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Abstract

OnlineMetricMatching is an online problem inwhich there are k servers andn requests placed
on a metric space. The positions of the requests are revealed one by one and an online algo-
rithm has to irrevocably match one request to an available server as soon as it’s revealed. The
goal of the algorithm is to minimize the total cost of the matching it makes, where the cost
of a single match is the distance between the request and the server. An online algorithm is
evaluated by computing the ratio of the total cost of its matching over to the total cost of the
ideal optimal offline solution. Such ratio is called competitive ratio and an online algorithm
is defined as c-competitive if it can achieve a competitive ratio of c. This thesis provides a re-
parametrized analysis of the two most studied online algorithms for Online Metric Matching:
Nearest Neighbor and Permutation. We provide demonstrations for known but never proved
results. In particular, we prove that Permutation can’t be O(k)-competitive by providing an
instance where it is Ω(n)-competitive for k as low as four. Additionally, we show that Nearest
Neighbor is (2k − 1)-competitive.
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1
Introduction

Online Metric Matching is a classic problem in the context of online algorithms. We have a
bipartite graph in which nodes represent n requests and k servers of different capacities placed
on a metric space. The positions of the requests are unknown at the beginning and they are re-
vealedonebyone in anonlinemanner. Theproblemrequires to irrevocablymatch each request
to an available server as soon as the position of the request is revealed. The goal is to minimize
the total cost of the matchings, where the cost of a single match is the distance between the re-
quest and the server. This problem can also be considered as the problem of having n cars in a
city and k different garages, each one with a known number of parking spots. The positions of
the cars are revealed one at a time and every car needs to be immediately assigned to an available
parking spot.

The problem was simultaneously introduced by Kalyanasundaram et al. [1] and Khuller et
al. [2] in 1993 and it still is constantly studied to this day, with different algorithms anddifferent
versions of the problem. The first definition of the problem consideredn requests and n servers
but in 1996 Kalyanasundaram and Pruhs [3] proposed a version of the problem in which we
have k servers with a capacity of b and n requests, with n = kb. In this thesis we consider a
more general context with k servers of possibly different capacities and n requests. Note that
an analogous formulation of the problem is to consider n requests and n servers placed on k
distinct server locations, with k < n.
The two most studied algorithms for Online Metric Matching are the natural greedy algo-

rithm Nearest Neighbor and the (almost) optimal algorithm Permutation. The performance
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of an online algorithm is measured by the competitive ratio, which is the ratio between the fi-
nal cost of the algorithm and the ideal optimal solution. Originally, the competitive ratios of
Nearest Neighbor and Permutation were studied as functions of n. The focus of this thesis is
to do a re-parametrized analysis of the competitive ratio of the two algorithms. Wewill see that
the competitive ratio ofNearestNeighbor can be re-parametrized as a function of k, while such
re-parametrization is not possible for Permutation.

In Chapter 2 we introduce the concept of online problems and we define the problem of
Online Metric Matching. In Chapter 3 we provide an overview of the state of the art of the
problem. We summarize our contribution in Chapter 4. Chapter 5 provides some basic back-
ground for the following demonstrations. In Chapter 6 we do a re-parametrized analysis of
Nearest Neighbor and in Chapter 7 we analyze Permutation. We conclude with Chapter 8,
providing some final considerations and a future research agenda.
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2
Definition of the Problem

This chapter is dedicated to provide definitions and notations that are the basis for the thesis.
We begin recalling the concept of optimization problems and their online version. Then we
describe the competitive analysis of online algorithms and the concept of competitive ratio.
Finally, we define the problem investigated in this thesis: Online Metric Matching.

2.1 Online Algorithms and Competitive Analysis

An optimization problem can either be of cost minimization or profit maximization, in this
thesis we focus on a cost minimization problem. An optimization problem P of cost mini-
mization consists in a set I of inputs and a cost function C. Each input I ∈ I is associated
with a set of feasible solutions (or outputs) F(I) and each feasible solution O ∈ F(I) is associ-
ated with a positive real number C(I,O), that is the cost of the output O with respect to the
input I.

Given an input I, the goal of an algorithmALG for a minimization problem is to compute a
feasible solutionALG[I] ∈ F(I) that minimizes the costALG(I) = C(I,ALG[I]). An optimal
algorithm, denoted as OPT, always provides a solution that minimizes the cost, that is, for all
possible inputs,

OPT(I) = min
O∈F(I)

C(I,O).

Online problems are optimization problems in which the input is received in an online man-
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ner and the output must be produced online as well. In an online problem I is in fact defined
as input sequence. An algorithm ALG for an online problem is called online algorithm. An
online algorithm does not have all the input sequence I available since the beginning of its com-
putation, but it has only partial knowledge of it. At each time step t of the computation, a
previously-unknown part of I is revealed to ALG and the algorithmmust make an irreversible
decision, that will have an impact on the final performance of the algorithm.

Optimization problems can be partitioned in online problems and offline problems and
both classes have many relevant real-world scenarios. Many instances of linear programming
are usually offline, while problems like paging are intrinsically online. There is then a big class
of problems, like job scheduling or bin packing, that are meaningful both in their offline and
their online version.

In this thesis we focus only on deterministic algorithms. To understand the performances of
a deterministic online algorithm we introduce the concepts of competitive ratio and competi-
tiveness. The best way to measure the performance of an online algorithm ALG is to compare
the cost of its solutionwith the cost of the solution of an hypothetical optimal offline algorithm
OPTwith clairvoyant abilities.

An online algorithmALG is c-competitive if there is a constant α such that for all finite input
sequences I,

ALG(I) ≤ c · OPT(I) + α

We can also say that ALG has a competitive ratio of c. This means that, even in the worst-case
scenario, the cost of the solution produced by the online algorithm is at most c times (plus a
constant α) the cost of the optimal solution. In the context of the analysis of online algorithms
it is useful to see the online problems as games between anonline player (ALG) and an adversary
that creates an input sequence I that makes ALG incur high costs while keeping the costs for
OPT low.

2.2 OnlineMetricMatching

To introduce the online problem that is the focus of the thesis, we give a definition of metric
space.

Definition 2.2.1 (Metric Space). Ametric space is an ordered pair (M, d)whereM is a set of
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points and d is a metric onM, i.e., a function

d : M×M → R

satisfying the following properties for all points x, y, z ∈ M

1. d(x, x) = 0

2. If x ̸= y, then d(x, y) > 0 (positivity)

3. d(x, y) = d(y, x) (symmetry)

4. d(x, z) ≤ d(x, y) + d(y, z) (triangular inequality)

In the OnlineMetric Matching problem - also known asWeightedMatching, Metric Bipar-
tite Matching, Facility Assignment or Transportation Problem - there is a complete bipartite
graph G in which the nodes of one partition are called servers and the nodes of the other par-
tition are called requests. The nodes represent points in a metric space and the edges’ weights
are the distances between those points. There are k servers and n requests, with k ≤ n and
each server si has a capacity ci, for i = 1 . . . k. Each server si can be matched to ci requests and∑k

i=1 ci = n. The servers’ positions are revealed immediately, while the requests are revealed
one by one in an onlinemanner. As soon as a new request is revealed the online algorithmALG
has to irrevocably match it with an available server. A server si is available if it is matched with
less than ci requests.

In this problem the cost function is defined to be the sumof theweights of the edges selected
as matches by the algorithm. Given an input sequence I, ALG(I) is the sum of the distance
between each request and its matched server in the online algorithm and OPT(I) is the sum
of the distances between each requests and its matched server in the optimal solution. Where
no ambiguity will result, we will drop the reference to the input sequence and refer to the total
online and offline costs as ALG andOPT.
When all servers have an equal capacity of b we call the problem online metric b-matching.

TheOnlineMetricMatching problemwas simultaneously introduced by Khuller et al.[2] and
by Kalyanasundaram and Pruhs [1] in a version where each server has unit capacity. This prob-
lem is not different from our problem, in fact considering k servers with different capacities is
the same as considering n servers of unit capacity placed in k different locations. The focus of
the thesis is the re-parametrization from n to k.
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Like most matching problems, Online Metric Matching is considerably important as it can
have numerous applications. In Chapter 1 we already explained how this problem can be ap-
plied to cars looking for a parking spot. Other applications are: dispatching ambulances and
fire trucks to emergencies response, handling user requests in a bike-sharing app, managing
order picking in warehouses and coordinating urban trash collection.
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3
RelatedWork

Matching problems are among the most studied problems in computer science. Considering
matching in an online version in a metric space is of high interest, and as a result, extensive
literature is devoted to this problem. In this chapter we summarize some of the most relevant
results in the field to understand the state of the art of the problem. This thesis mostly focuses
on the general problem. Nevertheless, in Section 3.1 we will also briefly present interesting
results in other variants of Online Metric Matching.

Kalyanasundaram and Pruhs [1] presented the problem assuming servers of unit capacity.
In the same article, the authors provided the definitions of the twomost studied algorithms for
this problem: Nearest Neighbor (often referred to as greedy) and Permutation. They proved
that Nearest Neighbor is (2n − 1)-competitive providing matching upper and lower bounds.
In the context of online maximummatching Nearest Neighbor was shown to have an optimal
competitive ratio of 3. Permutation was proved to be (2n − 1)-competitive and the authors
also provided a general lower bound of 2n − 1 on the competitive ratio of any deterministic
algorithm, showing that Permutation is optimal. This work is of fundamental importance for
this problem and some of its intuition will come back in this thesis, in different forms. Khuller
et al.[2] independently worked on the same problem and also presented the online algorithm
Permutation.
In a chapter of a book from 1996, Kalyasundaram and Pruhs [3] presented the b-matching

problem and stated, without proof, that Nearest Neighbor is still (2k − 1)-competitive in this
version of the problem, while the competitive ratio of Permutation rises to Θ(kb) = Θ(n).
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The main contribution of this thesis is providing proofs for these statements. The authors
posed an open question about the possible existence of an algorithm that is O(k)-competitive
and conjectured that there should be a (2k− 1)-competitive algorithm. This long-unanswered
question found anearly optimal solution in 2024. Harada and Itoh [4] presented the algorithm
Subtree-Decomposition, that achieves a competitive ratio of 8k − 5 in the general setting of
Online Metric Matching with servers of different capacities. In this thesis we provide a lower
bound of 2k − 1 for any deterministic algorithm which means that there still is an open gap
between our 2k− 1 lower bound and the 8k− 5 upper bound of Subtree-Decomposition.

One of themost interesting special cases of this problem is theOnlineMetricMatching on a
line, which considers the real line asmetric space. Nearest Neighbormaintains the exponential
lower bound of 2k − 1 but if we consider the equal line as the metric space, i.e. the distance
between two adjacent servers is always one, Ahmed et al. [5] showed that the algorithm achieves
a competitive ratio of 4k and Harada et al. [6] provided a 4k − 5 lower bound. Ahmed et
al. [5] also claimed with rough proofs that Permutation is k competitive on the equal line but
Harada [7] later provided a lower bound of k + 1. This result disproves the upper bound of
k, leaving open the question of whether an upper bound exists on the competitive ratio of
Permutation on the equal line as a function of k.

For real line with arbitrary distances, Peserico and Scquizzato [8] provided a lower bound
of Ω(

√
log n) on the competitive ratio of any algorithm (both randomized and deterministic)

on the line with servers of unit capacities, which is the best known result so far. The upper
bound for this problem is Θ(log n) which is the competitive ratio of the deterministic algo-
rithm Robust Matching Algorithm introduced by Nayyar and Raghvendra [9], with an im-
proved analysis by Raghvendra [10]. Antoniadis et al. [11] showed that online matching on
a line is essentially equivalent to a particular search problem called k-lost cows and provided a
deterministic sub-linearly competitive algorithm for online matching on a line by giving an
algorithm for the k-lost cows problem. This algorithm is a reasonably natural greedy algo-
rithm, but the resulting algorithm for Online Metric Matching is not particularly intuitive,
supporting the hypothesis that it is easier to reason about online matching via search rather
than online matching directly. Another interesting result for the line is the algorithm PTCP
(PolicyTransition atCritical Point) byHarada and Itoh [12]. The authors proved that PTCP is
(2α(S) + 1)-competitive, where α(S) is informally the ratio of the diameter of the metric space
to the maximum distance between two adjacent servers. Depending on the layout of servers,
the competitive ratio ranges from constant to 2k − 1. Harada et al. [6] showed that there ex-
ists a class of algorithms that naturally generalizes the greedy algorithm called MPFS (Most
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Preferred Free Server) and showed that any algorithm of this class has the capacity-insensitive
property. This property means that an MPFS algorithm is c-competitive when servers have
unit capacity if and only if it is c-competitive when each server has a capacity of b. Note that
Subtree-Decomposition [4] is a MPFS algorithm.

3.1 Further RelatedWork

Unweighted online matching is a well-known problem, apparently similar to Online Metric
Matching but it is significantly different both in theory and in its applications. In this prob-
lemwe are trying tomaximize the number ofmatches in an unweighted bipartite graph, where
the nodes of one partition and their relative edges are revealed in an online manner. For this
problem, Kalyanasundaram and Pruhs [13] presented the optimal deterministic algorithmBal-
ance, which achieves the optimal competitive ratio of 1− 1/(1+ 1/b)a where a is the capacity
of online servers and b is the capacity of adversarial servers. Kalyanasundaram and Pruhs [14]
also showed that Balance is O(1)-competitive in the problem of Online Metric Matching un-
der the assumption that each server’s capacity is halved for the adversary but not for the online
algorithm. Under the same assumption Nearest Neighbor is shown to be Θ(min(k, log n))-
competitive.

In the problem of Online Bottleneck Matching, like in the Online Metric Matching, there
are k servers in a metric space and k requests that are revealed in an online manner and needs to
bematched to an available server. The objective is tominimize themaximumdistance between
any request and its matched server. Anthony and Chung [15] studied the performances of
Nearest Neighbor, Permutation and Balance in this context, both against a normal adversary
and against a weaker adversary under the assumption that each server has a capacity of two
but only for the online algorithm. The authors proved that the competitive ratio of Nearest
Neighbor improves fromexponential to linear against aweaker adversary,while the competitive
ratios of Permutation and Balance remains linear.

Recourse is a small modification that can be applied to achieve surprisingly good results.
In Online Metric Matching with Recourse, the online algorithm is allowed to change a small
number of previous matches upon the arrival of a new request. Considering servers of unit
capacity, Gupta et al. [16] showed that allowing a logarithmic (O(log k)) amount of recourse
can bring to aO(log k)-competitive algorithm in generalmetrics and a 3-competitive algorithm
in the line metric. Interestingly, these results are achieved with small modifications on Permu-
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tation. Megow et al. [17] provided anO(1)-competitive algorithm for online matching on the
line with amortized recourse ofO(log n) and a (1+ ε)-competitive algorithm that reassigns any
request at mostO(ε−1.001) times under the assumption that there are nomore than one request
between two servers.

Finally we discuss the best results for RandomizedMetric Matching. Considering an obliv-
ious adversary that has to choose the input sequence in advance playing against a randomized
algorithm can lead to significantly stronger algorithms. The best known lower bound for the
competitive ratio of a randomized algorithm isΩ(log k). Bansal et al. [18] provided aO(log2 n)-
competitive randomized algorithmwhen each server has unit capacity andKalyanasundaramet
al. [19] showed aO(log2 k)-competitive randomized algorithmwhen each server has a capacity
of b.
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4
Our Contribution

In this chapter we list the results and contributions of our work. First we provide a general
lower bound of 2k − 1 for any deterministic algorithm. A bound of 2n − 1 is known since
1993 [1], while our bound for the general problem is new.

Next, we analyze the algorithm Nearest Neighbor showing that it is (2k − 1)-competitive.
Kalyanasundaram and Pruhs [3] already stated this result but no proof was ever published. We
provide complete proofs for the lower bound and upper bound showing that the bound is
tight. The upper bound is of particular interest because it shows that the original competitive
ratio of 2n − 1 can be re-parametrized as a function of k, while a similar re-parametrization is
not possible for Permutation.

The upper bound of 2k − 1 for Nearest Neighbor is proved with an inductive proof, using
a similar technique to the one used by Kalyanasundaram and Pruhs in their original paper [1].
The authors use an inductive proof to also provide the 2n−1 upper bound for Permutation. In
this thesiswe attempt an inductive proof for a possible 2k−1 upper bound forPermutation and
showwhy this proof is wrong and which is the point that makes such proof not possible. This
highlights a valuable difference in the two most important and studied algorithms for Online
Metric Matching.

A common intuition that could lead to an upper bound of Permutation as a function of
k is to divide the servers and the requests into disjoint and parallel metric spaces. We formally
define this intuition as a conjecture and show that is wrong, failing even in a simplemetric space
such as the real line with equal distances.
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The major contribution of this thesis is a lower bound for Permutation, showing that Per-
mutation cannot be O(k)-competitive. This result is known since 1996 [3] but no proof was
ever published. We provide an instance in which Permutation has a competitive ratio of Ω(n).
This instance is set in the real line and this highlight the fact that Permutation could perform
poorly even on a simple metric space like the line with arbitrary distances. This bound works
for (almost) any choice of n and k and also for the problem of b-matchingwhere all servers have
the same capacity.
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5
Preliminaries

In this chapter we provide some basic background for the rest of the thesis. First, we provide
two definitions that will be useful in different proofs of the following chapters. Then, we show
a general lower bound of 2k− 1 for any deterministic algorithm using a star metric.

5.1 Exclusive-or, Alternating Paths and Cycles

Definition 5.1.1 (Exclusive-or, alternating path). The exclusive-or, denoted E1 ⊕ E2, of two
subsets E1 and E2 of the edge set of a graph, contains those edges that are exactly one in E1 and
E2. An alternating path (respectively, cycle) in E1⊕E2 is a simple path (respectively, cycle) with
edges alternately in E1 and E2.

When servers have a capacity greater than one it is possible that there can be many ways of
telling apart one alternatingpath/cycle fromanother. The correctway is to identify the requests
that interact with each other during the run of the algorithms.

The concept of alternating paths or cycles will be used to understand the correlations be-
tween thematchesmade by anonline algorithmand thematches of the optimal offline solution.
In this direction, we add to the definition by providing a simple example of an alternating cycle
in an instance for the greedy online algorithmNearest Neighbor, which matches each request
with the closest available server.

13



Consider three servers of unit capacity placed on the real line. Call the servers s1, s2 and s3.
The server s1 is at position zero, s2 is at position two and s3 is at position four. The first request,
r1 arrives at position 1 − ε and is matched by Nearest Neighbor with s1. The second request
arrives at position zero and is matched with s2. The last request arrives at position four and
is matched to the last remaining server s3. The optimal offline solution matches r1 with s2, r2
with s1 and r3 with s3. Having that the match (r3, s3) is made by both Nearest Neighbor and
OPT, the exclusive-or OPT ⊕ NearestNeighbor contains one alternating cycle formed by the
four edges (r1, s2), (r2, s2), (r2, s1) and (r1, s1). Figure 5.1 shows the configurations of the two
algorithms.

Figure 5.1: An example of configuation of OPT and Nearest Neighbor over a simple instance.

5.2 PartialMatching

We define the concepts of partial matching and minimal weight partial matching as follows.

Definition 5.2.1 (partial matching). Given a subset Ri of the first i requests and the set of
servers S, the partial matching of Ri is a matching of all requests in Ri with a subset of S. The
minimal weight partial matching ofRi is denoted asMi and is the partial matching ofRi with
minimalweight andwith aminimal number of edges inMi−Mi−1. We defineM0 to be empty.

14



Note thatMi is the partial matching that OPTmakes after i requests are revealed.

5.3 ALowerBound foranyDeterministicOnlineAl-
gorithm

Theorem1. For every k, number of servers, there exists an instance for the problem ofOnlineMet-
ricMatching with the property that the competitive ratio of any deterministic online algorithm is
at least 2k− 1.

Proof. The following construction is similar to the one provided by Kalyanasundaram and
Pruhs [1] when showing a bound of 2n− 1. We consider as metric space a star metric with one
root and k leaves, a distance of one between the root and any leaf and a distance of two between
any two leaves, similar to the example in Figure 5.2.

Figure 5.2: An example of start metric with 8 servers on the leaves and one request on the root.

LetALGbe anydeterministic online algorithm forOnlineMetricMatching andOPTbe the
optimal offline algorithm. Wewill consider the behavior of an adversary deciding the positions
of the requests. There is one server at each leaf. The first n − k requests appear on the leaves.
On top of any server si, with capacity ci, place ci − 1 requests. From here we distinguish two
possible cases.

First case: ALG matches each request with the server on the same leaf with a total cost of
zero, leaving every server with a remaining capacity of one. The next request arrives on the root
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node and ALGmatches it with one server on a leaf with a cost of one. One server is now fully
occupied. The adversary fromnowonwill place a request on themost recently occupied server,
so that ALG must match the request with a server of another leaf paying a cost of two. The
overall cost of ALG is

1+ 2(k− 1) = 2k− 1.

Second case: ALG does not match one or more of the first n − k first requests with the
server on the same leaf. This incurs a cost greater than zero. There are now some servers fully
occupied and some with a remaining capacity of at least one. The behavior of the adversary is
the following:

If there is a leaf with a fully occupied server si where ci−1 requests have been placed so far, place
a request on this leaf. Otherwise place one request on the root.

In this caseALGwillmatch, with a cost of two, each request froma leafwith a fully occupied
server with the server on another leaf. Then, we reach a point in which there are some leaves
with ci requests and a fully occupied server si and the remaining leaves where ci′ − 1 requests
have been placed and a server si′ with a remaining capacity of one. Now the adversary places a
request on the root and proceeds as in the first case. The total cost of ALG is at least 2k− 1.
OPT matches all requests on a leaf with the server on the same leaf and the one request on

the root with the server si on the leaf where ci − 1 requests are placed, with a total cost of one.
Thus, we showed that any deterministic online algorithm for Online Metric Matching has a
competitive ratio of at least 2k− 1.

It is interesting to show that the same metric space can be used to find a lower bound in
function of k using another technique. In 2017, Nayyar and Raghvendra [9] showed that a
lower bound for any online algorithm can be found by having a good set of servers in a metric
space, with the following theorem.

Theorem 2. Given a set of servers S in a metric spaceM, any online algorithmALGwill have a
competitive ratio ofΩ(μM(S)).

Given a set of pointW,DIAM(W) is the maximum distance between any pair of points in
W and TSP(W) is the smallest cost simple cycle that visits every point inW. Given the set of
servers locations S, μM(S) is defined to be

μM(S) = max
W⊆S,DIAM(W)>0

TSP(W)

DIAM(W)
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Given this definition is easy to see that the star metric, with its low diameter, can be used to
find a good lower bound. In particular, the star metric we previously used hasDIAM(S) = 2
and TSP(S) = 2k, providing a lower bound of k.

Nayyar and Raghvendra [9] proved Theorem 2 for the case where each server has a capacity
of one. We now prove that Theorem 2 is also true when servers can have different capacities.
We first use the simple technique of filling all servers until each has a remaining capacity of one
and then we can continue with the same proof as the one in [9].

Proof. Let S ′ ⊆ S such that μM(S
′) = μM(S). We can remove any server si′ that is not in S ′

by placing ci′ request on that server. Any match for ALG that is not with si′ will result in an
higher cost for the algorithm. We then place, at the position of each server si, ci − 1 requests
and we can assume that they will be matched by ALG with si because any other match will
also results in an higher cost for the algorithm. The next two requests r1 and r2 are placed at
the position of some server s1. ALG will match the r1 with s1 with a cost of zero and r2 with a
server s2. Next we can continue placing a request ri at the position of the lastly matched server
si−1, for i = 3..k. The total cost incurred by ALG is

∑|S ′|−1
i=1 dist(si, si+1)which is the cost of a

path that visits every vertex in S ′. Therefore, ALG pays at least TSP(S ′)/2. OPT can instead
match each ri with si−1 for a cost of zero and will match r1 with s|S ′| with a cost that is at most
DIAM(S ′).
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6
Nearest Neighbor

In this chapter we provide a re-parametrized analysis for the competitive ratio of the greedy
algorithm Nearest Neighbor. We first describe the algorithm and then we provide matching
lower and upper bound to prove that Nearest Neighbor is (2k − 1)-competitive.

6.1 The Algorithm

Nearest Neighbor is an online algorithm for metric matching. Every new request is matched
by the algorithm with its closest available server, breaking ties arbitrarily. More precisely, every
new request ri is matched with the server si′ , such that

si′ = argmin
s∈Sfree

d(ri, s)

where Sfree is the set of servers that have a capacity greater than the number of requests that are
currently matched to it, i.e. those servers that are not completely occupied.

We now show that Nearest Neighbor is (2k − 1)-competitive and that this bound is tight.
Kalyanasundaram and Pruhs [1] proved this result for the special case in which the capacity of
each server is one. We provide an upper bound in Theorem 3 and a lower bound in Theorem
4 for the general problem of Online Metric Matching.
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6.2 The Upper Bound

Theorem 3. Nearest Neighbor achieves a competitive factor of 2k − 1.

Proof. Recalling definition 5.2.1, letNi be the partial matching constructed byNearest Neigh-
bor after the request that makes the i-th server completely occupied. Let Mi be the partial
optimal matching of the requests inNi. We defineN0 andM0 to be empty. Where no ambi-
guity will results, we also use Mi and Ni to denote the weight of the relative matchings. We
prove inductively thatNi ≤ (2i − 1)Mi. For i = 1,Ni = Mi and the result follows. Now we
assume that the result holds for i− 1 and we verify it holds for i. We define Ri to be the set of
requests of the partial matchingNi − Ni−1. Nearest Neighbor matches each request rℓ ∈ Ri

with a server noted as sℓ. Call sOPTℓ
the server matched to rℓ inMi. Note that these servers are

not necessarily distinct.
We distinguish two cases. IfNi −Ni−1 ≤ Mi −Mi−1 then:

Ni ≤ Ni−1 +Mi −Mi−1

≤ (2i−1 − 1)Mi−1 +Mi −Mi−1 (by inductive hypothesis)

≤ (2i−1 − 2)Mi−1 +Mi

≤ (2i−1 − 1)Mi (usingMi−1 ≤ Mi)

≤ (2i − 1)Mi

In the second case, we consider if Ni − Ni−1 > Mi − Mi−1. Each rℓ requests of Ri is either
matched with the same server both inMi and inNi or not. Consider any request rℓ matched
with the same server inNi and inMi. We have that d(rℓ, sℓ) = d(rℓ, sOPTℓ

) since the two servers
are actually the same server. Note that (rℓ, sOPTℓ

) is a unique edge ofMi. Now consider any
request rℓ that is matched differently inNi with respect toMi. We have that sOPTℓ

is incident to
an edge inNi−1, since it was not available forNearest Neighbor at the arrival of rℓ. LetH be the
exclusive-or ofNi−1 andMi. There is a unique alternating path that goes from rℓ to a server sfℓ
that ismatched inMi andnot full inNi−1. If the server sfℓ coincideswith sℓwehave that the sum
of the weights of the edges in the alternating path inH is greater or equal than d(rℓ, sℓ) by the
triangular inequality. If the server sfℓ does not coincidewith sℓwehave that d(rℓ, sℓ) ≤ d(rℓ, sfℓ)
by definition of Nearest Neighbor and d(rℓ, sfℓ) is less or equal than the sum of the weights of
the edges in the alternating path inH by the triangular inequality. Combining all of the above,
we have that the overall cost of the matches made by Nearest Neighbor of the requests inRi is
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not greater than the overall cost of thematches inH, which gives us thatNi−Ni−1 ≤ Ni−1+Mi

and we use it to show that:

Ni ≤ Mi + 2Ni−1

≤ Mi + 2(2i−1 − 1)Mi−1 (by inductive hypothesis)

≤ Mi + (2i − 2)Mi (usingMi−1 ≤ Mi)

= (2i − 1)Mi

6.3 A Lower Bound

Theorem 4. The competitive ratio of Nearest Neighbor is at least 2k − 1.

Proof. Wefirst recall the proof byKalyanasundaram and Pruhs [1] for the special case inwhich
we have n servers of capacity one. Themetric space is the real line, with distances defined in the
standardway. One server, s1 is placed at−1 and each server si is placed at 2i−1−1, for 2 ≤ i ≤ n.
The i-th request ri is at position2i−1−1, for 1 ≤ i ≤ n. SinceNearestNeighbor is deterministic,
we can assume that it matches the first request r1 with server s2, breaking ties by choosing the
rightmost server. The algorithm then matches each request ri with the closest server on the
right, si+1, and the last request rn with s1. The total cost of Nearest Neighbor is 2n − 1. The
optimal solution matches ri with si for i = 1 . . . n. The total cost of the optimal matching is 1.
Theproof for the case inwhich there are k serverswithdifferent capacityuses the samemetric

space and servers positions as the one provided in [1]. The first n− k requests are placed at the
same location of the servers. For i = 1 . . . k place ci − 1 requests at the location of the server si.
Nearest Neighbor matches each request with the server on the same position for a total cost of
zero, leaving each server with a remaining capacity of one. The last k requests are defined as in
the preceding paragraph, giving the desired competitive ratio of 2k − 1. Figure 6.1 shows the
configurations of OPT and Nearest Neighbor after the arrival of the last k requests. The first
n− k requests are omitted for clarity.
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Figure 6.1: A Lower Bound instance for Nearest Neighbor.
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7
Permutation

This chapter is dedicated to an analysis of Permutation in function of the parameter k. First we
define Permutation, one of the most studied algorithms for Online Metric Matching. Then,
we see two possible ways to provide a proof that could make Permutation O(k)-competitive
and showwhy they are wrong. Finally, we give a Ω(n) lower bound showing that Permutation
cannot beO(k)-competitive.

7.1 The Algorithm

Permutation was simultaneously defined by Kalyanasundaram et al. [1] and Khuller et al. [2].
Todescribe the algorithm is easier to consider all serverswithunit capacity andk server locations.
For example, a server with capacity four, acts in the same way as four servers of unit capacity
placed at the same point of the metric space.

We recall from definition 5.2.1 thatMi is the partial optimal matching of the first i requests.
Note that due to the offline nature of the optimal algorithm OPT, the matches it makes may
change at the arrival of new requests. Let Pi be the partial matching of the first i requests con-
structed by Permutation. At the arrival of a new request Permutation checks whether it is on
a location of a free server. If this is the case, Permutation matches the request with the server
at the same position. Otherwise, Permutation responds to the (i+ 1)th request by computing
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Mi+1 and matching ri+1 with the unique server s that is inMi+1 − Mi. Permutation gets its
name because it always maintains the following invariant:

For all i, the servers incident to an edge in Pi are exactly the servers incident to an edge inMi.

7.2 Proof By Induction

We now provide an attempt of theorem that proves Permutation to be (2k − 1)-competitive.
This proof uses induction, like the one of Kalyanasundaram and Pruhs [1] to show the com-
petitiveness of Permutationwhen capacities are equal to one. To achieve this result the authors
used induction over the number of requests, while in the following proof the induction is over
the number of servers that get closed by Permutation. In Chapter 6 we showed that an induc-
tive proof is sufficient to prove an upper bound of 2k − 1 for the competitive ratio of Nearest
Neighbor. Now we’ll see that the same technique used for Permutation to show an upper
bound of 2n − 1, fails when attempting to prove an upper bound of 2k − 1. At the end of
the demonstration, we show the precise point in which the proof is wrong and provide a coun-
terexample.

Attempt 1. Permutation is (2k− 1)-competitive.

Proof. We prove inductively that the weight of Pi, the partial matching constructed by Permu-
tation after the i servers are full, is at most 2i− 1 times the weight ofMi, the partial matching
of OPT of the requests that make i servers full in Pi. For i = 1,Mi = Pi and the result follows.

Let’s assume that the inductive hypothesis Pi−1 ≤ (2(i − 1) − 1)Mi−1 is true. Let Ri be
the set of the requests that arrives after Pi−1 until Pi. Denote these requests as ri1 , ri2 , . . . , rit .
Assume Permutation matches each riℓ with the server sjℓ for l = 1 . . . t. Note that the servers
may not be all distinct. Let M′ be the union of the partial matching Mi−1 and all the pairs
riℓ with the server sjℓ for l = 1 . . . t. Let H be the exclusive-or of Mi and M′. H contains t
alternating cycles, one for each request in Ri, we denote their weights as C1, . . . ,Ct. By the
triangular inequality we have that, for every l = 1 . . . t, d(riℓ , sjℓ) ≤ Cℓ − d(riℓ , sjℓ). This gives
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us that

t∑
l=1

d(riℓ , sjℓ) ≤
t∑

l=1

Cℓ − d(riℓ , sjℓ)

= H−
t∑

l=1

d(riℓ , sjℓ)

≤ Mi−1 +Mi

Given that the sum of the matches of Ri is Pi − Pi−1, we have that Pi − Pi−1 ≤ Mi−1 + Mi.
Using this and the fact thatMi−1 ≤ Mi we have

Pi ≤ Mi−1 +Mi + Pi−1

≤ Mi−1 +Mi + (2(i− 1)− 1)Mi−1 (by inductive hypothesis)

≤ 2Mi + (2(i− 1)− 1)Mi

= (2i− 1)Mi

Nowwe show that the previous proof is wrong. In particular, there is one wrong statement
that can be rephrased as:

Every cycle Cℓ in H is an alternating cycle and it contains only one edge of the matches of the
requests in Ri

from this statement we can then use the triangular inequality and reach to the desired re-
sult. To show that the statement is wrong we provide a counterexample in which there is an
alternating cycle with two matches from Pi − Pi−1.
Consider the line as metric space and three servers, s0, s1, s2, with equal capacity b, placed at

equal distances at position−1, 0, 1. The first b − 1 requests are at position zero and the next
request, r0b , is at position− 1

2 . We can assume Permutation matches all these requests with s1.
We fully occupied one server and now we start with the requests of R1. Let r10 be at position
1
2 − ε for some ε > 0 and r11 be at position 0. Permutation matches r10 with s0 and r11 with s2.
OPTmatches the first b− 1 requests with s1, r0b with s0, r10 with s2 and r11 with s1. Considering
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H to be the exclusive-or ofMi andM′ as in the proof above, there is an alternating cycle with
two matches from Pi − Pi−1, precisely (r10 , s0) and (r11 , s2), as shown in Figure 7.1. Moreover,
it is also clear to see that the inequality Pi − Pi−1 ≤ Mi +Mi−1 does not hold.

Figure 7.1: The alternating cycle inH with two edges from Pi − Pi−1.

7.3 A Conjecture

We now present a conjecture about Permutation. If proven true it would follow that Permuta-
tion is O(k)-competitive, even when servers have different capacities. We later provide a coun-
terexample to the conjecture using the real linewith equal distances asmetric space. This shows
that an idea that is apparently quite appealing as base for a demonstration cannot be used even
in a simple metric space such as the equal line.

For simplicity of explanation, we only consider the special case of b-matching but the conjec-
ture can be adapted also for the general case. Before providing the conjecture, we give an intu-
ition that describes it. Consider the online problem of b-matching as the problem of parking
n cars in k different garages and each garage can accommodate up to b cars. We can conjecture
that this problem is equivalent to the problem of having a parking building divided in b floors
with k parking places on each floor and each one of the n cars can arrive at any floor of our
choice. The conjecture can be formally described as follows:

Conjecture 1. Given anymetric space and any placement of n requests and k servers of capacities
b, it is possible to split the requests in b different instances of the samemetric space with the same k

26



servers but of unit capacities. There exists a split in which the matches of Permutation and OPT
are the same as in the original metric space.

It’s easy to see that if the conjecture is true itwouldprove thatPermutation isO(k)-competitive,
since any possible instance of Permutation could be split in different instances with servers of
capacity of one, where Permutation is (2k− 1)-competitive.

A counterexample to this conjecture can be done using the real line with equal distances.
Let s1, s2, s3 and s4 be four servers placed on the line at an equal distance of one from each other.
Place b− 1 requests on top of s2 and b− 1 requests on top of s3, leaving these two servers with
a remaining capacity of one. The next request r1 arrives in between of s2 and s3 and we can
assume it is matched by Permutation with s3. The next four requests are: r2 at a distance of 0.5
to the right of s3 and is matched with s2; r3 at a distance of 0.4 to the left of s2 and is matched
with s4, r4 at a distance of 0.3 to the right of s3 and is matched with s1 and finally r5 at a distance
of 0.2 to the left of s2 and is matched with s4. Figure 7.2 shows the arrival and matching of the
last five requests.

Figure 7.2: A counterexample for Conjecture 1.

Conjecture 1 does not work on this instance since it is not possible to split the requests in
different instances in such a way that the behavior of Permutation and OPT remains the same.
In particular, having that r1 causes the expensive matchings, there is no split that would make
both r4 and r5 be matched with s4.
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7.4 A Lower Bound for Permutation

We now prove that Permutation cannot be O(k)-competitive providing a lower bound that
shows that Permutation is O(n)-competitive. We remark that the following Theorem is valid
even in a simplemetric space such as the real line andwe canfind an instance of the lower bound
for any choice of n and any choice of k as low as 4.

The central idea behind the following construction is due to Kirk Pruhs [20]. The intuition
of the proof is tomakeOPT change itsmatches at the arrival of every new request. This has the
consequence of making Permutation do expensive matches. To achieve this, the first request
arrives in the center and the following requests arrive on the left side and on the right side in an
alternating way.

Theorem 5. Permutation isΩ(n)-competitive in the problem of OnlineMetric Matching.

Proof. Consider the real line as metric space. Let k ≥ 4, the number of servers be even and let
n be the number of requests such that there exist a number b ∈ N | n = (k − 2)b + 2. This
restrictions are useful to make an instance with two servers of unit capacity and the remaining
servers with equal capacity of b symmetrically placed on the real line, which brings to an easier
and more clear demonstration. The only necessary argument is that k ≥ 4, removing all the
others it is still possible to prove that Permutation is Ω(n)-competitive.

The fist two servers, s1 and s2, are placed at positions −n/2 and n/2 respectively. Then,
(k − 2)/2 servers are placed to the left of s1 with a distance of two between any two adjacent
servers. Similarly, the remaining (k − 2)/2 servers are placed to the right of s2 with a distance
of two between any two adjacent servers. All servers have a capacity of b but s1 and s2 have a
capacity of one. We name each server on the left si, where i is an odd number and in increasing
order from the center; and we name each server on the right si ′ , where i ′ is an even number
and in increasing order from the center. Figure 7.3 shows the placement of requests for k=8.

For every i = 1 . . . n we denote the i-th request in order of arrival as ri. The first request
r1 arrives at position zero. Then, r2 arrives at a distance of 1 − ε2 to the right of s2. For every
i = 2 . . . n, εi >

∑i−1
j=2 εj > 0 and εn < 1, making each request considerably closer to its

nearest server than any previous request. Since each εi only depends on previous ε’s, they all
are infinitesimally small1 and (1− εi) ≈ 1 for every i = 2 . . . n.
The next request r3 arrives at a distance of 1 − ε3 to the left of s1 and r4 arrives at a distance

of 1− ε4 to the right of s2. Proceeding in a similar way, each even request ri arrives at a distance
1For the sake of understanding the lower bound, the figures show epsilons of visible difference.
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of 1 − εi to the right of s2 and each odd request rj arrives at a distance of 1 − εj to the left
of s1. This continues until b requests are placed in the line segment between s3 and s1 and b
requests are placed in the line segment between s2 and s4. The procedure then continues placing
alternatively one request to the left and one request to the right in such a way that between any
two adjacent servers there are b requests and for any j > i, rj is closer to a server than ri. The
last request is placed on top of the rightmost server. Generally, we can define that r1 arrives at
position 0, ri is placed at position (n/2) + 2 · (⌈i/2n⌉ − 1) + 1 − εi when i is even and at
position−(n/2)− 2 · (⌈i/2n⌉ − 1)− 1+ εi when i is odd for every i = 2 . . . n− 1 and rn is
placed at (n/2 + k − 2). Figure 7.3 shows the position of all requests for k = 8, n = 20 and
b = 3.

Figure 7.3: An example of a lower bound instance with k = 8 and n = 20.

We now describe the behavior of Permutation and OPT on the arrival of the first four re-
quests. We can assume that Permutation matches the first request r1 with s2. We make this
assumption because Permutation is deterministic. The proof for the case in which Permuta-
tion matches on the left when tie-breaking is symmetrical to the one we provide. Then, r2 is
matched to s1 by Permutation becauseOPTmatches r1 with s1 and r2 with s2. The next request
r3 arrives at a distance of 1−ε3 to the left of s1 and ismatchedwith s4 byPermutationbecause the
optimal offline configuration is matching r1 with s2, r2 with s4 and r3 with s1. At the arrival of
r4 OPT changes again its matches, forcing Permutation to match r4 with s3. Figure 7.4 shows
step by step the behavior of OPT and Permutation on the arrival of the first four requests.
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Figure 7.4: The configurations of OPT and Permutation for the first four requests.
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OPT changes its matches at the arrival of every new request, which makes Permutation
match every odd request placed on the left side of the line with an even server placed on the
right side of line, and match every even request placed on the right side of the line with an odd
server on the left side of the line.
We now formally prove that OPT flips -from right to left or from left to right- at the arrival

of every request ri, making Permutation match ri with a server on the other side of the line.
Consider that at the arrival of ri−1 OPThasmatched r1 with s1, meaning that OPT ismatching
to the left. The next request ri arrives on the left side of the line and we will see that OPT will
flip causing ri to be matched by Permutation with a server on the right side of the line. The
proof of a flip of OPT from right to left is similar thus omitted. Call section the space between
any two adjacent servers with distance two. The last request to arrive in a section is called pivot.
At the arrival of ri OPT has two options:

• Matching to the right: match r1with s2, andmatch each pivotwith the server on its right.

• Matching to the left: match r1 with s1, and match each pivot with the server on its left.

Considering that the matches of all requests that are not pivot do not change, and the cost
for r1 to be matched with s1 or with s2 is the same, the only difference in the costs of the two
options is in the matches of the pivots. Call Po and Pe the sets of indexes such that j ∈ Po if rj is
pivot and j is odd and j ′ ∈ Pe if rj ′ is pivot and j ′ is even. Matching to the right adds a cost of

1− εi +
∑
j∈Po

(1− εj) +
∑
j ′∈Pe

(1+ εj ′)

and matching to the left adds a cost of

1+ εi +
∑
j∈Po

(1+ εj) +
∑
j ′∈Pe

(1− εj ′)

Since εi >
∑i−1

j=2 εj, OPT will make a match on the right, causing it to flip and forcing Permu-
tation to match ri with a server on the other side of the line2.

Denote PERM as the total cost of Permutation and OPT as the total cost of the offline
algorithm. At the arrival of the last request, Permutation has matched r1 with s2 and each one

2From this proof we can also see that it’s possible to define smaller epsilonsmaking any εi greater than the sum
of the epsilons of the pivots on the other side of the line minus the sum of the epsilons of the pivots on the same
side of the line.
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of the other n− 1 requests with a server on the other side of the line for a cost that is at least n.
This gives us that

PERM ≥ n
2
+ n(n− 1) = n(n− 1

2
)

The optimal configuration of OPT is matching r1 with either s1 or s2 for a cost of n/2 and each
one of the remaining requests with an adjacent server at a cost that is not greater than two. The
optimal offline cost is

OPT ≤ n
2
+ 2(n− 2) =

5
2
n

Thus, Permutation has a competitive ratio of at least

2
5
(n− 1

2
) = Ω(n).
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8
Conclusion

In this thesis, we investigated the problem of Online Metric Matching. First, we provided a
general lower bound for any deterministic online algorithm. Then, we focused on the two
most studied online algorithms for this problem: Nearest Neighbor and Permutation. We pro-
vided a re-parametrized analysis for Nearest Neighbor, showing detailed proofs to the claim
that Nearest Neighbor is (2k − 1)-competitive with matching upper and lower bounds.

In the view of a re-parametrization of the competitive ratio of Permutation, we analyzed two
possible demonstrations and showedhow they fail in the attempt of proving a competitive ratio
in function of k. Finally, we showed that Permutation can’t be O(k)-competitive, providing a
lower bound instance in which the competitive ratio of Permutation raises to Ω(n).

8.1 Further Research

We would like to highlight a few possible directions for future research on the problem. We
proved that Permutation can’t be O(k)-competitive, and Harada et al. [4] provided the algo-
rithm Subtree-Decomposition that achieves a competitive ratio of 8k − 5. In Section 5.3 we
proved a general lower bound of 2k− 1 for the competitive ratio of any deterministic online al-
gorithm. An open question remains whether the gap between the competitive ratio of Subtree-
Decomposition and the lower bound can be reduced, either through an improved analysis of
the algorithmor by proposing a newonline algorithm. When stating that Permutation can’t be
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O(k)-competitive, Kalyanasundaram andPruhs [3] conjectured that there should be a (2k−1)-
competitive algorithm.

An interesting research direction for a re-parametrization of the competitive ratio of Permu-
tation is to consider the real linewith equal distances as ametric space. InChapter 3we showed
that Permutationwas claimed to be k-competitive on the equal line, but a lower bound of k+1
disproved such claim. This means that the existence of an upper bound specific to the real line
is still an open question. This topic was part of the preliminary work for this thesis, and we be-
lieve such re-parametrization is possible, even though we couldn’t prove it. Another potential
research direction is the study of Permutation in other metric spaces of interest. In particular,
the star metric could offer opportunities for alternative analysis.
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