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“It’s OK to be one-dimensional, by the way.”
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Abstract

This thesis focuses broadly on how to measure Non-Gaussianity, the deviation of perturbations
from statistical Gaussianity. Observationally constraining Primordial Non-Gaussianity (PNG) in
galaxy surveys will help elucidate the physics of the early universe, but it is unknown precisely
which combination of summary statistics at low redshift (power spectrum, bispectrum, etc.) car-
ries the most information about PNG. Instead of the usual 3 dimensions, this thesis considers a
scenario in a single dimension, with gravitationally interacting particles simulated via Lagrangian
Perturbation Theory. However, the ‘perturbation theory’ can be solved exactly in one dimension.
In this one-dimensional toy model, it is possible to calculate the Fisher Matrix for cosmological
parameters at field-level and compare the result to various summary statistics. This thesis first
calculates the power spectrum and the bispectrum from an ensemble of 1000 1-dimensional simu-
lations. Then the field-level Fisher Matrix is calculated for Ωm and σ8, omitting different levels
of matter streams to determine how much information is contained in the multi-stream regions.
Finally, the field-level Fisher matrix is compared with that of the power spectrum at the smallest
and largest scales. This exercise demonstrates how working in one dimension has the potential
to bring more intuition to the three-dimensional case regarding where cosmological information is
contained.
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1
Introduction

Our universe today is a complicated ‘cosmic web’. Observations have shown that galaxies are
clustered together in dense filaments and beads, interspersed by low-density voids. This was not
always the case; in the early Universe shortly after the Big Bang, there were only tiny deviations
from complete homogeneity. This is evident when looking at a map of the Cosmic Microwave
Background for example; there are hot and cold spots, but nothing more. But these tiny overden-
sities, subject to gravity in the roughly 13.7 billion years since then, have gradually grown and
merged upon themselves into larger structures. Our universe as we now see it – the stars, galaxies,
clusters, and so on, are thanks to these initial tiny fluctuations whose original nature we still do
not fully understand.

A main goal in cosmology is determining how matter is statistically distributed in our universe,
and developing the physical explanation behind it. The manner in which matter is distributed
critically informs us about the universe’s underlying cosmological parameters and the universe’s
past history – down to the ’inflationary epoch’ a mere ∼ 10−36 seconds after the Big Bang.

Characterizing the matter distribution is not a trivial task, however. Observational data in
cosmology, such as galaxy surveys or cosmic microwave background (CMB) maps, are incred-
ibly high-dimensional. For example, a galaxy survey can provide the 3D positions of millions
of galaxies. Directly working with such high-dimensional data is often computationally infeasi-
ble. Instead, summary statistics provide a way to extract meaningful information from complex
fields in an efficient and interpretable manner. Summary statistics condense the information into
lower-dimensional forms, making analysis manageable and allowing for direct comparisons with
theoretical predictions from cosmological models.

A difficulty with summary statistics, however, is knowing which ones actually contain the most
information about the field. This is simple enough in the case of a Gaussian field, as it is completely
described by its power spectrum alone. But for non-Gaussian fields, one needs to turn to other
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higher-order statistics to describe the field. In many cases, the best combination of summary
statistics is still unknown. This is a particularly pressing issue when searching for weak signals
of primordial non-Gaussianity (PNG), possibly imprinted during the inflationary epoch. While
PNG has been theorized to possibly exist, it has so far not been detected. Besides improving the
precision of observations, an important aspect in the search for PNG is also simply knowing where
to look – whether it’s the bispectrum, the trispectrum, marked power spectrum, or some other
statistic.

This thesis focuses on simulations in 1+1 dimensions: one spatial dimension and one time di-
mension. While obviously unrepresentative of the real 3D universe, this 1+1 toy model gives the
opportunity to study the information content of various summary statistics without the computa-
tional overhead of a 3D analysis. The findings from this 1+1 universe can then be used to inform
real 3D analyses in the future.

This thesis is organized as follows: In Chapter 1 Sections 1.1 and 1.2, the kinematics of the
homogeneous universe are described, and the deviations from this homogeneity are then introduced.
Section 1.3 then discusses non-Gaussianities, both primordial and those induced by gravity. In
Chapter 2, Perturbation Theory is briefly introduced as a method for approximating large-scale
structure formation, and the equations for Lagrangian Perturbation Theory are specified in Section
2.1.1. In Section 2.2 the 1+1 model is then introduced, along with the equations for the exact
dynamics in one dimension. Chapters 3 and 4 contain the main analysis and results of this thesis.
Chapter 3 focuses on measuring the ensemble power spectrum and bispectrum from the 1+1
simulations. Chapter 4 then focuses on Fisher analyses of the simulations for two cosmological
parameters: Ωm and σ8. Section 4.1 describes the Fisher analysis at field-level and quantifies the
contributions from the multistreams. Section 4.2 then explains how the Fisher matrix is computed
for the power spectrum instead, and demonstrates the difference in information content between
the power spectrum and the full field. Finally, Chapter 5 contains remarks about directions
this 1+1 dimensional work could lead to, such as assessing more summary statistics and more
cosmological parameters in the future.

1.1 Background: Cosmology

The universe was once much denser and hotter than it is today. It is expanding (and in fact,
accelerating in its expansion, as initially found by [1]). The theory of general relativity developed
by Albert Einstein provides the principles upon which our understanding of this expanding universe
now lies. This standard cosmological model, often referred to as the ΛCDM model (Lambda
Cold Dark Matter), is the prevailing framework for understanding the large-scale structure and
evolution of the universe. In ΛCDM, the universe is assumed to be homogeneous and isotropic on
large scales, meaning that its properties are similar in all directions and locations when viewed
from a sufficiently far distance.
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1.1.1 The Components of the Universe
The physical contents of the universe can be broken down into several main components. The first
is ordinary ‘baryonic’ matter, comprised of protons, neutrons, and electrons. This matter can emit
and absorb light and makes up the familiar stars, planets, gas, dust, and so on. Baryonic matter is
thought to make up only ∼5% of the universe’s total energy density. Another ∼27% of the energy
density is comprised of ‘dark matter’, a mysterious form of matter that does not interact with
electromagnetic forces [2]. However, it is thought to play a crucial role in the formation of structure
in the universe, helping galaxies and clusters hold together. Then there is dark energy; it accounts
for around 68% of the universe’s total energy density, making it the dominant component in the
current era. It is an enigmatic component that appears to be driving the accelerated expansion of
the universe but the details of which are still largely unknown. Finally, there is radiation. While
photons dominated the universe in its earliest moments, they now contribute only a small fraction
of the total energy density. Relativistic particles are often also grouped with radiation as well.
For example neutrinos, which are nearly massless and move at nearly the speed of light, behaved
similar to photons for most of the universe’s history.

1.1.2 The Friedmann Equations
At the core of the standard cosmological model are the Friedmann equations, which describe
how the universe’s scale factor a, which represents its overall size, changes over time. These
equations arise from Einstein’s field equations under the assumption of a universe that is both
homogeneous and isotropic, a simplification known as the Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. This metric describes a universe with a time-dependent scale factor a(t) that
governs the expansion or contraction of space. By convention, the scale factor at the time t0

of present day is a(t0) = 1. Besides its scale factor, a homogeneous and isotropic universe is
also characterized by its geometric curvature k. The three possibilities are an open (k = −1),
closed (k = 1), and flat ‘Euclidean’ (k = 0) universe. Current data (from combined Planck CMB
observations and LSS observations) suggests that the universe is nearly flat, with k = 0 [3]. Matter
on large cosmic scales is typically taken to be a perfect fluid, where dissipative processes between
particles like viscosity and heat conduction are negligible. The fluid can be characterized by its
density ρ and pressure P . The Friedmann equations are two differential equations that connect
the rate of expansion of the universe with its contents and curvature. They can be written as(

ȧ

a

)2

=
8πG

3
ρ− k

a2
, (1.1)

ä

a
= −4πG

3
(ρ+ 3P ), (1.2)

where ȧ is the time derivative of the scale factor a(t) and ä is the second derivative. ρ is the total
average energy density of the universe, summing all components (both dark and baryonic matter,
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radiation, and dark energy) as ρ = ρm + ρr + ρΛ. The quantity P is the total pressure from all
the components. This thesis will consider the case of pressureless CDM, which has P = 0.

The Hubble parameter H(t) quantifies how the scale factor changes over time, and is defined
as

H(t) =
ȧ

a
. (1.3)

Often the Hubble parameter is defined in a dimensionless way, as h = H0/100 km s−1 Mpc−1.
The measured value is h ≈ 0.7 (though with some currently unreconcilable disagreements; see the
discussion on the Hubble Tension in [4]). For the purposes of this thesis, equations will typically
use comoving coordinates r = a(τ)x which factor out the underlying universal expansion. The
corresponding ‘conformal time’ τ is defined with respect to the cosmic time t by dτ = dt/a(t).
Using conformal time, one can define a ‘conformal Hubble parameter’ as H = d ln a/dτ = aH.

The critical density ρcrit is the theoretical value marking the boundary between an open (k =

−1) universe with ρ < ρcrit, and a closed (k = 1) universe with ρ > ρcrit. Because our universe
has been found to be nearly flat, its average density ρ0 at present day is thought to be ρ0 ≈ ρcrit,0.
The density parameter Ω is a dimensionless quantity describing the fraction of ρcrit contributed
by each component (eg. matter, radiation, and dark energy) to the total density, such that
ρ/ρcrit = Ωtot = Ωm + Ωr + ΩΛ + ..., where the total density parameter Ωtot ≈ 1 in the case of
a flat universe. For example, Ωm represents the density parameter for matter, both baryonic and
dark. It can be defined alongside ρcrit as

ρm = Ωmρcrit = Ωm
3H2

8πG
= Ωm

3H2

8πGa2
, (1.4)

where ρm is the average matter density, H is the Hubble parameter, and H the conformal Hubble
parameter. With baryons and dark matter considered together, it is thought that the matter
density parameter at present day is Ωm,0 ≈ 0.30 [2].

1.1.3 The Evolution of the Universe
The universe is thought to have gone through several main phases in its history following the
Big Bang. The first was inflation, a brief early period of accelerated expansion driven by an
extraordinarily high energy (thought to be ∼ 1015−1016 GeV) which is still largely not understood.
This mysterious phase provides solutions to a number of problems associated with the Hot Big
Bang model, such as the horizon problem (the question of why the universe is homogeneous
on the largest scales) and the flatness problem (the conundrum of explaining why our universe
appears so nearly flat). In its simplest form, inflation was driven by the potential energy of a
scalar field φ called the ‘inflaton’. The potential energy was nearly constant, allowing it to play
the role of a cosmological constant driving the exponential expansion of the universe. There are
numerous alternatives to this model which will be briefly discussed in Section 1.3. Regardless,
inflation flattened and smoothed out the universe, but also was characterized by tiny quantum
fluctuations in the inflaton field. These tiny fluctuations are then thought to have been the seeds
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which gradually grew into large-scale structures of the universe today [5].
After inflation ended, the universe expansion slowed down and transitioned into the radiation-

dominated era, where the energy density was mainly comprised of radiation (ρr ∝ a−4). Crucially
near the end of this phase was the release of the Cosmic Microwave Background Radiation (CMB).
At this time, the universe had cooled enough (to about 3000 K) for protons and electrons to
combine into neutral hydrogen atoms in a process called recombination. This led to the emittance
of light in a near-perfect blackbody, but including the small temperature fluctuations first seeded
by the inflaton field. The CMB serves as a footprint of the early universe, which we have now
observed and studied through missions such as WMAP and Planck [6, 7, 2].

As the universe expanded and cooled further, the energy density of matter (ρm ∝ a−3) became
more significant than radiation, leading to the matter-dominated era. Mainly during this phase
the gravitational pull of dark matter and baryonic matter drove the formation of galaxies and
other cosmic structures from the small perturbations. This process (elaborated further in Section
1.2) resulted in a highly irregular distribution of matter, which is studied today through surveys
of galaxies and other tracers. Only in fairly recent times did the universe enter the dark energy-
dominated era, where an enigmatic constant energy component, called dark energy (ρΛ ∝ a0),
is now driving the accelerated expansion of the universe and slowing down structure formation.
These phases highlight the dynamic nature of the universe’s expansion over time.

1.2 Large Scale Structure
The standard Friedmann-Robertson-Walker model correctly depicts the overall evolution and ex-
pansion of the universe from a radiation-dominated initial state, to matter dominated, and then
finally through a dark-energy dominated phase. However, this spatially homogeneous and isotropic
model is not sufficient to mimic the true distribution of matter and energy today, which is only ef-
fectively homogeneous on the largest scales. In the early post-inflation universe, it is thought that
the density was nearly uniform, except for some low-amplitude fluctuations on top of an otherwise
homogeneous and isotropic background. Present surveys of the large-scale distribution of matter
– traced by galaxies for example – have instead painted a picture of a complex ‘cosmic web’. This
cosmic web is thanks to gravity, which caused those initially low-amplitude density fluctuations
left over from the inflationary era to gradually coalesce and form the large-scale structures we
observe today.

Gravitational growth is opposed by two major phenomena. The first is the background expan-
sion of the universe. As the universe expands, the physical distance between matter particle grows,
opposing the force of gravity attempting to bring the particles together. When dark energy comes
to dominate in the late universe, and the universe expansion accelerates, this effect becomes even
more potent. The universe therefore experiences an ongoing competition between the underlying
expansion of space pulling matter apart, and the force of gravity pulling matter together. The
second phenomenon is the pressure on baryons and photons. In the particular case of baryons
and photons, their non-zero pressure inhibits gravitational growth. This is because the pressure
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is higher in the overdense regions, which counteracts further growth of the overdensity.
This thesis focuses on simulations of collisionless cold dark matter (CDM) density perturbations.

Theoretically, CDM is pressureless and does not interact with the other components of the universe
through any avenue besides gravity. Therefore, the evolution of the CDM overdensities follows
directly from the evolution in the gravitational potential and the background expansion of the
universe. Besides this simplicity, the main reason for focusing on CDM is that dark matter makes
up most of the matter density in the universe. In fact, at late times, the baryon distribution
closely follows that of the dark matter distribution. Therefore, characterizing the distribution of
CDM today is a powerful first step in predicting the power spectrum of visible baryonic matter
tracers, such as galaxies.

The parameter σ8 is an important cosmological quantity that characterizes the clustering of
matter on large scales, in particular on the scale of 8 megaparsecs (Mpc). Specifically, σ8 measures
the root-mean-square (RMS) fluctuation of the matter density field within spheres of radius 8 Mpc
in the present-day universe. This essentially quantifies how clumped the distribution of matter is
on large scales. It is formally defined as

σ8 =

√√√√〈(δM

M

)2
〉

R=8h−1Mpc

, (1.5)

where δM/M represents the fractional mass fluctuation within the 8 Mpc spheres, and the brackets
⟨...⟩ represent the ensemble average over many such spheres. The value for σ8 has been measured
to be approximately 0.80 [2].

1.3 Non-Gaussianity

A Gaussian field is a type of random field where the statistical distribution of values at different
points is entirely characterized by a Gaussian distribution. Gaussian fields often emerge as the
result of the central limit theorem, which states that the sum of a large number of independent
random variables will tend to be Gaussian, regardless of the individual distributions [8].

Under the standard cosmological model, the initial condition immediately after inflation was
a Gaussian, adiabatic, and nearly scale-invariant density field borne from quantum fluctuations.
This Gaussian field, subsequently processed by gravitational evolution, became non-Gaussian.
This is due to the nonlinear nature of gravitational interactions, which introduces coupling between
initially independent modes. Eventually, structures such as galaxies, clusters, and filaments began
to form, leading to strong deviations from Gaussianity. The matter density field today is highly
non-Gaussian, marked by prominent features like voids and clusters that cannot be adequately
described by a Gaussian distribution.
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1.3.1 Primordial Non-Gaussianity
Under the current standard model of cosmology, the primordial adiabatic perturbations are nearly
perfectly Gaussian. This is because the most basic models of inflation assume a single scalar free
field φ, in which the action is quadratic and there is no mechanism to mix perturbation modes
(such as through interactions). As a result, each mode is an independent stochastic Gaussian
process [5]. Moreover, the scalar perturbations are thought to be nearly scale-invariant, with a
spectral index ns ≈ 1 (It has in fact been measured as ns = 0.9649± 0.0042 at 68% CL by [3]).

However, there exists great interest among cosmologists in looking for initial deviations from
Gaussianity, before the effects of gravitational evolution. Such a scenario is called Primordial
Non-Gaussianity (PNG). A multitude of inflationary models have been investigated for the PNG
signal they would produce (eg. [9, 10, 11, 12]). However, PNG has not been observed as of
yet. Strongly non-Gaussian initial conditions have already been ruled out by CMB and LSS
observations (see, for example, the upper limits set by the Planck experiment in [13], which place
the upper bound of PNG at ≲ 0.1% the amplitude of the Gaussian field component). Some small
amount of non-Gaussianity could nonetheless be possible below currently-established upper limits
[14].

Any such deviation from Gaussianity can supply knowledge about the early universe, and in
particular on the mechanism driving inflation. Different inflationary models produce different
shapes and amplitudes of PNG. Measuring the characteristics of PNG would therefore allow the
possibility of constraining the interactions, symmetries, and degrees of freedom governing inflation.
The simplest ‘slow roll’ inflation models, involving a single scalar field φ, predict a tiny PNG
signature too small to presently observe. For this reason, any observed PNG signal would be what
is often described as the ‘smoking gun’ of non-standard inflation models [5].

We have entered a new era of ‘precision cosmology’ where measurements have needed to get more
and more precise to refine our cosmological model. The latest Planck observations of the CMB
have already put tight constraints on PNG, and the CMB temperature is reaching its limitation
in being observed any more precisely (due to, for example, Silk damping of smaller-scale modes).
Estimates have suggested that it is likely that further CMB observations may improve constraints
on PNG by at most a factor of ∼ 2 [15, 16]. Therefore in the quest to further constrain non-
Gaussianity, LSS is an enticing alternative. Unlike the CMB which is a 2D projection on the sky,
galaxy clustering can be mapped out in three dimensions. According to [17], for the case of weak
PNG, the majority of non-Gaussian information is initially contained within the bispectrum of
primordial cosmological perturbations. A 3D map of structure, such as a galaxy survey, contains
more bispectrum modes than a two-dimensional CMB map.

A difficulty with using LSS, however, is that it is observed at low redshifts. This makes PNG
harder to parse out, especially at smaller scales. At low redshifts, the PNG signal is expected to
have an extraordinarily small amplitude (by a factor of ∼ 1000) compared to the non-Gaussianity
introduced by the nonlinear gravitational evolution of the perturbations [17]. To extract the dilute
PNG signal, one must therefore differentiate it from the much larger non-primordial signal; this
is not a trivial task [18].
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Another problem is how to best capture the information about PNG within summary statistics.
It is computationally demanding to examine large 3-dimensional surveys (eg. galaxy surveys) at
field-level; instead, the information typically needs to be condensed into summary statistics, such
as the bispectrum, that can then be compared to predictions from cosmological models. This
comes with the advantage that summary statistics can be easier to physically interpret. That said,
it is still unclear at low redshifts what is the optimal combination of summary statistics to best
describe various types of PNG. The goal is to find the summary statistics which are informative
enough compared to field-level, without the computational demand of field-level inference. [18].

In this thesis, two key summary statistics, the power spectrum and bispectrum, are calculated
in Chapter 3 from 1-dimensional simulations. Then in Chapter 4, the information content from the
power spectrum is compared to field level for the cosmological parameters Ωm and σ8 using their
Fisher matrices. The main goal of this exercise is to examine how much information is lost between
a field-level inference and compression into a power spectrum alone. There are many promising
avenues for further exploration beyond this thesis; the most obvious being a computation of the
Fisher matrix for the bispectrum as well. Possible future directions will be discussed further in
Section 5.1.
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2
Perturbation Theory and the Universe in

1+1 Dimensions

2.1 Perturbation Theory

The most straightforward way to simulate gravitational evolution of fluctuations is to make an
N-body simulation. However, this can become very computationally expensive when dealing with
a large number of particles or when exploring a large cosmological parameter space. Therefore, to
attempt to describe observations, cosmologists often use ’perturbation theory’. This thesis does not
review all perturbation theory in great detail, but the interested reader can consult reviews such
as [19]. Perturbation theory, as its name suggests, assumes that any deviations from homogeneity
can be treated as small perturbations. This allows their gravitational evolution to be treated
systematically as a series expansion around the homogeneous background solution.

This thesis will focus on perturbation theory in the Newtonian limit, rather than the full general
relativistic perturbation theory. This is because CDM particles are non-relativistic, so at scales
below the Hubble radius the equations of motion are approximately the same as Newtonian gravity
[19].

The Newtonian gravitational potential Φ at some position r is created by the local matter
density ρm(r),

Φ(r) = G

∫
d3r′

ρm(r′)

|r′ − r|
, (2.1)
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where G is the gravitational constant. For a large number of particles, one can assume to have a
smooth gravitational potential which causes the particles (of a velocity v) to accelerate:

dv

dt
= −∂Φ

∂r
. (2.2)

One can also define the cosmological gravitational potential ϕ, which factors out the underlying
expansion of the universe such that ϕ depends only on the density fluctuations [19]. This equation
(and the ones hereafter) are expressed with the comoving coordinate x and conformal time τ . This
ϕ relates to Φ as

Φ(x, τ) ≡ −1

2

∂H
∂τ

x2 + ϕ(x, τ). (2.3)

The potential ϕ obeys the Poisson equation:

∇2ϕ(x, τ) = 4πGρ̄m(τ)a2(τ)δ(x, τ) =
3

2
Ωm(τ)H2(τ)δ(x, τ). (2.4)

Perturbations are typically represented by the density contrast δ(x, τ), which can be written
from the local matter density ρm(x, τ) and mean matter density ρ̄m(τ) as

ρm(x, τ) ≡ ρ̄m(τ) [1 + δ(x, τ)] , (2.5)

where here the time dependence τ is explicitly included, to emphasize that the perturbations
evolve with time. A perturbation is considered ’small’ as long as |δ| ≪ 1. This tends to generally
hold true at early times and on large scales, when the growth of structures has not yet entered
the ‘nonlinear’ regime.

The peculiar velocity u(x, τ) of a particle is defined as its deviation from the Hubble flow:

v(x, τ) ≡ Hx+ u(x, τ). (2.6)

The main cornerstones of Perturbation Theory are the continuity and Euler equations. The
continuity equation represents the conservation of mass, and the Euler equation the conservation
of momentum. They each respectively can be written in terms of δ and u as

∂δ(x, τ)

∂τ
+∇ · {[1 + δ(x, τ)]u(x, τ)} = 0, (2.7)

∂u(x, τ)

∂τ
+H(τ)u(x, τ) + u(x, τ) · ∇u(x, τ) = −∇ϕ(x, τ)− 1

ρm
∇j(ρm σij). (2.8)

The σij(x, τ) in Equation 2.8 is the stress tensor of the cosmological fluid. The continuity and
Euler equations are actually only the first two equations of the full Boltzmann hierarchy, but the
hierarchy can be closed if an assumption is made for σij(x, τ). The stress tensor describes how
much the motion of the particles deviates from a singular stream. If one assumes there is a single
stream, then σij ≈ 0. Assuming a single stream is a decent approximation in the early phases of
gravitational evolution and on large scales. However, σij ≈ 0 ceases to be true when there are
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multiple streams; this phenomenon of ‘shell crossing’ is discussed further in Section 2.2.2. For
many applications of perturbation theory though, it is assumed that the cosmological fluid is a
pressureless, perfect fluid with σij ≈ 0, such as for CDM. Moreover, it is often assumed the velocity
field has no vorticity, and can be completely described by its divergence θ(x, τ) = ∇·u(x, τ). This
is because if σij ≈ 0 and there is no primordial vorticity (as is such for a pressureless perfect fluid),
then the vorticity will continue to be zero at later times [19].

At the largest scales, the density fluctuations in the universe are relatively small enough (δ ≪ 1,
θ ≪ 1) that Equations 2.7 and 2.8 can be truncated to only the terms which depend linearly on
fluctuations. This is the basis of Linear Perturbation Theory, and results in a density contrast
that is proportional with the initial field: δ(x, τ) = D1(τ)δ(x, 0). One can also expand δ and
θ about their linear solutions into higher orders, as is done in Eulerian Non-linear Perturbation
Theory.

There are a number of advanced approaches aiming to extend the validity of perturbation
theories beyond shell crossing and into the multistreaming regime. For example, the Effective Field
Theory of Large Scale Structure uses smoothed density and velocity fields for which perturbation
theory is still valid. The theory then accounts for the small-scale, nonlinear physics that cannot
be directly modeled, by simply enclosing it into effective terms. These new terms absorb the
contributions from small scales and their values must be informed by outside information such as
separate N-body simulations [20].

2.1.1 Lagrangian Perturbation Theory

The Lagrangian framework is essentially a reformulation of non-linear perturbation theory,
where rather than solving for the density and velocity fields in a fixed coordinate system, one
instead follows the trajectories of the particles or fluid elements [19]. This can be a particularly
useful approach for understanding the growth of cosmic structure into the mildly nonlinear regime,
because it can describe large-scale flows and bulk motions without requiring high-order corrections.
In Lagrangian Perturbation Theory (LPT), one solves for the displacement field Ψ(q, τ), which
is a mapping from the initial position q to the final position x(τ) of each particle (in Eulerian
comoving coordinates at some conformal time τ). The particle position can thus be expressed as

x(τ) = q+Ψ(q, τ), (2.9)

where at an initial time τ0, Ψ(q, τ0) = 0 [19].
Mass is conserved as particles move from their initial positions q to the final Eulerian positions x;

the mass contained within a volume element in Eulerian space is thus equal to the mass contained
in the corresponding volume element in Lagrangian space. The density field must therefore obey
the continuity relation

ρ̄m (1 + δ(x)) d3x = ρ̄m d3q. (2.10)
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The Euler equation is linearized and then expressed in Eulerian coordinates as

d2x

dτ2
+H(τ)

dx

dτ
= −∇xϕ, (2.11)

where the time-dependence of x has been left implicit for readability. The equation describes the
motion of particles in a cosmological gravitational potential ϕ, where ∇x is the gradient operator
in Eulerian comoving coordinates x.

Given the relationship between x and Ψ in Equation 2.9, Equation 2.11 can alternatively be
written in terms of Ψ as

d2Ψ(q)

dτ2
+HdΨ(q)

dτ
= −∇xϕ(q+Ψ(q)). (2.12)

If one takes the divergence of Equation 2.12 and substitutes in Equation 2.4 for ∇2
xϕ, Equation

2.11 can then be expressed as

J(q, τ)∇x ·
[
d2Ψ

dτ2
+H(τ)

dΨ

dτ

]
=

3

2
ΩmH2(J − 1), (2.13)

where J(q, τ) is the Jacobian that encodes the transformation between Eulerian and Lagrangian
space. The right hand side has made use of the continuity relation in Equation 2.10, which allows
the Jacobian J(q, τ) to be expressed with

1 + δ(x) =
1

Det (δij +Ψi,j)
≡ 1

J(q, τ)
, (2.14)

where Ψi,j = ∂Ψi/∂qj [19]. The gradient ∇x can also be converted into Lagrangian coordinates
∇q = ∂/∂q by noting that ∇xi

= (δij +Ψi,j)
−1 ∇qj .

LPT aims to perturbatively solve the differential equation, Equation 2.12, for the displacement
field Ψ. LPT treats the displacement field as a perturbative series. The zeroth-order solution
represents an unperturbed universe, the first-order solution corresponds to the Zel’dovich approx-
imation (see Section 2.2.1), and higher-order terms provide additional corrections to account for
nonlinearities in the matter distribution [21]:

Ψ(q, τ) = Ψ(1)(q, τ) +Ψ(2)(q, τ) +Ψ(3)(q, τ) + · · · (2.15)

2.2 The 1+1 Model
Cosmological perturbation theory is typically solved in three dimensions, but this thesis

considers instead a toy model with only one spatial dimension and one time dimension (hence the
nickname ‘1+1 model’). This approach has been used in the past by [22] to compare standard
Eulerian perturbation theory with Lagrangian perturbation theories and also to test ‘effective field’
theories of Large Scale Structure. The 1+1 model was also used in [23] to explore the breakdown
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of perturbation theory at shell crossing, and to consider the presence of an asymptotic attractor
solution deep in the multistreaming regime.

Physically, the 1+1 model requires all modes to be along a single direction. Rather than
picturing particles, the masses can best be envisioned as thin, infinite sheets of matter which
are restricted to travel along one axis. These sheets gravitationally interact with one another,
but the gravitational force is independent of the distance from each sheet. Therefore, how much
gravitational force a single sheet experiences depends only on the number of other sheets to the
left and right of it. Just as in real-world cosmology, the sheets travel within a Hubble flow that
works against the gravitational force. Perpendicular to the axis of movement, the Hubble flow also
stretches the sheets, causing their surface density to decrease as a−2. There are some similarities
between this 1D toy model and 3D cosmology. In the limit of two modes with wavenumbers of very
different magnitudes (ie. one very large and one very small), their coupling is the same in 1D and
in 3D, up to a geometric factor. This 1D situation does go against the usual statistical isotropy
assumed in cosmology. However, it is nonetheless still subject to the same dynamical equations
as in 3D, such as the continuity and Euler equations with matter treated as a pressureless fluid.
The one assumption lacking in 1D is that of the non-linear velocity being curl-free [22].

There are a number of advantages in using the 1+1 model. The first is that in 1D, the Zel’dovich
approximation turns out to be exact up to shell crossing, unlike in 3D. This can make it easier to
accurately isolate multistreams and consider their effects. Moreover, even post-shell crossing, the
exact dynamics can be recovered without doing a full N-body simulation [23]. This aspect will be
discussed more in Section 2.2.1. Simulating in one dimension also simply reduces the amount of
required computational power compared to 3D. All of the integrals d3k within calculations become
dk integrals, which allows for a larger range in wavenumber and higher orders of perturbation
theory to be calculated with the same computational resources [22].

Finally, it is simpler to assess 1D simulations at field-level compared to their 3D counterpart.
This is because it is much more computationally feasible in 1D to calculate the full field-level
likelihood than it is in 3D. In Chapter 4, the field-level Fisher matrix is computed, something
which would be difficult to accomplish in 3D. The field-level result can then be compared to Fisher
matrices from various summary statistics, such as for the power spectrum and the bispectrum. This
exercise thus allows one to determine just how much information is lost when a field is compressed
into summary statistics, and also experiment with new combinations of summary statistics to
find one which preserves the most information possible. This potentially useful finding in 1D can
subsequently be applied in future analyses in 3D, where the assessment at field-level is typically
not possible.

2.2.1 Exact Dynamics in 1+1 Dimensions
As was already alluded in the previous section, a main benefit of working in one dimension is
that the exact dynamics of the particles can be solved starting from the LPT framework, rather
than doing an entire N-body simulation. This section describes how the equation of motion for
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the particles is written and solved, both for cases with a single matter stream and for multiple
streams.

One starts with the same differential equation, Equation 2.12, used for LPT in general. But
because the calculation here is being done in one dimension, we now drop the vector notation
Ψ(q) and use Ψ(q) instead:

d2Ψ(q)

dτ2
+HdΨ(q)

dτ
= −∇xϕ(q +Ψ(q)). (2.16)

The one-dimensional displacement field Ψ(q, τ) can be used to express the density contrast δ(x)
at some time τ as

1 + δ(x) =

∫
dqδD[x− q −Ψ(q)]. (2.17)

The gravitational potential obeys the Poisson equation:

∇2
xϕ(x, τ) =

3

2
Ωm(τ)H2(τ)δ(x, τ),

=
3

2
Ωm(τ)H2(τ)

∫
dq (δD(x− q −Ψ(q, τ))− δD(x− q)) ,

(2.18)

where in the second line, δ(x, τ) has been expressed using Equation 2.17.
The force is then determined by taking the integral, such that

−∇xϕ(x, τ) = −3

2
Ωm(τ)H2(τ)

∫
dq (Θ(x− q −Ψ(q, τ))−Θ(x− q) + c(τ)) , (2.19)

where Θ(x) is the Heaviside theta function, and c(τ) is a possibly time-dependent integration
constant. This constant can be set to zero in the CMB rest frame, where the force vanishes so
long as the particles are unperturbed (ie. having Ψ(q, τ) = 0). From hereafter we assume to be in
this CMB rest frame, so c(τ) = 0.

Equation 2.19 can be thought of as simply counting how many sheets of matter are to the left
and right at each position x. This is because in one spatial dimension, the force is completely
independent of the distance. Consider for example the force at some position x, made by some
segment of matter of length dq, which was initially at some Lagrangian coordinate q. If the
segment was initially to the left of x for instance, and it has since moved to the right, then it
exerts an infinitesimal rightward force on x given by 3

2ΩmH2dq. On the contrary, if the segment
has remained to the left of x, then it will have not induced any change to the force on x. In
Equation 2.19, the Heaviside functions Θ simply keep track of the amount of matter (the number
of sheets) which have crossed over x, and in particular the sign of the crossing.

The Single-Stream Zel’dovich Approximation

The first-order solution to LPT is called the Zel’dovich Approximation (ZA). In this approximation,
one assumes that the displacement field Ψ(q) ≈ Ψ(1)(q) evolves linearly with the initial density
perturbations. This is called an ’approximation’ because in 3 dimensions, there are expected to
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be higher orders than just the linear one. But in 1D, it was shown by [22] that in the case of a
single matter stream, all the orders beyond linear are in fact zero. In one dimension, it can be
seen that Equation 2.14 reduces to

1 + δ = Det[1 +∇qΨ(q)]−1 (2.20)

and that the conversion between the Eulerian and Lagrangian gradients is now simply

∇x = (1 +∇qΨ(q))−1∇q. (2.21)

If one then takes the Eulerian gradient ∇x of Equation 2.16 and plugs in the Poisson equation
(the first line of Equation 2.18), it can be found that

(1 +∇qΨ(q))
−1 ∇q

[
d2Ψ

dτ2
+HdΨ

dτ

]
=

3

2
ΩmH2

(
1−Det[1 +∇qΨ(q)]−1

)
, (2.22)

and since in one dimension, Det[1 +∇qΨ(q)] = 1 +∇qΨ(q), it further reduces to

∇q

[
d2Ψ

dτ2
+HdΨ

dτ

]
=

3

2
ΩmH2∇qΨ(q). (2.23)

This is a linear equation, so the linear-order solution is the exact solution. Therefore in 1D
for a single matter stream, the Zel’dovich approximation is actually the exact form of LPT, and
Ψ(q) = Ψ(1)(q) [22]. Moreover, [22] showed that in 1D, standard nth Eulerian perturbation theory
converges to the Zel’dovich approximation for n → ∞. Going to higher and higher orders becomes
more and more computationally heavy. The Zel’dovoch approximation thus gives one the privilege
in 1+1 dimensions to outright avoid using such high-order SPT in the single-stream case.

The solution for Ψ(q) from the Zel’dovich approximation can be expressed in the form

∇qΨ = −D1(τ) δ(q, 0), (2.24)

where δ(q, 0) is the density field specified by initial conditions at τ = 0, and D1(τ) is a linear
growth factor [19].

The Multi-stream Dynamics

Although the Zel’dovich approximation solves LPT in one dimension, this does not imply that
the Zel’dovich approximation in itself provides an exact representation of the true gravitational
evolution. In the Zel’dovich approximation the fluid elements evolve locally; they do not depend
on the evolution of the other fluid elements. However, this assumption eventually breaks down
at ’shell crossing’. As mentioned in Section 2.1, the ‘single stream approximation’ is a common
assumption made in perturbation theories. By setting σij ≈ 0, one is setting the velocity dispersion
to zero. Each spacetime point thus has only a single velocity value (a single stream). Eventually
however, gravitational evolution proceeds to a state where there can be multiple matter streams
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in the same spacetime point. This phenomenon is called ’shell crossing’. Shell crossing is the point
at which fluid elements can attain the same Eulerian position x despite having had different initial
positions q. At shell crossing, the Jacobian encoding the transformation between Eulerian and
Lagrangian coordinates vanishes, and Equation 2.20 becomes infinite [22].

The mathematics of shell-crossing in 1D is explained in [23], but will also be outlined here using
their equations. To identify shell-crossing points, one must first identify (for some position x̄) the
elements with q = qi(x̄) that make the following equation zero,

x(q, τ)− x̄ = q +Ψ(q, τ)− x̄ = 0, (2.25)

so the qi(x̄) are thus the roots of the equation. The index i identifies each root i = 1, 2, 3... ordered
so that they are monotonically increasing. The position x(q, τ) is required to be a continuous
function of q, taking values (−∞,∞). This implies that for any x̄, there will always be an odd
number of roots qi(x̄). Each root solves the equation

qi +Ψ(qi, τ) = q +Ψ(q, τ) = x(q, τ), (2.26)

where it can be seen that there will always exist at least one solution, qi(x) = q(x). If for some
position x the only root is this q(x) itself, then there has been no shell crossing at that point;
there is a single stream. But when two new real roots qj(x, τ) and qj+1(x, τ) appear at some
time τ , shell crossing has occurred. It is also possible to have 5 roots or more at some position x.
Any place where there exists more than one root is a ’multistreaming region’, with the number of
streams corresponding to the number of roots.

[23] demonstrated that the integral on the right-hand side of Equation 2.19 can be expressed
in terms of an arbitrary number of roots qi as

lim
L→∞

∫ L/2

−L/2

dq
(
Θ(x− q −Ψ(q, τ))−Θ(x− q)

)
= −

Ns(x,τ)∑
i=1

(−1)i+1Ψ(qi(x, τ), τ), (2.27)

where Ns(x(q, τ), τ) is the number of roots (the number of streams) in x. The equation of motion
(Equation 2.16) can then be written as

d2Ψ(q, τ)

dτ2
+HdΨ(q, τ)

dτ
=

3

2
Ωm(τ)H2

Ns(x(q,τ),τ)∑
i=1

(−1)i+1Ψ(qi, τ). (2.28)

If at a given position x there is no shell crossing, then Ns(x(q, τ), τ) = 1 at that point. In this
single-stream case, the Lagrangian Perturbation Theory reduces exactly to the first-order solution
(the Zel’dovich approximation). But in the multistream case, the force term on the right hand side
becomes nonlocal in Lagrangian space and can no longer be represented perturbatively like in the
Zel’dovich approximation. When particles cross one another, the force on each particle changes
sign; but under the ZA the particles have no choice but to continue along their current ballistic
paths. Instead, using the full form of Equation 2.28 allows one to recover the exact dynamics

16



post-shell-crossing.
The practical difficulty in solving Equation 2.28 is the right-hand side force term. [23] describes

how one can solve it numerically. First, the logarithm of the scale factor is taken to be a ”time”
variable, here called η, defined as

η = log
a

a0
= − log(1 + z). (2.29)

The equation of motion, Equation 2.28, can then be written as a system of equations in terms
of η:

∂ηΨ(q, η) = χ(q, η),

∂ηχ(q, η) = −1

2
χ(q, η) +

3

2
Ωm(η)

Ns(x,η)∑
i=1

(−1)i+1Ψ(qi(x, η), η).
(2.30)

The system of equations is given an initial condition, at some early η, where one can assume
the growing mode is described by linear perturbation theory such that

Ψ(q, ηin) = χ(q, ηin) =
v(q, ηin)

H(ηin)
, (2.31)

where v(q, ηin) is the peculiar velocity. The system of equations can then be solved numerically,
in the following way. At each time step, for each position x, the set of roots {qi} are identified for
the equation x− q−Ψ(q, η) = 0. Then for each q, the corresponding x = q+Ψ(q, η) is calculated.
Both Ψ(q, η) and χ(q, η) are evolved forward by one time step, and their calculation depends on
the previous set of roots {qi} via the summation in Equation 2.30.

This algorithm is then tested by [23] by applying some simple initial conditions and seeing how
they evolve. They start with a single Gaussian overdensity and find that before shell crossing, the
solution found by the algorithm is exactly the same as the Zel’dovich Approximation. After shell
crossing, as expected, the solution diverges from the ZA. They also consider an additional initial
condition, with another smaller Gaussian feature added on top, and find the same phenomenon.

2.2.2 The 1+1 Simulations
This thesis uses an ensemble of 1000 simulations, generated using the exact one-dimensional LPT
framework described above. The 1-dimensional ’box’ has a length of L = 3000 Mpc, and there are
Np = 20,000 particles in each simulation. In Fourier space this results in a maximum wavenumber
kNyquist = 20.944 and fundamental frequency kf = 0.00209. The main fiducial cosmological
parameters used for the simulations are h = 0.6781, Ωm = 0.3, Ωb = 0.04867, and σ8 = 0.8052.
The spectral index of the primordial scalar power spectrum is taken to be ns = 0.9660. Later in
Chapter 4, simulations with two non-fiducial values each for Ωm and σ8 are used in calculating
the Fisher matrix. These non-fiducial values are presented in Table 4.1.
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Each of the 1000 simulations is seeded from a random Gaussian initial field δin. A linear theory
power spectrum PCAMB is first generated using the cosmological transfer function code CAMB at
z = 0 [24]. This power spectrum is then scaled back to a redshift z = 100, using the linear growth
factor computed from the cosmological parameters. The power spectrum is translated from 3
dimensions into 1 dimension using Equation 3.16. The resulting power spectrum PL, at z = 100,
then dictates the Gaussian initial conditions for the simulations. The simulations are calculated
for 300 time steps between z = 100 and z = 0.

Identifying Multistreaming Regions

For this thesis, there will be a particular interest in the multiple-stream regions in these 1+1
simulations. This is because in these regions, one expects to have collapsing structures that have
mostly lost their cosmological information. In Chapter 4 Section 4.1, the field-level Fisher-matrix
will be calculated, both including and excluding the identified multistreams. Comparing the Fisher
matrices, it can be verified that the multistreaming regions do not contain much in the way of
cosmological information, and can generally be removed before inferring cosmological parameters.

Using the algorithm described above, the multistreams are identified at each time step in
each simulation. A visual example of multistreaming is shown in Figure 2.1 for one simulation,
zoomed in on a 70 Mpc segment. This plot shows the Eulerian x vs. Lagrangian q coordinate for
each particle. The particles highlighted in red are ones for which streams have already crossed,
whilst the single-stream regions are plotted in green. Visually, the multistream regions appear as
segments which are either horizontal or have a negative slope in x vs. q.
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q
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Simulation #7
multistreaming region

Figure 2.1: Example of multistreaming at z = 0, in a plot of x vs. q
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3
Summary Statistics

How does one statistically describe a non-Gaussian field? This is a rather difficult question. For
a Gaussian field, all the information about the field is contained solely in its two-point correlation
function (or equivalently its Fourier transform, the power spectrum). However, for a strongly
non-Gaussian field, the power spectrum alone is insufficient. Moreover, there is usually not one
statistic that entirely encodes non-Gaussianity on its own. The simplest statistic that measures
non-Gaussianity is the 3-point function, or the bispectrum. Other statistics such as the 4-point
function (trispectrum) and ’marked’ power spectrum have also been employed ([18]). This thesis
focuses on the power spectrum and bispectrum, but there are a number of other statistics which
can contain information from non-Gaussianity.

3.1 The Power Spectrum

Let ρ(r) be the cosmic density field in physical space, and ρ̄ be the mean density. The density
contrast δ(r) is generally defined as

δ(r) =
ρ(r)− ρ̄

ρ̄
. (3.1)

To calculate the power spectrum, one must first transform this δ(r) into Fourier space. If one
assumes a large cosmological volume Vµ in which ρ(r) adequately represents the entire cosmic
density field, and that ρ(r) can be assumed to be periodic, the Fourier transform of δ(r) can be
defined as
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δ(k) =
1

Vµ

∫
Vµ

δ(r)eir·k dr. (3.2)

Assuming δ(k) has isotropic statistics, the power spectrum P (k) is then expressed as

⟨δ(k)δ(k′)⟩ = δD(k+ k′)P (k), (3.3)

where k and k′ are two wavenumbers [19]. This can also be expressed more compactly as

P (k) ≡
〈
|δ(k)|2

〉
, (3.4)

where ⟨...⟩ represents the ensemble average [25]. This thesis assumes a one-dimensional version
of isotropy, ’reflection invariance’ in which P (k) = P (−k) [22].

Oftentimes cosmologists do not work directly with a continuous field, but rather with a dis-
tribution of discrete tracers (eg. the dark matter particles in this thesis). The density field ρ(r)

is then represented by a discrete number density distribution, and the discrete density contrast
δd(k) is written as

δd(k) =
1

Vµn̄

∫
Vµ

n(r)eir·kdr− δKk,0, (3.5)

where n(r) =
∑

j δ
D(r − rj) is the number density comprised of a summation of Dirac delta

functions δD(r), rj is the coordinate of object j, and n̄ is the mean number density. Furthermore,
the volume Vµ can be broken up into infinitesimal elements dVi which each contain only 1 or 0
particles. In this case, δD(r) can be expressed with

δd(k) =
1

N

∑
i

nie
iri·k − δKk,0, (3.6)

where ni can only be either 0 or 1, and N is the total number of objects in Vµ. In this case,
the power spectrum can be expressed from δd(k) as

P (k) ≡ ⟨|δ(k)|2⟩ = ⟨|δd(k)|2⟩ − 1

N
, (3.7)

where 1/N is a ’shot noise’ term accounting for the discreteness of the particles [25].
Due to computational limitations, oftentimes the power spectrum is grouped into wavenumber

bins of width ∆k to make a ’binned’ power spectrum P̂ (k) that is averaged within each bin. In 3
dimensions this is expressed by [26] as

P̂ (k) =
1

Vbin

∫
bin

d3q |δ(q)|2 , (3.8)

where q are the individual wavevectors in the bin, and Vbin =
∫

bin d
3q is the volume of the bin,

which collapses to Vbin =
∫

bin dq in the one-dimensional case.
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3.1.1 The Count-in-Cell Scheme

When calculating the Fourier transform of δ(r) for a discrete particle distribution, it can be useful
to use a Fast Fourier Transform (FFT) algorithm. This is because for a large number of parti-
cles, calculating the discrete Fourier Transform directly from the summation in Equation 3.6 can
become rather computationally prohibitive. However, the FFT requires that the number density
n(r) is sampled on a uniform, evenly-spaced grid. The Count-in-Cell (CIC) scheme interpolates
particles onto a grid, creating a density field that can be efficiently Fourier-transformed with FFT
algorithms. Using the FFT, the resulting density contrast δf (k) can then be expressed as

δf (k) =
1

N

∑
g

nf (rg)e
irg·k − δKk,0, (3.9)

where there are g grid points each with a position rg, and nf (rg) is the convolved number
density at each grid point. According to [27] and [25], the convolution itself is written as

nf (rg) =

∫
n(r)W (r− rg)dr, (3.10)

where W (r) is the ’mass assignment function’ which determines the mass at each grid point.
There are many choices for mass assignment functions, with CIC being one of the most common.
For the CIC scheme in particular, the mass assignment can be expressed in real space with

W (xi) =

1− |xi|, |xi| < 1

0, else
(3.11)

where xi is the i-th component of x. In three dimensions there would be three components
(i=1,2,3), but for one dimension, x1 is the only component. Moreover, the total mass assignment
function W (r), which is typically a product of the three components as W (x) =

∏
i W (xi), reduces

to W (x1) in 1D. The CIC mass assignment function can be described in Fourier space as

W (ki) =

 sin
(

πki

2kN

)
(

πki

2kN

)
2

, (3.12)

where kN = π/H is the Nyquist frequency and H is the spacing between grid points [28].
Confining particles to a discrete grid results in augmentations to δ(k) which therefore has

an effect on the measured power spectrum and bispectrum. According to [27], the FFT power
spectrum estimator in 3 dimensions, taking into account the window function, is

⟨|δf (k)|2⟩ =
∑
n

|W (k+ 2kNn)|2P (k+ 2kNn) +
1

N

∑
n

|W (k+ 2kNn)|2,

=
∑
n

|W (k+ 2kNn)|2P (k+ 2kNn) +D2(k),
(3.13)
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where the summation is over all 3D integer vectors n.
The first term in Equation 3.13 is difficult to extract P (k) from. The summation is over n, but

the contribution where n = 0 is the only one intended to be measured. The n ≠ 0 terms are aliases
which prevents one from easily recovering the true power spectrum P (k). The window function
in Equation 3.12 is equal to 1 at k = 0, but decreases as k > 0. To account for this ’smearing’
or ’smoothing’ effect, for k ≤ kN , the density contrast in Fourier space can simply be divided by
the window function as δf (k)/W (k) [25]. This still leaves the ’aliasing’ effect unaccounted for;
however, this effect is expected to be an issue only at the largest wavenumbers k ≈ kN and has
to be handled in a less straightforward way (such as with the iterative scheme presented in [27]).

On the other hand, according to [27] the shot noise term D2(k) for the CIC case can simply be
expressed (here specialized to one dimension) as

D2(k) ≈ 1

N

[
1− 2

3
sin2

(
πk

2kN

)]
. (3.14)

3.2 The Power Spectrum in 1D
Using the equations from Section 3.1, the power spectrum is calculated from the 1+1 simulations
at z = 0. Because there is only one spatial dimension, all the modes k∥ lie along a single axis
and there are no perpendicular modes k⊥ that contribute. According to [22], the power spectrum
P (k) at a given redshift z can therefore be written as

P (k∥,k⊥; z) = P1d;z(k∥)(2π)
2δD(k⊥). (3.15)

Working in one dimension gives the advantage of being able to calculate the Fourier transform
using the ‘brute force’ summation approach in Equation 3.6, because there are few enough points
for this Fourier Transform to be computationally tractable. Using this approach, one can avoid the
step of gridding the particles with the CIC scheme in Section 3.1.1, as was required for the FFT.
For this particular work, it was found that the two methods (’brute force’ Fourier transform vs.
the CIC+FFT) yielded virtually the same power spectrum except at very small scales (k ≳ 10) at
which point aliasing effects from the CIC scheme start to become relevant. The power spectrum is
individually calculated for all 1000 simulations, and then averaged to produce the final measured
power spectrum. In presenting the power spectrum here it is kept unbinned, but the binned power
spectrum will become useful later in Chapter 4 when calculating the Fisher matrix.

The measured power spectrum can be compared to the linear CDM power spectrum from
CAMB, PL at z = 0, which had been used to initialize the simulations in Section 2.2.2. CAMB
calculates the power spectrum for three dimensions though, so the outputted power spectrum
PCAMB needs to be converted into a one-dimensional ‘CDM-like’ form. According to [22] this
conversion can be written at a given redshift z as

π−1kPL(k; z) = (2π2)−1k3PCAMB(k; z). (3.16)

22



Moreover, the power spectra are plotted here in their dimensionless form, which in 1D is defined
with

∆2 ≡ k∥P (k∥,k⊥; z)/π. (3.17)

Figure 3.1 shows the measured power spectrum from the 1+1 simulations, both for the ’brute
force’ Fourier transform and the CIC+FFT approach. The linear power spectrum PL is also
overplotted for comparison.
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Figure 3.1: The measured power spectrum from the 1+1 simulations, compared with linear theory

3.3 The Bispectrum in 1D
Assuming isotropic statistics, the bispectrum B(k1, k2) is defined as

⟨δ(k1)δ(k2)δ(k3)⟩ = δD(k1 + k2 + k3)B(k1, k2), (3.18)

where δD(k1+k2+k3) is the condition constraining the three wavevectors to form a triangle, such
that there are really only two free parameters k1 and k2. In one spatial dimension, the bispectrum
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is calculated entirely from flattened triangles. This is a natural byproduct of the triangle condition
for the wavevectors k1 + k2 + k3 = 0. Since all the wavevectors are confined along one axis, the
magnitudes strictly add as k1 = k2 + k3 rather than the usual triangle inequality k1 ≤ k2 + k3.
According to [29], the bispectrum in one dimension can be written as

B(k1, k2) = L−1 ⟨δ(k1)δ(k2)δ(−k1 − k2)⟩ , (3.19)

where L is the length of the box (the 1D volume).
In this work, the bispectrum is calculated using 1000 bins each for k1, k2, and k3. Within the

wavenumber bins, one must average over all values of δ(k1)δ(k2)δ(k3) that form a triangle. The
binned bispectrum B̂(k1, k2) (for binned wavenumbers k1, k2, k3) is written in 3 dimensions by
[26] as

B̂(k1, k2, k3) =
1

V∆

∫
bin 1

d3q1

∫
bin 2

d3q2

∫
bin 3

d3q3 δ(q1)δ(q2)δ(q3)δD(q1 + q2 + q3),

where V∆ ≡
∫

bin 1
d3q1

∫
bin 2

d3q2

∫
bin 3

d3q3 δD(q1 + q2 + q3),

(3.20)

and where qi represents each individual wavevector contained in the bin centered on ki. For this
thesis, the expression is collapsed into one dimension by simply integrating over

∫
bin i dqi instead

of
∫

bin i d
3qi.

The bispectrum is calculated for each of the 1000 simulations, and the final measured bispectrum
is taken to be the ensemble average of these. Figure 3.2 shows the measured bispectrum, plotted
on the k1 vs. k2 plane. It can be seen that the bispectrum peaks at configurations where both k1

and k2 are small. For larger wavenumbers, the bispectrum magnitude is higher when k3 ≪ k2 ≈ k1

(squeezed triangles). Conversely, the magnitude of the bispectrum is lowest at large wavenumbers
with k2 = k3 = k1/2 (flattened triangles).

3.3.1 The Theoretical Bispectrum from Tree-level SPT
In three dimensions, it is possible for the bispectrum to peak for equilateral triangles with k1 =

k2 = k3. But in one dimension, this is not a feasible configuration because all the triangle
configurations are flat. Since the one dimensional bispectrum can thus be difficult to intuitively
justify, it is prudent to calculate a theoretical bispectrum to compare the result with. Here
the theoretical bispectrum is calculated from tree-level Standard Perturbation Theory in one
dimension.

In Section 4.1.3 of [19], they show that the tree-level bispectrum in Eulerian non-linear pertur-
bation theory can be written at a given redshift z as

B(0)(k1,k2, z) = 2F2(k1,k2)PL(k1, z)PL(k2, z) + 2F2(k2,k3)PL(k2, z)PL(k3, z)

+ 2F2(k3,k1)PL(k3, z)PL(k1, z). (3.21)
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The bispectrum is constructed from the linear power spectrum PL(k, z) at redshift z, and
the second-order kernel F2(k1,k2). This kernel encodes the coupling between modes, and is
obtained from the equations of motion for an Einstein de-Sitter universe in Eulerian non-linear
perturbation theory. However, instead of using the 3-dimensional kernel provided in [19], this thesis
instead uses the 1-dimensional version provided in [22], which has been symmetrized (averaged
over permutations in the arguments k1 and k2):

F sym
2 (k1, k2) = 1 +

1

2

(
k1
k2

+
k2
k1

)
. (3.22)

Plugging this in for F sym
2 in Equation 3.21 yields the bispectrum plotted in Figure 3.3. One

can see that just like the measured bispectrum in Figure 3.2, it demonstrates the same qualitative
behavior, peaking for small wavenumbers and demonstrating the lowest magnitude for flattened
configurations.

Figure 3.2: The measured bispectrum from the 1+1 simulations
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Figure 3.3: The 1-dimensional theoretical bispectrum derived from tree-level SPT
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4
The Fisher Matrix

In this thesis, the Fisher matrix is used to estimate the amount information contained either
at field-level or by a summary statistic. The Fisher matrix is useful because its inverse essentially
quantifies the lowest-possible error bars that can be achieved for a model parameter, from a given
observable (or set of observables) before having even gathered data.

Considering some model parameters θα and θβ , the Fisher matrix Fαβ is defined as

Fαβ ≡ −
〈
∂2 lnL(d|θ)
∂θα∂θβ

〉
θ=θ̄

. (4.1)

In this equation, d is the vector of data points, and θ is the vector of the parameters for the
model. L(d|θ) is the likelihood of data, given the model. The ⟨...⟩ brackets indicate the ensemble
average over all possible realizations of the dataset. The subscript θ=θ̄ indicates that the quantity
is evaluated at the parameter values θα, θβ which maximize the likelihood; θ̄ = θmax L. These
are called the fiducial parameter values. The Fisher matrix is thus the ensemble average of the
negative curvature of the log-likelihood, evaluated for the maximum likelihood.

The estimate for some parameter θα from the data will be called θ̂α. If the estimator is unbiased,
therefore ⟨θ̂α⟩ = θα, then the standard deviation of θ̂α has a lower bound:

σθ̂α
≥
√
⟨(F−1)αα⟩. (4.2)

This is the Cramer-Rao bound for the parameter θα. It does not imply that we can practically
find an estimator θ̂α to actually saturate the bound; it is simply the theoretical limit for an
unbiased estimator. Another caveat is that computing the Fisher matrix requires already knowing
in advance what the fiducial parameter value(s) should be to maximize the likelihood. These
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fiducial values θ̄ are generally informed by the results of previous experiments.
For this thesis, the Fisher matrix will be calculated for the two cosmological parameters θα =

Ωm and θβ = σ8.

4.1 The Field-Level Fisher Matrix

First, the Fisher matrix will be calculated at the field level, to assess the information contained.
The field-level Fisher matrix will be compared with itself, for various levels of multistreaming
excluded. Then in Section 4.2, the field-level results will be compared with the Fisher matrix from
the power spectrum. The equations for this section were kindly provided by Dr. Massimo Pietroni
(private communication). The likelihood of some field δ(r, τ) with cosmological parameters θ given
an initial field δin can be expressed in the 3-dimensional case as

P [δ;θ|δin] = N (detσ)−1/2

× exp

[
−1

2

∫
d3r d3r′

(
δ(r)− δ̂[δin;θ](r)

)
σ−1(r, r′)

(
δ(r′)− δ̂[δin;θ](r

′)
)]

,
(4.3)

where N is a normalization factor such that∫
DδP [δ;θ|δin] = 1. (4.4)

δ̂[δin;θ] is the forward model predicting the observed field δ̄(r) from the initial field δin, which
encodes all of the gravitational evolution. σ(r, r′) is the noise covariance matrix, which can also
be expressed in Fourier space as

σ−1(r, r′) =

∫
d3k

(2π)3
e−ik·(r−r′)σ−1

k . (4.5)

If one assumes white noise, then σk is a constant. This thesis uses σk = σ0 = L/Np = 1/n̄

(Poisson shot noise). The field-level Fisher matrix (with the likelihood conditioned on δin) is then
expressed for some cosmological parameters θα and θβ as

Fαβ [δin] = −
〈
∂2 lnP [δ;θ|δin]

∂θa∂θb

〉
θ=θ̄,δin

. (4.6)

In the three-dimensional case, plugging in P [δ;θ|δin], this becomes

Fαβ [δin] =

∫
d3rd3r′

∂δ̂[δin;θ](r)

∂θa
σ−1(r, r′)

∂δ̂[δin;θ](r
′)

∂θb
,

= σ−1
0

∫
d3r

∂δ̂[δin;θ](r)

∂θa

∂δ̂[δin;θ](r)

∂θb
.

(4.7)
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Nsims Ωm σ8 Ωb ns h
Fiducial 1000 0.30 0.80521 0.04868 0.96605 0.67810
Displaced + 2000 0.31 0.82021 ” ” ”
Displaced − 2000 0.29 0.79021 ” ” ”

Table 4.1: The fiducial and non-fiducial cosmological parameter values used for computing the Fisher
matrices.

where in the second line the white noise σ0 has been brought outside the integral.
Finally, in one dimension the

∫
d3r collapses to an integral

∫
dr over the box length L. The

conditioned version of the Fisher matrix can thus be expressed as

Fαβ [δin] = σ−1
0

∫ L/2

−L/2

dr

(
∂δ̂[δin;θ](r)

∂θα

∂δ̂[δin;θ](r)

∂θβ

)
. (4.8)

Here the parameters of interest are θα = Ωm and θβ = σ8, and the noise covariance is σ0 =
L/Np, so the final field-level Fisher matrix is written as

Fαβ [δin] =
Np

L

∫ L/2

−L/2

dr

(
∂δ̂[δin;θ](r)

∂Ωm

∂δ̂[δin;θ](r)

∂σ8

)
. (4.9)

The derivatives in the Equation 4.9 are derivatives of the density field with respect to the
parameters, evaluated at their fiducial values. To numerically calculate each of these derivatives,
one must also generate simulations of the density field δ at non-fiducial parameter values, ideally on
either side of the fiducial ones. The derivative is then computed numerically using the finite central
difference. Therefore in addition to the fiducial values, 1000 of the 1+1 simulations were each
generated for Ωm = 0.30±0.1, and σ8 = 0.805±0.015 as listed in Table 4.1. To take the difference
in δ between the fiducial and non-fiducial simulations, the field needs to be gridded through a
mass-assignment scheme. The CIC scheme described in Section 3.1.1 is used to accomplish this.

The Fisher matrix Fαβ [δin] is computed for each of the 1000 simulations, and then the ensemble
average is taken over all the simulations, ⟨Fαβ [δin]⟩. Finally, the minimum uncertainties on Ωm

and σ8 are estimated as

σΩm
≥
√
⟨(F−1)ΩmΩm

[δin]⟩ σσ8
≥
√

⟨(F−1)σ8σ8
[δin]⟩. (4.10)

4.1.1 The Information Content of Multistreaming Re-
gions

One very interesting application of the field-level Fisher matrix is determining how much infor-
mation is contained in multistreaming regions. In the multistreaming regions, it is expected that
there are collapsed structures which no longer carry much cosmological information. In these
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Figure 4.1: Field-level normalized uncertainties for Ωm and σ8, excluding multistreams

regions, shell crossing has already taken place (as described in Section 2.2.2) and the Zel’dovich
Approximation is no longer exact, even in 1D. But because the Zel’dovich Approximation is exact
right up to shell crossing in 1D, working with 1+1 dimensional simulations gives a unique oppor-
tunity to identify the multistreams more easily than in 3D [23]. Calculating the field-level Fisher
matrix before and after removing multistreams allows one to estimate how much information is
contained in the multistreaming regions. Using the procedure described in Section 2.2.2, different
levels of multistreams were removed from the simulations: first only regions with 9+ streams, then
7+, then 5+, and finally 3+ (such that all multistreams are removed). The ensemble field-level
Fisher matrices were calculated separately for each of these instances. The resulting uncertainties
on Ωm and σ8 are compared in Figure 4.1 to the result with no multistream removal (the dashed
line in the Figure). It can be seen that removing all multistreams (3 streams or more) causes the
uncertianties on both Ωm and σ8 to increase by ∼ 25%. Including more and more streams causes
the uncertainties to decrease and converge to the all-stream case, especially once only 9+ streams
are excluded. Notably, the uncertainties are plotted relative to no-multistream case. This is be-
cause the value of the shot noise term σ0 is dependent on the number of particles. In circumstances
where the matter distribution is traced by a smaller number of particles, for example dark matter
halos, the shot noise is higher. The absolute values of σΩm

and σσ8
therefore do not particularly

lend themselves to general conclusions. When examining the values of these uncertainties, it is
instead sensible to compare them relative to one another rather than focusing on their absolute
values.

The main takeaway is that in one dimension at field level, the multistreams do not contain
the majority of information about the cosmological parameters Ωm and σ8. There is therefore
a lot of information in single-stream regions that can be successfully described solely by the
Zel’dovich approximation. The next task is to determine how information from the field can best
be compressed into summary statistics.
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4.2 The Power Spectrum Fisher Matrix
One of the most useful aspects of computing the field-level Fisher matrix is then comparing it to
the Fisher matrices of summary statistics, to gauge the information content of each statistic. Here
the Fisher matrix is computed from the power spectrum, and the resulting uncertainties on Ωm

and σ8 are compared to the field-level case.
To start, the likelihood of the power spectrum P (k) is assumed to be a multivariate Gaussian

with a mean µ(θ) = ⟨P (k)⟩ and covariance C(θ) = ⟨P (k)P (k)T ⟩ − µµT . The covariance matrix
for the power spectrum can be practically calculated from the ensemble of simulations as

C(kn, km) =
1

N − 1

∑
i

(Pi(kn)− ⟨P (kn)⟩) (Pi(km)− ⟨P (km)⟩) , (4.11)

where Pi(k) represents the power spectrum from each of the individual simulations, ⟨P (k)⟩ is the
ensemble average, and N = 1000 is the number of simulations.

According to [30], the equation for the Fisher Matrix from a multivariate Gaussian likelihood
can be expressed most generally as

Fαβ =
1

2
tr

[
C−1 ∂C

∂θα
C−1 ∂C

∂θβ

]
+

∂µT

∂θα
C−1 ∂µ

∂θβ
. (4.12)

In the particular case of the power spectrum, the first term in this equation can be dropped,
leaving only

Fαβ =
∂µT

∂θα
C−1 ∂µ

∂θβ
=

∂⟨P (k)⟩T

∂θα
C−1 ∂⟨P (k)⟩

∂θβ
. (4.13)

There are two regimes in which the information content in the power spectrum becomes es-
pecially interesting. The first is at small wavenumbers k (large scales). In this ’linear’ regime,
perturbations are small enough that they can still be treated linearly. The field is still mainly
Gaussian; unlike smaller scales which have had enough time to collapse into non-Gaussian struc-
tures. As a result, the field on large scales can be described almost entirely by its power spectrum
alone. To check this, the power spectrum was truncated at various wavenumbers kmax between
0.08 and 1.0 Mpc−1, and the Fisher matrix was calculated for each of these cases. To compare
with the power spectrum result, the same truncation was then done in Fourier space at field-level,
and the field-level Fisher matrices were calculated from these truncated fields.

Figure 4.2 shows the resulting comparison between the power spectrum and field-level for their
uncertainties on Ωm and σ8. One can see that at larger and larger scales (smaller kmax), the
uncertainties from the power spectrum and field-level converge until they are nearly the same at
0.08 Mpc−1.

The other regime where it is interesting to examine information content is at the smallest scales
(large kmax). At these very nonlinear scales, the amount of information saturates and there is little
more to be gained by considering larger and larger kmax. The challenge in computing the Fisher
matrix for large kmax is that the covariance matrix of the power spectrum P (k) is correspondingly
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Figure 4.2: Field-level and power spectrum normalized uncertainties for Ωm and σ8 at large scales.
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Figure 4.3: Field-level and power spectrum normalized uncertainties for Ωm and σ8 at small scales

large and therefore difficult to invert. For example, if the power spectrum is left unbinned and
kmax = kN , then the covariance matrix in this work would have a size of 10,000x10,000; the
inverse C−1 would then be computationally prohibitive to calculate. Therefore for the purpose of
calculating Fisher matrices at large kmax, the power spectrum is binned into 500 bins.

Figure 4.3 shows the resulting uncertainties on Ωm and σ8 for the field-level and binned power
spectrum. First off, one can see that the uncertainties from the power spectrum alone are ∼3-4x
higher than at field-level. It is indeed expected on such nonlinear scales that the power spectrum is
not a sufficient sole descriptor of the field. Second, both the field-level and binned power spectrum
produce uncertainties on Ωm and σ8 which level off around kmax ∼ 10 Mpc−1. This is quite a
large kmax; larger than what might be expected in 3 dimensions.
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5
Discussion, conclusion, and summary

5.1 Discussion
There are a number of interesting future directions for further analyzing the 1+1 simulations
beyond this thesis. One important step would to assess more summary statistics besides the
power spectrum alone. An obvious choice would be the bispectrum, to see what improvement it
adds on top of the power spectrum in constraining cosmological parameters. Another possible
option would be to compute ’marked’ power spectra and bispectra. These ’marked’ statistics
weight the density field based on some chosen property, which can accentuate low/high-density
regions, creating an enhanced sensitivity to nonlinear effects and essentially incorporating higher-
order correlation information. The marked power spectrum, for example, was explored in 3D
simulations in [18] and in [31].

Another useful development would be to trace the CDM particles of the simulation with dark
matter halos, rather than examining the CDM matter distribution directly. In real life, we do
not see dark matter, and observational surveys instead aim to map out large scale structure
using baryonic tracers (such as galaxies) which are biased with respect to the underlying matter
distribution. Using the halo model allows one to incorporate this bias. For example, the 3D
halo catalogues constructed from the Quijote-PNG N-body simulations [32, 33] have been used
to make Fisher forecasts for cosmological parameters and PNG parameters in a number of papers
(eg. [17, 34, 18]). From the dark matter halos, one could then use the Halo Mass Function as a
possible statistic, as was done in [17] for example.

Another possible statistic could be the wavelet scattering transform (WST). The wavelet trans-
form decomposes the density field into localized, oscillatory components across different scales
and positions. These wavelets can capture features like filaments, voids, and halos in the matter
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distribution at various scales. The WST is structured like a 3-layer convolutional network, but un-
like black-box machine learning models, the WST offers coefficients with clear physical meanings
linked to scales and correlations [35, 36].

Instead of Fisher forecasting, one could instead use the 1+1 simulations to train deep neural
networks (NNs) to perform a likelihood-free inference of cosmological parameters. The main
benefit of using a NN is that training it can require less simulations than what is needed for a
fully-converged Fisher forecast, and does not require a specific choice of fiducial cosmology. Instead
of computing the Fisher matrix and Cramer-Rao bound from a specified likelihood to determine
the merit of a summary statistic, one would instead use the standard deviations outputted by the
neural network to compare statistics. Doing so gives an alternative result to compare with the
Cramer-Rao bound. This has been carried out in 3D, for example, on the Quijote-PNG simulations
[18].

In addition to investigating more summary statistics, future work could focus on adding in
more cosmological parameters like Ωb, ns and h into the Fisher analysis. This would give a clearer
picture about which summary statistics carry the most cosmological information. Moreover, one
statistic may also be more suited to constrain a certain parameter more than another.

While a universe simulated in 1D undoubtedly does not describe our 3D reality, it holds some
important similarities. As explained in Section 2.2, the 1+1 model uses the same dynamical
equations for the Lagrangian Perturbation Theory as in 3D, just specialized such that all modes
are along the same direction. Therefore, some qualitative lessons learned in 1D can possibly be
translated into 3-dimensional scenarios.

5.2 Conclusion
This thesis examined an ensemble of simulations in 1+1 dimensions, and investigated their infor-
mation content. In Chapter 1 some main cosmology background was introduced, along with the
topic of Non-Gaussianity. Then in Chapter 2, perturbation theory was briefly introduced with a
focus on Lagrangian Perturbation Theory in 1+1 dimensions. The details of the 1+1 model were
presented and the concept of shell crossing was introduced. Chapter 3 then focused on measuring
the mean power spectrum and bispectrum from the simulations. The bispectrum was found to
peak for small wavenumbers, a result which was then verified by comparison to the theoretical
bispectrum derived from tree-level SPT. Chapter 4 then focused on calculating the Fisher matrix
at field-level and for the power spectrum, for the cosmological parameters Ωm and σ8. From the
Fisher matrix, the minimum uncertainties on these two parameters were then determined from the
Cramer-Rao bound. For the field-level analysis, different levels of multistreaming were excluded,
and it was found that excluding all multistreams raises the uncertainties on both Ωm and σ8 by
roughly 25%. Then the field-level result was compared with that of the power spectrum. It was
demonstrated that for small kmax (ie. only considering large scales), the power spectrum contains
most of the field information. On the other hand, for large kmax, the field-level uncertainties are
considerably lower than that of the power spectrum. For both the field-level and power spectrum,
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the information content saturates at kmax ∼ 10 Mpc−1, a scale at which the matter distribution
has become highly nonlinear. Finally Chapter 5 Section 5.1 briefly discussed future prospects for
using the 1+1 simulations, such as adding more summary statistics into the Fisher analysis and
considering more cosmological parameters.
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