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Introduction

Take a ball and put it on the table. Draw an arbitrary curve on the plane and now roll the ball
along the curve.

If we impose no instantaneous twist and slip, the motion of the ball along the curve draws a
corresponding unique curve on the surface.

Observing the motion, we also see the orientation of the ball changing along the path.
Have you ever wondered if you can reach the final point of the curve with the starting orienta-
tion? Or if you can reach the final point with a desired orientation of your ball?

What we want to do in this work is study this kind of motion. The ball and the table are two
rigid bodies. These two objects are represented by a sphere and a plane: two smooth, connected
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and oriented manifolds. Moreover, in our setting, to measure angles, we endow these manifolds
with a metric, so we assume that they are Riemannian.
The motion of a manifold running on another manifold is simply called rolling and we place it
in a setting where this is possible; therefore, the manifolds are supposed to touch and there is
no deformation during the motion.
In particular, in this work we consider the rolling with two conditions; we require no instanta-

neous slip or twist. That is, we don’t want a manifold to slide on the other and we don’t want
neither of them to rotate on itself. We call these conditions constraints, and we refer to them
as no slipping and no twisting.
These precise constraints will shape the problem and they will provide relevant consequences.
The theory in this work follows an intrinsic approach, which means that we consider references
only on the objects of the problem and not in the ambient space, the space where the problem
is immersed. We work on the tangent spaces and use references on them, is the coordinate-free
approach historically developed after Cartan’s moving frame method. The approach to intrinsic
theory is gradual; indeed, the work is divided into four main parts, and we go through a first
2-dimensional example to the 2-dimensional developed theory and from an n-dimensional exam-
ple to the general theory.

In the first chapter, an easy-to-imagine example is presented: the ball rolling on the plane. This
is an example where both manifolds are 2-dimensional, and it is an introduction to the setting
and to the tools we use. It is important to notice that the description of the first example is not
intrinsic; there we use the 3-dimensional framework.

In the second chapter, we step into the intrinsic description. Here is fully explained what it
means to have a reference in a precise point of the manifold, what is the meaning of contact
point and why do we imagine overlapped tangent planes. This is also the chapter where the
concept of curvature first appears: the possibility of reaching a certain configuration depends
on the geometry of the manifolds, and here we explain this.

In the third chapter, we go through the first generalization. In this work, for completeness, we
want to describe the problem not only in the easy-to-imagine dimension. Therefore, here we
consider a n-dimensional sphere rolling on a n-dimensional plane. As a generalization of the
example seen in the first chapter, here we lose the intrinsic approach, but we step in a wider
context.

In the fourth chapter, we are ready to restore the intrinsic approach in the n-dimensional setting,
and a general theorem is proven.

An important tool that we have used is the tool of connection. Thanks to it, we approach
the problem intrinsically and we can “move” references from one tangent space to another. In
particular, in the fourth chapter, the use of this tool becomes more involved; therefore, we have
dedicated the last chapter to the explanation of the facts we use about connections.

4



The first formulation of the 2-dimensional theorem from an intrinsic point of view is due to
Agrachev and Sachkov; see [2]. There, all the 2-dimensional theory is developed with the Hamil-
tonian formalism related to symplectic mechanics. We maintain the intrinsic approach while
avoiding the Hamiltonian language, so translating back to the simple Riemannian language.
For the n-dimensional case we developed the argument following as principal reference the ar-
ticle of Grong, [6]. However, other works, such as [5], [4], [8], and [9], face the problem via an
intrinsic approach through slightly di#erent strategies.
This work aims to give a viewable description of the rolling problem, driving the intuition of
an easy-to-image problem to the mathematical details that lead to what can be thought as a
generalization of the classical Frobenius theorem.
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Chapter 1

A 2 dimensional example: The sphere S2
rolling

on the plane R2

The first step to understand the problem of rolling manifolds is to display a practical example.
Imagine again a ball rolling on a plane, this is the example from which we want to develop the
setting, the notation, and the ideas. So we are in R3, the ball is the sphere S2 rolling on a plane
represented by the manifold R2. We want to study the motion of rolling with two constraint:
without slipping or twisting.

The ambient space of the problem is R3 and as the approach here is not yet intrinsic, we
define a reference in R3. We fix the third coordinate of the center c of the sphere equal to one
and image the sphere rolling on the plane z = 0;

c = (x, y, 1) ↑ R3.

An arbitrary configuration of the system is described by the projection ω(c) of the center c

x

y

z

R2

S2

c

ω(c)

on the plane z = 0 and the orientation of the sphere. We call ω(c) ↑ R2 the point of contact
between the manifolds.
The orientation of the sphere is given by an orthonormal frame attached to the center c, which
remain fixed relative to the sphere during the motion. The relative orientation of this frame
with respect to the standard orthonormal frame in R3 is represented by a matrix M ↑ SO(3),
where we have chosen positive determinant because we want to preserve the orientation.
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The space of all possible configurations hence is given by

Q = R2 → SO(3);

a point of contact and an orientation.
This space Q is indeed a Lie group, since it is product of Lie groups, thus it is induced a Lie
algebra and every tangent space is characterized in a precise way (more details are presented in
A.1). Thanks to that we have this description of the tangent space at a point q = (ω(c), R) ↑ Q

TqQ = R2 → R · so(3).

We recall that the Lie algebra so(3) is identified with the group of skew-symmetric matrices
skew(3). The group SO(3) represents rotations in R3, while the matrices in so(3) are not
properly rotation matrices, but since they are the di#erential of rotations matrices we call them
infinitesimal rotation matrices, representing infinitely small rotation.
Let {ex, ey, ez} be the following basis of the Lie algebra so(3),

ex =





0 0 0
0 0 1
0 ↓1 0



 , ey =





0 0 1
0 0 0

↓1 0 0



 , ez =





0 1 0
↓1 0 0
0 0 0



 ;

the first matrix ex represents the infinitesimal clockwise rotation around the x-axis, and simi-
larly ey and ez represent the infinitesimal clockwise rotation around the y-axis and around the
z-axis respectively.

Now, since we have some constraints, no-slipping and no-twisting, we try to understand what
the allowed movements of the system are. If we want to move the sphere along the x-direction,
we cannot simply translate it along the axis because in that case we are sliding the sphere. In
other words, we cannot slide the sphere without changing its relative orientation. So rolling
the sphere, without slipping, along the x direction in the plane also corresponds to a clockwise
rotation around the y-axis in terms of the orientation. Therefore the vector field

X1 = ε

εx
+ R · ey ↑ V ec(Q)

corresponds exactly to the description of this movement in the tangent space of the configuration
space Q, in particular X1 ↑ TqQ with q = (ω(c), M) contact point.

The same holds if we want to move the sphere along the y-direction: rolling without slipping
along the y-axis corresponds, again, to a clockwise rotation around the x-axis. That is, this
other movement is described by

X2 = ε

εy
+ R · ex ↑ V ec(Q).

Since in the motion twisting is not allowed, that in this setting corresponds to a rotation around
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the z-axis, the ez movement is not permitted. In other words, the admissible movements of the
system are represented by the vector fields

X1 and X2,

but what about the combination of these two directions? The idea behind combing directions
is the Lie bracket; the bracket [X1, X2] is again a vector field in Q and if it is independent, as
a vector, from the previous two, we can interpret it as a new infinitesimal movement of the
system. We present a proper justification for this later, in the next Chapter 2. So, for now,
following this idea, we compute the Lie bracket to understand all the possible movements of the
system

[X1, X2] = [ ε

εx
+ R · ey,

ε

εy
+ R · ex]

= R · [ey, ex] = ↓R · [ex, ey],

that is, computing the commutator of matrices,

[ex, ey] = exey ↓ eyex = ez

exactly the rotation around the z-axis. The Lie bracket [X1, X2] produces an independent
direction from the previous ones, the counter-clockwise rotation around the z-axis

X3 := ↓R · ez,

that corresponds to the non-admissible movement of twisting. This means that starting from a
point q ↑ Q and moving along the combinations of X1 and X2 using the Lie bracket, we can
reach a configuration of the system that is the same as the one we would obtain if the twist at
q were admitted. We can iterate this procedure computing all the possible Lie brackets.
Considering that the commutators of matrices are

[ey, ez] = ex,

[ez, ex] = ey;

we obtain

[X1, X3] = [ ε

εx
+ R · ey, ↓R · ez] = ↓R · ex,

[X2, X3] = [ ε

εy
+ R · ex, ↓R · ez] = R · ey.

Moreover the vector fields X1, X2, X3, X4 := [X1, X3], X5 := [X2, X3] are linearly independent
therefore

span{X1, X1, X2, X3, X4, X5}|q = TqQ.

We find out that combining all the directions using the Lie bracket, we recover all the principal
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movements of the system at the infinitesimal level, also the nonadmissible ones.
For example, if we want to slide the sphere in the x direction respecting the constraints, we first
roll in the x direction, following X1 and then we “twist” it back to the original orientation, i.e.,
we follow the Lie bracket combination ↓X5

ε

εx
= X1 ↓ X5.

The fact that the two admissible directions X1 and X2 enable us to recover all possible move-
ments is the core idea behind a controllable system.
We develop this theory further in the following Chapters.
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Chapter 2

The two dimensional case

Now we are ready to develop the general theory of the two-dimensional case. The bodies are
represented by the two-dimensional manifolds M and M̂ , which are smooth, connected, and
oriented. We underline that M and M̂ are general manifolds, but to encourage imagination, we
show pictures of two spheres of di#erent radius.
Here we step into the intrinsic description, so we have no references in R3.

To describe the motion, we endow the manifolds with a metric structure. In fact M and M̂

are Riemannian manifolds where the metric is defined, as usual, as a family ↔ · , · ↗|m of scalar
products on the tangent spaces TmM , smoothly depending on m ↑ M , and analogously on M̂ .

The two manifolds are assumed to touch and then roll on each other. As the manifolds
represent rigid bodies, there isn’t any deformation and every moment of the rolling involves
exactly one point m ↑ M and one point m̂ ↑ M̂ , which we call the points of contact.

We are building a geometric model from a natural setting and it is clear that if we consider

M

M̂

m

m̂

manifolds with positive curvature we can assume that contact between them is admissible.

Before studying the motion of rolling, we have to clarify the starting setting. The points
of contact are unique up to rotations of one manifold on itself, so we can start thinking that a
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5-tuple of the kind
(m, m̂, ϑ), m ↑ M, m̂ ↑ M̂, ϑ ↑ S1

describes the system. In the next lines we will give a precise meaning to the angle ϑ.

The angle ϑ has the same role of the orthogonal matrix of Chapter 1, it describes the
orientation. However, this time, it isn’t the orientation of a manifold in the ambient space, it is
the relative orientation between the two objects.
We define this relative orientation using references on the tangent spaces TmM and Tm̂M̂ of the
point of contact. The intuitive idea is that at the contact points m and m̂, the tangent planes
are “overlapped” and we measure how much a reference frame in TmM is rotated relative to a
reference frame in Tm̂M̂ . We measure it with an isometry that is represented by the angle ϑ.

In their respective tangent spaces TmM and Tm̂M̂ we can choose a reference frame, that is,

Tm̂
̂M

TmM

ε

m m̂

M

̂M

e1ê1

e2

ê2

a choice of a basis: {e1(m), e2(m)} a basis for TmM and {ê1(m̂), ê2(m̂)} a basis for Tm̂M̂ . We
chose them orthonormal, i.e.:

↔ei, ej↗M = ϖij , ↔êi, êj↗
M̂

= ϖij .

The isometry that measures the relative orientation is a map of this kind

R : TmM ↘ Tm̂M̂ ;

it rotates the frame {e1, e2} onto {ê1, ê2}

e1 ≃↘ ê1

e2 ≃↘ ê2;
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and it is represented by this matrix

R =
(

cos ϑ ↓ sin ϑ

sin ϑ cos ϑ

)

where ϑ is the aforementioned characterizing angle: the angle of rotation between the frame
ê1, ê2 and the frame Re1, Re2 at the points of contact m, m̂.

Now that we have defined a stationary configuration, we characterize the motion of rolling.
Since a 5-tuple (m, m̂, ϑ) represents a moment of the rolling, now we consider it varies in time;

(m(t), m̂(t), ϑ(t)) m(t) ↑ M, m̂(t) ↑ M̂ ;

are the trajectories of the points of contact on the manifolds and ϑ(t) is the variation of the
angle. Here we always suppose that the movement is smooth in order to have smooth curves.
The motion can change the relative orientation between the manifolds and we want to measure

M

̂M

m
m̂0

m̂0

̂M

m(t)

m̂(t)

this variation to characterize the curve of the motion. To measure it, we need to relate tangent
spaces at di#erent points of the same manifold because we need to keep a trace of the starting
orientation. The connection, which gives us the parallel transport, is the tool that permits us
to put in relation tangent spaces at di#erent points of the same manifold.

Fix a path q(t) = (m(t), m̂(t), ϑ(t)) ↑ Q, with t ↑ [0, T ]; we choose two frames at the starting
contact points m(0) and m̂(0):

e0 = {e1, e2}
∣∣∣
m(0)

and ê0 = {ê1, ê2}
∣∣∣
m̂(0)

.

These frames have a relative orientation described by the angle ϑ(0) since the starting config-
uration is (m(0), m̂(0), ϑ(0)). Then, we parallel transport the vector field e1 along m(t) and
ê1 along m̂(t); notice that it is su”cient to compute only one parallel transport since it is an
isometry, and we recover the other vector field of the frame due to the orthogonality condition.
Now, the relative orientation at the final configuration q(T ) is given by the angle ϑ(T ) between
the parallel transported frames. In particular, we are using the parallel transport to “move” the
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references from the tangent space Tm(0)M to Tm(T )M and similarly on M̂ .
This holds because there exists a unique smooth vector field X along m(t) such that X|m(0) =
e1|m(0) and parallel along m(t) with respect to the chosen connection; for more details, see Ap-
pendix A.1.

Idea. To figure it out, we can think of M = Rn and ⇐ as just the standard directional derivative;
in this setting, we obtain an intuitive picture of what parallel transport and a parallel vector field
are.
This setting corresponds to the choice $k

i,j
= 0. Let {e1, . . . , en} be a local frame and let Y (ϱ(t))

a vector field defined along the smooth curve ϱ(t) : [0, T ] ↓↘ M

Y (ϱ(t)) =
n∑

i=1
yi(t)ei|ω(t).

Let Y (ϱ(t)) be parallel with respect to the connection ⇐ chosen before. The parallel condition
⇐ω̇(t)Y in this case translate into (see Lemma A.1)

ẏk(t) = 0 ⇒ k = 1, . . . , n

therefore
yk(t) ⇑ yi(0) ⇒ k = 1, . . . , n

that is, the vector field Y (ϱ(t)) has in every point the same value

Y (ϱ(t)) =
n∑

i=1
yi(0)ei|ω(t) ⇒t ↑ [0, T ] .

In this sense the vector corresponding to the value of the vector field at time t = 0 is transported

ϑ(0)

ϑ(t)

in a parallel way along the curve ϱ(t) and the vector field Y (ϱ(t)) is parallel with respect to ⇐,
parallel to itself along all the points of the curve.

Notation. From now on we will use both the coordinates and the vectorial notation for vector
fields, i.e., if {e1, e2} is a local frame and X is a vector field

X =
2∑

i=1
Xiei =

(
X1

X2

)

.
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Once we can move the reference frames that we fixed at time zero along m(t) and m̂(t)
respectively, the variation of the angle ϑ(t) can be measured at every point and the relative
orientation of the system is well defined.
The choice of connection we make here is one compatible with the metric: the Levi-Civita con-
nection.

At this time, we can define the state space of the system. Every 5-tuple of the form

q = (m1, m2, m̂1, m̂2, ϑ)

is a state of the system and can be viewed as a point in the set of all configurations, what we
call the configuration space

Q = {R : TmM ↘ Tm̂M̂ | m̂, m, R isometry};

a 5-dimensional manifold; choosing local coordinates (m1, m2) on M and (m̂1, m̂2) on M̂ , we
obtain local coordinates (m1, m2, m̂1, m̂2, ϑ) on Q.

Remark. Here we deal with orientation-preserving isometries, that is, with the determinant
equal to one and we remark that isometries are linear maps which preserve the Riemannian
structure, namely if R is an orientation-preserving isometry

↔v, w↗
∣∣
M

= ↔R(v), R(w)↗
∣∣
M̂

⇒v, w ↑ TmM .

Lastly, it is useful to denote the projections from Q to M and M̂ :

ω(q) = m, ω̂(q) = m̂, R : TmM ↘ Tm̂M̂, q ↑ Q, m ↑ M, m̂ ↑ M̂.

This concludes the description of the problem’s setting, but we recall that at the beginning we
have imposed two constraints on the motion: no slipping and no twisting. These constraints
translate into admissibility conditions of the movement with a precise geometric meaning. We
recall, for example, Chapter 1, where the constraints allowed only two movements. So, the next
step is to translate the constraints in order to build the distribution that describes the admissible
movements of the system.

2.1 No slipping

If one manifold slides on the other, suppose M̂ on M , the point of contact on M̂ does not change,
meaning that you are not following any curve on M̂ , in particular

m̂(t) ⇑ m̂(0)

if the sliding starts from the initial time. The consequence is that the velocity of the contact
points is di#erent ˙̂m(t) = 0 ⇓= ṁ(t), therefore, to avoid slipping, we ask the velocity of the
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contact points to be the same with respect to both manifolds.
We want that the velocities of the trajectories correspond one to another through the isometry,
namely

R(t)ṁ(t) = ˙̂m(t). (2.1)

2.2 No twisting

The angle ϑ measures the relative orientation between the manifold, if we allow twisting, the
angle ϑ changes at the same contact point providing two di#erent orientations for two same
points’ configurations.

To explicit this constraint we recur again to the notion of parallel transport, so in the
following lines we refer to the connection on M as ⇐ and to the connection on M̂ as ⇐̂. We
recall that a vector field X defined along a curve ϱ in M is said to be parallel with respect to
⇐, if ⇐ω̇X = 0 along ϱ. The no twisting condition is given by

⇐ṁ(t)X(t) = 0 ⇔ ⇐̂ ˙̂m(t)(R(t)X(t)) = 0, (2.2)

namely we are asking that the image through R of a parallel vector field along m(t) is again a
vector field parallel along m̂(t), i.e.,

q(t)(vector field parallel along m(t)) = vector field parallel along m̂(t).

The idea behind this condition is: if a vector field X(t) ↑ Tm(t)M keeps a parallel direction wrt
⇐ along the curve m(t), we want that also the image through the isometry q(t)X(t) ↑ Tm̂(t)M̂

keeps a parallel direction wrt the other connection ⇐̂ along m̂(t).This permits that the angle ϑ

doesn’t change at the same contact point, so it guarantees no twisting.

In some sense with these constraints the isometry R(t) establishes the movement of the man-
ifold M̂ , because the velocities of the trajectory curves and the directions of the vector fields
along the curves correspond one to the other at every point exactly thought R(t).

In particular, these conditions permit us to draw completely the path of the motion q(t). In
the next section, we see that the velocity of a curve q(t) ↑ Q with all admissibility conditions
is described by a rank 2 distribution !. The dimension of the distribution comes out to be 2
because the admissibility conditions tie up the velocities of the curves m(t) to those of m̂(t)
and with the variation of the angle ϑ(t). This follows the intuition because we are rolling on a
two-dimensional space, so two are the independent vector fields on this space.

Restoring again the ideas of the previous Chapter; we have seen what the configuration space
is, now we want to understand to what movements in the principal directions correspond.
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2.3 Building of the distribution !

Now we start the description of the admissible motions by explicitly detailing all the relations
imposed by the constraints.

We have said that a curve q(t) in Q describes the whole motion, the velocity of such a curve
is a 5-tuple of the kind

q̇(t) = (ṁ1(t), ṁ2(t)
︸ ︷ 

ṁ(t)

, ˙̂m1(t), ˙̂m2(t)
︸ ︷ 

˙̂m(t)

, ϑ̇(t)).

As introduced before we are using orthonormal frames: {e1, e2}M on M and {ê1 ê2}
M̂

on M̂ ,
with structure’s functions ci and ĉi defined in this way

[e1, e2] = c1e1 + c2e2, ci ↑ C→(M)

[ê1, ê2] = ĉ1ê1 + ĉ2ê2, ĉi ↑ C→(M̂).

We decompose in these frames the velocities of the trajectories in M and in M̂ in this way,
where ai, âi ↑ R for i = 1, 2 since we suppose that the manifolds move with constant speed,

ṁ = a1e1 + a2e2,

˙̂m = â1ê1 + â2ê2.

From the no-slipping condition (2.2) we get the relations:
(

â1

â2

)

=
(

cos ϑ ↓ sin ϑ

sin ϑ cos ϑ

)

·
(

a1

a2

)

=
(

a1 cos ϑ ↓ a2 sin ϑ

a1 sin ϑ ↓ a2 cos ϑ

)

.

Notation. We write ei without specifying ei(m) when the point we are considering is clear and
we recall that ϑ = ϑ(t) even if we do not always write the time dependence.

Now we want to obtain a similar expression for ϑ̇ using the no twisting condition. We consider
X(t) a smooth vector field in M , defined along m(t)

X(m(t)) =
(

f1(t)
f2(t)

)

saying that X(t) is parallel along the trajectory m(t) means imposing

0 = ⇐ṁX|
m(t) =

2∑

k=1



ḟk(t) +
2∑

i,j=1
ai(t)fj(t)$k

ij(m(t))



 ek

= (ḟ1 + a1f2c1 + a2f2c2)e1 + ḟ2 ↓ a1f1c1 ↓ a2f1c2)e2
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that is

⇐ṁ(t)X(t) = 0 ↖↙





ḟ1 = ↓a1f2c1 ↓ a2f2c2

ḟ2 = a1f1c1 + a2f1c2
.

We obtain a similar system for the condition ⇐̂ ˙̂
m(t)(q(t)X(t)) = 0 :

q(t)X(t)) =
(

g1(t)
g2(t)

)

=
(

cos ϑf1 ↓ sin ϑf2

sin ϑf1 + cos ϑf2

)

⇐ ˙̂m(t)q(t)X(t) = 0 ↖↙





ġ1 = ↓â1g2c1 ↓ â2g2c2

ġ2 = â1g1c1 + â2g1c2
.

Now computing the expression ġi and substituting the expression of ḟi in the second system we
obtain






0 = ↓ϑ̇f1 sin ϑ ↓ f2c2a2 cos ϑ ↓ f2c1a1 cos ϑ ↓ ϑ̇ cos ϑf2 ↓ f1c1a1 sin ϑ ↓ f1c2a2 sin ϑ+

+ f1â1ĉ1 sin ϑ + f2ĉ1â1 cos ϑ + f1ĉ2â2 sin ϑ + f2ĉ2â2 cos ϑ = A

0 = ↓ϑ̇f1 cos ϑ ↓ f2c2a2 sin ϑ ↓ f2c1a1 sin ϑ ↓ ϑ̇ sin ϑf2 + f1c1a1 cos ϑ + f1c2a2 cos ϑ+

↓ f1â1ĉ1 cos ϑ + f2ĉ1â1 sin ϑ + f1ĉ2â2 cos ϑ + f2ĉ2â2 sin ϑ = B

(2.3)

and finally we recover the expression of ϑ̇ by combining the equations in (2.3) in this way
cos ϑA + sin ϑB, obtaining:

ϑ̇ = ↓c1a1 ↓ c2a2 + ĉ1â1 + ĉ2â2

= a1(↓c1 + ĉ1 cos ϑ + ĉ2 sin ϑ) + a2(↓c2 ↓ ĉ1 sin ϑ + ĉ2 cos ϑ) .

All expression of velocities depends on two parameters, that is, a1, a2 the two velocity coe”cients
of the trajectory m(t). Therefore we observe that the movement in the e1 direction, given by a1

reflects a movement in the ê1 and ê2 direction and also in the variation of the angle ε

εϑ
; similarly

for the movement in the e2 direction,

ṁ = a1e1 + a2e2

˙̂m = a1(cos ϑe1 + sin ϑe2) + a2(↓ sin ϑe1 + cos ϑe2)

ϑ̇ = a1(↓c1 + ĉ1 cos ϑ + ĉ2 sin ϑ) ε

εϑ
+ a2(↓c2 + ĉ1 sin ϑ + ĉ2 cos ϑ) ε

εϑ
.

This is the same thing as saying that admissible velocities are described by a rank two distribu-
tions on the manifold Q. We call the distribution !, spanned by

! = span{X1, X2}

18



where

X1 =





1
0

cos ϑ

sin ϑ

↓c1 + ĉ1 cos ϑ + ĉ2 sin ϑ





, X2 =





0
1

sin ϑ

cos ϑ

↓c2 + ĉ1 sin ϑ + ĉ2 cos ϑ





are vector fields in Q.

2.4 Controllability

With the construction of ! we can interpret the problem of rolling as a control problem, of
which we want to study the set of reachable configuration

q̇(t) = v1(t)X1(q(t)) + v2(t)X2(q(t)) q(t) ↑ Q. (2.4)

Starting from a point q0 ↑ Q and switching di#erent values of v1 and v2 time to time, what
other points in Q can we reach?

The parameters vi, called controls, are piecewise constant functions that take values in {0, 1}.
These controls tell us at every time which flow is following the point. The idea is that v1 and
v2 are like two buttons that correspond to one vector field, and that have to be pressed one at
a time, they live in

U = {(v1, v2) ↑ R2 : v1 = 1 ↙ v2 = 0 & v2 = 1 ↙ v1 = 0}.

Indeed, the parameter v1 controls the vector field X1 and v2 controls X2. Each choice of couples
in U corresponds to a control strategy and each control strategy permits to reach di#erent points
on the manifold Q.

Our aim is to understand what the biggest possible region of points that we can reach varying
among all the control strategies.
At every time the velocity of the point is either X1 or X2 therefore, as already said, a point q

moves along the flows of these vector fields. Now denoting ςu the flow of the control problem
(2.4) at time t we define the reachable set from a point q0 ↑ Q for a time t ∝ 0 as follows:

Aq0(t) =


ςt

u (q0) | u ↑ U, q0 ↑ Q


=


ςϖk
uk

′ . . . ′ ςϖ1
u1 (q0) | φi ∝ 0,

k∑

i=1
φi = t, ui ↑ U, k ↑ N



=


ςϖk
Xik

′ . . . ′ ςϖ1
Xi1

(q0) | φi ∝ 0,
k∑

i=1
φi = t, ij ↑ {1, 2}, k ↑ N



.

The key point is that we are composing the two flows, so this expression underlines that the
reachable points may depend on the commuting property of the flows.
Following the flow of the vector field Xi is what we have called in the previous example (1)
following the direction given by Xi. Therefore, changing flow means changing the direction, and
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we want to understand if this has a consequence on the reachable set. We mentioned that this
is related to the Lie bracket; in this precise sense:

Lemma 2.1. Let M be a Riemannian manifold; X, Y ↑ V ec(M) and m ↑ M we have

ς↑t

Y
′ ς↑t

X
′ ςt

Y ′ ςt

X(m) = m + t2[X, Y ](m) + o(t).

The Lie bracket measures the possibility that the flow, following the directions X, Y, ↓X and
↓Y has to return to the point m.

Therefore, if the flows of the two vector fields commute, that is, [X, Y ] = 0, then we return
to the same point where we have started moving, otherwise we end up in another point. If this
is the case, we can define a new infinitesimal direction di#erent from X, Y .

Summing up, if the flows commute, the set of reachable points does not depend on the num-
ber of times we change the flow. While in the non-commutative case, more number of switches
corresponds to more points that can be reached: suppose that we can move along vector fields
±X1 and ±X2. Then, in the non-commutative case, we can move in the new infinitesimal di-
rection ± [X1, X2]. The new direction is in general linearly independent from the initial ones
±X1, ±X2; otherwise we have an involutive distribution and we have no new direction. In the
case of a new direction obtained we can iterate the process, and again if linearly independent,
we add one more infinitesimal direction ± [X1, [X1, X2]]. In the same way, we can also obtain
± [X2, [X1, X2]].
Iterating this procedure with all the new directions, we obtain the Lie bracket of arbitrarily high
order with a su”ciently large number of switches.

In general, given a distribution ! = span{X1, . . . , Xk} on the manifold Q we call the Lie
Algebra of the distribution the space spanned by all the possible combinations of directions, i.e.,

Lie! = span{[X1, [. . . , [Xk↑1, Xk], . . . ]] : Xi ↑ !, k ↑ N}

and its evaluation at a point q ↑ Q

Lieq! = span{[X1, [. . . , [Xk↑1, Xk], . . . ]]
∣∣∣
q

: Xi ↑ !, k ↑ N} ∞ TqQ.

In particular, we call a distribution bracket generating if Lieq! = TqQ and in this case the
dimension of the Lie algebra is equal to the dimension of the manifold on which the distribution
is defined.
The previous intuition regarding the Lie bracket tries to justify the way in which we will compute
the reachable set, the main fact is that

Aq0
∈= Lieq0!

so to understand the dimension of that set it is su”cient to work with the brackets of the
distribution. This result is the core of the orbit theorem and we present a statement which is
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suitable for our purpose in the appendix; see A.3.

Remark. In our case, there is no distinction between the reachable set of the system Aq and
the orbit of the distribution Oq, compare again A.3; therefore, from now on Aq = Oq and we
will refer to it as the reachable set of the system.

In this context, to keep trace of the number of iterated brackets, it is useful to introduce the
following notation:

!2 = ! + [!, !]

!k+1 = !k + [!, !k].

We find that a distribution on Q is called bracket generating at a point q if dim Lieq! = dim Q,
while we call the step of the distribution ! at a point q the smallest integer k such that

!k

q = Lieq!.

In our setting, following this idea, the next step is to understand how many new directions
we can obtain combining our initial ones X1 and X2. These vector fields live in a 5-dimensional
manifold; therefore, the best outline we hope to obtain is to generate another 3 new directions.
In the case of this Chapter, if the Lie algebra is of dimension 5 it means that we can reach all
the points in the manifold, because

dim Lieq! = 5 = TqQ

and we call the system completely controllable.

In this work, we investigate the su”cient conditions that permit us to obtain a completely
controllable system, and the step at which this happens. Studying the Lie algebra generated by
the directions X1 and X2 we figure out that the conditions are dictated by the curvature of the
objects we are considering, as one may expect looking at the natural model.
The following is the main theorem that outlines the relation between the dimension of the
reachable set and the curvature of the two manifolds. We denote k, k̂ the Gaussian curvature
of the Riemannian manifolds M and M̂ respectively, and we consider the lift of these from the
manifolds to Q in this sense:

k(q) = k(ω(q)), k̂(q) = k̂(ω̂(q)), q ↑ Q.

The formulas used in the statement and in the proof of the theorem are recalled in B.1.3.

2.5 Su!cient conditions for controllability

Theorem 2.1. The reachable set Oq from a point q0 ↑ Q is an immersed smooth connected
submanifold of Q and it holds that

• if k ↓ k̂|q ⇑ 0 ⇒q ↑ Oq0 then dim Oq0 = 2;
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•• if k ↓ k̂|q ⇓⇑ 0 ⇒q ↑ Oq0 then dim Oq0 = 5.

In particular, dim Oq = 5 if and only if k ↓ k̂ ⇓⇑ 0 on Oq.

Proof. The orbit theorem (see A.3) assures us that the reachable set of the system from every
point q ↑ Q is an immersed smooth connected submanifold of Q. We underline again that the
orbit theorem permits us to determinate the size of reachable set just by computing the brackets
of !. Therefore it is only left to show that the dimension is either 2 or 5.
These are the principal directions deduced before:

X1 = e1 + cos ϑ ê1 + sin ϑ ê2 + Aεϑ,

X2 = e2 ↓ sin ϑ ê1 + cos ϑ ê2 + Bεϑ;

where A and B are functions that depends on the geometry of the manifolds,

A = A(m, m̂, ϑ) = ↓c1 + ĉ1 cos ϑ + ĉ2 sin ϑ,

B = B(m, m̂, ϑ) = ↓c2 ↓ ĉ2 sin ϑ + ĉ2 cos ϑ.

We start computing the Lie algebra, the iterated Lie brackets of the vector fields X1, X2. The
first new direction is

X3 := [X1, X2];

we compute it by:

X3 = [e1 + cos ϑ ê1 + sin ϑ ê2 + Aεϑ, e2 ↓ sin ϑ ê1 + cos ϑ ê2 + Bεϑ] = (2.5)

= [e1, e2] +!!!!!!![e1, ↓ sin ϑê1] +""""""[e1, cos ϑ ê2] + [e1, Bεϑ]+ (2.6)

+""""""[cos ϑ ê1, e2] +!!!!!!!!!
[cos ϑ ê1, ↓ sin ϑ ê1] + [cos ϑ ê1, cos ϑ ê1] + [cos ϑ ê1, Bεϑ]+ (2.7)

+""""""[sin ϑ ê2, e2] + [sin ϑ ê2, ↓ sin ϑ ê1] +!!!!!!!!!
[sin ϑ ê2, ↓ sin ϑ ê1] + [sin ϑ ê2, Bεϑ]+ (2.8)

+ [Aεϑ, e2] + [Aεϑ, ↓ sin ê1] + [Aεϑ, cos ê2] + [Aεϑ, B(ϑ)εϑ]. (2.9)

In the next computations it appears an expression which represents the di#erence of curvatures.
The functions of curvatures k and k̂ are expressed through structure functions since we are
working with orthonormal frames. We have obtained these expressions from straightforward
computations in B.2:

k = e1(c2) ↓ e2(c1) ↓ c2
1 ↓ c2

2

k̂ = ê1(ĉ2) ↓ ê2(ĉ1) ↓ ĉ2
1 ↓ ĉ2

2.

Now we compute every piece of the previous formula (2.9) and from now on we don’t write
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anymore the zero Lie Brackets:

[e1, e2] =c1e1 + c2e2

[e1, Bεϑ] = ↓ [e1, c2εϑ] = ↓e1(c1)εϑ

[cos ϑ ê1, cos ϑ ê2] = cos2(ê1(ê2) ↓ ê2(ê1))

[cos ϑ ê1, Bεϑ] = · · · = B sin ϑê1 + cos ϑ(↓ sin ϑê1(ĉ1) + cos ϑê1(ĉ2))εϑ

[sin ϑ ê2, ↓ sin ϑ ê1] = ↓ sin ϑ2(ê2(ê1) + ê1(ê2))

[sin ϑ ê2, Bεϑ] = · · · = B cos ϑê2 + sin ϑ(↓ sin ϑê2(ĉ1) + cos ϑê2(ĉ2))εϑ

[Aεϑ, e2] = ↓ [c1εϑ, e2] = e2(c1)εϑ

[Aεϑ, ↓ sin ê1] = · · · = ↓A cos ϑê1 + sin ϑ(cos ϑê1(ĉ1) ↓ sin ϑê1(ĉ2))εϑ

[Aεϑ, cos ê2] = · · · = ↓A sin ϑê2 + cos ϑ(cos ϑê2(ĉ1) + sin ϑê2(ĉ2))εϑ

[Aεϑ, B(ϑ) ε

ε↼
] = · · · = A(↓ĉ1 cos ϑ ↓ ĉ2 sin ϑ)εϑ ↓ B(↓ĉ1 sin ϑ ↓ ĉ2 cos ϑ)εϑ

Now simplifying the terms:

X3 =c1e1 + c2e2+

+(ĉ1 + B sin ϑ ↓ A cos ϑ)ê1 + (ĉ2 ↓ B cos ϑ ↓ A sin ϑ)ê2+

+[↓e1(c2) + e2(c1) + ê1(ĉ2) ↓ ê2(ĉ1) ↓ ĉ2
1 ↓ ĉ2

2 + c1A + c2
1 + c2B + c2

2]εϑ

=c1e1 + c2e2 + (c1 cos ϑ ↓ c2 sin ϑ)ê1 + (c1 sin ϑ + c2 cos ϑ)ê2 + (c1A + c2B + (k ↓ k̂)εϑ)

We can write this expression in a compact way, useful for the next computations:

X3 =





c1

c2

ĉ1 + B sin ϑ ↓ A cos ϑ

ĉ2 ↓ B cos ϑ ↓ A sin ϑ

c1A + c2B + (k ↓ k̂)εϑ





= c1X1 + c2X2 + (k ↓ k̂)εϑ.

Up to now we have obtained the distribution at step 2, with the following computation we are
performing step 3. We continue with the computations of the next Lie Brackets,

X4 := [X1, X3] = [X4, c1X1] + [X1, c2X2] + [X1, (k̂ ↓ k)εϑ]

where

[X4, c1X1] =X1(c1X1) ↓ c1X1(X1) = X1(c1)X1

[X1, c2X2] =X1(c2X2) + c2[X1, X2] = X1(c2X2) + c2X3

[X1, (k̂ ↓ k)εϑ] =X1(k̂ ↓ k)εϑ + (k̂ ↓ k)[X1, εϑ] .

X5 := [X2, X3] = [X2, c1X1] + [X2, c2X2] + [X2, (X̂ ↓ k)εϑ]
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where

[X2, c1X1] =X2(c1)X1 ↓ c1X3

[X2, c2X2] =X2(c2)X2

[X2, (k̂ ↓ k)εϑ] =X2(k̂ ↓ k)εϑ + (k̂ ↓ k)[X2, εϑ] .

We have concluded step 3, if the vector fields obtained are independent, we reach at this step
the bracket generating property. So now we check what is the dimension of the space spanned
by {X1, X2, X3, X4, X5}





1 0 c1 X1(c1) + c1c2 X2(c1) + c2
1

0 1 c2 X1(c1) + c2
2 X2(c2) + c1c2

0 0 k̂ ↓ k c2(k̂ ↓ k) + X1(k̂ ↓ k) ↓c1(k̂ ↓ k) + X2(k̂ ↓ k)
0 0 0 (k̂ ↓ k) 0
0 0 0 0 (k̂ ↓ k)





.

The determinant is identically (k̂ ↓ k)3, therefore, if k̂ ↓ k|O ⇓⇑ 0 the dimension of O is 5, while
if k̂ ↓ k|O ⇑ 0 then span(X1, . . . , X5) = span(X1, X2) and so the dimension is 2. This concludes
all implications in the statement.

The di#erence of curvatures appears as a coe”cient in front of the vector field ε

εϑ
in the

first computation; it is exactly the term that decides whether the new direction X3 is linearly
independent from the others or not.

Looking at the theorem, we see that we have only two possible cases, when the dimension
is 5, the system is completely free to reach every possible configuration, while in the other case
it is not. When the system is not completely controllable, we have less freedom: we can choose
freely our initial configuration, we start the motion, but we cannot decide completely the final
configuration. We have only 2 degrees of freedom out of five, meaning that if, for example, we
want to choose the final contact point m(t) on M , the other m̂(t) is automatically determined
as the final relative orientation ϑ(t).
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Chapter 3

An n dimensional example: The sphere Sn

rolling on the plane Rn

In this Chapter, we generalize in a n-dimensional context the example seen in Chapter 1. We
consider the unit n-dimensional sphere Sn rolling without slipping or twisting along the n-
dimensional plane Rn. The manifolds are both immersed in Rn+1 and to describe the problem
we use references in this space; here, the approach is no more intrinsic.

We endow the sphere Sn with an orthonormal frame E = {e1, . . . , en+1} attached to the
centre c. The frame during the motion remains fixed with respect to the sphere, it describes the
sphere’s relative orientation. The state configuration of the system is the manifold

Q = Rn → SO(n + 1)

since the projection of the centre, ω(c) =: x ↑ Rn , the contact point, and an arbitrary orienta-
tion of the sphere R ↑ SO(n + 1) describe a configuration of the system. The manifold Q is also
in this case a Lie group, thus it is induced a Lie algebra and every tangent space is characterized
analogously to the 2-dimensional case.

Therefore, we have that, the velocity at point q = (x, R) ↑ Q is described by a tuple in

TqQ = Rn → R · so(n + 1).

We denote a basis of the skew-symmetric matrices so(n + 1) with

ei,j := ei ∋ ej ↓ ej ∋ ei for 1 △ j < i △ n + 1

where we use the tensor notation, in particular ei,j is a matrix with a +1 in position (i, j) and
a ↓1 in the anti-symmetric position (j, i). We fix the coordinates in Rn+1 in such a way that
sphere Sn is rolling on the plane defined by equation xn+1 = 0, i.e., the n + 1 coordinate of its
center is always equal to one.

We can roll the sphere in n independent directions along the plane xn+1 and every movement
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cE

ω(c)xi

xn+1
Sn

Rn

corresponds to a rotation in SO(n). If we roll the sphere in the xi direction, where i = 1, . . . , n

along the plane; we obtain an infinitesimal rotation of the sphere in the 2-dimensional plane in
Rn+1 defined by the plane that contains the xi and xn+1 directions.

cc

xi

xn+1

Rn

Therefore for every direction xi we have the vector field

Xi = ε

εxi

↓ R · ei,n+1 i = 1, . . . , n

that describes the movement in that direction, in particular Xi ↑ TqQ with q = (x, R) contact
point. Now we check if the distribution ! spanned by all the directions is bracket generating;

! = span{X1, . . . , Xn}.

We have that

[Xi, Xj ] = [ ε

εxi

↓ R · ei,n+1,
ε

εxj

↓ R · ej,n+1]

= [R · ei,n+1, R · ej,n+1] = R · [ei,n+1, ej,n+1] ⇒i, j;

= R · ei,j
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since the matrices commutator is

[ei,n+1, ej,n+1] = ei,n+1ej,n+1 ↓ ej,n+1ei,n+1

= ↓ei ∋ ej + ej ∋ ei ⇒i, j.

= ei,j

Therefore we have n(n ↓ 1) new directions

Xi+j = [Xi, Xj ] = R · ei,j ⇒i < j

among which n(n↑1)
2 are independent because Xi+j = ↓Xj+i. We iterate the computation (step

3)

[Xi+j , Xk] = R · [ei,j , ek,n+1] ⇒i < j, k. (3.1)

In particular,

[ei,j , ek,n+1] = ϖjkei,h ↓ ϖikej,h

that gives
if k ⇓= i and k ⇓= j

[ei,j , ek,n+1] = 0,

if k = i

[ei,j , ei,n+1] = ↓ej,n+1,

if k = j

[ei,j , ej,n+1] = ei,n+1.

From this step, we obtain another n independent directions allowing us to reach the dimension
of the configuration space. Indeed, summing all the independent directions, we get

n + n(n ↓ 1)
2 + n = n(n + 3)

2

exactly the dimension of Q. We can conclude that the distribution ! is bracket generating, so
the system is completely controllable.
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Chapter 4

The n dimensional case

Now we restore the intrinsic approach, but in a wider context. The aim of this Chapter is to
generalize the theory of Chapter 2. We study the same problem, but we do not fix a precise
manifold or a precise dimension anymore.

The objects of rolling are M and M̂ two n-dimensional connected and oriented Riemannian
manifolds. In this Chapter, as in Chapter 2, the setting is symmetric, there is no preferred
manifold rolling on the other one, and also in this sense, the approach here is intrinsic.

The configuration space Q is conceived in the same way,

Q = {R ↑ SO(TmM, Tm̂M̂) : m ↑ M, m̂ ↑ M̂}

the isometry R represents as before the relative orientation between the manifolds and a point
q ↑ Q a configuration. As in Chapter 2 we build a distribution ! in Q which describes the
velocities of the motion and again the admissible conditions will permit us to link the velocities
of the two trajectory curves and the relative orientation of the manifolds.

One can observe that the setting is exactly the same and we will go over again the same
idea of the 2-dimensional case; the di”culty comes out with computations. Our goal is to find
su”cient conditions to understand when the distribution ! is bracket generating, but one can
immediately understand that it is not possible to compute everything by hand as before.

Therefore, we present this generalization because the idea is the same, but the solution
proposed to simplify the procedure is interesting. Before giving further explanation, we go again
through the building of the distribution.
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4.1 The distribution !

The configuration space of the system is

Q = {R ↑ SO(TmM, Tm̂M̂) : m ↑ M, m̂ ↑ M̂} (4.1)

= {R : TmM ↘ Tm̂M̂ : m ↑ M, m̂ ↑ M̂, R ↑ SO(n)}; (4.2)

and a state of the system or a configuration q this time is a n(n+3)
2 -uple, indeed

q ↑ Q ∈= M → M̂ → SO(n).

We denote with ω the following projection

ω : Q ↘ M → M̂.

Let q = (m, m̂, R) ↑ Q be a configuration, the tangent space at q is

TqQ = TmM → Tm̂M̂ → TRSO(n)
∈= TmM → Tm̂M̂ → R · so(n).

We denote by e = {e1, . . . , en} an orthonormal frame for TmM , ê = {ê1, . . . , ên} an orthonormal
frame for Tm̂M̂ and {ei,j : 1 △ i < j △ n} is the usual basis of the anti-symmetric matrices
so(n), we recall that

ei,j := ei ∋ ej ↓ ej ∋ ei.

In order to have local references, we define these vector fields

Wi,j := R · ei,j for 1 △ i < j △ n, (4.3)

these are vector fields tangent to SO(n) at the point R and can be considered a local left invariant
basis of ker ω↓.
Before writing the distribution, we recall the two admissibility conditions.

4.1.1 No slipping

The no slipping condition is

˙̂m(t) = R(t)ṁ(t). (4.4)

It describes the Tm̂M̂ components of the vector fields in the distribution.

4.1.2 No twisting

If the no slipping condition reads identically, the no twisting condition needs an adjustment in
order to be read in a more suitable way for this case.
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Let X(m(t)) a vector field on M defined along the curve m(t), the no twisting condition is

R(t)(⇐ṁ(t)X(m(t))) = ⇐̂Rṁ(t)R(t)X(m(t)) (4.5)

that is equivalent to the one we have presented before 2.2

⇐ṁ(t)X(m(t)) = 0 ⇔ ⇐̂ ˙̂m(t)R(t)X(m(t)) = 0;

the horizontal vector fields correspond one to other through the isometry R. This condition in
particular permits to describe the TRSO(n) components of the vector fields in the distribution,
in this sense: let q(t) be a rolling, then

q̇(t) = ṁ(t) + ˙̂m(t) + Ṙ(t)

and we want to write Ṙ(t) in the left invariant basis of given by the Wi,j in 4.3. We recall that

R(t)ej =
n∑

i=1
Rij(t)êi, and R↑1(t)êi =

n∑

j=1
Rij(t)ej

for orthonormal frames e and ê.

Notation. In the next computations, we use two similar but di!erent expressions, namely

eij = ei ∋ ej

ei,j = ei ∋ ej ↓ ej ∋ ei.

Moreover, from now on we avoid writing the curve along which the vector field is defined, or we
simply use a lighter notation when it is necessary:

X(m(t)) = X|m(t) = X.

Condition 4.5 holds if and only if

R(⇐ṁ(t)ej |m(t)) = ⇐̂Rṁ(t)R(ej |m(t)) ⇒j = 1, . . . , n

if and only if

R⇐ekej |m(t) ↓ ⇐̂RekRej |m(t), êi|m̂(t)


= 0 ⇒i, j = 1, . . . , n.

Computing the second term of the left hand side

⇐̂RekRej = ⇐̂Rek

(
∑

i

Rij êi

)

=
∑

i

Ṙij êi +
∑

i

Rij⇐̂Rek êi
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we obtain

0 =

R⇐ekej(m(t)) ↓ ⇐̂RekRej(m(t)), êi



=

⇐ekej , R↑1êi


↓


n∑

k=1
Ṙkj êk, êi



↓


n∑

k=1
Rkj⇐Rek êk, êi



=
n∑

l=1
Ril ↔⇐ekej , el↗ ↓ Ṙij ↓

n∑

l=1
Rlj ↔⇐Rek êl, êi↗

for every i, j = 1, . . . , n. Therefore we have an expression for Ṙij

n∑

i,j=1
Ṙijeij =

n∑

i,j=1

(
n∑

l=1
Ril ↔⇐ekej , el↗ ↓

n∑

l=1
Rlj ↔⇐Rek êl, êi↗

)

eij

=
n∑

j,l=1
↔⇐ekej , el↗ R · elj ↓

n∑

i,l=1
↔⇐Rek êl, êi↗ eil · R

=
n∑

s,r=1
↔⇐ekes, er↗ R · ers ↓

n∑

i,j,r,s=1
RirRjs ↔⇐Rek êj , êi↗ R · ers

=
n∑

r,s=1

(

↔⇐ekes, er↗ ↓


⇐Rek

n∑

s=1
Rjsêj ,

n∑

i=1
Rirêi

)

R · ers

=
n∑

r,s=1
(↔⇐ekes, er↗ ↓ ↔⇐RekRes, Rer↗) R · ers

=
n∑

i,j=1
(↔⇐ekej , ei↗ ↓ ↔⇐RekRej , Rei↗) R · eij

and writing it in the Wi,j basis we have

n∑

i,j=1
Ṙijeij =

n∑

i,j=1
(↔⇐ekej , ei↗ ↓ ↔⇐RekRej , Rei↗) R · eij

=
n∑

i<j

(↔⇐ekej , ei↗ ↓ ↔⇐RekRej , Rei↗) R · ei,j

=
n∑

i<j

(↔⇐ekej , ei↗ ↓ ↔⇐RekRej , Rei↗) Wi,j .

Summing up, the distribution !, in the above basis, is spanned by n linearly independent vector
fields

Ek := ek + Rek +
n∑

i<j

(↔⇐ekej , ei↗ ↓ ↔⇐RekRej , Rei↗) Wi,j for k = 1, . . . , n; (4.6)

i.e.,

! = {E1, . . . , En}.

The distribution is built and now to understand if the system is controllable, we have to check if
the distribution ! is bracket generating. As we were saying, this requires a lot of computations,
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and to simplify the procedure and to point out the relation with the curvature, we change
perspective.
This means that we look at our problem from another space. Consider the frame bundle of the
tangent bundle TM , we call it F (M), and similarly consider F (M̂), the frame bundle on TM̂ .
The configuration space Q can be thought of as

Q ∈= F (M) → F (M̂)/SO(n);

which corresponds to the identification of tangent planes through an isometry R ↑ SO(n). Given
a point of contact (m, m̂, R), if there is an isometry that maps one frame on TmM to another
frame on Tm̂M̂ , we identify the two frames. The change in perspective consists of working in a
larger space: the space without this identification

F (M) → F (M̂).

When we work in Q we are computing up to isometries, now we remove the identification between
the tangent spaces. Indeed the space in which we have worked up to now can be seen as the
target space of the projection:

F (M) → F (M̂) !↓↓↘ F (M) → F (M̂)/SO(n).

In particular, %(f, f̂) = R if and only if f̂ = R · f for all f frame in M and for all f̂ frame in M̂ ,

F (M) → F (M̂) !↓↓↘ F (M) → F (M̂)/SO(n)

(f, f̂) ≃↓↘ R = f̂ · f.

The next step is finding the corresponding distribution to the rolling one in this bigger space,
but before looking at this correspondence, let’s understand in which spaces we are working.

4.2 The principal SO(n)-bundles F (M) and F (M̂)

Let us explain F (M), the frame bundle on M . For each m ↑ M , a frame at m corresponds to
the choice of a basis of TmM . We can consider a frame f as a linear map in GL(Rn, TmM). In
particular, if f is an orthonormal frame, f ↑ SO(Rn, TmM).

We call Fm(M) := SO(Rn, TmM) the space of orthonormal frames of TmM . There is a
natural action of SO(n) on Fm(M) given by right composition

RA : F (M) ↘ F (M)

f ≃↘ f · A;

by rotating the frame, we remain within the space: f · A ↑ SO(Rn, TmM) for every A ↑ SO(n)
and for every f ↑ SO(Rn, TmM).
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Endowed with this structure F (M) becomes a principal bundle

φ : F (M) ↓↘ M with right action F (M) → SO(n) ↘ F (M)

(f, A) ≃↘ f · A.

A point in this bundle is given by the couple (f, m) where f is the frame and m is the point
where the frame is attached, sometimes if the point of attachment is clear, we write only f as
a point in F (M). The fibers of this bundle Fm(M) = φ↑1(m) for m ↑ M are the set of all
orthonormal frames with which we can endow the tangent space TmM .

In order to be able to restore the setting of the problem, we want to provide a connection
for this bundle. We remind that the constraints translate with the connection and that we
have already chosen one on the manifold M . There is one choice of connection compatible, in
a certain sense, with the Levi-Civita connection that we have given to M . In fact, we are in a
special case, the connection on M induces the connection on F (M) and vice versa; we explain
this better in the last Chapter 5.
We call this connection ⇐.

Considering this fiber bundle φ : F (M) ↘ M , we recall some terminology of principal fiber
bundles.
We call the space Vf of tangent vectors to the fiber through f , the vertical subspace

Vf := kerφ↓|f = Tf F (M).

Choosing a principal connection on φ : F (M) ↘ M means choosing a subspace Hf of Tf F (M)
for each f ↑ F (M) such that

Tf F (M) = Vf ▽ Hf , HA·f = (RA)↓Hf ⇒f ↑ F (M), A ↑ SO(n).

We call this subspace Hf the horizontal subspace of Tf F (M).

Each fiber Fm(M) for every m ↑ M is isomorphic by definition to the group

Fm(M) ∈= SO(n)

and there is an isomorphism between each vertical subspace and the Lie algebra of the group,
so(n)

Vf := Tf Fm(M) ∈= so(n).

Another important thing to remark is that φ↓ : Tf F (M) ↘ Tϖ(f)M is an isomorphism when
restricted to Hf and in this way we have the following identification

Tf F (M) = Vf ▽ Hf
∈= so(n) ▽ Tϖ(f)M.
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Given a frame f = {f1, . . . , fn} ↑ Fm(M), thanks to the connection, we can lift the vector
fields f1, . . . , fn to a local basis of Hf . Denote a local basis for so(n) as {ei,j : 1 △ j < i △ n}
and let $k

ij
the Christo#el symbols related to the frame f , given by the Levi-Civita connection

on M , namely:

$k

ij = ↔⇐fifj , fk↗.

The horizontal lifts of the vector fields fi, for i = 1, . . . , n with respect to ⇐ are given by

f↓

i = fi ↓
∑

ϱ<ς

$ϱ

iςeϱ,ς ⇒i = 1, . . . , n. (4.7)

We recall that given a vector field fi(t) on M , its horizontal lift is the unique vector field
f↓

i
↑ Vec(F (M)) such that

f↓

i

∣∣∣
f

↑ Hf and φ↓f↓

i = fi.

The process through which we arrive at the formulas in 4.7 is not trivial and we describe it in
Chapter 5. In any case here it is important to understand in which sense the two connections
are related. Notice that in the lifts we are using the Christo#el symbols of the connection on
M , also in this sense they correspond. We have that

⇐ṁ(t)fi = 0 ⇒i ⇔ ⇐
ḟ(t)(tangent vectors to f(t)) = 0;

⇐ṁ(t)fi = 0 ⇒i ⇔ ⇐
ḟ(t)f

↓

i = 0 ⇒i;

meaning that we have the possibility of transporting in a parallel way the upper vector fields
along a curve of frames in the very same way in which we transport the vector fields down along
the curve m(t) = φ(f(t)).

M

F (M)

m(t)
f1

f2

f ̸
1

f ̸
2

f

Hf

Vf

f(t)
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Remark. Given a frame, the Christo!el symbols related to that frame are functions on the base
manifold. The Christo!el symbols given by the Levi-Civita connection ⇐ are functions on M

$k

ij : M ↘ R ⇒i, j, k;

by saying that we are using the same Christo!el symbols on F (M), which are functions on
M → SO(n), we mean considering the same functions but defined on a wider domain. Let $k

ij be
the C. symbols on F (M)

$k

ij : F (M) ↘ R ⇒i, j, k.

It holds

$k

ij = $k

ij

∣∣∣
M

= $k

ij ⇒i, j, k.

and we no longer distinguish them.

We recall that the horizontal lifts are invariant by the right action RA, that is, for every
A ↑ SO(n)

φ(f↓

i |f →) = φ(RA · f↓

i |f ) = φ(f↓

i |f ).

Given a connection, for each f ↑ F (M) it remains defined a 1-form ↽f on F (M) with values
in Vf the tangent space of the fiber. The form ↽f is determined by

↽f (X) = ⇀ ⇔ X ↓ ⇀ ↑ Hf ⇒X ↑ Tf F (M);

in particular

ker(↽f ) = Hf .

When there is no risk of confusion we write only ↽ avoiding the pedicle.

We define also the tautological one-form ϑ = (ϑ1, . . . , ϑn) on F (M), as the 1-form with values
in Rn such that

ϑj |f = φ↓(⇁fj)

where ⇁ : TM ↘ T ↓M is the isomorphism induced by the Riemannian metric.
In particular, the horizontal lifts satisfy

ϑj(f↓

i ) = ↔fj , φ↓fi↗ = ϖi,j .

The description of F (M̂) is analogous.

Now that we have clarified the wider context in which we want to make the computations, we
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have to understand what rolling looks like.

4.3 The rolling distribution in F (M) → F (M̂)

We have to readapt the description of the rolling to this space so we start again by translating
the constraints.
Let (f(t), f̂(t)) be a curve in F (M) → F (M̂) such that %(f(t), f̂(t)) = R(t), we are wondering if
R(t) is rolling without slipping or twisting what are the conditions that describe the motion on
the upper curve? Are these conditions also su”cient?

The two constraints of the motion have a precise translation in F (M) → F (M̂) through
the aforementioned forms: ↽ and ϑ of F (M); ↽̂ and ϑ̂ of F (M̂). As we are now working on
the Cartesian product F (M)→F (M̂), from now on, we consider all of these as forms in this space.

Now we give a local description of the space F (M) → F (M̂), it will be useful also later. We
first choose a pair of local sections (e, U) of F (M) and (ê, Û) on F (M̂). Let (m, m̂) ↑ U → Û ,
then any other frame (f, f̂) ↑ Fm(M) → Fm̂(M̂) can be written in this form

fj =
n∑

i=1
fijei|m

f̂j =
n∑

i=1
f̂ij êi|m̂.

For what we have said before we have that

TmM → Tm̂M̂ → f · so(n) → f̂ · so(n) ∈= Hf → H
f̂

→ Vf → V
f̂
.

We choose a local left basis of Vf and V
f̂

in this way

wi,j := f · ei,j ⇒i < j; (4.8)

ŵi,j := f̂ · ei,j ⇒i < j (4.9)

and this comes up to be the local description of the tangent spaces which we use:

Tf F (M) = span{f↓

1 , . . . , f↓

n︸ ︷ 
Hf

, wi,j : i < j
︸ ︷ 

Vf

}

T
f̂
F (M̂) = span{f̂↓

1 , . . . , f̂↓

n︸ ︷ 
Hf̂

, ŵi,j : i < j
︸ ︷ 

Vf̂

}.

We know that ker(↽) = Hf and ker(↽̂) = H
f̂

but considering them as forms on F (M) → F (M̂)
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we have that

ker(↽) = span{Hf , H
f̂
, V

f̂
}

ker(↽̂) = span{H
f̂
, Hf , Vf }.

Similarly for ϑ and ϑ̂ as forms on F (M) → F (M̂),

(ϑ ↓ ϑ̂)(f↓

i + f̂↓

j ) = ϑ(f↓

i ) ↓ ϑ̂(f̂↓

j ) = 0 if and only if i = j

therefore

ker(ϑ ↓ ϑ̂) = span{Vf , V
f̂
, f↓

i + f̂↓

i : i = 1, . . . n}.

4.3.1 No slipping

It holds that

R(t) is a rolling without slipping ⇔ (f(t), f̂(t)) is horizontal to ker(ϑ ↓ ϑ̂).

Let’s understand why.

Remark. Where we say that a curve ϱ(t) is horizontal to a distribution D if ϱ̇(t) ↑ D|ω(t).

The rolling condition on Q says that R(t) is a rolling without slipping if and only if, see 4.4

˙̂m(t) = R(t) · ṁ(t) with R(t) ↑ SO(TmM, Tm̂M̂).

Since R = %(f, f̂) = f̂ · fT we have

˙̂m(t) =

f̂(t) · f(t)T


· ṁ(t) with f(t) ↑ SO(Rn, TmM)

and f̂(t) ↑ SO(Rn, Tm̂M̂);

this leads to

f̂(t)T · ˙̂m(t) = f(t)T · ṁ(t).

We can break this expression in

f̂T

i · ˙̂m = fT

i · ṁ ⇒i

and since now these are equations between maps with values in Rn and in particular between
matrices, we have

f̂i = fi ⇒i.

Therefore the no slipping condition is translated in n equations and the vector fields in F (M) →
F (M̂) that satisfy these equations are vector fields in ↔Vf , V

f̂
↗ or of the kind f↓

i
+ f̂↓

i
so exactly
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the vector fields in ker(ϑ ↓ ϑ̂).

4.3.2 No twisting

It holds that

R(t) is a rolling without twisting ⇔ (f(t), f̂(t)) is horizontal to ker(↽) ∩ ker(↽̂).

The condition 4.5 tells us that the isometry R preserves the parallelism. The frames that corre-
spond through the isometry R are transported in a parallel way with respect to the connection,
so if %(f, f̂) = R we have

⇐
ḟ(t)f

↓

i = 0 ⇒i

⇐ ˙̂
f(t)f̂

↓

i = 0 ⇒i

and thanks to the choice of the connection ⇐ this corresponds to

⇐ṁ(t)fi(t) = 0 ⇒i = 1, . . . , n

⇐ ˙̂m(t)f̂i(t) = 0 ⇒i = 1, . . . , n.

Therefore asking R(t) to be a rolling without twisting is asking every vector field fi(t) to be
parallel along m(t) and every vector field f̂i(t) to be parallel along m̂(t), and this means asking
them to be in the distribution which defines the connection

f↓

i ↑ Hf = ker ↽

f̂↓

i ↑ H
f̂

= ker ↽̂.

Summing up, we have understood that if (f(t), f̂(t)) is a curve in F (M) → F (M̂) such that
%(f(t), f̂(t)) = R(t) then both constraints impose:

R(t) is a rolling

no slipping or twisting
⇔

(f(t), f̂(t)) is horizontal to

ker(ϑ ↓ ϑ̂) ∩ ker(↽) ∩ ker(↽̂).

We call D the upper rolling distribution.

4.4 The correspondence between the distributions

We recall that the relation between the configurations’ space and the frame bundles is given by

F (M) → F (M̂) !↓↓↘ F (M) → F (M̂)/SO(n).

The distributions we have built with the constraints have indeed a precise correspondence
through the map %, given by the following theorem.
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This gives precisely the idea that we are looking at the same object but in a wider context.

Theorem 4.1. Let ! be the rolling distribution in Q and let

D := ker ↽ ∩ ker ↽̂ ∩ ker(ϑ ↓ ϑ̂);

be the rolling distribution in F (M) → F (M̂); it holds that

%↓D = !

and the map is a linear isomorphism on every fiber.

Proof. We prove this theorem in two steps: first, in section 4.4.1, we build the distribution D in
coordinates, and then, in 4.4.2, we study the comparison between the two distributions.
To keep trace of the dimension at every step we call s := dim(SO(n)) = dim(so(n)) and n still
refers to the dimension of M and to the dimension of M̂ .

4.4.1 The distribution D

We work again with local coordinates, so again, we choose a pair of local sections (e, U) of F (M)
and (ê, Û) on F (M̂). Let (m, m̂) ↑ U → Û , then any other frame (f, f̂) ↑ Fm(M) → Fm̂(M̂) can
be written in this form

fj =
n∑

i=1
fijei|m

f̂j =
n∑

i=1
f̂ij êi|m̂.

The Cartesian product of the frame bundles is a 2n + 2s-dimensional space and we use these
local coordinates

F (M) → F (M̂) ∈= M → M̂ → SO(n) → SO(n);

(f, f̂) ≃↘ (m, m̂, f, f̂)

the tangent space at a point (m, m̂, f, f̂) is

TmM → Tm̂M̂ → Tf SO(n) → T
f̂
SO(n) ∈= TmM → Tm̂M̂ → f · so(n) → f̂ · so(n)

and following what we have written above, we have this local description of the tangent spaces:

Tf F (M) = span{f↓

1 , . . . , f↓

n︸ ︷ 
Hf

, wi,j : i < j
︸ ︷ 

Vf

}

T
f̂
F (M̂) = span{f̂↓

1 , . . . , f̂↓

n︸ ︷ 
Hf̂

, ŵi,j : i < j
︸ ︷ 

Vf̂

}.
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We have already shown that:

ker(↽) = span{Hf , H
f̂
, V

f̂
}

ker(↽̂) = span{H
f̂
, Hf , Vf }

ker(ϑ ↓ ϑ̂) = span{Vf , V
f̂
, f↓

i + f̂↓

i : i = 1, . . . n}.

Now computing the intersections we have that the following equations describe the distribution
in the 2n + 2s-dimensional space






Vf = 0 (s equations)

V
f̂

= 0 (s equations)

f↓
i

↓ f̂↓
i

= 0 (n equations)

and therefore the distribution has rank n and

D = span{f↓

i + f̂↓

i : i = 1, . . . , n}.

For the next step, it is useful to write the explicit expression of the lifted vector fields f↓
j

and f̂↓
j

in the local coordinates.
It is practical to introduce also the analogue “right” vector fields, right with respect to 4.9

wi,j := ei,j · f.

The relation between the wi,j and the wi,j is

wl,k =
∑

ϱ,ς

flϱfkςwϱ,ς (4.10)

and it is proven in the appendix, see A.4; it plays a role in the next computations.
Now we recover the local expression of the lifts of the vector fields fi with respect to ⇐ . We
underline that the bold Christo#el symbols ! refer to the frame f , while from the fourth line
on we refer to $ as the Christo#el symbols of the frame e:

f↓

i = fi ↓
∑

ϱ<ς

!ϱ

iςwϱ,ς

= fi ↓ 1
2

∑

ϱ,ς

!ϱ

iςwϱ,ς

=
∑

s

fsies ↓ 1
2

∑

ϱ,ς

↔⇐fifς, fϱ↗wϱ,ς

=
∑

s

fsies ↓ 1
2

∑

ϱ,ς

∑

l,s,k

flϱfsifkς$l

skwϱ,ς =

=
∑

s

fsies ↓ 1
2

∑

s

fsi

∑

ϱ,ς

∑

l,k

flϱfkς$l

skwϱ,ς.
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Now using 4.10 we get

∑

s

fsi



es ↓ 1
2

∑

ϱ,ς

∑

l,k

flϱfkς$l

skwϱ,ς



 =
∑

s

fsi



es ↓ 1
2

∑

l,k

$l

sk
wl,k





=
∑

s

fsi



es ↓
∑

ϱ<ς

$ϱ

sς
wϱ,ς





=
∑

s

fsi



es ↓
∑

ϱ<ς

$ϱ

sς
wϱ,ς



 .

Similarly we have

∑

s

f̂si



ês ↓
∑

ϱ<ς

$̂ϱ

sς
̂wϱ,ς



 .

Therefore a generating element of D is

f↓

i + f̂↓

i =
∑

s

fsi



es ↓
∑

ϱ<ς

$ϱ

sς
wϱ,ς



 +
∑

s

f̂si



ês ↓
∑

ϱ<ς

$̂ϱ

sς
̂wϱ,ς



 .

4.4.2 Comparison of the two distributions

We recall that ! = {E1, . . . , En} with

Ek := ek + Rek +
n∑

i<j

(↔⇐ekej , ei↗ ↓ ↔⇐RekRej , Rei↗) Wi,j for k = 1, . . . , n;

In order to compare the basis of the two distributions we rewrite the last term of the above
equation using also here a “locally right invariant” basis, namely

W̃ς,ω := eς,ω · R for β < ϱ;

the relation between the two basis is analogous to 4.10

W̃i,j =
∑

l,s

RilRjsWl,s (4.11)
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and it is proven in the appendix, see A.4. Now we rewrite the expression using these relations:

n∑

i<j

↔⇐RekRej , Rei↗ Wi,j = 1
2

n∑

i,j

↔⇐RekRej , Rei↗ Wi,j

= 1
2

n∑

i,j


∑

ϱ,ς

RϱkRςj⇐
êω

êς,
∑

ω

Rωiêω



Wi,j

= 1
2

n∑

i,j

∑

ϱ,ς,ω

RϱkRςjRωi


⇐

êω
êς, êω


Wi,j

= 1
2

n∑

i,j

∑

ϱ,ς,ω

RϱkRςjRωi$̂ω

ϱς
Wi,j

= 1
2

∑

ϱ,ς,ω

Rϱk$̂ω

ϱς
W̃ω,ς

=
∑

ϱ

Rϱk

∑

ω<ς

$̂ω

ϱς
W̃ω,ς

=
∑

s

Rsk

∑

i<j

$̂i

sjW̃i,j .

Therefore we have this rewriting for the expression of Ek:

Ek = ek + Rek +
n∑

i<j

$i

kjWi,j ↓
∑

s

Rsk

∑

i<j

$̂i

sjW̃i,j . (4.12)

Now that we have clarified all the basis we use, let’s understand the action of the map; locally
it is given by

% : M → M̂ → SO(n) → SO(n) ↓↘ M → M̂ → SO(n)

m, m̂, f, f̂


≃↘ (m, m̂, R) s.t. R = f̂ · fT .

In order to understand the action on the tangent space, here we write two lemmas.

Lemma 4.1.
%↓( wϱ,ς) = ↓Wϱ,ς.

Proof. Consider a curve of frames (F (t), F̂ (t)) ↑ SO(n) → SO(n) such that

(F (0), F̂ (0)) = (f, f̂)

(Ḟ (0), ˙̂F (0)) = ( wi,j , 0)

then we can compute

d

dt

∣∣∣
t=0

%(F (t), F̂ (t)) = d

dt

∣∣∣
t=0

˙̂F (0) · F (0)T + F̂ (0) · Ḟ (0)T

=0 + f̂ · (eϱ,ς · f)T

=f̂ · fT · eT

ϱ,ς

= ↓ R · eϱ,ς = ↓Wϱ,ς
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therefore ↓Wϱ,ς is the tangent vector to %((F (t), F̂ (t)) at %((F (0), F̂ (0)) = f̂ · fT = R .

Lemma 4.2.
%↓( ̂wϱ,ς) = W̃ϱ,ς.

Proof. Consider a curve of frames (F (t), F̂ (t)) ↑ SO(n) → SO(n) such that

(F (0), F̂ (0)) = (f, f̂)

(Ḟ (0), ˙̂F (0)) = (0, ̂wi,j)

then we can compute

d

dt

∣∣∣
t=0

%(F (t), F̂ (t)) = d

dt

∣∣∣
t=0

˙̂F (0) · F (0)T + F̂ (0) · Ḟ (0)T

=eϱ,ς · f̂ · fT + 0

=eϱ,ς · R

=W̃ϱ,ς

therefore W̃ϱ,ς is the tangent vector to %((F (t), F̂ (t)) at %((F (0), F̂ (0)) = f̂ · fT = R .

The map % projects a 2n + 2s dimensional space on a 2n + s space and on the tangent space
we have

%↓ :

ei ≃↓↘ ei

êi ≃↓↘ êi

wϱ,ς ≃↓↘ ↓Wϱ,ς

̂wϱ,ς ≃↓↘ W̃ϱ,ς

;

it’s clear that ker(%↓) ∈= span{ ̂wϱ,ς : α < β} ∈= so(n), since the vector fields W̃ϱ,ς are linear
combinations of the Wϱ,ς, see 4.11.
In particular the relation between an element Ek of the basis of ! and an element f↓

j
+ f̂↓

j
of

the basis of D is

%↓(
∑

j

fkj


f↓

j + f̂↓

j


) =

∑

j

fkj%↓




∑

s

fsj



es ↓
∑

ϱ<ς

$ϱ

sς
wϱς



 +
∑

s

f̂sj



ês ↓
∑

ϱ<ς

$̂ϱ

sς
̂wϱς









=
∑

j

fkj




∑

s

fsj



es +
∑

ϱ<ς

$ϱ

sςWϱς



 +
∑

s

f̂sj



ês ↓
∑

ϱ<ς

$̂ϱ

sςW̃ϱς









=
∑

s

ϖks



es +
∑

ϱ<ς

$ϱ

sςWϱς



 +
∑

s,j

f̂sjfkj



ês ↓
∑

ϱ<ς

$̂ϱ

sςW̃ϱς





=



ek +
∑

ϱ<ς

$ϱ

kςWϱς



 +
∑

s

Rsk



ês ↓
∑

ϱ<ς

$̂ϱ

sςW̃ϱς





= ek + R · ek +
∑

ϱ<ς

$ϱ

kςWϱς ↓
∑

s

Rsk

∑

ϱ<ς

$̂ϱ

sςW̃ϱς

= Ek.
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This expression also shows that the map is injective once the fiber is fixed. Therefore, % is a

F (M) → F ( ̂M) Q

2n + 2s 2n + s

!̸

Ei
∑

s fis(f ̸
s + f̂ ̸

s )

di#eomorphism in every fiber. This concludes the proof of the theorem.

4.5 Considerations

The main advantage of this point of view, since Lieq! and LieqD turn out to be equivalent, is
the simplification of the e#ective calculations. We recall that we are interested in understanding
the dimension of set Oq0 of reachable points by rolling starting from a point q0, where the set
Oq0 is, as we have already defined in Chapter 2, the Lie algebra of the distribution !.

Notice that, as in the 2-dimensional case, step 3 is the minimum step at which we can stop
the iteration in the computations of the Lie bracket; indeed,

dim M&M̂ STEP 1 STEP 2 STEP 3 dim Q
2 2 2 + 1 3 + 2 5
n n n + n(n↑1)

2 < d n(n+1)
2 + n(n3+6n

2
↑5n+2)

8 > d n(n+3)
2 = d.

A direct consequence showing the equivalence between Lieq! and LieqD is the following.

Corollary 4.1. %↓Dk
q = !k

q for any q ↑ Q, k ↑ N.

Proof. Since everything is related to a point q ↑ Q, we fix local coordinates as we have already
done before.
From theorem 4.1 we have that

%↓D = !

therefore we only have to prove that

%↓([D, D]) = [!, !]

and the rest follows by definition. The theorem shows also that % is a di#eomorphism in each
fiber; therefore,

[Ei, Ej ] =
[

%↓

n∑

s=1
fis


f↓

s + f̂↓

s


, %↓

n∑

s=1
fjs


f↓

s + f̂↓

s

]

= %↓

[
n∑

s=1
fis


f↓

s + f̂↓

s


,

n∑

s=1
fjs


f↓

s + f̂↓

s

]
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and since
∑

n

s=1 fis


f↓

s + f̂↓
s


is a local basis for D we can conclude.

4.6 Computing the brackets in D

Our goal now is to compute [f↓
i

+ f̂↓
i
, f↓

j
+ f̂↓

j
] but since

[
f↓

i
, f̂↓

j

]
= 0, computations of brackets

of D, can be reduced to mostly computing brackets of sections corresponding to vector fields in
each of the manifolds involved.
We recall that we want to compute the brackets in D and then project the result on Q, here is
a recap of the situation.

F (M) → F (M̂)

D = {f↓

i + f̂↓

i : i = 1, · · · , n}

f↓

i =
∑

s

fsi



es ↓
∑

ϱ<ς

$ϱ

sς
wϱς





f̂↓

i =
∑

s

f̂si



ês ↓
∑

ϱ<ς

$̂ϱ

sς
̂wϱς





F (M) → F (M̂)/SO(n) ∈= Q

! = {Ei : i = 1, · · · , n}

Ek = ek + Rek +
n∑

i<j

$i

kjWi,j ↓
∑

s

Rsk

∑

i<j

$̂i

sjW̃i,j .

In order to compute the bracket in D, we introduce some tensor tools; the importance of these
objects will be clear from Lemma 4.4. In particular, we introduce an object that permits to
associate a vector field on F (M) to a tensor on M .
Consider that we will apply the followings to the curvature tensor R on M , a 4-tensor antisym-
metric in the first two arguments

R(fi, fj , fh, fk) := ↔R(fi, fj)fh, fk↗

where

R(fi, fj) = ⇐fi⇐fj ↓ ⇐fj ⇐fi ↓ ⇐[fi,fj ]

= f↓

i f↓

j ↓ f↓

i f↓

j ↓ [fi, fj ]↓;

a recap on these formulas is presented in B.1.3.

Let T be a l-tensor on M , we can associate to it the functions, which evaluate the tensor in
a frame,

Ei1,...il(T ) : F (M) ≃↘ R

f ≃↘ T (fi1 , . . . , fil) , 1 △ ij △ n.
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If l = 2 + g, and T is antisymmetric in the first two arguments, we can define vector fields on
F (M) by

Wi1,...,ig (T ) =
∑

ϱ<ς

Eϱ,ς,i1,...,ig (T )wϱ,ς,

recall that wϱ,ς is a local basis of Vf , so these are vertical vector fields.
The curvature tensor R on M is exactly of the desired type, therefore we obtain these vector
fields on M

Wi,j(R) =
∑

ϱ<ς

R(fϱ, fς, fi, fj)wϱ,ς.

If T̂ is a tensor on M̂ , we define Ei1,...il(T̂ ) and Wi1,...,ig (T̂ ) analogously.

We have these properties.

Lemma 4.3. Let f↓

k
be a generator of Hf .

• For any l-tensor T ,
f↓

k Ei1,...,il(T ) = Ei1,...,il,k
(⇐T )

• For any 2 + l-tensor T , that is antisymmetric in the first two arguments

[f↓

k , Wi1,...,il(T )] = Wi1,...,il,k
(⇐T ) ↓

n∑

s=1
Es,k,i1,...,il

(T )f↓

s

This Lemma is proven in the appendix, since it is a tensorial computation, see A.6.
Consider it in our context, applied to the curvature tensor R. We have

• l = 4, f↓

k
(R(fϱ, fς, fi, fj)(T )) = Eϱ,ς,i,j,k(⇐R) = ⇐R(fϱ, fς, fi, fj , fk);

• 2 + l = 4, [f↓

k
, Wi,j(R)] = Wi,j,k(⇐R) ↓

∑
n

s=1 Es,k,i,j(R)f↓
s .

Now we are ready for the computation of the brackets.

Lemma 4.4. Let f↓

k
be a generator of Hf .

•
[
f↓

i
, f↓

j

]
= ↓Wij(R) for i, j = 1 . . . n.

• [f↓

k
, [f↓

i
, f↓

j
] = ↓Wi,j,k(⇐R) ↓

∑
n

s=1 Es,k,i,j(R)f↓
s

Proof. The first bracket is a consequence of the structures’ equations. The structure equations
are recalled in the appendix in A.5.
Indeed, we have that

Tf F (M) = Hf ▽ Vf , ker ϑ = Vf , ker ↽ = Hf

and since ker ϑ ∩ ker ↽ only contains the zero section, we can show the equality in the above
equation by evaluating the left and right hand side by ϑ and ↽ and see if it produces the same
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result.
Evaluating by ϑ we have, on the right hand side

ϑ[f↓

i , f↓

j ] = ↓dϑ

f↓

i , f↓

j


= (↽(f↓

i ) · ϑ(f↓

j ) ↓ ↽(f↓

j ) · ϑ(f↓

i )) = 0

because ↽(f↓
i
) = 0 since they are horizontal vector fields. On the left hand side

ϑ (Wi,j(R)) = 0

since it is a vertical vector field.
Evaluating by ↽ we have, on the right side

↽
[

f↓

i , f↓

j

]
= ↓&


f↓

i , f↓

j


= ↓

∑

ϱ<ς

R (fϱ, fς, fi, fj) eϱ,ς.

While on the other side

↽ (↓Wi,j(R)) = ↽



↓
∑

ϱ<ς

R(fϱ, fς, fi, fj)wϱ,ς



 = ↓
∑

ϱ<ς

R(fϱ, fς, fi, fj)eϱ,ς.

The second iteration [f↓

k
, [f↓

i
, f↓

j
] is just a rewriting of Lemma 4.3.

4.7 Projection on Q

We could continue the computation, but it is hard to determine which brackets actually give us
independent vector fields; therefore, as in the lower-dimensional case, we investigate su”cient
conditions.
We have already noticed, with the previous lemma, how the curvature controls the coe”cients.
The next step is the projection of the results on the configuration space Q, but in order to give
a meaning to the curvatures of M and M̂ in this space, we introduce a tool that measures in Q
their di#erence.

Remark. We have di!erent projection maps:

% : F (M) → F (M̂) ↘ Q;

ω : Q ↘ M ;

ω̂ : Q ↘ M̂.

We want to project the previous results through %.

Let R and R̂ be the curvature tensor on M and M̂ respectively. We define a 4-tensor in !
in this way

R = ω↓(R) ↓ ω̂↓(R̂).
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We recall that by basic facts of tensor algebra, R may also be seen as a bilinear map

R ↑ Bil(
2∧

! →
2∧

!,R).

Similarly, we define ⇐R a 5 -tensor on !, by ω↓(⇐R) ↓ ω̂↓(⇐R̂).
Now given the results of the previous section and knowing how the projection % acts on tangent
space, we can finally write the brackets of !.

Notation. Now we denote by q the isometry fT · f̂ in order not to be confused with the curvature
tensor symbol R.

Lemma 4.5. Let (e, U) and (ê, Û) be two local sections of F (M) and F (M̂), respectively. Then
on Q|

U↔Û
, in terms of the notation already introduced, we have

!2 = ! ▽ span





∑

ϱ<ς

R (Eϱ, Eς, Ei, Ej) Wϱ,ς






n

i,j=1

!3 = !2 + span





∑

ϱ<ς

⇐R (Eϱ, Eς, Ei, Ej , Ek) Wϱ,ς + qR (ei, ej) ek

↓ R̂ (qei, qej) qek +
∑

1↗ϱ<ς↗n


qeϱ, ⇐

qR(ei,ej)ek↑R̂(qei,qej)qek
qeς







n

i,j,k=1

Proof. The expression of !2 follows from Lemma 4.4 because

[D, D] = span
[

f↓

i + f̂↓

i , f↓

j + f̂↓

j

] ∣∣∣
n

i,j=1

= span




↓
∑

ϱ<ς


R (fϱ, fς, fi, fj) wϱ,ς + R̂


f̂ϱ, f̂ς, f̂i, f̂j


ŵϱ,ς







n

i,j=1

that projected through % gives,

[!, !] = span





∑

ϱ<ς


R (eϱ, eς, ei, ej) ↓ R̂ (êϱ, êς, êi, êj)


Wϱ,ς






n

i,j=1

= span





∑

ϱ<ς

R (Eϱ, Eς, Ei, Ej) Wϱ,ς






n

i,j=1

.

The expression for !3 follows from the same Lemma, after these two observations.

n∑

s=1


Eskij(R)f↓

s + Eskij(R̂)f̂↓

s


= ↓

n∑

s=1


Eijks(R)f↓

s + Eijks(R̂)f̂↓

s



=
n∑

s=1


Eijks(R) ↓ Eijks(R̂)


f̂↓

s (modD).
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It holds, that

%↓




n∑

s,µ,φ,l

fiµfjφfkl


Eµφls(R) ↓ Eµφls(R̂)


f̂↓

s





is equal to

qR(ei, ej)ek ↓ R̂(qei, qej)qek ↓
n∑

ϱ<ς


qeϱ, ⇐qR(ei,ej)ek

qeς


Wϱς ↓

n∑

ϱ<ς


qeϱ, ⇐R(qei,qej)qek

qeς


Wϱς

Indeed, since f↓
s =

∑
j

fjs

[
ej ↓

∑
ϱ<ς

$ϱ

sς
wϱς

]
, we have

%↓




n∑

s,µ,φ,l

fiµfjφfkl(Eµφls(R))




(

∑

y

f̂ysêy

)

= %↓




n∑

s,µ,φ,l,y

fiµfjφfklf̂ys(Eµφls(R))êy





= %↓




n∑

s,µ,φ,l,y

fiµfjφfklf̂ys↔R(fµ, fφ)fl, fs↗êy





= %↓

(
n∑

s,y

f̂ys↔R(ei, ej)ek, fs↗êy

)

= %↓




n∑

s,y,h

f̂ysfhs↔R(ei, ej)ek, eh↗êy





=
n∑

s,y

f̂ysfksR(ei, ej)êy

=
n∑

y

qykR(ei, ej)êy

= q(R(ei, ej)ek).
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Similarly

%↓



↓
n∑

s,µ,φ,l

fiµfjφfkl(Eµφls(R̂))




(

∑

y

f̂ysêy

)

= %↓



↓
n∑

s,µ,φ,l,y

fiµfjφfklf̂ys↔R̂(f̂µ, f̂φ)f̂l, f̂s↗êy





= %↓

(

↓
n∑

s,y

f̂ys↔R̂(qei, qej)qek, f̂s↗êy

)

= %↓

(

↓
n∑

s,y

f̂ys↔R̂(qei, qej)
n∑

l

qlkêl, f̂s↗êy

)

= %↓

(

↓
n∑

s,y

n∑

l

qlkf̂ys↔R̂(qei, qej)êl,
n∑

t

f̂tsêt↗êy

)

= %↓

(

↓
n∑

s,y

n∑

l

qlkf̂ysf̂lsR̂(qei, qej)êy

)

= %↓

(

↓
n∑

s,y

fksf̂ysR̂(qei, qej)êy

)

= ↓q(R̂(qei, qej)ek).

The third term is given by

%↓




n∑

s,µ,φ,l

↓fiµfjφfklEµφls(R̂)







↓
n∑

y

f̂ys

∑

ϱ<ς

$̂ϱ

yς
̂wϱς



 =

= %↓




n∑

s,µ,φ,l,y

∑

ϱ<ς

fiµfjφfklf̂ys↔R̂(f̂µ, f̂φ)f̂l, f̂s↗$̂ϱ

yς
̂wϱς





= %↓




n∑

s,y

∑

ϱ<ς

n∑

l

qlkf̂ysf̂lsR̂(qei, qej)$̂ϱ

yς
̂wϱς





= %↓




n∑

s,y

∑

ϱ<ς

fksf̂ysR̂(qei, qej)$̂ϱ

yς
̂wϱς





= %↓




n∑

y

∑

ϱ<ς

qykR̂(qei, qej)↔⇐
êy

êς, êϱ↗ ̂wϱς





= %↓




∑

ϱ<ς

R̂(qei, qej)↔⇐qek êς, êϱ↗ ̂wϱς





= %↓




∑

ϱ<ς

↔⇐
R̂(qei,qej)qek

êς, êϱ↗ ̂wϱς





= ↓
∑

ϱ<ς

↔⇐
R̂(qei,qej)qek

êς, êϱ↗Wϱ,ς

= · · ·

= ↓
∑

ϱ<ς


⇐R(qei,qej)qek

qeς, qeϱ


Wϱ,ς;

similarly the last term.
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4.8 Su!cient conditions for controllability

Now every element of our setting is generalized and developed. We see that the di#erence of
curvature coe”cients controls some directions.
The scheme is analogous to the one of the 2-dimensional case. Indeed, the theorem that links the
geometry of the rigid bodies and controllability in this n-dimensional case appears as a rewriting
of the main theorem of Chapter 2.

Theorem 4.2. For q ↑ Q, let kq denote the Gaussian curvature of M at ω(q), and let k̂q denote
the Gaussian curvature of M̂ at ω̂(q), and similarly for q0 ↑ Q. Then,

• if k ↓ k̂
∣∣∣
q

⇑ 0 ⇒q ↑ Oq0 on then dim Oq0 = 2;

•• if k ↓ k̂
∣∣∣
q

⇑ 0 ⇒q ↑ Oq0 then dim Oq0 = 5.

Furthermore we can express the same concept also in terms of sectional curvature if we define
a function secq on 2-dimensional planes L in !q by the formula

secq(L) = sec↼(q) (ω↓L) ↓ ŝec↼̂(q) (ω̂↓L) .

Here secm and ŝec
m̂

denote the respective sectional curvatures of M and M̂ at the indicated
points, for more details see B.1.3.

Theorem 4.3. Let q, q0 ↑ Q and let R be the 4-tensor defined above. Then,

• if R|q ⇑ 0 ⇒q ↑ Oq0 then dim Oq0 = n;

•• if Rq is non degenerate, then ! is bracket generating of step 3 at q.

While in terms of sectional curvature, we have

• if secq ⇑ 0 ⇒q ↑ Oq0 then dim Oq0 = n;

•• If secq ⇓= 0 , then ! is bracket generating of step 3 at q.

Proof. • The first point is a direct consequence of Lemma 4.5, indeed !3 = !2 = !.

•• Let ω(q) = (m, m̂), where ω : Q ↘ M → M̂ is the projection.

Notation. Here again we denote the isometry with q, instead of the previous given name
R, in order to avoid confusion with the curvature tensor. So, in this proof q stands for the
configuration q ↑ Q and it represents also the isometry between the tangent space.

Consider local sections (e, U) and (ê, Û) of F (M) and F (M̂) and introduce the respective
local coordinates.
Since R|q is non degenerate, we have that

span





∑

ϱ<ς

R (Eϱ, Eς, Ei, Ej) Wϱ,ς






n

i,j=1

= span {Wi,j}n

i,j=1
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and this adds n(n↑1)
2 new directions. At the third step, again since R|q is non degenerate,

we have that

span


q(R (ei, ej) ek) ↓ R̂ (qei, qej) qek


n

i,j,k=1
= span {qei}n

i=1 ,

and from Lemma 4.5 we can finally conclude that

!3
q = span {Ej |q, qei|m, Wϱ,ς|q}n

i,j,ϱ,ς=1

= span
{
ei|m, êi|m̂, Wϱ,ς|q

}
n

i,ϱ,ς=1 = TqQ.

The formulation in terms of sectional curvature it’s just a consequence of the fact that R is a
bilinear map. A bilinear map is degenerate if the determinant of the associated matrix is zero.
Chosen an orthonormal basis {vj} of TmM, m = ω(q). The map R is a n(n↑1)

2 → n(n↑1)
2 matrix;

if the determinant is non-zero, then we have local controllability at q

det

R (vϱ, vς, vi, vj) ↓ R̂ (qvϱ, qvς, qvi, qvj)


,

1 △ α < β △ n are row indices, 1 △ i < j △ n are column indices. For example, if n = 3, the
aspect of the first matrix in the di#erence is,





R(v1, v2, v1, v2) R(v1, v2, v1, v3) R(v1, v2, v1, v4) · · ·
R(v1, v3, v1, v2) R(v1, v3, v1, v3) · · ·
R(v1, v4, v1, v2) · · ·
R(v2, v3, v1, v2)
R(v2, v4, v1, v2)
R(v3, v4, v1, v2) · · ·





where we notice that the diagonal elements are (the opposite of) the sectional curvatures.
Therefore, we can reformulate in terms of sectional curvature as in the statement.
Let’s see the proof of that part of statement.

• If secq ⇑ 0 it means that secq(L) = 0 ⇒L ∞ !q then Rq = 0 and then dim Oq0 = n by the
previous part of the theorem.

•• If secq > 0 (resp. secq < 0 ) for every L, then ↓Rq (resp. Rq ) in non-degenerate as a
bilinear map on

∧2 !q and this proves the other implications.
Indeed, look at the case secq > 0 and pick the already known basis E1, . . . , En of !q. Let

Lij := span {Ei, Ej}

In this basis, we have

0 < secq(Lij) = secm(ei, ej) ↓ ŝecm(ei, ej)

= ↓R(ei, ej , ei, ej) + R̂(ei, ej , ei, ej)

= ↓R(Ei, Ej , Ei, Ej)
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that is

R(Ei, Ej , Ei, Ej) < 0 ⇒i, j.

The case secq < 0 is analogous.

Notice that we are talking about local controllability; all the conditions are formulated in
terms of a fixed point. However, if they hold for all points, they naturally become su”cient
conditions for complete controllability.
This result is the final generalization. We can recover all the previous examples as simple
consequences.

4.8.1 Example of the sphere rolling on a plane

Let M be the sphere Sn ∞ Rn + 1 of radius r while let M̂ be a n-dimensional plane.
The sphere has constant sectional curvature

secm ⇑ 1
r2 ⇒m ↑ Sn;

while the plane has constant sectional curvature equal to zero, therefore

secq ⇑ 1
r2 ⇒q ↑ Q.

The rolling distribution ! is bracket generating at step 3 at every point of the configuration
space Q, that is, the system is completely controllable, as shown by hand in Chapter 3.

4.8.2 Example of two sphere

Another easy example to recover is the case where M and M̂ are two spheres, of radius r and r̂

respectively. The di#erence of sectional curvatures is

secq ⇑ 1
r2 ↓ 1

r̂2 ⇒q ↑ Q,

so we have a controllable system if and only if the two radii are di#erent.
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Chapter 5

About connections

In Chapter 4 we have strongly used the fact that a connection on a manifold M induces a
connection on the corresponding frame bundle F (M). With frame bundle F (M) of the manifold
we mean properly the bundle of frames of the tangent bundle TM of M that we have already
introduced.

ω : TM ↓↘ M

φ : F (M) ↓↘ M

In this Chapter we give an intuition of the process by which a connection ⇐ on the vector bundle
TM over M gives rise to an horizontal distribution on the associated frame bundle F (M). In
particular, we give an explanation of the lifts formulas presented in 4

f↓

i = fi ↓
∑

ϱ<ς

$ϱ

iςeϱ,ς ⇒i = 1, . . . , n. (5.1)

Detailed introduction to the concept of connection is presented in the appendix B.1.1.

Consider a Riemannian manifold M on which we choose a connection ⇐, here we choose the
Levi-Civita one, but this choice has not important consequences for the main considerations.
The fact that the connection on F (M) is already written when we choose a connection on M

can be seen, but the expression is not so easy to recover.

It can be seen because, as in the tangent bundle TM , the following holds.

Proposition 5.1. Let ⇐ be a linear connection. Let ϱ : [0, T ] ↘ M be a smooth curve and
v0 ↑ Tω(0)M . There exists a unique smooth vector field V along ϱ such that V |

ω(0) = v0 and V

parallel along ϱ with respect to ⇐.

There is also a unique way to parallel transport a chosen frame eω(0) ↑ Tω(0)M along the
curve ϱ(t). We have already used this idea to characterize the rolling motion, described in 2. In
terms of the frame bundle F (M), this means that every curve in M has a unique lift to F (M)
starting at eω(0) and representing parallel frames along the curve. This kind of lift is called a
horizontal lift. The initial tangent vector of a horizontal lift at eω(0) is a horizontal vector at
eω(0). The main point is that the horizontal vectors at a point eω(0) of F (M) form a subspace
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of the tangent space of the frame bundle Teε(0)F (M) that defines the horizontal distribution
needed to define a connection on F (M).

Now following this reasoning, we provide the formulas following these definitions;
a parallel frame along the curve ϱ(t) is a set of vector fields {e1(t), . . . , en(t)}, t ↑ [0, c], such
that

• each field is parallel along the curve: ⇐ω̇(t)ei(t) for i = 1, . . . , n

• (for each t ↑ [0, c] they form a basis of Tω(t)M );

a lift of the curve ϱ(t)is a curve ϱ↓(t) in F (M) such that

• ϱ(t) = φ(ϱ↓(t));

a horizontal lift of the curve ϱ(t)is a curve ϱ↓(t) in F (M) such that

• ϱ(t) = φ(ϱ↓(t));

• ϱ↓(t) is a parallel frame along c.

Parallel transport is a linear isomorphism between tangent spaces; therefore, if a set of parallel
sections forms a basis in ϱ(0), then it gives a basis for every Tω(t)M , that is, given a point
(m, f) = fm ↑ F (M) and a curve ϱ(t), such that ϱ(0) = m, there is a unique horizontal lift
ϱ↓(t) such that ϱ↓(0) = fm. This shows the existence and uniqueness of a horizontal lift in the
frame bundle.

Now in terms of vector fields we show by formulas what is the induced connection on F (M).
Let ω : TM ↘ M the tangent bundle endowed with the Levi-Civita connection ⇐, let X ↑ TmM

a vector field and e = {e1, . . . , en} an orthonormal frame of TmM , the vector field is written

X =
n∑

i

Xiei.

We know that is well defined the covariant derivative

⇐Xej = ⇐∑
Xiei

ej =
∑

i

Xi⇐eiej =
∑

i,k

Xi$k

ijek (5.2)

this expression can be written using the form-expression, in this way

⇐Xej =
∑

k

((↽e)kj(X))ek (5.3)

where the R2n-valued 1-form ↽e encode the linearity of the connection. This is just a compact
way to write the connection, indeed it holds

(↽e)kj(X) =
∑

i

Xi$k

ij .
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The matrix of 1-forms is antisymmetric, since the Christo#el symbols are, therefore, we can
write it using the usual basis of skew(n): {ei,j : i < j}. It turns out that

↽e =
∑

k<j

(
∑

i

Xi$k

ij

)

ek,j .

We recall that the Christo#el symbols $k

ij
are related to the chosen frame e, as the matrix ↽e

is. Now we try to build the correspondence with a form ↽ that acts on F (M), we have to
understand how ↽ acts on a vector field Ỹ in F (M). Given a point p = (m, e) ↑ F (M), a vector
field in the frame bundle is an object

Ỹ ↑ TpF (M) ∈= TmM → e · so(n)

so ↽ act on it like ↽e in the TmM component and like the dual object in the other component.
In particular

Ỹ =
∑

i

˜̃Yiei +
∑

i<j

Vijwi,j (5.4)

and ↽ is the skew(n)-valued 1-form that acts in such a way

↽(Ỹ )ij = (↽e( ˜̃Y ))ij + Vi,j .

Now that we have defined the, in some sense, extension ↽ of the form ↽e we can define the
horizontal lift to F (M) of a vector field X in TM .
We say that X↓ ↑ F (M) is the horizontal lift of the vector field X ↑ TM if

• φ↓(X↓) = X

• ↽(X↓) = 0;

these two conditions permit us to recover a local expression of a horizontal lift, let us see in the
following lines.
Let X be the vector field we want to lift

X =
∑

i

Xiei

let Ỹ a vector field in F (M), then Ỹ is the horizontal lift of X if and only if

• from the first condition: ˜̃Yi = Xi ⇒i

• from the second condition:

0 = ↽(Ỹ ) = ↽(X +
∑

i<j

Vi,jwi,j) ⇔ (↽(Ỹ ))ij = (↽e(X))ij + Vij

=
∑

k

Xk$k

ij + Vij .
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Therefore the expression for the horizontal lift is

X↓ = X ↓
∑

k

Xk$k

ijwi,j . (5.5)
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Chapter A

Appendix

A.1 Tangent space on Lie groups

If G is a Lie group then its tangent space to the identity e ↑ G is a vector space which is called
Lie algebra and denoted by g, namely

g := TeG

Since the group operations are smooth, the left translation Lg : G ↘ G is a di#eomorphism for
all g ↑ G, and therefore (Lg)↓ : TeG ↘ TgG is also a di#eomorphism. We recall that the Lie
algebra TeG is isomorphic as vector space to the Lie sub-algebra of left invariant vector fields
VecL(G)

VecL(G) ↓↘ TeG

X ≃↘ Xe

hence one can recover the tangent space to every point just by applying the di#erential of the
left translation

TgG = Lg↓ (TeG) = Lg↓(g). (A.1)

A.1.1 G = O(n)

The orthogonal group
O(n) := { M ↑ GL(n) : MMT = I}

represents the isometries of a n-dimensional space. It is a Lie group of dimension n(n↑1)
2 indeed

O(n) = f↑1(I)

where f is the submersion

f : GL(n) ↘ Symm(n).

A ≃↘ AAT

59



The matrices in O(n) have determinant ±1 therefore the space is not connected, it is the union of
the two disjoint subsets SO(n)±(n) = {R ↑ O(n) : det R = ±1}. The special orthogonal group
SO(n) := SO(n)+ is a subgroup of O(n) and an open subset of it; it represents the isometries
that preserves the orientation. The Lie algebra of O(n) is by definition

o(n) := TIO(n) = ker Df(I)

and considering that

Df(A) : TAGL(n) ↓↘ TAAT Symm(n)

M ≃↘ MAT + AMT

we have

o(n) =


M ↑ GL(n) : M + MT = 0


=: skew (n)

equipped with the matrix commutator. Since TISO(n) = TIO(n), because SO(n) open subset,
we know also the Lie algebra of SO(n)

so(n) = skew(n).

In particular, looking at A.1 the tangent space at every point is

TM SO(n) = (LM )↓(so(n)) = (LM )↓skew(n) = M · skew(n) ⇒M ↑ SO(n). (A.2)

Remark. It holds for all M ↑ SO(n) , for all E, F ↑ so(n) that

[M · E, M · F ] = M · [E, F ]

where the first is a Lie bracket between left invariant vector fields while the second bracket is the
commutator of matrices.

A.2 Di”erentiation along curves and parallel transport

The results presented here hold for a general linear connection.

Lemma A.1. Given a linear connection ⇐, a regular curve ϱ : [0, T ] ↘ M (with ϱ̇ ⇓= 0) and a
smooth vector field Y defined only along ϱ, it is well defined the vector field ⇐ω̇Y along ϱ and if
we consider a local frame e1, . . . , en and write

ϱ̇(t) =
n∑

i=1
vi(t)ei|ω(t), Y (ϱ(t)) =

n∑

j=1
Yj(ϱ(t))ej |ω(t) =

n∑

j=1
yj(t)ej |ω(t) (A.3)
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then the coordinate formula of the vector field is:

⇐ω̇Y |
ω(t) =

n∑

k=1



ẏk(t) +
n∑

i,j=1
vi(t)yj(t)$k

ij(ϱ(t))



 ek|
ω(t) (A.4)

Proof. Firstly

ẏj(t) = d

dt
yj(t) = d

dt
Yj(ϱ(t)) =

∑

i

ei(Yj)
∣∣∣
ω(t)

(ϱ̇(t))i =
∑

i

ei(Yj)
∣∣∣
ω(t)

vi(t)

and so ∑

j

ẏj(t)ej

∣∣∣
ω(t)

=
∑

i,j

vi(t)ei(Yj)
∣∣∣
ω(t)

ej

∣∣∣
ω(t)

.

Then di#erentiating

⇐ω̇Y
∣∣∣
ω(t)

=
∑

i

∑

j

vi(t)
(

ei(Yj)
∣∣∣
ω(t)

)
ej

∣∣∣
ω(t)

+
∑

i,j,k

vi(t)yj(t)$k

ij(ϱ(t))ek

∣∣∣
ω(t)

=
∑

k

ẏk(t)ek

∣∣∣
ω(t)

+
∑

i,j,k

vi(t)yj(t)$k

ij(ϱ(t))ek

∣∣∣
ω(t)

=
∑

k



ẏk +
∑

i,j

vi(t)yj(t)$k

ij(ϱ(t))



 ek

∣∣∣
ω(t)

.

Proposition A.1. Let ⇐ be a linear connection. Let ϱ : [0, T ] ↘ M be a smooth curve and
v0 ↑ Tω(0)M . There exists a unique smooth vector field V along ϱ such that V |

ω(0) = v0 and V

parallel along ϱ with respect to ⇐.

Proof. We have to solve the non autonomous linear system of di#erential equations

ẏk(t) +
n∑

i,j=1
$k

ij(ϱ(t))ϱ̇i(t)yj(t) = 0, k = 1, . . . , n

which can be written setting Ak,j(t) =
∑

n

i=1 $k

ij
(ϱ(t))ϱ̇i(t) as

ẏk(t) +
n∑

j=1
Ak,j(t)yj(t) = 0, k = 1, . . . , n

Since the di#erential equation is linear then the solution is global, i.e., defined on [0, T ].

A.3 Orbit Theorem, Nagano-Sussmann

Let ! be a distribution on Q of complete and smooth vector fields

!
∣∣∣
q

= span{X1, . . . , Xh}
∣∣∣
q

.
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We have defined the attainable set from a point q0 ↑ Q

Aq0(t) =


ςϖk
Xik

′ . . . ′ ςϖ1
Xi1

(q0) | φi ∝ 0,
k∑

i=1
φi = t, ij ↑ {1, . . . , h}, k ↑ N



.

Now consider a larger set; the orbit of the distribution ! through a point q0 ↑ Q:

Oq0 =


ςϖk
Xik

′ . . . ′ ςϖ1
Xi1

(q0) | φi ↑ R, ij ↑ {1, . . . , h}, k ↑ N


.

In an orbit Oq0 , movement along vector fields Xi is allowed both forward and backward, while
in an attainable set Aq0 only forward motion is possible, see φ ∝ 0. Although, if the distribution
! is symmetric, that is, Xi ↑ ! ↙ ↓Xi ↑ !, then the attainable set from a point q0 coincides
with the orbit of that point:

Oq0 = Aq0 ⇒q0 ↑ M.

In general, orbits have a simpler structure than attainable sets, and this is described in this
theorem.
In this work, we use the setting which gives us the simplest description; therefore, here we write
a version of the Orbit Theorem which is not the more general but which is suitable for our
purpose; if not specified, we are working under the same hypothesis of this theorem.

Theorem A.1. Let ! ∀ Vec M and q0 ↑ M . Then Oq0 is a connected immersed sub-manifold
of M and if ! is analytic, then TqOq0 = Lieq!

A.4 Relationship between left and right invariant basis of so(n)

Here we prove the relation between the left invariant vector fields Wi,j := R · ei,j and the right
analogous W̃i,j := ei,j · R, with R ↑ SO(n) and ei,j = ei ∋ ej ↓ ej ∋ ei.
This relation is the same that holds between wi,j := f · ei,j and wi,j := ei,j · f so we prove it just
for the first ones.

Notation. For any matrix A ↑ Rn
2 and any pair i, j ↑ {1, . . . , n}, the product A(ei ∋ ej) is a

matrix in Rn
2. Moreover, we have the following expression:

[A(ei ∋ ej)]l,k =
∑

m

Al,m(ei ∋ ej)m,k = Al,i ϖj,k, (A.5)

where ϖj,k = 1 if j = k and ϖj,k = 0 otherwise. We can rewrite (A.5) in a more compact form
as:

A(ei ∋ ej) = (A · ei) ∋ ej = A·,i ∋ ej , (A.6)

where A·,i denotes the i-th column of the matrix A.
Similarly, we obtain the following expression for the right multiplication:

(ei ∋ ej)A = ei ∋ (ej · A) = ei ∋ Aj,·, (A.7)
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where Aj,· denotes the j-th row of the matrix A.

Now we can compute Wi,j and W̃i,j . We use A.6

Wi,j = R[ei ∋ ej ↓ ej ∋ ei] = R·,i ∋ ej ↓ R·,j ∋ ei (A.8)

and using A.7

W̃i,j = ei ∋ Rj,· ↓ ej ∋ R i,· (A.9)

We can prove that

W̃i,j =
∑

l,s

Ri,lRj,sWl,s (A.10)

indeed it holds

∑

l,s

Ri,lRj,sWl,s =
∑

l,s

Ri,lRj,s [R·,l ∋ es ↓ R·,s ∋ el]

=
∑

l

Ri,l

(
∑

s

Rj,sR·,l ∋ es

)

↓
∑

s

Rj,s

(
∑

l

Ri,lR·,s ∋ el

)

=
∑

l

Ri,l

(

R·,l ∋
∑

s

Rj,ses

)

↓
∑

s

Rj,s

(

R·,s ∋
∑

l

Ri,lel

)

=
∑

l

Ri,l (R·,l ∋ Rj,·) ↓
∑

s

Rj,s (R·,s ∋ Ri,·)

=
(

∑

l

Ri,lR·,l

)

∋ Rj,· ↓
(

∑

s

Rj,sR·,s

)

∋ Ri,·

= ei ∋ Rj,· ↓ ej ∋ Ri,·

where in the last line we have used the orthogonality of R. Indeed,
(

∑

l

Ri,lR·,l

)

k

=
∑

l

Ri,lRk,l =
∑

l

Ri,lR
T

l,k = (RRT )i,k = ϖi,k.

A.5 Curvature form and structure equation in a Principal Bun-

dle

Here we write and prove the structure equations for a Riemannian manifold endowed with the
Levi-Civita connection. Everything here is written in suitable terms for our work: structure
equations for the frame bundle F (M).
Objects involved: ϑ, &, ↽

• ↽=connection form: so(n)-valued 1-form on F (M).
By definition we have ker(↽) = H.
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• ϑ = tautological one-form: Rn-valued 1-form on F (M).

ϑ = (ϑ1, . . . , ϑn) s.t. ϑj(v) = ↔fj , φ↓v↗ ⇒v ↑ Vec(F (M)).

By definition we have ker(φ↓) = V ∞ ker ϑ.

• & = curvature form: so(n)-valued 2-form on F (M).

&ij(v1, v2) = R(φ↓v1, φ↓v2, fj , fi) v1, v2 ↑ Vec(F (M)),

where R is the Riemannian curvature tensor.

Remark. To define the wedge product of a pair of Lie algebra-valued di!erential forms, we
substitute the standard product with the Lie bracket, to obtain another Lie algebra-valued form.
Let ↽ a g-valued p-form and ▷ a g-valued q-form, their wedge product ↽ ∃ ▷ is given by

↽ ∃ ▷ (v1, . . . , vp+q) = 1
p!q!

∑

↽

sgn(↼)
[
↽


v↽(1), . . . , v↽(p)


, ▷


v↽(p+1), . . . , v↽(p+q)

]

where the vi’s are tangent vectors. For example, if ↽ and ▷ are Lie-algebra-valued one forms,
then one has

↽ ∃ ▷ (v1, v2) = [↽ (v1) , ▷ (v2)] ↓ [↽ (v2) , ▷ (v1)] .

Theorem A.2 (1st Structure Equation). Let X, Y ↑ Vec(F (M)) it holds

dϑ(X, Y ) = ↓(↽(X) · ϑ(Y ) ↓ ↽(Y ) · ϑ(X)) matrix expression

dϑi(X, Y ) = ↓
∑

k

↽ik ∃ ϑk(X, Y ) component wise expression

Compact expression:

dϑ = ↓↽ ∃ ϑ.

Theorem A.3 (2nd Structure Equation). Let X, Y ↑ Vec(F (M)) it holds

d↽(X, Y ) = ↓[↽(X), ↽(Y )] + &(X, Y ) matrix expression

d↽ij(X, Y ) = ↓
∑

k

↽ik ∃ ↽kj(X, Y ) + &ij(X, Y ) component wise expression

Compact expression:

d↽ = ↓↽ ∃ ↽ + &

Corollary A.1. Let X, Y ↑ Vec(F (M)), it holds

ϑ([X, Y ]) = ↓dϑ(X, Y ).
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Corollary A.2. If X, Y ↑ H then

↽([X, Y ]) = ↓&(X, Y ).

Here we report only the proof of the second structure equation theorem A.3, since the technique
is rather similar for all the statements in this section.

Proof. We choose a local section (e, U) of F (M) and we consider a frame f ↑ FmM for m ↑ U .
Local coordinates are given as in the proof of Theorem 4.1 .
Every vector of F (M) is a sum of a vertical vector and a horizontal vector. Since both sides
of the above equality are bilinear and skew-symmetric in X and Y , it is su”cient to verify the
equality in the following three special cases.

• X and Y are horizontal:
The ker(↽f ) = Hf so in this case, ↽(X) = ↽(Y ) = 0 and the equality, using Cartan’
formula, reduces to

d↽i,j(X, Y ) = X↽i,j(Y ) ↓ Y ↽i,j(X) ↓ ↽i,j([X, Y ])

= ↓↔[φ↓X, φ↓Y ]verfi, fj↗

= ↓↔R(φ↓X, φ↓Y )fi, fj↗

= ↓&j,i(X, Y )

= &i,j(X, Y ).

• X and Y are vertical:
Let X = A↓ and Y = B↓ at f , where A, B ↑ so(n). Here A↓ and B↓ are the fundamental
vector fields corresponding to A and B respectively. By Cartan’s formula, we have

d↽ (A↓, B↓) = A↓ (↽ (B↓)) ↓ B↓ (↽ (A↓)) ↓ ↽ ([A↓, B↓])

= A↓(B) ↓ B↓(A) ↓ [A, B]

= ↓ [↽ (A↓) , ↽ (B↓)]

since ↽ (A↓) = A, ↽ (B↓) = B are constant element, therefore di#erentiating they go to
zero and [A↓, B↓] = [A, B]↓. On the other hand,

& (A↓, B↓) = 0.

• X is horizontal and Y is vertical:
Let Y = A↓ at f , where A ↑ so(n). The right hand side of the equality vanishes,

↓[↽(X), ↽(A↓)] + &(X, A↓) = ↓[0, A] + R(φ↓(X), φ↓(A↓)) = 0.
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we have to show that d↽ (X, A↓) = 0. Again by Cartan’s formula , we have

d↽ (X, A↓) = X (↽ (A↓)) ↓ A↓(↽(X)) ↓ ↽ ([X, A↓])

= ↓↽ ([X, A↓]) ;

we want to prove that [X, A↓] is horizontal, if this is the case, also the left hand side
vanishes and the equality is proven.It holds that

[X, A↓] = lim
t↘0

1
t

[Rat(X) ↓ X]

and if X is horizontal, so is Rat(X). Thus [X, A↓] is horizontal.

A.6 Tensorial algebra

Here we provide the computation to prove the following Lemma.

Lemma A.2. Let f↓

k
be a generator of Hf .

• For any l-tensor T ,
f↓

k Ei1,...,il(T ) = Ei1,...,il,k
(⇐T )

• For any 2 + l-tensor T , that is antisymmetric in the first two arguments

[f↓

k , Wi1,...,il(T )] = Wi1,...,il,k
(⇐T ) ↓

n∑

s=1
Es,k,i1,...,il

(T )f↓

s

Proof. We use a local representation of f↓
i

f↓

i = fi ↓
∑

ϱ<ς

!ϱ

iςwϱ,ς

Since wϱς is just the representation of eϱς in local coordinates, we put ourself in the simpler
case

f↓

i = fi ↓
∑

ϱ<ς

!ϱ

iςeϱ,ς;

we recall that !ϱ

iς = ↔fϱ, ⇐fifς↗. First we write the matrix-vector product

(eϱςfi)k
= ϖς,kfϱi ↓ ϖϱ,kfςi k = 1, . . . , n

with this compact notation

eϱςfi = ϖς,jfϱ ↓ ϖϱ,jfς
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where j on the right-hand-side is a free index and this writing means that if β = j then we put
the α-th component of fi in the i-th component of the resulting vector and if α = j then in the
i-th component we put the β-th component of fi.
This leads to

∑

ϱ<ς

↔fϱ, ⇐fk
fς↗ eϱ,ςfi = 1

2
∑

ϱ,ς

!ϱ

kς(ϖς,ifϱ ↓ ϖϱ,ifς)

= 1
2

∑

ϱ,ς

!ϱ

kς(ϖς,ifϱ) ↓ 1
2

∑

ϱ,ς

!ϱ

iς(ϖς,ifϱ)

= 1
2

∑

ϱ

!ϱ

kifϱ + 1
2

∑

ς

!ς

kifς

=
∑

ϱ

!ϱ

kifϱ

=
∑

ϱ

↔fϱ, ⇐fk
fi↗ fϱ = ⇐fk

fi.

Then the conclusion follows from

f↓

k Ei1,...,il(T ) = fkT (fi1 , . . . , fil) ↓
∑

ϱ<ς

!i
kςeϱςT (fi1 , . . . , fil)

= fkT (fi1 , . . . , fil) ↓
∑

ϱ<ς

!i
kςT (eϱςfi1 , . . . , fil) ↓

∑

ϱ<ς

!i
kςT (fi1 , eϱςfi2 , . . . , fil)

↓ . . . ↓
∑

ϱ<ς

!i
kςT (fi1 , fi2 , . . . , eϱςfil)

= fkT (fi1 , . . . , fil) ↓ T (⇐fk
fi1 , . . . , fil) ↓ T (fi1 , ⇐fk

fi2 , . . . , fil)

↓ . . . ↓ T (fi1 , fi2 , . . . , ⇐fk
fil)

= ⇐T (fil , . . . , fil , fk)

= Eil,...,il,k
(⇐T ) .

The second part of the statement is given below.
Recall that ϑj (f↓

k
) = ϖj,k and ↽ (f↓

k
) = 0, while ϑj (eh,φ) = 0 and ↽ (eh,φ) = wh,φ. Hence, we

have, using the previous notation

[f↓

k , eh,φ] = ϖk,hf↓

φ ↓ ϖk,φf↓

h .
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We conclude that

[f↓

k , Wi1,...,il(T )] = 1
2

∑

h,φ

f↓

k (Eh,φ,i1,...,il
) eh,φ + 1

2

n∑

h,φ=1
Eh,φ,i1,...,il

[f↓

k , eh,φ]

=
∑

h<φ

f↓

k (Eh,φ,i1,...,il
) eh,φ + 1

2

n∑

h,φ=1
Eh,φ,i1,...,il

(ϖk,hf↓

φ ↓ ϖk,φf↓

h)

= Wi1,...,il,k
(⇐T ) + 1

2

n∑

h,φ=1
Eh,φ,i1,...,il

ϖk,hf↓

φ ↓ 1
2

n∑

h,φ=1
Eh,φ,i1,...,il

ϖk,φf↓

h

= Wi1,...,il,k
(⇐T ) + 1

2

n∑

φ=1
Ek,φ,i1,...,il

f↓

φ ↓ 1
2

n∑

h

Eh,k,i1,...,il
f↓

h

= Wi1,...,il,k
(⇐T ) ↓

∑

s

Es,k,i1,...,il
f↓

s

since T is antisymmetric in the first coordinates.
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Chapter B

Appendix on Curvature

B.1 Riemannian curvature

B.1.1 Connection

In our work, we endow the vector bundle TM and the frame bundle F (M) with connections.
Here we report the definitions for a general vector bundle ω : F ↘ M . Let Fm = ω↑1(m) denote
the fiber of the bundle at the point m ↑ M . Choosing a connection ⇐ on a vector bundle F ,
as we already said, means choosing in every point a complement to the tangent space of a fiber.
So, if we call the subspace tangent to the fiber the vertical space Vf

Vf := ker ω↓

∣∣
f

= Tf F↼(f) ⇒f ↑ F

we have the splitting of the tangent space to F in the vertical and in the horizontal parts

Tf F = Vf ▽ Hf ;

and choosing a connection means choosing a proper horizontal space H for every f ↑ F . The
collection of these subspaces for every point forms, respectively, the vertical and the horizontal
distribution. Given v ↑ V ec(M) a vector field on M we define the horizontal lift of v as the
unique vector field v↓ ↑ V ec(F ) such that

v↓

∣∣∣
f

↑ Hf & ω↓v↓ = v ⇒f ↑ F.

Remark. In literature there are more than one way to denote the horizontal lifts. We have
chosen this one even if this expression does not carry the symbol of the connection. If necessary
we use also the following equivalent notation

v↓ = ⇐v.
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Notice that the lift is unique because the di#erential of ω

ω↓

∣∣∣
f

: Tf F ↘ T↼(f)M

is a surjective map with the kernel equal to the vertical subspace, so it becomes an isomorphism
when we restrict it to the horizontal space. We underline that the choice of connection determines
the expression of the lifts.
The tool of connection gives us the possibility to put in relation fibers of di#erent points in the
manifold with the concept of parallel transport. Indeed, let ϱ : [0, T ] ↘ M a smooth curve on
the manifold and the vector field X(t) ↑ V ec(M), defined in a neighbourhood of the curve, that
represents an extension of velocity field of the curve

ϱ̇(t) = X(ϱ(t)) ⇒t ↑ [0, T ];

we can consider the vector field given by its lift ⇐ω̇(t) or equivalently, following the previous
notation

X↓(t).

The parallel transport along the curve ϱ is the map P defined by the flow of the non-autonomous
vector field X↓(t); let 0 △ t0 < t1 △ T , the parallel transport from the fiber of ϱ(t0) to the fiber
of ϱ(t1) is

P ω

t0,t1 : Fω(t0) ↘ Fω(t1).

This is a general approach to the definition of connection which focuses on the geometric visu-
alization, but it isn’t the only one.
If we consider the case of an a”ne connection, connection on the tangent bundle TM , we also
step into the concept of di#erential operator. Connection becomes also a tool to di#erentiate
vector fields on manifolds, this other aspect is highlighted with the following definition of con-
nection. In [tu2017di”erential], for example, is shown as an a”ne connection on a manifold M

induces a unique covariant derivative of vector fields along a smooth curve in M . This in some
sense generalizes the derivative of a vector field along a smooth curve in Rn. In the next lines,
we try to give an intuition about this and to see how the two definitions correspond. This also
permits us to present a way of describing a connection in local coordinates, using the so-called
Christo#el symbols.

An a”ne connection on TM is a map

⇐ : Vec(M) → Vec(M) ↘ Vec(M)

bilinear and such that

• ⇐fX(Y ) = f⇐XY ⇒f ↑ C→(M)

• ⇐X(gY ) = (Xg)Y + g⇐XY ⇒g ↑ C→(M)

70



Given a local frame v1, . . . , vn we define the Christo#el symbols of ⇐ associated to the frame as
the set of functions $k

ij
satisfying

⇐vivj =
n∑

k=1
$k

ijvk;

the Christo#el symbols encodes the linearity of the connection.
In this way, we recover the idea of di#erentiating along a curve because given a regular curve
ϱ : [0, T ] ↘ M (with ϱ̇ ⇓= 0 ) and a smooth vector field Y defined only along ϱ, the vector field

⇐ω̇Y

along ϱ is well defined. In this context, we define what it means to be parallel: we say that a
vector field Y along a smooth curve ϱ : [0, T ] ↘ M is parallel with respect to ⇐ if

⇐ω̇Y = 0

along ϱ. From A.2 we know that there exists a unique smooth vector field V along ϱ such that
V |ω(0) = v0 and V parallel along ϱ with respect to ⇐. The map which associates v0 with V |ω(0)
is exactly the parallel transport of v0 along ϱ

P ω

0,t
: Tω(0)M ↘ Tω(t)M

v0 ≃↘ vt := V |
ω(t)

B.1.2 Curvature of a connection

After these observations on connections, we proceed with the related definitions. Given an
element W ↑ Tf F = Vf ▽ Hf , we denote by Whor its projection on the horizontal subspace at
the point f and analogously Wver is the projection on the vertical subspace.

The Lie bracket of two vertical vector fields is again a vertical vector field, because the
pushforward commutes with the bracket and vertical vector fields are in the kernel of ω↓; let
W, Z ↑ V

ω↓([W ↓, Z↓]) = [ω↓(W ↓), ω↓(Z↓)] = [0, 0] = 0.

The curvature operator is a way of measuring how far we are from having this property also for
two horizontal vector fields.

Let X, Y ↑ Vec(M) the curvature of the connection ⇐ is the operator

R(X, Y ) := [⇐X , ⇐Y ]
ver

.

Notice that, given a vector field W ↑ Tf F , its horizontal part coincides, by definition, with
the lift of its projection. In particular

Whor = ω↓W = ⇐↼↑W ;
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therefore for X, Y ↑ Vec(M)

ω↓([⇐X , ⇐Y ]) = [ω↓⇐X , ω↓⇐Y ] = [X, Y ],

[⇐X , ⇐Y ]hor = ⇐[X,Y ].

Now through previous identities we rewrite the curvature R(X, Y ) in a more classical way

R(X, Y ) = [⇐X , ⇐Y ] ↓ [⇐X , ⇐Y ]
hor

= [⇐X , ⇐Y ] ↓ ⇐[X,Y ]

= ⇐X⇐Y ↓ ⇐Y ⇐X ↓ ⇐[X,Y ].

Notice that if R(X, Y ) = 0 for every X, Y then the horizontal distribution is involutive

[⇐X , ⇐Y ] = [⇐X , ⇐Y ]ver︸ ︷ 
R(X,Y )

+[⇐X , ⇐Y ]hor ⇒⇐X , ⇐Y ↑ H

and the converse is also true.

B.1.3 Riemannian curvature

If the manifold M is endowed with a Riemannian metric we can speak about compatibility with
the connection and we consider a well known fact that on a Riemannian manifold (M, ↔·, ·↗)
there exists a unique a”ne connection that is compatible with the metric and with zero torsion.
In this context we can write a scalar value of the curvature that recovers the idea of Gaussian
curvature. In this case the curvature tensor is often written in the (3, 1) form, known as the
Riemannian curvature tensor. Let X, Y, Z, W ↑ V ec(M)

R(X, Y, Z, W ) := ↔R(X, Y )Z, W ↗.

We recall some properties:

• R is a tensor, i.e., the value of R(X, Y ) at a point depends only on the value of X and Y

at the point itself;

• skew-symmetric: R(X, Y ) = ↓R(Y, X); therefore R(X, Y, Z, W ) is skew symmetric in the
first two entries;

• R is C→(M)-linear in every variable.

The Gaussian curvature, concept related to a 2-dimensional Riemannian manifold M , can be
expressed in these terms in the following way. The Gaussian curvature kq at a point q ↑ M is

kq = ↔Rq(X, Y )Y, X↗

for any orthonormal basis X, Y for the tangent plane TqM ; Rq is the value of the curvature
tensor computed at the point q. The definition is well defined, i.e. is independent of the choice
of orthonormal basis.
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B.2 Curvature of a 2D-Riemannian manifold

Here we recover the expression of the Riemannian curvature tensor avoiding the Hamiltonian
formalism.
Let (M, ↔ , ↗) be a Riemannian manifold of dimension two. Let X1, X2 be a local orthonormal
frame with structure’s functions c1, c2 ↑ C→(M):

↔Xi, Xj↗ = ϖij , [X1, X2] = c1X1 + c2X2.

In the next computation we use the Levi-Civita connection ⇐.
The Christo#el symbols of this connection are completely described in the terms of the functions’
structure if we use an orthonormal frame, in particular using the Koszul formula one can prove
this relations (here provided for a general n-dim manifold):

X1, . . . , Xn local orthonormal frame such that [Xi, Xj ] =
n∑

k=1
ck

ijXk

then the Christo#el symbols associated ⇐XiXj =
n∑

k=1
$k

ijXk are

$k

ij = 1
2(ck

ij ↓ ci

jk + cj

ki
).

In particular we have that ck

ii
= 0 ⇒k and $k

ij
= ↓$j

ik
.

Remark. This description of the Christo!el symbols depends on the choice of the frame, if we
chose, for example, a coordinate frame, i.e., Xi = ε

εxi
we obtain the description of the symbols

in terms of the metric, is an equivalent description.

In the 2-dim case we use the following identifications:

c1
21 = ↓c1

12 = ↓c1, c2
21 = ↓c2

12 = ↓c2,

in order to have

[X1, X2] = c1
12X1 + c2

12X2 = c1X1 + c2X2

[X2, X1] = c1
21X1 + c2

21X2 = ↓c1X1 ↓ c2X2.

There are 23 total indices, 22 non zero and only 2 independent:

$i

ii = 0, $j

ij
= 0,

$1
12 = c1 = ↓$2

11,

$1
22 = c2 = ↓$2

21.
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Now we can compute the Riemann curvature tensor:

R(X1, X2)X2 = [⇐X1 , ⇐X2 ]X2 ↓ ⇐[X1,X2]X2

= ⇐X1⇐X2X2 ↓ ⇐X2⇐X1X2 ↓ ⇐[X1,X2]X2.

Remember that ⇐XiXj =
∑

n

k=1 $k

ij
Xk, so

⇐X1X1 = 0 + $2
11X2 = ↓c1X2, ⇐X1X2 = $1

12X1 + 0 = c1X1

⇐X2X1 = 0 + $2
21X2 = ↓c2X2, ⇐X2X2 = $1

22X1 + 0 = c2X1.

Then putting them in the previous expression we have

R(X1, X2)X2 = ⇐X1(c2X1) ↓ ⇐X2(c1X1) ↓ c1⇐X1X2 ↓ c2⇐X2X2

= ⇐X1(c2)X1 + c2(↓c1X2) ↓ ⇐X2(c1)X1 + c1(c2X2) ↓ c2
1X1 ↓ c2

2X1

= X1(c2)X1 ↓ c1c2X2 ↓ X2(c1)X1 + c1c2X2 ↓ c2
1X1 ↓ c2

2X1

= X1(c2)X1 ↓ X2(c1)X1 ↓ c2
1X1 ↓ c2

2X1

and computing the inner product we obtain the scalar value of the curvature written depending
on the functions’ structure.

↔R(X1, X2)X2, X1↗ = X1(c2) ↓ X2(c1) ↓ c2
1 ↓ c2

2. (B.1)

B.3 Sectional Curvature

Let M be a Riemannian manifold and p a point in M . If L is a 2-dimensional subspace of the
tangent space TqM , then we define the sectional curvature of L to be

sec(L) = ↔R (e1, e2) e2, e1↗

for any orthonormal basis e1, e2 of L. Just as in the definition of the Gaussian curvature, the
right-hand side is independent of the orthonormal basis.
If X, Y is an arbitrary basis for the 2-plane L, then the sectional curvature of L is also given by

sec(X, Y ) = R(X, Y, Y, X)
¬X¬2¬Y ¬2 ↓ ↔X, Y ↗ .

B.4 Curvature of the sphere

This is a known fact, but just to use the tools we have in this work, we compute the curvature
of the sphere S2 with the Riemann curvature tensor. Consider a 2-dimensional sphere of radius
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R, we use polar coordinates to parametrize it, (ϑ, ς) ↑ [0, 2ω]

x = R cos ϑ sin ς

y = R sin ϑ sin ς

z = R cos ς.

The pullback of the standard Euclidean metric of R3 gives us the metric on the sphere:

R2 sin2 ςdϑ2 + R2dς2.

Now we write it in the matrix form g, followed by the inverse

g = R2
(

sin2 ς 0
0 1

)

, g↑1 = 1
R2 sin2 ς

(
1 0
0 sin2 ς

)

.

The next step is to compute the Christo#el symbols. We derive them from the metric using
the following classical formula, this is the general formula of the Christo#el symbols of the Levi
Civita connection associated with the coordinate frame {Xi = ε

εxi
, i = 1, . . . , dim M}

$k

ij = 1
2

n∑

m=1
gmk

(
εgim

εxj

+ εgjm

εxi

↓ εgij

εxm

)

.

From the symmetry of the metric, we have that $k

ij
= $k

ji
⇒i, j, k. In our case X1 = ε

εϑ
and

X2 = ε

ε⇀
and we have 8 symbols among which 6 independents and since our metric is diagonal

we obtain

$1
11 = 0 = $2

22;

$1
12 = $1

21 = cos ς

sin ς
;

$2
12 = $2

21 = 0;

$2
11 = ↓ sin ς cos ς;

$1
22 = 0.

Now we can write the derivations ⇐XiXj =
∑

k
$k

ij
Xk;

⇐X1X1 = $2
11X2;

⇐X2X2 = 0;

⇐X1X2 = $1
12X1;

⇐X2X1 = $1
21X1.

Finally the sectional curvature

sec(X1, X2) = R(X1, X2, X2, X1)
||X1||2||X2||2 ↓ ↔X1, X2↗ ;
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R(X1, X2, X2, X1) = ↔R(X1, X2)X2, X1↗ = ↔↓⇐X2⇐X1X2, X1↗ = ↔X1, X1↗ = R2 sin2 ς;

||X1||2 = R2 sin2 ς; ||X2||2 = R2; ↔X1, X2↗ = 0.

Therefore we obtain a constant expression for every point:

sec(X1, X2) = R2
###sin2 ς

R4
###sin2 ς

= 1
R2 .

And since span{X1, X2}|x = TxM ⇒x ↑ M , the curvature is equal to the sectional curvature
at every point.
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