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Abstract

Generalized global symmetries are ubiquitous in quantum field theory (QFT) models, which
describe the physics of particle interactions or low-energy matter phases. The generalization
comes from extending the notion of charge conservation to the existence of topological (ex-
tended) operators in the theory. Generalized symmetries are important because they provide
extra selection rules, which have been ignored until very recently. Non-invertible symmetries,
which do not form a mathematical group, are one of such generalizations. For instance, they are
present in Maxwell theory, Maxwell theory coupled to axions, and quantum electrodynamics
(QED). They can be of discrete and finite type or of continuous type. The goal of this thesis
is to systematically derive the non-invertible symmetries structure of 4d and 3d field theories
constructed from type II string theories. The symmetry structure of a given QFT is encoded
by another field theory (Symmetry Theory) defined on a space, which has an extra dimension.
The physical QFT lives at the boundary of the symmetry theory. The study of the topolog-
ical operators in the bulk symmetry theory and how they behave, depending on the choice
of boundary condition, provides the full symmetry structure. The thesis consists of studying
type II string theories backgrounds and implementing a dimensional reduction to derive the
symmetry theory. The explicit backgrounds are provided by a Calabi-Yau geometry called the
Conifold and the product manifold consisting of the Conifold times a circle.






Introduction

Symmetries have always been a very meaningful concept in Physics, fundamental to develop
new theories and also to characterize and distinguish between various models. The descrip-
tion of the natural phenomena in modern times is encoded in the formalism of quantum field
theories, where symmetries are one of the most important features. Moreover, also from the
phenomenological point of view, symmetries are very relevant, since they constitute guiding
principles to produce outcomes that can be compared with experiments and contribute to val-
idate a theory. Given all these motivations, we can see that try to find better descriptions of
symmetries in order to achieve a deeper understanding of this concept is very useful.

In the last decade, the notion of symmetries has been generalized with outstanding results,
through the definition of generalized global symmetries. With the work [1], it has been de-
veloped a framework that broadens the horizons of symmetries. The usual global symmetries
are now called O-form symmetries, since they act on local operators with zero dimension in
the Hilbert space of a theory. One of the generalizations is given by the notion of higher-form
symmetries, in which the charged objects under the symmetries are higher-dimensional opera-
tors, with support on lines, surfaces or hypersurfaces. The starting point is the usual way of
characterizing symmetries through Noether theorem and conserved currents, where the action
of a symmetry is encoded in unitary operators. They form group representations and are in-
variant under the time evolution, since they are defined as the exponential of the conserved
charges. With higher-form symmetries, the notion of conservation is extended to the one of
topological invariance of the symmetry generators. In this way, we can see that all the ordinary
symmetries are described by topological defects, but the inverse is not true. This leads to other
generalizations: we can use topological operators that do not belong to a group representation
to define new symmetries. If we consider topological operators that do not admit an inverse we
get the notion of non-invertible symmetries. In this work we will explore this kind of symmetries
considering in particular higher-form non-invertible symmetries.

Given the fundamental relevance of symmetries, we need to develop the better tools in order
to study and present them. In recent years, it has been introduced the framework of Sym-
metry Topological Field Theory, SymTFT, which aims to describe all the symmetries of a
d-dimensional QFT, by using a theory with an additional dimension. If we consider a QFT
defined on My, its SymTFEFT is a (d + 1)-dimensional topological field theory on Mgy, with
the requirement OMy,1 = Mjy. In this picture, we can build what is called sandwich construc-
tion, considering the additional dimension of the SymTFT as valued in an interval at which
extremes we have the two boundaries of My, ;. One is the physical boundary in which lies
the d-dimensional QFT and the other one is the topological boundary on which we impose
the boundary conditions on the bulk fields. In this way we can determine which topological
operators can be projected on the physical theory and so can become the generators of the
symmetries we want to describe. A possible generalization of this structure is given by the con-
cept of Symmetry Theory, SymTh, where the purpose is the same but we lose the requirement
of having a topological theory in the bulk. Now the kinetic terms for the bulk fields are also



important and in this way we managed to fully describe not only discrete symmetries but also
continuous non-finite symmetries.

The aim of this work is to derive all the generalized continuous symmetries of theories in four
and three dimensions, that can be constructed from type II superstring theories. In order to do
so we build the SymTh in five and four dimensions respectively and we characterize the global
symmetries through the study of the topological operators of the SymTh. The last ingredient
of this work so is given by string theory, since it constitutes the UV origin of the SymTh that
will be derived in an top-down approach.

In chapter 1, starting from the presentation of ordinary symmetries, we develop the formalism to
describe generalized symmetries. We focus first on higher-form symmetries, giving an overlook
of both continuous and discrete global symmetries and then we pass to the description of
non-invertible symmetries. We provide some relevant examples that show how generalized
symmetries are widely present in all the known QFTs, in particular we discuss them in Maxwell
theory, QED and chiral QCD. In chapter 2 we present first the construction of the SymTFT and
then the generalization to the SymTh. With some examples we can see how these structures
can represent symmetries and anomalies of the physical QFTs that we put on the boundary.

Chapter 3 is devoted to outline some relevant aspects of string theory, in particular to delineate
the low-energy actions of ITA and IIB superstring theories. We need to discuss at the begin-
ning some aspects of the bosonic string and to understand how to determine the spacetime
dimensions in which the string lives. Since the superstring requires D = 10 for consistency, we
explain how to get rid of the extra dimensions using Kaluza-Klein compactification. In order
to get to the five and four dimensional SymTh that we are interested in, we consider for the
internal space a particular Calabi-Yau geometry given by the conifold, whose main features are
underlined in the last part of the discussion.

In chapter 4 finally we arrive to the dense core of the work. In the first part, we restrict the type
II supergravity actions to the flux sector and we present the dimensional reduction obtained
expanding the fluxes in terms of the internal geometry. For type IIB the background is given
by the near horizon conifold geometry in the first case and by the conifold times a circle in
the second case. In order to apply the same procedure to type ITA theory we present how
to apply the T-duality to pass from IIB to ITA theory. In the second part of the chapter we
analyze the topological operators of the resulting Symmetry Theories, studying which defects
can be projected on the boundary by imposing suitable boundary conditions. The different
sets of boundary conditions, that we are allowed to fix for the fields, give rise to a variety of
different boundary QFTs. The two main examples that we discuss are the 4d axion-Maxwell
model as boundary QFT for the 5d SymTh and the 3d Goldstone-Maxwell model for the 4d
SymTh. These two models, besides being relevant per se to describe axions and Goldstone
bosons, present interesting examples of non-invertible global symmetries that deserve to be
studied.



Chapter 1

(Generalized Symmetries

Symmetries are a fundamental notion in physics, relevant in an amount of different fields, from
high energy physics to condensed matter and useful for various purposes, from characterizing a
quantum field theory and studying its behavior under the renormalization group flow, to giving
selection rules in scattering processes that can be matched with experiments.

First of all it is necessary to understand that the kind of symmetries we address in this context
are the global ones and not the local gauge symmetries. In fact, even though the fundamental
forces of nature are described with local gauge interactions, we can see that gauge invariance is
not an observable symmetry, but it’s just an unphysical redundancy introduced to have locality
and Lorentz invariance in relativistic QFTs. It can be easily shown because if in a theory with
a gauge symmetry we compute correlation functions involving gauge non invariant operators,
we get always zero. The gauge symmetry in fact relates the correlators up to an arbitrary local
phase

(O)(1)...0! (2,)) = eel@at - Fialen)an () (21)...0,(x,)) =0, (1.1)

so the only possibility to satisfy this equality is with vanishing correlation functions. On
the contrary, if we consider a global symmetry, that for the generic operator O, gives the
transformation O (x;) — €'%* Oy (x},), with the parameter o fixed and globally defined, then
the correlation functions can be written as

0 ity g #0
"(21)..0" (x,)) = X% (O (21)...0,,(2,,)) = k .
(O1(21)...0, () (O1(21)...0n(zn)) 20 Y g =0 (1.2)
k

So, since the expression can be non vanishing if the total charge of the operator inside the
correlator is zero, we conclude that only global symmetries are observable, in the sense that
they impose selection rules on the correlation functions. Moreover, the global symmetries are
the only ones that can be spontaneously broken, since in order to have SSB of a gauge symmetry
we would need a local non-invariant operator with a non vanishing vacuum expectation value
and this is not possible according to (1.1). Global symmetries can also give powerful tools to
constrain QF'T dynamics, giving useful parameters to match UV and IR theories, for example
with the notion of 't Hooft anomalies, that involve only global currents and are constant under
the Renormalization Group flow.

Since the history of symmetries goes back a long time, there have been many considerations
that try to generalize the notion of symmetries avoiding the prescription of Coleman-Mandula
theorem [30]. This allows only the direct product of the Poincaré group with the internal sym-
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metry group as the most general symmetries of an analytic scattering matrix. The two famous
exceptions that generalize the Poincaré group are the conformal group and the supersymmetry.

The more recent concept of generalized global symmetries instead is the one introduced by
D. Gaiotto, A. Kapustin, N. Seiberg and B. Willet in [1], that has led to another large class
of symmetries that avoid Coleman-Mandula theorem. Despite seeming exotic at first, these
are symmetries present in a lot of familiar theories and they give a new perspective on known
phenomena leading to powerful new results.

The wide notion of generalized global symmetries |1]-[10], includes four different classes:

e higher-form symmetries, where the action of the symmetry operators is not only restricted
to local objects but can be generalized to higher-dimensional charged operators like lines,
surfaces and hypersurfaces;

e higher-groups, that are constituted by higher-form symmetries of different form degrees
that act together in the theory and also mix each other [6];

e non-invertible symmetries, in which the symmetry operator has no inverse in the fusion
algebra, that is no more the one of a group but needs to be generalized to a fusion
category;

e subsystem symmetries, that involve mostly condensed matter systems like fracton models.
The charges of these symmetries do not depend only on the topology of the manifold in
which they are realized, but also on their shape and location, [26]-[27].

In the following we will analyze the first and the third type, focusing on examples and applica-
tions in well known models as Maxwell theory, QED and chiral QCD.

1.1 Higher-form symmetries

In the attempt of addressing the first kind of generalization we need to focus first on how we
describe the ordinary global symmetries of a QFT, that we will call O-form symmetries since
they act on local 0-dimensional operators. In order to do this, we need to distinguish between
continuous and discrete symmetries and we will see that the generalization to higher-form
symmetries, [3]-[4], that can be performed naturally in the continuous case translates also in
the discrete case where, in general, we do not have a conserved current.

1.1.1 Continuous global symmetries

Let’s consider a d-dimensional QFT with action S[¢], function of the set of all dynamical fields,
which is invariant under ordinary continuous global symmetry transformations given by the
group G The existence of a continuous global symmetry implies the presence of a conserved
current because of Noether theorem [29]

9y (x) = 0 (1.3)

In order to use a framework in which the generalization will come easy, we want to adopt
the language of differential form, [28], so the current can be expressed by a 1-form and the
conservation equation translates into j; = j, dz" being co-closed

d*ji =0 (1.4)

The conserved current xj; can be integrated over a (d — 1)-dimensional surface in order to
define the conserved charge () associated to the symmetry. In the familiar four-dimensional



Minkowskian case we know that the charge is conserved in time () = 0, because the integral that
defines the charge is performed over all the space directions of spacetime. If we consider instead
the Euclidean framework we see that the direction that will correspond to time, namely the
one that would be Wick rotated, can be chosen arbitrarily, so the charge is defined integrating
the current on a generic surface ¥; ;. The result indeed is that the charge is invariant under
any deformation and this means that it is topological.

Q(X4-1) :/ *J1 (1.5)
Yg-1
We can always describe symmetries in terms of Euclidean field theories since all the states of

Lorentzian field theories can be defined using Euclidean path integral.

The next step is then to define the action of the symmetry G°) on the local charged operators
of the theory Og(z), that transform in the representation R of the group symmetry. In general,
the action of a symmetry on the associated Hilbert space is encoded in the unitary operator
given by the exponential of the conserved charge, according to Wigner theorem. This operator
can be generalized in the Euclidean theory to

Uy(Xg-1) :ea:p<i)\/2 ) *j1> (1.6)

which is topological since ¥4 can be any (d — 1)-dimensional surface. The operator U,(X4_1)
is called symmetry defect operator and it satisfies the group multiplication law given by

Ugl (Z) : Ug2(2) = Uglgz(z) (17)

The topological nature of the symmetry defect can be shown using the conservation of the
current, in fact choosing two homotopic surfaces ¥, ; and 3/, ,, that can be deformed one into
the other by smooth deformations, we get:

Uy(Xa1) - Up=1(2_1) = exp (z)\/ *j1 — i/\/ *j1> = exp(i/\/ d*j1> =1 (1.8)
Yg-1 DAY My

where the manifold M, is such that My = 341 UX/4_1, with 3/,_; that is ¥, | with opposite
orientation. The result of the relation (1.8) is that

Ug(X4-1) = Uyg(Za-1) (1.9)

and this implies that the Uy(X4_1) operator is topological. In order to derive the action of
the symmetry operator on the charged operators, we need to consider the Ward identities,
which are the analog of the classical laws of conservation in the QFTs and which give relations
between correlation functions of the theory. Considering the partition function Z of a theory
with action S[®] we compute the generic correlation function of one field as

0l = 5 [ DB o(y) 5 (1.10)

where @ represents all the fields of the theory. In this formalism it is possible to derive the
Ward identities for the current j* of a O-form symmetry in absence of anomalies

O (" (x)(y)) = —i6'D (x — y) (5o (y)) (1.11)
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If we express it with differential forms by integrating over a d-dimensional region M, with
boundary Y,;_; we get for the left hand side

/A (dxdiol) = / (41 6()) = (Q(Sar) 6()) (1.12)

Ya-1

so (1.11) becomes the relation that gives the action of the symmetry on the field ¢

(Q(Ea-1) o(y)) = —i /M d'z 0" (z —y) (0¢(y)) = —i Link(, y) (56(y)) (1.13)

We have defined the linking number of ¥; ; and y as

Link(X4_1,y) = / dlz 6@ (z —y) (1.14)

My

that is 0 if the point y is outside of the region M, and is 1 if y is inside, since in d dimensions a
point can always link with a (d — 1)-dimensional manifold. The linking number is a topological
quantity since it does not depend on the shape of ¥;_1, that can be deformed as long as in the
changing we do not cross the point .

If we translate the Ward identities (1.11) for a generic operator':
0" (x)Or(y) = 8 (x — y)R(T*)Or(y) (1.15)

we can derive the action of the symmetry operator as

Uy(Xa-1)Or(y) = R(g) Or(y)Uy(Xy_1) (1.16)

where ¥, is the surface that links the point y, while X/, | does not, so it is obtained with
a smooth deformation that crosses the point, see Fig. 1.1. R(g) is the realization of the

symmetry group element g in the same representation of Ogp, if we consider an algebra given
ixeTe

by the generators T we get that the representation of g is e

Figure 1.1: Example of linking of a local operator in d dimensions and of the action of the symmetry.
After the deformation of ¥4_; transforming Op, the operator U,(X},_;) can shrink to zero.

We change also the bracket notation used before, omitting the vacuum expectation value.
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The relation (1.16) can be computed explicitly as

Uy(Ca)On(u)Uy 1 (S5 ) = exp (i [

My

([ )

(INR(T*))" </M - 5(d)(x—y)) Only) (1.17)

n!

A’z 9,5"(x)) Or(y)

(]

3
I
o

NE

3
I
o

(A" R(T*))"
n!

WE

Or(y)

= R(g) Or(y)

in which we have expanded the exponential and inserted the Ward identities.

3
(=

In general, the conserved current encodes the local features of a symmetry, such as Ward
identities or 't Hooft anomalies, that are not naturally understandable at the level of the
conserved charges. A way to keep these information accessible is to couple the current to a
background gauge field by adding an appropriated term in the action. The adjective gauge
to characterize the background field is just the usual name to address it, but should not be
confusing, we are considering a field which is fixed, non-dynamical, so is not summed up in the
path integral.

For an ordinary global symmetry, since the closed current *j; has codimension one, we need
a 1-form background field, which is the connection of a G°) bundle on spacetime. The action
so contains a term where the field A; acts as a classical source for the current, so that the

%, where Z[A] is the partition

function of the theory that depends on the background field.

correlation functions with the current j, are given by —

We can see that the action is invariant under small gauge transformations of the background
Ay — A + dX\ using the conservation of the current after the integration by parts. The
introduction of the background field A; is useful because when we ask if a transformation is
a symmetry, we can easily answer by checking if the partition function is invariant under the
gauge transformations of A;. In this way we get also a natural way to study anomalies.

Generalization to higher-forms

The natural generalization that gives rise to the notion of higher-form global symmetries is to
consider a p-form symmetry given by a conserved current that is a (p + 1)-form such that

dxJy11 =0 (1.19)
This allows to define a conserved charge and the operator:
Uy(Sap1) = € Toaps (1.20)

which is topological and obeys a group multiplication law in the same way explained for ordinary
symmetries. This operator encodes the action of the symmetry on p-dimensional objects O,(3,)
of charge ¢ that can link with the (d — p — 1)-dimensional surface

Ug(Za—p-1)04(2p) = e’ Oy (3p) Uy( :i—p—l) (1.21)

11



where X, is the deformed surface that does not link with X, and « is the representation of
the group element g in the Lie algebra.

An interesting property of higher-form symmetries is that they are always abelian and so only
0-form symmetries can be encoded by non-abelian groups. In fact to define a non-abelian
symmetry we need a notion of ordering for the product of symmetry defect operators and
this is clearly present for O-form symmetries, for which the defects have codimension one.
Since we have only one transverse direction, we cannot exchange the ordering with topological
manipulation. Instead for higher form symmetries, the defects has always codimension bigger
than one and as we see for example in Fig. (1.2) we can deform smoothly the defects and
manage to exchange the ordering.

Ug (7) Ug (7) Ug (7)

il

Figure 1.2: Higher-form symmetries can only be abelian: example of line defects in three dimensions,
we can deform one line to exchange the order without crossing

Spontaneous symmetry breaking of higher-form symmetries

When a continuous global 0-form symmetry is spontaneously broken GO — HO thig gives
rise to an associated Goldstone boson that takes values in the Lie algebra of the coset space
G/H. The symmetry is non-linearly realized for the Goldstone bosons as a shift symmetry
along the broken directions. For a p-form global symmetry the Goldstone field associated with
its SSB is a p-form since it must be shifted by the gauge parameter A\, that comes from the
background gauge field transformation B,11 — Bpy1 + dA,.

The order parameter of the spontaneous symmetry breaking seen as a phase transition is given
by the vacuum expectation value of the charged operator under the symmetry. Since the charge
operator needs to act trivially on the vacuum state, then any charged operator should have
vanishing vacuum expectation value if the symmetry is unbroken

0 = (0]|@, O(2)]]0) = (0]O(x)[0) (1.22)

Spontaneous symmetry breaking is also related to the notion of confinement, because if a
charged operator O, has a non trivial vacuum expectation value once inserted along a p-
dimensional sphere of infinite radius

lim (0,(5h)) #0 (1.23)

then the p-form symmetry is spontaneously broken and the operator survives in the IR, so it
can be said that the operator deconfines in the IR. On the other hand if an operator has

lim (0,(S%)) =0 (1.24)

R—o0

then it does not exist in the IR and we can say that it confines. The terminology recall the
more familiar one used in the context of quark confinement, the meaning is analogous since
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we speak about confinement of operators when they are not present once the theory flows in
the IR. In the same way when the quarks cannot be observed as free particles but only inside
hadrons at low-energy we get quark confinement. Summing up, the statement is that: if a
charged p-dimensional operator deconfines, then the symmetry is spontaneously broken, while
if all charged operators confine, then the symmetry is unbroken.

Restricting to the case of line operators, the distinction between these two situations is given
by the perimeter or area law of the asymptotic vacuum expectation value. The area law for the
vev implies that the operator confines, while instead the perimeter law implies deconfinement,
since the operator can be modified by a counter term in order to explicitly satisfy the condition
(1.23).

1.1.2 Anomalies
In order to enter in the discussion about anomalies, we need to distinguish between three types:

e ABJ anomalies, that occur when we have a transformation that is a symmetry of the
classical lagrangian, but that is not a symmetry of the full quantum partition function
since it does not leaves invariant for example the path integral measure. This anomaly
depends on dynamical fields of the theory, so it is not constant under the RG flow and
its presence implies that the transformation is not a global symmetry of the QFT.

e gauge anomalies, in which the path integral is not invariant under the gauge transforma-
tions of the dynamical gauge fields. This type of anomaly is not allowed in a consistent
model since it makes the theory ill-defined.

e 't Hooft anomalies, that concern background fields of a theory and that are the ones on
which we focus in this section

A p-form continuous global symmetry G® is said to have a pure 't Hooft anomaly when the
transformations of the background field B4, associated to the symmetry that acts also on the
dynamical fields,

Bp+1 — B]g)+1 - Bp+1 + d)\p (125)

do not leave the partition function invariant
Z(Bya] # Z(BL,] (1.26)

and this inequality remains true even if we add to the partition function all the possible counter
terms that depend on the background field B, ;.

The 't Hooft anomalies constitute a powerful tool to study the renormalization group flow of
the quantum field theories, since they are RG invariant quantities that constrain the ways in
which symmetries are matched between the UV and the IR. For example the fact that a global
symmetry is preserved tells us that terms that explicitly breaks the symmetry cannot flow to
the IR.

In order to show the modern description of anomalies that uses the mechanism of anomaly inflow
from a topological QFT, we begin introducing the concept of symmetry protected topological
phase, SPT. A d-dimensional SPT phase of a set S of p-form global symmetries is an invertible
d-dimensional topological QFT endowed with the symmetries S, such that its partition function
with all the background fields turned off is trivially equal to one. This means indeed that the
SPT phase is like a trivial theory when symmetries are not considered.

Let’s take a (d + 1)-dimensional SPT phase in order to define an anomaly theory. Its partition
function is invariant under all the gauge transformations of the background fields, so in the

13



SPT phase we do not have 't Hooft anomalies. However, if we consider the theory on an open
manifold My, that has boundary My; = 0My,; we can see that the theory will present an
anomaly. In fact, the partition function in which we perform the symmetry transformations is
equal to the original one times a factor that is localized on the boundary M, and that depends
on the background fields and the parameters of their transformations.

Z[BpH-l + 5)\])1] = Z[Bpﬁ-l] X Za[BpH-la )‘pz] (1'27)

This means that defining the SPT phase on an open manifold gives rise to a 't Hooft anomaly.
This is convenient for our purposes, since if we take a d-dimensional QFT that lives on M, and
has the same symmetries of the SPT phase but presents also a 't Hooft anomaly given by

Id[BpH-h /\Pz] = Zgl[BpH-la )‘pz} (1'28)

we get that the the combined theory, given by the (d + 1)-dimensional SPT phase and the
d-dimensional boundary QFT, is anomaly free. So reasoning in reverse, given a d-dimensional
QFT, its anomaly theory with partition function that we can call Z;1[B,,+1] is given by the
(d + 1)-dimensional symmetry protected topological phase for which condition (1.28) is true.
For a continuous symmetry the partition function of the anomaly theory can be seen as the
exponential of an effective action

Tyi1]By,+1] = € Han 1.29
pi

which is given by what is called the anomalous phase, that can be used to define the anomaly
polynomial in d 4+ 2 dimensions
Id+2 == dAd+1 (130)

The descent mechanism then can be used in order to come back to the 't Hooft anomaly in the
d-dimensional theory. This is the use of the concept of anomaly inflow, [23], that exploit the
decoupled (d + 1)-dimensional theory to understand that the 't Hooft anomalies are invariant
under the RG flow. It can be seen by the fact that the anomaly theory, as well as the anomaly
polynomial, being topological are invariant flowing between the IR and the UV, though they
can be used to match the anomaly of the d-dimensional QFT along the RG flow, [24].

1.1.3 Higher-form symmetries in Maxwell theory

The free Maxwell theory is the emblematic example of a model with higher-form symmetries.
Let’s start with the action of a compact U(1) 1-form gauge field a in d dimensions

Sla] Z/—%f/\*f (1.31)

where f = da is the field strength and the electric charge is quantized as a consequence of a
being a compact U(1) field. The extended operators of this theory are the Wilson lines

Wo(y) = €' (1.32)

in which ¢ is the electric charge and v must be infinitely long or closed in order to have an
operator that is gauge invariant. This line operator represents the worldline of a probe charged
particle not dynamical. From the equation of motion and the Bianchi identity we get two
conservation equations for two currents that we can define as

1 1
_zd*f:d*Jezo df = —dx*x(xf)=dx*J, =0 (1.33)
e 2
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Therefore we see that the theory has two types of higher-form symmetries, a 1-form electric
symmetry with the 2-form current J, and a (d — 3)-form magnetic symmetry with the (d — 2)-
form current J,. The topological operators that realize these symmetries are given by the
exponential of the conserved charges

1e% *Je i |- *
Ue(aa Zd—?) =€ fzd_Q ‘=e jzd_? f

‘ ‘ 1.34
Un(B,%2) = B Jry *Im — 1B Js, ( )

So in general the higher-form symmetries of a free Maxwell theory in d dimensions are
VU (1.35)

and we can notice some special cases: in d = 2 there is no magnetic symmetry, while in d = 4
both electric and magnetic U(1) are 1-form symmetries. In a generic dimension, the magnetic
symmetry can be better characterized looking at the operators charged under it, let’s define
the dual gauge field a as

xf =da (1.36)

where @ is a (d — 3)-form that allows to construct the 't Hooft surface operators of charge m

a

T (Dasg) = 2" Iracs (1.37)
in which m is the magnetic charge and the support I'y_3 is a (d — 3)-dimensional surface.
These gauge invariant extended objects are the charged objects under the magnetic symmetry,
while the charged operators under the electric symmetry are the Wilson lines. The action of
the topological symmetry defects on the charged operators is given by the non-trivial linking
between their supports, ¥’ is homotopic to ¥ and does not link the support of the charged
objects
(Unlat, Sums) Wy(y)) = €9 Lk Eaa) (10, (9) U (a, 2 ,))

(Un(B,%52) Tin(Tgsz)) = P Pk Tas) (T (Ty_3) U(B,55)) (1.38)

Let’s restrict now the study to the four-dimensional Maxwell theory, where we have that both
the electrically and magnetically charged objects are of dimension one: Wilson lines and ’t
Hooft lines. In order to describe its global higher-form symmetries,

UM x (1) (1.39)

the theory can be coupled to background gauge fields, which are 2-form fields, B5 and B3", so
the action becomes
1 e e Z m

S [ =B)Ns =B+ 5 [ BE A (1.40)
The coupling of Bj" is the standard one with the current of the magnetic symmetry, instead
in order to couple the other background field BS to the electric current we need to introduce
also a local counter term of the form B A xB5 that does not affect the dynamics of the theory
since it depends only on the background field. This allows to have the kinetic term invariant
under background gauge transformations, since f and Bj transform in the same way. The field
strength in fact is not invariant since we are considering large gauge transformations a — a+\{.

Coupling the currents to background gauge fields allows to naturally study the 't Hooft anoma-
lies of the global symmetries of interests. The presence of a 't Hooft anomaly is encoded in
the non-invariance of the partition function under background gauge transformations with all
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the background fluxes activated. In the case we are considering the action (1.40) is not invari-
ant under the gauge transformations of the electric background field BS — BS + d\f, because
also the field a transforms non-linearly under it. The photon field a can indeed be seen as
the Nambu-Goldstone boson of the U(l)él), since a symmetry is spontaneously broken when is
non-linearly realized for the Goldstone field, [20]. The order parameter of this SSB is given by
the vacuum expectation value of the Wilson lines of a that becomes non trivial. If we apply
the field transformations, the variation of the action is given by

5S = % / B A dX (1.41)
which translates in the partition function as
Z|BS + d)Xs, BY] = e3= B8N L Z[BS By (1.42)

This underlines that the gauging of the two 1-form symmetries of Maxwell theory cannot be
done simultaneously. With the choice of counter terms in the action (1.40) we see that only the
magnetic 1-form symmetry leaves the action invariant and so it can be gauged. It can be shown
that there is not a possible choice of counter terms that makes the theory invariant under both
symmetries.

In order to give a concrete example of the topic discussed in the paragraph of anomalies we can
write the anomaly theory for the 4-dimensional Maxwell theory as

Id+1 — 627rifB§/\dB£” (143)

so the anomaly polynomial is given by

Tyis = / dBS A dBY (1.44)

Matter fields and explicit breaking of higher-form symmetries

We consider now the Maxwell theory with a matter field ¢ of charge ¢ under the gauge group
U(1), which can be in the scalar or spinor representation of the Lorentz group and can be
massive or massless. The introduction of the matter field breaks the U(1) 1-form symmetry of
the pure Maxwell theory to its Zgl) subgroup, since the presence in the theory of matter fields
give rise to non genuine local operators that screens a charge q Wilson line, because the line it
is allowed to end on the matter field, as shown in Fig. 1.3

W,(L) o(x)

Figure 1.3: A matter field gives a non genuine operator living at the end of a Wilson line

A non genuine operator is an operator which is attached to a collection of higher dimensional
operators, [8]. We can see that the field ¢ need to be attached to something since it does not
define a genuine operator, because it is not gauge invariant. Under a gauge transformation of
the U(1) gauge field

df(x)
A A(x) — 1.4
(z) = A(z) o (1.45)
the matter field transform as
6(x) — €D (x) (1.46)
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The matter field changes with a phase in the same way, with opposite sign, as a Wilson line of
charge ¢, that ends on the point x

W,(L) = 2l A 5 e=aor? W (L) = e @W, (L) (1.47)

since we have 0L = z. Indeed combining together the matter field and the Wilson line we get
a gauge invariant quantity that constitutes the non genuine operator

¢(x)Wy(L) (1.48)

This is a way to see the explicit breaking of an higher-form symmetry, in fact, if an operator O,
can be completely screened, namely there exists another operator O,_; on which O, can end,
then O, becomes invisible to the symmetry operators. For example, if we have a topological
defect operator that links the Wilson line ending on a point, we can deform the defect in order
to reach the ending of the line and unlink the operators without doing nothing to the Wilson
line, as shown in Fig (1.4). In this sense the use of the term screening becomes clear.

Wy(L) W, (L) W, (L)

o(o) 5(2) o)

Figure 1.4: The Wilson lines that end on the local operator becomes invisible under the global U (1)(1)
symmetry, since the defect can be smoothly moved and then shrink to zero.

1.1.4 Discrete global symmetries

Let’s consider now the case of discrete symmetries that would be relevant in the introduction
of the SymTFT in the next chapter. In general, for this type of symmetries we do not have
a conserved current, but we can still use the tools developed so far, such as the background
gauge fields associated to the symmetry and the topological symmetry defect operators.

A complete description of discrete global symmetries would require a presentation of discrete
gauge theory, [11|, where the better language encodes the discrete gauge fields as co-chains
defined with respect to a triangulation on spacetime. A typical action for a discrete gauge
theory in d-dimensions would be

27r/ap U 6bg—p—_1 (1.49)

where U, known as the cup product, is the discrete version for cohomology classes of the wedge
product. The field a, is a GW_valued p co-chain, which assigns an element of the group to
every p-simplex of the triangulation and the field by_,_; is a G'®)_valued (d — p — 1) co-chain.

Using this framework it is possible to show how to build the symmetry operators and to show
that they are topological using a discrete version of the Stokes theorem and the equations of
motion coming from the action. However, we will not enter in the details of this language since
it is something that goes beyond the aim of this work. What we do instead is to focus on a Zy
gauge theory, which is a special case since Zy is a discrete subgroup of the continuous U(1), so
we can try to describe the Zy gauge fields as the restriction of the U(1) connections, requiring
holonomies valued in Zy:

Gif A n=01,.,N—1 (1.50)
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This restriction on the holonomies implies that the connection is flat. In fact, since the values
of the holonomies belong to a discrete group, one holonomy is invariant under a continuous
deformation of v, because we would need a discontinuous transformation to change the element
of the discrete group. As a consequence if we calculate the holonomy along a trivial v, that can
be contracted to a point, the result should be trivial, but the holonomy can also be expressed
as

¢4 = elpda (1.51)

considering the path as the boundary of a disk v = dD. The field strength of A so must be
trivial along cycles that are contractible to a point, namely we can say that the Zy connection
A must be locally flat, then the complete definition of the field strength of a discrete gauge
theory would require the notion of Bockstein map in discrete cohomology.

As we said before, in order to describe the Zy gauge field A we can use the associate U(1)
connection 121, denoted as integral lift, that should have the same holonomies as the original
field and a period that matches the one of A mody, so the different choices for the U(1) gauge
field are related by large gauge transformations. In general a U(1) connection is not flat and
we can use the correspondence between U(1) and Zy to get the same result one could get in
cohomology

— = — 1.52
. . mod y (1.52)

BF theory

The most characteristic example of a discrete gauge theory is the BF theory, which describes
Zy p-form gauge fields by using the formalism of U(1) gauge theories with suitable constraints.
Let’s write the action of a p-form U(1) gauge field A, and a (d — p — 1)-form U(1) gauge field
Bdfpfl
N

g = ;7 Bu_p_1 AdA, (1.53)
In the following we will see how this action is appropriated to describe a theory in which only
Zn-valued gauge fields would contribute to the path integral, so the field strengths are flat and
the Wilson lines have charges that take values in Zy.

First we notice that the theory is topological since the action does not contain the spacetime
metric, namely the Hodge star operator does not appear in the expression (1.53). The equations
of motion confirm the fact that there are no propagating degrees of freedom in the theory that
is truly topological

N NBip1
2T 2m

=0 (1.54)
and describes flat gauge fields. Moreover, the action is invariant under the gauge transforma-
tions of the fields given by a (p — 1) and a (d —p — 2) gauge parameters respectively for A, and
Bd—p—l

Ap — Ap + dAp,1 Bd,p,1 — Bd,p,1 + dAd,p,Q (155)

We can define gauge invariant Wilson operators with support on closed or infinitely extended
manifolds:

Wi (L) = e Jro Via(Capr) = € Fampea Bir (1.56)
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which are topological since the gauge fields are flat. The charges are n,m = 1,..., N — 1 because
if we insert the Wilson operators in the partition function of the theory for example with a
term like

in / A, NPz €T,) (1.57)
we can see that this modifies the equation of motion of the field B;_,_;, that becomes

dBd—p—l
2

N =néP(z €T)) (1.58)

So, for every Wilson operator with charge n > N we can perform a gauge transformation of
the field B;_,—; that reduces the charge n dividing by multiples of V.

Another proof that the action (1.53) describes a Zy gauge theory is given by the fact that the
p = 1 BF action in 4 dimensions comes from the Abelian Higgs Model, with the Higgs field of
charge N, in the low-energy limit in fact the U(1) symmetry is broken down to its subgroup
Zy.

In order to analyze the global symmetries of the theory we cannot use the Noether currents,
since in general for discrete symmetries that do not come from the breaking of continuous
symmetries we do not have a current associated to the transformation. For example the d-
dimensional BF theory has Zgg) X ng,l_p - higher-form symmetries that act on the Wilson
operators of the theory and are non-linearly realized on the fields

1
Ap — Ap+ Nﬁp

1
Bd—p—l — Bd—p—l + NEd_p_l (159)
with }{ep = 277 and ?{ed_p_l = 27/L.

If we try to see the equations of motion of the theory (1.54) as conservation equations for two
currents we can define two symmetry defect operators

2mik NAp kA
U znik (Zp) =e N ‘fzp T = fzp P
N
~ ~ 2miks NBg_p—1 ik B (160)
Usnir (Xg_p1) =€ N THap-1 27— " Hap d=p-1
N p

So, even if the currents are not well defined being not gauge invariant, the symmetry defect
operators can be constructed and are topological and gauge invariant for Zy fields. The result
of this procedure leads us to show that the symmetry defects for the Z%) symmetry that shifts
the field A, is exactly the Wilson operator for the field B;_,_;. On the contrary, the topological

operator for the symmetry Z%‘p Y that shifts By ,—1 is the Wilson operator constructed with

the field A,,.

The action of the defects on the charged operators is always given by linking as it can be already
seen by the fact that the two sets of Wilson operators for the two fields have non trivial linking

<Wn(F)Vm(f)> _ eQm‘ = Link(T,T) (1.61)
The correspondence between the charged operators and the topological defects underlined be-

fore is due to the fact that the Wilson operator of one field gives a source of fractional charge
for the other gauge field, as discussed above once we insert the W, in the path integral.
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Background gauge fields

We have seen that in general to describe the symmetries of a theory we can couple it to a
background gauge field. Moreover, considering discrete symmetries that have only flat fields,
we can think about the background flat connections as a network of defects. A flat connection is
defined in the principal bundle that realizes the gauge theory in some base manifold, it contains
the information on how to compare the fibers define over different points, allowing to construct
the notion of parallel transport. If we cover the base manifold with a collection of open sets
Uy, we need the prescription that the transition functions 1,43 defined in the intersection of two
open sets satisfy, in triple intersections U, NUg NU,, the condition:

waﬁwﬁ'yw'w =1 (162)

The relation between defects and background gauge fields is clear also for ordinary symmetries,
since a generic symmetry defect operator Uy, (2X4_1) gives a background gauge transformation
along its world-volume

g(x) = 0> (1.63)

where O(z, ) is the Heaviside step function that is 0 at one side of ¥,;_; and 1 on the other. This
implies the presence of a background gauge field proportional to a delta function é(x € X4_1)
and to the unit vector orthogonal to the (d — 1)-dimensional surface.

So, the flat connections can be described in terms of the topological defects and their junctions
and also other notions such as global 't Hooft anomalies can be encoded in this point of view,
implying the absence of some appropriated junctions. Moreover, gauging a discrete symmetry,
which means to sum over all flat connections, can be seen as summing over all possible insertions
of the defect operators. For continuous global symmetries instead, we can always have more
general background connections, which are not flat, so they are not encoded in the network of
topological defects.

1.2 Non-invertible symmetries

After the discussion presented so far we can summarize the fundamental result of this new way
of treating symmetries as

Symmetries <> topological operators

All ordinary symmetries are realized in terms of topological defects, but if we think in the oppo-
site direction we can see that not all topological operators correspond to traditional symmetries.
The fact that the topological defects are more abundant allows the generalization discussed in
the previous sections of higher-form symmetries, if we consider defects with codimension higher
than one. Another fundamental generalization arises if we consider topological operators with
no inverse, they correspond to transformations that are not group-like symmetries and would
be called non-invertible symmetries, [4],[9].

This kind of symmetries deviates a lot from the usual picture of ordinary symmetries in quantum
mechanics, that according to Wigner theorem are implemented by unitary operators which
have inverses. However, the non-invertible symmetries leads to interesting results such as new
conservation laws, new selection rules and constraints on the renormalization group flow, [21].

The complete structure of the space of topological defects can be complicated in general space-
time dimensions and can be really addressed in the framework of category theory, which contains
the special case of groups, but also much more structures. We will not enter in the details of
categories but before proceeding in the characterization of non-invertible symmetries we can
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focus on some comments about topological defects. As explained in the section about contin-
uous higher-form symmetries, we consider topological operators in the Euclidean spacetime in
order to enlarge the concept of conservation in time to the one of topological invariance. The
result is that every global symmetry should be interpreted as an operator or a defect.

Ordinary symmetries are given by quantities conserved in time that act as operators in the
Hilbert space of the theory and this is what we get when we construct the topological operator
by exponentiating the integral over the space manifold of the conserved current of a continuous
symmetry. When instead the M;_; manifold is extended also in the time direction and localized
in one of the spatial directions, the topological operator that we define in the usual way should
be considered as a defect that modifies the quantization of the theory and gives rise to a twisted
Hilbert space.

Let’s for example consider the theory of a free complex scalar field ® in 2 dimensions
£ =0,00" (1.64)

with U(1) global symmetry defined in a space given by the coordinate z that takes values in
St. In canonical quantization the field has periodic boundary conditions:

O(1,x + 2m) = (7, 2) (1.65)

If we insert the topological operator that realizes the U(1) symmetry ® — ¢“® along the time
direction, it is clear that we change the boundary conditions for the field, since going around
St we pass through the defect that modifies the scalar field, see Fig. 1.5, so:

(1, 2z + 21) = ?d(7, 1) (1.66)

and we get a twisted Hilbert space that depends on the U(1) group element 6 € [0, 27).

1

P

Figure 1.5: The insertion of the defect along the time direction gives the twisted Hilbert space

So depending on whether the support of the U, is extended in time or not, we get a defect that
modifies the space of states giving a twisted Hilbert space, or an operator that coincides with
the classical notion of symmetry in the Hilbert space. This is what is called operator/defect
principle and it is a fundamental notion that helps to establish what are the allowed symmetries
of a QFT that give consistent euclidean correlation functions. Considering a linear combination
of the defects D; and D, with fractional coefficients or negative signs, for example D; —1/2 D,,
we see that it does not define a consistent topological defect. In fact, there is no Hilbert
space associated to it, so even if it is a conserved operator, since D; and D, are conserved,
this combination cannot define a symmetry generator. In the end both features, operator and
defect, are encoded in U,(M4—1) built in the euclidean framework, so as done before we will
continue to refer to it as operator or defect without distinctions.

Let’s examine now the specific case of non-invertible symmetries. Considering a ¢g-form global
symmetry, if we insert two (d —¢—1)-dimensional topological operators D, and D,, for a general
group like symmetry they should satisfy the group multiplication law

Da X Db = Dab (167)
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Once we have instead a non-invertible symmetry, we find more general fusion rules for the
topological defects, for example:

D, xDy=» D, (1.68)

In general these defect do not need to have an inverse, namely there is no operator D, ' such
that

D, xD;' =1 (1.69)

Non-invertible symmetries are widely present in theories in 1+ 1 dimensions and can be studied
in the framework of rational conformal field theories, where the topological operators are line
defects that satisfy

Lox Ly=> N, Lo (1.70)

with Nj, € Z>, that lies in a fusion category. For example in 2 dimensions such defects can be
obtained if we take linear combinations of invertible symmetry operators with positive integer
coefficients. The result is a non-invertible symmetry defect that is not a simple one, since it is
built as a sum of defects.

Moreover, we can underline that the non-invertible nature is not a feature that concerns only
0-form symmetries, but is a notion that can mix with the other generalization leading to the
definition of higher-form non-invertible symmetries.

1.2.1 Higher gauging

One possible way to insert a non-invertible defect in a theory is given by the construction of
the condensation defect, which arises when in a d-dimensional theory we gauge a p-form global
symmetry G along a fixed ¢-dimensional surface. In absence of anomalies, the symmetry can
be gauged in the full spacetime and this means, in the case of discrete symmetries, to sum over
the mesh of the topological defects of dimension (d — p — 1) on the entire manifold. However,
since this is not always the case, instead of the entire spacetime we can consider the gauging
of the symmetry G® in a surface ¥4, in which some 't Hooft anomalies that obstruct the total
space gauging may be trivialized. It is realized by summing over all the insertions of the defect
operators of dimension (d — p — 1) restricted to the g-dimensional surface and this can be done
introducing an associated gauge field B, which only lives on the surface.

This procedure is known as higher gauging, [18]-[19]: without changing the bulk of the quantum
system, it generates the non-invertible condensation defects, which are a generalization of the
projection operators and get the name from the context of anyon condensation, [25]. They are
simple defects because they cannot be written using other operators of the same dimension,
but they are constituted by a network of topological defects of lower dimensions, since this is
exactly what gives the gauging of a symmetry on the surface ¥,.

Let’s consider as an example a topological QFT in 2+ 1 dimensions given by the continuum Z,
gauge theory, which consists of a BF theory with two U(1) 1-form gauge fields with lagrangian:

21
= — adb 1.71
£ 5 @ (1.71)

the theory has the following topological operators

We(y) =e'$e Vin(y) = €'#? Up(y") = e (172)



which give the 1-form global symmetries Zg ) x Z . We can gauge one Z( subgroup generated
by one operator and get as a result the condensatlon defects, [19], |9], for example:

c(x) = > W) (1.73)

V |H1 (3, 2)| ~EHL(S,Zs)

where we sum over the Z, non-trivial cycles on ¥ given by the cohomology class H'(X,Zy)
and we need also an appropriated normalization. The condensation defect is a surface defect
made of lines, so in some sense it gives something in the middle between a O-form and a 1-form
symmetry.

In general, in order to insert in the path integral a condensation defect we need to associate the
background field of the p-form symmetry we are gauging to a topological (d — ¢)-dimensional
phase given by BF actions n

¢,(52) ~ S exp (i [ nlBy)) (1.74)

Bpt1

where the gauging is given by the sum over all the gauge inequivalent background fields and
we omitted a normalization factor. In the previous particular example we couple a background
field to the theory, considering the action n[B] = adB and then we perform the condensation
summing over the configurations of B as in (1.74).

If we gauge a discrete p-form symmetry G® on half of the spacetime we get what is called
half gauging procedure, that gives as a result a topological interface between two theories, the
initial one 7 and the one obtained after the gauging 7/G®. If the system is invariant under
the gauging, namely the theory 7/G® is equivalent to the original one, then the interface
becomes a topological defect in a unique well defined theory.

1.2.2 Non invertible defect in QED

Given the discussion done so far about discrete non-invertible symmetries, we can now focus
on what is the most famous example of a continuous non-invertible symmetry, that is present
in the well known QED theory and that indeed shows that non-invertible symmetries exist in
nature, [12]-[13].

Let’s consider the 4-dimensional QED with a U(1) gauge field a and a Dirac massless fermion
1 of charge one. Denoting f = da the dynamical field strength of the theory, the action is given
by

1 —
-/ 3! N+ D (1.75)

The fermion field is minimally coupled to the gauge field through the covariant derivative
P = (9, —iA,)y". The action is left invariant by the U(1) 4 chiral symmetry that acts on the
fermion field as

P — € q) (1.76)

The chiral transformation is a symmetry at the classical level, since the fields variations are
5¢ = iaysth and 6 = 7O (—iars)Y! = iasid, so given the fact that 5 anticommutes with all
the gamma matrices, we get that the kinetic terms for the fermions is invariant. The symmetry
would be broken even at the classical level if we consider massive fermions, because the mass
term would not be invariant. The current associated to the symmetry is given by

Jh(@) = Vs o (x) (1.77)
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At the quantum level however this transformation has an ABJ anomaly, [14], so it’s not a
real symmetry of the theory. Since the path integral measure also transforms, we get that the
partition function is not invariant under U(1) chiral. We can adopt Fujikawa formalism to
rewrite the anomaly and the result is

, 1
dxja=g5 fAS (1.78)

where the classical current conservation equation is modified with a non zero contribution pro-
portional to the field strength. The non-conservation equation means that the usual symmetry
defect operator that we can try to built as

Uy(S5) = eIz (1.79)

is not topological, since if we deform the 3-dimensional support of the defect we need to use
the current equation and the result is no more invariant

U, (Sh) = Uy (Dy) - € @94 = [ (5) - ¢ Jea 5z I (1.80)

Here &, is a four dimensional manifold whose boundary is 0§, = Y3 uz_g, where the orientation
of ¥ has been reversed. A first attempt to solve this issue is to define a conserved current
doing a redefinition in the equation (1.78)

1
*j’:*jA—@ a A da (1.81)

since d * j' = 0 we see that the following defect operator is topological

1

U;(Eg) _ eia fzs *j! _ eiafzs (>|<]'14787r—2 a/\da) (182)

The operator however is still not well-defined, the problem now is that it is not gauge invariant.
It can be seen that the U(1)4 chiral is truly a symmetry only in flat spacetime, since it deter-
mines a selection rule that is confirmed by experiments, namely it gives the helicity conservation
law for the scattering amplitudes of electrons. The idea is that in flat spacetime there are no
U(1) instantons because the homotopy group is trivial 73(U(1)) = 0 and so the U(1)4 symme-
try is unbroken, since its amount of violation is proportional to f A f which is the instanton
term.

The problem arises if the three dimensional space has non trivial topology, for example, if there
are monopoles in the theory the symmetry is broken. Moreover, the defect operator in general
is not gauge invariant since it contains the Chern-Simons partition function

¢lix § anda (1.83)

that is gauge invariant only if the level N is an integer. In this case, inside equation (1.82),
the level is a/2m. These considerations seem not very convincing, because global symmetries
should be characteristic of the model that we are studying and independent from the structure
of spacetime. We will see in the following another interpretation: the chiral symmetry is not
completely destroyed by the ABJ anomaly, but instead it comes back as a non-invertible global
symmetry. If we restric to the case of rational rotation angles

a=2" (1.84)



we see that the Chern-Simons term that appears in the would-be symmetry operator (1.82)

7
R 1.
47TN/CL/\da (1.85)

has the same expression of the action of the fractional quantum Hall state in 2 + 1 dimensions
with filling fraction v = 1/N. a is the background gauge field given by the magnetic field used
in the Hall experiment. In that framework there is a known way to obtain a well-defined gauge
invariant action

1N l
EA/\dA—i— %A/\da (1.86)

in which A is an additional dynamical U(1) gauge field. Now the levels of the Chern-Simons
terms are properly quantized so gauge invariance is restored. The two actions can not be naively
compared since one is gauge invariant and the other is not, but if we think about integrating out
the additional field A from (1.86) we see that morally the result is the original Chern-Simons
term.

Finally, we understand that the suitable definition of the topological gauge invariant symmetry
defect in 4-dimensional QED is given by

2m1 1N 1
Di(%5) = [ DA ek jat——ANdA+ —ANd 1.
1 (%) / eXp( )N It ANdAt AN a> (1.87)

The topological dressing comes form the fractional quantum Hall theory, with the insertion of
the auxiliary 1-form field A over which there is a path integration. This additional field lives
only in the closed support 3 of the defect and it does not introduce new information in the
model, the bulk physics is unchanged away from 5.

Let’s show now explicitly that the symmetry defect is a non-invertible operator, first we can
see that it is non-unitary since if we compute

D1 (%3) x DY

1 1
N N

(23)—/DADB exp( ﬂAAOZA—ZﬁBAdJ}H2L(A—B)Ada>
m

5, 47 s

= Cn(23) (1.88)

where Cy is the condensation defect that we get with the higher gauging procedure for the Z](\})
symmetry. We get that D%(Eg) is non unitary since D%(Zg) x DY (33) # 1.
N

Another additional consideration is that the traditional group structure of the symmetry is
broken since for example D%(Eg) X D%(Eg) + D%(Eg)

D

z|-

47 . N )
(33) x D1 (33) = eme/pADB exp (75 Z4—(AAdA+B/\dB) +2L(A+B) A da
N 5, 47 s

(1.89)
The definitive proof that it is a non-invertible operator comes from the construction we have
done, in fact the fractional quantum Hall state is a non-invertible topological theory in three
dimensions, as in general all the Chern-Simons gauge theories. So it does not exist another
topological QFT, such that its tensor product with the initial one gives a trivial TQFT. The
defect operator can also be generalized from D% to D%, with p € N.
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Half-gauging

All the arguments presented so far are pretty convincing to understand that the defect is really
topological, an additional rigorous proof of this comes from the half-gauging construction of
this non-invertible symmetry operator. Since QED, due to the Bianchi identity, has a magnetic
1-form symmetry U(1)) that acts on the 't Hooft lines, we can couple the theory to a 2-form
background gauge field B by adding

iB A D) = 2LBAf (1.90)
m

m

to the QED lagrangian. We can then study the gauging of the Zg\l,) subgroup of this symmetry
and see how it implies the presence of the non-invertible defect (1.87). In order to do this, we
promote the field B to a dynamical field b and we introduce also a 1-form U(1) dynamical gauge
field c. It acts as a Lagrange multiplier imposing some constraints on b through the coupling

N
—bAd 1.91
2m ¢ ( )
which implies that b becomes a Zy 2-form gauge field. In fact db = 0, so it is flat and with
holonomies in Zy, then the path integration over b is what realizes the gauging of the Zg\l,)
symmetry. In addition, we are always free to add to the QED lagrangian a counter term that
depends only on the field b.
' N Nk

Zonf+Zbadet+ S0 ab (1.92)

2T 27 47
It can be seen, by integrating out the field ¢, that the additional terms that realize the gauging
also imply a discrete shift of the #-angle of QED, since k is defined as pk = 1 mody.
27T

- — 1.
0 — N (1.93)

A shift of the #-angle can be undone by an axial rotation of the fermions (1.76), choosing
a = 2mp/N. We can exploit this fact in order to gauge the Zg\l,) symmetry only on half of the
spacetime; we add all the terms that give the gauging (1.92) for example in the region = > 0
and then we insert in the lagrangian also the integral of the axial current, that comes from the
shift of the action once we apply the fermionic axial transformation. Since the path integral
measure also transforms, we need to add even the term proportional to f A f which gives the
anomalous current conservation. Finally the action becomes

2mip _ ip 1 IN 1Nk
—fA —DbA —bAdc+ ——bAb (1.94
/.z>0 “app + 2N Ji—o At /zzo Loep + 47TNf U 2 U 2 et A7 (1.94)

where the gauge fields b, c are defined only in the region x > 0 and fixed by Dirichlet boundary
conditions at = 0. Since in the region z > 0 we are implementing the discrete gauging and
also the axial transformations and their effects balance each other, we get the original QED
theory also in this region. The only thing that survives is the defect at * = 0, which is exactly
Dy and it is manifestly topological since the boundary conditions on the fields at x = 0 are
topological.

Action of the non-invertible symmetry

This construction of the non-invertible defect from half-gauging, as a combination of the gauging
of Z%) and the axial rotations, helps also to understand how the non-invertible symmetry acts
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on the objects of the theory. The fermions are not affected by the gauging so D» acts on them
as an invertible chiral rotation with rational angle. Once we look instead at the action on 't
Hooft lines, we can see the non-invertible nature of the defect. Considering a simple 't Hooft
line H (), when it is going through the defect operator it becomes a non-genuine operator, as
can be seen in Fig. 1.6.

Figure 1.6: Action of the non-invertible defect on 't Hooft lines H ()

The explanation for this comes from the fact that after the gauging of the ZS\I,) subgroup
of the magnetic 1-form symmetry, the 't Hooft lines are no more gauge invariant, while the
combination

H(y) ex st (1.95)

where 0% = =, is gauge invariant. So, going across the non-invertible defect the 't Hooft line
becomes attached to this topological surface which is extended between the symmetry operator
and the 't Hooft line. As described by the Witten effect [16], where one argues the existence
of dyons, namely particles with both electric and magnetic charges, now the 't Hooft line gains
a fractional electric charge p/N. In the case of [16], it is shown how the electric charge of a
magnetic monopole in a U(1) gauge theory can be connected to the #-angle of the CP violating
term of the theory. The one described here represents the typical action of a non-invertible
symmetry on the charged objects, the same thing happens for example in the Ising CFT where
local spin operators are mapped into non local ones by the non-invertible defect that implements
the Kramers-Wannier duality, [22].

Finally, summing up, the result of this section is that the ABJ anomaly can be cured by the
fractional quantum Hall state and survives as a non-invertible symmetry for every rational
angle. However, it is still not a continuous symmetry even if the rational numbers are dense
in the real line. A possible solution is given by changing the topological dressing of the defect,
using non compact fields with values in R, so that we can describe the axial rotations for any
real angle, as it is done in [17].

1.2.3 Non-invertible symmetries and pions decay

The problem of pion decay was the motivation that started the study of the ABJ anomaly [15].
The dominant decay channel for the neutral pion 7° is the one in two photons

70—y (1.96)

that is observed experimentally. However, this type of interaction comes from a coupling given
by 7°F A F in the chiral lagrangian of QCD, which unfortunately is not invariant under the
shift symmetry of the pion.
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It is interesting to show then how the results obtained in QED can be translated in the QCD
framework and can solve this problem. Let’s consider QCD below the electroweak scale, where
the gauge group is U(1)gy. The classical chiral symmetry in the massless quark limit acts for
example on the up and down quarks as

(Z) i (Z> (1.97)

P S
Jhy = 5“757' u— §d757“d (1.98)

If this transformation is really a symmetry then once it is spontaneously broken the Goldstone
boson that we would get is the neutral pion 7°, which transform non linearly as

with axial current given by

0 = 70 —2af, (1.99)

where the shift depends on the pion decay constant f.. This transformation is the one that
modifies the coupling 7°F A F, so the solution usually considered was to determine the cou-
pling coeflicient by matching with the anomalous equation for the current of the broken chiral
symmetry
dsja = FAF (1.100)
82
where F' is the electromagnetic field strength, with gauge field A. The aspect that is a bit
strange of this reasoning is that in order to derive a result that agrees with the experiments we
match the absence of a global symmetry, instead of trying to discover a new global symmetry
that is what is usually done to get selection rules.

In order to find another interpretation, we can translate what we computed in QED and see
that there is a non-invertible symmetry also in QCD and that it could play some role to explain
the pion decay. We need just to substitute the current j4 of the chiral symmetry with the QCD
current ja, and we get the non-invertible symmetry defect

2w 1N 1
D%(Eg) :/Dc exp( Zgw*jAS—i-Ec/\dc—i- %c/\dA> (1.101)
In the low-energy chiral theory the axial current can be written as ji = — [0t 4+ ... and

the terms relevant for our purposes in the pion lagrangian are
L o 04 ;.0
Lir= §d7r ANxdr” +igm FAF (1.102)

In order to determine the coupling g that can be compared with the decay measurements we
need to insert the defect in the theory, for example at © = 0, so the action becomes

omi N '
(5 #as+ e Adet e AdA ) (1103)
=0 ™

1
—dWOA*dWO+ig7TOFAF>+/
/.Z’<OUJ?>0( 2 N dm

r=

Because of the current ja, inside the defect operator, we see that the pion field is discontinuous
across the defect computing its equations of motion

7T0

= (1.104)



We need to consider also the equations of motion for the auxiliary field ¢ and the gauge field A
coming from the action and evaluated at x =0

=01

Nde+F =0 % g (WO ) F="de (1.105)
=0~ 27

If we match these three equations we see that they are all simultaneously consistent if

1

9

which gives exactly a result compatible with experiments. This important outcome gives one
practical motivation for the study of non-invertible symmetries, whose effect can really be seen
in nature and this shows how by revising the known models we can get new interesting results.
In the following we will focus on the way to characterize and study all the generalized global
symmetries of a QF'T, introducing the tools of SymTFT and SymTh.
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Chapter 2

A theory for symmetries and anomalies

2.1 Symmetry Topological Field Theory: SymTFT

Let’s consider a d-dimensional quantum field theory 7 on a spacetime manifold M, in which we
have a global symmetry structure that is determined by a collection of topological operators.
The idea is to build a (d+1)-dimensional topological QFT to describe these topological symme-
try operators on a manifold M;,; which has boundary M,. The logic is the same of the picture
of anomaly inflow that allows to study the anomalies of a QFT. With the anomaly polynomial
in fact we can write an anomaly in a topological way in a space that is (d + 2)-dimensional by
using Chern-Simons terms, then with the descent mechanism we can come back to the anomaly
in d-dimensions.

The topological (d + 1)-dimensional theory that we can build, called in short SymTFT: Sym-
metry Topological Field Theory, [31]-[41], is an useful construction because it gives a uniform
mechanism to extract the topological sector of a QFT. In addition, it encodes in terms of the
different choices of boundary conditions the possible symmetries generators and charged objects
of the boundary theory. The defect operators of the SymTFT would become the topological
symmetry operators of the QFT on the boundary, but their braiding and fusion would be
determined by the behavior of the bulk operators in the TQFT. Therefore the SymTFT is a
general concept that has a role in studying generalized symmetries, charges and relation among
symmetries via gaugings. As we will see, along with the SymTh, it constitutes a close interlink
with holography and string theory constructions of QFTs.

2.1.1 Symmetry and charge operators in the sandwich construction

We start with a theory 7 in d dimensions with a symmetry S, given in general by a collection
of topological defects that form a higher-fusion category. The SymTFT is the (d-+1) topological
field theory with two boundaries: the physical one B’}hys and the topological one BZ™ where the
symmetry is realized. In general, a non trivial SymTFT will have a dependence on the choice
of the manifold My, ,, for example if it has non trivial bulk cycles away from its boundary,
namely a non trivial cohomology, then the partition function of the topological theory will sum
over all possible topological operators wrapping these cycles.

The point is to choose the (d 4+ 1)-dimensional manifold in a clever way: My, = My x [0,1]
where the extremes of the interval correspond to the two boundaries, so the picture we can
build is presented in Fig.(2.1) and goes under the name of sandwich construction. Since the
bulk theory is topological there will be no dependence on the bulk physics and since we do not
want to introduce additional degrees of freedom with this construction the symmetry boundary
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must be topological, namely a gapped boundary in which lives the symmetry S. The theory
does not depend on the size of the interval so it can be shrink to zero and the result of the
compactification is the original theory with symmetry S, because the product of the topological
boundary and of the physical one gives the partition function of the QFT.

Figure 2.1: The SymTFT sandwich construction, after the compactification we get the physical theory
with the symmetry that is realized in the symmetry boundary

If we consider a genuine g-dimensional operator O, in the d-dimensional QIFT, we can see how
it should be realized in the sandwich construction, according to [33]. The simplest possibility
is that it corresponds to a g-dimensional operator @', living on the physical boundary B’}h ys
of the SymTFT without being attached to any bulk operator. However, since the symmetries
live on the symmetry boundary Bg™ the operator (', is left invariant by the action of every
symmetry, and that means that the operator O, must be uncharged. In fact, as shown in figure
(2.2), in the physical theory the symmetry defect can be moved across O, with no effect on the
operator, since in the SymTFT the operator is on the physical boundary and the defects can
be moved freely on the symmetry boundary.

B o T T
O/ — Oq g
(] L] éq

Figure 2.2: The realization of uncharged operators on the SymTFT

If the boundary operator O, carries a charge under the symmetry, then it must be attached
to a simple bulk topological operator Q.1 that has to end on both boundaries. Let’s call &,
the g-dimensional topological operator given by the intersection of Q. with the symmetry
boundary Bg™. Now the action of the symmetry S on the charged operator O, is encoded in
how the topological defect that generates the symmetry and lies on the symmetry boundary
acts on the operator §,. The action of the symmetry gives the map §, — 5;, so performing the
sandwich compactification, keeping the end P, fixed, the result in the physical theory is the
transformation O, — O, under the symmetry S, see figure (2.3).
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Figure 2.4: The action of the symmetry S on a charged operator in the SymTFT: moving the symmetry
defect across the operator &, has the effect to map it to 5[1 and so as a result to map O, into (9; in the
boundary QFT.

In this general framework we can show also the action of a non-invertible symmetry for which in
general may happen that a ¢-dimensional operator is mapped into another operator by attaching
a (¢ + 1)-dimensional defect S, to it. So if we start as before with a charged operator O,
that is realized in the SymTFT with a (¢ + 1)-dimensional operator than ends on P, on the
physical boundary and on ¢, on the symmetry boundary, we can see that the non-invertible
symmetry maps &, into & attached to S;;1. Accordingly the operator O, of the boundary QFT
obtained after the interval compactification is also attached to a topological defect D,; as in
figure (2.5). One usually says that the operator (9; lives in the twisted sector of the symmetry
S, namely is a non-genuine operator living at the end of a (¢ + 1)-dimensional defect.

BZYm B%)‘hys B‘sgym Bg_hys 7’
gq Qq—i—l Pq = Sq+l Qq+1 Pq N JD(J—&-I
& o,

Figure 2.5: The action of a non-invertible symmetry Sp; on a g-dimensional operator represented in
the SymTFT.
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2.1.2 An example of SymTFT

When the symmetry is an invertible group-like symmetry the SymTFT is a BF theory and the
building of the SymTFT can be thought as the (d + 1)-dimensional gauging of the symmetry
S in the abelian case. The topological defects of the SymTFT can have two different types of
canonical boundary conditions:

e Dirichlet boundary conditions, so the defect ends on the two boundaries and gives rise to
a charged operator in the physical QFT;

e Neumann boundary conditions, so the defect of the bulk theory can be projected and
results in a topological generator of a symmetry of the QFT.

Let’s consider an example: a O-form Zy symmetry in a 2d theory 7. The SymTFT can be
written as a BF term using U(1) valued fields

N
SBF: - bl/\dcl (21)
21 Ms;
This theory is clearly topological with no propagating degrees of freedom as follows from the
equations of motion

N N
—db, = —dey = 2.2
27 1= 27 a =0 ( )

The gauge fields need to be flat, but this does not mean that the theory is trivial in fact since the
only configurations that matters are those for which the holonomies are Zy-valued, the theory
has a set of non-trivial gauge invariant operators. In the partition function of the BF theory
the sum over the field configurations cancels all contributions except the ones that satisfy

Nf@ez Nfdcl (2.3)

localizing the path integral over Zy gauge fields. The result is that the theory has a collection
of gauge invariant Wilson operators that are topological since the gauge fields are flat

W, (D) = e /et Vin(T) = emJrer (2.4)

where the charges of the Wilson lines are n,m = 1, ..., N —1 since the charge N Wilson operators
are trivial line operators as they are invisible in the theory due to the localization of the path
integral on Zy fields.

Summing up, a BF theory written in this way is the appropriate SymTFT for a QFT with
a O-form Zy symmetry, so the next aspect to consider is given by the boundary conditions
that can be imposed for the 1-form fields on the topological symmetry boundary. For example,
Dirichlet b.c. for b; means that the field does not fluctuate at the boundary and so it becomes
a background field after the interval compactification, this boundary condition corresponds to
insert a delta function d(b; — B) where B is a non-dynamical background field. Neumann b.c.
instead indicates that the field remains dynamical in the physical theory.

Upon imposing the boundary conditions, the topological Wilson lines will determine the sym-
metry generators and the generalized charges in the physical QFT. With the choice:

by Dirichlet, ¢; Neumann

the by Wilson lines W,, can end and so become point-like operators in the boundary QFT,
whereas the ¢; Wilson lines V,,, cannot end and remain topological operators on the boundary,
as we can see in Fig.(2.6).
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Figure 2.6: Wilson lines in the SymTFT with different boundary conditions on the fields.

To understand how the defect acts on the local operator in the resulting boundary QFT we
need to consider the action of one topological operator on the other in the SymTFT, that is
given by the fact that the Wilson operators have a non-trivial braiding relation:

(WD) Vi () = €270 7 L) (2.5)

where Link(T',T) is the linking number of the two curves. Since we are in three dimensions, two
curves can link because the rule is: dimension of the space equal to the sum of the dimensions
of the manifolds that link plus one and here we have 3 =1+ 1+ 1.

2.1.3 SymTFT and anomalies

One powerful feature of the SymTFT is that it provides a way to encode both the global
symmetries of a QFT and their anomalies. In the SymTFT the anomalies are incorporated
adding the suitable Chern-Simons terms, for example in a 4d QFT with a Zg\?) global symmetry,
its anomaly is given by the 5d SPT phase

1
2472

A= /Al A dA; N dA; (2.6)
where the A; is the U(1) representative of a Zy gauge field. The SymTFT of this theory is
given by: '

0
2472
Recalling that anomalies prevent the gauging of the corresponding symmetries, we see that the
Chern-Simons terms obstruct the possibility to impose Neumann boundary conditions. The
additional topological terms in fact provide a shift in the equations of motion, giving to the
corresponding Wilson operators V;,,(2) of b3 a non trivial expectation value, that depends on the
triple self-intersection linking number. As a result, the attempt to impose Neumann boundary

conditions fails because the only way to vanish the variation of the action at the boundary
OM, = Mjs, given by:

N
SSym = 22_7r /da1 VAN bg + /(11 A da1 A da1 (27)

N
5 Ssym = ;7 dar A (b +

M3

1
67TNa1 A da1> (28)
is to impose the standard Dirichlet boundary condition da;, |M3 = 0 or the one that can be called
the would-be Neumann boundary condition

N, +
o ° ' 1972

a Aday |, =0 (2.9)
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However, the problem is that this relation is not gauge invariant and not compatible with the
bulk equations of motion, so the only possibility is to impose a; Ada; = 0 and b3 = 0 and these
restrictions are not suitable boundary conditions.

In conclusion, anomalies obstruct the existence of a trivially gapped phase, in the sense that
there are no pair of boundary conditions that we can impose on the interval so that the path
integral describes a trivially gapped phase with a dynamical field. Considering the boundary
QFT this is equivalent to say that an anomaly does not allow the theory to flow to a trivially
gapped phase in the IR.

2.2 Symmetry theory: SymTh

The same discussion described so far for the Symmetry Topological Field Theory for discrete
symmetries can be modified losing the prescription of having a topological field theory in the
bulk. In this case we can build a Symmetry Theory, called SymTh [58|, with the same purpose
of the SymTFT, namely to encode all the symmetries and anomalies of a boundary physical
QFT. The inspiration comes also from holography where the boundary theory is dual to the
full bulk gravity, [42].

The advantage is that now we can fully describe in a simple way also continuous global sym-
metries as well as the finite symmetries, that have a natural realization also in the SymTFT.
We can encode in the SymTh also continuous symmetries with non-flat connections that are
not automatically included in the SymTFT approach. In the SymTh we can built the sand-
wich construction considering the total space as My,; = My x I, where [ is a finite interval,
analogously to the SymTFT, that gives two boundaries corresponding to the extremes of the
interval.

A difference with the SymTFT is that now the kinetic terms for the bulk fields play an important
role in the discussion, so the SymTh is not invariant under the RG flow since it is not topological
and it must be considered as an effective description. However, even if the whole theory is not
topological, in order to describe symmetries we focus on its topological properties that are
universal and preserved under the Renormalization Group flow.

2.2.1 An example of SymTh

The typical constructions for a SymTh are given by weakly coupled Maxwell terms plus inter-
actions terms given by Chern-Simons couplings. The simplest example we can make is how to
built the SymTh for a d-dimensional QFT with a U(1) p-form global symmetry. This symmetry
can be described by a Maxwell theory in (d + 1)-dimension with a (p+ 1)-form gauge field a,4

1

Sd+1 = ——/ dap+1 A *dap+1 (210)
2 Mg i1

where the Hodge star operator is *« = %4, and the coupling, assumed small, is absorbed with
a redefinition of the gauge field.

The point is to study the topological operators of the theory and to understand how they
describe the symmetries of the d-dimensional QFT depending on the boundary conditions that
we impose on the a,; field. The two conserved currents are given by

d * Jp+2 =d % fp+2 =0 d * Jd—p—l = dfp+2 =0 (211)
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where f,,2 = da,+1 and the conservation equations are respectively the equation of motion of
the Maxwell theory and the Bianchi identity. We can write explicitly the topological operators
defined by these conserved currents

Ua(Xg—p—1) = €exp (z’a/ *Jp+2> = exp <ia/ *fp+2>
Ed,p,1 Ed,p,1
Up(Epy2) = exp <25/ *Jd—p—1> = exXp <25/ fp+2>
Ep+2 Ep+2

with the parameters of the transformations defined in [0, 27). This topological operators act
on the Wilson surfaces defined as

(2.12)

Wo(Myy) = ¢ e 7 Vi My_pog) = €' " Jriapea "o (2.13)

since the field a,1; admit a magnetic dual field by_,_o, defined such that *4;1da, 1 = dbg_p—s.
We notice that the Wilson operators are not topological since for example da,; 7# 0 which is a
different behavior respect to the discrete symmetries that are described by a BF theory, where
we have flat configurations as a result of the equations of motion. The topological operators
act by linking on the Wilson surfaces, in the following expressions the 3 surfaces are the ones
that links the support of the Wilson operators, while the 3 are the deformed version obtained
after the unbraiding

<Ua(2d—p—1)Wq(Mp+1)> = exp(iqa Link(zd—p—l’ Mp+1)) <Wq<Mp+1)Ua<id—p—l>> (2.14)
(Us(Ep12)Vin(Ma—p—2)) = exp(imf Link(E,,2, Mg—p-2)) <Vm(Md—p—2)U6(ip+2)> '

Imposing the boundary conditions we can determine which Wilson surfaces can end on the
boundary and as a result we see that the topological operator that links them acts faithfully as
a symmetry generator in the boundary QFT. In order to find the possible boundary conditions
for this SymTh, we require the vanishing of the boundary variation of the action

58’8]\/[d+1 - /8Md+1 Opi1 N *gr1dapi (2.15)

the first possibility is given by the Dirichlet boundary condition
D 8apia|yy, =0 (2.16)

This implies that the value of the field is fixed to a background value on the boundary so the
gauge transformations a,.1 — a,+1+d\, must vanish on M 1. As aresult the Wilson surfaces
Wy (Mp41) can end on the boundary and the topological operator that links them U, (34_p—1)
can be projected giving rise to the U(1) p-form symmetry operator on the boundary. Instead
since the dual field b,_,_» remains freely varying, the other Wilson surfaces V,,(M,_,_2) cannot

end on the boundary and so the projection of Ug(X,42) gives a non-faithful operator on the
boundary QFT.

The second possibility to satisfy 6.5 | OMyy = 0 is given by the Neumann boundary condition
N *d+1dap+1 My =0 (217)

that says that the field a,,, is allowed to vary freely at the boundary so its Wilson surfaces
cannot end on the boundary. The condition for the dual field b;_,_» can be understand intro-
ducing the dual field in the action from the beginning considering it as a Lagrange multiplier
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field that induces the Bianchi identity df,;2 = 0 once integrated out
dual 1
Sd+1 = — —dap+1 VAN *dap+1 — dap+1 N dbd_p_g (218)
Mgy

and instead once we integrate out a,;; we get the definition of the dual field *da,,1 = dbg_,_2.
So that, substituting a,1, the action can be rewritten as

1
Sgual = /M =5 ba—p2 N #dby (2.19)
d+1

Looking at its boundary variation we can conclude that
D(ap41) = N(ba—p-2) N(ap+1) = D(ba—p-2) (2.20)

since we have seen that when a,; is fixed at the boundary then the dual field is freely varying
and viceversa. The Dirichlet and Neumann boundary conditions for the same field are mutually
exclusive and they are all free boundary conditions. In fact, the bulk fields will induce a free
theory living on the boundary given by the gauge field a,.; if we impose N(a,+1) boundary
conditions or by the dual field by_,_5 if we have D(a,+1) b.c.

2.2.2 Sandwich construction for the SymTh

Despite the bulk theory not being topological we are always interested into isolating the sym-
metry sector of the physical boundary QFT, trying to factor out the dynamics of the gauge
field in the bulk and this is exactly what is done implementing the sandwich construction. If
we recall the sandwich picture of the SymTFT we remember that the shrinking of the interval
to zero was possible only because the bulk theory was topological. Now instead the partition
function of the Maxwell theory is not topological and will depend on the length of the interval,
so the solution is to factorize the partition function, separating the boundary part due to the
physical QFT from the quantum fluctuation of the configurations of the bulk theory.

If we consider, as usual, the SymTh as living in the manifold My, = My x [0, L] the simple
case is to impose Dirichlet boundary conditions for both x = 0 and x = L boundaries. Such
conditions can be written as states in the braket notation

<m%mmﬂ:/mmwwwwmw%m
(2.21)

W@mnhiszwﬁ@ML—%mmwﬁ

Since the braket of these boundary conditions gives the delta function d(ay110 — apt1,1), the
partition function of this theory corresponds to the euclidean propagator of a Maxwell theory
with space manifold My: Gg(apt1,0, ap+1.1, L) that reduces to a delta function for L — 0. The
point is to factorize the partition function in order to separate the bulk physics and check that
the result is the same.

We can decompose any field configuration in the (d 4 1)-dimensional theory considering the
fluctuations around a classical solution ap41 which is the configuration obtained fixing the
gauge and making a choice of a,119 and a,yq,r. The fluctuation field can be called a,; s and
should be vanishing on the boundary, so the action can be written as

S = Salapir,a) + Ss(apy1,s) (2.22)

38



and consequently the partition function decomposes as the classical contribution times the path
integral over all the fluctuations in the bulk.

Z = B_SCZ/ Dap+17(;e_55 = €_Sd - Zoulk (223)
apt1,5long, =0

With the classical partition function we can define a functional normalized to 1 in the space of
classical configuration
e_Scl(ap+l,cl)

fDap+1,Cl e_Scl(ap+1,cl)

(2.24)

so we see that it is a functional with support only on a,i19 = ap41,1, since as L — 0 every
classical solution with a,10 7# a,+1,1 is exponentially suppressed by the action going to infinity
in the exponential. As a result the functional (2.24) is a delta function as wanted, since it is
also normalized to one

(D(aps1.0)|D(aps1.0)) = Zpui - € ~p 50 6(apy10 — Apr1r) (2.25)

The same argument can be repeated and extended if we change the boundary conditions or
if we add terms to the original action of the SymTh, the important result is that we can
decouple the bulk physics from the boundary separating in the partition function the factor
Zywak- Furthermore, the key point is that the action of the topological operators of the SymTh,
that can be projected to realize the symmetries in the boundary theory, does not depend on
the size L of the interval. So, understand how to take the limit L — 0 gives information about
the theory that we are describing, but it is not necessary in order to study the symmetries of
the boundary QFT.
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Chapter 3

Elements of string theory and
compactification

In the first part of this chapter we will outline some relevant aspects of string theory, not in
order to give a complete introduction, but only to present the notions that will be necessary
for the understanding of the next chapter. The purpose is the characterization of the type
IT superstring theory, its flux sector and the T-duality that relates IIA and IIB theories. In
order to do this we start with a brief presentation of the bosonic string and the symmetries
of its action. The second part instead will address the issue of compactification of the extra
dimensions in order to get to the four dimensional universe in which we live. We will consider
a particular case of the Calabi-Yau manifolds given by the conifold geometry.

3.1 Basic notions of string theory

String theory was developed in the late 1960s, initially it was proposed to describe the strong
nuclear force and then it became the most suitable candidate for a quantum theory of gravity
unifying the forces of nature in a single quantum mechanical framework. At low energies string
theory naturally gives rise to general relativity, gauge theories and fields. For this discussions
we follow [47]-[50].

3.1.1 The bosonic string

The starting point of the theory is that at the fundamental level, matter does not consist of
point-like particles but rather of strings, lines and loops. The strings sweep out a worldsheet,
which is the analogue of the worldline for a point-like particle, but it’s a surface in spacetime
that can be parametrized by X*(7,0), depending on the two coordinates of the worldsheet 7
and o. For closed strings we consider o periodic requiring X*(7,0) = X*(1,0 + 27).

In order to describe the dynamics of the strings, we need an action that should be proportional
to the area of the worldsheet and independent from the parametrization (7,0). We can define
then the Nambu-Goto action for the relativistic string as

Sn_¢ = —T/dO'dT\/ —det (3.1)

where the induced metric on the worldsheet is vo3 = 0, X" 05 X" 1, with a and 3 that can be
o or 7. T is the tension of the string, namely the mass per unit length, historically defined as

1

2ma’

T = (3.2)
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using o’ which is called universal Regge slope. Since we are interested in performing the
quantization of the string, it is better to use an equivalent formulation, given by the Polyakov
action for the bosonic string:

1
Sp = / ol d*o\/—g ga58aX“65X”nuy (3.3)

where we introduce a new field g,g, which is the dynamical metric on the worldsheet and
g = det(gap). It is an independent variable that can be determined by its own equation of
motion and can be written as

Gop =2 f(0,7) 0uX - 05X (3.4)

with f(o,7) that is a conformal factor, that simplifies when we compute the equation of motion
for the field X*

Dalv/ =g 905X = 0 (3.5)

Symmetries of the theory

Let’s consider now the symmetries of the Polyakov action. Firstly, we have the Poincaré
invariance which can be seen as a global symmetry from the point of view of the worldsheet
and acts as X" — A* X" + . Another symmetry is the one given by reparametrization
invariance, since we can redefine the worldsheet coordinates with a diffeomorphism as

(o,7) = (6(0,7),7(0,7)) (3.6)

Under this transformation the field X* changes as a scalar and the metric with two jacobian
matrices as usually does a two tensor. Lastly, we have what is called Weyl invariance, that
leaves invariant X" and acts on the metric as

9ap(0,7) = Q¥(0,7)gap(0,7) (3.7)

This is a gauge symmetry of the string, since the parameter of the transformation depends on
the worldsheet coordinates. We can see that the action is invariant because the factors from
the transformations of v/—g and ¢*® cancel each other since we are in the two dimensional
worldsheet. We can exploit the ambiguity given by the gauge symmetry to choose the metric
in the conformal gauge with ¢(o, 7) that is a function of the worldsheet.

Gop = 62¢7]a5 (3.8)

A useful thing to notice is that any 2-dimensional theory of gravity with both diffeomorphism
and Weyl invariance, when the background metric is fixed corresponds to a conformally invariant
theory, namely a theory that is independent on any length scales. When the metric is dynamical,
as in string theory, the conformal gauge symmetry correspond to residual gauge transformations,
namely diffeomorphisms that can be compensated by a Weyl transformation.

From the study of conformal field theories (CFT), [52]-[53], we can recall the useful notion
of operator product expansion, called OPE, that allows to describe the behavior of two local
operators inserted at nearby points. The product is approximated by an expansion of operators
at one of these points

0i(2,2)0;(w, ) = > Cfi(z —w, z — 0)Op(w, 1) (3.9)

Using this to expand the product of the stress-energy tensors 7'(z)7'(w) we can define the most
important quantity that characterizes a conformal field theory, namely the central charge c,

which is the coeflicient of the term c

STEmE (3.10)
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in the OPE of T'(2)T'(w). The central charge gives information about the degrees of the freedom
of the CFT.

Since gauge symmetries are just redundancies and not real symmetries, they are not allowed to
have anomalies, because that would bring to inconsistencies. It can be seen that the only way
to avoid an anomaly on Weyl symmetry is to impose that the central charge of the conformal
field theory is vanishing. However, in general to have a non trivial CF'T we always have ¢ > 0.

The solution comes from the path integral quantization of Polyakov action, which should be
done by an integration only over the physically distinct configurations not related by diffeomor-
phisms and Weyl transformations. Recalling the quantization of Yang-Mills theories, the trick
is to introduce ghost fields, that allow to write the Faddeev-Popov determinant and to cancel
the unphysical gauge degrees of freedom. The relevant result is that the central charge of the
CFT that describes the ghost system is given by

c=—26 (3.11)

As a consequence the theory of strings is forced to have exactly the right degrees of freedom to
cancel the ghost contribution to the central charge. This means that we need a CFT for the
strings with ¢ = 26, one possibility is to consider a theory with D scalar fields X", where each
one has ¢ = 1, so we need

D =26 (3.12)

that, in this special case of a CF'T composed only of scalar fields, is the critical dimension of
spacetime for the bosonic string theory.

Spectrum of the string and physical states

There are various methods to perform the quantization of the bosonic string, if we use the path
integral formulation outlined above we get the BRST quantization. We can see that in the
theory where we have introduced the ghost fields we have an additional invariance of the action
under fermionic transformations called BRST symmetry, which gives the following variation of
the scalar fields:

Sp X = ie(cO + e0) X+ (3.13)
and also transforms the ghost fields. It is a fermionic symmetry because it mixes commuting
and anticommuting objects, so the parameter ¢ must be anticommuting. From the current of
this symmetry we can build the conserved charge Qp, which has the relevant property of being
nilpotent in order to be conserved once we change the gauge fixing

Q=0 (3.14)

This operator allows to define the true physical states of the theory as a set of equivalence
classes given by the cohomology of Qp, namely the states that are closed: annihilated by Qp,
but not exact: they cannot be written as [¢)) = Qpg|x). The elements of this space

Hclosed
Hexact

are equivalence classes, so two closed forms belong to the same class if their difference is an exact
form. This procedure defines the spectrum of the theory, solving the problem that arises from
the mode expansions of the X* fields. The general oscillatory modes that solve the equations
of motion (3.5) in fact includes states of negative norm, that need to be ruled out by imposing
some constraints by hands. Now instead, we get a systematic way to define the physical states
and with BRST quantization we have also an additional reason to require ¢ = 26 for the CF'T
that describes the string degrees of freedom. In fact, only with this value of the central charge
we can have a nilpotent BRST charge.

,H:

(3.15)
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Open strings and interactions

The objects that we can have in the theory are closed or open strings, the dynamics of open
strings is still described by Polyakov action, but we need also suitable boundary conditions on
the end points. Considering the evolution between two configurations at 7; and 7y, the two
possibilities to vanish the boundary variation of the action are:

e Neumann boundary condition, given by 0,X* = 0 at ¢ = 0,7, so this implies that the
end points of the string ). X* are freely varying;

e Dirichlet boundary condition, which sets 6 X* = 0 at ¢ = 0,7, meaning that the end
points of the string are fixed at some constant position in space.

An interesting combination is to impose Dirichlet b.c. for some coordinates and Neumann
b.c. for the others, see Fig. 3.1, so that the end points of the string are constrained to lie
on a (p + 1)-dimensional hypersurface in spacetime, which is called Dp-brane. D stands for
Dirichlet and p indicates the spatial dimensions of the brane. The branes should be considered
as truly dynamical objects of the theory, that indeed contains not only strings but also higher-
dimensional hypersurfaces.

Dirichlet

Neumann

Figure 3.1: In the coordinates represented by the vertical axis we impose Dirichlet b.c. and on the
others Neumann b.c so we fix the blue hypersurface in which the end points of the string live

All the information about interaction of strings are already contained in the free theory, because
two interacting strings form a smooth worldsheet which locally looks like a free propagating
string. Since there are no local off-shell gauge invariant observables in a theory of gravity, we
cannot compute correlation functions as in QFT. The only thing that we have is the S-matrix,
which is obtained by taking to infinity the points in the correlation function, where the gauge
transformations vanish asymptotically. Perturbative expansions in string theory correspond to
sum up worldsheets of different topology, namely to sum over Riemann surfaces of increasing
genus, spheres at three level, torus at one loop and so on, with the insertion of operators that
represent the initial and final states.

3.1.2 Adding fermions to the theory

The spectrum of the bosonic string does not contain fermions, that of course are fundamental in
order to describe nature. If we add to the theory the fermionic modes, the resulting worldsheet
theory is required to be supersymmetric. To take into account the supersymmetry that relates
bosons and fermions we use what is called Ramond-Neveu-Schwarz (RNS) formalism, introduc-
ing along with the bosonic field X* a new fermionic field ¢*(o, 7) which is an anticommuting
spinor on the worldsheet.

The action that describes both bosonic and fermionic degrees of freedom in conformal gauge is
then

1 —u
_— (0% j2 o
S = 5 /dO'dT (&YX“@ X+ p az/m) (3.16)

in which p® represents the two-dimensional Dirac matrices, satisfying the Clifford algebra
{p%, o° } = o2n*? with o, 8 = 0,1. With the addition of supersymmetry the action is invari-
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ant under the superconformal symmetry that generalizes the notion of conformal field theories
and ensures the elimination of negative-norm states in the spectrum. Then to determine the
configurations of closed or open strings, we need to impose some specific boundary conditions,
that now are called Ramond (R) or Neveu-Schwarz (NS), for example for closed strings they
correspond to periodicity and antiperiodicity respectively.

Once we write down the modes in the spectrum of closed strings, we get two sets of fermionic
modes, corresponding to left and right moving sectors. In order to project out the unphysical
states we need to choose in the NS-sector only states with positive G-parity, which means that
the operator

G = (-1 (3.17)

defined in the NS sector is positive. I’ is the number of worldsheet fermionic excitations, so we
are forced to have always an odd number of fermions in the NS states. In the R-sector instead,
we can choose freely the sign of G and the result is that we can build two different types of
superstring theories

e IIB theory, in which the left and right moving R-sector ground states have the same
chirality and so positive G-parity. The gauge fields that are present only in type IIB are
a scalar C, a 2-form C),, and a 4-form field C},,,, with the restriction that the 4-form
has a self-dual field strength Fy = % F5.

e ITA theory, where instead the two R-sectors have ground states with opposite chirality.
The corresponding gauge fields are a 1-form C), and a 3-form C),,, and are called Ramond-
Ramond fields.

Both theories have the same content in terms of fields in the NS-NS sector, which consists of the

dilaton ¢, the antisymmetric tensor B, and the graviton G, that are three massless bosonic
fields.

Applying the quantization procedure, we find the critical dimension for the superstring, that
is necessarily fixed in order to cancel Weyl anomaly. With the addition of supersymmetry the
theory of ghosts that we need in the path integral quantization is different and requires the
string degrees of freedom to give as central charge ¢ = 15. Then, if we add bosons to the theory
we need to add also the corresponding fermions because of supersymmetry. We should take
into account that free bosons have ¢ = 1 and free fermions have ¢ = 1/2 in order to find that
the critical dimension in this case is

D =10 (3.18)

Branes and fluxes in the superstring theories

The notion of Dp-branes introduced for the bosonic strings exists also in superstring theories.
If in type IIA and IIB we insert Dp-branes as dynamical objects, we obtain a theory that
has closed strings and also open strings that end on the branes. Some Dp-branes can carry a
conserved charge that guarantees their stability and their presence usually breaks some of the
symmetries of the superstring vacuum.

The superstring theories contain a great number of massless antisymmetric tensor gauge fields,
that can be realized as differential forms and used to define the corresponding gauge invariant
field strengths. If we think about Maxwell theory, the field strength F' describes both electric
and magnetic fields and can be used to define the electric and magnetic charges as

e :/ «F m= [ F (3.19)
s? 52
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So we can use the analogy with Maxwell theory to understand how branes are electrically or
magnetically charged under a given field strength. In general, p-branes couple to (p + 1)-form
gauge fields, since they carry a charge and so they can act as sources for the gauge fields. This
can be understood looking at the case of a D0-brane which corresponds to a point-like particle
and constitutes a source for a 1-form field. Tts charge is given by the gaussian integral of *F
over a (D — 2)-sphere, which is the surface that surrounds a point in D dimensions. Then the
magnetic dual of this point-like particle carries the magnetic charge given by the integral of F
on S2.

So considering a p-brane, we say that it’s coupled to a (p + 1)-form gauge field A,.4, in the
sense that it’s electrically charged by

Me = / *Fp+2 (320)
SD—p—2

where F,19 = dA,.; is the field strength and SP~P=2 i5 the sphere that we need to surround a
p-brane. The magnetic dual charge is given by

o= [ Fona (3.21)
Sp+2

and we notice that a (p + 2)-dimensional sphere surrounds a (D — p — 4)-brane. So in ten
dimensions the magnetic dual of a p-brane is given by a (6 — p)-brane.

Looking at the superstring theories of type II we have that ITA contains gauge fields that are
1-forms and 3-forms, so the stable branes in this case are the ones that carry the corresponding
charges, they are Dp-branes with p = 0,2, 4,6, 8. This reflects the fact that the fluxes of the IIA
theory are Fy, Fy, Fy, Fg, Fg, Fo. In type IIB theory instead the RR-sector contains gauge fields
that are O-form, 2-form and 4-form. The stable branes then are a D1-brane that is electrically
charged under the 2-form gauge field and a D5-brane which is magnetically charged under
it. Moreover, the 4-form field is coupled to a D3-brane both electrically and magnetically, so
this brane carries a self-dual charge and this reflects the self-duality of the 5-dimensional field
strength. We can introduce also a D9-brane, so the fluxes that are present in IIB superstring
theory are Fl, Fg, F5, 1“_‘77 Fg.

3.1.3 Low-energy effective actions

In order to define a consistent theory of gravity we need to consider how to describe strings
moving in a curved background. In conformal gauge, the worldsheet theory for the bosonic
string in a general non flat spacetime with metric G, (X) is given by the interacting action

S = ﬁ dodr G, (X)0, X" 0" X" (3.22)
where the spacetime metric G, (X) can be expanded considering small fluctuations around the
flat metric. It can be shown that this metric does not need to be artificially added to the action,
but instead it’s built using the graviton states that are already contained in the string theory.
Moreover we should underline that the perturbative description is suitable for this theory if it
is weakly coupled and this is true when the string length scale Vo' is much smaller than the
radius of curvature of the geometry we are considering.

Let’s proceed with the quantization of the interacting action presented above, in particular we
need to check that with the renormalization procedure the Weyl invariance is still preserved,
since it’s a gauge symmetry that cannot be lost. We need to consider the S-functions of
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the theory, which describe how the fields and the couplings change with the renormalization
energy scale p. The requirement is that the S-functions are vanishing so that we find a theory
independent from p

0
The same reasoning must be repeated for the other couplings of the theory, the ones with the
dilaton ¢ and the antisymmetric tensor B,,,, from which we define the gauge invariant field
strength H = dB. The dilaton coupling in particular doesn’t respect Weyl invariance, but this
problem can be solved because the non invariance is compensated by the one-loop contributions
coming from the coupling to G, and B,,. Finally we can present the three S-functions, that

at one-loop are
/

Bu(G) = o' Ry + 20/, V, & — %HHPUHUP"

O[/

Buv(B) = _EVAHAW + o/V*®H,,, (3.24)

, /
6((1)) = —%VQQ) + O/VHCDV“(I) - %HquH#Vp

where R, is the Ricci tensor. They need to satisty

Bun(G) = Buw(B) = B(®) =0 (3.25)

in order to define a string theory in a general curved background in which Weyl invariance
is preserved. These three equations can be seen as equations of motion coming from a 26-
dimensional spacetime action, which is the low-energy effective action for the bosonic string.
We say that it’s a low-energy description since we want to determine the S-function only up to
one-loop.

1 1
So =5 | X V=G e (R = S HupH"™ +40,00"0) (3.26)

- 2kE 12

where kg is a constant that can be determined when we couple some sources to the theory.
Taking the variation of the action respect to the three fields we can see that we get the equations
for the S-functions

1

08, =
"7 2kZa/

/ A X/ —Ge 2 (5GW5W(G)—5BW5W(B)— (25@%@*#”50#”) (ﬁg(@)—w(@)))
(3.27)

The same procedure can be applied also to type II superstring theories in order to built the
supergravity low-energy effective actions. The NS-NS sector is exactly given by the action Sp
(3.26) and it’s the same for IIA and IIB, then we have additional terms in the actions that
describe the dynamics of the different fields of the two theories in the 10-dimensional spacetime.
For type IIA we consider H3 = dB5 as usual and F, = dC, Fy = dC}, F, = F, — C; A H; and
in the following |Fj|* = F; A *F;

1
4K3

Stra = Sy — /leX(V—G (|F2|2+|F4’2)+Bz/\F4/\F4) (3.28)
The type IIB instead contains Hs, F} = dCy, F3 = dCs and F5 = dCy, we can define also

~ - 1 1
F3:F3—CQ/\H3 F5:F5—§CQ/\H3+§BQ/\F3 (329)
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so the action is given by

_ _L . 2 |2 1 (2
Sip = S, 4’%/(\/ G (1P +|Ff? + 51 B5P) + Ca A Hy A F) (3.30)

These low-energy actions for type II supergravity theories are the starting point for the next
chapter, in which we will reformulate them in order to find suitable expressions to implement
the dimensional reduction. About this we can say that the spacetime equations of motions
given by the vanishing beta functions have various solutions and how to chose the right vacuum
which gives the spacetime of our universe it’s still an open problem. However one possible
simple solution is the geometry given by the compactification of the extra dimensions, which is
presented in the next sections.

3.1.4 T-duality

Let’s present the notion of T-duality starting from the case of the bosonic string, in which one
of the 25 spatial dimensions is compactified in a circle. The spacetime geometry so is given by

R24! x S (3.31)

where the coordinate of one direction takes values on a circle of radius R. The T-duality is a
transformation that maps the radius of the circle as

R— R=— (3.32)

So this means that the compactification on a circle of radius R is physically equivalent to
the compactification on a circle of radius R, which is an intuition based on the fact that the
extended nature of the strings implies that they do not discriminate between large and small
circles.

Let’s look at the realization of T-duality from the Dp-branes point of view, their behavior
depends on which direction we choose to compactify into a circle. If the direction is transverse
with respect to the brane then we see that a p-brane transforms into a (p+ 1)-brane since with
T-duality we exchange Neumann and Dirichlet boundary conditions. So analogously if we start
with a p-brane wrapped around the circle direction, which means that the string has Neumann
boundary conditions, then we get a (p—1)-brane localized in some point of the T-dual direction.

T-duality applied to type II superstring theories transforms type ITA theory on type IIB and
viceversa, [51]. In fact, under this transformation only the right-moving sector of bosonic and
fermionic fields changes sign and the difference between type IIA and IIB is exactly given by
the relative chirality of the left and right moving sectors. The branes of IIA theory have p
even, while the ones of IIB have p odd. This mapping is possible since, as we said before, the
general rule is that if we perform the T-duality in one of the direction in which a p-brane is
wrapped then it’s mapped into a (p — 1)-brane, localized in the dual circle of the other theory.
So finally the branes that lie on the compactified direction and the ones that are unwrapped
are interchanged.

Moreover this is what we will do also with the fluxes in the next chapter. The T-duality relates
the fluxes of ITA and IIB theories in a way that mimic the correspondence between branes. So
for example considering a flux F; in IIB superstring theory, we take the coefficient of the part
that is expanded on the compactified direction and that will contribute to the flux F;_; of IIA
theory. The part instead that is expanded only on the other coordinates of spacetime will enter
in the flux F;,, of ITA, after we add a dependence on the dual circle coordinate.
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3.2 Compactification of the extra dimensions

We have seen that superstring theories live in a ten dimensional spacetime, so the point now is
how we can connect a theory with all these extra dimensions to a universe described by a four
dimensional spacetime. The idea is given by the Kaluza-Klein compactification. Since string
theory is a theory of gravity, we are free to consider that the extra dimensions can be curled
up. So we can find solutions to the vacuum Einstein equations R, = 0, in which the metric
is the direct product of two metrics and corresponds to a space geometry given by the product
of an external and an internal manifold:

R x X

where X is in general a compact 6-dimensional Ricci-flat manifold. If the characteristic length
scale of the space X is small enough, then the presence of these extra dimensions would not be
observed in experiments. Even if the internal manifolds are invisible, their topological properties
determine the particle content and the structure of the four-dimensional theory.

Let’s look at the simplest compactification, given by the background that we use above to
explain T-duality:
R x S (3.33)

Considering a circle S of radius r we have the periodicity condition on the coordinate X:
X% ~ X 4 277 (3.34)

We would like to describe the non-compact R** Minkowski space at length scales greater than
r so the motion on the compact coordinate is negligible. The metric can be parametrized by

ds* = G, dX"dX" + ¥ (dX* + A,dX")? (3.35)

where p and v indices take values 0,...,24 over the non-compact directions and we use the
metric G, in which we reabsorbed the dilaton factor. We introduce also a scalar field ¢ and a
vector field A, which transforms as a gauge field, since the diffeomorphisms along the compact
direction

X% 5 XB 4 A(XH) (3.36)

can be seen as a gauge transformation
A, = A, + 9\ (3.37)

The 26-dimensional action (3.26) can be rewritten using the Ricci scalar given by this parametriza-
tion of the metric

- - 1 .-
RO9 = R 207927 — L, P (3.38)

Considering the other fields in the low-energy effective action, it can be shown that the dilaton
scalar field ® reduces to a scalar field in 25 dimensions ®. So at low-energy we get a theory
of one U(1) gauge field A, and two massless scalars ®® 5 in a geometry with metric G If
we consider all the fields independent from the coordinate X2°, we can write the action as

2 = e |
§ =25 [ X V=G e (R - 1 Fu P 4+ 40,0909 — 0,60'5)  (3.39)

9.2
2K§

It can be shown [49] also how to insert in the action the field B,,, which after the compact-
ification implies the presence of another vector field A, = B,25. However, let’s focus on the
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dilaton field and see what happens if it depends on the periodic direction X . We can use
the Fourier expansion on the circle

oo
inx25

XM XP) = Y @, (XH)e (3.40)

n=—oo

so that the kinetic terms in the action (3.26) can be written as

o0 2
n
/ d%x(a,@au@ + (825@)2> — 27 / *x Y (auq>naﬂq>_n + ﬁ|<1>n|2) (3.41)

n=—oo

since the momentum in the periodic dimension is quantized as pos = n/r. Through the Fourier
decomposition we see that we have an infinite tower of scalar fields labeled by n which have

mass

n2

M} = —ptp, = (3.42)

r2
If we consider the low-energy limit, or analogously length scales much larger than r, we see that
all the n # 0 scalar modes are heavy when r is small and so can be neglected with respect to
the massless zero mode n = 0. Only above the energy 7! we can see the tower of Kaluza-Klein

modes, but it is not what we are interested in to describe low-energy actions.

Considering the compactification from the point of view of the string we see that it is allowed
a more general boundary condition for the closed string

X®B(r,0+271) = X®(1,0)+2rmr  m€EZ (3.43)

where the winding number m measures how many times the string winds around S'. Looking
at the mass spectrum it can be shown that the massless states that are present are the ones
obtained with zero momentum and zero winding number and coincide with the fields present
in the spacetime action discussed before.

3.2.1 Calabi-Yau manifolds

The most important kind of compact, complex manifolds that admit metrics with ‘R, = 0 are
called Calabi-Yau manifolds. Compactification on these spaces leads to vacua with less super-
symmetry in four dimensions, so they are phenomenologically interesting since supersymmetry
is not observed in particle physics up to the energy scale of TeV.

In order to speak about Calabi-Yau manifolds we need to introduce the notion of hermitian
manifolds, which are complex manifolds with transitions functions and their inverses that are
holomorphic and such that we have a metric on the manifold that satisfies: g, = g5; = 0.
Then we can define a Kdhler manifold, which is an hermitian manifold on which the Kéhler
form J is closed

J =gy dz" A dz’ dJ =0 (3.44)

This condition implies that the metric on these manifold can be written locally in the form of
a derivative of some potential, called Kahler potential

0 o
0z 9zb

b = K(z,z) (3.45)

On a complex manifold we can define (p,q)-forms as having p holomorphic and ¢ antiholo-
morphic indices. In terms of complex local coordinates, only the mixed components of the
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Ricci tensor are non vanishing for an hermitian manifold, and we can define a (1,1)-form:
R = iR,;dz" A dz° called the Ricci form. For a Kihler manifold then the Ricci form is closed,
so it is a representative of a cohomology class belonging to H''(M) that is called first Chern

class
1

2
From the geometrical point of view, a defining property of Calabi-Yau manifolds is the presence
of a covariantly constant spinor n, which is invariant under the parallel transport along any
curve of the manifold. Considering the two chiralities n4 of the spinor we can express the
components of the Kéhler form J as a bilinear

[R] (3.46)

&1

Tonn = 0} Yo 0 (3.47)
and define the complex structure
0-1lg m n P 0 f
= g mmp dz™ N dz™ A dx mnp = 1 Ymnp N+ (3.48)

using Yy, and Y, which are given by the antisymmetric product of two and three 6-dimensional
gamma matrices respectively. Q is a closed (3,0) form that in a complex manifold can be glob-
ally parametrized by complex coordinates and in a Kahler manifold satisfies J A 2 = 0.

Finally we can give the definition of a Calabi-Yau n-fold as a Kdhler manifold in n complex
dimensions with SU(n) holonomy and vanishing first Chern class. The only examples in two
dimensions are the complex plane C and the two-torus 72. The case of greatest interest is given
by Calabi-Yau three-folds, which have six real dimensions (three complex) and so they allows
to reduce the 10-dimensional space into four dimensions. The compactification on this type of
manifolds of the type II superstring gives N' = 2 supersymmetric 4-dimensional theories.

An important characterization of the Calabi-Yau manifold is given by the Hodge numbers
hP? which count the number of harmonic (p, ¢)-forms on the manifold. These numbers are a
decomposition of the more general topological numbers associated to a manifold which are the
Betti numbers b,:

k
bp=» WP (3.49)
p=0

The Betti number b, measures the dimension of the de Rham cohomology H?(M) of the man-
ifold M, so it gives the number of independent harmonic p-forms on the manifold. Exploiting
Poincaré duality we can see how the Betti numbers can be determined by counting the number
of non-trivial cycles of the manifold, namely closed chain that are not boundaries. In our most
relevant case, the cohomology of a Calabi-Yau 3-fold is completely characterized by the Hodge
numbers h'! and h*'. However, Calabi-Yau manifolds with some fixed Hodge numbers are
not determined uniquely, since we have the possibility to make smooth deformations in the
parameter space of their shapes and sizes, without changing the topology. This space, called
moduli space is a continuously infinite family of manifolds. It can be seen also as the space
of possible choices of the expectation values of the massless scalar fields of the theory in four
dimensions, which are not fixed by the potential of the theory. Since the Hodge numbers does
not completely fix the topology and the moduli fields parametrize the changes of size or shape
of a manifold but not the changes of topology, another possibility is that the same numbers
refer to topologically different Calabi-Yau manifolds and this is the case of conifold transitions.

Considering a fixed set of Hodge numbers, the spectrum of fluctuations of the given Calabi-Yau
manifold comes from the deformations of the metric or of the antisymmetric tensor fields of the
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theory once we do the compactification. For example, in type IT superstring we have the two-
form field By with equation of motion d * dBy = 0. Since the combination d * d correspond to
the Laplacian operator, once we consider the geometry of the 10-dimensional space as My x Mg,
also the Laplacian decomposes and the number of massless 4-dimensional fields induced in the
resulting theory is given by the number of zero modes of Ag, labeled by the Betti numbers.
In the case of the 2-form antisymmetric tensor we get by = h! scalar fields. The additional
detail is that, for the Calabi-Yau three-fold, By combines with the Kéhler form J to give a
complexified Kiler form, so the result gives rise to h'! massless complez scalar fields in four
dimensions. From the expansion of the 10-dimensional fields in the cohomology of the internal
manifold we get not only scalars but also all the p-dimensional forms that are allowed in the
decomposition.

An important feature of the moduli space of a Calabi-Yau three-fold is that it decomposes into
the product of two factors

M(M) = M>*H (M) x M"H(M) (3.50)

because it receives contribution both from the deformations of the Kahler form of the manifold
M and the fluctuations of its complex structure. These second type of deformations corresponds
to change the way we define the parametrization in complex coordinates of €2 and gives rise to
the complex structure moduli z°. In order to describe this sector of the moduli space we need
to introduce a basis of the three-cycles A, B, with I,.J = 0, ..., h*!, that satisfies the property
AN B; = 6%. Analogously we can introduce the dual cohomology basis (a7, 37) such that

/ 041:/04[/\5‘]:\/5(5}] (3.51)
AJ

where v is the volume of the Calabi-Yau manifold. We will see in the last section of this
chapter how to exploit these structures in order to implement the compactification of the I1IB
superstring theory on a Calabi-Yau three-fold.

3.2.2 Conifold geometry

An important role is played also by non-compact Calabi-Yau manifold, in particular because
the moduli space, which is the space of all the parameters that define different compact Calabi-
Yau manifolds, presents singular points. These are called conifold singularities and they are
conveniently analyzed in terms of non-compact spaces obtained magnifying the region around a
singularity of the three-fold. The non-compact Calabi-Yau space that we get is called conifold
and its geometry is given by a cone, [43|-[46]. In fact it can be described as an hypersurface in
C* given by the equation:

D (wt)? =0 w e C* (3.52)

A=1

which is a cone smooth everywhere except at w? = 0. In fact if w” is a solution then so it is
Aw? with X € C, so the surface is made up of complex lines through the origin and is therefore
a cone. It is a manifold that can be considered as a simple non-compact Calabi-Yau 3-fold, a
cone over the homogeneous space

SU(2) x SU(2)

Tl,l _
U(1)

that is topologically equivalent to S? x S® and is endowed with its Sasaki-Einstein metric. The
singularity at the tip of the cone can be smoothed out in two ways, called deformation and
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resolution still preserving the Calabi-Yau structure. It’s not hard to show that the base of the
cone is S? x S® because in general the base A/ is a manifold given by the intersection of the
space of solutions of (3.52) with a sphere of radius r in C* given by:

4
> jwt? = (3.53)
A=1

If we consider the coordinates w” as a four vector w on C* and we separate the real and

imaginary parts w = x + 4y, then the equations that define the cone become:

1 1

The first equation defines an S with radius r/v/2 and the other two define an S? fiber over
S3. Since all these bundles over S® are trivial we have that N has the topology of S? x S*. A
metric on the cone can be written as:

ds® = dr® + r*d¥? d¥? = hoydz®da® (3.55)

where h,, is a metric on the base A'. An n-dimensional cone admits a Ricci-flat metric if and
only if its base manifold admits an Einstein metric with

Rap(h) = (n = 2)ha (3.56)

Considering the general expression of the metric on manifolds N, that are fiber bundles over
S? x S? with U(1) fibers, we can prove that A7, is S x S and has the correct metric:

4

1 1 2 1
ds (W) = 5 <d¢ + 5 o8 01 doy + 5 cos 0 d¢2> + £(d6 + sin? 6, don) + <(d65 + sin b, d)

(3.57)
In order to do that we rewrite equations (3.52) and (3.53) in terms of a matrix W defined by

1 1 3 -4 1 .2
1 (w +iawt w' —iw ) (3.58)

W=75v"7= Z ! tiv? —u?+ it

V2

with 04 = (0;,i1), where the o; are the Pauli matrices. Then the equations that define the
cone become:

det W =0 Tr(WW) = r? (3.59)

Defining a matrix normalized with the radius Z = W/r, the equations can be written in a
simpler way

det Z =0 Tr(Z'Z) =1 (3.60)

If we take a particular solution of these equations, for example

Zy = (8 é) — 201 +i0y) (3.61)

the general solution can be written as Z = LZyR', where L and R belong to SU(2). We can
check that some matrices, such that (L, R) = (6,0"), leave Z, fixed
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e 0
o= o) (3.62)

So the manifold Aj; can be thought of as the set of matrices (L, R) with the identification

(L, R) = (LB, RO, so it is clear that

SU(2) x SU(2)  S*x S?
U(1) o U(1)

Ny = (3.63)

where U(1) is generated by 6 and is embedded symmetrically in the direct product. For general
p and ¢ the space N, is the set of matrices with the identification (L, R) = (L8?, ROP").

Finally the Einstein metric can be obtained using the matrix Z that is the only U(1) invariant
quantity that can enter into the metric. We can check also that the Ricci-flat metric is com-
patible with the Kahler structure of the cone, meaning that the metric can be expressed as a
derivative of some potential.

3.2.3 Type II theories dimensionally reduced on a Calabi-Yau 3-fold

In order to see the relevance of the conifold geometry for the dimensional reductions, let’s
consider first the compactification of the type II superstring theories on a Calabi-Yau three-fold.
This leads to a four dimensional theory with A/ = 2 supersymmetry, where the 4-dimensional
fields come from the expansion of the 10-dimensional ones over the non-trivial cohomology of
the manifold. The zero modes of the fluctuations of the 10-dimensional fields give rise to the
moduli fields, which are organized in supermultiplets. Since they are massless states, they are
labeled by helicity which is well defined and invariant under Lorentz transformations. The
supermultiplets are characterized by the maximal helicity, so we get the supergravity multiplet
if the greater helicity is 2, the vector multiplet if it is 1 and the hypermultiplet if it is 1/2.

If we focus on the type IIB theory, we can see that after the compactification we get h*! abelian
vector multiplets and A" +1 hypermultiplets. The extra hypermultiplet is given by the dilaton,
which gives rise to a complex scalar field. There is also the scalar a, usually called axion, coming
from the dualization of the 2-form Bs,: x4d By = da. Looking only at the bosonic sector we can
recognize the 10-dimensional origin of the massless fields in four dimensions, starting from the
field content of the IIB theory: G ., B2, ®, Cy, C5 and Cy:

e the h*! vector supermultiplets contain contributions from Cj and Gij;
e the h'! hypermultiplets from Cy, G;;, By and Cy;

e the universal hypermultiplet gets contributions from ®, Cy, By and Cs;

the gravity multiplet form G, and Cj.

The result is that the total number of massless scalar fields is
231 4 4(hM 1) (3.64)
and the number of massless vector fields is
Rt +1 (3.65)

To specify more details, if we consider the scalars we can divide the contributions of the moduli
space from the one coming from the field content of the theory. We have h*! complex massless
scalars that parametrize the complex structure fluctuations and h'! real massless scalars as
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moduli for the Kéahler structure. Then we have the scalars coming from the fields B, and Cs,
that can be expanded using harmonic 2-forms, from Cj and the dilaton and from the expansion
of C4 using harmonic 4-forms. Considering that the multiplicity of these is given by the Betti
numbers and adding also the axion we get the total number (3.64). These scalars correspond to
the content of the N = 2 supersymmetry multiplets given by h*! vector multiplets and h'* 41
hypermultiplets. So, we see that we need the presence of h*! vectors to complete the vector
multiplets. They come from the expansion of Cy in the basis of 3-forms (3.51) which leads also
to another vector field that is the graviphoton, though we get to the number (3.65).

The case of the ITA theory is completely analogous, with the roles of the Kahler form and of
the complex structure that need to be exchanged, so we can derive the correct total number of
massless 4-dimensional fields with the substitution:

h*(ITA) = KM (11B) RN ITA) = h*Y(IIB) (3.66)

This shows a realization of the T-duality, since it underlines the fact that IIB theory compacti-
fied on the Calabi-Yau three-fold M correspond to the ITA theory on the mirror manifold, with
the Hodge number interchanged.

Considering now explicitly the low-energy action for the IIB theory (3.30), we can implement
the compactification on the Calabi-Yau three-fold following [54|-[55]. In order to give a example,
we focus in the case in which the fields Hz, Cy and C5 vanish and we expand the flux

Fs=F'ANap—Grnp! (3.67)

in the cohomology basis (3.51) of the Calabi-Yau manifold, defining F! = dV! and G; = dUj.
Vr and Uy are one-forms which live in the four dimensional spacetime and correspond to abelian
gauge fields. The self-duality condition on Fj relates G; to F! with the condition

Gr = (ReM)sF7 4+ (ImM)y  F7 (3.68)

defining the matrix M as in [54]" with a function of the z* fields. The relevant meaning of this
relation is that G is the magnetic dual of F’. The result of the reduction of both the matter
sector and the sector of the Ricci scalar with the dilaton is given by

1 (1 | : 1
Si= =5 / SR —gijdz' Nxdz) — haydg® A xdg + SFT A Gy (3.69)
Ky J 2 2

where Ha) = kg /v with v that is the volume of the internal manifold. The scalar fields z* are
the moduli of the complex structure with metric g;; and the ¢" are the scalars that belong to
the hypermultiplets, moduli of the Kéahler structure with metric hgp.

We are ready to discuss now the particular case of the conifold geometry, which can be studied
as a non-compact Calabi-Yau manifold, but by definition represents a singular point in the
moduli space. For the values of the parameters at the conifold point the manifolds acquire
some singularities. We can discuss then about conifold transition, which defines a Calabi-
Yau manifold that connects the two regular configurations of the conifold: the deformed one
obtained blowing up the S® factor and the resolved one given by expanding S%. As explained
in [56], some singularities appear in the effective action for a conifold transition because some
of the heavy modes, that has been integrated out in the reduction, become massless at the
singularity and so they need to be taken into account in the action.

' 'The definition of M goes beyond our purposes, the relevant information is the dependence on the scalars
z" and on a prepotential that can be defined in the complex structure moduli space, where the metric admit a
Kahler potential.
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In [55], it can be seen how the conifold transitions connects the homology cycles of the theory
and the result of this translates in the way we write the four dimensional action of the 1IB
theory compactified on a conifold. Now, there are still h*! vector multiplets and h'! + 1
hypermultiplets, but we need to add also a set of P hypermultiplets coming from the D3-
branes wrapped around the three-cycles of the conifold. Then, if we have () homology relations
these extra hypermultiplets became charged under the (P — @) vector fields, so we need an
action that takes into account the coupling of the scalars charged under abelian gauge groups.

In addition, we can explain as in [62] how the gauge symmetries of the dimensionally reduced ac-
tion arise from the reparametrization invariance and the gauge symmetries of the 10-dimensional
fields. The scalars, that come from the expansion of the 10-dimensional fields in the non-trivial
cohomology representatives, transform under these symmetries, for example the scalars that
transform with a shift symmetry are recognized as axion fields. Since they are charged under
the symmetries, in the 4-dimensional action the scalars need to be coupled to the vector fields.
For example, through the definition of the covariant derivative we can realize the gauging of
the symmetries and other coupling terms come from (3.68) since the matrix M depends on
scalar fields.

Moreover, looking at the coupling of the gauge fields and of the scalars in the action obtained
from the general compactification of IIB in the compact Calabi-Yau three-fold, we see that
when we consider a non-compact manifold as the conifold the infinite volume implies that some
couplings become negligible. The consequence is that the resulting theory has a bosonic sector
that contains vectors coupled to the axion and some decoupled hypermultiplets. In the next
chapter we will see a concrete example of the discussion presented so far since we will use
the conifold geometry to derive the SymTh of various models. In particular we will build the
theory that describes the symmetries of the axion-Maxwell model that contains a U(1) vector
field coupled to the axion field.
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Chapter 4

SymTh from Type II Supergravity

The recent idea of separating the symmetries from the physical theory through the definition of
what is called Symmetry Theory, SymTh, plays an important role in the study of generalized
symmetries. This theory can be constructed directly starting from a specific QFT knowing
its symmetries, or can be derived in a top-down perspective from 10-dimensional supergravity.
The approach that we will follow in this chapter is the second one, in fact we will build a
general SymTh starting from type ITA and IIB theories. Then, in a second moment we will
impose some suitable boundary conditions on the fields of the SymTh in order to realize the
symmetries of a specific physical QFT on the boundary.

We focus on the flux sector of the supergravity action, using a democratic formulation that
includes both the supergravity fluxes and their Hodge duals in ten dimensions, the price to pay
is to work in 10 + 1 dimensions, see [57]. Let’s delineate this formalism: if F(® labels the set
of fluxes of the theory, in order to avoid redundancies we can consider only magnetic sources,
because an electric source for a given flux is a magnetic source for its Hodge dual. We denote
J@ the magnetic source for F® and we see that it modifies the Bianchi identity for the flux

dF@ = J@ = (W) (4.1)

where the last equality is true if the source is localized, so J (@ js a delta function supported
on a submanifold W@. These Bianchi identities can be derived from a topological action in
10 4+ 1 dimensions:

1 a a
Si0e1= Y /M | §k:abF( INAF® — ko F@ A J® (4.2)
ab 10+1

where k,, is a constant non-degenerate matrix, that depends on the degree of the fluxes. The
equations of motion derived with the variation of F®) are given by

> ka(dF® — Ty =0
b

which is equivalent to (4.1) because of the non-degeneracy of kq,. These equations must be
supplemented by the Hodge duality relations in 10 dimensions. In the (10+1)-dimensional
topological action we can include also non trivial Chern-Simons terms, which are polynomials
in the fluxes. In the case of the low-energy effective actions for type II superstring theories,
we want to construct two topological actions in 10+1 dimensions that encode all the Bianchi
identities and the equations of motion of the original theories. The result is the following, where
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Xs is a higher-derivative correction that depends on the curvature [66].

|
Sha / FodF — FydFs + FydFs + HydH, — Hy (FOF8 — FyFy+ SFE + X8>
Mio+1

1
SieB = / FidFy — FydFr + S FdFs + HydH + Hy (B Fy — F3F)
Mio+1

together with the Hodge duality relations
H7 = x10H3 F, = (—1)§ *10 F1o—p

We underline that the IIB action should be considered as a pseudo-action since the self duality
constraint F5 = %19F5 needs to be imposed by hands. The following step is the dimensional
reduction of the flux action on an appropriated geometrical background, which is a solution
of the supergravity equations of motion. Then expanding the fluxes on the representative of
the cohomologies of the internal manifold, we can perform the integration over the internal
geometry and the extra auxiliary dimension, in order to obtain the Symmetry Theory.

4.1 II B theory reduced on Mj;

Starting from the action of type IIB supergravity written in the democratic formulation, we
can derive the 5-dimensional bulk action for a symmetry theory, as done in [58]. Considering
a background given by the conifold geometry C(T"'), when we are close to the boundary at

infinity we have:
M10 = M5 X Tl’l = M5 X 52 X SS (43)

Recalling that the base of the conifold T can be seen as a coset

~ SU((2) x SU(2)
B U(1)

! (4.4)

which topologically coincide with S? x S® and can be considered as a U(1) fibration over S? x S,
In order to realize the dimensional reduction we expand the fluxes of IIB theory on the geometry,
so we need the normalized volume forms of the two S?, that are given by

1

;= —
T
with ¢ = 1,2, so we can define

_—LU—U UJ:LU—’U%
Wy = \/5(1 2) 3 \/5( 1 — Vg) o (4.6)

Recalling
1 1
Dy = dyp + 5 cos 01 dpy + 5 cos Oy dopo (4.7)

which comes from the metric (3.57). The normalization chosen is such that

/ wo N\ w3 = 1 (48)
T1,1
Using the explicit expressions of wy and w3, we can easily show that:

dUJQ =0 d(.U3 = —W> A da1 (49)
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where the 1-form a; is introduced as the connection of the U(1) fibration. a; is called U(1)
isometry Reeb vector, [60]-[65], and it’s inserted in the ansatz for the metric (3.57) and so in
(4.7) with the replacement

dyp—dy

since it is the Kaluza-Klein 1-form gauge field a; associated to the isometry 0.

Finally, the ansatz for the fluxes of the IIB supergravity action is:

F5 =dcy AN wy

Hj3 = dbsy

Fs = dey A ws — *5dey A wo (4.11)
Fr = — %0 F3

H7 = x0H3

Fi=F=0

In the following calculations we will use the decomposition of the Hodge star operator %o into
x5 A\ %5, paying attention to the sign that depends on the degrees of the forms at which the
operator is applied, as explained in appendix A. The next thing to be noticed is that the x;
acting on the internal space gives: *sws = w3 and *sw3 = wo, see appendix A for the proof.
Inserting the fluxes in

1
Sio+1 = / FidFy — F3dF; + §F5dF5 + H3dH; + Hj (F1F7 — F3F5) (4.12)
Mio+1
we can rewrite it term by term as:

1 1
/ —ngF7 = / ——d (Fg A *10F3) = / —§d (dCo A wa A *5dCO A\ *5(,02)
Mio41 Mio+1

Mio41
1 1
= ——dco N *5dcg A\ we A\ ws = ——dcy N *5dcy
Mo 2 2

M5

Noticing that the factor 1/2 of the kinetic terms comes from the fact that
1
F3 N dF7 = —F3 Ad *10 F3 = §d(F3 A *10F3)

that applies also for the other terms. The action term with F5 becomes:

1 1
/ —F5dF5 = —/ (dCl VAN w3 — *5d01 VAN CUQ) A d(dq VAN w3 — >I<5d01 A u}g>
Mio+1 2 Mio+41

1
:—/ dey Aws Ad(dep Aws) — ksdep Awag A d(dey A ws)
2 Mio41

—dcy ANws Ad (xs5dey A\ ws) + xsdep A wa A d (xks5deq A wo)

29



1
= 5/ dC1 N ws A dCl VAN dwg — *5d01 N wa A dCl VAN dw3 — (-1)75d (dCl VAN WAN *5d01 A LUQ)
Mio+1

+ (=1)"Pdey A dws A *sdey A ws + ksdcr A wy A d*s dey A wy
1

25/ dcl/\dcl/\w3/\—w2/\da1—*5dcl /\wg/\dcl/\—wg/\dal
Mio+41

1
— dCl N —wy N\ da1 A *5d01 N wa + *5d01 A wo N d*5 dCl N wo + —/ dCl A wsg A *5d61 N Wo
Mo

1 1
= / ——dcl A dCl VAN dal — —/ dCl VAN *5dC1
Ms 41 2 2

M3

1
+/ dCl/\*5d01/\dCL1/\WQ/\WQ"’—*5d01/\d*5dC1/\WQ/\WQ
Mio+1 2
1 1
= ——ay; Ndey A dep — =dey N *5dey
e 2 2

where the terms that do not have the combination ws A ws give zero contribution to the integral
since they have no support over S? x S*. The last two terms of the action can be rearranged
as:

1
HgdH7 — H3F3F5 = / ——d(Hg AN >I<1OH3) — dbg A dCo AL (dCl N w3 — *5d01 N (A)g)

Mio+1 Mio+1

1
:/ ——d (dbg A *10db2> — dbg A dCU N wa A dC1 A ws + dbg VAN dCO A Wy A *5d01 N wo
Mio+1

1
:/ ——dbg VAN *10db2 — / dbg VAN dCO VAN dCl + / *5d01 A dbg A dC() N wa A wo
Mio 2 Mz

Mio+t1

1
:/ ——dbg A *5db2 — bQ A dCo A dCl
M5 2

Writing all the terms together and adding also the kinetic term for the U(1) Reeb vector,
that comes from the metric and the Hilbert-Einstein term, the five dimensional reduced action
becomes:

5-dimensional action from IIB |

1 1 1 1
SE{IB = / —§da1 N *5da1 — §dCQ A *5dCQ — §d01 VAN *5d01 — deg AN *5db2
Ms

1
—§a1 N dCl A\ dCl — b2 N dCO A dCl

(4.13)

4.2 1II A theory reduced on Mj

The same procedure can be repeated starting from the action of type ITA supergravity:
1
Sioes = / FodFyy — FydFy + FydFs + HydHy — Hy <F0F8 — FyFy + 5F} + X8> (4.14)
Mio+1

The crucial point is that, in general, when we start from IIB supergravity theory in order to
obtain the ITA theory we need to compactify one spacetime direction into a circle and apply
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T-duality. In this case the near horizon geometry that we are considering is 7Y, namely a
St bundle over 5% x S?. When we perform the T-duality transformation over the S we obtain
the ITA theory on

Mo = M5 x S% x §? x S1 (4.15)

since the T-duality untwists the fibration and turns it into a direct product, [64]-[65]. As a
result of the operation there is also a non trivial background flux induced in the IIA theory
Hs = J, Awy where J, is the Kihler form of the space S? x S?, given by the sum of the volume
forms of the two S? and w; is the volume element of the circle. They are both closed forms:
dJs = 0 and dw; = 0. Now the U(1) Kaluza-Klein vector a; can be introduced directly into the
ansatz for the flux Hs, then we see that the kinetic term for a, follows naturally from the term

H3dH7 of the supergravity action. According to this, we can propose the following ansatz for
the fluxes:

H3 = db2 + da1 /\w1
F4IdC1/\J2+dC0/\J2/\W1
Fe=— %9 Fy = —(*g,dcl A Jo A wy + *5dcy N Jg)

H7; = x9H; (4.16)
Fo=Fp=0

Fy=F3=0

Xg=0

We consider the action term by term inserting the ansatz and keeping at the end only the terms

with the right support over S? x 5% x S, namely the ones with Jy A Js Aw; that can be correctly
integrated.

1
/ F4dF6 :/ §d(F4/\—*10 F4)
M10+1 ]\/[10+1

/ ——d dCl VAN JQ + dCO N Jg N wl) A (*5d61 A J2 A w1 + *5dC0 A JQ))
Mio+1

1 1
/ ——dCl A JQ A *5d61 A JQ A w1 — —dCO VAN JQ VAN w1 VAN *5dCU N JQ
My 2 2

1 1
/ ——dCl A >l<5d61 A JQ A J2 A w1 — —dCO N *5d60 VAN JQ VAN JQ AN w1
My 2 2

/ ——dCl VAN *5d61 — _dCQ N *5dCQ

M5

1
/ H3dH7 = / —§d<H3/\*10H7)
M10+1 M10+1

1
= / ——d ((dbg + day A wy) A (x10dbgy — *5dag A *5w1))
Mio41
1 1
= / ——db2 N *10db2 + —da1 A wi A *5da1 A :]2 VAN :]2
My 2 2
1 1
= / ——dbz A *5dbg — —da1 A\ *5da1
vy 2 2

here the minus sign in front of the term with a; comes from the decomposition of the Hodge
star operator %o as explained in (A.1).
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1 1
/ —§H3F42:/ —§(db2+da1/\Cd1)/\(d61/\J2+dCO/\J2/\W1)2
Mio41 Mio+1

1 1
:/ ——dbg/\chl/\Jg/\ch/\JQ/\wl — §da1 /\wl/\dcl/\JQ/\dcl/\Jg
Mio+1
1
:/ —dbg/\dCo/\dCl/\Jg/\Jg/\wl — Edal/\dcl/\dcl/\Jg/\Jg/\wl
Mio+41

1
= / —b2 N dCO A dC1 — —aj N\ dC1 N dCl
Ms 2

The final result can be obtained collecting all the terms, we see that we get the same 5-
dimensional action obtained before from IIB as expected.

5-dimensional action from ITA

1 1 1 1
S5IIA = / —§da1 N *5da1 — §d01 N *5d01 — §dCO VAN *5dCO — §db2 VAN *5db2
Ms

1
—Eal N dCl A\ dCl — b2 N dCo A dCl

(4.17)

4.3 1II B theory reduced on M,

The five dimensional action can be further reduced on a circle in order to obtain a theory in
four dimensions, so now we have to decompose the total space as:

My = M; x S*x8%=M; xS x8*x83 (4.18)

The ansatz for the fluxes of the 1IB supergravity theory is the following:

F3:dCO/\WQ+dC1/\UJ1+dCQ
H; = dby + deg A\ wy + dey A wy
F5:dbl/\w3—*4db1/\w1/\w2+dbo/\w1/\w3+*4dbo/\w2

F; = — %0 F3
H7 = x10H3
Fi=F=0 (4.19)

With this ansatz we have Fjy self dual respect to x1¢ as expected and we can consider as before
dws = 0, dws = —ws A da; and dw; = 0. Now we have that %9 decomposes into %4 A xg and
we get a minus from the epsilon tensors when we take the Hodge star of two forms with odd
degree. Then it can be proven using polar coordinates that: xgw; = we A w3, *gws = w1 A w3
and kgws = —w; A wo, see appendix A.
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Inserting the fluxes in the action we get:

1
/ — F3dF7 = / ——d ((dCO N wa + dCl N wi + ng) VAN *10(dC0 N wo + dCl N wp + dCQ))
Mio+1 Mio+1

1
= —5/ (dCQ N wo + dCl N wy + dCz) A (*4d60 N wi N\ ws + *4d01 N wo N\ ws + *deQ)
Mo

1
= —5/ dcg N\ wa A kgdcg N w1 A ws + deg A wy A xgdey N wa A w3 + deg A *10dcs
Mo

1 1 1
= / ——dcg N\ *4dcyg — =dcy N *4dc; — =dey N *x4dcy
My 2 2 2

1 1
/ —F5dF5 = —/ (dbl A W3z — *4db1 N wi A wy + dbo N wi A ws + *4db0 A CL)Q)/\
Mio+1 2 2 Mio+1
VAN d(dbl N wsg — *4dbl ANwy N\ wo + dbo N wy A\ ws 4+ *4db0 A (,LJQ)
/ dbl/\w;;/\d(— >x<4db1/\w1 AWQ)+db1 /\Cdg/\d(dbo/\wl/\W3)
Mo+t
+db0/\&)1/\&)3/\d(db1/\w3)+db0/\&)1/\&)3/\d(*4db0/\&)2)
1
= —/ —dbl/\d*4db1/\w1 /\Wg/\&]g—i—dbl /\w3/\dbo/\w1/\—w2/\da1
2 Mio+1
+db0/\w1/\w3/\db1/\—wg/\dal—I—dbo/\d*4db0/\w1/\w2/\w3

1 1
= / _édbl N *x4dby — édbo A #4dbg — ay A dby N\ dbg

My

1
/ H3dH7 = / ——d ((dbg+d€0/\&)g+d61/\w1) /\*10(db2+d60/\0&2+d€1/\&)1))
Mio+1 Mio+1

1
= ——= / db2 N *10dbg + deo VAN Wa A *4d€0 Awi A ws + del N w1 A >I<4d€1 N Wa AN Ws
Mo

1 1 1
= / ——dbg VAN >I<4db2 — —de() VAN *4d€0 — —d€1 A *4d€1
v 2 2 2

/ —H3F3F5 = —/ (db2+deko2+d61/\wl)/\(dco/\wg—i—dcl Aw1+d02)A
M10+1 M10+1
VAN (dbl N wg — *4db1 N wi N\ wg + dbo N wi N\ ws + *4db0 VAN WQ)
= —/ (dbg /\dCO/\CL)Q +db2 /\dCl N w1 +db2/\d02 +d€0/\w2 /\dC1 N wi
Mio+1

—|—deo/\w2/\d02+d61/\w1 /\dCOAWQ+d€1ACU1 /\dCQ)/\
VAN (dbl N wg — *4db1 N wi N\ wg + dbo AN wi N\ ws + >I<4db0 /\UJQ)

:—/ dbg/\dCO/\wg/\dbo/\wl/\CU3+d€0/\W2/\dC1/\w1/\db1/\w3
Mio+1
+deo/\w2Ad02/\db0/\w1 /\CU3+d€1/\CU1/\dCo/\WQ/\db1/\W3

= / —bg/\dCO/\dbo—eo/\dcl/\dbl—60/\d02/\db0+€1/\db1/\d00
My
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So the final result is:

4-dimensional action from IIB

1 1 1 1 1
SiP = / —5deo N xade — Sdey N xader — Sdby A sadby — Sdea A sades — Sdbo A sadby
My
1 1 1 1
—§db2 A *4dby — Edeo A *4deq — §da1 A xqdaq — §d€1 A *4deq

—(ll/\dbl/\dbg+b2/\db0/\d00—60/\d01/\db1+60/\db0/\d02+61/\db1/\d00

(4.20)
4.4 1II A theory reduced on M,
If we consider the total space as:
My = Ms x S* x S* = My x S* x §% x §* (4.21)

a possible ansatz for the fluxes of ITA supergravity can be written applying the T-duality on
the additional S' starting from the ansatz of the ITB theory. For example in the flux F; we
take the terms proportional to w; to write a contribution in F» and the other terms go into F}
adding the w; factor, as explained in section 3.1.4. We obtain:

F22d01
H3 = —dbg — d60 /\Cdg
F4 = *4db1/\w2—|—db0/\w3—|—d02/\w1 +d00/\u}1/\w2

Fg = — %109 Fy

Fg = *10F5

H; = *x0H3 (4.22)
Fo=Fo=0

Xg=0

Considering as before dws = 0, dws = —ws A day and dw; = 0. Substituting in the terms of the
action (4.14) considered one by one we get:

1 1
/ —FQng = / —§d (dCl A *10d01) = / —§d01 A\ *4d01
Mio41 Mio+1 My

/ F4dF6 = / (*4db1/\w2+dbo/\w3+dcg/\w1 +dCO/\w1/\w2>/\
M10+1 M10+1
ANd — *10(*4db1 N wa + dbo N ws + dCQ AN wy + dCo ANwp A UJQ)
= / — ¥y dbl N wa A d *10 (*4db1 A LUQ) — db() A wsg A d *10 (dbo VAN W3)
Mio+1
—deg Awy Ad 19 (deg Awq) — deg A wy Awg A d*qg (deg A wy A we)

—dby A w3 A d x19 (*4dby A wo)
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1 1
= / —d (*4dbl N wa A dbl ANwr A CL)3> — §d (dbo VAL WAN *4db0 ANwi A WQ)
Mio+1

1 1
+ Ed (ng Awi A *4d02 N wa A w?,) + §d (dCQ ANwip Awgy A >l<4dCO A CU3)
—db()/\W3/\db1/\w1 /\d(ﬂg

1 1
= / —dbl A\ *4db1 N AN A W3 — §db0 N *4db0 N wi A\ Wo N W3
Mo

1 1
— édCQ A *4d02 N Wy N wo N\ w3 — §dCo A *4dCo N wi A Wo AN W3

—/ dal/\dbl/\dbo/\wl/\wg/\W3
Mio+t1

1 1 1 1
= / —dbl A\ *4db1 — —dbg A\ *4db0 — —dCQ N *4d02 — —dCO A *4dC0 —a; N\ dbl A dbo
w2 2 2 2

1
/ HgdH7 = / ——d ((dbg + dG() N (A)Q) VAN *10(db2 + deo VAN CUQ))
Mio41 Mio+41

1 1
/ ——dbg A\ *10dbz — —d€0 A wo A *4d€0 A wi A W3
My 2 2

/ ——dbg N *4db2 — §d€0 N *4d€0

/ H3F2F6 / dbg + deo A WQ) A\ dCl A *10(*46161 N wo + dbo N w3
Miot1 Mio+1
+d02/\w1 +dco/\w1 /\(JJQ)
/ db2 A dCl —+ d@o N\ wy A dCl) AN (—dbl N wi A w3 — *4db0 N wi N\ Wo
Mio+1

+ *4dC2 N wa N\ ws + *4dCO N w:),)

/ —deo/\wg/\dcl/\dbl/\wl/\wg
Mio+41

—€p A dCl VAN dbl
My

1 1
/ —§H3F42 = / —5(—d62 — deg A wa)A
Mio41 Mio+1

N (*4db1 N wy + dbo N ws + dCQ A wy + dCO A wi A CUQ)2
1
= / §(db2 + d@() N wg) A\ 2(*4dbl N\ Wy A dbg N ws + *4db1 N wy A d02 N wi
Mo+

+*4dbl /\Cdg/\dCo/\wl/\WQ‘i‘dbo/\Cdg/\dCQ/\Wl
—i—dbo/\wg/\dco/\wl/\w2+d02/\w1/\dco/\w1/\wg)

_/ dbz/\dbo/\&)g/\dCo/\wl/\Wg"‘d@o/\(&)g/\dbo/\&lg/\dCz/\wl
Mo+

:/ by A\ dbg N dcy + eg A dbg A des
My
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Finally the total four dimensional action is:
4-dimensional action from ITA

1 1 1 1 1
SHA — /M —5der Awadey — Sdeo A xadey + Sdby Asadby — Sdbo A adby — Sdes A xades
’ 1 1 1
—§db2 VAN *4db2 — §d60 A *4d€0 — idal VAN *4dCL1

—CL1/\dbl/\dbo“‘bg/\dbo/\dCo—eo/\dCl/\db1+€0Adb0AdCQ

(4.23)

which is equivalent to the action from the reduction of the IIB theory (4.20). If we also activate
e; in Hs expanding the flux with the term de; A w;, we can have some ambiguity since the
T-duality acting on the circle could give rise to some background component that interferes
with the external field. In the following derivation instead we obtain the correct term with e,
present in the IIB theory, since applying the T-duality on the fibration it’s possible to maintain
distinct the volume forms of the two S* factors.

4.4.1 Another way to apply the T-duality

The other possibility to built the ansatz for the fluxes of the ITA theory (4.14) is to apply the
T-duality on the S' that constitutes the fiber bundle over S? x S?, giving the 5% x S® geometry
of the IIB theory (4.3). The result as we already seen in the five dimensional case is that the
T-duality trivialize the bundle giving a geometry that is the direct product:

My x St x S x St x §? (4.24)

in the ITA theory with the addition of a component in the background flux Hs. The ansatz for
the fluxes is the following

H3:dbg—l—deo/\wg—l—del/\w1+da1/\01
F4:dbl/\w2+db0/\w2/\w1+d02/\al+dco/\w2/\01+dcl/\w1/\al

Fg = — %0 Fy
F,=Fs=0 (4.25)
H7 = x10H3
Fo=Fip=0
Xg=0
where we consider wy = L(vl + v9) built with the volume forms of the two S2. wy is the

V2
volume form of the S that is untouched by the T-duality and oy is the volume form of the S*
that originally was in the fiber bundle. They are normalized in such a way that

/ wl/\WQ/\O'l/\WQzl (426)
S1x82xS1x52
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Taking into account the changes of sign when we apply the Hodge star operator we can derive:

Fs = —( kg dby N\ kgwa — *4dby N xg(wo A wy) — *kqdea N #6071
— kyqdco N xg(wa A 01) + *4dcy A kg(wy A 01))
= —(*4d61 A w1 Aoy Awy — x4dbg A 01 N W + *4dcy A wy A wa A wo
+ x4dcg A w1 A wy + *kadcy A woy A wQ)

Inserting then the fluxes in the action term by term:
1
/ F4dF6:/ ——d((dbl/\W2+db0/\WQAW1+dC2/\O’1+dCQ/\WQ/\Ul+dCl/\CU1/\O'1)
M10+1 M10+1 2
VAN (*4db1 /\(JJl /\0'1 /\Cdg — *4db0 VAN 01 /\CUQ + *4d02 /\wl /\CUQ /\CUQ
+ *4dCO N wi A\ wy + *4d01 A wo A w2)>
1
== ——/ db1 /\(,4)2/\*4db1 /\w1 /\0'1 /\w2 —dbo /\CUQ /\(,dl /\*4db0/\0’1 /\(,UQ
Mo

+dCz/\O‘1/\*4dCz/\W1 /\Wg/\tdg—i—dCo/\Wg/\O’l/\*4dCQ/\W1/\UJ2
+dCl /\wl/\al/\*4d61/\w2/\w2

1 1 1 1 1
= / ——dby A *4dby — =dbg N x4dby — —dcy N *adcy — =deg N x4dcg — =deqg N *4dcy
M, 2 2 2 2 2

1
/ HidH; = / ——d ((dbg+deo/\w2+del A wi + day /\01) A(*lodbg
Mio+1 Mio+1
+ x4deg A wy A wa A op + *4de; A wa Aoy A ws — k4dag A wi A woy /\cu2)>

1 1
= / ——dbg A *10db2 — —d€0 VAN Wa A *4d€0 VAN w1 A W9 VAN o1
Mio+1 2

1 1
—§d€1 /\wl/\*4d€1 N woy N\ 01 /\w2+5da1/\01/\*4da1 /\wl/\WQ/\CUQ

1 1 1 1
= / ——=dby A\ x4dby — =deg N x4deg — =dey N x4de; — =day N *aday
M 2 2 2 2

1 1
/ - = 3F42:/ ——(db2+d€0/\WQ+d€1 /\w1+da1/\01)
Mio+1 2 Mio+41
A (dby A wa + dby A wa A wy +dcg A oy +deg Aws Aoy +dep Awp A ay)?
:/ —(dbg+d60/\w2+d61/\w1+da1/\01)
Mio+1

/\(dbl/\WQAdbOAWQ/\W1+db1 /\CdQ/\dCQ/\O’l
+dbl/\w2/\dCO/\WQ/\O'1+dbl/\w2/\dcl/\wl/\0'1
+db0/\W2/\UJ1/\dCQ/\01+dbo/\WQ/\OJ1/\dCQ/\WQ/\Ol)

:—/ dbg/\dbo/\wg/\wl/\dco/\wg/\01+d€0/\w2/\dbl/\w2/\dcl/\w1A01
Mot

+d€0/\¢d2/\db0/\(ﬂ2/\wl/\dCQ/\O'l+d€1/\£d1/\db1/\¢d2/\d€0/\&)2/\0’1
—|—da1/\01/\dbl/\w2/\db0/\w2/\w1

:/ b2/\db0/\dC0-€0/\dCl/\dbl+€0/\db0/\d02+€1/\dbl/\dCO—al/\dbl/\dbo
My
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So the final result is the following four dimensional action, which is exactly equal to the one
obtained from IIB theory

4-dimensional action from IIA, T-duality on the fibration

1 1 1 1 1
SiIA = / ——d01 A *4d01 — —dCQ N *4dCQ — —dbl N *4db1 — —dbo A *4dbo — —dCQ N *4dC2
vy 2 2 2 2 2
1 1 1 1
—§db2 A *4dbg — §d60 N *4d60 — 5(161 A *4d61 — §da1 A *4da1

—|—b2/\dbo/\d00—60/\d61/\db1—60/\d02/\db0—|—€1/\db1/\d60—al/\dbl/\dbo

(4.27)

4.5 Topological operators

4.5.1 Theories on M;

From the Bianchi identities for the fields of the theory we can write the conservation laws that
leads to topological operators.

dx* js =dda; =0
dx*j5 =ddcp =0
dx* jy = ddcy =0
d* 5 = ddby = 0

(4.28)

where here the Hodge operator is * = 5. The topological defect operators can be written as:

U3<M2) _ eia sz “j§ _ eia SEMQ day
. . . d
Ug(Ms) = e Iy 35 — 18 $ury der (4.29)
C(M _ i’Yf]\/j *]Z _ i’Yf]\/I dco ’
v 1) =€ 1 =€ 1
. .b .
U0 — oy —

The boundary conditions will determine which ones are faithful representations of symmetry
generators and can be projected into the boundary theory. From the I[IB dimensionally reduced
action we get the following equations of motion

1
d*JQ“:d*dal:—§dcl/\dcl

d*JQC:d*dC1 = —d(l1/\d61 —dbg/\dCo (430)
d*Jf:d*dCOZ—dbg/\dCl
d* Jb = d* dby = dco A dey
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that can be seen as non-conserved currents and can be used to build the topological operators

that represent non-invertible symmetries, as explained in section 1.2.2

1
Dall (Mg) = /DWl exXp (27’(’2% — *k Jg - - W1 A dW1 — W1 N dC1
N vy, N 2

N

)

1
Dci (Mg) = /DW{DX{DYE]DZQ exp (271'2% N * JQC — NW1 N dX1 - W1 A dCLl
N Ms

—Xl/\d01—N}/E)/\dZZ—%Ade—ZQ/\dCO>

(4.31)

|
D (M) = /DX1D22 exp (mf % JE = N Xy A dZy = Xy Adby = Zy A dq)
N M4

1
D’}j(MQ):/Dleyoexp (2m']§ N*J§+NY0/\dX1+Y0/\dcl+X1/\dco>
Mo

For the five dimensional action obtained from IIA theory we have the same Bianchi identities
and equations of motion since the action is the same.

4.5.2 Theories on M,

Considering the field content of the theories dimensionally reduced on M, we get the Bianchi

identities:

d x4 35 = dda; =0
d*y js = ddcy =0
d x4 j5 =ddcy =0
d x4 j] =ddca =0
d*4 7% = ddby = 0
d*4 75 = ddb; =0
d*y 7 = ddby =0
d*y js = ddeg =0
d x4 j5 =dde; =0

(4.32)

As in the previous case exponentiating the integral of the conserved current we get the topo-
logical operators that define the defects of the bulk theory

Ugt (Ms)
U (M) = e 5
USH (Ma) = e $a, 435
Ust (My) = ¢y 8
UTI;O(Ml) — ¢y 433
Uy (My) = e oz
Uabz (Ms) = e’ Farg *47
U (M) = o7 Sy *435
(M2)
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— fMQ 4J2

eia §M2 day
_ ezﬂ fMl dcg
_ ei'y §MQ dey
_ ez’)\ fMB deo
_ 6@'77 fMl dbo
_ 0y
_ eio fMS dba
_ ei'r fMl deg

_ eiw fMQ dei

(4.33)



From the type IIB action the equations of motion are:

dxy J5 = dxyqday = —dby A dby

d g JO = d x4 dcg = —dby A dby — dey A dby

d x4 J§ = d*gdc; = —deg A db,

dxy J5 = d x4 dco = —dey A dby

d*y J? = d x4 dby = day A dby + dby A dcg + deg A dey (4.34)
d*y Jo = d*y4dby = —day A dby — deg A dey + dey A deg

d %y Jo = d x4 dby = —dby A dcg

dxy Ji =d 4 dey = dcy A\ dby — dby N deog

dxy J5 =dx*ydey = dby A dcy

and from these non-conserved currents we build the following topological operators:

1
D‘?(Mg):/DXODYlexp (2m7{ N*Jg—NYl/\dXo—Yl/\dbo—bl/\dXo>
N

M3

1
D?(Mg) = /DX(]DZQDYED‘/} exXp (27”% N * Jf - NZQ VAN dX[) — ZQ A dbo — bg A dXo
N M3

—N%/\le—Vl/\dbl—el/\le)

1
D (My) = /DWODYleXp (2m]§ ~ % J5 = NWo AdYy = Wo Adby —eg/\le)
M>
1
ch<Ml) = /DWODXO exXp (27’”% N * J§ — NWO VAN dXO - WO VAN dbo —eg N dX())
N M,

1
M3

—I—al/\in+NZ2/\dX0+Z2/\dCO+b2/\dX0+NWO/\dP2+W0/\ng+€0/\dP2>
1
DY (My) = / DV, DXyDW,DY, DR, DZ, exp <2m' ]{ 5+~ NViAdXo = Vi Adbo
N Mo
—al/\dXo—NWO/\in—Wo/\dcl—60/\dY1+NR1/\CZZO+R1/\dCO+€1/\dZQ>

1
D% (M) = /DWODXO exp (2m’f{ T8 = N Wo A dXo = W Adeo — bo A dX0>
N

My
1
D% (M;) = /DVlDYﬂ?XODZQ exp (2m’% N x J+ NVEAdY, + Vi Adby 4¢3 A dY;
N ]\43
—NXO/\dZQ—XQ/\dCQ—bo/\dZQ)

1
D% (M) = /DYlDXOeXp (2m7{ - #J+ N YA dXo + Vi Adeo + b /\dX0>
N M.
’ (4.35)

4.6 Boundary conditions

The set of boundary conditions is given by imposing the vanishing variation of the action at the
boundary. Recalling that Dirichlet b.c. 5f‘8M = (0 on a field f means that it does not fluctuate
on the boundary theory, namely it becomes a non dynamical background field. Neumann b.c.
instead reads as *xdf } oy = 0 and means that the field f remains dynamical and freely varying.
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4.6.1 SymTh on Mj

Looking at the variation of the IIB dimensionally reduced action on M5 we get at the boundary:

655113}6% = / —day A xsday — dcy A x5dcg — dcy A x5dcy — Oby N *x5dby
° dMs

+ 2501 Nap N\ dCl - 500 VAN bg VAN dCl — 5C1 VAN bg A dCO (436)

We notice that in order to vanish the variation of the kinetic terms we can either impose
Dirichlet or Neumann boundary conditions with no difference, for a Chern-Simons term instead
it is sufficient to choose Dirichlet boundary conditions for one of the three fields that are in it.
To see this we can consider the gauge transformations for the fields in by A dcy Adcg for example.
We see that this term is gauge invariant under the transformations of ¢y, ¢q since it contains
their field strength, while instead is not invariant under the gauge transformation of by. As a
result we can only impose Dirichlet boundary conditions for the field by, while for the other
two we can choose between Dirichlet and Neumann. In fact, ¢; and ¢y can be freely varying
in the boundary since the theory remains gauge invariant, otherwise by should become a fixed
background field.

The same reasoning can be repeated exchanging the role of the fields in the discussion, since
we can integrate by parts the original Chern-Simons term. By adding a boundary local counter
term, it becomes for example ¢y A dby A de; and now it is ¢y the field for which we can impose
only Dirichlet boundary conditions. Finally, for this five dimensional SymTh a possible choice
of boundary conditions is given by:

5a1‘8A[5 =0 6b2 =0 *5 dco|61\45 =0 *5 dcl}al\/f{) =0 <437)

o

The Dirichlet boundary conditions imply that the Wilson surfaces of the fields a; and by can

end on the four dimensional boundary and the operators that link them, D% (Ms) and D% (M)
N N

respectively, in (4.31), are projected on the boundary as symmetry generators. They generate
a O-form and a 1-form non-invertible global symmetry. It can be seen since they act on the
Wilson surfaces of a; and by, that projected on the boundary become a point-like operator and
a line operator. The Neumann boundary conditions for the fields ¢y and ¢; instead say that the
Wilson surfaces with the dual fields can end on the boundary. So, the operators that can be
faithful projected on the boundary are the ones that link them, US(M;) and Ug(Ma), in (4.29),
that are generators of the invertible 1 and 2-form U(1) symmetries respectively.

The rest of the topological operators cannot be projected on the boundary since they link
closed Wilson surfaces which do not end on the boundary. They are transparent in the interval
compactification of the symmetry theory, since they do not act faithfully on the spectrum of
operators of the boundary QFT.

These symmetries, invertible and non invertible, are the same ones present in the four dimen-
sional axion-Maxwell model, [58], described by the following action

1 1
SG_M:_/ Lao nwdo+ o nsfo— S0 fon £, (4.38)
a2 2 2

in which k£ € Z, fo = da and 6 is a periodic scalar § ~ 6 + 27. Using the fields we can build
four currents and their conservation equations that give rise to some topological operators of
the same form of the ones coming from the symmetry theory.
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4.6.2 SymTh on M,y

The same procedure leads to the boundary variation of the action on M,
5SiIB‘aM4 = / —0a; N *4day — dcg A *adcyg — 0cy A *4dcy — dcy N *4dcy — 0bg A *4dbg
oM,

— (Sbl N *4db1 — (Sbg A *4db2 — 560 N *4d€0 — 561 A\ *4d€1

—|—5b0/\a1/\db1—|—5b1/\al/\db0+b0/\b2/\dco—500/\b2/\dbo

—501/\60/\6”)1—5[)1/\60/\d01+5b0/\€0/\d02—502/\60/\db0

+ 5b1 VAN €1 A dCo — (SCO N eq N dbl (439)
Here imposing some specific boundary conditions we can obtain as boundary QFT the three-

dimensional Goldstone-Maxwell model [59], which is given by a dynamical U(1) gauge field
denoted by ¥ and a Goldstone boson x coupled with the U(1) field with a f-term.

i0
Sl x] = -3 2/f A s f?) /dx/\*dx+4 2/d><Af§2> (4.40)

The 0 angle has 27 periodicity following from the flux quantization given by the conditions for

any closed cycles 1 and X:
(©))
/ f— S/ (4.41)
3o

From the terms of the action we see which global symmetries are present: the Maxwell kinetic
term gives a magnetic O-form symmetry acting on local monopoles operators and an electric
1-form symmetry acting on Wllson lines. The Goldstone boson transforms non-linearly under
aU(l ) symmetry as x — x + A u and presents also a 1-form symmetry due to its dynamics.
So the currents are given by

o) 27T

' 1
W =ide IO = = g P = Zady (142)
g 27
From the Bianchi identities we get the conservation equations:
d*jy) = df =0 d+ JP = ddy =0 (4.43)

and from the equations of motions for x and ¢ we get the non-conservation equations for
the other two currents, but first is necessary to notice that 6 can be promoted to a spacetime
dependent background field in the effective action and then it can be gauged. Namely we
replace the 6 angle by a compact dynamical field ¢ with periodicity 27, obtaining the following
action for the theory

Sl x, ¢] = —$/fc(g)/\*fc@)—%/dx/\*dx—l/dqb/\*d¢+ kz/mdmfé?) (4.44)

The presence of ¢ allows two emergent global symmetries: a U(1 ) which is the usual shift

symmetry for the scalar field ¢ with current JW i = —idpanda 1-form symmetry with conserved
current given by
@ _ 1
Jg' = o X do (4.45)

Finally from the equations of motion coming from the modified action (4.44) we get the non-
. . (1) (2)
conservation equations for the currents j,’ and J;

k k
dxjy) =~ 5don [P A IO = = do A dx (4.46)
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and also for the emerging symmetry with current JI(;) we get the non-conservation equation

k
dx JV = —idx dg = TN f@ (4.47)

So the full set of global symmetries of the three dimensional Goldstone-Maxwell model is given
by
Ziy x T x UMD x 2y x UL x U(1)) (4.48)

the Z,(SA and Zg factors comes from the fact that the corresponding U(l) symmetries are
explicitly broken. The second and the last symmetry groups instead are the emergent global
symmetries induced by the gauging of 6.

Starting from the current equations (4.46) and (4.47), in the case k = 1, we can define three
non-invertible symmetry generators. As usual we need to pay attention to build them in such
a way that they are gauge invariant and topological.

D

1
N

2 1 1
) = [ DeDD ( U AP 1 By (1))
(X2) / {Du' exp LN *jat g é vt + 5 €fe” — o ogdv

?‘)—‘

1 1 -
/DSDX exp / — % J —Wfd + %fdx — %@i)() (4.49)

|

o
D1(22):/'D§DU(1)exp< : N*JA ngvm 5f<2) xdv )
2

where the auxiliary ¢ and ¥ are compact scalar fields and vV is a 1-form gauge field. We can
check, as done in [59], that the fusion algebra of these operators does not follow the usual group-
relation, since D x D' does not give the identity operator, but gives what is called condensation
defect.

Coming back to the starting point of this discussion, we need to examine some boundary
conditions that can be imposed to the four dimensional SymTh in order to obtain on the
boundary theory the topological operators that characterize the Goldstone-Maxwell model. In
the following possibilities we choose the minimal set of Dirichlet boundary conditions in order
to vanish all the Chern-Simons terms in the boundary variation of the action given by (4.39).

Dirichlet b.c. for by, bs, €g & Neumann b.c. for a1, ¢y, ¢1, ¢2, bo, €1;
Dirichlet b.c. for by, ¢a, ¢y & Neumann b.c. for ay, ¢q, by, ba, €g, €1
Dirichlet b.c. for aq, by, €9, by & Neumann b.c. for ¢y, ¢q, ¢2, by, €1

In the first case the Wilson surfaces of b; and by can end on the boundary so the topologi-
cal operators that link them can be projected and become symmetry generators of the same
dimension, but with co-dimension decreased by one, on the boundary QFT. The operators
involved are D (M) and D" (M) which are the topological defects of a 0-form and 1-form

non-invertible gNlobal symmetzlyy respectively. The field eq with Dirichlet boundary conditions
is a local operator in the symmetry theory linked by the topological defect DT (M3), but since
N
the charge is already of dimension 0 it cannot be projected on the boundary. The first two
defects match the non-invertible operators (4.49) obtained before from the three dimensional
Goldstone-Maxwell model, but since D (M;) cannot act faithfully on the boundary theory
N
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then the non-invertible symmetry emerging from the gauging of the 6 background field is miss-
ing. The second possibility for the boundary conditions leads to the same result exchanging
the roles of by, and eg with ¢y and ¢y and the corresponding operators.

The Neumann boundary conditions on all the other fields of the SymTh imply that the dual
surfaces of that fields can end on the boundary so all the topological operators built using them
act faithfully on the boundary QFT. The only exception is the dual surface obtained from the
field ¢, which has zero dimension since x4dcy = dcg, so it cannot be projected on the boundary.
With the first choice of b.c. indeed the operators Ug’ (M), USO(Ml) and US'(My) gives the
three invertible global symmetries of the Goldstone-Maxwell model, a 0-form and two 1-forms
symmetries, while the other topological defects defined from a; and e; give some additional
1-form symmetries.

All the others operators of the SymTh cannot be projected on the boundary, so they do not
realize any symmetry. However since with these two choices of boundary conditions we cannot
obtain all the symmetries of Goldstone-Maxwel model, we need to analyze the third one, given
by:

5a1‘8]ﬂ4:0 5b2 =0 660’8M4:O 5b1

0 & Neumann b.c. for co,cq, ¢, b, €1

(4.50)

‘8M4 |aM4 -

Now with these Dirichlet boundary conditions we have all the topological operators that real-
ize the three non-invertible symmetries of Goldstone-Maxwell model. D% (M), D% (M,) and
N N

D% (M), listed in (4.35), generate the two O-forms and the 1-form non-invertible symmetry
N

respectively. The invertible global symmetries instead are given by Ug’ (M), U,?O(Ml) and
US(Ms) in (4.33), since ¢g, by and e; have Neumann boundary conditions. There is also one
additional symmetry given by U (M) since also ¢; has its dual surface that can end on the
boundary.

In order to explain this additional symmetry that seems to be absent in the Goldstone-Maxwell
model, we can try to rewrite in a clever way the action (4.44), noticing that we have two scalar
fields in the theory that seem to be interchangeable. We can express ¢ and y in a doublet,
writing the kinetic terms and the interaction term with some bilinear functions of the doublet
variable. The kinetic terms are built using the identity matrix and the interaction term with
the symplectic matrix S.

Sl x, ¢] o /—%d ( x) ((1) (1)) A xd (i) + ;—71:2% (@ x) <_01 (1)) Nd (i) AJE

1 1 ik 1
_ (1 1 ALV (2)
/ S0 A xdg — Sdx Awdx + 5o (=X Add+ ¢ Adx) A S
—/—1d¢/\*dq§—1d A xd +—ikq§/\d A F@ (4.51)
N 2 2 X X 4re XA e '

where we get to the last row integrating by parts the term —y A do A f(§2). The point is to
look at the possible transformations given by a 2 x 2 matrix R that acts on the doublet (¢ x)
leaving invariant the action. The conditions that must be satisfied are

RIR" = RR" =1 RSRT =S (4.52)

the first one says that the matrix needs to be orthogonal, so it can be parametrized by « that
take values in [0, 27) and written as

R— (COSO./ — S1n Oé) (453)

sin  Cos«
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It is easy to check that this matrix leaves the symplectic matrix S invariant for every value of
. So given the isomorphism SO(2) = U(1) between R(a) and €, we can see this as a U(1)
0-form symmetry in the space of fields ¢ and x. Luckily, it is exactly the additional symmetry
that is given by the operator US' (My) that acts on the dual surfaces for the ¢; field in the four
dimensional SymTh.

We can compute the Noether conserved current looking at the infinitesimal transformation

given by
(;’2) — (i) +ia <_¢X> (4.54)

We can check that the infinitesimal variation induced in the lagrangian by this transformation
is zero and then compute the Noether current as

@__ 4L (=x
! dd(¢ x) ( ¢ ) (4.55)

B Lik | 5 o )
=AY A X —*dX NG+ 55 (X + ) A S

where the conservation equation dJ® = 0 is ensured by the Euler-Lagrange equations of motion
for ¢ and y. So our symmetry has a conserved one-form current 7V = xJ®) as expected and
can be realized by an invertible topological operator.
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Conclusions

Let’s recall the relevant results of this work. In chapter 4, starting from the actions of type
IT supergravity we implemented the dimensional reduction by expanding the fluxes on the
internal geometry and by integrating over the extra dimensions. We compared the type ITA
and TIB theories, checking how the T-duality connects their fluxes and arriving to the same
dimensionally reduced action for the two theories, as expected.

In the first part of the discussion the internal geometry was given by the conifold in the near
horizon limit, so the reduction over the space

M10:M5XSQXS3

led to the five dimensional SymTh given by
1 1 1 1
S5 = / ——=day N\ *sda; — —dcg N\ *5dcg — =dcy A x5dc; — —dby A *5dby
M 2 2 2 2

1
—§CL1 N dCl A\ dCl — b2 N dCo A dCl

The tricky part consisted on how to implement the T-duality between IIB and ITA in this
geometry and the answer is carefully, since the S' fiber bundle structure over S? x S? that was
the background geometry for the IIB theory, once we applied the T-duality was trivialized. The
bundle was untwisted and became for the IIA theory the direct product S? x S? x S!, giving
rise to an induced internal flux. Taking into account this in the ITA ansatz for the fluxes we
managed to get exactly to the same 5-dimensional action that comes from IIB. Moreover, it
was possible to study the topological operators of the SymTh, which realize both invertible and
non-invertible global symmetries. In order to get as boundary theory the known axion-Maxwell
model we presented a suitable set of boundary conditions on the SymTh fields. In this way we
projected on the boundary all the topological defects necessary to generate the symmetries of
the model.

In the second step we considered a different geometry
M10:M4XSIX52X53
with an additional reduction on a circle, so we obtained the 4-dimensional SymTh that follows
1 1 1 1 1
S4 = ——dCO N *4d00 — —dCl VAN *4dCl — —db1 VAN *4db1 — —dCQ VAN *4d02 — —dbo VAN *4db0
My 2 2 2 2 2
1 1 1 1
_ide VAN *4db2 — §d60 N *4d€0 — idal VAN *4dCL1 — §d€1 N *4d€1

—al/\dbl/\db0+b2Adb0/\dC0—60/\d61/\dbl+€0/\dbo/\dC2+€1/\db1/\dCO
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Also in this case we built the topological operators and we managed to find the correspondence
with the three dimensional Goldstone-Maxwell model, which presents three non-invertible and
three invertible symmetries. Our four dimensional action was the symmetry theory for this
boundary model, all its symmetries in fact could be obtained projecting the topological defects
of the SymTh in the boundary after choosing an appropriated set of boundary conditions.

We saw that the SymTh allows to project also an additional invertible symmetry generator
on the boundary theory, which corresponds to the symmetry that interchanges the two scalar
fields of Goldstone-Maxwell theory. With this last remark we can understand the power of the
symmetry theory approach derived from the supergravity actions: if we choose a sufficiently
general ansatz, all the symmetries are already there in the complete set of topological defects
that we can write. A general SymTh in fact can describe a variety of physical boundary theories,
imposing the suitable boundary conditions that allow the right symmetry operators to act on
the boundary.

Possible future outlook after this work are: to apply the formalism and the symmetry theories
obtained in order to describe the symmetries of other physical models and also to extend the
study of the non-invertible defects. In fact using non compact fields with values in R we could
be able to define not only discrete but also continuous non-invertible symmetries. Additionally,
it’s possible to investigate the UV origin of the topological operators of the various theories in
terms of branes in supergravity.

78



Appendix A

Hodge star operator

In the following section we collect various proofs of the results used in the derivation of the
dimensionally reduced actions once we have the Hodge star operator applied on the fluxes. The
decomposition of the Hodge star operator %o into 5 A %5 can be written as

1

*10(a1 A fa) = 1.7 vV —g10 €1in 4010 da*0 (1)iy (B2)igis
1 7! i ini ideni 705
= g VIV I g € igign, A2 ()i (Be)iais
= *5(¢1 A *562 (Al)

paying attention to the sign that depend on the degrees of the forms at which the operator is
applied. Tt’s clear that the sign depends on the number of exchanges of the indices to get the
two epsilon tensors with as first indices the ones of the two forms respectively. The only case
in which we get a minus sign is the one in which the first form has even degree and the second
has odd degree. With these considerations in mind we can also check that the ansatz for the
flux Fj is correctly Hodge self-dual.

Another useful relation is given by what happens once we apply *5 on the internal volume
forms w, and ws. Using polar coordinates to express the volume forms wy = sin(f)df dg,
ws = sin?(¢) sin(y) dé dy dor we can prove for example the relation:

1

2.3l
1

= sinfsin® ¢ sin y

*5Wa = -9 Eabcde datdadz® (ws)ab
g (9_1)00(9_1)65 €08cde drdztdze sin 0

€084ya dr’dx"dz® sin 0

sin?

= sin? ¢siny do dy do = ws (A.2)
We omit the normalization of the volume forms but it’s straightforward to insert them and
check that all the relations we discuss stay the same. Analogously we can show that:

*5W3 = Wo (AB)

In the previous calculation the metric we consider for the geometry S? x S* is given by the

matrix
1

sin’ @
Guv = 1 (A4)
sin? ¢

sin? ¢ sin®
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Considering instead the internal geometry for the ITA theory 5% x S% x S! where we use as

1
volume forms Jy = §(w§1) + wém) and w; = dip we have the metric

1
sin2 01
Guv = 1 (A5)

sin? 6,

so we find the relations:
X5 W1 = JQ VAN JQ

x5 Jy = Jo A wy (A.6)
x5 (Jo Awp) = wo
We can present the proof of the first
kpWy = % —g € poge drPdxtdatdat (wy),
=v/—=g (g7 Epbede dxbdxtdrtdz®
= sin 6 sin by €pp,0,6,0, dP1d01dp2d0s

=iV W = gy A (A.7)

In the case of the dimensional reduction to M, we need to decompose the Hodge star operator
%10 into x4 A *g and this can be done as

1 ivini ig..i
*10(01 A B2) = 2.1-71 V=g10 €, o dx0 (a1)iy (B2)igis
1 7! i ii 14006 0,07
= g VIV I i € ipisiging 480 dET0 ()i (B
= #4071 N\ %652 (A.8)

Again the sign depends on the number of exchanges of the indices to get the two epsilon tensors
with as first indices the ones of the two forms respectively. The only case in which we get a
minus sign is the one in which %y acts on two forms of odd degree. Then looking at the action
of % on the volume forms of the internal geometry given by S* x S? x S* we can list:

*g W1 = wa A\ Ws

*g Wo = wy A\ Ws

xg W3 = —Wwp A Wo (A.9)

kg (w1 A ws) = ws

k6 (W1 A ws) = wy
considering ws, w3 as before in spherical coordinates and w; = dy. We can give the proof of
the third relation for example

1

Bt TR TR ey dr'drtdal (ws)ae

1
— 5 —q <g—1)¢¢<g—1)’77 (g—l)aa € bryandef dxddxedxf (W3)abc

1
— sin0si 2 .
sin @ sin” ¢ sin Fysin2 5 sin® psinZ
= €pyayds dw Asinf df N dﬁ
—w1 A\ wsy (A.10)

Edyannys ddIdB sin® ¢ siny
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The minus sign comes from the odd number of exchanges that we need to make in the epsilon
tensor in order to obtain €yg34,o Which is equal to 1, since we choose the metric

1

sin® 6
sin® ¢

sin? ¢ sin®

If we consider instead as internal geometry S' x S% x S' x S? as in the last case of chapter 4,
the volume forms that we use are wy, wy and o7. Always looking at the number of exchanges
that we need to make in the epsilon tensor, we find:

*g Wo = w1 A wa A 07
*g W1 = wWo A 01 A\ Wo
*g 01 = — w1 A wy A\ wsy (A.12)
k6 (Wo Awy) = wy A gy
k6 (Wo A op) = — wy Awy

*g (wl /\0'1) :CUQ/\WQ
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