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Abstract

To interpolate graph signals using generalized shifts of a graph basis function (GBF), we intro-
duce the concept of positive de昀椀nite functions on graphs. This concept blends kernel-based
interpolation with spectral theory on graphs and can be seen as the graph equivalent of radial
basis function interpolation inEuclidean spaces or spherical basis functions. Wepresent several
descriptions of positive de昀椀nite functions on graphs, the most relevant one is a Bochner type
characterization involving positive Fourier coe昀케cients. These descriptions enable us to con-
struct GBF’s and delve deeper into GBF interpolation: we can characterize the native spaces
of the interpolants, we provide explicit estimates for interpolation error and infer bounds
for numerical stability. Finally, we show an application where GBF interpolation is used to
obtain quadrature formulas on graphs.
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1
Introduction

G
raph signal processing is an expanding research area focused on analyzing large data struc-
tures within complex and irregular graph domains [1],[2],[3]. In today’s world, such

data structures are prevalent and ampli昀椀ed in various aspects of our lives, including social net-
works, healthcare systems, banking and shopping applications, as well as tra昀케c and security
monitoring. Graphs provide a means to model, connect, and organize these structures. In ad-
dition, graph signal processing provides tools to 昀椀lter and streamline the data on these graphs,
enabling the extraction of the most relevant information. For signals on complex graphs, inter-
polation and approximation techniques are crucial tools for minimizing computational costs
or reconstructing signals from limitedmeasurements. Inspired from classical signal processing
on the real line, researchers have introduced spaces of bandlimited signals on graphs to approx-
imate signals [4]. Similar to classical Fourier analysis, the core concept is that smooth signals
can be accurately approximated using their low-frequency components, while the higher fre-
quencies typically contain noise. As a result, domains of bandlimited signals serve as inherent
approximation spaces on graphs. Nevertheless, employing bandlimited signals for graph signals
interpolation presents some limitations:

(L1) For a given set of interpolation nodes on the graph, the uniqueness of interpolation
cannot be assured in the space of bandlimited functions, as referenced in [5].

(L2) More crucial for applications, even when unisolvence is given, bandlimited interpolants
exhibit unstable and highly oscillatory behavior, especially in the boundary regions of
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the graph. Similar to the behavior observed in high-order polynomial interpolation, this
can be viewed as aRunge-type phenomenon.

Similar tohigh-orderpolynomial interpolation, there are twomethods to circumnavigate around
the issues (L1) and (L2):

(S1) Adaptive selection of optimal sampling nodes. This approach stabilizes the interpola-
tionwhen the sampling nodes can be freely selected. For adaptive re昀椀nement, a typically
expensive greedy algorithm is employed. Implementations of this strategy on graphs can
be found in [6], [7], [8].

(S2) Regularization of the interpolation conditions. If the interpolation condition is re-
laxed to solving a regression problem, the target space of bandlimited signals can be
shrunk, ensuring unisolvence (L1) [4], [7]. Alternatively, when the problem is formu-
lated as a minimization problem with additional smoothness or sparsity constraints, as
referenced in [3], [8], unisolvence is achieved, and the Runge artifacts described in (L2)
are generally reduced.

Beyond the strategies (S1) and (S2), kernel-based methods o昀昀er a more 昀氀exible approach for
reconstructing signals from a limited set of samples. On graphs, these kernel methods are often
explored through regression and regularization techniques for machine learning, as referenced
in [4], [9], [10], [11], [12]. Typically used kernels include powers of the graph Laplacian [4]
and di昀昀usion kernels [10], [12]. Studies related to graph signal interpolation have emphasized
variational splines as kernels, as seen in [13], [14].
For graph interpolation, a signi昀椀cant bene昀椀t of kernel-based methods is that unisolvence (L1)
is automatically ensured when the applied kernel is positive de昀椀nite. While speci昀椀c kernels can
be designed to emulate interpolation in bandlimited spaces, (L2) also in昀氀uences kernel-based
methods. However, the signi昀椀cant 昀氀exibility in generating multiple kernels allows for the cus-
tomization of interpolation kernels to suit the given data, thereby preventing reconstruction
artifacts. An example of a di昀昀usion kernel based graph interpolation is shown in the 昀椀gure (1.1).
Choosing suitable interpolation kernels is crucial for the quality of signal reconstruction. Since
the space consisting of all linear kernels grows quadratically with the number of graph nodes,
It’s important to concentrate on simpler classes of kernels. These should provide su昀케cient
smoothness properties for interpolation and align well with the spectral structure of the graph.
In Euclidean spaces, a class of kernels is represented by positive de昀椀nite radial basis functions
(RBF’s) [15], [16], [17]. A radial basis function f naturally produces a symmetric kernelK in
Rd by considering the shiftsK(x, y) = f(x − y) of the function f . This enables a compact
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Figure 1.1: Comparison between GBF interpola琀椀on and bandlimited spectral interpola琀椀on on a sensor graph. Le昀琀: Original
signal. Middle: Signal interpolated using GBF. Right: Signal interpolated using bandlimited interpola琀椀on, exhibi琀椀ng strong
Runge‐type ar琀椀facts. The data samples are collected from the circled nodes of the graph.

representation of the kernelK in terms of a univariate function. Similar concepts of positive
de昀椀nite basis functions are found in other group settings, such as for periodic functions [18] or
more generally on compact groups [19]. Furthermore, they are recognized in symmetric spaces
such as the unit sphere. In this scenario, the associated positive de昀椀nite functions that yield the
kernels are knownas spherical basis functions (SBF’s) [20], [21]. Positive de昀椀nite functions and
their extensions have a deep and extensive mathematical history, playing fundamental roles in
harmonic analysis, signal processing, and probability theory [22], [23]. The central character-
ization of positive de昀椀nite functions is provided by Bochner’s Theorem [24], which connects
positive de昀椀niteness in the spatial domain to positivity in the Fourier domain. This connection
is essential for several applications. In signal processing, the standard kernels for convolution
and signal 昀椀ltering are primarily based on positive de昀椀nite functions, such as the sinc 昀椀lter and
theGaussian 昀椀lter. In addition, for RBF’s and SBF’s, the positive de昀椀niteness of the basis func-
tion guarantees the positive de昀椀niteness of the corresponding kernelK , thereby ensuring the
unisolvence (L1) of the interpolation problem. In the growing 昀椀eld of graph signal processing,
a comprehensive theory of positive de昀椀nite functions has not yet been explored. Thus, the aim
of this study, based on the work of the article “Graph signal interpolation with Positive De昀椀-
nite Graph Basis Functions” byWolfgang Erb [25], is to introduce and support the concept of
positive de昀椀nite functions on graphs and to examine their role as generators of kernel-based
interpolation methods. In analogy to RBF interpolation in Rd, our purpose is to understand
how interpolation using generalized shifts of a positive de昀椀nite graph basis function (GBF) can
be implemented on graphs. Moreover, leveraging the Fourier properties of the positive de昀椀nite
basis function, we aim to provide further insights about the approximation capabilities and the
stability properties of the GBF interpolation scheme.
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2
Theoretical Landscape On Graph

2.1 Introduction to spectral graph theory

We start our analysis by providing a broad introduction to spectral graph theory, delving into
key concepts such as the graph Fourier transform, graph spectrum, and graph convolution. A
signi昀椀cant reference for spectral graph theory is the monography [26] by F. Chung. For an
overview of the graph Fourier transform, graph convolution, and space-frequency concepts
related to graphs, we refer to [27].
In our analysis, the graphG is de昀椀ne as a tripletG = (V,E,A), where:

• V = {v1, . . . , vn} represent a 昀椀nite set of vertices.

• E ⊆ V × V : set of edges (directed or undirected).

• A ∈ Rn×n is a weighted, symmetric and non negative adjacency matrix containing the
connection weights of the edges.

The harmonic structure of graphG is captured within the adjacency matrixA. The harmonic
structure ofG is intrinsically undirected, even if the edges ofG are directed, sinceA is assumed
to be symmetric.
The aim of this study is to investigate interpolation of signalsx : V → R on the graphG. Let’s
represent the vector space containing all signals onG asL(G). Since the number of nodes inG
is 昀椀xed, the size ofL(G) is 昀椀nite and equal to the number n of nodes. Given that the node set
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V is ordered, we can represent the signal x as a vector x = (x(v1), . . . , x(vn))
T ∈ Rn. Based

on the context, we will interchangeably use the representation of x as a function inL(G) or as
a vector inRn. InL(G) space, there is an intrinsic inner product given by

yTx :=
n∑

i=1

x(vi)y(vi).

The associated Euclidean norm is de昀椀ned as ∥x∥ 2 := xTx =
∑n

i=1 x(vi)
2. The canonical

orthonormal basis inL(G) is denotedby{e1, . . . , en} and givenby theunit vector ej satisfying
ej(vi) = ¶ij , the delta’s Kronecker, for i, j ∈ {1, . . . , n}, that is

ej(vi) =




1, if i = j

0, otherwise
.

Now, let’s de昀椀ne the graph Laplacian L∈ Rn×n, which is related to the adjacency matrixA in
order to establish a spectral structure forG

L = D− A, Lij =




Dij, if i = j

−Aij, if i ̸= j
,

whereD represent the degree matrix expressed as follows

Dij :=





∑n
k=0Aik, if i = j

0, otherwise
. (2.1)

On the other hand, in our analysis, we taking into account the normalized graph Laplacian
LN ∈ Rn×n , de昀椀ned as follows:

LN := D− 1
2LD− 1

2 = In −D− 1
2AD− 1

2 ,

where In denotes the identity operator in Rn. Since A is symmetric, also the graph Laplacian
LN is a symmetric matrix allowing us to compute its orthonormal eigendecomposition as

LN = UMλUT, (2.2)
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whereMλ = diag(λ) = diag(λ1, . . . , λn) represents the diagonalmatrix with eigenvaluesλi, i ∈
{1, . . . , n} of LN arranged increasingly along the diagonal entries. The columns u1, . . . , un

of the orthonormal matrix U represent the normalized eigenvectors of LN corresponding to
the eigenvalues λ1, . . . , λn. The ordered set Ĝ = {u1, . . . , un} of eigenvectors forms an or-
thonormal basis for the space of signals on the graph G. We denote Ĝ the spectrum of the
graphG.
The result in (2.2) is obtained from the following propositions.

Proposition 2.1.1.
IfA is a real symmetric matrix, all of its eigenvalues are real numbers.

Proof:
If z = a + bi is a complex number, let z̄ = a − bi. Then zw = z̄w̄, z is real if and only if
z = z̄, and z · z = a2 + b2. If λ is an eigenvalue of A, for some x ̸= 0, we have the following
chain of equalities:

λx̄Tx =x̄T(λx) = x̄TAx =

(ATx̄)Tx = (Ax̄)Tx =

(Āx̄)Tx = (λ̄x̄)Tx = λ̄x̄Tx.

Since x ̸= 0, then x̄Tx ̸= 0 and λ = λ̄.

Proposition 2.1.2.
ifA is a real symmetric matrix, its eigenvectors corresponding to di昀昀erent eigenvalues are orthog-
onal.

Proof:
Suppose there are two eigenvectors, denoted asx and y, pairedwith their respective eigenvalues,
λ and µ

Ax = λx and Ay = µy, λ ̸= µ.

Then we have the following chain of equalities:

λxTy = (λx)Ty = (Ax)Ty = xTAy = xT(µy) = µxTy.

Since λ ̸= µ, the above equalities implies that xTy = 0, that is x ⊥ y.
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Proposition 2.1.3.
IfA is a symmetric matrix, thenA has n distinct eigenvectors that form an orthonormal basis for
Rn.

Proof:
If every eigenvalues of A are distinct, then we are done, as indicated by the previous proposi-
tion. Otherwise, we will iteratively construct the eigenvectors as follows. Let u1 be a normal-
ized (i.e., re-scaled so that its norm is 1) eigenvector of A with corresponding eigenvalue λ1.
Assume we have kmutually orthogonal normalized eigenvectors u1, . . . , uk, with correspond-
ing eigenvalues λ1, . . . , λk. We will now show how to construct a new eigenvector uk+1 with
the eigenvalue λk+1, such that uk+1 is orthogonal to each of the vectors u1, . . . , uk.
LetU = [u1, . . . , uk] ∈ Rn×k. ThenAU = [λ1u1, . . . , λkuk].
Let V = [vk+1, . . . , vn] ∈ Rn×(n−k) be a matrix composed of any n − k mutually orthogo-
nal vectors such that then vectors u1, . . . , uk, vk+1, . . . , vn form an orthonormal basis forRn.
Then note that

UTV = 0

and

VTAU = VT[λ1u1, . . . , λkuk] = 0.

Letw be an eigenvector ofVTAV ∈ R(n−k)×(n−k) for some eigenvalueλ, so thatVTAV = λw.
Then de昀椀ne uk+1 = Vw, and assume that w is rescaled if necessary so that ∥uk+1∥ = 1. We
now claim the following two statements are true:

(i) UTuk+1 = 0, so that uk+1 is orthogonal to all of the columns of U,

(ii) uk+1 is an eigenvector of A, and λ is the corresponding eigenvalue of A.

Note that, if (i) and (ii) are true, we can keep adding orthogonal vectors until k = n, complet-
ing the proof of the proposition.
To prove (i), simply note thatUTuk+1 = UTVw = 0w = 0. To prove (ii), let d = Auk+1 −
λuk+1. We need to show that d = 0. Note that d = AVw − λVw, and so, VTd =

VTAVw − λVTVw = VTAVw − λw = λw − λw = 0. Therefore, d = Ur for some
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r ∈ Rk, and then

r = UTUr = UTd = UTAVw − λUTVw = 0− 0 = 0.

Thus d = 0, which completes the proof.

Proposition 2.1.4.
IfA is symmetric, then it can be decomposed asA = UDUT, whereU is an orthonormal matrix
and D is a diagonal matrix. The columns of U form an orthonormal basis of eigenvectors of A,
and the diagonal matrixD consists of the corresponding eigenvalues ofA.

Proof:
From Propositions (2.1.2) and (2.1.3), let U = [u1, . . . , un], where u1, . . . , un are the n or-
thonormal eigenvectors of A, and let

D =




λ1

λ2

. . .
λn




,

where λ1, . . . , λn are the real corresponding eigenvalues as stated in Proposition (2.1.1). Then

(UTU)ij = uTi uj =




0, if i ̸= j

1, if i = j
,

wherebyUTU = I, that isUT = U−1.
Note that λiUTui = λiei, with i = 1, . . . , n, where ei is the i-th unit vector.
Therefore:

UTAU = UTA[u1, . . . , un] = UT[λ1u1, . . . , λnun] =

= [λ1e1, . . . , λnen] =




λ1

λ2

. . .
λn




= D.

ThusA = (UT)−1DU−1 = UDUT.
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2.2 Fourier transform on graph

In classical Fourier analysis, such as in Euclidean space, the Fourier transform can be expressed
in terms of the eigenvalues and eigenfunctions of the Laplace operator

x̂(ω) :=

∫

R

x(t)e−2πitωdt.

Here, the functions uω(t) = e−2πitω are the eigenfunctions of the Laplace operator −∆ =

− d2

dt2
, i.e.,

−∆uω(t) = −4π2i2ω2uω(t).

In addition, the signalx(t) canbe recovered fromtheFourier coe昀케cients x̂(ω)using the inverse
Fourier transform:

x(t) :=

∫

R

x̂(ω)e2πitωdω.

Similarly, we regard the elements of Ĝ, speci昀椀cally the eigenvectors{u1, . . . , un}, as the Fourier
basis on the graphG. In particular, returning to our spatial signal x, we can de昀椀ne the graph
Fourier transform of x as

x̂ := UTx = (uT1x, . . . , u
T
nx)

T

and its inverse graph Fourier transform as

x := Ux̂.

The frequency components or coe昀케cients of the signal x with respect to the basis function
ui are represented by the entries x̂i = uTi x of x̂. Therefore, x̂ : Ĝ → R can be viewed as
a function on the spectral domain Ĝ of the graph G. To maintain the notation simple, we
will also represent the spectral distribution x̂ as vectors (x̂1, . . . , x̂n) in Rn. Concerning the
eigenvalues of the normalized graph Laplacian LN , it is well-know that:

0 = λ1 ≤ λ2 ≤ . . . ≤ λn ≤ 2. (2.3)
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It isworthnoting that it is possible touse the spectral decompositionof other suitable operators
onL(G) instead of the normalized graph Laplacian LN to de昀椀ne the graph Fourier transform
U onG. Common examples in the literature include the adjacency matrixA or other normal-
izations of L. All the 昀椀ndings of this study hold true for these alternative generators of the
graph Fourier transform as long as the Fourier matrixU remains orthogonal.
To establish the result of (2.3) and the previous consideration regarding the potential use of
spectral decomposition of alternative operators onL(G), we present the following theorem:

Theorem 2.2.1.
1) For the normalized graph Laplacian LN ∈ Rn we have LN is symmetric and

xTLNx =
1

2

∑

(vi,vj)∈E
Aij

(
x(vi)
D1/2

ii

− x(vj)
D1/2

jj

)2

. (2.4)

This implies that LN is positive semide昀椀nite and its eigenvalues are all non-negative. Moreover,
0 = λ1 ≤ λ2 ≤ . . . ≤ λn ≤ 2.
2) The eigenvalues of LRW correspond to the eigenvalues of LN and

(a)
∑n

k=1 λi = n

(b) LN has an eigenvalue λ1 = 0 with the eigenvector D1/2e, the respective eigenvector LRW

for λ1 = 0 is e

(c) for n ≥ 0 we have λ2 ≤ n
n−1

and λn ≥ n
n−1

(d) λi ∈ [0, 2] for all i ∈ {1, . . . , n}

Before delving into the proof of this theorem, let’s revisit the de昀椀nition of the stochasticmatrix
S along with its properties, and also recall the de昀椀nition of the random walk graph Laplacian
LRW .
AmatrixS∈ Rn×n is called stochastic if all its entriesSij ≥ 0 are non-negative and each column
(row) sums to one, i.e.,

∑n
j=1 Sij = 1 (

∑n
i=1 Sij = 1) for all j ∈ {1, . . . , n}. In addition a

stochastic matrix have the following properties:

• For the vector e = (1, . . . , 1)T we have eTS= eT, i.e., e is a left eigenvector of S with
respect to the eigenvalue λ = 1.

• In particular, λ = 1 is an eigenvalue of S.

11



• For the column (row) sum 1-norm of the matrix S, we have

∥S∥1 = max
i

n∑

j=1

|Sij| = 1 (max
i

n∑

i=1

|Sij| = 1).

• For an arbitrary eigenpair (λ, x) of Swe have

|λ|∥x∥1 = ∥λx∥1 = ∥Sx∥1 ≤ ∥S∥1∥x∥1 = ∥x∥1. (2.5)

Therefore, all eigenvalues of S satisfy |λ| ≤ 1.

The random walk graph Laplacian LRW ∈ Rn×n is de昀椀ned as:

LRW = D−1L = In −D−1A = In − ST, (2.6)

where S=ATD−1 represents the transition matrix in Rn×n. It is important to highlight that
the matrix S is stochastic, which implies that the sum of the entries of its columns is one.
Proof of Theorem (2.2.1):
1) To begin, we show that the normalized Laplacian LN is symmetric. Given thatA is symmet-
ric by hypothesis and In, D are diagonal matrices, resulting in A = AT, In = InT, andD =DT.
Then, we can establish the following sequence of equalities:

LTN = (In −D− 1
2AD− 1

2 )T =

= ITn − (D− 1
2AD− 1

2 )T =

= In − (DT)−1/2AT(DT)−1/2 =

= In −D− 1
2AD− 1

2 = LN .

To demonstrate the result in (2.4), we proceed as follows

∑

(vi,vj)∈E
Aij

(
x(vi)

D1/2
ii

− x(vj)

D1/2
jj

)2

=
n∑

i,j=1

Aij

(
x2(vi)

Dii

+
x2(vj)

Djj

− 2x(vi)x(vj)√
DiiDjj

)
=

=
n∑

i=1

(
n∑

j=1

Aij
x2(vi)

Dii

)
+

n∑

j=1

(
n∑

i=1

Aji
x2(vj)

Djj

)
− 2

n∑

i,j=1

Aij
x(vi)x(vj)√

DiiDjj

=

=
n∑

i=1

Diix
2(vi)

Dii

+
n∑

j=1

Djjx
2(vj)

Djj

− 2
n∑

i,j=1

Aij
x(vi)x(vj)√

DiiDjj

=
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=
n∑

i=1

Diix
2(vi)

Dii

+
n∑

j=1

Djjx
2(vj)

Djj

− 2
n∑

i,j=1

Aij
x(vi)x(vj)√

DiiDjj

=

=
n∑

i=1

Diix
2(vi)

Dii

+
n∑

j=1

Djjx
2(vj)

Djj

− 2
n∑

i,j=1

Aij
x(vi)x(vj)√

DiiDjj

=

= xTInx− 2xTD−1/2AD−1/2x+ xTInx =

= 2xTInx− 2xTD−1/2AD−1/2x =

= 2xT
(
In −D−1/2AD−1/2

)
x = 2xTLNx ⇒

⇒ xTLNx =
1

2

∑

(vi,vj)∈E
Aij

(
x(vi)
D1/2

ii

− x(vj)
D1/2

jj

)2

.

2) Based on the previous point, we know that the normalized Laplacian LN is symmetric, pos-
itive semide昀椀nite and its eigenvalues are all non-negative. To ensure the same eigenvalues be-
tween the matrices, LN and LRW , they should be similar. We recall that two matrices, Q and
P in Rn×n, are similar if there exists an invertible matrix U in Rn×n such that P = U−1QU.
Therefore, we can observe that LN =D1/2LRWD−1/2 ⇒ LN and LRW are similar⇒ LN and
LRW have the same eigenvalues.
Letuk represent the eigenvector of LN corresponding to the eigenvalueλk, thenvk = D−1/2uk

is the eigenvector of LRW corresponding to the same eigenvalue λk:

LRWvk =
(
In −D−1A

)
vk =

= D−1/2
(
D1/2 −D−1/2A

)
D−1/2uk =

= D−1/2
(
In −D−1/2AD−1/2

)
uk =

= D−1/2LNuk = D−1/2λkuk = λkD−1/2uk = λkvk.

(a)We can observe the following:

n∑

k=1

λk = tr (LN) = tr







1 ∗ . . . ∗
∗ 1 ∗ ...
... ∗ . . . ∗
∗ . . . ∗ 1







= n, with λ1 = 0.

To ensure the 昀椀rst equality, let’s recall the de昀椀nition of the characteristic polynomial of amatrix
P ∈ Rn×n: p(t) = det(P − tI)(−1)n [tn − tr(P)tn−1 + . . .+ (−1)ndet(P)]. On the other
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hand, p(t) = (−1)n(t−λ1) . . . (t−λn), where λk for k ∈ {1, . . . , n} are the eigenvalues of
the square matrix P. Therefore, by comparing coe昀케cients, we 昀椀nd that tr(P)= λ1 + . . .+ λn.
(b)We can proceed as follows:

LRW e =
(
In −D−1A

)
e = D−1 (D− A) e = D−1Le = D−10 = 0

⇒ e is the eigenvector of LRW corresponding to the eigenvalue λ1 = 0⇒D1/2e is the respec-
tive eigenvector of LN corresponding to the eigenvalue λ1 = 0.
(c)Given that the eigenvalues are arranged in increasing order, 0 = λ1 ≤ λ2 ≤ . . . ≤ λn ≤ 2,
we can obtain the following:

n = λ2 + . . .+ λn ≥ λ2 + (n− 2)λ2 = (n− 1)λ2 ⇒ λ2 ≤
n

n− 1

n = λ2 + . . .+ λn ≤ (n− 2)λn + λn = (n− 1)λn ⇒ λn ≥ n

n− 1

(d)We recall the de昀椀nition of the random walk graph Laplacian, denoted as LRW = In − ST,
where S is a stochastic matrix. With the result provided in (2.5) for stochastic matrices, we can
infer that all the eigenvalues of ST are between −1 and 1 ⇒ all the eigenvalues of LRW are
between 0 and 2.

2.3 Convolution on graphs

The graph Fourier transform enables the de昀椀nition of a convolution operation between two
graph signals, x and y. In classical Fourier analysis, the convolution of two signals, in time
domain, is computed as follows:

(x ∗ y)(t) =
∫

R

x(s)y(t− s) ds.

By the convolution theorem, its Fourier transform is:

x̂ ∗ y(ω) = x̂(ω) · ŷ(ω),

14



where x̂(ω) and ŷ(ω) are the Fourier transforms of x(t) and y(t), respectively.
In particular, we de昀椀ne for x, y ∈ L(G) the graph convolution as

x ∗ y := U(Mx̂ŷ) = UMx̂UTy. (2.7)

As before,Mx̂ represents the diagonal matrix de昀椀ned asMx̂ = diag(x̂). Moreover,Mx̂ŷ =

(x̂1ŷ1, . . . , x̂nŷn) yields the point-wise product of the two vectors x̂ and ŷ.

Proposition 2.3.1.
The convolution operator ∗ onL(G) has the following properties:

(1) Commutativity: x ∗ y = y ∗ x

(2) Associativity: (x ∗ y) ∗ z = x ∗ (y ∗ z)

(3) Distributivity: (x+ y) ∗ z = x ∗ z + y ∗ z

(4) Associativity for scalar multiplication: (³x) ∗ y = ³(y ∗ x) for all ³ ∈ R

Proof:
(1)Given that x̂ŷ = diag(x̂)ŷ = diag(ŷ)x̂, we have:

x ∗ y = Udiag(x̂)ŷ = Udiag(ŷ)x̂ = y ∗ x

(2)Due to point (1), we obtain the following:

(x ∗ y) ∗ z = (Udiag(x̂)ŷ) ∗ z =

= z ∗ (Udiag(x̂)) = Udiag(ẑ)( ̂Udiag(x̂)ŷ) =

= Udiag(ẑ)UTUdiag(x̂)ŷ = Udiag(x̂)diag(ẑ)ŷ =

= Udiag(x̂)UTUdiag(ŷ)ẑ = Udiag(x̂)( ̂Udiag(ŷ)ẑ) =

= x ∗ (Udiag(ŷ)ẑ) = x ∗ (y ∗ z)

(3)As x̂+ y = UT(x+ y) = UTx+UTy = x̂+ ŷ, we have the following chain of equalities:

(x+ y) ∗ z = Udiag(x̂+ y)ẑ =

= Udiag(x̂+ ŷ)ẑ =

= U[diag(x̂) + diag(ŷ)]ẑ =

= Udiag(x̂)ẑ + Udiag(ŷ)ẑ = x ∗ z + y ∗ z
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(4) Since ³̂x = UT³x = ³UTx = ³x̂ for ³ ∈ R, we have the following chain of equalities:

(³x) ∗ y = Udiag(³̂x)ŷ =

= Udiag(³x̂)ŷ =

= ³Udiag(x̂)ŷ = ³(x ∗ y)

Therefore, all the properties are satis昀椀ed.

The unity element of the convolution is given by f1 =
∑n

i=1 ui. Considering the linear struc-
ture in (2.7), we can further de昀椀ne a convolution operatorCx onL(G) as:

Cx = UMx̂UT.

The convolution x ∗ y can then be formulated as the matrix-vector product Cxy = x ∗ y.
Expressed in this way, each signalx ∈ L(G) can be interpreted as a 昀椀lter function that operates
through convolution on a second signal y.

2.4 The graphC∗-algebra

The properties (1)-(4) of Proposition (2.3.1) of graph convolution ensure that the vector space
L(G), equipped with the convolution operation ∗, operates as a commutative and associative
algebra. Considering the identity as a trivial involution and the norm

∥x∥A = sup
∥y∥ =1

∥x ∗ y∥,

we obtain a real C∗-algebra A. Signi昀椀cant for us is the fact that A is both commutative and
昀椀nite. A general introduction toC∗-algebras, including discussions on commutative and 昀椀nite
C∗-algebras, is available in [28]. In addition, further insights about the characterization of real
C∗-algebras can be found in [29].
In this study, the graph C∗-algebraA operates as the standard model for graph signal process-
ing. The algebra A contains all potential signals and 昀椀lter functions on G, illustrating how
昀椀lters interact with signals through convolution. Moreover, A includes the complete infor-
mation of the graph Fourier transform. This can be viewed as follows: the spectrum of the
commutativeC∗-algebraA consists ofmultiplicative linear functionals onA thatmaintain the
algebra’s multiplicative structure. In our scenario, these characters ofA precisely correspond
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to then functionals x → uTkx, where k ∈ {1, . . . , n}. Hence, the spectrum of theC∗-algebra
A can be naturally associated with the previously introduced spectrum Ĝ = {u1, . . . , un} of
the graph G. When applied to the C∗-algebra A, the renowned Gelfand-Naimark Theorem
states that the graph Fourier transform UT operates as an algebra isomorphism between the
C∗-algebraA and theC∗-algebra of functions on the spectrum Ĝ, employing point-wise mul-
tiplication as the multiplicative operation. Our investigation of positive de昀椀nite functions on
the graphG is essentially based on this algebraic signals model.
The algebraic structure for graph signal processing has been explored in several previous work.
In [30], a comprehensive algebraic signal model was formulated to describe signal processing
in discrete environments. The C∗-algebra framework considered in this study corresponds as
a particular instance within the general scenario in [30]. However, it establishes a signi昀椀cantly
closer relationship among signals, convolution, and the graph Fourier transform. From now
on, to keep the notation simple, we denote the normalized graph Laplacian LN as L, unless
otherwise speci昀椀ed.
Besides theC∗-algebraAwe will consider the following two subalgebras:

(1) TheC∗-algebraAL is generated from the normalized Laplacian graph L as

AL := span
{
f1,Lf1,L2f1, . . . ,Ln−1f1

}
.

AL is a subalgebra ofA that contains the unity element f1 of the convolution.
The algebra AL is signi昀椀cant for the construction of 昀椀lter functions based on the nor-
malized Laplacian L.

(2) The C∗-algebra BM , representing bandlimited signals with a bandwidth ofM ≤ n, is
de昀椀ned as

BM := span {u1, . . . , uM} .

IfM < n, then f1 does not belong to BM . In this scenario, the multiplicative unity of
the subalgebra BM is de昀椀ned as

∑M
k=1 uk. Bandlimited signals are signi昀椀cant for us as

approximation spaces.

We conclude this section by providing a characterization of the subalgebraAL.

Proposition 2.4.1.
Assume that the normalized graph Laplacian L has precisely r ≤ n distinct eigenvalues. Then,
AL is r-dimensional subalgebra of A. A signal x is contained in AL if and only if x̂k = x̂k

′
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whenever λk = λk
′ . Furthermore,

AL =
{
f1,Lf1, . . . ,Lr−1f1

}
.

Proof:
We consider theC∗-algebra

Ã = {x ∈ A | x̂k = x̂k′ if λk = λk′} ,

and show that Ã correspond toAL. We start by showing that Ã is a C∗-subalgebra ofA. In-
deed, Ã is closed under (a) addition, (b) scalar multiplication and (c) convolution operator:

(a) Closure under addition: let x, y ∈ Ã, we need to show that x + y ∈ Ã. Given x
and y belonging to Ã, it follows that x̂k = x̂k′ and ŷk = ŷk′ if λk = λk′ . Therefore,
(x̂+ ŷ)k = x̂k+ ŷk = x̂k′ + ŷk′ = (x̂+ ŷ)k′ ifλk = λk′ , which implies that x+y ∈ Ã

(b) Closure under scalar multiplication: let x ∈ Ã and ³ ∈ R, we need to show that
³x ∈ Ã. Sincex belongs to Ã, it follows that x̂k = x̂k′ ifλk = λk′ . Then,³x̂k = ³x̂k′

if λk = λk′ , which implies that ³x ∈ Ã

(c) Closure under convolution opeartor: let x, y ∈ Ã, we need to show that (x∗y) ∈ Ã.
Given x and y belonging to Ã, it follows that x̂k = x̂k′ and ŷk = ŷk′ if λk = λk′ . Thus:

(x̂ ∗ y)k = (UTUMx̂(x̂)ŷ)k = (Mx̂ŷ)k =

= (x̂1ŷ1, . . . , x̂nŷn)k = x̂kŷk =

= x̂k′ ŷk′ = (x̂1ŷ1, . . . , x̂nŷn)k′ =

= (Mx̂ŷ)k′ = (UTUMx̂(x̂)ŷ)k′ = (x̂ ∗ y)k′

which implies that (x̂ ∗ y)k ∈ Ã.

Furthermore, theC∗-subalgebra Ã contains theunity elementof the convolution, f1 =
∑n

i=1 ui.
Therefore, we need to show the following: (f̂1)k = (f̂1)k′ if λk = λk′ . To establish this claim,
we can observe the following:

f̂1 = UT

(
n∑

i=1

ui

)
=

(
uT1

n∑

i=1

ui, . . . , u
T
n

n∑

i=1

ui

)
= (1, . . . , 1).

Since f̂1 = (1, . . . , 1), it follows that (f̂1)k = (f̂1)k′ if λk = λk′ for all k, k′ ∈ {1, . . . , n}.
Thus f1 ∈ Ã.
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Given thatUTLx = MλUTx, we can observe the following:

Lx ∈ Ã ⇐⇒ Lx ∈ A : (L̂x)k = (L̂x)k′ if λk = λk′ ⇐⇒
⇐⇒ Lx ∈ A : (UTLx)k = (UTLx)k′ if λk = λk′ ⇐⇒
⇐⇒ x ∈ A : (MλUTx)k = (MλUTx)k′ if λk = λk′ ⇐⇒
⇐⇒ x ∈ A : (Mλx̂)k = (Mλx̂)k′ if λk = λk′ ⇐⇒
⇐⇒ x ∈ A : λkx̂k = λk′ x̂k′ if λk = λk′ ⇐⇒
⇐⇒ x ∈ A : x̂k = x̂k′ if λk = λk′ ⇐⇒ x ∈ Ã,

consequently, Lx ∈ Ã if x ∈ Ã. This implies thatAL is contained in Ã. As the dimension
of Ã corresponds to the number r of distinct eigenvalues of L, we only need to show that{
f1,Lf1, . . . ,Lr−1f1

}
⊂ AL forms a system of r linearly independent vector space elements.

To achieve this, we select r distinct eigenvalues of the normalized graphLaplacianL and denote
them as λk1 . . . , λkr . Then, we have:

uTkjL
i−1f1 = (uTkjL)L

i−2f1 = λkju
T
kj
Li−2f1 =

= λ2
kj
uTkjL

i−3f1 = . . . = λi−1
kj

uTkjf1 =

= λi−1
kj

uTkj

r∑

i=1

uki = λi−1
kj

r∑

i=1

uTkjuki︸ ︷︷ ︸
δij

= λi−1
kj

, for i, j ∈ {1, . . . , r}.

Now, since the Vamdermonde matrix

Vr =



λ0
k1

λ1
k1

. . . λr−1
k1

...
... . . . ...

λ0
kr

λ1
kr

. . . λr−1
kr




has the following determinant

det(Vr) =
∏

1≤i<j≤r

(λkj − λki) = (λk2 − λk1) · · · (λkr − λkr−1) ̸= 0, (2.8)

is invertible. Thus the matrix
(
f1,Lf1, . . . ,Lr−1f1

)
has full rank and its columns are linearly

independent.

Proposition (2.4.1) asserts that the equality A = AL holds true if and only if the spectrum
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of the normalized graph Laplacian L is simple, meaning that all eigenvalues of L are distinct.
In this scenario, the dimension of the C∗-algebra AL reaches its maximum capacity. How-
ever, for certain graphs, theC∗-subalgebraAL can also be particularly small: IfG represents an
unweighted complete graph, meaning every pair of nodes in V is linked by a unique, equally
weighted edge, then the normalized graph Laplacian has only the eigenvalues λ1 = 0 and
λ2 = λ3 = . . . = λn = n

n−1
. In this case, AL = span {f1,Lf1} is only two-dimensional.

In order to see the example, suppose we have a complete graph Kn with n vertices. Thus, the
adjacency matrixA and the degree matrixDwill each be an n× nmatrix, where the elements
Aij and the elementsDij are de昀椀ned as follows:

Aij =




1, if i ̸= j

0, otherwise
Dij =




n− 1, if i = j

0, otherwise
.

Hence, the adjacency matrix and the degree matrix of the complete graph will be

A =




0 1 · · · 1

1 0 · · · 1
...

... . . . ...
1 1 · · · 0




D =




n− 1 0 · · · 0

0 n− 1 · · · 0
...

... . . . ...
0 0 · · · n− 1




.

Consequently, the normalized graph Laplacian L, de昀椀ned as L = In −D− 1
2AD− 1

2 , is

L =




1 −1
n−1

· · · −1
n−1

−1
n−1

1 · · · −1
n−1

...
... . . . ...

−1
n−1

−1
n−1

· · · 1




.

To verify that 0 is an eigenvalue with geometric multiplicitymg = 1, we show that the dimen-
sion of the eigenspace associated with this eigenvalue is equal to one, i.e., dim(Ker (L − 0In))
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is 1:

Ker(L− 0In) = Ker







1 −1
n−1

· · · −1
n−1

−1
n−1

1 · · · −1
n−1

...
... . . . ...

−1
n−1

−1
n−1

· · · 1







. (2.9)

Then, the associated linear system consists of j equations: xj − 1
n−1

∑
i ̸=j xi for all i, j ∈

{1, . . . , n}. Keeping the equation for j = 1 unchanged, we can obtain n − 1 equations by
subtracting the j-th equation from the (j − 1)-th equation, for all j ∈ {2, . . . , n}:

xj − xj−1 −
1

n− 1

(∑

i ̸=j

xi −
∑

i ̸=j−1

xi

)

︸ ︷︷ ︸
xj−1−xj

= 0 ⇐⇒
(
1 +

1

n− 1

)
(xj − xj−1) = 0 ⇐⇒

⇐⇒ xj = xj−1, for all j ∈ {2, . . . , n}.

Therefore, we obtain the subsequent associated linear system:



x1 − 1

n−1

∑n
i=2 xi = 0

xj = xj−1, for all j ∈ {2, . . . , n}
⇐⇒




x1 − n−1

n−1
x1 = 0

xj = xj−1, for all j ∈ {2, . . . , n}
⇐⇒

⇐⇒




0 = 0

xj = xj−1, for all j ∈ {2, . . . , n}
⇐⇒





x2 = x1

...

xn = xn−1

⇐⇒





x2 = x1

...

xn = x1

.

Currently, taking up the expression in (2.9), we can conclude:

Ker(L− 0In) =
{
(x1, . . . , x1)

T | x1 ∈ R
}
= ⟨




1

...
1


⟩ ⇒

⇒ dim[Ker (L− 0In)] = 1.

Now, we need to establish that n
n−1

is an eigenvalue with geometric multiplicitymg = n − 1.
We prove that the dimension of the eigenspace related to this eigenvalue is equal to n− 1, that
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is, the dim(Ker(L− n
n−1

In)) is equal to n− 1:

Ker
(
L− n

n− 1
In
)

= Ker







−1
n−1

−1
n−1

· · · −1
n−1

−1
n−1

−1
n−1

· · · −1
n−1

...
... . . . ...

−1
n−1

−1
n−1

· · · −1
n−1







∼ Ker







1 . . . 1

0 . . . 0
... . . . ...
0 . . . 0







.

Thus, the associated linear system consists of only one equation: x1 + . . .+ xn = 0 ⇒ x1 =

−x2 − . . .− xn. In conclusion, taking into account the above expression, we obtain:

Ker
(
L− n

n− 1
In
)

=
{
(−x2 − . . .− xn, x2, . . . , xn)

T | (x2, . . . , xn) ∈ Rn−1
}
=

= ⟨




−1

1

0
...
0




, . . . ,




−1

0
...
0

1



⟩ ⇒ dim

[
Ker
(
L− n

n− 1
In
)]

= n− 1.
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3
Kernel-BasedMethods For Interpolation On

Graphs

In this chapter, we provide a synthesis of well-know principles regarding kernel-based interpo-
lation methods applied to discrete set. Within the traditional Euclidean framework, similar
concepts can be found in references such as [16], [31] or in the comprehensive discussion pro-
vided in [17]. A general overview of kernel-based methodologies in machine learning is given
in [32]. A recent investigation on the history and research trends related to positive de昀椀nite
kernels has been documented in [33]. It is important to highlight that subsequent derivations
do not yet take into account the spectral or geometric information of the graphG.

3.1 Preliminaries

In this section we provide a series of notions related to kernels, which are essential for grasp the
upcoming discussions.

De昀椀nition 3.1.1. (Norm)
A norm is a function on a vector space V over R from V to R satisfying the following properties
∀u, v ∈V and ∀³ ∈ R:

(a) Non-Negative: ∥u∥ ≥ 0
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(b) Strictly-Positive: ∥u∥ = 0 ⇒ u = 0

(c) Homogeneous: ∥³u∥ = |³|∥u∥

(d) Triangle Inequality: ∥x+ y∥ ≤ ∥u∥ + ∥v∥

De昀椀nition 3.1.2. (Inner Product)
Given a vector space V over R, an internal or scalar product is a function ⟨·, ·⟩: V× V→ R,
which is a symmetric positive de昀椀nite bilinear form: ∀u, v, w ∈ H (Hilbert Space), ³ ∈ R

(a) Symmetry: ⟨v, w⟩ = ⟨w, v⟩

(b) Linearity with respect to 昀椀rst term: ⟨v + w, u⟩ = ⟨v, u⟩+ ⟨w, u⟩

(c) Linearity with respect to second term: ⟨v, w + u⟩ = ⟨v, w⟩+ ⟨v, u⟩

(d) Associative: ⟨³u, v⟩ = ³⟨u, v⟩

(e) Positive De昀椀nite: ⟨v, v⟩ > 0 ∀v ̸= 0

De昀椀nition 3.1.3. (Complete Inner Product Space)
An inner product space is complete if every Cauchy sequence in the space converges to a limit that
is also within the space. In other words, for any Cauchy sequence {vn}∞n=1 in the inner product
space, there exists a vector v in the space such that vn converges to v.

De昀椀nition 3.1.4. (Separable Inner Product Space)
An inner product space is separable if it contains a countable dense subset. In other words, there
exists a countable subset {v1, v2, v3, . . .} of the space such that any vector in the space can be arbi-
trarily well-approximated by vectors from this subset.

De昀椀nition 3.1.5. (Hilbert Space)
AHilbert SpaceH is an inner product space that is complete and separable with respect to the norm
de昀椀ned by the inner product.

De昀椀nition 3.1.6. (Kernel Function)
A kernel functionK is a mapping that takes two input variables, x and y , and returns a real-
valued similarity measureK : X ×X → R, whereX represents the input space, which could be
昀椀nite-dimensional or in昀椀nite-dimensional. Key properties of kernel functions include:

(a) Symmetry: K(x, y) = K(y, x)
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(b) Positive Semide昀椀nite (p.s.d.): ∀x1, . . . , xn ∈ X , thematrixKde昀椀nedbyKij = K(xi, xj)
is positive semide昀椀nite (A matrix Q ∈ Rn×n is p.s.d. if ∀x ∈ Rn, xTQx ≥ 0)

De昀椀nition 3.1.7. (Reproducing Kernel Hilbert Space)
K(·, ·) is a reproducing kernel of a Hilbert spaceH if ∀f ∈ H, f(x) = ⟨f(·), K(·, x)⟩

Proposition 3.1.1.
if ⟨·, ·⟩ : V × V → R is a scalar product, andK : V × V → R is a kernel function, then the
following holds:

⟨K(·, x), K(·, y)⟩ = K(x, y) for all x, y ∈ V

Proof:
It is known thatK(·, x) = ∑n

i=1 eie
T
i (x), where {e1, . . . , en} is the canonical orthonormal

basis. Then we have:

⟨K(·, x), K(·, y)⟩ = KT(·, x)K(·, y) =

=

(
n∑

i=1

eTi ei(x)

)(
n∑

j=1

eje
T
j (y)

)
=

=
n∑

i,j=1

ei(x)e
T
j (y) e

T
i ej︸︷︷︸
δij

=

=
n∑

i=1

ei(x)e
T
i (y) = K(x, y).

Therefore, the proposition is proven.

3.2 Positive definite kernels on graphs

We are interested in kernel functions K : V × V → R de昀椀ned on the graph G, which are
symmetric, meaning they satisfyK(v, w) = K(w, v) for all the nodes v, w ∈ V . A kernel
K facilitates the introduction of a linear operator K : L(G) → L(G) which acts on a graph
signal x ∈ L(G) as follows:

Kx(vi) =
n∑

j=1

K(vi, vj)x(vj).
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Given our representation of signals x ∈ L(G) as vectors in Rn, we can represent K as the
symmetric matrixK∈ Rn×n, de昀椀ned by:

K =




K(v1, v1) K(v1, v2) · · · K(v1, vn)

K(v2, v1) K(v2, v2) · · · K(v2, vn)
...

... . . . ...
K(vn, v1) K(vn, v2) · · · K(vn, vn)




.

The subsequent families of symmetric kernels are relevant in our analysis:

De昀椀nition 3.2.1.

(a) We call a symmetric kernel K positive semide昀椀nite (p.s.d.) if the matrix K ∈ Rn×n is
positive semi-de昀椀nite, i.e., we have xTKx ≥ 0 for all x ∈ Rn.

(b) We call a symmetric kernelK positive de昀椀nite (p.d.) if the matrix K ∈ Rn×n is strictly
positive, i.e., we have xTKx > 0 for all x ∈ Rn, x ̸= 0.

(c) We call a symmetric kernelK conditionally positive de昀椀nite (c.p.d.) with respect to a sub-
spaceY ⊂ L(G), ifK is p.d. on the subspaceY .

3.3 Interpolationwith positive definite kernels

Every positive de昀椀nite kernel K allows the space L(G) to be endowed with a scalar product
expressed as:

⟨x, y⟩K = yTK−1x, for all signals x, y ∈ L(G).

The resulting inner product space, also referred to as the native space

NK =

{
x ∈ L(G) | x(v) =

n∑

k=1

ckK(v, vk), vk ∈ V, ck ∈ R

}
,

constitutes a reproducing kernel Hilbert space [34], whereinK assumes the role of the repro-
ducing kernel satisfying the following property:

⟨x,K(·, vj)⟩K = x(vj) for all signal x ∈ L(G). (3.1)
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Proof of property (3.1):

⟨x,K(·, vj)⟩K = xTK−1K(·, vj) = xT(K−1)TK(·, vj) =

= ⟨K−1x,K(·, vj)⟩ =
n∑

k=1

x(vk)
TK−1(·, vk)︸ ︷︷ ︸

ak

K(vk, vj)︸ ︷︷ ︸
K(vj ,vk)

= x(vj)

Thus, the property holds true.

Proposition 3.3.1.
The scalar product ⟨x, y⟩K satis昀椀es all the properties in de昀椀nition (3.1.2)

Proof:
(a) Symmetry

⟨x, y⟩K = yTK−1x︸ ︷︷ ︸
α∈R, α=αT

= (yTK−1x)T = xTK−1y = ⟨y, x⟩K .

(b) Linearity w.r.t. 昀椀rst term

⟨x+ y, z⟩K = zTK−1(x+ y) = zTKx+ zTKy = ⟨x, z⟩K + ⟨y, z⟩K .

(c) Linearity w.r.t. second term

⟨x, y + z⟩K = (y + z)TK−1x = yTKx+ zTKx = ⟨x, y⟩K + ⟨x, z⟩K .

(d)Associative

⟨³x, y⟩K = yTK−1³x = ³yTK−1x = ³⟨x, y⟩K .

(e) Positive De昀椀nite

⟨x, x⟩K = xTK−1x > 0 ∀x ∈ L(G), x ̸= 0 by construction: sinceK is a positive-de昀椀nite
kernel function⇒ the kernel matrixK is p.d. ⇒ the inverse kernel matrixK−1 is p.d. too
⇒ xTK−1x > 0 ∀x ∈ L(G), x ̸= 0.

Proposition 3.3.2. (Cauchy-Schwarz inequality)
For the native space norm ∥·∥K , along with the inner product ⟨·, ·⟩K , the Cauchy-Schwarz in-
equality holds true:

|⟨x, y⟩K | ≤ ∥x∥K∥y∥K

27



Proof:
If one of the two vectors is zero then both sides are zero so we may assume that both x, y are
non-zero. Let t ∈ R. Then:

0 ≤∥x+ ty∥2K = ⟨x+ ty, x+ ty⟩K =

= ⟨x, x⟩K + ⟨x, ty⟩K + ⟨ty, x⟩K + ⟨ty, ty⟩K =

= ⟨x, x⟩K + t⟨x, y⟩K + t ⟨y, x⟩K︸ ︷︷ ︸
⟨x,y⟩K

+t2⟨y, y⟩K =

= ⟨x, x⟩K + 2t⟨x, y⟩K + t2⟨y, y⟩K = . . .

Nowwe choose t := − ⟨x,y⟩K
⟨y,y⟩K . Therefore we get:

. . . = ⟨x, x⟩K − 2
⟨x, y⟩K
⟨y, y⟩K

⟨x, y⟩K +
⟨x, y⟩2K
⟨y, y⟩2K

⟨y, y⟩K =

= ∥x∥2K − ⟨x, y⟩2K
⟨y, y⟩K

= ∥x∥2K − ⟨x, y⟩2K
∥y∥2K

⇒

⇒ 0 ≤ ∥x∥2K − ⟨x, y⟩2K
∥y∥2K

⇒ ⟨x, y⟩2K ≤ ∥x∥2K∥y∥2K ⇒

⇒ |⟨x, y⟩K | ≤ ∥x∥K∥y∥K

Thus, the Cauchy-Schwarz inequality is proven.

Proposition 3.3.3.
The native space norm ∥·∥K satis昀椀es all the properties in de昀椀nition (3.1.1)

Proof:
(a)Non-negative

SinceK is a positive-de昀椀nite kernel, the scalar product ⟨x, x⟩K ≥ 0 ∀ x ∈ L(G) ⇒
⇒ ∥x∥K =

√
⟨x, x⟩K ≥ 0 ∀ x ∈ L(G)

(b) Strictly Positive

SinceK is a positive-de昀椀nite kernel, the scalar product ⟨x, x⟩K = 0 if and only if x = 0 ⇒
⇒ ∥x∥K =

√
⟨x, x⟩K = 0 if and only if x = 0

(c)Homogeneous

∥³x∥K =
√

⟨³x, ³x⟩K =
√
³2⟨x, x⟩K = |³|

√
⟨x, x⟩K = |³|∥x∥K
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(d)Triangle Inequality

0 ≤ ∥x+ y∥2K = ∥x∥2K + 2⟨x, y⟩k + ∥y∥2K
C–S
≤ ∥x∥2K + 2∥x∥K∥y∥K + ∥y∥2K =

= (∥x∥K + ∥y∥K)2 ⇒ ∥x+ y∥2K ≤ (∥x∥K + ∥y∥K)2 ⇒
⇒ ∥x+ y∥K ≤ ∥x∥K + ∥y∥K .

Apositivede昀椀nite kernelK can typically be employed to address interpolationproblemswithin
interpolation spaces generated by the columns of the matrix K. The corresponding interpola-
tion problem on the graphG is formulated as follows: given samples x(w1), . . . , x(wN) of a
signal x on a subsetW = {w1, . . . , wN} ⊂ V , whereN ≤ n, the aim is to 昀椀nd an interpolat-
ing signal IWx ∈ L(G) that interpolates x at the nodes inW , that is,

IWx(wk) = x(wk) for all k ∈ {1, . . . , N}. (3.2)

With a positive de昀椀nite kernelK this interpolation problem can be addressed as follows: we
employ the columnsK(·, wk), where k ∈ {1, . . . , N}, of the matrix K as the interpolation
basis. Subsequently, an interpolating signal IWx, based on the expansion

IWx(v) =
N∑

k=1

ckK(v, wk) (3.3)

has to satisfy the interpolation condition



K(w1, w1) K(w1, w2) · · · K(w1, wN)

K(w2, w1) K(w2, w2) · · · K(w2, wN)
...

... . . . ...
K(wN , w1) K(wN , w2) · · · K(wN , wN)




︸ ︷︷ ︸
KW




c1

c2
...
cN




=




x(w1)

x(w2)
...

x(wN)




. (3.4)

Since K is positive de昀椀nite, also the submatrix KW is positive de昀椀nite according to the inclu-
sion principle ([35], Corollary 4.3.15). Consequently, the linear system (3.4) has a unique
solution, and the interpolating signal IWx can be uniquely expressed in terms of the basis
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{K(·, w1), . . . , K(·, wN)}. We denote the corresponding interpolation space as:

NK,W =

{
x ∈ L(G)

∣∣∣∣ x(v) =
N∑

k=1

ckK(v, wk)

}
.

The following result is standard in reproducing kernel Hilbert spaces and explains why these
spaces are widely preferred for signal interpolation and approximation.

Proposition 3.3.4. ([17], Corollary 10.25)
The interpolant IWx of x minimizes the native space norm ∥·∥K over all other possible inter-
polants of x inL(G) at the nodesW .

Proof:
if a signal y vanishes onW , the reproducing property of the kernelK leads to the identity:

⟨y, IWx⟩K = ⟨y,
N∑

k=1

ckK(·, wk)⟩K =
N∑

k=1

ck⟨y,K(·, wk)⟩K =
N∑

k=1

cky(wk) = 0.

Therefore, if z ∈ L(G) is a second interpolant of x at the nodesW we obtain:

∥IWx∥2K = ⟨IWx, IWx− z + z⟩K =

= ⟨IWx, IWx− z⟩K︸ ︷︷ ︸
0

+⟨IWx, z⟩K =

= ⟨IWx, z⟩K
C–S
≤ ∥IWx∥K∥z∥K .

Let’s take a closer look at the equation ⟨IWx, IWx− z⟩K = 0

⟨IWx, IWx− z⟩ = ⟨
N∑

k=1

ckK(·, wk),
N∑

j=1

K(·, wj)− z⟩K =

=
N∑

k=1

K∑

j=1




⟨K(·, wk), K(·, wj)⟩K − ⟨K(·, wk), z⟩K︸ ︷︷ ︸

z(wk)





= . . .

We examine the term ⟨K(·, wk), K(·, wj)⟩K and considering that z interpolates x at the same
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nodesW , we obtain the following:

⟨K(·, wk), K(·, wj)⟩K =
N∑

i=1

K−1(·, wi)
TK(wi, wj)︸ ︷︷ ︸
ai

K(wi, wk) = z(wk).

Now, we can conclude:

. . . =
N∑

k=1

K∑

j=1

{z(wk)− z(wk)} = 0

Therefore, the proof of the proposition is complete.

3.4 Interpolation with conditionally positive defi-
nite kernels

IfK is conditionally positive de昀椀nite (c.p.d.) with respect to a subspace Y , the interpolation
on the node setW can be carried out in a similar way, once the challenge related to the non-
positive de昀椀niteness on the orthogonal complementY⊥ ofY is solved. If the dimensionM of
the complement Y⊥ is small and an orthonormal basis

{
y⊥1 , . . . , y

⊥
M

}
of Y⊥ is provided, this

issue can be straightforward by introducing the augmented kernel:

K(δ)(v, w) = K(v, w) + ¶

(
M∑

i=1

y⊥i (v)y
⊥
i (w)

)
. (3.5)

If the parameter ¶ > |λmin(K)| ≥ 0 is larger than the absolute value of the smallest eigenvalue
of K, then the augmented kernelK(δ) is positive de昀椀nite, allowing us to employ the interpola-
tion procedure outlined in the previous section (3.3). In particular we can 昀椀nd a unique inter-
polation signalx ∈ NK(δ),W , that solved the interpolation problem in (3.2). The interpolation
IWx has the expansion

IWx(v) =
N∑

k=1

ckK(v, wk) +
M∑

i=1

diy
⊥
i (v), di = ¶

N∑

k=1

cky
⊥
k (wk),

where the coe昀케cients ck are the solution of the system (3.4) with respect to the augmented ker-
nelK(δ). In particular, the interpolation spaceNKδ ,W constitutes anN -dimensional subspace
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of the spaceNK,W + Y⊥.
Furthermore, the sum

∑M
i=1 y

⊥
i (v)y

⊥
i (w) in (3.5) can be interpreted as the reproducing kernel

of the orthogonal complementY⊥. By introducing a ¶-multiple of this kernel to the condition-
ally positive de昀椀nite kernelK , the non-positive part of the spectrum ofK is shifted by ¶ > 0

in positive direction, resulting in a positive de昀椀nite kernel K(δ). An alternative approach to
obtaining a positive de昀椀nite kernel from a conditionally positive de昀椀nite kernel is outlined in
[36], involving a re昀氀ection technique andPontryagin spaces. A third option, as pursued in [13],
involves adding a multiple of the identity matrix to the conditionally positive de昀椀nite kernel
K , thus shifting the entire spectrum of the kernel to the positive real axis.
On the other hand, the de昀椀nition (3.2.1) (c) for conditionally positive de昀椀nite kernels is not
the standard de昀椀nition given in the literature, see for instance [17]. The standard de昀椀nition
reads as follows: K is conditionally positive de昀椀nite if and only if for all subsetsW the matrix
KW is positive de昀椀nite on the subspace determined by

∑N
k=1 cky

⊥ = 0 for all y⊥ ∈ Y⊥. As
shown in [36], every kernel that is conditionally positive de昀椀nite with respect to this standard
de昀椀nition can be interpreted as a kernel that is conditionally positive de昀椀nite with respect to
de昀椀nition (3.2.1) (c) and vice versa. Some literature refers to the conditionally positive de昀椀nite
kernels in de昀椀nition (3.2.1) (c) as kernels with a 昀椀nite number of negative squares, as noted in
[22], [36].

3.5 Interpolationwith positive definite kernels via
Laplacian and Schur complements

Before delving into the details, we recall some theoretical concepts about Schur complements.
Let M be an n× nmatrix written as follows

M =

(
A B

C D

)
,

whereA is a k × k matrix andD is a (n − k) × (n − k)matrix, (B is a k × (n − k)matrix
andC is a (n− k)× k matrix). The linear system can be addressed and solved

(
A B

C D

)(
x

y

)
=

(
c

d

)
,
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that is

Ax+By = c,

Cx+Dy = d,

by mimicking Gaussian elimination, namely, assuming thatD is invertible, we 昀椀rst solve for y
getting

y = D−1(d− Cx),

and after substituting this expression for y in the 昀椀rst equation, we get

Ax+B(D−1(d− Cx)) = c,

that is,

(A− BD−1C)x = c− BD−1d.

If the matrixA− BD−1C is invertible, then we obtain the solution to our system

x = (A− BD−1C)−1(c− BD−1d),

y = D−1
(
d− C(A− BD−1C)−1(c− BD−1d)

)
.

ThematrixA−BD−1C is referred to as the Schur Complement ofD inM. IfA is invertible,
the elimination of x from the 昀椀rst equation reveals that the Schur Complement ofA in M is
D − CA−1B.

De昀椀nition 3.5.1. (Schur Complements)

GivenM , an n × nmatrix decomposed into blocks, withM =

(
A B

C D

)
whereA andD are

squarematrices (A is a k×kmatrix andD is an (n−k)×(n−k)matrix). Then the following
holds:

(a) IfA is invertible, the Schur complement ofA inM is de昀椀ned asM/A = D − CA−1B

(b) IfD is invertible, the Schur complement ofD inM is de昀椀ned asM/D = A− BD−1C
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Proposition 3.5.1.

GivenM =

(
A B

C D

)
where A is invertible, then the following holds:

det(M) = det(A)det(M/A)

Proof:
(

I 0

−CA−1 I

)(
A B

C D

)
=

(
A B

0 M/A

)
=⇒

=⇒ det

((
I 0

−CA−1 I

))

︸ ︷︷ ︸
=1

det(M) = det(A)det(M/A) =⇒

=⇒ det(M) = det(A)det(M/A)

This concludes the proof.

Proposition 3.5.2.

GivenM =

(
A B

C D

)
where D is invertible, then the following holds:

det(M) = det(D)det(M/D)

Proof:
(
I −BD−1

0 I

)(
A B

C D

)
=

(
M/D 0

C D

)
=⇒

=⇒ det

((
I −BD−1

0 I

))

︸ ︷︷ ︸
=1

det(M) = det(M/D)det(D) =⇒

=⇒ det(M) = det(M/D)det(D)

Then, the proposition is proven.

Proposition 3.5.3.
AmatrixA is positive de昀椀nite if and only if ∃B positive de昀椀nite such thatA = B2
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Proof:
(=⇒) A positive de昀椀nite ⇒ A symmetric ⇒ A diagonalizable ⇒ ∃ U,D such that A =

UDUT, where D = diag(d1, . . . , dn) is a diagonal matrix with di > 0 ∀ i ∈ {1, . . . , n}
and UUT = UTU = In is a orthonormal matrix. Thus

A =
(
U
√
DUT

)

︸ ︷︷ ︸
=B

(
U
√
DUT

)
= B2.

(⇐=)A = B2 positive de昀椀nite⇒ the eigenvalues ofA are the squares of the eigenvalues ofB
⇒A is positive de昀椀nite.

Proposition 3.5.4.
LetA be a n× nmatrix, then the determinant ofA is equal to the product of its eigenvalues.

Proof:
Suppose that λ1, . . . , λn are the eigenvalues of A. Then the λ’s are also the roots of the char-
acteristic polynomial, i.e.

det(A− λIn) = p(λ) = (−1)n(λ− λ1)(λ− λ2) · · · (λ− λn) =

= (−1)(λ− λ1)(−1)(λ− λ2) · · · (−1)(λ− λn) =

= (λ1 − λ)(λ2 − λ) · · · (λn − λ).

The 昀椀rst equality arises from the factorization of a polynomial based on its roots; the leading
(highest degree) coe昀케cient (−1)n can be obtained by expanding the determinant along the
diagonal. Now, by setting λ to zero (since it is just a variable), we obtain det(A) on the left side
and λ1λ2 · · ·λn on the right side, that is, we obtain the desired result

det(A) = λ1λ2 · · ·λn.

Thus, the determinant of the matrix is equal to the product of its eigenvalues.

The next step is to present a characterization of symmetric positive de昀椀nite matrices through
Schur complements. Let M be a symmetric matrix, meaning that A, D are symmetric and
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C = BT . In this case, M can be expressed as follows:

M =

(
A B

BT D

)
=

(
I 0

BTA−1 I

)(
A 0

0 D − BTA−1B

)(
I 0

BTA−1 I

)T

(3.6)

This shows that M is similar to a block-diagonal matrix, with the Schur complement, C −
BTA−1B, being symmetric. Consequently, the following version of “Schur’s trick” can be
applied to verify whether M is positive de昀椀nite or positive semide昀椀nite. Remember that the
respective notations for the positive de昀椀nite and positive semide昀椀nitematrices are: M ≻ 0 and
M ⪰ 0.

Theorem 3.5.1.
Let M be a n × n symmetric matrix, where A is a k × k symmetric matrix andD is a (n −
k)× (n− k) symmetric matrix. Thus, the following statements are equivalent:

(a) M is positive de昀椀nite

(b) A is positive de昀椀nite andD − BTA−1B is positive de昀椀nite.

(c) A and D are positive de昀椀nite and ρ(BTA−1BD−1) < 1.

Proof:
[(a)⇔(b)] From (3.6) observe that

(
I 0

BTA−1 I

)−1

=

(
I 0

−BTA−1 I

)
,

and for any symmetric matrix, T , and any invertible matrix,P , the matrix T is positive de昀椀nite
(T ≻ 0) if and only if thematrixPTP T, which is symmetric, is positive de昀椀nite (PTP T ≻ 0).
Furthermore, a block diagonal matrix is positive de昀椀nite if and only if each diagonal block is
positive de昀椀nite. Thus from (3.6), M is positive de昀椀nite if and only if both A and its Schur
complementD − BTA−1B are positive de昀椀nite.
For (b)⇔(c) the following proposition is required.

Proposition 3.5.5.
Let A and B be two symmetric matrices, with A being positive de昀椀nite. The condition A ≻ B

holds if and only ifB is positive semide昀椀nite and ρ(A−1B) < 1.

36



Proof of Proposition (3.5.5)

A ≻ B ⇔ I = A−1/2AA−1/2 ≻ A−1/2BA−1/2 ⇔ 1 > λmax(A
−1/2BA−1/2)

Now let’s take a closer look to this matrix A−1/2BA−1/2. Let x ∈ Rn and y = A−1/2x.
We observe that xT(A−1/2)TBA−1/2x = (A−1/2x)TBA−1/2x = yTBy ⪰ 0 (B is positive
semide昀椀nite)⇒ (AT)−1/2BA−1/2 = A−1/2BA−1/2 (A is symmetric) is positive semide昀椀nite,
then we have

λmax(A
−1/2BA−1/2) = λmax(A

−1/2A−1/2B) = λmax(A
−1B).

Currently, form Proposition (3.5.3) exists R positive de昀椀nite such that A = R2 = RRT ⇒
R−1A(R−1)T = I. Now, the matrix RTBR is symmetric ⇒ RTBR is diagonalizable ⇒
exists an orthonormal matrix U such that UTRTBRU = (RU)TB(RU) = Λ is diagonal.
Let S = RU . Then S−1A(S−1)T = (RU)−1A((RU)−1)T = U−1R−1A(U−1R−1)T =

UTR−1A(UTR−1)T = UTR−1A(R−1)TU = UTU = I and SBST = (RU)TB(RU) =

UTRTBRU = Λ. Thus,B = (S−1)TΛS−1 andA = SST. FurthermoreAB = SST(S−1)T

ΛS−1 = SΛS−1 is diagonalizable. In addition, since B is positive semide昀椀nite, all the eigen-
values ofΛ are real and non-negative.
Finally, from this last observation, we can concluded thatAB−1 has real nonnegative eigenval-
ues, so λmax(A−1B) = ρ(A−1B).
[(b)=⇒(c)]A is positive de昀椀nite andD − BTA−1B is positive de昀椀nite⇒D − BTA−1B ≻
0 ⇒ D ≻ BTA−1B ⇒ from Proposition (3.5.4), BTA−1B is positive semide昀椀nite and
ρ(D−1BTA−1B) = ρ(BTA−1BD−1) < 1. In addition,D is positivede昀椀nite sinceBTA−1B

is positive semide昀椀nite andD ≻ BTA−1B.
[(b)⇐=(c)] A, D are positive de昀椀nite and ρ(BTA−1BD−1) < 1 ⇒ BTA−1B is positive
semide昀椀nite andD ≻ BTA−1B ⇒ A is positive de昀椀nite andD − BTA−1B ≻ 0⇒ A and
D − BTA−1B are positive de昀椀nite.
This concludes the proof of Theorem (3.5.1).

Theorem 3.5.2.
Let M be a n × n symmetric matrix, where A is a k × k symmetric matrix andD is a (n −
k)× (n− k) symmetric matrix. Thus, the following statements are equivalent:

(a) M is positive semide昀椀nite

(b) A is positive semide昀椀nite andD − BTA−1B is positive semide昀椀nite.
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Proof:
[(a)⇔(b)] From (3.6) observe that

(
I 0

BTA−1 I

)−1

=

(
I 0

−BTA−1 I

)

and for any symmetricmatrix, T , and any invertiblematrix,P , thematrixT is positive semidef-
inite (T ⪰ 0) if and only if the matrix PTP T, which is symmetric, is positive semide昀椀nite
(PTP T ⪰ 0). Furthermore, a block diagonal matrix is positive semide昀椀nite if and only if each
diagonal block is positive semide昀椀nite. Thus from (3.6), M is positive semide昀椀nite if and only
if bothA and its Schur complementD − BTA−1B are positive semide昀椀nite.

Now, we aim to extend the interpolation method illustrated in section (3.3), taking into ac-
count not only the signal values at certain nodes but also the information related to the Lapla-
cian of the signal at each node. Thus, the corresponding problem on the graphG is formulated
as follows: given samples x(w1), . . . , x(wN) of a signal x on a subsetW = {w1, . . . , wN} ⊂
V , where N ≤ n, the aim is to 昀椀nd the interpolating signals IWx, IW (Lx) ∈ L(G) that
interpolates x and Lx at the nodes inW in the following way:





IWx(wk) = x(wk) for all k ∈ {1, . . . , N},

IW (Lx(wk)) = Lx(wk) for all k ∈ {1, . . . , N}
.

With a positive de昀椀nite kernelK this interpolation problem can be addressed as follows: we
employ the columnsK(·, wk), where k ∈ {1, . . . , N}, of the matrix K as the interpolation
basis. Subsequently, the interpolating signals IWx and IW (Lx), based on the expansions





IWx(v) =
∑N

k=1 akK(v, wk) +
∑N

k=1 bkLK(v, wk)

IW (Lx(v)) =
∑N

k=1 akLK(v, wk) +
∑N

k=1 bkL
2K(v, wk)

has to satisfy the interpolation condition
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


K(w1, w1) · · · K(w1, wN ) LK(w1, w1) · · · LK(w1, wN )
...

. . .
...

...
. . .

...
K(wN , w1) · · · K(wN , wN ) LK(wN , w1) · · · LK(wN , wN )

LK(w1, w1) · · · LK(w1, wN ) L2K(w1, w1) · · · L2K(w1, wN )
...

. . .
...

...
. . .

...
LK(wN , w1) · · · LK(wN , wN ) L2K(wN , w1) · · · L2K(wN , wN )




︸ ︷︷ ︸
Λ




a1
...

aN

b1
...
bN




=




x(w1)
...

x(wN )

Lx(w1)
...

Lx(wN )




Observe that Λ is symmetric. Alternatively, the matrix-vector product can be expressed in a
more compact form

Λ =

(
KW LKW

LKW L2KW

)(
a

b

)
=

(
X
∣∣
W

LX
∣∣
W

)
, (3.7)

where a = (a1, . . . , aN), b = (b1, . . . , bN) and X
∣∣
W

= (x(w1), . . . , x(wN)). As before,
sinceK is positive de昀椀nite, also the submatrixKW is positive de昀椀nite according to the inclusion
principle ([35], Corollary 4.3.15). However, according to Theorem (3.5.1), the fact that KW

is positive de昀椀nite is not su昀케cient to guarantee the positive de昀椀niteness ofΛ.

Theorem 3.5.3.
A matrixM is positive semide昀椀nite if and only if the principal submatrix ofM with all maxi-
mally linearly independent columns (and corresponding rows) left is positive de昀椀nite

Proof:
(⇐=) Suppose without loss of generality thatM is symmetric and that M̃ is the leading r × r

principal submatrix. We have

M =

(
M̃ B

BT C

)
.

Wenote thatM is positive semide昀椀nite if both M̃ andM/M̃ are positive semide昀椀nite according
to Theorem (3.5.2), whereM/M̃ is the Schur complement. Therefore,

M/M̃ = C − BTM̃
−1
B.
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On the other hand, the rank ofMmust be r, so we have

r = rank(M) = rank(M̃) + rank(M/M̃) = r + rank(M/M̃).

Thus,M/M̃ = 0, which means thatM/M̃ is positive semide昀椀nite. Hence, we conclude that
M is indeed positive semide昀椀nite.
(=⇒) Suppose without loss of generality that the 昀椀rst r columns ofM form the maximal lin-
early independent set in question. That is,Mv ̸= 0 for all v in the span of {e1, . . . , er} (where
ej is the j-th canonical basis vector). Thus, it follows that vTMv ̸= 0 for all v in the span
{e1, . . . , er}. Hence, we conclude that the leading r × r submatrix M̃ is positive de昀椀nite, as
required.
From this last theorem, we can infer that the matrixΛ is positive semide昀椀nite.

Lemma 3.5.1.
The matrices LKW and L2KW are positive semifedinite

Proof:
To prove this lemma, we recall the following:

(a)

∥A∥2 = sup
x ̸=0̄

∥Ax∥2
∥x∥2

= sup
∥x∥2=1

∥Ax∥2

(b)

λmin(A) = min
x̸=0̄

xTAx

xTx
, and λmax(A) = max

x ̸=0̄

xTAx

xTx

In particular, the eigenvalues of L lie between [0, 2]which implies that the eigenvalues of L2 lie
between [0, 4]. Moreover, we know that all the eigenvalues of the submatrix KW are positive,
as K is a positive de昀椀nite kernel. We know that λmin(A)∥x∥2 ≤ ∥Ax∥2 ≤ λmax(A)∥x∥2.
Taking the supremum (∥x∥2 = 1) yields λmin(A) ≤ ∥A∥2 ≤ λmax(A). In our scenario, we
have λmin(LKW ) ≤ ∥LKW∥2 ≤ λmax(LKW ). Now, we proceed to show that λmin(AB) ≥
λmin(A)λmin(B) andλmax(AB) ≤ λmax(A)λmax(B), whereA is a semide昀椀nite positivematrix
andB is a positive de昀椀nitematrix. SinceB is positive de昀椀nite, according to Proposition (3.5.3),
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there exists a symmetric positive de昀椀nite matrixC such thatB = C2. Thus

det(AB − λIn) = det(AC2 − λIn) = det
(
C(AC2 − λIn)C−1

)
=

= det(CAC − λCInC−1) = det(CAC − λIn).

It follows that the characteristic polynomial ofAB is the same as that ofCAC . Therefore, the
minimum andmaximum eigenvalues ofABmatch those ofCAC , which areminx ̸=0̄

xTCACx
xTx

andmaxx ̸=0̄
xTCACx

xTx
. Now, ∀ x ̸= 0̄, we have:

xTCACx

xTx
=

xTCACx

xTCCx
· x

TCCx

xTx
≥

≥
(
min
y ̸=0̄

yTAy

yTy

)(
min
x ̸=0̄

xTBx

xTx

)
= λmin(A)λmin(B),

xTCACx

xTx
=

xTCACx

xTCCx
· x

TCCx

xTx
≤

≤
(
max
y ̸=0̄

yTAy

yTy

)(
max
x ̸=0̄

xTBx

xTx

)
= λmax(A)λmax(B),

with y = Cx, yT = (Cy)T = xTC . Then

λmin(AB) = λmin(CAC) = min
x ̸=0̄

xTCACx

xTx
≥

≥
(
min
y ̸=0̄

yTAy

yTy

)(
min
x ̸=0̄

xTBx

xTx

)
= λmin(A)λmin(B),

λmax(AB) = λmax(CAC) = max
x ̸=0̄

xTCACx

xTx
≤

≤
(
max
y ̸=0̄

yTAy

yTy

)(
max
x ̸=0̄

xTBx

xTx

)
= λmax(A)λmax(B).

Finally, we have this chain of inequalities

0 = λmin(L)︸ ︷︷ ︸
=0

λmin(KW ) ≤ λmin(LKW ) ≤ ∥LKW∥2 ≤

≤ λmax(LKW ) ≤ λmax(L)︸ ︷︷ ︸
=1

λmax(KW ) = λmax(KW ).
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Since all steps apply equally to L2KW , we can conclude that both matrices, LKW and L2KW ,
are positive semide昀椀nite.
Now, form point (b) of Theorem (3.5.1),Λ is positive de昀椀nite if and only if KW and its Schur
complementΛ/KW = L2KW −(LKW )K−1

W (LKW ) are positive de昀椀nite. SinceKW is already
positive de昀椀nite, we focus our attention on the Schur complement ofKW inΛ. IfN < n, we
are unable to reach any conclusions. In particular, if N = n, meaningW = {w1, . . . , wn}
represents the set of all nodes, the associative property of matrices holds, thus leading to

Λ/KW = L2KW − LKWK−1
W︸ ︷︷ ︸

In

LKW = L2KW − L2KW = 0n.

Consequently, the Schur complement of KW in Λ is not positive de昀椀nite. Nevertheless, we
can address the problem in the following way

Λ̃ = Λ+

(
0N 0N

0N εIN

)
=

(
KW LKW

LKW (L2KW )ε

)
, (3.8)

where ε is a positive constant and (L2KW )ε = L2KW + εIN . Therefore the linear system in
(3.7) becomes

(
KW LKW

LKW (L2KW )ε

)

︸ ︷︷ ︸
Λ̃

(
a

b

)
=

(
X
∣∣
W

LX
∣∣
W

)
. (3.9)

Then, the Schur complement of KW in Λ̃ is now positive de昀椀nite

Λ̃/KW = L2KW + εIN − L2KW = εIN ⇒ Λ̃/KW ≻ 0.

Thus, we can conclude that Λ̃ is positive de昀椀nite, as stated in point (b) of Theorem (3.5.1).
On the other hand, in the scenario whereN < n, it is more convenient to use point (c) of The-
orem (3.5.1). We already know that the matrix L2KW is positive semide昀椀nite: therefore, the
transformation obtained in (3.8) ensures the positive de昀椀niteness of (L2KW )ε. In this scenario
as well, we consider the transformation ofΛ, i.e. Λ̃. It remains to be determined for which val-
ues of ε the ρ

[
(LKW )K−1

W (LKW )(L2KW )−1
ε

]
< 1 (∗). To 昀椀nd the values of ε, we recall the

de昀椀nition of the spectral radius and the subsequent lemma along with its proof.
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De昀椀nition 3.5.2. (Spectral Radius)
Let λ1, . . . , λn be the eigenvalues of a matrixA. The spectral radius ofA is de昀椀ned as

ρ(A) = max{|λ1|, . . . , |λn|}.

For a positive de昀椀nite matrixA, it follows that ρ(A) = λmax(A).

Lemma 3.5.2.
Let A be an invertible matrix. If λ is an eigenvalue of the matrix A, then 1/λ is an eigenvalue
ofA−1.

Proof:
SinceA is invertible⇒ det(A) ̸= 0⇒ from Proposition (3.5.4) we conclude that all the eigen-
values are non-zero. Then, supposeλ is an eigenvalue ofA, thereforeAx = λx for somex ̸= 0̄.
Thus

Ax = λx ⇒ A−1Ax = λA−1x ⇒ x = λA−1x ⇒ 1

λ
x = A−1x.

We can conclude that 1/λ is an eigenvalue ofA−1.

From this lemma, we can infer that for every eigenvalue λi ofA, the corresponding eigenvalue
ofA−1 is 1/λi. In particular:

• The maximum eigenvalue ofA−1 is given by:

λmax(A
−1) =

1

λmin(A)

• The minimum eigenvalue ofA−1 is given by:

λmin(A
−1) =

1

λmax(A)

At this point, we establish for which values of ε the inequality (∗) holds.

ρ
[
(LKW )K−1

W (LKW )(L2KW )−1
ε

]
=

= λmax
[
(LKW )K−1

W (LKW )(L2KW )−1
ε

]
≤

≤ λmax(LKW )λmax(K−1
W )λmax(LKW )λmax

[
(L2KW )−1

ε

]
=

43



= λmax(LKW )
1

λmin(KW )
λmax(LKW )

1

λmin
[
(L2KW )ε

] ≤

≤ λ2
max(LKW )

λmin(KW )

1

λmin(L2KW + εIN)
≤

≤ λ2
max(LKW )

λmin(KW )[λmin(L2KW ) + ε λmin(In)︸ ︷︷ ︸
1

]
=

=
λ2
max(LKW )

λmin(KW )
[
λmin(L2KW ) + ε

] ⇒

⇒ ρ
[
(LKW )K−1

W (LKW )(L2KW )−1
ε

]
≤ λ2

max(LKW )

λmin(KW )
[
λmin(L2KW ) + ε

] .

Therefore:

ρ
[
(LKW )K−1

W (LKW )(L2KW )−1
ε

]
< 1 ⇐⇒ λ2

max(LKW )

λmin(KW )
[
λmin(L2KW ) + ε

] < 1

⇐⇒ ε >
λ2
max(LKW )

λmin(KW )
− λmin(L2KW ).

Then, in the case where N < n and ε > λ2
max(LKW )/λmin(KW ) − λmin(L2KW ), we can

conclude that Λ̃ is positive de昀椀nite, as mentioned in point (c) of Theorem (3.5.1).
Consequently, since Λ̃ is invertible, the linear system (3.9) has aunique solution forboth scenar-
ios just discussed, and the interpolating signals IWx and IW (Lx) can be uniquely expressed in
terms of the basis {K(·, w1), . . . K(·, wN)}. We denote the corresponding interpolant space
as:

N L
K,W =




x, Lx ∈ L(G)

i) x(v) =
N∑

k=1

akK(v, wk) +

N∑

k=1

bkLK(v, wk)

ii) Lx(v) =
N∑

k=1

akLK(v, wk) +

N∑

k=1

bk
[
L2K(v, wk) + ε1{v=wk}

]





,

where the 1{v=wk} denotes the indicator function, which equals 1 when v = wk and 0 other-
wise.
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3.6 Interpolationwith positive definite kernels via
Laplacian and under ε-separated nodes

Before delving into the details, we recall the de昀椀nitions of ε-separated nodes and the distance
between two nodes on a graph.

De昀椀nition 3.6.1. (ε-separated nodes)
Let {vi}Ni=1 be a set of nodes in a graph. These nodes are said to be ε-separated if the distance
between any two distinct nodes vi and vj in the graph is greater than or equal to ε, i.e.,

d(vi, vj) ≥ ε for all i ̸= j,

where d(vi, vj) represents the square norm ∥vj − vi∥2 ≥ ε for all i, j = 1, . . . , N , and ε is a
positive constant that de昀椀nes the minimum separation between the nodes.

De昀椀nition 3.6.2. (Distance between two nodes on graph)
Let G = (V,E) be a graph, where V is the set of nodes and E is the set of edges. The distance
between two nodes vi, vj ∈ V , denoted as dist(vi, vj), is de昀椀ned as:

dist(vi, vj) = min {|P | | P is a path from vi to vj} ,

where:

• ApathP is a sequence of verticesv0, v1, . . . , vk such that for each consecutive pair of vertices
(vi−1, vi), there exists an edge inE connecting them.

• |P | is the number of edges in the path P , i.e., the length of the path.

In the case of a weighted graph with edge weights w(e) ∈ R for each e ∈ E, the distance is
instead de昀椀ned as the minimum sum of the weights along any path from vi to vj :

dist(vi, vj) = min

{∑

e∈P
v(e) | P is a path from vi to vj

}
.

If there is no path between vi and vj , the distance is considered in昀椀nite:

dist(vi, vj) = ∞.
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This de昀椀nition applies to both directed and undirected graphs, with the restriction that in di-
rected graphs, the direction of edges must be respected when forming paths.

Now, the purpose is to extend the interpolationmethod illustrated in section (3.3), taking into
account not only the signal values at certain nodes but also the information related to the Lapla-
cian of the signal at each node. Thus, the interpolation problem is the same as the one de昀椀ned
in the section (3.5)

Λ =

(
KW LKW

LKW L2KW

)(
a

b

)
=

(
X
∣∣
W

LX
∣∣
W

)
,

where here L is the standard Laplacian, a = (a1, . . . , aN), b = (b1, . . . , bN) and X
∣∣
W

=

(x(w1), . . . , x(wN)). As before, the fact that KW is positive de昀椀nite is not su昀케cient to guar-
antee the positive de昀椀niteness ofΛ.

Proposition 3.6.1.
If the distance between two nodes vi and vj in a graph with unitary weights (i.e.,Aij = 1 for all
i, j = 1, . . . , n) is 3, then their neighbor sets are disjoint, i.e.,

N(vi) ∩N(vj) = ∅,

whereN(vi) denotes the set of direct neighbors of vi, i.e., those at distance 1.

Proof:
If a node vj is a direct neighbor of vi, that is, vj ∈ N(vi), then the distance between vi and vj
is 1.
If a node vk is a neighbor of a neighbor of vi, that is, vk ∈ N(vj) for some vj ∈ N(vi), then
the distance between vi and vk is 2, passing through the intermediate node vj .
When the distance between two nodes vi and vj is 3, it implies that there is no path between
them shorter than 3 edges. Additionally, the set of direct neighbors of vi, denotedN(vi), can-
not overlapwith the set of direct neighbors of vj , denotedN(vj), because the nodes at distance
1 from vj (which include its direct neighbors) cannot include vi or its direct neighbors. Since
each node inN(vi) is at distance 1 from vi, while each node inN(vj) is at least at distance 2
from vi, it follows that:

N(vi) ∩N(vj) = ∅.
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Therefore, no node can belong to bothN(vi) andN(vj), as the distances between the nodes in
these two sets are incompatible with the graph’s distance de昀椀nition. In conclusion, a distance
of 3 between two nodes in a graph with normalized weights is su昀케cient to ensure that their
direct neighbor sets are disjoint.

Theorem 3.6.1.
Let W = {w1, . . . , wN} ⊂ V be a set of nodes in the graph G with unitary weights on the
edges (i.e., Aij = 1 for all i, j = 1, . . . , n). If the nodes in W are 3-separated, then the sets
{K(·, wi)}Ni=1 and {LK(·, wi)}Ni=1 are linearly independent.

Proof:
The aim is to show that the sets of functions {K(·, wi)}Ni=1 and {LK(·, wi)}Ni=1 are linearly
independent. To establish this, we must show that the scalars {³i}Ni=1 and {´i}Ni=1 satisfy the
equation

N∑

i=1

³iK(·, wi) +
N∑

i=1

´i(LK)(·, wi) = 0 (3.10)

if and only if ³i = ´i = 0 for all i = 1, . . . , N .
In addition,we can leverage thepropertyof theLaplacianL,which allows the set{LK(·, wi)}Ni=1

to be expressed as a linear combination of the kernel functions associatedwith the neighboring
nodes ofwi. Speci昀椀cally, we have

(KL)(·, wi) = (LK)(·, wi) =
∑

vj∼wi

(K(·, wi)−K(·, vj)),

where vj ∼ wi denotes the neighboring nodes ofwi.
Now, by replacing the expression for (LK)(·, wi) in (3.10), we obtain

N∑

i=1

³iK(·, wi) +
N∑

i=1

´i

∑

vj∼wi

(K(·, wi)−K(·, vj)) = 0. (3.11)

Since K is a positive de昀椀nite kernel andW = {w1, . . . , wN} ⊂ V , the sets {K(·, wi)}Ni=1

and {K(·, vj)}nj=1 are linearly independent, so the equation (3.11) cannot vanish unless all the
coe昀케cients {³i}Ni=1 and {´i}Ni=1 are zero. Hence, the sets {K(·, wi)}Ni=1 and {LK(·, wi)}Ni=1

are linearly independent.
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Note: The assumption that the nodes are 3-separated plays a crucial role. Indeed, for every
i = 1, . . . , N , we have

∥LK(·, wi)−K(·, wi)∥2
trg. ineq.
≤ ∥LK(·, wi)∥2 + ∥K(·, wi)∥2 ≤
≤ ∥L∥2︸︷︷︸

=2

∥K(·, wi)∥2 + ∥K(·, wi)∥2 = 3∥K(·, wi)∥2.

Thus, this inequality ensures that the Laplacian transformation does not drastically change the
“spread” of the kernel functionsK(·, wi). In particular, the transformed kernel function is at
most 3 times larger than the original one in terms of its “spread”. Hence, if the nodes {wi}Ni=1

are separated by a factor of 3 is su昀케cient to guarantee that the kernel functionsK(·, wi) and
LK(·, wi) remain linearly independent for all i = 1, . . . , N .

Consequently, by Theorem (3.6.1) the columns (or rows) of the matrixΛ are linearly indepen-
dent, implying that Λ is invertible. Therefore, the linear system (3.7) has a unique solution,
and the interpolating signals IWx and IW (Lx) can be uniquely expressed in terms of the basis
{K(·, w1), . . . , K(·, wN)}. The corresponding interpolant space is denoted as:

N L,3
K,W =




x, Lx ∈ L(G)

i) x(v) =
N∑

k=1

akK(v, wk) +

N∑

k=1

bkLK(v, wk)

ii) Lx(v) =
N∑

k=1

akLK(v, wk) +

N∑

k=1

bkL2K(v, wk)





,

where the factor 3 denotes the separation distance between the nodes inW = {w1, . . . , wN}.
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4
Positive De昀椀nite Functions On Graphs

The interpolation scheme outlined in the previous chapter, based on general kernel methods,
lacks the incorporation of spectral information from the graph. Thus, the aim of this chapter
is to harmonize these two structures and develop an interpolation scheme where the kernels
used for interpolation are de昀椀ned in relation to the generalized translates of a single graph basis
function. To achieve this goal, we rely on the crucial concept of positive de昀椀niteness.

4.1 Defining the framework

De昀椀nition 4.1.1. (Positive semide昀椀nite function)
We call a function f : V → R on the graph G positive semide昀椀nite (positive de昀椀nite) if the
matrix

Kf =




Ce1f(v1) Ce2f(v1) · · · Cenf(v1)

Ce1f(v2) Ce2f(v2) · · · Cenf(v2)
...

... . . . ...
Ce1f(vn) Ce2f(vn) · · · Cenf(vn)




is symmetric and positive semide昀椀nite (positive de昀椀nite, respectively). We call f conditionally
positive de昀椀nite with respect to a subspace Y if Kf is p.d. on Y . The sets of positive semide昀椀nite
and positive de昀椀nite functions inL(G) are denoted byP andP+, respectively.
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In particular, a positive semide昀椀nite function f induces naturally a p.s.d. kernelKf onG by:

Kf (vi, vj) := Cejf(vi), with Cej = UMêjUT.

If G has an additional group structure, the signal Ceif represents the shift of the signal f by
the group element vi. However, on general graphs, there isn’t an intrinsic concept of transla-
tion. Nevertheless, we will encounter several examples in which the signals Ceif are spatially
well-localized around the nodes vi. Hence, we can interpret Ceif as a generalized translate
of f on G. Regardless, the positive de昀椀niteness of the function f implies that the collection
{Ce1f, . . . ,Cenf} of generalized shifts of f is linearly independent and constitutes a basis for
L(G).

4.2 ABochner-typecharacterizationofpositivedef-
inite functions

The concept of positive de昀椀niteness is closely related to the spectrum Ĝ of the graphG, which
consists of the set of eigenvectors {u1, . . . , un} of the graph Laplacian. This relationship is
evident in the Bochner-type characterization of a positive de昀椀nite function f , which can be
described in terms of the graph Fourier transform f̂ .

Theorem 4.2.1. (Bochner-type characterization)
A function f ∈ L(G) is contained inP (P+) if and only if f̂k ≥ 0 (f̂k > 0, respectively) for all
k ∈ {1, . . . , n}. The corresponding p.s.d. kernelKf has theMercer decomposition

Kf (v, w) =
n∑

k=1

f̂kuk(v)uk(w).

Furthermore, we have the following re昀椀nements:

(1) f ∈ AL ∩ P if and only if f̂k ≥ 0 and f̂k = f̂k′ for λk = λk′ .

(2) f ∈ BM if and only if f̂k = 0 for all indices k > M .

(3) f is conditionally positive de昀椀nite with respect to the subspace Y = span {uk1 , . . . , ukK}
if and only if f̂k1 > 0, . . . , f̂kK > 0.
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Proof:
We apply the de昀椀nition of the convolution given in (2.7) to the kernel matrixKf . By applying
the convolution operator Cx = UMx̂UT and taking advantage of the convolution’s commu-
tativity, we can rewrite the columns of the kernel matrixKf as follows:

Kf (·, vi) = Ceif = UMêiUTf = UMêi f̂ =

= UMf̂ êi = UMf̂U
Tei = Cfei.

This leads toKf = UMf̂U
T, revealing the spectral decomposition of the matrixKf as well as

the Mercer decomposition ofKf :

Kf (vi, vj) =Cejf(vi) = Cf ej(vi)︸ ︷︷ ︸
δij

=

= Cf = UMf̂U
T =

n∑

k=1

f̂kuk(vi)uk(vj)

Since the entries f̂k of f̂ correspond to the eigenvalues of Kf , we can conclude thatKf is posi-
tive semide昀椀nite (p.d.) if and only if f̂k ≥ 0 (f̂k > 0) for all k ∈ {1, . . . , n}. The additional
re昀椀nements for the subalgebrasAL and BM as well as for conditionally positive de昀椀nite func-
tions can be directly inferred from its de昀椀nitions and proposition (2.4.1):

(1) f ∈ AL ∩ P ⇐⇒ f is positive semide昀椀nite and f̂k = f̂k′ if λk = λk′ ⇐⇒ Kf is
positive semide昀椀nite and f̂k = f̂k′ if λk = λk′ ⇐⇒ f̂k ≥ 0 and f̂k = f̂k′ if λk = λk′ .
Let’s remember thatAL = Ã =

{
f ∈ L(G)

∣∣∣ f̂k = f̂k′ if λk = λk′

}
.

(2) f ∈ BM = {u1, . . . , uM} withM ≤ n ⇐⇒ all the eigenvalues with index k > M

are zero ⇐⇒ f̂k = 0 for k > M .

(3) f is conditionallypositive de昀椀nitewith respect to the subspaceY = span {uk1 , . . . , ukK}
⇐⇒ Kf is positive de昀椀nite on the subspaceY ⇐⇒ f̂k1 > 0, . . . , f̂kK > 0.

This concludes the proof.

AlthoughBochner’s characterization of p.s.d. functions inRd is a deep result, Theorem (4.2.1)
can be inferred almost directly from de昀椀nition (4.1.1) for p.d. functions on graphs. This is
due to the vector space of signals L(G) has a 昀椀nite dimension, simplifying various aspects of
function spaces, and the convolution in (2.7) is closely related to the spectrum of the graphG.
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Furthermore, Theorem (4.2.1) establishes a one-to-one correlation between p.s.d. functions
and p.s.d. kernels on graphswith aMercer extension in terms of the Fourier basis {u1, . . . , un}.
Additionally, the theoremhas a second important consequence regarding the graphC∗-algebra
A, stating that the set of p.d. functions corresponds precisely to the set of positive elements in
theC∗-algebraA.

4.3 The convex cone of positive definite functions
on graphs

First of all, the convex cone of positive de昀椀nite functions on graphs can be de昀椀ned as follows

De昀椀nition 4.3.1. (Convex cone)
A setP is a convex cone if and only if it satis昀椀es:

(a) Convexity: ∀f, g ∈ P , ∀λ ∈ [0, 1] : λf + (1− λ)g ∈ P

(b) Conicality: ∀f ∈ P , ∀³ > 0 : ³f ∈ P

In particular, our focus lies in characterizing both the setP and its subsetP+ containing posi-
tive de昀椀nite functions. For this, we 昀椀rst consider the norm

∥x∥A′ =
n∑

k=1

|x̂k|

and the bounded set

P1 = {f ∈ P | ∥f∥A′ ≤ 1} .

The norm ∥·∥A′ indicates the norm dual to the C∗-algebra norm ∥·∥A. Consequently, the
set P1 corresponds to the intersection of the unit ball in the dual algebra A′ with the set P
of positive semide昀椀nite functions. In the subsequent discussion, we denote the zero signal in
L(G) by 0̄ = (0, . . . , 0)T. As an initial outcome, we achieve the following characterization of
the convex setP1.

Theorem 4.3.1. (Convex characterization)
The signals{0̄, u1, . . . , un}are the extreme points of the convex and compact setP1. In particular,
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we have

P1 = conv {0̄, u1, . . . , un} . (4.1)

Proof:
Let’s consider the n-dimensional Euclidean space, denoted byRn, equipped with its standard
basis vectors {e1, e2, . . . , en}. In this space, the standard simplex, denoted by∆, has vertices
that include the origin 0̄ and the standard basis vectors e1, e2, . . . , en. We can see that the
standard simplex∆ has two key properties:

(1) Convexity: ∀ u, v ∈ ∆, ∀ λ ∈ [0, 1]: λu+ (1− λ)v ∈ ∆

(2) Compactness: ∆ is closed and bounded

Since∆ = conv ({0̄, u1, . . . , un}) = {λ ∈ Rn |∑n
k=1 λk = 1, λk ≥ 0}we have the follow-

ing:
(1) Convexity:
Letu = eTλ and v = eTµ, and µ ∈ [0, 1]. We have

∑n
k=1 λk =

∑n
k=1 µk = 1, λk, µk ≥ 0

for all k ∈ {1, . . . , n}. Letw = µu+(1−µ)v = µeTλ+(1−µ)eTµ = µ+(1−µ) = 1,
andµλk+(1−µ)µk ≥ 0 given thatµ, 1−µ, λk, µk are non-negative. Hence,w ∈ ∆ ⇒ ∆

is convex.
(2) Compactness:

Step 1: the simplex ∆ = {λ ∈ Rn |∑n
k=1 λk = 1, λk ≥ 0} is compact. Indeed, it is

closed, being the intersection of closed sets, namelyRn
+ = {x ∈ Rn | x ≥ 0}, and the hy-

perplaneH := {λ ∈ Rn |∑n
k=1 λk = 1}. In addition,∆ is contained within the hyper-

cube [0, 1]n, thus it is bounded. To see the last statement let’s recall the de昀椀nition of the
hypercube [0, 1]n, denoted as Hyper([0, 1]n)= {(x1, . . . , xn) | |xi| ≤ 1, ∀ i = 1, . . . , n}.
Then∀x ∈ ∆ ⇒∑n

k=1 xk = 1 ⇒ xk ≤ 1∀ k ∈ {1, . . . , n} ⇒ x ∈ Hyper([0, 1]n) ⇒
⇒ ∆ ⊂ Hyper([0, 1]n).
Step 2: themapg : ∆ → Rn, λ →∑n

k=1 λk = 1 is continuous. Thus, conv({0̄, u1, . . . , un})
is equal to g(∆), which is the continuous image of a compact set and is therefore itself
compact.

Hence, the simplex∆ is convex, compact andhas precisely then+1mentioned extremepoints.
Now, through the natural correspondence betweenL(Ĝ) andRn we can interpret∆ as a con-
vex simplex inL(Ĝ) and apply the inverse Fourier transformU. Then, Bochner’s characteriza-
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tion in Theorem (4.2.1) implies that:

U∆ = P1.

Since U is both linear and invertible (i.e., continuous), the image P1 of the convex set ∆ is
convex and compact, as illustrated in Step 2. Furthermore, the extreme points ek of ∆ are
mapped onto the following extreme points:

Uek =




∑n
j=1 u1jekj︸ ︷︷ ︸

δjk
...∑n

j=1 unjekj︸ ︷︷ ︸
δjk




=



u1k

...
unk


 = uk.

Here, uij indicates the element located at row i and column j of the matrix U. Similarly, ekj
represents the j-th element of the vector ek. This shows the statement of the theorem.

We conclude this section with a list of elementary properties of the setP andP1.

Corollary 4.3.1.

(a) If f, g ∈ P , then µ1f + µ2g ∈ P for all µ1, µ2 ≥ 0 (P is a convex cone inL(G)).

(b) The extreme radii of the coneP are given by {µuk | µ ≥ 0} , k ∈ {1, . . . , n}.

(c) The convex coneP+ is the open interior ofP .

(d) If f, g ∈ P , then f ∗ g ∈ P (P is closed under convolution).

(e) f ∈ P if and only if there exists a g ∈ L(G) with f = g ∗ g.

Proof:
(a) Let Kf and Kg denote the positive semide昀椀nite matrices associated with the functions f
and g respectively. In addition, let µ1, µ2 ≥ 0. Then, µ1f + µ2g ∈ P ⇐⇒ µ1Kf + µ2Kg

is positive semide昀椀nite. Indeed xT (µ1Kf + µ2Kg) x = µ1x
TKfx+ µ2x

TKgx ≥ 0. Here, we
have leveraged the algebraic properties of matrix multiplication along with the positive semi-
de昀椀niteness of matricesKf andKg. As a result, we can infer that µ1f + µ2g ∈ P .
(b) This statement is a consequence of the Theorem (4.3.1) with the additional observation
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that P = ∪γ≥0µP1. In order to show the observation we need to prove two points: (i) if
f ∈ P ⇒ f ∈ ∪γ≥0µP1; (ii) if f ∈ ∪γ≥0µP1 ⇒ f ∈ P .

(i) f ∈ P ⇒ f ∈ L(G) such that f is p.s.d. ⇒ the kernel matrix Kf is p.s.d. ⇒ all
the eigenvalues ofKf are non-negative, i.e. f̂k ≥ 0 ∀ k ∈ {1, . . . , n} due to Theorem
(4.2.1)⇒∃ µ ≥ 0 such that µf ∈ P and µ

∑n
k=1 |f̂k| ≤ 1; for example we can take

µ = 1

1+
∑n

k=1 |f̂k|
⇒ µf ∈ P and ∥µf∥A′ ≤ 1 ⇒ ∃ µ ≥ 0 such that f ∈ µP1 ⇒ f ∈

∪γ≥0µP1.

(ii) f ∈ ∪γ≥0µP1 ⇒ ∃ µ ≥ 0 such that f ∈ µP1 ⇒ ∃ µ ≥ 0 such that µf ∈ P
and ∥µf∥A′ ≤ 1 ⇒ since µf ∈ P we have that µ̂fk = UTµfk = µf̂k ≥ 0, due to
Theorem (4.2.1)⇒ now, given that µ ≥ 0 it follows that f̂k must be non-negative for
all k ∈ {1, . . . , n}, i.e. f̂k ≥ 0 ∀ k ∈ {1, . . . , n} ⇒ f ∈ P , consistently as for the
Theorem (4.2.1)

Currently, given that P = ∪γ≥0µP1, and P1 = U∆, Uek = uk from the Theorem (4.3.1),
we can conclude the statement in the following way:
conv(P) = conv(∪γ≥0µP1) = conv(∪γ≥0µU∆) = conv(∪γ≥0µU∆) =

= conv(∪γ≥0µ {0̄, u1, . . . , un}) = ∪γ≥0conv({0̄, µu1, . . . , µun}) ⇒ the extreme radii of
the coneP are {µuk | µ ≥ 0} for all k ∈ {1, . . . , n}.
(c) By Bochner’s characterization in Theorem (4.2.1) a positive semide昀椀nite function f is on
the boundary of the cone P if and only if f̂k = 0 for at least one k ∈ {1, . . . , n}. On the
other hand, this is equivalent for f to be inP\P+. To understand that the convex coneP+ is
the open interior ofP , let’s consider a set V with a function f : V → R. The boundary of V ,
denoted by ∂V , is de昀椀ned as the set of points inV that do not have a neighborhood completely
contained inV , that is, the points that are “on the boundary” between the interior and exterior
of V . If a function f is not in the boundary of V , it means that for every point v in the domain
of f , there exists a neighborhood of v that is completely contained inV . This implies that f(v)
is in the interior of V , because it’s possible to “move around” a bit in all directions without
leaving the set V . So, if a function is not in the boundary of its set, then it certainly lies in its
interior. The fact thatP+ is a convex cone is also guaranteed by de昀椀nition (4.1.1)

(d)We can observe that f ∗ g ∈ P if and only if (f̂ ∗ g)k ≥ 0 for all k ∈ {1, . . . , n}. Thus,
we can proceed as follows: (f̂ ∗ g)k = (UTf ∗ g)k = (UTUMf̂ ĝ)k = (f̂1ĝ1, . . . , f̂nĝn)k =

f̂kĝk ≥ 0 given that f, g ∈ P , that is, f̂k, ĝk ≥ 0 ∀ k ∈ {1, . . . , n} ⇒ (f̂ ∗ g)k ≥ 0 ∀ k ∈
{1, . . . , n} ⇒ f ∗ g ∈ P .
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(e) f ∈ P ⇐⇒ ∃ g ∈ L(G) such that f = g ∗ g.
(=⇒)We know that f ∈ P , then f can be expressed as f =

∑n
k=1 f̂kuk, with f̂k ≥ 0 ∀ k ∈

{1, . . . , n}. Now, let g ∈ L(G). Therefore, the convolution with itself is given by g ∗ g =

UTMĝĝ =
∑n

k=1 ĝ
2
kuk. Since g = U

√
UTf , ĝ2k = (

̂U
√
UTf)2k = (UTU

√
UTf)2k =

(UTf)k = f̂k ⇒ g ∗ g =
∑n

k=1 f̂kuk = f .
(⇐=)We know that ∃ g ∈ L(G) such that f = g ∗ g. Thus,

∑n
k=1 f̂kuk = f = g ∗ g =∑n

k=1 ĝ
2
kuk ⇒ the chain of equalities holds true if and only if f̂k = ĝ2k ∀ k ∈ {1, . . . , n} ⇒

since ĝ2k ≥ 0 ∀ k ∈ {1, . . . , n}, inevitably, also f̂k ≥ 0 ∀ k ∈ {1, . . . , n} ⇒ f ∈ P .
Theorem (4.3.1) also suggests that we can express any positive semide昀椀nite function f ∈ P1

as:

f = λ1u1 + . . .+ λnun, λk ≥ 0,
n∑

k=1

λk ≤ 1.

AsP+ represents the open interior ofP , any f ∈ P+∩P1must intrinsically take the following
form:

f = λ1u1 + . . .+ λnun, λk > 0,
n∑

k=1

λk ≤ 1.

Here, λk, uk denote the eigenvalues and eigenvectors, respectively, of the associated kernel
matrixKf . Now, in this scenario we show that

∑n
k=1 λk ≤ 1.

Proof:
Given that f ∈ P1 or f ∈ P+∩P1we can infer that |λk| = λk ∀ k ∈ {1, . . . , n} byTheorem
(4.2.1). Furthermore, the following chain of equivalences holds:

∥f∥A′ ≤ 1 ⇐⇒
n∑

k=1

∣∣∣f̂k
∣∣∣ ≤ 1 ⇐⇒

n∑

k=1

∣∣UTfk
∣∣ ≤ 1 ⇐⇒

n∑

k=1

∣∣UTλkuk

∣∣ ≤ 1 ⇐⇒

⇐⇒
n∑

k=1

λk

∣∣UTuk

∣∣ ≤ 1 ⇐⇒
n∑

k=1

λk |ek|︸︷︷︸
1

≤ 1 ⇐⇒
n∑

k=1

λk ≤ 1.

Thus, the inequality is shown.
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4.4 Moment conditions for positive definite
functions

Let’s start this section by recalling the de昀椀nition of a Hankel matrix.

De昀椀nition 4.4.1. (Hankel Matrix)
A Hankel matrix is a square matrix H = [hij] of size n × n with elements hij satisfying the
conditionhij = hi+1,j+1 for all i, j such that i+1 and j+1 are within the bounds of thematrix
dimensions, i.e., 1 ≤ i, j ≤ n− 1.

We consider the moments fT
1
Ljx, j ∈ N0, of a signal x ∈ L(G). With these moments we can

generate the Hankel matrices

Hr(x) =




fT
1
x fT

1
Lx · · · fT

1
Lr−1x

fT
1
Lx fT

1
L2x · · · fT

1
Lrx

...
... . . . ...

fT
1
Lr−1x fT

1
Lrx · · · fT

1
L2r−2x




, r ∈ N. (4.2)

The moment matricesHr(x) allow to characterize p.d. functions in the subalgebraAL.

Theorem 4.4.1.
Assume that the normalized graph Laplacian L has exactly r distinct eigenvalues. A signal f ∈
AL is positive (semi-) de昀椀nite if and only if the matrixHr(f) is positive (semi-) de昀椀nite.

Proof:
First of all, we show that if f ∈ P then the matrix Hr(f) is positive semi-de昀椀nite. For an
arbitrary vector y = (y1, . . . , yn)

T ∈ Rn, the following identities hold:

yTHr(f)y =
r∑

i=1

r∑

j=1

fT
1
Li+j−2fyiyj

(2.2)
=

=
r∑

i=1

r∑

j=1

fT
1
UMi+j−2

λ UTf︸︷︷︸
f̂

yiyj =

=
r∑

i=1

r∑

j=1

fT
1
UMi+j−2

λ f̂yiyj = . . .
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Note that fT
1
U = [(uT1 + . . .+ uTn)u1︸ ︷︷ ︸

δij

, . . . , (uT1 + . . .+ uTn)un︸ ︷︷ ︸
δij

] = (1, . . . , 1), then

. . . =
r∑

i=1

r∑

j=1

(1, . . . , 1)Mi+j−2
λ f̂yiyj =

r∑

i=1

r∑

j=1

(λi+j−2
1 , . . . , λi+j−2

n )f̂yiyj =

=
r∑

i=1

r∑

j=1

n∑

k=1

f̂kλ
i+j−2
k yiyj =

n∑

k=1

f̂k

r∑

i=1

r∑

j=1

λi+j−2
k yiyj = . . . (4.3)

Let’s take a closer look at the term
∑r

i=1

∑r
j=1 λ

i+j−2
k yiyj , thus

r∑

i=1

r∑

j=1

λi+j−2
k yiyj = yT




λ0
k λ1

k . . . λr−1
k

λ1
k λ2

k . . . λr
k

...
... . . . ...

λr−1
k λr

k . . . λ2r−2
k




y =

= yT




λ0
k
...

λr−1
k


 (λ0

k, . . . , λ
r−1
k )y = yT(λ0

k, . . . , λ
r−1
k )T(λ0

k, . . . , λ
r−1
k )y =

=
[
(λ0

k, . . . , λ
r−1
k )y

]T [
(λ0

k, . . . , λ
r−1
k )y

]
=
[
(λ0

k, . . . , λ
r−1
k )y

]2 (4.4)

Now, plugging (4.4) into (4.3), we obtain

yTHr(f)y =
n∑

k=1

f̂k
[
(λ0

k, . . . , λ
r−1
k )y

]2
︸ ︷︷ ︸

≥0

. (4.5)

Therefore, if f is positive semide昀椀nite, Theorem (4.2.1) implies that Hr(f) is also positive
semide昀椀nite. To establish the opposite conclusion, we need the r distinct eigenvalues of the
graph Laplacian L, denoted by λk1 , . . . , λkr . Since these eigenvalues are distinct, the Vander-
monde matrix

Vr =



λ0
k1

λ1
k1

. . . λr−1
k1

...
... . . . ...

λ0
kr

λ1
k1

. . . λr−1
kr




is invertible (see, (2.8)). Hence, for each j ∈ {1, . . . , r} there exists a unique vector y(j) ∈
Rr, y(j) ̸= 0̄ such that Vry

(j) = ej ∈ Rr. Substituting these solutions y(j) into (4.5), we
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obtain

yTHr(f)y =
n∑

k=1

f̂k
[
(λ0

k, . . . , λ
r−1
k )y(j)

]2
︸ ︷︷ ︸

Vry(j)=ej , k: λk = λkj
, j ∈ {1, . . . , r}

=

=
∑

k:λk=λkj

f̂k(ej)
2 =

∑

k:λk=λkj

f̂k e
T
j ej︸︷︷︸
1

=
∑

k:λk=λkj

f̂k .

Thus, assuming that Hr(f) is positive semide昀椀nite and utilizing the characterization of the
subalgebra AL in Proposition (2.4.1), we infer that f̂k ≥ 0 for all k ∈ {1, . . . , n}. Conse-
quently, this implies that f is a positive semide昀椀nite function. For the stricter assumption that
f ∈ P+, the reasoning in the proof is almost the same. The only discrepancy is in showing the
forward direction (f ∈ P+) ⇒ (Hr(f) is positive de昀椀nite). In this scenario, the requirement
of having exactly r distinct eigenvalues for L is already necessary.
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5
InterpolationWith Graph Basis Functions

Using the relationKf (vi, vj) = Cejf(vi), a positive de昀椀nite function f generates a positive
de昀椀nite kernelKf . Then, an interpolation scheme for the generalized translates Cejf of the
graph basis function f is obtained by employing the corresponding kernel-based approach out-
lined in Chapter (3). We summarize this interpolation scheme in theAlgorithm.

Algorithm: Interpolation with Graph Basis Functions (GBF’s)
Input: Signal values x(w1), . . . , x(wN) at the sampling nodesW ⊂ V . A positive de昀椀nite
graph basis function f ∈ P+.
Calculate the N generalized translates Cej1

f = ej1 ∗ f, . . . ,CejN
f = ejN ∗ f with the

correspondence vjk = wk for the nodes inW .
Solve the linear system of equations




Cej1
f(w1) Cej2

f(w1) · · · CejN
f(w1)

Cej1
f(w2) Cej2

f(w2) · · · CejN
f(w2)

...
... . . . ...

Cej1
f(wN) Cej2

f(wN) · · · CejN
f(wN)







c1
c2
...
cN


 =




x(w1)
x(w2)
...

x(wN)


 .

Calculate the GBF-interpolant

IWx(v) =
N∑

k=1

ckCejk
f(v).

61



In the following, we refer to IWx as the GBF interpolant of the signal x on the nodesW . The
speci昀椀c structure of this interpolation scheme enables us to discuss error estimates and stabil-
ity issues in Chapter (8) much like RBF interpolation in Rd or SBF interpolation on the unit
sphere. TheGBF interpolation space is de昀椀ned by the generalized translatesCejkf of the GBF
f , i.e.,

NKf ,W =

{
x ∈ L(G) | x =

N∑

k=1

ckCejk
f

}
.

Bochner’s characterization in Theorem (4.2.1) provides us the following characterization of
the inner product within the native spaceNKf

= NKf ,V .

Theorem 5.0.1.
if f ∈ P+ then the inner product and the norm of the native spaceNKf

are given as

⟨x, y⟩Kf
=

n∑

k=1

x̂kŷk

f̂k
= ŷTM1/f̂ x̂ and ∥x∥Kf

=

√√√√
n∑

k=1

x̂2
k

f̂k
.

Proof:
According to the characterization in Theorem (4.2.1), the eigendecomposition of the positive
de昀椀nite matrix Kf can be expressed as Kf = UMf̂U

T. Consequently, the inverseK−1
f ofKf

takes the form K−1
f = UM1/f̂U

T. Moreover, the inner product of the native spaceNKf
can

be written as

⟨x, y⟩Kf
= yTK−1

f x = yTU︸︷︷︸
(UTy)T=ŷT

M1/f̂ U
Tx︸︷︷︸
x̂

= ŷTM1/f̂ x̂ =
n∑

k=1

x̂kŷk

f̂k
,

∥x∥2Kf
= ⟨x, x⟩Kf

= x̂TM1/f̂ x̂ =
n∑

k=1

x̂2
k

f̂k
=⇒ ∥x∥Kf

=

√√√√
n∑

k=1

x̂2
k

f̂k
.

Thus, the proof of the theorem is complete.
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6
Examples Of Positive De昀椀nite Functions on

Graphs

Below,we outline several signi昀椀cant examples of positive de昀椀nite graphbasis functions (GBF’s).
Some of these examples are to well-known graph kernels.

(1) Trivial interpolation with the unity f1: The unity f1 =
∑n

k=1 uk of the graph con-
volution is a positive de昀椀nite function. We haveCeif1 = ei. Therefore,Kf1 = In and
Kf1,W = IN are identity matrices and the interpolation space of the GBF f1 is given by
NKf1

,W = span {ej1 , . . . , ejN} (here, vjk corresponds to the node wk). Interpolation
in terms of the basis functions {ej1 , . . . , ejN} is nothing else than extending the given
data x(w1), . . . , x(wN) by x(v) = 0 for all v ∈ V \W .
Let’s show thatCeif1 = ei:

Ceif1 = UMêiUTf1 = Udiag
(
UTei

)
UTf1 =

= UUTdiag(ei)UTf1 = diag(ei)UTf1 =

= diag(ei)(1, . . . , 1)T = ei.

(2) The graph Laplacian L:Aprominent example is the graph LaplacianL for a connected
graph G. Since the eigenvalues λk of L are all positive except for λ1 = 0, the graph
LaplacianL corresponds to a conditionally positive de昀椀nite kernel that allows theMercer
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decomposition

L =
n∑

k=2

λkuku
T
k .

The Laplacian L is positive de昀椀nite on the subspace span {u2, . . . , un} and maps the
constant signals span {u1} to the zero signal 0̄. Therefore, for every ¶ > 0 the aug-
mented Laplacian

L(δ) = L+ ¶u1u
T
1 =

n∑

k=1

λkuku
T
k , with λ1 = ¶,

is positive de昀椀nite. The positive de昀椀nite generator fL(δ) of the augmented Laplacian is
determined by

f̂L(δ) = (λ1, . . . , λn) = (¶, λ2, . . . , λn)

(3) Polynomials of the graph Laplacian L:The spectral calculus allows us to de昀椀ne further
positive de昀椀nite kernels based on the eigenvalue decomposition of L. If pr is a positive
polynomial of degree r on the interval [0, 2], we get pr(λk) > 0 for all eigenvalues λk of
L. Therefore,

pr(L) =
n∑

k=1

pr(λk)uku
T
k

gives rise to a positive de昀椀nite kernel on G. The Fourier transform of the generating
GBF fpr(L) is given as

f̂pr(L) = (pr(λ1), . . . , pr(λn)).

These positive de昀椀nite GBF’s are relevant for practical applications, especially if the size
n ofG gets large. In this case, the kernel matrix pr(L) and its columns can be calculated
quickly with simple matrix-vector multiplications based on the graph Laplacian L.
Observation:
De昀椀ne the following functions f in terms of the Fourier transform:

f̂k =
r∑

l=0

³lλ
l
k = pr(λk), r ≤ n.
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Then we have

(f ∗ x) = Udiag(f̂)UTx = Udiag(pr(λ1), . . . , pr(λn))UTx =

pr(Udiag(λ1, . . . , λn)UT

︸ ︷︷ ︸
L

)x = pr(L)x =
r∑

k=0

³kLkx.

(4) Variational or polyharmonic splines: Variational splines on graphs were 昀椀rst intro-
duced in [13] as solutions denoted by IWx to the interpolation problem (3.2). These
solutions minimize the functional ∥(εIn+L)s/2Inx∥, where ε > 0 and s > 0. Accord-
ing to Proposition (3.3.4), this energy functional corresponds to the native space norm
of the kernel

(εIn + L)−s =
n∑

k=1

1

(ε+ λk)s
uku

T
k .

Therefore, variational spline interpolation canbe viewedas aGBF interpolation approach
relying on the positive de昀椀nite function f(εIn+L)−s de昀椀ned in the spectral domain as

f̂(εIn+L)−s =

(
1

(ε+ λ1)s
, . . . ,

1

(ε+ λn)s

)
.

In [14], the parameter choice ε = 0was also considered. In this scenario, the functional
∥Ls/2IWx∥ represents a semi-norm related to the positive semide昀椀nite kernel (L†)−s.
When the graphG is connected, the Fourier transform of the positive semide昀椀nite func-
tion f(L†)−s is expressed

f̂(L†)−s =
(
0, λ−s

2 , . . . , λ−s
n

)
.

The GBF f(L†)−s is therefore a conditionally positive de昀椀nite function concerning the
subspace span{u2, . . . , un}. To ensure uniqueness, the interpolation problem can be
treated as in Example (2) or as described in Section (3.4). A more conventional method
for solving the interpolation problem with variational splines is outlined in [14], or al-
ternatively in [37] for related issues on manifolds.
Observation 1:
We aim to show that ((λk + ε)−s, u) is an eigenpair of (εIn + L)−s. We will carry out
the observation by using induction for a generic λk + ε:
Step 1: s = 1

(εIn + L)−1u = (λk + ε)−1u ⇐⇒ (εIn + L)u = (λk + ε)u ⇐⇒ Lλk = λku
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Step 2: Now, we assume that the assertion is true for s and we show the statement for
s+ 1

(εIn + L)−s−1u = (εIn + L)−1 (εIn + L)−su︸ ︷︷ ︸
(λk+ε)−su

=

= (λk + ε)−s(εIn + L)−1u =

= (λk + ε)−s(λk + ε)−1u = (λk + ε)−s−1u.

Observation 2:
Wewant to show that (λs

k, u) is an eigenpair of Ls

Lsu = Ls−1Lu = Ls−1λku = . . . = λs
ku.

(5) Di昀昀usion kernels: Di昀昀usion kernels [10] based on the Mercer decomposition

e−tL =
n∑

k=1

e−tλkuku
T
k ,

are as well positive de昀椀nite for all t ∈ R. The graph Fourier transform of the respective
positive de昀椀nite function fe−tL is given as

f̂e−tL = (e−tλ1 , . . . , e−tλn).

Observation:
Let’s show that e−tL =

∑n
k=1 e

−tλkuku
T
k :

e−tL = e−tUMλUT
=

∞∑

i=0

(−t)i
(UMλUT)i

i!
=

= U

( ∞∑

i=0

(−t)idiag(λi
1, . . . , λ

i
n)

i!

)
UT =

= U

( ∞∑

i=0

diag
(
(−tλ1)

i

i!
, . . . ,

(−tλn)
i

i!

))
UT =

= Udiag(e−tλ1 , . . . , e−tλn)UT =
n∑

k=1

e−tλkuku
T
k . (6.1)

Furthermore, from (6.1) we can infer that e−tλk represent the k-th eigenvalue.

(6) Kernels with polynomial Fourier decay: Positive de昀椀nite functions fpol,s with a poly-
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nomial decay on the spectrum Ĝ are determined by the Fourier coe昀케cients

f̂pol,s =

(
1,

1

2s
,
1

3s
, . . . ,

1

ns

)
, s > 0.

The corresponding kernel has the form

Kfpol,s =
n∑

k=1

1

ks
uku

T
k .

These positive de昀椀nite functions are relevant for us in the discussion of error estimates
for GBF interpolation.

(7) Bandlimited interpolation: Interpolation within the space BM of bandlimited func-
tions can be illustrated employing the positive semide昀椀nite function fBM

=
∑M

k=1 uk,
i.e., theunity elementof the subalgebraBM . The correspondingkernelBM =

∑M
k=1 uku

T
k

denotes the orthogonal projection onto the space BM . The fact that fBM
is not strictly

positive de昀椀nite already suggests the lack of unisolvency for the interpolation problem
(3.2) within the native spaceNKfBM

= BM . This observation is also highlighted in [5],
[8].

Figure 6.1: Illustra琀椀on of the shi昀琀s Cejf for di昀昀erent GBF’s. Le昀琀: f = fe−10L in Example (5). Middle: f = fpol,1 in
Example (6). Right:f = f(0.02In+L)−2 in Example (4). The ringed node corresponds to vj .
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7
Space Frequency Analysis With Positive

De昀椀nite Functions

To begin this chapter, let’s review some relevant facts that will help us in our next discussion.

De昀椀nition 7.0.1. (Spectral norm)
Given a square matrixA ∈ Rn×n the spectral norm ∥A∥2 is de昀椀ned as

∥A∥2 = max
x ̸=0̄

∥Ax∥2
∥x∥2

= max
∥x∥2=1

∥Ax∥2.

Proposition 7.0.1.
LetA ∈ Rn×n andB ∈ Rn×n two square matrices, then the following inequality holds

∥AB∥2 ≤ ∥A∥2∥B∥2.

Proof:

∥AB∥2 = max
x̸=0̄

∥ABx∥2
∥x∥2

≤ max
Bx ̸=0̄

∥ABx∥2
∥x∥2

∥Bx∥2
∥Bx∥2

=

=

(
max
Bx ̸=0̄

∥ABx∥2
∥Bx∥2

)(
max
x ̸=0̄

∥Bx∥2
∥x∥2

)
= ∥A∥2∥B∥2.

⇒ ∥AB∥2 ≤ ∥A∥2∥B∥2
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Thus, the inequality is shown.

Proposition 7.0.2.
Assume u1, . . . , un form an orthonormal basis ofRn. Then, we can state:

n∑

k=1

uku
T
k = In.

Proof:
For instance takew = (1, 0, . . . , 0)T, then

w =
n∑

k=1

⟨w, uk⟩uk =

=
n∑

k=1

uk(1)uk =




∑n
k=1 uk(1)uk(1)

...∑n
k=1 uk(1)uk(n)




︸ ︷︷ ︸
this is the 昀椀rst column of the matrix In

=




1

0
...
0




.

Where uk(j) denotes the j-th entry of the vector uk.
Now, let’s consider wi = (0, . . . , 0, 1, 0, . . . , 0), with 1 in the i-th position, and repeat the
previous computations to determine that the i-th column of

∑n
k=1 uku

T
k is equals to

(0, . . . , 0, 1, 0, . . . , 0)T. Therefore, this prove the equality.

Proposition 7.0.3.
By Bochner-type characterization of positive de昀椀nite functions in Theorem (4.2.1) we know that
Kf = UMf̂UT. Thus, the following inequalities holds for all x ∈ Rn

(
min
1≤k≤n

f̂k

)
∥x∥2

(a)
≤ ∥Kfx∥2

(b)
≤
(
max
1≤k≤n

f̂k

)
∥x∥2

Proof:
(a)

∥Kfx∥2 =
√

⟨Kfx,Kfx⟩ =
√

xTUM2
f̂
UTx =
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=

[
xT

(
n∑

k=1

f̂ 2
kuku

T
k

)
x

] 1
2

≥
[
xT

(
n∑

k=1

min
1≤j≤n

f̂ 2
j uku

T
k

)
x

] 1
2

=

= min
1≤k≤n

f̂k

[
xT

(
n∑

k=1

uku
T
k

)

︸ ︷︷ ︸
In, by Prop. (7.0.2)

x

] 1
2

=

(
min
1≤k≤n

f̂k

)√
⟨x, x⟩ =

=

(
min
1≤k≤n

f̂k

)
∥x∥2 ⇒

(
min
1≤k≤n

f̂k

)
∥x∥2 ≤ ∥Kfx∥2.

(b)

∥Kfx∥2 =
√

⟨Kfx,Kfx⟩ =
√

xTUM2
f̂
UTx =

=

[
xT

(
n∑

k=1

f̂ 2
kuku

T
k

)
x

] 1
2

≤
[
xT

(
n∑

k=1

max
1≤j≤n

f̂ 2
j uku

T
k

)
x

] 1
2

=

= max
1≤k≤n

f̂k

[
xT

(
n∑

k=1

uku
T
k

)

︸ ︷︷ ︸
In, by Prop. (7.0.2)

x

] 1
2

=

(
max
1≤k≤n

f̂k

)√
⟨x, x⟩ =

=

(
max
1≤k≤n

f̂k

)
∥x∥2 ⇒ ∥Kfx∥2 ≤

(
max
1≤k≤n

f̂k

)
∥x∥2.

Then, the proof is complete.

For awindow functionf ∈ L(G), thewindowedFourier transformFfxof a signalx is de昀椀ned
in the domainG× Ĝ as (cf. [27], [38])

Ffx(vi, uk) :=
√
nxT(Muk

Ceif).

We have previously considered the convolution operator Ceif acting on the function f as a
generalized shift of f on G. Similarly, the multiplication operator

√
nMuk

in the windowed
Fourier transform acts as a generalized modulation with respect to the Fourier basis uk. The
space-frequency analysis associated with the windowed Fourier transform employs the coef-
昀椀cients Ffx(vi, uk) to decompose the signal x. It has been shown in [27] that the system
{√nMuk

Ceif | i, k ∈ {1, . . . , n}} provides a frame for the space of signals L(G) if f̂1 ̸= 0.
Assuming that the window function f is positive de昀椀nite, we can re昀椀ne this statement. Under
this condition, the shifts {Ceif | i ∈ {1, . . . , n}} constitute already a basis of L(G). Addi-
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tionally, we obtain the following result:

Theorem 7.0.1.
Let f ∈ P+ and assume that u1 is 昀椀xed as u1 =

1√
n
(1, . . . , 1)T.

(1) ifuk is non-vanishing for a昀椀xedk ∈ {1, . . . , n}, then the system{√nMuk
Ceif | i ∈ {1, . . . , n}}

is a basis ofL(G).

(2) Let{uk1 , . . . , ukM} be a subset of Ĝ containingM ≤ nFourier basis functions anduk1 =
u1. Then {

√
nMuk

Ceif | i ∈ {1, . . . , n} , j ∈ {1, . . . ,M}} is a frame forG with the
frame bounds

(
min
1≤k≤n

f̂k

)2

∥x∥22 ≤
n∑

i=1

M∑

j=1

(xT(
√
nMukj

Ceif))
2 ≤

(√
n max

1≤k≤n
f̂k

)2

∥x∥22

Proof:
(1) Given that f ∈ P+ and uk(v) ̸= 0 for all v ∈ V , it follows that both matrices Kf and
Muk

are invertible. Therefore,
√
nMuk

Kf is invertible and the n columns
√
nMuk

Ceif, i ∈
{1, . . . , n}, constitutes a basis ofL(G).
(2) By Proposition (7.0.3) we know that

(
min
1≤k≤n

f̂k

)
∥x∥2 ≤ ∥Kfx∥2 ≤

(
max
1≤k≤n

f̂k

)
∥x∥2,

holds true for all x ∈ Rn. Now, if we use uk1 = u1 = (1, . . . , 1)T/
√
n, we obtain the lower

bound

n∑

i=1

M∑

j=1

(xT(
√
nMukj

Ceif))
2 ≥

n∑

i=1

(xT(
√
nMu1Ceif))

2 =

=
n∑

i=1

(xT(
√
n

1√
n
diag(1, . . . , 1)︸ ︷︷ ︸

In

Ceif))
2 =

n∑

i=1

(xTCfei)
2 =

=
n∑

i=1

(xTCf )
2
i = (xTCf )

T(xTCf ) = ⟨xTCf , x
TCf⟩ =

= ∥xTCf∥22 = ∥Cfx∥22 = ∥Kfx∥22 ≥

≥
(

min
1≤k≤n

f̂k

)2

∥x∥22 ⇒
(

min
1≤k≤n

f̂k

)2

∥x∥22 ≤
n∑

i=1

M∑

j=1

(xT(
√
nMukj

Ceif))
2.
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On the other hand, we obtain an upper bound as follows

n∑

i=1

M∑

j=1

(xT(
√
nMukj

Ceif))
2 = n

M∑

j=1

n∑

i=1

(xT(Mukj
Ceif))

2 = . . .

Let’s take a closer look on the term
∑n

i=1(x
T(Mukj

Ceif))
2

n∑

i=1

(xT(Mukj
Ceif))

2 =
n∑

i=1

((Mukj
x)TCeif))

2 =
n∑

i=1

((Mukj
x)TCfei))

2 =

=
n∑

i=1

((Mukj
x)TCf )

2
i = ((Mukj

x)TCf )((Mukj
x)TCf )

T =

= (Cf (Mukj
x))T(Cf (Mukj

x)) = ⟨CfMukj
x,CfMukj

x⟩ = ∥CfMukj
x∥22.

Then, we get

. . . = n

M∑

j=1

∥CfMukj
x∥22 = n

M∑

j=1

∥KfMukj
x∥22 ≤

≤ n∥Kf∥22
M∑

j=1

∥Mukj
x∥22 ≤ n

(
max
1≤k≤n

f̂k

)2 M∑

j=1

∥Mukj
x∥22 ≤ . . .

Now, we examine the term ∥Mukj
x∥22 more closely

∥Mukj
x∥22 = ⟨Mukj

x,Mukj
x⟩ = xTM2

ukj
x =

=
n∑

i=1

u2
kj
(i)x2

i =
n∑

i=1

(ukj(i)xi)
2 ≤

≤
(

n∑

i=1

ukj(i)xi

)2

= (uTkjx)
2.

Thus, we obtain

. . . ≤ n

(
max
1≤k≤n

f̂k

)2 M∑

j=1

(uTkjx)
2 = n

(
max
1≤k≤n

f̂k

)2 M∑

j=1

(UT
kx)

2
j =
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= n

(
max
1≤k≤n

f̂k

)2

(UT
kx)

T(UT
kx) = n

(
max
1≤k≤n

f̂k

)2

xTUkUT
kx =

= n

(
max
1≤k≤n

f̂k

)2

xTx =

(√
n max

1≤k≤n
f̂k

)2

∥x∥22 ⇒

⇒
n∑

i=1

M∑

j=1

(xT(
√
nMukj

Ceif))
2 ≤

(√
n max

1≤k≤n
f̂k

)2

∥x∥22.

The proof is then complete.

Note: ifM = n, a slight modi昀椀cation of the previous proof yields the enhanced lower frame

bound
(√

nmin1≤k≤n f̂k

)2
. The upper and lower bounds

(√
nmax1≤k≤n f̂k

)2
and

(√
nmin1≤k≤n f̂k

)2
are optimal in this scenario. This was highlighted in [27] with an equiv-

alent representation of the bounds.
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8
Stability And Error Estimates

Thepurpose of this section is to establishupperbounds forboth the interpolation error |x(v)−
IWx(v)| and the numerical condition of the interpolation. As previously stated, IWx denotes
the uniquely determined interpolant of a signal x ∈ L(G) in the native space NW,Kf

. The
approximation space NW,Kf

is constructed based on the set W = {w1, . . . , wN} ⊂ V of
interpolation nodes and a positive de昀椀nite function f ∈ P+ that de昀椀nes the kernelKf and
the positive de昀椀nite interpolation matrixKf,W .

8.1 Norming sets

To evaluate the accuracy of the interpolant IWx, it’s essential to assess how e昀昀ectively func-
tions within speci昀椀c subsets ofL(G) can be reconstructed from samples obtained from the set
of nodesW . This assessment is facilitated by the concept of a norming set. Within the frame-
work of L(G), we examine auxiliary subspaces represented by the bandlimited signals BM on
G. Additionally, we introduce two projection operators SW and BM on L(G) to assist in this
evaluation.

SWx(v) =




x(v) if v ∈ W,

0 otherwise,
and BMx =

M∑

k=1

(uTkx)uk.

75



The mapping SW projects a signal x onto the subset W ⊂ V , whereas BM describes the
projection onto the space BM of bandlimited functions.

De昀椀nition 8.1.1.
We call a subsetW = {w1, . . . , wN} of V a norming set for the subspace BM ⊂ L(G) if the
operator SWBM is injective on the subspace BM .

The injectivity of SWBM onBM guarantees that we have a well-de昀椀ned inverse (SWBM)−1 on
the image SW (BM) = SWBM(L(G)). The operator norm of this inverse

∥(SWBM)−1∥2 = sup
z∈SW (BM ),∥z∥≤1

∥(SWBM)−1z∥2

is denoted as the norming constant for the setW . De昀椀nition (8.1.1) formally de昀椀nes the fol-
lowing statement equivalently:W is a norming set forBM if each bandlimited signal x ∈ BM

can be uniquely reconstructed from the samples {x(w1), . . . , x(wN)}. In the literature, the
notion “uniqueness set” is interchangeably employed instead of “norming set”, as referenced
in [7],[39].
A straightforward criterion outlined in [8] determines whetherW quali昀椀es as a norming set
for BM .

Theorem 8.1.1.
The setW is a norming set for the space BM of bandlimited functions if and only if the spectral
norm of the matrix BM(In − SW )BM is strictly less than 1. The norming constant of the setW
is bounded by

∥(SWBM)−1∥2 ≤
1

1− ∥BM(In − SW )BM∥2

Proof:
Since SW and BM are both projection operators we know that: SW = STW = S2W and BM =

BT
M = B2

M . The operator SWBM restricted to the space BM is injective if and only if

(SWBM)TSWBM = BT
MSTWSWBM = BMS2WBM = BMSWBM

is invertible on BM (we denote its pseudo-inverse by (BMSWBM)†). This is true if and only if
the extended operator In − BM + BMSWBM is invertible on the entire space L(G). On the
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other hand, this is equivalent to the fact that the spectral norm of the operator

BM − BMSWBM = B2
M − BMSWBM = BM(In − SW )BM

is strictly less than 1. This con昀椀rms the 昀椀rst statement.
For the second statement, we write the inverse (SWBM)−1 on the image SW (BM) as

(SWBM)−1z
(∗)
= (BMSWBM)†BMSW z

(∗,∗)
= (In − BM + BMSWBM)−1BMSW z.

Let’s de昀椀neC = (SWBM)TSWBM = BMSWBM and we show equality (∗). Since the pseudo-
inverse is de昀椀ne as follows C† = (CTC)−1CT and (AB)−1 = B−1A−1, where A, B ∈ Rn×n,
we have

C† = (BMSWBM)† = ((BMSWBM)TBMSWBM)−1(BMSWBM)T =

= (BMSWBMBMSWBM)−1(BMSWBM) =

= (BMSWBM)−1(BMSWBM)−1(BMSWBM) =

= (BMSWBM)−1 = (SWBM)−1B−1
M .

Thus,

(BMSWBM)†BMSW z = (SWBM)−1B−1
M BMSW z = (SWBM)−1SW z = (SWBM)−1z.

Here, in the last equality, we have used the fact that SW z = z due to z ∈ Im(SW ).
On the other hand, the equality (∗, ∗) is maintained due to the orthogonality between the
transformation (In − BM) and BM . Indeed, (In − BM)BM = BM − B2

M = BM − BM =

0n. Consequently, both operators (BMSWBM)† and (In − BM + BMSWBM)−1 performs
equivalently on BMSW z.
Now, by recalling the Neumann series expansion

if ∥A∥2 < 1,
n∑

k=0

Ak = (In − A)−1

we obtain
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(SWBM)−1z =
∞∑

k=0

(BM − BMSWBM)kBMSW z.

Then, taking the norm on both sides gives the desired bound

∥(SWBM)−1z∥2 ≤ ∥
∞∑

k=0

(BM − BMSWBM)kBMSW z∥2 ≤

≤
∞∑

k=0

∥(BM − BMSWBM)kBMSW z∥2 ≤

≤
∞∑

k=0

∥BM − BMSWBM∥2k∥BMSW z∥2 ≤

≤ 1

1− ∥BM − BMSWBM∥2
∥BM∥2∥SW∥2︸ ︷︷ ︸

1

∥z∥2 =

=
1

1− ∥BM(In − SW )BM∥2
∥z∥2 ⇒

⇒ ∥(SWBM)−1z∥2 ≤
1

1− ∥BM(In − SW )BM∥2
∥z∥2.

This completes the theorem.

Theorem (8.1.1) illustrates that determining of whetherW constitutes a norming set for BM

depends signi昀椀cantly on the spectral structure Ĝ of the graphG and is closely linked to the exis-
tence of non-admissible regions within the combined space-frequency domain of the graph. In
spectral graph theory, these regions characterize uncertainty principles. To delve into this con-
nection with uncertainty principles and concrete examples, consider [8] and the more general
framework in [39].

8.2 Main error estimate

Our main error estimate is formulated as follows:

Theorem 8.2.1.
Let f ∈ P+ andW ⊂ V be a norming set for the space BM on the graphG. Then, for the GBF
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interpolant IWx ∈ NW,Kf
of a graph signal x we get the uniform error bound

max
v∈V

|x(v)− IWx(v)| ≤ (1 + ∥(SWBM)−1∥2)
(

n∑

k=M+1

f̂k

)1/2

∥x∥Kf
.

The error estimate is in昀氀uencedby three correlated factors: thenorming constant∥(SWBM)−1∥2,
the tail

∑n
k=M+1 f̂k, and the native space norm ∥x∥Kf

. These factors depend on the sampling
setW , the bandwidthM , the decay rate of the Fourier coe昀케cients f̂k and the signalx. In terms
ofM and the decay rate of the coe昀케cients f̂k, there exists a trade-o昀昀 between the 昀椀rst two fac-
tors and the last two factors of the error estimate. Typically, we can obtain signi昀椀cant error
estimates in Theorem (8.2.1) when the Fourier coe昀케cients f̂k exhibit rapid decay, the signal x
is smooth (with a small native space norm ∥x∥Kf

) and the sampling setW forms a norming
set for a large spaceBM . Moreover, if the Fourier coe昀케cients f̂k have a particular decay, we can
achieve the following additional re昀椀nements:

Corollary 8.2.1.
With the same assumption in Theorem (8.2.1), we get the following bounds:

(1) if f̂k ≤ C1k
−s, s > 1, then

max
v∈V

|x(v)− IWx(v)| ≤
√

C1

s− 1
(1 + ∥(SWBM)−1∥2)M− s−1

2 ∥x∥Kf

(2) if f̂k ≤ C2e
−tk, t > 0, then

max
v∈V

|x(v)− IWx(v)| ≤
√

C2

1− e−t
(1 + ∥(SWBM)−1∥2)e−

t
2
(M+1)∥x∥Kf

Proof:
This corollary directly follows from Theorem (8.2.1), along with the following observations:
(1)

n∑

k=M+1

f̂k ≤ C1

n∑

k=M+1

1

ks
≤ C1

∫ ∞

M

1

xs
dx =

= C1 lim
ε→∞

x1−s

1− s

∣∣ε
M

= C1 lim
ε→∞

ε1−s

1− s
− M1−s

1− s
= C1

M1−s

s− 1
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(2)

n∑

k=M+1

f̂k ≤ C2

∞∑

k=M+1

e−tk = C2

∞∑

j=0

e−t(j+M+1) =

= C2e
−t(M+1)

∞∑

j=0

e−tj = C2
e−t(M+1)

1− e−t

8.3 Proof of Theorem (8.2.1)

The approach taken in this proof is inspired from similar error estimates found in the proofs for
SBF’s [40], for positive de昀椀nite kernels onRiemannianmanifolds [41] and on compact groups
[19]. To estimate the error |x(v)− IWx(v)|, the initial step of the proof involves representing
the interpolant IWx ∈ NKf ,W in a suitable way. This representation is provided in terms of a
Lagrange-type basis {ℓ1, . . . , ℓN} ofNKf ,W as

IWx(v) =
N∑

k=1

ℓk(v)x(wk). (8.1)

The Lagrange basis functions ℓk are determined as the interpolants

ℓk(v) = IW ejk(v), k ∈ {1, . . . , N} ,

where the node vjk corresponds to the node wk ∈ W . Now, utilizing the property thatKf

operates as the reproducing kernel of the Hilbert spaceNKf
, we obtain the estimate

|x(v)− IWx(v)| = |x(v)−
N∑

k=1

ℓk(v)x(wk)| =

=

∣∣∣∣∣⟨x,Kf (·, v)⟩Kf
−

N∑

k=1

ℓk(v)⟨x,Kf (·, wk)⟩Kf

∣∣∣∣∣ =

=

∣∣∣∣∣
〈
x,Kf (·, v)−

N∑

k=1

ℓk(v)Kf (·, wk)
〉
Kf

∣∣∣∣∣
C−S

≤
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C−S

≤ ∥x∥Kf
∥Kf (·, v)−

N∑

k=1

ℓk(v)Kf (·, wk)∥Kf
=

= ∥x∥Kf
∥Kf (·, v)−

N∑

k=1

ℓk(v)Cejk
f∥Kf

. (8.2)

The normPW,Kf
(v) = ∥Kf (·, v)−

∑N
k=1 ℓk(v)Cejk

f∥Kf
is commonly known as the power

function within the RBF community (see, [16], [17]). It depends on the node v, the sampling
nodesW and the positive de昀椀nite function f , but it does not rely on the signal x. In order
to conclude this proof, we aim to estimate the power function PW,Kf

(v). To achieve this, we
need two well-established auxiliary results. The 昀椀rst one is correlated to the power function.

Lemma 8.3.1. ([16], Theorem 11.1; [17], Theorem 11.5)
If f ∈ P+, then

∑N
k=1 ℓk(v)Cejk

f is the best approximation ofKf (·, v) in the subspaceNKf ,W

with respect to the native space normNKf
.

Proof:
The outcome arises from the orthogonality of the subspaceNKf ,W with the vectorKf (·, v)−∑N

k=1 ℓk(v)Cejk
f . This stems from the identities

〈
Kf (·, v)−

N∑

k=1

ℓk(v)Cejk
f,Ceji

f
〉
Kf

=

= ⟨Kf (·, v),Ceji
f⟩Kf

−
N∑

k=1

ℓk(v)⟨Cejk
f,Ceji

f⟩Kf
=

= ⟨Kf (·, v), Kf (·, vji)⟩Kf
−

N∑

k=1

ℓk(v)⟨Kf (·, vjk), Kf (·, vji)⟩Kf
=

= Kf (v, vji)−
N∑

k=1

ℓk(v)Kf (vjk , vji) = Kf (wi, v)−
N∑

k=1

ℓk(v)Kf (wi, vjk) =

= Ceji
f(v)−

N∑

k=1

ℓk(v)Cejk
f(wi) = Ceji

f(v)− Ceji
f(v) = 0.

The 昀椀nal equality arises from the de昀椀nition of the Lagrange basis ℓk, k ∈ {1, . . . , N}. This
basis ensures that the function

∑N
k=1 ℓk(v)Cejk

f(wi) interpolatesCeji
f at all nodesw ∈ W .
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Since this interpolation is unique withinNKf ,W , the summation
∑N

k=1 ℓk(v)Cejk
f(wi) cor-

responds toCeji
f(v) on the entire node set V .

The second auxiliary result is related to norming sets, which can be established through a func-
tional analytic approach that leverages the Hahn-Banach Theorem. Full details are provided
in ([17], Theorem 3.4).

Lemma 8.3.2. ([17], Theorem 3.4)
SupposeW = {w1, . . . , wN} is a norming set for BM ⊂ L(G). Then for every node v ∈ V ,
there are coe昀케cients (³1(v), . . . , ³N(v)) ∈ RN such that

x(v) =
N∑

k=1

³k(v)x(wk) and
N∑

k=1

|³k(v)|2 ≤ ∥(SWBM)−1∥22

for all signals x ∈ BM

Proof:
We de昀椀ne the linear functional x̃ on SWBM(L(G)) by x̃(y) = x((SWBM)−1y). Its norm is
bounded ∥x̃∥ ≤ ∥x∥BM

∥(SWBM)−1∥2 = ∥BMx∥2∥(SWBM)−1∥2 ≤ ∥(SWBM)−1∥2 since
∥BMx∥2 ≤ 1. By the Hahn-Banach Theorem, x̃ has a norm-preserving extension x̃ext toRN .
Due to the Riesz representation Theorem, every linear functional on RN can be expressed by
the inner product with a 昀椀xed vector. Consequently, there exists ³(v) ∈ RN such that

x̃ext(y) =
N∑

k=1

³k(v)yk =
N∑

k=1

³k(v)x(wk), yk = x(wk) for k = 1, . . . , N

and

∥³(v)∥22 =
N∑

k=1

|³k(v)|2 ≤ ∥x∥2BM
∥(SWBM)−1∥22 ≤ ∥(SWBM)−1∥22.

Finally, we 昀椀nd for an arbitrary v ∈ V , by setting y = SWBMv, the following

x(v) = x((SWBM)−1y) = x̃(y) = x̃ext(y) =
N∑

k=1

³k(v)yk =
N∑

k=1

³k(v)x(wk),

which 昀椀nishes the proof.*

*Proofs of the Hahn-Banach and the Riesz Representation Theorems can be found in the appendix.
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Now, starting from the bound of the approximation error provided in equation (8.2), we pro-
ceed to evaluate the power function PW,Kf

(v). Without loss of generality, let’s assume that
v ̸∈ W (since for v ∈ W , the power function is equal to zero). We set w0 = vj0 = v and
ℓ0(v) = −1. Employing the characterization of the native space norm as outlined in Theorem
(5.0.1), we can represent the square of the power function as

P 2
W,Kf

(v) =
∥∥∥Kf (·, v)−

N∑

k=1

ℓk(v)Kf (·, wk)
∥∥∥
2

Kf

=

=

∥∥∥∥∥−
(
ℓ0(v)Kf (·, w0) +

N∑

k=1

ℓk(v)Kf (·, wk)

)∥∥∥∥∥

2

kf

=

=
∥∥∥

N∑

k=0

ℓk(v)Kf (·, wk)
∥∥∥
2

Kf

=
∥∥∥

N∑

k=0

ℓk(v)Cejk
f
∥∥∥
2

Kf

=

=
n∑

l=1

1

f̂l

(
N∑

k=0

ℓk(v)Ĉejk
f

)2

l

=
n∑

l=1

1

f̂l

(
N∑

k=0

ℓk(v)(Mêjk
f̂)l

)2

=

=
n∑

l=1

f̂l

(
N∑

k=0

ℓk(v)(êjk)l

)2

.

By using Lemma (8.3.1), the functionalminimization of the squareP 2
W,Kf

(v) is obtainedwith
the coe昀케cients ℓk(v). Consequently, we can establish an upper bound for P 2

W,Kf
(v) by sub-

stituting the coe昀케cients ℓk(v) with the functions ³k(v), where k ∈ {1, . . . , N}, as given in
Lemma (8.3.2). Additionally, we de昀椀ne ³0(v) = −1. Thus, we obtain the bound

P 2
W,Kf

(a)

≤
n∑

l=M+1

f̂l

(
N∑

k=0

³k(v)(êjk)l

)2
(b)

≤
n∑

l=M+1

f̂l

N∑

k=0

³2
k(v)

N∑

k=0

(êjk)
2
l

︸ ︷︷ ︸
δkl

≤

≤
n∑

l=M+1

f̂l

(
³2
0(v) +

N∑

k=1

|³k(v)|2
)

≤ (1 + ∥(SWBM)−1∥22)
n∑

l=M+1

f̂l
(c)

≤

(c)

≤ (1 + ∥(SWBM)−1∥2)2
n∑

l=M+1

f̂l ⇒

⇒ PW,Kf
≤ (1 + ∥(SWBM)−1∥2)

(
n∑

l=M+1

f̂l

)1/2

. (8.3)
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Where in (a)we leverage the fact that the functions f are bandlimited and that ℓk(v) ≤ ³k(v)

holds for all k ∈ {1, . . . , N}. Furthermore, in (b) and (c), we employed the inequalities
(
∑

i aibi)
2 ≤∑i a

2
i

∑
i b

2
i and (x2 + y2) ≤ (x+ y)2 if and only if x, y > 0 or x, y < 0.

Thus, by applying the result (8.3) in (8.2), we obtain the desired inequality

max
v∈V

|x(v)− IWx(v)| ≤ (1 + ∥(SWBM)−1∥2)
(

n∑

k=M+1

f̂k

)1/2

∥x∥Kf
.

This completes the proof.

8.4 Stability

A commonly used measure to evaluate the absolute numerical condition of a linear interpola-
tion scheme IWx is de昀椀ned by the operator norm sup∥x∥2≤1 ∥IWx∥2. Thismeasure quanti昀椀es
the maximum potential ampli昀椀cation of errors in the sampled data resulting from the interpo-
lation process. For this numerical condition number, we obtain:

Theorem 8.4.1.
If f ∈ P+, then the numerical condition number for GBF interpolation is bounded by

sup
∥x∥2≤1

∥IWx∥2 ≤ ∥K −1
f,W∥2∥Kf∥2 ≤

max1≤k≤n f̂k

min1≤k≤n f̂k
.

Proof:
In matrix-vector notation we can write the interpolant IWx compactly as

IWx(·) = x(·) = ⟨Kf (·, ·), x⟩Kf,W
= Kf (·, ·)K−1

f,WxT =

=
(
Cej1

f, . . . ,CejN
f
)
K−1

f,W (xj1 , . . . , xjN )
T .

Therefore, we can bound the norm ∥IWx∥2 by

∥IWx∥2 = ∥(Cej1
f, . . . ,CejN

)fK−1
f,W (xj1 , . . . , xjN )

T∥2 ≤
≤ ∥(Cej1

f, . . . ,CejN
f)∥2∥K−1

f,W∥2∥(xj1 , . . . , xjN )
T∥2 ≤ ∥Kf∥2∥K−1

f,W∥2∥x∥2.

According to Theorem (4.2.1), we know that the Fourier coe昀케cients of f correspond to the
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eigenvalues of the positive de昀椀nite matrixKf , and thus

∥Kf∥2 = max
1≤k≤n

f̂k and ∥K−1
f ∥2 =

1

min1≤k≤n f̂k
.

Furthermore, based on the inclusion principle ([35], Theorem 4.3.15), the smallest eigenvalue
of theprincipal submatrixKf,W is larger thanmin1≤k≤n f̂k. Consequently,wehave∥K−1

f,W∥2 ≤
(min1≤k≤n f̂k)

−1, which con昀椀rms the statement of the theorem.

Hence, stability becomes an issue in GBF interpolation when the interpolationmatrixKf,W is
badly conditioned. Choosing basis functions f in which the Fourier coe昀케cients f̂k are signi昀椀-
cantly far from zero helps to avoid bad conditioning. On the other hand, for the error bounds
outlined in Theorem (8.2.1), it’s crucial that the Fourier coe昀케cients decay quickly towards
zero. This illustrates the trade-o昀昀 between stability and approximation quality in the method,
a phenomenon typically observed in classical RBF and SBF interpolation, as discussed in [17],
[33], [42].

8.5 Numerical example

To assess the e昀昀ectiveness of GBF interpolation performance compared to a pure bandlim-
ited interpolation, we present two numerical examples. We employ a test graph, denoted as
G, which is a reduced point cloud obtained from the Stanford bunny model (sourced from
Stanford University Computer Graphics Laboratory). This graph contains n = 900 nodes
projected onto the xy-plane, with 7325 edges connecting them. Two nodes are connected by
an edge if their Euclidean distance is smaller than a given radius of 0.01. We recursively cre-
ate a sequenceWN of N sampling sets in V such that the cardinality ofWN is equals to N ,
#WN = N . Each set WN−1 is contained in WN , and the new node wN in WN is chosen
randomly from V \WN−1. For our 昀椀rst test signal, we employ the signal x(1) = u4 as depicted
in 昀椀gure (8.1), which represents a bandlimited test function in the space B4. As a second il-
lustration, we use a non-bandlimited, smooth signal x(2) shown in 昀椀gure (8.2). The Fourier
coe昀케cients x̂(2)

k of x(2) decay exponentially with k.
The signal x(1) = u4 can be exactly reconstructed within the space BN ifN ≥ 4 andWN is
a norming set for BN . This is evident in 昀椀gure (8.1). On the other hand, as depicted in 昀椀gure
(8.2), interpolation inBN becomes highly unstable when the signal x(2) is outside ofBN , even
if x(2) is extremely smooth. However, The GBF interpolants exhibit similarly stable behavior
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in both scenarios. In addition, as predicted by Theorem (8.2.1), the outcomes in 昀椀gure (8.1)
and (8.2) show that the Fourier decay of the various GBF’s signi昀椀cantly a昀昀ects the convergence
rates when the interpolated signals are smooth.

Figure 8.1: GBF interpola琀椀on for the input signal x(1) = u4. Le昀琀: GBF interpolant for the nodesW40 and the GBF fpol,4
given in Example (6) from Chapter (6). Middle: interpola琀椀on error compared to the original signal. Right: interpola琀椀on errors
for GBF schemes rela琀椀ve to the numberN of interpola琀椀on nodes.

Figure 8.2: GBF interpola琀椀on for the input signal x(2). Le昀琀: GBF interpolant for the nodesW70 and the di昀昀usion GBF
fe−20L given in Example (5) from Chapter (6). Middle: interpola琀椀on error with respect to the original signal. Right: Interpo‐
la琀椀on errors for GBF schemes in terms of the numberN of interpola琀椀on nodes.
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9
Integration Of Graph Signals With Positive

De昀椀nite Functions

As a 昀椀nal application of positive de昀椀nite functions on graphs, our goal is to determine quadra-
ture weights µk, k ∈ {1, . . . , N} such that the integration functional 1

n

∑n
i=1 x(vi) is well

approximated by a sum of the form
∑N

k=1 µkx(wk). Here,W = {w1, . . . , wN} is a subset of
V . Following the approach suggested for variational splines [43], we construct the quadrature
weights to ensure that the quadrature formula is exact for all signals in the interpolation space
NKf ,W , i.e.,

1

n

n∑

i=1

x(vi) =
N∑

k=1

µkx(wk) for all x ∈ NKf ,W . (9.1)

Aspreviouslymentioned, f is positivede昀椀nite. GBFprovides thebasis
{
Cej1

,Cej2
, . . . ,CejN

}

for the spaceNKf ,W . The indices jk are determined by the relation vjk = wk.
The exactness in (9.1) gives us a system of equations to 昀椀nd the coe昀케cients µk, where k ∈
{1, . . . , N}. To obtain this system, we assume that the 昀椀rst eigenvector u1 of the Laplacian
L is given by u1 = (1, . . . , 1)T/

√
n. Thus, plugging the basis functions Cejk

f into equation
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(9.1), we obtain the following identities

1√
n
ujk(v1)︸ ︷︷ ︸

Cejk

f̂1 =
1√
n

̂(Cejk
f)

1
=

1√
n
(uT1Cejk

f) =

=
1

n
(1, . . . , 1)Cejk

f =
1

n

n∑

i=1

Cejk
f(vi) =

N∑

l=1

µlCejk
f(wl)

for k ∈ {1, . . . , N}. Combining these N identities and using the fact that Cejk
f(wl) =

Cejl
(wk), we obtain the linear system of equations



Cej1

f(w1) · · · CejN
f(w1)

... . . . ...
Cej1

f(wN) · · · CejN
f(wN)




︸ ︷︷ ︸
Kf,W




µ1

...
µN


 =

1√
n
f̂1



uj1(v1)

...
ujN (v1)


 . (9.2)

Given that f is positive de昀椀nite, the matrixKf,W is invertible and the coe昀케cients µ1, . . . , µN

are uniquely determined.

Corollary 9.0.1.
Let f ∈ P and W ⊂ V be a norming set for the space BM on the graph G. Furthermore,
let the quadrature rule QWx =

∑N
k=1 µkx(wk) be exact for all signals in NKf ,W . Then, for

z ∈ L(G), we have the error bound

∣∣∣∣∣
1

n

n∑

i=1

x(vi)− QWx

∣∣∣∣∣ ≤ (1 + ∥(SWBM)−1∥)
(

n∑

k=M+1

f̂k

)1/2

∥x∥Kf
.

Proof:
Since the quadrature formula is exact for all elements ofNKf ,W , we obtain the following iden-
tities for the interpolant IWx ∈ NKf ,W of a signal x:

QWx = QW IWx =
N∑

k=1

µkIWx(wk) =
1

n

n∑

i=1

IWx(vi).
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Therefore,
∣∣∣∣∣
1

n

n∑

i=1

x(vi)−QWx

∣∣∣∣∣ =
∣∣∣∣∣
1

n

n∑

i=1

(x(vi)− IWx(vi))︸ ︷︷ ︸
≤maxx∈V |x(vi)−IW x(vi)|

∣∣∣∣∣ ≤ max
x∈V

|x(vi)− IWx(vi)|,

and the given bound follows from the Theorem (8.2.1)

∣∣∣∣∣
1

n

n∑

i=1

x(vi)−QWx

∣∣∣∣∣ ≤ (1 + ∥(SWBM)−1∥)
(

n∑

k=M+1

f̂k

)1/2

∥x∥Kf
.

This completes the proof.

For the variational spline kernel f(εIn+L)−s discussed in Example (4) of Chapter (6), the bound
in Corollary (9.0.1) appears to be complementary to the quadrature error provided in [43],
Theorem 3.3. On the other hand, in [5], [13], [43] a Λ-set terminology is employed to char-
acterize the interpolation and quadrature quality of variational splines. In contrast, we have
used the complementary concept of norming sets to infer the bounds in Theorem (8.2.1) and
Corollary (9.0.1). While, for bandlimited functions, an additional intriguing quadrature rule
related to kernels based on powers of the graph Laplacian is outlined in [44].
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A
Hahn-Banach Theorem

De昀椀nition A.0.1. (Dual Space)
The dual space of a vector space V is the space of all linear functionals on V , usually denoted by
V ′. These functionals map vectors from V to the underlying scalar 昀椀eld (often real numbers or
complex numbers) in a linear manner.

Theorem A.0.1. (Hahn-Banach)
IfG is a subspace of a normalized vector spaceE and g is a bounded linear functional onG, then
g can be extended to a linear functional f onE such that ∥f∥ = ∥g∥.

Before presenting the proof, we provide some comments. Firstly, to extend g to a function
f (in the most general situation) means that the domain of f includes the domain of g and
f(x) = g(x) for every x in the domain of g. Secondly, the norms ∥g∥ and ∥f∥ are computed
with respect to the domains of g and f , respectively; explicitly:

∥g∥ = sup

{ |g(x)|
∥x∥ | x ∈ G

}
, ∥f∥ = sup

{ |f(x)|
∥x∥ | x ∈ E

}
.

Wewill prove the Hahn-Banach Theorem in two steps, assuming successively:

(i) E is a real vector space, g is a linear map with real values satisfying appropriate condi-
tions;

(ii) E is a normalized real vector space, g is a continuous linear map with real values.
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The “heart” of the proof of the theorem lies in the 昀椀rst step (i), point (ii) is an important corol-
lary of (i). For the proof of the theorem, we use Zorn’s lemma, which we recall below after
mentioning some notions from the theory of ordered sets.

(a) Let (P,≤) be a set equipped with a partial order relation. We say that a subsetQ ⊂ P
is totally ordered if for every a, b ∈ Q, at least one of the relations a ≤ b or b ≤ a holds.

(b) LetQ be a subset of P . We say that c ∈ P is an upper bound ofQ if for every a ∈ Q,
we have a ≤ c.

(c) We say thatm ∈ P is a maximal element of P if for every x ∈ P such thatm ≤ x, we
have x = m.

(d) Finally, we say that P is inductive if every totally ordered subset of P admits an upper
bound.

Lemma A.0.1. (Zorn)
Every non-empty, inductive, ordered set admits a maximal element.*

Theorem A.0.2. (Hahn-Banach - analytic form)
LetE be a vector space overR and let p : E → R be a function satisfying the following conditions:

p(λx) = λp(x) ∀ x ∈ E ∀ λ > 0, (A.1)

p(x+ y) ≤ p(x) + p(y) ∀ x, y ∈ E. (A.2)

Moreover, letG ⊂ E be a vector subspace and g : G → R be a linear map such that:

g(x) ≤ p(x) ∀ x ∈ G.

Then there exists a linear map f : E → R that extends g, i.e.,

f(x) = g(x) ∀ x ∈ G

and such that

f(x) ≤ p(x) ∀x ∈ E.

*A proof of Zorn’s lemma can be found starting from the axiom of choice in N. Dunford and J. Schwartz’s
“Linear Operators”, Volume 1, Theorem 1.2.7. [45]
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Proof:
A linear application hwith real values de昀椀ned on a subspace ofE is completely determined by
such subspace, which we denote asD(h), and by the law h : D(h) → R. Let’s consider the
set

P =





h : D(h) → R such that

i)D(h) is a vector subspace ofE;

ii)G ⊂ D(h);

iii) h : D(h) → R is linear;

iv) h extends g;

v) h(x) ≤ p(x), for all x ∈ D(h).





.

Let’s equipP with the order relation:

h1 ≤ h2 ⇐⇒ D(h1) ⊂ D(h2) and h2 extends h1.

It’s clear that P is not empty since g ∈ P . Let’s prove that P is inductive. LetQ = {hi}i∈I ,
where I is an arbitrary set of indices, be a totally ordered set of elements ofP . Let’s de昀椀ne

D(h) =
⋃

i∈I
D(hi) and h(x) = hi(x) if x ∈ D(hi).

We observe that h is well-de昀椀ned:

(i) h ∈ P

(ii) If x ∈ D(hi) and x ∈ D(hj), with hi, hj ∈ Q, then either hi ≤ hj or hj ≤ hi. In the
昀椀rst scenario hj is an extension of hi ⇒ hj(x) = h(x) ⇒ h(x) does not depend by
hi ∈ Q. While in the second hypothesis hi is an extension of hj ⇒ hi(x) = h(x) ⇒
h(x) does not depend by hj ∈ Q

(iii) D(h) is a vector subspace ofE, h is linear and extends g, h(x) ≤ p(x) ∀ x ∈ D(h)

(iv) h is an upper bound ofQ

ByZorn’s lemma,P admits amaximal element, denoted by f . Let’s prove that the domain of f
isE; this will complete the proof. Let’s reason by contradiction and suppose thatD(f) ( E.
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Let x0 ∈ E \D(f). Let’s de昀椀ne a map h as follows:



D(h) = D(f) + Rx0,

h(x+ tx0) = f(x) + t³, x ∈ D(f), t ∈ R,

where ³ is a constant to be chosen such that h ∈ P . For this purpose, it should be:

h(x+ tx0) ≤ p(x+ tx0) ∀ x ∈ D(f), ∀ t ∈ R,

namely

f(x) + t³ = h(x+ tx0) ≤ p(x+ tx0) ∀ x ∈ D(f), ∀ t ∈ R. (A.3)

Thanks to hypothesis (A.1), it su昀케ces to verify that (A.3) holds for t = 1 and for t = −1, i.e.,
that:




f(x) + ³ ≤ p(x+ x0), ∀ x ∈ D(f)

f(x)− ³ ≤ p(x− x0), ∀ x ∈ D(f)
.

Indeed for t > 0 and t < 0we have:

f(x) + t³ = t
(
f
(x
t

)
+ ³

)
≤ tp

(x
t
+ ³

)
= p(x+ t³),

f(x)− (−t)³ = −t(f
(
−x

t

)
− ³) ≤ −tp

(
−x

t
− ³

)
= p(x+ t³.)

It remains to be shown that it is possible to choose ³ in such a way that

f(y)− p(y − x0) ≤ ³ ∀ y ∈ D(f),

³ ≤ p(x+ x0)− f(x) ∀ x ∈ D(f).

Therefore

sup
y∈D(f)

{f(y)− p(y − x0)} ≤ ³ ≤ inf
x∈D(f)

{p(x+ x0)− f(x)} .
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Such a choice is feasible since it holds

f(y)− p(y − x0) ≤ p(x+ x0)− f(x) ∀ x ∈ D(f), ∀ y ∈ D(f),

in fact, thanks to (A.2), it follows:

f(x) + f(y) = f(x+ y) ≤ p(x+ y) ≤ p(x) + p(y) ≤ p(x+ x0) + p(y − x0). (A.4)

This concludes that f is bounded above by h and that f ̸= h; this contradicts the maximality
of f .

Corollary A.0.1.
LetG a vector subsapce of E and g : G → R be a continous linear function with the following
norm:

∥g∥G′ = sup
x∈G, ∥x∥E≤1

|g(x)|.

Then there exists f ⊂ E ′ that extends g such that

∥f∥E′ = ∥g∥G′ .

Proof:
We applied the Hahn-Banach Theorem (A.0.2) with p(x) = ∥g∥G′∥x∥E ∀ x ∈ E, then
g(x) ≤ ∥g∥G′∥x∥E . By Hahn-Banach Theorem there exists a linear functional f : E → R

such that f|G = g and f(x) ≤ p(x) ∀ x ∈ E. Therefore, f(x) ≤ ∥g∥G′∥x∥E .

∀ x ∈ E ⇒ f(−x) ≤ ∥g∥G′∥−x∥E ⇒ |f(x)| ≤ ∥g∥G′∥x∥E ⇒

⇒




f ∈ E ′,

∥f∥E′ ≤ ∥g∥G′ , since ∥x∥E′ ≤ 1
.

Clearly, ∥f∥E′ ≥ ∥g∥G′ ⇒ ∥f∥E′ = ∥g∥G′ .
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B
Riesz Representation Theorem

Theorem B.0.1. (Riesz Representation)
Let φ ∈ H ′ be a linear and continuous functional on the Hilbert space H . Then there exists a
unique v ∈ H such thatφ(x) = ⟨x, v⟩ for every x ∈ H . Furthermore we have ∥φ∥H′ = ∥v∥H

Proof:
Let’s see the uniqueness. if ⟨x, v1⟩ = ⟨x, v2⟩ for everyx ∈ H , then the di昀昀erenceu := v1−v2

is orthogonal to the entire spaceH . In particular, we observe that v1−v2 is orthogonal to itself,
which implies that it must be the zero vector. Thus, v1 = v2.
Let’s see the existence. if φ it is identically zero, then we simply take v = 0. if φ it is not
identically zero, then there exists a vectoru ∈ (ker(φ))⊥ such thatφ(u) = 1. For any arbitrary
x ∈ H , by linearity, we have

φ(x− φ(x)u) = φ(x)− φ(x)φ(u) = φ(x)− φ(x) = 0.

Therefore x− φ(x)u ∈ ker(φ). Since u is orthogonal to the kernel ker(φ), we have

0 = ⟨x− φ(x)u, u⟩ = ⟨x, u⟩ = φ(x)∥u∥22,

from which we infer that φ(x) = ∥u∥−2
2 ⟨x, u⟩. Therefore, we obtain φ(x) = ⟨x, v⟩ for all

x ∈ H , with v = ∥u∥−2
2 u.
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Now, to establish the equality ∥φ∥H′ = ∥v∥H , let’s de昀椀ne the following

∥φ∥H′ = sup
x∈H, x ̸=0

|φ(x)|
∥x∥H

,

∥x∥H = sup
ϕ∈H′, ϕ ̸=0

|φ(x)|
∥φ∥H′

.

To demonstrate the equality, we show (a) ∥v∥H ≤ ∥φ∥H′ and (b) ∥v∥H ≥ ∥φ∥H′ .

(a) ∥φ∥H′ ≥ |φ(x)∥ /∥x∥H = |⟨x, v⟩∥ /∥x∥H for all x ∈ H . Given that v ∈ H , we can
choose x = v. Then, we have that ∥φ∥H′ ≥ ∥v∥2H/∥v∥H = ∥v∥H ⇒ ∥φ∥H′ ≥ ∥v∥H .
(b)ByCauchy-Schwarz inequality, we have the following: |φ(x)| = |⟨x, v⟩| ≤ ∥x∥H∥v∥H for
all x ∈ H ⇒ ∥v∥H ≥ |φ(x)| /∥x∥H for all x ∈ H, x ̸= 0 ⇒ since the inequality holds true
for all x ∈ H with x ̸= 0, we have that ∥v∥H ≥ supx∈H

x ̸=0

|ϕ(x)|
∥x∥H = ∥φ∥H′ ⇒ ∥v∥H ≥ ∥φ∥H′ .

This completes the proof.
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