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Abstract

To interpolate graph signals using generalized shifts of a graph basis function (GBF), we intro-
duce the concept of positive definite functions on graphs. This concept blends kernel-based
interpolation with spectral theory on graphs and can be seen as the graph equivalent of radial
basis function interpolation in Euclidean spaces or spherical basis functions. We present several
descriptions of positive definite functions on graphs, the most relevant one is a Bochner type
characterization involving positive Fourier coefficients. These descriptions enable us to con-
struct GBF’s and delve deeper into GBF interpolation: we can characterize the native spaces
of the interpolants, we provide explicit estimates for interpolation error and infer bounds
for numerical stability. Finally, we show an application where GBF interpolation is used to
obtain quadrature formulas on graphs.
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Introduction

(\;{@)raph signal processing is an expanding research area focused on analyzing large data struc-
R tures within complex and irregular graph domains [1],[2],[3]. In today’s world, such
data structures are prevalent and amplified in various aspects of our lives, including social net-
works, healthcare systems, banking and shopping applications, as well as traffic and security
monitoring. Graphs provide a means to model, connect, and organize these structures. In ad-
dition, graph signal processing provides tools to filter and streamline the data on these graphs,
enabling the extraction of the most relevant information. For signals on complex graphs, inter-
polation and approximation techniques are crucial tools for minimizing computational costs
or reconstructing signals from limited measurements. Inspired from classical signal processing
on the real line, researchers have introduced spaces of bandlimited signals on graphs to approx-
imate signals [4]. Similar to classical Fourier analysis, the core concept is that smooth signals
can be accurately approximated using their low-frequency components, while the higher fre-
quencies typically contain noise. As a result, domains of bandlimited signals serve as inherent
approximation spaces on graphs. Nevertheless, employing bandlimited signals for graph signals

interpolation presents some limitations:

(Lx) For a given set of interpolation nodes on the graph, the uniqueness of interpolation
cannot be assured in the space of bandlimited functions, as referenced in [5].

(L2) More crucial for applications, even when unisolvence is given, bandlimited interpolants
exhibit unstable and highly oscillatory behavior, especially in the boundary regions of



the graph. Similar to the behavior observed in high-order polynomial interpolation, this
can be viewed as a Runge-type phenomenon.

Similar to high-order polynomial interpolation, there are two methods to circumnavigate around
the issues (L1) and (L2):

(S1) Adaptive selection of optimal sampling nodes. This approach stabilizes the interpola-
tion when the sampling nodes can be freely selected. For adaptive refinement, a typically
expensive greedy algorithm is employed. Implementations of this strategy on graphs can

be found in [6], [7], [8].

(S2) Regularization of the interpolation conditions. If the interpolation condition is re-
laxed to solving a regression problem, the target space of bandlimited signals can be
shrunk, ensuring unisolvence (Lx) [4], [7]. Alternatively, when the problem is formu-
lated as a minimization problem with additional smoothness or sparsity constraints, as
referenced in [3], [8], unisolvence is achieved, and the Runge artifacts described in (L2)
are generally reduced.

Beyond the strategies (S1) and (S2), kernel-based methods offer a more flexible approach for
reconstructing signals from a limited set of samples. On graphs, these kernel methods are often
explored through regression and regularization techniques for machine learning, as referenced
in [4], [9], [10], [11], [12]. Typically used kernels include powers of the graph Laplacian [4]
and diffusion kernels [10], [12]. Studies related to graph signal interpolation have emphasized
variational splines as kernels, as seen in [13], [14].

For graph interpolation, a significant benefit of kernel-based methods is that unisolvence (Lx)
is automatically ensured when the applied kernel is positive definite. While specific kernels can
be designed to emulate interpolation in bandlimited spaces, (L2) also influences kernel-based
methods. However, the significant flexibility in generating multiple kernels allows for the cus-
tomization of interpolation kernels to suit the given data, thereby preventing reconstruction
artifacts. An example of a diffusion kernel based graph interpolation is shown in the figure (1.1).
Choosing suitable interpolation kernels is crucial for the quality of signal reconstruction. Since
the space consisting of all linear kernels grows quadratically with the number of graph nodes,
It’s important to concentrate on simpler classes of kernels. These should provide sufhicient
smoothness properties for interpolation and align well with the spectral structure of the graph.
In Euclidean spaces, a class of kernels is represented by positive definite radial basis functions
(RBF’s) [15], [16], [17]. A radial basis function f naturally produces a symmetric kernel & in
R by considering the shifts K (z,y) = f(z — y) of the function f. This enables a compact
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Figure 1.1: Comparison between GBF interpolation and bandlimited spectral interpolation on a sensor graph. Left: Original
signal. Middle: Signal interpolated using GBF. Right: Signal interpolated using bandlimited interpolation, exhibiting strong
Runge-type artifacts. The data samples are collected from the circled nodes of the graph.

representation of the kernel K in terms of a univariate function. Similar concepts of positive
definite basis functions are found in other group settings, such as for periodic functions [18] or
more generally on compact groups [19]. Furthermore, they are recognized in symmetric spaces
such as the unit sphere. In this scenario, the associated positive definite functions that yield the
kernels are known as spherical basis functions (SBF’s) [20], [21]. Positive definite functions and
their extensions have a deep and extensive mathematical history, playing fundamental roles in
harmonic analysis, signal processing, and probability theory [22], [23]. The central character-
ization of positive definite functions is provided by Bochner’s Theorem [24], which connects
positive definiteness in the spatial domain to positivity in the Fourier domain. This connection
is essential for several applications. In signal processing, the standard kernels for convolution
and signal filtering are primarily based on positive definite functions, such as the sinc filter and
the Gaussian filter. In addition, for RBF’s and SBF’s, the positive definiteness of the basis func-
tion guarantees the positive definiteness of the corresponding kernel K, thereby ensuring the
unisolvence (Lx) of the interpolation problem. In the growing field of graph signal processing,
a comprehensive theory of positive definite functions has not yet been explored. Thus, the aim
of this study, based on the work of the article “Graph signal interpolation with Positive Defi-
nite Graph Basis Functions” by Wolfgang Erb [25], is to introduce and support the concept of
positive definite functions on graphs and to examine their role as generators of kernel-based
interpolation methods. In analogy to RBF interpolation in R, our purpose is to understand
how interpolation using generalized shifts of a positive definite graph basis function (GBF) can
be implemented on graphs. Moreover, leveraging the Fourier properties of the positive definite
basis function, we aim to provide further insights about the approximation capabilities and the

stability properties of the GBF interpolation scheme.






Theoretical Landscape On Graph

2.1 INTRODUCTION TO SPECTRAL GRAPH THEORY

We start our analysis by providing a broad introduction to spectral graph theory, delving into
key concepts such as the graph Fourier transform, graph spectrum, and graph convolution. A
significant reference for spectral graph theory is the monography [26] by F. Chung. For an
overview of the graph Fourier transform, graph convolution, and space-frequency concepts
related to graphs, we refer to [27].

In our analysis, the graph G is define as a triplet G = (V, E, A), where:

* V ={v1,...,v,} represent a finite set of vertices.
* I/ CV x V:setof edges (directed or undirected).

* A € R™" is a weighted, symmetric and non negative adjacency matrix containing the
connection weights of the edges.

The harmonic structure of graph G is captured within the adjacency matrix A. The harmonic
structure of (¢ is intrinsically undirected, even if the edges of G are directed, since A is assumed
to be symmetric.

The aim of this study is to investigate interpolation of signals  : V' — R on the graph G Let’s
represent the vector space containing all signals on G as £(G). Since the number of nodesin G

is fixed, the size of £(G) is finite and equal to the number n of nodes. Given that the node set



V is ordered, we can represent the signal x as a vector z = (z(v1),...,z(v,))" € R™. Based
on the context, we will interchangeably use the representation of x as a function in £(G) or as

avector in R". In £(G) space, there is an intrinsic inner product given by

n

yla = Z z(v;)y(v:).

i=1
The associated Euclidean norm is defined as ||z 2 := 2Tz = >_"" | 2(v;)* The canonical
orthonormalbasisin £(G) isdenoted by {ey, . . ., e, } and given by the unit vector e; satisfying

e;(v;) = 0;j, the delta’s Kronecker, for i, j € {1,...,n}, thatis

1, ifi=j

ej(v;) = .
]Z 0, otherwise

Now, let’s define the graph Laplacian L € R"*", which is related to the adjacency matrix A in
order to establish a spectral structure for ¢
D, ifi=j

L:D—A, Lij: )
_Aij7 lfl#]

where D represent the degree matrix expressed as follows

v oAy, ifi=7
DZ] = Zkio g J . (Z.I)

0, otherwise

On the other hand, in our analysis, we taking into account the normalized graph Laplacian
Ly € R™™ ™  defined as follows:

where I,, denotes the identity operator in R™. Since A is symmetric, also the graph Laplacian

Ly is a symmetric matrix allowing us to compute its orthonormal eigendecomposition as

Ly = UM,U", (2.2)



where My, = diag(\) = diag(\1, . . ., A,) represents the diagonal matrix with eigenvalues \;, 7 €
{1,...,n} of Ly arranged increasingly along the diagonal entries. The columns uy, ..., u,
of the orthonormal matrix U represent the normalized eigenvectors of Ly corresponding to
the eigenvalues A1, ..., A,. The ordered set G = {uq, ..., u,} of eigenvectors forms an or-
thonormal basis for the space of signals on the graph G. We denote G the spectrum of the
graph G.

The result in (2.2) is obtained from the following propositions.

Proposition 2.1.1.

If A is a real symmetric matrix, all of its eigenvalues ave real numbers.

Proof:
If z = a + biis a complex number, let Z = a — bi. Then Zw = Zw, 2 is real if and only if
z=7Z%andz -z =a®+b> If Nisan eigenvalue of A, for some x # 0, we have the following

chain of equalities:

Since x # 0, then 72 # 0 and A = ). O

Proposition 2.1.2.
if A is a real symmetric matrix, its eigenvectors corvesponding to different eigenvalues are orthog-

onal.

Proof:

Suppose there are two eigenvectors, denoted as x and y, paired with their respective eigenvalues,

Aand p
Axr = Ax and Ay = uy, A # p.
Then we have the following chain of equalities:
ety = (o) 'y = (Ax)Ty = 2" Ay = 2" (uy) = pa'y.

Since A # f1, the above equalities implies that #Ty = 0, thatisz L y. O



Proposition 2.1.3.

1f A is a symmetric matrix, then A bas n distinct eigenvectors that form an orthonormal basis for

R™.

Proof:

If every eigenvalues of A are distinct, then we are done, as indicated by the previous proposi-
tion. Otherwise, we will iteratively construct the eigenvectors as follows. Let u; be a normal-
ized (i.e., re-scaled so that its norm is 1) eigenvector of A with corresponding eigenvalue A;.
Assume we have & mutually orthogonal normalized eigenvectors uy, . . ., u, with correspond-
ing eigenvalues Ay, . . ., A. We will now show how to construct a new eigenvector .1 with
the eigenvalue A\; 1, such that w4 is orthogonal to each of the vectors uy, . . ., ug.
LetU=[uy,...,ux] € R™*%_Then AU = [Arug, ..., Apug].

Let V = [Upt1, ..., 0] € R™("F) be a matrix composed of any n — k mutually orthogo-
nal vectors such that the n vectors uy, . . ., Ug, Vg11, - - - , U, form an orthonormal basis for R™.

Then note that
U'v=0
and
VIAU = VI [\, ..., M) = 0.

Let w be an eigenvector of VTAV € ROk *(=k) for some eigenvalue A, so that VTAV = \w.
Then define w11 = Vw, and assume that w is rescaled if necessary so that ||uj+1|| = 1. We

now claim the following two statements are true:

(i) Ulupy1 = 0,s0 that ugq is orthogonal to all of the columns of U,

(ii) up4 is an eigenvector of A, and A is the corresponding eigenvalue of A.

Note that, if (i) and (ii) are true, we can keep adding orthogonal vectors until £ = n, complet-
ing the proof of the proposition.

To prove (i), simply note that UTuy ., = UTVw = 0w = 0. To prove (id), let d = Auyq —
Augi1. We need to show that d = 0. Note that d = AVw — AVw, and so, vid =
VIAVw — A\WW'Vuw = VIAVw — AMw = Mw — Mw = 0. Therefore, d = Ur for some



r € R¥, and then
r=U"Ur =U% =UTAVw — AUV =0-0=0.

Thus d = 0, which completes the proof. O

Proposition 2.1.4.
If A is symmetric, then it can be decomposed as A = UDU?, where U is an orthonormal matrix
and D is a diagonal matrix. The columns of U form an orthonormal basis of eigenvectors of A,

and the diagonal matrix D consists of the corresponding eigenvalues of A.

Proof:
From Propositions (2.1.2) and (2.1.3), let U = [uy, ..., u,], where uy, ..., u, are the n or-

thonormal eigenvectors of A, and let

A1
D= & ,
An
where A1, ..., A, are the real corresponding eigenvalues as stated in Proposition (2.1.1). Then
0, ifi#j
(UTU)i; = uju; = 7 )
1, ifi=j
whereby U'U =L thatisUT = UL
Note that \;UTw; = \je;, withi = 1, ..., n, where e, is the i-th unit vector.
Therefore:
U'AU = UA[uy, ... un] = U\, .. A =
A1
A2
= [Alel,...,)\nen] = . =D.
An
Thus A = (UT)~'DU! = UDU". O



2.2 FOURIER TRANSFORM ON GRAPH

In classical Fourier analysis, such as in Euclidean space, the Fourier transform can be expressed

in terms of the eigenvalues and eigenfunctions of the Laplace operator

(w) = /Rx(t)e_%it“’dt.

Here, the functions u,,(t) = e~ 2™

d2
Tz

are the eigenfunctions of the Laplace operator —A =

ie.,
—Auy(t) = —4r?i*wu,(t).

In addition, the signal () can be recovered from the Fourier coefficients & (w) using the inverse

Fourier transform:
x(t) ::/i(w)ezmt”dw.
R

Similarly, we regard the elements of é’, specifically the eigenvectors {u1, . . ., u,, }, as the Fourier
basis on the graph G'. In particular, returning to our spatial signal =, we can define the graph

Fourier transform of x as

and its inverse graph Fourier transform as
z = UZ.

The frequency components or coefficients of the signal x with respect to the basis function
u; are represented by the entries Z; = ulx of &. Therefore, 7 : G — R can be viewed as
a function on the spectral domain G of the graph G. To maintain the notation simple, we
will also represent the spectral distribution Z as vectors (21, . .., Z,) in R". Concerning the

eigenvalues of the normalized graph Laplacian Ly, it is well-know that:

0=M<X<...<\, <2. (2.3)

I0



Itis worth noting thatit s possible to use the spectral decomposition of other suitable operators
on L£(G) instead of the normalized graph Laplacian Ly to define the graph Fourier transform
U on G. Common examples in the literature include the adjacency matrix A or other normal-
izations of L. All the findings of this study hold true for these alternative generators of the
graph Fourier transform as long as the Fourier matrix U remains orthogonal.

To establish the result of (2.3) and the previous consideration regarding the potential use of

spectral decomposition of alternative operators on L(G), we present the following theorem:

Theorem 2.2.1.

1) For the normalized graph Laplacian Ly € R" we bave Ly is symmetric and

2
1 z(v;)  x(vy)
T E : ¢ J
T LN.T = - Aij < 1 — . (2.4)
/2 1/2
2 (l)i,Uj)eE D” D.].]

This implies that Ly is positive semidefinite and its eigenvalues are all non-negative. Moreover,
2) The eigenvalues of L gy correspond to the eigenvalues of L and

(@) > Ni=n

(b) Ly has an eigenvalue \y = 0 with the eigenvector D' ?e, the respective cigenvector Ly,
forAy =0ise

(c) forn > 0 we have \y < 5 and N\, >

n— n—1
(d) \; €10,2] foralli e {1,...,n}
Before delving into the proof of this theorem, let’s revisit the definition of the stochastic matrix
S along with its properties, and also recall the definition of the random walk graph Laplacian
LRW.
A matrix§ € R"" is called stochasticif all its entries §;; > 0 are non-negative and each column
(row) sums to one, i.e., Y1 8i; = 1 (311, Sy = 1) forall j € {1,...,n}. In addition a

stochastic matrix have the following properties:

* For the vectore = (1,...,1)T we have e’S= €T, ie., e is a left eigenvector of S with
respect to the eigenvalue A = 1.

* In particular, A = 1 is an eigenvalue of S.

II



* For the column (row) sum 1-norm of the matrix S, we have
IS||; = m?xz S| =1 <m?XZ S| = 1).
=1 i=1

* For an arbitrary eigenpair (A, z) of S we have
(Alllzlly = [[Azlly = [ISz(ly < [ISllxllzllx = llz(]x- (2.5)

Therefore, all eigenvalues of S satisfy |A| < 1.
The random walk graph Laplacian Ly € R™™™ is defined as:
Lrpy =D 'L=1,-D'A=1, —S", (2.6)

where S=ATD! represents the transition matrix in R™*". It is important to highlight that
the matrix § is stochastic, which implies that the sum of the entries of its columns is one.
Proof of Theorem (2.2.1):

1) To begin, we show that the normalized Laplacian Ly is symmetric. Given that A is symmet-
ric by hypothesis and I,,, D are diagonal matrices, resulting in A = AT 1,=1,", and D=D".

Then, we can establish the following sequence of equalities:

LY = (I, - D7:AD )" =
=1, — (D2AD%)" =
—1, — (DV)"V2AT(DT)/2 =
—1,-D 2AD : = Ly.

t\’)\»—t M\»—n

To demonstrate the result in (2.4), we proceed as follows

x*(v;) xQ(v-) 2z (v;)x(v,)
A - Ay [ 2 LA\
> (D D) > (T 1) el

(vi,v;)EE 1 Ji i,j=1

) s

I2



_ Z zzx Uz
= Z D“I—UZ + Jﬂx ) Z Az _
~ D = 7 ,/D“Djj

=2,z — 23:TD’1/2AD’1/2x + 2,z =
=221,z — 22D V2AD V% =
= 22" (I, —-D"Y?AD V) z = 22 Lyz =

2
:>a:TLNx— Z A;j ( 1/2 . (Vj)> .

1/2
(VZ,V])GE u D]j

a2
Jj ZZA” DD _

n
ZD

j=1 i,j=1 1wtljg
n

7j=1

2) Based on the previous point, we know that the normalized Laplacian Ly is symmetric, pos-
itive semidefinite and its eigenvalues are all non-negative. To ensure the same eigenvalues be-
tween the matrices, Ly and Lgyy, they should be similar. We recall that two matrices, Q and
P in R™ ", are similar if there exists an invertible matrix U in R™*" such that P = U~'QU.
Therefore, we can observe that Ly =D*2LgyD~Y2 = Ly and Ly are similar = Ly and
Lz have the same eigenvalues.

Let uy, represent the eigenvector of Ly corresponding to the eigenvalue g, then vy, = D /2y,

is the eigenvector of Ly corresponding to the same eigenvalue \:

Lrwvr = (I, —D7'A) v =
_p-1/2 (D1/2 - D71/2A) D Y2y, =
=D V% (L, - DV2ADV?) uy, =
=D Lyuy = D72\ = MDDV Py = Ay

(a) We can observe the following:

1 x *

- x 1 %
Z)\k =t (Ly) =t =n, with A\; = 0.

ook T %

* * 1

To ensure the first equality, let’s recall the definition of the characteristic polynomial of a matrix
P e R™": p(t) = det(P — tI)(—1)" [t" — tr(P)t" ! + ... + (—1)"det(P)]. On the other

13



hand, p(t) = (—=1)"(t — A1) ... (t — A\,), where A\ for k € {1, ..., n} are the eigenvalues of
the square matrix P. Therefore, by comparing coefficients, we find that tr(P)= A; + ... + A,,.
(b) We can proceed as follows:

Lpwe= (I, —-D'A)e=D"'(D—A)e=D"'Le=D"'0=0

= e is the eigenvector of Ly corresponding to the eigenvalue A; = 0 = D'/2¢ is the respec-
tive eigenvector of Ly corresponding to the eigenvalue Ay = 0.
(c) Given that the eigenvalues are arranged in increasing order, 0 = Ay < Ay < ... <\, < 2,

we can obtain the following:

n=>\2+...+)\n2)\2+(n—2))\2:(n—l))\2:>/\2gLl
-

n=X+...+ <=2+ N =n—-DI\, =\, >

n—1

(d) We recall the definition of the random walk graph Laplacian, denoted as Ly = I, — st
where S is a stochastic matrix. With the result provided in (2.5) for stochastic matrices, we can
infer that all the eigenvalues of ST are between —1 and 1 = all the eigenvalues of Ly are
between 0 and 2. ]

2.3 CONVOLUTION ON GRAPHS

The graph Fourier transform enables the definition of a convolution operation between two
graph signals, = and y. In classical Fourier analysis, the convolution of two signals, in time

domain, is computed as follows:

(25 )(t) = / £(s)y(t — ) ds.

By the convolution theorem, its Fourier transform is:

14



where Z(w) and §(w) are the Fourier transforms of z:(¢) and y(t), respectively.

In particular, we define for z, y € £(G) the graph convolution as
zxy = UMz)) = UM;Uy. (2.7)
As before, M; represents the diagonal matrix defined as M; = diag(Z). Moreover, My =

(Z191, - - -, TnYn) yields the point-wise product of the two vectors Z and ¢.

Proposition 2.3.1.

The convolution operator x on L(G) bas the following properties:
(1) Commutativity: T x y =y * x
(2) Associativity: (x % y) * z = x * (y * 2)
(3) Distributivity: (x +y) x 2 =T *x 2+ y * 2

(4) Associativity for scalar multiplication: (ax) * y = oy x x) forall o € R
Proof:
(1) Given that 2y = diag(2)y = diag(9)2, we have:

z *y = Udiag(2)y = Udiag(y)z =y x z
(2) Due to point (1), we obtain the following:

(x*y) * z = (Udiag(2)y) * z =
= 2 x (Udiag(#)) = Udiag(2) (Udiag(2)) =
= Udiag(2)U"Udiag () = Udiag(2)diag(2)y =
— Udiag(#)U"Udiag(i})? = Udiag(#)(Udiag(§)2) =
= x * (Udiag(y)2) = = * (y * 2)

(3) As x’/—i—\y = U (z+y) = Uz + Uy = & + §, we have the following chain of equalities:

(z 4 y) * 2 = Udiag(z + y)2 =
= Udiag(z + 9)2 =
= Uldiag(z) + diag(y)]z =
= Udiag(%)2 4+ Udiag(y)2 = x % 2z + y * 2

Is



(4) Since ax = UTax = aU"z = ai for o € R, we have the following chain of equalities:

(ax) * y = Udiag(az)y
= Udiag(a2)

Nach¥
I

= aUdiag(2)y = a(z * y)

Therefore, all the properties are satisfied. O

The unity element of the convolution is given by fy = > " | u;. Considering the linear struc-

ture in (2.7), we can further define a convolution operator C, on £(G) as:
C, = UM;U".

The convolution = * y can then be formulated as the matrix-vector product C,y = z * y.
Expressed in this way, each signal # € £(G) can be interpreted as a filter function that operates

through convolution on a second signal y.

2.4 THE GRAPH C*-ALGEBRA

The properties (1)-(4) of Proposition (2.3.1) of graph convolution ensure that the vector space
L(G), equipped with the convolution operation *, operates as a commutative and associative

algebra. Considering the identity as a trivial involution and the norm

[z]la= sup [lz =yl
llyll =1

we obtain a real C*-algebra A. Significant for us is the fact that A is both commutative and
finite. A general introduction to C*-algebras, including discussions on commutative and finite
(' -algebras, is available in [28]. In addition, further insights about the characterization of real
(C'*-algebras can be found in [29].

In this study, the graph C*-algebra A operates as the standard model for graph signal process-
ing. The algebra A contains all potential signals and filter functions on G, illustrating how
filters interact with signals through convolution. Moreover, A includes the complete infor-
mation of the graph Fourier transform. This can be viewed as follows: the spectrum of the
commutative C*-algebra A consists of multiplicative linear functionals on .4 that maintain the

algebra’s multiplicative structure. In our scenario, these characters of A precisely correspond
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to the n functionals # — ujx, where k € {1,...,n}. Hence, the spectrum of the C*-algebra
A can be naturally associated with the previously introduced spectrum G = {uy,...,up} of
the graph G. When applied to the C*-algebra A, the renowned Gelfand-Naimark Theorem
states that the graph Fourier transform U™ operates as an algebra isomorphism between the
C*-algebra A and the C*-algebra of functions on the spectrum G, employing point-wise mul-
tiplication as the multiplicative operation. Our investigation of positive definite functions on
the graph G is essentially based on this algebraic signals model.

The algebraic structure for graph signal processing has been explored in several previous work.
In [30], a comprehensive algebraic signal model was formulated to describe signal processing
in discrete environments. The C*-algebra framework considered in this study corresponds as
a particular instance within the general scenario in [30]. However, it establishes a significantly
closer relationship among signals, convolution, and the graph Fourier transform. From now
on, to keep the notation simple, we denote the normalized graph Laplacian Ly as L, unless
otherwise specified.

Besides the C*-algebra A we will consider the following two subalgebras:

(r) The C*-algebra Ay is generated from the normalized Laplacian graph L as

AL ‘= span {fﬂ7Lf17L2fﬂu'”7Ln_1fﬂ} .

Ay is a subalgebra of A that contains the unity element f; of the convolution.
The algebra Ay, is significant for the construction of filter functions based on the nor-
malized Laplacian L.

(2) The C*-algebra By, representing bandlimited signals with a bandwidth of M < n, is
defined as

By = span{uy,...,up}.

If M < n, then f1 does not belong to Byy. In this scenario, the multiplicative unity of

. M R o
the subalgebra B) is defined as ) _,_; u;. Bandlimited signals are significant for us as
approximation spaces.

We conclude this section by providing a characterization of the subalgebra Ay..

Proposition 2.4.1.
Assume that the normalized graph Laplacian L has precisely r < n distinct eigenvalues. Then,
Ay is -dimensional subalgebra of A. A signal x is contained in Ay if and only if T, = 2,
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whenever \, = \. Furthermore,
AL - {fﬂ,Lfﬂ, cee ,Lrilfﬂ} .

Proof:
We consider the C*-algebra

A:{xeA‘fk:‘f?k/if)\k:)\k/},
and show that A correspond to Ayr. We start by showing that AisaC *-subalgebra of A. In-

deed, A is closed under (a) addition, (b) scalar multiplication and (c) convolution operator:

(a) Closure under addition: let ,y € A, we need to show that z + y € A. Given x
and y belonging to A, it follows that 2}, = &4 and i, = G if Ay = A Therefore~,
(Z+9)k = Tp+ Uk = T + Y = (T+9)w if Ay = A\, which implies thatz +y € A

(b) Closure under scalar multiplication: let z € Aand a € R, we need to show that
az € A. Since x belongs to A, it follows that Z), = &y, if \r, = As. Then, aZy = ady
if \; = A\, which implies that vz € A

(c) Closure under convolution opeartor: letz,y € A, we need to show that (zxy) € A.
Given x and y belonging to A, it follows that 2, = 2 and i, = U if Ay = Ag. Thus:

(% 9)x = (UTUM4(2)9)r = (Ms0)i =

(191, - - ZnUn)k = TkUk =
=Ty = (T101, - -« Tnn) i =
= (Ms)p = (UTUM:(2)))w = (T* 9w

which implies that (7 * 3)x € A.

Furthermore, the C*-subalgebra A contains the unity element of the convolution, f1 = Y ;| u;.

Therefore, we need to show the following: ( fl k= ( fn) w if A\, = Apr. To establish this claim,

we can observe the following:

i=1 i=1 =1

Since fy = (1,...,1), it follows that (fy)r = (f1)w if \x = M forall k, &' € {1,...,n}.
Thus f1 € A.
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Given that UTLz = M, Uz, we can observe the following:

Lr e A — Lre A: (Lz), = (La)w if Ay = Ay <
— Lr e A: (ULz), = (UTLa)p if \p = Ay <—
— rcA: (MUT2), = MU 2)p if \p = Ay <—
— rzeA: (M)2) = Mp\2)p if A\p = A <=
< € A: \Tp = M\ if A\, = Ay <—

= 2 € A: T =T if N\, = Ny = ZL’GA,

consequently, Lz € Aifz € A. This implies that Ay, is contained in A. As the dimension
of A corresponds to the number 7 of distinct eigenvalues of L, we only need to show that
{fi.Lfa,...,L"" " fy} C Ay formsasystem of r linearly independent vector space elements.
To achieve this, we select r distinct eigenvalues of the normalized graph Laplacian L and denote

themas A, ..., Ak,. Then, we have:

T yi-1 T i—2 T yi—2
_\2  Tyi-3p _ _oyi—l, T o
T T
i1 T i—1 T i—1 o
= Ay, U, E Uk, = Ay, g U Uk, = Ay, forij e {1, r}.
i=1 i=1 =~
ij
Now, since the Vamdermonde matrix
0 1 r—1
Moy My oo )\kl
Vr = : ‘. :
0 1 r—1
New Ao AL
has the following determinant

dee(Vi) = J] =)= = Ak) - (A, = X)) #0, (28)

1<i<j<r

is invertible. Thus the matrix ( fi,Lfy,..., L1 fn) has full rank and its columns are linearly

independent. []

Proposition (2.4.1) asserts that the equality A = A holds true if and only if the spectrum
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of the normalized graph Laplacian L is simple, meaning that all eigenvalues of L are distinct.
In this scenario, the dimension of the C*-algebra Ay, reaches its maximum capacity. How-
ever, for certain graphs, the C*-subalgebra Ay, can also be particularly small: If G represents an
unweighted complete graph, meaning every pair of nodes in V' is linked by a unique, equally
weighted edge, then the normalized graph Laplacian has only the eigenvalues Ay = 0 and
Ay = A3 = ... = A, = 5. In this case, AL = span { f1, Lf1} is only two-dimensional.
In order to see the example, suppose we have a complete graph K, with n vertices. Thus, the
adjacency matrix A and the degree matrix D will each be an n X n matrix, where the elements

A;; and the elements D;; are defined as follows:

1, ifij n—1, ifi=j

0, otherwise 0, otherwise

Hence, the adjacency matrix and the degree matrix of the complete graph will be

1 n—1 0 0
1 0 n—1 0

A: D: .
11 0 0 0 n—1

Consequently, the normalized graph Laplacian L, defined asL = I,, — D zAD 2, is

—1 -1
1 n—1 n—1
—1 -1
L= n—1 1 n—1
—1 —1
n—1 n—1 1

To verify that 0 is an eigenvalue with geometric multiplicity m, = 1, we show that the dimen-

sion of the eigenspace associated with this eigenvalue is equal to one, i.c., dim(Ker (L — OL,))
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is 1:

-1 -1
1 n—1 n—1
—1 —1
n—1 1 n—1
Ker(L — 0I,,) = Ker i _ (2.9)
—1 —1
n—1 n—1 1

Then, the associated linear system consists of j equations: ; — ﬁ > 4 Ti foralli,7 €
{1,...,n}. Keeping the equation for j = 1 unchanged, we can obtain n — 1 equations by

subtracting the j-th equation from the (j — 1)-th equation, forall j € {2,...,n}:

1 1
[L’j—$j_1—m<2$i— Z $7,> =0 <~ (1+n_1) (I’j—l'j_l)zo <~

i i#j—1

= T =Tj-1, forall j € {2,,71}

Therefore, we obtain the subsequent associated linear system:

1 -1
ml—EZ?:Qxi:0 ZEl—:LLTl.Il:O
Tj = Tj-1, foraﬂj S {2,,71} Tj = Tj-1, forallj S {2,,77,}
To = Xq To = T
0=0 _
— — : —
xj =1, forallj € {2,...,n}
Ly = Tn—1 Ip =T

Currently, taking up the expression in (2.9), we can conclude:

Ker(L—0L,) = {(z1,...,21)" [z e R} = ([ : |) =

= dim[Ker (L — 0L,)] = 1.

Now, we need to establish that "+ is an eigenvalue with geometric multiplicity my = n — 1.

We prove that the dimension of the eigenspace related to this eigenvalue is equal to n — 1, that

21



is, the dim(Ker(L — -"51,,)) is equal ton — 1:

| —1
n—1 n—1 n—1 1 1
-1 -1 —1

—_— = — 0 0

Ker <L L In> = Ker n-lon-l n-l ~ Ker
n—1 : : .

| —1

n—1 n—1 n—1 0 . 0

Thus, the associated linear system consists of only one equation: 1 + ... + 2, =0 = 2, =

—Z9 — ... — Zy. In conclusion, taking into account the above expression, we obtain:
Ker (L— n 1In) ={(-z2— ... —2n, T2, ...,x)" | (22,...,2,) ER"'} =

n —

-1 -1
1 0

=(o],....]: >:>dim{Ker(L— n In)]:n—l.

: n—1
0 1

Unweighted complete graph K,

I I 1
2
3 2 4 5
3
2 3 4
Ks Ky Ks
2 I
3 6
4 S
Ke K7 Kg
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Kernel-Based Methods For Interpolation On
Graphs

In this chapter, we provide a synthesis of well-know principles regarding kernel-based interpo-
lation methods applied to discrete set. Within the traditional Euclidean framework, similar
concepts can be found in references such as [16], [31] or in the comprehensive discussion pro-
vided in [17]. A general overview of kernel-based methodologies in machine learning is given
in [32]. A recent investigation on the history and research trends related to positive definite
kernels has been documented in [33]. It is important to highlight that subsequent derivations

do not yet take into account the spectral or geometric information of the graph G.

3.1 PRELIMINARIES

In this section we provide a series of notions related to kernels, which are essential for grasp the

upcoming discussions.

Definition 3.1.1. (Norm)
A norm is a_function on a vector space V over R from V to R satisfying the following properties
Yu,v € VandVa € R:

(a) Non-Negative: |u|| >0
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(b) Strictly-Positive: ||u|| =0=u =0
(c) Homogeneous: ||au| = |o||ull
(d) Triangle Inequality: ||x + y|| < |lul| + [|v]

Definition 3.1.2. (Inner Product)
Given a vector space V over R, an internal or scalar product is a function (-,-): Vx V— R,
which is a symmetric positive definite bilinear form: Vu,v,w € H (Hilbert Space), o € R

(a) Symmetry: (v,w) = (w,v)

(b) Linearity with respect to first term: (v + w, u) = (v,u) + (w, u)
(c) Linearity with respect to second term: (v,w + u) = (v,w) + (v, u)
(d) Associative: {au,v) = alu,v)

(e) Positive Definite: (v,v) > 0Vv # 0

Definition 3.1.3. (Complete Inner Product Space)
An inner product space is complete if every Cauchy sequence in the space converges to a limit that
is also within the space. In other words, for any Cauchy sequence {v,,}°° | in the inner product

space, there exists a vector v in the space such that v, converges to v.

Definition 3.1.4. (Separable Inner Product Space)
An inner product space is separable if it contains a countable dense subset. In other words, there
exists a countable subset {vy, v, Vs, . ..} of the space such that any vector in the space can be arbi-

trarily well-approximated by vectors from this subset.

Definition 3.1.5. (Hilbert Space)
A Hilbert Space H is an inner product space that is complete and separable with respect to the norm
defined by the inner product.

Definition 3.1.6. (Kernel Function)
A kernel function K is a mapping that takes two input variables, x and y , and returns a real-
valued similarity measure K : X X X — R, where X represents the input space, which could be

[finite-dimensional or infinite-dimensional. Key properties of kernel functions include:

(a) Symmetry: K(z,y) = K(y, x)
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(b) Positive Semidefinite (p.s.d.):N x1, ..., x, € X, thematrixK definedbyK;; = K (x;, ;)
is positive semidefinite (A matrix Q € R™*" is p.s.d. if Vo € R", 27Qx > 0)

Definition 3.1.7. (Reproducing Kernel Hilbert Space)
K (-, ) is a reproducing kernel of a Hilbert space H if Vf € H, f(x) = (f(-), K(-,x))

Proposition 3.1.1.
if(-,-) : V xV — Risascalar product, and K : V x V' — Riis a kernel function, then the
following holds:

(K(-,2),K(,y) = K(z,y) forallz,y € V

Proof:
Itis known that K (-,z) = > | e;el (z), where {e1, ..., e,} is the canonical orthonormal

basis. Then we have:
(K(2),K(y)) = K'(-,z
(2

> e
Z:: K(z,y).

Therefore, the proposition is proven. O

3.2 POSITIVE DEFINITE KERNELS ON GRAPHS

We are interested in kernel functions K : V' x V' — R defined on the graph G, which are
symmetric, meaning they satisfy K (v,w) = K (w,v) for all the nodes v,w € V. A kernel
K facilitates the introduction of a linear operator K : £(G) — L(G) which acts on a graph
signal x € L(G) as follows:

Kz (v;) = Z K(vi,vj)x(vy).



Given our representation of signals © € L(G) as vectors in R, we can represent K as the

symmetric matrix K€ R"*", defined by:

K(vi,v1) K(vi,v) -+ K(vy,v,)
Ko K(vg,v1) K(vg,va) -+ K(vg,v,)
K(vn,v1) K(vp,v2) -+ K(vp,v5)

The subsequent families of symmetric kernels are relevant in our analysis:

Definition 3.2.1.

(a) We call a symmetric kernel K positive semidefinite (p.s.d.) if the matrix K € R" " is
positive semi-definite, i.c., we have t'Kx > 0 for all x € R™,

(b) We call a symmetric kernel K positive definite (p.d.) if the matrix K € R™ ™ is strictly
positive, i.e., we have v’ Kz > 0 forall x € R, x # 0.

(c) We call a symmetric kernel K conditionally positive definite (c.p.d.) with respect to a sub-
space Y C L(G), if K is p.d. on the subspace ).

3.3 INTERPOLATION WITH POSITIVE DEFINITE KERNELS

Every positive definite kernel K allows the space £(G) to be endowed with a scalar product

expressed as:
(z,y)k = y"K ', forallsignals v,y € L(G).

The resulting inner product space, also referred to as the native space

Nk = {x € LIG) | z(v) = chK(v,vk),vk eV,g € ]R} ,

k=1

constitutes a reproducing kernel Hilbert space [34], wherein K assumes the role of the repro-

ducing kernel satistying the following property:

(x, K(-,vj))k = x(v;) forallsignalz € L(G). (3.1)
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Proof of property (3.1):

<$7 K('7Uj>>K = xTKilK('vvj) = xT(Kil)TK(UUj) =

n

= (K ', K(05)) = > a(oe) ' K vp) K (o, 0) = 2(v;)
k:1 N ~~ 7\ s
ay K(vj,v)
Thus, the property holds true. O

Proposition 3.3.1.

The scalar product (x,y) i satisfies all the properties in definition (3.1.2)

Proof:
(a) Symmetry

(z,y)x = y' K 'z = (y'K'2)T = 2Ky = (y, 2)x.

a€R, a=aT
(b) Linearity w.r.t. first term

(@ +y,2)x =2"K (2 +y) = 2'Ke + 2"Ky = (2, 2)c + (y, 2)x.

(c) Linearity w.r.t. second term

(@, y+2)k = (y+2)'K 'z =y' Ko+ 2'Ke = (2,y)k + (2, 2) k-

(d) Associative

(ax,y)x =y K 'ar = ay'K 'z = afz,y) k.

(e) Positive Definite

(z,r)g = 2K 'z > 0¥z € L(G),  # 0by construction: since K is a positive-definite
kernel function = the kernel matrix K is p.d. = the inverse kernel matrix K 1'is p.d. too
= 2K 'z > 0Vr € L(G), x # 0. O

Proposition 3.3.2. (Cauchy-Schwarz inequality)
For the native space norm ||-|| ., along with the inner product (-, -) k, the Cauchy-Schwarz in-

equality holds true:

(@ v il < Nl llyll e
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Proof:

If one of the two vectors is zero then both sides are zero so we may assume that both z, y are

non-zero. Lett € R. Then:

0 <||z +tyll% = (z + ty,z + ty)x =
= (7, 2)k + (2, ty)k + (ty, )k + (ty, ty)x =
= (v, 2)x + tx,Y) K +t (Y, 2) +(y, Y) K =
——

<x7y>K

= <:L‘7‘I>K +2t<x7y>K +t2<yay>K — ...

Now we choose ¢ := —Z%% Therefore we get:
(¥.y9) K
<x7y>K <l‘,y>%(
o= (T, ) — 2 (z,y)K + (v, y)x =
(v, )k (v, 9)%
(z, )7 (z, )7
= [|lz[l% — B =)k = o
(v, ¥) 1yl
(x, )7
=0 < % - 5= (ny)k < llelklvllk =

lylI%
= [z, y) x| < llzllxllylx

Thus, the Cauchy-Schwarz inequality is proven. O

Proposition 3.3.3.
The native space norm ||-|| k satisfies all the properties in definition (3.1.1)

Proof:

(a) Non-negative

Since K is a positive-definite kernel, the scalar product (x, ) > 0V z € L(G) =
= |lzllx = V{z,2)x > 0V 2 € L(G)

(b) Strictly Positive

Since K isa positive-definite kernel, the scalar product (x, x) x = Oifand only if z = 0 =
= |||k = \/(z,2)k = 0ifand onlyif x = 0

(c) Homogeneous
lallx = az, az)ic = /o (z,2)x = |o|\/{z,2)x = |ol]z]x

2.8




(d) Triangle Inequality

C-S
0 < [lz+ yllk = llollie + 20z v)x + IWlE < Nl + 2lzllxllyllx + lylk =

= (lzllx + lyllx)* = =z + yli < (l=llx + lyllx)* =
= [lz +yllx < llzlx + llylx- 0

A positive definite kernel K can typically be employed to address interpolation problems within
interpolation spaces generated by the columns of the matrix K. The corresponding interpola-
tion problem on the graph G is formulated as follows: given samples z(w), ..., z(wy) of a
signal z onasubset W = {wy, ..., wy} C V,where N < n, the aim is to find an interpolat-

ing signal Iyyx € £(G) that interpolates x at the nodes in W, that s,
Ly x(wg) = x(wy) forallk € {1,...,N}. (3-2)

With a positive definite kernel K this interpolation problem can be addressed as follows: we
employ the columns K (-, wy), where k € {1,..., N}, of the matrix K as the interpolation

basis. Subsequently, an interpolating signal Iy, based on the expansion

N
Lya(v) = ZCkK(U7wk> (3.3)
k=1

has to satisfy the interpolation condition

K(wy,wy) K(wp,wy) -+ K(wp,wy) 1 x(wy)
K(wy,wy) K(wg,we) -+ K(wy,wy) Co x(ws)

=1 . (3.4)
K(wy,w) K(wy,wy) -+ K(wy,wy) ) cN z(wy)

Since K is positive definite, also the submatrix Ky is positive definite according to the inclu-
sion principle ([35], Corollary 4.3.15). Consequently, the linear system (3.4) has a unique

solution, and the interpolating signal Iy can be uniquely expressed in terms of the basis
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{K(-,w),...,K(-,wn)}. We denote the corresponding interpolation space as:

z(v) = Z ckK(v,wk)} :

k=1

Aﬁzm/::{lieAE(Gg

The following result is standard in reproducing kernel Hilbert spaces and explains why these

spaces are widely preferred for signal interpolation and approximation.

Proposition 3.3.4. (/17], Corollary 10.25)
The interpolant Iy x of x minimizes the native space norm ||-|| i over all other possible inter-

polants of x in L(G) at the nodes W.

Proof:
if a signal y vanishes on W, the reproducing property of the kernel K leads to the identity:

=

N

(. Iwa)w = (v, )k (ow))x = Y aly, KGow))x = Y any(wg) = 0.

k=1 k=1

Therefore, if z € L(G) is a second interpolant of « at the nodes W we obtain:

\|Iwa:|]§< = (Iwz,Iyz — 2+ 2)k =

= <IW{L‘7II/VJZ — Z>K +<IW{L‘,Z>K =

0

C-S
= (Iwz, 2)k < ||lwz| ||zl -

Let’s take a closer look at the equation (Iyx, Iyx — 2)x =0

(T = 2) = (3 K wn), D0 K (wy) = 2)ic =

j=1
N K
- <K('7wk’)7K('awj)>K - <K(7wk)7z>K = ...

We examine the term (K (-, wy,), K (-, w;)) k and considering that z interpolates x at the same
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nodes W, we obtain the following:

(K (wn), K (wp)ie = Y K w) 'K (wi, wy) K (wi, wy) = 2(w)

Now, we can conclude:

=) {a(wr) = 2(wr)} =0

k=1 j=1

Therefore, the proof of the proposition is complete. O

3.4 INTERPOLATION WITH CONDITIONALLY POSITIVE DEFI-

NITE KERNELS

If K is conditionally positive definite (c.p.d.) with respect to a subspace ), the interpolation
on the node set W can be carried out in a similar way, once the challenge related to the non-
positive definiteness on the orthogonal complement V+ of Y is solved. If the dimension M of
the complement Y+ is small and an orthonormal basis {y7", . .., y3; } of Y is provided, this

issue can be straightforward by introducing the augmented kernel:

NN SHTe) N

If the parameter 0 > | A0, (K)| > 0 is larger than the absolute value of the smallest eigenvalue
of K, then the augmented kernel /& ©) js positive definite, allowing us to employ the interpola-
tion procedure outlined in the previous section (3.3). In particular we can find a unique inter-
polation signal z € Ny > thatsolved the interpolation problem in (3.2). The interpolation

Iy 2 has the expansion

N M N

Lyxz(v) = chK(v,wk) + Zdiyf(v), d; = 5chy,f(wk),

k=1 i=1 k=1

where the coeficients ¢y, are the solution of the system (3.4) with respect to the augmented ker-

nel K@ In particular, the interpolation space Ns 1y constitutes an /N -dimensional subspace
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of the space Ny + V+.

Furthermore, the sum > | % (v)y;- (w) in (3.5) can be interpreted as the reproducing kernel
of the orthogonal complement Y - By introducing a §-multiple of this kernel to the condition-
ally positive definite kernel K, the non-positive part of the spectrum of K is shifted by 6 > 0
in positive direction, resulting in a positive definite kernel K’ ). An alternative approach to
obtaining a positive definite kernel from a conditionally positive definite kernel is outlined in
[36], involving a reflection technique and Pontryagin spaces. A third option, as pursued in [13],
involves adding a multiple of the identity matrix to the conditionally positive definite kernel
K, thus shifting the entire spectrum of the kernel to the positive real axis.

On the other hand, the definition (3.2.1) (c) for conditionally positive definite kernels is not
the standard definition given in the literature, see for instance [17]. The standard definition
reads as follows: K is conditionally positive definite if and only if for all subsets W' the matrix
Kyy is positive definite on the subspace determined by Z]kvz1 cyt =0foralyt € Y. As
shown in [36], every kernel that is conditionally positive definite with respect to this standard
definition can be interpreted as a kernel that is conditionally positive definite with respect to
definition (3.2.1) (c) and vice versa. Some literature refers to the conditionally positive definite

kernels in definition (3.2.1) (c) as kernels with a finite number of negative squares, as noted in
[22], [36].

3.5 INTERPOLATION WITH POSITIVE DEFINITE KERNELS VIA

LAPLACIAN AND SCHUR COMPLEMENTS

Before delving into the details, we recall some theoretical concepts about Schur complements.

Let M be an n X n matrix written as follows

A B
M = ,

where Aisak X k matrixand Disa (n — k) X (n — k) matrix, (Bisa k x (n — k) matrix

and C'isa (n — k) X k matrix). The linear system can be addressed and solved
A B\ (x| |(c
C D y) \d)’
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that is

Ax + By = ¢,
Cx + Dy =d,

by mimicking Gaussian elimination, namely, assuming that D is invertible, we first solve for y

getting
y=D"(d - Cu),
and after substituting this expression for y in the first equation, we get
Az + B(D™Y(d - Cx)) =c,
that is,
(A—BD'C)xr =c— BD™'d.
If the matrix A — BD~'C is invertible, then we obtain the solution to our system

r=(A—BD'C) Yc— BDd),
y=D"'(d—C(A-BD'C)"(¢c— BD'd)).
The matrix A — BD ' is referred to as the Schur Complement of D in M. If A isinvertible,

the elimination of x from the first equation reveals that the Schur Complement of A in M is
D—CA'B.
Definition 3.5.1. (Schur Complements)
A
Given M, an n X n matrix decomposed into blocks, with M = c D where A and D are

square matrices (Aisa k X k matrixand D isan (n—k) X (n— k) matrix). Then the following
holds:

(a) If A is invertible, the Schur complement of A in M is defined as M/A = D — CA™' B
(b) If D is invertible, the Schur complement of D in M is defined as M/D = A — BD'C
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Proposition 3.5.1.

A B
Given M = (C D) where A is invertible, then the following holds:

det(M) = det(A)det(M/A)

( I 0) (A B) (A B )
- —
-cA™t 1/ \C D 0 M/A
s det ((_CIA 3 2)) det(M) = det(A)det(M/A) —>

=1

= det(M) = det(A)det(M/A)

Proof:

This concludes the proof.

Proposition 3.5.2.

A B
Given M = o D) where D is invertible, then the following bolds:

det(M) = det(D)det(M /D)

b)) ()

s det ((é ~bb 1)) dec(M) = det(M/D)det(D) —>

Proof:

I

=1

= det(M) = det(M/D)det(D)

Then, the proposition is proven.

Proposition 3.5.3.
A matrix A is positive definite if and only if 3 B positive definite such that A = B?
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Proof:

(=) A positive definite = A symmetric = A diagonalizable = 3 U, D such that A =
UDUT, where D = diag(dy, ..., d,) is a diagonal matrix with d; > 0Vi € {1,...,n}
and UUT = UTU =1, is a orthonormal matrix. Thus

A= (U\/EUT> (U@UT> — B2,
—

(<=) A = B? positive definite = the eigenvalues of A are the squares of the eigenvalues of B
= A s positive definite. [

Proposition 3.5.4.
Let A be an X n matrix, then the determinant of A is equal to the product of its eigenvalues.

Proof:
Suppose that \q, ..., A, are the eigenvalues of A. Then the A’s are also the roots of the char-

acteristic polynomial, i.e.

det(A = AL,) = p(A) = (=1)"(A = A)(A = Aa) - (A = A,) =
(1A = A (=1 = Ag) -+ (=1)(A = A,) =
— (=N = A (e = A).

The first equality arises from the factorization of a polynomial based on its roots; the leading
(highest degree) coefficient (—1)™ can be obtained by expanding the determinant along the
diagonal. Now, by setting A to zero (since it is just a variable), we obtain det(A) on the left side
and A\; A2 - - - \,, on the right side, that is, we obtain the desired result

det(A) = )\1)\2 cee )\n

Thus, the determinant of the matrix is equal to the product of its eigenvalues. O

The next step is to present a characterization of symmetric positive definite matrices through

Schur complements. Let M be a symmetric matrix, meaning that A, D are symmetric and
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C = BT In this case, M can be expressed as follows:

u_ (A BY_[ 1 o)(a 0 IOT(G)
“\pr p) " \pTa 1)\o D_pBTA'B) \BTA I >

This shows that M is similar to a block-diagonal matrix, with the Schur complement, C' —
BTA'B, being symmetric. Consequently, the following version of “Schur’s trick” can be
applied to verify whether M is positive definite or positive semidefinite. Remember that the
respective notations for the positive definite and positive semidefinite matrices are: M > 0 and
M > 0.

Theorem 3.5.1.
Let M be an x n symmetric matrix, where A is a k X k symmetric matrix and D isa (n —

k) x (n — k) symmetric matrix. Thus, the following statements are equivalent:
(a) M is positive definite
(b) A is positive definite and D — BT A™' B is positive definite.
(c) A and D are positive definite and p(BT A"'BD™') < 1.

Proof:
[(a)<(b)] From (3.6) observe that

oo\ I 0
BT™A' 1)  \=BTA! 1)’

and for any symmetric matrix, 7', and any invertible matrix, P, the matrix 7" is positive definite
(T" = 0) if and only if the matrix PT P, whichis symmetric, is positive definite (PTPT = 0).
Furthermore, a block diagonal matrix is positive definite if and only if each diagonal block is
positive definite. Thus from (3.6), M is positive definite if and only if both A and its Schur
complement D — BT A~! B are positive definite.

For (b)<>(c) the following proposition is required.

Proposition 3.5.5.
Let A and B be two symmetric matrices, with A being positive definite. The condition A '~ B
holds if and only if B is positive semidefinite and p(A~'B) < 1.
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Proof of Proposition (3.5.5)
A=Bel=A1PAA2 = ATVPBATV2 o 1 > M\ (A7V/2BATY?)

Now let’s take a closer look to this matrix A~/2BA~1/2. Letxz € R"andy = A~ Y2z
We observe that 2T (A™Y2)TBA~Y2y = (A7Y22)TBA~Y22 = y"By = 0 (B is positive
semidefinite) = (AT)"1/2BAY2 = A~1/2BA~Y2 (Aissymmetric) is positive semidefinite,

then we have
/\max(A_l/2BA_1/2) = /\max(A_l/QA_lﬂB) = /\maX(A_lB).

Currently, form Proposition (3.5.3) exists R positive definite such that A = R*> = RR' =
RTTA(R™Y)T = 1. Now, the matrix R BR is symmetric = RTBR is diagonalizable =
exists an orthonormal matrix U such that UTRTBRU = (RU)"B(RU) = A is diagonal.
Let S = RU. Then ST!A(S™H)T = (RU)'A(RU)™)T = U'RTTA(UIR™HT =
UTRTYAWUTR YT = UTRTTA(RYHYU = U'U = 1and SBST = (RU)'B(RU) =
UTRTBRU = A. Thus, B = (S7!)TAS tand A = SST. Furthermore AB = SST(S—1)T
AS™! = SAS~!is diagonalizable. In addition, since B is positive semidefinite, all the eigen-
values of A are real and non-negative.

Finally, from this last observation, we can concluded that AB ! has real nonnegative eigenval-
ues, $0 Anax (A1 B) = p(A'B). O
[(b)=>(c)] A is positive definite and D — BT A~! B is positive definite == D — BTA™'B >
0= D > BY'A™'B = from Proposition (3.5.4), B'A™' B is positive semidefinite and
p(D'BTA™IB) = p(BYA™'BD™') < 1. Inaddition, D is positive definite since BTA~' B
is positive semidefiniteand D > BTA™!B.

[(b)<=(c)] A, D are positive definite and p(BTA"'BD™1) < 1= BTA™!B is positive
semidefinite and D = BTA™!B = A is positive definite and D — BTA™'B > 0 = Aand
D — BT A7 B are positive definite.

This concludes the proof of Theorem (3.5.1). O

Theorem 3.5.2.
Let M be an x n symmetric matrix, where A is a k x k symmetric matrix and D is a (n —

k) x (n — k) symmetric matrix. Thus, the following statements are equivalent:
(a) M is positive semidefinite
(b) A is positive semidefinite and D — BT A™' B is positive semidefinite.
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Proof:
[(a)<(b)] From (3.6) observe that

-1
I 0y I 0
BTA-l 1 \=BTA 1

and for any symmetric matrix, 7', and any invertible matrix, P, the matrix 7 is positive semidef-
inite (7' = 0) if and only if the matrix PTP?Y, which is symmetric, is positive semidefinite
(PTPT = 0). Furthermore, a block diagonal matrix is positive semidefinite if and only if each
diagonal block is positive semidefinite. Thus from (3.6), M is positive semidefinite if and only
if both A and its Schur complement D — BT A~! B are positive semidefinite. ]

Now, we aim to extend the interpolation method illustrated in section (3.3), taking into ac-
count not only the signal values at certain nodes but also the information related to the Lapla-
cian of the signal at each node. Thus, the corresponding problem on the graph G is formulated
as follows: given samples z(w1), . .., z(wy) of asignal x on asubset W = {wy, ..., wn} C
V, where N < n, the aim is to find the interpolating signals Iyyz, Iy (Lz) € L(G) that

interpolates x and Lz at the nodes in W in the following way:

Iy x(wy) = x(wy) forallk € {1,..., N},

Iy (Lo (wg)) = Le(wg) forallk € {1,...,N}

With a positive definite kernel K this interpolation problem can be addressed as follows: we
employ the columns K (-, wy), where & € {1,..., N}, of the matrix K as the interpolation

basis. Subsequently, the interpolating signals Iy 2 and Iy (L), based on the expansions

Lyx(v) = Zszl ap K (v, wy) + ZkN:1 b LK (v, wy,)

Ly (Lz(v)) = 32N apLK (v, wy) + S0 L2 K (v, wy)

has to satisfy the interpolation condition
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K(wy,wy) - K(w,wy) LK (wy,w1) -+ LK(wi,wn) ay x(wy)

K(wy,w) -+ K(wy,wy) LK(wy,w;) -+ LK(wyn,wy) an | _ z(wn)

LK(wi,w;) -+ LK(wi,wy) L2K(w1,w1) LQK(wl,wN) by Lz (wn)

LK (wy,w;) --- LK(wy,wn) LQK(wN,wl) LZK(waN) by Lz (wy)
A

Observe that A is symmetric. Alternatively, the matrix-vector product can be expressed in a

Ky LKy \ [a X[,
A= = : (3.7)
LKy L°Ky/ \b LX|,,
wherea = (ay,...,ax),b = (by,...,bx) and X’W = (x(wy),...,z(wn)). As before,

since K is positive definite, also the submatrix Ky is positive definite according to the inclusion

principle ([35], Corollary 4.3.15). However, according to Theorem (3.5.1), the fact that Kyy

more compact form

is positive definite is not sufficient to guarantee the positive definiteness of A.

Theorem 3.5.3.
A matrix M is positive semidefinite if and only if the principal submatrix of M with all maxi-
mally linearly independent columns (and corresponding rows) left is positive definite

Proof:
(<=) Suppose without loss of generality that M is symmetric and that M is the leading r x r

M B
M= .

We note that M is positive semidefinite if both Mand M / M are positive semidefinite according
to Theorem (3.5.2), where M/ M is the Schur complement. Therefore,

principal submatrix. We have

M/M=C—B'M 'B.
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On the other hand, the rank of M must be r, so we have
r = rank(M) = rank(M) + rank(M/M) = 7 + rank(M/M).

Thus, M/ M = 0, which means that M / M is positive semidefinite. Hence, we conclude that
M is indeed positive semidefinite.

(=) Suppose without loss of generality that the first 7 columns of M form the maximal lin-
early independent setin question. Thatis, Mv # 0 forall v in the span of {e, . .. , €, } (where
e; is the j-th canonical basis vector). Thus, it follows that v'Muv # 0 for all v in the span
{e1,..., e }. Hence, we conclude that the leading  x r submatrix M is positive definite, as
required. ]

From this last theorem, we can infer that the matrix A is positive semidefinite.

Lemma 3.5.1.

The matrices LKy and L* Ky are positive semifedinite

Proof:

To prove this lemma, we recall the following:

()
Ax
All> = sup ”H 2 _ gup f1Aa),
w20 [Zl2 jaa=1
(b)
ol Ax Y Ax
An(4) = Wi " and Aaa(A) = mex

In particular, the eigenvalues of L lie between [0, 2] which implies that the eigenvalues of L? lie
between [0, 4]. Moreover, we know that all the eigenvalues of the submatrix Ky are positive,
as K is a positive definite kernel. We know that Ay, (A)||z]l2 < [|Az|l2 < Ana(A)]|2]|2-
Taking the supremum (||z]|s = 1) yields Apin(A) < [[A]l2 < Amax(A). In our scenario, we
have A\pin (LK) < LKy |2 < Apax (LK ). Now, we proceed to show that A, (AB) >
Amin (A) Amin (B) and Apax (AB) < Apax (A) Amax (B), where A is a semidefinite positive matrix

and B is a positive definite matrix. Since B is positive definite, according to Proposition (3.5.3),
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there exists a symmetric positive definite matrix C' such that B = C' 2 Thus

det(AB — ML) = det(AC? — ML) = det (C(AC? — AL,)C™") =
= det(CAC — ACL,C1) = det(CAC — AL,).

It follows that the characteristic polynomial of AB is the same as that of C'AC'. Therefore, the

zICACzx
zlz

minimum and maximum eigenvalues of AB match those of C'AC', which are min, 4

. _
and max, s * g{icx . Now, V = # 0, we have:

tTCACx z'CACzx zCCx

2T ITC’C'Q%“ 'l _T
> (%) (g 52 = Al
2'CACx _ r'CACx ' 2'CCx <
xTx xTC’C’:L‘T xTe — N
< () () = it

withy = Cz,y' = (Cy)T = 2TC. Then

TCA
Awin(AB) = Mg (CAC) = min =S4T >
x#0 rx
T T
.y Ay . 2 Bz
> (an5) (5 ) = e,
TCA
Amax(AB) = A\ (CAC) = max Tt CT Cz <
220 xlx
T T
y Ay x Bx
< = )\max A /\max B).
< () (s ") = Al Ae(8)

Finally, we have this chain of inequalities

0 )\min(L) Amin(KW> S )\min<LKW) S HLKWHQ S

=0
S >\max<LKW) S )\max(L) )\max(KW> = )\max(KW)-

1

{
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Since all steps apply equally to L?Kyy, we can conclude that both matrices, LKy and L2Kyy,
are positive semidefinite. ]
Now, form point (b) of Theorem (3.5.1), A is positive definite if and only if Ky and its Schur
complement A /Ky, = L*Ky, — (LK ) Ky, (LKyy ) are positive definite. Since Ky is already
positive definite, we focus our attention on the Schur complement of Ky in A. If N' < n, we
are unable to reach any conclusions. In particular, if N = n, meaning W = {wy,...,w,}

represents the set of all nodes, the associative property of matrices holds, thus leading to

A/Ky = LKy — LKy K, LKy = LKy — LKy = 0,,.
N———

In

Consequently, the Schur complement of Ky in A is not positive definite. Nevertheless, we

can address the problem in the following way

~ 0 0 K LK
A=A+ "M)=" oW (3.8)
ON SIN LKW (L KW)&

where € is a positive constant and (L?Kyy ). = L°Kyy + €ly. Therefore the linear system in

£ )0 -
LKy (LQKW)sJ b LX|,, ' '

~~

A

(3.7) becomes

Then, the Schur complement of Ky in A is now positive definite
A/Ky =LKy +ely — LKy = ely = A/Ky > 0.

Thus, we can conclude that A is positive definite, as stated in point (b) of Theorem (3.5.1).

On the other hand, in the scenario where N < n, it is more convenient to use point (c) of The-
orem (3.5.1). We already know that the matrix L*Kyy is positive semidefinite: therefore, the
transformation obtained in (3.8) ensures the positive definiteness of (L?Kyy ). In this scenario
as well, we consider the transformation of A, i.e. A. It remains to be determined for which val-
ues of ¢ the p [(LKW)K;Vl (LK) (L2KW)E_1] < 1 (%). To find the values of &, we recall the

definition of the spectral radius and the subsequent lemma along with its proof.
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Definition 3.5.2. (Spectral Radius)
Let A\, . .., A\ be the eigenvalues of a matrix A. The spectral radius of A is defined as

p(A) = max{|A1],..., | \|}-

For a positive definite matrix A, it follows that p(A) = A\ (A).

Lemma 3.5.2.
Let A be an invertible matrix. If X is an eigenvalue of the matrix A, then 1/ X is an eigenvalue
of A7

Proof:

Since A is invertible = det(A) # 0 = from Proposition (3.5.4) we conclude that all the eigen-
values are non-zero. Then, suppose A is an eigenvalue of A, therefore Az = Az forsome x # 0.
Thus

1
Ar =X = A" Ar =) v =z =) \A""'2 = XLE = A1z,

We can conclude that 1/ is an eigenvalue of A", [

From this lemma, we can infer that for every eigenvalue \; of A, the corresponding eigenvalue
of At is 1/)\;. In particular:

* The maximum eigenvalue of A 1is given by:

1
AIT]Q.X Ail -
( ) /\min (A)
* The minimum eigenvalue of A Lis given by
1
)\min Ail =
@)= @

At this point, we establish for which values of ¢ the inequality () holds.

)
« [(LKw Ky (LK ) (LK )7 '] <

p [(LKw)K;! (LK ) (L’Kw) ;'] =
= Ama
< e (LK) A (K ) A (LK) Amar. [(L2Ky) 1] =
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1
Mo (Ko )]

= )\max (LKW) )\max (LKW)

Amin (Kw)
Ao (LK) 1 <

T Anin(Kw) Amin(LPKyy +ely) —

Ao (LK) _

< =
o )\min (KW)[)\mm<L2KW) + € )\min (In)]
———

1

B Amax (LK)
Amin(KW) [)‘min(LQKW> + 8]
A2 (LK)
= p [(LKw)Ki! (LK ) (L2Kyy )71 < ™ '
p [(LKw Ky (LK) (LK) ] < e o oK) £ 2]
Therefore:
A (LK)
LK Kil LK LQK -1 <1 <— max <1
p (LK K (LK ) (LK) N (Kiv) [Aoan (LK) + ]
A (LK)
= o> fmax W)y (2K,
)\min(KW) ( W)

Then, in the case where N < nand e > A2 (LKw )/ Amin(Kw) — Amin(L?Kyy ), we can
conclude that A is positive definite, as mentioned in point (c) of Theorem (3.5.1).

Consequently, since A isinvertible, the linear system (3.9) has a unique solution for both scenar-
ios just discussed, and the interpolating signals Iy« and Iy (L) can be uniquely expressed in

terms of the basis { K'(-,w1), ... K(-,wy)}. We denote the corresponding interpolant space
as:

N N

i)z(v) = Z arp K (v, wg) + Z b LK (v, wy)
Kw =< . Lr € L(G) k:1N ht N :
ii) Lz (v) = Z arLK (v, wg) + Zbk LK (v, wy) + el {ymy}]
k=1 k=1

where the 1,1 denotes the indicator function, which equals 1 when v = wj, and 0 other-

wise.
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36 INTERPOLATION WITH POSITIVE DEFINITE KERNELS VIA

LAPLACIAN AND UNDER £-SEPARATED NODES

Before delving into the details, we recall the definitions of e-separated nodes and the distance

between two nodes on a graph.

Definition 3.6.1. (c-separated nodes)
Let {v;}1Y| be a st of nodes in a graph. These nodes are said to be e-separated if the distance

between any two distinct nodes v; and vj in the graph is greater than or equal to €, i.c.,
d(vi,v;) > € forall i# 7,

where d(v;, v;j) represents the square norm ||v; — villa > € foralli,j =1,...,N,and cisa

positive constant that defines the minimum separation between the nodes.

Definition 3.6.2. (Distance between two nodes on graph)
Let G = (V, E) be a graph, where V' is the set of nodes and E is the set of edges. The distance

between two nodes v;,v; € V, denoted as dist(v;, v;), s defined as:
dist(vi, v;) = min{|P| | P isa path fromv; tov;},

where:

o Apath P isa sequence of vertices vy, V1, . . . , Uy such that for each consecutive pair of vertices
(vie1, v;), there exists an edge in E connecting them.

* |P| is the number of edges in the path P, i.c., the length of the path.

In the case of a weighted graph with edge weights w(e) € R foreach e € E, the distance is

instead defined as the minimum sum of the weights along any path from v; to v;:

dist(v;, v;) = min {Z v(e) | Pisapath fromv; to Uj} :

ecP

If there is no path between v; and vj, the distance is considered infinite:

dist(v;, vj) = o0.
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This definition applies to both directed and undirected graphs, with the restriction that in di-
rected graphs, the direction of edges must be respected when forming patbs.

Now, the purpose is to extend the interpolation method illustrated in section (3.3 ), taking into
account not only the signal values at certain nodes but also the information related to the Lapla-

cian of the signal at each node. Thus, the interpolation problem is the same as the one defined

A Ky LKy a X|,,
- LKy Ky \b) \1X], )’

where here L is the standard Laplacian, a = (ay,...,ay), b = (b1,...,by) and X‘W =

in the section (3.5)

(x(w1),...,z(wn)). As before, the fact that Ky is positive definite is not sufficient to guar-

antee the positive definiteness of A.

Proposition 3.6.1.
If the distance between two nodes v; and v; in a graph with unitary weights (i.e, A;; = 1 for all

1,7 =1,...,mn)is 3, then their neighbor sets are disjoint, i.e.,
N(v;) N N(v;) =0,

where N (v;) denotes the set of direct neighbors of v;, i.e., those at distance 1.

Proof:

If a node v, is a direct neighbor of v;, thatis, v; € N (v;), then the distance between v; and v,
is 1.

If a node vy, is a neighbor of a neighbor of v;, thatis, v, € N(v;) for some v; € N(v;), then
the distance between v; and vy, is 2, passing through the intermediate node v;.

When the distance between two nodes v; and v; is 3, it implies that there is no path between
them shorter than 3 edges. Additionally, the set of direct neighbors of v;, denoted N (v;), can-
not overlap with the set of direct neighbors of v;, denoted N (v; ), because the nodes at distance
1 from v; (which include its direct neighbors) cannot include v; or its direct neighbors. Since
each node in N (v;) is at distance 1 from v;, while each node in N (v;) is at least at distance 2

from v;, it follows that:
N(v;) N N(v;) = 0.
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Therefore, no node can belong to both N (v;) and N (v;), as the distances between the nodes in
these two sets are incompatible with the graph’s distance definition. In conclusion, a distance
of 3 between two nodes in a graph with normalized weights is sufficient to ensure that their

direct neighbor sets are disjoint. O

Theorem 3.6.1.

Lt W = {wy,...,wn} C V bea set of nodes in the graph G with unitary weights on the
edges (i.e, Aij = 1 foralli,j = 1,...,n). If the nodes in W are 3-separated, then the sets
{K(-,wi) }}¥y and {LK (-, w;)}X, are linearly independent.

Proof:
The aim is to show that the sets of functions { K (-, w;) }Y; and {LK (-, w;)}Y; are linearly
independent. To establish this, we must show that the scalars {a; }1¥; and {3;} Y, satisfy the

equation

N N
> @K (w) + Y B(LE) (- w;) =0 (3.10)
i=1 i=1

ifandonlyifo; = 3; = Oforalli =1,..., N.
In addition, we can leverage the property of the Laplacian L, which allows the set {LK (-, w;) }¥
to be expressed as a linear combination of the kernel functions associated with the neighboring

nodes of w;. Specifically, we have

(KL)(w;) = (LE)(w) = ) (K(wi) = K(,0)),

Vj Wy

where v; ~ w; denotes the neighboring nodes of w;.

Now, by replacing the expression for (LK) (-, w;) in (3.10), we obtain

ZaiK(-,wi)jLZBi > (K (- w;) — K () = 0. (3.11)

vj W,

Since K is a positive definite kernel and W = {wy, ..., wy} C V, the sets { K (-, w;) }¥,
and { K (-, v;)}}_; arelinearly independent, so the equation (3.1 1) cannot vanish unless all the
coefficients {a; }~ | and {3;} Y., are zero. Hence, the sets { K (-, w;) }¥., and {LK (-, w;) } Y,

are linearly independent. ]
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Note: The assumption that the nodes are 3-separated plays a crucial role. Indeed, for every

1=1,..., N, wehave

trg. ineq.
LK (- wi) = K( w2 < [[LEC w2 + [[K( wi)ll2 <
< Ll [[KC wa) |2 + [[K (- wi) |2 = B[ K (-, wi)]]2-
~—~—

=2

Thus, this inequality ensures that the Laplacian transformation does not drastically change the
“spread” of the kernel functions K (-, w;). In particular, the transformed kernel function is at
most 3 times larger than the original one in terms of its “spread”. Hence, if the nodes {w; }
are separated by a factor of 3 is sufficient to guarantee that the kernel functions K (-, w;) and

LK (-, w;) remain linearly independent forall¢ = 1,..., N.

Consequently, by Theorem (3.6.1) the columns (or rows) of the matrix A are linearly indepen-
dent, implying that A is invertible. Therefore, the linear system (3.7) has a unique solution,
and the interpolating signals Iy« and Iy (L) can be uniquely expressed in terms of the basis

{K(-,w),...,K(-,wn)}. The corresponding interpolant space is denoted as:

N N
yz(v) = Z ar K (v, wi) + Z b LK (v, wy)
L3 k=1 k=1
Ngw = 2, Lr € L(G) N N ,
ii) Le(v) = Z arLK (v, wy) + Z biL2K (v, wy,)
k=1 k=1
where the factor 3 denotes the separation distance between the nodes in W = {wy, ..., wy}.
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Positive Definite Functions On Graphs

The interpolation scheme outlined in the previous chapter, based on general kernel methods,
lacks the incorporation of spectral information from the graph. Thus, the aim of this chapter
is to harmonize these two structures and develop an interpolation scheme where the kernels
used for interpolation are defined in relation to the generalized translates of a single graph basis

function. To achieve this goal, we rely on the crucial concept of positive definiteness.

4.1 DEFINING THE FRAMEWORK

Definition 4.1.1. (Positive semidefinite function)
We call a function f : V' — R on the graph G positive semidefinite (positive definite) if the

matrix

Ce,f(v1) Cef(vr) -+ Ce, f(v1)
Ce1f(v2) Cezf(UQ) e Cenf(UQ)
Ky = : . _ .
Co, f(vn) Ceyf(vn) - Ce, f(vn)

is symmetric and positive semidefinite (positive definite, respectively). We call f conditionally
positive definite with respect to a subspace Y if Ky is p.d. on Y. The sets of positive semidefinite
and positive definite functions in L(G) are denoted by P and P, respectively.
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In particular, a positive semidefinite function f induces naturally a p.s.d. kernel Ky on G by:
Kf(?}i, ’Uj) = Ce].f(?]i), with Cej = UMé].UT.

If G has an additional group structure, the signal C,, f represents the shift of the signal f by
the group element v;. However, on general graphs, there isn’t an intrinsic concept of transla-
tion. Nevertheless, we will encounter several examples in which the signals C,, f are spatially
well-localized around the nodes v;. Hence, we can interpret C, f as a generalized translate
of f on G. Regardless, the positive definiteness of the function f implies that the collection

{C..f,...,Ce, [} of generalized shifts of f is linearly independent and constitutes a basis for
L(G).

4.2 A BOCHNER-TYPE CHARACTERIZATION OF POSITIVE DEF-

INITE FUNCTIONS

The concept of positive definiteness is closely related to the spectrum G of the graph G, which
consists of the set of eigenvectors {uy, ..., u,} of the graph Laplacian. This relationship is
evident in the Bochner-type characterization of a positive definite function f, which can be

described in terms of the graph Fourier transform f.

Theorem 4.2.1. (Bochner-type characterization)
A function f € L(G) is contained in P (P..) if and only if fue>0(fi >0, respectively) for all
ke {1,...,n}. The corresponding p.s.d. kernel Ky bas the Mercer decomposition

Ky(v,w) =Y frug(v)ug(w).

Furthermore, we have the following refinements:
(1) € A NP ifandonlyif fr > 0and fr, = fi for Ny = M.
(2) f € B ifand only szk = 0 forall indices k > M.

(3) fis conditionally positive definite with respect to the subspace Y = span {uy,, ..., ug, }
ifand only if fr, > 0, ..., fi,e > 0.
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Proof:
We apply the definition of the convolution given in (2.7) to the kernel matrix K. By applying
the convolution operator C,, = UM, U" and taking advantage of the convolution’s commu-

tativity, we can rewrite the columns of the kernel matrix Ky as follows:

Kf(-,v;) = Ce,f = UM, UTf = UM, f =
= UM;¢é; = UM;U'e; = Cye;.

This leads to Ky = UM fUT, revealing the spectral decomposition of the matrix Ky as well as
the Mercer decomposition of K:

Ky(vi,v;) =Cq, f(v;) = Cyej(v;) =
5is

=Cs;= UMfUT = Z fkuk(vi)uk(vj)

k=1

Since the entries fk of f correspond to the eigenvalues of Ky, we can conclude that Ky is posi-
tive semidefinite (p.d.) if and only if fi > 0(f, > 0)forallk € {1,...,n}. The additional
refinements for the subalgebras Ay, and Bj, as well as for conditionally positive definite func-

tions can be directly inferred from its definitions and proposition (2.4.1):

(r) f e ALNP <= fispositive semidefinite and fk = fk/ if A\, = Ay = Kyis
positive semidefinite and f, = fi if \y = Ay <= fi > 0and f = fi if Ay = M.
Let’s remember that A4; = A = {f € L(G) ‘ fo = fuif A\, = )\k/}.

(2) feBy={u,...,upy}withM <n <= all the eigenvalues with index k& > M
are zero <= frp = 0fork > M.

(3) fisconditionally positive definite with respect to the subspace ) = span {uy,, . . ., ug, }
<= Ky is positive definite on the subspace Y <= fi,, > 0,..., fi,, > 0.
This concludes the proof. []

Although Bochner’s characterization of p.s.d. functions in R is a deep result, Theorem (4.2.1)
can be inferred almost directly from definition (4.1.1) for p.d. functions on graphs. This is
due to the vector space of signals £(G) has a finite dimension, simplifying various aspects of

function spaces, and the convolution in (2.7) is closely related to the spectrum of the graph G.
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Furthermore, Theorem (4.2.1) establishes a one-to-one correlation between p.s.d. functions
and p.s.d. kernels on graphs with a Mercer extension in terms of the Fourier basis {u1, . . . , 4, }.
Additionally, the theorem has a second important consequence regarding the graph C*-algebra

A, stating that the set of p.d. functions corresponds precisely to the set of positive elements in

the C*-algebra A.

4.3 THE CONVEX CONE OF POSITIVE DEFINITE FUNCTIONS
ON GRAPHS
First of all, the convex cone of positive definite functions on graphs can be defined as follows

Definition 4.3.1. (Convex cone)

A set P is a convex cone if and only if it satisfies:
(a) Convexity:Vf,g € P,YA€[0,1]: A\f+(1—-XN)geP
(b) Conicality:Vf € P,Va>0:af €¢ P

In particular, our focus lies in characterizing both the set P and its subset P containing posi-

tive definite functions. For this, we first consider the norm

n
lzlla = |
k=1

and the bounded set

Pi={fePl|flla<1}.

The norm ||-|| 4 indicates the norm dual to the C*-algebra norm ||-|| 4. Consequently, the
set Py corresponds to the intersection of the unit ball in the dual algebra A" with the set P
of positive semidefinite functions. In the subsequent discussion, we denote the zero signal in
L(G@)by0 = (0,...,0)T. Asan initial outcome, we achieve the following characterization of

the convex set P;.

Theorem 4.3.1. (Convex characterization)

The signals {0,uy, ..., uy,}aretheextreme points of the convex and compact set Py. In particular,
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we have
P1 = conv{0,uy, ..., u,}. (4.1)

Proof:

Let’s consider the n-dimensional Euclidean space, denoted by R", equipped with its standard
basis vectors {e1, ea, . .., €, }. In this space, the standard simplex, denoted by A, has vertices
that include the origin 0 and the standard basis vectors €1, es, . .., €,. We can see that the

standard simplex A has two key properties:
(r) Convexity: Vu,v € A,V € [0,1]: \u+ (1 —A)v e A

(2) Compactness: A is closed and bounded

Since A = conv ({0, u1, ..., u,}) = {N € R" | 327, A\ = 1, A, > 0} we have the follow-

ing:

(1) Convexity:
Letu = e Aandv = eTp,andy € [0,1]. Wehave > 7' A\ = >0 o = 1, A, o > 0
forallk € {1,...,n}. Letw = yu+ (1 —y)v =ve A+ (1=Y)elp=v+(1—7) =1,
and YA, +(1—v)ur > Ogiventhaty, 1—v, A, py arenon-negative. Hence,w € A = A
is convex.

(2) Compactness:
Step 1: the simplex A = {A e R" | > | Ay =1, A\¢ > 0} is compact. Indeed, it is
closed, being the intersection of closed sets, namely R, = {x € R" | > 0}, and the hy-
perplane H := {A € R" | >_7_, Ay = 1}. In addition, A is contained within the hyper-
cube [0, 1]™, thus it is bounded. To see the last statement let’s recall the definition of the
hypercube [0, 1]”, denoted as Hyper([0, 1]")= {(x1,...,z,) | |z;] <1, Vi=1,...,n}.
ThenVz e A=)z, =1=x2, <1Vke {1,...,n} = x € Hyper([0, 1]") =
= A C Hyper([0, 1]™).

Step2: themapg : A — R", A\ = >}, A\, = liscontinuous. Thus, conv({0, u1, ..., u,})

is equal to g(A), which is the continuous image of a compact set and is therefore itself

compact.

Hence, the simplex A is convex, compact and has precisely the n+1 mentioned extreme points.

~

Now, through the natural correspondence between £(G) and R™ we can interpret A as a con-

A

vex simplex in £(G) and apply the inverse Fourier transform U. Then, Bochner’s characteriza-
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tion in Theorem (4.2.1) implies that:
UA =P;.

Since U is both linear and invertible (i.e., continuous), the image P; of the convex set A is
convex and compact, as illustrated in Step 2. Furthermore, the extreme points e, of A are

mapped onto the following extreme points:

D U
j=1 U15Ck;

5; U1k
Uek = = = uk
n
ijl UnjCh, Unk
——
9

Here, u;; indicates the element located at row 7 and column j of the matrix U. Similarly, €k,

represents the j-th element of the vector ej,. This shows the statement of the theorem. ]

We conclude this section with a list of elementary properties of the set P and P.
Corollary 4.3.1.

(a) If f, g € P, then 11 f + Y29 € P forall y1,7v2 > 0 (P is a convex cone in L(G)).
(b) The extreme radii of the cone P are given by {yuy, | v > 0}, k € {1,...,n}.
(c) The convex cone Py is the open interior of P.

(d) If f,g € P, then f x g € P (P is closed under convolution,).

(¢) [ € P ifandonlyifthereexistsa g € L(G)with f = g *g.

Proof:

(a) Let Ky and K, denote the positive semidefinite matrices associated with the functions f
and g respectively. In addition, let 1,72 > 0. Then, 11 f + 129 € P <= 711Ky + 1K,
is positive semidefinite. Indeed 2T (11 K; + 12K,) © = 112 Kz + 122K,z > 0. Here, we
have leveraged the algebraic properties of matrix multiplication along with the positive semi-

definiteness of matrices Ky and K. As a result, we can infer that vy, f + 729 € P.

(b) This statement is a consequence of the Theorem (4.3.1) with the additional observation
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that P = U,>0YP1. In order to show the observation we need to prove two points: (i) if
fEP=f€eUsoyPy(i)if f € Uys7P1 = f €P.

(i) f € P = f € L(G) such that f is p.s.d. = the kernel matrix Ky is p.s.d. = all
the eigenvalues of K are non-negative, ie. f > 0V k € {1,...,n} due to Theorem
(4.2.1)= 37 > Osuchthatyf € Pand v ,_, |fk| < 1; for example we can take

Y= ——i— = yf €Pand||vflla <1 =35> 0suchthat f € yP, = f €
1+2k:1|fk‘

Ufyzo’)/'Pl.
(i) f € Uyso7vP1 = 3y > Osuchthat f € vP; = I v > Osuchthatyf € P

and ||7fllar < 1 = sinceyf € P we have that;f\k = IJT”yfk = ~f, > 0, due to
Theorem (4.2.1) = now, given that v > 0 it follows that fj, must be non-negative for

alk e {1,...,n}ie. f >0VEke{l,...,n} = feP, consistently as for the
Theorem (4.2.1)

Currently, given that P = U,>0YP;, and P; = UA, Ue;, = uy, from the Theorem (4.3.1),
we can conclude the statement in the following way:

conv(P) = conv(U,>07P1) = conv(U,>0YUA) = conv(U,>o7UA) =

= conv(Uy>07 {0, u1, ..., un}) = Uysoconv({0, yus, ..., vu,}) = the extreme radii of
the cone P are {yuy, | v > 0} forallk € {1,...,n}.

(c) By Bochner’s characterization in Theorem (4.2.1) a positive semidefinite function f is on
the boundary of the cone P if and only if f;, = 0 for at least one & € {1,...,n}. On the
other hand, this is equivalent for f to be in P\P,. To understand that the convex cone P is
the open interior of P, let’s consider a set V with a function f : V' — R. The boundary of V,
denoted by OV, is defined as the set of points in V' that do not have a neighborhood completely
contained in V/, that s, the points that are “on the boundary” between the interior and exterior
of V. If afunction f is notin the boundary of V, it means that for every point v in the domain
of f, there exists a neighborhood of v that is completely contained in V. This implies that f(v)
is in the interior of V/, because it’s possible to “move around” a bit in all directions without
leaving the set V. So, if a function is not in the boundary of its set, then it certainly lies in its

interior. The fact that P is a convex cone is also guaranteed by definition (4.1.1)

(d) We can observe that f * g € P if and only if (f/*\g)k > Oforallk € {1,...,n}. Thus,
we can proceed as follows: (f * g)x = (UTf * g);, = (UTUMfg)k = (flgl, ce fngn)k =
fede > Ogiventhat f,g € P, thatis, fi, gx > 0Vk € {1,...,n} = (Fxg) > 0VEk €
{1,....,n}= fxgeP.
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(e feP < Jge L(G)suchthat f = gx*g.

(=) We know that f € P, then f can be expressedas f = ,_, fkuk, with fk >0VEke
{1,...,n}. Now, let g € L(G). Therefore, the convolutlon with itself is given by g x g =
U'M;j = S0, G2ug. Since g = Uy/UTS, g2 = (U UT = (UTUUTS)? =
(U k= fu=g%9=30 frur = f.

(<) We know that 3 g € L(G) such that f = g % g. Thus, ZZ 1fkuk =f=g*xg=
> r_y Gruy, = the chain of equalities holds true if and only if fp = 2Vke{l,... n}=
since g2 > 0V k € {1,...,n}, inevitably, also f, > 0V k € {1,...,n} = f € P. O

Theorem (4.3.1) also suggests that we can express any positive semidefinite function f € P,

as:

f=XMur+ ...+ Xy, A\ >0, Zkkﬁl-
k=1

As P, represents the open interior of P, any f € P, NP, mustintrinsically take the following

form:

f=Xur+ .4 Aty A >0, > A <L
k=1

Here, A\i, uy denote the eigenvalues and eigenvectors, respectively, of the associated kernel
matrix K¢. Now, in this scenario we show that 22:1 Ap < 1.

Proof:

Giventhat f € Pyor f € P. NPy wecaninferthat [A\y| = A\, V& € {1,...,n} by Theorem

(4.2.1). Furthermore, the following chain of equivalences holds:

[fla <1 = Z‘fk‘ <1l ZIUTfk! <1+ Z\UTAkuk] <1 =

k=1
k=1 k=1 Y k=1
1
Thus, the inequality is shown. O
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4.4 MOMENT CONDITIONS FOR POSITIVE DEFINITE

FUNCTIONS
Let’s start this section by recalling the definition of a Hankel matrix.

Definition 4.4.1. (Hankel Matrix)
A Hankel matrix is a square matrix H = [h;;] of size n X n with elements h;; satisfying the
condition hi; = hiy1 41 forall, j such thati+1 and j+ 1 are within the bounds of the matrix

dimensions, i.e, 1 <i,5 <n— 1

We consider the moments f{ L7z, j € Ny, ofasignal z € £(G). With these moments we can

generate the Hankel matrices

ftr  filx - fiL" 2
fiLtr  ffL*xz ---  fiL'z
H(z)=| " o , reN, (4.2)
fiL "tz ffLr2 - fIL* %2

The moment matrices H,.(2) allow to characterize p.d. functions in the subalgebra Ay ..

Theorem 4.4.1.
Assume that the normalized graph Laplacian L bas exactly v distinct eigenvalues. A signal f €
Ay is positive (semi-) definite if and only if the matrix H,.( f) is positive (semi-) definite.

Proof:
First of all, we show that if f € P then the matrix H,(f) is positive semi-definite. For an
arbitrary vector y = (y1,...,y,)" € R", the following identities hold:

roor . (23]
yH(fy =YD AL fyy =

i=1 j=1

= 3 UM =

i=1 j=1
f

— Z Z f{UMf\—Fj_nyiyj = ...

i=1 j=1
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Note that ffU = [(u] + ... +ul)ur, ..., (u] + ... +ul)u,] = (1,...,1), then

N J/ N J/

e, = Z 2(1, ceey 1)M§\+]_2fyly] = Z Z(}\il—i_j_z, ey )\Z,L+]_2)fyzyj =
i=1 j=1 i=1 j=1
=3 Y AN Py =) A N Py = (43)
i=1 j=1 k=1 k=1  i=1 j=1

oy
Let’s take a closer look at the term Y7 3" Ay ™%y, thus

PYD VD Vi
o~ AN X
SN Py =yt | CF T T |y =
i=1 j=1 : : . :
VLD VD Vi
A
=y | O AT Dy =y TR AT TR A Dy =
PV
r— T r— r— 2
= [ A Dy [0 A D) = [0 A )] (4-4)
Now, plugging (4.4) into (4.3), we obtain
no . )
Y H(fy =) i [ X Dy] (4-5)
k=1 e g

Therefore, if f is positive semidefinite, Theorem (4.2.1) implies that H,.(f) is also positive

semidefinite. To establish the opposite conclusion, we need the r distinct eigenvalues of the

graph Laplacian L, denoted by Ay, ..., A;,. Since these eigenvalues are distinct, the Vander-
monde matrix
r—1
NoOAL LA
V, = : : :
PYSED VA Vi
is invertible (see, (2.8)). Hence, for each j € {1,...,r} there exists a unique vector y) e

R", yU) 2 0 such that V,y¥) = ¢; € R". Substituting these solutions /) into (4.5), we
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obtain

J

Hy=>Y_f \[(Ag,...,&”)ﬁ”f _
k=1

VeyW=ej, ki X = Agjnd € {1,...,7}
Z Jiled)? Z fkeea— Z e
k= k= kA=

Thus, assuming that H,.(f) is positive semidefinite and utilizing the characterization of the
subalgebra Ay, in Proposition (2.4.1), we infer that fi > Oforallk € {1,...,n}. Conse-
quently, this implies that f is a positive semidefinite function. For the stricter assumption that
[ € P4, the reasoning in the proof is almost the same. The only discrepancy is in showing the
forward direction (f € P+) = (H,(f) is positive definite). In this scenario, the requirement

of having exactly r distinct eigenvalues for L is already necessary. O
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Interpolation With Graph Basis Functions

Using the relation Ks(v;, v;) = Ce, f(v;), a positive definite function f generates a positive
definite kernel K'y. Then, an interpolation scheme for the generalized translates C, f of the
graph basis function f is obtained by employing the corresponding kernel-based approach out-

lined in Chapter (3). We summarize this interpolation scheme in the Algorithm.

Algorithm: Interpolation with Graph Basis Functions (GBF’s)

Input: Signal values z(w;), ..., z(wy) at the sampling nodes W C V. A positive definite
graph basis function f € P+.
Calculate the N generalized translates C; [ = e;, * f,...,C, [ = e;j, * [ with the

correspondence vj, = wy, for the nodes in WW.
Solve the linear system of equations

C., f(wi) Cep flw) - Ce flwr) 1 z(wr)
Cejl f(w2> Ceij(wQ) T CEij(MQ) C2 _ .T(U)Q)
C., flwy) Co, f(wy) - Co, flun)) \ex w(wy)

Calculate the GBF-interpolant

N

Iyx(v) = Z ckCejkf(v).

k=1
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In the following, we refer to Iy x as the GBF interpolant of the signal « on the nodes W. The
specific structure of this interpolation scheme enables us to discuss error estimates and stabil-
ity issues in Chapter (8) much like RBF interpolation in R? or SBF interpolation on the unit

sphere. The GBF interpolation space is defined by the generalized translates Ce;, f of the GBF
f,ie.,

N
Ng,w = {x € LG)|xz= chCe].kf} :
k=1

Bochner’s characterization in Theorem (4.2.1) provides us the following characterization of

the inner product within the native space N ;= Ng V-

Theorem s5.0.1.

if [ € Py then the inner product and the norm of the native space N, are given as

Proof:

According to the characterization in Theorem (4.2.1), the eigendecomposition of the positive
definite matrix Ky can be expressed as Ky = UM fUT. Consequently, the inverse K;l of Ky
takes the form KJTI = UM, / fUT. Moreover, the inner product of the native space N ; can

be written as

_ . o~ i
(T,9)k, :yTKflx: y'U Ml/fUTa::yTMl/fx:Z =
(UTy)T=4" g k=t
) g N~
=i, = (@, 2) i, = 8™, 0 =Y E = |k, =
k=1 Jk
Thus, the proof of the theorem is complete. O
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Examples Of Positive Definite Functions on

Graphs

Below, we outline several significant examples of positive definite graph basis functions (GBF’s).

Some of these examples are to well-known graph kernels.

(1) Trivial interpolation with the unity fi: The unity f1 = >} _, uy of the graph con-
volution is a positive definite function. We have C., f1 = e;. Therefore, Ky, = I, and
Ky, w = Iy are identity matrices and the interpolation space of the GBF fj is given by
Nk, w = span{ej,, ..., ey } (here, v, corresponds to the node wy). Interpolation
in terms of the basis functions {e;,, .. ., €;, } is nothing else than extending the given
data z(wy), ..., z(wy) by z(v) = 0forallv € V\W.

Let’s show that C, f1 = e;:

C..f1 = UM U" f; = Udiag (U"e;) U f; =
= UUTdiag(ei)UTf]l = diag(ei)UTf]l =
= diag(e;)(1,..., )T = e,
(2) The graph Laplacian L: A prominent example is the graph Laplacian L for a connected

graph G Since the eigenvalues \j, of L are all positive except for A = 0, the graph
Laplacian L corresponds to a conditionally positive definite kernel that allows the Mercer
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(3)

decomposition

n
k=2

The Laplacian L is positive definite on the subspace span {us, . .., u,} and maps the
constant signals span {u; } to the zero signal 0. Therefore, for every § > 0 the aug-
mented Laplacian

L(é) =L + 5u1uf = Z /\kukuz’ Wlth )\1 == (5,
k=1

is positive definite. The positive definite generator f; (s of the augmented Laplacian is
determined by

~

fro = A1, ) = (0, A, .., A\n)

Polynomials of the graph Laplacian L: The spectral calculus allows us to define further
positive definite kernels based on the eigenvalue decomposition of L. If p; is a positive
polynomial of degree  on the interval [0, 2], we get p,.(Ax) > 0 for all eigenvalues Ay, of
L. Therefore,

pr(L) = Z Pr( M) uruyg
k=1

gives rise to a positive definite kernel on G. The Fourier transform of the generating
GBF f,, (v) is given as

pr(L) = (pr(A1)> s 7pr()‘n))

These positive definite GBF’s are relevant for practical applications, especially if the size
n of G gets large. In this case, the kernel matrix p,. (L) and its columns can be calculated
quickly with simple matrix-vector multiplications based on the graph Laplacian L.
Observation:

Define the following functions f in terms of the Fourier transform:

fo=>_aX,=p.(\), 7 <n.
=0

64



(4)

Then we have

(f * z) = Udiag(f)U 'z = Udiag(p,(\1), . .., pr(An))U 2 =

pr(Udiag( A1, ..., \,)UD) 2 = p,(L)x = Z o LFz.
~ Y g k=0

Variational or polyharmonic splines: Variational splines on graphs were first intro-
duced in [13] as solutions denoted by Iy 2 to the interpolation problem (3.2). These
solutions minimize the functional ||(gI, + L)*?I,2||, where ¢ > 0and s > 0. Accord-
ing to Proposition (3.3.4), this energy functional corresponds to the native space norm

of the kernel

n

(e, +L)° = Z

k=1

1 T
UL U;..
(8 + /\k)s k%

Therefore, variational spline interpolation can be viewed as a GBF interpolation approach
relying on the positive definite function f(y,11)-s defined in the spectral domain as

; B 1 1
e N IS W EAA A s W A

In [14], the parameter choice € = 0 was also considered. In this scenario, the functional
|L*/*Tyy | represents a semi-norm related to the positive semidefinite kernel (L) ~*.
When the graph G is connected, the Fourier transform of the positive semidefinite func-
tion (L)~ is expressed

~

f(LT)*s - (O, )\;s7 .o 7)\28) .

The GBF f (L")~ is therefore a conditionally positive definite function concerning the
subspace span{us, . .., u,}. To ensure uniqueness, the interpolation problem can be
treated as in Example (2) or as described in Section (3.4). A more conventional method
for solving the interpolation problem with variational splines is outlined in [14], or al-
ternatively in [37] for related issues on manifolds.

Observation 1:

We aim to show that ((Ag + €)%, ) is an eigenpair of (¢I,, + L)™°. We will carry out
the observation by using induction for a generic A, + ¢:

Stepr: s =1

(e, +L) 'u= M\ +e) 'u <= (eI, + L)u= (\y +e)u <= L\ = \u
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Step 2: Now, we assume that the assertion is true for s and we show the statement for
s+1

(eL, + L) 'u= (eI, + L)' (L, + L) u =
—_———
(Ak+e)~5u

= (M 4e)%(l, + L) 'u =
= (/\k: + 8)_8()\k + 5)_1u = ()\k + 5)_5_1u.

Observation 2:
We want to show that (A, u) is an eigenpair of L

Lu=L""Lu=L"Nu=...= \u.

(s) Diffusion kernels: Diffusion kernels [10] based on the Mercer decomposition

n
e = E e_t’\’“uku;g,
k=1

are as well positive definite for all ¢ € R. The graph Fourier transform of the respective
positive definite function f.-u is given as

fe—tL = (6_t>\1, Ceey e_t’\").

Observation:
Let’s show thate ™ = ") e ey}l
= Tyi
_ _ T (UM,LU
oL _ —tUMAU :Z(_t)z( : )
i

i=0
 (=t)'diag(A - A ) r
. g Ut =
(S ()T () T_
—U<;d1ag( IR U =
= Udiag(e ™, ... e ) UT = Z e Moyl (6.1)

k=1
Furthermore, from (6.1) we can infer that e ~*** represent the k-th eigenvalue.

(6) Kernels with polynomial Fourier decay: Positive definite functions f,| s with a poly-
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nomial decay on the spectrum G are determined by the Fourier coefficients

A 1
ol,s — 17_7_7"'7
fpl’ < 257 3s

The corresponding kernel has the form

fpol,s

1 1

n

k=1

—>7 s> 0.
nS

These positive definite functions are relevant for us in the discussion of error estimates

for GBF interpolation.

(7) Bandlimited interpolation: Interpolation within the space Bys of bandlimited func-

tions can be illustrated employing the positive semidefinite function fg,, = > ,_; Uk,

i.e., the unity element of the subalgebra B;. The correspondingkernel By, = 22/[:1 Uy,

T

denotes the orthogonal projection onto the space Bj;. The fact that fg,, is not strictly

positive definite already suggests the lack of unisolvency for the interpolation problem

(3.2) within the native space N, = Byy. This observation is also highlighted in [s],
By

[8].

Diffusion GBF

0.5

Bandlimited

GBF

0.5

Variational spline GBF

0.5

Figure 6.1: lllustration of the shifts C._ f for different GBF’s. Left: f = f.-10u in Example (5). Middle: f = fuo,1 in
Example (6). Right: f = f(0.02|n+L)—2 in Example (4). The ringed node corresponds to v;.
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Space Frequency Analysis With Positive

Definite Functions

To begin this chapter, let’s review some relevant facts that will help us in our next discussion.

Definition 7.0.1. (Spectral norm)
Given a square matrix A € R"*" the spectral norm || A||2 is defined as
| Azl

|All2 = max = max ||Az||z.
z#0 ||$”2 |z|[2=1

Proposition 7.0.1.

Let A € R™" and B € R™ ™ two square matrices, then the following inequality holds
[AB]l2 < [ All2]| Bll2-

Proof:

[ABzl> _ [ABz|)2 || Bzlls _
[zl = Bezo |zl [[Bl

AB B
_ (mxu) (ma;c ” “"”2) — Alls|IBll.
Bz#0 ||Bxl|2 w20 ||zl

= [[ABll2 < [[All2]| Bll2

|ABJ|2 = max
x#0
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Thus, the inequality is shown. O

Proposition 7.0.2.

Assumeuy, . .., Uy form an orthonormal basis of R™. Then, we can state:

n
E uku,f =1I,.
k=1

Proof:

For instance take w = (1,0, ...,0)T, then

w = Z (w, ug)ug =

k=1
1
n > 1 tr(L)ux(1) 0
= > up(up = : =
Shamum) |
th\is is the first colu‘rrnn of the m:milen
Where uy(7) denotes the j-th entry of the vector w,.
Now, let’s consider w* = (0,...,0,1,0,...,0), with 1 in the i-th position, and repeat the

revious computations to determine that the i-th column of S 7, uiul is equals to
p P k=1 K 15€q
(0,...,0,1,0,...,0)T. Therefore, this prove the equality. ]

Proposition 7.0.3.
By Bochner-type characterization of positive definite functions in Theorem (4.2.1) we know that
K;=UM F U™, Thus, the following inequalities holds for all v € R™

o () ®) .
win fi ) lolle < [Kpalle < ( max i) llo]l

1<k<n

Proof:
(@)

IKsz]|2 = £/ (Kjz,Kpz) = ,/xTUMf;UT =
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— [g;T (Zn: f,fuw%) 93] [ (Z min f ukuk> :)3] -
k=1 ==

n 1
2
T .7
= Tin E upt;, | | = min T, T) =
1<k<nfk|: (k_l b k) } (1<k:<nfk) (@, )

N———’
I, by Prop. (7.0.2)

~ (pin, 5) Belle = (i o) ol < Kol

1<k<n
(b)
1Ksz|lo = ¢/ (Ksz, Kpx) = ,/a;TUMQUT =
1
2
_ T £2 T _
(G ] <[ (B ] -
O\
_ T _ _
= s B[ (Z ) o] = (i ) V) -
I, by Prop. (7.0.2)
= < .
(e ) el = el < (o o) el
Then, the proof is complete. [l

Forawindow function f € £(G), the windowed Fourier transform F sz of a signal « is defined

in the domain G x G as (cf. [27], [38])

Fra(vi, ug) := vnz' (M, Ce. f).

We have previously considered the convolution operator C,, f acting on the function f as a
generalized shift of f on G. Similarly, the multiplication operator /nM,, in the windowed
Fourier transform acts as a generalized modulation with respect to the Fourier basis uj. The
space-frequency analysis associated with the windowed Fourier transform employs the coef-
ficients Fyz(v;, uy) to decompose the signal z. It has been shown in [27] that the system
{v/nM,, C.,f | i,k €{1,...,n}} provides a frame for the space of signals L(G) if fi #0.
Assuming that the window function f is positive definite, we can refine this statement. Under

this condition, the shifts {C,f | i € {1,...,n}} constitute already a basis of £(G). Addi-
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tionally, we obtain the following result:

Theorem 7.0.1.
Let f € Py and assume that uy s fixed asu; = \/Lﬁ(l, DT

(1) ifuy, is non-vanishing fora fixedk € {1,...,n}, thenthesystem {/nM,, C., f | i € {1,...

is a basis of L(G).

(2) Let{ug,, ..., up, }bea mbsetofé containing M < n Fourier basis functions and uy, =
uy. Then {\/ndM, Ce,f | i € {1,....n},5 € {1,..., M}} isa frame for G with the

frame bounds

1<k<n

2 n M 2
(i ) el < 30 (VM Co)” < (VA s )

Proof:

(1) Given that f € P, and ug(v) # Oforallv € V, it follows that both matrices K and
M., are invertible. Therefore, \/nM,, Ky is invertible and the n columns v/nM,, C., f,7 €
{1,...,n}, constitutes a basis of L(G).

(2) By Proposition (7.0.3) we know that

(min ) ol < Kyl < (a4 el

holds true for all z € R™. Now, if we use uy, = u; = (1,...,1)T/y/n, we obtain the lower
bound
n M
> (@ (VnMy, C..f))? Z (VaM,,C., f))* =
=1 j=1 i=1
- Z — dlag( LD C ) =D (27Cre)’ =

= (@"Cp) = (27Cy) (2"Cy) = (2"Cp,2"Cy) =
i=1

= [l="Cr[l3 = ICzll3 = |Ksz[3 >

2
> (g ) et = (i ) ol < 373 T (VM Co )

i=1 j=1
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On the other hand, we obtain an upper bound as follows

n M M n
YD @ (VM Cof) =0y Y (2" (My, C.f))* =
=1 j=1 Jj=1 =1

Let’s take a closer look on the term ) ", (xT(Mukj C..f))?

D@ (M Cerf))? = D (Mo 1) Co 1) = D (M 2)'Cre))? =
= D (M, 2)7C))2 = (Mo, )M, 2)C)T =

(€M, 2))T(C1 (Mo, 2)) = (€M 7, Cy M ) = [IC M a3
Then, we get

M M
=0 Y lCM,, 23 = n IR M, o <

j=1 j=1

M
< KIS M, < (e fk) S My, 2l <
j=1

7j=1

Now, we examine the term |[M,,, x||3 more closely
J

Mo 23 = (Mo 2 My, ) = 2™M2, @

n

= Zuk Vo2 = Z(ukj (1)x;)* <

< <Z ukj(z)xz) = (ugjx)Q.

Thus, we obtain

2 M 2 M
T,\2 _
s (f) PBICH (mf) D (Uke)} =
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1<k<n

2 2
=n (1121152; fk) (Ulz)'(Uiz) =n (max fk) +'U Uz =

2 2
_ r T, £ 2
o (s ) 72 (v 1) 1o

1<k<n
n M R 2
= 3 (M, C < (VA o) Tl
=1 j=
The proof is then complete. O]

Note: if M = n, aslight modification of the previous proof yields the enhanced lower frame

~\ 2 N\ 2
bound <\/ﬁ ming <g<p fk) . The upper and lower bounds (\/ﬁ maxi<k<n fk) and

N2
<\/ﬁ ming <<y, fk) are optimal in this scenario. This was highlighted in [277] with an equiv-

alent representation of the bounds.
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Stability And Error Estimates

The purpose of this section is to establish upper bounds for both the interpolation error |z (v) —
Iy z(v)| and the numerical condition of the interpolation. As previously stated, Iz denotes
the uniquely determined interpolant of a signal z € L£(G) in the native space Ny x,. The
approximation space Ny, x ;s constructed based on the set W = {wy,...,wy} C V of
interpolation nodes and a positive definite function f € P, that defines the kernel Ky and

the positive definite interpolation matrix Ky y.

8.1 NORMING SETS

To evaluate the accuracy of the interpolant Iy, it’s essential to assess how effectively func-
tions within specific subsets of £((&) can be reconstructed from samples obtained from the set
of nodes W. This assessment is facilitated by the concept of a norming set. Within the frame-
work of £(G), we examine auxiliary subspaces represented by the bandlimited signals By on
G. Additionally, we introduce two projection operators Sy and By, on £(G) to assist in this

evaluation.

ifo € W, M
Swx(v) = #v) ifv and Byz = Z(u{x)uk

0 otherwise, 1
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The mapping Sy projects a signal x onto the subset W C V', whereas By, describes the

projection onto the space By of bandlimited functions.

Definition 8.1.1.
We call a subset W = {wy, ..., wn} of V' a norming set for the subspace Byy C L(G) if the
operator Sy By is injective on the subspace B y.

The injectivity of Sy By on By, guarantees that we have a well-defined inverse (SyB ) Lon
the image Sy (Bas) = SwBa (L(G)). The operator norm of this inverse

[(SwBar)"Hlo= sup  [[(SwBa)'2[
2€Sw (Bum),ll=[I<1
is denoted as the norming constant for the set W. Definition (8.1.1) formally defines the fol-
lowing statement equivalently: W is a norming set for By if each bandlimited signal x € By
can be uniquely reconstructed from the samples {z(w1), ..., z(wy)}. In the literature, the
notion “uniqueness set” is interchangeably employed instead of “norming set”, as referenced
in [7],[39].

A straightforward criterion outlined in [8] determines whether W' qualifies as a norming set

for BM

Theorem 8.1.1.

The set W is a norming set for the space Bar of bandlimited functions if and only if the spectral
norm of the matrix By (I, — Sw)B is strictly less than 1. The norming constant of the set W
is bounded by

1, < !
1 — [ By (I — Sw)Bal|2

| (SwBar)

Proof:
Since Sy and By are both projection operators we know that: Sy = SEV = S%,V and By, =

B}, = B3,. The operator SyyB); restricted to the space By is injective if and only if
(SwBar)'SwBar = By SiySwBay = BySiyBy = BySwBy

is invertible on Bjs(we denote its pseudo-inverse by (BysSwBas)T). This is true if and only if

the extended operator I, — By + BasSywB)y is invertible on the entire space £(G). On the
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other hand, this is equivalent to the fact that the spectral norm of the operator
By — BasSwBar = By, — BuSwBy = By (I, — Sw)Bus

is strictly less than 1. This confirms the first statement.

For the second statement, we write the inverse (Sy/Bys) ™" on the image Sy (Ba) as

—

*

(SwBM>71,Z = (BN[SWBM)TBMSWZ (2) (In - BM + BMSWBM>71BMSWZ

~

Let’s define C = (SywBas) "SwBus = BasSw B and we show equality (). Since the pseudo-
inverse is define as follows C' = (C'C)~™!C" and (AB)~! = B~'A™', where A, B € R™",

we have

C' = (BySwBu)" = ((BasSwBar) "BarSwBas) " (B SiwBas) ' =

= (

= (BuSwBuBuSwB) " (BaSwBy) =
(
(

By SwBas) ' (BaSwBar) 't (BySwBar) =
= (BySwBa) ' = (SwBux) "B}/

Thus,
(BaSwBur) BaSwz = (SwBas) "By BuSwz = (SwBas) 'Swz = (SwBas) 2.

Here, in the last equality, we have used the fact that Sy 2z = 2 due to z € Im(Sy).

On the other hand, the equality (%, *) is maintained due to the orthogonality between the
transformation (I, — Bys) and By;. Indeed, (I, — Bys)Bys = By, — B3, = By, — By, =
0. Consequently, both operators (BasSwBas)t and (I, — By + BySywBay) ™t performs
equivalently on B/Syy 2.

Now, by recalling the Neumann series expansion

if |Allz<1, > A¥=(I,—-A)"

k=0

we obtain
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k=0

Then, taking the norm on both sides gives the desired bound

(e}

1(SwBa) "2l < 1) (Bar — BasSwBar) BasSw 2|2 <
k=0

< Z |(Bas — BasSwBasr ) BasSw 2|2 <
k=0

8

< Z |IBas — BMSWBMHQkHBMSWzHQ <

k=0
1
B S _
=T B Busu By e[S el
1 2]l =
- z
L= [Bas(T = Sw)Barlls
1
= ||(SwBar) 'z|l2 < .
[(SwBar)™ 22 < 1_||BM(In—SW)BM||2” 2
This completes the theorem. .

Theorem (8.1.1) illustrates that determining of whether W constitutes a norming set for By,
depends significantly on the spectral structure G of the graph G and is closely linked to the exis-
tence of non-admissible regions within the combined space-frequency domain of the graph. In
spectral graph theory, these regions characterize uncertainty principles. To delve into this con-

nection with uncertainty principles and concrete examples, consider [8] and the more general
framework in [39].
8.2 MAIN ERROR ESTIMATE

Our main error estimate is formulated as follows:

Theorem 8.2.1.

Let f € Pyand W C 'V be a norming set for the space By on the graph G. Then, for the GBF
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interpolant Iyyx € Ny, i ; of a graph signal x we get the uniform error bound

" 1/2
mase [(0) — Fya(0)] < (1+ 1| (SiBar) '[2) ( > fk) ;-

veV
k=M+1

Theerror estimate is influenced by three correlated factors: the norming constant || (SwBas) ™ |2,
thetail >,/ 1> and the native space norm ||| x ;- These factors depend on the sampling
set W, the bandwidth M, the decay rate of the Fourier coefficients fk and the signal z. In terms
of M and the decay rate of the coefficients fk, there exists a trade-off between the first two fac-
tors and the last two factors of the error estimate. Typically, we can obtain significant error
estimates in Theorem (8.2.1) when the Fourier coefficients fk exhibit rapid decay, the signal =
is smooth (with a small native space norm |||k ;) and the sampling set W forms a norming
set for a large space Bys. Moreover, if the Fourier coefficients f 1 have a particular decay, we can

achieve the following additional refinements:

Corollary 8.2.1.
With the same assumption in Theorem (8.2.1), we get the following bounds:

(1) if [ < C1k™,s > 1, then

s—

1
>zl

Ci
— 1 <
ma [o(v) — Fya(v)] < /<=

(2) if [ < Coe™™ t > 0, then

1 (L + [|(SwBar) ) M~

max |2(v) — Lyz(v)] < ¢,

_ _t
nax T o=t (L [(SwBu) Ha)e 2 M 2,

Proof:

This corollary directly follows from Theorem (8.2.1), along with the following observations:

(r)

Yo Ao Yy %gcl/u%dx:

k=M1 k=M-+1 M
) ZCl_S . ) 51_5 Ml—s Ml—s
= (4 lim |M:Cl lim — =]
e—ool — 5 esoo ]l — 8 1—s s—1
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(2)

n 00 )
fk <0, Z eftk = O, Z eft(j+M+1) _
k=M+1 k=M+1 =0
(M+1) 0 e—t(M+1)
— —t(M+ —tj _
_026 Zoe _O2l—e_t
]:

8.3 PROOF OF THEOREM (8.2.1)

The approach taken in this proof is inspired from similar error estimates found in the proofs for

SBF’s [40], for positive definite kernels on Riemannian manifolds [41] and on compact groups

[19]. To estimate the error |x(v) — Iyyx(v)], the initial step of the proof involves representing

the interpolant Iy € N ;w in a suitable way. This representation is provided in terms of a
Lagrange-type basis {{1,...,{n} of./\/'KﬁW as
N

Lya(v) = ng(v)ﬂwk)- (8.1)

k=1

The Lagrange basis functions £, are determined as the interpolants
l(v) =TIwe; (v), ke{l,...,N},

where the node vj, corresponds to the node wy, € W. Now, utilizing the property that K¢

operates as the reproducing kernel of the Hilbert space N C obtain the estimate

[2(v) = Ty (v)] = Jo(v) = ) b(v)a(w,)| =
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Mz

H‘THKf”Kf( ) gk’(v)Kf('awk)HKf =

1

MZTT

= el 1K (- 0) = D e(v)Cey, fllie, (8.2)

>
Il

1

The norm Py k., (v) = || Ky (-, v) — lequl lr(v)Ce;, fllx, is commonly known as the power
function within the RBF community (see, [16], [17]). It depends on the node v, the sampling
nodes W and the positive definite function f, but it does not rely on the signal z. In order
to conclude this proof, we aim to estimate the power function Py i ; (v). To achieve this, we

need two well-established auxiliary results. The first one is correlated to the power function.

Lemma 8.3.x1. ([16], Theorem 11.1; [17], Theorem 11.5)
Iff € Py, then S0, Uk (v)Ce, f is the best approximation of Ky (-, v) in the subspace Nc, w

with respect to the native space norm N,.

Proof:
The outcome arises from the orthogonality of the subspace N, w with the vector K¢ (-, v) —
S (v)Ce;, f- This stems from the identities

<Kf(‘av> - ZN:fk<”>Cejkf’C%f>K B

k=1 f

= (K{(-,v),Ce,, [k Zék (Ce, [, Ce, [k, =

= (K (- 0), Ky (o)) i, = 3 ) (Ep(05,), Ky (- 05)) k=
(v v]z Zﬁk Kf Yji» Vi ) = Kf(wiav) - Z£k<v)Kf(wi’vjk) =

ng Cejkf wz) Cejif(/v) - Cejif(’U) =
k=1

The final equality arises from the definition of the Lagrange basis ¢4,k € {1,..., N}. This
basis ensures that the function Zgil l(v)Ce;, f(w;) interpolates C, f atallnodesw € W.
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Since this interpolation is unique within N ;W the summation ) 7, ﬁk(v)C% f(w;) cor-
responds to C,, f(v) on the entire node set V. O
The second auxiliary result is related to norming sets, which can be established through a func-

tional analytic approach that leverages the Hahn-Banach Theorem. Full details are provided

in ([17], Theorem 3.4).

Lemma 8.3.2. ([17], Theorem 3.4)
Suppose W = {wn, ..., wn} isa norming set for Byy C L(G). Then for every nodev € 'V,
there are coefficients (a1 (v), ..., an(v)) € RY such that

N

N
v(v) =) an(v)a(wy) and Y la(v)]* < ||(SwBu) 3
k=1 k=1
for all signals x € By,
Proof:
We define the linear functional Z on SyBy/ (L(G)) by Z(y) = x((SwBas)~'y). Its norm is
bounded [|Z[| < [/, | (SwBa) " 2 = [Barz|l2[(SwBar) ~[l2 < [|(SwBar) ™ |2 since

|Barz|l2 < 1. By the Hahn-Banach Theorem, # has a norm-preserving extension Z to R”.
Due to the Riesz representation Theorem, every linear functional on R can be expressed by

the inner product with a fixed vector. Consequently, there exists a(v) € RY such that

N N
Zak(v)x(wk), yp = x(wy) fork =1,... N

X
g
—
<
N—
Il
=
e
—~
(o4
S~—
<
=
Il

and
N
la)13 =" lew()* < [|l2]3,, (SwBa) 113 < |(SwBar) " [15-
k=1

Finally, we find for an arbitrary v € V, by setting y = Sy Bav, the following

z(v) = 2((SwBux)'y) = E(Y) = Teely) = Y ar(V)yr = Y  ap(v)z(wy),

1M
1M

which finishes the proof.” O

“Proofs of the Hahn-Banach and the Riesz Representation Theorems can be found in the appendix.
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Now, starting from the bound of the approximation error provided in equation (8.2), we pro-
ceed to evaluate the power function Py, (v). Without loss of generality, let’s assume that
v & W (since for v € W, the power function is equal to zero). We set wy = vj, = v and
lo(v) = —1. Employing the characterization of the native space norm as outlined in Theorem

(5.0.1), we can represent the square of the power function as

PgVJQ(”) = Kf('>v) - ng’(v)Kf('?wk)

k=1 ky
- [ e tw)|. =[S awe., b =
k=0 ! k=0 !
n 1 N . 2 n 1 N . 2
=> = (Zék(v)c%f> => = (Zek(v)(Mer)J =
I=1 Ji k=0 I I=1 Ji k=0
_ ;(zakwa»)
=1 k=0

By using Lemma (8.3.1), the functional minimization of the square Py, K, (v) is obtained with
the coefficients /4 (v). Consequently, we can establish an upper bound for Py, k, (v) by sub-
stituting the coefficients £ (v) with the functions ay,(v), where k € {1,..., N}, as given in
Lemma (8.3.2). Additionally, we define atg(v) = —1. Thus, we obtain the bound

n N N
DS ﬁ(zakw% ) 2> flzak )SE0r <
k=0

I=M+1 I=M+1 k=0 k=0
———
Okl

< l (ag(v) +> |04k("0)|2> < (L+[1(SwBar) I3 ) ;i

=M+1

)
< (14 [[(SwBar) " 12)? Z fi=

I=M+1

. 1/2
= P, < (1+[[(SwBar) ' |l2) ( fl) - (8.3)
=
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Where in (a) we leverage the fact that the functions f are bandlimited and that ¢, (v) < ay(v)
holds for all k& € {1,..., N}. Furthermore, in (b) and (c), we employed the inequalities
(3, aib)? < 32 a2 3 b2 and (22 4 42) < (z +y)?ifand onlyif 2,y > Oorz,y < 0.
Thus, by applying the result (8.3) in (8.2), we obtain the desired inequality

n 1/2
max [(v) = Twa(v)] < (1+[|(SwBur) ™" =) ( > fk) 2]l ¢, -
k=M+1

This completes the proof. O]

8.4 STABILITY

A commonly used measure to evaluate the absolute numerical condition of a linear interpola-
tion scheme Iy is defined by the operator norm sup,,,<; [[Tw||2. This measure quantifies
the maximum potential amplification of errors in the sampled data resulting from the interpo-

lation process. For this numerical condition number, we obtain:

Theorem 8.4.1.
If [ € Py, then the numerical condition number for GBF interpolation is bounded by

_ maxi<g< fk
sup [Iwz|ly < [[K7yllallKylls < ————"5.
]2<1 ming<g<n fx

Proof:

In matrix-vector notation we can write the interpolant Iyyx compactly as

IWx() = I() = <Kf('v ')7x>Kf,W = Kf('? ) ;,%/V‘TT =
= (Cejl f, e 7Ceij> K;,%/V (Ijl, e ,SUJ'N)T .

Therefore, we can bound the norm || Iy x| 2 by

_ T
HIWQJHQ = ||(C€j1 f? S 7C€jN)fo7%/V (wju s 7'TjN) ”2 <
_ T _
< I(Cey, fov s Cey DK ol (-2 ) 2 < 1Kl gy 1222

According to Theorem (4.2.1), we know that the Fourier coefficients of f correspond to the
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eigenvalues of the positive definite matrix K¢, and thus

1

K|» = max fr and [K;'|,= f
Iyl = max. = e

Furthermore, based on the inclusion principle ([35], Theorem 4.3.15), the smallest eigenvalue
of the principal submatrix K yy is larger than min; <4<, fk Consequently, we have ||K}T%,V Il <

(min; <<, fr) ', which confirms the statement of the theorem. ]

Hence, stability becomes an issue in GBF interpolation when the interpolation matrix K yy is
badly conditioned. Choosing basis functions f in which the Fourier coefficients fk are signifi-
cantly far from zero helps to avoid bad conditioning. On the other hand, for the error bounds
outlined in Theorem (8.2.1), it’s crucial that the Fourier coefficients decay quickly towards
zero. This illustrates the trade-off between stability and approximation quality in the method,

a phenomenon typically observed in classical RBF and SBF interpolation, as discussed in [17],

[33]; [42].

8.5 NUMERICAL EXAMPLE

To assess the effectiveness of GBF interpolation performance compared to a pure bandlim-
ited interpolation, we present two numerical examples. We employ a test graph, denoted as
G, which is a reduced point cloud obtained from the Stanford bunny model (sourced from
Stanford University Computer Graphics Laboratory). This graph contains n = 900 nodes
projected onto the zy-plane, with 7325 edges connecting them. Two nodes are connected by
an edge if their Euclidean distance is smaller than a given radius of 0.01. We recursively cre-
ate a sequence Wy of N sampling sets in V' such that the cardinality of Wy is equals to N,
#Wyx = N. Each set Wy _1 is contained in Wy, and the new node wy in Wy is chosen
randomly from V'\ Wy _;. For our first test signal, we employ the signal M =y as depicted
in figure (8.1), which represents a bandlimited test function in the space By. As a second il-
lustration, we use a non-bandlimited, smooth signal z(?) shown in figure (8.2). The Fourier
coefficients i,(f) of z(?) decay exponentially with k.

The signal M) = uy can be exactly reconstructed within the space By if N > 4 and Wy is
a norming set for By. This is evident in figure (8.1). On the other hand, as depicted in figure
(8.2), interpolation in B becomes highly unstable when the signal 2@ is outside of By, even

if 22 is extremely smooth. However, The GBF interpolants exhibit similarly stable behavior
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in both scenarios. In addition, as predicted by Theorem (8.2.1), the outcomes in figure (8.1)
and (8.2) show that the Fourier decay of the various GBF’s significantly affects the convergence
rates when the interpolated signals are smooth.

1 v— —
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Figure 8.1: GBF interpolation for the input signal M = 4. Left: GBF interpolant for the nodes W and the GBF fpo|)4
given in Example (6) from Chapter (6) Middle: interpolation error compared to the original signal. Right: interpolation errors
for GBF schemes relative to the number N of interpolation nodes.
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Figure 8.2: GBF interpolation for the input signal 2@ Left: GBF interpolant for the nodes Wy and the diffusion GBF

fefzm given in Example (5) from Chapter (6) Middle: interpolation error with respect to the original signal. Right: Interpo-
lation errors for GBF schemes in terms of the number IV of interpolation nodes.
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Integration Of Graph Signals With Positive

Definite Functions

As a final application of positive definite functions on graphs, our goal is to determine quadra-
ture weights i, & € {1,..., N} such that the integration functional % S w(v;) is well
approximated by a sum of the form "1 iz (wy,). Here, W = {wy, ..., wy} is a subset of
V. Following the approach suggested for variational splines [43], we construct the quadrature
weights to ensure that the quadrature formula is exact for all signals in the interpolation space

NKf,W) i~e-z

n

N
1
—Zx(vi) = Zukx(wk) forall x E./\/’Kf,w. (9.1)
n <

=1 k=1

As previously mentioned, f is positive definite. GBF provides the basis {Cej1 yCejprs Cem }
for the space N sw- The indices jj, are determined by the relation v;, = wy.
The exactness in (9.1) gives us a system of equations to find the coefficients i, where k €

{1,..., N}. To obtain this system, we assume that the first eigenvector u; of the Laplacian

Lisgiven by u; = (1,...,1)"/y/n. Thus, plugging the basis functions C.,, [ into equation
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(9.1), we obtain the following identities

%chk(vl) fl = %(C/e]k\f)l = %(U¥Cejkf) =

n

1 1
= (L. )G, f= > C, f che]kf ()

=1

for k € {1,...,N}. Combining these N identities and using the fact that Ce, f (wy) =

C.;, (wy), we obtain the linear system of equations

C., flwr) - C flwr) i | uj, (v1)
: . : : = ﬁf 1 : . (9:2)
Cejl f(wN> T CejN f(wN) KN Ujy (Ul)
K/ w
Given that f is positive definite, the matrix Ky yy is invertible and the coefficients p1, . . ., iy

are uniquely determined.

Corollary 9.0.1.

Let f € Pand W C V be a norming set for the space Byr on the graph G. Furthermore,
let the quadrature rule Qv = Z]kvzl px(wy,) be exact for all signals in N s Then, for
z € L(QG), we bave the error bound

n 1/2
< (1+ | (SwBa) ) ( ) el

k=M+1

Proof:
Since the quadrature formula is exact for all elements of Nk ;W we obtain the following iden-

tities for the interpolant Iyyz € Nk ;. w of asignal z:

Qur =Qulwr = Z preXy z (wy) ZIW:U v;)-
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Therefore,

n

L ZI(UZ) - Qu

n <
=1

n

%Z Sa:(vz) - IWx(Ui)Z

=1 b
<maxgev |z(vi) =Ly z(v;)]

< mas (o)) — Ty a(v1),

and the given bound follows from the Theorem (8.2.1)

% Z z(v;) — Qp

n 1/2
§(1+|!<SWBM)—1||)< > fk) ||| ¢, -

k=M+1

This completes the proof.

For the variational spline kernel f(.1, 1)+ discussed in Example (4) of Chapter (6), the bound

in Corollary (9.0.1) appears to be complementary to the quadrature error provided in [43],

Theorem 3.3. On the other hand, in [s], [13], [43] a A-set terminology is employed to char-

acterize the interpolation and quadrature quality of variational splines. In contrast, we have

used the complementary concept of norming sets to infer the bounds in Theorem (8.2.1) and

Corollary (9.0.1). While, for bandlimited functions, an additional intriguing quadrature rule

related to kernels based on powers of the graph Laplacian is outlined in [44].
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Hahn-Banach Theorem

Definition A.o.1. (Dual Space)
The dual space of a vector space V' is the space of all linear functionals on 'V, usually denoted by
V. These functionals map vectors from V' to the underlying scalar field (often real numbers or

complex numbers) in a linear manner.

Theorem A.o.x. (Habn-Banach)
1f G is a subspace of a normalized vector space E and g is a bounded linear functional on G, then
g can be extended to a linear functional f on E such that || f|| = ||g]l-

Before presenting the proof, we provide some comments. Firstly, to extend g to a function
f (in the most general situation) means that the domain of f includes the domain of ¢ and
f(x) = g(z) for every x in the domain of g. Secondly, the norms ||¢|| and || f|| are computed
with respect to the domains of g and f, respectively; explicitly:

ol :sup{"“( ”” ve G} T :sup{'{l( H)‘ ve E}

We will prove the Hahn-Banach Theorem in two steps, assuming successively:

(i) FE is a real vector space, g is a linear map with real values satisfying appropriate condi-
tions;

(if) F isa normalized real vector space, g is a continuous linear map with real values.
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The “heart” of the proof of the theorem lies in the first step (i), point (ii) is an important corol-
lary of (i). For the proof of the theorem, we use Zorn’s lemma, which we recall below after

mentioning some notions from the theory of ordered sets.

(a) Let (P, <) be a set equipped with a partial order relation. We say that a subset Q C P
is totally ordered if for every a, b € (), atleast one of the relations a < borb < a holds.

(b) Let ) be a subset of P. We say that ¢ € P is an upper bound of () if for every a € @),
we have a < ¢c.

(c) We say thatm € P is a maximal element of P if for every x € P such thatm < x, we
have z = m.

(d) Finally, we say that P is inductive if every totally ordered subset of P admits an upper
bound.

Lemma A.o.1. (Zorn)

Every non-empty, inductive, ordered set admits a maximal element.”

Theorem A.o.2. (Habn-Banach - analytic form)
Let E be a vector space over Rand letp : E — R be a function satisfying the following conditions:

p(Ax) = Ap(z) Ve € EV >0, (A1)
p(z+y) <p(x)+ply) Yo,y ek (A2)

Moreover, let G C E be a vector subspace and g : G — R be a linear map such that:
g(x) <p(zr) Vz ed.

Then there exists a linear map f : E — R that extends g, i.c.,
f(x) =g(z) Ve e &

and such that
f(x) < p(z) Ve c E.

*A proof of Zorn’s lemma can be found starting from the axiom of choice in N. Dunford and J. Schwartz’s
“Linear Operators”, Volume 1, Theorem 1.2.7. [45]
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Proof:
A linear application h with real values defined on a subspace of E is completely determined by
such subspace, which we denote as D(h), and by the law h : D(h) — R. Let’s consider the

set

i) D(h) is a vector subspace of E;
ii) G C D(h);

P =< h:D(h)— R suchthat iii) h : D(h) — Ris linear;

iv) h extends g;

v) h(z) < p(x), forallz € D(h).)

\

Let’s equip P with the order relation:
hi < hy <= D(hy) C D(hy)and hy extends h;.

It’s clear that P is not empty since g € P. Let’s prove that P is inductive. Let @ = {h;};c )

where [ is an arbitrary set of indices, be a totally ordered set of elements of P. Let’s define
= D(hi) and h(z) = hi(x) if = € D(h;).
el
We observe that h is well-defined:
(i) heP

(ii) Ifz € D(h;)andx € D(h;), with h;, h; € @, theneither h; < hjor h; < h;. In the
first scenario h; is an extension of h; = h;(xz) = h(z) = h(z )does not depend by
h; € Q. While in the second hypothesis hi is an extension of h; = h;(z) = h(x) =
h(x) does not depend by h; € Q)

(iii) D(h)is a vector subspace of E, h is linear and extends g, h(z) < p(z) V € D(h)

(iv) hisan upper bound of

By Zorn’slemma, P admits a maximal element, denoted by f. Let’s prove that the domain of f

is E; this will complete the proof. Let’s reason by contradiction and suppose that D(f) C E.
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Letzg € E\ D(f). Let’s define a map h as follows:

D(h) = D(f) + Rao,
h(xz +txg) = f(x) +ta, v € D(f),t €R,

where « is a constant to be chosen such that i € P. For this purpose, it should be:
h(z +txg) < p(x +txg) Yo € D(f), Vt € R,
namely
f(z) +ta = h(x +txy) < plz+txg) Ve e D(f), Vt € R. (A.3)

Thanks to hypothesis (A.1), it suffices to verify that (A.3) holds for¢ = 1 and fort = —1, 1.,
that:

Indeed fort > 0 and ¢ < 0 we have:

f(x)+toz:t<f (%) ~|—oz> §tp<%+a> = p(z + ta),
f@) = (~t)a = —t(f (=3) @) < —tp (=7 —a) = p(z +ta)

It remains to be shown that it is possible to choose a in such a way that

fy) —ply —x0) <a Vy e D(f),
a < p(r+x0) — f(x) Vo € D(f).

Therefore

sup {f(y) —ply —m0)} <a< inf {p(z+z0)— f(2)}.
yeD(f) zeD(f)
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Such a choice is feasible since it holds

fy) —ply — x0) < plo +x0) — f(x) Vo € D(f), Yy € D(f),

in fact, thanks to (A.2), it follows:

f@)+ fly) = flx+y) <ple+y) <pl)+ply) <ple+x0) +p(y —20). (Ag)

This concludes that f is bounded above by h and that f # h; this contradicts the maximality
of f. ]

Corollary A.o.1.
Let G a vector subsapce of E and g : G — R be a continous linear function with the following

normi:

lgller = sup  |g(2)].
z€G, ||z||g<L1

Then there exists f C E' that extends g such that

11l = llgller

Proof:
We applied the Hahn-Banach Theorem (A.o.2) with p(z) = ||g||le||z]|p V = € E, then
g(z) < ||glle |||l £- By Hahn-Banach Theorem there exists a linear functional f : £ — R
such that f|, = gand f(z) < p(z) Y € E. Therefore, f(x) < ||g|c 2| &
Ve e E= f(-z) <|glel-zle= /()] < lglellzle =
fem

11l < llgller, sinee [z <1

Clearly, || f[z = llgller = lfller = llgllcr- N
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Riesz Representation Theorem

Theorem B.o.1. (Riesz Representation)
Let p € H' be a linear and continuons functional on the Hilbert space H. Then there exists a
uniquev € H such that p(x) = (x,v) forevery v € H. Furthermore we have ||| = ||v||#

Proof:

Let’s see the uniqueness. if (z, v1) = (x,vq) forevery x € H, then the difference u := vy — vy
is orthogonal to the entire space . In particular, we observe that v — v is orthogonal to itself,
which implies that it must be the zero vector. Thus, v; = vs.

Let’s see the existence. if ¢ it is identically zero, then we simply take v = 0. if ¢ it is not
identically zero, then there exists a vector u € (ker(¢))* such that p(u) = 1. Forany arbitrary
x € H, by linearity, we have

Therefore z — ¢(z)u € ker(¢p). Since u is orthogonal to the kernel ker(¢), we have

0= (z — p(@)u,u) = (z,u) = ¢(z)||ull;,

from which we infer that ¢(z) = ||u||y*(z, u). Therefore, we obtain ¢(z) = (x, v) for all

r € H,withv = ||ul|;u.
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Now, to establish the equality |||/ g7 = ||v]| i, let’s define the following

lo(z
Il = sup 2L
r€H, x#0 ||.17||H

weH', p#0 ||‘P||H’

To demonstrate the equality, we show (a) ||v||gz < ||¢]|m7 and (b) |[v||z > |||z

@) llella = le@)| /llzlla = [{x,v)]| /||| forall z € H. Given thatv € H, we can
choose © = v. Then, we have that |||z > ||[v||%/||v]lz = |lvllg = llella > [|v]a-

(b) By Cauchy-Schwarz inequality, we have the following: |¢(z)| = |(x,v)| < ||z g ||v] & for

alz € H = ||v||lg > |p(@)|/||z||x forallz € H, x # 0 = since the inequality holds true

forall z € H with z # 0, we have that ||v|| g > supeer 22 = |jollm = o)l > ¢l
z#0

llll e

This completes the proof. O
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