa,pp). Moreover, using cylindrical coordinates (a, h) on C, (so that
4 = h and « is the positive oriented angle between vy, ve and (vy,12)) the symplectic

reduced form reads w, = da A dh.
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Proof. 1t is easily seen that m, is a surjective submersion, so to prove that P, is

diffeomorphic to C), we only need to check that for z,2" € J 575(2)(;1) the condition

7,(2) = m,(2') holds if and only if z and 2’ are on the same SE(2),-orbit. First note

that, in view of (4.8), the condition z, 2z’ € Jgé(z)(u) implies that we may write:

z = (0,a,b,y+ by — ave,v),

/

2= (0,d,V, v+ Vv —duv,v),

for some (6, a,b), (¢',a’,0') € SE(2), where we have written v = (v, v5). Hence, by

definition of 7, the condition 7,(z) = m,(2’) holds if and only if:
—bvy +avy = —bvy+dvy and Ryv = Rpv. (4.9)
Considering that v = (v, 1) # 0, the above conditions hold if and only if
0 =60 and v =v+4 \v (4.10)

for some \g € R, where v = (a,b), v' = (d, V).

Now recall from (4.5) that:
SE2), = {(0,\v) € SE(2) | X € R},

and notice that (0, \ov) € SE(2),. Using (4.6), (4.9) and (4.10) we have:

L(O,)\Oy) (Z) = L(07A0V) (9, v,y + bl/l — alvy, I/)
= (6)’)‘0V+U7’y+byl_ay27y)
= (0,0, v+ Vv —d've,v)

= 7.

Conversely, using (4.6) and the definition of 7, for any (0, \v) € SE(2), we have:

Tu( Lo (2)) = 7.0, \v + 0,7 + by — avs, v)
= (v + by — avy, Ryv)
= m,(2).
This proves that P, is diffeomorphic to C), as claimed.

The reduced symplectic form w, € A*(C,,) is characterized by the condition:

(ma) "W = (Ju) wr=sk@), (4.11)
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where j, J;El(Q)(,u) — T*SFE(2) is the inclusion and wr+gp(2) = daAdp,+dbAdp,+
df N dpy is the canonical symplectic form on T*SFE(2). Using (0, a,b) as coordinates

on Jgé@)(,u) we have, in view of (4.8):

(Ju) wrespE) = (Ju)"(da A dpg + db A dpy, + dO A dpg)
= da Nd(v1)+dbAd(vz) +dO A d(y+ bry — ars)
= 11df A db — vydf A da.

On the other hand, the expression for 7, in the coordinates (6, a,b) for Jgé@) ()
is 7,(0,a,b) = (0,7 + by — avy). Therefore, the pull-back of the generic 2-form
f(o, h) dae A dh on C, is:

(m,)"(f(a, h) doa Ndh) = f(0,7 + by — avy) (dO A d(y + by — avs))
= f(0,y+bvy —avs) (11dO N db — v2df N da).

Using this formula it is clear that w, = daAdh is the unique 2-form on C), satisfying
(4.11). O

4.1.3 Symplectic reduction of T*SFE(2) by R?

We now work with the restricted action of R? on T*SFE(2) which, with a slight
abuse of notation, we also denote by L : R? x T*SE(2) — T*SE(2). In view of
(4.6), for (a/,¥') € R?* and (0, a, b, pg, pa, pp) € T*SE(2) we have:

E(a’,b’) (07 a, bap@apaapb) = (67 a+ (l/, b+ b,7p6’7pa7pb>‘ (412)
The momentum map Jgz : T*SE(2) — R? is given by:
JR2<97a7b7p97paapb> = (paapb>'

It is readily seen that Jp2 = " o Jgp(9), as predicted by Lemma 2.3.1, since, under

identifications, the map ¢* is:
i* TR —— R? (v, v, 10) = (11, 18).
Given (v, 1) € R? it is clear that:
Js (v1,12) = {(0.a,b,pg,paspp) € T*SE(2) | po = 11, py = 12}

In analogy with Proposition 4.1.2, we have the following.
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Proposition 4.1.3. Let v € R The symplectic reduced space P, = Jg,'(v)/R? is
diffeomorphic to St x R with projection map T, : JI@(V) — St x R given by:
7TV(9,G, bvp@:pavpb) = (97p9)

Moreover, in the coordinates (0,pg) for S' X R the reduced symplectic form is w, =

The proof follows from analogous (but simpler) considerations to the ones given

in the proof of Proposition 4.1.2. We omit the details.

4.1.4 Equivalence of the symplectic reduction of T*SFE(2) by

SE(2) and R? at generic momentum values

Fix p = (7,v) € s¢(2)* = R3 with v # 0 (in view of the choice made in Corollary
4.1.1). We now work out the explicit form of the symplectomorphism F' as in the
proof of Theorem 2.4.1, with the models for the symplectic reduced spaces P, and
P, given in Propositions 4.1.2 and 4.1.3.

Let (7,7) € C, with cylindrical coordinates (a, h). According to the convention

in the statement of Proposition 4.1.2, we have:

¥ =h, R.w = 1. (4.13)
Now, according to the definition (2.9) of F', we have:

F,v) = moju(?),

where z € Jgé@)(u) satisfies 7,(2) = (7,7). Using (4.8) and the definition of 7, in

the statement of Proposition 4.1.2, we see that z is of the form:
z = (0o, ag,bo,y + bov1 — agia, 1, 15) € T*SE(2),
with (g, ag, by) € SE(2) such that:
¥ = v+ b1 —apra, Rev = D. (4.14)

Comparing (4.13) and (4.14) we see that the angles 6, and « coincide and therefore

the coordinate representation of F' is:

F(Oé,h) = WVOjM(aaambOahyVl)VQ)
= 7,(a, ag, b, h, V1, 1) (4.15)
= (o, h),
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where on the right hand side (a, h) is interpreted as an element of S' x R, which
is our model for P,. It is clear that F'is a symplectomorphism with respect to the
symplectic structures specified for P, and P, in Propositions 4.1.2 and 4.1.3.

Finally, we also give an explicit construction of the mapping ¢ : P, — P, as in
the proof of Theorem 2.4.1. Let (0,py) € S' x R = P,. By (2.14) we have:

¢(0,p0) = mu(Liap)(2)); (4.16)
where z € Jg; (v) is such that:
m(2) = (0, ps), (4.17)
and (a/, V') € R? satisfies:
Ady, o) (Jsp@)(2) = (1,0,0) = po. (4.18)
Now, an element z € J; (v) satisfying (4.17) is of the form:
z=(0,a,b,pg, 11, 11), (4.19)
for arbitrary (a,b) € R?, and satisfies:
Jsp@)(2) = (pg — v1b+ vaa, 11, 13). (4.20)
Therefore, using (4.4), we see that (a’,b') as defined by (4.18) satisfies:
v = pg— vib+ vea — b + ad.

Without determine explicit values of (@, ') satisfying the above relation, we may

compute the value of ¢(0, pg) using (4.12) and the definition of 7, in (4.16). Namely:

6(0,p0) = mu(Lwp(2)), (by (4.16))
= WM(I/(Q/J)/) (9, a, b,pg, v, 1/2)), (by (419))
= m,(0,a+d' b+, pg,vi,1n), (by (4.12))
= (po, Ryv) € C,,, (by definition of 7).
It is clear that the cylindrical coordinates of the point (pg, Rev) € C), are h = py,

a = 6, so the coordinate representation of ¢ is:

¢<07p9) = (Qap9)~

This is consistent with the fact that ¢ = F~! and the coordinate representation of
F is given by (4.15).
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4.2 SE(3) and the SO(3) action on R’ x R>.

We have as always the structure M = G x V as in Section 3.1. One may
think that the existence of non degenerate values p € m* (i.e. values that respect
Hypotheses (A), (SSH), in order to apply the Main Theorem), depends on the fact
that G is abelian as well. This is not true. The following counterexamples show
that this may happen or not, even if GG is non-abelian.

We first consider the non abelian group:
SO(3) = {A€GL(3)| A'A = 13, det(4) =1 }.
Also, the 3-euclidean group is:
M = SE(3) = SO(3) x R?,

namely the matrix group of rototraslation linear maps on R3. The action of SO(3)

on R3 is given by ¢:
p,(v) = gv, g€ SO(3), veR. (4.21)

We use the characterization of Hypothesis (A) given by Theorem 3.2.2 in order to
check that correct values (7,a) € s0(3)* x V* ~ 50(3)* x R3 exist (here we identify
duality in R® with the scalar product). The induced linear action of SO(3) on
R3 x R? exactly replies (4.21): g-a = ga for every g € SO(3), a € R3. We study

isotropy subgroups of a, i.e. the equation in g:
a = ga.
We have two cases:

1. If a = 0 then of course SO(3), = SO(3).

2. If a # 0 then the set of g € SO(3) that fix a is the one that only rotates the
two dimensional plane (a)*. In this case SO(3), is the rotation group of a

plane: it is then a copy of SO(2) in SO(3).

Thus, we see there are no choices of (v, a) for which the hypotheses of the theorem
hold, in the sense that G, # {I3} for every a € R?.
Now let us take into account the same SO(3) action on R? as in (4.21) but
“doubled”:
dg(u,v) = (gu,gv), g€ SO(3), u,v € R®. (4.22)
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This gives the semidirect structure of the group M = SO(3) x (R* xR?), which is the
one we care about. Again the induced linear action of SO(3) on (R?* xR3)* ~ R3xR?

replies (4.22), so that if (a,b) € (R® x R*)* the following cases arise for SO(3),p):
1. If (a,b) = (0,0) then SO(3) () = SO(3).

2. If a # 0, by the analysis of the previous example we have ga = a if and only if ¢
rotates (a)*. If we want the same g to fix b as well, then we need (a)* < (b)*.
But since we are in dimension 3 this is simply obtained by having a parallel
to b. In this case SO(3)(qp) ~ SO(2). Of course the same considerations hold
by considering b # 0 first.

3. From case 2 we also deduce that if (a,b) # (0,0) and a,b are not parallel to
each other, then SO(3) (s = {I3}.

Thus, choices of (7, (a,b)) € 50(3)* x (R® x R3) with (a,b) as in case 3 are the one

we were searching for.

4.3 The Heisenberg group

We define the Heisenberg group as the unique 3 dimensional 2-step nilpotent Lie
group (up to isomorphisms) H? whose only non trivial bracket relation in the Lie
algebra is:

[X1, Xo] = X,

where { X7, X5, X3} is a basis of h> = Lie(H?). As a matter of fact, exp : h> — H?
is a global diffeomorphism, H? being a nilpotent group (see [6], Theorem 1.2.1). So

we have exponential coordinates on the group, in the sense that any element g € H?
3

is written as g = exp (Z :L‘Z-Xi>, (H3,-) ~ (R3, %), and the product * is recovered
i=1
using Baker Campbell Hausdorff formula (see N3 example in [8]):

X n T1+ %
o | * Y2 | = Ty + Y2
Z3 Y3 T3+ ys + 5(T1Y2 — Tay1)

Here the identity element is Ogs and the inverse element of a vector x € R? is —x.

Also, we could prove that the following map:

1 1 I3
(1,20, x3) = [0 1 (4.23)
1
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is a Lie group isomorphism. We will refer to the image group as the Matrix Heisen-
berg group HX.

We will mainly use the R? realization. It is useful to consider the conjugation

map:
1+ W% —I Y1
—1
Coy = zxy*xx = = Ty + Yo —z5 | = Yo . (4.24)
z3 4+ y3 + 3 (z1y2 — w2y1) —x3 Y3 + T1y2 — T2Y1

The Adjoint action is, as defined in (A.2), Ad,§ = T.C,(§), for every z = (x1, 29, 23) €
H3, & = (&, &, &) € b, Now:

1 0 0
co =10 1 0],
—To X1 1

so that:
Ad, (&) = Ci¢ = (&,8,8 — &aa + Lar).

Let us also compute how the Coadjoint action works. As always if the duality pairing
coincides with the scalar product in R® we have for u = (uy, po, p3) € R® ~ (R3)*
and £ € R3:

<Ad:*1 (/JJ>7 é) = <(N1; K2, ,u3)7 Adm_l (€)>
H1 &1
= < H2 | > & >
3 &3+ &iwe — So1y

= &1 + pobo + p3(§s + &1x2 — Sox1)
= &ipn + zapz) + Ealpo — z1p3) + S3p3.
As a consequence:
Ady—i () = (1 + x2p3, pi2 — T1fiz, H3), (4.25)
and so Coadjoint orbits through p are of two types:
1. If p3 =0 then O, = {u};

2. If u3 # 0 then O, = p+ ((x1,29,0)) ~ R2

We will take into account now two different normal and abelian subgroups N of
H3. The first one will lead to a semidirect structure, while the second one will
not. Our goal is to compare the chance to apply our Main Theorem in these two
realizations: we will see that the existence of momentum values that satisfy the

theorem hypotheses is non trivial.
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4.3.1 H? as a semidirect product

Let us consider the subgroup:
N = exp((Xy, X3)).

This is an abelian and normal subgroup of H?, so it fits the setting of Main Theorem

2.4.1. Also one could prove that (NN, %) ~ (R?, +). There is more. If we set:
G = exp((X3))

this is again a subgroup and (G, *) ~ (R, +). We claim that H?® has the semidirect
product structure of H? = G x N.

Let us check this claim. It is convenient to think for the moment to H?® as the
matrix Heisenberg group H? as we did in (4.23). We should establish what is the

isomorphism that maps an element:

1 1 z3
1 25| = (g,n) € R x R?
0 0 1

representing it. By group theory the meaning of such a (g,n) is the following. If
n=(r,z) ER*and g =y € R:

1 > =z 1 00 1 z z+4+u2y
(gn) =n-g=10 10|01yl =101 y
0 0 1 0 01 0 0 1

W

1 =
It is important here to notice that the elements (y, (z,2)) and | 0 1 y | represent
0 0 1

two different points in R x R2. Rather the identification is:

1 ni n2+gn1

(97 (n17n2)) = 0 1 g )
0 0 1

1 =z =z

01 y|=((r,z—12y).

0 0 1
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As a consequence we have that (g,n) - (¢’,n’) is, on one hand:

Ny na+gm 1 71/1 nh +g'n} 1 +n] nat+nh+(g+9)n1 +g'n
g 0 1 g =10 1 g+d . (4.26)
0 O 1 0 O 1 0 0 1

On the other hand it is:

(9 el g/7n ‘N ¢[g](n/)) _ (g + g,7 (nl -+ ¢1[g](n’1’n’2)) )

ny + ¢agl(nf, ny)

1 ny+ dulgl(ni, ny)  na + dalgl(nh,nb) + (9 + 9') (1 + dulgl(nh, n5))
0 1 g + g’ =
0 0 1

L ny+ ¢ufgl(nf,nh) na+(g+9g)n+(9+9)01+ ¢
=10 1 g+ . (4.27)
0 0 1

By comparing (4.26) and (4.27) we deduce:

The following proposition summarizes all the computations above.

Proposition 4.3.1. The Heisenberg group H? is isomorphic in the sense of Lie

groups to R x R? with group product:

(ga (nlv n2)) . (g/’ (nllv n;)) = (g + g', (nl + n/17n2 + nIQ - gn,l))7

and following the notation we use in Section 3.1:

¢g(n1,n2) = (n1,n2 — gm) (4.28)
is the R action on R2.

Our focus now is to see that if we consider such N as a first stage reduction group,
then there actually is the possibility to satisfy the Main Theorem (differently to what
will happen in Section 4.3.2). Relying on the characterization of Hypotheses (A) and
(SSH) in semidirect products given by Theorem 3.2.2, a value (v, a) € (h*)* ~ Rx R?
satisfies both hypotheses if G, = {eg} = {Or}. But:

Go = {9 €R|g-(a1,a2) = (a1,a2)} = {9 €R|ay=ay—ga}.
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So we have:
R lf ap = 0.

G, =

So correct choices for p = (7,a) in order to satisfy Main Theorem 2.4.1 are such
that aq 7é 0.

4.3.2 H? as a non semidirect product

We now consider a different choice for N, namely the 1-dimensional Lie subgroup:
N = exp((X3)).

N is trivially abelian and normal in H? (this is easily proved by applying the con-
jugation map (4.24) to an element in N).

The immersion map of n in the group is i : n — b3 such that:

i(v) = (0,0,v), veR,
so that the projection i* : (h*)* — n* ~ R as in (2.1) is:
i*(v,v) = v, yER:vER.
The action ¢ : H? x R — R from (2.2) works as follows:
Vo(v) = "(Ady(p) = (7 + 221,01 — 2100, 10) = v,

where we used (4.25) with x € H?, v € R and p = (uy, pto, pt3) = (7, v1, v2), which is
a generic element such that i*(u) = v. As a consequence we see that M, = M # N
for every v € R, and so there’s no hope for Hypothesis (A) 2.2.1 to hold for any
veR.
Remark 4.3.1. We claim there cannot exists a Lie subgroup A < H? such that
H3=Ax N.

By contradiction such A exists. Then by algebraic properties of semidirect prod-
ucts, there must be a Lie group isomorphism S : A — G/N and so its tangent

map at the identity is a Lie algebra isomorphism:
s:a— Lie(G/N) ~ g/m.

In particular this is a linear surjective map. It follows that a contains any vector of
the form:

& = X1 +aXz & = Xo+0Xs.
Thus, a = (X, X5, X3) = h® (a being a Lie algebra), which implies A is 3 dimen-

sional. This is the contradiction.
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Appendix A
Preliminaries

In this appendix we review some known results in differential geometry, Lie group

(in particular symplectic) reduction, and theory of fibrations we use in the thesis.

A.1 Differential geometry

A.1.1 Lie group actions

Lie groups and Lie algebras are key objects for this work. We now recall them

very quickly, but one can read [9] or [7] for more details.

Definition A.1.1 (Lie group). G is a Lie group if it is both a group and a smooth

manifold where the product and the inverse maps:

GxG— G, (g,h)— gh
G—G, gr—g!
are smooth with respect to the differentiable structure.

For a fixed g € GG one can consider the left and right translations:
L,:G— G, Lyh) = gh
R,:G— G, Ry(h) := hg.
L,, R, are diffeomorphisms for every g € G.

The construction of the Lie algebra of a Lie group requires the notion of the so

called left invariant vector fields.

Definition A.1.2 (Left invariant vector field). A vector field X on a Lie group G

is left invariant if it is invariant under every left translation:

(L)X = X, Vged.
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We will denote the set of left invariant vector fields on G' by X.(G). Now, if we
consider the standard Lie brackets [-, -] on X(G), then (X.(G),[,]) happens to be
a Lie subalgebra of X(G).

Proposition A.1.1. Let G be a Lie group and § € T.G. Let X¢ be the vector field
such that:

Xe(g) = TeLy(§), ge€G.

Then X¢ s left invariant and the mapping:
A TeG — %L<G), )\(5) = Xg
1s a linear isomorphism.

Proof. For a proof, see 8.37 of [9]. O

As a consequence of the previous proposition we can endow 7T,G with a Lie
bracket inherited from (X.(G), |-, -]), namely:

[€:n] = [Xe, Xyl(e),  VEm e TG (A1)

Definition A.1.3 (Lie algebra of a Lie group). Let G' be a Lie group. The Lie
algebra of G is g := T.G endowed with the Lie algebra structure as in (A.1).

As a vector space, g has a dual space g* which is the space of linear functionals
on g. We will denote the action of a ;1 € g* on a vector £ € g using the duality
pairing;:

(1,6) = n(E).

Lie groups are useful because they act on smooth manifolds.

Definition A.1.4. A (left) action of a Lie group G on a smooth manifold M is a

smooth map:
G XM — M, (g,m)—(g,m) = ty(m)
such that:
1. Ye = idpy;
2. Ygn, =Yg 0y, for every g,h € G.

It will be crucial to consider the isotropy subgroup of a Lie group action.
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Definition A.1.5 (Isotropy subgroup). Let b : G x M — M be a G-action on
M. The isotropy subgroup of an m € M with respect to 1 is:

Gm = {9 € G|vy(m) = m},
which is in fact a subgroup of G.

We recall in particular the definition of Adjoint and Coadjoint actions. Let G
be a Lie group: it acts on itself by conjugation, namely C': G x G — G such that
VgeaG:

Cy(h) = Lyo Ry-1(h) = ghg™".

C, is a Lie group isomorphism and so Ad, := T.C, is a Lie algebra isomorphism
from g to itself. As a matter of fact the so called Adjoint action (or representation)
is the linear action Ad : G x g — g.

The Coadjoint action of a Lie group G is the (left) action Ad* of G on the dual Lie
algebra g* obtained by dualizing Ad. Precisely:

Ad™: Gxg'— ",  (9.p) = (Ad)y(p) = Ady- (1), (A.2)
where Ad;,1 is the dual map of Ad,-1, namely:
(Ady-1(p), &) = (u, Adg-1(§), Vpeg, VEeg.

The following proposition is central in the geometric setting we develop in the

thesis since it translates the fact that a Lie group is abelian at the Lie algebra level.

Proposition A.1.2. If G is abelian then both the Adjoint and Coadjoint actions of
G on g, g* are trivial. In particular G, = G for any u € g*, G, being the isotropy
subgroup of p with respect to the Coadjoint action.

Proof. The fact that Ad is trivial follows by definition. We have Cyh = h, V g,h €
G, thus Cy = idg. Differentiating it at h = e we obtain:

T.C, = Ad, = idj

Triviality of Ad* comes from dualizing the maps in the previous line. O

A.1.2 A technical lemma to prove smoothness of a map

Lemma A.1.3. Let M, N, K smooth manifolds. Let m : M — N be a surjective
submersion and f : N — K be such that fon : M — K is smooth. Then f is

smooth.

Proof. For a proof one can see the one of Theorem 4.29 in [9]. O]
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A.1.3 The smooth structure of the orbit of an action

The following is mainly based on [7], section 1.11 and [14].
Let ¢ : G x M — M be a Lie group action on a manifold M. Let m € M. We
know that:
Gn = {9 € G |hy(m) = m}
is a regular (closed) Lie subgroup of G. G,, acts on G by right multiplication. This
is a proper action (Example 2.3.5 in [14]) which is also obviously free. Consequently

the quotient space G/G,, has a unique smooth manifold structure such that:
T:G— G/Gp

is a surjective submersion.
Consider the orbit map ¢ : G — M such that ™ (g) = ¢,(m) for every g € G.

It induces a well defined map:

B :G/Gyp — M

such that:
B, o =19y
Namely, the diagram:
G —— G/G,,
N lB’"L
M

commutes. Moreover, since 7 is a surjective submersion, differential geometry

Lemma A.1.3 implies that B,, is smooth.
Proposition A.1.4. We have two properties of the map B,,:

1. B,, is a bijection onto the orbit O, through m.
2. By, is an injective immersion.

An important consequence of Proposition A.1.4 (precisely point 2) is the follow-

ing theorem that enlightens the goal of the above construction.

Theorem A.1.5 (Orbit identification theorem). Let ¢ : G x M — M be a Lie
group action on a manifold M and let m € M. Then the two manifolds are diffeo-
morphic:

O =~ G /G,

where O,, has the smooth structure as an immersed submanifold in M.
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Proof (of Proposition A.1.4). Let us first prove 1. By, is injective: assume g1, go € G
such that:

Vg, (m) = Bi(g1 G) = Bin(g2 G) = g, (m).
Then Vy-ig, (m) = m, thus g1 G, = go G-

B,, is surjective on O,,: if m' € O,, there exists g € G such that ¢,(m) = m’' =

Bin(g Gi).
Now we prove 2. We show that if g € G, then:

ker Typyp™ = ker T,t. (A.3)
This is actually enough to get the thesis because chain rule gives:
Tg¢m = T[Q]Bm o} TgT

and from linear algebra, (A.3) gives necessarily that ker Tiy B, = (0).
We claim it suffices to show (A.3) at g = eg. Indeed, on one hand ¢™ is trivially

equivariant with respect to L and 1, in the sense that:
WMo L, = 0™, VgeG.
Differentiating the last identity at h = eg:
Ty oT, Ly = TytpgoTep™.

Since L, ¢, are diffeomorphisms, T¢ L, T,,,, are linear isomorphisms and so r(T,¢™) =
r(T.™) for every g € G. On the other hand, 7 has constant rank because it is a
submersion.

As a consequence we should prove the identity:
ker Toy™ = ker T.r, (A.4)

and we will do it comparing the two spaces with g,, = Lie(G,,). Now T.™ : g —>
T,,M and for every & € g:

d

™€) = 7 Vexp(re) (M) = &ur(m),
t=0

where &y € X(M) is the infinitesimal vector field with respect to the action . We
first check that ker T,9™ = g,, with double inclusions.

7 C 7. We have y(m) = 0 if and only if Yexpue)(m) = m for every t € R, if and
only if exp(t§) € G,, for every ¢t € R, which implies £ = %‘t:(} exp(tf) € gm.-
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7 D 7. For a & € g,, there exists a local smooth curve g(t) C G,, such that
&= %’t:O g(t). Then:

d d

THE) = g V) = g om0

On the other hand we trivially have:
ker T, 7 C gm (A.5)

from the fact that 7|¢,, is constantly equal to e. Also (A.5) must be a set equality

by a dimension check and the fact that 7 is a submersion:
dim(ker 7,7) = dim(g) — (dim(g) — dim(g,,)) = dim(g,,).

This finally gives (A.4) and concludes the proof of the Proposition. O

A.2 Standard symplectic reduction

Point-wise symplectic reduction is the a central ingredient of the thesis. It in-
volves several objects, so it is useful to fix the notation.
Let (P,w) be a symplectic manifold and x : M x P — P be a free, proper and
symplectic M-action. We recall that if £ € m and {p € X(P) is its infinitesimal gen-
erator, then this is naturally a local Hamiltonian vector field and we shall assume it

happens to be global. A Momentum map is a function J : P — m™* such that:

(J(2),€) = Je(2),

for every z € P, where J; € C*°(P) is a Hamiltonian function of {p. A Momentum

map is equivariant if it is with respect to Coadjoint action on m*, i.e. Jo x,, =
Adf _ o J.

m—1

Proposition A.2.1. If the Lie group M acts in a free and symplectic way onto
a symplectic manifold P and J : P — m* is a momentum map, then J is a

submersion onto its image.

Proof. For a proof one can rely on Proposition 1.1.2 of [10], observing that the

symmetry algebra at every point z € P:

g: = {eglép(z) =0}
is trivial by having a free action on P. O
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As a consequence of this fact, if we take u € m* in the image of J, then the level

set:
T (i) ={z € P| J(z) = )
is a smooth embedded manifold in P. This is actually the manifold we will reduce.

A problem occurs: the restriction of x to J~!(u), in general, is not well defined if

we let the whole group act. In any case we can consider the restriction:
XMy T () — T (),

where M, is the isotropy subgroup of ;1 with respect to Coadjoint action. Assume

J to be equivariant. Then y is well defined because if z € J~*(u) and m € M,,:

J(Xm(2) = Ady(J(2)) = Adya(p) =

Also one could prove y still is free and proper. This allows to say that the orbit

space:

has a smooth structure given by the quotient topology, with the orbit projection
7, + J ' (p) — P, a surjective submersion. We are ready to state the Reduction
Theorem, which states that P, has a symplectic structure as well. It is due to Meyer

[1973] and Marsden-Weinstein [1974] and it can be found as Theorem 1.1.3 in [10].

Theorem A.2.2 (Symplectic Reduction Theorem). Let x : M x P — P be a
free, proper, symplectic Lie group action with J : P — m* equivariant momentum
map. Let p € m* be a momentum value in the image of J. Then, as in the above
notation, the reduced space (P,,w,) is a symplectic manifold with w, € A*(P,)

uniquely characterised by the equality:

where i, : J () < P is the natural inclusion map, which is smooth as J~*(u) is

embedded in P.
We also have some geometrical properties of the spaces we introduced.

Lemma A.2.3 (Reduction Lemma). Let M -z, M - p be the orbits of z € P,
p € J(P) with respect to the actions of x and Ad* resp. and M, - z the one if we
only let M,, act. Then:

(i) JTHM - p) = {M -z ] J(2) = p};
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fii) My = = (M- 2) 1 ();
(iii) T, (M - z) and T, (J~'(u) are w-orthogonal.
Proof. We present a proof which is essentially taken from [10].

(i) z € JYM - p) if and only if J(z) = Ad’ _,p for some m € M. As a conse-

quence by equivariance:

po= Ad,(J(2) = J(xm(2)),

so that:
Xm-1(2) € T Hp) <= ze M- -J ' (p),

as we wanted.

(ii) Xm(z) € J7*(p) if and only if:
f= Jonl2)) = A1 (J(2) = Adlys (i)

if and only if m € M,,.

(iii) By definition v, € (T,(M - 2))* means that for every £ € m:
w,(&p(2),v,) = 0.
By definition of J, this is equivalent to:
(dJ(z)v., &) = 0 VEem <= dJ(z)v, = 0.

Thus:
v, € (T,(M - 2))* <= v, € Ker(T.J) = T.J (),

as we wanted.

]

The following Theorem applies instead to the particular case where the action is
the cotangent lift of a left multiplication of a Lie group G on its cotangent bundle
T*G. Before getting into the statement it is useful to recall the fact that T#G
trivialize by the maps A, P : T*G — G x g* such that for any (g, o) € T*G:

Ag,ay) = (9,17 Ly(ay)), Plg,ag) = (9,1, Ry(ay)), (A.6)

in the sense that such maps are (global) diffeomorphisms. Moreover we call A, p :

G — g* the dual Lie algebra components of A, P resp.
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Theorem A.2.4. Let G be a Lie group and L : G x T*G — T*G be the cotangent
lifted action of the left multiplication of G on itself. This is a free, proper, and
symplectic action on T*G with the standard symplectic structure of a cotangent bun-
dle. Moreover the map p : T*G — g* as in (A.6) is an equivariant and surjective
momentum map for L. Let us also consider the natural symplectic structure of a
coadjoint orbit O, as the symplectic leaf in the Poisson manifold g* (given by the
Kirillov-Kostant-Soriau form wiks). Then if we consider the reduced space (P,,w,)

as in Theorem A.2.2, this is symplectomorphic to (O,,wkks).

Proof. See Theorem 1.2.3 of [10]. O

A.3 Principal Bundles Over a Lie Group

We give a brief overview of introductory elements of the theory of Principal
Bundles, in order to fix the notation and gain the (local) existence of the so called
Lift map of a smooth map. We use this result in the proof of the smoothness of
the symplectomorphism inverse in the Main theorem of the thesis. The following is
mainly based on section 1.2 of [5].

We start with the definition of a Principal Bundle over a Lie group G.

Definition A.3.1. Let G be a Lie group. A Principal G-Bundle is a fibration
m: E — B such that:

e (& acts freely on the right on E by ¢ and the action respects the fibers, i.e. the

following diagram commute:

GXEL)E

(mf)l lﬂ

B x {e} 2 B.

e The induced action on the fibers is transitive;

o Fis locally trivial: for every b € B, AU C B neighborhood of b such that there

exists x : 7Y (U) — U x G diffeomorphism which is G-equivariant:

wfl(U)xGMUxGxG

wl l(id,multg)
N U) —X— U xG.
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Example A.3.1. Let us consider a free group action of a Lie group G on a manifold
M:
V.G x M — M.

Set B to be the orbit space B = M/G and 7 : M — M /G the natural projection.
Then the fibers are 7= 1([y]) = y G and the action satisfies the first two properties
of the previous definition. In order to say 7 : M — M /G is a Principal G-Bundle
we should check the local triviality condition. In general for this to hold we need
an “extra compactness property” either of the group or the action. The following

theorem gives sufficient conditions for this to happen.

Theorem A.3.1. Let v : G x M — M be a free, proper Lie group action of G
on a manifold M. Then the construction in the Example A.3.1 defines a Principal
G-Bundle.

Corollary A.3.2. Let H be a regular Lie subgroup of a Lie group G (which acts on
G by left multiplication). Then:

7:G— G/H
1s a Principal H-Bundle.

Now let us take into account a generic Principal G-Bundle 7 : E — B and a

smooth map ¢ : Z — B from a manifold Z to the base space B.

Definition A.3.2. The map ¢’ : Z — B is a lift of ¢ if the diagram commutes:

Z—>E

b

Lift of smooth maps always exists locally (but not necessarily globally).

Theorem A.3.3 (Local lift existence). Let zg € Z. There exists a neighborhood
V C Z of 20 and a map ¢, : V — E such that @%, is a lift of |v.

Proof. By the Principal Bundle Structure there exists a neighborhood U C B of
¢(20) € B and a diffeomorphism y : 771(U) — U x G such that:

T —>U><G
\lpl
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Let V := ¢~ 1(U): this is an open set in Z containing 2y, hence a neighborhood of
it. Set ¢ : V. — U x G such that:

actually is an instance of lift of ¢|y. ]
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