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Abstract

The electron fraction is a key parameter characterizing the balance between
nuclear reactions as well as weak processes in stellar interiors. It must be mon-
itored carefully in stellar evolution calculations as it is of critical importance in
stellar nucleosynthesis, especially in the late evolution of massive stars. Some
recent studies highlighted the existence of uncertainties on this quantity. The
present thesis represents an exploratory study of the impact of such uncertainty.
The main goal is to characterize the influence of the electron fraction Y, during
the pre-supernova phase, assuming conditions of nuclear statistical equilibrium
(NSE), under which the composition of the stellar core is determined only by
temperature, density, and electron fraction. Employing the 1D stellar evolution
code MESA, I determined these physical conditions for nine stellar models with
different initial masses and then I computed the core abundances at NSE with
public_nse, a tool specifically dedicated for this purpose. This allowed me to
determine the total mass of °°Ni, a representative isotope, contained in the core.
I found that even small changes on the value of Y, can lead to large uncertain-
ties on this value, possibly greater than 100%. With a more structural oriented
investigation, I determined also that an uncertainty of 1% on Y, propagates as a
~ 2% uncertainty on the mass of the core. From this thesis I can argue that the
uncertainty on Y, can have important repercussions on the pre-supernova evo-
lution of massive stars, in particular on the predicted abundances, the stability
of the core and the explodability conditions.



Chapter 1

Nuclear physics

The stellar lifetime is characterized by the succession of many nuclear burnings.
These are the source of energy that allows the star to maintain the hydrostatic
equilibrium for much of its life and they feature a rich nucleosynthesis. In this
chapter we discuss briefly some important quantities for the study of nuclear
processes in stars.

1.1 Binding energy

The mass of the atomic nucleus My, is less than the sum of the constituent
nucleons and is given by

Mpue = ZMyp + Nmy, — Am (1.1)

where m,, and m,, are the proton and neutron masses respectively. The quantity
Am instead is the mass defect, equivalent to an energy AE = Amc? which is
referred to as nuclear binding energy. This constitutes the energy released in
assembling a nucleus from its constituent nucleons through a nuclear fusion
process or, equivalently, the energy required to separate the nucleus into its
constituent nucleons. This binding energy can be written as

B(Z,N) = (Zm, + Nmy — Mpue)c? (1.2)

Nuclear processes liberate energy as long as the binding energy per nucleon
B(Z,A)/A of the products exceeds that of the initial constituents. The largest
values of binding energy per nucleon are encountered in the iron peak nuclides,
characterized by mass numbers A = 50 — 65. This means that energy can be
liberated either by the fusion of nuclei lighter than iron or by the fission of
heavier ones.
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Figure 1.1: General reaction where all species are massive particles.

1.2 Energetics of nuclear reactions

A nuclear interaction can be written as 0+1 — 2+ 3 or 0(1, 2)3, where 0 and
1 are the nuclei before the interaction, and 2 and 3 are the interaction products.
We can have a radiative capture reaction if 2 is a photon or a photodisintegration
if 1 is a photon instead. To illustrate the energetics of nuclear reactions, energy
level diagrams (Figs. and can be used. These diagrams contain the
colliding species on the left hand side, called entrance channel, and the products
on the right, the exit channel. The vertical direction represents the energy scale.
The energy conservation imposes that

m002 + m102 —+ EO + El = m202 —+ m302 —+ E2 —+ E3 (13)

where the m; are the rest masses and F; the kinetic energies of the nuclei. The
condition can be written also as

Qo123 = m002 + m162 — m202 — m302 =Fy+FE — FEy— FEj3 (14)

The quantity @ is the Q-value of the reaction, representing the difference in rest
masses before and after the reaction: if ¢ > 0 the reaction is exothermic, if
@ < 0 it is endothermic. The composition of the stellar plasma is characterized
by several important quantities. The number density of nuclei N; is equal to the
total number of species i per unit volume, so the mass density can be written
as p = Nym; = (1/Na) >, N;M; where N, is the Avogadro’s number. Then we

can now write
S NMi _ NMy |, NoMy
PN PN 4 pNa

=X+ Xo+ =) X;=1 (L)
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Figure 1.2: General reaction where there are both massive and massless parti-
cles.

where X; = ]ZNAj is the mass fraction, the fraction of mass bounded to species

1. A related quantity is the mole fraction, defined as Y; = J)\(/ll = p]]\\’/i‘, which
is useful as it changes only due to nuclear reactions and it is constant against
changes in p caused by the expansion or compression of the stellar plasma,
while NV; instead depends on p. It must be noted that, even without expansion
or compression, p is not a conserved quantity, due to the nuclear reactions
transforming a small fraction of mass into energy or leptons. For this reason,
it is better to work with mass number A; rather than with relative mass M;.

With this new quantity we can define the nucleon density p4 as
pa=(1/Na)y_ NiA; (1.6)

and the nucleon fraction X; as
Xi = N;Ai/(paNa) (1.7)

These quantities are conserved under nuclear transformations, therefore they
can be used instead of the mass density and the mass fraction, respectively.
The number density evolution of an unstable nuclide is given by the differential

equation
dN
— | = =AN 1.8
(%) (1.9
where A is the decay constant, representing the probability of decay per nucleus
per time, that, as the name suggests, is constant under the conditions of con-



stant temperature and density. Integrating this equation, one can obtain the
radioactive decay law for the number density of nuclei remaining after a time t

N = Nye M (1.9)

where Ny is the initial number density at ¢ = 0. The time needed for the number

density to reach one-half of its initial abundance, Ny/2 = Noe /2 ig called

half-life T1/27 with

In2  0.69315
A

Another timescale is the mean lifetime 7, the time it takes for N to fall to

1/e = 0.36788 of the initial abundance, Ny/e = Noe™*7, which is given by

1
= — = 1.4427T; 1.11
T \ 1/2 ( )

Some nuclides can undergo different competing decays, so the total decay prob-
ability is given by the sum of the probabilities of the individual processes, so

A=)"N (1.12)

is the total decay probability, where ); is the partial decay constant. Multiplying
the decay constant with the total number of nuclei A, determines the total
number of decays per unit time, a quantity that is referred to as the activity
A = M = —dN/dt, measured in curie and becquerel. Stable nuclides are
not radioactive and so do not spontaneously undergo radioactive decay. The
stability of isotopes is affected by the ratio of protons to neutrons and by the
presence of magic numbers of neutrons and protons, corresponding to major
shell closures in the nuclear shell model. These numbers are 2, 8, 20, 28, 50, 82
and 126. Some nuclides, such as helium, oxygen, calcium, nickel, tin and lead,
have both a magic number of protons and neutrons. For this reason they are
called double magic and they are particularly stable against decay.

1.3 Weak interaction processes

The energy generation of nuclear reactions and the resulting nucleosynthesis are
governed by the strong and the electromagnetic forces. Besides them, also the
weak interaction plays an important role. In fact, when a nuclide is produced in
a nuclear burning, its decay via weak-interaction processes will compete with its
destruction due to nuclear reactions. Moreover, the weak interaction determines
the neutron excess parameter n during the nucleosynthesis, expressed as

n=> (Ni=Z)Yi=Y_ (NM;Z)X (1.13)

[ %

with —1 < n < 1. The quantities N;, Z;, M;, Y; and X; refer to the number
of neutrons, the number of protons, the relative atomic mass, the mole fraction



and the mass fraction, respectively, and the sum runs over all the i nuclides
present in the plasma. The neutron excess parameter can change only due
to weak interactions and so it is important to monitor this quantity for many
reasons. First, it is crucial in the nucleosynthesis during the late burning stages
in massive stars and during explosive burning. Second, the electron capture
affects the stability conditions of the degenerate iron core before a supernova
explosion, as it reduces the number of electrons available for support through
degenerate pressure. Third, the neutrinos emitted in weak interactions affect
the energy budget of stars and thus their evolution and explosion mechanism.

A closely related quantity is the electron fraction Y., defined as Y, = ZNW

with N, being the electron number density. From this equation, we can see that
Y. is related to n by n = 1 — 2Y,. This quantity will be treated further in the
following chapters.
The p-decay is a type of radioactive decay in which an atomic nucleus emits
a beta particle (an electron or a positron) and becomes an isobar of that nuclide.
A simple example is given by the decay of the free neutron into a proton through
the reaction
n—p+e +79 (1.14)

with e~ and ¥ being the electron and antineutrino respectively. The half-life of
the free neutron amounts to T}, = 10.2 min, making this decay slower by many
orders of magnitude compared to the typical nuclear reaction timescales or the
electromagnetic decay probability: the interaction causing the S-decay must be
very weak. The most common weak interaction processes in nuclear (S-decay
are

%XN — Zﬁ{ X'no1+e” + 9% B - decay (electron emission) (1.15a)

‘%XN — Z_‘?X'NH +et +v BT- decay (positron emission) (1.15b)
AXn4e — 5 AX Ng +v electron capture (1.15¢)
%XN +v— Z_‘_‘?X' N_1+e” neutrino capture (1.15d)
XN+ — 5 A X N1 e (1.15¢)

where e, v and ¥ are the positron, neutrino and antineutrino respectively.
These interactions changes the chemical identity of the nuclide, but the mass
number A remains the same. The energy released in the §-decay is given by the
difference in atomic masses before and after the interaction, therefore

Qp- = [m(7Xn) = m(z 14X n-1))¢? B~ -decay (1.16a)
Qe+ = [m(5XN) = m(z 4X'x41) — 2me]c? positron emission  (1.16b)
Qrc = m(5Xx) —m(y_AX'ng1)] — By electron capture (1.16¢)
with m, being the electron mass and Ej the atomic binding energy of the cap-
tured electron. The emitted energy is almost entirely transferred to the emitted

leptons. It must be noted that for positron emission in a stellar plasma, the en-
ergy release calculated from the mass difference of parent and daughter nucleus
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alone, Qo+ = [m(5Xx — m(5 4X'n11))]¢® accounts also for the annihilation of
the positron with an electron of the environment, given by 2m.c? = 1022keV,
so this quantity is more useful than Q.+ when calculating positron emission
energy release. For what concerns the neutrinos released in nuclear S-decay,
these leptons interact so weakly with matter that they escape freely from the
stellar plasma, unless the density p is very high (p > 10! gcm™2). This means
that, when computing the energy budget of a star, the neutrino energy must
be subtracted from the total energy liberated. During the later stages of stel-
lar evolution, neutrinos become important for the transport of energy from the
interior to the surface. In fact, at very high temperatures (T > 10° K) a conspic-
uous number of photons have energy in excess of the pair production threshold,
leading to the production of an electron-positron pair v — e~ + e’ that
subsequently may annihilate via the reaction e~ 4+ e" —— 2+ or the reaction
e~ 4+e" —— v+7¥. The produced neutrinos escape freely from the star and they
represent the main energy loss mechanism during later stages of stellar lifetime.
This energy loss can be determined directly from the neutrino production rate
and represents the main cause of the short lifetimes of later burnings.

11



Chapter 2

Stellar evolution

2.1 Star formation and evolution

Stars are born from the gravitational collapse of a molecular cloud. As the cloud
contracts, gravitational potential energy is transformed into thermal energy and
radiation. Initially, the gas is in free fall and most of the energy is not retained
by the object, but radiated away because the gas is still relatively transparent.
As the density increases so does the opacity and some of the emitted radiation
starts to be absorbed in the cloud. Now the temperature and pressure begin to
rise, slowing down the contraction of the inner part of the cloud. The increasing
temperature dissociate hydrogen molecules into atoms then it ionizes hydrogen
and helium atoms. When a temperature of about 10° K is reached the gas
is almost completely ionized: electrons trap the radiation efficiently and as a
result pressure and temperature increase, halting the collapse of the central
part of the cloud. The pre-main sequence star eventually reaches hydrostatic
equilibrium while still accreting mass from the cloud. During this stage the
source of energy is gravitational contraction. When the internal temperature
reaches a few million Kelvin, the first nuclear reactions start to occur with the
deuterium burning. However, is only when the temperature rises to about 107 K
that the fusion of hydrogen starts to occur: the star reaches thermal equilibrium
and it is now at the zero age main sequence (ZAMS). The fate of the star depends
on its initial mass, the one it has when it reaches the ZAMS. The evolution of
massive stars, those with masses M > 11M, is relatively short and their total
life amounts only to =~ 7 Myr for a 25 My star. The star spends about 90%
of this time in the main-sequence, burning hydrogen through the CNO cycle
in the core. When hydrogen is exhausted in the center, the burning shifts to a
shell. The core contracts and heats up until helium is ignited. This new burning
heats up also the hydrogen burning shell and the outer layers of the star expands
greatly. The star is now a supergiant, in which the helium burning in the core
will continue for about 8 x 10° years. When also the helium is depleted in the
core, the He-burning shifts to a shell located just below the hydrogen burning
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one. The peculiarity of massive stars is their capability of starting successive
burning stages in their core, using as a fuel the ashes left by the previous one.
These are referred to as carbon burning, neon burning, oxygen burning and
silicon burning, and are collectively referred to as advanced burning stages. The
fundamental difference between the initial burning stages and the advanced
ones is in the manner by which the nuclear energy produced in the interior is
radiated from the surface. While for H and He burnings the energy is almost
exclusively radiated as light, during the advanced stages light represents only a
small fraction and most of the energy is transported by neutrino-antineutrino
pairs. This contribution increases during the advanced stages, accelerating the
evolution of the star: Si-burning, for example, lasts for about 1 day. Such a
rapid evolution of the interior cannot be followed by the envelope, which remains
unchanged. Therefore, the star after C-burning occupies the same position in
the H-R diagram for the rest of its life. After Si exhaustion, the structure of
the core consists of several layers of different composition, separated by thin
nuclear burning shells. The stellar core at this point is degenerate and has no
other sources of nuclear energy, as it is composed mostly by iron. The core
continues to grow in mass due to the ashes produced by the burnings in the
overlying shells. At some point, it will reach the Chandrasekhar mass limit
of ~ 1.44Mg,), at which the electron degeneracy is no more able to counteract
gravity, leading to the collapse of the core in a free-fall timescale.

2.2 Thermonuclear reactions in stars

Nuclear reactions in the interior of stars give rise to the necessary internal pres-
sure that prevents their gravitational collapse. This condition is what defines
the hydrostatic equilibrium, in which the gravitational force is equal to the inter-
nal pressure and is maintained by all stable stars. Moreover, nuclear reactions
synthesize all the chemical elements that weren’t produced in the primordial nu-
cleosynthesis, enriching the interstellar medium with elements that, ultimately,
make possible also the development of life. In the next sections we’ll discuss
briefly each burning stage, with a particular focus on the Si-burning one, since
it is of outmost importance for this thesis.

2.2.1 Cross sections and reaction rates

In the first chapter we have seen that the energy released by a particular nuclear
reaction is represented by the Q-value. However, what is important in a stellar
environment is the energy liberated per unit volume, that depends on the nuclear
cross section and the velocity distribution of particles in the plasma. The nuclear
cross section, usually denoted as o, represents the probability that a nuclear
reaction will occur between a pair of interacting nuclei 0 and 1. Let’s suppose
that a beam of N, particles per unit time t, covering an area A, is incident on a
target and the non-overlapping target nuclei within the beam are N;. We assume
that the total number of interactions that occur per unit time, Ng/t, is equal

13



to the total number of emitted reaction products per unit time, N./t. If the
interaction products are scattered incident particles, we are referring to elastic
scattering, if they are different particles, then we are referring to a reaction. The
number of interaction products emitted at an angle 6 with respect to the beam
direction into the solid angle df?, is defined as N¥?. The area perpendicular
to the direction # covered by a radiation detector is given by dF = r2dS). The
cross section is defined as

(nunlber of interactions per tirne)

g

(number of incident particles per area per time)(number of target nuclei within the beam)

(Nr/t)
[Ny /(tA)] Ny

(2.1)

Commonly, the nuclear cross section o is expressed with barns (b), where 1b =
10728 m?2. In general, nuclear cross sections depend on the relative velocity of
the target-projectile system, so it is a function 0 = o(v). Using the equation
the nuclear reaction rate (representing the number of reactions per time ¢
and unit volume V') can be written as

N (o) N, NNy NN,
Vvxi U\ Vxaxt) vaxt vV

(2.2)

with j, = Ny/(At) = vNp/V being the current density (the number of particles
per time per area). If we consider now a reaction involving four species, 0+1 —
2 + 3, in which both 0 and 1 are particles with rest mass, the reaction rate of
eq[2.2) can be rewritten as

Tro1 — N()Nl’UO'(’U) (23)

where Ng = N;/V and Ny = N,/V are the number densities of the interacting
particles. Since the relative velocity v of the particles is not constant, but there
is a distribution of velocities defined by the probability distribution function
P(v), the reaction rate can be generalized as

To1r = NON1 /Ooo UP(U)O'(’U)dU = NON1 <O'1)>01. (24)

Taking into account also the reactions between identical particles with the Kro-
necker symbol dp1, we obtain the general expression

N NON]_ <O”U>01

ro1 = (1+ 601 (2.5)

In most cases the particles are not relativistic and non degenerate, so their
velocities can be described as a Maxwell-Boltzmann distribution, and this ap-
plies also to their relative velocities. This means we can write the probability
distribution function as

3/2
P(v)dv = (Qm]le) e o1/ RT) 4702 iy (2.6)
™
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which gives the probability that the relative velocity is between v and v + dwv.
Another important reaction, especially during the later stages, is the photodis-
integration reaction y+3 — 041, where 7 is a photon. In this case the reaction
rate can be written as

7',),3 = N3N»YCO'(E’Y) (27)

the cross section ¢ here depends on the v-ray energy (E,) and the number
density of photons depends on temperature and E.,, so it can be generalized as

rys = Nj /0 N (B, )o(B.)dE, (2.8)

2.2.2 Abundance evolution

To study how the abundances of the various species evolve with time, let’s
consider first a reaction between two nuclei 0 and 1. The rate of change of
nucleus 0 due to the reactions with 1 is given by

<de:0) = —M(0)Ny = —Tﬁ%) (2.9)

where A = 1/7 is the decay constant we have defined in the previous chapter
and 71(0) is the lifetime of the 0 nucleus against the reaction with 1. Using the
reaction rate of eq. 2.5 we can also write

N NoN1{ov)o1
(B2) =t =y ot

= —N0N1<O"U>01
in which appears the Kronecker symbol, as for identical nuclei each reaction

destroys two particles. In general, the species 0 can be destroyed by different
reactions, so its total lifetime is given by

1 1
— = — 2.11
0~ 270 @1
In general, if we neglect other factors as expansion or mixing and the only sources

of abundance change are the nuclear processes, the abundance evolution of a
nucleus ¢ can be expressed with the differential equation

dN;
7 ZNJ'NMUU)J‘}C% + Z)\B,HiNl + Z Aym—ilNm | +
ok : " (2.12)

— Z NpNi{ov)n; + Z AB,imsolNi + Z Ay,imp Vi
n o p

The terms in the first parenthesis are the production processes leading to the
formation of nucleus i: the first term is the sum over all the reaction between
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j and k nuclei that produce i, the second one is the sum over all the S-decays
of nuclei [ leading to ¢ and the third is the sum over all photodisintegration
reactions of nuclei m that produces 7. Similarly, in the other parenthesis there
are the destruction processes involving nucleus ¢. If a reaction between non
identical particles produces two nuclei, then N;Ny(ov),r—; must be replaced
by 2N;N(ov);k—i. If a reaction between identical particles (j = k) produces
only one particle, then N;Nj(ov);ir—; must be replaced by N]2<0v>jj%i/2. If
the mass density changes during the nucleosynthesis it is preferable to express
the eq[2.12]in terms of mole fraction Y instead of number density N, since Y do
not depends on density and so it is not affected by the expansion or compression
of the gas.

The above treatment considers the evolution of only one species, but in
a realistic situation we have to deal with many nuclides simultaneously, each
of them with an abundance evolution described by eq What we get is
a system of coupled non-linear ordinary differential equations called nuclear
reaction network, that in most cases must be solved numerically. Particular
conditions may lead to fundamental properties, with the most important being
the steady state and equilibrium. A steady state solution exists if for some part
of the reaction network the time derivative of all abundances is equal or close to
0, so dN;/dt ~ 0, meaning that the sum of all production terms is balanced by
the destruction ones. In this case the abundances are constant. An equilibrium
solution is more restrictive and it applies if the abundances of a group of nuclei
are locally balanced due to the forward and reverse reaction rates being almost
equal. In this case abundances are not constant.

2.3 Nuclear burning stages

For a given temperature and composition, the reactions with the smallest
Coulomb barriers will proceed faster and will account for most of the energy gen-
eration in the stellar core. Hydrogen and helium are by far the most abundant
elements in the stellar plasma and also the ones with the smallest Coulomb bar-
riers, therefore we expect nuclear reactions involving them as the main energy
source in most stars.

2.3.1 Hydrostatic H-burning

The first nuclear burning stage is represented by H-burning. This process re-
leases the most energy per unit mass among all the burning stages (= 6 x
10**Mev/g). Thus, this fuel is consumed more slowly than the others during
the stellar lifetime, making this stage (corresponding to the main sequence)
the longest one. This process consists on the fusion of four 'H nuclei to form
“He with the release of an energy Q = 26.71MeV. However, the simultane-
ous interaction of four protons in the stellar plasma is very unlikely. There
are other mechanisms, involving the interaction of two protons in the entrance
channel, that are more likely to occur. In particular, the dominant mechanisms

16



are represented by the proton-proton (pp) chains and the CNO cycles. There
are three main pp-chains: the ppl, pp2 and pp3. The dominant one depends
on the temperature. In general, the ppl chain generates most of the energy
below T ~ 18M K, between T' ~ 18M K and T =~ 25M K the pp2 and above
T =~ 25M K the pp3. This means that for larger mass stars, composed exclu-
sively of H and He, pp3 should be the dominant pp chain reaction. However,
most stars contain also heavier nuclides, in particular C, N and O, that can
participate in the H-burning. These conditions produce four sets of reactions
collectively called CNO cycles. This family of reactions produce the same result
of the pp chain, with the heavier nuclei acting only as catalysts, which means
that their total abundance is not altered in the process. The equilibrium en-
ergy generation of pp chain and CNO cycles depends on temperature 7', but
the relation is steeper for the CNO making this process the dominant one for
T > 20 MK (i.e. in higher mass stars). This different dependence on tempera-
ture affects also the internal structure of stars: while in low-mass stars, where
helium is synthesized mainly by pp chain, the energy transport from the core is
radiative, in massive stars convection is the primary transport mechanism.

2.3.2 He-burning

At the end of the core H-burning, this process shifts to a shell. The core
now consists mostly of He and it contracts until this new fuel is ignited at a
temperature T = 1.5 x 108 K. The He-burning starts with the 3o reaction, that
represents a two step process. In the first, two o particles interact to form ®Be
in its ground state. This particle is unstable at relatively low temperatures and
disintegrates back to two a with a half-life T, = 8.2 x 10717 s, but a small
concentration of *Be will eventually build up until its rate of formation balances
the decay one, so

*He 4 *He +— ®Be (2.13)

In the second step, a a-particle interacts with Be to form 2C through

8Be(oz, 7)12(] reaction, that proceeds via an excited state in *2C. During hydro-
static He-burning a rich nucleosynthesis takes place: as He abundance decreases,
the o particle captures on '?C become increasingly important, leading to the
production of 0, ?°Ne and 2*Mg. Initially, the 3a reaction increases the **C
abundance until it reaches a maximum. Then the o captures on '2C become
increasingly important and the '®0O abundance rises, eventually surpassing the
12C abundance. This reaction, 12C(0z,7) 160, produces about one third of the
total energy during the hydrostatic helium burning, with the rest produced by
the 3. The end products of He-burning are mainly 2C and '°0, with their
abundance ratio depending on the burning 7" and p (i.e. the stellar mass). For
larger mass stars we expect more °0 production with respect to 2C. The
He-burning phase in massive stars is characterized also by the reaction

“N(a,7) "*F (8" v) **0(a, ) PNe (2.14)
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which is the main source of ?*Ne in the universe, and by the **Ne(a,n) **Mg
reaction. This latter has a negative Q-value and is rather slow, but near the
end of He-burning it becomes an important source of neutrons that affects the
synthesis of neutron-rich nuclides in the A = 60 — 90 range and the neutron
excess parameter n during the core He burning.

2.3.3 C-burning

When He is exhausted in the center of the star, the core starts a new contraction
phase and the temperature rises until the next fuel is ignited. At this point the
core is composed mostly of '?C and '°0. Among those involving these two
species, the fusion of two *2C nuclei is the reaction with the lowest Coulomb
barrier and so it initiates the next burning stage, the so called carbon burning.
This process produces **Mg in a highly excited state, which decays preferentially
with the emission of p, n and a-particles through the reactions

120(12¢, )Na (Q = 2241 KeV) (2.15a)
120(12¢1, ) 20Ne (Q = 4617 KeV) (2.15b)
120120, 1) Mg (Q = —2599 KeV) (2.15¢)

The liberated particles can be consumed quickly by secondary reactions involv-
ing '2C, %0, ?*Na and ?°Ne. Therefore, the carbon burning indicates not
only the fusion of two carbon nuclei, but this complex network of primary and
secondary reactions. Depending on star mass, this process takes place at tem-
peratures T'= 0.6 — 1.0 GK and its fusion cross section is dominated by the p
and « channels of reactions and respectively. In fact, the branching
ratios amount to B, ~ B, = (1 — B,,)/2, where B,, is a small number, usually
B, = 2 — 10%, but declines rapidly for lower T: the reaction rate of is
by far the smallest one. The calculation performed on a 25 Mg core carbon
burning star model with solar metallicity shows that, while most of the **C
fuel is consumed, nearly all of the initial abundance of °0 is conserved at the
end of the calculation. Also the *?Ne declines, but many other species increase
their abundances. With progressing time, the number of liberated protons and
« particles also declines and the nucleosynthesis involving their capture slows
down. At the end of carbon burning the most abundant nuclides are 0, ?°Ne,
Mg and ?*Na.

2.3.4 Ne-burning

Ne-burning starts when most of the >C is exhausted and the core starts con-
tracting gravitationally increasing both its temperature and density. When the
temperature rises to values T' > 1 GK, photodisintegration processes become
important. The n, p and « separation energies of 10, *Na and ?*Mg are quite
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high (= 7—17 MeV) even at these temperature ranges, but this is not the case
for 2°Ne. This nucleus has a rather low « separation energy of 4.73 MeV. The
result is that the decay constant at T = 1.5GK is \,(**Ne) = 1.5 x 1076 s~!
and so 2°Ne will photodisintegrate. The liberated o particles can in turn par-
ticipate in other reactions, like being captured by *°O to produce again *°Ne.
The neon burning consists of the primary reaction

20Ne(y, )90 (Q = —4730 KeV) (2.16)

and the secondary reactions

2ONe(a, v) **Mg(a, ) *5Si (Q20N¢(a, ) = 9316 KeV) (2.17a)
(Q24\1g(a, y) = 9984 KeV) (2.17b)

ZNa(a,p)*Mg(a,n)??Si (Q23Na(a,p) = 1821 KeV) (2.17¢)
(QQGMg(a,n) =34 KeV) (217(1)

The primary reaction is endothermic, but the combination with the secondary
reactions gives a net production of energy. The temperatures during Ne-burning
are in the range T' = 1.2—1.8 GK and the calculations performed at T' ~ 1.5 GK
show that the energy generation rate scales like ex(T) oc T4 and the energy
liberated by each *°Ne + ?°Ne conversion is on average @ ~ 6.2 MeV. While
*0Ne is gradually consumed, the abundance of '°0O increases with time. At the
end of the Ne-burning the core contains mainly '°0, >*Mg and %Si.

2.3.5 O-burning

After the exhaustion of Ne, the core enters a new contraction phase. The tem-
perature increases until the next fuel is ignited. The most likely reaction in-
duced by the combination of the nuclides found at the end of Ne-burning is the
160 4+ 160 fusion reaction, since it has the lowest Coulomb barrier. The nucleus
formed by this process is the highly excited *2S, that will eventually decay with
the emission of light particles, so the situation is similar to C-burning. However,
as this compound nucleus has a much higher excitation energy (E =~ 16.5 MeV),
the possible exit channels are more varied. Some of the most important primary
reactions include

150(1%0, p)3'p (Q =T678 KeV) (2.18a)
150(1%0 ,2p)3°si (Q =381 KeV) (2.18b)
150(1%0 ,a)*si (Q = 9594 KeV) (2.18c¢)
%00 ,2a)**Mg (Q =—-390KeV) (2.18d)
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160160 ,d)30p (Q = —2409 KeV) (2.18e)

160150, n)*1$ (Q = 1499 KeV) (2.18f)

The liberated particles then participate in many secondary reactions involving
the heavy products of primary reactions and also the ashes left by Ne-burning.
This combination of primary and secondary reactions constitutes the O-burning.
The typical temperatures during this phase are in the range T'= 1.5 — 2.7 GK.
For what concerns reaction rates, the protons emission channel dominates at
all temperatures with a contribution of ~ 62% at T = 2.2 GK, followed by the
« particle and neutrons ones. Similar to C-burning, the secondary reactions
contribute significantly to the nuclear energy generation. At T' = 2.2 GK the
average energy release is Q = 17.2 MeV for each %0 4 90 reaction with an
energy generation rate that scales as ¢(T) o« T3%. As the O-burning proceeds,
160 is quickly depleted in less than a year and the abundances of 2*Si and 3%S
increase. At the end of the burning the most abundant nuclides are 28Si, 3%S,
3Ar, 318, 36Ar and “°Ca. During the O-burning, the neutron excess increases by
a factor five (n & 0.007), making the composition of the core matter dramatically
different from a solar system abundance distribution.

2.3.6 Si-burning

With the conclusion of the core oxygen burning and the depletion of %0, the
composition is dominated by 2®Si and 32S. The core starts again to contract
and the temperature rises. The fusion reactions 2°Si 4+ 28Si and 328 + 32S are
unlikely to occur, because the Coulomb barriers of these nuclei are too high
even at the extreme temperatures achieved at the end of massive stars evolu-
tion. Therefore, the nucleosynthesis proceeds via photodisintegration reactions
of less tightly bound species and the subsequent capture of the liberated light
particles to produce heavier and more tightly bound nuclei. This process takes
the form of a complex network of forward and reverse reactions that eventually
reach equilibrium. With increasing temperature and progressing time several
pairs of nuclides link together to form quasi-equilibrium clusters. This pho-
todisintegration rearrangement process is the silicon burning (Si-burning). It
resembles the situation encountered with neon burning, but on a larger scale,
gradually transforming 2%Si, 32S and other species in the A = 24 — 46 mass
range in the iron peak nuclides, providing at the same time a new source of en-
ergy for the star. The temperatures characterizing this process are on the range
T = 2.8 —4.1GK. Assuming the core composition is exclusively made of 2®Si
and 328, the proton, neutron and « separation energies for these two nuclei are
Sp = 11.60 MeV,S,, = 17.20 MeV,S, = 9.98 MeV and S, = 8.90 MeV,S, =
15.00 MeV,S, = 6.95 MeV respectively. As 32S is the more fragile nucleus, it
is destroyed first in the ®2S(vy,a)*®Si and *?S(v,p)*'P reactions that are fol-
lowed by many sequences, such as *'P (7, p)*’Si(v,n) *°Si(v, n) *Si, converting
329 to 28Si. Then the temperatures become high enough to photodisintegrate
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effectively also 28Si, starting a complex nucleosynthesis that progressively trans-
forms Si and other intermediate mass species into iron peak nuclides. The
nuclear network calculations were performed by [liadis| [2015] at T = 3.6 GK
and p = 3 x 107 g/em®. These values are similar to those obtained by |Chieffi
et al|[1998] and Woosley et al.|[2002] for a 25 My stellar model with initial
solar composition. These models also predict significant abundance variations
at T > 2.2GK just in between the end of oxygen burning and the beginning
of silicon burning, with a decrease of *2S and an increase in *°Si and *S that
implies also a growth of the neutron excess parameter 7. The initial value of this
parameter affects the silicon burning nucleosynthesis. The initial abundances
for the network calculation where chosen as X2sg; = 0.70 and Xaog; = 0.30,
resulting in an initial neutron excess parameter of n = 0.02. The abundance
evolution show a downward flow from **Mg to *He produced by the photo-
disintegration of the initial fuel consisting only of 2®Si and *°Si. Then the
recapture of the a, p and n particles gives rise to an upward flow through nu-
merous secondary reactions. Most of the activity takes place in the A = 25 —40
and the A = 46 — 64 mass range, representing quasi-equilibrium clusters. The
abundances of nuclides with A < 40 gradually decrease, while the iron peak
species abundances increase. After just ¢ = 4000 s the silicon fuel is exhausted
in the core, which now is composed mostly (=) by °Fe, *2Cr, 5*Fe, **Fe and
53Mn. Initially, the neutron excess remains approximately constant, but then
increases consistently due to the electron captures happening at the iron peak
such as **Mn(e™,»)?*Cr. The final neutron excess parameter reaches a value
n = 0.067. It is interesting to notice that if the initial abundances are placed in
argon and sulfur instead of silicon isotopes, the final abundances are the same
as long as 7 remains unchanged. However, even a small change in the neutron
excess parameter can produce a strong deviation in the final abundance distri-
bution of the iron peak species, that is in any case very different from a solar
system distribution due to the extremely large value of . The products of silicon
burning are then completely reprocessed by the subsequent phases of explosive
burning and partially ejected in the interstellar medium. The core collapse and
supernova explosion depend critically on the core composition and hence by
the neutron excess produced by the silicon burning. The computed evolution
for T = 3.6GK and p = 3 x 10" gem ™2 shows that the rate of consumption
of ?8Si is three orders of magnitude smaller than its photodisintegration rate.
This is due to the ?®Si photodisintegration flow being almost identical to the
2Mg upward flow, slowing down the conversion of 2Si. The energy generation
rate during silicon burning cannot be described precisely, due to the complex-
ity of nuclear transformations during this phase. For sure it depends on the
temperature and density conditions, but also on the neutron excess. An order
of magnitude estimate can be obtained assuming a very small initial neutron
excess 11 = 0, that weak interactions are negligible and that for each two 28gj
nuclei destroyed a °°Ni nucleus is produced. The calculation at T = 3.6 GK
gives an energy generation rate that follows the relation eg;(T') oc T47. Since
so many nuclides achieve quasi-equilibrium, the thermonuclear rates of most
reactions are not important for the nucleosynthesis and energy production dur-
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ing silicon burning. More important are the binding energies (or Q-values), the
nuclear masses, spins and weak interaction rates. The first two quantities are
well known close to stability. However, the thermonuclear rates are needed to
study those reactions that are not in quasi-equilibrium for a significant amount
of time during Si-burning.

2.3.7 Nuclear statistical equilibrium

When also 2%Si disappears at the end of silicon burning, the temperature in
the core raises consistently. At some point even the previously nonequilibrated
reactions involving A < 24 species reach equilibrium, with the last being the
3o — '2C reaction. At this point every nuclide in the network is in equilibrium
via strong and electromagnetic interactions. The general picture is that of one
large quasi-equilibrium group extending from p, n and « particles to the iron
peak nuclei. This is the so called nuclear statistical equilibrium (NSE), that will
be discussed in more detail in the next chapter. In nuclear statistical equilibrium
the abundance of any nuclide can be determined by the repeated application
of the Saha equation. The behaviour of this equation can be studied in the
simplest case, with 1 = 0, assuming that weak interactions are negligible and
that the 28Si produced mainly °°Ni. With the additional assumption that the
stellar plasma consists entirely of 56Ni and “He, one can study the conditions
of temperature and density for which the mass fractions of these two nuclides
are equal. Similarly, another boundary can be obtained for the case in which
the composition is exclusively made of “He and nucleons in equal amounts. The
result is shown in Fig. We see that, at lower temperatures, "Ni dominates
the composition, at intermediate ones “He is the main constituent, and at higher
temperatures matter is mostly made up of nucleons. Therefore, for a given value
of density, with rising temperatures the composition shifts to lighter particles.
The domain in which heavier nuclei dominate is located left of the solid line
in Fig. In this region the dominant constituents depends on the value of
the neutron excess parameter 7 or, equivalently, on electron fraction Y. If the
plasma would consists of only one species, then 77 must be equal to the individual
neutron excess (N — Z) /A of this nuclide. It can be assumed that the maximum
abundance for each nuclide is located near its individual neutron excess. This
means that, in general, the most abundant nuclide in a composition of neutron
excess 7 is the one with an individual neutron excess (N — Z)/A ~ n and with
the largest binding energy. The abundances of the dominant nuclides in a NSE
composition at T = 3.5GK and p = 107 g/em? versus 1 or Y, are shown in
Fig. For given values of temperature and density, the time needed to
establish NSE can be calculated from the numerical expression

TNSE = p0.26179.7/T9740.5 s (2.19)
where p is in units of gram per cubic centimeter. So, this time depends strongly
on temperature, as can be seen in Fig.[2.1blFor 7' = 4 GK, it amounts to about
1 hour, but at T = 6 GK it reduces to just ~ 1073 s: at higher temperatures
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NSE can be achieved also in explosive events. The neutron excess at the end
of silicon burning amounts to ny = 0.067, but the extreme temperature and
density reached in the core are accompanied by weak interactions that contin-
uously change this parameter and the NSE composition adjusts accordingly.
For example, in the last pre-supernova model of (Chieffi et al| [1998], the core
temperature and density are T = 5.5 GK and p = 1.6 x 10° g/cm? respectively
with a neutron excess parameter n = 0.13, resulting in a composition dominated
by ®Fe, %*Ni and 4Cr. The internal structure of the star at this point of its
evolution is characterized by the presence of many nested layers: those in which
a particular burning is taking place and those constituted by the ashes of the
overlying burning shell. The silicon burning continues in a shell that separates
the silicon dominated layer, produced by the oxygen burning, from the iron core;
the transformation of oxygen to silicon proceeds in a shell separating the oxygen
and silicon layers and so on. The subsequent dramatic evolution depends on
the physical conditions that develop in the iron core.

2.4 Core-collapse

Before the collapse, the temperature and density in the core amount to T =
10GK and p ~ 10'° g/em3 respectively, conditions under which the nuclear
statistical equilibrium is well established. The silicon burning shell continues to
provide the iron peak nuclides that increase the mass of the core, which is at
this point completely degenerate and supported by electron degeneracy pressure.
When the mass of the core reaches the Chandrasekhar mass, even this pressure
is no more sufficient to maintain the hydrostatic equilibrium and it becomes
unstable to gravitational collapse. This limit depends on the core’s composition
and amounts to Mo, = 5.86 Y2 My (Iiadis| [2015]), where Y. is the electron
fraction. Its value is typically close to M ~ 1.4 Mg, but depends sensitively on
Y.. Therefore, the collapse and infall dynamics are strongly determined by the
electron fraction Y, and also by the entropy per baryon s, which is related to
the photon-to-baryon ratio ¢ by
3
s~ 10¢ ~ T7 (2.20)

Therefore, s depends on the number of photons, implying that the effect of
s on the NSE composition is either to favor heavier nuclides if it’s small or
the photodisintegration of heavier nuclei into free nucleons if it’s large. The
early stages of core collapse are characterized by two effects that accelerates
it. First, the density of electron increases and so the electron capture (e, v)
into nuclei, reducing the pressure exerted by electron degeneracy. Second, the
high temperatures make the radiation sufficiently energetic to photodisintegrate
iron peak nuclides into lighter species, to the detriment of the internal energy
that could have provided pressure. These factors destabilize the core, that
subsequently collapses, going from a several thousands kilometers sphere to a
proto-neutron star of about ten kilometers radius within a fraction of a second.
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Figure 2.1: Panel (a): temperature-density conditions in a plasma at NSE with
neutron excess parameter n ~ 0. The lines define regions of the dominant
nuclear constituents. Panel (b): approximate time to reach NSE versus tem-
perature. The lines are computed for two different densities (p = 10 gem=3
and p = 101°gcem™3). Panel (c): abundances of the dominant species versus
neutron excess parameter 7 or Y, in a NSE composition at 7" = 3.5 GK and

p=10"gem™® [Images adapted from [liadis| 2015]
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Chapter 3

NSE: nuclear statistical
equilibrium

At the end of Si-burning, temperature 7' and density p in the iron core are
very high with 0.1 < Ty < 5 (Ty = T/10°K) and 10° < p/gem~3 < 10%°.
At high temperatures, typically 7' > 4 GK ~ 0.3 MeV the photon energy
in an astrophysical plasma is high enough to dissociate nuclei into nucleons.
On the other hand for densities in the range 10° < p/gem™3 < 103 nuclear
reactions are fast, leading to the formation of nuclei. In this situation strong and
electromagnetic interactions are at equilibrium, the so called nuclear statistical
equilibrium (NSE) and the composition of the core is given by nuclear Saha
equation as function of T, p, the electron fraction Y, binding energy and nuclear
partition function of each nucleus. The evolution of the star at this point is
dramatically affected by these NSE conditions as the Chandrasekhar mass scales
as Mop, o< Y2,

Electron Fraction (Y.) : In nuclear physics, the electron fraction refers to
the number of electrons per baryon, typically denoted in environments where
nuclear reactions occur under extreme temperature and pressure conditions.
Mathematically, it is defined as:
y, = e
ny
where n. represents the number density of electrons and n, represents the
number density of baryons (neutrons and protons).

Scientific Context for Massive Stars : In the evolution of massive stars,
the electron fraction plays a crucial role in determining the fate of the star dur-
ing its final stages. During core collapse supernovae, for instance, the electron
fraction influences the composition and dynamics of the collapsing core, affect-
ing the details of the supernova explosion and the resulting compact remnant,
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such as a neutron star or a black hole. Moreover, in scenarios involving the
mergers of neutron stars, the electron fraction governs the properties of the
ejected material and the formation of heavy elements through r-process nucle-
osynthesis. In the cores of massive stars, where temperatures and pressures
are extreme, weak interactions, such as beta decay and electron capture, play a
crucial role in determining the electron fraction. During stellar evolution, as the
core contracts and temperature rises, electrons become increasingly energetic,
promoting reactions such as electron capture by protons (p+ e~ — n+ v,) and
beta decay (n — p+ e~ + 7). These processes can alter the electron fraction,
influencing the balance between electron degeneracy pressure and gravitational
collapse. Understanding weak interactions in massive stars is essential for pre-
dicting their evolution and eventual fate, including supernova explosions and
the formation of compact remnants such as neutron stars.

3.1 NSE review and theory

Key Aspects of NSE:

1. Thermal Equilibrium: NSE assumes that the stellar material is in ther-
mal equilibrium, meaning that the temperature throughout the stellar core
is uniform.

2. Equilibrium between Fusion and Photodisintegration: In NSE, the
rates of nuclear fusion reactions converting lighter elements into heavier
ones are balanced by the rates of photodisintegration reactions breaking
heavier elements into lighter ones. This equilibrium leads to stable nuclear
compositions.

3. Charge Neutrality: NSE maintains charge neutrality, ensuring that the
total positive and negative charges are balanced. This balance is crucial
for the stability of the stellar core.

4. Energy Balance: NSE achieves energy balance through nuclear reac-
tions, where the energy released from fusion processes balances the energy
absorbed or emitted in photodisintegration reactions.

There are some important equations that must be considered in the calculation
of NSE abundances. When NSE is reached the production and destruction of
nuclei occur at the same rate and the chemical potential of nuclei and nucleons
have to satisfy

t(z,a) = Zpp + (A= Z)pn (3.1)

where the chemical potentials include the total mass
i =mic? + kTn; + pie (3.2)

with n; the degeneracy parameter, k the Boltzmann constant, T the tempera-
ture and p. the Coulomb contribution to the chemical potential. The electron
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chemical potential is given by . = m.c? + n.. The abundance of the i isotope

is Y; = n;/n with n; its number density and n the total baryon number density.

Assuming Maxwell-Boltzmann (M-B) statistics, n; is linked to the degeneracy

parameter 7; by

G; (T)e’“
A3

3

with the partition function G;(T') = 3_(2Jx + 1)e™P¢/*T with values calculated
by [Rauscher| [2003] and the thermal wavelength A; = \/27wh?/m;kT. At the
considered densities also protons follow the M-B statistics, but neutrons become
degenerate for p > 101 g/em? (depending on T) so we use the Fermi-Dirac (F-D)
distribution for both protons and neutrons

_ 872

mE T

where 3 = kT/mc? is the relativistic parameter, which in the range of T con-
sidered is very close to 0 and Fj are Fermi functions

(3.3)

n; =

m3c B2 Fy o (i Bi) + BiFsy2(nis Bi)) (3.4)

o k(1 + %Bw)lﬂdm
Fnd) = [ IR

(3.5)
The electron mole number is defined as Y, = n./n where n, = n,- —n.+ and the
electron and positron number densities, n.- and n.+ respectively, are related to
their respective chemical potential by eq[3.4 with the condition pre = pte— = fie+.
Combining equations and we get the abundance Y of the nucleus with
Z and A:

G TAm,\*?
Y(Z,A) = (2,4) <k2 7;1“> (A=Z)im+Znp (B/KT Zjie,p—ic,(z,4) (3.6)
p/m n

Here p is the baryon density, m, the atomic mass unit, B = Zm,c® + (A —
Z)mpc*—m(z a)2 is the binding energy (from Audi et al. [2003] with theoretical
values from Moller et al| [1995]). 7, and 7, are the degeneracy parameters,
determined by charge neutrality and mass conservation

Y zyi =Y. (3.7a)

A, (3.7b)
With equations and we can get 1, 1, and Y(Z, A) for given T, p
and Y,.
3.1.1 Thermal weak and dynamical beta-equilibrium

To determine Y, usually we must consider weak processes that are much slower
than the strong and electromagnetic ones responsible for maintaining the NSE.
However, if the system spends enough time at a given T and p, also these weak
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reactions can reach equilibrium. When the neutrinos produced by them cannot
leave the system the so called thermal weak equilibrium is reached. In this state
neutrinos have a F-D spectrum with temperature T and the chemical potentials
are (i, = —py. When thermal weak equilibrium is reached the composition
remains constant unless T or p changes. This means also entropy is conserved
so T'dS =, ;1;dY; = 0 and

,LLVY + ,Uer + ZH@YZ =

(3.8)
(tte = 1) Ye + (ptp — fin ZZY+unZAY—O
with the right hand side commg from NSE assumption and the lepton number
conservation condition Y, = —Y,. Using equations [3.7a m and (3 the eq
reduces to

(tte + pp — pv — Nn)Ye =0 (3.9)
thus the value of Y, for which equilibrium is attained is given by the condition

(He + pp = v + fin) (3.10)

An alternative is given by equation
Yo == (AL + Mg, + Ao, + Aing- )it

300 4 A AL A )Y = 0, (3.11)

Equation [3.11] requires knowledge of weak interaction rates of electron capture
(ec), positron emission (371), antineutrino absorption (9. ), inverse electron emis-
sion inB3~, neutrino absorption (v,) and inverse positron emission inST for a
large ensemble of nuclei. This makes equation advantageous as it depends
only on bulk nuclear properties of matter as partition functions and binding en-
ergies, but it can be applied only at very high densities as below ~ 10''gcm™3
neutrinos escape and we can’t define a neutrino chemical potential. In these
cases a dynamical beta equilibrium can still be achieved with a Y, equilibrium
value given by the equation

Vo=—> et +A5)Yi+ Y (A + A5 )Y; =0 (3.12)

which is equation after the suppression of neutrino absorption rates. An
approximate solution for this equation can be provided by inserting u, = 0
in the equation which means that thermal weak equilibrium reduces to
dynamical beta-equilibrium and the neutrino density is only T dependent, that
is

1 = p or (T ’ 3
v =Ny = dp =17.61 x 10 - 3.13
O /0 1+ exp(pe/kT) P= 8 (GK) o (3.13)
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with p being the neutrino momentum and pc its energy. The equation and ap-
proximation to use depend on the environment considered. At low temperatures
the neutrino densities are negligibly small so the condition p, = 0 reduces to
ny = 0. This is the condition of cold neutron stars where eq [3:10] is commonly
used to determine the composition. At higher temperatures the equations of
thermal weak equilibrium [3.10| and of dynamical beta-equilibrium predict
different values of Y.: the former is no more a good approximation and the later
one must be solved with a full set of weak interaction rates, that is a very chal-
lenging task. Anyway, to calculate the equilibrium Y. at a given temperature
and density, only a simple description of these rates is necessary as we are not
interested in the full evolution towards equilibrium.

3.2 NSE calculation

The equations of NSE and can be solved under the constraint
of thermal weak equilibrium given by eq[3.10] with the assumption g, = 0 for
temperatures in the range 5 < T' < 150 GK and 10° < p < 102 gem™3. Assum-
ing dynamic beta-equilibrium equation the results are similar. This full
solutions for the equlibrium electron fraction has been obtained by Arcones et
al 2010. In the same paper the authors suggest some useful approximations that
can give similar results to the full equations. T high temperatures (T 2 15 GK)
it can be assumed that only nucleons are present because all nuclei are disso-
ciated, so Yo = Y, and Y,, = 1 — Y.. For low densities (p < 108 gem™3) the
matter is mostly composed by non-degenerate neutrons, protons and electrons.
This implies pe = 0 and p,, = p, that together with eq [3.3| give

1

¢ T 1 o—A/RT (3.14)

where A = m,, —m, = 1.293 MeV. At these conditions, if T becomes smaller
than A, Y, can reach high values. For higher densities this approximation is not
valid anymore due to electron degeneracy. More precisely, this happens when

(kT)3/2
Y.

e

p>1.132 x 107 (0.6773 + 2.256kT) (3.15)

Above this limit the number density is approximately

ET\*1 .
c=8r(—]) = 16
n 87T<hc> 57l (3.16)

so we can get directly 7, from this equation and plug it in the equation to
estimate Y. If we assume that the nucleons follow a M-B distribution (eq(3.3)),
their chemical potentials are

N () A3
Hn(p) = Minp)¢” + KT I <(p)Gn(p)> (3.17)
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Then, if we insert these in the beta-equilibrium equation p,, = p,+ e we obtain

3/2 1/3
B 9 my 1-Y, B 3Y.p he
A—mec®+ kT In <<mn) Y, ) <8ﬂ'mu T 0 (3.18)

which is a non-linear equation for the electron fraction that can be solved nu-
merically using as guess value the Y, given by When the temperature is
below T' < 15 GK the presence of bound nuclei makes the situation more com-
plex. Two domains can be defined: one in which heavy nuclei represent half of
the total mass and one in which « particles represent half of the mass. These
domains are identified in the p — T plane by

39.17
logp =11.62+ 1.5logTy — T (3.19)
9
in the first case and for the second one by
Xa 142.62
log p = 29.68 + 4.51log Ty + log X2x2 T (3.20)

in which X,, X, and X, are the alpha, neutron and proton mass fractions
respectively, obtained by mass and charge conservation equations

1=Xo+ X, + X, (3.21a)

1
Yo=5Xa+ X, (3.21b)

At low densities, between the lines given by equations and in the
p — T plane, there are mostly alpha particles, therefore Y, = 0.5. At high
density the nuclei become neutron rich. Here other simple approximations can
be applied, but the detailed composition and electron fraction can be derived
only by numerical solving the full NSE equations under the conditions of thermal
weak or dynamical beta-equilibrium. The solutions for the two assumptions are
shown respectively in Figs. and

In the literature there are different studies that tackle the importance of
the electron fraction and its effects within the evolution of massive stars. |Ar-
cones et al.| [2010] focuses on the impact of NSE-related assumptions, primarily
those of weak thermal equilibrium and dynamical 8 equilibrium, over a very
wide parameter space. As far as stellar evolution is concerned, they found an
uncertainty on the electron fraction Y. of the order of few points per cent (see
for example Figs. and [3.2)). A recent study by [Renzo et al.| [2024], instead,
focuses on the details of the nuclear reaction calculations employed in stellar
evolution codes and their effect on the predicted electron fraction at the end of
the evolution of a massive star. They indicate that the resulting uncertainty is of
order 1 — 3% (as shown in Fig.[3.3]). The uncertainty on Y, propagates directly
into an uncertainty on the chemical abundances resulting from nuclear reac-
tions, but, as a result, it can also have an impact on the structural properties of
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Figure 3.1: Electron fraction Y, as a function of temperature and density with
the assumption of thermal weak equilibrium from Arcones et al.| [2010]

the innermost stellar layers. As a consequence, the uncertainty on the electron
fraction affects the conditions for the explodability and final fate of the star.
This topic has been approached, for instance, by |O’Connor and Couch| [2018§],
who focus on the impact of anisotropies in the Y, distribution on the explosion
mechanism. These authors performed detailed three-dimensional simulations
to find a correlation between Y, and the asymmetric neutrino heating mecha-
nism (understood to power the supernova explosion) from a proto-neutron star.
There are, however, fewer studies on the impact of Y, during the phases before
core-bounce. On top of this, there are many uncertenties on the collapse of the
stellar core and the possible consequent explosion (see [Janka| [2012] and |Janka)
for a review). Modern criteria for assessing the explodability of a mas-
sive star (O’Connor and Ott| [2011], [Ertl et al.| [2016]) highlight the importance
of the core compactness, i.e. its density distribution, that can be affected by
the electron fraction under NSE conditions. In this work I probe the potential
impact of Y, and its uncertainty on the abundances and structure of the core of
evolved massive stars.
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momentum j profile. Credits: |Renzo et al.[2024]
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Chapter 4

Methods

In this chapter I present the numerical methods adopted in the present work,
that aims at studying the impact of the electron fraction during the late evo-
lution of massive stars. In that situation, the composition of the stellar core
depends on its physical conditions at the end of silicon burning, the most impor-
tant of which are temperature T, density p and electron fraction Y,. In order
to obtain realistic combinations of these three quantities, I adopt MESA (ver-
sion r23.7.3) (Modules for Experiments in Stellar Astrophysics), a modular
stellar evolution code [Paxton et al.| |2011], [Paxton et al,|[2013], Paxton et al.
[2015], [Paxton et al.||2018], Paxton et al.|[2019]. MESA includes a pre-assembled,
general-purpose one-dimensional stellar evolution code called star. I used this
code to calculate stellar evolutionary tracks for different initial masses, and to
compare the features of the resulting models, with a particular focus on the
central temperature, density, electron fraction and the abundances of some im-
portant species. Other important information can be retrieved with the code
public_nse provided in Frank Timmes’ web page (?COCOCUBED”)COC, This
tool is designed to calculate isotopic abundances at different values of T', p and
Y., and is presented in Seitenzahl et al.|[2008]. In the next sections I will address
in more detail the description of each step.

4.1 Stellar evolution calculation

MESA/star (or simply star) is an open source software that approaches stellar
physics, structure and evolution with modern numerical methods and updated
physics, enabling it to evolve stellar models across challenging phases such as
the advanced nuclear burnings, that have been a serious challenge in the past.
MESA comes with microphysics modules that provide the physical properties of
stellar matter:

1. The rates module contains more than 300 thermonuclear reaction rates
for elements up to nickel and the weak reactions needed for hydrogen
burning (e.g. positron emission and electron capture).
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The weaklib module addresses lepton captures and S—decay rates for the
high densities and temperatures encountered at the later stages of stellar
evolution.

The screen module calculates electron screening factors for thermonuclear
reactions in both the weak and strong regimes.

The neu module computes energy-loss rates and related quantities, due to
neutrinos generated by plasmon decay, pair annihilation, bremsstrahlung,
recombination and photo-neutrinos.

The nuclear reaction networks are implemented with the net module.

An alternate module, useful for large networks, is called jina and uses
the JINA REACLIB database for thermonuclear reaction rates.JINL Since
the 2019 MESA update [Paxton et al.|[2019], the JINA REACLIB library
provides the default nuclear reaction rates. The nuclear partition functions
use JINA winvene v2.0.dat table and JINA. masslib_library 5.data
provides the atomic masses.

star comes with a variety of test suites that represent a useful starting point
for producing custom simulations of stellar evolution. The available suites
differ by the adopted modules, configuration files (”inlist”), and input pa-
rameters, and provide examples for investigating different processes of stellar
physics. To compute stellar tracks for this thesis I chose the massive star suite
20M_pre_ms_to_core_collapse. As its name suggests, it evolves a 20M star
from the main sequence to the core collapse phase. This test suite is divided
into seven parts, each controlled by a different inlist file:

1.

inlist_make_late_pre._ms, that creates a pre-main sequence model using
the mass, metallicity, wind and rotation parameters contained in the file.
inlist mass_Z wind rotation and evolves it for 100 years.

The second part inlist_to_zams evolves the model to the zero age main
sequence.

The third part, inlist_to_end_core_he_burn, takes the model to the core
helium depletion.

The fourth part is controlled by the file inlist_remove_

envelope that bridges the immediate post-core He-burning with subse-
quent phases, removing this stellar envelope (if some mass-loss prescrip-
tion is enabled).

The fifth part, inlist_to_end_core_c_burn, the model is taken to core
carbon depletion.

Part six evolves the model to logT = 9.60 with inlist_to_lgTmax, corre-
sponding approximately to silicon shell burning.
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7. Finally, inlist_to_cc evolves the model until the final stages preceding
core collapse.

The initial conditions of the simulation are set in the file inlist mass_Z wind_
rotation, in particular the initial mass, metallicity, mass loss and rotation. In
this case, I computed evolutionary tracks for initial masses 15, 20, 25, 30, 35,
40, 50, 60, and 75 M. All these values are well within the capabilities of the
adopted code and suite, which were tested by their authors up to 80 My. I
adopted solar metallicity and assumed zero mass-loss and no rotation. This
rather strong assumption will be discussed in Ch. [6] An infall velocity vint of
the iron core equal to viyr = 107 cms™! was chosen as the stopping condition
for the simulations. The output consists of a history file for each run (in
this case, for each value of initial mass), containing the physical parameters
of the stellar model at selected time-steps of the simulation, and a series of
profile files with the physical conditions and composition across the star. More
precisely, the history.data files contain, among others, the central values of
temperature and density of the stellar models and also the effective temperature
and luminosity during their lifetimes. The history files do not include detailed
information about the abundances, so I extracted these values from the profile
files, focusing in particular on the elements 2°Si, ®Fe, *°Fe and %°Ni. This choice
is motivated by the fact that these are expected to be among the most abundant
isotopes during the Si-burning and later, when nuclear statistical equilibrium
conditions are reached. I plotted the abundances of the four isotopes to produce
Fig. H’ showing their abundance evolution for the 35Mg stellar model (the
plots for the other stellar models are shown in Fig. in Appendix A). The
evolution of the abundances of the four isotopes in the stellar cores is presented
alongside the evolution of the core T, p and Y.. From them it is possible to
distinguish qualitatively some evolutionary burning stages of stellar evolution.
The red line in Fig. for example, shows the evolution of the 2®Si abundance.
When it grows above zero, the production of 2Si has initiated, so this represents
the start of the core O burning. Its peak represents the end of O burning and the
onset of Si burning. When this curve returns to zero, 2*Si has been depleted in
the core and the burning has shifted to a shell. Therefore, using the data shown
in these plots, I identified three key evolutionary moments for each isotope:

1. The time at which the abundance becomes non negligible (i.e. it starts
being synthesized).

2. The time at which the abundance reaches the maximum.
3. The time at which it becomes depleted.

The abundances predicted by star at each of the three selected evolutionary
times are also reported in table (in Appendix A).
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Figure 4.1: Abundances evolution for the 35M¢ stellar track. x-axis: the time
to the end of the simulation in years. Left y-axis: logarithmic temperature and
density scale. Right y-axis: electron fraction Y, and abundances scale.

4.2 Nuclear statistical equilibrium calculation

While star provides realistic physical conditions in stellar interiors, it is not
trivial to use it for studying the direct impact of selected physical quantities.
Indeed this would require editing or rewriting portions of the code, with possibly
unexpected results. Instead, in order to explore the role of the electron frac-
tion it is preferable to employ another code. For the present work, I adopted
the public nse tool available on Frank Timmes’ web page "COCOCUBED”
COC| (https://cococubed.com/code_pages/nse.shtml) which puts a 47 iso-
tope network into its NSE state. Compared to MESA, this code follows the for-
malism of Hartmann et al.| [1985] for the chemical potentials and mass fractions,
and sets the partition functions to their ground state value, whereas MESA makes
use of JINA REACLIB that considers also excited states. The public_nse code
takes the values of density, temperature, and electron fraction as input param-
eters and returns the abundances of free protons, free neutrons, and of the 47
isotopes of the network under NSE. These results can be used to study the
behavior of the NSE abundances distributions at fixed values of two parame-
ters as a function of the third one. In particular, I used the central values of
electron fraction, temperature and density at the center of MESA stellar mod-
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els corresponding to the three evolutionary times of 25Si, *Fe, 5°Fe and ®°Ni
described in the previous section. Since this work is focused on the role of the
electron fraction, I studied how the abundances depend on this parameter by
varying it around the value predicted by star, keeping p and T fixed. After
computing NSE abundances with public_nse, I compared the results (that will
be presented in the next chapter) with the predictions of MESA, as illustrated in
Figs. and The evident discrepancies are most likely due to the resources
optimization options adopted in the MESA calculations, whereas the predictions
of public_nse are expected to be more realistic. I verified this expectation by
cross-checking the results with the output of pynucastro, an open-source library
for nuclear astrophysics with easy-to-use Python interfaces. Several tests per-
formed with pynucastro show good agreement with public nse, with marginal
discrepancies that can be attributed to the simplifying assumptions made in the
latter. It should be noted that, compared to pynucastro, public_nse is sub-
stantially more stable, lightweight and flexible, and hence more suited for this
study. The disagreement with respect to MESA results is further addressed in
Ch.[6

4.3 Estimating the impact of Y, on the mass of
%Ni in the core

The present work aims at assessing the impact of uncertainties in the value of
Y. on calculations of stellar structure and evolution. There are different ways to
do so, and given the exploratory nature of this thesis, I chose to probe possible
effects on the chemical composition of the pre-supernova core in terms of the
6Ni abundance, proceeding as follows:

1. For each stellar track I recovered the information on the temperature,
density and electron fraction stratification from the last profile file of
each MESA simulation. The MESA profile files contain a large number of
parameters that can be ideally divided in two categories: global parame-
ters that characterize the profile as a whole and local ones that refer to
each mass shell. Among the former ones we have the mass M, of the iron
core. This quantity can be used to select the reference mass coordinate
representing the border of the core.

2. 1 take the values of temperature T, density p and electron fraction Y, for
each shell inside the iron core. In all cases the temperature is large enough
[T > 4x10° K, |Arcones et al., 2010] for the assumption of NSE to be valid,
expect possibly at the very edge of the core of the 15M star.

3. T used the core profiles of T, p and Y, to compute the NSE abundances
with public nse across each core.

4. Given the *°Ni mass fraction X seni,; in the shell ¢ with mass dm;, I com-
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Figure 4.2: Abundances of ®*Fe, *°Fe and °°Ni calculated for the thermody-
namic conditions corresponding to the peak abundance of 5*Fe, obtained with
public_nse. The vertical dashed lines and horizontal dotted lines indicate, re-
spectively, the value of electron fraction Y, and the abundance of 4Fe predicted
by MESA (see . Each panel corresponds to a different evolutionary track
(initial masses: 15, 25, 40 and 75 Mg)

puted the amount of *°Ni in solar masses by integrating through the core:

Z X56Ni,idmi .

i<M.,

M.
M56Ni = / X56Nidm = (41)
0

The quantity Msey; represents the mass of “°Ni contained in the core under the
assumption of NSE, for the reference value of Y, = Y predicted by MESA. In
order to assess the impact of the uncertainty on this parameter I repeated the
above procedure after changing its value to Y* = Y, + dY}*, with dY} = kY2,

taking several choices of k = [-0.03,-0.02,-0.01,0.01,0.02,0.03]. This allows me
to study an uncertainty of the same order of magnitude as that found by

[2024).
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Figure 4.3: As in Fig. but considering the peak abundance of 5°Ni.

For each track, I obtained this way six distinct estimates M §6Ni of the %5Ni
mass in the core as a function of the assumed uncertainty of Y.. These can be
used to estimate the corresponding uncertainty on the *Ni mass itself:

max(ME, ) — min(ME,..
Aoy = 2 Nz\)4 —min(Meey)
56Ni

(4.2)

The results are represented in Ch.

4.4 Estimating the impact of Y, on the total core
mass

We can assume that a small uncertainty on Y, does not change substantially
the density stratification in the core, so I made the simplifying assumption of
homology. The equations of continuity and momentum conservation become
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(e.g. Kippenhahn, Weigert, and Weiss| [2013]):

-3
P2 Mc,2 <Rc 2)
P2 _ G2 , 4.3
p1 Mc1 \ R (43)
P (Me2\* (Rea\ ™" (4.4)
Pl Mc,l Rc,l ’ .

where the subscripts 1 and 2 refer to any two models to be compared (i.e.
stellar cores with different assumptions on Y;), p and P are the local density
and pressure in homologous layers, and M. and R, are the mass and radius at
homologous layers near the edge of the core. Combining Eq. and Eq.

yields:
& _ M., 2/3 p2 4/3 (4 5)
Py Mc,l P1 . -

Given the conditions in the core, we can assume the equation of state to be that
of an ideal classical gas with radiation:

R a 3R 1/3 1-3 1/3 p4/3
P=Pys+ Ppa=—pT +=-T*= [ = L . (4
=T ir - (2)°(55) " (2) " o

where the meaning of the symbols is the usual one:
1. p is the mean molecular weight of the gas.
2. B = Pgas/P.
3. R =8.314-10" ergg~! K~ is the ideal gas constant.

4. a="7.566-1071° ergecm 2 K~* is the radiation density constant, which is
related to the Stefan-Boltzmann constant by a = 4osp/c.

By inserting Eq. into Eq. we obtain:

Mez (f%))?’/ 2 <M>2 (@7
M1 f(B1) I 7

having denoted f(3) = (1 — B)p~*. By similar arguments as before, we can
assume the thermal stratification in the core to be only slightly altered by small
changes in Y, so that f(5) remains unchanged. Eq. normally applies to

chemically homogeneous conditions, so I needed to make a further simplification
by taking a suitable average of y over the core region:

1 1 /Mc 1 1 /Mc [ 1 1} 1 1
— = ——dm = —+ —| dm= + , (4.8)
<:u’> MC 0 N(m) Mc 0 He i <Ne> </~Li>
where e is the mean molecular weight per free electron and p; is the mean

molecular weight of the ions. I used these equations to investigate how the
change in mean molecular weight affects the core mass, proceeding as follows:
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8.

. Ttook the abundances of the 47 isotopes predicted by public_nse through-

out the core.

I computed => FadXs +1)X’ for each shell, where Z;, A; and X; are the
atomic number mass number and abundance of the ith isotope respec-
tively.

1 .
I computed m with eq

CAs i =Y., I computed Tb as (Y,) across the core.

Having -+ m and (u g I obtamed from eq.

I repeated the procedure for the other six sets of nse_tool output pro-
duced in the Y, range described in the previous section.

~

k
I computed the ratio §Z§€>, where k£ has the same meaning as in the
Ve

previous section.

With the assumption that f(82) = f(81), I computed MO using eq

The results are presented in Ch. [f

42



Chapter 5

Results

5.1 Stellar evolutionary tracks

I present in Fig. [5.1] the H-R diagram showing the evolution of the stellar models
I computed with MESA/star. It should be noted that the plot is constructed
using history files, that do not necessarily include information for all com-
putational time-steps. The time resolution of these files is often limited for
optimization purposes, resulting in some artificial features such as the spikes at
3.7 < log(Teg/K) < 3.8 appearing for a few tracks. This features don’t affect
the outcome of the computation, and in any case, this study is focused very
final points of each track. Since the evolution of massive stars is heavily shaped
by mass loss, the surface properties of the stellar tracks are not necessarily re-
alistic, in contrast with the physics of the innermost layers that I am interested
in studying (see Ch. @ The conditions in the core are shown in Fig. which
displays the central temperature T, and density p.. As the core is described as
an ideal gas with radiation, the slope of the tracks is close to 1/3 in this plane,
as expected by a quasi-static homologous contraction of the core. Deviations
from this behavior arise due to two effects [Kippenhahn et al, 2013|:

e at the transition between nuclear fuels the tracks deviate from homologous
contraction once a new nuclear fuel is ignited and convection develops in
the core;

e with progressively increasing density and temperature neutrino cooling
becomes efficient, resulting in a shallower slope.

the former effect is more evident in Fig. |5.3] which shows an enlarged view on
the tracks from the onset of O-burning and beyond. This figure also exemplifies
the potential numerical difficulties inherent to the advanced burning stages of
massive stars, highlighted by the artifacts around log p = 8 for the 15M, track.
I briefly considered again this aspect in Ch. [f] Crucially, Fig. confirms
that central temperatures since the beginning of Si-burning satisfy the NSE
condition.
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Figure 5.1: H-R diagram of the nine stellar models from ZAMS to core collapse

5.2 Impact of Y, on *°*Ni mass in the core

In this section I present the results of the estimate of the *°Ni abundance as
described in Sec[d:3] As a first step it should be verified that the condition for
NSE applies to the entire core for each track. To do so, I have examined the
values of T" and p at the center and the edge of the core, as well as in the shell
located in between. These values are summarized in table[5.1} The requirement
in terms of temperature is T > 4 x 10° K, which is verified in all cases except
near the border of the core for the lowest mass one among the tracks I computed.

This supports the correctness of the method adopted to compute the mass
fraction and total mass of 5°Ni inside the core. The results of this procedure are
displayed in Figs. and and are presented in table The first column
contains the masses of the stellar models, the second and third columns the
temperature in the outermost shell of the core. In the fourth column there are
the "°Ni masses predicted by public_nse with the Y,? value from MESA, while
the other six columns contain the masses predicted with the Y.* values inside
the uncertainty range. From the values in this table it’s apparent that even
small variation in Y, can have a huge impact in the predicted *°Ni mass. For
a variation of +3%Y,, the predicted masses differ of five orders of magnitude
from one extreme to the other inside this range. This means that the resulting
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Figure 5.2: p — T diagram for the nine stellar tracks. This plot shows how the
central temperature T, and density p. of the stellar models computed with MESA
evolve from ZAMS to core collapse.

uncertainties on NSE abundances can also be expected to be substantial. In
particular, the change in the total mass of °°Ni inside the core as a function
of the assumed uncertainty dY,. is displayed in Fig. and the corresponding
relative uncertainty is summarized in table In the third column I indicated
the estimate over the range +3%Y, and in the fourth column over £1%Y,. In
both cases the values are extremely large, around ~ 20 for the largest range
and ~ 5 for the more conservative one. To better understand these values, it
should be kept in mind that the core masses predicted by MESA for the final
models range between 1.5M¢ and 2.3M, and the corresponding mass of *°Ni
is of order 0.005M¢ to 0.1Mg. The high sensitivity of NSE reactions to Y. is
such that the amount of °°Ni goes from a negligible level up to 15 — 20% of the
total core mass. A closer inspection of Figs. and show how the primary
contribution to the total *Ni mass comes from the outer part of the core, this
means that results for the 15M, star might be affected by the uncertain validity
of NSE. However, this is not the case for the more massive tracks.
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Figure 5.3: Zoom in of Fig. focusing on the late evolutionary stages

M[Mg] | T, [GK] | T [GK] | T.[GK] | pp[10" gcm ] | pm [105gem 7] | pe[10° gem 7] Yes Yem Ye,c
15 3.68 5.82 8.15 1.72 3.13 4.18 0.48270 | 0.47160 | 0.46181
20 4.10 6.10 7.94 2.15 1.96 2.17 0.48207 | 0.47177 | 0.46284
25 4.52 5.94 7.83 1.41 0.41 1.16 0.48671 | 0.47910 | 0.46326
30 4.26 5.85 7.84 1.15 0.66 1.17 0.48425 | 0.47638 | 0.46313
35 4.43 6.02 7.99 1.69 0.73 1.54 0.48523 | 0.47540 | 0.46293
40 4.31 6.08 7.91 1.71 1.71 1.36 0.48340 | 0.47411 | 0.46315
50 4.36 5.86 7.70 1.42 0.63 1.10 0.48395 | 0.47665 | 0.46344
60 4.28 5.97 7.98 1.27 0.45 1.27 0.48407 | 0.47753 | 0.46295
75 4.37 5.79 7.74 0.82 0.46 0.67 0.48940 | 0.47820 | 0.46334

Table 5.1: T, p and Y. at three positions in the stellar cores. The subscripts
b, m and c¢ stand for “border”, the outermost shell, “middle”, the shell equally
distant from the center and the border of the core and “center”, the innermost
shell, respectively.

5.3 Impact of Y, on the total core mass

The effective impact of these altered abundances is difficult to ascertain due
to the complexity of the processes involved in the core collapse and explosion.
Hence, it is interesting to probe the more global effect of Y, on the core mass,
which controls the evolution and the dynamics of the final stages of massive
stars. The value of Y, plays a role on the conditions that lead to the core’s
collapse. To quantify its impact we can study how the core’s structure changes
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M [Mo] | log(Ty/K) | Ty [GK] | Moy, | Ms!m | Magl” | Maell” | MY, | MGG [ MO,
15 9.57 3.68 | 5.09e-3 | 4.74e-4 | 7.33e-5 | 5.42¢-6 | 3.60c-2 | 9.04e-2 | 1.69e-1
20 9.61 410 | 5.37e-3 | 6.46e-4 | 1.03e-4 | 7.22¢-6 | 4.00e-2 | 1.00e-1 | 1.83e-1
25 9.65 452 | 1.44e-2 | 1.87e-3 | 3.26e-4 | 3.60e-5 | 6.05e-2 | 1.35e-1 | 2.20e-1
30 9.63 426 | 1.94e-2 | 1.90e-3 | 3.24e-4 [ 3.63e-5 | 7.94e-2 | 1.70e-1 | 2.82¢-1
35 9.65 443 | 7.14e-3 | 9.82e-4 | 1.6le-d | 1.28e-5 | 4.11e-2 | 1.0le-1 | 1.8le-1
40 9.63 430 | 828¢-3 | 1.08¢-3 | 1.80c-4 [ 1.39e-5 [ 5.05¢-2 | 1.22¢-1 | 2.15¢-1
50 9.64 4.36 | 1.39e-2 | 1.60e-3 | 2.75e-4 | 2.74e-5 | 6.62e-2 | 1.52e-1 | 2.62e-1
60 9.63 4.25 | 1.75e-2 | 1.69e-3 | 2.86e-4 | 3.22e-5 | 7.18e-2 | 1.53e-1 | 2.5de-1
75 9.64 4.37 | 1.02e-1 | 2.88¢-2 | 2.52e-3 | 4.24e-4 | 1.97e-1 | 3.10e-1 | 4.27e-1

Table 5.2: Total °Ni mass in the core. T} represents the temperature at the
core’s border or, equivalently, in the outermost shell. M QGNi indicates the total
mass of “°Ni contained in the core predicted with the Y, value of MESA. The
total masses predicted with other Y, values are indicated as M écGNi in the other
columns, where £k = —0.03, —0.02,—0.01, 0.01,0.02, 0.03.

M[Mg] | log(Ty/K) | Ty [GK] AM5i601\'I?3 AM?G?\}?l
15 957 3.68 33.26 6.98
20 9.61 2,10 34.05 734
25 9.65 152 15.96 1.08
30 9.63 1.26 14.55 2.00
35 9.65 1.43 25.40 5.62
10 9.63 131 25.01 5.96
50 9.64 1.36 18.83 165
60 9.63 1.28 14.52 101
75 9.64 137 119 1.66

Table 5.3: °°Ni mass uncertainty for the nine stellar models. First column:
initial masses of the models. Second and third columns: temperature at the
border b of the core. Fourth and fifth columns: uncertainties on the *°Ni mass
arising from +3% and +1% variations on Y,, respectively.

as function of Y, and, in particular, its mass. The goal is to estimate how large
is the error on the core mass prediction when there’s an uncertainty on the Y,
value, following the procedure outlined in Sec[£:4] The results are exemplified in
table @ for the 15M model, which is representative of the overall behavior of
all tracks, similar tables for other models are given in Appendix. Additionally,
the results are shown in Figs. and In the left plot of Fig.
the mass-averaged mean molecular weight is plotted against dY,.. As Y. drops,
(u) increases covering changes of about +3% over the explored range of Y,
uncertainty, as shown in the right panel of Fig. [5.7] The latter displays the
ratios (u*)/(u’) against dY,, where (u°) is the value of (i) computed with the
reference value of Y, provided by star and (u*) are those computed at Y, +kY,.
To better understand the behavior (¢*), in Fig. I distinguish between the
contributions from the mass-averaged mean molecular weight per free electron
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Figure 5.4: °°Ni abundance as function of Y, at the centre ¢, middle m and
border b positions of the iron core for the 15Mg, 20Mg, 25M and 30Ms.

({11%)) and the mass-averaged mean molecular weight per ion ((uF)). Tt is clear
that the former dominates the overall behavior of (1*), as it is much smaller
(= 2) than (u¥) (= 30). However, the dependence of these two quantities on
Y. arises from different effects. Increasing Y, implies a higher number of lighter
particles (i.e. e ), but affects to a negligible level the mass of a parcel of gas,
which is shared by a larger number of free particles, hence (u*) decreases. At the
same time, increasing Y, alters the relative number of n compared to p, favoring
the latter, altering the reaction equilibrium. So, different types of isotopes, with
different mass numbers, are preferred when Y, is varied, which is reflected in
the changing value of (i), as can be seen in Fig. |[5.8bl While (u*) displays
essentially the same behavior as a function dY, for all the stellar models, (uF)
shows a slightly different functional form. As discussed in Sec[£.4] under suitable
assumptions, one can use the value of (i) to obtain an approximate estimate of
change of core mass resulting from variations on Y., as can be appreciated from
Figs. and What can be seen is that for a given fractional variation of
Y. one obtains a twice as large relative change in M.. However, as expected
from the role of (u¥) the effect is different for distinct initial masses, with the
heaviest stellar models suffering on average the smallest changes.
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Figure 5.5: °°Ni abundance as function of Y, at the centre ¢, middle m and
border b positions of the iron core for the 35Mg, 40My, 50Mg, 60My and
75M stellar models.
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Figure 5.6: Total mass of °°Ni in the iron core as function of Y, variation for
all stellar models computed in this work.

Figure 5.7: Average

Average mean molecular weight <u > as function of dYe

— 15M,
— 20M,
— 25Mo
— 30Ms
— 35M,
— a0M,
— 50Mg
— 60Mo
75Mo

-0.03  -0.02  —0.01 0.00

dre

<pk>/ <>

Mean molecular weights ratios: < uk>/<u®>

AN

— 15M,
20M
25M 5
30M 5
35M,
40M o

-0.03

-0.02 0.1 0.00

dYe

mean molecular weight (u) (left) and (u*)/(u®) ratios

(right) as function of dY., where (u°) is the average mean molecular weight
computed with the Y value provided by MESA and (u*) is the average mean
molecular weight computed with Y? + kY.
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Figure 5.8: Average mean molecular weights per electron, (u.), and per ion,
(1), as a function of electron fraction variation dY, for all the stellar tracks.

Core mass as function of Ye

244 — 15Mg
— 20Mg
— 25Mg
224 — 30Mg
—— 35M,
— 40Mg

Mc[M ]

1.6 1

1.4 1

T T T T
—-0.03 —0.02 -0.01 0.00 0.01 0.02 0.03
de

Figure 5.9: Predicted values of core’s mass M, as function of dY; for all stellar
models.
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Figure 5.10: Ratios of M. as a function of dY, for all stellar models.

k (uF) (uF) (uF) WPy /w0 T MF/mQ MF
—0.03 2.1049 2.2027 47.4205 1.0355 0.9325 1.4123
—0.02 2.0801 2.1802 45.2949 1.0233 0.9549 1.4461
—0.01 2.0561 2.1582 43.4808 1.0115 0.9773 1.4801

0.00 2.0327 2.1366 41.7906 1 1 1.5144
—+0.01 2.0108 2.1154 40.6475 0.9892 1.0219 1.5476
—+0.02 1.9912 2.0947 40.3122 0.9796 1.0421 1.5781
+0.03 1.9739 2.0744 40.7611 0.9711 1.0604 1.6059

Table 5.4: Mean molecular weights, core mass ratios and predicted core masses
for the 15M¢ stellar model as a function of Y.. First column: k as defined
in Sec. such that the quantities listed in table are computed with Y} =
Y2 + kY2, where Y7 is the electron fraction value computed with MESA. Second
column: average mean molecular weight (u*). Third column: average mean
molecular weight per electron (u*). Fourth column: average mean molecular
weight per ion (uF). Fifth column: (1*)/(u®) ratios, as defined in Fig. Sixth
column: MP¥/MY? ratios, where M? is the mass of the core predicted with Y.
and M is the mass predicted with Y*. Seventh column: core mass M.
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Chapter 6

Discussion

In the present thesis I attempted an exploration of the impact on the evolution
of massive stars of possible quantitative uncertainties on Y., assuming them
to be of order ~ 1%. I have made no assumptions on the specific source of
such uncertainties, but I noted that it can arise from conceptual assumptions
(|Arcones et al., [2010]) or the details of a code’s implementation ([Renzo et al.,
2024]). With respect to this, it is worth noting that we find fluctuations of Y. at
a comparable level as displayed in Fig. The latter shows the value of Y, as a
function of initial mass of the models at several evolutionary times as explained
in Ch.[ In multiple instances we find irregular changes of few percent between
neighboring values of initial mass, suggesting a numerical rather than physical
effect. In order to verify this, I refined the determination of these evolutionary
times by interpolating to the same exact value fractional abundance (X; = 1073)
for all tracks and all selected isotopes. This resulted in minimal reduction of
such fluctuations, supporting the hypothesis of their numerical origin.

It is reasonable to assume that these are similar to the deviations high-
lighted by Renzo et al|[2024], who advocate for always employing extensive
nuclear reaction networks to simulate realistic pre-supernova evolution, espe-
cially for the purpose of chemical abundance studies. In contrast, to keep the
computation manageable, I enabled simplifying assumptions for the MESA evolu-
tionary tracks. This approach, while necessary, is also likely at the origin of the
discrepancies seen in the comparison with the abundances predicted by MESA
and public_nse in the present study (see Figs. and . Indeed, I have val-
idated the output of public_nse with a third independent code (pynucastro),
and the compatibility between them has been thoroughly addressed by [Smith
et al|[2023]. In the preceding sections I have also repeatedly checked the valid-
ity of the NSE assumption, finding it to be well verified. The possibility that
the discrepancy can be attributed to MESA is further supported by the recent
analysis performed by its authors (|[Jermyn et al.,2023]), who have highlighted
possible deviations in terms of chemical abundances caused by the adoption of
the operator split network approach, as opposed to a fully coupled hydro-
dynamic nuclear network, much more computationally intensive. However, the
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adoption of a simplified treatment of nuclear processes does not impact sig-
nificantly the structural properties of the star, as they are controlled by the
energetics of the reactions, which can be described by taking into account only
the main reactions rather than a complete network. I also note that in order
to compute the evolutionary models, I have assumed zero rotation and no mass
loss, which are somewhat unrealistic conditions, especially for massive stars.
These assumptions are justified by the fact that these processes have marginal
effects on the physical conditions in the stellar core ([see for instance [Farmer
et all [2016]).

The results of my analysis indicate that a ~ 1% uncertainty on Y, can have
an important impact on stellar evolution. Taking 5°Ni as representative isotope
of the late evolutionary stages of massive stars, I found uncertainties possibly
larger than 100% in terms of chemical abundances. Whether these uncertainties
have an actual impact on stellar evolution is difficult to determine, primarily
because we expect the chemical profile to be largely erased upon core collapse.
Indeed, a large fraction of the core ends up in the compact remnant, so its com-
position is almost completely altered (in the case of a neutron star) or becomes
inconsequential (if a black hole is formed). The remaining material undergoes
explosive nucleosynthesis, the products of which are certainly determined by the
preceding composition, but in a highly uncertain way (|Janka; 2024]). In other
words, chemical abundances are somewhat impractical to assess the possible
effects on Y.

Therefore, I addressed the potential impact on structural core properties,
taking the core mass as a proxy. Detailed studies of this aspect would require
tailoring the Y. uncertainty directly into the adopted stellar evolution code, as
well as running simulations as accurate as possible in terms of nuclear reaction
networks. As already explained, this is beyond the scope of the present study.
Instead, I decide to adopt a simplified framework, probing the effect of Y, on
the core mass via the change in mean molecular weight, and found a possible
error of order +5% resulting from a +3% uncertainty on Y., depending on the
total stellar mass. This result relies a number of assumptions, namely:

that stellar cores with altered Y, are homologous to each other;

that the conditions inside them are such that the use of an equation of
state of an ideal gas plus radiation is appropriate;

that cores to be compared this way have the same thermal stratification
(more precisely, the same profile of 3);

that we can account a non homogeneus chemical profile in the core by
means of a mass averaged mean molecular weight.

These assumptions are probably not completely verified, especially the last one.
Therefore, the core mass uncertainties I found are probably to be taken as lim-
iting values, or as indicative values in any case. Nonetheless, the analysis of
the specific contribution from the p. and p; terms highlights the importance
of accurate knowledge of Y, for controlling the impact of NSE reactions on the
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core mass. In this sense, the uncertainty on Y, can have an important impact on
the final fate of a massive star by affecting the compactness of the core, which
is a critical parameter for explodability criteria (JO’Connor and Ott} {2011} [Ert]
et al., 2016]). In particular, from a qualitative standpoint, my results indicate
that a positive uncertainty on Y, is reflected by a higher core mass and hence
a more compact core, which is expected to disfavor the supernova explosion.
These preliminary results need to be verified by more detailed investigations.
In particular, a matter of uncertainty that is out of reach of the methods I em-
ployed concerns the details of the explosion-powering neutrino transport, which
is certainly affected by lepton abundances and therefore by Y., and in princi-
ple could counterbalance the uncertainty on the core mass in terms explosion
mechanism.

An additional remark should be made regarding the Chandrasekhar mass
Mcy, defined as My, = 5.86 u; 2 My, (Iiadis [2015], see Sec. for details). Tt
can be seen from Eq. [£.7 and Fig. [5.9] describing how the mass of the core M,
changes as function of pu, that the functional form of the two relations is very
similar: as Y, increases, both Mg, and M, increase. On the one hand, this
behavior suggests that the growth of M, caused by Y. could be balanced by a
corresponding growth of M¢p,, possibly canceling the effect of Y.. On the other
hand, M, depends also on p; that in turn depends on the reaction equilibria
during NSE conditions [e.g. Fig. Seitenzahl et al., |2008|. Therefore, it
is the very effect of an uncertainty on Y, on the reaction equilibria that might
result in uncertainties concerning the exact condition for instability, with a
potential dependence on the total mass through (u;). Taking into account that
this reasoning involves approximations through the use of the core-averaged
value (u), the details of how the uncertainty propagates to the stability criterion
would require a more in depth study, properly accounting for shifts of Y, during
evolutionary calculations.
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Figure 6.1: Central electron fraction Y. as a function of the initial mass of the
stellar models, computed at the evolutionary instants described at the end of
Sec. for 288i, **Fe, %5Fe and °°Ni. Solid line: central Y, at the evolutionary
instant corresponding to the maximum abundance of the isotope. Dashed line:
central Y, when the isotope is starting to be synthesized in the center of the
core. Dotted line: central Y., when the isotope is depleted in the center of the
core.
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Chapter 7

Conclusions

The simulations I performed with star resulted in a series of stellar tracks
from which I gathered the information on temperature 7', density p and elec-
tron fraction Y, needed to compute the abundances at nuclear statistical equi-
librium (NSE) in the iron core, for which I used another more flexible code,
“public_nse”. With the methods presented in Ch. 4] I was able to determine
the total mass of °Ni in the stellar core and the predicted mass of the core
itself, both as a function of the assumed uncertainty on Y,. At the end of this
thesis, we can draw the following conclusions:

1. The value of Y, have an important effect on the abundances at NSE, that
we traced in terms of the representative isotope °°Ni. Over the explored
range of uncertainty of Y,, the core *°Ni abundance changes by more than
100%, from a negligible amounts up to 15 — 20% of the core mass. A com-
parable effect can be expected for other important nuclides, suggesting a
relevant impact on the pre-supernova composition of the innermost layers,
some of which could take part in explosive nucleosynthesis, depending on
the explosion mass-cut.

2. An uncertainty of +3% on Y, produces a variation of order +5% on the
predicted core mass. This sizable effect is mostly due to the dependence of
1 on pe and, hence, directly on Y., but there is an additional component
that must be ascribed to p;. This latter depends on the altered reaction
equilibria resulting from even a small change in Y. As a result, this effect
is sensitive to thermodynamic conditions in the center and hence to the
initial mass of the star. Therefore, this study suggests an effect on the
core mass and hence its compactness, a parameter that is known to be
critical to determine the explodability of the star and the mass cut.

3. Under the assumption of homology, we have linked the core mass with the
mass averaged mean molecular weight as M, o (u)~2. Given that (u) is
largely controlled by ., this dependence is similar to that characterizing
the Chandrasekhar limiting mass, which is related to the condition for
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collapse and stability. Under the assumptions made, these effects would
cancel out making especially important the role of y; and the details of
Y, uncertainties on reaction equilibria.

Given the exploratory nature of this work, I adopted a number of simplifying
assumptions that allowed me to highlight the main features of the functional
dependencies of key parameters on the Y, uncertainty, and to quantify its order-
of-magnitude impact. The results I found, however, need to be verified on more
rigorous grounds, for instance by testing how a shift on Y, affects the evolution
of massive stars once directly incorporated in the code and calculations. In
order to do so, one must make sure that an accurate description of the nuclear
reaction network is adopted, possibly coupled with hydrodynamics, a task that
is expected to be very computationally intensive.

I did not attempt any comparison with observations for my results concern-
ing chemical composition, although in principle a signature could be detected,
for instance, by spectroscopic analysis of supernovae and supernova remnants.
However, as I limited this investigation to the iron core, the material affected by
Y, is largely destined to end up in the compact remnant. Therefore, the effect
of this uncertainty on the ejected material and the supernova light curves is not
clear and to address this topic with satisfactory detail more refined methods
are needed, such as hydrodynamical simulations, an accurate treatment of the
explosive nucleosynthesis taking place during the supernova explosion and an
assessment of the effect of Y, uncertainties on neutrino transport.
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Appendix A

Appendix

(h) 60M¢

Figure A.1: Abundance evolution for the stellar tracks. Each panel shows a
model with different initial mass. x-axis: the time to the end of the simulation
in years. Left y-axis: logarithmic temperature and density scale. Right y-axis:
electron fraction Y, and abundances scale.
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M M) 15 20 25 30 35 40 50 60 75
Tog (15128 .max/K) 951542 | 9.49516 | 9.51982 | 9.51908 | 9.51334 | 9.52430 | 9.52474 | 9.51100 | 9.50532
log(pSi28.max/9cm ) | 8.24563 | 7.86820 | 7.83069 | 7.76028 | 7.73693 | 7.80259 | 7.86320 | 7.85051 | 6.90456
Ve, 5128, maz 0.49730 | 0.49686 | 0.49641 | 0.49687 | 0.49752 | 0.49760 | 0.49734 | 0.49770 | 0.49739
Si28max 0.66680 | 0.64257 | 0.61202 | 0 0.63240 | 0.64782 | 0.64607 | 0.64797 | 0.62096
To2(Trosd.max/ ) 9.60307 | 9.61548 | 9.61736 | 9 9.61555 | 9.62036 | 9.62973 | 9.62201 | 9.63500
log(PFe5d.max/9cm ) | 7.89202 | 7.71137 | 7.49040 | 7. 7.44705 | 7.48990 | 7.57848 | 7.53996 | 7.34482
0.47917 | 0.48055 | 0.48299 | 0. 0.48310 | 0.48233 | 0.47969 | 0.48197 | 0.48315
0.82142 | 083433 | 0.81349 | 0. 0.81609 | 0.84326 | 0.83013 | 0.84695 | 0.76514
9.69806 | 9.66250 | 9.73233 | 9. 9.71992 | 9.72950 | 9.72815 | 9.74314 | 9.76101
102(pFe56.maz/9cm_ 2) | 8.56926 | 8.36425 | 8.: 8.36724 | 8.39263 | 8.42541 | 8.33039 | 8.36637 | 8.17390
Y, Feo56.max 0.46426 | 0.46426 | 0. 0.46426 0.46427 | 0.46427 | 0.46426
Fe56max 0.99955 | 0.99974 | 0.99916 0.99952 | 0.99944 | 0.9991L1 | ©
10g(TNi56,max/K) 9.56739 | 9.59764 | 9. 9.60456 9.59292 | 9.59416 | 9.60065 | 9.59417
1og(p N i56.maz/9¢m  3) | 8.10760 | 7.85129 | 7. 7.72380 | 7.64950 | 7.72431 | 7.77725 | 7.81030 | 7.33910
Y. Ni56.max 0.49594 | 0.49509 | 0. 0.49399 | 0.49367 | 0.49495 | 0.49494 | 0.49496 | 0.49092
Ni56max 0.00514 | 0.01566 | 0.08715 | 0.09070 | 0.07953 | 0.08203 | 0.06885 | 0.07946 | 0.06520
T o8—10—3 1 9.10374 | 9.14292 | 0.15491 | 9.15686 | 9.16526 | 9.16219 | 9.16393 | 9.16311 | 9.17028
P siz8—10—3 1 6.96968 | 6.62243 | 6.41166 | 6.23412 | 6.13933 | 6.04363 | 5.01820 | 5.77002 | 5.65682
Y, i28-10-3 .1 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
Si28,,1 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3
Trosa—10—3 1 9.41663 | 9.42319 | 0.44649 | 9.44713 | 9.44382 | 9.43751 | 9.44448 | 9.45213 | 9.44650
P pesi—10—53 1 8.00994 | 7.67670 | 6.86091 | 6.83930 | 6.01180 | 7.03899 | 6.87446 | 6.90211 | 6.47373
Fe5d= .
Y, resa—10—3 .1 0.49998 | 0.49998 | 0.49998 | 0.49997 | 0.49997 | 0.49996 | 0.49997 | 0.49996 | 0.49994
Febd,, | 1e-3 Te-3 1e-3 Te-3 1e-3 Te-3 1e-3 Te-3 1e-3
T re56—10—3 1 9.43949 | 9.58262 | 9.58648 | 9.60443 | 9.50494 | 9.38694 | 9.55660 | 9.55472 | 9.58440
P pes6—10—53.1 8.11356 | 7.87569 | 7.57200 | 7.71332 | 7.56209 | 7.30534 | 7.87612 | 7.89134 | 7.39112
Y, res6—10-3.1 0.49979 | 0.49536 | 0.49185 | 0.49389 | 0.49246 | 0.49964 | 0.49659 | 0.49662 | 0.49321
Feb56,,1 1e-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3
TN i56—10—3 1 9.55403 | 9.55254 | 0.43704 | 9.48160 | 9.43357 | 9.52841 | 9.45306 | 9.44045 | 9.50369
PN i56—10—3.1 §.19928 | 7.94841 | 7.30932 | 7.15486 | 7.24278 | 7.80595 | 7.24228 | 7.55215 | 7.08416
Y. s 3 0.49688 | 0.49615 | 0.49729 | 0.49812 | 0.49850 | 0.40749 | 0.49875 | 0.49819 | 0.49672
e.Ni56=10—3.1
Ni56,,1 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3 Te-3
T io8—10—5 2 9.60243 | 9.62827 | 0.63472 | 9.65250 | 9.63264 | 9.63578 | 9.63445 | 9.64714 | 9.67790
P sins—10—3 .2 788494 | 7.87997 | 7.59179 | 7.68666 | 7.54854 | 7.60163 | 7.62601 | 7.72420 | 7.58363
Y. .. 3 0.47797 | 0.47374 | 0.47766 | 0.47571 | 0.47823 | 0.47738 | 0.47840 | 0.47561 | 0.47644
e.5i28=10—3,2
Si28,,0 Te-3 o3 Te-3 o3 Te-3 o3 Te-3 o3 Te-3
T 3 9.80257 | 9.77388 | 0.73805 | 9.73580 | 9.79848 | 9.72627 | 9.78367 | 9.80895 | 9.76085
Fe54=10—3.2
P resd—10-3 .2 9.16597 | 8.82791 | 8.37426 | 8.26163 | 8.73386 | 8.40824 | 8.60024 | 8.68089 | 8.17303
Y, 3 0.46367 | 0.46415 | 0.46427 | 0.46434 | 0.46407 | 0.46428 | 0.46419 | 0.46400 | 0.46441
e.Fe54=10—3.2
Febd,0 Tc-3 Tc-3 Tc-3 Tc-3 Tc-3 Te-3 Tc-3 Tc-3 To-3
Ty i56—10—3 2 9.60642 | 9.60377 | 9.66703 | 9.67708 | 9.65980 | 9.66781 | 9.66550 | 9.67720 | 9.71364
PN i56—10—5 2 7.91200 | 7.66496 | 7.85108 | 7.85746 | 7.81992 | 7.84026 | 7.86827 | 7.89530 | 7.81209
Y Ni56—10-3.2 0.47592 | 0.48200 | 0.47203 | 0.47270 | 0.47311 | 0.47284 | 0.47308 | 0.47268 | 0.47187
Ni56,,0 1c-3 To-3 1c-3 To-3 1c-3 To-3 1c-3 To-3 1c-3

Table A.1: Physical parameters for all the stellar models presented in this work
at the three evolutionary times described in Sec. The subscripts 1 and 2
stand for the instant at which the nuclide is starting to be produced and the
instant at which is depleted, respectively. The max subscript identifies the time
at which the nuclide reaches the maximum abundance.

dYe (uF) (uF) (uF) WPy T MF/mQ MF
—0.03 2.0943 2.1975 44.5918 1.0374 0.9293 1.4887
—0.02 2.0683 2.1751 42.1267 1.0245 0.9528 1.5264
—0.01 2.0433 2.1531 40.0476 1.0121 0.9763 1.5640
0.00 2.0189 2.1315 38.1829 1 1 1.6021
—+0.01 1.9965 2.1105 36.9660 0.9889 1.0225 1.6382
—+0.02 1.9772 2.0898 36.6890 0.9793 1.0426 1.6704
+0.03 1.9609 2.0695 37.3530 0.9713 1.0601 1.6983

Table A.2: As in Tab.
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but for the 20M, stellar model.




dYe (wF) (uF) (uF) WPy /O | ME/mF ME
—0.03 2.0702 2.1842 39.6645 1.0393 0.9258 1.7143
—0.02 2.0423 2.1619 36.9106 1.0253 0.9512 1.7615
—0.01 2.0161 2.1401 34.8077 1.0122 0.9761 1.8075
0.00 1.9919 2.1187 33.2852 1 1 1.8517
—+0.01 1.9705 2.0977 32.5039 0.9893 1.0218 1.8921
—+0.02 1.9532 2.0772 32.7356 0.9806 1.0400 1.9258
+0.03 1.9400 2.0570 34.1032 0.9739 1.0543 1.9522

Table A.3: As in Tab. but for the 25M¢ stellar model.

dYe F) (uF) (k) WPy w® [ MEF/MmF MF
—0.03 2.0784 2.1904 40.6402 1.0391 0.9262 1.7821
—0.02 2.0506 2.1681 37.8325 1.0251 0.9516 1.8308
—0.01 2.0246 2.1462 35.7387 1.0122 0.9761 1.8781
0.00 2.0003 2.1247 34.1581 1 1 1.9240
—+0.01 1.9785 2.1037 33.2634 0.9891 1.0221 1.9665
+0.02 1.9607 2.0831 33.3919 0.9802 1.0407 2.0023
—+0.03 1.9470 2.0628 34.6843 0.9734 1.0555 2.0307

Table A.4: As in Tab. but for the 30M, stellar model.

dYe (uF) (uF) (uF) WPy /w0 | MF/mF MF
—0.03 2.0798 2.1928 40.3869 1.0400 0.9246 1.6194
—0.02 2.0517 2.1704 37.5112 1.0259 0.95016 1.6641
—0.01 2.0251 2.1485 35.2569 1.0126 0.9753 1.7081
0.00 1.9999 2.1270 33.4713 1 1 1.7514
—+0.01 1.9772 2.1059 32.3432 0.9886 1.0231 1.7919
—+0.02 1.9583 2.0853 32.1708 0.9792 1.0429 1.8265
—+0.03 1.9434 2.0650 33.0037 0.9718 1.0589 1.8547

Table A.5: As in Tab. but for the 35M¢ stellar model.

dYe (uF) [ (uF) [T Y MF
—0.03 2.0751 2.1880 40.2231 1.0400 0.9246 1.6421
—0.02 2.0472 2.1657 37.4090 1.0259 0.9501 1.6872
—0.01 2.0205 2.1438 35.1396 1.0126 0.9753 1.7320
0.00 1.9954 2.1223 33.3553 1 1 1.7759
—+0.01 1.9729 2.1014 32.2680 0.9887 1.0230 1.8167
—+0.02 1.9542 2.0808 32.1387 0.9794 1.0426 1.8515
—+0.03 1.9394 2.0606 32.9941 0.9719 1.0586 1.8799

Table A.6: As in Tab.

but for the 40M, stellar model.

dYe (uF) (uF) (uF) WPy /O | MEF/MmF MF
—0.03 2.0743 2.1828 41.7038 1.0381 0.9279 1.6993
—0.02 2.0474 2.1606 39.0879 1.0247 0.9524 1.7442
—0.01 2.0219 2.1387 37.0112 1.0119 0.9766 1.7884
0.00 1.9981 2.1173 35.4712 1 1 1.8314
+0.01 1.9769 2.0964 34.6892 0.9894 1.0215 1.8707
—+0.02 1.9595 2.0758 34.9643 0.9807 1.0398 1.9042
+0.03 1.9459 2.0557 36.4406 0.9739 1.0543 1.9309

Table A.7: As in Tab. but for the 50M¢ stellar model.
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dYe ) (nF) (1) wFy/ WO [ mE/ME ME
—0.03 2.0730 2.1878 39.4969 1.0402 0.9242 1.7528
—0.02 2.0445 2.1655 36.5851 1.0259 0.9501 1.8020
—0.01 2.0177 2.1436 34.3564 1.0125 0.9755 1.8501
0.00 1.9928 2.1222 32.7027 1 1 1.8966
+0.01 1.9705 2.1011 31.6903 0.9888 1.0228 1.9398
+0.02 1.9521 2.0805 31.6082 0.9795 1.0422 1.9767
+0.03 1.9378 2.0603 32.5909 0.9724 1.0576 2.0058

Table A.8: As in Tab. but for the 60M¢ stellar model.

dYe (uF) (uF) (uF) WPy /O T MF/mF MF
—0.03 2.0513 2.1710 37.1901 1.0391 0.9261 2.1289
—0.02 2.0229 2.1489 34.5130 1.0247 0.9523 2.1890
—0.01 1.9971 2.1272 32.6582 1.0117 0.9771 2.2460
0.00 1.9740 2.1059 31.5331 1 1 2.2987
—+0.01 1.9539 2.0850 31.0758 0.9898 1.0206 2.3463
—+0.02 1.9381 2.0646 31.6374 0.9818 1.0374 2.3848
—+0.03 1.9274 2.0445 33.6335 0.9764 1.0490 2.4114

Table A.9: As in Tab.

but for the 75M¢ stellar model.
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