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Abstract

In Axiverse models, namely models of pseudo-scalar fields coupled with gravity, it is com-
mon to encounter particular solutions known as gravitational instantons. These metric
configurations are of interest across various theoretical fields of physics, such as cosmol-
ogy and the phenomenological axion physics, but they are especially relevant to Quantum
Gravity research. In particular, a specific class of solutions, referred to as wormholes,
is expected to provide non-negligible contributions to low-energy Effective Field Theories
derived from String Theory models. Wormholes consist in specific configurations of the
Euclidean space-time metric that connect distant, non causally-related points of the uni-
verse. They also reveal interesting aspects of the theory, potentially offering insights into
the structural features of Quantum Gravity.

Despite the fact that the known practical effects of wormholes have been studied for years,
the issue of whether Euclidean wormholes should be considered in the low-energy limit re-
mains unsolved. Indeed, it is necessary to investigate their stability in order to determine
whether they could yield real physical contributions. This problem has been addressed
multiple times over the last 40 years, but a definitive answer is still lacking.

Based on a recent work that confirms their stability in a simple model, this thesis aims to

reproduce this result and further investigate the stability in a more general framework.
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Introduction

A walk through wormholes’ history

In the last century, a profound scientific revolution drastically changed our understanding
of particle physics. One of the most remarkable achievements has been the development of
the Standard Model (SM), which, through the framework of Quantum Mechanics (QM),
successfully unified three of the four fundamental forces of nature: electromagnetism, the

weak nuclear force, and the strong nuclear force.

However, a significant limitation of the SM is its inability to incorporate gravity, which
is described by Albert Einstein’s General Relativity (GR). Despite the importance of GR
in cosmology, its validity is restricted to energy scales well below the Planck mass. At
low energies, gravity is the weakest of the fundamental forces, but it becomes strongly
coupled at high energy scales, rendering GR inadequate for the study of quantum systems.
Consequently, GR is considered a plausible Effective Field Theory (EFT) derived from a
more fundamental Quantum Field Theory (QFT).

Physicists hypothesize the existence of an ultraviolet (UV) complete theory at extremely
high energies, capable of unifying the frameworks of QM and GR, the two pillars of mod-
ern physics. This ambitious goal is the primary objective of Quantum Gravity (QGQG)
research: an ideal QG model would represent a consistent high-energy unification of these

two low-energy limits.

Over the years, various proposals and approaches have been developed to construct a
theory of QG. Unfortunately, confirming any of these proposals has proven extremely
challenging due to the lack of experimental methods capable of testing such hypotheses.
A recent theoretical strategy to address this challenge involves seeking indirect evidence.
This effort follows two complementary directions, combining bottom-up and top-down
approaches to effective theories.

The bottom-up approach explores "beyond the Standard Model" physics, investigating
potential extensions of the SM while satisfying phenomenological constraints. Conversely,

the top-down approach aims to identify the features of effective theories consistent with



a given UV-complete model. Such a high-energy theory must represent a QG framework,
incorporating gravity into the quantum field formalism alongside the other fundamen-
tal interactions. Among the QG candidates, String Theory (ST) stands out as one of
the most promising and is central to the motivation of this thesis. Briefly, ST replaces
point-like particles with one-dimensional strings and extends the structure of spacetime

to higher-dimensional manifolds.

Moreover, the hope of advancing QG research lies in studying extreme objects and sce-
narios, such as spacetime singularities (e.g., black holes) or the initial singularity of the
universe hypothesized in the Big Bang model. These phenomena, although described
within the context of GR, exhibit distinct quantum effects. A historically significant ex-
ample is Hawking’s discovery of black hole evaporation, wherein particle-antiparticle pairs

are created due to vacuum dynamics, causing the black hole to lose mass.

Graphic representation of a wormhole.

In this context, one particularly intriguing phenomenon that may provide valuable in-
sights into low-energy string models is that of Euclidean wormholes. A wormhole is a
spacetime configuration resembling a tunnel connecting two causally disconnected regions

of space-time.

The first examples of wormholes were studied in the Lorentzian framework of GR by
Schwarzschild, Einstein, and Rosen. These solutions emerged as peculiar solutions to

Einstein’s equations under specific symmetry assumptions'. Subsequently, wormholes

1See [16] for a comprehensive review, including the different classes of wormhole solutions.



were examined for their geometric implications in the context of Euclidean QG. Notably,
in the late 1980s, Giddings and Strominger discovered (in [1, 2|) a new class of wormhole
solutions by studying FEuclidean gravity coupled to scalar fields, known as axions. This
framework gave rise to the so-called Axiverse models. These studies aimed to analyze
processes involving topology change. More recently, such solutions have regained interest
for their low-energy effects and their contributions to corresponding EFTs. Wormhole
solutions appear as saddle points of the Euclidean action, making them essential in semi-
classical analyses. However, verifying whether these solutions are true minima of the
action is critical, as unstable configurations do not dominate the path integral. This

question of stability remains a debated issue requiring further investigation.

These topics form the foundation of this thesis, which seeks to explore the key aspects
of this general framework and highlight its connections to various branches of modern
physics (e.g., cosmology, ST phenomenology, and beyond the SM physics). Thus, the
primary aim of this work is to contribute to ongoing research on the stability of wormhole

solutions.

The thesis structure

This thesis is organized into two main parts. The first four chapters provide an overview
of Euclidean wormholes, presenting key concepts and discussing relevant recent develop-
ments in the literature. The second part, contained in chapter 5, builds on recent findings

to offer new insights into the stability of wormhole solutions.

Chapter 1 introduces the motivations behind studying Euclidean wormholes and their
interesting features. Beginning with their discovery, it is addressed their early connection
to inflation and topology change. It is then discussed the strong CP problem in the SM,
highlighting the necessity of extending the SM. Finally, it is introduced the "Swampland"

programme within the context of ST phenomenology.

Chapter 2 outlines the technical tools required to understand wormhole solutions. It
emphasizes the significance of working in Euclidean spacetime and the semiclassical ap-
proximation, particularly in handling non-perturbative contributions. Additionally, it
explains the formalism of duality, which allows scalar axions to be equivalently treated as

three-forms.

Chapter 3 provides a detailed discussion of wormhole solutions, starting from simple mod-



els and extending to more general cases. Differences between the three classes of gravi-
tational instantons are highlighted, with special attention given to the delicate choice of

boundary conditions.

Chapter 4 examines the low-energy effects of wormhole solutions. Indeed, after integrat-
ing out wormholes from the path integral, it is left a bi-local operators in the EFT, which
requires a peculiar physical interpretation. This chapter introduces the puzzle of a pa-
rameters and explores phenomenological implications for axion potentials and Swampland

conjectures.

The core of the thesis is contained in the second part, i.e. chapter 5, addressing the
stability of wormhole solutions. By introducing small field and metric perturbations, it
is analyzed the issue regarding the possible presence of negative modes. It is calculated
the second order action perturbation and the problem is simplified to a single-variable
eigenvalue equation. The following analysis demonstrates wormhole stability, without re-

quiring an explicit numerical analysis.

Finally, chapter 6 summarizes the significant contributions of wormhole physics and sug-

gests potential directions for future research on this challenging topic.



Chapter 1
Motivations for studying wormbholes

The first chapter of this thesis provides an introductory overview of the main areas of in-
terest related to the physics of wormholes, covering both recent and older studies present
in the extensive literature on the subject.

Before delving into the direct description of instanton solutions, it is useful to explore
the underlying concepts and to provide an overview of all the aspects standing behind
these kind of solutions. In particular, it is important to review different frameworks con-
cerning models of pseudo-scalar fields coupled with gravity. In such scenarios, wormhole
configurations are, in principle, allowed and are expected to contribute significantly to the
low-energy limit of the theory. For each of these models, it is crucial to consider possible
non-perturbative corrections to the action potential as well as other possible phenomeno-
logical effects.

In section 1.1, the early interest in the discovery of euclidean wormholes is presented,
along with the original problems that motivated the birth of this field of research.

Other key areas related to the physics of gravitational instantons are briefly introduced in
sections 1.2 and 1.3. These motivations and their related developments pertain not only

to well-known problems but also to more recent progress achieved in the last decade.

1.1 The Euclidean wormholes discovery

In the end of the 1980’s Giddings and Strominger achieved the important discovery of the
first Euclidean wormhole solution, which is more carefully and thoroughly described in
section 3.1 and 3.2.

This section focuses on the motivations that led them, along with several other physicists,
to investigate these peculiar solutions. The framework where this research took place

is essentially the same as the one where active investigations continue today, namely



ST. However, the earlier motivations were slightly different. In fact, the initial studies
were primarily driven by formal aspects and cosmological motivations related to these
models. The former research focused on the inflationary paradigm and the fundamental
issue of quantum coherence. By contrast, today’s primary area of investigation is string
phenomenology (described in section 1.3), which examines the structure of the low-energy
limits of string theory as a consequence of the UV features of the specific QG model under

consideration.

1.1.1 Inflationary models with axions

Studies on the inflationary mechanism are of great interest in modern cosmology, despite
being a longstanding topic. Indeed, cosmologists can coherently describe the history of
the universe’s evolution up to one second after its hypothetical beginning, thanks to the
ACDM model. This theory makes significant predictions regarding, for example, the for-
mation of the first light nuclei, as well as the birth of stars and macroscopic structures.
However, the early phases of the universe’s evolution remain unclear and may hide new

mechanisms or phase transitions.

In the early universe, all fundamental particles were part of the so-called thermal bath—a
hot and dense dynamical plasma where particles continuously interacted and collided
violently. To address some non-trivial issues regarding the early universe’s dynamics,’
the existence of a prior phase of exponential expansion has been conjectured, commonly
referred to as inflation. Following the logic of cosmological models, going back in time
corresponds to increasing the temperature of the thermal bath distribution. It is impor-
tant to note that the temperature parameter is proportional to the energy of the system.
Therefore, during the early phase of expansion, when temperatures were extremely high,
the effects of high-energy physics became highly significant. This provides a strong moti-
vation for the study of QG.

Going into details, the dynamics of inflation are typically described using models with a
few scalar fields (called inflatons) evolving within a Friedman-Robertson-Walker-Lemaitre
(FRWL) expanding universe.? These models differ primarily in the shape of the inflaton

potential and the number of inflaton fields considered.

Tt is widely accepted that, in the very early universe, there were no bound states of particles; without
atoms, the universe was populated solely by the primordial thermal bath. The unresolved issues (which
inflation aims to solve) include the cosmological horizon problem, the flatness problem, and the unwanted
relics problem (related to grand-unification theories).

2The FRWL model describes an evolving homogeneous and isotropic spacetime, with a metric given
by ds* = a(t)? (—dt* 4+ dz?). The parameter a(t), known as the scale factor, depends only on time.



The relevance of inflation to the physics of wormholes stems from the fact that axions
are considered good candidates for describing inflaton fields. However, axions exhibit a
shift symmetry that can be broken at a certain energy scale.®> The breaking of this global
symmetry can be provided by the presence of non-perturbative effects that introduce cor-
rections to the scalar potential. The potential plays a crucial role in inflationary models
as it is one of the few factors guiding the slow-roll dynamics of inflaton fields.

Therefore, in studying axion models, it is natural to ask whether the effective contribu-
tions from gravitational instantons and wormhole configurations should be considered in
the inflationary dynamics.

Without going into too much detail, and following the recent work of [12], the expected

correction to the potential caused by a single wormhole is typically of the form:
§V =T cos (qp)e™® . (1.1)

In this formula, S represents the on-shell instanton action, which is approximately given
by Sinst ~ faiz‘4 Meanwhile, ¢ is the axion field, and 7T is a numerical pre-factor. To
explicitly estimate the correction 6V, it is essential to compute both S and 7, which
depend on the specific instanton solution. In the simplest models, it has been shown that
the correction dV is typically small.> However, no general result has been found that
allows wormhole contributions to be neglected a priori.

For this reason, their role remains unclear and requires further investigation, especially

when dealing with more complex and structured models.

1.1.2 Quantum coherence problem

The first significant motivation that led many physicists to pursue studies on gravitational
instantons was the issue of "quantum (in)coherence." While the problem is relatively sim-
ple to introduce, nowadays its possible resolution remains far from clear. In the framework
of QG, certain hypothetical processes that lead to changes in spacetime topology are per-
mitted because, at a fundamental level, there is no principle or motivation that inherently
forbids such transformations. The classical understanding of spacetime as a fixed mani-
fold might break down at a certain quantum scale, allowing for these kind of processes,

potentially playing an important role in the UV theory. These topological transitions

3This feature is a common expectation in Quantum Gravity and will be discussed in more detail in
section 1.3.

4Here, ¢ is the topological charge of the instanton, and f,. is the characteristic energy scale associated
with the axion. Their roles are explained in more detail in the following chapters.

5An example of how to estimate the wormhole correction to the low-energy potential is provided in
section 4.3. For a concrete estimation in inflationary models, it is again suggested the reference [12] or
also the discussion of [13].



challenge the preservation of quantum coherence.

The universe is generally thought of as a four-dimensional manifold with a specific struc-
ture, described by its metric g,,,. However, some physical solutions, such as those involving
gravitational instantons, suggest that 4d spacetime could evolve into a substantially dif-
ferent configuration. The result of this transition is a structure that mirrors the original
spacetime but with the addition of a small extra region. This last portion of space can be
physically interpreted as the emission of a spatial three-dimensional sphere evolving over

time.%

Figure 1.1: Pictorial representation of the emission of a "baby universe" from an asymptotically
flat space-time.

The problem arises because the emission of the so-called "baby universe" has catastrophic
consequences for the theory: it seems to lead to a loss of information, as the pure quantum
mechanical state describing the universe would evolve into a mixed state, summing over

all the possible couplings related to the newly created structure.”

5Two important remarks are needed for completeness. First, the nucleated structure could have
a different nature; the three-sphere mentioned here is simply the most common case studied in the
literature, but a priori, any topology could be considered. Moreover, these transitions are well-known in
Euclidean spacetime models, while the situation in Minkowski spacetime is quite different.

"A toy model in [43] illustrates this problem more explicitly. Consider, for example, the creation of an
electron-positron pair from a single electron state, a process well understood in any standard quantum
field theory in a standard spacetime. However, in a spacetime with baby universe structures, the situation
becomes more complex. Indeed, there are multiple possible emission sites for the pair, leading to a mixed
state that is a superposition of different dynamics of the interaction. For example, one of the two particles
created could fall into the baby universe, or either both.



The following provides a brief summary of the general argument, while the specific ap-
plication to wormhole physics is outlined in sections 4.1 and 4.2, though it still lacks a
complete explanation. Although the situation is not identical, it is worth noting that a
similar problem is central to black hole physics. The presence of singularities at black
hole cores is also related to the topology of spacetime, and the problem of black hole
evaporation remains widely studied due to its implications for potential information loss,

which contradicts the basic principles of quantum mechanics.

In the late 1980s, a group of theoretical physicists® realized that any physical process that
modifies the spacetime topology could potentially violate the laws of quantum mechanics.
A first solution to this issue was proposed by Coleman in [30], where he introduced key
concepts such as baby universes and a-parameters (further discussed in section 4.1 and
4.2). The same year, Giddings and Strominger published the papers [1| and [3]|, where
they not only introduced the topic of Euclidean wormholes but also applied Coleman’s
ideas to these particular instanton solutions. They found that their results were in perfect
agreement with Coleman’s theoretical predictions, confirming the restoration of unitarity

and thus, of quantum coherence.

The loss of coherence is caused by the creation of secondary structures from the space-time
and their correlation with the parent universe. Any observable in the "initial" spacetime
can be related to corresponding states in the "final" spacetime.® To formalize this idea,
one could assume that the state of the universe is a tensor product of a fixed baby universe

state and a second state related to the low energy effective field theory, as follows:

l¢) = lesu) ® loEFT) - (1.2)

In general, this state will evolve in time into an entangled state:

p) = ZCi |90>ng ® |90>iEFT : (1.3)

7

From the EFT perspective, this leads to a clear loss of information. Taking the trace of

the EFT state, and so erasing the baby universe one, it reults:

(Plgpr 1) grr — Z |Ci|2 (Plerr 19 err » (1.4)

(]

8Mainly Hawking, Page, and Pope, as well as the authors of [48].
9 Assuming that the nucleation of baby universes occurs at a specific Euclidean time, "initial" and
"final" are used here to distinguish between the times before and after the nucleation of these branches.

10



which shows the transition from a pure to a mixed state.

The rigorous demonstration that restores coherence is non-trivial and requires introducing
new concepts related to the low-energy relics of instanton solutions.!® The key to resolve
the apparent loss of quantum coherence lies in integrating out the wormholes from the
theory, adopting the path integral formulation. The result is the emergence of new local
operators coupled with new constants labeled as a’. While the precise values and origins
of these parameters are unknown, a plausible interpretation is that they correspond to
different kind of baby universes being nucleated.

In this view, the o parameters arise as superselection sectors in the full QG theory. Thus,
the loss of information is not real; each baby universe corresponds to a different eigenstate

of these parameters, leading to a well-defined unitary EFT for each sector.

A more general explanation has been proposed, considering the possibility that each baby
universe state is given by a superposition of different o parameters. In this case, the issue
is more intricate: rather than a loss of information, the process of nucleation highlights
our ignorance of the specific values of the a’s. Even if their values are fixed, there is no
way for an observer in the parent universe to measure them. The superposition of a’s
would then represent a probability distribution, effectively describing a classical ensemble

of different possible effective field theories.

While the solution outlined above seems to work, it is not universally accepted, and
physicists continue to investigate this problem. Two recent papers that further explore
this issue are [29] and [57].

1.2 Strong CP problem and axion particles

Axions are scalar particles that have garnered increasing interest in the particle physics
community over the years. Today, they are studied across various theoretical frameworks:
they are considered potential drivers of cosmic inflation, viable dark matter candidates,
particles in the low-energy limits of string theory, and possible additions to the Standard
Model in its extensions. Originally, axions were introduced in the 1970s to address the

strong C'P problem.!

0Described in chapter 4.
"This section is based on the work [72], but there are various references recasting this argument.

11



Despite the Standard Model’s impressive success, it leaves some fundamental questions
unanswered, so many physicists believe it is incomplete. One such puzzle is the strong
CP problem, which remains a crucial aspect to resolve in particle physics.

The CPT theorem, developed by Schwinger, claims that every quantum field theory should

remain invariant under the combination of three discrete symmetries:

e (': the charge conjugation, relating particles to their antiparticles by flipping the

sign of their quantum charges;
e P: the parity transformation, which invertsthe spatial coordinates;
e T time-reversal symmetry, which reverses the direction of time.

In the 1960s, the famous experiment by professor Wu demonstrated that CP violation oc-
curs in the weak interaction sector of the SM. This violation is associated with a complex
phase in the CKM matrix, which mixes the weak interactions of different quark families.
While CP violation is a crucial ingredient for understanding the baryon asymmetry of the
universe,'? the amount of CP violation observed in the electroweak sector of the Standard
Model is insufficient to explain the baryon asymmetry. This led physicists to search for

other potential sources of CP violation, including in the strong interaction sector.

While CP is conserved at the perturbative level in quantum chromodynamics (QCD),

non-perturbative effects could violate CP symmetry. An anomalous U(1) symmetry leads

to an additional non-perturbative term in the QCD Lagrangian'3:

0 .
Qcp _ Ygep y
Lo = S5 GG (1.5)

where G, is the gluon field strength tensor, GM is its dual, and Oocp is a parameter that
governs the amount of CP violation. Similar terms are theoretically explained as con-
tribution generated by instanton configuration, in this particular case by the Yang-Mills
instanton.!

Experimental data on the neutron electric dipole moment constrain gcp to be less than

121t is estimated that there is a significant mismatch between the number of baryons and antibaryons
in the universe, which appears unnatural (the discrepancy in relative number densities is on the order of
10'%). This prompted researchers to search for possible sources or mechanisms that could originate this
asymmetry. Sakharov summarized the necessary conditions for such a mechanism: baryon number viola-
tion, C and CP symmetry violations, and processes occurring out of thermal equilibrium. Consequently,
it is natural to ask whether such a mechanism might exist within the Standard Model itself.

13This term refers to a type of symmetry which is respected by the classical theory but is violated at the
quantum level. In a perturbative approach, such violations only appear beyond the tree-level, meaning
that become evident when quantum loop corrections are included in the analysis of the interaction.

14See section 2.3 for an overview of this kind of solution.
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1071° | which is an unusually small value compared to other SM parameters, raising ques-

tions about its naturalness.

To resolve this unnaturalness, Peccei and Quinn proposed a mechanism involving a new
anomalous U(1) symmetry. In their model, the 6gcp parameter is replaced by a scalar
field Ogcp = %, whose dynamical evolution naturally explains the small value of 8gcp.

This scalar field is the axion, a pseudo-scalar field that obeys a shift symmetry.!> The
energy scale f indicates the characteristic value where the Peccei-Quinn symmetry breaks

down, leading to a spontaneous symmetry breaking process.

Initially introduced to solve the strong CP problem, axions have since been general-
ized to a broad class of pseudo-scalar fields in various theoretical contexts. Today, they
are studied not only in relation to the Standard Model but also in its phenomenological

extensions, in string theory, in inflationary models and even as dark matter candidates.'6

When gravity is included in these frameworks, particularly in the context of QG, new
effects may arise. Non-perturbative objects, such as gravitational instantons and worm-
holes, could contribute with additional CP-violating terms. For example, a potential

lagrangian with non-perturbative contributions might look like:

Lop = %Gwcﬁw + 33;2 R RO (1.6)
where the first term represents non-perturbative electromagnetic contributions, and the
second term involves gravitational effects through the Ricci tensor R,gs,,. To be precise,
this extra term becomes relevant once gravity is incorporated into the model but even
in the absence of instantons. However, gravitational instantons can enhance this effect
or potentially introduce additional corrections to the lagrangian.!” These contributions
from gravitational instantons or wormholes could play an important role in CP violation,

though their exact nature remains unclear.

Thus, the historical motivation to solve the strong CP problem has significantly broadened
interest in axions and their non-perturbative effects, highlighting their relevance not only
in particles” phenomenology but also in cosmology, string theory, and quantum gravity

research.

1580 the relative action is invariant under the transformation ¢ — ¢ + a for any constant a. In the
following this concept is taking into account again and explained with further details.

16See [68] and [69] for a complete overview about these fields.

17 As shown in section 4.3, an explicit calculation demonstrates how the presence of wormholes in axion
theories results in non-trivial corrections to the scalar field’s potential.

13



1.3 The phenomenology of string theory

Discussions about axion fields and non-perturbative gravitational effects are key topics in
string phenomenology. Indeed, considering any effective theory whose UV completion is
based on String Theory, the presence of a large number of light axions typically follows.
The number of axions can range from hundreds to even thousands, depending on the
specific UV model under consideration.

To provide a complete description of what is meant by String Theory would require far
more than a single chapter of this thesis. In this introduction, only the most fundamental

aspects will be mentioned.

String Theory is mainly considered as an attempt to unify gravity with the other funda-
mental forces and to describe physics at very high energies. The original idea of String
Theory is to replace the fundamental point particles of GR and QFT with tiny vibrating
strings (or branes). These objects, which have a size comparable to the Planck character-
istic length (about 1073°m), are primarily characterized by their tension (a sort of energy
density). The theory is more fundamental in the sense that the same string, depending on
how it vibrates, can in principle describe different particles with varying masses, making
mass no longer an intrinsic property.!®

To treat String Theory like a typical QFT and explicitly perform calculations, it is nec-
essary to work within the low-energy approximation. This approach is usually called as
String phenomenology.! In this approximation, only the massless states are considered,
and the gravitational spacetime curvature must be weak. Furthermore, String Theory is
fundamentally defined perturbatively, assuming weak interactions between strings. How-
ever, in the low-energy approximation, it is possible to encounter non-perturbative phe-

nomena such as D-instantons or wormholes.

A notable aspect of String Theory is that it requires a new d-dimensional spacetime
structure. In contrast, standard models in GR are based on the assumption that the uni-
verse has three spatial dimensions and one time dimension (with opposite metric sign),

all unified in a four-dimensional spacetime structure. As a result, the geometry of the

18Conversely, it remains an important intrinsic feature the distinction between fermionic or bosonic
strings, depending on the respective spin statistic.

9The low energy results are called Supergravity theories. In general, "low energy" refers to values
below the string scale, but still above the Grand Unification scale, which is approximately 10'° GeV.

14



universe may vary?’, but it is constrained to be 4-dimensional. Physicists working on
String Theory believe that when gravity is incorporated into the theory, it is essential
to consider the effects of physics in "hidden" dimensions, which are compactified in a
(d — 4)-dimensional manifold that we do not directly experience.?!

The number of dimensions is determined by the requirement for mathematical consistency
(i.e., the theory must be rigorous and well-defined). For example, the old bosonic string
model?? requires 26 dimensions. When supersymmetry is included, generally the theory
reduces to 10 dimensions. Without delving into the details of supersymmetry and its in-

tegration into QFT, it is important to note that five distinct supersymmetric perturbative

string theories can be defined:
e Type I, which introduces an unoriented open string;

e Type ITA and Type IIB, which describe closed strings with different boundary con-

ditions on the world-sheet;
e Heterotic theories, which feature non-abelian gauge groups Es x Eg and SO(32).

Finally, in 1995, M-theory was developed, based on the assumption of an 11-dimensional

" unifies the

spacetime. This model, the result of the so-called "second string revolution,'
five superstring theories listed above into a single framework. In this framework, the
previous theories emerge as specific limits of the parameter space, and they are related

non-perturbatively by various dualities.

In the following section, we present an overview of String EFTs and the idea of the
compactification procedure necessary to achieve them. We will then illustrate a possible
model of an EFT and the formalism commonly used in the literature to handle such the-
ories. Without focusing on any particular ST, the following discussions are intended to

be general and could, in principle, apply to any model that includes axions and gravity.

1.3.1 String EFT and compactification

One of the key concepts in particle physics is that of effective theories, which are charac-
terized by a limited range of validity over a specific energy window.

The succession of discoveries over the last century has followed a step-by-step process,

20For example, it is completely different the case where the cosmological constant A is less, equal or
major than zero; Other possibilities considered are the cases of homogeneous or static universe, as well
as the opposite options.

21 Al physical processes and experiments occur within our observable 4-dimensional spacetime. So, the
new manifold, where the extra dimension are curled up, is not directly accessible.

22This is the fundamental toy model used to introduce String Theory, starting from the Nambu-Goto
action. See references [85] and [86].
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moving towards increasingly complex phenomena that require more precise and accurate
explanations, and thus more fundamental theories. This approach allows scientists to use
effective theories that provide strong predictive and computational power, but within a
restricted domain. A low-energy theory is obtained by defining the so-called high energy
cut-off scale®®, which can be adjusted by "integrating in or out" certain fields. The run-
ning of physical couplings also allows for the continuous variation of the cut-off if needed,

although this is not always a trivial task.

A simple example of an EFT is classical physics, which breaks down when dealing with
more fundamental quantum systems. A more standard example is Fermi’s theory, which
coincided with the discovery of the weak nuclear force. While it was sufficient to explain
[-decay, it was inadequate for describing more complex processes where the physics of
the Standard Model was required.?*

This mechanism applies broadly across many areas of physics. Indeed, even the Standard
Model of particle physics is unable to explain phenomena at energy scales higher than
those probed by particle accelerators. This naturally raises the question: What lies be-
yond the SM, as we approach energies near the Grand Unification or Planck mass scales?
In this context, particle phenomenology is focused on understanding how to extend the
SM. Indeed, there is a broad class of possible extensions and UV-consistent theories. For
example, an important feature that gives rise to a vast number of different possible ex-
tensions is the symmetry group of the theory. Each of the five main types of ST (cited in
the previous section) is characterized by a different local symmetry group, and also the

theories of "grand unification" present various new possibilities.??

Since the development of quantum mechanics and Quantum Field Theory, physicists have

" attempting to explain every

also pursued the goal of building a "theory of everything,'
physical process and force. This ambitious task is inherently problematic because it re-
quires experimental confirmation at energy scales that are currently unattainable. In
practice, this effort led to the development of Quantum Gravity theories. Incorporating
gravity into a QFT framework requires treating the spacetime metric as a standard field
and developing a consistent procedure to quantize it. While this approach is possible, it

does not avoid significant technical challenges. To understand why canonical quantization

23In other areas of physics, it may also be useful to consider a low-energy cut-off when the theories
exhibit pathological behavior in the infrared (IR) limit. For the purposes of this thesis, it is unnecessary
to address this issue.

24 Fermi’s theory involve only the low energy limit of interactions with "charge current", while the
h.e. extension of the electroweak theory (contained in the SM) also includes the possibility of "neutral
current" interactions.

25For the purposes of this thesis, the aspect of symmetry groups is not emphasized, while the concept
of compactification is discussed in more details in the following sections.
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is problematic, one must study black hole physics: black holes, which are well understood
in the context of GR and low-energy regimes, reveal hidden features related to a large
number of UV degrees of freedom when their thermodynamic aspects are considered.
The problem arises because the simultaneous dependence on both infrared and ultravio-
let scales causes a breakdown of the EFT approach, necessitating a coherent explanation

that remains elusive.

A(.‘(? AQC'D M EW H M KK ).f,i M P

: : : | —— > A (GeV)

10—11 10[3 102 1019

Figure 1.2: Key energy scales for particle physics, corresponding to theory cut-offs or phase
transitions. The last three scales are the most relevant for this thesis: the Kaluza-Klein com-
pactification scale, the string scale, and the Planck mass scale.

Despite these difficulties, in recent decades a new approach has gained traction in over-
coming these challenges. The emerging idea is to base research on a hybrid strategy that
combines bottom-up and top-down perspectives. This means that physicists believe that
new physics can be better understood by combining beyond Standard Model physics with
research on EFTs motivated by quantum gravity.

In particular, String Phenomenology is a field that seeks to identify the features and con-
straints that a low-energy effective field theory must satisfy in order to be consistent with,
and directly related to, a high-energy quantum gravity theory. As the name suggests, the
only self-consistent and widely accepted UV theory typically considered is String The-
ory.26

Starting from a ST model and integrating out some UV degrees of freedom, one obtains
an EFT containing a renormalizable part as well as some non-renormalizable operators.
The goal of String Phenomenology is to start from an EFT weakly coupled to gravity and
investigate under which conditions it can be UV-completed into a quantum gravity model.
Through this approach, one can derive constraints and criteria for ruling out inconsistent

EFTs, known as the "Swampland Criteria".?”

26String theory involves energy scales slightly below the Planck mass Mp; ~ 10'9 GeV, with string
contributions becoming significant around M, ~ 10'7/18 GeV. See 1.1.
2TDescribed in the subsection 1.3.2
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The idea of compactification

With String Theory, it is possible to address several formal problems related to Quantum
Gravity, but an obvious question arises from the framework: where are the extra dimen-
sions required for a well-defined String Theory? Does the full space-time structure have

any consequences for the standard four dimensional theory?

The basic idea to answer this question was first developed by Kaluza and Klein, who
proposed that the invisible dimensions are curled up into a compact hidden manifold,
leaving only four dimensions accessible at low energies. Thus, the new dimensions are
somehow present in the structure of the 4-dimensional theory, even if their effects are
often not explicitly observable. Technically, the way to handle this issue is a mechanism
called "compactification."

The 4-dimensional (low-energy) theory is achieved by starting from a given String Theory
model. Depending on the topology of the manifold in which the extra dimensions are
wrapped, the final model contains a different number of fields and symmetries. For the
purposes of this thesis, it is important to understand why there is a specific configuration
of scalar fields (namely axions and saxions) in the EFT and how it depends on the com-
pactified dimensions.

Another important aspect of compactification is that this procedure could also break the
supersymmetry (SUSY) of the model, that is typically implied in the UV completion.
The presence of SUSY (at least with its minimal structure A" = 1) in the compactified
theory is important for two reasons: without supersymmetry, there would be tachyonic
states in the spectrum?®; Moreover, SUSY is necessary for hierarchy reasons.?

In order to retain AV = 1 residual supersymmetry, it is necessary to compactify the theory
in a specific way®?: in the following lines, the case of compactification of Type IIB string
theory on a Calabi-Yau manifold will be described. However, the same mechanism is also
directly related to models of heterotic string theory and F-theory. With some differences,
it is even possible to extend the discussion to other perturbative regimes, such as Type I,
Type IIA, and M-theory.

The following discussion aims to highlight some physical idea and the basics of the geo-

metric framework behind this technique in the 10-dimensional case.

Z8These types of fields are non-physical. See, for example, [76] and [112] for a complete discussion.

29The problem of the energy scales’ hierarchy is typically known in particle physics, for a detailed
review it is suggested to read the references reviewing the main aspects of QFTs, like [83], [84] and [85].

30The first compactification mechanism was developed by Kaluza and Klein and consisted of an uplift
of 4d space-time to a five-dimensional one, where the extra dimension was contained in a one-sphere
S1. An other interesting case for the development of this technique was the compactification on toroidal
structures. See [85] for more details.
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In formulae, the explanation can be translated by imposing that the metric of the full

theory has the following shape:
dsio(z1y) = eg), (v)da"dz” + go, (y)dy"dy’ (1.7)

where ds?; is the global 10d space-time metric. Instead, the coordinates z refers to
the Minkoswki ones?!, while ds? is the metric of the interior six dimensional Calabi-Yau
manifold "X", with coordinates .
The line element of the 4d theory is paired with a conformal factor €2, that is crucial
because it contains the relics of the compactified dimensions.
The Weyl rescaling factor reads:
M3, 12
on _ Mprlq

- 1.
TV (1.8)

where Vx is the volume of the manifold X (that should be a compact complex manifold,
otherwise the description doesn’t work).

In order to describe the perturbative regime of the theory and to find the origin of the
scalars present in the EFT, it is necessary to introduce a few mathematical notions about
the complex Riemann manifolds and their topological structure.

For our purposes, it is crucial to understand the geometrical origin of the pseudo-scalars.
Axion-like fields generically arise in compactifications as Kaluza-Klein (KK) zero modes
of antisymmetric tensors. Higher-order antisymmetric tensor fields typically give rise to a
large number of zero modes, related to the Hodge numbers of the compact manifold. For
example, the number of resulting massless scalar fields originating from a single tensor
By is equal to the number of (homologically non-equivalent) closed two-cycles C;3? in
the Calabi-Yau X. By taking the indices of the two-form along a cycle, one gets massless

four-dimensional fields. Formally, the KK expansion for the two-form reads:
By = o= S b(aui(y) + (19)
= — L)W ey .
2= 5 : Y

where w' are closed non-exact two-forms dual to the cycles C;.
This argument can be generalized for higher-form fields, and the number of cycles can
become large, typically of order hundreds. A more general (p 4 1) field can be expressed

with a form strength F),;; and appears in the action as:

1 1
S = _§/FP+1 NxFpi1 = _m/ddx V=GB F (1.10)

310r to the 4 dimensional one considered, generally one could also work with AdS and dS spaces.
32Cycles are closed submanifolds useful in characterizing the homology class of a manifold, as each
non-equivalent cycle can be associated with a "hole" in the manifold.
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From the equation of motion dF = 0, one can write the tensor respect to a p-form
potential A: F, ; = dA,.*® A general solution can be found decomposing the potential

A into a basis of harmonic p-forms w,; on the compact manifold:

Ay = o S a@)uyily) (1.11)

The a; fields resulting from the decomposition are pseudo scalars. From their definition
it follows that they can be expressed as a;, = pr,i A, , where C,; are p-cycles in the
compact manifold. The sum over ¢ into the expression (1.11) counts the number of har-
monic forms and expresses the topologically distinct ways A, can be integrated on the
compact space. The number of the basis p-forms w,; is determined by the number of
homologically non-equivalent p-cycles, i.e. by the p'* Betty number b,.>* Each axion is
part of a complex field where an other modulus (the saxion) is controlling the size of the
corresponding p-cycle.

Thus, the moduli (the saxions) arise as a consequence of the compactification, and their
pairing with axions is a direct consequence of SUSY, which requires the existence of an

appropriate form in supergravity.

Supersymmetry requires working with complex manifolds, making the concept of Kéahler
space important. This type of manifold is a Riemannian manifold with non-zero metric

components ¢*, which locally take the form:
g7 = VK (z, %) (1.13)

where the key funcion K is called Kéhler potential.
The Kahler form is a (1,1) closed form, k7 which is the antisymmetric version of gﬁ, and

it can be expressed as
J = 00K . (1.14)

33This is always possible as a consequence of the property of the exterior derivative d? = 0.

34 Additional important geometrical tools are listed here to complete the discussion.
The de Rham cohomology H,, of a manifold M is defined as the set of closed p-forms (i.e. such that
dA = 0) modulo exact p-forms (i.e. such that dA, = B(,_1)), respect to the exterior derivative d. Their
dimensions b, = HP(M) are topological invariants known as Betti numbers, also related to the Euler
characteristic of the manifold M.
For complex manifolds (like the Kahler and the Calabi-Yau), it is possible to define a generalization of
this concept using the set of differential operators d and d which map (p, ¢) forms respectively to (p-+1, q)
and (p,q + 1) forms. The operation must also satisfy the relation

d=0+0. (1.12)

So, the topologically invariant Dolbeault cohomology H?*? can be defined as the space of O-closed (p, q)
forms modulo d-exact (p, q) forms. The dimensions of these space is known as Hodge number and it is
crucial studying the CY manifolds.
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The Kihler form can also be written as J = ig™idx; A dx; using complex coordinates. It
is part of the cohomology H'! and its dimension (the Hodge number h'') describes the
number of possible (non-topologically equivalent) ways the metric can be deformed.

The resulting saxions emerging in the EFT can be labeled as s* = (s%, s%). The s are the

Kéhler saxions, which arise from the decomposition of the Kéahler form:
J=5"-D,, (1.15)

where D, is a basis defined to be dual to a set of divisors.?> While .J lives in the Kéhler
cone, the "universal" saxion s° parameterize the volume of the complex compactified
space.36
For instance, in the case of the heterotic string, s is given by:

0 1

s° = g@‘wkabcs“ csP st = e PV (1.18)

where ¢ is the 10d dilaton present in the full theory, and k. = D, - Dy, - D, are the triple
intersection numbers of X in the chosen basis.

To see more details and some explicit examples about compactification, see the references
from [83] to [100].

After this geometric introduction, the following section will outline the physical structure

of a generic string EFT model obtained through a compactification mechanism.

Effective models

Without assuming any specific String UV completion, let’s summarize the key aspects
of the resulting effective theory. This section is crucial in order to highlight the primary
factors that need attention when dealing with the low-energy approximation of string

theory.

35A divisor can be thought of as a linear combination of complex codimension-one cycles.

36To study the moduli space, it is important to introduce the notion of convex cones. First, the set of
possible charges related to the discrete shift symmetry of the axion it is usually called C;. Additionally,
the saxions are part of a vector space V', which also admits a dual space V*.
The saxionic convex cone is defined as

V={scV|(s;q) Vg C Cr} (1.16)

The interior of the cone consists of vectors that satisfy this condition with a strictly positive product.
There is also a definition for the dual saxion cone: P = {{ € V*|{; = —1 9K sev - These notions are
essential for various reasons, such as identifying specific regions like the perturbative regime of the EFT,

which obeys the condition:

(g;s) >1. (1.17)

This regime is clearly parameterized by the saxionic moduli.
Conversely, the non-perturbative effects are expected to become relevant when the boundary of V is
reached.
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Effectively, each theory and its specific compactification into a four dimensional model is
unique and can present non-trivial aspects. However, for the purpose of this thesis, it is
important to understand why all the models with scalar massless fields coupled to gravity
are physically meaningful.

Starting from the constrain of non-existence of global symmetries, the first requirement
is that if the model contains standard axion particles (characterized by a shift symme-
try), consequently one would expect such fields to acquire a large mass, which poses
phenomenological issues.?” Therefore, it becomes inevitable that this symmetry must be
broken in some way, likely through gravitational effects.

Furthermore, it is also important to note that there is no reason forcing supersymmetry to
break in the energy window considered, so it is commonly assumed that at least a N =1
SUSY survives the compactification process.

The axion in the system are typically normalized such that the shift symmetry takes the
form

O — @'+ 2m (1.19)

where ¢ are the axion scalar fields, with 7 = 1,2, ..N. Supersymmetry provides the theory
with "chiral supermultiplets", in which axions are contained in the lower component,
always paired with other scalars, s, called saxions. The complex fields are combined
together in

t =" 445", (1.20)

which preserves the invariance under the shift symmetry by 2.
Neglecting all the other possible matter fields, the bulk action involving scalars and gravity

takes the following form:
M3 M, S
5 Rx1— R Gij(s) (do' A xdp’ + ds' A xds”) (1.21)

where G;; is a symmetric positive-definite matrix depending on the saxions. This ansatz
for the action is general, but it is clear from the previous subsection that the number
of scalars, as well as the matrix Gij, strongly depends on the adopted compactification
scheme.

The kinetic terms of the scalars are related to the so-called Kahler Potential K(s), which

depends solely on the complex (saxionic) part of ¢. Tt is defined through the relation:

1o
T2 0si0s)

37Otherwise, this kind of particles would have been observed or could be produced experimentally.

Gij

(1.22)
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For a wide class of string models it has been proved that I is proportional to an homo-
geneous function of grade n: P(As) = \"P(s).
Furthermore, in the perturbative regime of many string models, the Kéhler potential

exhibits a specific dependence:
K(s) = —log (P(s)) (1.23)

which can be assumed as an underlying hypothesis throughout this dissertation.

The Hodge duality for the axion formulation will be discussed in detail in 2.4, but it
can be anticipated here in the general supersymmetric context. Defining a two-form
potential and its corresponding three-form field strength as dBy = Hz = —M32,G;; * di',
the duality allows for the chiral multiplet to be exchanged with a linear multiplet whose

lower component is the dual saxion ¢;, defined as:

1ok
20st

l; = (1.24)

The kinetic terms of the action include an extra additional contribution aside from the
Kalher one:

Thus, the action (1.21) can be expressed in its dual equivalent form:

M—’%I/R*l—M—f%l/gU(dﬂ/\*de-)— /g”’(%-A*H ) (1.26)
2 2 : 7 oM, BT '
where G¥ is the inverse of (1.22), i.e.
G = LR (1.27)
200008 '
Moreover, it is possible to define the dual saxion fields as:
10F
b= -——. 1.28
2 0s (1.28)

Additionally, an extra boundary term arises, which must be included when considering

the dual theory:
oM

From the homogeneity of P(s), it follows that /;s" = 5, which, together with equation
(1.25), leads to the relation:

F(0) = log (ﬁ(g)) , (1.30)
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valid up to a constant.

The function P is the inverse of P, yet remains an homogeneous function of degree n. It
is notable that, although n could, in principle, take any integer value, in string-motivated
models it has been shown that only values between 1 and 7 are accepted.?® However, as
highlighted in section 3.3, to obtain a consistent wormhole solution, n > 3 is required,

and the other values are discarded.

In the following section, a brief summary of the conjectures regarding the phenomeno-
logical aspects of these string EFT models will be presented. The role of the wormhole
solution will be highlighted in the last section of chapter 4, emphasizing its significance

in this broad area of research.

1.3.2 The Swampland programme

To distinguish whether an EFT is viable, i.e. predictive and consistent with the low-
energy limit of the SM, a new approach has been proposed, based on different " swampland
criteria".

The term "swampland" refers to the set of anomaly-free and apparently consistent quan-
tum EFTs that cannot be embedded in a UV-complete QG theory. On the other hand,
the set of EFTs that are consistent with the QG completion assumed is typically called the
"landscape". Consequently, any self-consistent EFT must either fall into the swampland

or the landscape, as shown in figure 1.3.

Interestingly, the higher the cut-off of an EFT, the more challenging it becomes for the
theory to fall within the landscape. It is particularly difficult to incorporate new lighter
degrees of freedom, without spoiling the structure of the QFT.3* As a result, the set of
consistent theories narrows as energy increases.

The set of possibilities for establishing new constraints on low-energy theories is broad
and heavily dependent on the assumed UV-completion and the specific analysis being

performed.

A remarkable and surprising result from past research is that various criteria are inter-
connected, as illustrated in figure 1.4. In some cases, these criteria appear to be two sides

of the same coin, while in other instances they are complementary, meaning that they

38For the full discussion about this result, see [15] and [11].
39This difficulty arises because, when the cut-off of the EFT is reached, the theory breaks down, and
new degrees of freedom should be included.
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require each other to make good phenomenological predictions.
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Figure 1.3: Graphic representation of the (effective) theories classification, using the constrains
provided by the Swampland conjectures.

In situations where the criteria seem complementary, it remains unclear whether their
relationship points to a more fundamental mechanism or if it simply confirm the common
origin rooted in the UV theory.

String phenomenologists are actively investigating this complex area of research, aiming to
validate the conjectures through various studies related to black hole physics, AdS/CFT
duality, cosmological models, and even pure geometric approaches.

Indeed, numerous definitions and formulations of the swampland criteria exist, and it is
challenging to determine if they can be universally verified within a general QG frame-

work without relying on the powerful tools provided by ST.%°

In the picture 1.4, a comprehensive summary of the main criteria studied in recent years
is presented. For the purposes of this thesis, it is crucial to focus on the three crite-
ria highlighted in black, as they form the core of the full swampland program. So, the
three conjectures outlined below are the "No Global Symmetries Conjecture" (NGS), the
"Weak Gravity Conjecture" (WGC), and the "Distance Conjecture" (DC); each of these
is related to the topic of wormhole physics.*! For further details, several complete and

recent reviews discussing the current state of the art can be found in the bibliography,

40As previously emphasized, the swampland program consists of conjectures: none of them has been
definitively proved, at best they hold only in specific frameworks or limits.
4 The importance of wormhole solutions is presented in section 4.4.
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see [91]-[100].

pleteness Hypothi

Figure 1.4: Recent map of the main swampland conjectures recently studied in literature.
Taken from the lectures published in [91].

The no global symmetries criterion

The first criterion considered is also the oldest one, generally referred to as the "No Global
Symmetries Conjecture" (NGS). The name itself is quite explanatory, although various
formulations exist in the literature. A general statement for this conjecture could be

articulated as follows:

(No Global Symmetries). In a Quantum Gravity theory there are no global symmetries;
thus every symmetry of the theory must be either broken or gauged if it is global at lower

ENETGIES.

The notion of global symmetry refers to any map of local operators that is unitary, obeys
a group law, and also commutes with the Hamiltonian to conserve the system’s energy.
There are various motivations for the NGS conjecture, most of which are connected to
black hole physics or perturbative string arguments.

For instance, an older no-hair theorem proposed by Hawking posits that a black hole
can be entirely described by its mass, angular momentum, and (gauge) charges. The
existence of an additional global symmetry would lead to a divergent number of possible
microstates, implying infinite entropy, which contradicts our understanding of black hole
thermodynamics.

Moreover, in ST, it has been demonstrated that any global symmetry of a p-brane world-
sheet corresponds to a gauge symmetry in spacetime. This indicates that there is no
possibility of having a continuous global symmetry in this framework.

While the NGS is well-motivated and its connection to other conjectures has yielded sig-

nificant results, it does not provide solid constraints in the low-energy limit. In practice,
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it is sufficient to break a global symmetry at a certain energy scale or to gauge it by in-
troducing extra degrees of freedom to bypass this limitation. Nevertheless, the conjecture

serves as a valuable starting point for deriving further arguments and constraints.

The distance conjecture

Particles are typically classified according to their quantum numbers, with spin being one
of the most important characteristics, as it determines the statistics of the fields. In 2012,
the Higgs boson, a spin-0 particle, was experimentally observed. This particle behaves as
a scalar field, like all particles with zero spin.

A key aspect of scalar fields is their tendency to adopt a vacuum expectation value (v.e.v.),
which can be thought of as an homogeneous condensate that fills the entire universe. The
v.e.v. is tied to a specific energy value, and in the case of the Higgs field, this value is
crucial for explaining the masses of most SM particles through Yukawa interactions.

But where is the link to the Swampland?

In a generic QFT, the v.e.v. of a scalar field can be related to the cut-off scale, the energy
boundary where the theory becomes ineffective. For all the EFTs in the landscape (those
with a high-energy QG completion) the following inequality should hold:

AO < Mpy (131)

where A indicates the h.e. cut-off. The "Distance Conjecture" (DC) imposes a stricter
bound, which depends on all the vacuum expectation values of the effective theory. It can

be shown that the more restrictive limit is given by:
_af oD
A < Age () (1.32)

where clearly (| ¢ |) represents the absolute value of the canonical normalized scalar v.e.v..
An interesting consequence of the conjecture is that the lowering of the UV cut-off occurs
exponentially, making the bound significantly more restrictive compared to the previous

one.

Before defining this principle, it is important to explain its relevance within the con-
text of ST. In order to work within a "standard" four-dimensional framework instead of
the more the complex 10-dimensional string theory, some dimensions of space-time must
be compactified. This process involves "compressing" a six-dimensional manifold into

the boundary of space-time, which introduces additional massless scalar fields known as
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saxions. The v.e.v. of these fields are referred to as moduli, and the set of all possible
values for these parameters defines a geometrical manifold called the moduli space. Es-
sentially, the moduli space can be viewed as a parameterization of all the possible EFTs
resulting from this compactification process.

Since the moduli are not free parameters, it becomes particularly interesting to study the
physical implications that arise from their dynamics within the moduli space. Varying
them corresponds to changes in physical quantities such as couplings or the masses of the
EFT’s fields. The metric of the moduli space is determined by the kinetic terms of the
scalar fields and can be used to define distances within this space.*? This tool is particu-
larly useful for exploring bounds associated with physical properties of effective theories
(for instance, weak-strong duality limits, or the presence of gauged and non-gauged sym-
metries) as the moduli values shift.*?

The premise leads directly to the definition:

(Distance Conjecture). Considering a gravitational effective theory with a moduli space
M, parameterized by the expectation values of scalar fields ¢* which do not have any po-
tential, given a point Q in M there always exists a point P in M at an infinite geodesic
distance from it. Along the path connecting the two points, an infinite tower of states
arises, with an energy scale M (P) ~ M(Q)e=*4P:Q which exponentially become asymp-

totically massless.

The consequence of this conjecture is precisely the behavior of the cut-off scale anticipated
by the equation (1.32). This implies that by varying the moduli values, one introduces
lighter degrees of freedom, thereby lowering the threshold of validity of the effective theory.

One interesting aspect of the DC is its counter intuitive nature respect to the QFT ex-
pectation. Naively, one might assume that if a QG theory is valid at energies around Mp,
(as in the bulk of M), the physics of EFTs operating well below that threshold would be
partially independent of the UV degrees of freedom (as in the bound of M). In contrast,
the DC posits that the separation of scales arises from the exponential decay of the tower
of states, implying that UV physics still exerts a significant influence on the low-energy

theory.

42Gee the toy model in section 3.1 for a concrete example.

43There is also a formulation known as the "local distance conjecture,
tions within the same theory.

44 This could be related to a fundamental principle that would also explain the UV-IR relation in
objects such as black holes, as mentioned at the beginning of this chapter. Furthermore, this conjecture
is reminiscent of the "naturalness problem", although it remains unclear whether it can formally resolve
it.

" which studies local field varia-

28



An important application of the DC is linked to the weak gravity conjecture (discussed
in the following subsection), as well as to the weak /strong coupling duality discovered by
Witten. In this context, the cut-off is related to the size of the compactified dimensions
and suggests that at energies exceeding the Planck mass Mp;, the ten-dimensional ST
should be replaced by an eleven-dimensional one.

Additionally, the DC has recently been studied in the context of inflationary physics and
cosmology, with efforts aimed at elucidating the nature of the cosmological constant and
the rate of the universe’s expansion. All these potential applications and further details

are outlined in the review of the swampland program cited in the bibliography.*®

Figure 1.5: Moduli space of an EFT with UV cut-off A; the point P is at infinite distance
respect to Q (in general it is possible that multiple point satisfy this condition) as stated in the
definition of the conjecture.

The weak gravity conjecture

One of the most studied swampland criteria is the "Weak Gravity Conjecture" (WGC). It
is notable for having important feedback and applications in various models and contexts.
For this reason, a clear definition does not exist; instead, the literature contains several
formulations, each with slightly different nuances.

Starting from the general idea, the criterion is introduced with its generic formulation.

The version related to axion physics and instantons will be briefly discussed later in 4.4.

45There are several discussions and application in literature, some of them contained in the articles
[91]-[100].
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In a certain sense, the WGC could be viewed as a continuation of the NGS conjecture.
Effectively, it provides a bound that relates a particle’s mass to its charge, thereby forbid-
ding the possibility of sending the charge to zero and recovering a global symmetry. From
another perspective, the "completeness spectrum" conjecture asserts that in a QG theory
there should always exist charged states, although it does not provide any information
about their masses. The WGC aims to fill this gap.

The main idea of the criterion is that if the effective theory contains a gauge symmetry,
then some charged state should experience a repulsive force that is stronger than their
gravitational interaction. This can be translated into a constraint for the mass-to-charge
ratio as follows:

% < V2Mp, (1.33)

The inequality appears trivial from a classical point of view, because the gravitational
interaction is more than 40 times weaker than the electromagnetic one. From the ST
perspective, however, this aspect is less obvious because all fundamental interactions are
unified, and there is no exchange of photons or gravitons. Instead, the interaction occurs
between different strings. If one sends the string coupling gs to zero in order to weaken
gravity, even the other forces automatically follows the same trend. Nevertheless, it has
been firmly established that the WGC is satisfied in every ST context.6

Another important framework that strengthen the validity of the WGC comes from black
hole physics, where the charge and mass of the black hole naturally appear in the descrip-
tion of the Reissner-Nordstrom solution. Considering the case of an extremal configura-

tion, the following bound is proposed:

(%) <9 (1.34)
Mbh extremal m

where ¢ and m refer to a specific state that satisfies the WGC, and ¢ is the gauge cou-
pling constant. This bound is important because it explains the possibility of a discharge
process for extremal black holes, which would otherwise present theoretical issues.
Furthermore, considering the strong-weak duality, the conjecture can also been studied
for magnetically charged objects (such as Polyakov monopoles or dyons). In this case, the
WGC is once again verified, providing a natural bound for the theory’s cut-off, similar to
the one discussed for the DC in equations (1.32).

This last consideration leads to a simple version of the conjecture, which could be split

into two parts, corresponding respectively to electric and magnetic charges:

46See the articles |95, 99] for a specific review of the WGC.
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(Elecectric Weak Gravity Conjecture). In a 4 dimensional gravitational theory with
a U(1) gauge symmetry and coupling constant g, the spectrum of the theory must include

at least one particle with mass m and charge q, such that
m < V2 gqMp, (1.35)

and the complementary version for magnetic charges:

(Magnetic Weak Gravity Conjecture). In a 4-dimensional gravitational theory with
a U(1) gauge symmetry and coupling constant g, the cut-off of the effective theory is

bounded from above by:
A< gMp (1.36)

It is interesting to note that the principle asserts the existence of certain states*’ that
satisfy the given condition. However, it does not specify which states these should be. A
stronger version of the conjecture has recently been introduced to address this ambiguity,
aiming to force these relevant states to lie below the theory’s cut-off, thereby offering

clearer phenomenological constraints.*®

Despite the conjectures having already provided important constraints and insights into
the low-energy limit of QG, many aspects still require deeper investigation and under-
standing. It would not be surprising if new results emerge from further studies of wormhole

physics.

47To be precise, even a single state is sufficient, and the condition does not need to hold for every field
in the theory.

48There are three different variants of this formulation, where the states satisfying the conjecture are
respectively the one with the lowest charge, the one with the lowest mass and the one with the largest
charge-to-mass ratio.
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Chapter 2

Euclidean quantum gravity and

non-perturbative contributions

W
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Picture taken from [23].

Wormbholes were first discovered in the 1950s by Schwarzschild, within the context of clas-
sical GR. The initial solution involves a structure of the space-time metric, which can be
envisioned as a region of space connecting two black holes! via a bridge with a 2-sphere
cross-section. An intriguing feature of this solution is that the two mouths of the worm-
hole open into causally disconnected regions of space-time. This characteristic was found
in the radially symmetric Schwarzschild solution of classical GR in Minkowski signature.
However, this class of mathematical solutions attracted less attention compared to black
holes, as the wormhole itself shrinks as an observer approaches it, making it seem physi-

cally implausible.

Conversely, this thesis focuses on a different type of solution, characteristic of quantum
gravity models. In this case, the wormholes are found by studying systems in Euclidean
space-time. Although this assumption may initially seem less meaningful, it introduces a

significant conceptual shift.

ITo be precise, a couple of a black and a white holes.
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Thus, the aim of chapter 2 is to explain why it is interesting to study Euclidean Quantum
Gravity, and why it is convenient to adopt the semi-classical approximation procedure,
which leads to the concept of a gravitational instanton.

In the latter part of the chapter, the thesis will also explore what a classical instanton
solution looks like, along with the key duality in the formalism that will be essential for

the further calculations of gravitational instantons in chapter 3.

2.1 Quantum gravity: Euclidean vs Minkowski signa-

ture

As previously mentioned, wormholes can be studied in both the Euclidean and Minkowski
signatures, but these approaches are not always equivalent.

In QG, the most effective methods adopted for analyzing the models are either canonical
quantization or the path integral approach. The former builds upon the classical frame-
work of quantum mechanics by promoting dynamical quantities to operators, and then
further promotes wave functions to quantum fields. The latter method involves integrat-

ing over all possible classical trajectories to achieve quantization.

While both approaches are often shown to be equivalent in particle physics, the choice of
method can depend on the specific nature of the analysis being conducted. In this thesis,

it is fundamental to assume the QFT version based on the path integral formulation.

The path integral of a classical particle traveling from an initial point x to a final point

y is defined as?:

(aly) = [ e, 2.1)

where the idea behind this definition is that the transition amplitude accounts for all
possible trajectories between the two points. The weight inside the path integral is pro-
portional to the action S of the system, divided by Planck’s constant .

The path integral is widely used in QFT as a generalization of the previous definition. In
the case of a simple theory with a quantum field ¢ and an action S[p], the path integral

1s written as:

2(p) = [ Dy, 2.2)

2The definition is general. Considering the Minkowski space-time, the two points refer to the 4d space:
w = (wo; W).
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Here, no explicit boundary conditions for the field are assumed, so the original concept
of a "transition" between two points isn’t directly applied. Nonetheless, the formalism

proves useful for obtaining computational results.

In the case of a theory of gravity, a further generalization is required. QG research
is based on the assumption that the metric g should be treated as a quantum field in
the UV limit. Thus, the path integral also includes the integration over the metric (or
weights potential transitions between two boundary metrics, if such boundary conditions

are imposed):
Z(pig) = / DgDyp e/l (2:3)

Regardless of the chosen metric signature, the previous discussion remains equally valid.

So, what is the utility of switching to the Euclidean signature?

The main motivation is practical: the standard perturbative expansion® allows for the
study of contributions arising from "small" deviations from the vacuum of the theory.
However, the Euclidean formulation permits us to go further by including contributions
from field configurations of a different nature, called non-perturbative contributions. This
important aspect is further elaborated upon in the discussion of the semi-classical approx-

imation in subsection 2.2.

In a four-dimensional space-time, the transition to Euclidean signature is achieved by
performing a "Wick rotation", which involves transforming the time coordinate into its
spatial Euclidean counterpart:

t— —iT, (2.4)

where ¢ denotes the Minkowski time coordinate and 7 represents the "Euclidean time".
Physically, the Wick rotation changes the signature (—; + ;4 ; 4), which distinguishes the
"negative" time coordinate from the "positive" spatial ones, to (4 ;+;+;+), where the
time coordinate is positive-definite.
The immediate consequence of this rotation is that the path integral weight changes as
follows:

¢S/ — e~/ (2.5)

This transformation is crucial because it significantly improves the convergence of the
path integral. Indeed, the exponential term in Minkowski is an imaginary oscillating
phase (due to the i factor ahead the action), which can lead to weak or even undefined

convergence of the integral. In some cases, the oscillation of the exponential is too strong

3Performed in Minkowski space-time notation.
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and the path integral is ill-defined. By contrast, the Euclidean weight is real and often
leads to a well-defined, convergent integral.

The advantages of the Euclidean signature extend further, but when gravity is included,
the situation becomes more complex.

The pure Einstein-Hilbert action?, including the appropriate boundary term (necessary

to ensure a well-defined variational problem), can be written as:

1 |
- d . Pyvh K 2,
167Gy /M ok = g /W yVh (2.6)

where M denotes the Euclidean space-time, 0 M its boundary, ¢ is determinant of the

Sp =

FEuclidean metric and h is the determinant of the induced three-dimensional metric on
the boundary, R represents the scalar curvature and K is the extrinsic curvature in the
Gibbons-York term.’

A conceptual issue, known as the "con formal factor problem", arises because the theory
should be invariant under "Weyl" conformal transformations, which re-scale the metric

without altering its general structure:

2w(z) ~

Guv = € G - (2.7)

Applying this transformation to the Einstein-Hilbert action in Eq. (2.6), we get:

1 ~ 1 —
. d4 ~ 2w 2\ / d3 h 2wK ] 2.
T6nCa /M T\/ge <R +6(Vw) > 87 on, yVhe (2.8)

The problem emerges because the exponential factor e?“ of the transformation is strictly

Sg =

positive and can be fixed arbitrarily large. Consequently, the Euclidean Einstein-Hilbert
action is not bounded from below and can take on any negative value, making the asso-

ciated path integral ill-defined.

This feature of gravitational theory sparked significant debate, but a solution was pro-
posed by Page and later refined by Gibbons, Hawking, and Perry in [49]. Their solution
involves rotating the contour of integration in the path integral, causing the conformal
factor of the metric to become imaginary, thus ensuring the path integral converges.
This is done by splitting the domain of integration in the path integral into conformally-

equivalent classes of metric configurations. For each class, a specific metric configuration

4The cosmological constant is not considered here, as it does not affect the following discussion.
SFurther details regarding the boundary term and the boundary conditions in gravitational models
are discussed in section 3.4.
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G with R = 0 is chosen, because this condition ensures its regularity. The conformal fac-
tor is then integrated out around these configurations, and finally, the equivalence classes
themselves are integrated out, yielding a well-defined one-loop approximation of the path
integral.

More recently, an alternative technique has emerged studying wormholes in the context of
quantum gravity, performing the analysis of gravitational models within the Minkowski
framework. The key idea of this approach is to deform the integration contour of the
path integral, working in a complexified field space. Applying this method, wormholes
correspond to complex saddles of the Einstein-Hilbert action, though it remains unclear
whether they always contribute. This approach, which relies on working with complex
saddle points, requires the rigorous application of the Picard-Lefschetz theory. For more

details on this parallel approach, see [8, 50].

Although not fully understood in all respects, the Euclidean path integral has been critical
in several QG models, such as investigating black hole thermodynamics and the instability
of Kaluza-Klein vacua.® Hence, it seems natural to adopt this tool for studying systems

that involve topology change and wormhole solutions.

The saddle-point approximation and Gaussian integrals

Another key reason for working in Euclidean space-time is that it allows for the use of
mathematical and computational techniques often employed in fields like statistical me-
chanics.

To illustrate this, it is helpful to make a brief digression before proceeding, by focusing
on an explicit example. The following toy model demonstrates the saddle-point approx-
imation technique, which is widely used in QFT. For Euclidean instantons, this analysis
is valuable because it introduces the concept of Gaussian integrals, which will be central

in later chapters.

Even in the cases where the path integral is rigorously defined, it does not imply that it
can always be computed explicitly. Nevertheless, in many cases, it is possible to apply
the so-called saddle-point approximation. This approximation is performed around the
extrema of the action, which correspond to the classical solutions of the equations of mo-

tion.

6See [21], for example, for details about this topic."
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To construct the toy model, consider the following simple one-dimensional integral:

I= /+OO drx e @ (2.9)
evaluated along the real axis.

We assume that the function f(z) can be analytically continued to the complex plane,
with coordinates z = x + iy, and that there exists a stationary saddle point at z, = iw.
Additionally, we require that the function f(z) has a minimum at z, while considering a
contour parallel to the x-axis, such that 9%f(z),, > 0.

At this point, we can Taylor expand the analytical continuation of the function (f(2))

around the saddle point, as follows:

F(2) = f(z) + % PN =22 o (2.10)

where the first derivative is omitted, as it corresponds to the variation of the action
evaluated at the stationary point. Indeed, from a physical perspective, the saddle-point
represents a classical solution to the equations of motion, for which the first variation of
the action vanishes.

Substituting this expansion into the integral, we obtain the saddle-point approximation:

+oo+iw
I~ / ds o TE) -3 (D)2

co+tw

—+00
_ / I . (2.11)

oo

= (08 f (i) /2 eI

The same result can be derived by choosing a different contour of integration. For exam-
ple, one can achieve the same result by introducing a 7-rotated variable z = —iz. In this
case, the analogy with the computation of instanton amplitudes in the Euclidean metric

becomes even clearer.

This argument can be generalized to various physical models where the function f corre-
sponds to the action and the saddle point represents non-trivial solutions to the equations
of motion. The expansion then translates into a physical decomposition of the system into
a background field (the classical solution) and its perturbations (quantum corrections).
This decomposition is reflected in the result, where the exponential corresponds to the
classical contribution to the integral, while the second derivative provides the quantum
one-loop correction. Finally, the requirement of analytic continuation in this toy model

generalizes to the Wick rotation necessary for transitioning to the Euclidean signature,
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where such computations become explicitly viable.

There is an important caveat to the previous discussion. The result of the saddle-point
approximation is valid if and only if the Gaussian integral can be computed. In the toy
model, this task is trivial as it involves a one-dimensional space. However, in physical
situations, this is not always the case.

Let’s now consider a Gaussian integral that depends on an arbitrary number of variables:

I= / | EEt (2.12)

where A\, is a real matrix. It is always possible to rotate the coordinates such that, in

the new basis, the matrix A\ becomes diagonal. Thus, the integral becomes:
= /Hdi: e™ Xa Mal

T [
:1:[\/)\:(1: det X

This result holds only if all the eigenvalues \, are strictly positive. If some eigenvalues

(2.13)

are negative, the result is no longer valid, and the situation becomes less clear. This is
a crucial point for this thesis, as the stability analysis of wormhole solutions discussed in

chapter 5 is based on this mathematical consideration.”

The example in this section demonstrates that transforming the complex equations of
QG into a more manageable form is possible. The approach based on the Euclidean path
integral provides deep insights and simplifies theoretical studies, making it an important

tool in advancing the understanding of Quantum Gravity.

2.2 Non perturbative effects and semi-classical approx-
imation
In the majority of short-distance physical systems, it is not possible to perform exact

calculations and obtain precise solutions. For this reason, physicists often rely on approx-

imation methods. There are two main approaches:

e Perturbation theory: this method is used when dealing with systems whose Hamil-

“Further comments on the consequences of having one or more negative eigenvalues in the spectrum
are provided later, in chapter 5.
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tonians can be expressed in the form H = Hy + AH,, where H, is a perturbation
of the classical Hamiltonian Hy and A is a small parameter controlling the per-
turbative expansion; The energy eigenvalues are computed as an expansion series
E, = EV + AEWY + XN2EP + ..., and similarly for the eigenvalues of all the other

observables.

e Semi — classical approximation: this approach applies when a system deviates
from the classical limit, where A — 0, such as in tunneling phenomena or other
quantum mechanical transitions. So, quantum corrections are added to the classical

contribution.

While perturbation theory has led to many important advances in particle physics, it
comes with a caveat: it can fail by neglecting important contributions, often called non-
perturbative effects. In many theories, addressing this limitation requires turning to the

semi-classical approach.

Consider the path integral of the theory:

2ig) = [ ea [%“ﬂ | (2.14)

its domain of integration C represents the space of all possible configurations of the field
©.

A natural question arises: if an exact computation of the path integral over all field con-
figurations is not possible, are there specific configurations providing the leading physical
contributions and dominating the integration?

The answer is yes. The configurations that dominate are close to the classical solutions
of the equations of motion (the stationary points of the action). While considering only
these classical configurations gives a rough approximation, it is not sufficient for an accu-
rate description of the physics. The semi-classical approximation refines this by including

the first-order quantum corrections.

The reasoning is as follows: the path integral weight e™%# is dominated by the classi-
cal configurations, where 6Sg = 0. However, classical solutions alone have zero measure
in the integration and thus do not contribute to the path integral. The semi-classical
approach addresses this by considering small quadratic fluctuations around these classical

solutions, leading to more accurate predictions.®

8Indeed, while all solutions with a finite action have zero measure, the approximation considers a
specific portion of the path integral domain which has non-zero measure.
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In this approach, the field ¢ is expanded around the classical solution ¢y:

p=vo+9, (2.15)

where @ corresponds to a stationary minimal point and ¢ to a small quantum fluctuation
around it.

This expansion is based on the assumption that |¢| <<< |¢|. In this way, the approxi-
mation allows for a systematic expansion of the path integral capturing both the classical
contribution and the leading quantum corrections. This method even provides a more
complete understanding of the system, especially in scenarios where non-perturbative ef-

fects play a significant role.

Figure 2.1: A sketchy representation of the possible field configurations in the path integral:
the black line indicates a stationary configuration, the blue ones are configurations with small
deviations with respect to the previous one, the red ones indicate paths that strongly deviate
from the minima.

Plugging the expansion in the classical action leads to the following splitting of the action:

S(p) = 5(w0) + Q(0) + R(¢) , (2.16)

where the term @ includes the quadratic terms in the field fluctuation, while the "re-
minder" R represents all the higher-orders contributions.

Thus, the semi-classical approximation consists in neglecting all the higher-order terms
of R due to their suppression relative to the quadratic ones. This allows to integrate out
the classical solution and obtain a path integral that is quadratic (so Gaussian-shaped)
and, therefore, more manageable.

If the stationary point considered in the expansion corresponds to a minimum of the
action, the approximation may not yield more predictive power compared to the corre-
sponding perturbation approach. For instance, in the action illustrated in figure 2.2, the
perturbation approach involves selecting a minimum and expanding the field around it.

In contrast, the semi-classical strategy split the integral into the main contributions from
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configurations around each minimum:

S(z)

A

Figure 2.2: Example of a general action, with three minima.

While the outcomes of the two approaches may be similar, the second method can be en-
hanced by considering also non-trivial stationary configurations. Indeed, there exist pure
non-perturbative saddle points that interpolate between different vacua. Consequently,
the approximation in equation (2.17) can be refined by incorporating these additional
contributions. Notably, instanton contributions become even more significant when deal-
ing with potentials that do not admit true minima, as in various gravitational models.
This new class of solutions is referred to as "topological solitons". Depending on the
specific model under consideration, different kinds of solutions have been identified, all
linked to features of the space’s topology.” The most common non-perturbative solutions
studied include kinks, vortices, monopoles, and instantons. A defining characteristic of
these objects is that they are topologically stable and represent finite-energy solutions
to the classical equations of motion; moreover, instantons are typically discovered only
within the Euclidean formalism. Indeed, the change in signature in this formalism per-
mits these solutions to have a finite action. However, this does not imply that they lack a
corresponding physical interpretation in the relative Minkowski QFT; for instance, such
interpretations frequently arise in cases of quantum tunneling between vacua.!”

A concrete example will be presented in the following section 2.3, introducing instanton

solutions in two "non-gravitational" frameworks.

9For example, the dimension "d" of the space and the gauge group of the theory are both important,
because they can lead to different kinds of topological solutions.
10See, for example, the Coleman lectures [101].
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In summary, the Euclidean formulation is fundamental in this context because it fa-
cilitates the discovery of these field configurations. Wormholes are metric configurations
of a similar non-perturbative nature, highlighting the necessity of understanding their

potential contributions to the low-energy effective theories to which they belong.

2.3 Instantons in QFT

In the previous section, the concepts of non-perturbative contributions and topological
objects were introduced. However, two explicit examples can further illustrate these ideas.
The first is an instructive toy model where the soliton can be derived more easily. The
second example, on the other hand, involves a more complex framework (i.e. Yang-Mills
theories), that require additional mathematical concepts; thus, it will be described quali-
tatively without explicit calculations.

This section focuses on a specific type of topological solution known as the instanton. An
instanton is a classical solution to the equations of motion with finite, non-zero action,
derived in Euclidean space-time. These configurations are typically found in both "clas-
sical" quantum mechanics and QFT, where they often correspond to absolute minima of

the action, providing dominant contributions to the path integral.

A quantum mechanic toy model

The first model considered is a quantum-mechanical system with a double-well potential:
V(z) = ~(2* — a?)*. (2.18)

In this case, the points of absolute minima, xr = =a, are those typically used for a
perturbative study. However, it can be shown that these are not the only critical points
with physical relevance, both from a classical and quantum perspective.

When using the WKB approximation of the Schrodinger equation, a tunneling amplitude
can be derived. Interestingly, the same result can be obtained through the path integral

formalism, offering an alternative yet equivalent approach:

S

(xp,tp o, ty) = /Da: e , (2.19)

where the action has already been Wick-rotated and is evaluated between the initial and

final points, z; and ;.
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The initial action in Minkowski signature is given by

b lm? (dx\”
Sy = — (=) = V()| dt 2.20
v ng(dt) ()| dt*. (2.20)
and can be transformed to its Euclidean counterpart as:
o im? (do\?
SE:/ — (=] + V()] dr*. (2.21)
Ti 2 \dr

The explicit consequence it that the sign of the potential is flipped. This change is signif-
icant: in the Euclidean signature, the critical points £ = +a become maxima, as shown

in figure 2.3.

—d d X

Figure 2.3: Double well potential considered in the model. The right figure corresponds to the
Minkowski case, the left one to the Euclidean situation.

Consequently, a different solution to the equation of motion is expected to minimize the
on-shell value of the action. This solution is what is sought in the path integral formalism,

because it would dominate the semi-classical approximation.

Thus, setting m = 1 for simplicity, there is a useful trick that allows to rewrite the

action in an equivalent form:

Tf
se= [

(£)-
4l
Al

where in the final step it is substituted the explicit formula for the double well potential
(2.18).

d7'+\/§/ ?\/VdT
Ti T

\]

)-vav 443 [ v (222)

N~ N~ N
S8 AR

12
1 e
)—\/21/_ dT_I_E/xi dz(a® — 2?) ,

43



Fixing the extrema of integration at the two maximal points'!, and setting a = 1 for

simplicity, the second integral yields a finite value:

1 [ (dx 2 2v/2
= -l — ] =V2V| dr+ —. 2.23

se= [ 3|() -] a5 229
The resulting action is strictly positive, with the lower bound S > %ﬁ This makes it

straightforward to identify the configuration that minimizes the action, which is the one

that saturates the inequality:

(@)Z\/ﬁzl_x _ (2.24)

1 —a

Figure 2.4: Profile of the instanton solution derived for the double well potential model.

Adopting the boundary conditions x = +a for 7 — F00, the previous equation leads to

the following solution:

2(7) = tanh (T\;;O) , (2.25)

where 7y is introduced as an integration constant.'?

The configuration found in equation (2.25), depicted in figure 2.4, represents the instan-
ton that interpolates between the two vacua +1, also known as a "pseudo-particle". This
solution is purely classical, and while its exact shape is not particularly significant, it
is notable that the solution only deviates significantly from the asymptotic values (the
minima of the potential in the Minkowski signature) within a small interval. Because of

this, the instanton has zero measure in the path integral, which necessitates the use of the

"' These boundary conditions lead to a "non-trivial" topological solution, which is why this configuration
cannot be captured by the usual perturbative approach.

12This constant is commonly referred to as the "modulus" of the solution. Its physical meaning relates
to the Euclidean time at which the solution experiences a rapid transition, significantly changing its slope.
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semi-classical approximation, including Gaussian deviations, for a more precise analysis.

The case of Yang-Mills instantons

The topic of this subsection is more complex than the previous model, so the discussion
will be less technical. The goal here is not to provide too many details but to highlight
that instantons are also important solutions in this class of models, which have been
central to the development of particle physics. Indeed, research on non-abelian gauge
theories has garnered significant interest in the particle physics community:.

In the past, these types of theories were studied as extensions of Quantum Electrodynam-
ics (QED) but with different gauge groups. Non-abelian gauge theories, also known as

"Yang-Mills theories", are QFTs characterized by a non abelian gauge group, e.g. SU(N).

The Yang-Mills action is typically written as follows:

Sy d*z tr(F, F") , (2.26)

A

where ¢ is the coupling constant of the theory.
For simplicity, the discussion will focus on the simplest case, SU(2), but the results can
be generalized to any symmetry group SU(N).
The gauge field of the theory, also known as the connection, is A,, and it is encoded in
the field strength tensor:

Fu = a[uAu] + [Auv Al (2.27)

The connection A, is a vector field such that A, = g Aj; T, where T are the generators
of the gauge group. In the specific case of SU(2), these generators are related to the Pauli
matrices, up to a constant factor.

The action in equation (2.26) is invariant under gauge transformations, which transform

the connection A, as follows:

A, =gA, g ' —99.97", (2.28)
for a certain g(x) = e"1".
Studying the theory, a key task is identifying all the possible vacuum states. The classical
vacuum is trivial, corresponding to the "pure static" gauge configuration A;(Z) = 0, as
well as its gauge-equivalent configurations A;(Z) = e *A;e™, obtained through gauge

transformations generated by «o(7) = a*(Z) T°.
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In particular, it is enough to focus on the "small" gauge transformations, which satisfy
e* =1 at |x| — +oo. This condition is typically expressed with an explicit option for the
function value, as the simplest choice oo = 0.
Mathematically, this problem is about finding maps that send the space of SU(2) into
itself, so the av : 3 — 53, where S? is trivially the three-dimensional space. These maps
are known as "homotopic", meaning they can be continuously deformed into one another.
Therefore, gauge-equivalent field configurations correspond to homotopic maps.
As a result, the vacua of the theory are classified based on their topological equivalence,
with each homotopy class labeled by an index N, called Pontryagyn index.'® The impor-
tant conclusion is that there are infinitely many topologically distinct vacua, which are
not physically equivalent because they cannot be transformed into one another by "small"
gauge transformations. These vacua are known as 6 vacua.
However, it is possible to have transition between different vacua using "large" gauge
transformations.’* This kind of gauge transformations is incorporated in the definition
of specific field configurations, known as Yang-Mills instantons. Instantons are field con-
figurations that interpolate between two topologically distinct (i.e. gauge-inequivalent) 6
vacual® at the boundaries, while in the bulk correspond to "large" gauge transformations
deviating from the pure static gauge configuration.
It can be explicitly shown that tunneling between two distinct vacua is non-zero, and that
it is proportional to

55 x0T , (2.29)
indicating that these physical solutions must be included in the theory. The action used
in the previous estimate corresponds to the case of a single instanton with n = 4+1. This
action demonstrates a typical feature of non-perturbative solutions: its dependence on the
inverse of the coupling constant %7. This feature also clearly justifies why a perturbative
approach is unsuitable. A similar dependence will also appear in the case of gravitational

instantons.

Among the non-abelian models, the case of the strong sector of the SM, with SU(3)
gauge group, is particularly important. In this case, Yang-Mills instantons generate ad-
ditional contributions proportional to the gluon kinetic term, as mentioned in equation
(1.5). Once these non-perturbative contributions are accounted for, the strong CP prob-

lem introduced in section 1.2 arises.

BFor SU(2), the homotopy group is II(S®) = Z, meaning the vacua can be indexed by integers; In
other gauge groups, similar indices exist, though the situation may slightly differ.

14These transformations do not satisfy the request of o = 0, at the spatial boundary.

5Different § vacua are characterized by different winding number and corresponds to distinct theories.
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For a more deeper and detailed discussion on instantons, further reading is recommended,

such as the reference in [41].

2.4 The Hodge duality

Before analyzing the models that include gravitational instantons, it is important to in-
troduce a key concept in axion physics known as "Hodge duality".

This duality implies that axions can be described using two physically equivalent frame-
works: either as classical pseudo-scalar fields or by replacing them with three-forms.!®
To derive the duality, it is convenient to work within the path integral formulation, where
the equivalence between the two formalisms becomes clearer. For simplicity, we can con-
sider a basic model of a single axion field coupled to gravity, as any generalization from
this is straightforward.

The total action for the model is split into two contributions:
Slg, H,0] = Sgrav[g] + Smatter(9, H] , (2.30)

where

1
Sgrav[g] = 5 /d4x\/ _gR + Sboundary (231)

is the classical Einstein-Hilbert action, plus a boundary term that it is not important to
explicitly define for the moment.!'” In this context, the axion is expressed through the
3-form H

uvps OF simply H. Its corresponding action term reads:

1
Swmatter[g, H] = /d4x (—éHA *H) : (2.32)

For simplicity, it is adopted the shortest notation with the wedge product A.'®
Furthermore, a (scalar) Lagrange multiplier ¢ can be added in the path integral without
any issue, as it does not produce any extra physical contribution. Therefore, within the

path integral, the action (2.32) can be replaced by:

1
Srflatter[gaHa 90] = /détgj (_éH A *H+ SOdH) . (233)

16This thesis focuses only on four-dimensional descriptions of the space-time. However, in a more
general context, considering a d-dimensional space-time, axions are dual to (d — 1) strength fields,
or equivalently to (d — 2) potentials. In this formulation, scalar fields can be rewritten as H,, , =
%6#“,,,p6paﬂ“'78a35m7.

ITFor the models in chapter 3, it is essential to choose the boundary term carefully. See section 3.4 for
further details on this.

"8The explicit notation is straightforward: [w A sw = & [ \/|glwa,,...a, w* =, for every s-form w.
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The general form of the path integral partition function, following from its definition, is
given by
Zlh, J) = / DgDH Dy ¢"lo:¢], (2.34)
9‘8:h>H‘8:J

where the constraints A and J indicate that the boundary conditions for ¢ and H are
fixed, respectively.

It is important to note that the choice of boundary conditions for both the metric and
the 3-form is critical for having a well defined problem. The most convenient choice is to
assume Dirichlet boundary conditions for the three-form and Neumann conditions for the
axion.!?

With these assumptions, it is possible to integrate out the multiplier by applying the
boundary condition for the three-form. The outcome of this procedure is the application
of the closure property to H, i.e. dH = 0, which follows from the possibility of (locally)

writing H = dB, combined with the important property of the exterior derivative d* = 0.2

On the other hand, the 3-form flux can be integrated out by completing the square in H

and rewriting the action as follows:

1 1
Smatter 9, H, @] = / <_§(H —xdp) A\ *(H — xdp) — §d<,0 A *dgo) + /6Q0H. (2.35)

In the last step it has been applied the relation *?> = (—1)**! which is valid in a 4d
Lorentzian manifold while acting on a general s-form. Thus, the integral over the bulk is
Gaussian, and the boundary condition sets H|y = J . So, the partition function can be

rewrite as

Z[h,J] = / DgDy S5 (2.36)
glo=h

where the action is given by

S[9, ¢l = Sgrav[9] +/ (—%dso/\*dsf)) +/8s0J- (2.37)

The path integral can be further split into two components, one corresponding to the bulk

contributions and the other to the boundary terms. The first part can be seen as a kind

YFurther details regarding this choice are provided in section 3.4.
20Tn a four-dimensional framework, the explicit expression is Hag, = B(apy) = 0aBpy+05Bya+0,Bag-
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of Fourier transform:

207} = [ Do | Dy e (-haons)
g|9:h 7¢|B:@bound (238)

B / Dgpbound ei Jo WboundJZ[h7 (pbound]'
Thus, the path integral Z[h, J] can be computed in two different ways.
Following the 3-form picture, it is given by
Z[h, J] = / DgDHG[dH] e'Servlolti [ (=3 HA=H) (2.39)
g|5:h7H|6:J
while adopting the scalar-axion formalism it results

Z[ha J] = / Dgobound ei fa SOboundJZ[h> Spbound] . (24())

In this formulation, it is possible to define the "Fourier transform":

Z[h) Spbound] — / DgD(p engrav[g]-i—if(—%d(p/\*dgo) . (241>

g|3:h7903:§0b0und

The key conclusion from the previous derivation indicates that it is always possible to

switch the dual formulations, by enforcing the following relation?!:
Euuaﬁaﬁ(p = Hul/oc ) (242)

which is obtained by comparing the two partition function formulations (2.39) and (2.40).

Equivalently, this condition can be expressed as:
H=—x%dp. (2.43)

The importance of Hodge duality lies in the ability to treat the axion as a three-form,
which is perfectly equivalent to considering it as a standard scalar field. It is essential
to note that when the signature is switched to the Euclidean one, the axion acquires a

negative sign in the kinetic term.?

2lIn literature, the action is sometimes defined with an additional constant fayion to explicitly indicate
the dependence on the characteristic energy of the axion. In this case, the constant would multiply the
right side of relation (2.42). However, it is still possible to recast the situation presented here simply by
scaling the fields.

22Indeed, the Levi-Civita tensor € must be redefined when changing the signature, resulting in an
additional i-factor. It follows that the three-form kinetic term has an extra negative sign (coming from
the new 42 factor of the ).
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It is also crucial to emphasize that the duality works effectively only when the correct
boundary conditions are imposed, according to the specific framework being used. In fact,
in some earlier articles investigating the stability of gravitational instantons, erroneous
theoretical results were obtained due to mistakes in the application of duality and the

associated choice of boundary conditions.

20
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Chapter 3

Gravitational instantons and

wormbholes physics

After having outlined the motivations and technical aspects that recommend using Eu-
clidean signature to study these solutions within a semi-classical framework, it is possible

to delve into gravitational instantons.

The instantons discussed earlier can be generalized to gravitational theories, and indeed,
a broad set of related solutions has been explored in ST.! This thesis, however, will focus

on a specific class of solutions that includes wormhole configurations.

Section 3.1 introduces a general sigma-model of scalar fields coupled with gravity. In
this model, it is straightforward to derive the wormhole metric structure, highlighting its
essential features.

Section 3.2 presents an extension of this model by including a dilaton field, motivated by
string theory compactifications. Here, three different types of gravitational instantons are
examined, each demonstrating a unique profile for the solutions.

Section 3.3 further generalizes the discussion, deriving gravitational instantons within
general models of compactified string theory, regardless of the number or configuration of
axion-saxion fields. Importantly, it is shown that the calculations can always be reduced
to a form similar to the simplified model in section 3.2.

Lastly, section 3.4 provides valuable comments about the theme of boundary conditions

imposition, required for precise treatment of these models.

'For an in-depth discussion of the so-called D-instantons, typical of type IIB supergravity, refer to
[24, 41].
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3.1 Simple example of gravitational instanton in a sigma

model

To begin, it is examined a simple model of spacetime that includes a set of scalar axion
fields, minimally coupled to gravity. Typically, it is incorporated a potential V' that
depends on the scalars (allowing for interactions, self-interactions among the axions or
mass terms). However, it is possible to consider the simple case without a potential to
streamline the analysis, as the main features of instantonic solutions don’t change under
this assumption.

The action of the model, in Euclidean signature, is given by the following expression:

M? 1
Sg = /d%\/? [—%R + §G1J9Wau801(9yw} : (3.1)

while its dual form is

Mg, Fry

Sg = /d4x\/§ {_TR + TH,{VPHJ’WP} : (3.2)

The two actions are trivially equivalent, interchangeable applying the Hodge duality.

A boundary term could be included, but it is disregarded since it does not influence the
system’s dynamics.?

The notation here uses R to denote the Ricci scalar curvature®, ¢; indicates scalar fields
(axions, other scalars, or moduli of the theory) and G, is a functional term potentially
dependent on other fields, introducing new interactions or higher-order operators for the
scalars.

In the dual formulation Gy is replaced by F;;, and in this specific model, both are set
to be proportional only to the scalars ¢;, excluding any additional fields.

Throughout this section, natural units are set. Thus, it is fixed Mp; = 1.4

To impose rotational invariance, with symmetry group O(4), it is adopted the follow-

ing metric ansatz:

ds® = a*(r)dr® + r*dQ3 (3.3)

2However, in principle it is not correct to neglect it. A discussion about this term is given later, in
section 3.4.

3For reference: R = g"”R,,,,, where R, = R}, represents the Ricci tensor, R, = 0,13, — &,Fgu +
g, I3, —I'5,I'g, is the Riemann curvature tensor, and I' denotes the Levi-Civita connection derived

from the metric: I}, = % (Ongsy + 0v98u — 08Gu0) -
4The Planck mass is the constant Mp; = \/%T =1.22-10'GeV, it is put equal 1 to simplify notation,

rescaling all variables’ mass dimension accordingly.
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using polar coordinates, where the time-dependent parameter a resembles the scale factor
in the "RWFL" metric.> All fields in the theory are forced to respect this symmetry, so
the scalars depend only on the radius 7.
Applying the principle of stationary action and varying Sg with respect to the axion ¢y,
it is obtained the equation of motion for each scalar:
rr ! g rr

(\/EQ GKJSD,J) = \/7_9 8KG1J90/190,J ) (3-4)
where the prime denotes a derivative with respect to r.
The equations of motion can also be viewed as geodesic equations for the fields, where G
represents a scalar metric. This becomes explicit with a change of coordinates, defining a

7 time (Euclidean) variable such that 9 = ,/gg™; then the equations of motion become®

Ol + T 0.070,0% =0 (3.5)
or, equivalently
0-(Gr;0:0"0-07) = 0. (3.6)
Using the ansatz (3.3), it is straightforward to obtain the relation

. 6C 6Ca?
GIJQDISDJ = (grr\/g)z = T6 ) (37)

where 6C' is an integration constant, whose physical significance will become clear shortly.

Due to radial symmetry, the "r-r" Einstein equation decouples. Here, the "r-r" component
of the stress-energy tensor is T,, = %G 1797¢";, while the corresponding Einstein tensor
component is G, = (1 — a?).

By applying the Einstein equation with the expression in (3.7), it is derived the instantonic

configuration. The Einstein equation, given the ansatz, becomes

6Ca?

3
Z(1—-ad?) =
( a’) 2?,,6’

72

(3.8)

which has a simple solution for the radial metric component:

a’ = (1 + %)1 : (3.9)

5The Robertson-Walker-Friedman-Lemaitre (RWFL) metric is commonly used in cosmology to de-
scribe a homogeneous, isotropic expanding universe and is equivalent to equation (3.3) with Euclidean
signature.

6 Assuming I' as the relative Chistoffel symbol.
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Depending on the sign of C' (whose field dependence is implicitly represented in equation
(3.7)), the metric’s topological structure changes significantly. Specifically, there are three
types of gravitational instantons, which will be explored further in Section 3.2.

For now, it is interesting to consider the regime C' < 0, so that the metric takes the form

1
d82 = <W> d?"2 + TQdﬂg . (310)

The resulting configuration is the Euclidean Giddings-Strominger wormhole solution.

Figure 3.1: Graphic representation of a wormhole structure taken from [6].

Through a conformal transformation, it is possible to show that the wormhole metric is
topologically equivalent to S® x R. This implies that for each Euclidean "time" value r,
the cross-section of the configuration is a 3-sphere S® with precisely a radius r.

The metric becomes asymptotically flat as » — +o00, recovering Minkowski spacetime
(only asymptotically).

Conversely, as r decreases, the metric approaches a singularity at r, = |C|*/4. However,
this singularity is merely a coordinate defect rather than a physical one: the parameter
r, represents the minimum radius of the wormhole’s cross-section.

Specifically, the Ricci scalar is given by R = i—%’, and it remains positive for any r > r,; it

vanishes precisely at r = r,, marking the endpoint of the wormhole throat.

Consequently, to construct the full wormhole configuration as depicted in figure 3.1, a

95



second copy of this instanton configuration must be "glued" at the singular point.”.

To demonstrate that the singularity is not physical, we can redefine the variable as follows:

(&)~ ()

With this substitution, the metric assumes a Robertson-Walker-like form

ds* = a(7)? (dr* + dQ3) , (3.12)

and the singularity is removed.

Using this variable redefinition, it is found that

a(t)? = \/|C] - cosh(27) . (3.13)

By substituting this explicit scale factor back into the RW metric and the equations of
motion, we can recover the standard instanton profile. In this section, we do not perform
the complete derivation, as a more comprehensive version is provided in the following

model.

In the original work by Giddings and Strominger®, the variable |C| was calculated for a
single axion coupled to gravity, yielding:

_q2

-t 14

where the constant f originates from a different initial action in their analysis, Sy =
[ d*z g#HN,ﬂ;HW‘S, and ¢ is the axion charge.

However, it is noteworthy that similar geometries arise in more general models, although
with different values of |C|. By inserting the equations of motion into the action®, the

on-shell action can be computed as:

n? too dr /6 |q
S / 4l (3.15)

1
v 12 o VO 1t 4 f

In general, the two mouths of a wormhole could either exist in causally disconnected re-

"In the next section, the axion’s topological charge is introduced. The two copies of the metric (3.10)
must have opposite sign charges, in order to conserve the theory’s total charge.

8See the original papers [1] and [2].

9Note that a factor 2 is needed, in order to take into account the contributions from the two halves of
the wormbhole.
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gions within the same universe, or in distinct universes.’® The two situations are depicted

in the diagram of figure 3.3.

3.2 Gravitational instantons in axion-dilaton models

Axiverse models have different physical applications, but the principle one is related to the
phenomenology of ST. From the compactification procedure within the EFT framework,
the low-energy ST model naturally suggests the presence of a large number of additional
scalar fields.!!

However, the following discussion considers a simplified model that can be adapted to any
context involving scalars (or three-form fields) coupled with gravity, potentially alongside
other matter fields. In the subsequent section 3.3, it will be demonstrated that similar

solutions can be derived within models containing multiple scalar fields.

Using a Euclidean signature, a basic model featuring a single pair of scalar fields-a single
axion and a dilaton-is described by the action:

M3 1
SE = /d4l’\/§ |:—TP%R + §VM¢V“¢ + @HMIWH’WP . (316)

In this expression, the axion is represented through the three-form field H, while ¢ rep-
resents the dilaton.!?

This action specifies a general setup, requiring an explicit form for F to define the inter-
action between the dilaton and the axion.

The simplest options, setting F = 0 or F = would yield models with scalar fields

1
3! faz’
minimally coupled to gravity, already discussed in the previous section 3.1.

It is more interesting to consider the following model, which involves an interaction term

between the dilaton and the axion, obtained by setting

—B¢
exp(5r”)

Here, [ represents a coupling constant.

10This last possibility can be considered only in a multiverse framework. For further discussion on
these scenarios, see the first two sections of chapter 4.

"The number and nature of these fields depend non-trivially on the specific string model and the
topology of the compactified dimensions; in general, the number could reach the order of 10%/3.

2In a string theory context, the dilaton is often termed the "saxion," though the two are largely
equivalent. More precisely, the saxion is the imaginary component of the lowest scalar field of a superfield,
while the axion serves as its real component.
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Expanding the exponential in the high-Mp; limit yelds

_ B Lo )
et (1222 (3.18)
( Mp,
where the leading term 1 serves as the kinetic term for the three-form field, and the second
term ﬁ—ﬁl introduces the interaction.?

In the framework of string theory and considering a wormhole configuration, the cou-

pling parameter S must satisfy the constraint

0§B§2\/? (3.19)

indicating a specific range where wormhole solutions are supported. This constraint on
B emerges from ensuring consistency within the compactified string effective theory, in

which the dilaton and axion fields are coupled.

For now, the focus remains solely on the bulk contribution to the action, with the bound-
ary term deferred to a later analysis in section 3.4.

Although the boundary term doesn’t impact the geometry of the system, it is essential
for obtaining the correct value of the on-shell action.

Moreover, the model could include a potential V' (¢), whose presence would introduce
modifications to the equations of motion without fundamentally altering the wormhole’s
structural properties neither affecting its stability, and so it is omitted here to keep the

analysis concise.

The next step is to derive the non-perturbative instantonic solutions by minimizing the
action. The e.o.m. for the metric, or Einstein-Hilbert equations, can be obtained by

evaluating
4 MIQDI v 1 v 1 v uv
(0SE)s, = [ d°2\/q 0gu —T(R”“ — éRg” )+ §V“¢V o+ Ty (3.20)
where T} is the stress-energy tensor of H. The Einstein tensor is defined as G, =

R, — % IR = E—%T /ﬁ, while the Riemann curvature is defined as R = g"”R,,,. The last

13 A comprehensive analysis on the potential values of 8, and the stability of instanton solutions varying
this parameter, can be found in [14]. This study generalizes the original Giddings-Strominger solution to
include a broader class of wormhole configurations with a massive dilaton.

M There are several articles studying models including a potential, as |9, 14, 16, 27|
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term in the variation above provides the three-form field stress-energy tensor!’:

TH — —B¢WM_12’I H Hocﬁ_l H? 21
[ 72 € (3 papidy gMV ) . (3 )

31 f? 2
Following a similar procedure yields the equations of motion for both the dilaton and the
three-form fields. Setting M3, = % in the subsequent calculations simplifies the physical
constants.

Thus, the resulting equations of motion are as follows:

Ry = k0,$0,6 + Fze PVEH (g HOP — by e POVRH 5 HOPg,,

J0n (V9" 0,0) = Spe " Hog HO (322

A, (\/gefﬂcb\/EHuaﬁ) -0

To obtain the instanton structure, an appropriate ansatz is required, as in previous models.
The symmetry group of four-dimensional rotations, O(4), is assumed to hold for this

system, leading to a metric of the form:

ds® = a®(r)dr® + b*(r)d2; (3.23)

where a and b are functions of the Euclidean time 7.6

Under this symmetry assumption, the fields are postulated to follow a similar structure:

¢ = ¢(r)

(3.24)
Hijk = q- €y 5 Hoiy =0

where ¢ is an integer related to the axion’s shift symmetry charge, which is quantized in

string theory according to the Dirac quantization condition.!”

The symbol €V represents a "normal" tensor density, which can also be expressed in terms

of a "transversal" tensor €l as: .

N €ijk

€ = —F— . (3.25)
! G

2b3

The unit volume element is thus [ d®z €’ = 27?03, leading to the axion charge conservation

15Tt is necessary to consider the implicit definition of the three-form Hyp,=0.,B,,—0,B,, +0,B,, =
0,,B,,), where the square brakets indicates the anti-symmetrization of the indexes.

. . . L "bb' —a((b')?+bb" "
16For this general metric, the Ricci scalar curvature is given by: R = % Additionally,

the determinant of the metric can be expressed as: /g = ab3. The components of the Einstein tensor

are as follows: G,., = 3(122)2 and G;; = 6;5 |:(122)2 + 2% — 2%]-

17See the articles [11] and [12] for more details about this feature.
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relation:
/d:c3H =q. (3.26)

The ansatz satisfies the equation of motion for H automatically, while the Bianchi iden-

tity'® imposes the constraint:
ge"

T oo

By substituting the ansatz and performing integration by parts with boundary conditions

H(r) (3.27)

incorporated into Spoung, the O(4)-symmetric action becomes:

SE:27T2/dT

where the parameter N = % simplifies the notation.

—3bb> B2 3ab N2%a _
ar + _23 - 7 + _b3 € ok + Sbound (328>

The ansatz transforms the equations of motion into:

20b | b2 2bbé b2 g2 N2q —
Wb B g 2ha g ¢ — elfae Bovs — ()

a a 2a

: -

Z_Z 1=t gﬁe—%\/ﬁ, (3.29)
. . . . 2(12 _ p

o+ <3§_g>¢: —Mb—@fe Bovr

One may employ gauge freedom to fix either a or b, as was done in section 3.1 by setting
b = r for simplicity. Using the » — r metric equation of motion yields the explicit gravi-
tational instanton form, as the one of eq.(3.10).

Solving these equations requires determining the dilaton profile, while the three-form so-
lution remains fixed by symmetry.

To proceed, the sign of the constant C' must be set, as each possible option leads to a

distinct metric configuration.

Substituting the analogous metric shape of (3.10), derived considering also the dilaton:

i (3.30)

and simplifying, the dilaton equation of motion becomes:

2

T CN _.C kN? ks
k2 (9) (1+T4) 3= e . (3.31)

rd

18Given the possibility of writing H = dB for a certain two form potential By, as the exterior derivative
satisfies d? = 0, the Bianchi identity automatically follows: dH = 0 or equally ViuHyes) =0
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This equation can be solved by separating variables:

/d¢ <\/N26M¢ + 3%) ) = :I:/drgi : (3.32)

1+ 5

‘s

The solution to the integral depends on the sign of C', while for the three-form the formula
(3.27), derived imposing the Bianchi identity, still holds.

While solutions for C' > 0 are known but less physically relevant, the case of C' < 0

leads to the wormhole solution, which has significant implications.

3.2.1 Extremal and cored instantons

Let’s begin with the simplest configuration, where C' = 0.

In this case, the metric remains strictly positive, ensuring that there are no singularities.
It turns out that the shape of the metric is simply flat; however, unlike Minkowski space,
the origin must be excluded from the spacetime, as the fields and the three-form diverge
at r = 0. Therefore, both fields exhibit non-trivial profiles.

To determine the dilaton function, the following integral equation need to be solved:

/d¢ (\/W>_1 V2 <_—1) . (3.33)

2 72

This equation can be easily computed to yield:

212
ovis _ (N Ok 3.34
e g T (3.34)

where the solution with a negative sign is discarded, as the only valid solution in the

domain 7 > 0 would be the trivial one: e#V*® = (.

The integration constant f must be determined by imposing the boundary condition for

the dilaton, i.e. that ¢ =% 019, This condition leads us to the final form of the dilaton:

N2B2%
PV = g 1 (3.35)

The plot of this specific spacetime configuration is shown in figure 3.2-b.

19The physical significance of this limit is tied to spacetime compactification: as the radius approaches
infinity, the structure of spacetime asymptotically resembles flat space, since compactification primarily
influences the bulk properties of the spacetime composition.

61



Next, the second case where C' > 0 can be analyzed. This scenario is typically referred
to as the "sub-extremal" case or "cored gravitational instantons" (the terminology draws
an analogy to a specific types of black holes).

In this instance, the metric remains positive, but it diverges as it approaches the origin.
The shape of the cored instanton configuration exhibits a naked singularity at » = 0,
which raises questions regarding its physical significance.

Nevertheless, this type of instanton features a dilaton field profile that depends on a
free parameter. For this reason, this solution is studied by embedding the model in a
higher-dimensional space, where this family of solutions can be physically motivated, for

instance, as Reissner-Nordstrém black holes (in a 5d space-time).

-
~ F-id

(a) (b)

Figure 3.2: A cored gravitational Instanton and an extremal Instanton metric configurations.

A convenient approach to solve the equation in the C' > 0 case involves a change of

VI (3.36)

rz

variables?!

S =

This substitution transforms the right side of equation (3.32) into:

V2 1 -1 (VC
Wie dsm—marcsmh gea +g, (3.37)

where the integration constant g will be fixed by imposing boundary conditions.

20This peculiar case shows also an important consistency with the weak gravity conjecture, introduced
in section 1.3.2.

21Here, the absolute value is included to allow for a change of variable that will also be applicable in
the wormhole case.
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Instead, the left side can be rewritten as:

—1
k kN? 2 h
V= / d¢ \/ S e mVR 41 = / dp— o) (3.38)
3C 3C pV3C \/J1+ Sinhz(x)
Here, we introduce a new variable x, such that:

sinh(z) = iCeJ’B\/Eg : (3.39)

T NVEk

Using the fundamental relations for hyperbolic functions, the integral simplifies signifi-

cantly. Equating the two sides of the equation results in:

(VT 2.
arcsinh <7> +g= 5\/;_0 : (3.40)

+1
V2(C]
Now, substituting back the inverse of (3.3.9) to eliminate the variable x gives:

Larcsinh icew\/g% :+—1arcsinh \/—26 +g. (3.41)
BvV3C NVE V2|C r

So, this leads to the result:

N2
eTBVES — k3_(] sinh? [g\/garcsinh (i—?) +4g

As anticipated, the constant g cannot be entirely removed and remains a free parameter,

(3.42)

with only specific values allowed for it.

A detailed discussion on this matter is complex, as it requires an analysis of the mi-
croscopic origin of the solution in each specific model. For example, when embedding
the solution in a five-dimensional space, it is found that the instanton is promoted to a
charged black hole, where g is constrained by its mass and charge.

Generally, it is shown that several values of this free parameter are forbidden, as they

lead to unstable or physically inconsistent solutions.

However, applying the condition of vanishing dilaton in the limit of asymptotic radius

yields a relation between C' and g:

3C

sinh?(g) = NE

(3.43)

Using this relation, the dilaton profile can be expressed with the following resulting ex-
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pression:

(3.44)

1 g /3 VC
Vko . .
etPvke — m sinh? [5\/;arcsmh (7"_2) +4

3.2.2 The wormbhole configuration

Lastly, the most interesting instanton configuration is the "super-extremal" one, com-

monly referred to as the wormhole.

Assuming as hypothesis that C' < 0, there is an immediate difference from the previ-
ous situations: the metric exhibits a singularity for r* = L* = —C.

As previously noted, this is not a physical singularity but a coordinate one, which can be
eliminated traightforwardly.??

To achieve a smooth metric, it suffices to change coordinates using Z—i = cosh(2u), result-
ing in the smooth metric:

ds® = r* (du® + d©?) (3.45)

defined for u > 0 (corresponding to r > L).

The new coordinate’s symmetry under u — —u reflects that this metric describes both
sides of the wormhole, where the minimum value © = 0 marks the wormhole’s smallest
radius.

Thus, the analysis continues as in the previous section, assuming r > L .

U-1 ; U-1
o / “ ,
/
] ;
%3

Figure 3.3: Two euclidean wormhole configurations respectively connecting two separate uni-
verses and two regions of the same space-time.

22This solution is widely accepted based on a similar argument in black hole physics, as in the
Schwarzchild solution, where a coordinate singularity corresponds to the black hole horizon.
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Figure 3.3 illustrates two possible wormhole configurations. Although structurally similar,
the two situations are physically distinct: configuration (a) connects two separate uni-
verses, while (b) connects different regions within the same spacetime, akin to the setup

first explored by Einstein and Rosen,?

For C' < 0, equation (3.32) can be solved similarly to the cored configuration by defining
the variable as in (3.36).
For the right side of the equation, a minus sign is instroduced for every C' term (as a

consequence of the absolute value):

—V2 1 -1 _(V-C
Wy ds Vi AT arcsin (T) +h. (3.46)

The left side, meanwhile, becomes

|k kN2 - 2 cos(z)
%/dgb <\/ 3¢ ° PV 4 1) © BvV=3C dm\/l — sin?(x) ’ (3.47)

where it is used that sinz = | /%@%\/E%

The dilaton profile can be found, after few algebric steps, giving:

—N%k 3 v-C
o TBVES _ (W) sin? [g\/;arcsin < = ) +h (3.48)
The integration constant hA an be set by applying boundary conditions:
~N2%k
1= ( 30 ) sin?(h) . (3.49)

However, this is not sufficient alone; indeed, also the limit of r = |C |i should be consid-

ered:
sin® b = e~ 0Vkoo | (3.50)

where ¢ represents the field value at the wormhole’s minimum radius.

By combining the above conditions and plugging it into (3.48), it results:

o 6 /3
h_§<1—§ 5), (3.51)

23In that case, the wormhole was not a Euclidean instanton but rather a Minkowski space-time structure
linking two black holes at infinite spatial separation.
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and the dilaton profile, free of the integration constant, reads:

1 A/ —
€+6\/E¢ = —5 3 COS2 [g\/garcos (—7,.20)
o ()

2

(3.52)

The resulting wormhole configuration is well-defined for r € [|C|i; +oo] if the couplings
satisfy the constraint of (3.19).

However, this metric only describes one half of the wormhole structure shown in figure
3.1.

The full structure is given by metric (3.45), where the two u-coordinate intervals [—oo; 0]

and [0; +o0] correspond to the two wormhole halves.

Lastly, it is essential that the two wormhole halves can be glued together only if their
respective three-form charges are ¢ and —q.

Attempting to join two identical instantons would result in an un-physical axion-charge
violation, which must be avoided in any consistent QFT framework.

In other words, the two halves of the wormhole structure must consist of an instanton

and an anti-instanton pair.

The appeal of wormhole solutions lies in their peculiar property of enabling topologi-
cal transitions in the spacetime metric.

These types of instantons can induce oscillations in both the fields within the model and
the scale factor, oscillations that, in some cases, persist even under an analytic continua-
tion to Minkowski space.

Such effects could carry profound physical implications®*, although the full extent of their
relevance remains an open question.

Notably, these spacetime configurations commonly appear in axiverse models, underscor-
ing the importance of further investigation into their properties and implications. How-
ever, before their relevance can be fully appreciated, it is essential to thoroughly examine
the stability of these configurations. Any form of instability would undermine their phys-

ical significance, potentially negating their role in theoretical models.

24Some of them, explored in chapter 4.
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3.3 Generalization to string-EFT models

The discussion of Euclidean instantons developed in previous sections can be extended to
a broader context; in fact, it can be shown that wormhole solutions exist for a class of
string EFTs.?

The following calculations will focus on the models introduced in section 1.3.1.
Considering the action of eq.(1.26), its Wick-rotated version is given by:

2
_ Mg,

M2 1
§=-= / VIR+ =1 / VG Gl Axdly+ / VI G (Mo N*Hsp)  (3.53)
Pl

where {, represents the saxions and H3, denotes the three-forms.
Following the same strategy applied in previous models, it is firstly imposed an ansatz
respecting rotational symmetry.

The three-form can once again be expressed in terms of the axion charge as:
Hs.a = qavolgs (3.54)

consistent with eq.(3.24).
Substituting this ansatz into the equation (3.53) yields an action containing the following

term:

o / ir Egab(m‘aéb—nw) | (3.55)

along with the standard gravitational term (the Einstein Hilbert action).
Here, it is introduced a coordinate transformation involving a variable 7, which also
depends on the metric components.

Furthermore, the following potential can be defined:

1 1
Vo(l) = =59 qaa = 5 Il (3.56)

where ||q|| is defined as a norm, with G serving as the metric so that ||q||* = G*°¢.qs.
This notation proves useful as the action (3.55) is reminiscent of a classical particle mov-
ing in a non-trivial metric G and subject to a potential V.

This analogy simplifies the calculations by allowing the definition of a conserved, dimen-
sionless energy:

E(l) = ZG(0)yl, + V,(0) . (3.57)

Z5For a detailed exposition, see [11].
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The equation of motion for each dual saxion is then given by

gab% _ _a‘/q

TR (3.58)

or equivalently, .
fabé;l — §fabc <qaqb _ éa&)) 7 (359)

where F% and F%¢ denote derivatives of the dual Kihler potential with respect to the
dual saxions.

So, the analysis is reduced to the case where V, < 0, hence £/ < 0, which is precisely the
characteristic regime for wormhole solutions.?¢

The gauge can once again be fixed by selecting the metric:
ds® = a(r)?dr* + r2dQ* . (3.60)

Minimizing the action (3.53) with respect to a and using the definition of the energy F,

the wormhole solution results:

) 1 1

r4 37727"4MPIZ
where the neck radius |C |i can be explicitly calculated as
v gl
Clr = : 3.62
Ol = gy (3.62)
The charge ||q||+ takes its value at the dual saxion’s neck point, /,.
The on-shell action then has the following expression:
Ston—shen = 2 [ Il (5.63)

With a specific Kéahler potential, it is thus possible to calculate the associated wormhole
configuration.
In particular, in various ST models, the Kéhler potential often satisfies the condition of
being proportional to a homogeneous polynomial of degree n, as discussed in 1.3.1.
This leads to the class of homogeneous wormhole configurations, which can be explored
by considering the ansatz:

Ur)y=10(1)q, (3.64)

for some ¢ > 0.

26 As will soon be clarified, the sign of E corresponds to the one of the constant C discussed previously.
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With this assumption, it is straightforward to find that:

n

G quty =5 (3.65)

where n is the degree of the homogeneous polynomial.

In this way, the model with multiple saxions reduces to a simpler case with a single saxion
{, having a kinetic potential F = nlog(f) and an effective potential V (/) =
Hence, it follows that:

—_n

102
n

B 272

127202

|C| , (3.66)

and, asymptotically,

n

loo(T) = l,c08 (g §> : (3.67)

Combining this result with the requirement that ¢ > 0, this implies the condition for
smooth wormhole configurations:
n>3J3. (3.68)

This result demonstrates the generalization of wormhole solutions to a broad class of

string-inspired models.

3.4 Boundary conditions

In the previous sections, the question of which boundary conditions to impose on the
model was postponed.
However, this is a crucial aspect of any QG model because boundary terms can contribute

to the on-shell action of the system, eventually also causing potential divergences.

Furthermore, certain calculations may require integration by parts, where it becomes
necessary to consider the physical implications at the boundary.

In this brief section, we summarize the typical boundary conditions chosen to ensure a
well-defined variational problem.

The following discussion will also be relevant for chapter 5, as stability calculations, in
principle, require consideration of boundary contributions. Even though it turns out that
these contributions do not affect the stability of the wormhole, an incorrect choice could

lead to problems, especially when considering the duality in the axion formulation.

The standard approach for implementing the boundary in gravitational models, such
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as the one in (3.1), is to add the "Gibbons-Hawking-York" (GHY) term:

%m:/ﬂﬁwmx—m% (3.69)
oU

since the action itself would otherwise produce terms involving second derivatives of the
metric components, which complicate the variational principle.

Here, g represents the determinant of the induced 3-dimensional metric on the boundary
OM of the space-time M.

Finally, K denotes the trace of the extrinsic curvature of the boundary on M, while K|

is the trace of the extrinsic curvature of the same boundary embedded in a flat space-time.
The extrinsic curvature is defined by
K=V, n"=9gn"+Thn", (3.70)

where n is a unit vector orthogonal to the boundary.
With the metric ansatz (3.12) (ds* = a? (dr* + r?dQ?)), it is possible to calculate:

3a’
and
Ko=2 (3.72)
0= )

Considering the model of (3.1), it is possible to obtain an explicit evaluation of the GHY

term:

-3 .oy (=2 V3mg
SGHY = Sk ng (CLCL a ) = (37{) 8]{,‘f (373)

where in the last step it is substituted the explicit solution of (3.13).

An alternative approach, adopted in recent studies, is to set boundary conditions on
the fields directly through explicit variational computation.

This approach can be illustrated by considering the action (3.16).

When the metric ansatz of (3.23) is applied, i.e. ds* = a?dr? + b*dQ3, the exact compu-

tation yields an additional boundary term in the action:

d [ 3b%
Sbound = QWZ/dT% (R) . (374)

To ensure a well-defined variational problem, Dirichlet boundary conditions are imposed,
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requiring that the following conditions®’ are satisfied:

32 1"

[%&;] = 0 (3.75)
and . ,
3 a

"se| 0. 870

These constraints imply that the values of the dilaton ¢ and the metric component b
must be fixed at both the mouth of the wormhole, now positioned at r = r,,, and at the
asymptotic limit, given by r = r,.

Specifically, the Dirichlet conditions enforce:

(b)rm =0
E;))T“ :_10 (3.77)
\ (¢)ra =0

With these conditions imposed, there is no need to add the GHY term to the action.

It is important to note that the metric component a remains unrestricted by these bound-
ary conditions; its initial value may instead be determined by the Friedmann equation of
motion of (3.29).

Additionally, the axion field value at the wormhole mouth remains as a free parameter.

Finally, the boundary conditions differ when using the axion-sclar formulation rather
than the three-form.

Hodge duality naturally links the boundary conditions in both frames: Dirichlet condi-
tions for the three-form correspond to Neumann boundary conditions for the axion (i.e.,
their Fourier transformation).

This dual approach with the corresponding boundary conditions is explicitly employed in

[10] to analyze wormhole stability.

2"The second condition can be obtained considering the integration by part of the Dilaton kinetic term
of eq.(3.28).
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Chapter 4

Low energy contributions

Pictorial multi-universe system with multiple baby universe emissions. Taken from [13].

As previously emphasized, in QG it is natural to expect the existence of topology-changing
processes. These types of transitions occur through phenomena similar to quantum tun-
neling.

In section 1.1.2, the concept underlying the "Loss of Quantum Coherence" debates from
the 1980s was introduced. However, after years of study, physicists have generally con-
cluded that gravitational instantons do not lead to transitions that violate quantum co-
herence. Nevertheless, an important question remains: what is the physical meaning of
the topological transitions caused by wormholes?! Are there any possible interpretations

or practical consequences?

This is a challenging topic, but a fruitful line of reasoning can be developed by exploring
the low-energy effects arising from the presence of wormhole configurations in the theory.
According to the EFT approach, it is reasonable to expect that, after integrating out

the wormholes from the path integral, some remnants of these peculiar solutions would

Tn this section, the distinction between wormholes and gravitational instantons is not emphasized, so
the terms are used interchangeably unless otherwise specified.
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survive in the low energy limit of the UV theory.

The results of this process are presented in section 4.1, which reveals an interesting puzzle
in fundamental particle physics.

In section 4.2, a brief overview is provided of the reasoning that led physicists to the
complex concept of "third quantization".

Then, section 4.3 offers an intuitive derivation of the explicit low-energy effects resulting
from integrating out wormholes.

Finally, section 4.4 revisits the discussion on the swampland conjectures (introduced in

section 1.3.2) and briefly explores their applications in the context of wormholes.

The core idea of this chapter is that wormhole configurations may provide insights point-
ing toward new physics, as well as serve as a potential tool to explore phenomenological

aspects of ST.

4.1 The Bi-local operator and the o parameters

In the following discussion, it will be considered the simple case of a single gravitational in-
stanton, although systems with multiple wormholes have been well studied and analyzed
in the literature. The so-called "dilute gas of instantons" approximation is commonly
adopted, where interactions between the wormholes are neglected. This assumption al-
lows for the factorization of the contributions from different instantons, making the gen-
eralization from the simple case considered here to the most general case straightforward.
When including instanton interactions, it turns out that, even though the dilute gas ap-
proximation is not strongly justified a priori, it still provides a good description of the

model.?

In order to successfully integrate out the wormbholes, it is implicitly required that the
wormholes have a specific thickness, denoted by £, and that the effective theory applies
to energies below the scale % Otherwise, the entire argument becomes ill-defined from
the outset due to the breakdown of the semi-classical approach. Thus, the foundational
assumption is that there is a clear separation between three energy scales: the Planck
mass (where QG effects become significant), the wormhole "characteristic energy" %, and

the low-energy effective theory regime.

2For example, the partition function of a dilute gas of wormholes can be expressed as a product of
terms similar to the one in equation (4.3). This approximation was first introduced in the seminal work
by Giddings and Strominger [1|. For a further comprehensive discussion, see also [64].
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However, this assumption alone is not sufficient. It is also crucial that the two mouths?
of the wormhole are far apart. In this way, the wormhole structure interacts with the
"matter" (scalar) fields at two points that are completely independent of each other (in
other words, that are causally disconnected). This lack of correlation can also be achieved
by ensuring that the wormhole has no characteristic length; in general, it is sufficient that

the separation between the two ends is much larger than the thickness L.

Considering the simple case of a single generic instanton coupled to a background scalar

field (the axion), the partition function in the path integral formulation is given by:

Z= / D¢ e5@) ( / d4xe—5mst> . (4.1)

In the low-energy limit, one can integrate out the instanton, obtaining an infinite set of

new local operators for the effective theory:

Stnst(T,0) = Sfoe + a1 6(x) + a2 6% (2) + a3 (96(2))* + .., (4.2)

where S7,,,; denotes the unperturbed action evaluated at ¢ = 0.
The generalization to the wormhole case is straightforward. However, in the gravitational
case, a key feature is that there are two points where the scalar fields are located. So, the

partition function is written as

Z= / DgD¢ e 5(*9) ( / d*z+/g(x) / d@@e—%h(@%y)) : (4.3)

where [ Dg represents the integration over all possible background metrics, with an im-
plicit cutoff determined by the wormhole thickness £.*
Following the previous case, integrating out the wormholes yields an infinite sum of new

operators:

Suwn(®, g; T, y) = Sy + b1 d(x) + ba d(y) + b3 d(2)P(y) + ba (06(2))*(Dp(y))> + ... , (4.4)

where again S}, is evaluated on the unperturbed wormhole metric (with the scalar field
¢ vanishing).
The resulting effective action is composed of a sum of non-local operators. This outcome

is inevitable when performing a double Taylor expansion, and moreover, there is no sym-

3In the earliest articles discussing the concept of wormholes, their endpoints were considered to be
two black holes, often referred to as "mouths."

41t is notable that wormhole configurations exceeding the bounds of the EFT are naturally suppressed,
since the weight becomes very small, making their contribution negligible.
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metry to prevent the appearance of these new bi-local terms.

Using a more compact notation, the resulting EFT action is given by
Sun(®, g5 7, y) = Spp+ Y (Aap 0% (2) O"(y)) (4.5)
a,b

where A is a real symmetric matrix, independent from the space-time points x and y.
At this point, it is possible to rewrite the partition function by expanding the sums overa

and b and substituting into equation (4.3), resulting in

Z= /Dgch exp [—5(4257 9) +%/d4x\/g(rc)/d4y\/9(y) (Z Agy O%(x) Ob(?J))] :
a,b

(4.6)
Unfortunately, the newly generated operators are problematic because they lead to non-
local interactions, which lack a clear physical interpretation.
However, it is possible to rewrite the effective action in terms of standard local operators.
This issue can be addressed by using a Gaussian integral and introducing some new
parameters, labeled by «;.

Leaving the sums over I and J implicit, the necessary Gaussian integral takes the form

(H / dozl> exp (—%&IA]J ol — aKAK) = d::Aexp (—%AIAI_}AJ) (4.7)
I

with the precaution of replacing the operators A! with the O

Thus, the final form of the partition function becomes:

Z= / DgDepe3(#9) (H / do/> exp (—%o/au aJ) exp (zj; o / d4x\/§(’)1(x)> .
(4.8)

In a generic QF'T, one can express the original action S in terms of the same operator

basis:

S(g2) =3 (zf / e/ 01<x>) , (4.9)

i

where the z; are the coupling constants of the original theory, which couple to the effective
local operators.

By comparing the corrections from equation (4.8) with the expression in (4.9), it becomes
evident that integrating out the wormholes results in a shift in each coupling constant of

the theory, by a constant value a;.
Since the o parameters are independent of spacetime points, they do not violate any
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gauge symmetry of the original action S, nor do they break Poincaré symmetry.

This resolves the issue of considering non-local operators, but at the cost of introducing
new parameters whose role is not immediately clear.

In the following, it is reported the earlier interpretation of these parameters, as discussed
in the article by Preskill [64].

At first, Coleman suggested that these new parameters could simply be determined ex-
perimentally and fixed, meaning that they have a precise value, even if initially unknown.
However, it is not possible to practically do it. Moreover, it is expected an explanation
for their appearance in the path integral, as well as for the Gaussian weight. The main

difficulty is that it doesn’t seem possible to predict their value from the QG theory.

A different interpretation was later proposed, again by Coleman, considering the a’s
as statistical objects which follow a Gaussian distribution. In this view, the integration
over all possible values of each «; represents an ensemble average, giving rise to a physical
picture reminiscent of a "multiverse" model.’

In this framework, the couplings of each universe depend on the specific a-value of the
universe. Even though each possible a-value (which could differ in a spacetime distinct
from our own) has a Gaussian weighting, in each universe it assumes a specific value that
influences all observable phenomena.

Coleman’s reasoning was initially supported by an explicit estimate suggesting the van-
ishing of the cosmological constant, based on a calculation that relied on the existence of
the o parameters. However, this aspect is no longer valid, as it has been understood that
the cosmological constant, even if assume a small value, is non-zero.

Moreover, Preskill argued that the same reasoning could be generalized to determine all
the constants of nature. Unfortunately, this approach did not yield the expected results.
Preskill also offered a similar interpretation, aiming to clarify the physical meaning behind
the a-parameters. Coleman’s argument was based on the assumption of a dilute gas of
wormbholes, valid only within a semi-classical approximation, while Preskill extended it to

include possible interactions among instantons.

In this view, the multi-universe proposed by Coleman could be seen as a superposition

of independent universes, each characterized by different values for the parameters and

5The original discussion was focused on the role of Euclidean wormholes in a flat background, but
the similar cases in de Sitter (dS) and Anti-de Sitter (AdS) universes have also been extensively studied
by the scientific community. There have been considered other interesting sides of this topic, like the
possible relation of the a’s to the cosmological constant (as well as other constants of nature) and the
related problem of the "FKS catastrophe", predicting an over-density of wormholes in the multi-universe
frameworks. This aspects are analyzed, for example, in [13, 20].
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for the coupling constants. From this perspective, the loss of quantum coherence, as
discussed by Hawking, Giddings, Strominger, and Coleman, can be interpreted as a loss
of information regarding the a-universes other than the one we inhabit. The existence
of wormholes would then imply a fundamental indeterminacy in the constants of nature,
although this indeterminacy would be inaccessible to any experiments conducted within

a single universe.

This multiverse interpretation remains controversial and far from universally accepted.

However, no alternative solution has yet emerged that satisfactorily resolves these issues.

4.2 Baby universes and third quantization

To gain a deeper understanding of the low-energy physics, an alternative perspective can
be explored by slightly shifting the starting point.

Rather than considering the entire wormhole structure, formed by gluing together an
instanton and an anti-instanton with opposite sign charges, it is possible to focus on
the two individual halves. The Giddings-Strominger instanton (or anti-instanton) can be
viewed as the nucleation of a three-sphere from Minkowski space-time, which then evolves

over (Euclidean) time. This scenario is depicted in figure 4.1.

Baby Univerce

nucleated

Minkoweki Mother (Jniverce

Figure 4.1: The single instanton depicted in the picture illustrates the idea of the process
generating a new S3 structure of space-time, which was not present in the original universe.

As previously mentioned, the instanton can either connect with its counterpart at a dis-
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tant point within the same universe or potentially flow into a different universe (as shown
in figure 3.3). In both cases, the topology change can be interpreted as a transition from
Minkowski space to the same space-time, but now with an additional three-dimensional
structure known as a "baby universe", which corresponds to the instanton tunnel.

In the context of a four-dimensional metric, the unitarity problem® is resolved by conjec-
turing that the newly nucleated 3-sphere is associated with a specific set of a-eigenvalue.
The main issue with this approach is that it treats the a parameters as free variables of

the theory, with no connection to the fields or moduli of the theory.”

This puzzle is complex and remains a subject of ongoing debate in the literature. There-
fore, the goal of this chapter is to outline the current state of the art and emphasize its

key challenges.

Building on the conclusion of the previous section, the o parameters can be understood
as eigenstates linked to specific baby universes, which do not disrupt the system’s quan-
tum coherence. Physically, these parameters act as the coupling constants in the effective
theory derived from a model that includes gravitational instantons.

Coleman postulated that, by allowing for different kinds of baby universes (e.g., differing
in size, charge, or topology), one can define "classical" creation and annihilation operators
for them. Denoting the different types of baby universes by the index 4%, the correspond-
ing ladder operators, called a; and a;r, must satisfy the (bosonic) canonical commutation
relation [a;; a}] = 0;j.

Thus, the action can be expressed as:
S = Sp+ 3 (a; +al) /d% Ou() (4.10)

where the O; are local operators associated with the respective parameters.
Defining the Hermitian operator A; = (ai + aZ), it is possible to define an eigenvector
|a), such that its corresponding eigenvalue is the «; parameter introduced in equation
(4.8), formally:

A la) = o |a) (4.11)

With these assumptions, the different eigenstates define the superselection sectors, labeled

by «;, as discussed previously.

6An other equivalent way to call the quantum coherence issue, discussed in section 1.1.2

"This contradicts a key principle of the swampland program, which asserts that a consistent theory
of QG should not have any free parameters.

8For example, one value of i could label the Giddings-Strominger configuration with charge n = 1,
and so on.
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Furthermore, the action can be rewritten as:
S=5+> a / d*z O;(x) (4.12)

which reproduces the resulting action of equation (4.8), but extrapolated from the path
integral weight.

In this framework, if the initial flat universe exists in a superposition of a-eigenstates,
the nucleation of a baby universe does not pose a unitarity problem. Instead, it merely

represents the collapse of the universe’s wave function.’

Furthermore, a different perspective soon gained attention, rooted in the idea that topol-
ogy changes can be examined by using the path integral formulation over Euclidean space-
time, leading to the formulation of a "third quantization" theory.”

This approach aims to provide a coherent physical meaning to the gravitational path in-
tegral. The integration over space-time geometries with fixed boundaries can be viewed
as a type of Green function, which essentially weighs all the possible bulk structures.
Unlike the standard Green function, related to the particles’ interactions, in this case, the

integral acts as a single universe propagator connecting fixed boundaries.

In this third-quantized framework, the field operator acts to create or annihilate second-
quantized states of single universes (without any baby universe and no possibility of
topology change), whose coupling constants are the eigenvalues of the dynamical field
operators in this third-quantized theory (which can change topology and allow for baby
universes).

The outcome is a formalism that is one-dimensional and provides an optimal framework
for studying processes involving multiple interacting universes. It even introduces Feyn-
man rules for such systems: vertices correspond to "mother" universes, propagators to
wormholes, and the conservation of momentum to the conservation of global charges (such
as the axion one).!

An interesting point of view of this approach has been proposed with an other swampland

conjecture:

(Baby universe hypothesis). In a unitary QG theory with a d > 4 space-time, the

Hilbert space of a baby universe must be one-dimensional.

This hypothesis might seem counterintuitive, especially compared to the naive expecta-

9See ref. [43] for more details. The idea of universe wave function is intuitive, but a rigorous definition
and analysis can be found in various references, as in[4, 19, 50, 53, 60].

0Djiscussed, for example, in [4, 13, 64]

"This formalism was introduce by Giddings and Strominger in [4].
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tions of effective theory approaches, which predict a large number of degrees of freedom
in the infrared regime.

A possible solution to this puzzle has been proposed recently'?, suggesting that a type of
gauge redundancy could exist, identifying multiple space-time topologies within a single
universe wave function. However, the full implications of this idea remain unclear.
Notably, the "Baby Universe Hypothesis" aligns with the NGS conjecture (described in
section 1.3.2), as the existence of a global symmetry in QG would imply that the Fock

space of the baby universe wave function must have more than one dimension.

There are several studies exploring the applications of this formalism in addressing prac-
tical problems. For example, early arguments suggesting that the cosmological constant
A should vanish were derived within this context. More recent efforts, including attempts
to solve the naturalness problem of the SM 2, have also seen interesting developments

along these lines.

In summary, a deeper understanding of wormhole physics could prove crucial in the
pursuit of a comprehensive theory of QG, along with resolving various related aspects

of fundamental physics.

4.3 The Axion potential

This section follows the discussion in 1.2 and presents a concrete calculation to estimate
the effects of a wormhole configuration on the axion potential. To quantify the effects
of the wormhole, we first need to start from the process of integrating out the instanton
discussed in the previous sections. The wormhole correction to the action of a parent

universe (in the presence of multiple instantons) reads:

ef = (U] exp Ze_sg(n) K, (a, +dl,) [ d*z/g(z) O(z)| |¥;) . (4.13)

In this expression, the bra and ket ¥ are introduced to define the initial and final states for
the spacetime perturbed with a plasma of baby universes, while the term K, represents
functions of the fields evaluated in the bulk.

Additionally, the "ladder" operators refer again to the creation and destruction of baby

universes. It is interesting to note that the same topological structure can be obtained

12Two articles discussing this idea are [32, 57].
13See [37] for the more details.
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from the annihilation of an instanton charged with n, as well as from the creation of
an anti-instanton charged with (—n). Indeed, the two cases both yield the same axionic
charge violation.

Applying this to the case of G.S. wormholes (where n takes the simple role of the axion
charge), we can obtain an explicit evaluation for this contribution. The on-shell wormhole
action can be easily computed!?, as previously done for equation (3.15), with the following

result:
™ on

4

However, in the partition function term (4.13), only the half associated with the instanton

Sy = (4.14)

(corresponding to a semi-wormhole structure) is considered.

By fixing both the initial and final eigenstates as simple baby universe states'®
(Vi) = [Wyg) = a) (4.15)
the eigenvalue equation (4.11) remains valid. Consequently, it can be re-expressed as:
(an + aT_n> la) = ay, |@) (4.16)
Furthermore, we can rewrite:
0 = || € (4.17)

introducing a generic constant phase 9.
The operator O, associated with a specific «,, eigenvalue is n-charged; thus, under the
shift transformation ¢ — ¢ + €f, it transforms as O,, — ¢¢Q,,.

From this argument, its form can be deduced, resulting:

O, (z) = eap G%) O.(x), (4.18)

where the new O is defined as a singlet operator.

With these previous assumptions, we find the following contribution to the action:
I = ZeLg(n) Kn/dA‘x\/g(x) Oy(x) || exp (%ﬁ + ién)

= Ze%(n)l(n d*r+/g(x) Os(z) |a,| cos (%ﬁ + §n> .

(4.19)

14Tt is obtained by taking the trace of the Einstein equation and multiplying by 2 to account for both
the two halves of the wormhole, the instanton and the anti-instanton.
151f instead one fixes |¥;) = [¥f) = |0), then it would recover the Gaussian weight of (4.8).
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Lastly, the singlet operator can be generally written as a series of terms that are U(1)

singlets, depending by numerical parameters:
Os(z) =1+ a L*R +bL*"¢0up + ..., (4.20)

where L is the minimal radius size of the wormhole throat, while a and b are order one
parameters that, in principle, could be experimentally estimated.
By comparing the wormhole-originated potential to the QCD axion potential, we obtain

an expression like:

V(¢) = Al cos (?) " e;w cos (? T 5) : (4.21)

Here, we only consider the effect of a n = +1 wormhole, as it is the dominant one. The
outcome indicates that the instanton effects are significantly smaller compared to the
QCD term, as the exponential factor suppresses them. However, it is not a good approx-
imation to completely neglect it, as it could still provide un-expected effects.

For example, in QCD, the low-energy contribution is minimized at ¢ = 0, while the grav-
itational term is proportional to an arbitrary phase ¢, which could be related to strong
CP violation (quantifying the mismatch relative to the QCD term).

A deeper analysis could also lead to extra gravitational corrections to the axion masses
and adjustments to the 8 CP-term. Additionally, other studies have evaluated the im-
plications related to different physical aspects, such as inflationary mechanisms or dark

matter models proposing axion-like candidates.

4.4 Wormholes in the Swampland programme

Having examined the gravitational instanton solutions explicitly and their associated low-
energy effects, we can return to the discussion in section 1.3.2 and analyze the role of

wormbholes in the swampland conjectures introduced there.

No Global Symmetries

In the context of wormhole physics, it is possible to examine the NGS conjecture in

relation to the U(1) shift symmetry of the axion. This symmetry is a global one that, to

satisfy the conjecture, should not be implemented in the QG completion.!®

16In this section, we briefly discuss the case of the axion’s symmetry, which can be easily generalized
to the case of p-forms, as done in [91].
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The invariance under the shift transformation is given by the following equation:
o= p+a. (4.22)

This implies that the density current J = dy is conserved.

The transformation is rigorously defined by the following local operator:

U(z) = exp {M/*j} : (4.23)
As a consequence, there are local operators charged under this symmetry:

O(z) = exp (igp) , (4.24)

which leads to a violation of the conjecture.

In ST, the shift symmetry is restricted to a subgroup of discrete transformations:
¢ = o+2nfk, (4.25)

where k is an integer.
This result, well explained in [15]|, improve the situation, as this residual symmetry is

gauged so does not violate the NGS criterion.

Thus, it is crucial that the global symmetry must either be gauged or broken. Physically,
the key indication that global symmetries are violated in QG arises from non-perturbative
contributions. A notable example discussed in the literature is that of black holes, which
can "absorb" certain charges and subsequently evaporate, thereby violating conservation
laws.

Similarly, wormholes can exhibit a related effect through their non-perturbative low en-
ergy corrections, "transporting" global charges to other universes through the nucleation

of baby universes.!”

Distance Conjecture

The application of the distance conjecture to the case of gravitational instantons is quite

technical. For a comprehensive overview of this topic, see [89, 93|.

An illustrative example of applying the conjecture is found in models containing mul-

1"This effect is discussed in [2]. For further details on the NGS conjecture, it is also recommended to
consult [90].
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tiple scalars, such as the sigma model discussed in section 3.1. Considering the action
(3.1), the functional G; can be viewed as a metric on the moduli space of the theory.
Indeed, the equations of motion (3.5) can be expressed in the form of a geodesic equation,
where the Levi-Civita connection is defined with respect to the metric Gy;.

The conjecture can be tested by evaluating the maximal distance that saxions can travel
in moduli space, given by the following definition:

00 I J %
d((b*;cboo)z/o dr (Gu(cb)%%) : (4.26)

This distance is calculated (for some specific models) with respect to the Euclidean time
7, considering the maximum time interval along a semi-wormhole configuration.

The explicit calculation performed in the referenced article reveals that the distance is
super-Planckian.!®

In the opposite case, a breakdown of the EFT would ensue, making the low energy model
fall into the swampland.

This result is significant, as it provides further confirmation of the distance conjecture.

Weak Gravity Conjecture

It is interesting to explore the application of the weak gravity conjecture within the con-
text of axion physics, where the wormhole solution offers further validation.

Following the review by Palti [97|, we can define similar formulations of the conjecture
for various models, including those with scalars, dilatons, p-forms, and even instantons.
In this discussion, we will focus on the last option and its application to the wormhole

solution.

In general, the states of the theory that must satisfy the WGC are not limited to standard
fields corresponding to particles; they can also include extended objects, such as p-branes.
In this context, axions can be considered as O-forms with a coupling constant % This
leads to the following definition based on the general case of p-forms. The statement of

the conjecture is as follows:

(Axion Weak Gravity Conjecture). An Azion with decay constant [ should be coupled

to one or more instantons, with constant action S, and satisfying the condition:

Mp,
S < —. 4.27
sf (4.27)

18Quantitatively, this means that d > Mp;.
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This formulation is applicable to both instantons that are solutions of gauge theories and

those that have a gravitational nature.

In models where wormhole solutions are permitted, an explicit calculation of the on-
shell action would provide direct confirmation of the conjecture, as the bound stated in
(4.27) would be satisfied. According to the discussion in [12], this constraint is satisfied in
models including wormhole solutions, and the conjecture appears to be valid, especially
in the cases of microscopic wormholes. Even the estimate provided in equation (3.15)

clearly satisfies the bound of the axion-WGC.

However, this area of research has become increasingly active in recent years. The ver-
ification of the WGC for macroscopic wormholes could lead to significant implications,
such as strict constraints on inflationary models or the violation of slow-roll conditions.
Consequently, physicists are actively seeking potential loopholes within the string theory

framework.
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Chapter 5
Stability of wormhole solutions

In the first four chapters, the general framework behind Euclidean wormholes and the
most important related aspects have been discussed. Now, it is finally time to reach the
core of the work. The focus of the thesis is the stability feature of wormhole solutions as
found in the context of effective theories motivated by Quantum Gravity research.

In the following section, starting with a brief recap of the concepts introduced in chapter
2, the problem of negative modes in the stability analysis of solutions in GQ models is

presented.

5.1 The problem of negative modes

In chapter 2, the concept of the gravitational path integral was introduced. Starting
from the definition of the partition function in curved space QFT settings, the gravita-
tional case is defined to allow metric fluctuations as well. Thus, the dynamical nature
of space-time indicates the need to sum over different topologies of the universe, keeping
the boundary conditions at infinity fixed. This is essentially what leads to the study of

objects like wormholes.

Even though the path integral is formally defined in this way, it does not follow that
it is always possible to compute it. For this reason, the saddle-point approximation
around the extremes of the action is well motivated. However, it has been shown that
it is insufficient to consider only the minima, and so (especially when working with the
Euclidean signature) it is necessary to also consider the non-perturbative contributions

given by saddle-points.

In this approach, fields are expanded around the background solution in the following
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way:

© =+ 0p (5.1)

where ¢q indicates the background configuration and d¢ small perturbation around it.
Thus, the action can be Taylor-expanded as a perturbative series:
1 5 ([ 0%8
5o +0¢) = S(po) +5(09)" - | 5 . (5.2)
P/ =00

Obviously, the first-order term is not of interest because the first derivative of the action
evaluated at the stationary configuration trivially vanishes.!
Conversely, physically relevant information about the validity of the approximation is

encoded in the second-order perturbation. So it is important to examine it explicitly.

Inserting the expansion into the path integral, it results:
Z ~ e 90 /Dgo exp (—0°S (o, 6p) + O(6¢%)) . (5.3)

The exponential outside the integral represents the dominant classical contribution.? In-
stead, the quadratic term gives the one-loop contributions and can be computed as a

Gaussian integral, as described in section 2.1.

However, a peculiar non-perturbative solution to the equation of motion does not nec-
essarily correspond to a real physical phenomenon. For this reason, it is important to
evaluate its stability, which means investigating whether it truly provides a physical con-
tribution to the path integral of the theory.

Thus, the action fluctuation can be rewritten in the following schematic form:
2 1 s
08 = 5 dp My (5.4)

and consequently, the path integral evaluation depends on the matrix M.
Indeed, the quadratic integration is well defined if and only if the action fluctuation is
semi-positive definite:

525 >0, (5.5)

otherwise, it is not possible to perform the integration obtaining a real valued contribu-
tion.

It follows that the stability of the solution is related to the signs of the eigenvalues of the

Indeed, the background solution satisfies the equations of motion, giving (%)\Pz% =0.
2To explicitly see that it is the dominant term, one should avoid assuming natural units and retain

the parameter .

87



matrix M: the existence of negative modes around the critical point of the Euclidean
path integral would imply the need for a different physical interpretation.

In fact, if 625 exhibits negative eigenvalues, this would imply that the saddle point con-
figuration is not a true minimum dominating the semi-classical expansion of the path

integral, but something else.

In QFT models without gravity, the minima of the Euclidean action provide non-perturbative
contributions to the vacuum energy. Moreover, in some cases, it has been shown that tun-

neling processes via instantons exhibit a negative mode in their perturbation spectrum.?
In these physical cases, the negative mode is needed as it provides an imaginary energy
contribution?, and thus an instability. Consequently, these field configurations are inter-

preted as mediators of decay from "meta-stable" vacua.

When gravity is involved in the model, the situation is less clear, but the negative mode
still exists.

Considering the "conformal factor problem" described in section 2.1, some studies have
found that an infinite tower of negative modes would be present, as a consequence of
the negative kinetic term. Interpreting this result has proven difficult, but in [117] it
was shown that these negative modes could be removed through specific canonical trans-
formations on the variables. Indeed, the gravitational action is redundant because it is
invariant under diffeomorphisms. To select the "real" negative modes, it is necessary to
carefully fix the gauge and remove the non-physical degrees of freedom. Thus, the ap-

pearance of multiple negative modes was a technical issue arising from the formalism used.

However, the problem of providing a physical interpretation for solutions with multiple
negative modes remains an open debate. Indeed, the presence of negative modes would
suggest that the saddle point is not a true minimum, and so it is expected the existence
of a lower action stationary point.

Thus, it is crucial to precisely analyze the stability of peculiar solutions to determine their
nature. Any instability with multiple negative eigenvalues would lack a clear physical in-

terpretation and, in such cases, it would be natural to discard the solution.?

3This feature has been considered in various paper, for example a complete analysis is contained in
[101].

4This is straightforward to see by considering the case of the Gaussian integral in (2.12) where the
exponential factor has one negative eigenvalue.

5This conclusion was originally proposed by Coleman in [111], but more recent studies have adopted
the same reasoning. For example, see also [102, 117].
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Wormbhole stability in the past

Wormbhole stability is a non-trivial yet crucial aspect that has divided the scientific com-
munity for years. Before considering an explicit stability analysis, it is useful to highlight
the previous discussions on this topic present in the literature.

To quickly recap the evolution of studies on this subject, it is necessary to go back to 1996.
In the first work [5], Rubakov and Shvedov showed that there is a negative mode in the
fluctuation spectrum, undermining wormhole stability. Their result was interpreted as an
instability of the universe due to its decay via the emission of baby universes. Following
this, some papers seemed consistent with their findings.

However, their conclusion was not universally accepted, as it was not ruled out that the
negative eigenvalue could result from the gauge redundancy of the conformally-invariant
metric. Thus, in 2017, Alfonso and Urbano published an article [6] discussing various
theoretical and phenomenological aspects of gravitational instantons in Euclidean QG.
They argued that there are no negative modes in the wormhole perturbation spectrum,
explaining that an incorrect assumption was made in the gauge fixing in previous papers.
The following year, a new computation |7| presented an even more unfavorable scenario: a
set of negative inhomogeneous modes was found in both flat and AdS spaces, challenging
the wormhole’s status as a Euclidean stationary point. The situation did not improve even
when models with additional scalar fields or a cosmological constant were considered, as

previously shown in [45].

Additionally, [22], published in 2021, revealed that the situation in various AdS models is
far from clear, as negative modes were present in some cases but absent in others.

More recently, papers published over the last two years have found that wormhole solu-
tions appear to be stable under specific configurations.

First, [8] shows that the choice of boundary conditions is crucial, and adopting Dirichlet
conditions removes negative modes in the perturbation spectrum. Subsequently, the ar-
guments in [9] further improved the situation by examining the more "physical" case of a
massive dilaton field. Here, the existence of stable wormhole classes was confirmed, even
when varying the dilaton mass and the coupling constant value.

Finally, this year it was shown in [10] that stability calculations lead to a fully positive
set of eigenvalues when considering both Hodge-dual formulations. Notably, the results
of this paper are in perfect agreement with the following analysis, despite differences in

notation and the initial metric ansatz.

In the following, a stability analysis is presented, parallel to the recent studies cited above.

But given the controversial history of this topic, further developments in the future are
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expected. At present, both the claim of the absence of negative modes and their possible

physical interpretation remain unclear, thus constituting an open problem.

5.2 An introduction to the stability analysis

The aim of this chapter is to demonstrate the stability of wormhole solutions, with the
expectation of obtaining results consistent with recent works |9, 10]. However, the pro-
cedure followed will be slightly different in order to make easier and more clear some
steps. The cosmological perturbation theory used here is primarily based on the works of
[103, 109, 112, 115, 116].

Wormhole stability is analyzed in a model consisting of a single pair of axion-dilaton
scalars minimally coupled to gravity, as the one introduced in section 3.2.

It is assumed that the coupling [ satisfies the constraint (3.19). Additionally, only the
case of a massless dilaton is considered. Indeed, as shown in [14] and later in [9], when the
dilaton is massive, a bifurcation of wormhole solutions occurs. The splitting of solutions
and their relative stability depend strongly on the value of the coupling. Consequently,

the situation becomes more complex, as it has been proved that not all these solutions

are stable.

¢o

gL
Values of g:

6 — 1.64
— 1.58
-_— 1.579
— 1.4142

|l|<|||||||I||||I|<|<I...}}.}2N

Figure 5.1: Figure taken from [9]. Displayed here, for four different coupling values, are the
possible configurations that emerge as the initial dilaton condition ¢ varies with respect to the
mass-charge combination m?N. The two middle cases (colored with light and dark purple lines)
show the bifurcation, although not all these configurations are stable.
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In [10], it was demonstrated that, by carefully choosing the boundary conditions and ap-
plying integration by parts, stability computations using both the Hodge-dual formalisms
yield the same result. This finding is significant, as previous research had assumed oth-
erwise and mainly employed the three-form formalism.

Thus, it suffices to carry out the computation using one of the two options. Here, we use
the three-form formulation, which was historically employed in both key studies asserting
wormbhole stability and instability. Moreover, small perturbation of the three form should
be normalizable and possess a finite energy [0H A *0H < co. The duality of section 2.4
ensures the correspondence to axion perturbation with finite energy [ ddp A xddp < o,
despite this fluctuation could not be normalizable, i.e. [ *(dp)? — oo, as a consequence of
the axion shift symmetry. Thus, it is motivated the choice of the three-form formalism in
order to work with normalizable variables and only requiring Dirichlet conditions without

the need of calculating extra boundary terms.

The general approach to conducting the stability analysis is summarized in the following
steps. First, starting from the wormhole solution derived in chapter 3 and defining an
appropriate ansatz for metric and field fluctuations, it is possible to compute the second-
order action perturbation (i.e., the second variation of the action).

The result can then be elaborated and simplified, for instance, using gauge transformations
and changing variables. Consequently, the problem reduces to a one-dimensional study
of a Schrédinger-like eigenvalues’ equation of the form:

d*w

where w denotes the function parameterazing fluctuating modes, U is the effective poten-
tial derived with the previous analysis, A\ represents the eigenvalues obtained respect to
w and z is a (time dependent) measure which is necessary to solve the equation. With a
numerical analysis, it is then possible to explicitly determine the A\ values and, most im-

portantly, to establish whether all eigenvalues are positive or if any negative mode appears.

5.3 Background perturbations and derivation of the eigen-

value equation

The action for the model under consideration is given by (3.16), with the specific func-
tional F fixed by the choice of (3.17).

Imposing rotational invariance symmetry under the group O(4) and substituting the equa-
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tions of motion (3.29), the Euclidean action becomes:

2, —BovE N2
S = 27r2/d7 <—§ (a* 4+ a®) + %qs? + e—) , (5.7)

K a?

where it is also adopted the conformal gauge choice a(7) = b(7) for the metric components.

Under this same assumption, the equations of motion (3.29) become

0=31 _ 3 1424 NIo-Bovs (5.8)

0= ¢+ 3He + By/rre Povr

where H = g represents the Hubble parameter.

For completeness, it is straightforwardly compute the on-shell action:

IN2e—BoVE
Son—shell - 2772 dr +6— . 5.9
2

a

At this point, the metric perturbation can be introduced, generally expressed in terms of
scalar, vector, and tensor components. Thus, the perturbed Friedmann-Robertson-Walker

metric reads

ds* = (g + 0g,u) dadz” =

. , o (5.10)
= a*(7) [(1 + 2A(r, 2'))dr? + 2Byda'dr + (v + hy) da'da?] |

where the perturbations are A, B;, and h;;, with v;; denoting the induced three-dimensional
metric.

In this metric, the decomposition into scalar, vector, and tensor components is expressed
as:

~ ~ (5.11)

yielding four scalar perturbations (A, B, v, and E), two vector perturbations (Bi and

E;), and one tensor perturbation (f;;).

However, these three types of perturbations are independent at the first order. Moreover,
vector and tensor perturbations cannot trigger instabilities as they are not sourced by
the scalars of the theory. In fact, these two types of perturbations generally do not

compromise stability; rather, they can contribute positively.

In [103], stability under tensor fluctuations around a wormhole solution was explicitly computed,
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Therefore, the analysis can be limited to scalar perturbations, leading to the metric ansatz:
ds® = a*(7) [(1+ 2A(7,2"))dr* + (1 — 2¥(n, 2"))dQ3] , (5.12)

commonly referred to as the conformal Newton gauge.”

The fields are also expanded around the background wormhole solution:

¢ = ¢(7—) + (I)(T7 xz)

Hoij = 0+ €, 080 W (n, 2') = Ll M OW (0, %) (5.13)

Hiji = qelyy,(1+T(n,2") = \/%(—3) L1+ T(n,2"))

which introduces two additional scalar perturbations for the axion and a third one for the

saxion.

The previous perturbation ansatz can now be plugged into the action to obtain an ex-
pansion like: S(p + dp) = S(p) + (5230 S+ higher orders. By integrating by parts® and
using the equations of motion, the followmg second-order correction is obtained:

=S ez ve = [ daiia| (2 2ree)

5%590]
2
e (L L3N oo paw (Lo N o) 4 Loa — wyvte
at K a K
2, N2 2
£ (Y 2 1 (899 4y (BN o) ag (R oo
K K 2a* a*

N o 2 .
_ (%> b2 4 %<I>v2cb + (a%) pAD + (M) e P — (30%) pUP
a

- (%Bqﬁf) (T% + WV2W) — (2]\1 eV ) T(A+ 30— WE@)] . (5.14)

a a

where v denotes the three-dimensional induced metric, and V its covariant derivative.

However, it is possible to rewrite equation (5.14) to simplify the problem.
Following the standard procedure?, it is first useful to define the canonical conjugate mo-

menta, II, = gs , for each fluctuation variable. This will allow to integrate them out in

yielding a positive spectrum. The same result was confirmed in [10] for the dilaton-saxion model.
"Compared to expression (5.10), here it is switched to polar coordinates, using %'jdxidxj =d03.
8 Adopting the Dirichlet boundary conditions discussed in section 3.4, it is allowed to perform this
integration without adding extra terms.
9Described in details in [103].
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the next step and thereby reduce the degrees of freedom in S,
With this procedure, it is possible to write the action fluctuations in the following Hamil-

tonian form:
S@ — /d4x\/'7 (Z I, i — o, I1,) + Qioi) ; (5.15)

where the last term contains Lagrange multipliers ; that can be integrated out to yield
constraints C; = 0, thereby reducing the number of variables. This technique eliminates

some terms from S,

The conjugate fields are given by:

[y = /va? (Agb - (I>>
MMy = /7 (6% Ly 3&@) (5.16)

such that it is possible to invert them and substitute into (5.14) to obtain an equation
analogous to (5.15). It is important to note that non-dynamical fields (which don’t have
a kinetic term in the action) do not give any constraint, and so their degrees of freedom
are not physical and will then be removed. Thus, the initial five fluctuation variables
contained in equation (5.14) can be reduced to only two dynamical ones, i.e., ® and V.
Furthermore, these two remaining variables can be combined into a single gauge-invariant

variable.

However, the previous procedure is not convenient as it requires some non-trivial calcula-
tions. Indeed, it is more convenient to first apply gauge transformations to change vari-
ables and thus work with (a smaller number of) gauge-invariant variables. This approach
is commonly used in cosmology and particle physics, as it eliminates gauge redundancy,
which could otherwise complicate the analysis.

Under the following gauge transformation!©
T =T+ \N7), (5.17)

the variable transformations are easily computed by applying the definition of Lie deriva-

10The gauge transformation is defined only with respect to the time variable. The motivation is
explained later in the first comment of 5.4.
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tives!! as follows:

A— A+ al+aH\
U — U — aHA (5.18)
D — D+ ap)

At this point, an important consideration is needed before continuing with the calcula-
tion. The action perturbation contains terms with spatial derivatives (specifically, covari-
ant derivatives, V). However, a significant result in cosmological perturbation theory!?
allows neglecting inhomogeneous fluctuations. Indeed, if the system is stable when con-
sidering the homogeneous sector of the fluctuations, then inhomogeneous fluctuations can
only increase the system’s energy, enhancing stability. For this reason, analyzing the
homogeneous sector is sufficient if it yields a stable solution; otherwise, inhomogeneous
perturbations would need to be included in the analysis.

Thus, the action fluctuations is restricted to the homogeneous case by assuming Vi = 0
for p =V, O .

Additionally, applying the gauge transformation (5.17) shows that the combination (T — VW)

is gauge-invariant, and the Bianchi identity!® of the three-form sets this combination to
zero. It follows that, when restricting to homogeneous perturbations, the Euclidean-time
derivative T' vanishes, making the perturbation T' a constant term, which is negligible in
the analysis.

Therefore, the significant terms of the second derivative are as follows:

3 N2 1 3N2
2 4 2 ,3¢\/E 2 ﬁqb\/ﬁ

1 N2 2\ . 2 .
+ 6AV (E — ?e_ﬁd’ﬁ) + (?’ﬂ) W2+ (GG H) AT

K K

2 N2 N2 2 .
+ o2 (ﬁ n e_ﬁqj‘/g) + Ad (5\/E?€_’8¢‘/E) — (a_) o2

2a4 2

+ (a?) pAD + (%) e PVEGP — (3a%) pUD (5.19)

Now, a new variable, which will later be interpreted as a kinetic factor, can be introduced:

— Bovk 2 2

HThe Lie derivative for the metric tensor, respect to an infinitesimal vector v, is defined as: LoGuw =
Ugaoguu + g;wau’UU + guoauvg~

12Gee the articles [103, 105, 106, 108, 109, 112, 115, 116] for detailed information on this topic and
other applications of perturbation theory within the GR framework.

13See the footnote "18" before equation (3.27) for the definition of the Bianchi identity.
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where in the last step it is substituted the equation of motion'*
Now, the two degrees of freedom of the system, corresponding to the two dynamical fields
® and ¥, can be translated in the following two gauge-invariant!® variables (typically used

in cosmology):

] H
= A+ — + <H¢>> o (5.21)

and i
R:\If—i—q)g : (5.22)

where « is called the "lapse" function, and R is a curvature perturbation variable.

By changing variables and performing the required algebraic manipulations!®, the fluctu-

ation action can be rewritten as:

55@ — d4x\/_ 3 gb _R2 R 1 _ N_2 —BévE
= Ya BEYE + ) p " e Ra+
JBVESN? o 2. LN sy 2

The newly introduced lapse variable « is a non-dynamical spectator field. As a result, it
is unnecessary to employ a Hamiltonian formalism for its treatment; instead, the variable

can be directly eliminated by substituting its equation of motion, % = 0, which gives:

2 2
— (1 _ AN eﬁWE) R kR (5.24)

at Q 6HQ

Substituting this expression into the fluctuations in equation (5.23) and performing further
algebraic simplifications leads to a compact result for the action perturbation, expressed
entirely in terms of the curvature perturbation R:

65@ 1/d4$\/_a [ R2+R2<— %sz —4\/_H5—— WV)] (5.25)

The eigenvalue equation, similar to the form in (5.6), is obtained by defining the effective

potential as:

2 Ar; N?
U= (a4Q2) ( — ?%2 ~ 2V/RHBS e 5W> (5.26)

14To be precise, the second one of (5.8).
15The gauge-invariance property is straightforwardly proved applying the transformations of (5.18).
16This step also involves using the equations of motion from (5.8) to simplify certain terms.
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Thus, the second-order perturbation can be written in its final compact form:

o
6S® = % / d*r/ya? [%RQ +UR?| . (5.27)

5.4 The stability analysis

Before addressing the homogeneous Schrodinger-like equation derived previously, two fun-

damental points require clarification.

First, a precise treatment of second-order action perturbations requires decomposing each

field as a sum of hyper-spherical harmonic functions, as follows:

P, 7) =Y on(n)Vi(@) (5.28)

where the spherical harmonic functions satisfy the eigenvalue equation VY; = —\;Y; (with
the eigenvalue degeneracy given by A\; = j(j+1)). This approach reduces the problem to
a one-dimensional eigenvalue equation for each mode, leading to the suppression of the
label 7 for notational simplicity.

As previously discussed in the calculation of perturbations, the modes of interest are
the homogeneous ones (corresponding to j = 0). Non-homogeneous terms have been ne-
glected, as their contributions do not affect the stability as shown in [105, 108|. Moreover,
all the negative modes found studying wormhole stability in the past, were related to the
homogeneous sector. Physically, this simplification reflects the O(4) rotational symmetry

imposed on the system.

A second essential aspect to address concerns the boundary conditions.

The calculations of the previous section followed the approach used in the model discussed
in chapter 3, employing the Dirichlet boundary conditions outlined in section 3.4. The
condition for the curvature variable translates into R(7iy¢) = 0 and R(7,) = 0, which
straightforwardly follow from the boundary conditions on the dilaton and the scale fac-
tor. The approach adopted here improves upon the method used in [9], where the same
result was obtained only by directly solving the eigenvalue equation.

Moreover, this choice is particularly advantageous, as it eliminates the need for additional

terms in the second-order action fluctuations and facilitates integration by parts without
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boundary complications. In contrast, adopting the scalar-axion formalism would require
modifying the boundary conditions through the (Neumann) Fourier transformation of
Dirichlet ones. Such an alternative approach introduces boundary fluctuations that must

be included in the analysis, as shown in [10].

Finally, the result from the previous section can be analyzed. The eigenvalue equation
is derived by integrating by parts equation (5.27) and introducing a test function z(7),
which is necessary to obtain a proper eigenvalue equation:

2 d 342
a® <¢—R2 + UR2> == (“ ¢ 72) R+ a’UR? = \a’2R*. (5.29)

Q

The equation can be rewritten in a simplified form as

1 d [a*d? .
By expanding the derivative, it follows:
R - +R _2¢‘5—3H¢2+¢2Q +(U=X2)R=0 (5.31)
Q Q Q Q? - '

which can be solved numerically to explicitly determine all eigenvalues \.

a(te) d(tg)
25¢ 1.2
20f 1.0
istk 0.8}
0.6
= 0.4
5 0.2}
0 S : : 'tz 0.0 : : : ' tg
0 5 10 15 20 0 5 10 15 20

Figure 5.2: The left panel shows the profile of the universe’s scale factor a as a function
of (Euclidean) time, while the right panel presents the dilaton field as a function of the same
parameter. Both functions correspond to the wormhole solution analyzed in this study, with
8 =1 for convenience.

A more efficient method to evaluate the stability of the wormhole can be employed. Using

the explicit results from section 3.2 for the wormhole solution and the associated dilaton
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profile:
a*(7) = a? - cosh(27)
_ 1 N2 2 38 1
O = 7 log [3—%; coS ( 55 arccos <m>>]
where the dilaton is obtained by inverting equation (3.52); instead, the scale factor con-

stant is determined using equations (3.49) and (3.50), yielding ay = %E cos (%ﬁﬂ)

These functions are shown in Figure 5.2, setting for concreteness 5 = 1.

(5.32)

It can thus be demonstrated that the two operators in equation (5.27) are well-defined
along the wormhole and are strictly positive.

For a wormhole whose mouth is located at r,, = 0 and which asymptotically reaches in-
finity in 7, the wormhole solution can be substituted into the potential U and the kinetic

factor Q to plot their respective functions, as shown in Figure 5.3.

12
#°10 g
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- , - t 0.00 : : tg
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Figure 5.3: The two plots show the functions of the kinetic and effective potential factors of
equation (5.27), respect to Euclidean time.

The result is clear: both solutions are positive, indicating that the eigenvalue equation
cannot admit any negative value. Nevertheless, it is essential to carefully verify whether
the two functionals are well-defined in both the asymptotic and wormhole mouth limits,
as the eigenvalue equation might otherwise be ill-defined in these regions.

Considering the limit 7 — 0, the Taylor expansion of equation (5.52) provides the behavior

of the scale factor near the wormhole mouth:

2
.
a(T) = ag + —+ o). (5.33)

0
The Friedman equation of motion!” also determines the dilaton behavior near zero, as

related to ag through equation (3.49)'8.

7"The second equation of (5.8).
8Recall that ag and C are constants associated with the scale factor a, expressed in different coordi-
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Consequently, the dilaton behaves as:

(1) = o — <5\/_N Bf%) 4+ O(14). (5.34)

2 ad

Using these expansions, the behavior of %2 can also be calculated, demonstrating that
it is well-defined in this limit. Substituting the previous expansions into equation (5.20)

leads to an additional expansion in terms of 72, yielding a regular result.

Conversely, the asymptotic limit 7 — oo can be qualitatively analyzed. By expanding

equation (5.32) in this regime, the approximate behavior is:
(5.35)

Additionally, from their definitions, the behaviors of the potential and kinetic factors can
be deduced:

T (5.36)

o

These approximations indicate that the ratio % tends to zero, potentially invalidating
the eigenvalue equation.

However, a subtle adjustment resolves this issue. By considering the extended version of

equation (5.31) and isolating the term , the equation becomes:
5 :
~R+R —gb—3H+Q +(U—>\z)<2>72:0, (5.37)
¢ Q ¢?

where the only one problematic term involves the weight function z. This function is arbi-
trary, and setting z = ¢—92 modifies the eigenvalue equation, ensuring it is now well-defined

asymptotically.

This final verification of the wormhole mouth and asymptotic Euclidean-time limits con-
cludes the stability analysis, demonstrating that the eigenvalue equation is well-defined
and positive-definite. It follows that no perturbative mode can lower the action-energy of
the wormhole solution, confirming its status as a stable absolute minimum of the model.
For this reason, its physical contribution must be considered in the partition function

within the semi-classical approximation.

nates. These constants are equivalent and can be easily transformed into one another.
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Chapter 6
Conclusion and future prospects

This thesis focused on the topic of Euclidean wormholes, which are non-perturbative so-
lutions to the equations of motion in the context of Axiverse models, containing scalar

fields minimally coupled to gravity.

The thesis had two main goals. The first was to introduce the central topic and highlight
the most significant frameworks where such solutions arise. To this end, digressions on
string theory compactifications and the Swampland program were provided, along with
comments on particle physics and associated phenomenological issues. Furthermore, the
practical effects induced by the presence of wormhole solutions in the theory were exam-

ined, particularly the puzzle surrounding the interpretation of the o parameters.

The second and most important goal was to explore the stability of wormhole solutions.
Indeed, the formal structure of Quantum Field Theory requires certain approximations
to extract quantitative predictions from a given model. For this reason, it is crucial to
determine whether, in addition to standard solutions to the equations of motion studied
with perturbative approaches, non-perturbative ones should also be considered. Mathe-
matically, this involves analyzing the stability of these solutions to establish whether they

contribute physically meaningful effects.

Specifically, stability was studied within an Axiverse model including asymptotically flat
gravity, a scalar field called the saxion motivated by UV string theory compactifications,
and a three-form field equivalent to an axion. The stability analysis was performed by
calculating the second-order action perturbation, achieved by expanding both the fields
and the metric, after defining small fluctuations around the wormhole background config-
urations. By removing non-physical degrees of freedom and exploiting the gauge freedom

of the model, the problem was reduced to a one-dimensional Schrédinger-like equation
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involving a single gauge-invariant curvature variable R.

It was then demonstrated that no negative fluctuation modes are present in the model
under consideration, showing that the wormhole solution is a stable minimum of the ac-
tion, providing a dominant real contribution to the corresponding path integral. This
analysis aligns perfectly with the results of [9] and [10], which were published during the
development of this work.

However, as emphasized in the final chapter, it was also shown that the same results
could be achieved using only the Euclidean formalism, where wormhole solutions natu-
rally arise, and without requiring explicit numerical calculations of the modes’ eigenvalues.
This proves that the stability of wormhole solutions can be established through a simple

yet rigorous analysis.

Despite the significant results achieved, it is important to note that the investigation was
limited to a specific case. Therefore, further generalizations should be explored in the
future. There are several ways to extend the results of this work by generalizing to differ-
ent models. For instance, it would be interesting to analyze scenarios involving multiple
saxions, massive saxions, or the inclusion of a potential term in the action. Additionally,
one could consider models with a cosmological constant in a de Sitter (dS) or anti-de
Sitter (AdS) curved spacetime.

While wormhole stability is expected to hold in these alternative setups, explicit calcula-

tions are necessary to confirm this feature in generalized frameworks.

In conclusion, wormhole saddle points are argued to be physically relevant due to their
stability. This implies that understanding their low-energy implications is crucial, es-
pecially regarding the a parameter puzzle and its associated consequences. A deeper
understanding of wormhole physics would also represent a concrete step forward in the
pursuit of Quantum Gravity, offering new insights into the fundamental mechanisms of

nature.
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