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Abstract

The objective of this work is to numerically model the combustion within the boundary layer
of hybrid engines in order to determine, in addition to the classic parameters of internal
ballistics, also the efficiency of propellant use. To this end, a quasi — one-dimensional quasi
— stationary model of a cylindrical port solid grain was developed, which provides
information on the internal ballistics of the hybrid engine. This model is then coupled with
the semi-empirical modelling of the boundary layer and the flame within it, developed from
Marxman's classical hybrid combustion theory, with the aim of estimating the amount of
propellant that actually participates in the combustion process. The latter is a parameter that
is not very considered in theoretical publications on hybrid combustion, but it represents a
key element in the determination of combustion efficiency. The modelling was done in the
MATLAB environment in order to obtain a useful tool during preliminary sizing that allows,
without the need for computationally expensive numerical fluid dynamics simulations, to
obtain an estimate of the combustion behaviour of the hybrid engine and to investigate in a
simplified way the influence of some physical parameters on it.

In Chapter 1 the main characteristics of a hybrid rocket engine will be described,
emphasizing the advantages and disadvantages of this type of engine compared to liquid and
solid engines.

In Chapters 2 and 3, Marxman's theory is discussed. This theory allows to
characterize the physics of hybrid combustion for the classic combinations of oxidizer and
fuel in hybrid engines.

In chapter 4 a methodology for the preliminary sizing of a hybrid engine starting
from the mission requirements is proposed.

In Chapter 5 a quasi-one-dimensional quasi-stationary model is described for the
study of the internal ballistics of a hybrid engine and the influence of some physical

parameters on the behaviour of the fluid inside the combustion chamber is evaluated.



In Chapter 6 a numerical model for the boundary layer with a hybrid combustion is
proposed. This model implements some corrections to Marxman's theory to better adapt it
to the description of the boundary layer inside a closed duct. Starting from the model of the
boundary layer above a flat plate in an open environment, a model for the boundary layer
inside a closed duct is proposed. The effects of the grain size, the oxidizer mass flux and the
type of oxidizer used are evaluated by means of a parametric study.

In Chapter 7 the 1D model and the boundary layer model are coupled, obtaining the
1D with boundary layer model, which allows to describe the internal ballistics of a hybrid
engine and evaluate the combustion efficiency. The numerical results related to combustion
efficiency will be compared between those obtained experimentally [ 18] and those obtained
from numerical simulations under the same operating conditions, in order to evaluate the

validity of the proposed model.
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Sommario

L'obiettivo di questo elaborato ¢ quello di modellare numericamente la combustione
all’interno dello strato limite dei motori ibridi con il fine di determinare, oltre ai parametri
classici della balistica interna, anche I’efficienza di impiego del propellente. A tal fine ¢ stato
sviluppato un modello quasi — monodimensionale quasi — stazionario di un grano solido a
porta cilindrica, che fornisce le informazioni sulla balistica interna del motore ibrido. A
questo modello ¢ stata poi accoppiata la modellazione semi-empirica dello strato limite e
della flamma al suo interno, sviluppata a partire dalla teoria della combustione ibrida classica
di Marxman, con I’obiettivo di stimare la quantita di propellente che partecipa effettivamente
al processo combustivo. Quest’ultimo ¢ un parametro che viene poco considerato nelle
pubblicazioni teoriche riguardanti la combustione ibrida, ma rappresenta un elemento chiave
nella determinazione dell'efficienza di combustione. La modellazione ¢ stata fatta in
ambiente MATLAB in maniera tale da ottenere uno strumento utile in sede di
dimensionamento preliminare che permetta, senza la necessita di onerose simulazioni
numeriche fluidodinamiche, di ottenere una stima del comportamento combustivo del
motore ibrido e di investigare in maniera semplificata l'influenza di alcuni parametri fisici
su di esso.

Nel Capitolo 1 verranno descritte le principali caratteristiche di un motore a razzo
ibrido, sottolineando i vantaggi e gli svantaggi di questa tipologia di motore rispetto ai motori
liquidi e solidi.

Nei capitoli 2 e 3 verra descritta approfonditamente la teoria di Marxman che
permette di caratterizzare la fisica della combustione ibrida per le classiche combinazioni di
ossidante e combustibile nei motori ibridi.

Nel capitolo 4 ¢ proposta una metodologia per il dimensionamento preliminare di un

propulsore ibrido a partire dai requisiti di missione.
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Nel Capitolo 5 viene riportato un modello quasi — monodimensionale quasi —
stazionario per lo studio della balistica di un motore ibrido e viene valutata 1'influenza di
alcuni parametri fisici sul comportamento del fluido all’interno della camera di combustione.

Nel Capitolo 6 viene proposto un modello numerico per lo strato limite con
combustione ibrida che implementa alcune correzioni alla teoria di Marxman per meglio
adattarla alla descrizione dello strato limite all’interno di un condotto chiuso. A partire dal
modello di strato limite sopra una lastra piana in ambiente aperto, viene proposto un modello
per lo strato limite in un condotto prima rettangolare e poi cilindrico. Gli effetti della
dimensione del condotto, del flusso di massa di ossidante e della tipologia di ossidante
impiegato sono valutati mediante uno studio parametrico.

Nel Capitolo 7 il modello monodimensionale e il modello per lo strato limite vengono
accoppiati, ottenendo un modello denominato 1D con modellazione dello strato limite, che
permette di descrivere la balistica interna di un motore ibrido e valutarne I’efficienza di
combustione. In particolare, verranno confrontati i risultati numerici relativi all’efficienza di
combustione tra quelli ottenuti sperimentalmente [18] e quelli ottenuti da simulazioni
numeriche nelle stesse condizioni operative, con l’obiettivo di valutare la validita del

modello.
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Chapter 1

Introduction

In chemical rocket engines the energy released by a high-pressure combustion
reaction of chemical propellants heat the reaction product gasses to high temperatures. The
gases are then expanded inside a supersonic nozzle and expelled at high speed, obtaining the
required propulsive thrust by principle of action and reaction. According to the physical state
of the stored propellant, chemical rockets are divided into three main categories: solids,
liquids and hybrids (Fig.1.1). In a solid rocket, fuel and oxidizer are mixed in a solid grain
stored inside the combustion chamber. In a liquid rocket, the liquid fuel and oxidizer are
stored in separate tanks and injected into the combustion chamber. In a (classic) hybrid
engine, the fuel is solid and stored in the combustion chamber, while the oxidizer is stored
in a tank and injected in the liquid or gaseous phase.

Nowadays, solid and liquid engines are the most widely used in the military and
commercial fields, limiting the use of hybrid engines in research programs and in the
academic and amateur fields. The reason is related to the characteristics of those propulsion
systems. Solid engines are conceptually simple, reliable, require limited maintenance and
could reach the highest value of impulse density, making them ideal for military applications,
sounding rockets and booster where the size and integrability of the propulsion system play
a fundamental role. Liquid rockets can obtain the highest specific impulse, they are
throttable, and they can be stopped and started multiple times in flight, making them the type
of propulsion system that is generally used for launchers and spacecraft. Hybrid engines
have long been considered as intermediate case between those two types, without any clear

advantages over either in a performance-oriented environment.
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Figure 1.1: Solid (top), liquid (middle) and hybrid (bottom) rocket simplified schematics.

The changes in space business have led to more attention toward safety, reliability,
cost, and environmental friendliness of the propulsion system, thus making hybrid engines
an interesting choice for many applications. The reasons for the characteristics of a hybrid
propulsion system are to be found in the different physics of combustion that occurs in this
type of system rather than in solid or liquid engines. In a solid rocket the fuel and the oxidizer
are mixed in a single solid phase at a precise (and uniform) O /F ratio and burn with a thin
flame next to the surface. The amount of realised propellant depends on the regression rate
of the grain surface which in turn is strongly influenced by the chamber pressure. In a liquid
engine both the oxidizer and the fuel are injected and mixed near the injector plate, obtaining
a uniform mixture whose O/F ratio depends on the corresponding mass flow rates injected
into the combustion chamber. For both propulsion system, the O /F ratio and the delivered
mass flow rate are therefore independent parameters. On the contrary, in hybrid engines the
oxidizer injected at the head of the combustion chamber mixes with the pyrolyzed fuels in a
macroscopic turbulent diffusion flame. Moreover, only the oxidizer flow can be directly
controlled, while the fuel mass flow rate is dependent on the complex coupling of fluid

dynamics and combustion physics. As a result, in a hybrid engine the O /F ratio varies along



the grain length and over time, thus making the O /F ratio and mass flow rate two dependent

variables.

Due to its peculiar characteristics, hybrid propulsion presents several advantages compared

to solids and liquids:

Safety and reliability. In hybrid engines, the fuel is inert. The system is not explosive
as an intimate mixture of oxidizer and fuel is not possible: in fact, unless hypergolic
combinations are used, the contact between fuel in the solid phase and oxidizer in
the liquid or gaseous phase without an ignition mechanism does not produce any
combustion. Furthermore, the way in which hybrid combustion takes place, i.e.
through a macroscopic turbulent diffusion flame in which the heat flux towards the
wall is regulated (mainly) by convection, accounts for the lower sensitivity to defects
of various kinds (e.g. fuel grain cracks) and pressure, making easier the manufacture
of the fuel grain (therefore reducing costs) and guarantying the system reliability
even with respect to non-nominal conditions. In case of an abort, a hybrid engine,
like a liquid-propellant one, can be shut down simply by interrupting the flow of

liquid oxidizer.

Throttling and shutdown. The thrust provided by the engine can be modulated by
acting only on the oxidizer mass flow rate injected into the combustion chamber
(throttling). This operation is easier than in liquid engines where the fuel and oxidizer
mass flow rates must be modulated simultaneously to ensure the correct oxidizer to
fuel ratio at any time. The hybrid engine can be started and stopped multiple times if

it is equipped with a proper ignition system.

Propellant versatility and performance. The selection of propellant to be used in
hybrid engines is much greater than both solid and liquid engines. Since liquid
oxidizer are more energetic than solid oxidizer used in solid propulsion, hybrid
engines can obtain values of the theoretical specific impulse comparable to those of
liquid engines that use storable propellant (Fig.1.2) and impulse density values

between those of solid and liquid systems, particularly for metal loaded fuels.

Temperature sensitivity. Because the temperature effect on burn rate is small (as in

liquids), ambient launch temperature variations have little effect on operating
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chamber pressure. Thus, the concern in solid rockets in designing for a maximum

expected operating pressure (MEOP) is greatly reduced.

Low cost. Given the lower number of components that contribute to the inert mass
of the propulsion system, the cost of a hybrid engine is generally intermediate
between the complex and expensive liquid engine and the simple and cheaper solid.
The total operating costs of a hybrid engine greatly benefit from its safety features
and the use of an inert propellant, which make the production of solid grain easier,
safer and cheaper. Furthermore, the system can tolerate larger design margins,

resulting in a lower fabrication cost.
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Figure 1.2: Theoretical I, for various solid, liquid, and hybrid rocket propellants [5].

Environmental friendliness. Common propellant combinations for hybrid propulsion
usually have environmentally clean exhaust without hydrogen chloride or aluminum

oxide, which can be ecologically damaging.

Classical hybrid rockets also display several disadvantages with respect to other chemical

propulsion systems, including the following:

Low regression rate. Hybrid engines are generally characterized by low regression
rates, mainly due to the limited heat flux exchange by convection between the flame
and the solid grain surface, which cannot be solved by using more energetic

propellant due to the typical blocking effect related to the blowing of the pyrolyzed
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fuel. The problem could be solved with particular configurations (such as multiport
grain, diaphragms and vortex injection) and through the use of liquefying propellant,
but still without reaching the regression rate values typical of solid rockets.

Moreover, the low regression rate requires small web thickness, which results in poor
volume loading (solid propellant volume/total combustion chamber volume). The
problem is increased with scale-up, so the main solution used in the past has been the
use of multiport grain configurations. However multiport design implies several
other problems such as structural issues and the problem of deviation of regression
rate for different ports, leading to an increase in complexity and production costs.
Hybrid rockets have a limited field of applicability due to the impossibility of

combining high thrust, burning time and volume loading.

Low volumetric loading. In addition to low regression rates leading to poor
volumetric loading, the use of aft combustion chambers downstream of the fuel grain
to complete the mixing and combustion of fuel and oxidizer further aggravates the
mass fraction disadvantage compared to liquid and solid systems. Conventional

hybrid propulsion systems, therefore, typically require a larger envelope.

Packaging issues. In a hybrid rocket the liquid oxidizer tanks can be easily packaged
as in a liquid rocket. The geometry of the combustion chamber is dictated by the
geometry of the solid grain. Due to the complex dependence of hybrid regression rate
on internal fluid dynamics, the possible geometries of the solid grain are much more
limited than those that can be used in solid propulsion. Unlike solid engine, in a
hybrid engine the fuel mass flow tends to change over time, resulting in a significant

variation of the O /F ratio even for a constant mass flow of oxidizer.

Low combustion efficiency. The nature of the diffusive flame combustion process
results in a lower level of mixing due to the stratification of the main flow and
therefore a lower specific impulse than its theoretical value. This loss is typically
1 — 2% greater than in solid and liquid engines. The problem of low combustion
efficiency can be greatly reduced by employing configuration that promote the
mixing of the flow, such as aft combustion chambers, diaphragms and vortex

injection.



= O/F shift. Unlike solid and liquid systems, hybrid rockets usually show a variation
over time and with throttling of the O/F ratio of the combustion products, thus

leading to a variation in the performance of the system.

= Slower transients. Ignition transients are typically slower for hybrid engines than for
liquid engines and so is the response to throttling. This is related to the larger size of
the combustion chamber compared to those of a liquid engine and the variability of
the operating conditions (primarily the mass flow rate and grain temperature), which
makes liquid engines the most appropriate choice when accurate, repeatable and fast

responses from the propulsion system are required.

The fact that the theoretical performances of hybrid engines (specific impulse and impulse
density) are intermediate between solid and liquid engines make them less attractive when
the propulsion system needs to be optimized with respect to only a few performance
parameters. On the other hand, the hybrid system provides an interesting alternative to solid
and liquid engines if the required characteristics are low cost, safety and operational

flexibility. The following list shows some examples of applications for hybrid rocket motors:

. Sounding rockets. Thanks to their low cost, simplicity and operational safety, the
most common application of hybrid propulsion systems is for sounding rockets for

amateur and academic purposes.

. Auxiliary power units. Hybrid systems can be used as hot gas generators to be used

for ignition systems and powering turbines.

. Tactical rockets. If a compact envelope is not too restrictive, a hybrid system has a
significant advantage over solid engines because its throttling (energy management)

capability.

. Space engines. The hybrid features of throttling and the possibility of multiple

ignitions make this type of engines an attractive choice for space manoeuvres.

. Launch boosters. Hybrid systems are also used in small launchers (generally with

thrusts below 110 kN) for low altitude orbits and limited payload masses.
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Planet landing. The greater simplicity of construction of a hybrid system compared
to a liquid and the ability to throttle make very interesting the use of hybrid rockets
for possible landing on planets. Furthermore, given the high tolerance on the type of

fuel that can be used, they are ideal for exploiting the in-situ production of propellant.

Space tourism. Due to their high operational safety, hybrid systems would be ideal

for use in space tourism application.






Chapter 2

Hybrid Rocket Combustion Theory

The regression rate of a hybrid engine can be limited either by the kinetics of the gas
and solid phase reactions or by the convective and radiative heat transfer from the diffusion-
limited flame within the boundary layer [9]. The nature of hybrid combustion, in which the
vaporizing fuel from the grain must mix and react with an oxidizer flowing above the grain
(Fig.2.1) suggests that the second mechanism is usually the limiting process, i.e. the rate of
regression is controlled by the fluid dynamics of the turbulent boundary layer that forms
above the solid grain and regulates the heat exchange. Experimentally it has also been
observed that at low chamber pressure the reaction kinetics can become slow enough to
become the limiting mechanism to the regression rate, although the reaction kinetics are of
secondary importance in almost all operating pressure ranges and thus can be ignored for
practical purposes [9].

The key parameter that influences the fuel grain design and consequently the overall
hybrid propulsion system design is the regression rate, defined as the rate at which the solid-
phase fuel vaporizes into the gaseous phase and thus as the linear regression rate of the solid
surface. The combustion process in a hybrid engine is substantially different from that in a
solid or liquid engine. In particular, the prediction of the regression rate in a hybrid engine
is very difficult as it varies in time, space and as a function of the scale of the engine: this is
due to the fact that the regression rate depends on the chemical and physical characteristics
of the chosen propellants as well as on the geometric and fluid dynamic characteristics of
the engine itself (i.e. grain geometry and type of injection). Although many physical

components of the feeding and thermal protection systems are common to those of other



chemical engines, the grain design, internal ballistics, and performance evaluation are

different for a hybrid engine.
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Figure 2.1: Hybrid rocket overall (a) and boundary layer (b) schematic [30].

Hybrid combustion involves the coupling of several fluid dynamic, chemical and
thermal processes [5]: pyrolysis of the solid grain, homogenous combustion in gaseous
phase, convective and radiative heat transfer in gaseous phase, conduction heat transfer in
the solid grain and mass transport of the chemical species.

The injected oxidizer flow above the solid grain results in the formation of a turbulent
boundary layer due to the typically high injection Reynolds numbers and the blowing from
the solid grain wall that helps the transition. It should be noted that in almost all real hybrids
the oxidizer injection is not uniform, and its effects dominate at the head of the grain. These
effects tend to greatly increase the local regression rate [7].

The heat from an ignition source reaches the surface of the grain and vaporizes a thin layer
of fuel which is then injected in a direction perpendicular to the wall into the flow of the
boundary layer. This phenomenon is called blowing and it influences the fluid dynamics and
combustion inside a hybrid engine. The mechanisms of transport of the oxidizer and fuel to
the flame are diffusive in nature, either turbulent or (to a lesser extent) molecular. The

combustion zone in the form of a macroscopic diffusive flame is established where an
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approximate stoichiometric mixture ratio has been achieved. This position is usually about
10 — 20% of the boundary layer thickness from the wall, while the thickness of the flame
zone is about 10% of the boundary layer thickness [11]. Interestingly, in hybrid engines
combustion has been observed fuel-rich [§][11], thus leading to considerably lower flame
temperature than the stoichiometric one. A fraction of the vaporized fuel (about 10 %) flows
axially below the flame zone without participating to the combustion process; this fuel
typically has to be mixed with the remaining oxidizer in an aft combustion chamber to
recover the full performance potential of the hybrid system [11].

Once the engine has been started, the combustion process is self-sufficient and self-
regulating. The convective and radiative heat transfer from the flame allows grain
vaporization (generally the radiative heat contribution is about 5 — 10% of the convective
heat [9], except for special configurations). Increasing the oxidizer mass flow rate leads to a
greater convective heat transfer to the wall, thus enhancing the fuel vaporization rate.
However, the increased fuel blowing has a blocking effect on a further transfer of convective
heat due to the raise of the flame from the surface, reducing the vaporization rate until an
equilibrium is reached. This trend towards a self-regulating interaction between heat flux
and blowing produces a limit to the rate of regression that can be obtained. Considering that
the heat transfer by convection from the flame is lower than what can be exchanged by
conduction (which occurs in solid engines), the result is a much lower regression rate of the
grain than solid rockets, from a few tenths of mm/s to a few mm/s.

This basic model is based on empirical observation of Schlieren photography (Fig.2.2).

EXPOSURE TIME 3,000 microsec

0in. 1in. 2% 3in. din. 5, &t 7 i 8in. 9 in.
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in. i 51

EXPOSURE TIME 5 microsec

Figure 2.2: Hybrid combustion boundary layer Schlieren photographs [5].
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2.1 Marxman’s Theory of Hybrid Combustion

The fundamental theory of hybrid combustion and fuel regression was developed by
Marxman and coworkers at the beginning of the '60s [8][9][11]. As already described, within
the boundary layer there is a mixture of the oxidizer that diffuses from the external flow and
the fuel that evaporates from the wall. The concentration profiles of the chemical species
will have a trend that results from the balance of diffusion and convection, while the flame
develops where the correct mixture ratio occurs. In a typical hybrid rocket motor, the rate at

which chemical reactions occur is much faster than the time required by the reactants to

reach the flame. Introducing the Damkhéler number Da = i—c, defined as the ratio between
k

the fluid dynamic time scale 7, and the chemical reaction time scale 7y, it can be said that
for hybrid engines Da > 1, i.e. the combustion is controlled by diffusion rather than
chemical kinetics. Therefore, it can be assumed that the combustion at the flame occurs at
an infinite fast rate.

It can be demonstrated that in a laminar boundary layer where there is an infinite fast reaction
rate the thickness of the flame goes to zero and combustion occurs where the ratio of the
concentrations of the reactants is equal to the stoichiometric value. From a mathematical
point of view, the flame can therefore be approximated as a line where the concentration of
the reactants is zero. This approximation is called flame — sheet approximation. In the case
of turbulent boundary layers (such as in hybrid engines) the physics is much more complex
as local time and space fluctuations must be taken into account. As observed experimentally
by Marxman, these fluctuations lead to a thickening of the flame to values of the order of
10% of the boundary layer thickness. This aspect is usually neglected in order to be able to
handle the problem.

Marxman's model therefore assumes the flame-sheet approximation as valid, allowing the
division of the boundary layer into two zones: the zone between the solid wall of the grain
and the flame in which there is the vaporized fuel and part of reaction product gases; the
zone between the flame and the upper edge of the boundary layer where there is the oxidizer

and the remaining combustion products.
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Marxman's theory considers the simple case of an oxidizer flow over a flat plate (i.e.
the solid grain surface) in an open environment. Referring to Fig.2.3, the steady-state energy

balance for a control volume of finite thickness on the grain surface is [10]:

Qconvection + Qradiation in = Qconduction out T Qphase change + Qradiation out (2-1)

which can be written per unit area as:
5)
Kg 3y

where h,, is the effective heat (enthalpy) of gasification, defined as the energy per unit mass

aT )
. + ag,oTy = Ky <@) + psrhy, + &,0T, (2.2)
y=0 y=0"

required to vaporize the fuel from the initial temperature of the solid.

Temperature [

Velocity |—uy_ ) (pv) ox profile o e

profile ¢ _‘
— ——'—’\"_— — T
e —_ ( [ )b Qconvection 5
Y e — .
P -— WV / Qphase change Yh
// B Qradiation in Qradiation out
- (v .~ _y__ Vv _ | __»

% % 9 7. 7 / 7. //:;//;' Tirer Z ,/// ' 757 9 %

Qconduction out

Figure 2.3: Boundary layer combustion model. Adapted from [11].

For many non-metal loaded fuels, the radiative heat flux is negligible. Moreover, since the
thermal conductivity of the fuel is usually very low and the hybrid regression rate is
sufficiently high, the heat does not have the time to spread inwards the grain leading to an
exponential decay of the surface temperature [5]. The conductive contribution of heat is
therefore also negligible. In his first theory Marxman neglects the radiative and conduction
heat contributions stating that convection heat is the most relevant heat source responsible
for the vaporization of the grain. With the above simplifications, under steady-state
conditions the convective heat exchanged by the flame with the surface is exactly balanced

by the enthalpy flux resulting from the sublimation of the solid grain:

Qw = f'pfhv (2.3)
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The heat flux through the boundary layer is proportional to the temperature gradient

according to the relation [4]:

_— dT _ Kg0h 24

Marxman’s theory requires the introduction of some dimensionless numbers [3][10]:

= Reynolds number, Re,, that measures the ratio between inertia and viscous forces:
Re, = — (2.5)

= Prandtl number, Pr, that measures the ratio of momentum diffusivity to thermal

diffusivity:
v
Pr=—=—
=4 (2.6)

= Stanton number, Cy, that measures the ratio of heat transferred into a fluid to the
thermal capacity of fluid:
Q

= 2.7
Cu pulh 2.7)

= Skin-friction coefficient, Cr, a dimensionless quantity defined from the wall shear

stress:

(2.8)

14



= Schmidt number, Sc, defined as the ratio of momentum diffusivity and mass

diffusivity:

Sc=— (2.9)

= (2.10)

The Lewis number can also be expressed in terms of the Prandtl number and Schmidt

number as Le = Sc/Pr.

The definition of Stanton number (2.7) can be rewritten as:

QW = CHpbubAh (211)

Marxman assumes the Prandtl and Lewis numbers (and therefore also the Schmidt number)
equal to one between the wall and the flame zone, which is equivalent to stating that all
boundary layers (moment, thermal and concentration) have the same thickness.
Consequently, it is assumed that the thermal and molecular diffusion mechanisms associated
with energy and momentum transfers within the boundary layer are driven by similar
turbulent mixing processes.

To evaluate the Stanton number, Marxman employs the Reynolds analogy. The Reynolds
analogy states that, under conditions of zero pressure gradient in the direction of flow (as in
the case of a flat plate in an open environment) and assuming that Pr = Sc = 1, the

momentum, energy and concentration equations of the boundary layer have the same form,
leading to the relation: % = Cy [1]. As a result, the enthalpy profile (0h/dy) in the boundary

layer is similar to the velocity profile (du/dy) (and to the chemical species concentration
profile) and they are linear to each other. The important implication of the Reynolds analogy
is that the Stanton number Cy can be evaluated from the knowledge of the velocity profile

within the boundary layer as a function of the skin-friction coefficient Cr, whose values for

turbulent flow over a flat plate can be obtained experimentally.
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Moreover, Marxman considered the fluid as incompressible, a strong (and incorrect)

hypothesis but necessary to obtain an analytical solution.

The Reynolds analogy is written as the equivalence of the ratio between heat and the
enthalpy gradient and the ratio between viscous stress and the radial gradient of axial

velocity:

Q
oh/dy  ou/dy

(2.12)

In steady-state conditions the heat flux is constant through the boundary layer, thus equation

(2.12) can be integrated between the wall and the generic position as:

~_F (2.13)

Similarly, equation (2.12) may be integrated from the wall to the flame zone since the object

of invoking the Reynolds analogy is to link values at these two points:

Qv __Tw (2.14)
hb - hw Up — Uy
Since u,, = 0 and Ah = hy, — h,,,, equation (2.14) gives:
Ow _ Tw (2.15)
Ah Up
or:
A Ah
Qw =Tw— (2.16)
Up
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Recalling the definitions of Stanton number (2.7) and skin-friction coefficient (2.8), from
equation (2.16) an alternative expression of the Stanton number in terms of the wall shear

stress T, or the skin-friction coefficient Cr is derived

2
Tw 1 | pels

G = PpUj T2 fpbulzn @17)
Substituting equation (2.17) into equation (2.11) gives:
A 1 U
Qw = Epeuecfu_bAh (2.18)
Finally, substituting equation (2.18) into equation (2.3) gives:
Py = %Cfpeue (Z—Z) (2—3) (2.19)

Note that this expression can be derived even without the introduction of Stanton number or
an explicit form of the heat flux, simply by combining the expressions (2.3) and (2.15).
This reminds that the solution is fundamentally based on writing the regression rate in terms
of the energy absorption rate of the fuel and then approximating this rate by assuming that
the transfer of energy and momentum are analogous in the region between the flame and the
wall [7].

The moment transfer (represented by the skin-friction coefficient) in a turbulent
boundary layer with mass injection from the wall need to be described. If no combustion
occurs, heat is transfer between the surface and the undisturbed flow and therefore the
density and velocity at the flame are equal to those of the undisturbed flow (i.e. p, = p, and

Uup = Uu,). In this case, the Reynolds analogy can be written as:

Cy =L (2.20)

where the subscript 0 indicates the absence of blowing.
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In hybrid combustion, the vaporized fuel flow is perpendicular to the surface of the grain.
This is physically analogous to blowing gas through holes on the plate, hence the name. The
presence of blowing alters the velocity profile and shear stress compared to the case without
blowing. In fact, the mass flow rate evaporating from the grain leads to a thickening of the
boundary layer with a consequent reduction of the velocity gradient and therefore of the
shear stress and heat flux at the wall.

To be able to link the friction coefficient with blowing to that known from the empirical laws
on a flat plate without blowing, it is necessary to make a further assumption. In the current
model, the boundary layer extends because of the vaporized fuel being blown from the
surface. Since by the Reynolds analogy blowing is expected to have a similar effect on heat

and momentum exchange, it can be written:

Cy _ Cf
CHo Cfo

(2.21)
The skin-friction coefficient without blowing can be evaluated by the well-known empirical

law for turbulent boundary layer (Re, > 10°) with Pr = 1 above a flat plate [4]:
% _ 0.03Rez02 (2.22)
2 TTF '

where the local Reynolds number Re, is defined in terms of the properties of the undisturbed
current outside the boundary layer. By employing this relationship, two assumptions are
implicitly made. First, that the presence of blowing does not change the nature of the
phenomenon and does not invalidate the possibility of expressing the friction coefficient
with blowing as the corresponding value without blowing and a corrective factor. Second,
that the empirical law valid for a flat plate also adequately describes the flow through a
typically cylindrical grain. In particular, the latter hypothesis is generally accepted for hybrid
engines with axial injection, because the scale of the boundary layer is at least an order of
magnitude lower than the radius of curvature of the grain.

Eq. (2.19) can therefore be rewritten as:

. 1 Cf U, Ah
rpr = E (a) Cfopeue (u—b> <h_v) (2.23)

0
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Considering the expression of Cg in the case of turbulent flow (2.22), finally the basic

expression of the regression rate in a hybrid engine can be obtained:

ipp =003 (L (A—h>p u (&>Re‘°'2 (2.24)
s Cr,) \hy 7 \u, *
otherwise written as:
=003 () 600 () (2) (3)
i =0.03(2) G ) ) G (2.25)

This equation reflects the fact that the heat transfer to the solid grain is governed by the fluid
dynamics of the turbulent boundary layer [9]. The intimate coupling between the regression
rate and the flow within the boundary layer is quite complex. For example, the term C¢/Cr, =
Cu/Cy, accounts for the partial blocking of the heat flux towards the grain due to the
injection of mass from the surface. Consequently, this ratio is a function of the regression
rate: itis 0 < Cr/Cr < 1 and it is equal to unity when there is no combustion.

Using experimental data, Marxman [9] evaluated the influence of blowing by
showing its effect on the friction coefficient Cy, the latter expressed as a function of the
blowing parameter B (mass — transfer number), defined as the ratio between the fuel mass

flux ¢ = py7 and the shear stress at the wall:

_
B = C (2.26)
peuef

The blowing parameter represents the adimensional form of the vertical flow and is therefore
a parameter that allows similarity: different configurations that have the same blowing
parameter also have similar velocity profiles. In the case of a flat plate with holes through
which the vertical flow is introduced, the blowing parameter B can achieve any value as the
external flow and the vertical flow are independent of each other. On the other hand, in a
hybrid rocket motor the oxidizer flow can be arbitrarily chosen while the regression rate (and
therefore the magnitude of the vertical flow) depends on the physics of hybrid combustion,

thus making the blowing parameter B univocally determined.
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Comparing equations (2.19) and (2.26), the blowing parameter can also be written as:

B = (Z—Z) (%) (2.27)

and equation (2.24) can be rewritten as:

rpr = 0.03 (%) p.u.Re;*?B (2.28)
0
In hybrid combustion, the blowing parameter B is a thermochemical parameter determined
by the choice of the type of propellant. In fact, the velocity ratio (u,/u;) is a function of the
position of the flame within the boundary layer that depends upon the combustion properties
of the propellant. The enthalpy difference between the flame and the wall (Ah) is strictly
based on thermochemistry, while the effective heat of vaporization (h,,) depends on the solid
propellant. For equi-diffusive case (i.e. Le = Pr = 1), the blowing parameter is a similarity
parameter of the boundary layer, i.e. if B = const than the velocity, species concentration
and enthalpy profiles are similar and vice versa [7][9]. Because the diffusivities cannot
always be assumed equal, some researchers [7] distinguish between the thermochemical
blowing parameter B as defined by equation (2.27) and the aerodynamic blowing parameter

B' as defined by equation (2.26).
The ratio Cr/C, that appears in the regression rate equation represents the reduction

of the wall shear stress and therefore the effect of partial blocking due to the blowing on the

wall heat transfer (represented by the ratio Cy/Cy, ). Its value is expected to be equal to 1
when B = 0 and continously decreasing as B — oo. According to Marxman's analysis [8][9]:
1/5

13 4

4/5 2

& l]n(1+3)l / 1+1_OB+HB
B

— (2.29)
G 1+B)(1+ %)2

0

As can be seen in Fig.2.4, in the range 5 < B < 100 the theoretical formula (2.29) is

accurately approximated by the simple empirical relationship:
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C
L —12p7077 (2.30)
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Figure 2.4: Influence of wall mass injection upon skin friction coefficient. Adapted from [9].

However, in the range 5 < B < 20, which is of interest in most hybrid system, the formula:

C
—L = p-oss (231)
Cr,

0

fits Marxman’s expression much better (Fig.2.5).

Eract
1.2B "7
B0

Cy/Cy,
o
N

Figure 2.5: Comparison of the expressions for Cr/C, in the range 5 < B < 20.
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Substituting the simplified correction of the Marxman blowing parameter (2.30) in equation

(2.28) gives:
7py = 0.036 - pu,Rey "2B23 (2.32)

or in terms of specific mass flow:

-0.2

G
_x) p0-23 (2.33)

7pr = 0.036-G <

4 HUe
where the term G°%8 = G - G 7% is typical of convective heat transfer. The equation (2.33)
is the classic form of the regression rate formula derived by Marxman (neglecting radiative
heat transfer), although it is generally preferred to collect the constant terms and express the

regression rate as:
7 = a,G%8x 702 (2.34)

which is very different with respect to the simple empirical expression of the regression rate
for a solid motor (r = ap) [4].

Combining the blowing parameter with the other constants is justifiable if it is assumed that,
as long as Ah/h,, does not vary with Re,, the local regression rate is such that B is constant
over the entire length of the grain [9]. While this is not completely true, it is expected B to
change very little. The small exponent of B ensures that even a significant change in Ah or
h,, will produce negligible effect on the regression rate. The physical explanation for this
phenomenon is related to the fluid dynamic coupling that affects hybrid combustion. As Ah
increases (or h,, decreases), the regression rate tends to increase. However, the increase of
mass injection from the grain surface strengthens the blocking effect, leading to a reduction
of convective heat transfer from the flame towards the grain surface and thus reducing the
regression rate. As a result, most of the propellants combinations used in hybrid propulsion
have regression rates that belong to a small range of values, regardless of the type of fuel
used. This effect is different in the case of a system in which radiative heat transfer is

significant, because this heat transfer mechanism is coupled differently with the regression
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rate: in this type of systems, a significant variation of the regression rate can be achieved by
varying Ah or h,, [9].

Fig.2.6 shows the regression rate (2.32) as a function of the position x for several
values of the blowing parameter B. B = 0 represents the case without combustion. As B
increase, there are two concurrent effects: a higher vaporized fuel flux from the surface and
a reduction of heat transfer due to the reduction of Cr/Cs (i.e. to the boundary layer
thickening). However, the reduction of Cf/C with B is lower than the increase of B, thus
an increase of the blowing parameter B leads to an increase of the regression rate. For high
values of B the further increase in the blowing coefficient tends to progressively reduce the
further increase of the regression rate: the physical reason for this phenomenon is related to
the blocking effect typical of hybrid combustion.
It is necessary to underline that the trend for x — 0 of the regression rate is not correct. In
fact, equation (2.32) is singular (i.e. the regression rate goes to o) for x - 0 because
equation (2.22) is not valid close to the leading edge of the boundary layer. At this point,
the regression rate assumes a finite value that depends on the complex (and configuration

dependent) fluid dynamics at the leading edge of the grain.
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Figure 2.6: Regression rate value as a function of the position x for several values of the blowing parameter B.
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Since equation (2.34) is obtained for a turbulent boundary layer with combustion
above a flat plate, the experimental measurement of the local regression rate for a hybrid

engine is better described by the relation:

7 =a,G"x™ (2.35)

where a,,n and m are experimentally evaluated coefficients. The difference in the
coefficients values compared to what Marxman predicted should not be surprising given the
numerous approximations that have been made to develop the analytical expression of the
regression rate. Despite the imperfect coherence with physical reality, Marxman's theory
represented a fundamental breakthrough for hybrid propulsion as it has allowed for the first
time to understand what are the fundamental parameters that characterize hybrid
combustion, while providing a mathematical description of the physical phenomenon.
Equation (2.35) allows to evaluate the physics of the regression rate behaviour in a
hybrid engine. If the radiative heat flux is negligible, the local regression rate is independent
on the chamber pressure and determined mainly by the local mass flux, which takes into
account the injected oxidizer flow rate and all the fuel sublimated upstream of the section x.
Therefore, the local flow G, and thus the local regression rate 7, depend on the value of 7~ at
all points upstream of x.
Moreover, the local mass flux G is inversely proportional to the instantaneous port area along
the grain. Therefore, since the port area tends to increase over time, it is expected that both
G and 7 are going to increase with axial position and decrease with time. However, it must
be considered that the regression rate also shows a weak negative dependence on the axial
position, which reflects the effects of the boundary layer growth and the corresponding
reduction of the skin-friction coefficient and heat transfer. As the boundary layer thickness
increase in the downstream direction, the boundary layer temperature and velocity radial
gradients become less intense and the convective heat transfer decreases, thus slowing the
combustion. As predicted by Marxman and Gilbert [9], the concurrent effects of increasing
mass flow and increasing boundary layer thickness in the downstream direction suggest that
there is a position where the regression rate has a minimum. In fact, the regression rate is
relatively high near the leading edge of the fuel grain (given the proximity of the flame to
the wall) but decreases with the axial position until it reaches a minimum beyond which the

regression rate increase. This point of minimum regression rate corresponds to the
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equilibrium of the two competing effects of boundary layer growth and increase in the local
mass flux. The typical trend of the regression rate with the distance from the leading edge is

as depicted in Fig.2.7.
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Figure 2.7: Internal ballistic behaviour in a laboratory-scale, slab-geometry hybrid motor [5].

The regression rate expressed by equation (2.35) is defined at a specific axial position x

where the port cross-sectional area is A, (x). The total mass flux is:

Ti’lox N mf (X)
Ap,(x)  Ap(x)

G(x) = Goy + Gp(x) = (2.36)

where G, and Gs(x) are the oxidizer and fuel specific mass flux respectively. The form of

the regression rate equation that explicitly shows the dependence on x is therefore:
() = ay[Goy + Gr(x)]"x™ (2.37)

where G¢(x) is obtained by integration of the fuel mass flow rates that accumulate along the

grain:

Ge(x) = 4pff0 % dx (2.38)
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where Dy (x) = 4A,(x)/P(x) is the port hydraulic diameter [4]. Due to the implicit nature

of equations (2.37) and (2.38), those must be solved numerically, leading to plots such as
Fig.2.8 and Fig.2.9 for port diameter and regression rate respectively.

Ignoring the trend for x — 0 (for the same reason explained for equation (2.32)), a hybrid
engine allows for a roughly constant regression rate along the entire length of the grain. This
relative uniformity of combustion is the result of the increase in the boundary layer thickness
represented by the term x™ which causes a reduction in the heat flux exchanged by the flame
that progressively moves away from the wall, roughly balanced by the increase in total mass
flux due to fuel vaporization.

Moreover, there is an additional compensatory effect over time. As previously mentioned,
the concurrent effects of the boundary layer growth and the increase of the local mass flux
determine a condition of minimum regression rate beyond which there is an increase of the
vaporization rate. It follows that the grain linear regression will be more significant in some
sections than in others. The non-uniform distribution of the port cross-sectional areas causes
a non-uniform distribution of the specific mass flow rates that leads to higher regression rate
where the port area is smaller and vice versa. In conclusion, hybrid combustion down the

fuel port provides fairly constant burn rates [4].
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Figure 2.8: Dimensionless port contour D /D, (D, is the initial port diameter) as a function of dimensionless

position x /L along the fuel grain and time.
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2.2 Non-Ideal Effect

Marxman's first theory discussed in the previous paragraph is based on several
assumptions to achieve a closed form solution that allows to understand which are the most
significant parameters in hybrid combustion. The difference of the results obtained by
Marxman's theory compared to those experimentally evaluated are caused by some non-ideal

effects described briefly in the following.

2.2.1 Radiation

One effect that Marxman neglected at the beginning in deriving his theory is the
radiative heat transfer contribution to the total wall heat transfer. Radiative heat transfer in
systems where this contribution is negligible is of the order of 5 — 10% of the convective

heat transfer [9]. The radiative heat flux component may originate from various sources,
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such as the product of combustion, the soot made by incomplete burning of hydrocarbon and
metal or other particles liberated from pyrolysis of the solid fuel. Assuming that the burn
rates is controlled by heat transfer from the flame to the grain, that the Reynolds analogy is
valid and that Le = Pr = 1 outside the flame zone, Marxman [7][9] obtained the following
equation for the regression rate that considers both the convective and radiative heat

contributions:

x\ 702 oe, (e, T — Tit)
- =0.036-G°8 (—) Bo23 + =9
prr U h,,

(2.39)

where o is the Stefan — Boltzmann constant, €, and ¢, are the wall and the gas emissivity

inside the combustion chamber respectively, T}, is the flame temperature (about 3000 —
3500 K), T, is the temperature at the grain surface (about 500 — 1000 K). This correction,
although simple, does not consider the strong coupling between the heat transfer and the
blowing effect. The addition of radiative heat flux increases the fuel vaporization rate which
tends to reduce the convective heat transfer to the wall by moving the flame away from the
grain surface and therefore reducing the thermal gradient. This behaviour is treated

quantitatively by Marxman [9] considering a corrective factor in the form:

Praa _ , Qvan ) (240)
B 0. \ B
with
i x\ 02
Q. = 0.036 - G%8h, (;) Bo-23 (2.41)
Qraa = 0y (g, Te — Tit) (2.42)

Equation (2.40) cannot be solved explicitly, but for most of the values of

0 < Q,q4/0. < 3, the solution can be approximated as:
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=e & (2.43)

Combining the previous relationships, the regression rate can be written as:

_Q?jad

ch e + Qrad (244)

psT = ™
Equation (2.44) shows that for small values of Q,.44/Q. the decrease in the convective heat
flux is balanced by the radiative heat contribution and therefore the regression rate remains
almost unchanged. The correction of 7 is in fact less than 6% for Q,,4/0, < 0.2. As
Q,qa/Q. increase, the total heat flux Q,, towards the grain surface slowly increases and for
Qrqa = © it becomes directly proportional to the radiative heat flux. The coupling between
the two forms of heat transfer is clearly visible in Fig.2.10. For Q,qq4 = Q. the total heat flux

does not double but just increase by 37%, due to the increase of mass injection that moves

away the flame, thus reducing the convective heat contribution.
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Figure 2.10: Coupling between radiative and convective heat fluxes [8].

An aspect not to be overlooked regarding radiative heat transfer is its dependence on
the pressure in the combustion chamber through the density of radiating particles [7].
Fig.2.11 shows the change in the regression rate with the oxidizer mass flow rate for several
chamber pressures. At low pressures, for which the radiative term is negligible, the

regression rate is the one obtained with the classical convective model, even for low oxidant
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fluxes. For moderate and high pressures, however, the regression rate trend tends to deviate

mainly due to the contribution of radiative heat transfer.
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Figure 2.11: Radiation effect on fuel regression rate. Increases in pressure tend to increase regression rate at
the lower oxidizer flux [4].

2.2.2 Chemical Kinetics

The diffusion-controlled model developed by Marxman assumes that reactions take
place much faster than the diffusion rate and therefore that the flame zone is thin compared
to the boundary layer. However, equation (2.34) is no longer valid for high mass fluxes. In
fact, under this condition the latency time of the reactants is reduced, and it is no longer
possible to states that the ratio between the fluid dynamic time scale and the chemical
reaction time scale (i.e. Damkholer number) is large. Consequently, chemical kinetics can
represent the limiting factor to the regression rate, because the rate at which the reactants are
transported by diffusion at the flame zone is greater than the rate at which they are consumed.
However, the reduction of the regression rate is limited by high chamber pressure conditions

which tends to favour chemical processes.

The effects of radiative heat transfer and chemical kinetics on the regression rate can
be graphically reported in a double logarithmic diagram of the regression rate as a function
of the oxidizer mass flux (Fig.2.12). In fact, in a logarithmic plot Marxman basic relation

appears as a straight line with a slope equal to the exponent n. For typical values of oxidizer
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mass flux, the regression rate is mainly determined by the convective heat transfer and its
variation could be due to effects of scale, geometry and additives in the propellant. For high
mass flux the slope of the curve decreases because of the limit of chemical kinetic, the effect
of which is reduced by an increase in the chamber pressure and chemical reactivity of the
propellants. For low mass flux the slopes tend to flatten because of the contribution of the

radiative term, with the chamber pressure and the metal particles concentration that tend to

amplify the effect.
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Figure 2.12: Regimes of regression rate dependency [5].

2.2.3 Prandtl Number

The hypothesis Pr =1 could be relaxed to Pr = const [7]. In this case, the

thermochemical blowing parameter B differs from the aerodynamic similarity parameter B’

according to:
B = B'Pr0%¢7 (2.45)

As a result, equation (2.33) can be written as:

-0.2

G
_x) B023py—0.15 (2.46)

p . = 0.036G (
4 u

Since Pr~1 for most gases even at high temperatures, the effect of Pr~%5 remains small

enough that correction can be neglected in most cases.
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2.2.4 Fluid Properties

Among the simplifications made by Marxman in the development of his theory, the
strongest are the incompressibility and the uniformity of the properties of the flow in the
boundary layer. The deviation from the ideal condition can have significant consequences
on the wall heat transfer and the regression rate due to the variation of the internal gas
dynamic and due to the molecular mass of the fuel decomposition products [5][25]. To
account for the variability of properties in the boundary layer, some modifications to
classical Marxman's theory have been proposed.

The problem was first addressed by Marxman [8] by resorting to a semi-empirical method
based on the Howarth-Dorodnitsyn coordinate transformation to relate the actual variable-
propriety turbulent boundary layer to an equivalent incompressible boundary layer. By
means of the above-mentioned coordinate transformation (valid only in the in the case of

constant pressure flows) equation (2.33) is therefore modified into the following one:

06 /Gx —-0.2
pei = 00366 (L) (2X)  pozs (2.47)
4 Pe U

The reference state ratio pyf/p. is determined from a semi-empirical relation described in

terms of previously defined parameters and the boundary layer thickness § that must be
measured experimentally. Assuming a linear profile of the density on both sides of the flame,

Marxman derived the following relationships [8][28]:

(Pp/Pe + Dy,

"0 = Gowlpe + Po/0) — Pwlpe— Doy, (2.48)
pref _ (5/x)Re,?'2{(pb/pe) +1+ [(pw/pe) - 1]7717}
Pe 0.0281 In(1 + B)1°® (2.49)
2|5+ py==r2 =

where the quantities with the subscript ref are those relative to the reference incompressible

boundary layer. The term I(B) is defined in Chapter 3.
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Another solution is provided by Paul et al. [46] with a new regression rate law obtained

incorporating these features:

X\ —0:2 0.71 0.14 ~ Pw
psi = 0056608 <ﬁ) (%”) (’;—W) B(1+B) 7% (2.50)
e e

where p,,, pp and p, are the densities at the wall, at the flame and outside the boundary layer
respectively. However, the strange exponent of the term (1 + B) caused many researchers
to raise doubt about the validity and correctness of the above equation.

Due to the added complexity and low reliability, the variable-density corrections are rarely

used.

2.2.5 Injection

Marxman theory is based on a diffusion flame formed in a turbulent boundary layer
over a flat plate. However, the way the oxidizer is injected can lead to a significant departure
from this ideal model by heavily influencing the internal fluid dynamics. As shown by
numerous authors, the types of oxidizer injectors influence the regression rate, as well the
combustion efficiency and the combustion stability [5][66][67][68]. Several injection
geometries have been tested, from simple axial injection to swirl injection which tends to

enhance the regression rate [5][69].

2.2.6 Entrainment

The theory for the combustion of liquefying high regression rate fuels, such as
paraffins, shown schematically in Fig.2.13, is based on the work done by Karabeyoglu et al.
[62][63][64][65]. The solid fuel grain melts and forms a supercritical liquid layer on the

surface. The shear force from the incoming oxidizer flow creates roll waves and rips droplets
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from the melt layer that, because of the turbulence, overcome the flame and burns outside
the fuel rich zone. The mechanical rip of droplets is an additional mechanism to the thermal
one in the regression of the grain, and it is not subject to the blocking effect unlike the
convective heat exchange from the diffusive flame. The result is a dramatically increase of

the regression rate by a factor of 3 — 4 with respect to classical polymeric fuels.

pu > Reacting Droplets

) a = &

s n 0

Diffusion Z ~  Entrained Droplets - "

Flame - -

— Roll
Liquid Layer o

Figure 2.13: Conceptual sketch of the entrainment mechanism predicted for high regression rate hybrid fuels.
Oxidizer flow is from left to right [65].

2.3 Averaged Expressions of the Regression Rate

The relative smooth behaviour of hybrid combustion as described before, allow the
use of special averaged expression of equation (2.35) for preliminary calculations. In fact,
due to the dependence of internal ballistics on mass flow, parameters such as pressure, thrust
and O/F ratio vary during engine operation even at constant oxidizer mass flux. In general,
it is useful and more convenient to use simple analytical expressions that can predict the
behaviour of the various ballistic parameters with reasonable accuracy, based on parameters
that are known.

One of the most used averaged expressions of the regression rate is the one based on
the oxidizer mass flux G,, injected in the combustion chamber. The average value of the

regression rate (2.35) over the grain length is:

1t 1t
?z—ff"dxz—f a,G"x™ dx (2.51)
LJ, L J
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If it is assumed that the O /F ratio is high enough, as generally happens in hybrid propulsion,

then G (x) ~ G,,, and naming 7, the previous average regression rate, then:

: 1 n L m 1 n Lt Ax m on
Ty =Zax60xf0 X dx=zax60xm+1 =(1+m)L Goy (2.52)
a
The averaged expression of the regression rate is therefore:
To = aGyy (2.53)

where a is the regression coefficient that incorporates the term relative to the length of the
grain (L™). As in the case of the local regression rate expression, there is no dependence on
the chamber pressure, but only on the oxidizer mass flux. To obtain the best accuracy from
this simplified relationship, it is necessary to experimentally evaluate the constants a and n.

Typical values of n are 0.5 =+ 0.8.

Karabeyoglu, Cantwell and Zilliac [6] derive further expressions for the regression
rate averaged over the grain length as a function of two known mass fluxes. In their paper,
the authors assumed that the regression rate is constant along the entire length of the grain,
reducing the two-dimensional spatial averaging problem to a more manageable one-
dimensional problem. Consequently, the port area diameter at a given time is also considered
uniform along the grain. Omitting calculations for brevity (available in [6]), the authors
derived the exact formula of the average regression rate over the grain length as a function

of the oxidizer mass flux G,, and engine characteristics 0/F,n and m:

T 1 1-n 1

= O/F
a,GrLL™ 1+m 1 \I™ 1 +mf0( /F) (2.54)
(1 + W) —1|0/F
where the corrective factor is:
1—n _ 1—n
~a(0/F) (2.55)

fo(O/F) = T
[ 1+0—/F) —1] O/F
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and the parameter « is:

1-n

a=<1+$) -1

(2.56)

In a similar way, the exact formula of the average regression rate over the length of the grain

as a function of the total mass flux G; = G, + G and engine characteristics O /F,n and m

1s also derived:

T} B 1 1—n B 1 £,(0/F)
LGPL™ 1 1-n 1 ‘
a, Gy +m[ _(%) l(1+0/F) +m
where the corrective factor is:
£.(0/F) = 1—n _ 1—n
t - 1-n ~B(1+0/F
[“(%) l(”O/F) e

and the parameter f is:

1-n
#=1- (o)

(2.57)

(2.58)

(2.59)

Parameters a and B (Fig.2.14) and corrective factors f,(0/F) and f,(0O/F)

(Fig.2.15) are plotted as a function of O/F for various n exponents. For O/F — oo, as in the

case of very short motors or with low regression rate (i.e. small variation of the mass flux

along the grain), the parameters a and f§ go to zero, while the corrective factors become

unity: this is absolutely predictable since for O /F — oo the mass flux in a section (including

the final one) tends to the oxidizer flow only.

It is also observed that both corrective factors are more significant for low O/F ratios,

because of the much greater increase of the mass flux along the grain, and for high

coefficients n, which further amplify the variation of the specific flow by increasing the

regression rate. For n = 0 (not of practical interest for hybrid engines, but didactically
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interesting), the corrective factors become unity, due to the loss of dependence of the

regression rate on the mass flux.

0.8
=06 oy
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Figure 2.14: Coefficients a and 8 as a function of O/F for various n exponents.
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Figure 2.15: Effect of the motor O/F on the regression rate formula based on the oxidizer mass flux and total

mass flux [6].

The equations (2.54) and (2.57) obtained by the authors allow the definition of
different expressions for the regression rate averaged over the length of the grain, depending
on the type of mass flux used (G,, or G;). In those expressions, the effect of grain length on
regression rate is considered in the term 1/(1 + m) which results from the integration of the
position along the grain (i.e. x™). The primary physical cause of this term is the boundary

layer thickening. The flux effect is represented by a complex function of O /F, f,(0/F) and
fi(0/F).
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It is possible to make a comparison between the various expressions of the averaged
regression rate. In particular, the value of the average regression rate calculated from the

local regression rate formula (2.35):
7 =a,G"x™ (2.60)

will be compared with the values obtained with equations (2.53), (2.54) and (2.57) with

and without the correction factors, and with the formula based on the average mass flux

(Gox + G¢)/2 without any correction factor:

- Ay Gox + Gt)n
= m 2.61
T 1+m< 2 (2.61)

Since O/F ratio usually varies (O/F shift), also a, and the corrective factors are also
functions of time. The following figures show the regression rate distribution (2.35) as a
function of the axial position. Fig.2.16 shows the comparison between the expressions,
considering the corresponding corrective factors for 7, and 7;: values from all expressions

are practically coincident with equation (2.60).

1.3 T T T
F = a,G"z™
125 fo = aG", 7
@ o = s LG, fo(O/F (1))
2 - m = g GO/ F )
. ‘_ _ T‘,—_m — ﬁ‘[’m ( ij‘ Gy )n

=y
o
(9]

7 [mm/s]

-
-
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Figure 2.16: Comparison between different expressions for average regression rate, considering the correction

factors and referring to the instantaneous global value of O/F, a and f3.
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Fig.2.17 shows the comparison between the expressions without considering the
corresponding corrective factors. In this case, the only expressions that coincides with the
average value of the local regression rate (2.60) is the one considering the average specific
mass flow (2.61) and equation (2.53), while the expression of 7, underestimates its value

(because f,(0/F) > 1) and the expression of 7; overestimates its value (because

ft(0/F) < 1).

1.3 T T T T
r= [L‘,;G”.'L'm - @ - :'-101' - (li‘r”) LHFG:)EJ:
1.25 —— =G - B - T = T LMGE e
f'l] = aG:i,. - " - ?JFL = uii},:)Lm(Cw;m )"

7 [mm/s]

xz/L

Figure 2.17: Comparison between different expressions for average regression rate, without considering the

correction factors and referring to the instantaneous global value of O/F, a and £5.

If the corrective factors are calculated with the average global O/F ratio, an error is
made in the average regression rate estimation due to the incorrect evaluation of
instantaneous parameters a and . Fig.2.18 shows the comparison between the expressions

with the corresponding corrective factors.
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Figure 2.18: Comparison between different expressions for average regression rate, considering the correction

factors and referring to the global average value of O/F, a and 5.

2.4 Flooding and Cooking Limits

Most empirical and theoretical investigations have shown that the regression rate of
the solid grain is highly dependent on the local mass flow. However, the range of regression
rate values of practical interest is defined by two mass flow extreme values: the upper limit,
often called the flooding limit, and the lower limit referred to as the cooking limit [7][9].

Flooding corresponds to a situation where the oxidizer flow is high enough to prevent
combustion or has increased to the point where the flame is blown out of the combustion
chamber, presumably due to finite reaction rates that cannot keep up with fluid dynamic
mixing rates at high mass flux levels or at the development of very oxidizer rich conditions.
The flooding limit also seems to depend on the specific propellant combination and chamber
pressure, thus becoming less problematic when highly reactive propellants are used. Typical
values of the maximum oxidizer mass flux to avoid flooding are around 800 —
1000 kg/(m?s), although higher flows rate can be used by increasing the pressure in the
combustion chamber.

On the other hand, at very low mass flows, the limited amount of oxidizer could also

extinguish combustion. In addition, the convective heat flux to the fuel surface and therefore
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the regression rate are low, and the heat can spread deep into the grain of the solid fuel. This
situation is called cooking. Depending on the specific type of fuel, this situation can lead to
cooking reactions that can cause the fuel substrate to undergo depolymerization reactions
well below the surface, thus altering its mechanical properties. According to Marxman [9]
this situation can lead to unwanted changes in fuel properties and poor combustion
efficiency. For Plexiglas/oxygen systems, Marxman showed that the minimum regression
rate before this phenomenon becomes important is about 0.1 mm/s, which is probably lower
than any practical application. Typical values for the minimum oxidizer flux are around 5 —

10 kg/(m?s).

2.5 0/F shift

A peculiar feature of hybrid combustion is that a real steady-state condition is never
achieved, due to the variation of propellant mass flow with time and throttling (i.e. variation
of the thrust by varying the oxidizer flow injected into the combustion chamber). This
phenomenon is generally referred to as O /F shift and leads to a variation of the propulsion
system performances. Considering the regression rate described with equation (2.53) the

fuel mass flux is given by:

_ TopgPL aGgpsPL
rToa, T A

(2.62)

p p

where P, L, A, are evaluated at position x. The expression of the O /F ratio for circular port
(similar considerations can also be made for non-circular port [4]) is:
np 2n-1

11—
mox

0/F = (2.63)

4"prmimal

where it is clear the dependence of the O /F ratio on port diameter D and oxidizer flow rate
m,,. Fig.2.19 shows the O/F shift as a function of the diameter ratio R = D /D, for several

regression rate coefficient n with constant oxidizer flow rate m,,. Since the exponent of D
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is2n — 1,ifn = 0.5, no O/F shift occurs. In this case, all global parameters (fuel mass flow,
chamber pressure and motor thrust) remain constant even after the increase in the port area.
If n > 0.5 then the O /F ratio increase due to a higher reduction of regression rate in respect
to the increase in burning area, leading to a reduction of fuel mass flow, chamber pressure
and motor thrust. [f n < 0.5, the lower sensitivity of the regression rate to the port diameter
leads to a lower reduction in the regression rate on which prevails the increase in the burning
area. The result is a reduction of the O/F ratio and an increase of propellant mass flow,

chamber pressure and engine thrust.
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Figure 2.19: O/F shift with diameter ratio R for several regression rate exponents n.
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Equation (2.63) shows that the O/F ratio is also influenced by throttling obtained
by varying the oxidizer mass flow rate injected into the combustion chamber. In fact, the
variation in the oxidizer mass flow rate produces a variation of G,, and therefore of
regression rate. This effect is usually overlapped to the one caused by the variation of the
port area and leads to a variation of ¢, G¢ and, ultimately, of the O /F ratio.

Fig.2.20 shows the O/F shift with throttling for several regression rate exponents n with

constant port area:

(2.64)

0/F) (m )1‘"
(O/F)O B moxo

For n = 1 there is no O/F shift due to throttling (however, there is O/F shift due to the
variation of the port area because n # 0.5), while if n # 1 there is O /F shift. The O /F ratio
increase if m,, increase and vice versa, with a sub-linear trend that tends to linearity as

n - 0.
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Figure 2.20: O /F shift with throttling for several regression rate exponents n.
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Chapter 3

Boundary Layer in Hybrid Combustion

The boundary layer is defined as the thin layer of fluid in the immediate vicinity of a

surface. It is possible to define several types of boundary layers. A consequence of the
viscous fluid-surface interaction is the development of a region in the fluid through which
the velocity varies from zero at the surface to fulfil the no slip condition to the velocity of
the undisturbed current. This region of the fluid is known as velocity boundary layer.
Moreover, if the surface and the flow temperatures differ, there will be a region of the fluid
through which the temperature changes from the value of the incoming flow to the wall
temperature. This region is called the thermal boundary layer region. Finally, the
concentration boundary layer is defined as the region in which concentration gradients exists,
thus where the chemical concentration changes from the value of the undisturbed flow to the
value at the wall.
The dimensionless number introduced in Chapter 2 describe the ratios between the thickness
of the various type of boundary layer [1]. The Prandtl number Pr provides a measure of the
relative effectiveness of momentum and energy transport by diffusion in the velocity and
thermal boundary layer. It therefore determines the ratio between the velocity and the
temperature boundary layer thickness. The Schimdt number Sc provides a measure of the
relative effectiveness of momentum and mass transport by diffusion in the velocity and
concentration boundary layer, thus it determines the ratio between the velocity and the
concentration boundary layer thickness. The Lewis number Le = Sc/Pr therefore measure
the ratio between the thermal and the concentration boundary layer thickness.

In the laminar boundary layer the fluid flow is highly ordered, while the turbulent

boundary layer is highly irregular and it is characterized by random three-dimensional
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motion of relatively large parcels of fluid. Moreover, the turbulent boundary layer is
characterized by strong surface gradients of velocity, temperature and species concentration,
and mass, momentum, and energy transport are dominated by turbulence.

The turbulent boundary layer that forms above the grain in a hybrid engine originates from
the interaction between the fluid dynamic boundary layer due to the viscosity of the injected
oxidizer and the blowing produced by the fuel pyrolysis. Inside the boundary layer, in a
restricted area where the concentrations of oxidizer and fuel allow combustion, a

macroscopic diffusive flame is formed.

3.1 Boundary Layer in Marxman’s Hybrid Combustion
Theory

As already mentioned, the hypotheses assumed by Marxman in describing the
physics of what happens inside the boundary layer are the validity of the Reynolds analogy
and that Pr = Le = 1: consequently, the moment, thermal and concentration boundary layer
thicknesses are equal and the velocity, temperature and concentration profiles are similar and
linear to each other. Moreover, considering that chemical kinetic is generally dominant when
compared to diffusion (i.e. Da > 1), Marxman stated that the flame zone can be modelled
as an infinitely thin discontinuity (flame-sheet approximation) for temperature and
concentration profiles. Therefore, the boundary layer consists of two zones: the region
between the surface of the grain and the flame in which there is the vaporized fuel and part
of reaction product gases; the region between the flame and the upper edge of the boundary

layer where there is the oxidizer and the remaining combustion products.
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3.2 Velocity Profile

To be able to describe the influence of mass injection represented by the blowing
coefficient B on the regression rate in hybrid combustion, the velocity profile within the
boundary layer must be evaluated. In Marxman's theory, the expression of the velocity
profile is obtained based on the combustion model represented in Fig.3.1, in which it is
assumed that the reactions are confined to a flame sheet of negligible thickness at a height
yp from the grain surface. Moreover, it is assumed that the combustion does not change the
velocity profile compared to that with blowing and no combustion. It is also assumed that

the density within the boundary layer is constant and equal to that of the undisturbed flow.

Figure 3.1: Boundary layer combustion model. Adapted from [9].

Neglecting body forces, continuity and x-momentum equations for a steady incompressible

flow are:

L 3.1
P ox pay_ '

6u+ ou ap+61
P ox p"ay_ dx 0dy

(3.2)
where u and v are the x (axial) —and the y (normal) — component of the velocity respectively.
Close to the wall, u = 0 and du/dx ~ 0 so that continuity equation becomes pv = (pv),,.

In the absence of an axial pressure gradient, the momentum equation can be written as:

u 0t

(pv)w 3y~ oy (3.3)

0
y
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Appling Prandtl’s mixing length theory [36], the integration of equation (3.3) between the

wall and the generic coordinate y provides the shear stress expression:
du u
7= (u+ pe) <d_y> =Ty [1 + B <u—e)] (3.4)

where pu is the dynamic viscosity and € is the turbulent eddy diffusivity [11]. By using the
dimensionless variables of velocity ¢ = u/u, and position n = y/§, the previous equation

can be written as:

TwO
dé | u. _
an = [ s pe| @+ B9 =10 BY1+BP) (3.5)

For B = 0, i.e. without blowing from the grain surface, f(y,0) = (d¢/dn) g=o. When there
is no mass injection from the grain wall, the turbulent velocity profile can be adequately

described by the empirical power-law:

¢ =n" (3.6)
with n = 1/7 in the case of flow over a flat plate. Therefore,

(%)Bzo =nn"~! (3.7)

To account for the blowing effect, it will be assumed that in equation (3.5) f(y,B) =

n-1

Ann™ 1, where A = A(B) and A(0) = 1. Furthermore, as a first approximation, the
corrective term due to blowing can be written as B¢p = Bn™. Those considerations lead to
describe the velocity profile within a turbulent boundary layer with blowing through the

following differential equation:

d
d_(rl;) = Ann™1(1 + Bn™) (3.8)
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where A and the integration constant are evaluated by imposing the boundary conditions, i.e.
¢(0) = 0 (no-slip condition) and ¢p(1) = 1 (freestream condition at boundary layer edge).

The expression of the dimensionless velocity profile within the boundary layer is:

u  n"(1+0.5Bn™)
u,  1+0.5B

b = (3.9)

which simplifies to ¢ = n™ when there is no blowing (i.e. B = 0). Fig.3.2 shows the
dimensionless velocity profile of the boundary layer in hybrid combustion according to
Marxman theory for several values of the blowing parameter B. As B increase, the velocity
profile becomes “thinner” while reducing the gradient at the wall. This is consistent with
Marxman's theory according to which the increase of blowing reduces the viscous stress at
the wall and therefore the skin-friction coefficient. Furthermore, the variation of the velocity
profile with respect to the case without blowing is significant even for low values of B; for
B between 5 and 20 (typical range for hybrid engines) the difference is reduced but still
important; for B greater than 20, even a significant increase in the blowing coefficient does
not produce an appreciable change in the dimensionless velocity profile with respect to lower

values of B.
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Figure 3.2: Dimensionless velocity profile of the boundary layer in hybrid combustion according to Marxman

theory for several values of the blowing parameter B.
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A closer examination of equations (3.6) and (3.9) shows that the power-law profile cannot
be valid near the wall, since the velocity gradient (d¢/dn)|,=o = (du/dy)l, -, is infinite
there. In addition, those equations cannot be precisely valid even at the boundary layer edge
because they do not give (d¢/dn)|,=; = (du/dy)|,-s = 0. However, they do provide a

reasonable approximation to the measured velocity profile.

3.3 Flame Position and Velocity

The evaluation of the blowing coefficient B with equation (2.27) requires the
knowledge of the flame dimensionless velocity ¢, = u,/u,. Marxman’s theory [9][11]
allows to find the flame position in the boundary layer as a function of the reaction O/F
ratio, the freestream oxidizer concentration K, and the thermochemical parameter Ah/h,,.
Moreover, Marxman’s theory assumes that the hybrid combustion is diffusion limited. This
suggests that the flame will be well above the laminar sublayer, so that at the flame the
molecular diffusivity D « € and can be neglected [11].

Let’s consider the two volumes separated by the flame zone [9], as shown in Fig.3.3.

8
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Figure 3.3: Control volumes for determination of flame height. Adapted from [9].

From control volume I, the fuel mass flow rate that sublimates from the grain and reaches

the flame is:

Vb

d
F = l(pv)w ~ Kepu dyl Ax (3.10)
0
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where Ky is the local fuel mass fraction and y;, is the flame height above surface. The first
term is related to the overall mass flow rate sublimated from the grain while the second term
represents the axial fuel flow rate below the flame.

Similarly, for control volume II, the oxidizer mass flow rate reaching the flame is:

o [° a (°
0= {l& jo pudy — (pv)wl Koxe =35 L bpuKox dy} Ax (B.11)

where K, is the local oxidizer mass fraction. The first term is related to the oxidizer mass
flow rate that enters in the boundary layer from the freestream while the second term
represents the axial oxidizer flow rate above the flame.

The ratio between the two above flows is the local O/F ratio at the flame:

0 (6 0 (68
{I:ﬁ fo pu dy - (pv)w] Koxe - afyb puKox dy} Ax

[0/F] =
[(pv)w ~ % I Kepu dy] Ax

(3.12)

Retaining only the first order terms, assuming that the oxidizer concentration at the upper
edge of the flame is negligible and considering the definition of the momentum thickness 6
(defined such that p,u26 is the momentum loss in the actual flow because of the presence

of the boundary layer [21]),

5y u 1
o Ue Ue 0
it is obtained:
(pv)y Kox, dO

([0/F]1+ Koy,) = (3.14)

Pele 1- gbba
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The Von Karman boundary layer momentum integral equation for an incompressible flow

above a flat plate with mass injection:

de Cr
— =T+ 3.15
dx 2 (1+B) ( )

can be substituted into equation (3.14) to obtain an equation for the velocity ratio at the

flame as a function of the O/F ratio of reaction, the freestream oxidizer concentration Ky,

and the thermochemical parameter Ah/h,,:

Ah
[0/F1 (%)

Up v

bp == Iy (3.16)
€ Koxe + ([O/F] + Koxe) (h_)
v
The flame position 7, is related to ¢, and B through equation (3.9) as:
1/n

Yo _ |=1+y1+2B¢,(1+0.58) (347)

77b26 B

3.4 Combustion Mixture Ratio

Marxman's theory assumes some hypotheses as valid. The first hypothesis is that the
oxidizer and the fuel reach the flame zone mainly by diffusion and that diffusivity is equal
for each of the species considered. It has also been assumed that reactions are infinitely fast,
so that species react immediately and completely in the flame zone without having the
possibility of trespassing it. If those hypotheses actually reflected the reality of the hybrid
combustion physics, the flame would be positioned where the local O /F ratio is equal to the
stoichiometric one. Experimentally, combustion has been observed to be fuel-rich [8][11],
therefore with the flame closer to the wall and with combustion temperature lower than the
stoichiometric one. Despite this, the O/F ratio of reaction is close enough to the

stoichiometric ratio to still be able to consider the reaction kinetics predominant on the
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diffusive processes and therefore to be able to assume the flame zone as a thin line of
discontinuity characterized by a single O /F value.

The cause of this phenomenon is to be found in the magnitude of the mechanisms by which
the reactants move within the boundary layer. The oxidizer convective flux is expected to be
almost tangential to the flame sheet and it is proportional to the oxidizer mass fraction which
is small near the flame where it is consumed by the combustion reaction. The convective
flow is superimposed to the diffusion flow which is proportional to the concentration
gradient in the direction normal to the flame, and therefore maximum in here. Ultimately,
the oxidizer flow towards the flame is controlled by diffusion which represents its limiting
factor, while the convective contribution is negligible. On the other hand, the fuel vaporizes
from the grain and reaches the flame through equally important diffusive and convective
mechanisms.

If we add to this consideration the dependence of diffusivity on temperature (which is
variable within the boundary layer) and the non-negligible presence of oxidizer below the
flame zone experimentally observed, it can be concluded that combustion will not take place
in the position where the O /F ratio is stoichiometric but closer to the wall and therefore in
fuel-rich conditions.

If the Reynolds analogy is assumed to be valid, the relationship describing the oxidizer flux

towards the flame in the direction normal to the wall is [11]:

py(€ + D)y <6K0x)

ay )|~ [0/F1(pv)y (3.18)

|(ov)oxlp =

b

where D is the molecular diffusivity. This expression states that the flame happens at a point
within the boundary layer where the oxidizer |(pv), .|, and fuel (pv),, fluxes meet in the
proportions required for combustion to take place at the experimentally observed fuel-rich
O /F ratio. Because of the unknown a priori real value of the O/F ratio of reaction, in this

work it is assumed that it is equal to the stoichiometric ratio, and this will be referred to as

[O/F]react-
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3.5 Thermochemical Parameter Ah/h,, Calculation

To complete the evaluation of the blowing parameter B, the thermochemical parameter
Ah/h, must be known.

h, is the effective heat (enthalpy) of gasification, defined as the energy per unit mass
required to vaporize the fuel from the initial temperature of the solid. In the case of a
polymer-type fuel such as Plexiglass [11], effective heat of gasification includes the heat
necessary to raise the surface temperature of the fuel from the initial value (of equilibrium
with the external environment) to the sublimation temperature, the energy of
depolymerization and the latent heat of sublimation of the monomer (in the simplistic
hypothesis that the polymer splits into its monomer). In particular, it is possible to break
down the gasification process by means of the following reactions that take place at the grain

surface:

polymer (s) - monomer (1) + AH, (heat of decomposition)
(3.19)
monomer (1) - monomer (g) + AH, (heat of vaporization)

If ¢, ; is the heat capacity of solid fuel and T and T; are the surface temperature and the

steady-state internal temperature of fuel respectively, for this process h,, is:
h, = AH; + AH, + Cpf(Ts -T) (3.20)

Ah is the enthalpy variation between the flame and the wall. If the average specific

heat ¢, is assumed to be independent of temperature [9], flame enthalpy can be defined
b

with respect to a convenient reference temperature Ty, as:

hy = Cp, (T = Trer) (3.21)

Heat of reaction is defined as:

Qp = ZKth —zKphS (3.22)
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where h2, hg are the enthalpies of formation per unit mass of the reactants and products at
the reference temperature T} respectively, and Ky, K, are the mass fractions of reactant and
product species respectively. If the process is considered adiabatic, then there is no net
change in the total enthalpy, i.e. Q = hy,.

The enthalpy in the gas phase at the wall is given by:

hy = & (T, = To) (3.23)

where ¢, is the specific heat at the wall. Experimental measurements have shown that the

vaporization temperature of the monomer is approximately 600 K [9].

Thus:
Ah = hy, — h,, (3.24)

For systems where the oxidizer is diluted, it can be assumed that the inert diluent
merely adds additional mass to the system, so that the heat released per unit mass is

decreased.

3.6 Profiles of Thermodynamic, Chemical and

Mechanical Quantities within the Boundary Layer

The basic assumptions that allowed the development of Marxman's theory of hybrid
combustion are the validity of the Reynolds analogy and that the Prandtl and Lewis numbers
are unitary. The first of these hypotheses allows to state that, at least below the flame, the
moment and thermal profiles are proportional to each other. Moreover, stating that Pr = 1
1s equivalent to say that the thickness of the moment boundary layer is equal to the thermal
one, while Le = 1 itis equivalent to state that the thermal and chemical species concentration
profiles are similar. With those assumptions, it is therefore correct to assume that the

temperature and concentration profiles can be described as linear function of the velocity

55



profile. Mathematically this means that those profiles can be written in the form a¢ + b,

where a and b are constants that depend on the boundary conditions for the specific quantity.

Velocity profile. As previously demonstrated, the dimensionless velocity profile

within the boundary layer (Fig.3.4) is described by the relation (3.9).

‘

09 I

08 7

0 " 1 1 L
0 0.2 0.4 0.6 0.8 1

b = u/u,

Figure 3.4: Dimensionless velocity profile ¢ as a function of dimensionless position 7 in the boundary layer.

Concentration profiles. To describe the concentration profiles (Fig.3.5), it is
necessary to distinguish the boundary layer in the two regions below and above the flame.
The flame is assumed infinitely thin (flame-sheet approximation). As a result, above the
flame (n, < n < 1) the oxidizer, any diluent and part of the combustion products will be
present, at the flame (n = 71;,) the mixture consists only of the reaction gases, below the
flame (0 < 1 < 1n,) there are only the fuel and the remaining combustion products.

The products concentration below the flame goes from zero at the wall (n = 0) to unity at

the flame (n = n,,), thus the following system of conditions must be solved:

Kpr(n) = ad’(n) +b
Kpr(n =0)=0 (3.25)
Kpr(n =) =1
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Calculations give:

K,,(n=0)=a¢p(0)+b=0->b=0 (3.26)

1
Kyy(n =1np) = ap(p) +b=1-a= ™ (3.27)

therefore:

_ ¢ _n"(1+0.5Bn")
T ¢y mp(1+0.5Bn}

O<n<n (3.28)

The products concentration profile is opposite to that of the fuel, which goes from unity at

the wall to zero at the flame. Therefore:

[0) n™(1 + 0.5Bn™)
=1- =1—-——=1- <n<
Kp=1=Kp=1-2-=1 TECL T 0SB 0<n<n) (3.29)

Above the flame, the oxidizer concentration goes from the value of the freestream mass

fraction K, to zero at the flame, thus the following system of conditions must be solved:

Kox(n) = a¢(77) +b
Kox(m=mp) =0 (3.30)
Kox(n =1) = Koxe

Solving with the same procedure seen above:

K — n™(1+ 0.5Bn™)—ny (1 + 0.5Bnp)
ox 0¥ 1+ 0.5B —n(1+ 0.5Bn1)
_ ¢ — b
~ o1,

(3.31)
p<n<1
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Any diluent species will have a concentration equal to K;, , = 1 — K, at the boundary layer

edge and equal to zero at the flame, therefore:

n™(1+ 0.5Bn™)—n(1 + 0.5Bn})

K = (1 - K,
in = ( oxe) 1+ 058 —n}(1 + 0.5Bn})

(3.32)
_ b —dp
== Koxe) 77— mp<n<1)
1-¢yp
Since above the flame must be K,,, + K;, + Ky, = 1, then:
Kpr =1 =Koy — Kin (3.33)
from which, considering the expressions (3.31), (3.32), it is obtained:
Kox 1- ¢)
K, =1- = mp<n<1) (3.34)
P Koxe 1- ¢b g
Similarly:
Kin = 1 — Ko — Ky (3.35)
therefore, given the relationship (3.34), it is obtained:
. Kox
Kin - K - Kox (nb < n < 1) (3-36)
oxe
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Figure 3.5: Concentration profiles as a function of dimensionless position 1 in the boundary layer with
Kox, = 1 (top) and K, < 1 (bottom).
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In hybrid propulsion systems, it is not uncommon to use oxidizers diluted with

another element (i.e. K,,, < 1), as in the case of hydrogen peroxide (H,0,) or nitrous oxide
(N,0). In those cases, in the numerical simulations it is still possible to assume K,,, = 1 as

the boundary condition for the oxidizer concentration at the boundary layer edge, provided
that an adequate O /F ratio of reaction is employed.
For example, let’s consider the reaction H,0, — C;H, (hydrogen peroxide — polyethylene).

From the stoichiometric combustion reaction:
C,H, + 6H,0, - 2C0, + 8H,0 (3.37)

it iS [O/F]St (HZOZ),mass = 7.29.

Otherwise, if pure oxygen is used as oxidizer, from the stoichiometric reaction:
C,H, + 30, - 2C0, + 2H,0 (3.38)

itis [0/Flst (0,),mass = 3-43.

It can be demonstrated that, if a diluted oxidizer is used, it is equivalent to consider Ky,
equal to the percentage of oxygen &, and [0/F] (o,) or assume that all the oxidizer is
oxygen (i.e. Koy, = 1) and use the stoichiometric O/F ratio with the diluted oxidant, which

in general is:

[0/F]st c0,)
[O/F]st (diluted ox) — 3 -2 (3.39)
ox

For example, H,0, (100%) has 47% of O,, thus it can be assumed K,,, = 0.47 and
[O/F]st(oz) = 3.43 or Koxe = 1 and [O/F]St(HzOz) = 7.29.
In the following, it will always be K,,, =1 with the stoichiometric O/F ratio with the

diluted oxidant.
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Temperature profile. To describe the temperature profile in the boundary layer, it is
necessary to distinguish between the regions below and above the flame. Below the flame
the temperature goes from the wall temperature of the gaseous fuel (around 600 K) to the
flame temperature T}, while above the flame the temperature drops until it reaches the

freestream temperature T, at the edge of the boundary layer (Fig.3.6). It can be obtained:

¢

T=T,+ (Tb - Tw) ¢_ =Ty + (Tb - Tw)Kpr (0 =n= nb) (3-4‘0)
b
1-¢
T=T,+ (Tp — Te)m =Te+ (Tp — Te)Kpr (le =n =< 1) (3.41)

n=y/d
o
w

o
~

o
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Figure 3.6: Temperature profile as a function of dimensionless position 7 in the boundary layer.

Pressure profile. For a turbulent boundary layer above a flat plate without mass
injection, the pressure in the normal direction is uniform and equal to that of the freestream
current [21]. Blowing produces a radial velocity component and therefore pressure is not

uniform on the section. To a first approximation, this effect is neglected.
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Molecular mass and gas constant profiles. Again, a distinction must be made
between the above and below flame positions. The mixture molecular mass distribution

(Fig.3.7) can be evaluated with the following expressions:

1
= < <
Mm =— PR O=n=<mn) (3.42)
My, T Wy o
M, = 1 <n<i1
mT1 L 1 1 (m, <m<1) (3.43)
Mmox ox Mmin in Mmpr pr
1 T
flame
09t o M,
o My,
08 1
0.7F 1
N 0.6
‘f‘ 05 1
"ot 1
0.3
02r i
01F 1
0 ‘ ‘ ‘ . —o
0 10 20 30 40 50 60
M, [g/mol]

Figure 3.7: Molecular mass profile as a function of dimensionless position 7 in the boundary layer.

The products molecular mass can be evaluated with any thermochemical code (in this work

CProPep [12] is used), while that of the gaseous fuel (monomer) can be evaluated by

literature (e.g. from Fig.3.8).
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Figure 3.8: Decomposition products and mean molecular mass of HTPB [25].

Once the molecular mass profile is known, the specific gas mixture constant profile (Fig.3.9)

can be evaluated with its definition:

(3.44)
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Figure 3.9: Gas constant profile as a function of dimensionless position 7 in the boundary layer.
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Density profile. Marxman's theory assume a constant density in the boundary layer,
whose value is equal to the freestream one. In reality, density varies greatly in the boundary

layer (Fig.3.10) and can be calculated using the ideal gas law:

p=— (3.45)

0 5 10 15 20 25 30
p [kg/m?

Figure 3.10: Density profile as a function of dimensionless position 7 in the boundary layer.

3.7 Derivation of Marxman’s Blowing Correction

Cr/Cyr, and Boundary Layer Thickness 6 Equation

The factor C¢ /Cy, accounts for the reduction in skin friction (or heat transfer) caused
by the surface mass addiction. According to Marxman [8] the expression for Cr/Cy

determined from a simple “film-theory” approach by Lees:

¢, B

0

(3.46)
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is not sufficiently correct, because it neglects the effect of mass injection on the well-known
boundary layer thickening. By fully nondimensionalizing equation (3.4) using Res =

peUd/u,n=y/68, ¢ =u/u, and t,,, Marxman [7] obtained:

1
ch(l + Bgp) = Re;t (1 + 2oy (3.47)

According to Prandtl’s mixing length concept, € « n2d¢/dn. For the purpose of estimating
€ a power law profile such as ¢ = n™ may be used, thus d¢/dn = nn™ 1. Furthermore,

since n = 1/7 is small, the eddy diffusivity becomes:
€~ cnlth ~ ¢ (3.48)

where ¢ represents a constant that is proportional to the mixing length. Replacing the

expression of € (3.48) into equation (3.47) yields to:

1 _ p d¢
ch(1 + B¢) = Re; ! (1 + ;cn)E (3.49)

Integrating from the wall to the edge of the boundary layer, i.e. from 0 to 1 for both n and
¢, the following expression for the skin-friction coefficient as a function of Regs and B can

be obtained:

In(1 + B)

5 (3.50)

1
ECf = G(Reg)

Marxman [8] argues that the Reynolds number and the blowing dependencies can be neatly

separated in the expression for Cy, thus the functional form of G(Res) can be obtained by

comparing equation (3.50) to the known empirical expression without blowing [20],

namely:

1
5Cr, = G(Res) = 0.0225Rez%° (3.51)
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Therefore:

1 In(1+B
=C = 0.0225Re(;°-25M (3.52)
2 B
Combining the equations (3.51) and (3.52) yields to:
& _ (@)0'25_”1(1 +B) (3.53)
¢\ B '

0

where (6,/68) accounts for the boundary layer thickening effect of mass addition.
é must be described as a function of B. This relationship can be obtained through the

momentum integral formulation of a control volume within the boundary layer (Fig.3.11).

undary Layer Edge

Bo

Contral
Volume

_________________

Fuel Surface

Figure 3.11: Sketch of the control volume for the momentum integral analysis [7].

For this control volume continuity and axial momentum equations can be written as:

61 52
continuity: Am + f puy dy + p,, vy, Ax — f pu, dy =0 (3.54)
0 0
61 62
momentum: u Am + J pui dy — 1,,Ax — j pus dy = (3.55)
0 0
Developing and nondimensionalizing previous equations:
1 1 1
continuity: Am + > Crpu.BAx = pu,§, f ¢ dn — pue6lj ¢ dn (3.56)
0 0
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Am 1 (3.57)
pueAx 2B = '
1 1
momentum:  u,Arh — ECfpueAx = pu?é f ¢? dn — pu2s f ¢? dn (3.58)
Am 1 6, — 0,
—=Cr = 2d 3.59
puAx 2 s Ax f ¢=dn ( )
Combining continuity equation (3.57) and momentum equation (3.59) yields to:
5,8 1 1+B  _1,1+B
Cr fT(RY (3.60)
b "2 Ty -gyan 27 I®

where I(B) = | 01 ¢(1 — ¢) dn is related to the momentum thickness 6 by the relationship:

S(x)
0(x) = f = (1—u—) dy = 5(x) f $(1 — ¢) dn = 5G)I(B) (3.61)
0

The expression for ¢ (3.9) allows the evaluation of I(B) from its definition:

1 (1138, 18%)
1®) = [ 90 -@)dn= — (3.62)
0
72 (1 +5)
In the limit as Ax — 0, the equation (3.60) is reduced to:
d5_1C1+B (3.63)
dx 2 T 1(B) '
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Substituting the equation of the skin-friction coefficient (3.52) leads to:

dé In(1+B)1+B
— = 0.0225Re;%%° ( )

dx B I(B) (3.64)
_o0a2s A+ B)1+B (pue>_°'25 5025 '
o B I(B) \ u

By considering B constant (i.e. similar velocity profiles) and integrating on the boundary
layer, the expression of the boundary layer thickness as a function of the position along the

grain (Fig.3.12) is obtained:

—lo. ~0.2 3.65
0.02813 —— ) Re; (3.65)

) In(1+B)1 + B]*®
X

which is different from the expression of the boundary layer thickness without blowing [22]:

o
i 0.370 Re; %2 (3.66)
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Figure 3.12: Boundary layer thickness in hybrid combustion as a function of the position for several values of

the blowing parameter B. B = 0 represents the case without combustion.
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In the equation (3.65), the term

In(1+B)1+ B]*®

5 1B) (3.67)

F(B) = |0.02813

accounts for the boundary layer thickening due to the blowing with respect to the case
without blowing. Fig.3.13 shows f(B) divided by its value in the case without blowing
f(B = 0) = f(0). Typical values of 5 — 20 for the blowing parameter B leads to a boundary
layer thickening of about 45 — 90%.

f(B)/£(0)

0 20 40 60 80 100
B

Figure 3.13: f(B)/f(0) ratio as a function of the blowing parameter B.

From previous equations it can be obtained:

S [1(B) B 08 (3.68)
5§ |1(0)(1+B)In(1+B) '
Combining equations (3.53) and (3.68) yields to:
G [B® 1 " [m@+B)]" (3.69)
C,, [1(0)1+B B '
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If there is no blowing (i.e. B = 0), I(B) is equal to I(0) = 7/72, thus:

138 45
i (% i
(1+3)

The blowing corrective factor Cr/Cy, as a function of the blowing parameter B (Fig.3.14) is

therefore:

0.2
13B 4B2
C 0.8 =
& r“(l*'B)l l 11 (3.71)

C 2
fo G+B)1+§)
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B

Figure 3.14: Cr / Cy, ratio as a function of the blowing parameter B.
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3.8 Influence of Thermochemical Parameters on

Hybrid Flame Characteristics

In Marxman’s theory, thermochemical parameters B, [0/Fl,eqct, AR/h,, and Kox,s
influence the characteristics of the hybrid flame. Let’s refer to the Marxman’s theory

equations (2.27),(3.16), (3.17) and (3.71). The influence of each parameter is evaluated

while keeping the other constant.

Influence of B. The increase of the blowing parameter B represent a greater grain
regression rate and thus boundary layer thickening. Therefore, the flame moves away from
the grain surface (Fig.3.15) and its speed is increased (Fig.3.16).

The value of Ah/h,, as a function of B (Fig.3.17) can be evaluated by substituting equation
(2.27) into equation (3.16). Solving for Ah/h,, yields to:

A_h _ B[O/F]react - Koxe
hv [O/F]react + Koxe

(3.72)

It should be noted that the condition Ah/h,, = 0 does not corresponds to B = 0, because of
the approximations to derive equation (3.16). As a result, Marxman's model as presented is
not perfectly consistent when B — 0, although this condition is far from the typical operating

conditions. If B increase, then the skin-friction coefficient Cr /Cy, decreases (Fig.3.18).

0 20 40 60 80 100 5 10 15 20
B B

Figure 3.15: Dimensionless position of the flame 7, as a function of the blowing parameter B for a broad range
of values (left) and for typical values in hybrid rockets (right).
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Figure 3.16: Dimensionless velocity of the flame ¢, as a function of the blowing parameter B for a broad range
of values (left) and for typical values in hybrid rockets (right).

80 T T T T 16

70 h

Figure 3.17: Thermochemical parameter Ah/h,, as a function of the blowing parameter B for a broad range of
values (left) and for typical values in hybrid rockets (right).
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Figure 3.18: Cr/Cy, ratio as a function of the blowing parameter B for a broad range of values (left) and for
typical values in hybrid rockets (right).
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Influence of Ah/h,. The increase of the thermochemical parameter Ah/h, is
equivalent to an increase of the heat transfer between the flame and the grain and/or of the
reduction of the effective heat of gasification. The blowing parameter B increases (Fig.3.19),
although flame position (Fig.3.20) and velocity (Fig.3.21) increase. However, with regard to
the latter two parameters, in the common configurations of hybrid engines the variation is
still limited, because of the characteristic blocking effect. The increase of B cause a reduction

of C;/Cy, (Fig.3.22).
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Figure 3.19: Blowing parameter B as a function of the thermochemical parameter Ah/h,, for a broad range of
values (left) and for typical values in hybrid rockets (right).
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Figure 3.20: Dimensionless flame position 77, as a function of the thermochemical parameter Ah/h,, for a broad
range of values (left) and for typical values in hybrid rockets (right).
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Figure 3.21: Dimensionless flame velocity ¢, as a function of the thermochemical parameter Ah/h,, for a
broad range of values (left) and for typical values in hybrid rockets (right).
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Figure 3.22: (¢ /Cy, ratio as a function of the thermochemical parameter Ah/h,, for a broad range of values
(left) and for typical values in hybrid rockets (right).
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Influence of [0 /F],eqct- The value of the combustion O /F ratio ([0/F ],eqct) has an
important influence on the flame position and velocity. If [0 /F],eqc: ratio increases, the
flame moves away from the grain towards regions richer in oxidant, i.e. towards the
boundary layer edge (Fig.3.23). The greater height of the flame produces a reduction of the
thermal gradient towards the wall, with a consequent reduction of the heat exchanged and of

the blowing parameter B. Reducing the blowing effect results in an increased Cr/Cy, ratio

(Fig.3.24).
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Figure 3.23: Dimensionless flame position 7;, (left) and velocity ¢;, (right) as a function of the [O/F ], eqct
ratio.
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Figure 3.24: Blowing parameter B (left) and Cy/Cj, ratio (right) as a function of the [0 /F ] .¢qc¢ ratio.
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Influence of K,y,. In order to obtain the [0 /F];.qc; ratio, the increase of the oxygen
mass fraction in the freestream must necessarily verify a lowering of the flame, i.e. the flame
moves towards regions with a higher concentration of fuel (Fig.3.25). The lowering of the
flame produces a greater heat transfer to the wall, so the blowing coefficient increases and

Cr /Cy, decreases with it (Fig.3.26).

@y = up/u,
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Figure 3.25: Dimensionless flame position 7;, (left) and velocity ¢, (right) as a function of K.

20
0.165

0.16

0.155 -

015

Cr/Cy,

0.145 -
0.14

0.135 -

14 . L . . . . 013 | L L L L I ! L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1

Figure 3.26: Blowing parameter B (left) and Cy/Cj, ratio (right) as a function of K.
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3.9 Mass Fluxes in the Boundary Layer

Let’s consider the control volume to be the region within the boundary layer between
the leading edge of the grain and the generic location x (Fig.3.27). The net mass flow (per
unit grain depth) in the control volume through the entire control surface has three
contributions: the inflow oxidizer mass flow rate 1, ;; by diffusion from the freestream,
the inflow vaporized fuel vertical mass flow my, from the surface and the outflow mass
flow rate mgs at the boundary layer cross sectional area at x coordinate. Part of 111, ,; and
My, flows reach the flame, namely 1,y rigme and My figme respectively. The remaining
fractions, namely 1 o, and Mg ¢, exits from the control volume flowing above and below
the flame respectively. Together with the combustion product mass flow i, inside the

boundary layer, those last two flows contribute to the outflow mass flow rate mg:

Ti’lé‘(X) = m(g’ox(X) + m(g’f(X) + Ti’l(g'pr(X) (373)
_ ue"_‘ mox,bl —]
—./——- m&,ox
\max,flame ____—_—:_'___.__ —#—4‘ m6
4 ey M flame (pu),, &
- — v
/// . Ms b
e my
Vi Z G A i e

Figure 3.27: Boundary layer schematic. Adapted from [11].

Mass conservation principle yields to the following expressions:

Mg (x) = Mgy pr(x) + 11 (%) (3.74)
mox,bl(x) = mox,flame(x) + m&ox(x) (3.75)
mf,x(x) = mf,flame(x) + m&,f(x) (3.76)
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In Marxman's theory, the density within the boundary layer is assumed to be constant and

equal to that of the freestream [9]. Therefore, the total flow rate can be calculated as:

6(x)

ms(x) = pelle o) dy (3.77)
0

and its components are determined by referring to the corresponding mass fractions:

6(x)

g0 () = potte f Koe (b () dy (3.78)
0
5(x)

1. () = Potte j K@) dy (3.79)
0
6(x)

i e () = pte | Kpr GGG dy (3.80)
0

It can be noticed that the fuel mass flow rate above the flame ms ¢ is usually very small.
This is because the fuel mass fraction is maximum at the surface where the velocity is zero,
while moving away from the wall the velocity increases but at the same time the

concentration decreases until it becomes zero at the flame.

The mass flow rate leaving the control volume within the boundary layer can be
evaluated using the concept of displacement thickness. The displacement thickness 6™ is the
distance by which the wall would have to be displaced outward in a hypothetical frictionless
flow to maintain the same mass flux as that in the actual viscous flow. The quantity p,u,6*
therefore represents the flow deficit in the boundary layer due to the slowing down of the
flow due to viscous friction at the wall [21]. This means that the displacement thickness can
be interpreted as the distance by which streamlines outside the boundary layer are displaced

due to the presence of the boundary layer. The definition of displacement thickness leads to:

6(x)

1
5 (x) = j 1- = dy = 5(x)J (1 — ) dn (3.81)
0 e 0
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The displacement thickness §* allows to evaluate mg as:

s (x) = pette(6(x) — 6™ (x)) (3.82)

In hybrid combustion, the phenomenology of the boundary layer is more complex due to the
fuel blowing from the wall. If the dimensionless velocity profile is described by the equation
(3.9), then the displacement thickness can be expressed as a function of the blowing

parameter by solving the integral (3.81) [28]:

5 = J+ 8B 5 (3.83)
- 36(2+B) '

For typical values of B = 5 — 20 the displacement thickness is about 20% of the boundary

layer thickness.

The dimensionless velocity profile ¢ (3.9) in the integrals of equations
(3.77),(3.78), (3.79) and (3.80) is defined as a function of the dimensionless position n =
vy /6. By applying a change of variable (and therefore of the interval of integration) the flow

rates can be rewritten as:

15 () = potted(x) f $(n) dn (3.84)
0
1
mé‘,ox(x) = peue6(x)f Kox(n)(p(n) dn (3.85)
0
1
tig, () = peued(x) j K (D) dn (3.86)
0
1
1 () = pette(x) j Koy () () diy (3.87)
0
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Since the velocity (and therefore the concentration) profiles are similar along the grain, the
ratios between the flow rates and the thickness of the boundary layer are quantities

independent on the axial coordinate.

The vaporized fuel mass flow rate at x coordinate can be written as:

X

iy (x) = fo 0 (x) dx (3.88)

where the regression rate is expressed with equation (2.28).
Because of mass continuity, the oxidizer mass flow rate that enters in the boundary layer by

diffusion from the freestream is:
Moz, p1(X) = s (x) — 1M (%) (3.89)
while the oxidizer and fuel flow rates that reach the flame are:
Moy, frame (X) = Moy p1 (X)) — Mg 5y () (3.90)
Mg frame(x) = Mg (x) — s £ (x) (3.91)

It is therefore possible to calculate the flame mixture ratio [0 /F] 1q4m, in the generic section

X as:

_ Moy, flame (x)
[O/F]flame(x) - mf,flame_(x) (3.92)

By numerically solving the flat plate in an open environment model with ¢, calculated with
the equation (3.16) a value of [0/F]fqme different than [0/F],eqce (which is used to
evaluate the flame velocity and therefore position) is obtained. The reason for this error
(about 5%) is due to the simplifications made in the formulation of ¢, (3.16) as well for

the use of empirical expressions for the definition of § (3.65) and Cy/Cf, (3.71).
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In addition, it is expected that the value of [0/F] ¢jqme is independent on the axial position.

In fact, the vaporized fuel mass flow rate has a lower than linear trend with x due to the term

Re; %2 in equation (2.28):

X X

i () = fo pi(x) dx o jo

X

Re;%2? dx ocj x7 %2 dx oc x08 (3.93)
0

Similarly, the boundary layer thickness & described by equation (3.65) has the same trend:
5(x) o« xRez%? o< x08 (3.94)

As a result, the flow rates leaving the control volume are all proportional to x°8:

mg(x) o< §(x) o< x08 (3.95)
Mg ox () o 8(x) oc xO8 (3.96)
mg p(x) o< 8(x) oc x08 (3.97)

and therefore, the oxidizer flow rate that enters in the boundary layer and the oxidizer and
fuel flow rates that reach the flame too, verifying that [0/F]f;4m, does not changes along

the length of the grain.
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3.10 [O/F]bl Ratio

In this work, [0/F],, ratio is defined as the ratio between the inflow oxidizer mass
flow rate 1,y ;,; from the freestream and the inflow vaporized fuel mass flow rate m , from

the grain into the boundary layer:

-
[0/F]y, = =22 (3.98)
mf,x

From numerical simulations it can be easily observed that [0/F],; > [0/Flyeqce- This
means that, to obtain the correct oxidizer/fuel ratio at the flame, 1, ,; must be much greater

than M,y r1ame, because of the significant mg ,, carried away above the flame.

Influence of Ah/h,,. If the thermochemical parameter Ah/h,, increases, also the flame
height, the blowing parameter B, the inflow vaporized fuel mass flow rate, the boundary
layer thickness and the outflow mass flow rate mg increase. Calculations show that the
increase of iy, is greater than that of 1, ;,; (Fig.3.28), leading to a decrease of [0/F]p,
(Fig.3.29). For Ah/h, = 0 it is s, — 0 and [0/F], — . The asymptotic trend for
Ah/h,, — oo is due to the typical blocking effect of hybrid combustion.
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Figure 3.28: Dimensionless oxidizer and fuel flows entering in the boundary layer and fuel mass flow rate with

respect to the correspondingly values for Ah/h,, = 4 as a function of the thermochemical parameter Ah/h,,.
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Figure 3.29: [0/F]},; as a function of the thermochemical parameter Ah/h.,.

If [0/F] eqct increase, while keeping the same value for Ah/h,,, then the flame moves away
from the grain surface leading to a reduction of the blowing parameter B and of the boundary
layer thickness. Moreover, the regression rate and thus the inflow vaporized fuel mass flow

rate decrease. However, calculations show that the inflow oxidizer mass flow rate m,, ;

increases, leading to a slightly growth of [0 /F],, ratio (Fig.3.30).
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Figure 3.30: [0/F],,; as a function of the thermochemical parameter Ah/h,, for several values of [0/F],eqct-
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Influence of [0/F),eqct- Considering the same value for the thermochemical
parameter Ah/h,,, the increase of the [0/F],¢qc: ratio value leads the flame to move away
from the grain surface and to a reduction of the blowing parameter B and of the boundary
layer thickness. Calculations show the reduction of mgs, My, and m,y ;. However, the
reduction of g , is greater than the reduction of M,y ,; (Fig.3.31), thus leading to a small
increase of [0/F]}; as [0/F ] eqc: ratio grows (Fig.3.32).
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Figure 3.31: Dimensionless oxidizer and fuel mass flow rate with respect to the correspondingly values for

[0/F]leqct = 1 as a function of the [0/F], ¢4 Tatio.
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Figure 3.32: [0/F],; as a function of the [0/F],¢qc: ratio.
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If [0/F]y; is divided by [O/Fl,eqct» it can be seen that this ratio decreases as [0/F ] eqct
increases, meaning that as [0 /F],¢qc: ratio increase the inflow oxidizer mass flow rate must
decrease (thus [0/F],; too) in order to verify the correct oxidizer/fuel ratio at the flame
(Fig.3.33). An increase of the thermochemical parameter Ah/h, value causes a greater

increase of 7y, than of 1,y leading to a small reduction of [0/F]y;/[0/F]lyeqct
(Fig.3.34).

[O/F]bi/[o/F:rr'm'r
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Figure 3.33: [0/F1,;/[0/F]eqct as a function of the [0/ F],¢qc¢ Tatio.
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Figure 3.34: [0/F,/[0/F]eqct @s a function of the [0/ F]¢qc: ratio for several values of the thermochemical
parameter Ah/h,,.
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3.11 Combustion Efficiency

The combustion efficiency 7.+ for chemical rockets is the ratio of the actual energy
released to the ideal heat of reaction per unit of propellant mass and represents a measure of
the source efficiency [3]. In hybrid rockets combustion efficiency is significantly dependent
on the level of mixing of the oxidizer and fuel within the engine. Therefore, in this work the
propellant combustion efficiency, defined as the ratio between the mass flow (fuel or
oxidizer) that participate to the combustion process to the corresponding total mass flow that
enters the boundary layer will be named 7.y,,p. With this definition in mind, the fuel

combustion efficiency is:

m
f.flame
Necomb,f = — . (3.99)
mf,x
and the oxidizer combustion efficiency is:
mox,flame
Ncombox =~ (3.100)

mox,bl

Influence of Ah/h,,. An increase of the thermochemical parameter Ah/h,, causes the
flame to move away from the surface grain thus leading mg ; to be a greater percentage of
s ». As a result, the fuel combustion efficiency decreases due to the higher fuel mass flow
rate carried away below the flame, while oxidizer combustion efficiency increases because
of M o, reduction (Fig.3.35). In fact, for Ah/h,, — 0, the flame goes to the grain surface,
thus all vaporized fuel mass flow reaches the flame, therefore the fuel combustion efficiency
becomes unity while the oxidizer combustion efficiency becomes zero. Those effects are
amplified by the further rising of the flame because of the [0/F], o4 ratio (Fig.3.36). The
asymptotic behaviour for Ah/h, — oo is due to the typical blocking effect of hybrid

combustion.
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Figure 3.35: Combustion efficiency for the fuel 1¢omp ¢ (left) and for the oxidizer 7¢omp,0x (right) as a function

of the thermochemical parameter Ah/h,,.
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Figure 3.36: Combustion efficiency for the fuel ¢omp, ¢ (left) and for the oxidizer 7¢omp,0x (right) as a function

of the thermochemical parameter Ah/h,, for several values of the [0/F],¢qc: ratio.
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Influence of [0 /F] eqct- The effects of changing [0/F],¢qc: ratio value is the same
of Ah/h,, because the increase in both parameter leads to a rise of the flame position.

Therefore, the higher the flame position the greater is ms ¢ and the lower is 1115 o5, leading

to an increase of Ncomp,0x and a reduction of N¢omp ¢ (Fig.3.37).
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Figure 3.37: Combustion efficiency for the fuel ¢omp ¢ (left) and for the oxidizer 7¢omp,0x (right) as a function

of the [0/F],¢qc:t ratio.

By increasing the value of the thermochemical parameter Ah/h,, (i.e. moving further away

the flame) a slightly decrease and increase of fuel and oxidizer combustion efficiency

respectively is observed (Fig.3.38).
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Figure 3.38: Combustion efficiency for the fuel ¢omp ¢ (left) and for the oxidizer 7comp,0x (right) as a function

of the [0/F],¢qc: ratio for several values of the thermochemical parameter Ah/h,,.
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Evaluating the propellant combustion efficiency as a function of [0 /F]¢igme/[0/F]p, ratio,
it is expected that the fuel and oxidizer combustion efficiencies are equal when the
percentage of oxidizer and fuel that reach the flame are equal, therefore when [0 /F] figme =

[0/F],;. In fact, considering:

MMy, flame Mox, flame
— = Ncombox = (3.101)

Ncomb,f = ;
My x Mox,bi

yields to:

Moy flame _ Moxbl

mf,flame 7hf,x (3.102)

The left term of the previous equation is [0/F] igme, While the right term is [0 /F],,;. Once
again, the numerical simulation shows that the previous statement is true only if the
[0/F]f1ame ratio value is considered rather than [0 /F],¢qct, because of the simplification

to evaluate ¢, (Fig.3.39).
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Figure 3.39: Combustion efficiency for the fuel 1¢omp s and for the oxidizer N¢ompox as a function of the

[0/F]fiame/[0/F]p, ratio (left) and of the [0/F],¢qct/[0/F]y, ratio (right).
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3.12 Hybrid Combustion Variable-Density Boundary
Layer

The aerodynamic structure of boundary layers with gas injection through a porous

surface in the absence of chemical transformations has been studied extensively, while there
is a lack of experimental information on the structure of reacting boundary layers with heat
and mass transfer processes. The reason is the complexity of the experimental equipment,
the effect of radiation and chemical transformations, of heat and mass transfer and of the
turbulent characteristic of the flow. As a result, the limited availability of experimental
information significantly complicates the analysis and generalization of results.
Most available experimental studies involve the study of the reactive boundary layer with a
propane or ethanol - air diffusion flame [48][50][52]. In those studies, it can be seen that the
concentration and temperature profiles have a qualitatively similar trend to that assumed by
Marxman and described in this chapter. The temperature distribution (Fig.3.40) has a peak
at the flame zone, which tends to thicken because of the turbulent characteristic of the flow
and when the flame is not able to burn all reagents sufficiently fast. The flame zone coincides
with the maximum concentration of combustion products and with the minimum
concentration of the reactants (Fig.3.41). In both laminar and turbulent flow, secondary
reaction products can be found between the flame and the wall. Fig.3.41 also shows the
density profile, which is strongly influenced by combustion because of the heat releasing
that significantly reduces the density of the mixture over the entire boundary layer thickness.
At the same time, the molecular weight of the mixture, except for the region immediately
adjacent to the wall, remains almost constant and close to the molecular weight of air.

iy, mm
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\\ 30 (+)
20} N
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Figure 3.40: Temperature profiles in the boundary layer with ethanol combustion. The flow is laminar for the

velocity wy = 3.3 m/s and turbulent for higher velocity [52].
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Figure 3.41: Distribution of component concentration (a, for laminar flow regime; b, for turbulent flow
regime), and density and molar weight (c) of the substances in the reacting boundary layer with ethanol

combustion. The dashed lines indicate the flame front position [52].

In experimental studies of the aerodynamic structure with a diffusion flame, a
velocity peak was observed at the flame zone (usually slightly below the temperature peak)
due to a decrease in density and associated strong expansion of the mixture (Fig.3.42). In
fact, the flame acts as an obstacle and creates a pressure increase just upstream of the flame
attachment point. This leads to a significant favourable pressure gradient downstream and
the subsequent acceleration of the flow [42]. In addition, because of the reduction in density
due to the rise in temperature, the gas is more sensitive to local acceleration caused by the
inertia of the incoming horizontal oxidizer flow which does not allow the gas to expand
normally and to local pressure gradient. The local maximum can significantly exceed the
velocity in the flow core (typically u, /u, = 1.1 + 1.3 [42]), and its magnitude and position

depend on the fuel-injection velocity and longitudinal pressure gradient.
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Figure 3.42. Velocity profiles in the boundary layer with propane — air diffusion flame [52].

Numerous numerical investigation [40][41][47][54] confirm this feature in a
boundary layer with diffusive flame. However, the few analytical formulations (e.g. [47])

proposed to describe the velocity profile do not allow the generalization of the results.
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Chapter 4

Single-Port Hybrid Rocket Combustion

Chamber Preliminary Sizing

The goal of this chapter is to outline one of the many approaches that can be used for
preliminary sizing a hybrid propulsion system. In particular, the focus here is on the top-
level geometric design and mass estimate of the combustion chamber and single-port fuel
grain, not on detailed design of those and other components (e.g. pressurization system,
nozzle, etc.) for which reference is made to literature [3][4][29]. Performance estimation will
be done using a 0D model, from whose output information it is possible to confirm the
successfully design of the engine system. If not, an iterative procedure is applied until the
mission requirements are verified. To realistically estimate the performances, the engine’s

operation over time has to be numerically simulated with an internal ballistic model.

4.1 Hybrid Rocket Combustion Chamber Preliminary
Sizing

Let’s assume, for example, that the overall mission requirement for a propulsion
system design is that it is able to deliver a specified constant thrust T for a burning time ¢,

in a certain environment. The mission environments, particularly the thermal and dynamic
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environments (shock and vibration), can drive the design by limiting the selection of
propellants [29].

The propellants (fuel and oxidizer), the average combustion chamber pressure p.., the
average O/F ratio ([0/F]g0p), the nozzle shape and the pressurization mechanism are then
selected. Several factors contribute to the propellant selection, including performance,
density and costs (which depends not only on the type of propellant, but also to its safe
management). By using the average chamber pressure and the O/F ratio into a
thermochemical code (e.g. CEA, CProPep) it is possible to determine the theoretical
characteristic velocity ¢* (Fig.4.1), the combustion product characteristics (k, My, ¢;,
chemical composition, etc.) and the flame temperature for the chosen propellants.

The selection of chamber pressure and O /F ratio impact the mass and volume of the system
and the throat erosion during operations. For example, an increase in combustion chamber
pressure will generally increase the ideal specific impulse of the motor and leads to a
reduction in the size and mass of the nozzle because of the reduction of both throat and exit
areas for the same area ratio. However, increasing the chamber pressure may result in a
greater chamber structural mass (if the chamber wall thickness is above material thickness).
In hybrid engines, a variation of the delivered O/F ratio can generally be observed (O/F
shift), therefore the value of the chosen average O /F ratio (which is used in the sizing of the
propulsion system) is usually the one that allows working around optimal conditions.
Typically, the O/F ratio is large for hybrid rocket motor propellant combinations, as the
performance tends to optimize at higher O /F ratio.

As already discussed in Chapter 2, the regression rate varies along the grain port accordingly
to equation (2.35). This leads to coupling of the fuel regression rate with the unknown a
priori mass flux, therefore substantially complicating the modelling. As a result, in the
combustion chamber preliminary sizing the regression rate is calculated as a function only
of the specific oxidizer flow rate by using equation (2.53), where the parameters a and n
can be derived from the literature [4][29]. Measured values of the exponent n are a function
of the selected propellants and are typically in the range of 0.3- 0.8. The value of n is the
key to understanding the overall motor ballistics since it influences the O/F shift of the
motor.

The lasts required inputs are the nozzle area ratio € = A, /Ay, and the initial oxidizer mass

flux G,y,, the value of which must be below the flooding limit for the chosen pair of
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propellants, taking into account that during combustion it is necessary to limit the minimum

flow rate to values sufficiently distant from the cooking limit.
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Figure 4.1: Ideal c* as a function of O/F ratio and chamber pressure for selected hybrid propellant
combinations determined using CEA thermochemical code assuming equilibrium combustion conditions. The

legend in (a) applies to all figures [29].

Let’s consider a single-port cylindrical fuel grain (which is the simplest and most efficient
grain geometry) with an initial diameter D, and length L inside the combustion chamber
(Fig.4.2), where the injected oxidizer mass flow rate is kept constant. Similar considerations
to the following one can also be made for the preliminary sizing of multi-port (even non-

circular ones) grain configurations [4].

95



\_— M o=
( Do ( IDf
/_\ = f\

« >

Figure 4.2: Schematic of a single-port hybrid rocket before and after combustion. Adapted from [29].

Knowing the average chamber and environment pressures and the nozzle area ratio, it is

possible to evaluate the thrust coefficient with equation:

2 \ZeD | 2k = 4
2(k-1) Pe\ k e (Pe Da
s M= R T TN
F k+1 k—1 [ Pcc Ath Pec  Pec
Therefore, the theoretical specific impulse, Igp, jgear» 18:
crc”
Isp,ideal = (4.2)
Yo

The real specific impulse calculation requires the knowledge of the nozzle efficiency 7.,
and the combustion efficiency 7n.+. The nozzle efficiency value depends on several factors
including divergence losses, two-phase flow losses, boundary layer/wall friction losses,
chemical kinetic losses (due to chemical reactions within the nozzle), nozzle throat erosion,
nozzle submergence and other losses [3][4]. With a correct nozzle design, the nozzle
efficiency could be as high as 0.96 — 0.99. The combustion efficiency represents a
combined effectiveness of the combustion chamber and the injector design. Its value is
influenced by incomplete mixing or combustion (this is particularly critical for hybrid
engines) and by real gas properties. The combustion efficiency for single port grain without
any mixing enhancing configuration is usually in the range of 0.75 — 0.90 [29]. The real
value of 7., and 7. it is not known at the beginning of the preliminary sizing, therefore their
value must be assumed and verified during the performance evaluation at the end of the

design procedure. The real specific impulse, I, req1, can be calculated as:

Isp,real = Isp,idealncl:rlc* (4.3)

96



The average propellant mass flow, 771, can be determined as:

T

prop Isp,realgo ( )

The oxidizer and fuel mass flow rate are related to the average propellant mass flow through

the O /F ratio:

. . . . 1
Mprop = Moy T My = Mgy (1 + W) (4.5)
therefore:
m
Moy = prof (4.6)
. mprop
= 4.7
™ =1+ 0/F (*.7)

The corresponding propellant masses can be calculated easily based on the propellant mass

flow rate and the burn time:

Mprop = Thproptb (4.8)
Moy = Moylp (4.9)

The propellants volumes can be calculated as:

(4.11)
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Ve =— (4.12)

The throat area and diameter are calculated by using the expression for the chocked mass

flow rate through a nozzle [4]:

P (4.13)
Pcc CFNcgpPcc
Dy = 41”1 (4.14)
By using the definition of area ratio, the nozzle exit area and diameter are evaluated:
A, = €Ay, (4.15)
D, = 4;:19 (4.16)

Using the value of the initial oxidizer mass flux G,y , the initial port area and diameter can

be determined:

m
Apo = G = (417)
0Xg
Dy, = % (4.18)

A hybrid rocket motor requires a specific fuel grain geometry (Fig.4.3) to achieve the desired

performance similarly to a solid rocket motor.
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Dy

Figure 4.3: Fuel grain geometry. Adapted from [29].

The port diameter, D, will set the oxidizer mass flux, which changes with time based on the

regression rate equation (2.53) as:

dD
—7 = 27 = 2aG3; (4.19)
Developing the previous equation gives:
. 1dD 41ip,\" 4ring,\"
P= g = e =a(Lpr) =a(57) o (420

Separating the variables and integrating between t = 0 and the generic time t yields to:

D 4 . n t
f D" dD :2a< m"") fdt (4.21)
D T 0

0

The integration allows to derive the port diameter as a function of time with the equation:

1
AN\ 2n+1
D= IZa(Zn +1) ( n"") t+ D§"+1l (4.22)

Considering the burn time t;, the final port diameter is:

1
4 A\" 2n+1
D = lza(Zn +1) < n‘”‘) ty + Dé”“l (4.23)
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Equation (4.23) can be written also as a function of the diameter ratio R = Dy /D, [13]:

n
aGothb

R?™1 = (4n + 2) +1 (4.24)

0

The web thickness is therefore:

(4.25)

The design of the solid grain is such that the achievement of the average operating conditions
(O/F ratio and chamber pressure) is obtained at about half the burning time. From the

knowledge of the fuel volume and the initial and final port diameters, the grain length is:

o
(4.26)
I (Df D§)
The combustion chamber volume is instead:
T
Ve = ZszL (4.27)

Figure of merit of the hybrid propulsion system is the port volume loading, defined as the

ratio between the fuel volume and the combustion chamber volume:

Vi=-Z21=1-— (4.28)

As can be seen from the previous equation, the VL (or equivalently the diameter ratio R) is
a parameter that allows to evaluate the filling efficiency of the combustion chamber. A high
value of VL (i.e. of R) is indicatory of a "full" engine, i.e. in which most of the volume of
the combustion chamber is occupied by fuel. The port volume loading increases
asymptotically up to 1 with R (Fig.4.4). Typically, it is recommended to have a diameter
ratio R at least between 2 and 3 in order to achieve a reasonable VL, while for greater values

of R the further increase of VL is not too much meaningful. In addition, low volume loading
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values should be avoided as they lead to an “empty” engine, i.e. the combustion chamber is

not efficiently filled.
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Figure 4.4: Port volume loading VL as a function of diameter ratio R.

4.2 Performance predictions. 0D model

Once the preliminary sizing of the hybrid rocket motor is completed, there are enough
information to simulate the system performance over time, including the regression rate 7(t),
the fuel mass flow rate m,(t), the oxidizer to fuel ratio 0 /F (t), the chamber pressure p(t)
and the thrust T (t). A 0D (zero dimensional) model of the hybrid rocket combustion chamber
and nozzle can be implemented. This model provides the system performance variation over
time due to the area port increase because of fuel grain regression. For this preliminary
design, it is assumed that there is no throat erosion. This assumption is optimistic, as the
throat erosion tends to decrease the nozzle expansion ratio and thus the overall specific
impulse.

Assuming for simplicity a constant oxidizer flow rate m,,, the specific oxidizer flow rate

G, (t) as a function of time is written in terms of the instantaneous port diameter D(t):

(4.29)



Since the regression rate constants a and n are known, the instantaneous regression rate 7 (t)
can be solved with equation (2.53). The fuel mass flow rate is calculated using the regression

rate and the port diameter:

me(t) = prmD (L7 (t) (4.30)

Therefore, the propellant mass flow is:

mprop(t) = Moy + mf(t) (4.31)
and the O /F ratio is:
mox
O/F(t) == 4.32
/RO =525 (432)

Unless n = 0.5, O/F shift is expected.

The chamber pressure can be modelled as a function of time as:

Mprop ()™ (E)ne(t)

(4.33)
Atn

Dec(t) =

c* and 7.+ are functions of O/F(t) and of the chamber pressure and, as such, are also
functions of time. For simplicity, c* can often be treated as a constant in early design if n is
close to 0.5 or for short burns [29]. Otherwise, for more accurate precision of system
performance, an iterative procedure must be performed: for example, assuming a p.. value,
any thermochemical code provides the characteristic velocity ¢* of the mixture, which is
used in equation (4.33) for evaluating the chamber pressure at the nozzle entrance; its value
is compared with the assumed p.. value, iterating to convergence. As a first approximation,
also 1.+ can be assumed constant.

The knowledge of environment pressure (which requires coupling of the presented model
with a dynamic rocket model if the system operates in atmosphere at different altitudes)

allows to evaluate the thrust coefficient cr(t) with equation (4.1). For simplicity, 7., can
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be assumed constant. Therefore, it is possible to solve for the specific impulse with the

following equation:

Cr (t)ncF (t)C* (t)nc* (t)

I, (t) = (4.34)
Yo
Finally, the rocket thrust is calculated as:
T(t) = mprop(t)lsp(t)go (4.35)

4.3 Influence of Motor Design Parameters

The results provided by the system performance simulation are compared with the
mission requirements defined at the beginning of the preliminary sizing procedure.
Therefore, it is possible to evaluate if those requirements have been achieved or not. If not,
we can iteratively optimize the design by varying the decision parameters, based on the
results from the simulation.

First, it must be noted that a characteristic feature of hybrid rockets is the
impossibility of optimizing thrust, burn time and volumetric loading at the same time.
Barato, Paccagnella, and Pavarin [13] provide a good explanation for this feature. Equation

(4.24) can be rewritten as:

aGg‘xotb _ R2n+1 -1

Dy, 2(2n+1) (4.36)

The term on the left is called adimensional reference web thickness. This quantity is
dimensionless because the numerator is divided by the initial port diameter, while it is called
reference because it represents the web thickness that would be required if the regression
rate is kept constant and equal to its initial value. Therefore, the adimensional reference web
thickness is greater than the real one, because of the regression rate decay due to the increase

of the port area with time.
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To achieve the same VL (and R), equation (4.36) shows a direct proportionality between
motor size (i.e. the initial port diameter Dy) and burn time, while the increase of the

regression rate capability makes this dependence less significant (Fig.4.5).

0.8 0.8
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Figure 4.5: Initial diameter port D as a function of the burn time t;, for several values of port volume loading
VL and of regression rate coefficient a: a = 0.11 (representative of paraffins) and a = 0.0275 (representative

of non-liquefying propellants) [13].

A larger thrust and a lower burn time yield to a drop of the port volume loading, because of
the increase of port diameter and reduction of web thickness. In fact, the increase of the
required thrust translates into greater propellant and oxidizer mass flows. As a result, for a

fixed Gy, it is:

Moy T,
A, = =—Df T
Po Goxy 4 0 (4.37)
Therefore:
Do x VT (4.38)

Moreover, an increase of Dy leads to a greater final port diameter Dy for the same burn time,

thus reducing the volume loading VL (Fig.4.6).
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Figure 4.6: Initial and final port diameter (left) and volume loading (right) as a function of thrust.

Equation (4.36) shows that an increase in initial oxidizer mass flux has a positive effect on

volume loading. However, the final G,,, related to the initial one by the equation:

GoxO

= R? 4.39
Gor, (4.39)

must be kept above the minimum value of cooking limit. The need to limit the initial mass
flux to avoid flooding and limit pressure losses due to high Mach number, and to achieve a
minimum final mass flux to ensure adequate proximity of the flame to the solid grain wall
(avoiding excessive heat propagation inside the grain), necessarily leads to a limitation on

the burn time, related to the thrust according to the following proportionality:

Myrop X Tty x T3/2 (R = const) (4.40)

t, < T (4.41)

Fig.4.7 shows the mission envelope for a single port hybrid rocket motors by using equation
(4.36) with typical R value between 2 (i.e. VL = 75%) and 6 (i.e. VL = 97.22%). Hybrid
rockets are suitable for missions where size and burning time are inside the region defined
by the two straight lines. This region shifts to lower size and high burn time for low
regression rate propellant and towards high size and low burning time for high regression
rate propellant. The regression rate can be enhanced for the particular application selecting

the appropriate propellant.
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It can therefore be concluded that hybrid engines are not suitable (i.e. they do not represent
the most efficient propulsion configuration) for missions where high thrust is required for a
low burn time or low thrust for an excessively high burn time, while ensuring a good volume

loading value.

NOT SUITABLE
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Figure 4.7: Mission envelope for a single port hybrid rocket motor [13].

The design of hybrid rocket motor can be optimized varying the decision parameters,
including the regression rate coefficients a and n, the O /F ratio, the initial oxidizer mass
flux G,y,, the average pressure p, the burn time ¢;, and the required thrust 7. To better
understand the result of changing one of those parameters, it is useful to keep the others
constant at the same time.

An increase of the regression rate coefficients a and n leads to a greater regression
rate. If the burn time is kept constant, the consequent increase in the final port diameter leads
to higher values of the loading volume VL. The increase in the regression rate makes possible
to reduce (with the same fuel mass flow rate) the length of the solid grain and the motor
slenderness L/Dy. In particular, the value of the coefficient n impacts the overall motor
ballistics since it influences the O/F shift of the motor. Fig.4.8 and Fig.4.9 show the O/F
ratio shift as a function of time and throttling for several values on the regression rate
coefficient n. As described by equation (2.63), the O/F shift happens because of time (i.e.
variation of port diameter) if n # 0.5 and/or because of throttling if n # 1. It’s interesting
to observe that if n = 0.5 there is O/F shift because of throttling (represented in the
discontinuity in the O/F value) but, unlike what happen when n # 0.5 and 1, when the
oxidizer mass flow rate returns back to its initial value, also the motor O /F ratio returns to

its initial value.
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Figure 4.8: O/F ratio as a function of time for several values of the regression rate coefficient n, with throttling
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The O/F ratio has a significant influence on solid grain size. As the O/F ratio

increase, the lower demand for fuel mass flow (with the same amount of propellant mass

flow which is a function of the required thrust), makes it possible to reduce the mass, volume

and length of the solid grain and the system slenderness. However, the corresponding

increase in the oxidizer flow rate (with the same G,y ) yields to an increase of the initial port

diameter as D, <

decreases.
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The increase of the design chamber pressure p.. allows to slightly increase
performance and at the same time to reduce the Mach number along the port area (typically
M < 0.3, therefore the fluid in the OD combustion chamber model can be considered
incompressible, thus an increase of p.. leads to a greater fluid density for the same specific
flow G = pu), thus reducing the pressure drop. In addition, a rise in chamber pressure allows
to employ greater values for G, before facing the flooding limit and to reduce the throat
area, thus reducing the exit area for the same area ratio or allowing a greater area ratio for
the same exit area. However, increasing the chamber pressure may result in an increase

chamber structural mass.

The initial oxidizer specific mass flow G, influences the regression rate value. If
M,y 18 kept constant, a greater G, leads to a decrease of the initial port diameter as Dy «
G;,%S. The following reduction of the final port diameter is partially limited by the increase

of the regression rate, such that the volume loading increase. However, it should be

considered that an increase of Gy, also implies higher Mach numbers along the grain port,

and therefore higher pressure drop.

The variation of the grain length with G, is a function of the regression rate coefficient n.

In fact, it is

A T p2 Mox D, « L 4.42
= — = d
P =120 TG, 6o (442)
_ 1
me = prAp’ = Ap X - < — (4.43)
Goxo
therefore:
A 1
L="2o«—G% =Gy (4.44)

- ox
Dy Gox, °

As a result, if n < 0.5 then an increase of G, leads to a longer grain and vice versa for
n > 0.5, while for n = 0.5 the grain length is independent of G,,, (Fig.4.10). The same

considerations can be done also for the grain slenderness L/Dy.
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Figure 4.10: Dimensionless grain length (left) and dimensionless grain slenderness (right) with respect to the

corresponding value for G,,, = 400 kg/ (m?s) as a function of the initial oxidizer mass flux, parametric with

the regression rate coefficient n.

The increase in the required thrust, as already mentioned, leads to an increase of the
mass flow rates and of the propellants mass and volume. In particular, the greater fuel mass
flow rate results in an increase of the burning area and grain length, which leads to an
increase in slenderness. A greater initial port diameter due to higher required thrust leads to

a reduction in loading volume.

A greater burn time yields to an increase of the propellants mass and volume,
although the increase in the final port diameter allows to improve the volume loading of the

system. A crude zero order approximation of the influence of t;, on grain length can be made:

2n—1
o< t2n+1

L=r——"—«x X —
Top-08) D (o)

Vf mf tb
(4.45)

As a result, the grain length slightly decreases with t;, if n < 0.5 and vice versa if n > 0.5,
while it remains constant for n = 0.5 (Fig.4.11). This has an influence on the grain
slenderness L /Dy as a function of the burn time, such that an increase of ¢, yields always to

a reduction of L/Dy which is more significant for lower value of n.

109



T T T . . .
n<0.5 n<0.5
n=0.5 80 n=0.5|

6 n>0.5| n>0.5

70

60
of . 50
40

20

I | 1 0 L I L L
0 20 40 60 80 100 0 20 40 60 80 100

ty 5] t [s]

Figure 4.11: Grain length (left) and grain slenderness (right) as a function of burn time t;,, parametric with the

regression rate coefficient n.

As previously stated, during preliminary sizing throat erosion is not considered,
although it can lead to a significant reduction of the rocket’s performances. The effect of
throat erosion on engine operation is strongly influenced by the propellants used as well as
the O/F ratio. Both those design choices have consequences on the chamber temperature
and on the chemical composition of the combustion products. In particular, the higher the
reaction products temperature, the greater is the throat regression rate due to an increase in
reaction kinetics. In addition, oxidizer rich mixture induces greater throat erosion because of
the more reactive environments. However, the fluid stratification typical of hybrid
combustion allows the fuel flow near the wall to protects the throat material with the same
physical principle of film cooling.

Small engines (i.e. with small throat area) are more sensitive to throat erosion because of the
higher percentage change in throat diameter when compared to bigger engines. In addition,
it is necessary to consider the variation of the chemical composition of the reaction products

due to O/F shift.
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Chapter 5

1D Combustion Chamber Model

To correctly characterize the performances of a hybrid engine, it is necessary to
evaluate as accurately as possible the internal ballistics, i.e. the thermo-fluid dynamic
behaviour of the fluid inside the combustion chamber. In this chapter, after briefly
introducing the equations and hypotheses used to solve the problem, the internal ballistics of
a hybrid engine is analysed with a quasi-stationary 1D model. In this simplified model, the
propellant combustion efficiency (i.e. the amount of propellant that reaches the flame and

thus participates in the combustion process) it is assumed to be known.

5.1 Mathematical Model

The solution of the internal ballistics of a hybrid engine requires to consider the
fundamental equations of fluid dynamics (continuity, momentum and energy equations) [2].
Those equations, coupled with an appropriate equation of state for the gases, allow the
knowledge of all the thermodynamic and mechanical quantities of interest. Several

hypothesis are applied to reduce the complexity of the physics of the problem:

. Quasi one-dimensional flow. It is assumed that all flow proprieties are uniform across
any given cross section of the flow, and hence are functions of the axial coordinate x

only.
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. Quasi-stationary flow. It is assumed that the flow of the fluid is steady, thus its
properties are independent of time at every point in the flow field. The only variation
in time considered is that of the port diameter and it is assumed that the flow pass
through physical states of thermodynamic equilibrium (that are stationary if the
boundary conditions remain fixed, which does not happen due to the variation of the

port diameter).

. Continous flow. The fluid proprieties vary continuously without presenting

discontinuity phenomena (e.g. shock waves).

. Ideal and thermally perfect gas. The fluid is considered an ideal gas, whose specific

heats depends only on temperature and chemical composition.

Let’s consider the calculation domain of a classic hybrid rocket motor depicted in Fig.5.1.
Algebraic equation for steady quasi-one-dimensional flow can be obtained by applying the
integral form of the conservation equations to the control volume for an element size of dx
sketched in Fig.5.2. The subscripts 1 and 2 refers to the terms at the entrance and at the exit

cross sections of the control volume respectively.

C!) ‘Epellant é)

Figure 5.2: Finite control volume for quasi-one-dimensional flow. Adapted from [4].
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For steady flow, the overall mass flux balance when integrated over the control

volume can be expressed as:
or

p1U1Ay + 1y = pruz A (5.2)
The fuel mass flow rate is evaluated in terms of the regression rate:
where A;,; = Pdx = nDdx 1is the lateral area of the control volume and P is the section
perimeter. The regression rate it is calculated with equation (2.35), therefore it is necessary
to impose a limit to its value at x = 0.
An exothermic oxidation reaction takes place inside the combustion chamber. From the
theory of hybrid combustion, it has been seen that this reaction takes place in fuel-rich

conditions and that a fraction of the sublimated fuel does not participate but flows axially

below the flame. As a result, a term representing the fuel combustion efficiency, Ncomp, s, 1

introduced and assumed to be known. F and O respectively indicate the fuel and oxidizer

flow rates that participate in the combustion process:

F = Ncomp, sy (5.4)

0 = [0/F),oqetF (5.5)

At the exit cross section of the control volume, the oxidizer, fuel and combustion products

flow rates can be expressed respectively as:

Oremz = Orem1 - [O/F]react F (5.6)

Eem, = Frem, T+ my — F (5.7)
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Mpyy, = My, +0 + F (5.8)

where the subscripts rem indicates the species flow rate that remains in the main flow

mixture at the exit of the control volume.

The integral form of the momentum equation applied to the control volume in

Fig.5.2, assuming steady flow and no body forces, becomes

Az

p14; + pruid; + f p dA — Ty, Ajqe = P2 A, + pou3A,; (5.9)
Aq

Note that it is not a strictly algebraic equation because of the integral term which represents

the pressure force on the sides of the control surface between location 1 and 2. As a crude

p1tD2

approximation, it can be assumed f:lz pdA = (A, —A,) ( .

). The shear stress at the
wall, T,,, can be evaluated with equation (2.8) where it must be taken into consideration the
reduction of the skin-friction due to the blowing from the grain. The term C; can be evaluated
with equation (2.29), with Cf calculated with equation (2.22). Moreover, the small

exponent of Re, in equation (2.22) allows to approximate the dynamic viscosity u and

specific flow G with average values over the cross section.

The integral form of the energy equation applied to the control volume in Fig.5.2,

and assuming steady flow with no body forces, yields to:

2

. Ug . uj
m1 h'l + 7 + qcomb = m2 h2 + 7 (510)

In describing the first law of thermodynamics, any radiation and conduction (through the
solid grain) fluxes are neglected. The combustion can be modelled as an external heat

exchange to the main stream. The heat of reaction and the heat transfer per unit mass of

products to the flow are respectively:

Qcomp = Cppr(Tb - Tref) (5.11)
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Qcomb = (1 + [O/F]react)FQcomb (5-12)

The heat of reaction can be evaluated with any thermochemical code. Ty is the reference

state temperature and it is set equal to 298.15 K.

The flow inside the combustion chamber can be assumed as an ideal mixture of ideal

gases, therefore the ideal gas law is valid:

R
p = pRT = pM—T (5.13)

m

where R = 8.314 J /(mol K) is the universal gas constant and M,,, is the average molar mass

of the mixture calculated from the mass fractions of the components:

1 1 Owem, 1 Fem 1 thy

My M m +Mmf " +Mmpr T (5.14)

In the presented model, the following boundary conditions are set:

e (x = 0) = 0 (5.15)
Fom(x=0)=0 (5.16)
Opom (x = 0) = 1y, (5.17)

Enthalpy is expressed by its definition:
h = c,(T — Tyef) (5.18)
where the specific heat is calculated from the mass fractions of the components:

C

Pox

Orem + CpfF;”em + Cpprmpr (5 19)

m
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Cp=Cp— 7 (5.20)

In the nozzle, the flow is assumed to be isentropic, with uniform proprieties across
any section. In addition, because of the low Mach number of the flow coming from the
combustion chamber, the gas can be therefore considered as stagnant and then expanded to
high supersonic velocities in the divergent portion of the nozzle. The (chocked) mass flow

through a rocket nozzle is calculated with the expression:

. pccA th
m = "
Cc

(5.21)
The presented model solves the 1D internal ballistic of a hybrid engine through the
iterative resolution of a system of 4 equations (continuity (5.2), momentum (5.9), energy
(5.10), ideal gas law (5.13)) involving 4 variables (pressure, density, temperature, velocity).
In this work, the following algorithm is used. The numerical domain is subjected to a
discretization in the time (dt) and in the space (dx) domains. For each time step, the
pressure at the head of the grain is assumed; for each control volume for an element size of
dx, the above system of equations is solved. Once that the pressure distribution in the
combustion chamber is known, the pressure at the aft-end of the propellant grain is compared
to the one obtained from the expression of the chocked mass flow through the nozzle (5.21).
The value of the pressure at the head of the grain is then corrected and the algorithm is

iterated until convergence is achieved, thus moving to the next timestep.

An aspect not to be underestimated is the correct evaluation of the regression rate
coefficients. In particular, since in the preliminary sizing an average regression speed was
used for the grain design, the coefficient a, in the equation (2.35) is obtained by correcting

the coefficient a (from literature) referring to the expression (2.54), hence

a= 1:l_janfo([0/F]glob)-
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5.2 Parametric Study of the 1D Internal Ballistics

Because the internal ballistics of a hybrid engine can be modelled as a combination
of a flow with heat exchange (i.e. combustion) and mass addition, with friction (although it
has a small influence due to blowing) and with cross-section area variation, it is expected
the flow to accelerate, to heat up, to expand and to suffer a total pressure loss over the length
of the grain. In this section, the effect of some design parameters on the internal ballistics
will be analysed with the aim of confirming and extending the theoretical discussion.

The regression rate (2.35) would see its maximum value equal to infinity at the leading
edge. As already mentioned, this value is physically meaningless, therefore a limit on the
regression rate value at x = 0 is imposed. Because of the fuel pyrolysis, the propellant flow
rate increases progressively along the grain port. Part of the oxidizer and of the fuel flow
rates reaches the flame, where the reactants are transformed in combustion products.
Therefore, the oxidizer flow rate decreases, while a small fraction of the fuel flow rate

accumulates in the main flow. In the case that the [0/F]g,, value is close enough to

[0/F] eqct, @ condition may occur whereby all the oxidizer is burned before the end of the
grain, resulting in a greater accumulation of fuel that dilutes the main stream.

Given its proportionality with the mass flux G, the regression rate at a given position is
maximum at t = 0, when the specific mass flux through the port area is maximum. The
distribution of the regression rate at a given time along the grain port (Fig.5.3) confirms what
Marxman's theory predicts about the contraposition of two concurrent effects: the increase
in mass flux and the thickening of the boundary layer in the downstream direction. Near the
leading edge of the fuel surface, the effect of boundary layer growth dominates the regression
rate of the solid fuel, but further downstream, the mass flux effect prevails. As a result, a
position where the regression rate has minimum value exists.

Over time, the port area increases, the specific mass flow decreases and with it the Mach
number, leading to a reduction in the difference between the static and the corresponding
total properties. Moreover, the variation of the port area over time generally produces the
change of the motor O /F ratio (O/F shift). The progressive "levelling" of the port diameter
along the grain length over time is due to the influence of the port area on the regression rate,

as already described.
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Figure 5.3: Dimensionless port diameter (left) and regression rate (right) as function of the dimensionless

position x/L and of time.

The validation of the presented 1D model has been carried out by comparing its
results with the analytical formulation for n = 0.5 proposed by Karabeyoglu, Cantwell and
Zilliac [6]. From the regression rate definition, 27 = dD/dt, the variation of the port

diameter over time can be written as:

oD mtx™
with
22n+1
CD = a, p— (523)

In quasi-stationary flow hypothesis, the mass balance through the cross section can be

written as:

am mitx™
== C, Y= (5.24)

with
Cm = Aypp2°tmt™" (5.25)
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Equations (5.22) and (5.24) are a system of two nonlinear first order partial differential
equations which can be solved to determine the space-time variation of the flow rate m(x, t)
and of the port diameter D (x, t). The initial and boundary conditions needed to solve the
problem are the oxidizer flow rate time history, m(x = 0,t) = 11,,(t), and the initial port
diameter distribution, D (x,t = 0) = D,(x), respectively.

An exact solution can be obtained only for a flux exponent of n = 0.5. In this particular
situation, the mass flow rate equation loses its explicit dependency on the port diameter,

therefore its integration in the x variable yields to:

2
0.5Chn ...1 (5.26)

X
m+1

m(x, t) = [\/ Mo () +

For the special case of constant oxidizer mass flow rate, substituting equation (5.26) in
equation (5.22) and integrating in the time variable, gives the exact solution for the port

diameter as a function of time and distance:

1/2

x2m+1)] (5.27)

D(x,t) = |D? m (2 i
(x,t) ) + Cpx™t m°x+m+1

An excellent agreement can be seen with the analytical solution proposed by the authors
(Fig.5.4). It is expected that the numerical solutions would be highly accurate at other values

of the flux exponent n for which no exact solutions exist.
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Figure 5.4: Comparison between the numerical results for the proposed 1D model and equations (5.26) and

(5.27).
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In the following, the numerical simulations results will be presented to understand how some

design choices affect the internal ballistics of a hybrid engine.

Influence of the design [0 /F]g10p with respect to [0 /F] eqce. Typically, the solid
grain is designed in a way that the [0 /F] 4,5, ratio occurs roughly in the middle of the burn.
Therefore, the initial O/F ratio is different from [0 /F] g0 and it is lower or greater than it
if n is greater or lower than 0.5 respectively, because of the O/F shift. In the simulations it
is considered n > 0.5, which is a condition verified in most hybrid engine. In addition, it is
assumed Neomp,r = 1.

The selected value for [0/F]g0p, and thus of the initial O/F ratio, with respect to the
[0/F ] eqct at the flame, could influence significantly the internal ballistic of the motor by
changing the location where the combustion ends. If [0 /F] 4., is large enough compared to
[0 /F;eqct> then the motor O /F ratio is always greater than the latter. Therefore, the quantity
of oxidizer introduced into the combustion chamber is high enough to allow the combustion
along the entire length of the grain, without any accumulation of fuel if n¢omp f = 1 (Fig.5.5
to 5.7). The flow entering the nozzle will then consist of the combustion products and the
remaining oxidizer. If the motor O /F ratio is equal to [0/F],¢qct, then at the exit from the

grain there will only be the combustion products.

m [kg
[+
m kg
[\ ]

Figure 5.5: Mass flow rates as a function of the dimensionless position along the grain port at t = 0 s (left)

and at the end of the burn (right).
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Figure 5.6: Pressure (left) and temperature (right) distribution as a function of the dimensionless position along

the grain and time.
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Figure 5.7: Mach number (left) and O/F ratio (right) distribution as a function of the dimensionless position

along the grain and time.

If [OF] 410 (and thus the initial O /F ratio) is close enough to [0 /F],¢qc¢ or lower, then the
combustion process can stop before the end of the grain. In this condition, the oxidizer mass
flow rate is completed consumed while that of combustion products remains constant and
there is a progressive accumulation of fuel that sublimates due to the heat exchange with the
hot flow, which is consequently cooled (Fig.5.8). In Fig.5.9 and Fig.5.10, this condition is
represented by the evident change in the slope of the curves. This condition can occur only
for part of the burning time and is no longer present when the motor O /F ratio is greater

then [0/F ] eqct-
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Figure 5.8: Mass flow rates as a function of the dimensionless position along the grain port at t = 0 s (left)

and at the end of the burn (right).
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Figure 5.9: Pressure (left) and temperature (right) distribution as a function of the dimensionless position along

the grain and time.
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Figure 5.10: Mach number (left) and O /F ratio (right) distribution as a function of the dimensionless position

along the grain and time.
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If [0/F]gi0p is so much smaller than [0/F],¢qc¢ that the motor O /F ratio is always lower

than [0/F],eqct» then the combustion ends before the nozzle during all the burn time

(Fig.5.11 to 5.13).
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Figure 5.11: Mass flow rates as a function of the dimensionless position along the grain port at t = 0 s (left)

and at the end of the burn (right).
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Figure 5.12: Pressure (left) and temperature (right) distribution as a function of the dimensionless position

along the grain and time.
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Figure 5.13: Mach number (left) and O/F ratio (right) distribution as a function of the dimensionless position

along the grain and time.

Influence of Neomp, - As already mentioned, the fuel combustion efficiency ncomp,f
takes into consideration the amount of sublimated fuel that actually reaches the flame zone
and reacts in a combustion reaction with the oxidizer with respect to the total vaporized flow.
This condition occurs due to the convection transport of the fuel below the flame by the
boundary layer flow. The effect on internal ballistics of fuel accumulation is the dilution of

the main stream.

Influence of n. The value of the regression rate coefficient n influences both the
regression rate and the O /F shift, therefore it has a meaningful effect on the internal ballistic.
If n > 0.5 (as it is generally in hybrid engines) the increase of the port diameter with time
leads to an increase of the motor O /F ratio due to the lower sublimated fuel flow. As a result
of the reduction of the propellant mass flow, the chamber pressure decreases over time
(Fig.5.14) and tends to level along the grain due to a reduction of the Mach numbers

(Fig.5.15).
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Figure 5.14: Pressure (left) and temperature (right) distribution as a function of the dimensionless position

along the grain and time (n > 0.5).
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Figure 5.15: Mach number (left) and O /F ratio (right) distribution as a function of the dimensionless position

along the grain and time (n > 0.5).

125



If n = 0.5 then no O/F shift occurs due to the port area variation over time. The constant
propellant mass flow yields to a constant pressure at the nozzle inlet (Fig.5.16). The Mach
number is higher at the beginning of the combustion due to the lower port area (Fig.5.17),

therefore leading to much greater change in chamber pressure along the grain port.
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Figure 5.16: Pressure (left) and temperature (right) distribution as a function of the dimensionless position

along the grain and time (n = 0.5).
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Figure 5.17: Mach number (left) and O/F ratio (right) distribution as a function of the dimensionless position

along the grain and time (n = 0.5).
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If n < 0.5, the O /F shifting towards lower value is due to the increase of the vaporized fuel
mass flow rate due to the port area variation over time. As a result, the propellant mass flow

rate and thus the chamber pressure at the nozzle inlet increase over time (Fig.5.18,5.19).
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Figure 5.18: Pressure (left) and temperature (right) distribution as a function of the dimensionless position

along the grain and time (n < 0.5).
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Figure 5.19: Mach number (left) and O /F ratio (right) distribution as a function of the dimensionless position
along the grain and time (n < 0.5).
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5.3 Influence of Friction on the Internal Ballistics

In the momentum equation (5.9), the shear stress at the wall ,, can be evaluated
with equation (2.8) where it must be taken into consideration the reduction of the skin-
friction due to the blowing from the grain represented by the blowing parameter B (2.26).
The term Cy can be evaluated with equation (2.29), with Cy, calculated with equation (2.22).
In order to evaluate the influence of friction on the combustion chamber internal ballistics,
3 solutions for different blowing coefficient values are compared: B = 10, value in the
typical range for hybrid engines (5 < B < 20); B = 0 (i.e. no blowing), thus C;/Cs = 1;
B — oo, thus G /Cr, — 0. As expected, the pressure at the head of the grain is higher when
B is small, due to the reduction of the blowing effect on the shear stress at the wall. For each
value of B considered, the differences of the pressure (Fig.5.20), temperature (Fig.5.21) and
Mach number (Fig.5.22) distributions are negligible. Therefore, it can be deduced that it is
not essential to know the exact value of the blowing parameter in order to be able to study,

at least in the early stage of design, the internal ballistics of a hybrid engine.
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Figure 5.20: Pressure distribution as a function of the dimensionless position for several values of the blowing

parameter B.
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Figure 5.21: Temperature distribution as a function of the dimensionless position for several values of the

blowing parameter B.
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Figure 5.22: Mach number distribution as a function of the dimensionless position for several values of the

blowing parameter B.

5.4 The Point of Minimum Regression Rate

The concurrent effects of increasing mass flow and boundary layer thickening in the
downstream direction suggest that there is a position where the regression rate has a

minimum. Karabeyoglu, Cantwell and Zilliac [6] propose two analytical equations for the

129



evaluation of the position in which the condition of minimum regression rate occurs and the

corresponding regression rate value. Here the correct version of those equations is written:

1

Xmin _ [_m(l —n)|m+1 (5.28)
L a(m+n)
i _ [ n(m+1) [ lmm =t i (5.29)
14+ a)(m+n) a(m+n)

with L the grain length, 7, the regression rate at x = L and a calculated with equation (2.56).
Fig.5.23 shows the comparison between the values of x,,;, and 1y,;, evaluated with the
previous equations and the corresponding values from the numerical simulation. The results
are the same only at the beginning of the simulation, due to the constant port area hypothesis
assumed by the authors, which is verified by the numerical 1D model only at t = 0. For
t > 0, the larger port diameter in the first part of the grain (when compared to the average
one) leads to a lower mass flux, therefore reducing the flux effect on the regression rate that

cause a greater downstream displacement of the point of minimum regression rate.
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Figure 5.23: Comparison between the values of x,,,;,, and 7y, €valuated with equations (5.28) and (5.29) and

the corresponding values from the numerical simulation.
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In the following, the influence of some parameters on the minimum regression rate condition

will be discussed.

Influence of n. The coefficient n value affects the flux term of the regression rate. As
a result, a higher value of n leads to a greater flux effect, thus bringing the position of
minimum regression rate more upstream along the grain port. In addition, n influences the
O/F shift. Therefore: if n < 0.5, the increase in fuel mass flow rate leads x,,;, to move
upstream over time; if n = 0.5, no O/F shift occurs and x,,;, is constant; if n > 0, the

reduction in fuel flux leads x,,;, to move downstream over time (Fig.5.24).
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Figure 5.24: Regression rate minimum location and value as a function of time for n < 0.5 (top left), n = 0.5

(top right) and n > 0.5 (bottom).
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Influence of m. The regression rate coefficient m < 0 is representative of the
thickening of the boundary layer. Therefore, an increase in the modulus of m leads to a
downstream displacement of the point of minimum regression rate (Fig.5.25). For m = 0
(as in the case of paraffin), the position of minimum regression rate is at the head of the grain
and its axial coordinate does not change over time. If the modulus of m is high enough, x,,,;,,

can be outside the combustion chamber.
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Figure 5.25: Regression rate minimum location and value as a function of time for m = 0 (top left), m = —0.1

(top right) and m = —0.2 (bottom).
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Influence of [0/F]gi0p- As seen in Chapter 4, an increase in the average O/F ratio
(i.e. [0/F]giop), with the same required thrust and burn time, leads to an increase in the
oxidizer flow rate and a reduction of the fuel one. The greater oxidant flow rate is also
associated, with the same G, , to an increase in the port area. Because the fuel mass flux G¢
is inversely proportional to the port area, then an increase of [0 /F] 4,05 leads to a lower flux

effect on the regression rate, thus moving the position of minimum regression rate more

downstream along the grain port (Fig.5.26).
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Figure 5.26: Regression rate minimum location and value as a function of time for [0/F]g;,, = 2 (top left),

[0/F]gi0p = 4 (top right) and [0/F] g0, = 6 (bottom).
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Influence of Goy,. The increase in G,y , with the same required thrust, leads to a
reduction of port area, thus strengthening the flux effect on the regression rate. As a result, a
larger G,,, moves the position of minimum regression rate more upstream along the grain

port (Fig.5.27). In addition, the greater variation of port area over time, yields to a greater

downstream displacement of X,;,, for higher value of Gy, .
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Figure 5.27: Regression rate minimum location and value as a function of time for G,,, = 400 kg/ (m?s) (top

left), Gy, = 600 kg/(m?s) (top right) and G,,, = 800 kg/(m?s) (bottom).
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5.5 Propellant Residuals

Because of the non-uniform distribution of the regression rate over the grain length,
at the end of the combustion there will be residuals of propellant grain in the combustion
chamber, which represents a loss in the engine’s performance. In order to be able to
analytically assess the extent of the residuals, it is useful to assume m = 0 (as in the case of
paraffin). Therefore, the regression rate (2.35) loses its dependence on the axial coordinate,
thus monotonically increasing with x.

If the oxidizer flow is stopped when all the grain at x = L is consumed, the residuals mass

and its percentage with respect to the grain initial one can be calculated with:

L

i
Myes = prJ sz — D?(x) dx (5.30)
0

Myes _ Jo Df =~ D?(0) dx
my (D} —DE )L

where Dy and Dy are the initial and final (at x = L) port diameters, and D(x) is the port
diameter at the generic axial position at the end of the burn. The value of the final port
diameter at x = 0 and x = L, as well as the average final port diameter, can be estimated

using the regression rate definition. At x = 0 the only flow is that of the oxidizer, thus:

n n

~1dD My 41m 41m
T=gar = Al = ax< 0x> = ax< 0x> = Qy <Tox) D~*" (5.32)

Integrating the previous equation between t = 0 and the burn time yields to:

Dgo 4y, \" [t
J p2n gp = Zax< ) dt (5.33)
Do T 0
1 Dro Am, \"
2n+1 _ ox
T L N Zax( - ) t (5.34)
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Therefore, the final port diameter at x = 0 is:

_1
n rn+1

4
Dy, = [ax(4n +2) (Emox) ty + DE"*1 (5.35)

The average final port diameter D is calculated with equation (4.23), where it is assumed

an average value for the regression rate (equation (2.53)). The final port diameter at x = L

can be evaluated by using the average O /F ratio used for the preliminary sizing of the engine:

1dD Moy + mf)" [4mox (0 JF+1
= Gy

n
L2 n _ D" (5.36
TEar T W ax( A 7D2 \" O/F )] (536)

p

Integrating the previous equation between t = 0 and the burn time yields to:

Pro 4y, (O/F + 1NT" ("
7 b =, |5 (%57 -
JDO an = a, [ 722 (7)) | e (5.37)
1 | [4mox (O/F + 1)]” (5.38)
2n+1 Dy *|zp2 \ 0O/F b '
. 1
4 O/F +1 2n+1
Ds, = {ax(4n +2) [Emox </OT>] tp + Dg““} (539

The previous equations can be used to estimate the percentage of residuals. If it is assumed

that Dg, = Df (i.e. at the end of the grain all propellant has been burnt), then from simple

geometry, the residuals percentage can be calculated with:

-100 (5.40)
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Developing the port diameter equations in [6], in particular conditions the residuals

percentage can be evaluated as:

1—n
1- n
a(0/F)1(1+ (0/F))

resy, = +100 ; fort, - 0 (5.41)

a

= —— .1
T€5% = ola + 1)

00 ; forn=0.5 (5.42)

The percentage residuals mass is greater for high value of the flux coefficient n because of
the higher regression rate variation along the grain (Fig.5.28). On the contrary, using a large
value for [0/F]g;0p, the percentage residuals mass is reduced due to the lower increase in

mass flux along the grain port that limits the variation of the port distribution.
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Figure 5.28: Example of percentage residuals mass as a function of the flux coefficient n (left) and of the

[O/F]glob (I‘ight).

137



5.6 Scale Effect

An important characteristic of hybrid engines is that the regression rate depends on
the engine scale. From Marxman's theory [8][9], the regression rate coefficient a should
decrease as the scale at —0.2, while experimental measurements generally suggest slightly
lower values for plastic fuels, and it is almost negligible for paraffin wax [5][13]. However,
since large engines require high regression rates to have acceptable volume loading, this
effect is the opposite of what is desired.

In the following figures (Fig.5.29 to 5.31) a qualitatively comparison of the internal ballistics
between a low thrust and a high thrust engine it is made. It is important to notice that, due to
the higher port area and thus to the lower mass flux, an engine designed to provide a higher
thrust will be characterized by a lower regression rate at the same dimensionless position
along the grain port. In addition, the location of the minimum regression rate will be more
downstream because of the lower flux effect. This behaviour, in addition to the decrease of
the coefficient a, explains why high thrust hybrid engines are characterized by lower

regression rate than low thrust engine (while the other design parameters are kept constant).
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Figure 5.29: Comparison of pressure (left) and temperature (right) distribution as a function of the

dimensionless position along the grain for low and high thrust engines.
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Figure 5.30: Comparison of Mach number (left) and O/F ratio (right) distribution as a function of the

dimensionless position along the grain for low and high thrust engines.
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Figure 5.31: Comparison of mass flux (left) and regression rate (right) distribution as a function of the

dimensionless position along the grain for low and high thrust engines.

In addition, it is interesting to observe that a hight thrust engine with the same [0 /F] glob Of
a low thrust engine is characterized by a higher slenderness L/Dy. In fact, if L/ Dy is imposed
to be the same for the two engines, the average motor O /F ratio achieved by the high thrust
engine will be greater than the one of the low thrust engine, because of the reduction in

regression rate with the scale (Fig.5.32).
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Figure 5.32: Comparison of the motor O/F ratio over time for different engine configurations (left) and of the

achieved [0/F] 401 as a function of the motor slenderness (right).
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Chapter 6

Numerical  Modelling of  Hybnd

Combustion Boundary Layer

Marxman's theory is a valid starting point for evaluating the internal ballistics of a
hybrid engine. However, as already mentioned, it makes use of some simplifications and has
inconsistencies that are problematic when it is used to describe hybrid combustion in a closed
duct. In the following, some corrections are presented that will be employed to describe more
accurately the boundary layer. The aim is to provide a sufficiently accurate description of
the turbulent boundary layer with hybrid combustion which can be implemented in the 1D
with boundary layer model presented in Chapter 7.

6.1 Determination of Fuel Mass Fraction at the Surface

in the Reactive Turbulent Boundary Layer

In Marxman's theory, the fuel mass fraction at the wall, Ky, , is assumed to be unitary.
However, mass transfer concepts applied to the mathematical description of the evaporation
phenomenon show that its value is always less than one [33].

Karabeyoglu and coworkers [31] proposed to evaluate the fuel mass fraction at the grain

surface applying the Reynolds analogy between the flame zone and the surface:
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hy = hy _ AR _ Ky, — K5, 1)
h, hy Kp —1 '

Based on the flame sheet approximation, the fuel mass fraction at the flame can be assumed
to be zero, thus Ky, = 0. Under this condition, equation (6.1) can be used to solve for the
fuel mass fraction at the surface, leading to an expression for Ky as a function of the

thermochemical parameter Ah/h,, only:

_ Aw/h,
fw ™ AR/, + 1

(6.2)
Since the thermochemical parameter Ah/h,, can be assumed constant along the grain port as
long as there is no dilution (i.e. there is no more combustion since all the oxidizer has been
consumed), also the fuel mass fraction at the surface can be assumed constant. When there
is no dilution, variation of the Ah/h,, value can be caused by small changes of the grain
surface temperature, which are not considered in the current model.

Fig.6.1 shows the fuel mass fraction at the grain wall as a function of the thermochemical
parameter Ah/h,, described by equation (6.2). The increase of Ah/h,, is equivalent to an
increase of the vaporized fuel mass flow rate which leads to a greater value of K .

For typical conditions encountered in hybrid rockets, the surface mass fraction is expected

to be in the range of 0.75-0.90 [31].

0 20 40 60 80 100
Ah/h,

Figure 6.1: Fuel mass fraction at the wall K, as a function of the thermochemical parameter 4h/h,, for a broad

range of values (left) and for typical values in hybrid rockets (right).
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Because of the validity of the Reynolds analogy, the blowing parameter B can be evaluated
as a function of the thermochemical parameter Ah/h, with equation (2.27). The flame
dimensionless velocity cannot be calculated with equation (3.16) derived by Marxman,
because, as already mentioned, there is no perfect coherency between B and Ah/h,,. In fact,
it can be easily demonstrated by combining the equations (2.27), (3.16) and (6.2), that for
B - 0 it is Kr < 0. Therefore, combining equations (2.27) and (6.2), without any
assumption on the flame dimensionless velocity value, yields to an expression for the fuel

mass fraction at the surface as a function of the blowing parameter B:

K = —— (6.3)

which has the same trend as equation (6.2): for B = 0 (i.e. no combustion, thus no mass

injection) then it is Ky — 0, while for B — o then K; tends monotonically to unity

(Fig.6.2).

L . 0.82 ! L
60 80 100 5 10 15 20

Figure 6.2: Fuel mass fraction at the wall K, as a function of the blowing parameter B for a broad range of

values (left) and for typical values in hybrid rockets (right).
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6.2 Non-reacting Turbulent Boundary Layer

Let’s consider a perforated flat plate where two flows are injected, the oxidizer
parallel to the plate and the fuel through the holes on the plates. The fuel mass flow rate
injected through the plate holes is the same as in the case of hybrid combustion. It is assumed
that no combustion process takes place (non-reacting case). A turbulent boundary layer
forms above the surface and its dimensionless velocity profile is described by equation (3.9)
with n = 1/7. Since no combustion takes place, the oxidizer and fuel concentration profiles
will extend over the entire boundary layer thickness.

Let’s first consider K,,, = 1, i.e. the chemical composition of the oxidizer is pure
oxygen. The fuel mass fraction is maximum at the surface, where its value is Ky, , and it is
equal to zero at the boundary layer edge. The oxidizer mass fraction is maximum and equal
to K,y, at the boundary layer edge and equal to 1 — K at the wall. If the Reynolds analogy
is assumed to be valid and Pr = Le = 1, then the concentration profiles (Fig.6.3) can be
considered linear to the velocity profile. Similarly to what has been done previously, for the

oxidizer mass fraction profile the following system of equations must be solved:

Kox,nr(n) = a¢(77) +b
Kox,nr(n =0) = Koxw =1- wa (6.4)
Kox,nr(n =1)= Koxe =1

where the subscript nr indicates the non-reacting case. Calculations give:

Koxnr(n=0) =ap(n=0)+b=1-K; >b=1-Kp, (6.5)
Koxnrm=1) =ap(m=1D +b=1->a=Kg, (6.6)

Therefore:
Koxnr =1+ Kz (¢ — 1) (6.7)
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The only other component inside the non-reacting boundary layer is the fuel, therefore its

mass fraction profile is described by:

Kf,nr =1- Kox,nr = wa(l - ¢) (6.8)

09

08

0.7
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Figure 6.3: Oxidizer and fuel mass fraction profiles in the non-reacting boundary layer as a function of the

dimensionless position 7 for K, = 1.

Considering that K¢ 5, = 1 — Kjx 5y, the oxidizer/fuel ratio at the coordinate 7 is:

Kox,nr _ 1 .

Solving the previous equation for ¢, the value of the dimensionless velocity at the point

where the concentrations ratio is equal to [0 /F],,,, namely ¢,,,., is obtained:

1
K, ([0/Flp + 1)

Pnr =1 (6.10)
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The dimensionless position where the concentrations ratio is equal to [0 /F ],,;., namely 1y,

can be evaluated from equation (3.9):

1/n
—1+/1+2B(1+0.5B)¢,,
Nnr = B

(6.11)

Fig.6.4 and 6.5 show the dimensionless velocity ¢,,- and position 7, respectively as a

function of the [0/F],,, ratio for several values of fuel mass fraction at the surface Ky, , i.e.
for several values of the blowing parameter B and therefore of mass injected through the
holes of the plate. A higher [0/F],,,, while K is constant, is obtained at a greater distance
from the surface, thus at a higher dimensionless speed. If [0 /F]s,; is constant, a higher Ky
(i.e. higher mass injected) leads to an increase in the height from the surface where the
oxidizer/fuel ratio is verified because of the reduction, at the same location, of the dosage

ratio due to the increase of the fuel concentration at the wall. Moreover, it can be observed

K, 1-K )
= —% = ——Iw achieved at the
Kr

that for a value of Ky, there is a minimum value of [0 /F]
w fw

wall (n = 0,¢ = 0). This is related to the fact that as Ky decreases, the minimum value of
[0/F],,, which occurs at the surface of the plate where the fuel and oxidizer mass fractions

are maximum and minimum respectively, increases. Consequently, all [0 /F],,,- values lower

than this minimum value cannot be achieved.

[O/Fl

Figure 6.4: Dimensionless velocity ¢, as a function of the [0 /F ], ratio (Koxe = 1) for several values of fuel

mass fraction at the surface K, .

146



[O/F|,,

Figure 6.5: Dimensionless position 1, as a function of the [0 /F],,, ratio (Koxe = 1) for several values of fuel

mass fraction at the surface K, .

If the oxidizer is diluted, then K,,, < 1. Since there is no combustion, the ratio
between the oxygen and the diluent mass fraction is constant over the entire boundary layer

thickness, i.e. Kﬂ = const. At any dimensionless position must be K, + Ki, + Kr = 1.

ox

Because Kj, is still equal to zero at the edge of the boundary layer, here it is K,x, + Kin, =

1. At the wall surface, it is Koy, + Kin, + Kr, = 1, thus:

K; K; K; Kin + K - K, 1-K,
Din _ const = ing _ iny, _ ( iny, oxw) oxy, _ fw _1 (6.12)
ox Koxe Koxw Koxw Koxw

Solving for K, , yields to:

Kox, = Kox,(1—Kg,) (6.13)

... K;
where the composition Kme

oxe

of the external flow is known. Therefore:

Kin, = (1= Koy, )(1 - K ) (6.14)
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For the oxidizer mass fraction profile, the following system of equations must be solved:

Kox,nr(n) = a¢(77) +b
Kox,nr(n =0) = Koxw (6.15)
Kox,nr(n =1) = Koxe

therefore:

Koxnr = Koxe(;b + Koxe(1 - wa)(l —¢) (6.16)

Similarly, the inert mass fraction profile is:
Kin,nr = Kine¢ + (1 - Koxe)(1 - wa)(l - ¢) (6.17)

The fuel mass fraction profile is still evaluated with equation (6.8), because its boundary
conditions doesn’t change between the diluted and pure oxidizer cases.
Fig.6.6 shows an example of mass fraction distribution in the non-reacting boundary layer

for a diluted freestream.
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Figure 6.6: Oxidizer and fuel mass fraction profiles in the non-reacting boundary layer as a function of the

dimensionless position 7 for K, = 0.8.
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In this case, the oxygen to fuel ratio at the coordinate 7 is:

Kox,nr _ Koxed) + Koxe(1 - wa)(l - d))

= 6.18
Kf,nr wa(l - (]5) ( )

[O/F]nr(n) =

Solving the previous equation for ¢, the value of the dimensionless velocity at the point

where the concentrations ratio is equal to [0 /F],,,., namely ¢,,,., is obtained:

Koxe

 K; ([0/Flpr + Kox,)

bnr = (6.19)

For K,,, =1, equation (6.19) is equal to equation (6.10). The dimensionless position
where the concentrations ratio is equal to [0 /F],,,., namely 1,,,., can still be evaluated with
equations (6.11).

Fig.6.7 and Fig.6.8 show the dimensionless velocity ¢,,,- and position 7, respectively as a

function of the [0 /F],,, ratio for several values of fuel mass fraction at the surface Ky, The
trend is similar to the one explained above for K,,, = 1. However, the reduction of K,

allow to reduce the minimum value of [0 /F],,, ratio at the wall.
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Figure 6.7: Dimensionless velocity ¢, as a function of the [0 /F],,,. ratio (Koxe = 0.8) for several values of

fuel mass fraction at the surface K, .
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[O/F|,,

Figure 6.8: Dimensionless position 7,,, as a function of the [0 /F],,, ratio (Koxe = 0.8) for several values of

fuel mass fraction at the surface K, .

In the following paragraphs, extensive use will be made of the analogy between the
boundary layer in the non-reactive case and the one in the reactive case, in order to obtain
some correction of Marxman’s theory which will be used in the numerical modelling of
hybrid rocket boundary layer combustion. The validity of this comparison is ensured by the
assumption of constant density over the entire boundary layer thickness and that the velocity

profile is not altered because of combustion.

6.2.1 Determination of Fuel Mass Fraction at the

Surface in the Non-reactive Turbulent Boundary Layer

For the case of turbulent boundary layer with combustion, the fuel mass fraction at
the wall K¢, can be expressed, exploiting the Reynolds analogy, with the equation (6.3). In
the non-reactive case, however, there is no combustion. Consequently, it is necessary to
verify that this expression is still valid in this case. Let’s make an analogy between the mass
injection from the plate holes (representative of the sublimation phenomenon in hybrid

combustion) and the evaporation of a liquid film in flowing air [32][33]. Let’s consider an
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incompressible and stationary oxidizer flow above the grain flat surface. A boundary layer
develops. It is assumed that the axial pressure gradients are negligible and that the properties
of the fluid (p,u, a,D) are uniform and constant over the boundary layer thickness.
Quantities referred to the solid surface are indicated by subscript s, to the fuel by f, to the
oxidizer by ox (here it is assumed K,,, = 1, but the following demonstration is valid also
in the case of a diluted oxidant) and to the oxidizer and fuel mixture by g. The subscript w
refers to the quantities at the grain wall, while I refers to the quantities at the solid/gas

interface. Mass flux conservation through the solid/gas interface can be written as:

paw Vg, — V1) = ps,, (vs,, —vi) = M} (6.20)

where v; is the solid/gas interface velocity and m;’ 1s the fuel mass flux at the wall. Assuming

the sublimated fuel vertical flow much greater than the linear regression of the wall, as a first

approximation the solid surface can be considered at rest, thus vy = 0. Therefore,

Pg,,
vl = v, — v, | = pi v — v, | (6.21)

Sw

In the case of solid/gas interface pg , > pg , which gives:

psw _ |UI _vgwl _ |v1 _vgwl

Pg,, B |v1 - USwl B |UI|

> 1 (6.22)

Then,

vgwl > |v;| and v, — v; = v, . Finally, equation (6.20) can be rewritten as ri; =

Pg.,Vg,,- The oxidizer does not dissolve into the solid surface, so that p,y, Vox, = 0 and:

m}l = pnggw = pfwvfw + poxwvoxw = pfwvfw (623)

The fuel mass flux can be split into contributions of convective flux and diffusive flux (Fick

diffusion law):

%

6.24
vl (624)

pfwvfw = wapnggw - ngDgW
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Equation (6.23) can therefore be rewritten as:

W1 aKf < 1! aKf
mf = pfwvfw = wapnggw - pnggw E = wamf - pnggw E (625)

w w

Assuming that the flow properties are uniform and constant over the boundary layer, then

D

9., = PgDg. An expression of the specific evaporated flux is derived as a function of

pgw

the fuel mass fraction and concentration gradient at the wall:

mu__ png aﬁ
f 1—Ke oyl

(6.26)
The previous equation is used to describe mathematically the evaporation phenomenon and
shows that a high specific evaporated flux is equivalent to a high value of fuel mass fraction
at the surface.

If the Reynolds analogy between the freestream and the wall is assumed to be valid, then:

1 Oy 1 oT 1 0Ky 6.27)
U, —uydyl, T.—T,0yl, K;—Kg 0yl '
Equation (6.26) gives:
0K, my mye
f| _ f _ My
— =- 1—-Kr )= K —1 (6.28)
| == (LK) = o (i, — 1)

therefore, considering u,, = 0, the equivalence of the first and third terms of the equation

(6.27) yields to:

1 du 1 0Ky Y Ky -1

— 7 = = (6.29)
Ue ay w Kfe - wa ay w png Kfe - wa
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Considering the definition of the shear stress at the wall:

Jdu 1 5
Ty = u@ = ECfpeue (6.30)
w
yields to:
Jdu 1 5 1
ol =2 Crpeue " (6.31)
w

Substituting equation (6.31) into equation (6.29) gives:

my Ky, — Ky, pgDg
3 Crpetie Kr, =1 B (6.32)
1
_é_/ §=1
K. —K
fe fW
B (6.33)
K, —1

generally referred to as the Spalding mass transfer number [32][33]. Solving the previous

equation for K gives:

_Kfe+B

K, = 6.34

The fuel mass fraction at the boundary layer edge can be assumed to be zero, thus K; = 0.

Under this condition, the fuel mass fraction at the wall in the case of non-reactive turbulent
boundary layer can be still evaluated as a function of the blowing parameter with equation

(6.3).
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6.2.2 Determination of the Boundary Layer Thickness

In the non-reacting boundary layer, defined the velocity profile and the injected mass

flow rate, it is not possible to fix both the fuel mass fraction at the wall K = and the boundary
layer thickness &, otherwise mass continuity is not verified. Therefore, only one of those
parameters can be fixed, i.e. Ky, ~calculated with equation (6.3), while the boundary layer
thickness becomes a dependent variable.

If g, = fox ps7 dx is the cumulative fuel mass flow rate injected through the holes of the

plate at the position x, the boundary layer must have a thickness § that verify that the inflow
oxidizer mass flow rate, which is equal to the total mass flow rate inside the boundary layer
minus the vaporized fuel mass flow from the surface, is also equal to the oxidizer mass flow
rate inside the boundary layer determined by the corresponding mass fraction distribution.

Therefore, must be verified the condition:
mox,bl =Mms — mf,x = m&,ox,nr (6-35)

where 1y = 8Goy f; ¢ AN, s oxnr = 6Gox [y Koxnr® A1 and Koy py is defined by

equation (6.7) (in fact, K,,, value doesn’t matter in a continuity equation). Because of the

flow rates definitions, it is also guarantied the equivalence 1hs f, = §Goy fo Kinrp dn =

s ». The oxidizer flow rate within the boundary layer can be written as:

1 1
Mg oxnr = aGoxf ¢ dn+ 5Gofowf ¢p(¢p—1)dn (6.36)
0 0

Substituting the expression (6.36) into equation (6.35) yields to:

X

1 1 1
6Goxf ¢ dn + 5Gox1<fwf p(p— 1) dn = SGoxf é dn —f psi dx (6.37)
0 0 0 0
1 X
8GoxKs, f p(p—1)dn =— f psi dx (6.38)
0 0
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Finally, the following expression for the boundary layer thickness that verify mass

continuity, given the fuel mass fraction Ky —and the flow rate injected from the plate, is

obtained:

— fox pstdx
= 1
GofoW fo ¢(¢ - 1) dﬂ

(6.39)

In the case of a closed duct, G,, must be replaced with the local mass flux at the axis of the
duct, i.e. G, = pelU,.

For example, let’s consider the regression rate equation (2.28), which can be rewritten as:

0.03 Cf> 0.03 [ Cr
i =——| =) peucRe;**B = —<— BGiu®?x=02 (6.40)
Pr <Cfo e pr \Cr,)
Therefore:
X Cf
j ps7 dx = 0.0375 <C—> BGO2u%2x08 (6.41)
0 fo

Substituting equation (6.41) into equation (6.39) yields to:

C
—0.0375 (é) God2u02Bx08

0

K, [} ¢(p— 1) dn

(6.42)

Fig.6.9 shows the boundary layer thickness calculated with equation (6.42) as a function of
the dimensionless position along the grain port for different values of the blowing parameter
B. The thickness of the boundary layer obtained according to Marxman's theory (with the
same value of B) is also depicted for comparison. In order to verify continuity equation, the
boundary layer thickness in the non-reacting case is greater than the value provided by

Marxman’s theory.
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Figure 6.9: Boundary layer thickness § as a function of the dimensionless position along the grain port for
different values of the blowing parameter B. The thickness of the boundary layer obtained according to

Marxman's theory (with the same value of B) is also depicted for comparison.

In the non-reactive boundary layer, the pyrolyzed fuel mass flow is represented by the mass
injected from the plate holes, therefore the blowing parameter is the same in both cases. The

local blowing parameter can be evaluated from its acrodynamical definition (2.26):

0.32

ps7(x)
B(x) = (6.43)
Pele (x) CfOT(x)

where it is assumed Cf/Cy, evaluated with equation (2.31) (for typical blowing parameter

values for hybrid rockets) and 7 is the regression rate expressed by Marxman equation (2.28)

or by a generic formula (2.35).
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6.2.3 Flame Position Estimation

As described in the previous paragraph, the oxidizer and fuel mass fraction
distributions in a non-reacting boundary layer extend over the entire boundary layer
thickness. According to diffusion flame combustion theory [33], the vaporized fuel diffuses
(by convection and molecular diffusion) away from the plate, while the oxidizer diffuses
towards it. The flame is defined to exist where the fuel and oxidizer meet in the correct O /F
ratio (i.e. the stoichiometric one). Hence, the flame position in the reacting boundary layer

can be estimated from the non-reacting case by evaluating the position where it is verified

—II{:’"M = [0/F],eqct- In fact, the use of the Reynolds analogy (Le = 1, Pr = 1) allows to
fnr

relate the mass and heat transfers, therefore establishing an equivalence between the velocity,

the enthalpy and the Shvab-Zeldovich scalar variable (z = K¢ ny — Koxnr/[0/Flreqct)

profiles [61]. The [0/Flyeqct is computed by considering the combustion to be

stoichiometric. Therefore, the Reynolds analogy can be written as:

u h—h, Z—2Zy
— = = 44
Ue he - hw Ze — Zy (6 )

From the previous equation, it is possible to retrieve the flame distance to the fuel surface

by applying z = 0, which results in:

Up —Zy
—=¢p = (6.45)

Ue Ze — Zy

Ko, 1s chosen to be equal to the unity, because, as already mentioned, if the oxidizer is
diluted it is possible to still consider K,,, = 1 if the [0 /F],¢qc¢ value is properly chosen.
Therefore, substituting K,x, =1—K; and K; =0 in the expressions of the Shvab-
Zeldovich scalar variable it can be easily demonstrated that the value of the dimensionless

velocity ¢, in the reactive case corresponds to the value obtained with equation (6.10) in

the non-reactive case.
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In the reactive case, the number of components of the mixture inside the boundary
layer increases to three: the oxidizer, the fuel and the combustion products. The oxidizer
mass fraction has its maximum value K, at the boundary layer edge and goes to zero at the
flame. The fuel concentration goes from K, at the wall to zero at the flame. The products
mass flow rate is equal to the reactants mass flow rate and diffuses towards both the surface
and the boundary layer edge. Combustion products mass fraction is equal to unity at the
flame, it is zero at the boundary layer edge and it is equal to 1 — K, at the grain surface.
Note that, although the fuel and oxidizer are consumed at the flame, the equivalence ratio
(i.e. the ratio between the O /F ratio of reaction and the stoichiometric one) still has meanings
here since the product composition relates to a unique value of equivalence ratio.

Equations (3.31) and (3.34) for the oxidizer and products mass fraction respectively above
the flame are still valid. Equations (3.28) and (3.29) for the fuel and products concentrations
below the flame must be corrected considering that K < 1. For the fuel mass fraction

profile, the following system must be solved:

K:(n) = ap(n) +b

Kf(n =0) = Ky, (6.46)
Ki(n=m,) =0
Calculations give:
Kf(n =0)=a¢p(0)+b= K; - b=K;, (6.47)
Ky,
Kf(U:Ub)=a¢b+b:0—>a=—¢— (6.48)
b
Therefore:
_ ¢
b
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Considering that below the flame must be K¢ + K, = 1 yields to the following equation for

the combustion products mass fraction profile:

Fig.6.10 shows an example of the species concentration profiles for both the non-reactive
and reactive case. The flame dimensionless position in the reactive case corresponds to the
position in the non-reactive boundary layer where the ratio between the oxidizer and fuel

mass fractions is equal to the O /F ratio of reaction.
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Figure 6.10: Concentration profiles as a function of dimensionless position 7 in the boundary layer for the non-

reacting case (dotted lines) and for the reacting case (continous lines).

The boundary layer model that will be proposed is based on the verification of the
flow rates conservation through the boundary layer, towards the flame and on the cross
section of the duct. The evaluation of the flame position with the non-reactive case analogy
previously described leads to an error if compared to its value obtained from mass
conservation. This error is presumably related to the fact that the theory of diffusive flame
combustion considers the position of the flame as the position in which the correct O /F ratio
occurs starting from the resolution of the concentration profiles alone (i.e. considering only

the diffusion), without taking into account the velocity profile of the species.
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From simulations of the boundary layer, it can be seen that the error tends to be minimum as
long as the boundary layer is developing, while after merging the error becomes important.

To be consistent with the rest of the model, therefore it has been decided to use the value of
the flame position such that the flame O/F ratio obtained from the mass conservation

condition is equal to the stoichiometric one.

6.2.4 Determination of the Freestream Oxidizer Mass

Fraction after Boundary Layer Merging

Let’s consider the flow in a circular tube (Fig.6.11) where the fluid enters with a
uniform velocity. When the fluid makes contact with the duct walls, the effects of viscosity
become important, and a boundary layer develops with increasing x. The development of
the boundary layer occurs at the expense of a shrinking of the inviscid flow region and
concludes with boundary layer merger at the centreline. Beyond this position, the viscosity
affects the entire cross section, and the velocity profile remains unchanged with increasing
x. The flow is then said to be fully developed, and the distance from the entrance at which
this condition is achieved is termed the hydrodynamic entry length, x4 . In the case of
laminar flow, the fully developed velocity profile is parabolic, while in the case of turbulent
flow the velocity profile is flattened due to turbulent mixing in the radial direction. Although
there is no satisfactory general expression, as a first approximation the hydrodynamic entry

length in turbulent flow can be considered 10 < x¢qp, < 60 [1][22].
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Figure 6.11: Hydrodynamic boundary layer development in a circular tube [1].
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The same phenomenon occurs in the hybrid combustion turbulent boundary layer.
However, since the mass injection from the grain surface tends to thicken the boundary layer,

merging is expected to occur for values of x around the lower limit of x4 . Moreover, the

condition of fully developed flow is never achieved due to the continuous fuel flow injected
from the grain wall which tends to accelerate the main flow.

In the boundary layer, the combustion products diffuse towards both the surface and
the boundary layer edge. Prior to merging, the presence of oxidant outside the boundary
layer ensures that its mass fraction at the boundary layer edge is always constant. After the
merging, the combustion products diffuse towards the centre of the duct and the oxidizer
diffuses towards the flame, causing the oxidizer mass fraction at the boundary layer edge to
decrease. As a result, in order to achieve the correct O /F ratio of reaction, the flame moves
towards the duct axis, reaching it when all the oxidizer flow above the flame is consumed.
For the remaining part of the grain, the flow will be subject to a dilution because of the fuel
pyrolysis due to the heat exchanged with the freestream where there is no combustion.

To evaluate the variation of the oxidizer mass fraction after the boundary layer merging, an
analogy can be made once more with the non-reactive case. Because the boundary layer
thickness is constant and equal to the radius of the duct (equal to half the height in the case
of a rectangular duct), in the non-reactive case the increase of the fuel flow rate leads to a
reduction in the oxidizer concentration in order to verify mass continuity. The same reduction
happens in the reactive case, where the reduction of the oxidizer flow is due to its diffusion

towards the flame where it is consumed. The condition to be verified is:

m(S,ox,nr =Mms — mf,x (6.51)

. 1 . 1
where 1is = 8G, [, ¢ dn, Msoxnr = 6Ge [, Koxnrpdn and 6 =R (or h/2 for a
rectangular cross section duct). Here the oxidizer mass fraction profile has its maximum
value Ky, < 1 (not because of dilution) at the duct axis and its minimum value 1 — K, at

the grain surface, therefore the following system of equations must be solved:

Kox,nr(n) = a¢(77) +b
Kox,nr(n =0) = Koxw =1- wa (6.52)
Kox,nr(n =1) = Koxe

161



Calculations give:
Koxnr=0) =ap(n=0)+b=1-K; >b=1-Kp, (6.53)
Koxnr(1=1) = ap(n =1 +b = Kop, > a =Ko, = (1= K;,)  (6.54)
Therefore:
Koxnr = [Kox, — (1= K¢ )¢ + (1 — K}, (6.55)

Because of the flow rates definitions, it is also guarantied the equivalence ms f . =

5G, f01 K¢ nr® dn = 1 ., where:
Kinr = 1= Koynr = Kr, — [Kox, — (1 = K )| (6.56)

The oxidizer flow rate within the boundary layer can be written as:

1 1
Mg oxnr = (SGeKoxej ¢% dn + 669(1 - wa) j (1-¢)pdn (6.57)
0 0

Substituting the expression (6.57) into equation (6.51) yields to:

1 1
aGeKoxef % dn+6G,(1 - wa)f (1-¢)pdn
° ° (6.58)

1 X
=663f¢dn—fpff‘dx
0 0

Finally, the following expression for the oxidizer mass fraction at the boundary layer edge

is obtained:

IR %Gefoxpff‘ dx—(1-K,) ['(1 - ) dny

Kox, = . (6.59)
J, #%dn
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The position x,, s where the flame reaches the duct axis is expected to be the one for which

the [0/F],eqc: ratio is achieved at the edge of the boundary layer (i.e. ¢, = 1) in the non-

reactive case:

K [Kox —(1—Kf )]¢+(1_Kf )
[0/F ], aqes = —251T _ Loxe v * 6.60
react Kf,nr o1 wa - [Koxe - (1 - wa)]¢ - ( )

which corresponds to a value of oxidizer mass fraction at the duct axis equal to:

_ [O/F]react
$nr=1 [O/F]react +1

Kox, | (6.61)

For what was said before about the error on the flame position in the analogy between the

non-reactive case and the reactive case, the actual value of Koxe| Sp=1 will be slightly
=

different from the one calculated with equation (6.61).

6.3 Numerical Modelling of Hybrid Combustion

Incompressible Boundary Layer

In the following, a numerical model of hybrid combustion boundary layer is
presented. Three configurations will be analysed: the flat plate in an open environment, the
rectangular duct with two slabs and the cylindrical duct. Several hypotheses are applied to
reduce the complexity of the physics of the problem and are meant to be applied to classical

combinations of propellants for hybrid rocket engines:

= The injection of oxidizer is considered to be axial, uniform, completely gaseous and
generating a turbulent flow regime. The dependent variables are all interpreted as

mean values and no turbulent fluctuations are considered.

= Dimensionless numbers Pr and Le are taken equal to unity.
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= To describe the combustion process inside the boundary layer an infinitely fast
chemistry (equilibrium) assumption is made, therefore the thickness of the reactive
zone is assumed to be infinitely thin, and the flame is considered to take place at

stoichiometric conditions.

= The combustion phenomenon is assumed to not alter the velocity profile, which can
be described with equation (3.9), where n = 1/7 for flat grain surface and n = 1/9
for a tube. The validity of Reynolds analogy and the assumption that Pr = Le = 1,

allow to describe the concentration and temperature as linear to the velocity profile.

= The flow is assumed to be incompressible with a density value equal to that of the

flow outside the boundary layer.

= Pressure gradient in the axial direction is assumed to be zero.

In the following simulations the classic combinations of HTPB (Hydroxyl-terminated
polybutadiene) and GOX (gaseous 0,) is used. The corresponding stoichiometric combustion

reaction is:

2C,Hg + 110, — 8C0O, + 6H,0 (6.62)

The molar and mass stoichiometric ratio are [0/F st motar = 5.5 and [0/F s mass = 3.26
respectively. The O/F ratio at the flame is evaluated as the ratio between the oxidizer and
fuel mass flow that reach the flame and it is assumed to be equal to the stoichiometric one,

i.e. [0/Flreact = [0/Flst mass = 3.26. The value of the thermochemical parameter Ah/h,,
for this pair of propellants is 13.96 [10].
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6.3.1 Hybrid Boundary Layer over a Flat Plate

A schematic of the flow above a flat plate in an open environment model is depicted
in Fig.6.12. Because of the open environment configuration only the developing region
exists. The flow is divided into two zones along the y — direction. The first one corresponds
to the inviscid core flow region, where the thermodynamic and mechanical variables
characterizing the flow (velocity, temperature) are considered to remain constant both in y
— direction and axial position. The second zone corresponds to the boundary layer, whose
characteristic thickness 6 is defined as the distance normal to the wall where the velocity of
the flow has reached its streamwise value, u,. The corresponding control volumes of the two
regions for an element of size dx are represented in the figure. The two control volumes are

coupled through the boundary conditions at the boundary layer edge.

Boundary layer

Oxidizer
flow

Solid fuel

Figure 6.12: Schematic of the flow above a flat plate in an open environment model. Adapted from [61].

The species mass fraction distribution over the boundary layer thickness is evaluated
with equations (3.31), (3.34), (6.49) and (6.50). The temperature profile above the flame
is calculated with equation (3.41), while that below the flame must be corrected to consider

that K < 1. The boundary condition for the temperature profile at the wall can be evaluated

as the average temperature weighted on the individual chemical species concentrations:
Tw(x) = TpKpy, , (x) + Tp Ky, (x) (6.63)

where the local fuel mass fraction at the wall is evaluated with equation (6.3). At the wall,

Ky, (x) = 1 — K¢, (x), therefore:

Tw(x) =Ty + Kz, 0 (Tp — Tpy) = T + Kpr () (T — Tf) (6.64)
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with T the fuel temperature at the wall.

The boundary layer thickness is evaluated using the analogy with the non-reactive case with
equation (6.39). Since the characteristics of the flow outside the boundary layer do not
change, the only degree of freedom of the problem is the position of the flame y;, (x). The

condition that must be satisfied is:

mox,flame (x) _ md(x) - mf,x(x) - md,ox(x)
Mg r1ame (X) Mg (%) — g r(x)

[O/F]flame(x) = = [0/Flreact (6.65)

therefore:

[O/F]react
 8(0)Gox [y 0Cem) dn = [ ppr(x) dx — 8()Goy [y Konx,m)pCen) dn - (6.66)
Iy o7 () dxx = 8G)Gox fy Ky e, (e, m) dln

where the regression rate is evaluated with Marxman’s equation (2.28) and the blowing
parameter is calculated combining equations (2.27) and (3.16). Fig.6.13 to 6.15 show the
results of the numerical simulation. As expected, the flame dimensionless position and
velocity are in good agreement with what Marxman predicted and with the non-reactive case.
The main difference is in the boundary layer thickness, which is slightly larger than that
predicted by Marxman.
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Figure 6.13: Dimensionless flame position 7;, as a function of dimensionless position along the grain.
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Figure 6.14: Dimensionless flame velocity ¢, as a function of dimensionless position along the grain.
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Figure 6.15: Boundary layer thickness & and flame position y,, as a function of the position x along the grain.

The corresponding values derived by Marxman’s theory are also depicted for comparison.
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6.3.2 Hybrid Boundary Layer in a Rectangular Port
Duct

A schematic of the flow in a rectangular port duct model is depicted in Fig.6.16. The
channel has a rectangular section w X h, with two active walls (i.e. where there is the
propellant grain) facing each other; the other two walls are assumed to be inert and to not
disturb the flow in any way (i.e. no viscous effects). The boundary layer can follow two
different configurations: a developing flow configuration, where the boundary layer is
growing inside the channel, and a fully developed flow one, where it occupies the entire
cross section of the channel. In the entrance region, the flow is divided into two zones along
the y — direction. The first one corresponds to the inviscid core flow region, while the second
one corresponds to the boundary layer, similarly to the previous case. The two control
volumes are coupled through the boundary conditions at the boundary layer edge. In the fully
developed flow configuration, no core flow is present and only one control volume over the

y — direction is defined for an infinitesimal element.

Symmetry axis

Boundary layer i i
6 Flame : '

Oxidizer
flow

,____

1

-
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Developing flow Fully developed flow

Xm xm,f

Figure 6.16: Schematic of the flow in a rectangular port duct model. Adapted from [61].

Marxman’s equation (2.28) is no longer valid due to the close duct. Therefore, the
regression rate is calculated with the generic expression (2.35), where the regression rate
coefficients are evaluated from literature [4][29]. Here the blowing parameter must be
evaluated from its aerodynamic definition with equation (6.43).

To numerically solve the hybrid boundary layer model, it is useful to distinguish the

conditions to verify between before and after the boundary layer merging.
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Before the merging, the boundary layer is developing, thus the boundary layer
thickness can be evaluated by the non-reactive analogy with equation (6.39), which in this

case is written as:

_ J'Ox pff‘(x) dx

6(.96) = 1
Ge(x)wa(x) fO d)(x; 77) (¢(x! T]) - 1) d’l

(6.67)

The mass flux at the axis G.(x) and the flame position y; (x) are therefore the two degrees
of freedom of the problem, thus two conditions are necessary. The first condition consists in
verifying the oxidizer to fuel ratio at the flame, which must be equal to the reaction one (i.e.

stoichiometric). Mathematically this condition is written as:

mox,flame(x) _ s (x) — mf,x(x) - m&,ox(x)
Mg r1ame (X) Mg (%) — g r(x)

[O/F]flame(x) = = [0/Flreact (6.68)

therefore:

[O/F]react =
§C)Go(0) [ pCe,m) dn — [ ps#(x) dx — §(0)G.(x) [} Kox Ct, (e, m) dn (6.69)
[ s (0) dx — ()G (x) [ Ky (e, M) (x,m) diy

The second condition requires the mass continuity to be verified:

2mg(x) - w+ G.(x) W(h — 26(x))
h-w
26006 (x) J; pCem) dn + Ge(x) - (h — 25(x))
B h

G(x) =

(6.70)

Iteratively solving the two conditions allows to solve the internal ballistic in the sections

preceding the merging one.

When the boundary layer thickness is equal to half the height of the duct, i.e.
8 (x = x,,) = h/2, the merging of the boundary layer occurs, and the boundary layer fills
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the entire cross section. After the merging, the combustion products diffuse towards the
centre of the duct and the oxidizer diffuses towards the flame, causing the oxidizer mass

fraction at the boundary layer edge to decrease. The variation of K, can be evaluated with

equation (6.59), which in this case is written as:

Koxe(x) =
fy $Cem) dn = a2y o priGe) de = (1=K, (0) [ (1 = @e,m) @) iy
J; ¢Ce,m)? dn

(6.71)

The wall temperature can still be calculated with equation (6.64). After the merging the
temperature at the duct axis increase due to the diffusion of the combustion products and can
be calculated as the average temperature weighted on the individual chemical species

concentrations. If K, is the oxidizer mass fraction at the axis, then the products mass
fraction here is equal to 1 — K. If T, is the temperature of the oxidizer, the temperature

at the duct axis T, is:
Te(x) = Tprre(x) + ToxKoxe(x) (6.72)
that can be rewritten as:
Te(x) = Tp + (Tyx — Tb)Koxe (x) = Tox + (T — Tox)Kpre(x) (6.73)
The boundary layer thickness is constant and equal to h/2, therefore G,(x) and the flame
position y,(x) are still the two degrees of freedom of the problem. The first condition
consists in verifying the oxidizer to fuel ratio at the flame with equation (6.69). The second

condition requires the mass continuity to be verified with equation (6.70) that can be

rewritten as:

1
GG = G, (x) j e, dn 6.74)
0
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Solving equations (6.69) and (6.74) allows to solve the internal ballistic in the sections
following the merging section to the position where the flame reaches the duct axis. In this

position, as already mentioned, it is expected to have Ky, | Sy=1 similar to the value that can
b=

be estimated with equation (6.61). When the flame reaches the duct axis, all the oxidizer
mass flow in consumed in the combustion process. Therefore, from this point onwards, only

the continuity condition must be satisfied through equation (6.74).

6.3.2.1 Numerical Results

In the following, the results of a numerical simulation will be reported. The duct has
a rectangular section of dimensions w X h = 0.1 X 0.1 m and an oxidizer mass flux G,, =
100 kg/(m?s) is used. Fig.6.17 shows that the mass fluxes steadily increase prior to the
merging section due to the thickening of the boundary layer enhanced by the fuel pyrolysis.
At the merging section (i.e. X = X;;,) the total oxidizer mass flow that enters in the boundary
layer by diffusion from the freestream is equal to the oxidizer mass flow injected in the duct

(i.e. Moy p = Moy /2W). For x > x, the fuel mass flow rate in the boundary layer 1 ¢

increases more than for x < x,,, mainly due to the rise of the flame from the surface, while
the oxidizer mass flow progressively reaches the flame and thus reducing with x. For
X = X the flame reaches the centre of the channel, the oxidizer flow rate inside the
boundary layer is completely burned and the further vaporized fuel accumulates in the main
stream without producing any combustion process.

Fig.6.18 show the dimensionless position and velocity of the flame as a function of the
dimensionless position x/h. The corresponding quantities according to Marxman's theory
and to the non-reactive case are also represented for comparison. As expected, the merging
of the boundary layer takes place for values of x,,,/h~10. The flame position before merging
has almost the same value as that expected by Marxman's theory or by the analogy with the
non-reactive case, while for x > x,,, the difference becomes significant. After merging, the
flame will tend to rise to verify the correct O/F ratio at the reaction zone. As mentioned
above, the use of the analogy with the non-reactive case for the estimation of the flame
position leads to an error that results in failing to verify the correct O/F ratio at the flame

(Fig.6.19).
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172



As expected, the regression rate shows the typical trend for hybrid combustion in a closed
duct (Fig.6.20). Initially, it decreases due to the thickening of the boundary layer. This
reduction is countered by the progressive accumulation of flow that enhanced the heat
exchange by convection. Once a minimum condition is reached, the regression rate tends to
increase as the flux effect prevails. Fig.6.21 shows the blowing parameter B evaluated with
its aerodynamic definition (6.43). B is a non-linear function of the regression rate, the skin-
friction coefficient C; and the specific flow at the duct axis (Fig.6.22); therefore, the blowing
parameter will not be constant, but its value does not differ much from what Marxman's
theory predicts. The reduction of B according to Marxman's theory is due to the flame

approaching the duct axis because of the reduction of K, (x).
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Figure 6.20: Regression rate 1 as a function of the dimensionless position x/h.
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Figure 6.21: Blowing parameter B as a function of the dimensionless position x/h. The value of B according

to Marxman’s theory is also depicted for comparison.
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Fig.6.23 shows the comparison between the presented model and Marxman’s theory for the
boundary layer thickness, §, and flame position, y;,, as a function of the dimensionless
position x /h. Because of the flat wall of the duct, a slight deviation from the values predicted

by Marxman's theory due to the acceleration of the main flow is expected and confirmed.
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Figure 6.23: Dimensionless boundary layer thickness, §, and flame position, y;, as a function of the
dimensionless position x/h. The corresponding values according to Marxman’s theory are also depicted for

comparison.
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Fig.6.24 shows distribution of the fuel mass fraction at the grain surface, Ky, , and the
oxidizer mass fraction at the duct axis, K,,. The value for Ky is determined with equation
(6.3), therefore has the same trend of the blowing parameter. The value of K,,, remains

constant before merging and then tends to decrease. It is interesting to observe that the value

of K,x, when the flame reaches the middle of the duct is slightly different from what is

predicted by the analogy with the non-reactive case, as previously mentioned.
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Figure 6.24: Fuel mass fraction at the grain surface, K, (top), and the oxidizer mass fraction at the duct axis,

Ko, (bottom) as a function of the dimensionless position x/h.
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Fig.6.25 shows the distribution of the O /F ratio at the position x, [0/F], = 1y, /¢ (x),
and the [0/F];; (3.98), confirming the typical characteristic of hybrid engines. As the total
fuel mass flow rate increases along the grain port, the global O/F ratio decreases reaching
and keeping a value equal to [0 /F],,; at the boundary layer merging and beyond, because of
the equivalence of m,,, and 1, ;. The boundary layer merging condition occurs for a value
of [0 /F], greater than the reaction one, while the condition of the flame at the centre of the
duct corresponds to a value of [0/F], lower than the reaction one. Typically, the [0/F],
value used in the grain design (i.e. [0/F];0p) is close to the stoichiometric one in order to
maximize c*. Therefore, the amount of fuel required to consume all the injected oxidizer is
greater than the quantity that is strictly necessary to obtain [0/F]j,,,. As a result, the flow

will be strongly stratified, with a fraction of unburned oxidizer in the centre of the duct.
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Figure 6.25: [0/F], and the [0/F];,; as a function of the dimensionless position x/h.

The above considerations translate into different values of propellant combustion
efficiencies at different positions. Fig.6.26 shows the trend of fuel combustion efficiency
(3.99) and of oxidizer combustion efficiency, the latter defined both as a function of the
oxidizer flow rate entering the boundary layer (3.100) and as a function of the flow rate
injected at the head of the grain (namely, 9comp, ox tot)- The relationship described above
between [0/F], and [0 /F],qc: depending on the position x explains why the condition of

Necomb,ox,tor €qual to 1 (i.e. when the flame reaches the axis of the duct and all oxidizer is
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consumed) can only be obtained at the expense of a reduction of N¢omp f, 1.€. by using a

greater amount of fuel than the quantity that is strictly necessary to obtain [0 /F],eqct-
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Figure 6.26: Fuel and oxidizer combustion efficiencies as a function of the dimensionless position x/h.

The parametric study of the hybrid boundary layer will be treated in the case of cylindrical
channel, which is the common grain configuration used in hybrid propulsion. In any case,
similar considerations can also be made for the presented model of rectangular duct with two

grain slabs.
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6.3.3 Hybrid Boundary Layer in a Circular Port Duct

A schematic of the flow in a circular port duct model is depicted in Fig.6.27. Once
more, the boundary layer can follow two different configurations: a developing flow
configuration, where the boundary layer is growing inside the channel, and a fully developed
flow one, where it occupies the entire cross section of the channel. In the entrance region,
the flow is divided into two zones along the radial direction. The first one corresponds to the
inviscid core flow region, while the second one corresponds to the boundary layer. The two
control volumes are coupled through the boundary conditions at the boundary layer edge. In
the fully developed flow configuration, no core flow is present and only one control volume

over the radial direction is defined for an infinitesimal element dx.
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Boundary layer : '
& Flame i ' R

Solid fuel

Oxidizer
flow

————
1

=
3y
=
=
=

J‘ ! J
1-

Developing flow Fully developed flow

m Xm,f

Figure 6.27: Schematic of the flow in a circular port duct model. Adapted from [61].

6.3.3.1 Velocity and Mass Fraction Profiles

The axisymmetric geometry of the cylindrical configuration allows the definition of
velocity and concentration profiles as a function of radial r and axial x coordinates only,

regardless of azimuth coordinate 8. The dimensionless velocity profile is still defined by the

expression (3.9) as a function of the dimensionless coordinate n = % € [0,1] evaluated from

the grain surface. For a tube it is n = 1/9 [10], therefore the velocity profile in a tube is
“fatter” than that for a flat plate with n = 1/7 (Fig.6.28).
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Figure 6.28: Comparison of the dimensionless velocity profiles for a tube (n = 1/9) and for a flat plate

(n = 1/7) for the same value of the blowing parameter B.

To write the dimensionless velocity profile as a function of r, the following change of
variable can be assumed between the cartesian coordinate y and the radial coordinate r: r =
R — vy, thus y = R — r. Therefore, the radial coordinate of the boundary layer edge is r5 =
R — §, while that of the flame is 7, = R — y;,. The dimensionless velocity profile in radial

coordinates is:

(B5) [1+0s8(355)]

1+ 0.5B

(6.75)

o) =

(TgSTSR)

Therefore, ¢p(r5) = 1, p(r,) = ¢, and p(R) = 0.
The concentration profiles in the reactive case can be described as linear function of the
velocity profile with the same expressions obtained for the flat plate case, here as a function

of the radial coordinate:

1 (0 <r< T'(g)
K, () =4k, 2D =% oy (6.76)
¢ 1—-¢y
0 (r, <7 <R)
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0 (0 <r S;Ts)

K (r) = 0 509 (rs<r<m) 6.77)
lefw(1— ¢b> (n, <T<R)
0 (0 <r< 7"5)

Kpr(r) =41- Kox(r) (T'5 sSr=s T'b) (6.78)
1-Kr(r) (r, <r<R)

In the analogy between the reactive and non-reactive cases, the velocity profile is assumed
to be unchanged. The concentration profiles are the same as those of the rectangular duct,

but defined as a function of the radial coordinate 7

B 1 (0<r<ry)

Koxnr(r) = {[Koxe _ (1 _ wa)](f)(r) n (1 _ wa) (rs <7 <R) (6.79)
_ _ 1 (0 <r< T'(g)

Kf,nr(‘r') =1 = Koynr(r) = {wa _ [Koxe _ (1 _ wa)](P(T‘) (rs <7 <R) (6.80)

6.3.3.2 Determination of the Mass Flow Rates

In a circular port duct, mass flow rates are expressed as the integral of the mass flux
(pu) over the cross section. In the hypothesis that the density is constant and equal to p,,

each of the mass flow rates in the boundary layer is evaluated as:

m; = Pe f K;(r)u(r) dA = p, f K;(r)u(r) 2nr dr (6.81)
Therefore:
R
mg = 27‘[Gef ¢(r)rdr (6.82)
r§=R-6
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Tp=R=Yp

Mg,ox = ZnGef Kox(T)¢(T)T dr (6.83)
rs=R—-§8
R
Mg s = ZHGef Ke(r)¢(r)rdr (6.84)
Tp=R-Yp
R
m&,pr = ZnGef Kpr(r)¢(r)r dr (6.85)
T§=R-§

The total fuel mass flow rate pyrolyzed from the grain and the inflow oxidizer mass flow

rate from the freestream outside the boundary layer are respectively:

X

Mg = 2nR - 1My, = Zan psT dx (6.86)
0

Moy pt = Mg — Mg (6.87)

Applying mass conservation equations allows to evaluate the fuel and oxidizer mass flow

rates that reach the flame and thus to determine the O /F ratio at the flame.

6.3.3.3 Numerical Resolution

Marxman’s equation (2.28) is no longer valid due to the close duct. Therefore, the
regression rate is calculated with the generic expression (2.35), where the regression rate
coefficients are evaluated from literature [4][29]. Here the blowing parameter must be
evaluated from its acrodynamic definition with equation (6.43). The skin friction coefficient
Cr, can be evaluated for a cylindrical duct from literature [34][35]. To numerically solve the
hybrid boundary layer model, it is useful to distinguish the conditions to verify between
before and after the boundary layer merging. Those conditions are the same as in the case of

a rectangular duct.
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Before the merging, the boundary layer is developing, thus the boundary layer
thickness can be evaluated by the non-reactive analogy imposing the condition (6.35), that

for the cylindrical channel is written as:
m&,ox,nr(x) = mg(x) — mys (x) (6.88)

Therefore, the equation that must be numerically solved to evaluate the boundary layer

thickness §(x) is:

R
f Kox,nr(x' r)d)(x, r)rdr
rs(x)=R-5(x)

R (6.89)

R X
¢(x,r)r dr — —J pt(x) dx
—[ra(x)=R—6(x) Go(x) )y "7

The mass flux at the duct axis G, (x) and the flame position 3, (x) are still the two degrees
of freedom of the problem, therefore two conditions must be verified. The first condition

consists in verifying the oxidizer to fuel ratio at the flame with equation:

mox,flame(x) _ Th(g(x) - mf(x) - m&,ox(x)

[O/F]flame(x) = mf,flame(x) - mf(x) - m&f(x)

= [O/F]react (6-90)

therefore:

[0/Freqct =

R R . ()=R-yp(x)
fr5(x)=R_5(x) ¢(x,r)r dr — mf; pst(x) dx — fr;(;:R_Sy(z;)x Koy (,7)p(x, )7 dr

r

R~ . -
Ge (x) fo pr(X) dx — frb(x)=R—yb(x) Kf (X, ‘r‘)(p(x’ T')T' dr

(6.91)
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The second condition requires the mass continuity to be verified with equation:

s (x) + Go(Om(R — 8(x))°
TR2

G(x) =

R (6.92)

fra(x)=R—5(x) ¢, r)rdr + (R _ S(x))z

RZ

2
= Ge(x)

Iteratively solving the two conditions allows to solve the internal ballistic in the sections
preceding the merging one.

When the boundary layer thickness is equal to the channel radius, i.e. 6(x = x,,) =
R, the merging of the boundary layer occurs, and the boundary layer fills the entire cross
section. The variation of K, due to the diffusion of products toward the centreline and of
oxidizer towards the flame can be evaluated imposing the condition (6.51) that for the
cylindrical channel is written as equation (6.88). Therefore, the equation that must be

numerically solved to evaluate the oxidizer mass fraction at the duct axis Ky, (x) is:

Koxe(x) =
J-OR ¢(x, r)rdr — %f: pfr"(x) dx — (1 — wa(x)) foR(l —¢(x, r))¢(x, r)rdr
fORd)(x, r)2rdr

(6.93)

The first condition to verify is the correct O /F ratio at the flame, thus equation (6.91) with
r5(x) = 0. The second condition requires the mass continuity to be verified with equation

(6.92), which is simplified after the boundary layer merging as:

2 [} G, dr (6.94)

G(x) = G.(x) B

Solving equations (6.91) and (6.94) allows to solve the internal ballistic in the sections

following the merging section to the position where the flame reaches the duct axis. In this

position, as already mentioned, it is expected to have Ky, | Sy=1 similar to the value that can
b=

be estimated with equation (6.61).
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6.3.3.4 Numerical Results

In the following, the results of a numerical simulation will be reported. It is
considered a cylindrical channel with diameter D = 0.1 m and an oxidizer mass flux G,, =
100 kg/(m?s) is used. The distribution of the quantities inside the cylindrical duct is
qualitatively similar to that observed in the rectangular duct, except for some peculiarities
due to the axisymmetric geometry of the channel. Fig.6.29 shows the mass flow rates as a
function of the position along the grain port. The first increasing and then decreasing trend
of the oxidizer mass flow rate within the boundary layer is due to the superimposition of a
positive effect due to the extension of the boundary layer towards the duct axis and the
simultaneous lowering of the flame dimensionless position, and a negative effect due to the
fact that the flow rate is calculated on a section closer to the origin of the cylindrical reference
system.

Once more, because the mass flow rates integrals are calculated with respect to a radial
coordinate reference system, a lower dimensionless position of the flame, compared to that
which occurs in the rectangular duct, is expected and verified (Fig.6.30). Moreover, the
greater surface subject to pyrolysis area with the (almost) same port area with respect to the
rectangular cross-section duct case, leads to an increase in the evaporated fuel flow rate. As
a result, the boundary layer in the cylindrical duct reaches the merging condition much

sooner than in case of the rectangular duct with two slabs.
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Figure 6.29: Mass flow rates as a function of the dimensionless position x/D.
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Figure 6.32: Regression rate 1 (left) and blowing parameter B (right) as a function of the dimensionless position

x/D.
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In the case of cylindrical channel configuration, the difference in the values of the boundary
layer thickness and of the flame position (the latter especially after merging) compared to
what is predicted by Marxman's theory is much greater than in the case of a rectangular port
duct (Fig.6.33). In addition, similarly to the rectangular section duct case, the value of K,
that corresponds to the flame reaching the centre of the channel is slightly different from that

predicted by the analogy with the non-reactive case (Fig.6.34).
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Figure 6.33: Dimensionless boundary layer thickness, &, and flame position, y;, as a function of the

dimensionless position x/D. The corresponding values according to Marxman’s theory are also depicted for

comparison.
T T 1 X T i — T H
. : : [0/ F)react/ ([0 Flreacr + 1)
0.9 ! ! - /D
1 i 095 1
1 I ]
0.96 - 1 i 1
1 1 1
1 0.9 1
1 1
094 1 . 1
= 1 5 L [
= 1 i \"’: 085 1
| i [
0.92 | \
1 0.8 1
1 ]
1 1 1
09 | ;
. 075
1
1
0.88 X
L - L 0.7
0 5 10 15 20 25

Figure 6.34: Fuel mass fraction at the grain surface K, (left) and oxidizer mass fraction at the duct axis K,

(right) as a function of the dimensionless position x/D.

186



Similarly to the rectangular section duct case, it can be observed the peculiar characteristics
of hybrid systems for which the value of [0 /F],eqc: (generally not too different from the
[0/F]g10p value of the grain design) is obtained in an intermediate section between the
merging section and the one for which the flame reaches the duct axis (Fig.6.35). With the
cylindrical configuration, however, a closer proximity of this position to the merging
position is observed, which allows to obtain a higher fuel combustion efficiency if the grain

is designed to end at this point (Fig.6.36).
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Figure 6.35: [0/F], and the [0/F],, as a function of the dimensionless position x/D.

0.8

o
o

Tfeomb

0.4 - - q
Tleomb,f — mf.fl(i.’”i-(‘/mf
= Neomb,ox = muﬁ'.ﬂum[‘/muu‘b!
Teomb,oxtot = mw'.ﬂzmw/ﬁ7uuz
02—/ .;‘C([O/F]J = [O/F]r‘r’urf} 1
-------- T /D
.'Ifm:f/D
0 I I I L |
0 5 10 15 20 25

z/D
Figure 6.36: Fuel and combustion efficiencies as a function of the dimensionless position x/D.
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6.3.3.5 Parametric Study of the Hybrid Boundary Layer

in a Circular Port Duct

In this paragraph, a parametric study of the hybrid boundary layer in a cylindrical
channel is performed in order to evaluate the consequences of the design choices. The
influence of the port diameter, the oxidizer mass flux and the dilution of the oxidizer will be
studied. Each parameter will be analysed individually, keeping the other parameters

unchanged.

Influence of the port diameter. Increasing the port diameter leads to an increase of
the merging dimensionless position x,, /D (Fig.6.37). This happens because of the scale-up
effect, i.e. the reduction of the mass flux due to a greater port area that leads to a reduction
of the regression rate. Therefore, also the fuel mass flow injected decrease, leading to a lower
extension of the boundary layer required to verify mass continuity. The same effect is
responsible for increasing the dimensionless distances X, /D and x([0/F], = [0/F],eqct)
(Fig.6.38). It can also be observed that the variation of the ratio between x,,, and X, ¢ is
negligible, as well as that of x([0/F], = [0/F]yeqct) and x,, or Xy, ¢, involving a sort of

"proportionality" of positions as the port area changes (Fig.6.39).
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Figure 6.37: Dimensionless positions x,,/D (left) and x,,, s /D (right) as a function of the port diameter D.
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Fig.6.40 shows the effects of port diameter on the propellant combustion efficiency at
Xy Xm,r and x([0/F], = [0/Fl eqct)- As the port diameter increase, the fuel combustion
efficiency tends to decrease for all those three positions, especially at the merging section of
the boundary layer, because of the more downstream position of x,, with the port diameter.
The oxidizer combustion efficiency at x([0/F] globar = [O/F lreact) (Which is equal to
Ncomb,s at this position) decrease with the port diameter, while that at the merging section

tends to increase.
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Figure 6.40: Fuel combustion efficiency 1¢omp s (top) and oxidizer combustion efficiency 1comp,ox,tor (bOttom)

at Xy, Xy r and x([0/F] = [0/F]yeqct) as a function of the port diameter D.
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Influence of oxidizer mass flux. The increase of the oxidizer flux G,, leads to an
increase in the fuel flow rate injected from the grain surface. Its contribution to the increase
of the boundary layer thickness is overcome by the reduction of its extension due to the
greater external flow. As a result, the dimensionless position of the boundary layer merging
increase (Fig.6.41). A greater G, also leads to an increase in the dimensionless positions for
which the flame reaches the channel axis and for which the condition [0 /F], = [0/F]eqct
is achieved, although, as for the influence of the port diameter, the ratios between those

positions is almost constant (Fig.6.42).
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Figure 6.41: Dimensionless positions x,,/D (top left), X, ;/D (top right) and x([0/F], = [0/Fl,eqct)/D

(bottom) as a function of the oxidizer mass flux G,,,.
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The greater oxidizer flux leads to a small increase of the fuel combustion efficiency n¢omp,

in all three positions and reduces the oxidizer combustion efficiency 7comp ox tor at the

merging section (Fig.6.43).
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Influence of dilution of the oxidizer. The evaluation of the influence of dilution of the
oxidizer is made with the comparison between pure oxygen (GOX), hydrogen peroxide
(H,0,) (100%) and nitrous oxide (N,0) as oxidizer. As described in Chapter 3, it is

equivalent to consider K, equal to the percentage of oxygen &,, and [0 /F]s; (o, or assume
that all the oxidizer is oxygen (i.e. K,x, = 1) and use the stoichiometric O /F ratio with the
diluted oxidant. Therefore, in the simulations is assumed K,,, = 1 and [0/F],¢qc¢ €qual to

the stoichiometric value for the reaction of HTPB with the diluted oxidant.

In the case of HTPB — GOX, the mass stoichiometric ratio is [0/F]s (0,)mass = 3-26.

In the case of HTPB — H,0,(100%), the stoichiometric reaction is:

C,Hg + 11H,0, > 4C0, + 14H,0 (6.93)

therefore, the molar and mass stoichiometric ratio are [O/F]st (4,0,)motar = 11 and
[0/F]st (1,0,)mass = 6.93 respectively.

In the case of HTPB — N, 0, the stoichiometric reaction is:

C,H + 11N,0 - 4C0, + 3H,0 + 11N, (6.94)

therefore, the molar and mass stoichiometric ratio are [0/Flst (n,0)motar = 11 and

[0/F]st (n,0),mass = 8.96 respectively.

The position of the merging section does not change due to the independence of the
boundary layer thickness on the flame O /F ratio (Fig.6.44). After merging, the analogy with
the non-reactive case allows to state that the value of K, for which the flame reaches the
duct axis is influenced by the flame O/F ratio and tends to increase with it (Fig.6.45). In
fact, if the O /F ratio of reaction increase then the flame take place at further dimensionless
distance from the wall, therefore causing the flame to reach the channel axis in less space.
In addition, the position for which the condition [0/F], = [0/F ];eqct Occurs tends to move
towards the head of the grain as the value of [0 /F |,.cqct increases due to the reduction of the
evaporated fuel flow to reach that O /F ratio (Fig.6.46). For the case in which H,0, or N,0

are used as oxidizer, the condition [0/F], = [0/F],eqc: Occurs before the boundary layer
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merging (Fig.6.47). The variability of Xp,/X, r, unlike the previous cases, leads to a

variation of the ratios between the particular positions.
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Figure 6.45: Oxidizer mass fraction at x,, s (left) and dimensionless position X, /D (right) as a function of

the oxidizer.

195



2([O/F]y = [0/ Flreact)/ T

0.9

0.8

0.7

0.6

0.5

0.4

0.3

11

102

=[O/ Flreact)/ D

=([O/F].

[O/F] react

Figure 6.46: Dimensionless positions x([0/F], = [0/F]l,cact)/D as a function of the oxidizer.

0.6

0.55

05

T[T g
o
B
(4]
d

041

0.35 ¢
0.3
3
T : ;
el
\\‘
\
\
AN
\\‘
N
.
.
o
4 5 6 7
[0/ Flreact

Figure 6.47: Ratios between X, X,, r and x([0/F], = [0/F];¢qc¢) as a function of the oxidizer.

o
-
-
~ 4
el
«/" ]
5 6 7 9
[0/ Freact
T 0.5 : : : .
| 045 g
1 £
&8
< 04r
1 < 035F g
I ™
1 = .
| = oar S
2 N
- = ) ~.
0.25 T
s S— ¢ S
| 02 | : | | I
9 3 5 6 7 8 9
[O/ Flreaet

196




The type of oxidizer and therefore of the [0 /F ], oqc: Tatio has an important influence on the
propellant combustion efficiency. For a given combination of propellants, the relationship of
combustion efficiencies at various locations is influenced by the magnitude of
x([0/F], = [0/F],eqct) With respect to x,,, (Fig.6.48). For the case of HTPB + GOX, since
x([0/F], = [0/F]yeqct) > Xm and the fuel combustion efficiency is always decreasing,
then Neomp, r(Xm) > ncomb,f(x([O/F]x = [0/Fl eact))- On the contrary, for the cases of
HTPB + H,0, and HTPB + N,0, since the condition [0/F], = [0/F]l,eqct occurs before

the merging of the boundary layer, then ncomp, £ (Xm) < Ncomp,f (x([O /Fl, =[0/F ]react)).
In any case, the value of the fuel combustion efficiency at the section where the flame reaches
the centreline is always the minimum one (Fig.6.49). The same considerations can also be
made for the oxidizer combustion efficiency that, unlike the fuel one, has an increasing trend

with the position along the grain port (Fig.6.50).
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Figure 6.48: Comparison between HTPB + GOX and HTPB + H, 0, of the propellant combustion efficiencies

values as a function of the dimensionless position x/D.
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Chapter 7

1D with Boundary Layer Combustion
Chamber Model

In this chapter a 1D with boundary layer model for the cylindrical combustion
chamber of a hybrid rocket is developed with the purpose of its integration in a system design
tool used for engine predesign phases. Therefore, a good compromise of simplicity and
accuracy is required. To reduce the computational time without sacrificing the solution
accuracy, the model here presented consists of an approximation of the internal ballistic of
the flow through the coupling of the 1D model described in Chapter 5 and the hybrid
combustion boundary layer model proposed in Chapter 6. The 1D with boundary layer model
takes into consideration the information in the boundary layer to obtain a better evaluation
of the reactant mass flow rates and thus of the heat flux released to the flow by the
combustion. The resolution of the equations in the axial direction provides the information
about the propulsive performance of the motor, while the resolution of the boundary layer
delivers an approximation of the fluid dynamics of the boundary layer, providing useful

information such as the combustion efficiency.
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7.1 Mathematical Model

The model for the combustion chamber of a hybrid rocket engine consists of an
approximation of the internal ballistic of the flow through the coupling of the 1D model and
the hybrid combustion boundary layer model. The hypothesis applied are therefore the same
of the two already described models, for which reference is made to Chapters 5 and 6. The
main difference is in the coupling of the two models. The 1D model needs the information
about the amount of reactant in the combustion at the flame, while the boundary layer model
requires the knowledge of the external (to the boundary layer) density. Moreover, at any
timestep the regression rate is assumed to be constant around the circumference of the fuel
port at any given axial position and equal to the average value (2.60) of the real distribution.
Therefore, also the port diameter is assumed to be constant. This assumption is a fairly good
approximation for circular ports and allows to describe the fluid dynamics of the boundary
layer in a much simpler way (i.e. over a surface with the same radial coordinate at any given
axial position).

In this work, the following algorithm is used. The numerical domain is subjected to
a discretization in the time (dt) and in the space (dx) domains. In each control volume of
size dx, 1 and 2 refers to the terms at the entrance and at the exit cross sections respectively.
For each time step, the global continuity equation can be solved for any control volume at
the beginning of the calculation, because of its dependency only on the average specific flux
G and on the regression rate which are coupled through equation (2.35). Then, the coupling
between the 1D and the boundary layer model is considered. For each time step, the pressure
at the head of the grain is assumed. For each control volume, the velocity u, at the exit of
the control volume is estimate, leading to the calculation of the average density p, = G, /u,.
With this information, the boundary layer is solved at the cross section 2, providing the
knowledge of the oxidizer and fuel mass flow rate that participate in the combustion process.
The momentum (5.9), energy (5.10) and ideal gas law (5.13) are then solved, leading to a
new value for u, which is compared to the estimated one, therefore iteratively preceding
until convergence on the u, value is achieved. The above algorithm is repeated for each
control volume. Once that the pressure distribution in the combustion chamber is known, the
pressure at the end of the propellant grain is compared to the one obtained from the

expression of the chocked mass flow through the nozzle (5.21). The value of the pressure at
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the head of the grain is then corrected and the algorithm is iterated until convergence is
achieved, thus moving to the next timestep.

By coupling the 1D model to the boundary layer model, the resolution of the 1D with
boundary layer model makes it possible to evaluate, in addition to the internal ballistics of
the engine, also the chemical composition of the gases leaving the combustion chamber and

therefore the real characteristic velocity ¢y oq;:

k+1
. 1 (k + 1)2(k—1) RT

_ 7.1
Creal \/E Mm ( )

2

with k, Ty, M,, calculated at the end of the propellant grain (i.e. at the nozzle entrance).
Therefore, it is possible to have an estimation of the use of propellant and combustion

efficiencies, respectively calculated as:

mf,flame
Necomb,f = . (7.2)
my
n _ mox,flame (7.3)
b,ox,tot — — _.—
comb,ox,to Mo
Creal
Mer =~ (7.4)
Cth

where ths = mg(x = L),y = me(x = L) and cf, is the theoretical characteristic

velocity evaluated with a thermochemical code.

7.2 Numerical Results

In the following, the results of a numerical simulation with the proposed model are
reported. Here the hybrid engine is designed to provide a constant thrust of 1000 N for t;, =
5 s which corresponds to a lab-scale engine. The propellant is HTPB + GOX and the average
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O/F ratio required is assumed to be [0/F] g0, = 3. The trend of the internal ballistics
proprieties is similar to what has been already seen in Chapter 5, where the change in slope
of pressure and Mach number (Fig.7.1) distributions is due to the lower acceleration of the
flow at the duct axis after the boundary layer merging (Fig.7.2) and to the reduction of heat

released by the combustion.
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Figure 7.1: Pressure (left) and Mach number (right) distributions as a function of the dimensionless position

x/L and time.
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dimensionless position x/L and time.
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The change in slope of the temperature distribution (Fig.7.3) is caused by the progressively
higher flame position from the grain surface, which in turns reduces the quantity of reactants
and therefore the heat released during combustion. Fig.7.4 shows the real regression rate
distribution and the average port diameter. The motor O /F ratio as a function of time and

the local O/F ratio are depicted in Fig.7.5, while Fig.7.6 shows the thrust time history.
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Figure 7.3: Temperature (left) and density (right) distributions as a function of the dimensionless position x /L

and time.
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position x/L and time.
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The resolution of the boundary layer sub-model allows to evaluate the characteristic of the

boundary layer (Fig.7.7 to 7.10).
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Figure 7.7: Mass flow rates at t = 0 (left) and blowing parameter B (right) as a function of the dimensionless
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Finally, the 1D with boundary layer model provide the propellant combustion efficiency
(Fig.7.11) and the combustion efficiency (Fig.7.12). Therefore, all the parameter needed to

evaluate the result of the preliminary design are obtained.
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Figure 7.11: Propellant combustion efficiencies as a function of the dimensionless position x/L and time.
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7.3 Comparison of the Numerical Results with

Experimental Data

Unfortunately, most of the experimental and numerical simulations data are more
focused on the evaluation of the regression rate rather than the internal ballistics and the
combustion efficiency. Acknowledging the low combustion efficiency typical of a hybrid
engine (of the order of 70-90%), most real engine and thus experimental configuration
incorporates mixing devices (e.g. diaphragms within the fuel port or mixing devices in the
post chamber), which are not considered in this work. Under this consideration, the
validation of the present model is not so simple and requires an extensive numerical analysis
through numerical fluid dynamics simulations in which the variation of several parameters
(e.g. engine size, oxidizer mass flow, type of oxidizer) has to be evaluated.

A preliminary validation of the presented 1D with boundary layer model it is done
through the comparison between the numerical results and the experimental data collected
about the scaling effects in hybrid rocket motors [ 18]. In this test program PMM A (Plexiglas)
was used as the fuel grain and gaseous oxygen (GOX) was used as oxidizer. The

stoichiometric reaction for oxygen PMMA system is:
C;0,Hg + 60, — 5C0, + 4H,0 (7.5)

Therefore, the stoichiometric ~O/F ratios are [0/Flst (0,)molar =6 and

[0/F]st (0,)mass = 1.92.

The tested motors had initial port diameters of 7.5,10, 15, 23,34 and 40 mm and initial
geometric proportions, length-to-port diameter ratio, L/D = 10. The chamber pressure was
always higher than 25 bar in all of the tests, therefore also in the simulations the throat area
is sized to verify this condition. Fig.7.13 shows the test setup. At the head end of the grain
an aft mixing chamber is placed, followed by a converging nozzle. The motor test duration
was scaled linearly with motor initial port diameter, i.e. t;, < D, up to a maximum value of
16 s for motors of initial port diameter equal to or higher than 34 mm. Two test series were
carried out, series I at approximately constant value of m,,/D =15g/(s-cm)

(G,xD = 19 g/(s - cm)) and series II at approximately constant value of 11,,/D = 8 g/(s -
cm) (GoxD =10 g/(s - cm)).
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Figure 7.13: Hybrid rocket test setup [18].

Fig.14 (left) shows the test results on the combustion efficiency (defined as the ratio between
the experimental and theoretical characteristic velocity ¢*), which has a pretty constant value
of the order of 0.8 — 0.9 for the entire range in both series.

The combustion efficiency values calculated with the 1D with boundary layer model for the
same test series are expected to be similar but in the lower range of the experimental one,
because of the absence of the aft mixing chamber. Fig.14 (right) summarizes the numerical
result using the same motor characteristics (initial port diameter and grain length, burn time,
initial oxidizer mass flux). The numerical results are in good agreement with the
experimental data. The deviation from the experimental results is presumably due to the
differences with the real experimental apparatus. The higher values of combustion efficiency
in the experimental data are certainly due to the presence of the mixing chamber, while the
deviation from the lower efficiencies is attributable to the lack of heat exchange with the
external environment that is instead present in the experimental test [ 18]. In addition, the
uncertainty about the actual value of the regression rate coefficients a,n, m contributes to

the deviation from the experimental results.
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Figure 7.14: Variation of combustion efficiency with combustor average port diameter from experimental tests

[18] (left) and obtained with the proposed 1D with boundary layer model (right).
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Fig.15 shows the comparison between the thrust values for the two test series obtained
experimentally [18] and the corresponding values obtained in the numerical simulation.
Although there are some differences probably due to the error in the regression rate
coefficient values, the trend and the values of the engine thrust obtained numerically is in

good agreement with the experimental data.
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Chapter 8

Summary and Conclusions

In this work, several models have been proposed that can be integrated into a system
design tool for the preliminary sizing of a hybrid engine using classic propellants. The use
of those models, which can be easily implemented in a MATLAB code, allows to obtain a
good compromise between simplicity (and therefore the computational cost) and accuracy
of the results.

The accurate description of Marxman's theory made it possible to evaluate which are
the key parameters that influences the combustion in a hybrid engine. Despite the many
simplifications made in this theory, it still represents an excellent starting point for more
complex and exhaustive studies. Starting from the hybrid combustion theory, one of the
possible algorithms for the preliminary sizing of a hybrid engine has been proposed, and the
effects of the design choices analysed. A 0D model was then provided, with which it is
possible to verify the actual achievement of the mission requirements by the designed
engine. The accurate description of the engine's performance must necessarily pass through
the study of internal ballistics. In Chapter 5 a simple quasi-stationary 1D model based on the
equations of continuity, momentum, energy and the equation of state of ideal gases has been
proposed. The model allows to describe the internal ballistics of a hybrid engine and to
appreciate the effect of changing the design parameters.

The limit of the proposed 1D model is related to the lack of knowledge of the reactants mass
flow participating to the combustion. For this reason, a model of the boundary layer inside
the combustion chamber was developed, with the aim of providing, albeit in an approximate
way, a description of the fluid dynamics inside the grain port. In the proposed model, some

corrections have been made to Marxman's theory to make it more valid in the case of a closed
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duct. The key element of this model is the analogy between the reactive (i.e. with
combustion) and the non-reactive boundary layers. This analogy allows to solve the main
problems of Marxman's theory. In fact, with this theory, when applied in closed duct
configurations, the mass continuity does not verify either the flame position where the O /F
ratio is equal to the stoichiometric one or the boundary layer thickness. First, the actual fuel
mass fraction (lower than unity) was evaluated from the general theory of evaporation of a
liquid film in a fluid stream. In the analogy with the non-reactive case, it was therefore
assumed that the thickness of the boundary layer must be the one that guarantees the respect
of mass conservation if no combustion process takes place. The validity of this analogy is
guaranteed by the hypothesis of constant and uniform density, and that the combustion does
not alter the velocity profile within the boundary layer.

Using the diffusive flame combustion theory, the position of the flame was also estimated.
However, numerical simulations have pointed out that this position does not actually
guarantee the correct oxidizer to fuel ratio at the flame. Therefore, for consistency in the
entire model, it has been chosen to not use this analogy to identify the flame position but
rather use the mass conservation condition.

Another problem that arises when considering a closed duct is to understand what happens
after the merging of the boundary layer. In this condition, the diffusion of combustion
products towards the centre of the duct and of the oxidant towards the flame tend to reduce
the oxidizer mass fraction at the duct axis, once more described with the non-reactive case
analogy. To verify the correct dosage ratio at the reaction zone, the flame must necessarily
move towards the duct centre. When the flame reaches the axis, all the oxidizer injected into
the combustion chamber has been burn. From this point on, the sublimation of the grain
produces a dilution of the main flow.

After describing the bases of the proposed model, three configurations have been presented:
flat plate in an open environment, rectangular port duct with two active walls and circular
port duct. While in the case of flat plate the differences with Marxman's theory are minimal,
already in the case of rectangular duct some differences can be identified and in the case of
circular port duct the typical characteristics of a hybrid engine can be appreciated. In the
cases of closed ducts, the calculation domain has been divided into two control volumes,
inside the boundary layer and the core flow, coupled by the boundary conditions at the
boundary layer edge. The division of the channel into developing flow and fully developed
flow regions made it possible to distinguish the degrees of freedom of the problem. In both

zones, the conditions to be verified are based on continuity: the verification of the oxidizer
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to fuel ratio at the flame (imposed to be equal to the stoichiometric one) and of the mass
continuity on the cross-section of the duct. The missing information, i.e. the boundary layer
thickness before merging and the oxidizer mass fraction at the duct axis after, were obtained
from the analogy with the non-reactive case. The parametric study of the boundary layer
with hybrid combustion inside a circular port grain made it possible to highlight some
peculiarities of this type of system. It has been observed that the boundary layer reaches the
merging condition around 10 D, a value that is mainly dependent on the port size and on the
oxidizer mass flux injected into the combustion chamber. The position in which the flame
reaches the duct axis, on the other hand, is greatly influenced by the type of oxidizer used,
in particular whether it is diluted or not. In the case where the oxidizer is pure oxygen, the
flame reaches the duct axis of the around 25 — 30 D, while in the case where the oxidizer is
diluted, this position is around 15 D. In addition, the dilution of the oxidizer plays a
fundamental role on the position in which the local O/F ratio is equal to the stoichiometric
one, which in turns is generally close to that required globally by the engine to optimize
performances. If the oxidizer is sufficiently diluted, this condition occurs before the merging
of the boundary layer, resulting in a much shorter engine. On the other hand, if the oxidizer
is not diluted, this condition is reached in an intermediate position between that of boundary
layer merging and the one in which the flame reaches the axis of the duct. In particular, it
has been confirmed that for a hybrid engine it is not possible to obtain a high efficiency in
the use of propellant and therefore a high combustion efficiency for fuel and oxidizer at the
same time. In fact, the complete consumption of one of the two reactants requires the use of
a large amount of the other, which ultimately remains in the main stream.

In chapter 7 the 1D with boundary layer model has been proposed. This model
couples the 1D model for the study of internal ballistics with the boundary layer model to
evaluate the actual amount of reactants participating in the combustion process. The main
goal of this model, apart from the characterization of the internal ballistics, is to provide an
estimate of the combustion efficiency when the engine configuration does not involve the
use of mixing enhancing devices (e.g. diaphragms, mixing chambers). This model can then
be integrated into a system design tool for the preliminary design of a hybrid engine using
classic propellants. The preliminary validation of the model was carried out by comparing
the results of the numerical simulations with those obtained experimentally [ 18]. Except for
small differences, the obtained results are in good agreement with what has been

experimentally evaluated.
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The further validation of the proposed model requires future work based on
computational fluid dynamics numerical simulations and experimental tests, with the aim of
better characterizing the behaviour of the boundary layer (especially in the modelling of its
variable-density characteristic), the effect of the design parameters and to evaluate the

possibility to extend the model (with appropriate corrections) also to liquefying propellants.
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