UNIVERSITE PARIS DAUPHINE PSL - UNIVERSITA DI PADOVA
MAPPA MASTER DEGREE PROGRAM

FOURIER ANALYSIS AND SUB-LAPLACIAN
ON A 3-STEP CARNOT GROUP

Nicolo Tedesco

SUPERVISORS:

Prof. Davide Barilari!, Prof. Dario Prandi

UNIVERSITA
DEGLI STUDI
DI PADOVA

PSL

UNIVERSITE PARIS

ACADEMIC YEAR 2023/2024 - 03 SEPTEMBER 2024

 Universita degli studi di Padova - Dipartimento di Matematica "Tullio Levi-Civita"
! Université Paris-Saclay - CentraleSupélec, Laboratoire des signaux et systémes



Abstract

The aim of this internship project is to extend recent results on harmonic analysis for
nilpotent Lie groups ([3], [4]) to a 3-step stratified group carrying a sub-Riemannian
structure. We will consider the Lie group Ny, the unique connected and simply connected
nilpotent Lie group whose Lie algebra is ny, the Lie algebra of stricly upper triangular
4 x 4 matrices. In particular, ny is stratified with grading (3, 5,6). We will highlight some
spectral properties of the sub-Laplacian and we will explicitly determine the Plancherel
measure associated to the group.

The choice of studying this group is motivated by a two-fold purpose. First of all,
the group will serve as a model for the study of basic results on nilpotent Lie groups
(choices of coordinates, adjoint and coadjoint action, Haar measure,...), together with
the celebrated Kirillov theory of Lie groups representation. Moreover, we will investigate
general questions regarding Fourier theory on nilpotent Lie groups, giving the proof of
a Fourier inversion formula. We will also compare our results with the well understood
cases of the Heisenberg and Engel group, with a particular attention to this last one,
which shares with the group N, the property of being 3-step stratified.



Contents

Introduction 3

1 Basic results on nilpotent Lie groups

2

1.1

6
The group and its operation . . . . . . . . .. ... .. ... ... ... 6
1.1.1 Liealgebras . . . . . . .. ... . . 6
1.1.2  Lie groups and Lie algebras, left-invariant vector fields . . . . . . 7
1.1.3 Exponential map . . . ... ... .. ... ... L. 8

1.1.4 Lie group actions, adjoint action . . . . . . . . ... .. ... ... 9
1.1.5 Stratified Lie groups, sub-Riemannian structure . . . . . . .. .. 10
1.1.6  From the Lie algebra to exponential coordinates . . . . . . . . .. 12
1.1.7 Exponential coordinateson Ny . . . . . .. ... ... 14
1.1.8 Malcev coordinates . . . . . . . . ... 15
1.1.9 Malcev coordinatesin Ny . . . . . . . . . . ..o 17
1.2 Nilpotent Lie groups and integration . . . . . . . ... ... ... .... 18
1.2.1 Haar measure . . . . . . . . . . . . ... 18
1.2.2 Invariant measure on cosets . . . . . . . . .. ... ... ... .. 20
1.3 Symplectic manifolds and coadjoint orbits . . . . . . ... ... ... 22
1.3.1 Symplectic and Poisson manifolds . . . . . .. .. ... ... ... 22
1.3.2 Coadjoint action, Poisson structureon g* . . . . . . . . . . .. .. 24
1.3.3 Radicals, polarizing subalgebras . . . . . . . ... ... ... ... 25
1.3.4 Coadjoint orbits on nj: first method . . . . .. ... ... .. .. 26
Representation theory 28
2.1 Imtroduction . . . . . . .. ... 28
2.2 The orbit method . . . . . . . . ... . 28
2.2.1 Foliationof g* . . . . . . ... 29
2.2.2  One-dimensional representations, induced representatons . . . . . 30
2.2.3 A more concrete realization of the representation . . . . .. . .. 32
2.3 Representations of Ny . . . . . . ... 33
2.4 Semidirect product and representation . . . . . ... ... ... L. 37
2.4.1 Abstract construction . . . . . ... ... L 37
2.4.2 Representation of Ny =H?2 xR . .. ... ... ... ....... 40
2.5 Representation of gandu(g) . . . . . .. ... ... 42
2.5.1 Representationof g . . . . . ... ... Lo 42
2.5.2  Representation of u(g), the sub-Laplacian . . . . . ... ... .. 44
2.5.3 Fourier transform and representation . . . . ... ... ... ... 46
2.5.4 The case of basis realizations . . . . . ... ... ... ...... 48
2.5.5 Application to Ny, spectral properties of the sub-Laplacian . . . . 49



3 Plancherel measure 52

3.1

3.2

3.3
3.4

The Trace Theorem . . . . . . . . . . . . . . .. .. .. .. ... ..... 52
3.1.1 Parametrizations and invariant measures on orbits . . . . . . . .. 52
3.1.2 Trace Theorem . . . . . . . . . . . . . . . . ... ... ..., 53
Fourier inversion formula and Plancherel Theorem . . . . . . . . ... .. 56
3.2.1 Generic orbits, simultaneous parametrization . . . . . . . ... .. 56
3.2.2 Fourier inversion, Plancherel Theorem . . . ... ... ... ... 58
Plancherel measure on Ny . . . . . . . . . ... 63
Further examples: Heisenberg and Engel groups . . . . . . . .. .. ... 64



Introduction

The aim of this internship project is to extend recent results on harmonic analysis for
nilpotent Lie groups ([3], [4]) to a 3-step stratified group carrying a sub-Riemannian
structure. The object of this study is the Lie group Ny, the unique connected and simply
connected nilpotent Lie group whose Lie algebra is ny, the Lie algebra of strictly upper
triangular 4 X 4 real matrices. Once fixed a basis { X7, Xs, X3, X2, Xa3, Xo} of the Lie
algebra, the only nontrivial brackets are:

[X17X2] = X127 [X27X3] = X23
(X1, Xos] = Xo,  [Xi2, X5] = Xo.

The group will serve as a model for the study of general questions regarding nilpotent
Lie groups, such as the classification of their unitary and irreducible representations and
the computation of the Plancherel measure. The thesis is divided in three chapters.

The purpose of the first chapter is to fix the notation and to collect some useful results
on nilpotent Lie groups. Most of the material is taken from [1], [7], [8].

After recalling some definitions about Lie algebras and Lie groups we define the ezponen-
tial coordinates for nilpotent Lie groups, making use of the Baker-Campbell-Hausdorff
formula. After this, we define the so-called Malcev coordinates, whose advantage is to
give a simpler expression of the group operation, and we explicit these systems of coor-
dinates on the group N,. We also describe a connection between the theory of nilpotent
Lie groups and sub-Riemannian geometry, following [2]: namely, we show how to equip
a nilpotent and stratified Lie group G with a sub-Riemannian structure and define the
sub-Laplacian Ag.

In the second part of the chapter we recall the definition of Haar measure for locally
compact groups and we highlight three important facts about nilpotent Lie groups: that
they are unimodular, that a Haar measure can be transferred from the Lebesgue measure
on R™ by the coordinate maps and that it is always possible to endow the space of cosets
H\G with a G-invariant measure.

Finally, we recall some basic properties of symplectic and Poisson manifolds. In partic-
ular, we describe the Poisson structure of the dual of the Lie algebra g*, showing that
the symplectic leaves coincide with the orbits of the coadjoint action of G on g*. We
conclude describing the foliation of nj.

The second chapter is devoted to the study of the representation theory for nilpotent Lie
groups, with a focus on the orbit method developed by A.A. Kirillov (see [13], [12], [11]).
The main sources for this chapter are [7], [12] and [4], Appendix A.

We start giving the definition of unitary representation of a group G, that is a map



R : G — U(H), where H is an Hilbert space, such that:
R(g99) =R(g9) o R(¢) Vg,9' € G.

In paticular, we classify the unirreps (i.e. unitary, irreducible and strongly continuous
representations) of nilpotent Lie groups. The classification is related with the foliation
of g*, therefore we start showing an alternative method for determining the foliation
based on the identification of Casimir functions, following [4]. After this, we describe
the construction of the induced representations of G; the basic idea is the following.
Fixing n € g* and a polarizing subalgebra b for n, we can easily obtain a representation
Xnp : H — S of the subgroup H = expq(h) C G; starting from y, 5, we can induce a
representation

Ry : G = L(H\G, dp),

where p is a right invariant measure on H\G. Kirillov proved in [13] that whenever G
is nilpotent, such R, are, up to equivalence, all the possible unirreps of G, and if 7, n’
lie on the same coadjoint orbit then the corresponding unirreps are equivalent. Another
important fact that we show is that such representations can be realized in the more
familiar spaces L?(R™; C), where m depends on dim(h). The application of this method
on N4 determines five classes of representations. We will be mostly interested in the
two-dimensional ones:

Ranr : Ny — L*(R?*C)
[Raq((x)) f1(01,03) = ei(a(mwlx%_93x12_9103x2)+%x2)f(l’l + 01,23 + 63),

where (a,7) € R* x R.

We also discuss a different method to obtain a representation, that works if the group
carries a structure G = H x K when a representation of H is known. We finaly apply
this alternative method to Ny = H? x R, obtaining some more representations.

In the second part of the chapter, we explain how to extend a unirrep (R, H) of a Lie group
G to a representation of its Lie algebra g on H. The construction is then generalized
to obtain a representation of the universal eveloping algebra u(g) and of left-invariant
differential operators on G. An important role is played by the operators R(¢), defined
as:

R(0) = [ o(9)R(9)dg, o€ CX(G).

We conclude focusing on the sub-Laplacian on stratified groups. The theory of sub-
Laplacians is one of the most investigated fields in sub-Riemannian geometry (see, for
instance, [2], [6]) and it has been studied also in the context of nilpotent Lie groups, for
instance on the Heisenberg and Engel group (see [4], [3]). For the group Ny we find:

2
Ron(—Any) = — 02 — 2+ <Z _ aeleg)

and we show that this operator, as in the cases of Heisenberg and Engel groups, has
purely discrete spectrum.

The third chapter is based on the observation that operators R(¢) can interpreted as
Fourier transforms. The main goal is to prove a Fourier inversion equality for nilpotent



Lie groups, i.e. the existence of a Plancherel measure | Pf(n)|dn and a subspace Q C g*
such that:

016) = G, THRos @) PLIn %0 € S(G),

where k is some power that will be explicited. The main source is [9].

The construction is splitted in two parts. In the first part we prove a Trace Theorem,
which states the existence of a measure v, on the coadjoint orbit of any n € g* that
permits to rewrite the trace of the operators R, (¢) with a simple integral expression.
In the second part we define an invariant Zariski open U C g*, together with a subspace
@ C g* that can be used to parametrize simultaneously the orbis in U, where we will
prove the Fourier inversion. We give some practical rules to identify U and (). Our
equality is finally obtained after expliciting the measure v, of the Trace Theorem and an
analog of the Plancherel theorem follows directly from this result.

The chapter concludes with the application of these theoretical results to the group Ny
and the Heisenberg and Engel groups, giving an explicit expressions for the Plancherel
measure and emphasizing some analogies and differences.

Let us conclude with some general observations.

e In Section 2.4.2 we derive two classes of representations inherited by the structure
of semidirect product. We did not find whether the representations belonging to
the second class are reducible or not.

o As for the Heisenberg and Engel group, the open Zariski U is precisely the collection
of the top-dimensional orbits that are not contained in the hyperplane {hq = 0},
where hy denotes the dual variable of the center of g. Another interesting analogy
is that in each of these cases the center is one-dimensional and the density of the
Plancherel measure depends only on the variable corresponding to the center. One
possible extension of this work could be the application of this theory to nilpotent
groups with higher-dimensional center.

o Again, as for the Heisenberg and Engel group, the representation R, \(—Ay,) is
a Schrodinger operator —A + P(z)?, where P is a polynomial, which has purely
discrete spectrum.



Chapter 1

Basic results on nilpotent Lie groups

1.1 The group and its operation

1.1.1 Lie algebras

Definition 1.1.1. A Lie algebra is a vector space g equipped with a Lie bracket, i.e. a
bilinear map

[ ]iexg—=g
verifying:
(i) [X,Y]=-[Y,X] VX,Y € g (antisymmetry)
i) [X,[Y.Z]|+[Y,[Z,X]]+[Z,[X,Y]] =0 VX,Y,Z € g (Jacobi identity).
We call ((g) :={X €g|[X,Y]=0VY € g} the center of g.

Remark 1.1.2. Let M be a smooth manifold. The collection of smooth vector fields
Vec(M), equipped with the standard Lie bracket:

(X,Y]=XY -YX VXY € Vec(M)
is a Lie algebra.

Definition 1.1.3. Let g be a Lie algebra. A vector subspace hh C g is a Lie subalgebra
of g if [h,h] C b.

Definition 1.1.4. Let (g1, [-,]1), (g2, [, -]2) be Lie algebras. A Lie algebra homomorphism
is a linear homomorphism v : g; — go such that

V(X Y1) = [(X),v(Y)] VXY € gi
If ¢ is also a linear isomorphism, it is called a Lie algebra isomorphism.

Definition 1.1.5. The descending central series of a Lie algebra g is defined inductively:

1 n+1 — [

g =g g 9,9"]

We say that g is nilpotent if there exists n € N such that g™ = {0}; in particular, it is
n-step nilpotent if n is minimal for such property.



For the next definition, we follow [14].

Definition 1.1.6. A Lie algebra is called stratified if it can be decomposed in a direct
sum

g=01P ... g, with [g1, 9;] = gj+1,
where g, 7é {O} and g, = {O}

For all n € N, an example of nilpotent Lie algebra is the vector space:
n, C M,(R),

defined as the set of n x n strictly upper triangular real matrices, equipped with the usual
matrix commutator ([A, B] = AB — BA). Tt is an (n — 1)-step nilpotent Lie algebra of
dimension n(n — 1)/2 and it is stratified with decomposition:

n, = (nn)l b..D (nn)n—l
(n)g :=span{E; i | 1 =1,...,n — k},
where E; ; denotes the n x n matrix with the (7, j) —th entry equal to 1 and all the others

equal to zero. We will study the Lie algebra ny, together with the associated Lie group
Ny.

Remark 1.1.7. The Lie algebra ny corresponds to the one denoted with the symbol g 12
in [5].

1.1.2 Lie groups and Lie algebras, left-invariant vector fields

Definition 1.1.8. A Lie group G is a topological group equipped with a smooth manifold
structure, such that the multiplication:

p:GxG—G, p(gh)=gh
and the inversion
t:G— G, L(g):g_1

are smooth maps.

Notation 1. For any g € G we denote the left translation, right translation and conju-
gation by g respectively:

Ly:G—= G, hwgh
R,:G— G, hw—hg
Cy,:G =G, h— ghg™t.

Corollary 1.1.9. By definition of Lie group the maps L4, R,, C,; are smooth diffeomor-
phisms of G into itself.

Definition 1.1.10. Let G, H be Lie groups. A Lie group homomorphism from G to H
is a group homomorphism that is also smooth. If the map is also a group isomorphism,
we call it a Lie group isomorphism.

Let G be a Lie group. The group operation on G induces a Lie algebra structure on
g :=T1,G, as we now explain.



Definition 1.1.11. Let G be a Lie group and X € Vec(G) a smooth vector field. X is
called left-invariant if ) )
(Ly)« X =X VgeQaG,

where (L,),X denotes the push-forward of X via L,. The collection of left-invariant
vector fields on G is denoted as Vecy (G).

In particular, a left-invariant X must verify:
X(9) = (Ly)eioX(la) Vgeq. (1.1)

Using the standard identity (L,).[X, Y] = [(L,).X, (L,).Y] we deduce that Vec.(G) is a
Lie subalgebra of Vec(G).

The equation (1.1) shows that a left-invariant vector field is completely determined by its
value at identity 1.

Notation 2. Fixed X € g, we denote with the symbol X € Vecr,(g) the unique left-
invariant vector field such that:

X(lg) = X.

Proposition 1.1.12. Let G be a nilpotent Lie group with Lie algebra g. The correspon-
dence:

Aig— Ve (G), MX)=X
s a linear isomorphism.

Finally, we can use the above correpondence to define a Lie algebra structure on g letting:
[(X,Y]:=[X,Y](lg) VX,Y €g. (1.2)
With this definition, the map (1.2) automatically becomes a Lie algebra isomorphism.

Definition 1.1.13. If G is a Lie group, the tangent space T} ,G is called the Lie algebra
of G. We denote it with the symbol g.

Definition 1.1.14. A Lie group is called nilpotent if its Lie algebra is nilpotent.

1.1.3 Exponential map

Notation 3. Let G be a Lie group, X € Vec(G). We denote with the symbol @fz (g) or
e'X(g) the value at t € R of the flow of X starting in g € G at ty = 0.

Definition 1.1.15. Let G be a Lie group with Lie algebra g. We define the exponential
map: )
expe g — G, X expg(X) = & (1g).

Proposition 1.1.16. The exponential map verifies:

(i) expe is a smooth map;

(ii) expg(0) = lg;



(iti) expo(tX) =@ (1g) for all X € g, t € R;
(iv) expa((t+s)X) = expa(tX) expg(sX) forall X € g, t,s € R;
(v) expg is a local diffeomorphism at 0 € g.

Remark 1.1.17. In general, exp, is neither surjective nor injective, and it may fail to be
a local diffeomorphism away from zero.

Proposition 1.1.18 (Fundamental property of exponential map). Let G, H be Lie groups,
U : G — H a Lie group homomorphism and denote ¢ = VU, 1, the differential at identity.
We have:

e W is a Lie algebra homomorphism;

o Voexp, = expyoy.

The last statement precisely means that the following diagram commutes:
G—L.H
expGT TGXPH
Y

g——b

Notation 4. In the following, we will sometimes write e in place of exp,(X), when no
confusion with other notations is possible.

Definition 1.1.19. Let G be a Lie group. If g € G belongs to the neighborhood of 14
where expg' is defined, we set:

logg(g) = (expg) ' (g) € g-

1.1.4 Lie group actions, adjoint action

Definition 1.1.20. Let G be a Lie group and M a smooth manifold. A (left) action of
G on M is a smooth map:

UV:GxM—= M, (g,m)— ¥, (m)
such that:
(i) Uy, =idp;
(ii) Uy, =V, 0¥, Vg,hed.
If (ii) is replaced by:
(i) Uy, =VpoW, Vg,heG
then we call ¥ a right action.

Definition 1.1.21. Let ¥ be a Lie group action of G on a smooth manifold M. Fixed
m € M, we define the orbit O,, as:

On = {T,(m) | g € GY.
Moreover, we call stabilizer of m in G the Lie subgroup:

stabg(m) :={g € G | Yy(m) =m}.

9



Let’s now focus on a particular action of a Lie group G on its Lie algebra g.

Let again C, denote the conjugation by ¢ € G and denote Ad, := (C,). 1, the tangent
map computed at 15. We define the map

Ad: G — GL(g), g — Ad,,

denoting ad := (Ad).1., : ¢ — L(g) (here L(g) denotes the vector space of linear en-
domorphisms of g). This costruction permits to associate any X € g with the linear
map

[ad(X)](-) - g — @.
Proposition 1.1.22. For any X,Y € g we have [ad(X)](Y) = [X,Y].
Equipping GL(g) with its natural Lie group structure, we have the following:
Proposition 1.1.23. The map Ad defined above is a Lie group homomorphism.

Corollary 1.1.24. From Proposition 1.1.23 and Proposition 1.1.18 we deduce the com-
mutativity the following diagram:

G 24, GL(g)
v [esprco
g — L(g)
oo Ak
Here exp; ;) indicates the usual matrix exponential: expy,, (A) = 2 R

With a slight abuse of notation, we are now ready to introduce the adjoint action.

Definition 1.1.25. The adjoint action of a Lie group G on its Lie algebra g is the Lie
group action:

Ad:Gxg—g, (9,X)— Ady(X).

1.1.5 Stratified Lie groups, sub-Riemannian structure

In this section we introduce the notion of sub-Riemannian manifold, following [2], with
the purpose of defining the sub-Laplacian on nilpotent and stratified Lie groups. The
details of this construction are out of the scope of this work, for a detailed exposition see

2].

Notation 5. To avoid confusion, we will denote with the symbol X,V smooth vector
fields on a general smooth manifold M. We keep the usual notation X, Y for left-invariant
vector fields on a Lie group G.

Definition 1.1.26. A (n,m) sub-Riemannian manifold is a triple (M, D, o), where:

e M is a connected smooth manifold of dimension n;

10



e D is a smooth distribution of rank m < n satisfying the condition:
span{[Xl, [ . [Xk_l,Xk] .. ] | X; € VeCH(M), ke N} =T,M,
where Vecy (M) is the set of horizontal smooth vector fields, i.e.

Vecy (M) :={X € Vec(M) | X(m) € D(m) VYm € M}.

e 0., is a Riemannian metric on D(m) that is smooth as a function of m.

Remark 1.1.27. Of course, if n = m, the above definition coincides with the one of
Riemannian manifold and no distribution is needed.

Let G be a nilpotent stratified Lie group, with stratification
§=01D...09

as in Definition 1.1.6. We can equip G with a left-invariant sub-Riemannian structure
fixing a positive definite quadratic form o(15) on g; and defining:

o the left-invariant distribution
D(g) := (Lg)+1601;
e the quadratic form:

o(g)(v,w) = U<1G)((Lg‘1)*,g(v)a (Lg‘l)*,g(w)) Vg € G, Yv,w € D(g).

In particular, we can fix a basis { X, ..., X;} of g; and define o(1¢) so that the basis is
orthonormal with respect to this metric. With this choice:

D(g) = span{Xl(g), . ,Xk(g)},
a(9)(Xi(9), X;(9)) = 65

Definition 1.1.28. Let (M, D, 0) be a sub-Riemannian manifold. The horizontal gradi-
ent if the unique operator

Vg : C(M) — Vecy (M)
such that:
o(m)(Vgo(m),v) = (dp(m),v) ¥Ym € M,v € D(m),¢ € C*(M).

If G is a nilpotent stratified Lie group we denote the sub-Riemennian gradient with the
symbol V. With the above notation, one can verify that:

k
Vad =D (Xi9)X; Vo e C®(G),
i=1
where the X;’s are the left-invariant vector fields, orthonormal for o, associated to the

basis of g; that we fixed.

We just mention that on sub-Riemannian manifolds it is possible to define an intrinsic
volume pg-, which permits also to define a sub-Riemannian divergence, setting as usual:

Lx sy = (divg X)psy, V X € Vec(M)
and consequently a sub-Riemannian Laplacian (or sub-Laplacian):

Asr¢ = divsr<vsr(¢>)7 ng € COO(M)

11



Notation 6. If G is a stratified group as above, we denote the sub-Laplacian with the
symbol Ag.

We conclude giving a simple expression for the sub-Laplacian on stratified, unimodular!
Lie groups.

Proposition 1.1.29. Let G be a unimodular, stratified Lie group with stratification g =
01D ... D g, as above. Fix a basis {Xq,... ,)fk} of g1 and equip G with a sub-Riemannian
structure (G, D, o) such that vector fields Xy, ..., Xy are orthonormal for o. Then:

k
o= X2
i=1

1.1.6 From the Lie algebra to exponential coordinates

In this section we follow [7].

Definition 1.1.30. Let G be a connected Lie group with Lie algebra g. For XY € g
we define:
X %Y :=logg(e*e)

Remark 1.1.31. The map % : g x g — g is well defined on a small neighborhood of 0.
Fixing a system of coordinates on g, this map permits to reconstruct G with its operation,
up to Lie group isomorphism, at least locally around the identity 1.

Proposition 1.1.32 (BCH formula). In the above setting it holds:

= (=) rapit ) -
Xey =y VT o (B o aa (). (ad (X)) (Y)Y |
= ol Pl palg!
1<i<n

where we recall that [ad(X)]Y = [X,Y]. If ¢, = 0 the last factor is (ad(X))P»1X. If
Gn > 1 or g, =0 and p, > 1, then the summand is automatically zero.

Expliciting the first terms, we find:

XY = X4V 4+ X V] + ([X, X,V - [V, [X, Y]]) +o (1.3)

Notice that the sum on the right hand side is finite if G is nilpotent.

The BCH formula is useful to express the group operation on a neighborhood of 14 via
the exponential map. We may ask if, under some more assumptions, is possible to extract
global informations with the same procedure. The answer is positive if the Lie group is
nilpotent, connected and simply connected, which we assume from now on.

Theorem 1.1.33. Let G be a connected and simply connected nilpotent Lie group and
let g be its Lie algebra. Then:

ISee Section 1.2.1.

12



(i) expg is a smooth diffeomorphism;
(i) The BCH formula holds for all X|Y € g.

The above proposition permits to identify an n-dimensional nilpotent Lie group with a
corresponding Lie group (R",x) as we now describe. Choose a basis {Xj,..., X,,} of g,
and define the coordinate map:

@:R”—)g, &(ml,...,xn):x1X1+-~~+ann.

Assuming that G is connected and simply connected, exp. is a global diffeomorphism,
hence we can identify exp,(X) € G with the corresponding X € g. Finally, we obtain a
system of coordinates coordinates (i.e a global parametrization) for G letting:

Y R" = G, @D:expGo@Z).

Since the coordinate map 1 is global, we can identify (G, -) with (R", ), where, letting
r,y € R" we set:

zxy =97 (V@)Y (y). (1.4)

Remark 1.1.34. Under the above hypotheses, G can be covered with a single chart
(G,v™1), so it is in particular an analytic manifold. In such coordinates, the multi-
plication is an analytic map (thanks to BCH formula), hence G is also an analytic Lie
group and exp. is an analytic diffeomorphism.

Definition 1.1.35. The above defined coordinates are called exzponential coordinates or
canonical coordinates of the first kind.

Notation 7. From now on, with the expression nilpotent Lie group we will indicate a
connected, simply connected nilpotent Lie group.

Together with the group operation, it is useful to express also the conjugation via exp;.
From Proposition 1.1.18 we have:

Cy(e¥) =AY vy e G VY € g,

X

so in particular, taking g = eX we have : eXe¥e X = eAdex(Y)) for all Y € g. Moreover,

from Corollary 1.1.24:
> 1
Adx (V) = My =} H[acl()()]ky VXY € g.
k=0 "

In conclusion:

o0

eXeVe X = CY) yX Y € g, where C(X,Y) Z XY
%,_/

k*O k times

13



1.1.7 Exponential coordinates on N,

Let’s realize the above construction when G = N,. We consider a 6-dimensional Lie
algebra, stratified as described in Section 1.1.1 , therefore we will identify N, = (R x)
with operation x that we now determine. With the notation introduced in Section 1.1.1
consider the basis {Xl, X2, Xg, X12, X23, X()}, where:

X1 =FEi9, Xo=FLy3, X3=1FL3,
Xip = Fi3, Xog = FEyy
Xo=FEi4

so that the only nontrivial Lie brackets are:

[X17X2] = X127 [X27X3] = X23
(X1, Xos] = Xo,  [Xi2, X5] = Xo.

As explained above, we let X = 21X + -+ + 20Xo, X' = 21 X1 + - + 2( X and we
compute:

(X, X'] = (x12) — 2227) X2 + (222h — 232%) Xoz + (21253 — To32) + 21225 — 23275) Xo

[X> [X7 X/]] - [le [X, X/]] = CY(X,X/)XO,

where a(X, X') 1= (z1 — o)) (xoay — w32l — (x3 — o) (2125 — 292)). According to (1.3),
we find:

Xx X' = (x1 +2)X1 + (22 +25)Xo + (23 + 25) X3

1 1
+ (.T12 -+ x’12 + 5(13151}/2 — $2I/1)> X12 + ($23 + $/23 + 5(%2%5 — $3$12)) X23

1 1
+ (xo +xp + §(x1m/23 — Xo3T) + 127y — x37Y,) + Ea(X, X’)) Xo.

As in (1.4), we identify our group with (R® %), where:

/ /
T Ty T+ 1y

/ /
T2 T To + Ty
T3 xh T3 + T

* / = / 1 / /

T12 Ty T1g + Ty + 5(212% — 127))

/ / 1 ! /
T23 Tos Tog + Losg + 5(132%3 — I3I2)

/ / 1 / / / ! 1 /
Zg x| To + 1o + 5 (21793 — D37 + T12w5 — w37,) + (X, X)

With this operation we have 1y, = 0 and (1, To, T3, T12, T23, T0) "+ = —(Z1, T2, T3, T12, T3, T0).-

Denoting 0; = 0/0,,, a basis of left-invariant vector fields (that we denote X; in place of
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X;) in these coordinates is:

1 1 1
X1 =01 — 5372812 + (—56'23 + 5U29173> Do,

2 12
X, =0 —1—1 0 1 5, 1 0
2 = 09 2371 12 2373 23 6351373 0,
1 1 1
X3 =03+ §$2323 + (29512 + 121’1332) D,
1

Xia = 012 — 533380,

1
Xo3 = Oag + §$130
X() = 00.

We can write the horizontal distribution D := span{ X, X, X3} in terms of differential
forms as:

D = () ker(w;),

=1

where

wy = Todxy — x1dxo + 2dT19,
Wo 1= ZL’3de2 — $2d$3 + 2dl’237

w3 = 3£C23dl'1 — 31’12d£1§'3 + $3d$12 - l’ldl’zg + 6d£ll'0

1.1.8 Malcev coordinates

We now describe a different coordinate systems, that we call Malcev coordinates, again
following [7]. The advantage of working in Malcev coordinates is that group operations
have, in general, simpler expressions. As before, we will identify an n-dimensional nilpo-
tent group G with (R", @) via a coordinate map ¢ : R" — G, where:

voy =9y (Y(x)Y(y) z,yeR"
First of all, we introduce the notion of Malcev basis.

Definition 1.1.36. Let g be a nilpotent n-dimensional Lie algebra and g; C ... C g C g
be subalgebras with dimg; = m;. Let {X;j,...,X,,} be a basis for g; we call it a weak
Malcev basis for g through g1, ..., g if:

(i) For each m, b, := span{ Xy, ..., X;,,} is a subalgebra of g,

(ii) by, =g; for j=1,... k.
If (i) is replaced with:

(i)" For each m, b,, := span{Xy,...X,,} is an ideal of g, i.e. [g;,9] C g;,
such basis is called a strong Malcev basis for g through g, ..., g-

Definition 1.1.37. If £ = 0 we call {X,..., X, } simply weak (resp. strong) Malcev
basis for g.
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Theorem 1.1.38. Let g, g1 C ... C gr C g as above. There exists a weak Malcev basis
for g through g1, ..., 8k If each g; is an ideal of g, there exists also a strong Malcev basis
through g1, ..., 9k.

Before showing how to obtain Malcev coordinates with the use of Malcev bases, we
introduce the notion of polynomial map.

Definition 1.1.39. Let V, W be vector spaces. A map f : V — W is polynomial if its
components are polynomial in one (hence any) pair of bases. We call f a polynomial
diffeomorphism if it is invertible and f, f~! are polynomial.

Definition 1.1.40. Let G be a nilpotent Lie group. A map ¢ : G — G is called
polynomial diffeomorphism if log, o¢ o exps : g — g is a polynomial diffeomorphism.
Moreover, a polynomial coordinate map for G is a polynomial diffeomorphism v : R* — G,
where we identify G' and g by exp,..

Theorem 1.1.41. Let { Xy, ..., X,,} be a strong Malcev basis for a nilpotent Lie algebra
g and G be the associated Lie group. Define the map:

PR = G, s ah(s) =N einEn = s X Xs

We have:

(i) ¥(s) = expg(Xj=; Pi(s)X;), where the P;’s are polynomial maps;

1) For each 7 =1,....k, we have P;(s) = s; + (polynomial in s;i1,...,S,) ;

j J j
1i) The map log, o ¥ is a polynomial diffeomorphism of R™ with polynomial inverse;
a
(iv) If g = span{ Xy, ..., Xx} and Gy = exps(gr), then Gy = expe(RX7)... exps(RXE).

Definition 1.1.42. Malcev coordinates are also called canonical coordinates of the second
kind.

Properties (4i7) and (iv) remain true also if {X7,..., X, } is a weak Malcev basis.

We have the following relation between coordinates of first and second kind:

Proposition 1.1.43. Let X = {X,..., X,,} be basis for a nilpotent Lie algebra g and
let G be the associated nilpotent Lie group, which we equip with exponential coordinates
associated to X. Assume that X is either a weak or strong Malcev basis.

(i) There exists a polynomial diffeomorphism that permits to pass from Malcev to ex-
ponential coordinates. Its Jacobian determinant is identically 1. The same holds if
we consider any of the two kind of coordinates associated to a different basis of g,
but the constant may differ from 1.

(1t) In either exponential or Malcev coordinates, the multiplications Ly, R, have deter-
minant of Jacobian identically equal to 1 for all g € G.

(iii) Let H be a normal subgroup compatible with the basis, i.e. H = expg(h), h =
span{ X1, ..., Xy} for some k < n. Equipping H with the restriction of the coordi-
nates on G, the conjugation C,, g € G, has Jacobian determinant identically equal
to 1.
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1.1.9 Malcev coordinates in Ny

Notation 8. In the following, we use BCH formula to write eX™Y in place of eXeY
whenever X, Y € g commute.

With the notation of the previous section, we let:

[ (n4)3 = {XO}
g2 := span{gi, (n4)2} = span{Xo, X1z, Xo3}
g3 1= Span{Xo, X12, X237 X2}

g4 1= Ny.
A strong Malcev basis through gy, ..., g4 for the Lie algebra ny is
X = {Xo, X12, X3, Xo, X1, X3}
The coordinate map of the theorem reads
(20, T19, Tag, To, T1, T3) = eP0Xote12Xia+oes Xartaa X 1 Xi+eaXa, (1.5)
Letting x = (1, T2, T3, T12, T23, Tg) indicate the generic element of R® we define:
ver' =y~ (Y(z)y(a’)), (1.6)

and we identify our group with (R®, e), where:

Ty x) x1 + 2}

To x T + T

z3 | zy | T3 + T4

T12 Ty | T1g + Ty + 1175

T93 Thy Tog + Thy — X3

T x To + TH + T1Thg — T3x)y — T1X37%

Again we have 1y, = 0 and
-1
($1,I2,$3,$12,$23,$0) :—($1,$27Is;$12—$1$2,$23+$2$3,$0—$1$23+$3$12—$1$2$3)'

Again with a small abuse of notation, a basis of left-invariant vector fields with this choice
of coordinates is:

X1 =01, Xy=09+4 21012 — 3023 — 112030y, X3 =03
Xig = 012 — 2300, Xaz = 0oz + 2100
Xy = 80.

We can write D := span{ X, Xy, X3} = N;_, ker(&;), where:

Wy = —x1dxez + dxg,
(Z}Q = ZE3dI12 + dl'o,

(213 = Q?lwgd{lﬂ'g + dxo.
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Let us compute explicitly the change of variable between exponential and Malcev coor-
dinates. Using the BCH we have:

exp(ong + 4 iL'QXQ) exp(:L’le + 3}’3X3) =

> T2T
= exp inXi + (9512 T ) X2 + (9623 +
i=1

ToT3

2

)X23—|—(JZ’0—|— —

T12T3 — T23X1 I1I2I3) X
0
2 6

Inverting the above equality we deduce how to pass from exponential to Malcev coordi-
nates. Denoting x := (1, ..,7¢) and letting ¥ : R® — RS

X1 T
X2 T2
x3 T3
oy =T \I/(:E) e ey b 22 ,
2
o
Ta3 Toz — 52
550 'IO + 331;323 _ 333;12 _ 331332333

we find
U(r*a2')=U(r)e V() Vo' €RE

1.2 Nilpotent Lie groups and integration

In this section, we follow [7] and [8]. With the expression locally compact group we will
indicate a topological, Hausdorff group that is also locally compact. With the term Radon
measure we will indicate a Borel measure that is finite on compact sets, outer regular
on Borel sets and inner regular on open sets. The symbol C(G) will denote continuous
functions from G to [0, 00), compactly supported in G.

1.2.1 Haar measure

Definition 1.2.1. Let G be a locally compact group. A left Haar measure on G is a
Radon measure verifying:

u(gE) = p(E) for all E borelian subset of G, Vg € G.

Proposition 1.2.2. Let G be a locally compact group and p a Radon measure on G.
Such p is a left Haar measure if and only if

/G Flgt)du(t) = /G FOdu(t) Vf € CHG), Vg e G,

Theorem 1.2.3. Let G be a locally compact group. There exists a left Haar measure on
G; such measure is unique up to multiplication for a positive constant.

The construction of the Haar measure for a general locally compact group G is compli-
cated. However, in the case of a Lie group a left Haar measure can be recovered easily:
it is enough to fix an n—form « on the Lie algebra (where n = dim(G)) and define a
left-invariant volume form w on G letting:

w(g) == (Ly1)'a VgeG.
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This permits to obtain a functional acting on C.(G) by f — [, fdw, which corresponds
to a Radon measure on GG by the Riest representation theorem:.

Another possibility to recover the Haar measure is to fix an inner product on the Lie
algebra o(1g) : g X g — R and use it to define a left-invariant 2-form on G, letting again:

a(g)(v,w) = ‘7(10)((1;9*1)*,9(”)7 (Lg*)*,g(w)) Vg € G, Yo,w € T,G.

A Haar measure is obtained considering the associated Riemannian volume V, and pro-
ceding as in the previous case.

On a nilpotent Lie group the Haar measure can be obtained explicitly using the coordinate
maps that we discussed in the previous sections. Namely, it can be transported by the
coordinate maps if we fix Lebesgue measure on R™, as we now describe (see [7] for the
proof).

Theorem 1.2.4. Let g be a nilpotent Lie algebra of dimension n and G be the associated
nilpotent Lie group.

(i) The push forward through the map exps : @ — G of the Lebesque measure on g is
a left Haar measure on G.

(ii) The push forward through any polynomial coordinate map ¢ : R™ — G of the
Lebesgue measure on R™ is a left Haar measure on G.

(iii) Fiz a basis {X1,...,Xn} of g and let ¥ R — g define coordinates on g associated
to such basis (i.e. ¥(t) =Y, t;X;). Let:
e m be the Lebesque measure on R™
o 1 =1),(m), measure on g
p1 = (expg)«(p) as in (i)

o v =1b.(m) as in (i1).

We have: .
v =|det J(p"" o expg o ) (0)] .

Of course, all the results presented above can be adapted to define a right Haar measure,
which shares the same properties as the left one. We now discuss some conditions under
which a left Haar measure can be also a right Haar measure.

Consider again a locally compact group G with a left Haar measure p. Fixing g € G, we
let

pg(E) == p(Eg),

where E' is any Borel subset of G. Such p, is again a left Haar measure, hence by Theorem
1.2.3 there must exist A(g) € (0, 00) such that

tg = A(g) -

In particular, again by Theorem 1.2.3, A(g) does not depend on i, hence we have a well
defined map A : G — (0,00), that we call modular function of G.
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Proposition 1.2.5. The map A is a continuous homomorphism from G to (0,00), i.e.
A(gg) = A(g9)A(g'). For all f € LY (G, du) it holds:

/ftgdu /f Ydu(t)

Definition 1.2.6. A locally compact group G is called unimodular if A =1 on G, i.e. if
any left Haar measure on G is also a right Haar measure.

Proposition 1.2.7. Let G be a connected Lie group, we have:
A(g) = det(Ady-1) VgeG.

Corollary 1.2.8. From Proposition 1.1.43-(¢i) and Proposition 1.2.7 we deduce that any
nilpotent Lie group is unimodular.

We recall an useful formula related with the modular function.

Proposition 1.2.9. Let G be a locally compact group, i a left-invariant measure on G.
We have:

du(g™") = Alg™")du(g).
We deduce that, if G is unimodular, the change of variable of integration g — ¢! reads:
ulg™) = uyg).
Finally, we give the definition of group convolution.

Definition 1.2.10. Let G be a locally compact group and p a left Haar measure on G.
For ¢, € LY(G;du) we define:

)i= [ 0w g)du(t)
Using Fubini’s theorem ( see [8]) it is possible to prove that:

|6 * V]| 1 (@aw) < @l @aml| Pl o cdw -

1.2.2 Invariant measure on cosets

At some point we will be interested in endowing the space of cosets H\G, where H is a
closed subgroup of G, with a measure that is invariant under the action of G. This will
be always possible for nilpotent Lie groups and for unimodular groups in general.

Let G be a locally compact group, H C G a closed subgroup and indicate with dg, dh
a right Haar measure on G, H respectively. Let p : G — H\G the projection g — Hg.
Equipping H\G with the quotient topolgy, define the map:

P:CG) = C(H\G), Po(Hg) = | o(hg)dh.

Proposition 1.2.11. For all f € C.(H\G) there exists ¢ € C.(G) such that P = f,
supp(f) = p(supp(9)), and ¢ =0 if f = 0.
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Theorem 1.2.12. Let G be a locally compact Lie group, H C G a closed subgroup. There
exists a G-invariant measure p on H\G if and only if the restriction of the modular
function Ag of G to H is the modular function of H, i.e:

Such measure is unique up to a positive multiplicative constant and chosing properly this
factor:

[ otada= [ Potgyintig)= [ ([ othgan)du(tg) voeci@). (19)

\G

Corollary 1.2.13. If GG is a nilpotent Lie group there exists a G-invariant measure on
H\G. Indeed, (1.8) is verified since G is unimodular.

As the following Proposition shows, the formula (1.9) has a transitive property (see [9],
Chapter 3 for more details).

Proposition 1.2.14. Let K, H be closed subgroups of G such that K C H C G. Indi-
cating by puc a G-invariant measure on H and by pi g an H-invariant measure on K,
the definition:

/K » f(Kg)duk,c = e < /K - f(K hg)dMK,H> dpuga VfeC(G/K).

determines a G-invariant measure jix c on K\G.

We now focus on the case when G is a nilpotent Lie group, following [7]. In this case,
making use of a Malcev basis, the presented construction can be explicited in coordinates.

Proposition 1.2.15. Let G be an n-dimensional nilpotent Lie group with Lie algebra g.
Let b C g be a k-dimensional subalgebra and consider a weak Malcev basis {X1,..., X}
for g through Y. Let H := expg(h). Denoting m = n — k, the map ¥V : R™ — H\G
defined by:

U(ty, ... tm) = H(expa(t1 Xkt1) - - - expg(tmXy))

is an analytic diffeomorphism. The push-forward of the Lebesque measure on R™ through
U defines a G-invariant measure on H\G.

We can also compute explicitly integrals with respect to the invariant measure on H\G
thanks to the following proposition.

Proposition 1.2.16. In the setting of Theorem 1.2.12, let again p : G — H\G be the
projection on cosets and fix a function § € C(G) such that:

(i) B =0
(ii) For any compact subset K C H\G also supp(f) N p~'(K) is compact

(iii) [ B(hg)dh =1 Vg€ G.

Then we have

Sy CHO(Ho) = [ 5(9)(60p)(0)dg o € CUH\G).
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1.3 Symplectic manifolds and coadjoint orbits

1.3.1 Symplectic and Poisson manifolds

In this section we follow [1]. We refer to it for the omitted proofs.

Definition 1.3.1. A symplectic manifold is a pair (M,w), where M is a smooth manifold
and w is a 2- form, called symplectic form, verifying:

(i) w is nondegenerate;
(ii) wis a closed, i.e. dw = 0.

Definition 1.3.2. Let (M,wy), (N,wy) be symplectic manifolds. A smooth map ¥ :
M — N is called symplectic if:
w*wN = Wpr.

Remark 1.3.3. By the assumption of nondegeneracy of w, every symplectic manifold is
necessarily even-dimensional.

The symplectic structure permits to associate to any function h € C*(M) a vector field
h letting iy;w = —dh, i.e:
w(-, h) = dh.

Definition 1.3.4. The above defined vector field & is called the Hamiltonian vector field
associated to h.

Definition 1.3.5. A Poisson manifold is a pair (M, {-,-}), where the Poisson brackets
{+-} 1 C2(M) — C=(M),
are such that for all h, f,g € C>(M):
(D) {h,g} = —{g, h} (skew-symmetry);
(IT) {-,-} is bilinear;
(1) {h, fg} = F{h,g} + gih, f} (Leibnite rue);

(IV) {h{f, g3} +{f: {9, h}} + {9, {h, f}} = 0 (Jacobi identity).

Definition 1.3.6. Let (M, {-,-}x), (N,{:,-}n) be Poisson manifolds. A smooth map
¥ : M — N is called Poisson if:

{hvg}NOT?:{hOT%QOQﬂ}M Vhagecoo(N)

Remark 1.3.7. Every symplectic manifold is also a Poisson manifold. Indeed, with the
above notation, we can define

{h, g} = w(h,g).
Using the properties of the symplectic form and the definition of Hamiltonian vector field
it is easy to verify that such {-,-} is a Poisson bracket.

The following Proposition establishes a correspondence between Lie brackets on Vec(M)
and Poisson brackets on C*°(M) on symplectic manifolds.
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Proposition 1.3.8. Let M be a symplectic manifold, h,g € C*(M). The vector field
[h, g] € Vec(M) is Hamiltonian, and :

) = (b g}

On Poisson manifolds, the notion of Hamiltonian vector field can be recovered using the
previous formulas. Indeed, fixed h € C>*(M), we can define

Dy, : C*(M) — C*(M), Du(g) :={h,q}.
Thanks to property (II) of Definition 1.3.5, such Dy, is a derivation on C*(M), hence
there exists a unique vector field, that we denote again by h, such that
h(g) = {h.g} Vh.geCx(M).

Definition 1.3.9. The above defined vector field & is called Poisson vector field associ-
ated to h.

Proposition 1.3.10. Let M be a Poisson manifold, h,g € C*(M). The vector field
[h, g] € Vec(M) is Poisson, and :
.4 = {h.g}.

Poisson manifolds are not symplectic in general. However, they can always be foliated
with symplectic manifolds, as we now explain.

Definition 1.3.11. Let M be a Poisson manifold, the characteristic distribution of Pois-
son structure & is defined as:

P = {h(m) | h € C°(M)}.
The dimension of & at one point m € M is called rank of Poisson structure at m.
Remark 1.3.12. In general, the distribution & has not constant rank.

Definition 1.3.13. Fixing m € M, we define the symplectic leaf through m as the set of
points n € M such that

nzetdhdo...06t1h1(

m)
for some d € Nty ..., t; € R, h_;, e h_;l € . We denote it with the symbol ¥,,.

Theorem 1.3.14. FEvery Poisson manifold M is the disjoint union of its symplectic
leaves. Every symplectic leaf ¥ = %, is an immersed submanifold of M and

TmEm - <@m;

moreover, it is equipped with a symplectic form wsx, such that the inclusion v : % — M is
a Poisson map.

Remark 1.3.15. On each symplectic leaf ¥, the symplectic form wy, is defined by:
(ws)m(h(m), G(m)) := {h,g}(m) Vh,g € C®(M).

Definition 1.3.16. Let M be a Poisson manifold. A Casimir function on M is ¢ €
C®(M) such that {c,h} =0 for all h € C>(M).

Remark 1.3.17. If ¢ is a Casimir function, symplectic leaves are contained in the level sets
of c.
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1.3.2 Coadjoint action, Poisson structure on g*

Following what we have done in Section 1.1.4 for the adjoint action, we define
Ad": G — GL(g"), g+~ (Adg-)".

We denote the differential at identity ad™ := (Ad"). 1, : 9 — L(g").

Proposition 1.3.18. The map Ad" defined above is a Lie group homomorphism. More-
over, it holds:
(ad™(X))(n),Y) = (n, [\, X]) Vn € g", VXY € g.

Again with a small abuse of notation:

Definition 1.3.19. The coadjoint action of G on the dual of its Lie algebra g* is the
(left) Lie group action:

Ad":Gxgh =g (Ad)y(n) = (Adg1)"(n), Yneg
where by definition
((Adg-1)"(n), X) = (n,Ady-1 (X)) Vneg VX eg.

We now show that on a Lie group G the dual of the Lie algebra g* can be equipped with
a structure of Poisson manifold.

Considering f € C*(g*), at any n € g* we have df (1) € T,;g*. Thanks to the identifica-
tions:

Ty9"=(Tg) =¢g" =g
we can think at df (n) as an element of g. More precisely, we interpret df (n) as the unique
element of g such that:

d
(A, df(n)) = i f(n+er) Viegh
e=0

Definition 1.3.20. For f,g € C*(g*) we define the Lie-Poisson brackets as :

{f, 93 (m) = (n,[df (n), dg(n)]),

where we interpreted df, dg as described above.

In view of what we proved in Section 1.3.1, we can foliate g* with symplectic leaves. It
is possible to prove that these leaves coincide with the orbits of the coadjoint action that
we have just defined.

Theorem 1.3.21. Let G be a Lie group with Lie algebra g. With the above defined Lie-
Poisson brackets, the dual of the Lie algebra g* has the structure of a Poisson manifold;
the symplectic leaves coincide with the orbits of the coadjoint action Ad, of G on g*.

Therefore, with the notation introduced in the previous sections, for all n € g* we have:

O,=%,={ e g"| A= (Ad"),(n), for some g € G}.
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1.3.3 Radicals, polarizing subalgebras
Definition 1.3.22. Let n € g* and denote B, : g x g — R the bilinear form defined by:
B,(X,Y):=n[X,Y]) VXY egy.
We define the radical of B, as:
v, ={Yeg|B,(X,)Y)=0 VX €g}

Notice that B, defines a skew-symmetric and nondegenerate bilinear form on g/t,, so in
particular this space is even dimensional.

Maximal isotropic subspaces for B, have dimension & = n — %dim(g /t,). Fixed n € g*,
one may ask if there exists any Lie subalgebra of g that is also a maximal isotropic
subspace for B,,.

Definition 1.3.23. Let g be a nilpotent Lie algebra, n € g*. A subalgebra b C g is called
polarizing or maximal subordinate for 7 if it is also a maximal isotropic subspace for B;,.

Proposition 1.3.24. Let g be a nilpotent Lie algebra, n € g*. There always exists a
polarizing subalgebra for 7.

For all n € g* there is, in general, more the one polarizing subalgebra. However, one
desirable property of b is that v, C h. A standard way to choose such b is the following.

Proposition 1.3.25. Let {X;,...,X,} be a strong Malcev basis for g and let g; =
span{Xy,...,X;}, Vi=1,...,n. Fizedn € g*, let

77.7 = T]|gj °
Then, b = v, +---+1,, is a polarizing subalgebra for 7.
The following lemma gives a property of the coadjoint action that will be useful later.

Lemma 1.3.26. Let n € g* and b C g be a polarizing subalgebra for n, H = expq(h).
Letting b+ indicate the orthogonal of b in g*, we have:

(Ad"(H))(n) =n+b™.

Before concluding, let us give another useful interpretation of the radical t,. Fix n € g*
and notice that:

w={Y cg|By(X,Y)=0VXegi={Y eg|(n[XY])=0VX cg}
={Y eg| (@' (Y)n)(X) =0VX € g} ={Y € g|ad"(Y)(n) = 0},

Remembering that Ad* is a Lie group homomorphism and Proposition 1.1.18, we deduce
that

staba(n) = {g € G | (Ad"),(n) = n} = expg(ry) Vn € g,

where we recall that stabg(n) is the stabilizer of n under the coadjoint action of G on g*.

Notation 9. We will denote also R, = expq(t,).
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1.3.4 Coadjoint orbits on nj): first method

In this section we give a first classification of coadjoint orbits for the group N4. In the
next Chapter we will give an alternative method to determine them, which will require
less computations.

We develop this first computation in Malcev coordinates associated to the strong Malcev

basis:
X = {X07 X127 X237 X27 Xla X3}

Again we denote ¢ : R® — N, the coordinate map described in (1.5).
Fixing € R%, Y = 41 Y1 + - - - + 5o € ny, the adjoint action reads:

U1
Yo
Ady (V) = Y3
W )( ) —XoY1 + T1Y2 + Y12
—X3Y2 + TaYys + Yo3
—T23Y1 — T1T3Y2 + T12Y3 — T3Y12 + T1Y23 + Yo

Let now:
X" = {XS,XE,X;&X;,XT,X;}
be the dual basis of X', and write n = m X + - -+ + 19X the generic element of nj. We

have:

M + oo + (Ta3 + T223)M0
N2 — T1M12 + X373 — L1237
(Ad*)w(x) (77) _ | 13— T2l23 — (9512 - 1‘1332)770

T2 =+ 370
123 — Z17)o
"o
If ny = 0 we have different cases.
o If also 112 = 723 = 0 we find
O, = {n}

and the orbits of this type are all the singletons {(n1,72,713,0,0,0)} with 1,172,173 € R.

e Otherwise, if 712 # 0 or 103 # 0 we have planes:

Oy = {(771 + X212, M2 — T1M12 + T3N3, N3 — Tatess M2, 123, 0) | € Rﬁ} (1.10)
= {(771 + timiz, M2 + ta, M3 — tanas, Thas 123, 0) | (t1,t2) € RQ} .

More specifically, three possible cases occur:

o If M2 7é 0= 723 the orbit is:
077 = {(771 + tinie, n2 + t2,773,7’]12,0,0) | (tl,tQ) S R2},

and we can fix the representative (0,0, 73, 712,0,0).
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o If 793 # 0 = 115 the orbit is:
0, = {(771,772 + 12, M3 — tin23, 0,103, 0) | (1, t2) € RQ} ;

and we can fix the representative (11,0, 0,0, 73, 0).

o If 793 # 0 # 112 the orbit is described by (1.10) and we can fix the representative
(171, 0,13, M2, 123, 0).

If ny # 0, we can choose

_ 123 e _ s . m
Ty =— 3= ——"—, Ti2= —, Tag3 = ——,
Mo Mo Mo Mo

obtaining 7 := (0,7,0,0,70) € O,, where v = 1y — 112123/10. Therefore we find:

t1t
O, =0; = {(51,’Y+ 7172752,t1,t2:770> | (t1,t2,51,52) € R4}7
0

which is the product of a plane and an hyperboloid. We can fix the representative
(07 e 07 07 07 770)

Remark 1.3.27. To sum up, we have three types of orbits: points, planes, products of
planes and hyperboloids.
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Chapter 2

Representation theory

2.1 Introduction

Definition 2.1.1. A unitary representation of a Lie group G is a pair (R, H) where H
is an Hilbert space and R : G — U(H) is a group homomorphism, i.e:

R(g) o R(g') = R(gg") Vg,9' €G.
The representation is called one dimensional if dim(H) = 1.

Remark 2.1.2. If H = C, the representation is one dimensional and takes value on U (C) =
St.

Notation 10. We will use the term representation to indicate a unitary representation.
We list here some more definitions.

Definition 2.1.3. Let (R, H) be a representation of a Lie group G. A subspace V C H
is called invariant if R(g)V CV for all g € G.

Definition 2.1.4. A representation (R, H) is called:
o strongly continuous if for any v € H the function G > g — R(g)v € H is continuous;

o irreducible if the only invariant closed subspaces are trivial.

Definition 2.1.5. Let G be a Lie group, two representations (R1, H1), (Ra, Ha) of G are
called equivalent if there exists a unitary map T : Hi; — Hs such that:

TORl(g) = Rz(g) oT Vg € G.

2.2 The orbit method

The orbit method developed by A.A. Kirillov! permits to determine all the possible
unitary, irreducible and continuous representations of a nilpotent Lie group G once the
symplectic foliation of the dual of the Lie algebra g* is understood.

We start describing an alternative method for determinig the foliation of g*, following
the approach presented in [4], Appendix A.

1See [12], [13] for a detailed exposition of this theory.
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2.2.1 Foliation of g*

The method is based on the choice of a convenient system of coordinates on g* and it
works independently from the choice of coordinates on GG. The nilpotency of G is not
required for the moment. As we will see, some of the results presented below will hold
automatically if we choose exponential or Malcev coordinates on a nilpotent Lie group G.

Let G be a Lie group with Lle algebra g. Fix a basis of left-invariant vector fields
X1,..., X, on G, and define c €R, i, 5, k=1,.. n letting:

(X, Xj] Z
Notice that, due to left-invariance, the cfj’s are constant. On the cotangent bundle T*G
fix bundle coordinates T*G > (g, \) — (z,p) € R?" and define the functions

hi(g,\) :==p- Xl(x), 1=1,...,n,

where we have identified the vector fields X; with their expression in coordinates. Such
functions h; satisfy the following relation:

{hzah]}(g’)\):p[X X chp Xk ZCZJhk ga VZA]:]-)?TL
k=1
Here we have used the fact that, again by left invariance, hi(g, \) = h;((Ly)7,A), where

hi : g* — Ra hl(ﬂ) = <777X1>7
together with the following?:

Proposition 2.2.1. Let hy, hy be two left-invariant functions on T*G, i.e:

hi(g, A) = hi((Lg) 15 M),

la

where h; : g* — R is smooth. Then also {hy, ha} is left-invariant , and:

{h17 hQ}(ga )‘) = {h1> h2}((Lg)>{G)‘)7

where the last bracket is the Lie-Poisson bracket in g*.

In particular, such h;’s are smooth functions 7*G that can be used as coordinates on g*.

Remark 2.2.2. If we start from a basis X = {X,..., X,,} of g and choose exponential or
Malcev coordinates on G, then such h;’s are the coordinates associated to the dual basis
X* and the condition {h;, h;} = ¢};h;, automatically holds.

In order to determine the coadjoint orbits in g*, we want to find Casimir functions. We

rewrite functions f € C*(g*) as f = f(h1,...,h,) and the condition for being Casimir
reduces to:

0=1{fh;}= Z {hl,h}—z_:g}{’“hk forj=1,...,n. (2.1)

2See [1], Chapter 18.
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Indeed if (2.1) holds, for all a € C*°(g*) we have:

{fa} = i;‘;{f, B} =0

Recall now? that the Poisson vector field associated to a generic smooth function f, which
we indicate again by f, is defined by f(a) = {f,a} for all a € C*°(g*). But we have:

8f da n af y
Ay = hz,h Pk

hence we deduce .

. )
N j;zl oh

In particular,
n

jk=1

Remark 2.2.3. Fixed n € g*, the coadjoint orbit is O, = {etlhql 0---0 et"’;"(n) | t; € R}.

2.2.2 One-dimensional representations, induced representatons

In this section we expose the orbit method, following [7] and [4], Appendix A.

Let G be a nilpotent Lie group. We first obtain a one dimensional representation of a
particular Lie subgroup H C G in the following way:

o fix an element n € g*;

 choose a polarizing subalgebra h C g. Denote by H = expq(h) the corresponding
Lie subgroup;

o define the unitary representation y,, : H — S* on C letting:

Xnn(expg(X)) := ™ VX €b.

The above defined x,j is actually a representation. Indeed given X,Y € b, using the
BCH formula we find:

X (€XPG(X) expG(Y)) = vy lExpo (X ) = 057 =

= "X — 3 b (exp (X)) X (expe (V)

where we use that § is polarizing for 7.

In order to induce a representation of GG starting from the above described representation
of H, we follow a general method.

Let x : H — U(V) be a a unitary representation of a Lie subgroup of G on the Hilbert
space V. We build a new Hilbert space W and a, so called, induced representation

3see Section 1.3.1.

30



R : G — UW) as follows. We let the representation R act on measurable functions
¢ : G — V such that:

¢(hg) = x(h)(¢(g)) Vhe H,geG. (2.3)

In particular, since y is unitary, the quantity ||¢(g)||v is constant along the H-cosets Hg,
g € G, therefore we can define

lo(Hg)|lv := ||¢(hg)|lv for some (hence, any) h € H.

Since G is nilpotent, we know from Section 1.2.2 that there exists a right-invariant mea-
sure u on H\G, so we can restrict to the functions:

¢ : G — V such that /H\G lo(Hg) |2 du(Hg) < oo. (2.4)

We finally let
W:={¢:G— V| (23)and (2.4) hold}.

Given ¢1, ¢ € W, also (¢1(g), ¢2(g))v is constant along the H-cosets, so it is well defined
the quantity (¢1(Hg), d2(Hg))y. The space W is Hilbert? for the scalar product:

(¢1, P2)w 1:/ (91(Hg), p2(Hg))vdu(Hg).

H\G

Finally, we define the induced representation R : G — U (W) with the right action:

[R(9)0)(9') :== ¢(d'g) Yoe W, Vg,9' €G. (2.5)

Notation 11. We will denote with the symbol R,y the representation induced by x,
defined above.

Such R, are unitary and continuous. The above procedure can be replicated with
the weaker assumption that the subalgebra b is only an isotropic subspace for B,, i.e.
(n, b, b]) = 0. However, mazimal isotropy of b ensures irreducibility of R, . See [7], [13]
for a more detailed discussion of this point.

This construction permits to classify, up to equivalence, all the unitary, irreducible and
continuous representations of a nilpotent Lie group G. A proof of the following theorem
can be found in [7], [13].

Theorem 2.2.4 (Kirillov). Let G be a nilpotent Lie group. The following two statements
hold true:

(i) Every unitary, irreducible and continuous representation of G is equivalent to one
of the R,y ’s, for some n € g*, b polarizing subalgebra for n.

(1t) Two representations Ry, Ry are equivalent if and only if n,n’ belong to the same

coadjoint orbit in g*.

Notation 12. To simplify the notation, we will use the term unirrep to indicate a unitary,
continuous and irreducible representation.

4See Remark 2.2.5 below.
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2.2.3 A more concrete realization of the representation

The construction of unirreps described in the previous Section can be realized in a more
concrete setting, as we now describe. We divide the exposition in three steps. The first
two steps do not strictly require the nilpotency of G (assuming the existence of the G-
invariant measure on cosets) and may work in more general settings.

First step: we replace the space W with L2(H\G;V).

Assume again that x : H — U(V) is a representation of a subgroup H C G and denote
with R the induced unitary representation on W.

Let’s consider the projection p : G — H\G and choose a cross-section s : H\G — G (i.e:
pos=idmpg). Welet K :=s(H\G) and we write G = HK, i.e:
Vg€ G, g=hs(x) forsomeh e H ze H\G.

By construction of W, any function ¢ € W is completely determined by its values on K.
Moreover, the map ¢ — f := ¢ o s is an isometry from W to L*(H\G; V), hence we can
get a representation of G in L*(H\G;V) letting:

[R(g)fl(z) == [R(g)¢](s(x)) Vg€ G VeeH\G, if f=dos.

Remark 2.2.5. Given f € L*(H\G;V) we can always associate ¢ € W such that f = ¢os,
defining:
o(hs(x)) :=x(h)f(x) Vh e H, Yx € H\G.

This proves that W is isomorphic to L*(H\G; V) and, in particular, complete.

Observe that if G is nilpotent and x = x,, 5, the above mentioned section s always exists.
This is as an easy consequence of Proposition 1.2.15; we will describe s explicitly in the
third step.

Second step: we explicit the action of G on L*(H\G; V).

In view of the previous step and the assuption (2.3) on the functions in W, we can reduce
to explicit the terms:

[R(9)¢](s(z)), ¢ € W,ze H\G.

By definition of induced representation (2.5) we have [R(g)¢](s(x)) = ¢(s(z)g). At this
point, assuming that we are able to solve the so-called Master equation

s(x)g = h(z,g)s(y), for some h(x,g) € H,y € H\G, (2.6)
and using (2.3), we can explicit the action of G on f € L*(H\G;V) as follows:

[R(g)f](x) = [R(9)¢l(s(x)) = d(s(2)g) = ¢(h(x, 9)s(y)) =
x(h(z, 9))¢(s(y)) = x(h(z,9))f(y).

)
Third step: realization on L*(R™;C).

We now concentrate on the case when G is nilpotent, H = expg(h) and x = x5 We let
k = dim(h) and m =n — k.
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Let X = {X3,...,X,} be a weak Malcev basis for g through b (existence is guaranteed
by Theorem 1.1.38). By Proposition 1.2.15 we can choose coordinates on H\G:

U(ty, .. tm) = H expg(t1Xis1) - - - expa(tmXn),

which transport the Lebesgue measure on R™ to a G-invariant measure on H\G. We can
also choose the section s : H\G — G defined as:

S(Hetlxk+1 e et’"X”) = el Xk ptmXn
Being X a Malcev basis, the Master equation (2.6) always has a solution. Namely, for

each (z1,...,2,) € R" and (t1,...,t,) € R™ there exists (y1,...,Yg, t},...,t,,) € R"
such that:

@1 X1 gtnXn  otiXepr | otmXn _ onXy o ourXe | o1 Xkar | ptmXn

Again thanks to Proposition 1.2.15, we can identify
L*(H\G,dy;C) 3 f ~ f € L*(R™, dt; C),

where dp is the invariant measure on H\G and dt is the Lebesgue measure on R™, letting

f(HeMXwer | etm&Xn)y — £(¢ ).

Finally, choosing the Malcev coordinates v : R™ — G associated to the basis X', we find
a realization on L?(R™, dt; C):

(R@) St tm)

[R(¥())g)(e" x4t .. e )

= g1 et Xn L e Xiin | ptmXn)
= qﬁ(elel e X L o Xk et;ﬂX") =
= x(en X1 e XR) f( ).
Definition 2.2.6. The above described realization in L?(R™; C) is called basis realization

of R = RT]J)‘

Remark 2.2.7. We stress an obious fact that may be useful for computations. Writing
n=mXj+---+n,X;, it is not true, in general, that:

Xnh (€y1X1 o ekak) — 61(y1771+'“+yk77k)’

since we are using Malcev coordinates on H. This is true only when b is commutative.

2.3 Representations of N,

In this section we apply the theoretical results described in the previous sections to de-
duce, up to equivalence, all the unirreps of the group Njy.

Foliation of nj.
The only nontrivial brackets are:

[X17X2] = X127 [X27X3] = X23
(X1, Xos] = Xo, [ Xa2, X3] = Xo,
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therefore the only nonzero coefficients are

12 23 o _ 0 _
€12 = Ca3 = 012,3 = Cro3 = 1
_ 0 _
CQ,l = 03,2 = 03,12 = Co31 = —L

Using (2.2) we find the associated Poisson vector fields:

hjl = h128h2 + h08h237 h_; = h238h3 - h128h17 h'_;) = _h23ah2 - hoahlz
h:Q - h/()ahga h;?) - _hoahm h:) - O
We immediately deduce that hg is a Casimir. We look for another Casimir: we expect at
least another one, since dim(N,) = 6 and symplectic leaves are even dimensional (how-

ever, we already know the existence of four-dimensional orbits from Section 1.3.4, so we
look for exacly one more Casimir).

The condition (2.1) reads:

of of

0= {f,h)} = ah St = 5y
0={f h}= 8h h12 aa}ihgg
0={fhs} = h23+£lf ho
0= {f hiz} = 5,{

= Ushas} = 5y

while we already know {f, ho} = 0 by definition of Poisson vector field. From the above
conditions we find the second Casimir function:

f = haoho — highos.

This permits to conclude that coadjoint orbits are contained in the level sets:

ho =
o= for o,y € R. (2.7)
hahg — highaz =~y
Let’s now fix n = (hy,...,ho) € g* contained in one of these level sets and describe O,

depending on the values of o and 7.

If a =~ =0, the orbit is contained in

ho == 0
highas = 0

and remembering Remark 2.2.3 we find three possibilities:

o If hya = hoz = 0 the orbit reduces to a singleton O, = {n} = {(h1, he, h3,0,0,0)}.
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o If hys # 0 = haog we have the plane:

0, = {2 o cl2hafh () |1, € R},

We fix the element | (0,0, hs3, hy2,0,0) | on the orbit.

o If hog # 0 = hyo we have the plane:

OTI — {€t1h233h3 o et2h230h, (77) | t; € R}

We fix the element | (hy,0,0,0, hos, 0) | on the orbit.

If a =0,v # 0, the orbit is the plane:

O, = {et”‘”’% o o (TTat ) | o | € R} |

We fix the element | (hy,0, hs, h12, —y/h12,0) | on the orbit (notice that hiy # 0 because
the second condition in (2.7) is hiohey = —y # 0).

If o # 0 the orbit is four dimensional (the distribution 2 (\) = span{hy()), ..., ho(A)}
has constant rank equal to 4 on {hy = a}) and it is completely described by the condition
(2.7). We fix the element | (0,7/a,0,0,0, «) | on the orbit.

At this point, thanks to Theorem 2.2.4 we are able to describe, up to equivalence, all the
unitary irreducible representations of Ny.

Unirreps of N,.

To simplify the notation, we write x, R respectively in place of x,p, Ry 5. Again, we will
indicate with ¢ : RS — G the Malcev coordinate map (1.5).

Remeber that for n € g* the dimension of a polarizing subalgebra is n — 1 dim(g/t,).
But dim(g/t,) is the dimension of the coadjoint orbit of n°, hence from the previous
descripton we deduce the dimension of polarizing subalgebras in each case.

If @ =~ =0 we follow the three cases presented above.

o If hiy = heg = 0 a polarizing subalgebra for n = (hy, he, h3,0,0,0) is

and the representation is one-dimensional. Following (1.7), we have:

ePoXottw2 X 21 X143 X3 _

— 6(960* floas g Lasly Pliors )XO‘F(JUIQ* L )X12+(5E23+%)X23+CL‘2X2+CE1X1+I3X3'

Letting ¢ as above, the representation reads:

X: N =S, x(0(z)) = elzrthazathszs)

*Indeed O, ~ g*/stab(n), hence dim(0,) = dim(g*) — dim(stab(n)) = dim(g) — dim(r,). We will
come back on this in the last chapter.
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o If hyy # 0 = hoz a polarizing subalgebra for n = (0,0, hs, his,0,0) is

h - {X07 X12> X237 X27 X3}

We have:

emoXo+x12X12+x23X23+562X2 ests — e(wo-l—%)X0+$12X12+($23+%X23)+$2X2+$3X3

and the unidimensional representation of H = expy;, (b) is

X H — 81’ X(6x0X0+w12X12+x23X23+12X2eﬂﬁsXs) _ ei(h3x3+h12x12)'

The Master equation reads:

eroXot+z12X12+w23 Xo3+a2Xo ;23 X3 ,21X1 ) —

— (e($0+99023)Xo+(I12+9$2)X12+x23Xz3+I2X2 6x3X3)

60X,
e
6(:(31+9)X1 )

We conclude that, letting i) as above, the induced representation is:

R:Ny— LA(R;C), [R(W(x))f](§) = elhavathal@ntoz) £z 4 g).

o If ho3 # 0 = hyo, the computations are analogous to the previous case. A polarizing
subalgebra for n = (hy,0,0,0, has, 0) is

h = {X()) X127 X23a X?; Xl}

and the representation is:

R: Ny = LXRC), [R(())f)(6) = elthmthaess—00a)) (g, 1 g).

Here again 1 is the usual coordinate map.

If @ = 0,7 # 0 a polarizing subalgebra for n = (hy,0, hs, h12, —7y/h12,0) is

h = {X07 X127 X23) X17 X3}

We have:
eT0Xot@12X12+223 X023 21 X123 X3 _ 6(9604—%(9012583—9023361))Xo+x12X12+w23X23+$1X1+$3X3

and the unidimensional representation of H = expy, (b) is

X H N Sl’ X(e$0X0+x12X12+x23X23e:c1X1+503X3) _ ei(h1$1+h3$3+h121‘12—%xgg,).

The Master equation reads:

X2 (€$0X0+$12X12+z23611X1+I3X3 6172X2) —

_ (e(w0+9$1$3)X0+($12—9$1)X12+(I23+94r3)X23 6951X1+£U3X3)6($2+9)X2 ] (28)
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In place of the usual coordinate map, we choose the more convenient:

b RS — Ny, (b(x) — ePoXot+z12X12+@23 @1 X123 X3 22 X2

Finally, the induced representation reads:

R : Ny — L*(R;C), (2.9)
[R(¢(x))f)(0) = e/ Hhasatiualen=0n) =@t emg) f(y, 4 )

If « # 0, a polarizing subalgebra for n = (0, 2,0,0,0, @) is

Y ar?

h - {X()) X127 X237 X2}

(notice that it is commutative) and the unidimensional representation of H = expy, ()

1S:
x:H— Sl’ X(e$0X0+1’12X12+J:23X23+w2X2) — ei(aonJr%l“z)'

The Master equation reads:
(691X1+93X3)(eﬂcoXo+9612X12+:B23X23+I2X2611X1+9E3X3) —

(6(270+91a723—939312—9193$2)X0+(112+91$2)X12+(123—93w2)X23+$2X2 ) (€($1+91)X1+(Z3+93)X3)

With the usual choice of coordinates, the induced representation is:

R : N, — L*(R*C) (2.10)
[R((2)) f1(6r, 85) = e (ozottrmm—tom=tibosigon) f(g) 1 6y g+ 0).

2.4 Semidirect product and representation

2.4.1 Abstract construction

In Section 2.2 we have seen how to obtain a representation of a nilpotent Lie group G once
representations of a Lie subgroup H C G is known. This method works, in particular, if
GG carries a structure of semidirect product:

G=HxK,

where H, K are subgroups of G and H is normal. We start giving some general properties
of semidirect product of Lie groups.

Definition 2.4.1. Let H, K be groups and ¢ : K — Aut(H) be a homomorphism. The
outer semidirect product H %, K is the group (H x K, -) with operation:

(P, k1) - (ho, ko) = (haigr, (ha), kiks).
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One can check that H x, K is actually a group with identity (1, 1x) and
(h, k)™ = (pper(R7Y),k™Y) Vhe HVE e K.

If H and K are Lie groups, the product is intended also in the sense of smooth manifolds.
In this case, H x, K is also a Lie group if the map ¢ is smooth and acts by Lie group
homomorphisms (See [17], Section 2.2.4).

The semidirect product contains the copies of H, K defined respectively:
H =H x {1}, K ={ly}xK.
Writing explicitly the conjugation:
(R, k) (ho, o) (ha k) ™0 = (hapr, (ha) oy it (R ), kb ),

we deduce that H’, K are closed subgroups of H x, K and H’ is normal.

We recall a criterion to establish when a group is (isomorphic to) a semidirect product.
Proposition 2.4.2. Le G be a group and H, K be subgroups such that:

o G=HK, i.e. forall g€ G we can find h € H and k € K such that g = hk;

« HNK ={lg};

e H is normal in G.

Then, the map
p:Hx, K =G, (hk)— hk

is an isomorphism, where ¢ : K — Aut(H) is the conjugation @p(h) = khk™!.

This criterion works also for Lie groups, but we need to assume that H, K are closed sub-
groups and that G is simply connected. In this case, u is also a Lie group isomorphism.®

Notation 13. In the above situation, we simply write G = H x K and we call it inner
semidirect product.

In particular, if G = H »x K it holds:
H\G=H\HK = (HNK)\K = K, (2.11)

and if G = H x K is a simply connected Lie group as above, such isomorphism is also a
Lie group isomorphism (see [10], Section 11).

Together with the notion of semidirect product of Lie groups, it is useful to introduce a
notion of semidirect product of Lie algebras. We follow [17].

Definition 2.4.3. Let g be a Lie algebra, its derivation Lie algebra Der(g) is the Lie
algebra of derivations on g, endowed with the commutator Lie bracket.

6 Actually, these assumptions are more than what we need. See also [10], Section 11.
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Definition 2.4.4. Let h and ¢ be Lie algebras and let ¢, : € — Der(h) be a Lie algebra
homomorphism. The semidirect product Lie algebra b x ¢ is the vector space f x £ equipped
with the Lie bracket:

[(X,T), (X", T)] = [[X, X + o (T) X" = o (T) X, [T, T"], (2.12)
for X, X' ebh, T,T" € t.

As we expect, there is a strong relation between the notion of semidirect product of Lie
groups and Lie algebras.

Proposition 2.4.5. Let G = H x, K as above and denote by g its Lie algebra. For any
X eh,T et the adjoint action on g reads:

AdG, 1 (X, T) = (Ady o(0r) w1 (X) + (Li)en1 0 (90 (h71))w1,e 0 AdE (T), AdE (T)).
Taking the derivative at identity, we find:

[ad” (X, DX, T) = ([ad” (XX )0 10110 (X T) =100 (X, T, [ad™ (D)(T)),
(2.13)

where @, ( y indicates the differential of ¢ seen as a map defined on the product H x K.

1,1k

Setting ¢. := ¢, (1,,1x), Which is a derivation of b, from (2.13) we deduce that
Lie(H x, K) =B x,,, £

Let’s now turn our attention to nilpotent Lie groups, starting with an observation. As-
sume that G is a nilpotent Lie group and H, K C G are closed subgroups such that
G = H x K. Choosing {X7,..., X3}, {Y1,...,Y,,} weak Malcev bases for h and £ respec-
tively, using (2.12) we see that {X,..., X}, Y1,..., Y, } is also a weak Malcev basis for
g. We can use this observation, together with the identity (2.11), to revisit the second
and third steps of Section 2.2.3 as follows.

Under the same assumptions, let xy : H — U(V') be a unirrep of H, where is V' an Hilbert
space. Remembering (2.11), since we have chosen a Malcev basis through b, we can put
coordinates on H\G using 1.2.15, defining

U:R™ = H\G, U(ty,... ty,) = He' X1 em%n
and since H\G = K, if we identify

Helt Xk | etm&n oy ot Xetr - gtmXan

we can realize the representation on L*(K;V). Finally, since {Xgy1,...,X,} is a weak
Malcev basis for K, we can realize the action in L?(R™; V) following Step 3 of Section
2.2.3.
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2.4.2 Representation of Ny = H?> x R

We recall that the Heisenberg group H" is the unique (connected and simply connected)
nilpotent Lie group with Lie algebra

bn :=span{Xy,..., X, Y1,...,Y,, Z},

where the only nonzero brackets are [X;,Y;] = Z,i = 1,...,n. With the strong Malcev
basis {Z,Y1,...,Y,, X1,..., X, }, we can identify

H» =~ (]R2n—|—17 'H")y

where indicating with x - y the Euclidean scalar product between = (z1,...,x,), y =
(y1,---,Yn) € R™, the operation is:

(IL‘, Y, Z) “Hm (ZL‘/, yla Z,) = (ZL’ + {L‘,7 Y+ ylv z+ 2 +x- y,)
The orbit method (see [7]) gives two families of unitary and irreducible representations:
o The family one dimensional representations y,,, : H* — S',

Xuw (@, y,2) = P79y € R™

o The family of representations Ry : H" — L?(R"™; C), A # 0,

[Ra(z,y,2) f1(0) = eV f(z 4+ 0), 0eR"

Consider now the group NNy, identified with RS with the usual Malcev coordinates. We
prove that N, = H x K with H = H? K = R and deduce some representations of G as
explained in the previous section.

Define:

h = Spa‘n{X07X127X237X1aX3}7 H = eXpN4(h)
t=RX,, K :=expy,(¥).

Such H and K are closed Lie subgroups of Ny; notice that the coordinates inherited by
H are exactly the Malcev coordinates associated with the basis { Xy, X12, Xa3, X1, X3} of
h via expy = expg |y, and the same trivially holds for K. In particular, H coincides with
the subset {z3 = 0} of Ny.

Clearly H N K = {1y,} and a straightforward calculation shows that H < NN, (observe
that b is an ideal of g). Notice also that, with the notation introduced in (1.6), we have:

g X 0
To 0 To
T3 _ ZIs3 . 0
L12 T2 — T1X2 0’
T3 T3 + T2X3 0
Zo o + T1T2x3 0
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hence Ny, = HK, and we conclude that Ny = H x K thanks to Proposition 2.4.2.

Observe now that the map ¥ : H — H? defined in coordinates by
\I](xla Oa T3, T12, T23, ZEO) - (xla T3, T23, —T12, 'IO)
is a Lie group isomorphism. Consistently with the notation adopted in (2.9), we let:
(b SRS N, (b(x) — 6$0X0+5E12X12+x23611X1+13X36w2X2
and, rembembering the representations we already have for H?, composing with ¥ we
find the following representations of H.
« The family one dimensional representations x/!, : H — S,

X%V((ﬁ(xl, 0, x3, T19, o3, xo)) — ei(#~(m1,ms)ﬂz-(ms,fzm)), = R2.

o The family of representations R : H — L*(R?;,C), A # 0,
[RAH(QS(Z‘I) 07 T3, T12,T23, xO))f] (0) = ei)\(x0+61x23_03$12)f(el_’_xl7 €3+x3>7 (017 93) € R2‘

Let’s compute the corresponding induced representations.

e First we consider the representations of N, induced by the Xﬁy, where p = (pq, u3), v =
(1/1, Vg) S Rz.

By our previous discussion we can realize the representation in L?*(R;C). We let X2
indicate the generic element of K. The Master equation is already solved in (2.8), and
we get:

RIMV . N4 = Z/{<L2(R, C))
[Rou($(x)) f1(8) = ellinmthasatlantoon) alen=0e)) £(9 4 q,).

Remark 2.4.6. We have recovered the representations corresponding to the case a =
0,7 # 0 described by (2.9).

e We now detail the representations of G induced by the R, X\ # 0.

We can realize the representation on L?(R; L?(R?*; C)). Letting e*** indicate the generic
element of K, following the above described steps, we obtain:

Ry : Ny — U(L*(R; L*(R?; C)))
[RA(¢($))f](g)|(91793) — M@o+(m1z3+01 (223 +(23) ~03(T12— (1)) (f(g + $2)|(91+x1703+x3)> )
Identifying L*(R; L?*(R?*; C)) with L?(R3; C) and renaming ¢ = 6, we find:

Ry : Ny — U(L*(R?C))
[RA(QS(Z‘))]C] (61,02,63) = ei)\($0+92$13¢3+91($23+92$3)—93($12—02$1))f(el = X1, 02 ol X2, 03 + IL'3)-

Remark 2.4.7. We did not establish whether such R, are irreducible, hence equivalent to
one of the representations described in Section 2.3, or not.
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2.5 Representation of g and u(g)

Let G be a Lie group (not necessarily nilpotent) with Lie algebra g and (R,H) be a
unirrep of G. We describe how to represent the elements of g and left-invariant differential
operators on G using R, following [7] and [12].

2.5.1 Representation of g

The basic idea for representing an element of the Lie algebra X € g through R is to
differentiate the representation along a curve that is tangent to X at identity, i.e, fixed
X € g, let:

R(X) = &

= tOR(etX). (2.14)

However, in general, the R(X)’s cannot be bounded operators on H: some attention to
their domain of definition must be paid. For this reason, we introduce the class of smooth
vectors in H.

To any v € H we associate a function r, : G — H defined as:
ro(g9) == R(g)v Vg € G.
Definition 2.5.1. We say that v € H is a C* vector, writing v € H*, if
r, € C*(G;H).
Moreover, we say that v is a C> vector, or smooth vector, if v € H> := >, H".

The above defined H*, H> are G-stable. Let’s prove that H™ is also dense in H. To this
aim, we introduce the class of smoothing operators, i.e. the family of operators:

R(0) = [ o(9)R(9)dg, o€ C(C).

where dg indicates a left Haar measure on GG. The following Lemma shows an important
property of such operators.

Lemma 2.5.2. For all X € g and ¢ € C°(G) we have:

d

pr R(eXVR(p)v = R(Xpo)v Vv € H,

t=0

where X indicates the right-invariant vector field associated to X.

The proof is based on the definition of right-invariant vector field and change of variable
(See [12]). We will explicit the details of a completely analogous computation in the proof
of Proposition 2.5.12.

From Lemma 2.5.2 we deduce that for all v € H and ¢ € C°(G) it holds R(¢)v € H™.

Proposition 2.5.3. The subspace H*™ is dense in H.
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Proof. Thanks to the previous observation, it is enough to prove that {R(¢)v | ¢ €
C*(G), v € H} is dense in ‘H. Let u be any vector in H; being R strongly continuous,
for all € > 0 we can find a neighborhood U of 14 such that

IR(g)u — R(1a)ulln = IR(g)u —ully <e Vg eU.

Choose now ¢ € C2°(G) supported in U, ¢ > 0, such that [; ¢(g)dg = 1. We have:

IR(@)u =l = | [ olo)(R(gyu—w)dg| <.

hence the density of H™. n

We are now ready to describe the representation of g through R. From our discussion,
we know that there exists a dense subspace where we are allowed to compute the differ-
entiation (2.14). Therefore, we start considering the operators:

(R(X))o, H),  (R(X))ov :

= R(expa(tX))v Vv e H™.

t=0

Proposition 2.5.4. Let G, R, H as above. For any X € g the operator

—i(R(X))o := R(expg(tX)),

t=0

Rl
dt
is essentially self-adjoint on H™.

Proof. We let A := —iR(X)y. First we notice it is a symmetric operator. Indeed for all
v, w € H* we have:

(Av,w) = jt ) (—iR(expa(tX))v, w) = cciit ) (v, iR (exps(tX)) w)
= jt . (v, iR (exps(—tX))w) = (v, Aw).

To prove essential self-adjointness, we use this general fact: an unbounded operator
(A,D(A)) on a Hilbert space H is essentially self-adjoint if and only if ker(A* £ ¢) = 0.
Let v € H*® and w € ker(A* + i) and consider the function:

f(t) = (Rlexpg(tX)v, w).
We prove that w = 0. We have:

CH0 = T (RlexpoleX)Rlexpa(tX)e, w) = GAR(expe(tX))v,u)

e=0

— (R(expg(tX))v, —iA*w) = +(R(expa(tX))v,w) = £f(2),
hence f(t) = ce™ for some ¢ € R. But since R is unitary, f is bounded, indeed:

[F@O] < [vllallwlla

hence ¢ = 0. In particular, fixing ¢t = 0 we deduce that w is orthogonal to H*°, and being
H> dense in ‘H we conclude that w = 0, as we wanted. O
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We will let (R(X),D(R(X)) be the closure of the operator ((R(X))o, H*>), which is
skew-adjoint on its domain. Let us be more precise on the definition of D(R(X)), using
the following results.

Proposition 2.5.5. In the above setting, letting A = —iR(X) we have
Rlexpg(tX)) = e,
where the right-hand side is defined by functional calculus for self-adjoint operators.

Proof. By the very definition of €4 we deduce that equality must hold on D(A). But
D(A) is dense in H and both R(exp(tX)) and €4 are bounded operators, hence they
must coincide on the whole H. O

We conclude stating a general result, whose proof can be found in [18].

Theorem 2.5.6. Let (A, D(A)) be a self-adjoint operator on a Hilbert space H and define
e by functional calculus for self-adjoint operators. We have:

(i) Forv e D(A),
itA

lim Y A
t—0 t
(7t) Let v e H. If the limit A
) eztAU — v
lim
t—0 t

exists, then v € D(A).
We can now give a more precise definition of (R(X), D(R(X))).
Definition 2.5.7. Let X € g we define the operator (R(X),D(R(X))) letting:

D(R(X)) := {v cH ] lim 1 (R(expe(tX))v — v) € H}

R(X)v = lim 1 (Rlexpa(tX))v —v) Vo € D(R(X)).

t—0

2.5.2 Representation of u(g), the sub-Laplacian

Abstract construction. As in the first chapter, we denote by X,Y the elements of g
and by X, Y the associated left-invariant vector fields.

Definition 2.5.8. Let g be a Lie algebra, the universal enveloping algebra associated to
g is the associative algebra u(g) satisfying:

(i) u(g) has a unit, contains g as vector subspace and is generated by g as an associative
algebra.

(i) [X,Y]=XY —YX inu(g) for any X, Y € g.
(iii) If b is any associative algebra with unit and A : g — b is any linear map verifying:
AMX,Y]) = A(XAY) = AMYAX), VX, Yeg
then there exists a unique homomorphism A : u(g) — b such that X'(1) = 1 and

N |g= A
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A concrete way to think at u(g) in Lie groups is the following. We know that there is an
identification A : g — Vecy,(G) which associates an element X € g with X € Vecy(G).
Such A can be extended to a homomorphism into the algebra u(g); of left-invariant
differential operators on GG, which is a realization of u(g), fixing a basis of g. Indeed, once
a basis {X1,..., X, } of g is fixed, a basis of u(g) is given by the elements:

X=X .. X", o€ N" multi-index. (2.15)

The extension of A can be obtaining letting X € u(g) corresponds to the left-invariant
operator X® := X;"" ... X,,"" and by linearity. As for the elements of g, we can represent
the elements of u(g) through R. Again, in principle we are able to differentiate only
smooth vectors, therefore we adopt the following convention.

Let A € u(g) and write it as a combination of elements X as in (2.15). Each element
X*= X" ... X% is represented by the operator:

R(X%)o = R(X1)5" - .- R(Xn)5"-

A representation of A is then obtained by linearity.
The sub-Laplacian

Let us focus our attention on a particular left-invariant differential operator that plays
an important role when the group G is nilpotent and its Lie algebra g is stratified. We
recall that a Lie algebra is stratified it can be decomposed in a direct sum:

9=019 .99, [01,0;] =041

As we explained in Section 1.1.5, choosing a basis { X1, ..., X} of g1, we can equip G with
a sub-Riemannian structure such that the sub-Laplacian is the left-invariant differential
operator:

k
AG = Z XE
i=1
Such operator corresponds to the element:
Ag=Xi+-+ X} €u(g).
According to the previous section, if (R, ?H) is a unirrep of G, we can define:

R(=Ag)o = —R(X1)5 -+ — R(X)3.

We know that each R(X;)o is skew-symmetric on H>, hence R(—Ag)o is symmetric and
positive on the same domain. Therefore, it admits a unique self-adjoint extension, the
Friedrichs extension”, that we denote:

(R(=Ag), D(R(=Ag)))-

In particular, letting ) be the domain of the closure of the quadratic form associated to
R(—A¢g), we have:

D(R(-Ag)) ={ve Q| Fw e H s.t. (v,u)g = (w,u) Yu € Q}
R(—Ag)v = w.

See, [15], Chapter 3.
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2.5.3 Fourier transform and representation

We turn our attention back to operators of the type:

R(9) = [ dlg)R(g)dg. ¢ € C(C),

where dg indicates a Haar measure on a nilpotent Lie group . Such operators can be
interpreted as a Fourier transform, and we will discuss this intepretation on the last
chapter. Here, we are interested in rewriting R(A¢), for A € u(g), in terms of R(¢) and
representation of elements of u(g).

We start recalling a basic result that will be useful.

Lemma 2.5.9. Let X € g. The flow of the associated left-invariant vector field X is a
right translation, namely:

X(g) = gexps(tX) Vg€ G, VteR.

e
Proof. See [1], Lemma 7.22-7.23. O

Let’s now consider the bilinear form on C*(G): (¢, ) == /G o(9)Y(g)dg.

Defining the formal transpose of an element of the basis of the universal enveloping algebra
X = X XS € u(g)
as:
(X = ()X X

we extend the above definition to any A € u(g). Then, we can consider the transpose

—_~—

of any left-invariant operator A on G, corresponding to A € u(g), letting (A)7 := (AT).
We prove that such transpose actually behaves as we expect with respect to the bilinear

form we fixed on C°(G).

Proposition 2.5.10. Let G be a nilpotent Lie group. For all ¢, € C°(G) it holds:

(ATo,v) = (¢, Ap).

Before the proof we need to prove a technical lemma. Recall that, according to Section
1.2.1, up to choosing an appropriate rescaling of the Haar measure dg, we have the
equality:

[eds=[odav, voecx@),

where dV, is the Riemannian volume associated to a left-invariant 2-form o.

Lemma 2.5.11. Let G be a unimodular Lie group and X € Vecr(G). Then we have

diVVU (X) =0.
Proof (Lemma). By definition we have

) i ~
(divy, (XDVo = LxVo = 7 (7)Vo,
dt|,_,
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where £ indicates the Lie derivative. Remembering Lemma 2.5.9 and the hypothesis of
unimodularity:

d d

(dive, X))V = —|  (Rexpuex) Ve = —| Vo, =0.
dt|,_, Pa dt|,_,

We conclude that divy, (X) = 0 since V, is a volume form on G. O

Proof (Proposition 2.5.10). Tt is sufficient to prove it only for A = X € g.
Start from the equality:

divy, (¢ X) = (X)) + (X ) + ¢t divy,, (X),

and notice that the last summand vanishes thanks to Lemma 2.5.11. Integrate over G,
obtaining:

L divy, (¢ X)dV, = /G divy, (¢X)dg = /G $(X0) + (X ¢)dg.

The left hand side is zero thanks to the Riemannian divergence formula, remembering
that 0G = @ since G is diffeomorphic to R". O

Finally, we show how to rewrite the operators R(A¢) with ¢ € C°(G), A € u(g), as a
composition of simpler terms.

Proposition 2.5.12. Denoting by A the left-invariant differential operator associated to
A € u(g), we have:

R(A¢) = R(¢) o R(AT) V¢ € CX(G), VA € u(g),
where the equality shall be intended in the sense of operators acting on H™.

Proof. Tt is sufficient to prove it for X € g, whose formal transpose is X7 = —X.
We have:

R(Xg) = [ Xolo)/R(g)dg= &

o @R (a)dg

[ ptoeetXIR@ds = 5| [ oloRlgea(—43)s

o d
-G
= | 6(9R(9)R(~X)dg = R(6) o R(~X).

where we used the fact that we are acting in H>* C D(R(—X)), together with the Lemma
2.5.9. 0

We conclude this section proving some properties of the operators R(¢) that justify their
interpretation as Fourier transforms.

Proposition 2.5.13. Let G be a unimodular Lie group and (R, H) a unirrep of G. For
all ¢, € CX(G) the following statements hold true.

(i) R(60 Ry) = R(¢) o R()", for all g € G.
(ii) Setting ¢*(g) == ¢(g~') we have R(¢*) = R(¢p)*.

47



(iit) R(¢* 1) = R(¢) o R().
Proof. (i) With a change of variable, we have:
R(¢o Ry) / ¢(g'9)R
= [ 6(¢)R(g) o R(g™)dg = R(¢) o R(g)".

(ii) Let v,w € H. Denoting with (-, -) the scalar product of H, we have:

(0. R(6)w) = [ (0,60 TR(gw)dg = [ o™ )(R(g™ ), w)dg.

And we conclude applying the change of variable g~! +— g, using Proposition 1.2.9.

(iii) By definition, for v € H we have:

R(6) o R = [ o(9)R(9) ( [ wlg)R(g)vdy) do.

Using the definition of representation, together with the invariance of dg’ and chang-
ing the order of integration we have:

R((b)OR(@b)v:/Gcb (/w R(gd vdg>dg

Z/Gcb (/@Dg 9 vdg)dg

- /G (/Gd) 9)lgy dg) R(g")dg' = R(d*¥)(9)-

2.5.4 The case of basis realizations

In this section, we consider basis realizations of the representations, i.e. realizations in
spaces L*(R™; C), obtained as described in Section 2.2.3.

We start with a computation that shows how elements X € g can be represented as
polynomial differential operators on L*(R™;C). Let G be a nilpotent Lie group with Lie
algebra g, and consider a unirrep R = R,y, realized in L?*(R™;C) as in Section 2.2.3;
again we let:

dim(h) =k, m=n—k.

Let {X,...,X,} be the weak Malcev basis for g through b chosen in the construction of
the representation, and define the corresponding polynomial coordinate map ¢ : R" — G,
which has also polynomial inverse.

Define the polynomials P;(t,s) for i = 1,...,n, by:

VW (0Y(s) = (Pu(t,5), ..., Palt, ), t,s €R™
For any 1 < ¢ <n, fixing f € D(R(X,)) C LQ(]Rd) , we have by definition:

[R(X)f10) = | [Rlexpg(eXy))f1(0).

e=0
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Identifying as usual f(efXk+1 . efmXn) ~ £(6;,...,0,,), by definition of P; it holds :

[Rexpg(eXy)) f1(6) =
€i<77,P1(t(e)us(e))Xl+"'+Pk(t(9)15(5))xk>f(Pk+1(t(@), 5(€)), ..., P(t(0), s(€))),

where t(0) = (0,...,0,04,...,0,,) and s(¢) = (0,...,0,&,0,...,0), where only the ¢-th
entry is nonvanishing .

Finally, taking the derivative at ¢ = 0 we find:

RO = 3t X) 52 00).0)£6) + 3 200,05 0). (210

=1 j=1
Remark 2.5.14. For computations it is useful to notice that (2.16) is coincides with the
derivative at zero of [R(¢(z))f](f) computed with respect to the variable z,.

The formula (2.16) shows how to represent an element X, of the basis as a polynomial
differential operator on L?(R™;C). It is possible to show that the represetations of left-
invariant differential operators on G cover all the polynomial differential operators on
L?*(R™;C). Namely, denoted by P(R™) the algebra of such operators, it is possible to
obtain a surjective map (with a small abuse of notation):

R :u(g) — PR™).
We state here the main result, see [7] for a detailed exposition.
Theorem 2.5.15. In the above setting, taking any Malcev basis through by, we have:
(7)) R :u(g) — P(R™) is a surjective map.

(ii) For any X € g, the corresponding R(X) is a differential operator of degree either
0 or 1.

(7ii) The polynomial coefficients of R(X) depend polynomially on X .

Moreover, the set of smooth vectors H* coincides with S(R™).

2.5.5 Application to Ny, spectral properties of the sub-Laplacian

We apply the theoretical results obtained in this section to the group N4, with a partic-
ular interest in studying the representations of the sub-Laplacian.

We consider only the representations corresponding to 4-dimensional orbits in nj, de-
scribed in (2.10). For each value of a # 0,7 € R, we denote the corresponding represen-
tation with the symbol R, .

With the choice of Malcev coordinates made in Section 2.3 (here P; corresponds to the
coordinate z;), rewriting the formula (2.16), we find:

SNH6).0)1(6) + 12 52 0(0).0)6)+
oP, af 0P; of
GO0 5-6) + 52 0(0), 05 0)

[Raﬁ(Xq)f](Q) =ix Y OP,
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where 6 = (6, 03).
Hence:

Raﬂ(Xl) == 8491 RQN(XQ) =1 <Zy - Oz(9193> Raﬁ(Xg) == 893,

and the sub-Laplacian reads:
2 2 g 2
Ron(=An) = <08 = 05, + (2 - atioy)

Let’s prove that the representation of the sub-Laplacian has purely discrete spectrum.
We adapt the first argument presented in [19], which corresponds to the case v = 0, = 1.

For simplifying the notation, we study the class of operators acting on L?(IR?):
H=—-A+ (a—bzxy)*, (a,b)€RxR"

Following our convention, we should define H on the domain S(R?), but being it sym-
metric and positive we can work on its unique self-adjoint (Friedrichs) extension. The
domain of the associated quadratic form is:

QUH) = {u€ H'(R?) | (a — bay)|u(z,y)| € L*(R*)},

and the quadratic form reads:

an(w) = [ [Vu(e, ) + (0~ bey)lule,y)Pdedy, v e Q(H)

Notice that, in the sense of quadratic forms, we have:

~A+ (a—bry)* = ; (—éﬁ + (a — ba:y)Q) + ; (—85 + (a — bxy)Q) — ;A (2.17)

1
> S (=A+ pl(y| + [2])) = Hy,

where we have used the property of the harmonic oscillator:

d? 9

——— 4+ (c—wx)" > |w|, ceR w#NO.

e wa) > ol #
The operator H; has purely discrete spectrum, since it is a Schrodinger operator with
potential V' = |b|(|z| + |y|) that tends to +oo at infinity. The inequality (2.17) implies
that the form domain of H is cointained in the form domain of H;. To deduce that also
H has purely discrete spectrum, we recall the following characterization® of the minimum
of the essential spectrum o.;.

Lemma 2.5.16. Let (A, D(A)) be a self-adjoint operator on the Hilbert space H and
indicate with Q(A) the domain of the associated quadratic form qa. Assuming that A is
bounded below, we have:

min o.45(A) = min {liglr_l)ior.}fq/;(vn) (Vn)n € QAN vl = 1, vy — 0} :

with the convention that both the sides of the equation take value 400 if ess(A) = 0.

8See [15], Chapter 5.
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In particular, the previous result implies that:
hrrzgioglf i, (V) = +00 V(vy)y € Q(HI>N7 [vall2 =1, v, =0

and since Q(H) C Q(H;) we deduce that the same must hold for H, hence o..(H) = 0,
i.e. H has purely discrete spectrum.

Remark 2.5.17. A more direct proof could be also performed applying the result denoted
as Theorem 3.5 in [16].
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Chapter 3

Plancherel measure

Let G be a nilpotent Lie group and fix R, ; a unirrep of G. In the previous chapter we
discussed the operators:

Rys(6) = [ 6(9)Ros(9)dg.

that can be interpreted as Fourier transforms of ¢, and one may ask if usual properties
of the Fourier transform (Plancherel theorem, Fourier inversion, ...) hold. The answer is
positive, and this chapter is devoted to the exposition this theory, following [9]. As we
will see, a central role is played by the classification of the representations given by the
orbit method.

3.1 The Trace Theorem

Let G be a nilpotent Lie group and indicate with R, j its unitary, continuous and irre-
ducible representations. The goal of this section is to prove that for all n € g* there exists
an invariant measure v, on the coadjoint orbit O, satisfying the following equality:

TH(Ry(9)) = [ F (@0 expa) Nduy(N) V6 € S(G),

n

where . denotes the Euclidean Fourier transform. We will give the proof only of the
most important result: for the missing ones, see [9].

Notation 14. In the following, for f € S(R") the Euclidean Fourier transform is defined:
FIE) = [ fa)eedn.

3.1.1 Parametrizations and invariant measures on orbits

We first discuss different ways to define invariant measures on the coadjoint orbits.

In Section 1.3.2 we introduced the coadjoint action of G on g*, which is a left action (i.e.

(Ad*)gn = (Ad*),4 0 (Ad¥)p). For a reason that will be clear later (see Remark 3.1.6) we
will need to consider the right action:

Gxg =g, (9,1 (Ad")-1(n).
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Of course, the left and right actions give the same orbits in g*. Fixed n € g*, we can
identify its coadjoint orbit with the quotient R,\G (whose elements are the right cosets
R,9, g € G):

0, =~ R,\G,

where R, = stabg(n) = expg(v,;). The identification can be realized via the map:
R\G — O,, R,g— (Ad"),~(n), (3.1)

which is a bijection (see [7], pag. 26-27). In particular, the relation (3.1) determines a
bijection between invariant measures on R,\G and on O,.

Since R, is a closed subgroup, we can put coordinates on R, \G and define on it an invari-
ant measure as explained in Section 1.2.2. Such measure is unique up to a positive factor.
Using (3.1), we deduce also the uniqueness up to a positive factor of invariant measure on
O,.. However, once a measure on R, \G is fixed, it is not easy to obtain explicitly the cor-
responding measure on O, since the bijection (3.1) is not easily expressed in coordinates.

We now discuss an alterntive way to define an invariant measure on O,,.

Proposition 3.1.1. Let G be a nilpotent Lie group, n € g* with dim(O,) = d and fix
X ={Xy,..., X} a strong Malcev basis for g. There exist n polynomial maps Py, ..., P,
and d indices {j1,...,Ja} such that:

» Oy ={Z} Pi(2)X] |z € R}
o P (z)=uy fork=1,....d
o P; depends only on the x}’s such that j, < j.

This polynomial parametrization of the orbit permits to define another measure on O,,
which turns out to be G-invariant.

Proposition 3.1.2. Let G,n, X, P; as above. The equality:

[ e = [ ¢ (Z Pj(:v)X;-*) do, Vg € C.(g")

n

defines a G-invariant measure p, on O,).

In view of the previous discussion, we deduce the following: once we fix an invariant
measure on O, inherited from the identification (3.1), the measure j,, must be one of its
multiples. Later we will need to determine explicitly this constant.

3.1.2 Trace Theorem

We start pointing out that the operators R, ;(¢) are trace-class whenever ¢ € S(G), and
their kernel is a Schwartz function.

Definition 3.1.3. Let G be a nilpotent Lie group, the Schwartz space S(G) is the space
of functions ¢ defined on G such that ¢poty) € S(R™), where ¢ : R — G is any polynomial
coordinate map.
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Proposition 3.1.4. Let R,y be a unirrep of the nilpotent Lie group G, realized in
L*(R™;C) for a particular m € N. Letting ¢ € S(G), the operator R, ,(¢) is trace-
class on L*(R™; C) and the kernel belongs to the space S(R™ x R™).

Let us accept this result and show a computation that will be useful in the proof of the
Trace Theorem.

Fix one unirrep R, , letting as usual H = expg(h), and assume from now on that b is
an ideal of g (we will need to choose strong Malcev bases through h). Let ¢ € S(G)
and consider the realization of R, in the space W discussed in Section 2.2.3. Fixing
a function f € W, letting dg, dh denote a Haar measure on GG, H and dp an invariant
measure on H\G (such that Theorem 1.2.12 holds), we have:

Run(@)11(0) = [ o(@Ran(9)fI()dg = [ 6la)f(t9)dg
= [t 9)f@dg = [ ([ ot ha)F(h)an) du(g)
= [ [ 07 ha)xu(h)ar) f(a)an(rtg),

where we used the definition of induced representation, together with Theorem 1.2.12.
Recall now that we can identify L2(H\G;du) with L*(R™; C), where usual properties of
the trace hold. Therefore, letting ¢, (t, g) := [y ¢(t" hg)xns(h)dh we find the explicit
expression for the trace:

Tr(Ry5(0)) = o Pni(9, 9)dp(Hg).

We are now ready to prove the Trace Theorem. The proof will not be constructive, but
the measure v, will be explicited later.

Theorem 3.1.5 (Trace). Let G be a nilpotent Lie group and R,y a unirrep of G. There
exists a unique G-invariant measure v, on O, such that:

TH(Ry0(6) = [ F(60expe)Ndv,(N), ¢ € S(G).

n

Proof. We let dim(h) =k, n — k = m.

By the previous discussion, denoting jy ¢ the invariant measure on H\G we have:

Tr(Ry5(0)) = o bny(9,9)dpma(Hg)

= e (/H gzﬁ(g_lhg)xn’b(h)dh) dimc(Hg).

Choosing exponential coordinates on H and using that conjugations have Jacobian de-
terminant equal to 1 on H, we can rewrite:

T(Ryo(0) = [ ([ ohx(ghg™)an) disc (32

= (/ ¢o eXPG(X)eim’Adg(X))dX) dpg,c
H\G \Jj

1

= G o (L 700 expa) (A€) (04 M) ) di
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where in the last line we used a consequence of the Fourier inversion formula (see Lemma

3.1.7 below).

Let’s now fix a strong Malcev basis through b; thanks to the equality Ad*(H)(n) = n+b*
(Lemma 1.3.26), we deduce that the only elements of the dual basis whose action is
nontrivial on 7 are spanned by the last m elements X} ,,..., X. Hence we can use
Proposition 3.1.2 to find:

[ et xair= [ o (n+ > X )dw— L AT Y (), 1 (),

j=k+1

for all p € S(g*), where g, .z denotes an H-invariant measure on R,\H. We can finally
rewrite:

Tr(Ryp(0)) = (27;”—’@ /H\G ( Rn\ngW o eXpG)((Ad*)g‘l(Ad*)h—l(n))dﬂRmH> dpmc

and use Theorem 1.2.14 to deduce the existence of a measure v, on O,, such that:

TH(Ry0(6) = [ F (60 expe)(Ndv,(A) Vo € S(G),

n

as we wanted. 0

Remark 3.1.6. The presence of the term (Ad*),-1(n + A) in the last line of (3.2) is the
reason why we are forced to consider the right action of G on g* in place of the usual
one.

Lemma 3.1.7. Let g be a vector space and fix a subspace V- C g with dim(V') = k. Let
v’ indicate the generic element of V- C g*. For any n € g* it holds:

/f M) dy = (275” k/ Ffn+u)d VfeS(g).

Proof. Fix a decomposition g = V & W. By Fourier inversion, writing g* 5 A = v + v’
we have:

1
(27T )"

flv) = / FFN)e M1

f' +w') e~ W) do) day’ .

wt VJ-

Multiplying by e*™*), integrating in dv and using the Fourier inversion on V, W+:

/f im0 dy = (275” k/ Ff(n+1)d'
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3.2 Fourier inversion formula and Plancherel Theo-
rem

The goal of this Section is to prove the following (Fourier inversion) equality:

1

¢(1G) = (271_)”_%

/Q Tr(Ry(6))| PE()|dn, & € S(G),

where d is the maximal dimension of a coadjoint orbit, ) is a subspace of g* and | Pf(n)|dn
is a Plancherel measure on () to be specified. To obtain it, we will select a Zariski open
U C g*, which is the union of the so-called generic orbits, such that each orbit in U
intersects () in exactly one point. We will finally give a simultaneous parametrization of
the orbits in U and the result will follow applying the Trace Theorem on each of these
orbits.

3.2.1 Generic orbits, simultaneous parametrization

This section is devoted to the definition of ), U and the simultaneous parametrization.

Fix X = {Xy,...,X,} a strong Malcev basis for g and let g; := span{Xy,..., X;}. For
any 7 € g* define the set of indices:

I'={1<j<n|t,+g;-1#t,+9;}
For any subset I C {1,...,n} define:
gri={neg [I"=1}

and let Z% := {I C {1,...,n} | g # 0}. On Z% we define an ordering as follows. Given
I={iy,...;0u}J={j1,.--,Jn} € " we say that [ > J if

k>h or
k = h and there exists 1 <r <k s.t. i1 = J1,. .y bre1 = Jre1, tr < Jr.

From Z%, we select the maximal element I™* = {j;, ..., ja}.

Definition 3.2.1. Fix J € Z%. For 5 € g* we define the Pfaffian:
PE; (1) = (det((n, [Xs, X;])iges)?.
Proposition 3.2.2. Let J € I%. We have:
gy ={neg [ Ply(n)#0, Pli(n) =0 vI>J}

The proof is based on the following result, together with the fact that for n € g* the
bilinear and skew-symmetric form B, (X,Y) = (1, [X,Y]) is nondegenerate on g/, (see
Section 1.3.3).

Lemma 3.2.3. Let V' be an n-dimensional vector space and w a nondegenerate skew-
symmetric bilinear form on'V. A family of vectors{Z1, ..., Z,} C V is linear independent
if and only if:

det(w(ZZ, Zj)z"jzl 77777 n) 7é 0.
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Proof of Proposition 3.2.2. First we prove "C". Let J = {ji,...,jx} € Z% and fix n €
g. By Lemma 3.2.3 we have Pf;(n) # 0, since by definition {X; | j € J} is linearly
independent modulo t,. Choose now I = {iy,...,%;} > J; there are two possibilites:

o If |I| > |J| then {X; | ¢ € I} is not linearly independent modulo t,, hence by
Lemma 3.2.3 we deduce Pf;(n) = 0.

o If |I| = |J| then there exists r such that iy = j1,...,4,1 = jr_1,% < j.. This
means, by definition of g%, that {X;,,..., X; } is not linear independent modulo t,,
hence Pf;(n) = 0.

Let’s prove "D". Assume Pf;(n) # 0 and Pf;(n) =0 for all I > J. Then:

o J C I": if not, the smallest index j € J \ I" would give X; € v, mod g;_1, from
which Pf;(n) = 0.

o J = 1I": assume by contradiction |J| < |I"|; then J < I" and Pf(n) = 0, which is
a contradiction.

]

Corollary 3.2.4. We have: gima: = {1 € g* | Pfrma(n)? # 0}. In particular, gfm. is a
Zariski open set, whose complement has zero Lebesgue measure.

Notation 15. From now on, we will denote
U = g?maz, Pf(n) = Pf['maz (77)7 |_[ma$| — d

The following proposition describes the simultaneous parametrization of the orbits con-
tained in U. We state it for 1%, but the same holds true for any I € Z%.

Proposition 3.2.5. There exist n rational nonsingular functions, that we denote by
R; = R]If;(ax :R% x g* — R, satisfying the following properties.

(i) Forn € g* fived, the function R;(-,n) is polynomial.
(ii) Formn € g* fized, R;,(-,n) = x; for all j; € I"**.
(1i7) If ji < j < ji+1, the map R;(-,n) depends only on x1, ..., x;.

(tv) For alln € U, the maps R;(-,n) depend only on the coadjoint orbit of n and send
R? on O, diffeomorphically, namely:
T € Rd} .

In particular, for j ¢ I"™** it holds Rj(x,\) = A\j + Rj(A1, ..., \j_1), where again R is a
rational nonsingular map.

OTI = {zn:Rj<x>77)X;

=1
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We now define the vector subspace () C g* letting:

Q= {g* Bn:anX; n; = 0 for j E[m‘”}.
j=1

With this definition, thanks to Proposition 3.2.5-(ii) we deduce that each orbit in U
intersects () in exactly one point 7, that is:

no =Y, R;(0,7)X;.
j=1

Remark 3.2.6. Notice that for n € U fixed, the properties (1), (i), (iii), (iv) of Proposition
3.2.5 coincide with those of the P;’s in Proposition 3.1.1, with {j1,...,74} = I™**. In
particular, we can use the R;(-,7)’s to define an invariant measure on O, as in Proposition
3.1.2.

Remark 3.2.7. The intersection U N @ is used to parametrize the set U. We also have:
UnQ ={ne@|Pi(n #0}.

Practical rules to identify /"%

We collect here some rules that may be useful to identify the set I"™**. We know that
|I"*| = d, where d denotes the maximal dimension of a coadjoint orbit in g*. We can
determine ™ in following way.

» Having classified the coadjoint orbits, consider only the d-dimensional ones.

« For each of these orbit, fix one element 7 and write its radical t, in the basis &
Notice that we always have ((g) C t,.

o For each 7, compute the set of indices I and select the maximal one I™%".
o As described above, U is the set of orbits whose representative verifies 17 = "™,

Q =span{ X/ | i ¢ I"*"}.

3.2.2 Fourier inversion, Plancherel Theorem

From now on, we adopt the following notation. As usual, we let G be a nilpotent Lie
group, dim(G) = n, and we fix (for the moment) R, a unirrep of G. If n € U we let

dim(O,) = |[I™**| = d.
If h (2 ,) is a polarizing subalgebra for 1, we let
dim(h) =k, m=n—k.

Again we need to assume that b is also an ideal. In particular, by definition of polarizing

subalgebra m = 1(dim(g) — dim(x,)) = 2.

Fix a strong Malcev basis & as above and consider the corresponding functions R; =
RJI-:(M. For each n € g* we can choose two possible invariant measures on the coadjoint

orbit O,:

28



o The measure v, given by the Trace Theorem.
« Following Remark 3.2.6, the invariant measure y,, described by:

L oW = [ ¢ (Z Rj<t,n)) dt ¥ e C(0),)

n

As we will see, to prove the final theorem we need to determine the factor relating s,
and v,. This is the goal of the next proposition.

Proposition 3.2.8. Let n € U; with the above defined notation, we have the equality:

d
pn = (2m)2 | PE(n)| vy
Proof. The proof consists in expliciting two changes of variable. For n € U fix a polarizing
subalgebra h (D t,). Consider the basis:
basis of b
y = {Yl,,Yn} = {El,...,ET,Ol,...7Cm7D17...,Dm}
————

basis of vy

so that {E4, ..., E,} is a basis of v,, {Ey,..., E,,Cy,...,Cy} is a basis of h. The proof
is divided in two steps.

Step 1. We start from the equality:

1 /H\G (/hL F (6 0 expg) (Ad*) 1 (n + A))dx\) dpnG

Tr(Ry5(9)) = W

which is obtained in the proof of the Trace Theorem, fixing on H and H\G Malcev coor-
dinates associated to ). Notice that the Lebesgue measure d\ on h* can be transferred
to an invariant measure on R, \ H via the correspondence:

R\H > Ryh v (Ad")p-1(n) =n+ X €n+br,

where we recall that (Ad*)(H) = n+bh*. Such measure must be a multiple of the invariant
measure fg, g induced by {C1,...,Cp}, i.e. we can write:

«

Tr(Ry5(¢)) = W

/H\G ( Rn\Hy(ng o eng)((Ad*)g_1(Ad*)h_l(n))d,uRmH> dpmc

(3.3)
for some a € R. To compute a explicitly we consider

U:R™ = R\H, trs R emOr

and we write:

(Ad)wty—(n) =0+ flej (t)D;.

0

The constant « is given by:

o =
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We have:

0 P ) )
a0, Q;(t) = o), ((Ad")w@y-1(n), Dj) = A
0
:atzt0< Adtc( )> <777[017D]>

hence we conclude that

Q= |det(<77a [CMD ])zg 1,..., )|
Step 2. We use the definitions of pip,¢ and pg, g to rewrite (3.3):

m—1

Tr(Ry5(9)) = (2;;111@ /m /m F (¢poexpg) (ﬁ (Ad") ~ttpiD [ (Ad*) ~ConCr (1)

h=0

We now compute the change of variable from the basis ) to the basis X. We write:

m—1 m—1

H (Ad*)e_(tm—iDm—i) H (Ad*)e_(sm—hcmfh)(n) - Z Qj (tv S)Xik

i=0 h=0 j=1
and by Proposition 3.2.5-(7i) the change of variable reads:

v, =Qj(ts) i=1,....d,

where 1% = {j1, ..., ja}. This gives rise to a constant 5 € R so that for all ¢ € C.(g*

Jo

We have:

n R,\G

5: det % jS(t’s) ) % jS(tas)

t=s=0 t=s=0

and we compute

0 9 *
aitp t=s5=0 jS (t’ 8) - aitp t=s=0 <(Ad )e_(tpr)(Tl)a X > <777 [D X
0
g, Q. (t.s)=(...)=(n]Cy X;])-

Hence:

8=

((77; [Dy, ij]>) ’
det .
<77a [an X]z])

We rewrite Cy, D), in the basis X, modulo t,, letting

d d
D,=> d,X; modr, C,= Z CqiX;, mod t,.

i=1
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Hence considering the d x d matrix
dpi
A=
qu

= | det(A)[| PE(n)[*.

we have:

To conclude notice that, being h polarizing for n, it holds:

(0, [Dgs Dy)) (1, [Dp, CH\\ [
o = [ det((m, [Co, DyD)I = det((ZZz, ol [Cq,cm))
and
dph,
<n>[anDp’]> <77a[Dpva]> — de b ) s
(A ) (I | R | e

so we finally get:
a = [det(A)|| Pf(n)]

Conclusion. Putting everything together, on the one hand we find:

T Rus() = s [, ([, F00 000 (A0 )y (AT )t ) i
- T 5 S Z 00 expa) (N ()

= GBI o, 7€ ° e Mty (),

while, by definition of v,

TH(Ry0(6)) = [ F (00 expa) Wdvy (V).

n

therefore we conclude, by arbitrariness of ¢ € S(G), that

sy = (2m)"F| PE(n)| v

We are now ready to prove the main theorem of this chapter.

Theorem 3.2.9 (Fourier inversion). In the above setting, for all ¢ € S(G) we have:

Bllc) = n,,/Tr o(9)| PE(n)]dn,

where again d denotes the mazximal dimension of a coadjoint orbit in g*.
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Jmaz

Proof. Choose a strong Malcev basis X = {Xj,...,X,} and functions R; = X
R? x g* — R as above. Using the porperties of exponential map and a classical Fourier
identity we can rewrite:

f 1
6(16) = oy [ F6e )N = oo [ Flooexva) (ZA X; )

Since g* \ U has zero Lebesgue measure we can operate the change of variable:

1
o(lg) = 2n) /Rde (¢ o expg) (ZR x,mX ) dzdn,

where no constant appears by construction of the R;’s. Thanks to Fubini Theorem and
Proposition 3.2.8 we find:

n/ F (¢ oexpg) (ZR x,n)X )dwdn

;n [ #6 0 expo)Ndu (N

Zﬁn 1t (, (6o espe)an(n) a
= ot Ly TR @ P

Corollary 3.2.10. For all ¢ € §(G), g € G we have:

1

P(g) = (271_)”7%

|, TR () o Rayy0)') | PEC)
Proof. Tt is enough to apply the previus result to ¢ o R, in place of ¢ and use property
(i) of Proposition 2.5.13. O

We conclude proving a result that corresponds to the Plancherel theorem for the Euclidean
Fourier transform.

Theorem 3.2.11 (Plancherel). In the above setting we have:

1
I91320) = g [ IRusl@)ssl PEDIdn. - ¥6 € S(G).

(27)

Proof. Define ¢*(g) = ¢(g~!), so that R, (¢*) = R, 5(¢)* as in Proposion 2.5.13. Notice
that:

6113 = [ 0(9)6(g)dg = ¢+ ¢"(L).

Using the Fourier inversion and the property

Ryp(@*¥) = Ryp() o Ryp(4),
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we have:

2 __ 1 *
Iolfi2 = 5oy J, Tr(Ras(ox 6)) PEG
]. *
= oy Jo Tr(Ras(@) 0 Raa(é) )| PEldr
1

= Gryd Jo IR @)l PEIar.

3.3 Plancherel measure on N,

To be consistent with the notation of the previous section, we rename the usual Malcev
basis:

V={",..., Y} = {Xo, X12, Xo3, X, X1, X3}.
We also let Y* = {Y{,..., Y} the dual basis, and we indicate (Ay,...,Ag) the generic
element A = \\ Y + -+ A\YS € nj.

We follow the rules presented in Section 3.2.1 to determine I™**. First notice that
|[I™**| = 4 and, rewriting the system (2.7), the four-dimensional orbits are the ones
described by:

M=o for (o,7) € R* x R.
AL — XAz =y

On each orbit we fix the element n = (a,0,0,7/a,0,0). One easily verifies that for such
n it holds:
v, = Span{yia YZ;} = Span{X07X2}7

hence 1" = {2,3,5,6}. We conclude that I"* = {2,3,5,6}.
Consequently, we have

U = {four-dimensional orbits}
Q = span{Y7", Y,'}
UNnQ ={(a,0,0,7/,0,0) | (ar,y) € R* x R} ~R* x R.

Remark 3.3.1. Alternatively, we could have directly verified that for any A € U it holds:
ty = span{ ¥y, \3Ys + Ao¥3 — \ 1Yy} = span{ Xy, hoz X12 + h1aXoz — hoXa},

which, as we expect, gives [* = {2,3,5,6}.

Let now n = (n1,...,16) € U, we have:

0 0 0
0 0 —m; 0

| Pf(n)|2 = det((<n7 [Y;a Yj]>)i,j:2,375,6) = det 0 ™ 0 ! 0 = 77117
0 0 0
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hence Pf(n) = n? and:
P(1n,) = 27T / Tr(Ryp(¢)) nidmdns Yo € S(Ny).

Finally, writing n = («,0,0,7v/,0,0) € U N Q and indicating with R, in place of R,
the corresponding unirrep, with the change of variable

m=«
77427/04

we find:

O(1w) = 57 [, Tr(Ras(6)) laldady V6 € S(N).

(2m)* Jr2
3.4 Further examples: Heisenberg and Engel groups

The Heisenberg group

We introduced the Heisenberg group H" in Section 2.4.2. We consider the case n = 1,
the computations are completely analogous for bigger n. We work with the coordinates
associated to the Malcev basis:

y={NM,Y, Y3} ={Z,Y, X}.

Again we let (A1, A2, A3) denote the element A = A\ Y + A\ Y5 + A3YS" € h*. With the
techiniques presented in Section 2.2.1 we realize that the coadjoint orbits are contained
in the level sets: {\; = a}, for & € R. There are two kind of orbits:

(i) If & = 0 the orbit is the singleton {(0, A2, A3)};

(ii) If a # 0 the orbit is the plane {\; = «a}.
For n = (o, A2, A3), o # 0, we have v, = span{Y;} , hence I"** = {2,3} and

U={\#0}, @ =span{Y¥]}.

For n = (n1,m2,m3) € U the Pfaffian is:

[Pr) = ot [, gona) =ec (01 ) =,

™

hence

Rony(9))Imldm V¢ € S(H).

Finally, writing n = (a, 0, 0) € U N Q and indicating with R, the corresponding unirrep
we find:

/Tr )) lajda V¢ € S(H).
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Remark 3.4.1. On H" the same procedure gives the Plancherel measure |a|"do.

The Engel group

We conclude with another example: the Engel group. A detailed presentation of this
group can be found in [4], [7]. The interesting property in this case is that the Zariski
open U C g* does not contain all the top-dimensional orbits.

The Engel group E is the unique nilpotent Lie group with lie algebra ¢ = span{ Xj, ..., X4}
with the only nontrivial Lie brackets:

(X1, Xo] = X3
(X1, X3] = X

A strong Malcev basis for ¢ is YV = {V1,...,Y,} = {Xy4, X3, X5, X;}. Denoting with
¢ : R* — E the associated Malcev coordinate map we find E = (R, e), with

T x) r1 + 7}

To x| To + T4

ws | St | T T3+ T4 + 12

T4 o Ty + @y + 22l + Saicd

Using the techiniques presented in Section 2.2.1 (see also [4], Appendix A) and the no-
tations adopted in the previous sections for the group Ny, we deduce that the coadjoint
orbits are described by the system of equations:

hy = p 2
for (u,v) € R*. 3.4
ﬁ@—mm:u (1) (3.4

There are three types of orbits.
(i) If w = v =0, the orbits reduce to singletons {(h1, h2,0,0)}.

(ii) If p = 0,v # 0, the orbits are planes {hy = 0,hs = +£v/2r}. We fix the element
(0,0, £v2r,0) | on each of them.

(iii) If o # 0, the orbits are 2-dimensional and are described by the system (3.4). On
each of them we fix the element | (0, —v/u, 0, ) |.

Rewriting in the basis ), we rephrase (3.4) into:

AL =p 2
f ,v) € R 3.5
ég-&&:u or (1, ) (3.5

To identify I"™** we consider only the two-dimensional orbits, whose representatives are:
(ii) n = (0,£v2v,0,0) if u =0, # 0.

(ili) n = (1,0, —v/p,0) if p # 0.
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In case (ii), we have v, = span{Y;, Y5}, hence 1" = {3,4}. In case (iii), v, = span{Y;, Y3},
hence
I"={24} = ™",

Consequently:

U = {orbits corresponding to u # 0 in (3.5)},
Q = span{Y]", Yy},
Un@={\0,—v/u0) | peR veR} ~R* xR
Remark 3.4.2. Notice that in this case the set U does not contain all the top-dimensional
orbits: the planes described in (ii) are excluded.

Let now n = (n1,...,n4) € U, we have:

P = den(, 15 Dison) = et () 70) ) =

hence Pf(n) = |n;| and
1
o(1g) = W/@Tr(Rn,b(@) Im|dmdns V¢ € S(E).

Finally, writing n = (4,0, —v/,0) € U N @, and indicating with R, the corresponding
unirrep, with the change of variable

m=H

ns = —v/u

we find:

1
0(15) = 537 Jop TR () dudy V6 € S(B).
Remark 3.4.3. Notice that in all the three examples the center of the group is one-
dimensional and the Plancherel measure depends only on the variable associated to the
center.

66



Bibliography

[1]  Andrei Agrachev, Davide Barilari, and Ugo Boscain. A comprehensive introduction
to sub-Riemannian geometry. Vol. 181. Cambridge Studies in Advanced Mathemat-
ics. From the Hamiltonian viewpoint, With an appendix by Igor Zelenko. Cambridge
University Press, Cambridge, 2020, pp. xviii+745. ISBN: 978-1-108-47635-5.

[2] Andrei Agrachev et al. The intrinsic hypoelliptic Laplacian and its heat kernel on
unimodular Lie groups. 2008. arXiv: 0806.0734 [math.AP].

[3] Hajer Bahouri, Davide Barilari, and Isabelle Gallagher. Strichartz estimates and
Fourier restriction theorems on the Heisenberg group. 2021. arXiv: 1911 . 03729
[math.AP].

[4] Hajer Bahouri et al. Spectral summability for the quartic oscillator with applications
to the Engel group. 2022. arXiv: 2206.10396 [math.AP].

[5] Robert E Beck and Bernard Kolman. “Construction of nilpotent Lie algebras over
arbitrary fields”. In: Proceedings of the fourth ACM symposium on Symbolic and
algebraic computation. 1981, pp. 169-174.

[6] Ugo Boscain et al. “Point interactions for 3D sub-Laplacians”. In: Annales de
UInstitut Henri Poincaré C, Analyse non linéaire 38.4 (Aug. 2021), pp. 1095-1113.
ISSN: 1873-1430. DOI: 10.1016/j.anihpc.2020.10.007.

[7] Laurence Corwin and Frederick P Greenleaf. Representations of nilpotent Lie groups
and their applications: Volume 1, Part 1, Basic theory and examples. Vol. 18. Cam-
bridge university press, 1990.

[8] Gerald B Folland. A course in abstract harmonic analysis. Vol. 29. CRC press, 2016.
[9] Hidenori Fujiwara, Jean Ludwig, et al. Harmonic analysis on exponential solvable
Lie groups. Springer, 2015.
[10] Joachim Hilgert and Karl-Hermann Neeb. Structure and geometry of Lie groups.
Springer Science & Business Media, 2011.

[11]  Aleksandr Aleksandrovié¢ Kirillov. Elements of the Theory of Representations. Vol. 220.
Springer Science & Business Media, 2012.

[12]  Aleksandr Aleksandrovich Kirillov. Lectures on the orbit method. Vol. 64. American
Mathematical Soc., 2004.

[13] Alexander A Kirillov. “Unitary representations of nilpotent Lie groups”. In: Russian
mathematical surveys 17.4 (1962), p. 53.

[14] Enrico Le Donne. Lecture notes on sub-Riemannian geometry from the Lie group
viewpoint. cvgmt preprint. 2021.

67



Mathieu Lewin. “Théorie spectrale & mécanique quantique”. Master. Lecture -
Citer comme : Mathieu Lewin, Théorie spectrale et mécanique quantique, cours de
I’Ecole Polytechnique, 2018. Ecole Polytechnique, France, Jan. 2018.

Giorgio Metafune and Diego Pallara. “Discreteness of the spectrum for a class of
differential operators with unbounded coefficients in R"”. In: Rend. Mat. Acc. Lincei
11 (2000). cvgmt preprint, pp. 9-19.

Juan-Pablo Ortega and Tudor S Ratiu. Momentum maps and Hamiltonian reduc-
tion. Vol. 222. Springer Science & Business Media, 2013.

Michael Reed and Barry Simon. Methods of modern mathematical physics. Vol. 1.
Elsevier, 1972.

Barry Simon. “Some quantum operators with discrete spectrum but classically con-
tinuous spectrum”. In: Annals of physics 146.1 (1983), pp. 209-220.

68



	Introduction
	Basic results on nilpotent Lie groups
	The group and its operation
	Lie algebras
	Lie groups and Lie algebras, left-invariant vector fields
	Exponential map
	Lie group actions, adjoint action
	Stratified Lie groups, sub-Riemannian structure
	From the Lie algebra to exponential coordinates
	Exponential coordinates on N4
	Malcev coordinates
	Malcev coordinates in N4

	Nilpotent Lie groups and integration
	Haar measure
	Invariant measure on cosets

	Symplectic manifolds and coadjoint orbits
	Symplectic and Poisson manifolds
	Coadjoint action, Poisson structure on g*
	Radicals, polarizing subalgebras
	Coadjoint orbits on n4*: first method


	Representation theory
	Introduction
	The orbit method
	Foliation of g*
	One-dimensional representations, induced representatons
	A more concrete realization of the representation

	Representations of N4
	Semidirect product and representation
	Abstract construction
	Representation of N4 = H2 R

	Representation of g and u(g)
	Representation of g
	Representation of u(g), the sub-Laplacian
	Fourier transform and representation
	The case of basis realizations
	Application to N4, spectral properties of the sub-Laplacian


	Plancherel measure
	The Trace Theorem
	Parametrizations and invariant measures on orbits
	Trace Theorem

	Fourier inversion formula and Plancherel Theorem
	Generic orbits, simultaneous parametrization
	Fourier inversion, Plancherel Theorem

	Plancherel measure on N4
	Further examples: Heisenberg and Engel groups


