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Abstract

Understanding the large-scale structure (LSS) of the universe is key to con-
straining fundamental physics, including the nature of inflation and primor-
dial non-Gaussianity (PNG). This thesis begins with a theoretical review
of cosmological structure formation, including perturbative modeling of the
power spectrum at one-loop order and the bispectrum at tree level. Build-
ing on this foundation, we focus on the marked power spectrum—a modi-
fied two-point statistic that incorporates local environmental information by
weighting cosmic tracers. While a perturbative model for this observable has
been proposed in recent literature, in this work we extend it to include the
effects of non-local PNG in redshift space.

A full numerical implementation of the model was developed and vali-
dated using measurements from the Quijote simulations, showing excellent
agreement up to mildly non-linear scales. This implementation is then used
to perform a Fisher forecast for a BOSS-like survey. We assess the constrain-
ing power of the combined power spectrum and marked power spectrum,
showing that this approach can improve sensitivity to non-local PNG. In
contrast to the bispectrum, the marked power spectrum—being a two-point
correlation function—offers a more tractable alternative, with reduced sen-
sitivity to observational systematics and covariance modeling. These results
highlight the marked power spectrum as a promising and complementary
probe for extracting non-Gaussian information from upcoming large-scale
structure surveys.
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Thesis Overview

In recent years, cosmology has entered an era of precision, thanks to the
wealth of high-quality data from galaxy surveys, the cosmic microwave back-
ground, and gravitational lensing. Future and on going experiments such
as Euclid [1], DESI [2] and the Vera C. Rubin Observatory’s LSST [3] will
map the large-scale structure of the Universe across unprecedented volumes
and redshifts. These surveys are expected to significantly improve our abil-
ity to test fundamental physics — from neutrino masses to the nature of
dark energy and dark matter the properties of the initial conditions of the
Universe.

To match the observational progress, there is a growing need for theo-
retical tools that can extract cosmological information from the mildly non-
linear regime, where most of the signal resides. This is particularly relevant
for detecting subtle imprints of the early Universe, such as primordial non-
Gaussianity (PNG), which cannot be fully captured by standard two-point
statistics and therefore require higher-order correlators for their characteri-
zation.

Understanding the large-scale structure of the Universe is a fundamental
challenge in modern cosmology. The evolution of cosmic structures, driven
by gravitational instability, plays a crucial role in shaping the observable
Universe. Over the past few decades, both analytical and numerical tech-
niques have significantly advanced our understanding of structure formation,
refining key physical principles and cosmological parameters.

One of the most powerful tools for studying large-scale structure is the
power spectrum, the Fourier transform of the two-point correlation function,
which quantifies the statistical distribution of matter fluctuations. How-
ever, higher-order correlators such as the bispectrum, the Fourier transform
of the three-point correlation function, contain additional information and
are essential for constraining deviations from Gaussianity in the early Uni-
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verse. Despite their theoretical importance, the practical implementation of
the bispectrum beyond leading perturbative order becomes increasingly com-
plex. An alternative approach involves modifying the traditional two-point
correlator through the marked density field, which incorporates local density
weighting to enhance sensitivity to nonlinear structure formation. This tech-
nique offers a novel and promising way to extract additional cosmological
information.

This thesis explores the development and application of perturbation the-
ory in cosmology, focusing on the marked power spectrum for galaxies and
its implementation in both real and redshift space. Furthermore, it examines
the effects of primordial non-Gaussianity of the non-local type on the marked
power spectrum. The numerical implementation of the model, previously val-
idated against measurements from the Quijote suite, a dark matter only set
of N-body simulations, is then used to perform a Fisher forecast, providing
an estimate of the statistical constraints achievable with this approach.

• Chapter 1 introduces fundamental concepts in cosmology, including
the Cosmological Principle, the geometry of spacetime, and the Fried-
mann equations. The thermal history of the universe is outlined, high-
lighting key epochs such as nucleosynthesis and recombination. The
concept of cosmic inflation is discussed as a solution to the horizon
and flatness problems, and as the mechanism responsible for generat-
ing the primordial fluctuations that seed large-scale structure.

• Chapter 2 focuses on the theory of gravitational instability, which
describes the formation of cosmic structures from primordial density
fluctuations. The Vlasov equation and its implications for the evo-
lution of collisionless dark matter are examined. Perturbation theory
is introduced to describe the evolution of density fields, starting with
the standard Eulerian framework and extending beyond the pressure-
less perfect fluid approximation by incorporating the stress tensor, a
momentum cutoff, and additional corrective terms. Additionally, ob-
servational challenges such as galaxy bias and redshift-space distortions
are discussed. Key statistical tools, including the power spectrum and
bispectrum, are presented in detail.

• Chapter 3 introduces the concept of marked density fields as a method
to enhance sensitivity to non-Gaussian features in the matter distribu-
tion. The perturbative framework for marked density fields is devel-
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oped, incorporating effects such as biases, small- corrections, and shot
noise. For the first time, this work includes the contribution of pri-
mordial non-Gaussianity of the non-local type—specifically equilateral
and orthogonal shapes—within the marked power spectrum in redshift
space, accounting for all relevant terms in the perturbative expansion.
The chapter also presents numerical evaluations of the marked power
spectrum in both real and redshift space, based on a dedicated code
developed for this thesis, which computes the full expression of the
marked power spectrum including primordial non-Gaussianity effects.

• Chapter 4 focuses on the Fisher matrix formalism, a powerful statisti-
cal tool to forecast the constraining power on cosmological parameters.
The chapter begins with a validation of the theoretical model and its
numerical implementation using measurements from the Quijote sim-
ulations. The Cramér-Rao bound is then introduced as a means to
quantify the precision of parameter estimates. Fisher forecasts for a
BOSS-like survey are performed, comparing the results obtained when
using the power spectrum plus marked power spectrum as observables,
instead of the traditional power spectrum plus bispectrum approach.

• Chapter 5 presents the conclusions of this work. It summarizes the
main theoretical and numerical developments, including the extension
of the perturbative model for the marked power spectrum to incorpo-
rate non-local PNG in redshift space, and the validation of the imple-
mentation using Quijote simulations. The chapter discusses the Fisher
forecast results, highlighting the advantages and practical relevance of
marked statistics as complementary observables to the standard power
spectrum and bispectrum. Limitations of the current framework are
acknowledged, and future research directions are proposed, including
the treatment of observational effects and the use of optimization tech-
niques to enhance the information content of marked statistics.

This thesis aims to advance our understanding of cosmic structure formation
through analytical techniques, statistical modeling, and numerical implemen-
tation. By refining perturbation theory predictions and incorporating marked
density fields, this work contributes to the ongoing effort to maximize the in-
formation extracted from upcoming large-scale structure surveys.

-5-



Chapter 1

Introduction to cosmology and
inflation

1.1 The Cosmological Principle

The Cosmological Principle forms the cornerstone of modern cosmology. It
states that, on large scales, the universe appears the same regardless of an
observer’s position (homogeneity) or direction (isotropy). Formally, this can
be expressed as:

Every comoving observer sees the Universe, at a fixed time in
their reference frame, as homogeneous and isotropic.

A comoving observer moves coherently with the cosmic fluid, which defines
the universe’s absolute reference frame. Observations of the Cosmic Mi-
crowave Background (CMB) support this idea. The CMB is observed as
blackbody radiation with a temperature of TCMB ≈ 2.725K, but it also ex-
hibits a dipole anisotropy of ∆T ≈ 3.4mK [4]. This dipole is caused by
the Doppler effect, due to the Solar System’s motion relative to the CMB.
From this dipole, the Solar System’s velocity relative to the CMB can be
estimated as approximately 370 km/s. The Local Group, which includes the
Milky Way, also moves relative to the CMB at roughly 620 km/s [4]. The
absolute reference frame of the universe is thus experimentally defined as the
frame in which the CMB dipole vanishes. Beyond this dipole anisotropy, the
CMB is remarkably uniform. However, it contains very small anisotropies,
with temperature variations of the order of ∆T/T ∼ 10−5, that reflect the
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1.2. The geometry of spacetime

primordial fluctuations that seeded the large-scale structure of the universe.
The word “time” in fixed time refers to the proper time of a comoving ob-
server, which is called cosmic time.
In summary, while the Cosmological Principle is expected to hold on very
large scales, smaller scales reveal deviations due to local structures. Observa-
tional isotropy, combined with the assumption that we are typical observers,
leads to the inference of homogeneity.

1.2 The geometry of spacetime

The most general form of a metric consistent with the universe being homo-
geneous and isotropic is given by the Friedmann–Lemâıtre-Robertson-Walker
(FLRW) metric:

ds2 = −c2dt2 + a(t)2
(

dr2

1− kr2
+ r2dΩ2

)
, (1.2.1)

with dΩ = dθ2 + sin2(θ) dϕ2 the angular part of the metric tensor on a
unit sphere. The parameter k is a constant describing the spatial curvature,
which can always be normalized to ±1 or 0 with k = 0, k = +1, and k = −1
for flat, positively curved, and negatively curved space-like 3-hypersurfaces,
respectively. It is important to notice that we can choose the normalization
of k, but its sign is a constant.

a(t) is called scale factor and incorporates the expansion of the universe,
so that the relation between comoving coordinate (that doesn’t change in
time) and physical coordinate is given by

λphys = a(t)λcom (1.2.2)

We can introduce the conformal time τ , defined by

dτ =
dt

a(t)
, (1.2.3)

and with this time coordinate the metric can be written as

ds2 = a(τ)2
[
−c2dτ 2 +

(
dr2

1− kr2
+ r2dΩ2

)]
. (1.2.4)

If we set k = 0 we obtain the Minkowski metric multiplied by the squared
scale factor, making the propagation of light (null geodesic, ds2 = 0) similar
in the two metrics.
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1.3. Friedmann equations

1.3 Friedmann equations

The dynamics of the universe evolution are determined by the Einstein equa-
tions (EE):

Gµν = Rµν −
1

2
gµνR = 8πGTµν (1.3.1)

This relates the Einstein tensor Gµν , which is a measure of the “space-time
curvature” of the FRW universe, to the stress-energy tensor where Tµν de-
scribes the matter and energy content of the universe. Rµν is the Ricci tensor,
the contraction of the Riemann tensor, while R is the Ricci curvature scalar,
defined again as the contraction of the Ricci tensor:

Rµν = gρσRµρνσ (1.3.2)

R = gµνRµν (1.3.3)

The Riemann tensor is defined as

Rρ
µσν ≡

∂Γρ
µν

∂xσ
−

∂Γρ
µσ

∂xν
+ Γη

µνΓ
ρ
ση − Γη

µσΓ
ρ
νη, (1.3.4)

where we define the Christoffel symbols as

Γρ
µν =

1

2
gρσ (∂µgσν + ∂νgσµ − ∂σgµν) . (1.3.5)

Imposing the conditions of homogeneity and isotropy, the universe, on large
scales, can be modeled as a perfect fluid. A perfect fluid is characterized by
uniform properties such as energy density (ρ) and pressure (P), and no shear
stress, viscosity, or heat conduction (i.e., it is ”perfect”). Under the assump-
tions of homogeneity and isotropy the large-scale universe cannot support
directional shear or flow irregularities because such features would violate
isotropy. Likewise, gradients in density or pressure (which lead to complex
flows) are incompatible with homogeneity. The form of the stress-tensor for
a perfect fluid is [5]:

Tµν = (ρ+ P )uµuν + P gµν (1.3.6)

where uµ is the 4-velocity of the fluid element and in the comoving frame uµ =
(−1, 0⃗), P = P (t) is the isotropic pressure and ρ = ρ(t) is the background
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1.3. Friedmann equations

matter-energy density.
So we obtain in the comoving frame:

T µ
ν =


−ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 (1.3.7)

that reflects the structure of the FLRW metric tensor gµν .
From EE, (1.3.1), we get the first two independent Friedmann equations:

H2 =
8πG

3
ρ− k

a2
(1.3.8)

ä

a
= −4πG

3
(ρ+ 3P ) (1.3.9)

where H = H(t) = ȧ(t)
a(t)

is the Hubble parameter, a measure of the expansion

rate of the universe, measured in Km · s−1 ·Mpc−1.
If we take the covariant divergence of the Einstein tensor Gµν we get zero;

so the stress-energy tensor must also have ∇µT
µν = 0. From this equation

we get the third Friedmann equation:

ρ̇ = −3H(ρ+ P ) (1.3.10)

These three equations are not independent, while (1.3.9) defines the dynamic
of the system, equations (1.3.8) and (1.3.10) are just constraining equations.
In the end we have three independent variables (a(t), ρ(t) and p(t)) but only
two equations. We introduce the equation of state of the cosmic fluid, that
relates ρ to P, and that take the general form

P = w ρ, (1.3.11)

Plugging it in (1.3.10) we get:

log ρ

log a
= −3(1 + w) =⇒ ρ ∝ a−3(1+w) (1.3.12)

The parameter w takes different values depending on which kind of mat-
ter/energy we are considering. In particular we have w = 0 for ordinary
matter (with null or negligible pressure), w = 1/3 for radiation and w = −1
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1.3. Friedmann equations

when the universe is dominated by an exotic fluid with constant energy den-
sity (cosmological constant). So we have:

ρ(a) ∝


a−4, radiation: w = 1

3
,

a−3, matter: w = 0,

constant, dark energy: w = −1.

(1.3.13)

The decrease of the energy density of matter particles is only due to the
expansion of universe, because the average number of particles per unit vol-
ume decreases (V ∝ a3). For relativistic particles we have to take in account
also the relativistic Doppler shift, which increases the negative power of the
scaling factor by one. Now, assuming for simplicity a flat universe and com-
bining (1.3.12) with the first (1.3.8) and third (1.3.10) Friedmann equations
we get the time dependence of the scale factor, energy density and Hubble
parameter:

a(t) = a0

[
1 +

3

2
(1 + w)H0(t− t0)

] 2
3(1+w)

. (1.3.14)

ρ(t) = ρ0

[
1 +

3

2
(1 + w)H0(t− t0)

]−2

. (1.3.15)

H(t) = H0

[
1 +

3

2
(1 + w)H0(t− t0)

]−1

. (1.3.16)

These solutions are valid for w ̸= −1. H0 and a0 are the Hubble and scale
parameters defined at the time t0, usually set as the present time.
Introducing the Big Bang time tBB:

tBB − t0 = − 2

3H0(1 + w)
. (1.3.17)

Defining the new time parameter t′ = t− tBB:

a(t′) = a0

[
3

2
(1 + w)H0t

′
] 2

3(1+w)

. (1.3.18)

ρ(t′) = ρ0

[
3

2
(1 + w)H0t

′
]−2

. (1.3.19)

H(t′) =

[
3

2
(1 + w)t′

]−1

. (1.3.20)
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1.3. Friedmann equations

At t′ = 0 (t = tBB), the following limits hold:

a(t) → 0, ρ(t) → ∞, H(t) → ∞. (1.3.21)

This initial configuration of infinite energy density corresponds to the Big
Bang.

The cosmological constant

When Einstein formulated his general theory of relativity, the prevailing be-
lief was that the universe was static. However, the Friedmann equations
derived from general relativity revealed that such a universe could not be
static unless the acceleration of the scale factor, ä(t), was zero. This implied
a peculiar relationship between the energy density ρ and pressure P :

ρ = −3P. (1.3.22)

Since this condition seemed physically implausible, Einstein introduced the
cosmological constant Λ to modify the Einstein field equations:

Rµν −
1

2
gµνR = 8πGTµν − Λgµν . (1.3.23)

One can obtain a static solution with an appropriate choice of Λ. To rewrite
the stress-energy tensor in a more compact form, Λ was incorporated into an
effective stress-energy tensor:

T̄µν = Tµν −
Λ

8πG
gµν . (1.3.24)

This effective tensor can be expressed as:

T̄µν = (P̄ + ρ̄)uµuν + P̄ gµν , (1.3.25)

where P̄ and ρ̄ are the effective pressure and density, related to their original
counterparts by:

P̄ = P − Λ

8πG
, (1.3.26)

ρ̄ = ρ+
Λ

8πG
. (1.3.27)
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1.4. Thermal history of the Universe

Following the discovery of the expanding universe in the late 1920s, the
need for a cosmological constant to support a static universe disappeared.
However, Λ has regained importance as the simplest explanation for the
observed accelerated expansion of the universe. The modern cosmological
model incorporating Λ is known as the ΛCDM model.

One specific cosmological model featuring Λ is the de Sitter Universe. In
this model, the universe is dominated by a positive cosmological constant,
with negligible contributions from matter and radiation. Under these condi-
tions:

P = −ρ = − Λ

8πG
, (1.3.28)

that is the case we obtain setting w = −1 in the equation of state.
Substituting these relations into the Friedmann equation we find:

H2 =
Λ

3
, (1.3.29)

indicating a constant Hubble parameter H. The corresponding solution for
the scale factor is:

a(t) ∝ exp

(√
Λ

3
t

)
. (1.3.30)

This exponential expansion describes the repulsive gravitational effect of the
positive cosmological constant.

1.4 Thermal history of the Universe

The thermal history of the Universe describes its evolution with temperature,
which in turn reflects its energy density, particle content, and dominant in-
teractions. We begin by considering the phase space distribution function
f(x,p, t, µ), where µ is the chemical potential. Thanks to the Cosmological
Principle and using the relation E2 = p2+m2 and considering that time and
temperature are related as we will see shortly:

f(x,p, t, µ) = f(p, t, µ) = f(E, T, µ). (1.4.1)

This is the probability density of finding a particle with energy E and tem-
perature T. If we assume to be at the thermodynamic equilibrium, f will
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1.4. Thermal history of the Universe

just be the statistical distribution of the considered particle species, either
fermionic or bosonic:

f(q, T, µ) =
[
e

E−µ
T ∓ 1

]−1

(1.4.2)

where − stand for bosons and + for fermions.
Then we introduce the particle number density

n(T, µ) =
g

(2π)3

∫
f(E, T, µ) d3q (1.4.3)

where g is the number of internal degrees of freedom for a particular particle
species. For the energy density we have:

ρ(T, µ) =
g

(2π)3

∫
E(q)f(E, T, µ) d3q, (1.4.4)

while the pressure is

P (T, µ) =
g

(2π)3

∫
q2

3E(q)
f(E, T, µ) d3q, (1.4.5)

Solving the integrals in the relativistic case (T ≫ m) we obtain:

n(T ) =


gζ(3)
π2 T 3 (Bosons),

3
4
gζ(3)
π2 T 3 (Fermions),

ρ(T ) =


gπ2

30
T 4 (Bosons),

7
8
gπ2

30
T 4 (Fermions).

(1.4.6)

and P = ρ
3
as can be expected for a relativistic fluid.

In the non-relativistic case (T ≪ m), the particle number density is
significantly suppressed as:

n(T ) ∼ e−
m
T (1.4.7)

The energy density and pressure follow the same behavior since:

ρ(T ) = mn(T ), (1.4.8)
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1.4. Thermal history of the Universe

p(T ) = n(T )T. (1.4.9)

The early universe’s thermal history can be understood by considering the
evolution of temperature T with the scale factor a(t). Conservation of en-
tropy in an expanding universe gives [6]:

T ∼ a−1 (1.4.10)

Using the definition of the cosmic redshift:

1 + z =
λo

λe

=
a0
ae

=
1

ae
, (1.4.11)

where e denotes emitted and o denotes observed states, it follows that:

T ∼ 1 + z. (1.4.12)

This implies that as we move backward in time, the universe becomes hotter
and denser. This forms the basis of the ”Hot Big Bang” model. Some key
points of the thermal history of the universe are represented in Fig.1.1 and
are briefly described in the following:

1. Baryogenesis: During the radiation era at very high temperatures,
a slight asymmetry between matter and antimatter led to the pre-
dominance of matter after annihilation processes. The universe was
dominated by radiation, with energy primarily in the form of photons,
neutrinos, and other relativistic particles.

2. Neutrino Decoupling: Around T ∼ 1 MeV, neutrinos stopped in-
teracting with other particles and began free-streaming.

3. Big Bang Nucleosynthesis (BBN): At T ∼ 100 keV, protons and
neutrons fused to form light nuclei such as hydrogen, helium, and
lithium, leaving an imprint on the chemical composition of the uni-
verse.

4. Recombination: At T ∼ 3000 K (z ∼ 1100), electrons and protons
combined to form neutral hydrogen. This transition made the universe
transparent to photons and defined the last scattering surface. The
radiation emitted at this time has since cooled due to the universe’s
expansion and now forms the Cosmic Microwave Background (CMB)
we observe today.

-14-



1.4. Thermal history of the Universe

Figure 1.1: A schematic representation of the thermal history of the universe,
illustrating key epochs and transitions. The timeline spans from inflation and
reheating, through Big Bang nucleosynthesis (BBN), recombination, and the
formation of the Cosmic Microwave Background (CMB), to later stages such
as galaxy formation, reionization, and the onset of dark energy dominance.
The evolution of the scale factor a(t) is shown, highlighting the exponential
growth during inflation and subsequent slower growth in later epochs. The
image also connects observable signatures, such as CMB fluctuations, B-
mode polarization, large-scale structure (LSS), and gravitational lensing, to
their corresponding stages in cosmic history. This image is taken from [7].

5. Structure Formation: Following recombination, the universe entered
the matter-dominated era. Gravitational instability during this epoch
led to the formation of galaxies and large-scale structures.

6. Dark Energy Domination: At recent times (z ∼ 0.7), the universe
transitioned to the dark energy era, with dark energy driving its accel-
erated expansion.

This thermal evolution provides the framework for our understanding of cos-
mology and the observable universe.
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1.5. The Energy Budget of the Universe

1.5 The Energy Budget of the Universe

The Friedmann equations allow us to consider the contributions of various
components to the universe’s energy budget. We define the critical energy
density as the one we obtain imposing the flat universe (k = 0 condition in
the first Friedmann equation:

ρcrit =
3H2

8πG
. (1.5.1)

We introduce the dimensionless density parameters:

Ωx ≡ ρx
ρcrit

, (1.5.2)

where x stands for different components of the universe (e.g., radiation,
matter, curvature, and dark energy). The Friedmann equation can then
be rewritten as:

H2(a) = H2
0

[
Ωr,0

(a0
a

)4
+ Ωm,0

(a0
a

)3
+ Ωk,0

(a0
a

)2
+ ΩΛ,0

]
, (1.5.3)

where the 0-subscript represents the value at the present time. For simplicity,
we drop the subscript 0 and normalize the scale factor today as a(t0) = 1.
This reduces the equation to:

H2

H2
0

= Ωra
−4 + Ωma

−3 + Ωka
−2 + ΩΛ. (1.5.4)

Evaluating the equation at the present time t0 we obtain:

Ωtotal = Ωr + Ωm + Ωk + ΩΛ = 1. (1.5.5)

This equation implies that the density parameter Ωtotal represents the total
energy content of the universe. Matter contribute is divided into baryonic
matter, which consists of ordinary atoms forming stars, planets, and gas, and
dark matter, an invisible, non-luminous component detectable only through
its gravitational effects. The Planck sateliite mission’s constraints the values
for the density parameters at 68% confidence level [8]:

Ωb = 0.0490± 0.0003, (1.5.6)

Ωcdm = 0.2607± 0.0020, (1.5.7)
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ΩΛ = 0.6889± 0.0056, (1.5.8)

Ωk = 0.001± 0.002, (1.5.9)

while radiation is negligible at present. As we see, curvature contributes less
than 1% of the total energy budget. The baryonic matter density is con-
strained by observations of primordial nucleosynthesis, which relies on the
density of protons and neutrons in the early universe. This affects the effi-
ciency of fusion processes and determines the abundance of light elements.
The remaining matter is cold dark matter Ωcdm, one of the most enigmatic
substances in the universe. Dark matter is classified as ”cold” or ”hot” based
on its thermal motion at the time of decoupling in the early universe. Cold
dark matter refers to non-relativistic particles moving slowly compared to
the speed of light, whereas hot dark matter consists of relativistic particles,
such as neutrinos, moving close to the speed of light. This distinction is
crucial because cold dark matter clusters gravitationally, forming the seeds
of large-scale structures in the universe, while hot dark matter, due to its
high velocities, cannot efficiently form such structures. The ΛCDM model,
on which the Planck mission is based, assumes that the dominant dark mat-
ter component is cold dark matter. This assumption provides the best fit to
observed large-scale structures, the Cosmic Microwave Background (CMB)
anisotropies, and galaxy distributions. Radiation energy density primarily
arises from photons in the cosmic microwave background (CMB). However,
experiments such as Planck have detected additional contributions from rel-
ativistic particles, consistent with the expected cosmic neutrino background.

1.6 Horizons and Cosmological Issues

As we have discussed, the Big Bang theory provides remarkable predictions,
such as nucleosynthesis and the Cosmic Microwave Background, that are
strongly supported by observational evidence. However, within the frame-
work of this model, certain fundamental issues arise, particularly regarding
the initial conditions of the universe. To address these challenges, we first
need to introduce some key concepts.

Particle and Hubble horizons

The causal connection between points in space-time is determined by their
position relative to each other’s lightcone. Lightcones are defined by the
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condition ds2 = 0, where ds2 represents, as usual, the space-time interval
between two events. In essence, the lightcone of an event encompasses all
other events that could potentially receive or send signals to it, assuming the
signals travel at or below the speed of light. Events within the past lightcone
of a given event can be causally influenced by it, while events outside its
future lightcone lie beyond its causal reach. Considering the FLRW metric
and the isotropy, that allow us to fix the angle variables and set dΩ = 0, and
imposing ds2 = 0 we get:

dt

a(t)
=

dr√
1− k r

. (1.6.1)

So, we define the comoving particle horizon as:

rH(t) =

∫ t

0

dt′

a(t′)
(1.6.2)

To obtain the physical distance we simply multiply the comoving quantity
with the scale factor:

dH(t) = a(t) rH(t) (1.6.3)

If two points are separated by a distance greater than dH(t) then they have
never been in causal connection. Remembering Eq.(1.3.18), we know that
a(t) ∝ tα with α = 2

3(1+w)
, so we see that the above integral converges if

α < 1, i.e. if w > −1/3, and in this case we obtain:

dH(t) =
3(1 + w)

3w + 1
t (1.6.4)

The condition w > −1/3 implies, through the 2nd Friedmann equation
(1.3.9), that ä < 0, meaning that we have a finite particle horizon only
in the case of a decelerating universe.

Now, let’s define the Hubble time as τH ≡ H−1. Remembering that H
can be interpreted as the expansion rate of the Universe, τH can be seen
as the characteristic time of expansion of the universe. Hence, the Hubble
radius, in natural units, is given by:

RH(t) = τH = H−1(t), (1.6.5)

which represents the distance traveled by a photon in a Hubble time. The
comoving Hubble radius is then:

rH(t) =
RH(t)

a(t)
= (aH)−1 =

1

ȧ(t)
(1.6.6)
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The Hubble radius represents the distance light or particles can travel within
one Hubble time (the characteristic expansion time of the universe). It in-
dicates whether two particles, separated by a certain comoving distance can
causally communicate at the current time. In contrast, the particle horizon
defines the maximum distance from which light or signals could have traveled
to us since the beginning of the universe. It represents the cumulative extent
of causal connection over the entire history of the universe. While both the
Hubble radius and the particle horizon relate to causal connectivity, they dif-
fer conceptually: the Hubble radius concerns the present ability of particles
to communicate, whereas the particle horizon measures the ultimate reach of
signals over cosmic time Changing variable we can relate the particle horizon
with the Hubble horizon:

dH(t) = a(t)

∫ t

0

dt′

a(t′)
= a(t)

∫ a

0

da′

a′
1

ȧ′
= a(t)

∫ a

0

d(log a) rH , (1.6.7)

so the particle horizon is given by the logarithmic integral of the Hubble
horizon. Comparing (1.3.20) with (1.6.4) we can easily see that, despite
their conceptual difference, the Hubble horizon and the particle horizon have
nearly the same value, differing only by a factor on the order of ∼ O(1).

The Horizon, Flatness, and Unwanted Relic Problems

Let us now examine the challenges posed by the Hot Big Bang model and
explore how they are addressed by the inflationary paradigm. One of the key
issues is the horizon problem. A region of the universe with a characteristic
length λ can only be causally connected, i.e. the particles within that region
were in causal contact, if λ < rH , where rH is the comoving Hubble horizon.
In simpler terms, regions separated by a distance greater than the Hubble
horizon cannot have exchanged information or signals. At a specific time tH ,
a region with λ = rH becomes causally connected. Before this time, regions
with λ > rH would remain disconnected. Given the ongoing expansion of the
universe, this suggests that some regions of the universe have only recently
come into causal connection. However, observations of the Cosmic Microwave
Background (CMB) reveal a remarkable homogeneity and isotropy across
the entire visible universe, with temperature fluctuations of the order ∆T

T
≈

10−5, which implies that these regions must have been in causal contact
in the past. How can this be, given their apparent disconnection? The
inflationary model provides an elegant solution to this problem. Prior to the

-19-



1.6. Horizons and Cosmological Issues

radiation-dominated era, there was a phase during which the Hubble horizon
rH(t) decreased over time (ṙH(t) < 0). This contraction of the comoving
Hubble horizon, as illustrated in Fig.1.2, ensured that regions of the universe
which have only recently come into causal contact were actually causally
connected during the very early universe. This early connection allowed
particles in those regions to interact and exchange information, leading to
the homogeneous and isotropic conditions we observe today. We can see

Figure 1.2: A schematic representation of the comoving horizon (red line)
and the evolution of density fluctuations (blue line) during the inflationary
and Hot Big Bang epochs. During inflation, the comoving horizon shrinks,
allowing density fluctuations to exit the horizon (horizon exit). After inflation
ends, during the Hot Big Bang phase, the comoving horizon grows, causing
these fluctuations to re-enter the horizon (horizon re-entry). Figure from [7].

that assuming a decreasing Hubble horizon means assuming an epoch of
accelerated expansion:

ṙH = − ä

a2
< 0 =⇒ ä > 0 (1.6.8)

So we call inflation an epoch of the early universe where the expansion is
accelerated. Now, we have to impose a condition on the duration of the
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inflation such that at least what we observe today has entered in causal
connection during the inflationary period, so we require:

rH(ti) ≥ rH(t0), (1.6.9)

where ti is the beginning time of inflation. Looking at the 2nd Friedmann
equation (1.3.9), we see that the condition (1.6.9) corresponds to have:

P < −ρ

3
, (1.6.10)

i.e. a negative pressure. As we have seen before, the case of an exotic fluid
with constant energy density and w = −1 is compatible with this condition.
In this case we have a constant Hubble factor and an exponentially growing
in time scale factor a(t) ∝ eHt. One can find that the condition (1.6.9)
translates in a condition on the duration of the inflation, and assuming this
behavior of the scale factor we obtain:

Ninf ≥ (56− 67), (1.6.11)

where we have introduced the number of e-folds Ninf , defined as:

Ninf =

∫ tf

ti

Hdt = log

(
a(tf )

a(ti)

)
, (1.6.12)

where tf is the time of the end of inflation. The precise requirement on N
depends on the details of the inflationary model, but the condition (1.6.11)
is typical to solve the horizon and flatness problems. This corresponds to a
total expansion during inflation of a factor:

af
ai

= eNinf ≃ 1026 − 1030 (1.6.13)

Now, let us turn to the second challenge faced by the Hot Big Bang model:
the flatness problem, and explore how it is resolved within the framework
of the inflationary paradigm. As noted in Sec. 1.5, current observations of
the density parameters are consistent with a flat universe. Recalling the
definitions of the critical density (1.5.1) and the density parameter (1.5.2),
the first Friedmann equation can be expressed as:

Ω(t)− 1 =
k

a2H2
= k r2H(t), (1.6.14)
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where this equation illustrates the time evolution of the density parameter.
Specifically, it shows that the evolution of Ω is tied to the behavior of the
Hubble horizon. Importantly, this equation reveals that if the universe is
perfectly flat, then Ω = 1 exactly. However, for any deviation where Ω ̸= 1,
the difference between Ω and 1 increases proportionally to the growth of
rH(t). As previously discussed, during a matter- or radiation-dominated era,
rH(t) grows over time. Consequently, when we trace backward in time, Ω(t)
becomes progressively closer to 1. Observationally, the current value of Ω is
measured as [8]:

|Ω0 − 1| = 0.0007± 0.0019 (68%). (1.6.15)

From Eq. (1.6.14), it follows that the value of Ω at the beginning of the uni-
verse was even closer to 1 than it is today. Taking the Planck time tPl ∼ 10−44

s after the Big Bang as a reference point—below which our current under-
standing of physical laws becomes incomplete—a straightforward calculation
yields:

|Ω(tPl)− 1| ≃ |Ω0 − 1| · 10−60. (1.6.16)

This implies that at the beginning, the spatial curvature must have been
extraordinarily close to flatness. This poses a significant problem, as the
likelihood of the universe being exactly spatially flat by chance is infinitesi-
mally small (one configuration out of an infinite number of possibilities). So,
the flatness problem is related to a fine-tuning problem, and highlights the
need for an explanation, which the inflationary model provides. By allowing
rH to decrease, the value of |Ω− 1| also decreases exponentially:

|Ω(t)− 1| ∝ r2H(t) =
1

a2H2
∝ e−2Ht. (1.6.17)

This approach is particularly compelling because, regardless of the initial
deviation, inflation exponentially suppresses the difference from 1. In this
context, inflation is often referred to as an attractor mechanism. The flatness
problem can be resolved if we require:

Ω−1
i − 1

Ω−1
0 − 1

≥ 1, (1.6.18)

which implies that the density parameter at the onset of inflation was fur-
ther from 1 compared to its value today. Using the definition in Eq. (1.6.12),
and after some calculations, we find that the minimum number of e-foldings
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required to solve the flatness problem is approximately Ninf ≃ 60−70, which
coincides with the requirement for solving the horizon problem. Thus, solv-
ing the horizon problem is equivalent to solving the flatness problem. This
result is not surprising, given the dependence of the density parameter on
the Hubble horizon. Inflation provides a dynamical solution to these two
issues, describing a mechanism that drives the universe toward a FLRW so-
lution. This means that, regardless of the initial conditions—whether spatial
curvature, inhomogeneities, or anisotropies—the inflationary model acts as
an attractor that guides the universe toward the smooth, homogeneous, and
isotropic state we observe today.

The third most prominent problem of the Hot Big Bang model, briefly
described here, is the unwanted relic problem, which refers to the theo-
retical overproduction of stable or long-lived massive particles, such as mag-
netic monopoles, gravitinos, or other heavy exotic particles, during the early
universe. These particles are predicted by various extensions of the Stan-
dard Model of particle physics, including Grand Unified Theories (GUTs)
and supersymmetry (SUSY). At extremely high temperatures, such as those
present during the GUT phase transitions, the production of these relics
is energetically favored. However, if these relics are not efficiently diluted
or annihilated, their predicted abundance would exceed observational con-
straints, leading to significant deviations from the observed dynamics and
composition of the universe. This problem, particularly the overabundance
of magnetic monopoles, serves as another motivation for the introduction of
inflation. Inflation dilutes the density of such relics by exponentially expand-
ing the universe, reducing their abundance to negligible levels and resolving
the issue within the framework of cosmological theory.
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1.7 Inflation

In the previous section, we saw that for inflation to take place we need a phase
of accelerated expansion (ä > 0), where the Hubble radius (rH) shrinks, and
that this correspond to require w ≤ −1

3
. In a de Sitter model we consider

w = −1 and we have seen that this brings to a ∝ eHt, with H constant and

given byH =
√

Λ
3
. In this case we would have an infinite phase of accelerated

expansion, that, of course is not possible, so inflation cannot be exactly de
Sitter because it has to end. In the current interpretation, Λ is linked to the
quantum fluctuations of the vacuum. The vacuum expectation value of the
stress-energy tensor gives the energy generated by these fluctuations. Using
the Einstein field equations and the definition of Λ, we can write:

⟨0|Tµν |0⟩ = −⟨0|ρΛ|0⟩ gµν = − Λ

8πG
gµν =⇒ Λ = 8πG ⟨0|ρΛ|0⟩ (1.7.1)

As a result, the vacuum expectation value of the stress-energy tensor acts
as the cosmological constant that promotes the expansion. This provides
an indication of what to anticipate from a theory describing the inflationary
mechanism.

Scalar (Inflaton) Field

To satisfy P < −ρ
3
, let us introduce a minimally coupled scalar field ϕ with

a suitable potential V (ϕ), that in general is an effective potential that takes
into account the mass term, the self-interaction term and other terms for the
interaction of ϕ with other fields. The Lagrangian for this scalar field is given
by:

Lϕ = −1

2
gµν∂µϕ∂νϕ− V (ϕ), (1.7.2)

rememebring that for a scalar field the covariant derivative ∇µ = ∂µ.
The total action can then be expressed as [5]:

S = SEH + Sϕ + Smatter

=
M2

Pl

2

∫
d4x

√
−gR+

∫
d4x

√
−gLϕ [ϕ, gµν ] +

∑
i=fields

∫
d4x

√
−gLi,

(1.7.3)
where SEH is the Einstein-Hilbert action for the metric, Sϕ is the action for
the scalar field ϕ, and Smatter encompasses all other fields. From general
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relativity we know we can build a symmetric stress-energy tensor as:

Tµν = − 2√
−g

δS

δgµν
. (1.7.4)

In the case of a minimally coupled scalar, this brings to:

Tµν = ∂µϕ ∂νϕ+ gµν

[
−1

2
gαβ∂αϕ ∂βϕ− V (ϕ)

]
(1.7.5)

Due to the assumptions of homogeneity and isotropy, the metric tensor can
be considered invariant under spatial translations and rotations, meaning
gµν = gµν(t). Similarly, the background value ϕ0 is assumed to depend only
on time. Therefore, we can express both the scalar field and the metric tensor
as the sum of a background value and a perturbation term:

ϕ(x, t) = ϕ0(t) + δϕ(x, t) (1.7.6)

gµν(x, t) = g(0)µν (t) + δgµν(x, t). (1.7.7)

This approximation holds if the perturbation is significantly smaller than the
background value, which can be expressed as:

⟨δϕ2⟩ ≪ ϕ2
0(t). (1.7.8)

This condition is experimentally supported by observations of the CMB,
where the temperature fluctuations are remarkably small, on the order of
∆T
T

∼ 10−5.

Background dynamics of the inflaton field

Let’s start analyzing the background dynamics; it describes the accelerated
expansion during inflation. The metric for this background is assumed to be
the FLRW metric with zero spatial curvature. As we have seen in Sec. 1.3,
the form of the stress-energy tensor in the FLRW metric is:

T ϕ
00 = ρϕ, (1.7.9)

T ϕ
ij = pϕgij. (1.7.10)

Comparing these with (1.7.5) we find:

ρϕ =
1

2
ϕ̇2
0 + V (ϕ0), (1.7.11)
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pϕ =
1

2
ϕ̇2
0 − V (ϕ0). (1.7.12)

Since inflation requires negative pressure, we have the condition:

V > ϕ̇2
0. (1.7.13)

If the kinetic term is negligible compared to the potential term:

1

2
ϕ̇2
0 ≪ V, (1.7.14)

we can approximate:
pϕ ≈ −ρϕ. (1.7.15)

This leads to a nearly exponential expansion:

a(t) ≈ eHt. (1.7.16)

The condition 1
2
ϕ̇2
0 ≪ V ensures the scalar field evolves slowly, which is

referred to as the 1stslow-roll condition. Substituting this into the Fried-
mann equations, we find:

H2 ≈ 8πG

3
ρϕ ≈ 8πG

3
V (ϕ0). (1.7.17)

Here, H remains approximately constant, describing a quasi-de Sitter uni-
verse. The equation of motion for the scalar field is generally given by the
Klein-Gordon equation:

□ϕ =
∂V

∂ϕ
, (1.7.18)

where the d’Alembert operator □ in a curved spacetime is [9]:

□ϕ =
1√
−g

∂µ
(√

−g gµν∂νϕ
)
. (1.7.19)

This simplifies to:

ϕ̈0 + 3Hϕ̇0 +
∂V (ϕ0)

∂ϕ0

= 0. (1.7.20)

The term 3Hϕ̇0 is due to the expansion of the universe and acts as a friction
term, distinguishing the scalar field dynamics in an expanding universe from
those in Minkowski space. The slow-roll approximation also assumes that
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the acceleration of the scalar field is negligible compared to the friction term
3Hϕ̇0, leading to the 2nd slow-roll condition:

ϕ̈0 ≪ 3Hϕ̇0. (1.7.21)

This condition ensures that the dynamics of the inflaton field are dominated
by the friction term 3Hϕ̇ caused by the expansion of the universe. Specifi-
cally, it ensures that the inflaton field evolves gradually, allowing the potential
energy V (ϕ) to remain the dominant contribution to the total energy den-
sity, such that H2 ∝ V (ϕ); moreover, oscillations or rapid accelerations of
the inflaton field are suppressed, avoiding significant fluctuations in H that
would disrupt the near-exponential growth of the scale factor a(t). This slow
and steady evolution is essential for maintaining a quasi-de Sitter universe,
characterized by a nearly constant Hubble parameter H and sustained ac-
celerated expansion. Under these conditions, the equation of motion for the
background scalar field simplifies to:

3Hϕ̇0 ≈ − ∂V

∂ϕ0

. (1.7.22)

So, our set of slow-roll equations is:{
H2 ≈ 8πG

3
V (ϕ0),

3Hϕ̇0 ≈ − ∂V
∂ϕ0

.
(1.7.23)

To quantitatively describe inflationary dynamics, we define the first slow-roll
parameter:

ϵ ≡ − Ḣ

H2
. (1.7.24)

For inflation to occur (ä > 0), this parameter must satisfy:

ϵ ≪ 1, (1.7.25)

as we can easily see, remembering that H = ȧ
a
. In the slow-roll approxi-

mation, H changes very slowly over time. This is quantified by the second
slow-roll parameter:

η ≡ − ϕ̈

Hϕ̇
. (1.7.26)
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A quasi-de Sitter universe requires |η| ≪ 1. With some straightforward
calculation we can relate the conditions on these parameters to conditions
on the V potential, in particular requiring that ϵ ≪ 1 corresponds to require:

V ′(ϕ) ≪ V (ϕ), (1.7.27)

known as flatness condition, that implies that the slope of the potential is very
shallow, ensuring that the inflaton field ϕ rolls slowly down the potential V ,
maintaining a nearly constant value of the potential energy and so of H. The
condition on η is related to V ′′, which reflects the curvature of the potential,
and translates into a requirement for the flatness of V (ϕ). However, it is also
related to the duration of inflation: requiring η ≪ 1 ensures that inflation
lasts for long enough. Indeed In the slow-roll scenario, one can finds that
the number of e-folds (1.6.12), which determines the duration of inflation, is
given by:

N ≈
∫ ϕf

ϕi

V (ϕ)

M2
PlV

′(ϕ)
dϕ, (1.7.28)

where ϕi and ϕf are the values of the inflaton field at the beginning and end
of inflation, respectively, and MPl =

1√
8πG

is the reduced Planck mass. For

inflation to last long enough (N ∼ 60− 70), the potential V (ϕ) must be suf-
ficiently flat, which requires small values of V ′(ϕ) and V ′′(ϕ). The parameter
η measures the curvature of the potential, and when η ≪ 1, the inflaton field
evolves slowly, extending the inflationary phase and increasing the number
of e-folds. Conversely, if η is large, the inflaton accelerates rapidly, caus-
ing inflation to terminate prematurely and reducing N . Thus, the condition
|η| ≪ 1 not only reflects the flatness of the potential but also ensures that
inflation lasts long enough to produce a sufficient number of e-folds to solve
the horizon and flatness problems.

Reheating

After inflation the standard FLRW radiation dominated universe should
start, to recover the well estabilished prediction of the BB model. Dur-
ing the accelerated expansion of the universe T ∝ e−Ht and so at the end of
iflation temperature become too small to allow a good thermalization of par-
ticles. We need a period in ehich the universe is reheated and which comes
just before the radiation era, this transitional period is known as reheating.
In the following, only a brief introduction to the topic is provided.
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Inflation persists as long as the slow-roll conditions, ϵ ≪ 1 and |η| ≪ 1,
hold and ends when ϵ or |η| approach 1, signaling the breakdown of the
flatness of the potential that drives inflation. For a potential like the one
depicted in Figure 1.5, at its minimum σ, the potential induces oscillations
in the scalar field with a frequency w such that:

w2 ≡ V ′′(σ) ≡ m2(σ) ≫ H2 (1.7.29)

During these oscillations, the scalar field decays into light, relativistic parti-
cles, leading to a radiation-dominated era (see Fig. 1.3). To account for the
decay of the scalar field, the equation of motion is modified:

ϕ̈+ (3H + Γϕ)ϕ̇+ V ′(ϕ) = 0, (1.7.30)

where Γϕ is the inflaton decay rate. The corresponding energy-density equa-
tion becomes [10]:

ρ̇ϕ + (3H + Γϕ)ρϕ = 0. (1.7.31)

Figure 1.3: A schematic of the inflationary potential V (ϕ) showing the in-
flaton’s slow roll, the generation of CMB fluctuations (ϕCMB), the end of
inflation (ϕend), and the reheating phase where the inflaton oscillates around
the potential minimum, transferring energy to radiation.
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The efficiency and dynamics of reheating depend on the specifics of the infla-
tionary potential and the coupling between the inflaton and other particles.
Thus, understanding reheating is crucial for connecting the successes of in-
flation with the observable universe we see today.

Quantum fluctuations of the inflaton field

After discussing the dynamics of the background scalar field, we now turn our
attention to its perturbations. For a complete treatment of the scalar field
ϕ(x, t), which depends on both space and time, the full equation of motion
becomes:

ϕ̈(x, t) + 3Hϕ̇(x, t)− ∇2ϕ(x, t)

a2
= −∂V

∂ϕ
, (1.7.32)

where ∇2 = ∂i∂
i is the spatial Laplacian wrt the comoving coordinate. Re-

membering the perturbative splitting ϕ(x, t) = ϕ0(t) + δϕ(x, t), and substi-
tuting the background equation into the above expression, the perturbation
dynamics are governed by:

δϕ̈+ 3Hδϕ̇− ∇2δϕ

a2
= −∂2V

∂ϕ2
δϕ. (1.7.33)

If we take the time derivative of the background equation of motion, consid-
ering H constant, we obtain:

ϕ̈0 + 3Hϕ̇0 = −V ′′ϕ0. (1.7.34)

Comparing the two equations for δϕ and ϕ0, we notice that they are similar,
differing only by the spatial Laplacian term in δϕ. This means that on large
scales, where the spatial Laplacian becomes negligible, these equations reduce
to analogous forms, demonstrating the coupling between background and
perturbation dynamics. To better analyze these perturbations, we perform
a Fourier transformation to transition from coordinate space to momentum
space. The equation for the perturbation becomes:

δϕ̈k + 3Hδϕ̇k +
k2

a2
δϕk = −V ′′δϕk, (1.7.35)

where k is the comoving wave number. The behavior of δϕk varies signifi-
cantly depending on whether the scale of interest is smaller or larger than
the Hubble horizon.
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Small-Scale Regime (λphys ≪ H−1): In this regime, where the wave-
length is much smaller than the Hubble horizon, the friction term (3Hδϕ̇k)
is negligible, and the equation reduces to:

δϕ̈k +
k2

a2
δϕk = 0. (1.7.36)

This is analogous to a harmonic oscillator with a time-dependent frequency,
where the field exhibits oscillatory behavior around its vacuum expectation
value, and with an amplitude that decreases with time as:

|δϕk| =
1

a
√
2k

(1.7.37)

Large-Scale Regime (λphys ≫ H−1): When the wavelength exceeds the
Hubble horizon, the spatial gradient term (k2/a2) becomes negligible, and
the equation simplifies to:

δϕ̈k + 3Hδϕ̇k = 0. (1.7.38)

The solution to this equation shows that the perturbation becomes constant
over time:

δϕk = A+Be−3Ht, (1.7.39)

where A and B are constants determined by initial conditions. The expo-
nential term quickly decays, leaving the perturbation ”frozen” at its value
when it crossed the Hubble horizon.

Quantum fluctuations of the scalar field during inflation act as the seeds
for cosmological structures. When these fluctuations stretch beyond the Hub-
ble horizon, they effectively freeze, and their amplitudes become imprinted as
ini- tial conditions for later cosmic evolution. These frozen perturbations are
directly linked to the density variations observed in the Cosmic Microwave
Background (CMB). A complete treatment of this process involves the anal-
ysis of perturba- tions within the framework of general relativity, which is
beyond the scope of this work. For a detailed discussion, see [9]. The relation
between these fluctuations can be schematically represented as:

δϕ → ζ → δρ

ρ
→ δT

T
(1.7.40)

where:

-31-



1.7. Inflation

• δϕ represents quantum fluctuations of the inflaton field,

• ζ is the curvature perturbation,

• δρ/ρ corresponds to density fluctuations,

• δT/T represents temperature fluctuations in the CMB.
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Chapter 2

Gravitational Instability and
Cosmic Structure Formation

The large-scale structures observed in the universe, such as galaxies, clusters,
superclusters, and cosmic filaments, are believed to arise from the gravita-
tional amplification of small primordial density fluctuations. This process,
known as gravitational instability, operates under the assumption that the
dominant matter component in the universe is collisionless cold dark mat-
ter (CDM). These CDM particles, while yet to be directly identified, are
hypothesized to be non-relativistic and extremely light compared to typical
galactic mass scales, with number densities estimated to exceed 1050 parti-
cles per Mpc3. In this framework, the vast number of particles ensures that
discreteness effects, such as two-body relaxation, are negligible, enabling the
treatment of dark matter as a collisionless fluid. This behavior is described
by the Vlasov equation, which governs the evolution of the distribution func-
tion in phase space. The Vlasov equation, coupled with the Poisson equation
for the gravitational potential, forms the foundation of gravitational insta-
bility theory and allows for a detailed understanding of the growth of cosmic
structures. At scales much smaller than the Hubble radius, the dynamics
of CDM particles can be effectively described by Newtonian gravity. In this
regime, the equations of motion for CDM particles are adapted to account
for the expanding universe through a redefinition of variables for position,
momentum, and gravitational potential. This chapter explores the theo-
retical framework of gravitational instability, starting with the fundamental
equations that govern CDM dynamics. We will discuss the role of perturba-
tion theory (PT) in tracing the evolution of density fluctuations from linear
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2.1. The Vlasov Equation

to non-linear regimes, providing a basis for testing the cold dark matter
paradigm against cosmological observations.

2.1 The Vlasov Equation

In the following, we primarily follow the discussion presented in [11]. Con-
sider a collection of particles, each of mass m, that interact solely via gravity
in an expanding universe. For a particle located at r with velocity v, its
equation of motion is given by the sum of gravitational attractions from all
other particles at positions ri:

dv

dt
= Gm

∑
i

ri − r

|ri − r|3
. (2.1.1)

In the regime of a very large number of particles, this discrete sum may be
replaced by a continuous distribution and expressed in terms of a smooth
gravitational potential ϕ:

dv

dt
= −∇ϕ, (2.1.2)

where ϕ arises from the local mass density ρ(r):

ϕ(r) = G

∫
d3r′

ρ(r′)

|r′ − r|
. (2.1.3)

To incorporate cosmic expansion, we use the conformal time τ , related to
the usual cosmic time by dt = a(τ) dτ . The scale factor a(τ) obeys the
Friedmann equations for a homogeneous and isotropic background, that can
be written as:

∂H(τ)

∂τ
= −Ωm(τ)

2
H2(τ) +

Λ

3
a2(τ) ≡

[
ΩΛ(τ) − Ωm(τ)

2

]
H2(τ), (2.1.4)

[
Ωtot(τ)− 1

]
H2(τ) = k. (2.1.5)

Here, H(τ) ≡ 1
a
da
dτ

is the conformal Hubble parameter, and Ωm(τ), ΩΛ(τ),
Ωtot(τ) are the usual density parameters.

When studying gravitational instabilities, we introduce the density con-
trast δ(x, τ),
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2.1. The Vlasov Equation

ρ(x, τ) = ρ0(τ)
[
1 + δ(x, τ)

]
, (2.1.6)

where ρ0(τ) is the homogeneous background density. The total velocity is
split into the Hubble flow plus a peculiar velocity:

v(x, τ) = Hx+ u(x, τ). (2.1.7)

The cosmological gravitational potential is defined by separating out the
unperturbed part,

ϕ(x, τ) ≡ −1

2

∂H
∂τ

x2 + Φ(x, τ), (2.1.8)

so that Φ depends only on the fluctuations in the matter distribution. Since
∇2

r = ∇2
x/a

2, the linear Poisson equation in comoving coordinates becomes

∇2Φ(x, τ) = 4πGρ0 a
2 δ(x, τ) = 3

2
Ωm(τ)H2(τ) δ(x, τ). (2.1.9)

Henceforth, all spatial derivatives refer to the comoving coordinate x. The
particle equation of motion in conformal time then reads

dp

dτ
= − am∇Φ(x, τ), (2.1.10)

where p ≡ amu is the canonical momentum in comoving coordinates.
Now, let’s consider the distribution function in phase space, f(x,p, τ).

Since we are considering only gravitational interactions, the system is in the
collisionless limit, meaning that particles follow deterministic trajectories in
phase space. As a result, the conservation of phase-space density is expressed
by the Vlasov equation:

df

dτ
≡ ∂f

∂τ
+

∂x

∂τ

∂f

∂x
+

∂p

∂τ

∂f

∂p

=
∂f

∂τ
+

p

ma
· ∇f − am∇Φ(x, τ) · ∂f

∂p

= 0.

(2.1.11)

The nonlinearity arises because Φ itself depends on ρ(x, τ), which is obtained
by integrating f over all momenta (see also Eq. (2.2.1)); in other words, the
potential depends on the momentum-averaged distribution of the particles,
thus feeding back into the Vlasov equation.
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2.2. Eulerian dynamics

2.2 Eulerian dynamics

In practice, we are usually interested in solving the evolution of the spatial
distribution rather than the full phase-space dynamics. This is obtained by
taking momentum moments of the distribution function. The zeroth order
moment simply relates the phase space density to the local mass density field,∫

d3p f(x,p, τ) ≡ ρ(x, τ) (2.2.1)

The first order moment,∫
d3p

p

am
f(x,p, τ) ≡ ρ(x, τ)u(x, τ), (2.2.2)

define the peculiar velocity flow u as average velocity at x. The second
moment,∫

d3p
pipj
a2m2

f(x,p, τ) ≡ ρ(x, τ)ui(x, τ)uj(x, τ) + σij(x, τ), (2.2.3)

define the stress tensor σij(x, τ) that describes deviations of individual parti-
cle velocity from bulk velocity u and contributes to the anisotropic stress or
pressure of the system, while the first term is the contribution of the coherent
flow (bulk motion) where all particles at x are moving together with mean
velocity u. In particular, in gravitational collapse or structure formation the
velocity dispersion is not uniform and both the bulk flow and the anisotropic
random motion are relevant. The equation for these fields follow from taking
moments of the Vlasov equation. From the zeroth moment,∫

d3p

(
∂f

∂τ
+

p

ma
· ∇f − am∇Φ · ∂f

∂p

)
(2.2.4)

we obtain the conservation of mass, the continuity equation,

∂ρ

∂τ
+∇ · (ρu) = 0 (2.2.5)

and substuituing ρ in terms of δ :

∂δ

∂τ
+∇ · [(1 + δ)u] = 0 (2.2.6)
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2.3. Linear and Non-linear Eulerian Perturbation Theory

Taking the first moment of the Vlasov equation and using the continuity
equation, we obtain the Euler equation,

∂u(x, τ)

∂τ
+H(τ)u(x, τ) + u(x, τ) · ∇u(x, τ) = −∇Φ(x, τ)− 1

ρ
∇j(ρ σij),

(2.2.7)
which describes conservation of momentum. The first moment of the distri-
bution function, represented by the peculiar velocity u(x, τ), is dynamically
linked to the stress tensor σij, which quantifies deviations of particle mo-
tions from a single coherent flow (single stream), for which the first term
will be the dominant contribution. In the early stages of structure forma-
tion, the approximation σij ≈ 0 holds due to negligible pressure in cold dark
matter, when structures did not have time to collapse and virialize. This
approximation justifies the treatment of the dark matter distribution as a
perfect fluid. As cosmic structures evolve and non-linearities grow, this as-
sumption progressively breaks down on smaller scales, necessitating a more
detailed treatment of the stress tensor. Notably, Eq. (2.2.7) highlights the
key interaction between gravitational potential gradients and the peculiar
velocity field, underpinning the dynamics of large-scale structure formation.
It sets the stage for exploring deviations from linear theory and the onset of
multi-streaming phenomena. We now begin by discussing the solutions of the
Poisson equation, the continuity equation, and the Euler equation in the case
of a vanishing stress tensor (σij = 0), corresponding to a perfect fluid, and
then examine the issues that arise with this description before introducing
corrective terms.

2.3 Linear and Non-linear Eulerian Pertur-

bation Theory

At large scales, where we expect the Universe to become smooth, the fluctu-
ation fields δ(x, τ), u(x, τ) and Φ(x, τ) can be assumed to be small compared
to the homogeneous contribution. Therefore, it follows that we can linearize
Eqs. (2.2.6) - (2.2.7) to obtain the equations of motion in the linear regime:

∂δ(x, τ)

∂τ
+∇ · u(x, τ) = 0 (2.3.1)

∂u(x, τ)

∂τ
+H(τ)u(x, τ) = −∇Φ(x, τ) (2.3.2)
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2.3. Linear and Non-linear Eulerian Perturbation Theory

The velocity field, as any vector field, can be completely described by its
divergence θ(x, τ) ≡ ∇ · u(x, τ) and its vorticity w(x, τ) ≡ ∇ × u(x, τ),
whose equations of motion follow from Eq. (2.3.2):

∂θ(x, τ)

∂τ
+H(τ)θ(x, τ) +

3

2
ΩmH2(τ)δ(x, τ) = 0 (2.3.3)

∂w(x, τ)

∂τ
+H(τ)w(x, τ) = 0 (2.3.4)

where in the first one we also used the Poisson equation for Φ. The vorticity
evolution readily follows from Eq. (2.3.4), w(x, τ) ∝ a−1, i.e. in the linear
regime any initial vorticity decays away due to the expansion of the Universe.
The continuity equation can be instead rewritten as:

∂δ(x, τ)

∂τ
+ θ(x, τ) = 0 (2.3.5)

Taking the time derivative of (2.3.3) and replacing it in (2.3.5) we get:

∂2δ(x, τ)

∂τ 2
+H(τ)

∂δ(x, τ)

∂τ
=

3

2
ΩmH2(τ)δ(x, τ) (2.3.6)

Defining the linear growth factor D1(τ) as δ(x, τ) = D1(τ) δ(x, 0), we rewrite
the equation as:

d2D1(τ)

dτ 2
+H(τ)

dD1(τ)

dτ
=

3

2
ΩmH2(τ)D1(τ) (2.3.7)

This equation, together with the Friedmann equations (2.1.4) - (2.1.5), deter-
mines the growth of density perturbations in the linear regime as a function
of cosmology. Since it is a second-order differential equation, it has two in-
dependent solutions, let’s denote the fastest growing mode D

(+)
1 (τ) and the

slowest one D
(−)
1 (τ). The evolution of the density contrast is then

δ(x, τ) = D
(+)
1 (τ)A(x) +D

(−)
1 (τ)B(x) (2.3.8)

where A(x) and B(x) are two arbitrary functions of position describing the
initial density field configuration, whereas the velocity divergence can be
obtained using Eq. (2.3.5).

We will now extend our analysis of the density contrast and velocity
fields to account for their non-linear evolution. To proceed, we adopt a
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2.3. Linear and Non-linear Eulerian Perturbation Theory

self-consistent approximation by describing the velocity field through its di-
vergence, while justifying the neglect of vorticity. This simplification arises
from the assumption that the initial vorticity is negligible, which we will
examine further. Starting from the curl of Eq. (3.12) and incorporating the
stress tensor σij into the momentum conservation equation, the evolution of
vorticity w(x, τ) ≡ ∇× u(x, τ) can be written as:

∂w(x, τ)

∂τ
+H(τ)w(x, τ)−∇×[u(x, τ)×w(x, τ)] = ∇×

(
1

ρ
∇ · σij

)
. (2.3.9)

Let us consider two cases for the initial vorticity. In the first case, if the pri-
mordial vorticity is zero and σij ≈ 0 (valid for a pressureless perfect fluid),
then the vorticity remains zero throughout the evolution. In the second case,
if the initial vorticity is non-zero, it decays in the linear regime due to the
expansion of the Universe, as discussed earlier. However, non-linear inter-
actions, such as those represented by the third term in the equation above,
can amplify vorticity. For simplicity, we assume vanishing primordial vor-
ticity and neglect σij, ensuring that vorticity remains zero during evolution.
This framework forms the basis of perturbation theory (PT), where density
contrast and velocity fields are expanded as perturbative series around their
linear solutions. Assuming the variance of linear fluctuations is small and
the velocity field is irrotational, we write:

δ(x, τ) =
∞∑
n=1

δ(n)(x, τ), (2.3.10)

θ(x, τ) =
∞∑
n=1

θ(n)(x, τ). (2.3.11)

Here, δ(1) and θ(1) represent linear terms proportional to the initial density
contrast field, while higher-order terms such as δ(2) and θ(2) capture quadratic
contributions arising from mode coupling. These expansions allow us to sys-
tematically analyze the transition from linear to non-linear scales in cosmo-
logical structure formation. When we are at large scales, fluctuations are
small, therefore linear PT provides an adequate description of cosmological
fields. In this regime, different Fourier modes evolve independently conserv-
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2.3. Linear and Non-linear Eulerian Perturbation Theory

ing the primordial statistics. So, it is natural to work in Fourier space,1 where
the continuity and Euler equations become:

∂δ(k, τ)

∂τ
+ θ(k, τ) = −

∫
d3k1

(2π)3

∫
d3k2

(2π)3
δD(k−k1−k2)α(k1,k2) δ(k1, τ) θ(k2, τ),

(2.3.12)

∂θ(k, τ)

∂τ
+ H(τ)θ(k, τ) +

3

2
Ωm(τ)H2(τ)δ(k, τ) =

= −
∫

d3k1

(2π)3

∫
d3k2

(2π)3
δD(k− k1 − k2) β(k1,k2) θ(k1, τ) θ(k2, τ).

(2.3.13)
We have introduced the fundamental mode coupling functions

α(k1,k2) ≡
(k1 + k2) · k1

k2
1

and β(k1,k2) ≡
(k1 + k2)

2 (k1 · k2)

2k2
1k

2
2

, (2.3.14)

that encode the non-linearity of the evolution and come from the non-linear
terms in the continuity and Euler equations respectively.

Now, we analyze the case of an Einstein-de Sitter universe, characterized
by Ωm = 1 and ΩΛ = 0. Using the Friedmann equation, we find that the
scale factor evolves as a(τ) ∼ τ 2, and the Hubble parameter becomes H(τ) =
2
τ
. This allows us to simplify the equations of motion for perturbations by

factoring out H from the velocity field, rendering Eqs. (2.3.12) and (2.3.13)
homogeneous in either τ or equivalently in a(τ). Under this framework,
the continuity and Euler equations in Fourier space can be solved using a

1In this work, we use the following convention for the Fourier transform:

X(k) =

∫
d3x e−ik·xX(x), X(x) =

∫
d3k

(2π)3
eik·xX(k),

leading to the definition of the Dirac delta function δD,∫
d3x ei(k1−k2)·x = (2π)3δD(k1 − k2).
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perturbative expansion of the following form2:

δ(k, τ) =
∞∑
n=1

an(τ)δn(k), (2.3.15)

θ(k, τ) = −H(τ)
∞∑
n=1

an(τ)θn(k), (2.3.16)

where only the fastest-growing mode of perturbations is considered. At early
times (a → 0), these series are dominated by their leading terms. From the
continuity equation, it follows that θ1(k) = δ(1)(k), meaning that the linear
perturbations are fully described by δ(1)(k). To satisfy the original equations
of motion (Eqs. (2.3.12) and (2.3.13)), the higher-order perturbations δn(k)
and θn(k) are expressed in terms of the linear density contrast field as:

δ(n)(k) =

[
n∏

i=1

∫
d3qi
(2π)3

]
(2π)3δD (k− q1...n)Fn(q1, . . . ,qn)

[
n∏

i=1

δ(1)(qi)

]
,

(2.3.17)

θ(n)(k) =

[
n∏

i=1

∫
d3qi
(2π)3

]
(2π)3δD (k− q1...n)Gn(q1, . . . ,qn)

[
n∏

i=1

δ(1)(qi)

]
.

(2.3.18)

Here, Fn and Gn are the perturbative kernels capturing the non-linear mode
coupling due to gravitational interactions. Demanding that these expressions
solve Eqs. (2.3.12) - (2.3.13) at any given order in δ(1), these equations then
transform into recursion relations for the kernels Fn and Gn:

Fn(q1, . . . ,qn) =
n−1∑
m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)

[
(2n+ 1)α(k1,k2)Fn−m(qm+1, . . . ,qn)

+ 2β(k1,k2)Gn−m(qm+1, . . . ,qn)

]
, (2.3.19)

Gn(q1, . . . ,qn) =
n−1∑
m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)

[
3α(k1,k2)Fn−m(qm+1, . . . ,qn)

2Although this result is technically only valid for the EdS universe, it can be approxi-
mately extended to arbitrary values of Ωm and ΩΛ, by substituting the EdS growth factor
a with the growth factor of the corresponding cosmology, D(a) [11].
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+ 2nβ(k1,k2)Gn−m(qm+1, . . . ,qn)

]
, (2.3.20)

where k1 ≡ q1+ ...+qm, k2 ≡ qm+1+ ...+qn and k ≡ k1+k2. In particular,
we find F1 = G1 = 1, recovering the linear growing mode. For n = 2, if we
symmetrize the expressions with respect to q1 and q2, we find:

F2(q1,q2) =
5

7
+

1

2

q1 · q2

q1q2

(
q1
q2

+
q2
q1

)
+

2

7

(q1 · q2)
2

q21q
2
2

, (2.3.21)

G2(q1,q2) =
3

7
+

1

2

q1 · q2

q1q2

(
q1
q2

+
q2
q1

)
+

4

7

(q1 · q2)
2

q21q
2
2

. (2.3.22)

Symmetrized kernels are used in perturbation theory to ensure solutions
respect the symmetries of the universe, including isotropy, homogeneity,
and invariance under wavevector permutations. They enforce permutational
symmetry, ensuring the density contrast treats all wavevector configura-
tions equivalently, reflecting the symmetry of the underlying physics. Sym-
metrization ensures physical consistency by enforcing momentum conserva-
tion among interacting wavevectors in Fourier space, ensuring that the solu-
tions remain consistent with the fundamental equations governing the evolu-
tion of the density field. Furthermore, it eliminates redundant contributions
in higher-order calculations, simplifying both analytical and computational
efforts. Finally, symmetrized kernels are essential for computing statistical
observables such as the power spectrum and bispectrum, which inherently
average over all wavevector permutations.

2.4 Correlators, Power Spectra, and Cosmic

Random Fields

The density contrast field, δ(x), has an ensemble average of zero by definition
(indeed, it’s the vacuum expectation value), but its statistical properties can
be studied through correlations. The two-point correlation function, defined
as:

ξ(r) = ⟨δ(x)δ(x+ r)⟩ , (2.4.1)
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depends only on the norm of r due to statistical homogeneity and isotropy.
The Fourier transform of δ(x) is:

δ(x) =

∫
d3k

(2π)3
δ(k) eik·x, (2.4.2)

where δ(k) are complex random variables satisfying δ(k) = δ∗(−k) due to
the reality of δ(x). The power spectrum P (k) is defined via the Fourier-space
correlator:

⟨δ(k)δ(k′)⟩ =
∫

d3x d3r ⟨δ(x)δ(x+ r)⟩ exp [−i(k+ k′) · x− ik′ · r]

= (2π)3 δD(k+ k′)

∫
d3r ξ(r) exp(ik · r)

≡ (2π)3δD(k+ k′)P (k).

(2.4.3)

So, the relation between the correlation function and the power spectrum is:

ξ(r) =

∫
d3k

(2π)3
P (k)eik·r. (2.4.4)

The variance of δ(x) is:

⟨δ2(x)⟩ = ξ(0) =

∫
d3k

(2π)3
P (k) =

1

2π2

∫ ∞

0

dk k2P (k)

=
1

2π2

∫ ∞

0

dk

k
k3P (k) =

∫ ∞

0

dk

k
∆(k)

(2.4.5)

where ∆(k) = k3

2π2P (k) is the dimensionless power spectrum. Different con-
ventions for Fourier transforms affect the definition of P (k), but we adopt
the convention in Eq. (2.4.2).

The Wick Theorem for Gaussian Fields

The power spectrum P (k) is a fundamental quantity for characterizing almost
all homogeneous random fields. Its utility becomes evident for Gaussian
random fields, where the joint distribution of density values is Gaussian. For
such fields, the Wick theorem applies: the ensemble average of any product
of variables can be expressed in terms of two-point correlators. This is a

-43-



2.4. Correlators, Power Spectra, and Cosmic Random Fields

foundational concept in classical and quantum field theories. Explicitly, for
the Fourier modes, the Wick theorem states:

⟨δ(k1) · · · δ(k2p+1)⟩ = 0, (2.4.6)

⟨δ(k1) · · · δ(k2p)⟩ =
∑

all pairings

∏
pairs (i,j)

⟨δ(ki)δ(kj)⟩. (2.4.7)

Thus, the statistical properties of the random variables δ(k) are fully specified
by the shape and normalization of P (k). A specific cosmological model, in
the linear regime, is determined primarily by the power spectrum and the
cosmological parameters Ωm and ΩΛ.

Higher-Order Correlators

Higher-order correlation functions are defined as the connected parts (sub-
script c) of joint ensemble averages of the density contrast. The N -point
correlation function is expressed as:

ξN(x1, . . . ,xN) = ⟨δ(x1) · · · δ(xN)⟩c
≡ ⟨δ(x1) · · · δ(xN)⟩

−
∑

S∈P ({x1,...,xN})

∏
si∈S

ξ#si(xsi(1), . . . ,xsi(#si)),
(2.4.8)

where the sum is over all proper partitions of {x1, . . . ,xN}, excluding the set
itself. If the mean of δ(x) is zero, only partitions without singlets contribute.
For Gaussian fields, all connected correlators beyond the two-point function
vanish, making ξ2 the sole non-zero connected part. Consequently, any field
constructed from a Gaussian field δ has its statistics entirely determined by
two-point functions. In Fourier space, due to homogeneity, connected N -
point correlators are proportional to δD(k1 + · · · + kN). This allows us to
define the generalized power spectrum:

⟨δ(k1) · · · δ(kN)⟩c = (2π)3δD(k1 + · · ·+ kN)PN(k1, . . . ,kN), (2.4.9)

where PN(k1, . . . ,kN) is the N -point spectrum. For N = 3, this corresponds
to the bispectrum B(k1,k2,k3), a key tool for probing non-Gaussianity.
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Linear Power Spectrum

In linear theory, the two-point correlation of the density contrast in Fourier
space is given by:

⟨δ(1)(k)δ(1)(k′)⟩ = (2π)3δD(k+ k′)PL(k, τ), (2.4.10)

where PL(k, τ) = D2
+(τ)PL(k). As is standard in cosmological perturbation

theory, we normalize D+(τ) such that D+(τ = τ0) = 1, ensuring that PL(k)
represents the linear matter power spectrum at redshift zero.
The linear matter power spectrum in the ΛCDM model exhibits a character-
istic shape reflecting various stages of cosmological evolution. Its asymptotic
behaviors are:

PL ∝ k, as k → 0, and PL ∝ k−3 ln2(k), as k → ∞.

It features a peak at the wavenumber corresponding to the comoving size of
the Hubble horizon at the time of matter-radiation equality, k ≈ 0.015 h Mpc−1.
A plot of the linear power spectrum can be found in Fig.2.1.

To estimate the typical density constrast variance at a given point x, we
compute:

⟨δ2(x)⟩ =
∫

d3q

(2π)3
PL(q). (2.4.11)

Surprisingly, for the ΛCDM power spectrum, this integral diverges in the
ultraviolet (UV), meaning that short-scale mass fluctuations formally lead to
an infinite variance. This divergence indicates a breakdown of the assumption
that δ is small and challenges the validity of linear theory at these scales.
A more physically reasonable approach is to filter out short-scale fluctuations
by introducing a low-pass filter WR with a filtering scale R. By choosing
R appropriately, we can ensure that the coarse-grained density fluctuations
remain well-defined. This observation suggests that the natural variables
in cosmological perturbation theory should be the smoothed density and
velocity fields.

One-loop Power Spectrum and Bispectrum

Using the non-linear perturbation theory results and in particular Eqs. (2.3.17)
- (2.3.18) we can compute the power spectrum at order [δ(1)]4. For simplicity,
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in the following we adopt the short hand notation δ(k) = δk:

⟨δkδk′⟩ = ⟨(δ(1)k + δ
(2)
k + δ

(3)
k )(δ

(1)
k′ + δ

(2)
k′ + δ

(3)
k′ )⟩

= ⟨δ(1)k δ
(1)
k′ ⟩+ ⟨δ(2)k δ

(2)
k′ ⟩+ 2⟨δ(3)k δ

(1)
k′ ⟩

≡ (2π)3δ(k+ k′) (P11 + P22 + P13) ,

(2.4.12)

where we used the exchange symmetry k ↔ k′ of the P13 term.
The first term is just the linear power spectrum, P11 ≡ PL. The computation
of the other terms can be found in Appendix A and bring to these results:

⟨δ(2)(k1)δ
(2)(k2)⟩ = (2π)3δD(k1+k2) 2

∫
d3q

(2π)3
[F2(q,k1 − q)]2 PL(q)PL(|k1−q|),

(2.4.13)

⟨δ(3)(k1)δ
(1)(k2)⟩ = (2π)3δD(k1 + k2) 6

∫
d3q

(2π)3
F3(q,−q,k1)PL(q)PL(k1).

(2.4.14)
Collecting them, we obtain:

P1-loop(k1) = (2π)3δD(k1 + k2)

[
PL(k1)

+ 2

∫
d3q

(2π)3
[F2(q,k1 − q)]2 PL(q)PL(|k1 − q|)

+ 6

∫
d3q

(2π)3
F3(q,−q,k1)PL(q)PL(k1)

]
. (2.4.15)

In Fig. 2.1, we present a plot of P22 and P13 in comparison with PL. The
one-loop corrections to the integral increase significantly with increasing
wavenumber. Notably, P22(k) is positive, while P13(k) is negative. As a
result, the two corrections nearly cancel each other, leading to a relatively
small overall correction. However, starting at k ≈ 0.1 h/Mpc, the correc-
tions to the linear power spectrum become non-negligible, indicating that
the linear regime is no longer valid.

We now present the bispectrum at order [δ(1)]4. For a detailed deriva-
tion, refer to Appendix A. Figure 2.2 displays plots for various bispectrum
configurations.

⟨δ(k1)δ(k2)δ(k3)⟩ ≡ (2π)3δ
(3)
D (k1 + k2 + k3)B(k1, k2, k3), (2.4.16)
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Figure 2.1: Left panel: Plot of the linear power spectrum (PL, red line) and
the P22 one-loop contribution (orange line) at z = 0. Right panel: Similar
to the left panel, but showing the P13 one-loop contribution instead. The
dashed line indicates a negative contribution. The plot is obtained using the
FFTLog method, with PL derived from the CLASS-PT library. More details
can be found in Appendix A.

where

B(k1,k2,k3) = 2F2(k1,k2)PL(k1)PL(k2) + 2 cyc. (2.4.17)
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Figure 2.2: Plots of the bispectrum for three configurations: equilateral (k1 ≈
k2 ≈ k3), flattened (k1 ≈ k2 ≈ k3/2), and squeezed (k1 ≪ k2 ≈ k3). The
bispectrum is computed up to k = 0.10hMpc−1, as beyond this scale, the
tree-level bispectrum is no longer a sufficient approximation.

2.5 Limitations of the Pressureless Perfect Fluid

Model

As seen when computing the variance of the density contrast, Eq. (2.4.11), we
need to work with coarse-grained fields to ensure small fluctuations. More-
over, several issues arise in this simplified PPF model, which we briefly dis-
cuss below.

IR and UV Singularities in the PPF Model

In the analysis of the one-loop power spectrum integrals, two major sources
of divergence arise: the infrared singularities and ultraviolet singularities.
These issues stem from the behavior of the power spectrum at extreme scales,
highlighting the limitations of the PPF model.
The IR singularities emerge due to displacements caused by long-wavelength
modes. At the one-loop level, the contributions from P22 and P13 exhibit the
following IR limits [12]:

P22(k)
∣∣∣
q≪k,|q−k|≪k

=
k2

3
P11(k)

∫
q≪k

d3q

q2
P11(q), (2.5.1)

P13(k)
∣∣∣
q≪k

= −k2

3
P11(k)

∫
q≪k

d3q

q2
P11(q). (2.5.2)
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These contributions individually diverge due to the IR displacements. How-
ever, their sum respects the equivalence principle, resulting in an exact can-
cellation of the IR singularities. This ensures that physical observables like
correlation functions remain finite. Despite this cancellation, the IR dis-
placements influence the BAO (Baryon Acoustic Oscillations) features in
the power spectrum. BAO refers to the periodic fluctuations in the density
of visible baryonic matter (normal matter) in the universe, which were im-
printed during the early universe when sound waves propagated through the
hot plasma before recombination. These effects include the smoothing of the
BAO peak and a slight shift in its position. Such displacements are not ade-
quately captured in the PPF model and require resummation techniques for
an accurate treatment. For more details about the BAO, please refer to [13].
This is achieved within the framework of time-sliced perturbation theory, the
results of which will be briefly discussed in a subsequent section.

UV singularities originate from the behavior of the one-loop integrals at
small scales, where nonlinear physics becomes significant. The UV contribu-
tions for P22 and P13 are [14]:

P22(k)
∣∣∣
q≫k

=
9

196π2
k4

∫
q≫k

dq

q2
P 2
L(q), (2.5.3)

P13(k)
∣∣∣
q≫k

= − 61

630π2
k2PL(k)

∫
q≫k

dqPL(q). (2.5.4)

While these integrals converge for the ΛCDM power spectrum, they fail to
capture the physics of small-scale virialization, where halos form. In per-
turbation theory, UV modes contribute unphysically large displacements,
ignoring the confinement effects of halos.

Physical IR and UV Effects

The physical IR effects arise from the coherent displacements induced by
large-scale flows. These flows move structures coherently over scales compa-
rable to the BAO wavelength, leading to the suppression and shift of the BAO
peak. The suppression is encapsulated in the smoothed power spectrum:

P (k) = Psmooth(k) + Pwiggle(k), (2.5.5)

where Pwiggle describes the oscillatory BAO feature, modified by resummation
methods to include the effects of long-wavelength modes.
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2.6. Beyond Eulerian Perturbation Theory

UV effects are tied to unresolved small-scale physics, such as virialized
halo formation. To address these, counterterms are introduced, leading to
an effective modification of the Euler equation:

∂

∂τ
vi +Hvi + vj∂jv

i = −∂iΦ− c2s∂iδ, (2.5.6)

where c2s represents the effective sound speed. This results in a UV-regulated
correction to the one-loop power spectrum:

P1-loop(k) = PL(k) + P22(k) + P13(k)− 2k2γPL(k), (2.5.7)

with γ parameterizing the small-scale cutoff effects.
By addressing these IR and UV effects, the theoretical framework ensures

consistency with physical principles and observational data, resolving the
singularities and incorporating essential physical phenomena. Ultimately, the
introduction of a non-zero stress tensor provides a systematic way to address
UV singularities and physical effects associated with unresolved small-scale
nonlinearities, such as virialization. This will be introduced in the next
section.

2.6 Beyond Eulerian Perturbation Theory

In the following, we present the elements upon which the Effective Field
Theory (EFT) approach to large-scale structure is based and discuss its main
results. To address the issues encountered with the PPF model, we adopt
a bottom-up approach by coarse-graining the equations of motion for the
density contrast and velocity fields. Additionally, we introduce a stress-
energy tensor and a momentum cutoff to systematically account for non-
linear effects, including shot noise and counterterm corrections. So, the new
equations of motion read:

∂

∂τ
δℓ(x, τ) + ∂i

[
(1 + δℓ(x, τ))v

i
ℓ(x, τ)

]
= 0, (2.6.1)

∂

∂τ
viℓ(x, τ) +Hviℓ(x, τ) + vjℓ(x, τ)∂jv

i
ℓ(x, τ) + ∂iΦℓ(x, τ)

= − 1

ρℓ(x, τ)

[
∂jσ

ij
ℓ (x, τ)

]
Λ
, (2.6.2)
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2.6. Beyond Eulerian Perturbation Theory

∆Φℓ(x, τ) =
3

2
H2Ωm(τ)δℓ(x, τ). (2.6.3)

Here, our variables are the long-wavelenght density contrast and velocity
fields. Even though these coarse grained variables explicitly depend on the
smoothing scale, the physical observables do not. Technically, this is realized
by means of counterterms embedded in the stress tensor. The quantity that
appears in the r.h.s. of the Euler equation is the smoothed divergence of the
effective stress tensor, σij . This term incorporates the effects of the short
scale physics and its backreaction on large scales, such as halo virialization
and non-linear interactions. In the following, the new contributions arising
from the introduction of the stress tensor are briefly discussed. For a more
detailed explanation, see [15]. The stress tensor is expressed in terms of
effective operators, with its leading-order contributions written as:

1

ρℓ(x, τ)

[
∂jσ

ij
ℓ (x, τ)

]
Λ
= c2s(τ) ∂

iδ(x, τ), (2.6.4)

where c2s is the effective sound speed, encapsulating the small-scale physics
that modulate the large-scale dynamics, as presented in Eq. (2.5.6).

Stochastic term

Small-scale perturbations, due to non-linear collapse and virialization, are not
statistically correlated over long distances. These processes erase memory of
initial conditions, making the short-scale density field partially uncorrelated
with long-wavelength modes. This introduces a stochastic (noise) component
into the effective stress-energy tensor:

1

ρℓ
[∂jσ

ij
ℓ (x, τ)]Λ ⊃ J i, (2.6.5)

where J i is the stochastic term and satisfies ⟨J iδℓ⟩ = 0, reflecting the statisti-
cal independence between the stochastic contributions and the coarse-grained
density field δℓ. This stochastic contribution propagates into the density field
as:

δstoch ∝ ∂iJ
i, (2.6.6)

where the divergence ∂iJ
i reflects how small-scale stochastic velocity fluc-

tuations redistribute matter density through the continuity equation (where
vℓ → vℓ +J). Symmetry arguments constrain the scale dependence of δstoch.
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For k → 0, mass conservation requires that stochastic noise does not intro-
duce a net density shift, excluding constant contributions (k0). Similarly, mo-
mentum conservation prevents linear contributions (k1), as large-scale flows
cannot generate net momentum from small-scale noise. These constraints
imply that the leading-order contribution scales as:

δstoch ∝ k2. (2.6.7)

This scaling reflects the suppression of stochastic effects at large scales and
their quadratic growth with wavenumber, leading to the following power
spectrum of the stochastic term:

⟨δstoch(k′)δstoch(k)⟩ = (2π)3δD(k+ k′)PJ(k)

= (2π)3δD(k+ k′)R7
stochk

4 + · · · , (2.6.8)

where Rstoch is a parameter with dimensions of length.
In many cases, the stochastic contribution to the galaxy power spectrum is
idealized as a Poissonian noise term, which arises from the discreteness of
tracers in a finite sample. Under this assumption, the power spectrum of the
stochastic component takes the form:

Pstoch(k) =
1

n̄
, (2.6.9)

where n̄ is the mean number density of tracers. This approximation assumes
that the stochastic fluctuations are independent and uncorrelated beyond the
scale of individual tracers, leading to a scale-independent (white noise) con-
tribution at leading order. However, as described above, additional physical
constraints from mass and momentum conservation imply that the lowest-
order stochastic corrections scale as k2 or higher, modifying the simple Pois-
sonian expectation on large scales. In the end, we can write the stochastic
term as:

Pstoch(k) =
1

n̄

(
1 + α + βk2

)
, (2.6.10)

where the two free parameters α and β describe, respectively, constant and
scale-dependent corrections to the Poisson shot-noise term 1/n̄.

The stochastic correction to the real space bispectrum, Eq. (2.4.17), can
be written as [16]:

Bstoch(k1, k2, k3) = Pshot [PL(k1) + PL(k2) + PL(k3)] +Bshot. (2.6.11)
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Full one-loop prediction

Adding these leading order stress tensor terms, it’s convenient to express the
total density constrast field as:

δNL
k = δ

(1)
k + δ

(2)
k + δ

(3)
k + δstress.k + δstoch.k , (2.6.12)

where the δ(n) terms are the same as those in the PPF model, with the key
difference that all fields now have support only for k ≤ Λ. The field δstochk

only correlates with itself, its power spectrum is given in (2.6.8). One can
find that, at leading order, δstressk can be expressed as:

δstressk = −γΛk
2δ

(1)
k (2.6.13)

In the end, the total matter power spectrum at one-loop order is given by:

Pnon-linear(k) = P11(k, η) + PΛ
22(k, η) + PΛ

13(k, η)− 2γΛk
2P11(k, η) + PJ(k).

(2.6.14)
Now, let’s see how these corrections help renormalize the one-loop power
spectrum by isolating and absorbing UV-sensitive contributions. First of all,
in this context, it is crucial to distinguish between the bare and renormalized
parameters. The bare parameters, such as γΛ and Rstoch, contain both infinite
terms (dependent on the cutoff Λ) and finite terms that encapsulate the
physical UV effects. These infinite terms stem from the short-wavelength
modes which are not directly accessible within the EFT, while the finite terms
correspond to modes where the EFT holds. Therefore, the loop integrals are
split into two components: the Λ-dependent part, which we do not trust,
and the calculable part that is evaluated over the regimes where the EFT is
valid.
We define a wavenumber qtrust such that the loop integrals are split based
on whether q lies below or above this threshold. First, let us consider the
contribution from the P13 term, given by

PΛ
13 =6P11(k)

∫
q≤qtrust

d3q

(2π)3
F3(k,q,−q)PL(q) (2.6.15)

+ 6P11(k)

∫
qtrust≤q≤Λ

d3q

(2π)3
F3(k,q,−q)PL(q).

Assuming Λ > qtrust ≫ k, we can simplify the second term using the ultravi-
olet limit (2.5.4), yielding
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6P11(k)

∫
qtrust≤q≤Λ

d3q

(2π)3
F3(k,q,−q)PL(q) = − 61

630π2
k2PL(k)

∫ Λ

qtrust

dqPL(q).

(2.6.16)
This term, as Λ → ∞, potentially diverges. However, the divergence can be
cancelled by an appropriate choice of γΛ, where

γΛ = γfinite −
61

1260π2

∫ Λ

qtrust

PL(q) dq. (2.6.17)

Thus, the physical contribution to P13 becomes independent of Λ, and we
obtain

PΛ
13 − 2γΛk

2PL = −2γfinitek
2P11 + 6P11(k)

∫
q≤qtrust

d3q

(2π)3
F3(k,q,−q)PL(q)

(2.6.18)
This equation illustrates that the effective sound speed renormalizes the P13

loop, and in practice, this allows us to choose any value of Λ, including
Λ = ∞. A similar calculation shows that the P22 correction is successfully
renormalized by the noise term PJ :

PΛ
22 + PJ =2

∫
q≤qtrust

d3q

(2π)3
[F2(k− q,q)]2 PL(q)PL(|k− q|)

+ 2

∫
qtrust<q≤Λ

d3q

(2π)3
[F2(k− q,q)]2 PL(q)PL(|k− q|) + PJ .

(2.6.19)

At leading order, this simplifies to:

2

∫
q≤qtrust

d3q

(2π)3
[F2(k− q,q)]2 PL(q)PL(|k−q|)+k4

[
9

196π2

∫ Λ

qtrust

dq

q2
P 2
L(q) +R7

stoch

]
.

The counterterms now include finite and stochastic components, and we de-
fine the renormalized PΛ

22 as:

PΛ
22 + PJ = 2

∫
q≤qtrust

d3q

(2π)3
[F2(k− q,q)]2 PL(q)PL(|k− q|) +

(
Rfinite

stoch

)7
k4.

(2.6.20)
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Collecting the results, the renormalized power spectrum at one-loop order is;

Pnon-linear(k) =PL(k) + 2

∫
q,q≤qtrust

d3q

(2π)3
[F2(k− q,q)]2 PL(q)PL(|k− q|)

+ 6PL(k)

∫
q,q≤qtrust

d3q

(2π)3
F3(k,q,−q)PL(q)− 2γfinitek

2PL(k)

+
(
Rstoch

finite

)7
k4, (2.6.21)

where qtrust is typically chosen around 0.3hMpc−1 for redshifts z ∼ 0.5. No-
tably, the one-loop integrals become saturated around keq for the ΛCDM
spectrum, and beyond this scale, the choice of qtrust becomes irrelevant, al-
lowing us to set qtrust = ∞.

IR Resummation

The issue of IR singularities, discussed in section 2.5, is properly addressed us-
ing an alternative approach to conventional perturbation theory, namely the
Time-Sliced Perturbation Theory (TSPT). TSPT involves two main steps:
(i) evolving the probability distribution function (PDF) for the perturbations
from the initial time to a given redshift, and (ii) performing statistical av-
eraging over the evolved fields. This approach systematically handles large
contributions from IR modes in non-linear regimes by resumming enhanced
terms and achieving IR safety.
A significant advantage of TSPT is that it can be expanded to higher-order
functions, systematically addressing any degree of infrared enhancement.
This is particularly important for understanding the behavior of baryon
acoustic oscillations in the large-scale structure. Moreover, TSPT is both
IR and UV safe, meaning it avoids the unphysical divergences typically en-
countered in other perturbative approaches, such as those seen previously.
More details on this can be found in [15, 17].
In this framework, the result for IR resummation at one-loop order is given
by:

P IR-res
LO (k) = P nw

L (k) + e−k2Σ2

Pw
L ,

P IR-res
NLO (k) = P nw

L (k) + P nw
1-loop(k) + e−k2Σ2 [(

1 + k2Σ2
)
Pw
L + Pw

1-loop

]
.

(2.6.22)
This equation represents the IR-resummed matter power spectrum at the
one-loop order, where P nw corresponds to the smooth (non-oscillatory) power
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spectrum, and Pw refers to the wiggly (oscillatory) component. The factor
e−Σ2k2 acts as the IR damping factor, suppressing contributions from small
scales. Meanwhile, the integral P1−loop incorporates loop corrections that
refine the estimation of the matter power spectrum.
This resummation method extends beyond the leading order of perturbation
theory, thereby improving the description of the matter power spectrum at
large scales where IR modes play a significant role.

2.7 Galaxy Bias and Redshift Space Distor-

tions

Until now, we have focused on dark matter in real-space coordinates. How-
ever, in spectroscopic galaxy surveys, we observe galaxies that trace the un-
derlying matter distribution in a nonlinear fashion. The galaxy positions are
inferred from their observed redshifts, which are affected by peculiar veloci-
ties, i.e., the motion of galaxies relative to the Hubble flow. These peculiar
velocities introduce additional non-linearities that must be accounted for in
the model. In this section, we discuss these effects in more detail, following
the reference [18], where further details can be found.

To describe the one-loop power spectrum for biased tracers, we need to
consider all relevant operators up to third order in the bias expansion. The
bias expansion allows us to model how galaxies, as biased tracers of the
underlying matter field, respond to variations in the matter density:

δg = b1δ+ ϵ+
b2
2
δ2+ bG2G2+

b3
6
δ3+ bδG2δG2+ bG3G3+ bΓ3Γ3+R2

∗∂
2δ, (2.7.1)

where ϵ represents the stochastic contribution, which is uncorrelated with
the large-scale density field. The terms G2, G3, and Γ3 are higher-order
operators capturing tidal and non-local effects that become important at non-
linear scales. At one-loop order, the terms δ3, δG2 and G3 do not introduce
new k-dependencies and can therefore be absorbed into the bias parameters
of lower-order terms. The last term, R2

∗∇2δ, represents higher-derivative
corrections arising from the finite size of galaxy-forming regions, leading to
scale-dependent modifications in the bias expansion. These effects become
significant on small scales and can be regarded as a third-order contribution
in the expansion of δ(3). This follows from the fact that each spatial derivative
introduces an additional factor of k/kNL in Fourier space, which is a small
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quantity at large scales due to k ≪ kNL, where kNL denotes the wavenumber
at which density fluctuations become nonlinear. Since δ is already small on
large scales, the term R2

∗∇2δ is naturally suppressed and enters at higher
order in the perturbative expansion. For further discussion on the estimates
and constraints on R∗ for different tracers, see [19].

The Galileon operator G2 is defined as:

G2(Φg) ≡ (∂i∂jΦg)
2 − (∂2

i Φg)
2, (2.7.2)

where Φg is the gravitational potential. The only cubic operator that con-
tributes non trivially to the one-loop power spectrum is:

Γ3 ≡ G2(Φg)− G2(Φv), (2.7.3)

where Φv is the velocity potential, which, in linear theory, is identical to Φg,
but they differ at higher-order perturbations.

For further details on the definition of G3 and the derivation of the full
bias expansion, please refer to [20].

Power Spectrum Corrections

Using the above expansion, the one-loop galaxy power spectrum is given by:

Pgg(z, k) = b21(z) (PL(z, k) + P1−loop,SPT(z, k)) + b1(z)b2(z)Iδ2(z, k)

+ 2b1(z)bG2(z)IG2(z, k) + b1(z)

(
2bG2(z) +

4

5
bΓ3(z)

)
FG2(z, k)

+
1

4
b22(z)Iδ2δ2(z, k) + b2G2

(z)IG2G2(z, k) + b2(z)bG2(z)Iδ2G2
(z, k)

+ P∇2δ(z, k) + Pϵϵ(z, k), (2.7.4)

This expression requires calculating various integrals, including the linear
power spectrum and the kernel function F2.

It is worth noting that contributions from operators like δ3, δG2, and G3

vanish after renormalization, so the bias parameters b3, bδG2 , and bG3 do not
appear in Eq. (2.7.4). Renormalization is the process of absorbing divergent
or redundant contributions into redefined parameters, ensuring that only
physically meaningful quantities remain in the final expressions. This means
that higher-order bias terms that are not independent after loop corrections
can be systematically removed or absorbed into lower-order bias parameters.
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Next, we examine the effects of redshift-space distortions (RSD) on the
galaxy power spectrum. RSD arise due to the peculiar velocities of galax-
ies along the line of sight, which cause distortions in the observed galaxy
positions in spectroscopic surveys. To model these distortions, we assume
the flat-sky plane-parallel approximation, which simplifies the geometry of
the problem. In this approximation, the redshift-space mapping can be fully
characterized by the projection of the 3D galaxy distribution onto the 2D
sky plane. Specifically, the mapping is described by the cosine of the angle
between the line-of-sight ẑ and the wavevector k of a given Fourier mode,
given by µ ≡ (ẑ ·k)/k. This quantity µ represents the directional component
of the wavevector along the line of sight, which is crucial for understanding
how redshift-space distortions influence the observed power spectrum. The
redshift-space distortions depend on both the position of the galaxy in real
space and its peculiar velocity along the line of sight, affecting the overall
shape and amplitude of the power spectrum. Under this assumption, the
one-loop redshift-space power spectrum is given by (see [21, 22]):

Pgg, RSD(z, k, µ) = Z2
1(k)PL(z, k) + 2

∫
q

Z2
2(q,k− q)PL(z, |k− q|)PL(z, q)

+ 6Z1(k)PL(z, k)

∫
q

Z3(q,−q,k)PL(z, q)

+ Pctr, RSD(z, k, µ) + Pϵ,RSD(z, k, µ), (2.7.5)

where
∫
q
=
∫

d3q
(2π)3

.
The redshift-space kernels are given by:

Z1(k) = b1 + fµ2, (2.7.6)

commonly referred as Kaiser factor,

Z2(k1,k2) =
b2
2
+ bG2

(
(k1 · k2)

2

k2
1k

2
2

− 1

)
+ b1F2(k1,k2) + fµ2G2(k1,k2)

+
fµk

2

(
µ1

k1
(b1 + fµ2

2) +
µ2

k2
(b1 + fµ2

1)

)
, (2.7.7)

Z3(k1,k2,k3) = 2bΓ3

[
(k1 · (k2 + k3))

2

k2
1(k2 + k3)2

− 1

]
[F2(k2,k3)−G2(k2,k3)]

+ b1F3(k1,k2,k3) + fµ2G3(k1,k2,k3) +
(fµk)2

2
(b1 + fµ2

1)
µ2µ3

k2k3

+ fµk
µ3

k3

[
b1F2(k1,k2) + fµ2

12G2(k1,k2)
]
+ fµk(b1 + fµ2

1)
µ23

k23
G2(k2,k3)
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+ b2F2(k1,k2) + 2bG2

[
(k1 · (k2 + k3))

2

k2
1(k2 + k3)2

− 1

]
F2(k2,k3)

+
b2fµk

2

µ1

k1
+ bG2fµk

µ1

k1

[
(k2 · k3)

2

k2
2k

2
3

− 1

]
, (2.7.8)

where k = k1 + k2 + k3.
It is important to note that Z3(k1,k2,k3) only includes the bias parameters
that contribute non trivially to the redshift-space one-loop power spectrum,
and it must be symmetrized over its momentum arguments when used in Eq.
(2.7.5).
For clarity, the time dependence of f and the biases is omitted here.

Now, let’s consider the final terms in Eq. (2.7.5). The leading countert-
erm contributions in redshift space can be seen as a simple generalization of
the dark matter sound speed [21]:

Pctr, RSD,∇2δ(z, k, µ) =− 2c̃0(z)k
2PL(z, k)− 2c̃2(z)f(z)µ

2k2PL(z, k)

− 2c̃4(z)f
2(z)µ4k2PL(z, k), (2.7.9)

where c̃0(z), c̃2(z), and c̃4(z) are quantities that are expected to be of similar
magnitude to the real-space dark matter sound speed in units of [Mpc/h]2.

Due to the Finger of God effect [23], certain counterterms can be more
significant for some tracers than initially expected. This effect is caused
by the peculiar velocities of galaxies within clusters, resulting in distortions
along the line of sight in redshift space. These distortions, especially at
small scales, contribute to the non-linearities in the galaxy distribution. It is
induced by higher-derivative terms in the non-linear redshift space distortion
mapping. To account for this, an additional counterterm proportional to
k4µ4PL(z, k) can be included as a proxy for these higher-order contributions
caused by peculiar motions:

Pctr, RSD,∇4
zδ
(z, k, µ) = −c̃(z)f 4(z)µ4k4

(
b1(z) + f(z)µ2

)2
PL(z, k), (2.7.10)

We emphasize that including this term is crucial for fitting the data or the
results from N-body simulations, especially when Finger of God effects are
pronounced.
The full counterterm contribution is given by
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Pctr, RSD(z, k, µ) = Pctr, RSD,∇2δ(z, k, µ) + Pctr, RSD,∇4
zδ
(z, k, µ), (2.7.11)

and depends on four free functions of time c̃0(z), c̃2(z), c̃4(z), and c̃(z).
Finally, the stochastic power spectrum in redshift space at next-to-leading

order in the derivative expansion is given by

Pϵϵ,RSD(z, k, µ) = Pshot(z) + a0(z)k
2 + a2(z)µ

2k2, (2.7.12)

where Pshot describes constant shot noise, and the additional two terms are
scale-dependent shot noise contributions to the monopole and the quadrupole.
The coefficients a0 and a2 are time-dependent, and the k and µ dependence
of the stochastic power spectrum is simple. Note that the pair-counting
Poissonian contribution 1/n̄ is often subtracted from the power spectrum es-
timator, but it is important to retain the residual constant Pshot in the model
to account for deviations from the Poissonian prediction.

While all terms should be included in a data analysis for consistency, some
contributions are quite degenerate at the galaxy power spectrum level. For
example, the Pctr, RSD,∇4

zδ
counterterm is degenerate with the a2µ

2k2 stochas-
tic contribution due to the slope of the linear power spectrum on mildly
non-linear scales. Thus, for precision, one can choose to retain only one of
the two terms. As shown in Ref. [24], the a0 contribution can be neglected
for scales where k ≲ 0.3h/Mpc.

We have now presented the perturbation theory model for the redshift-
space power spectrum, keeping the full k and µ dependence. However, it is
often more convenient to summarize the full angular information in a few
multipoles, using the relation:

Pgg, RSD(z, k, µ) =
∑
ℓ even

Lℓ(µ)Pℓ(z, k), (2.7.13)

where Lℓ(µ) are Legendre polynomials. The galaxy power spectrum multi-
poles are then defined as

Pℓ(z, k) ≡
2ℓ+ 1

2

∫ 1

−1

dµLℓ(µ)Pgg, RSD(z, k, µ), (2.7.14)

and their detailed expressions can be found in [18].
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Bispectrum Corrections

Analogously, for the tree-level bispectrum in redshift space, we replace F2 →
Z2 and PL → Z1PL in Eq. (2.4.17), resulting in:

B(k1,k2,k3) = 2Z2(k1,k2)Z1(k1)Z1(k2)PL(k1)PL(k2) + 2 cyc. (2.7.15)

For more details on the stochastic and counterterm corrections, we refer the
reader to [25]. In this work, we only include the stochastic contribution:

Bstoch(k1,k2,k3) = Z1(k1)
P11(k1)

n̄

(
b1Bshot + fµ2(1 + Pshot)

)
+

1 + Ashot

n̄2
+ cyc,

(2.7.16)

where Ashot, Bshot, and Pshot are free O(1) shot-noise parameters that account
for deviations from Poissonian stochasticity.
It is important to note that mathematical consistency requires the parameter
Pshot to be the same as the one appearing in the power spectrum model.

2.8 Primordial Non-Gaussianity

In this section, we briefly discuss how primordial non-Gaussianity (PNG) can
be incorporated, which is an important feature for addressing key questions
about inflation, such as: how many degrees of freedom were responsible for
generating density fluctuations, and how fast did these degrees of freedom
propagate? The simplest observable signature of PNG is the bispectrum,
Bζ , of the primordial metric curvature perturbation ζ. Due to the transla-
tional and rotational invariance, Bζ depends only on the moduli of the three
momenta, k1, k2, and k3, which form a closed triangle. A bispectrum that
peaks at squeezed triangles, k1 ≪ k2 ≈ k3, is a typical signature of particle
interactions in multi-field inflation, where multiple degrees of freedom are
light during inflation. This type of PNG is referred to as ”local” PNG. In
contrast, a bispectrum peaking at equilateral triangles (k1 ≈ k2 ≈ k3) or
flattened triangles (k1 ≈ k2 ≈ k3/2) is a characteristic feature of interac-
tions in single-field inflation, which involves only one degree of freedom (the
inflaton). This kind of non-local primordial non-Gaussianity (NLPNG) can
be described as a linear combination of two basis shapes, equilateral and
orthogonal [26], with amplitudes f equil

NL and f ortho
NL , respectively.

-61-



2.8. Primordial Non-Gaussianity

In this work, we focus on NLPNG. Symmetries of inflation also establish
a relationship between the inflaton’s speed of sound and the strength of the
nonlinear interactions that generate NLPNG [27]. This relationship allows
one to constrain the propagation speed of the inflaton from the observed level
of NLPNG. Analysis of CMB data, particularly from the Planck 2018 mission,
provides the following constraints: f equil

NL = −26± 47 and f ortho
NL = −38± 24

(both at 68% confidence level) [28].
In principle, tighter constraints can be obtained from upcoming galaxy sur-
veys, though analyzing this data is more complex due to the weak effect
of PNG in the galaxy distribution, which is overlaid on an intrinsic late-
time non-Gaussian signal generated by the nonlinear clustering of matter.
The dominant effect of NLPNG on galaxy clustering is a specific shape de-
pendence in the galaxy bispectrum, which also modifies the power spectra
through loop corrections.

A general single-field Lagrangian for the inflaton perturbation π with
leading interactions up to cubic order is given by [27]

S =

∫
d4x

√
−g

[
−M2

PlḢ

c2π,s

(
π̇2 − c2π,s

(∂iπ)
2

a2

)
−M2

PlḢ(1− c−2
π,s)π̇

(∂iπ)
2

a2

(2.8.1)

+

(
M2

PlḢ(1− c−2
π,s)−

4

3
M4

3

)
π̇3

]
,

with the scalar perturbation π being related to the curvature perturbation
ζ = −Hπ. The higher order interactions of the inflaton field give rise to a
primordial bispectrum for the curvature perturbation Bζ(k1, k2, k3) that can
be expressed using a linear combination of the orthogonal and equilateral
templates. We define

Bζ(k1, k2, k3) =
18

5
fNL∆

4
ζ

S(k1, k2, k3)

k2
1k

2
2k

2
3

, (2.8.2)

with the equilateral and orthogonal templates defined as [26]

Seq(k1, k2, k3) =

(
k1
k2

+ 5 perms.

)
−
(

k2
1

k2k3
+ 2 perms.

)
− 2, (2.8.3)

Sort(k1, k2, k3) = (1 + p)
∆

e3
− p

Γ3

e23
, (2.8.4)
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where p = 8.52587, ∆ = (kT − 2k1)(kT − 2k2)(kT − 2k3),

kT = k1 + k2 + k3, e2 = k1k2 + k1k3 + k2k3, e3 = k1k2k3, (2.8.5)

Γ =
2

3
e2 −

1

3

(
k2
1 + k2

2 + k2
3

)
.

The PNG affects the late-time dark matter distribution, inducing an addi-
tional bispectrum term given by

⟨δ(1)δ(1)δ(1)⟩ = fNLB111(k1, k2, k3)(2π)
3δD(k123), (2.8.6)

with

fNLB111(k1, k2, k3) = T (k1)T (k2)T (k3)Bζ(k1, k2, k3), (2.8.7)

where we have introduced the transfer function

T (k) ≡ δ(1)(k)

ζ(k)
=

(
P11(k)

Pζ(k)

)1/2

. (2.8.8)

Notice that this can be easily calculated via the definition of the power spec-
trum of initial fluctuations:

Pζ(k) = ∆2
ζk

−3

(
k

k∗

)ns−1

. (2.8.9)

Analysis of Planck data finds ∆2
ζ ≃ 4.1× 10−8, ns ≃ 0.96 for the pivot scale

k∗ = 0.05Mpc−1 [29].
The initial bispectrum also enters the 1-loop galaxy power spectrum through
the 1-2 term:

fNLP12(k) = 2fNLZ1(k)

∫
q

Z2(k− q,q)B111(k, q, |k− q|), (2.8.10)

where Z1,2 are linear and quadratic galaxy redshift-space kernels (see Sec-
tion 2.7). In addition, non-local PNG modulates galaxy formation, which is
captured by the scale-dependent galaxy bias:

δg = Z1δ + fNLbζ

(
k

kNL

)2

ζ + nonlinear, (2.8.11)
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where bζ is an order-one PNG linear bias coefficient, and kNL represents the
nonlinear scale. The value of kNL is conventionally determined by requiring
that the dimensionless power spectrum satisfies

∆2(kNL) = P11(kNL)
k3
NL

2π2
= 1. (2.8.12)

We obtain kNL ≈ 0.5 h Mpc−1 at the relevant redshift z ≃ 0.5. This definition
provides an estimate of the transition scale between the linear and nonlinear
regimes. Physically, it corresponds to the scale at which density fluctuations
become of order unity, marking the breakdown of perturbation theory.

Thus, the final model for the galaxy power spectra and bispectra in red-
shift space is

Pg(k) = Pg,G(k) + fNL

(
P12(k) + 2bζZ1(k)

k2

k2
NL

PL(k)

T (k)

)
, (2.8.13)

Bg(k1,k2,k3) =Bg,G(k1,k2,k3)+

fNLZ1(k1)Z1(k2)Z1(k3)B111(k1, k2, k3), (2.8.14)

where Pg,G and Bg,G are the standard Gaussian power spectrum and bispec-
trum models. In this work, we will assume that the following relation holds
for the primordial non-Gaussian bias and the linear bias

bζ =
18

5
δc(b1 − 1), (2.8.15)

motivated by the peak-background split argument [30], with δc being the
critical overdensity for the spherical collapse.
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Chapter 3

The Marked Density Field

Galaxy surveys have advanced significantly in recent years, allowing for the
study of the large-scale structure (LSS) of the Universe with unprecedented
precision. In particular, current and upcoming LSS observations will provide
access to a wealth of new cosmological information from non-linear scales in
the galaxy density field.

In the previous sections, we established that the primary method of ex-
tracting information from the density contrast field is through the two-point
correlator, namely the power spectrum P (k). At early times, deviations from
Gaussianity in the Universe are minimal, making the power spectrum a suf-
ficient statistic that captures nearly all cosmological information. However,
at later times, non-linear effects become prominent, leading to significant de-
viations from Gaussianity and redistributing information into higher-order
statistics. To address this, two main approaches can be taken: (1) extending
the analysis to higher-order statistics beyond the power spectrum, thereby
incorporating non-Gaussian information; or (2) transforming the density field
to construct an alternative two-point statistic that encodes this additional
information. In the first case, the lowest-order extension is the three-point
correlator, or bispectrum. The bispectrum has been extensively studied in
the literature, e.g. [31, 25], but its application in cosmological parameter in-
ference remains challenging. A key issue is that the bispectrum retains most
of its information only at mildly non-linear scales. Extending the analysis
to even higher-order moments, while desirable, presents significant compu-
tational challenges, particularly in realistic data analysis scenarios where
evaluating covariances and including observational effects, such as window
functions, is crucial.
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An alternative approach is to apply transformations to the density field,
which have been shown to effectively map higher-order information into two-
point correlators. One such transformation that has gained considerable
attention is the marked density field, a weighted version of the density field
where the weight (or ”mark”) can encode various physical properties, such as
galaxy attributes, halo merger history, or—as in this work—the local envi-
ronmental density. Recent studies have demonstrated that the marked power
spectrum can provide stronger cosmological constraints, particularly on neu-
trino mass [32] and modified gravity models [33], compared to the standard
power spectrum. This enhanced constraining power arises from two key
factors as emphasized in previous works [33, 34, 35, 36, 37] . First, by cor-
relating the density field with its environment, the marked power spectrum
effectively incorporates information from higher-order correlation functions.
Second, the mark can be designed to up-weight low-density regions, which
are expected to retain much of their initial cosmological information due
to their reduced non-linear evolution. Additionally, low-density regions con-
tribute minimally to the conventional power spectrum, making their inclusion
particularly valuable.

Modeling marked statistics is, however, non-trivial. Most approaches in-
volve non-linear transformations of the density field, whether for matter or
biased tracers. These transformations must typically be expanded as a Taylor
series to facilitate perturbative analysis. This poses difficulties, as the den-
sity field itself is inherently non-linear, and series convergence is not always
guaranteed unless the field is sufficiently smoothed. The marked density con-
trast field, however, satisfies this criterion, as the weighting function—and
hence its Taylor expansion—depends solely on the smoothed density field,
whose variance can be parametrically controlled.
In this work, we follow [35] and present the one-loop perturbative descrip-
tion of the marked power spectrum M(k) for general tracers in both real and
redshift space, adding more details on its numerical implementation. Fur-
thermore, we extend the results of [38], which incorporated primordial non-
Gaussianity (PNG) into the perturbative description of the marked power
spectrum in real space, to redshift space. These theoretical developments
will be utilized in the next chapter to perform a Fisher matrix analysis.
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3.1 Initial definitions

We begin with the definition of the marked density field,

ρM(x) = m(x)n(x) = m(x) n̄ [1 + δ(x)] (3.1.1)

where n̄ = ⟨n(x)⟩ is the average density and δ(x) is the usual density contrast
field. This applies in a general sense and can be used for any quantity,
whether it’s matter or biased tracers, and in real- or redshift-space.

As in [32], we define the mark m(x) as:

m(x) =

(
1 + δs

1 + δs + δR(x)

)p

, (3.1.2)

where δR(x) is the density contrast field smoothed on scale R. It is the con-
volution of the smoothing kernel WR with the unsmoothed density contrast
field δ(x), given by:

δR(x) =

∫
d3x′ WR(x− x′)δ(x′)

=

∫
d3x′ WR(x− x′)

(
ρ(x′)− ρ̄

ρ̄

)
=

1

ρ̄

(∫
d3x′WR(x− x′)ρ(x′)− ρ̄

∫
d3x′ WR(x− x′)

)
, (3.1.3)

where the first term inside the parentheses represents the convolution of the
window function WR(x−x′) with the unsmoothed density ρ(x′), which gives
the smoothed density ρR(x). The second term represents the integral over
the kernel WR(x−x′), which we assume to be normalized in order to preserve
the mean density ρ̄: ∫

d3x′ WR(x− x′) = 1.

Thus, the final expression for the smoothed density contrast is:

δR(x) =
ρR(x)− ρ̄

ρ̄
. (3.1.4)
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Next, we work in Fourier space, where we use a Gaussian window function
WR(k) = e−k2R2/2.1 . In this case, the relation between the smoothed and
unsmoothed density contrast fields becomes:

δR(k) = WR(k)δ(k). (3.1.5)

The exponent p, the offset δs and the smoothing R of the mark are model
hyperparameters. The case where δs → 0 is particularly insightful, as it leads
to m(x) → [ρ̄/ρR(x)]

p. In this scenario, it’s evident that positive values of p
increase the weight of points in low-density regions, while negative values of
p give more weight to points in high-density areas. An example of the effects
of the application of the mark can be seen in Fig. 3.1. It’s worth noting
that enhancing the weight in low-density regions is conceptually similar to
studying the properties of voids, which are often used as probes for modified
gravity (e.g., [39]), but without the need to identify voids.
To convert Eq. (3.1.1) into a contrast density field, we first need to compute
the mean density. This is given by:

⟨ρM(x)⟩ = ⟨n(x)m(x)⟩ = n̄m̄, (3.1.6)

where we have defined m̄ = ⟨n(x)m(x)⟩
⟨n(x)⟩ , which represents the average of m(x)

weighted by the number density field n(x) and that can be measured from
simulations or data.
So, the marked density contrast field is given by:

δM(x) ≡ ρM(x)− ⟨ρM⟩
⟨ρM⟩

=
1

m̄
m(x) [1 + δ(x)]− 1. (3.1.7)

3.2 Perturbative Framework

We proceed by expanding the marked contrast density field in powers of
the linear density field δ(1)(x), which will enable us to compute the power
spectra perturbatively. Our goal is to develop a theory at one-loop accuracy,
which requires an expansion up to third order in δ(1)(x). To achieve this,

1The Gaussian window function is chosen due to its smoothness and suppression of
small-scale fluctuations, efficient Fourier transform properties (the Fourier transform of a
Gaussian is also a Gaussian), and its ability to reduce ultraviolet (UV) divergences, which
improves the convergence of perturbation theory.
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Figure 3.1: Projections in a region of 500 × 250 × 20 (h−1Mpc)3 of a sim-
ulation with fiducial cosmology at z = 0. Top panel shows the projected
matter density field and bottom panel displays the marked density field with
parameters R = 10h−1Mpc, p = 2, and δs = 0.25. Here we show how the
large-scale structure looks like in a marked field with positive p: high density
regions are down weighted, while low density regions are up-weighted. Image
taken from [32].
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we approximate the mark m(x) using its Taylor series expansion in terms of
δR(x).

m(x) = 1− p

1 + δs
δR(x) +

p(p+ 1)

2(1 + δs)2
δ2R(x)−

p(p+ 1)(p+ 2)

6(1 + δs)3
δ3R(x) +O(δ4R)

≡ 1− C1δR(x) + C2δ
2
R(x)− C3δ

3
R(x) +O(δ4R), (3.2.1)

where the coefficients Cn ≡
(
p+n−1
p−1

)
(1+ δs)

−n encapsulate the dependence on
the mark parameters p and δs. This decomposition, along with all subsequent
formulas, is applicable to any mark function that depends solely on δR, with
the Taylor coefficients {Cn} suitably defined. The condition for the Taylor
expansion to converge is: ∣∣∣∣ δR(x)1 + δs

∣∣∣∣ < 1. (3.2.2)

Since the fluctuation scale of δR is the usual variance σ2
RR(z) = ⟨δ2(x)⟩,

convergence is expected if:

σRR(z) ≲ (1 + δs). (3.2.3)

At high redshifts, where σRR(z) is small, convergence is expected for δs ≲ 0,
though this is not guaranteed at later times, and will depend on the choice
of R and δs.

2 For biased tracers in real space, assuming R is large enough,
we can approximate δR(z) ∼ b1(z)D(z) for linear bias b1 and growth factor
D(z), leading to the condition:

b1(z)D(z)σRR(0) < 1 + δs. (3.2.4)

Here, σRR(0) represents the variance of the matter field on scale R at red-
shift zero. For most biased tracers, b1(z) > 1, making this a stricter bound
compared to matter, and it is not necessarily alleviated by moving to higher
redshift. Additionally, for (angle-averaged) biased tracers in redshift space,
the condition becomes even more stringent:

(
b21(z) +

2

3
f(z)b1(z) +

1

5
f 2(z)

)1/2

D(z)σRR(0) < 1 + δs, (3.2.5)

2Technically, R must be at least as large as the non-linear scale k−1
NL when δs = 0, with

a less stringent condition as δs increases.
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where f(z) is the growth rate, which is scale-independent in ΛCDM cosmolo-
gies without massive neutrinos.

Using the expansion of the mark (3.2.1), the marked density contrast field
(3.1.7) can be written as:

δM(x) =
1

m̄
[1 + δ(x)]

[
1− C1δR(x) + C2δ

2
R(x)− C3δ

3
R(x)

]
− 1 +O(δ4)

(3.2.6)
Now, we express this in terms of powers of the linear density field δ(1). To
do this, we first expand δ(x) and δR(x) perturbatively as:

δ(x) = δ(1)(x) + δ(2)(x) + δ(3)(x) +O
[
δ(4)(x)

]
, (3.2.7)

δR(x) = δ
(1)
R (x) + δ

(2)
R (x) + δ

(3)
R (x) +O

[
δ
(4)
R (x)

]
, (3.2.8)

Additionally, from Eq. (3.1.5), we know that δ
(n)
R (k) = WR(k)δ

(n)(k). Using
these with the Taylor expansion of the mark (3.2.1), the marked density
contrast field (3.1.7) becomes:

δM(x) ≡
(

1

m̄
− 1

)
+

1

m̄

(
δ
(1)
M (x) + δ

(2)
M (x) + δ

(3)
M (x)

)
, (3.2.9)

with:

δ
(1)
M (x) =

[
δ(1) − C1 δ

(1)
R

]
(x)

δ
(2)
M (x) =

[
δ(2) − C1 δ

(2)
R − C1 δ

(1)
R δ(1) + C2 δ

(1)
R δ

(1)
R

]
(x)

δ
(3)
M (x) =

[
δ(3) − C1 δ

(3)
R − C1 δ

(2)
R δ(1) − C1 δ

(1)
R δ(2) + 2C2 δ

(1)
R δ

(2)
R

+C2δ
(1)
R δ

(1)
R δ(1) − C3δ

(1)
R δ

(1)
R δ

(1)
R

]
(x).

(3.2.10)

In Fourier space, where we follow the convention established in Chapter 2,
these products can be expressed as convolutions, defined by:

[X ∗ Y ](k) =

∫
p

X(p)Y (k− p),

[X ∗ Y ∗ Z](k) =

∫
p1,p2

X(p1)Y (p2)Z(k− p1 − p2),

(3.2.11)
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where we again use the integral notation
∫
p
=
∫

d3p
(2π)3

. Remembering also the

Eq. (3.1.5), we obtain:

δM(k) ≡ (2π)3δD(k)

(
1

m̄
− 1

)
+

1

m̄
δ
(1)
M (k) + δ

(2)
M (k) + δ

(3)
M (k), (3.2.12)

with

δ
(1)
M (k) = [1− C1WR(k)] δ

(1)(k)

δ
(2)
M (k) = [1− C1WR(k)] δ

(2)(k)− C1

[
δ(1) ∗ δ(1)R

]
(k) + C2

[
δ
(1)
R ∗ δ(1)R

]
(k)

δ
(3)
M (k) = [1− C1WR(k)] δ

(3)(k) + 2C2

[
δ
(1)
R ∗ δ(2)R

]
(k)− C3

[
δ
(1)
R ∗ δ(1)R ∗ δ(1)R

]
(k)

− C1

[
δ(1) ∗ δ(2)R

]
(k)− C1

[
δ(2) ∗ δ(1)R

]
(k) + C2

[
δ(1) ∗ δ(1)R ∗ δ(1)R

]
(k)

(3.2.13)
To proceed, we require expressions for δ(n) in terms of the linear spectrum
δ(1). Assuming Einstein-de-Sitter (EdS) kernels, these take the standard form

δ(n)(k) ≡
∫
k1...kn

Zn(k1, ...,kn) δ
(1)(k1)...δ

(1)(kn)×(2π)3δD (k1 + ...+ kn − k) ,

(3.2.14)
where the Zn kernels are the redshift space kernels seen in Sec. (2.7), and we
adopt the shorthand

∫
k1..kn

≡ (2π)−3n
∫
dk1...

∫
dkn. Note that we have still

assumed nothing about the form of the input field δ, thus the expressions
in this section are relevant to any tracer with complexities such as redshift-
space distortions (RSD) only appearing in the {Zn} kernels. Moreover, it
is important to emphasize that we apply the mark transformation to the
redshift-space field, rather than introducing redshift-space distortions (RSD)
to the already marked field. This approach is justified, as the redshift-space
field represents the directly observable quantity.
Inserting this definition into (3.2.13) gives analogous kernels, {Hn}, for the
marked field, i.e.

δ
(n)
M (k) ≡

∫
k1...kn

Hn(k1, ...,kn) δ
(1)(k1)...δ

(1)(kn)× (2π)3δD (k1 + ...+ kn − k)

From these expansions, we can easily compute summary statistics, such as
the marked power spectrum, by using Wick’s theorem to evaluate products
of δ(1) fields. Just as for the unmarked case results (see Eq. 2.7.5), we obtain

m̄2M(k) = m̄2|δM(k)|2 ≡ M11(k) + 2M13(k) +M22(k) (3.2.15)
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3.2. Perturbative Framework

M11(k) = H2
1 (k)PL(k)

M13(k) = 3H1(k)PL(k)

∫
p

H3(p,−p,k)PL(p)

M22(k) = 2

∫
p

|H2(p,k− p)|2PL(p)PL(|k− p|)

(3.2.16)

where PL(k) is the linear power spectrum, i.e. ⟨δ(1)(k)δ1(−k)⟩.
The kernels are given by:

H1(k) = CδM (k)Z1(k)

H2(k1,k2) = CδM (k)Z2(k1,k2) + Cδ2M
(k1, k2)Z1(k1)Z1(k2)

H3(k1,k2,k3) = CδM (k)Z3(k1,k2,k3) + 2Cδ2M
(k1, k23)Z1(k1)Z2(k2,k3)

+ Cδ3M
(k1, k2, k3)Z1(k1)Z1(k2)Z1(k3),

(3.2.17)
where k =

∑
i ki, kij = |ki + kj|, k = |k|, and the H3 kernel should properly

be symmetrized over its arguments. The functions behind Z kernels are
defined as:

CδM (k) = 1− C1WR(k)

Cδ2M
(k1, k2) = C2WR(k1)WR(k2)−

1

2
C1[WR(k1) +WR(k2)]

Cδ3M
(k1, k2, k3) = −C3WR(k1)WR(k2)WR(k3)

+
1

3
C2[WR(k2)WR(k3) +WR(k3)WR(k1) +WR(k1)WR(k2)],

(3.2.18)
which are simply the coefficients of an expansion of δM(k) in powers of the
full δ(k) field, i.e.;

m̄ δM(k) ≡
∞∑
n=1

∫
k1...kn

CδnM
(k1, ..., kn)δ(k1)...δ(kn)×(2π)3δD (k1 + ...+ kn − k) .

(3.2.19)

The linear spectrum M11 is simply equal to that of the unmarked field,
P11 = Z2

1(k)PL(k) damped by the function C2
δM

(k). Notably, this damp-
ing prefactor appears in any Hn term proportional to Zn, and sources a
marked spectrum contribution proportional to C2

δM
(k)P (k) for non-linear

power spectrum P (k). This has important consequences for evaluation of
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3.3. Biases, Counterterms and Shot-Noise

the theory: third order contributions to δ appear only in the term propor-
tional to P (k), thus for the remaining terms we can work to second order
in δ, i.e. considering only Z1 and Z2. In this work, we will compute terms
proportional to P (k) using the FFTLog algorithm, via the publicly available
CLASS-PT package (see Appendix Sec. A.3), including the inbuilt infra-red
resummation procedure. In a following section, we consider simplifications
of the above expressions in order to evaluate them numerically.

The one-loop terms can all be written as even polynomials in µ (the angle
cosine between k and the line-of-sight (LoS) vector n̂). For comparison to
data, it is usually more convenient to express the function as a set of Legendre
multipoles, Mℓ(k), i.e.,

M(k, µ) ≡
∑
n

M̃n(k)µ
2n ≡

∑
ℓ

Mℓ(k)Lℓ(µ), (3.2.20)

and the even Legendre moments Mℓ are given in terms of M̃n by

Mℓ(k) =
∑
n

M̃n(k)
2ℓ+ 1

2

∫ 1

−1

Lℓ(µ)µ
2ndµ

where {Lℓ(µ)} are the Legendre polynomials. To compute Mℓ(k), we thus
only need expressions for M(k) as an expansion in powers of µ2.

3.3 Biases, Counterterms and Shot-Noise

To evaluate Eq. (3.2.15), we need to use the Zn kernels, which require a bias
expansion for biased tracers. Following Ref. [40], we employ a third-order
expansion:

δg(x) = b1δ(x) +
b2
2
δ2(x) + bG2 [G2](x) + bΓ3 [Γ3](x). (3.3.1)

This expansion includes all terms relevant for the one-loop power spectrum.
It is worth noting that, unlike the expansion presented in the previous chapter
(2.7.1), the term involving R∗ is omitted. However, in the final analysis, its
effects can be considered as absorbed into the counterterms that will be
introduced next. For simplicity, we set bΓ3 to zero, as it was found to be
highly degenerate with bG2 in the BOSS analysis [40], which uses similar
volumes to the simulations in this work. This expansion is done in terms of
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3.3. Biases, Counterterms and Shot-Noise

renormalized operators [20], which, at second order, are related to the usual
fields via:

[δ2](x) = δ2(x)− σ2, [G2](x) = G2(x). (3.3.2)

Here, σ2 represents the variance of the unsmoothed density field δ(x), defined
as:

σ2 =

∫
p

PL(p), (3.3.3)

which depends on the ultraviolet (UV) cutoff of the theory. By subtracting
this term, we ensure that ⟨δg⟩ = 0 at the loop level. This renormalization step
removes the contribution from large-scale fluctuations and guarantees that
only the short-scale fluctuations contribute to the power spectrum, keeping
the theory physically consistent. So, the new operator [δ2](x) is now well-
defined and represents only the relevant short-scale fluctuations. For our
purposes, we neglect the third-order terms in the bias expansion since they
do not contribute any new information to the power spectrum. They only
renormalize the well-known terms in P (k), which are already included in the
standard models of the power spectrum.
When considering only the unmarked power spectrum, the σ2 term in [δ2]
can be neglected, since it gives only a zero-lag contribution (i.e. at k = 0);
here, greater caution is needed since the marked theory contains products
of operators evaluated at the same location. In Fourier space, its inclusion
leads to the redefinition

δg(k) → δg(k)−
b2
2
σ2(2π)3δD(k), (3.3.4)

Indeed, using the convolution theorem, the Fourier transform of the product
δ2(x) in real space becomes a convolution in Fourier space:

δ2(k) =

∫
p

δ(p)δ(k− p), (3.3.5)

The expectation value of δ2(k) is:

⟨δ2(k)⟩ =
∫
p

⟨δ(p)δ(k− p)⟩, (3.3.6)
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where
⟨δ(p)δ(k− p)⟩ = (2π)3δD(k)PL(p), (3.3.7)

and so,

⟨δ2(k)⟩ =
∫
p

(2π)3δD(k)PL(p). (3.3.8)

The Dirac delta function δD(k) ensures that this term contributes only at
k = 0. Thus:

⟨δ2(k)⟩ = (2π)3δD(k)

∫
p

PL(p) = (2π)3δD(k)σ
2. (3.3.9)

Removing this term ensures that the mean of the density contrast field ⟨δg⟩ =
0 is preserved. Similarly, for the marked field

δ
(2)
M (k) → δ

(2)
M (k)− b2

2
σ2CδM (k)(2π)3δD(k),

δ
(3)
M (k) → δ

(3)
M (k)− b2σ

2Cδ2M
(k, 0)δ(1)(k).

(3.3.10)

As discussed below, properly including the δ
(3)
M (k) contribution is crucial for

the UV-safety of the one-loop M(k) theory.
Now, let’s discuss the effects of small-scale physics on the M(k) model.

We have seen in Sec. (2.6) that, for unmarked matter at one-loop order,
the introduction of a third-order counterterm δ(ct)(k) = −c2sk

2δ(1)(k) in the
expansion δ(k), captures the UV-dependence of P13(k), and accounts for
the backreaction of short-scale physics on long-wavelength modes. Ref. [35]
showed that this c2s counterterm was the only one needed to capture the UV
divergences of the one-loop M(k) theory in real-space; equivalently, all other
terms are manifestly convergent for hard loop momenta p ≫ k due to the
presence of smoothing windows that depend on the physical scale R used
in the definition of the mark. Given that the expansion of δM(k) includes
at most one unsmoothed δ(k) field, this result holds at arbitrary loop or-
der. Consequently, all potential UV divergences originate solely from terms
in P (k), implying that the marked theory does not require any additional
counterterms beyond those already present in the unmarked theory.3

Moreover, since the terms involving P (k) consistently appear in the combi-
nation m̄2M(k) ∝ C2

δM
(k)P (k), the relevant counterterm for M(k) is

3This assumes that the smoothing scale R−1 is much smaller than the cut-off scale.
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3.3. Biases, Counterterms and Shot-Noise

M real
ct (k) = −2c2sk

2C2
δM

(k)PL(k) (3.3.11)

in real-space, where c2s strictly depends on redshift.
For biased tracers in redshift-space the counterterm structure of P (k) ≡

P (k, µ) is somewhat more complex. Here, we follow Ref. [40], and use

Mct,ℓ(k) = −2c2ℓk
2C2

δM
(k)PL(k), (3.3.12)

for the multipole counterterms. The reason for keeping two distinct free co-
efficients is that they account for different loops and capture distinct physical
effects. Specifically, the higher-derivative bias primarily affects ℓ = 0, while
the fingers-of-God effect dominates at ℓ = 2; both effects exhibit a leading-
order k2 scaling. We also include an additional higher-order counterterm

Mct,NLO(k) = c̃(kfu)4 × C2
δM

(k)Z2
1(k)PL(k), (3.3.13)

where f is the growth rate; this accounts for the next order contribution
of FoG.4 A comprehensive analysis of the ultraviolet (UV) behavior of the
unbiased real-space loop integrals is presented in Ref. [35]. For the more
general case, it is sufficient to note that the additional divergences take the
form:

M13(k) ⊃ 2CδM (k)Cδ2M
(k, 0)Z2

1(k)PL(k)

∫
p

b2
2
PL(p) (3.3.14)

M22(k) ⊃
b22
2
C2

δM
(k)

∫
p

PL(p)PL(|k− p|)

=
b22
2
C2

δM
(k)

∫
p

[
PL(p)PL(|k− p|)− P 2

L(p)
]

+
b22
2
C2

δM
(k)

∫
p

P 2
L(p) (3.3.15)

The divergence in M13 is eliminated when the properly renormalized bias
operators are included (3.3.10). On the other hand, the second term contains
a divergent component in the final line, which is also present in P (k). This

4Any FoG kernel is a function of (kµσv)
2 for some velocity dispersion σ2

v ; our approach
is to take the terms in its Taylor expansion allowing the coefficients to be free; this is more
general than assuming some functional form.
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divergence can be fully absorbed when considering the stochastic shot noise
contribution. Assuming the stochastic part of the power spectrum, which is
uncorrelated with the matter field δ, takes the following form:

Mstoch,ℓ(k) = C2
δM

(k)δKℓ0 × Pshot, (3.3.16)

where Pshot is constant and δKℓ0 is the Kronecker delta, the UV-sensitive com-
ponent of M22(k) is fully absorbed. Note that assuming a constant Pshot,
the absence of a contribution for ℓ = 2 follows from the fact that, in the
expansion into multipoles, the integration of L2(µ) over µ results in zero.

One final issue to consider is the effect of infrared (IR) resummation.
Following the approximation presented in [35, 36], we replace PNL with its IR-
resummed form for terms in the marked spectrum that involve C2

δM
PNL. For

the remaining terms involving the linear power spectrum PL(k), we replace
it with its IR-resummed counterpart. The specific form of the IR-resummed
power spectrum for matter is detailed in Sec. 2.6, and similar expressions
apply to biased tracers.
This approximation has been demonstrated to effectively fit simulated data,
eliminating any residual wiggles and capturing the expected behavior with
appropriate accuracy.

In summary, the one-loop model for the marked spectrum of biased tracers
in redshift-space has the following form, expressed in multipoles,

m̄2Mℓ(k) = M11,ℓ(k)+2M13,ℓ(k)+M22,ℓ(k)+Mct,ℓ(k)+Mstoch,ℓ(k), (3.3.17)

which, assuming ℓmax = 2, carries the following seven nuisance parameters;

{b1, b2, bG2 , c
2
0, c

2
2, Pshot, c̃}. (3.3.18)

In real-space, we do not require c22 or c̃ (and can set µ = f = 0), whilst for
unbiased tracers, we can set b1 = 1, b2 = bG2 = Pshot = 0.

3.4 Non-local PNG effects

Here, we present the impact of non-local primordial non-Gaussianity (PNG)
on the marked power spectrum, extending the results previously derived for
the power spectrum and bispectrum (Sec. 2.8). Similar to the other com-
ponents of the marked power spectrum, the structure of the non-local PNG
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contribution mirrors that of the unmarked power spectrum. Specifically,
akin to Eq. (2.8.10), an additional term arises from the initial bispectrum
contribution:

fNLM12(k) = 2fNLH1(k)

∫
q

H2(k− q,q)B111(k,q, |k− q|)

= 2fNLCδM (k)Z1(k)

∫
q

[
CδM (k)Z2(k− q,q)

+ Cδ2M
(|k− q|, q)Z1(k− q)Z1(q)

]
×B111(k,q, |k− q|).

(3.4.1)

Additionally, considering the term with the galaxy bias bζ , as shown in Eq.
(2.8.11), which contributes to the linear marked power spectrum M11, we
find:

Mg(k) = Mg,G(k) + fNL

(
M12(k) + 2bζZ1(k)

k2

k2
NL

C2
δM

(k)
PL(k)

T (k)

)
. (3.4.2)

For the marked bispectrum, analogous to the unmarked case in Eq. (2.8.14),
we obtain:

BMg(k1,k2,k3) = BMg,G(k1,k2,k3) +H1(k1)H1(k2)H1(k3)fNLB111(k1, k2, k3),
(3.4.3)

where

BMg,G(k1,k2,k3) = 2H1(k1)H1(k2)H2(k1,k2)PL(k1)PL(k2) + 2 perms.
(3.4.4)

It is important to note that, at the power spectrum level, contributions from
primordial non-Gaussianity (PNG) appear only at the one-loop order. Fur-
thermore, as demonstrated in [41], the impact of equilateral and orthogonal
PNG is highly degenerate with the second-order bias parameters b2 and bG2 .
These two factors significantly reduce the efficiency of power spectrum-only
analyses in constraining non-local PNG, thereby making the inclusion of the
bispectrum crucial for obtaining meaningful constraints.
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The marked power spectrum offers a promising alternative in this regard,
as it effectively incorporates higher-order information into a two-point func-
tion, as highlighted in [37]. As observed in [38], this may provide an intuitive
explanation for the findings of [42], where the marked power spectrum was
shown to be significantly more effective in constraining non-local PNG com-
pared to the local type.

3.5 Numerical evaluation in real and redshift

space

M11 term

Expanding the linear term we get:

M11(k, µ) = C2
δM

(k)Z2
1(k)PL(k) = [1− C1WR(k)]

2 (b1+fµ2
k)

2PL(k), (3.5.1)

And so using the results for the multipole expansion of Z2
1 [B.0.7] we get:

M11,ℓ(k) = [1− C1WR(k)]
2 PL(k)×


b21 +

2
3
b1f + 1

5
f 2 ℓ = 0

4
3
b1f + 4

7
f 2 ℓ = 2

8
35
f 2 ℓ = 4

(3.5.2)

At this point the numerical implementation is straightforward.

M22 term

The M22 term is given by:

M22(k) = 2

∫
d3p

(2π)3
|H2(p,k− p)|2 PL(p)PL(|k− p|)

Given the expansion of H2(p,k−p) in terms of the redshift-space distortion
kernels, the expression for M22(k) becomes:

M22(k) = 2

∫
d3p

(2π)3

∣∣∣∣CδM (k)Z2(p,k− p) + Cδ2M
(p, |k− p|)Z1(p)Z1(k− p)

∣∣∣∣2
× PL(p)PL(|k− p|),

(3.5.3)
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We obtain three terms:

MA
22(k) = 2

∫
d3p

(2π)3
C2

δM
(k)Z2

2(p,k− p)PL(p)PL(|k− p|)

≡ C2
δM

(k)P22(k, µ)

(3.5.4)

This term is just a rescaling of a known term from the unmarked power
spectrum.

MB
22(k) = 4

∫
d3p

(2π)3
CδM (k)Cδ2M

(p, |k− p|)

× Z2(p,k− p)Z1(p)Z1(k− p)

× PL(p)PL(|k− p|)

(3.5.5)

MC
22(k) = 2

∫
d3p

(2π)3

(
Cδ2M

(p, |k− p|)Z1(p)Z1(k− p)
)2

PL(p)PL(|k− p|)

(3.5.6)
Computation of MB

22

The second term (3.5.5) can be written as:

MB
22(k)

4CδM (k)
= C2∗Z1Z1Z2 [WRPL,WRPL](k)−C1∗Z1Z1Z2 [WRPL, PL](k), (3.5.7)

where ∗Z [X, Y ] is the convolution of X and Y with kernel Z, and Z1Z1Z2 ≡
Z1(k1)Z1(k2)Z2(k1,k2) and we have also used the convolution property A ∗
B = B ∗ A for the C1 terms.
We have to solve integrals of the form:

I[X, Y ] =

∫
p

Z1(p)Z1(|k− p|)Z2(p, |k− p|)X(p)Y (|k− p|) (3.5.8)

We can expand the Zn kernels as polynomials in p̂ · n̂:

Z1(p)Z1(k− p)Z2(p,k− p) =
∑
n

(p̂ · n̂)nzn(k, p, µk, x), (3.5.9)

with x = p̂ · k̂.
The integral can be solved using the following result for a rotational scalar

function: S(k,p) = S(k, p, x):
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∫
p

(p̂ · n̂)nS(k,p) =
n∑

m=0

(k̂ · n̂)m
∫
p

Gnm(x)S(k, p, x), (3.5.10)

where

Gnm(x) =
n∑

ℓ=0

(
1 + (−1)ℓ+n

)
(2ℓ+ 1)

(
ℓ

m

)(
ℓ+m−1

2

ℓ

)
2ℓn!

(
n+ℓ
2

+ 1
)
!(

n−ℓ
2

)
!(n+ ℓ+ 2)!

Lℓ(x).

(3.5.11)
For the binomial coefficient appearing in Gnm(x), we employ its generalized
form using the Gamma function, which allows for an extension to fractional
values: (

n

k

)
=

Γ(n+ 1)

Γ(k + 1)Γ(n− k + 1)
. (3.5.12)

Then we get:

I[X, Y ] =
∑
n

∫
p

(p̂ · n̂)nzn(k, p, µk, x)X(p)Y
(√

k2 + p2 − 2kpx
)

(3.5.13)

=
∑
n

∑
m≤n

µm
k

∫ ∞

0

p2dp

2π2

∫ 1

−1

dx

2
zn(k, p, µk, x)Gnm(x)X(p)Y

(√
k2 + p2 − 2kpx

)
In the end, we need an expansion of the product of Zn kernels as polynomials
in (p̂ · n̂) and (k̂ · n̂):

Z1(p)Z1(k− p)Z2(p,k− p) =
∑

(n,α) pair

(p̂ · n̂)n(k̂ · n̂)αznα(k, p, x), (3.5.14)

Furthermore, to optimize the computation and avoid redundant evaluations—such
as when the same integral needs to be computed for different bias parameter
values (e.g., for a Fisher matrix analysis or MCMC sampling)—it is beneficial
to factor out the bias dependence from the integral. This requires separating
the contributions of different bias terms, whether they involve a single bias
parameter or products of biases, in the expansion given by Eq. (3.5.14).
This decomposition can be efficiently performed using a symbolic computa-
tion software like Wolfram Mathematica.
Computation of MC

22
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Now, let’s consider the third term (3.5.6) of M22. This integral involves C
2
δ2M

that is given by:

C2
δ2M

(p, |k− p|) =
[
C2WR(p)WR(|k− p|)− 1

2
C1[WR(p) +WR(|k− p|)]

]2
(3.5.15)

Expanding this we get:

= C2
2W

2
R(p)W

2
R(|k− p|)

− C1C2WR(p)WR(|k− p|)[WR(p) +WR(|k− p|)]

+
C2

1

4
W 2

R(p) +
C2

1

4
W 2

R(|k− p|) + C2
1

2
WR(p)WR(|k− p|)

Defining P11 = Z2
1PL and considering these terms inside the integral, they

can be expressed as convolutions as follows:

1) First term: C2
1 ∗ [WRP11,WRP11] (k)

2) Second term: 2C2
2 ∗
[
W 2

RP11,W
2
RP11

]
(k)

3) Third term: C2
1 ∗
[
W 2

RP11, P11

]
(k)

4) Fourth term: − 4C1C2 ∗
[
WRP11,W

2
RP11

]
(k)

(3.5.16)

where, again, we used the convolution property A ∗B = B ∗ A for the third
term. Thus, the second term of the M22(k) integral is expressed as the sum
of these four convolution terms. Convolution in Fourier space coincides with
product in real space, in general we can write:

∗ [X, Y ] (k) = F [X(r)Y (r)](k) (3.5.17)

We have to notice that the convolvands have angular dependence. Efficient
evaluation is possible by first expressing X, Y in terms of their multipoles,
then computing the multipoles of [XY ](r) via the relation

[XY ]L (r) = (2L+ 1)
∑
ℓ,ℓ′

Xℓ(r)Yℓ′(r)

(
ℓ ℓ′ L
0 0 0

)2

(3.5.18)

Here, Xℓ(r) and Yℓ(r) are the radial components corresponding to multipoles
ℓ and ℓ′ of X(r) and Y (r), respectively. Parentheses represent Wigner 3j
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3.5. Numerical evaluation in real and redshift space

symbols that encode the angular momentum dependence, telling us how to
combine two angular mommenta to form a resultant angular momentum L,
the constraint is

|ℓ− ℓ′| ≤ L ≤ ℓ+ ℓ′

In our case, the angular dependence is all encoded in Z2
1 terms so we need

its expansion in multipoles (Eq.. B.0.7). So, we have terms like

Xℓ(k) = A(k)Z2
1,ℓ (3.5.19)

where A(k) involve the linear unmarked power spectrum and can involve
window function terms.

Now, to compute the correspondent real space terms we can use the
following relation:

Xℓ(r) = (−i)ℓ
∫

k2dk

2π2
jℓ(kr)Xℓ(k) (3.5.20)

where jℓ is the Bessel function of order ℓ.
Then we have to apply the inverse relation which in general is given by

Xℓ(k) = 4π(i)ℓ
∫

r2drjℓ(kr)Xℓ(r) (3.5.21)

to the XY product to come back to Fourier space.
To obtain the real-space terms and subsequently transform them back into
Fourier space, we use the functions P2xi and xi2P from the mcfit library5.

The Wigner symbols terms that arise for L = 0 (monopole), L = 2
(quadrupole), and L = 4 (hexadecapole) are computed next.

Monopole Term (L = 0)
The non zero Wigner symbols in this case are for:

• ℓ = 0, ℓ′ = 0

• ℓ = 2, ℓ′ = 2

• ℓ = 4, ℓ′ = 4

5github.com/eelregit/mcfit
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(
0 0 0
0 0 0

)
= 1

(
2 2 0
0 0 0

)
=

√
1

5(
4 4 0
0 0 0

)
=

1

3

(3.5.22)

So we obtain:

[XY ]L=0 (r) = X0(r)Y0(r) +
1

5
X2(r)Y2(r) +

1

9
X4(r)Y4(r) (3.5.23)

Quadrupole Term (L = 2)
For the quadrupole (L = 2), we compute the contribution from:

• ℓ = 0, ℓ′ = 2 (and viceversa)

• ℓ = 2, ℓ′ = 2

• ℓ = 4, ℓ′ = 2 (and viceversa)

• ℓ = 4, ℓ′ = 4

The correspondent Wigner symbols are:(
0 2 2
0 0 0

)
=

√
1

5

(
2 2 2
0 0 0

)
= −

√
2

35(
4 2 2
0 0 0

)
=

√
2

35

(
4 4 2
0 0 0

)
= −2

3

√
5

77

(3.5.24)

We obtain:

[XY ]L=2 (r) =X0(r)Y2(r) +X2(r)Y0(r) +
2

7
X2(r)Y2(r)

+
2

7
X4(r)Y2(r) +

2

7
X2(r)Y4(r) +

100

693
X4(r)Y4(r)

(3.5.25)

Hexadecapole Term (L = 4)
For the hexadecapole the contribution arises from:

• ℓ = 2, ℓ′ = 2

• ℓ = 4, ℓ′ = 0 (and viceversa)
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• ℓ = 4, ℓ′ = 2 (and viceversa)

• ℓ = 4, ℓ′ = 4

So the relevant Wigner symbols are:(
2 2 4
0 0 0

)
=

√
2

35

(
4 0 4
0 0 0

)
=

1

3(
4 2 4
0 0 0

)
= −2

3

√
5

77

(
4 4 4
0 0 0

)
= 3

√
2

1001

(3.5.26)

We obtain:

[XY ]L=4 (r) =
18

35
X2(r)Y2(r) +X4(r)Y0(r) +X0(r)Y4(r)+

20

77
X4(r)Y2(r) +

20

77
X2(r)Y4(r) +

162

1001
X4(r)Y4(r)

(3.5.27)

M13 term

The M13 integral is given by

M13(k, µ) = 3CδM (k)Z1(k)PL(k)

∫
p

PL(p) {CδM (k)Z3(p,−p,k)

+
2

3
Cδ2M

(k, 0)Z1(k)Z2(p,−p)

+
2

3
Cδ2M

(p, |k− p|)Z1(p)Z2(k,−p)

+
2

3
Cδ2M

(p, |k+ p|)Z1(−p)Z2(k,p)

+Cδ3M
(p, p, k)Z1(p)Z1(−p)Z1(k)

}
(3.5.28)

This can be split into three pieces involving CδM , Cδ2M
, and Cδ3M

. The first is
simply

MA
13(k, µ) =3C2

δM
(k)Z1(k)PL(k)

∫
p

Z3(p,−p,k)PL(p)

≡ C2
δM

(k)P13(k, µ)

(3.5.29)
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where P13 is the unmarked spectrum. Adding this term to MA
22 (3.5.4) and

M11 (3.5.1), we obtain:

C2
δM

(k) (P11(k, µ) + P22(k, µ) + P13(k, µ)) , (3.5.30)

where these terms can be directly taken from CLASS-PT and are simply
multiplied by C2

δM
(k).

Computation of MB
13

For MB
13 we can notice that Z2(p,−p) = b2/2 so we get:

MB
13(k, µ) = 2CδM (k)Cδ2M

(k, 0)Z2
1(k)PL(k)

∫
p

b2
2
PL(p) (3.5.31)

+ 2CδM (k)Z1(k)PL(k)

[∫
p

Cδ2M
(p, |k− p|)Z1(p)Z2(k,−p)PL(p) + (p ↔ −p)

]
The first integral is simply b2σ

2/2, which appears UV divergent, but is exactly
cancelled by the bias renormalization contribution (see 3.3.10).
Furthermore, we can transform p → −p in the second integral leaving the
integral unchanged:

MB
13(k, µ) = 4CδM (k)Z1(k)PL(k)

∫
p

Cδ2M
(p, |k− p|)Z1(p)Z2(k,−p)PL(p)

(3.5.32)
Now, we adopt the same approach used for MB

22. We expand the Zn kernels
and apply the result for a rotational scalar function (3.5.10), leading to:

MB
13(k, µ) = 4CδM (k)Z1(k)PL(k)

∑
n

∫
p

(p̂ · n̂)nCδ2M
(p, |k− p|)zn(k, p, µk, x)PL(p)

(3.5.33)

= 4CδM (k)Z1(k)PL(k)
∑
n

∑
m≤n

µm
k

∫ ∞

0

p2dp

2π2

∫ 1

−1

dx

2
Cδ2M

(p, k, x)zn(k, p, µk, x)

×Gnm(x)PL(p)
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Computation of MC
13

The third term can be written as:

MC
13(k, µ) = 3CδM (k)Z2

1(k)PL(k)

∫
p

Cδ3M
(p, p, k)Z1(p)Z1(−p)PL(p) (3.5.34)

= [1− C1WR(k)] (b1 + fµ2)2PL(k)

×
(
b21 +

2b1f

3
+

f 2

5

)∫
p

[
2C2WR(k)WR(p) + (C2 − 3C3WR(k))W

2
R(p)

]
PL(p),

Note that Z1(p) is equivalent to Z1(−p) because µ2
p = µ2

−p. The factor(
b21 +

2b1f
3

+ f2

5

)
results from the angular integration of Z2

1(p), corresponding

to the Kaiser monopole prefactor. To be precise from the angular integration
results also a factor of ’2’ but it is used to restore the full 3D integral over p,
indeed the integrand no longer depends on µp, so the factor of 2 is represented

by the angular integral
∫ 1

−1
dµp. Now we define:

SR =

(
b21 +

2b1f

3
+

f 2

5

)∫
p

WR(p)PL(p), (3.5.35)

and analogously for SRR:

SRR =

(
b21 +

2b1f

3
+

f 2

5

)∫
p

W 2
R(p)PL(p), (3.5.36)

The integrals are defined as variances σ2
R and σ2

RR, the angular part can be
easily solved analytically while the radial integral can be solved numerically:

σ2
R =

1

(2π)3

∫ ∞

0

p2dp

∫ 1

−1

dµ

∫ 2π

0

dϕWR(p)PL(p)

SinceWR(p) and PL(p) depend only on the magnitude p, the angular integrals
contribute a factor of 4π, leading to:

σ2
R =

1

2π2

∫ ∞

0

p2WR(p)PL(p)dp,

which can be efficiently computed using a standard one-dimensional integra-
tion method.

Analogously we can solve σ2
RR, the only difference is due to the presence

of the square Gaussian window function. In the end MC
13 can be written as:

MC
13(k, µ) = [1− C1WR(k)] (b1 + fµ2)2PL(k)

× [2C2WR(k)SR + (C2 − 3C3WR(k))SRR]
(3.5.37)

-88-



3.5. Numerical evaluation in real and redshift space

PNG term

The computation of the PNG contribution in Eq. (3.4.2) is divided into two
parts: the calculation of M12 and the term proportional to bζ . The latter is
given by:

2fNLbζZ1(k)
k2

k2
NL

C2
δM

(k)
PL(k)

T (k)
, (3.5.38)

which can be computed straightforwardly.
The first term, M12, is given by Eq. (3.4.1):

fNLM12(k) = 2fNLCδM (k)Z1(k)

∫
q

[
CδM (k)Z2(k− q,q)

+ Cδ2M
(|k− q|, q)Z1(k− q)Z1(q)

]
×B111(k,q, |k− q|).

This expression can be decomposed into two separate integrals: one involving
the Z2 kernel and another involving products of Z1 kernels:

fNLM
A
12(k) = 2fNLCδM (k)Z1(k)

∫
q

CδM (k)Z2(k− q,q)B111(k,q, |k− q|),

(3.5.39)

fNLM
B
12(k) = 2fNLCδM (k)Z1(k)

∫
q

Cδ2M
(|k− q|, q)Z1(k− q)Z1(q)

×B111(k,q, |k− q|)
(3.5.40)

Considering the expression of the Z2 kernel in Eq. (2.7.7), the quantity
MA

12 can be efficiently decomposed into contributions from different bias
terms. All terms, except for the last term in Z2—the one proportional to
fµkk
2

—can be evaluated using a standard two-dimensional numerical integra-
tion method.

The remaining term can be computed using the same approach applied
to MB

13 and MA
22. Similarly, the second integral, which involves Z1 kernels,

can be evaluated following the method used for MB
13 and MB

22.

Results and implementation details

We now present the results obtained from the numerical implementation de-
scribed above. The following plots correspond to the calculations performed
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3.5. Numerical evaluation in real and redshift space

at z = 1.
Figure 3.2 shows the components of the marked power spectrum for matter
in both real and redshift space at one-loop order. In redshift space, the coun-
terterm Mct also includes the next-to-leading order (NLO) contribution, as
given in Eq. (3.3.13).
Similarly, Figure 3.3 presents the marked power spectrum for galaxies. The
bias parameters used in this case are b1 = 1.30, b2 = −0.73, and bG2 = −0.086,
following a semi-analytic model that depends on the redshift z, which will
be introduced in the next chapter.

Figure 3.2: Marked power spectrum components for matter in real and red-
shift space at z = 1, computed at one-loop order. The mark parameters are
p = 1, δs = 0.25, and R = 15 h−1Mpc. The first term, C2

δM
PNL(k), includes

both the linear term M11 and the contributions to M22 and M13 that are
proportional to their unmarked counterparts. Note that the additional con-
tributions to the ’22’ and ’13’ terms become significant in the k → 0 limit.
The counterterm parameter is set to c2s = 1. The dashed lines indicate neg-
ative contributions.

We proceed with the presentation of the marked PNG contribution re-
sults. Fig. 3.4 shows the contributions for the matter case, while Fig. 3.5
displays the corresponding results for galaxies. For these computations, we
use the same bias parameter values as in Fig. 3.3 and set f equil

NL = f ortho
NL = 1.

The following provides details on the structure of the codes used to com-
pute the various contributions to the marked power spectrum.
The values of the linear power spectrum, PL, are obtained from CLASS-
PT[43, 18]. To facilitate their use in numerical integrations, a continuous
function is constructed via interpolation. It is important to ensure that the
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3.5. Numerical evaluation in real and redshift space

Figure 3.3: Marked power spectrum components for galaxies, analogous to
Fig. 3.2. The bias parameters used are b1 = 1.30, b2 = −0.73, and bG2 =
−0.086. The counterterms parameters are set to c2ℓ = c̃ = 1.

interpolation covers a sufficiently wide range of k values. This prevents cases
where the argument of the interpolated power spectrum function extends
beyond its defined range, which could otherwise lead to inaccuracies in the
computations.

For the computation ofMB
13, M

B
22, and for some terms ofM12 (as discussed

in Sect. 3.5), special attention is required.
First, we describe the structure of the code used for the computation of MB

13,
which is the same approach applied to the previously mentioned terms of
M12.
The first step involves determining the relevant components of the perturba-
tive kernels based on the choice of bias model, i.e., whether we are computing
results for matter or galaxies. These components are selected according to
the powers of µp and µk, noting that we must also consider the additional
contribution arising from µm

k after applying the result for the integration of
a rotational scalar function (Eq. 3.5.10).
Once the relevant terms have been identified, they are used to construct the
full integrand. At this stage, the proper weighting factors must be applied,
depending on whether the monopole (ℓ = 0) or quadrupole (ℓ = 2) contribu-
tion is being computed. These weights ensure the correct angular averaging
over µk, which affects the final result.
Additionally, since our goal is to isolate the dependence on bias parameters,
the integration process must be structured accordingly. Specifically, rather
than computing a single integral, it is necessary to evaluate multiple integrals
separately, each corresponding to different bias terms or products of bias pa-
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Figure 3.4: Contribution of non-local PNG to the marked power spectrum
for matter. Here, we set f equil

NL = f ortho
NL = 1 for simplicity. Also in this case,

the contribution is more significant in the k → 0 limit. Dashed lines indicate
negative contributions.

Figure 3.5: Marked PNG contribution for galaxies, analogous to Figure 3.4.

rameters arising from the expansion of the Zn kernels. The final result is
then obtained by adding these contributions to reconstruct the total value of
the integral.
A crucial aspect of this approach is the presence of the Z1(k) kernel, which,
in principle, is outside the integral and is not included in the expansion of
the other Zn kernels. However, it plays an essential role in selecting the
correct angular averaging factor. As a consequence, when constructing the
integrand, we obtain separate contributions for terms proportional to b1 and
f . This allows us to compute the integral for both contributions indepen-
dently. By doing so, we fully separate the dependence on bias parameters
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from the numerical integration process, enabling us to compute the integral
for each bias term separately and then multiply the resulting value by the
appropriate bias factor.
After constructing the integrand, numerical integration is performed over the
variables x and p. This requires summing over all valid kernel components,
each contributing according to its respective order in the perturbative ex-
pansion. The integration is carried out using established numerical methods,
ensuring sufficient accuracy in capturing the relevant contributions.
The final step in the computation involves applying the necessary weighting
factors associated with the different bias parameters. Since the integral has
been structured to separate contributions from different bias terms, these fac-
tors can be applied independently before summing the results. This modular
approach ensures flexibility, allowing modifications to the kernel expansion
or integration method without affecting the overall framework.

To summarize, the calculation proceeds as follows:

1. The relevant perturbative kernel components are identified based on
the bias model.

2. The full integrand is constructed, incorporating the appropriate aver-
aging factors for monopole or quadrupole contributions.

3. The integral is computed separately for contributions proportional to
b1 and f , leveraging the presence of Z1(k) to isolate these terms.

4. Numerical integration is performed over x and p, summing over the
contributions from different terms.

5. The final result is obtained by applying the correct bias weighting and
summing the individual contributions.

This structured approach ensures that the computation remains efficient and
adaptable.

ForM22, the structure is similar but simplified since there is no Z1(k) out-
side the integral. This allows us to avoid computing the contributions from
the b1 and f terms separately, thus simplifying the selection of the correct
angular averaging factor. In contrast to the previous case, where the presence
of Z1(k) required isolating the dependence on b1 and f before performing the
integral, here the entire dependence on bias parameters is already included
within the integral formulation. As a result, we can compute the integral
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directly for each bias term without needing an intermediate separation step.
Based on the implementation described above, the integration process is op-
timized by precomputing common terms and leveraging parallel computation
to efficiently evaluate contributions from different bias terms.

The expansion of the product of Z kernels involved in the above descrip-
tion is given in Appendix B.
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Chapter 4

Results: Model Fitting and
Fisher Forecast

In this chapter, we delve into some key statistical concepts and apply the
Fisher matrix formalism to derive constraints on cosmological and bias pa-
rameters using the marked power spectrum. We also compare these results
with those obtained using the unmarked power spectrum.

As discussed in the previous chapters, particularly in Chapter 2, the cur-
rent understanding of the large-scale structure of the universe posits that
the observed matter distribution on cosmological scales originates from the
growth of primordial small seed fluctuations in a homogeneous universe, am-
plified by gravitational instability. Testing cosmological theories, which help
characterize these primordial seeds, inherently involves statistical methods
for the following reasons: first, we lack direct observational access to the
primordial fluctuations, leaving us without well-defined initial conditions;
second, the timescale of cosmological evolution is vastly greater than the
observational timescale, making it impossible to track the evolution of in-
dividual systems. As a result, studying the evolution of structures needs a
statistical approach. The present universe is thus modeled as a stochastic
realization of a statistical ensemble of possibilities. Consequently, the goal is
to predict statistical realizations that depend on the statistical properties of
the primordial perturbations responsible for the current configuration of the
large-scale structure.

Before presenting results on cosmological and bias parameter constraints,
we first validate our theoretical predictions and numerical pipeline against
N-body simulations. This validation step is crucial to ensure the robustness
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of the Fisher forecasts discussed later in this chapter.

4.1 Code validation

Before moving on to the Fisher forecast analysis, we begin by validating our
numerical implementation of the model against the results from theQuijote
[44] and Quijote-PNG [45] simulation suites. These are dark matter-only
N -body simulations with volumes of 1 h−1Gpc3 and 5123 particles per box,
run using the TreePM code Gadget-III. The initial conditions were gener-
ated at redshift z = 127 using 2LPTIC [46] for the standard simulations, and
2LPTPNG [45, 47] for those including primordial non-Gaussianity (PNG).
Our analysis focuses on dark matter halos, identified using the Friends-of-
Friends algorithm [48] with a linking length of b = 0.2, considering only halos
containing more than 20 particles. The cosmological parameters are fixed to
their fiducial values: {σ8, ns,Ωb,Ωm, h} = {0.834, 0.9624, 0.049, 0.3175, 0.6711}.
We test our perturbation theory (PT) model and numerical implementa-
tion at redshifts z = {0, 0.5, 1} using the mark parameters {p = 1, R =
15 h−1Mpc, δs = 0.25}. Keeping the cosmology fixed, we fit the bias, small-
scale, and stochastic parameters {b1, b2, bG2 , c

2
s, Pshot} to the measured marked

power spectrum from the simulations.
The results of this fit are shown in Figure 4.1, where we plot the mean
marked power spectrum obtained from the PNG simulations, fitted up to
kmax = 0.30 h/Mpc. We show results for three scenarios: without PNG, and
with both positive and negative values of f equil

NL .
To assess the accuracy of our model, we estimate the data covariance from
the scatter across different realizations of the simulations with fixed cosmol-
ogy. The model’s theoretical prediction reproduces the simulation results
with high accuracy—typically within 1%—up to kmax, across all redshifts
considered.
Since the redshift-space version of the model relies on the same core imple-
mentation as the real-space case tested here, this provides a strong validation
of our framework.
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Figure 4.1: Results of the fitting of the marked power spectrum from the
Quijote simulations, shown without PNG (left panel) and with f equil

NL = 100
(right panel), across different redshifts. The vertical dashed grey line indi-
cates the value of kmax up to which the fit is performed. The diamond markers
represent the mean marked power spectrum measured from the simulations,
while the solid lines correspond to the results obtained from the theoretical
model fit.

4.2 Parameter estimation

Following the approach outlined in [49], we begin by reviewing fundamen-
tal concepts frequently encountered in cosmological data analysis. Many of
these problems fall under the category of ”inverse problems,” where we are
given a dataset, denoted as x, and seek to derive meaningful interpretations
from it. One illustrative example is assessing whether large-scale structure
observations support the hypothesis that the universe is spatially flat.

In cosmology, our primary task is to analyze collected data and interpret
it within the framework of a theoretical model. This model is assumed to
be valid and typically includes a set of parameters, represented as θ, which
we aim to determine. This process is known as parameter estimation. The
ultimate objective is to estimate these parameters along with their associ-
ated uncertainties, or ideally, to obtain the full probability distribution of θ
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given the observed data x. This distribution is referred to as the posterior
probability and is expressed as:

p(θ|x). (4.2.1)

From this posterior distribution, one can compute both the expectation val-
ues of the parameters and their corresponding uncertainties.

Forward modeling

Instead of directly computing the posterior probability, it is often more prac-
tical to evaluate its counterpart:

p(x|θ), (4.2.2)

which is known as forward modeling. In this approach, given a set of known
parameters, we determine the expected distribution of the data. Typical
forward modeling distributions include commonly used ones such as Bino-
mial, Poisson, and Gaussian distributions, as well as more intricate cases,
like predictions for the large-scale structure (LSS) power spectrum based on
cosmological parameters.
As an illustrative example, consider a model where the data follows a Gaus-
sian distribution with mean µ and variance σ2. This model is characterized
by the parameters θ = (µ, σ). Given these parameters, the probability of a
single data point x is expressed as:

p(x|θ) = 1√
2πσ

e−
(x−µ)2

2σ2 . (4.2.3)

A key aspect of statistical inference is the connection between Eq. (4.2.3)
and the posterior probability p(θ|x), which is established via Bayes’ theorem:

p(θ|x) = p(x|θ)p(θ)
p(x)

. (4.2.4)

Here, p(x|θ) is referred to as the likelihood, often denoted as L(x,θ). The
term p(θ) represents the prior, encapsulating prior knowledge about the pa-
rameters before observing the data. This prior information may originate
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from previous experiments or theoretical considerations. The denominator
p(x), known as the evidence, is given by:

p(x) =

∫
dθ p(x|θ)p(θ). (4.2.5)

In scenarios where no prior information is available, it is common to
invoke the principle of indifference, assuming a flat prior where all parameter
values are equally likely. Under this assumption, setting p(θ) = const., the
posterior probability simplifies to:

p(θ|x) ∝ L(x;θ). (4.2.6)

Errors

Now, let us assume we have a posterior probability distribution p(θ|x). One
common estimator of the parameters, which we indicate with the hat symbol,
is the mean:

θ̂ =

∫
dθ p(θ|x)θ. (4.2.7)

We define an estimator unbiased if its expectation value coincides with
the true value of the parameter, θ0:

⟨θ̂⟩ = θ0. (4.2.8)

Now, for simplicity, we assume that the probability distribution is single-
peaked. Moreover, we assume a flat prior, so that the posterior probability
is proportional to the likelihood. We can therefore study the behavior of
L(x|θ) close to the peak, performing a Taylor expansion of the logarithm of
the likelihood function:

logL(x;θ) = logL(x;θ0) +
1

2
(θα − θ0α)

∂2 lnL

∂θα∂θβ

(θβ − θ0β) + · · · , (4.2.9)

which implies that, locally, L(x;θ) is a multivariate Gaussian in the param-
eter space:

L(x;θ) = L(x;θ0)e
− 1

2
(θα−θ0α)Hαβ(θβ−θ0β), (4.2.10)

where we have used

Hαβ = − ∂2 lnL

∂θα∂θβ

, (4.2.11)
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which is called the Hessian matrix. The Hessian indicates whether the es-
timates of θα and θβ are correlated or not. In fact, if Hαβ is not diagonal,
it means that the estimates are correlated. Let us note that, even if the
quantities themselves are uncorrelated, their estimates could have a similar
effect on the data; in this case, the estimates would be actually correlated,
therefore leading to a non-diagonal Hessian.

4.3 Fisher matrix formalism

In this section, we address an essential question: to what degree of precision
can we estimate model parameters given a specific dataset? The precision,
represented by the error bars associated with the measurement of cosmolog-
ical parameters, can be effectively determined using the Fisher information
matrix formalism.
Following a similar approach as in Sec. 4.2, we consider the dataset as an
N -dimensional vector x, where each component xi could correspond, for in-
stance, to the variations in galaxy density relative to the mean, across N
independent bins covering the three-dimensional survey volume. This vector
x is treated as a random variable, with an associated probability distribution
function L(x,θ) (the likelihood), which depends on a set of cosmological pa-
rameters θ. Our objective is to estimate these parameters.
To achieve this, we require the explicit formulation of the Fisher matrix,
which is defined as the expectation value of the Hessian, as given by Eq. (4.2.11):

Fij ≡ −
〈
∂2 lnL

∂θi∂θj

〉
. (4.3.1)

The Cramer-Rao Bound

A particularly useful feature of this method is that the inverse of the Fisher
matrix, F−1, serves as an optimal covariance matrix for the measurement
uncertainties of the parameters. This leads to the fundamental inequality:

∆θi∆θj ≥ (F−1)ij. (4.3.2)

As a consequence, if all parameters—including the one of primary inter-
est—are estimated from the data, then:
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∆θi ≥ (F−1)
1/2
ii . (4.3.3)

However, in cases where all other parameters are held fixed, the uncertainty
is given by:

∆θi ≥
1√
Fii

. (4.3.4)

This expression is known as the Cramer-Rao inequality, which provides a
fundamental lower bound on the variance of an unbiased estimator.

Constraints on Non-Local PNG

Here, we build upon the analysis presented in [38], extending the results to
redshift space. To constrain non-local primordial non-Gaussianities, we will
conduct a Fisher forecast up to mildly non-linear scales. In this analysis,
we compute the marked power spectrum for two distinct cases: one using
p = 2 to enhance underdense regions and another using p = −1 to highlight
overdense ones.
We fix the fiducial values of the galaxy bias parameters using a semi-analytic
model of galaxy formation. Although this model was originally developed for
Euclid-like Hα galaxies [43], we also apply it to BOSS-like survey volumes.
This choice is justified because our analysis focuses on the relative differences
between statistics, rather than their absolute values:

b1(z) = 0.9 + 0.4z . (4.3.5)

For the higher order biases we adopt the following fitting formulae, obtained
from a combination of N-body simulations and halo occupation modeling
[19, 50]:

b2(z) = −0.704− 0.208z + 0.183z2 − 0.00771z3 . (4.3.6)

For bG2 and bΓ3 we use instead the co-evolution model [19, 51], which gives

bG2(z) = −2

7
(b1(z)− 1) , bΓ3(z) =

23

42
(b1(z)− 1) . (4.3.7)

For the higher-derivative term, we set c2s = 1 [Mpc/h]2, as it is expected to
be of order unity in the context of the EFT of Large-Scale Structure.
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z b1 b2 bG2 bΓ3 c2s [Mpc/h]2 Pshot [Mpc/h]3

0.61 1.14 -0.38 -0.041 0.079 1 3333

Table 4.1: Table of fiducial values for the redshift, bias parameters, coun-
terterm and shot-noise parameters adopted for the forecast.

For the PNG bias bζ , we adopt the universality relation introduced in Sec. 2.8,
which we report here for completeness:

bζ =
18

5
δc(b1 − 1) (4.3.8)

Finally, the fiducial values for the stochastic terms are set to the Poisson
sampling prediction

Pshot = n̄−1
g . (4.3.9)

We perform a forecast for BOSS CMASS2 redshift z = 0.61 and total vol-
ume VBOSS = 3.83 (Gpc/h)3, with number density n̄BOSS

g = 3×10−4 (h/Mpc)3.
The list of fiducial bias parameters is listed in Tab. 4.1.

Moreover, we vary the cosmological parameters, using their fiducial values
as listed in Table 4.2.

As ns ωcdm h f equil
NL f ortho

NL

2.089 10−9 0.9624 0.2685 h2 0.6711 0 0

Table 4.2: Table of fiducial values of the cosmological parameters varied in
the forecast. These values correspond to the fiducial cosmology of the Quijote
simulations. The value of ωcdm follows from Ωb = 0.049 and Ωm = 0.3175.

We consider diagonal Gaussian covariances, since, as noted in [38], this
approximation accurately reproduces the results obtained from the Quijote
simulations. Following [52], we have computed the explicit expressions for
the redshift-space case, obtaining:

CP0P0 =
2(2π)3

V Vs

(
P 2
0 (k) +

1

5
P 2
2 (k)

)
, (4.3.10)

CP0P2 =
2(2π)3

V Vs

(
2

7
P 2
2 (k) + 2P0(k)P2(k)

)
, (4.3.11)

CP2P2 =
2(2π)3

V Vs

(
5P 2

0 (k) +
15

7
P 2
2 (k) +

20

7
P0(k)P2(k)

)
. (4.3.12)
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The same expressions hold for the marked power spectrum by replacing the
power spectrum with the marked power spectrum.

For the cross-covariances between the marked and unmarked power spec-
tra, we obtain:

CP0M0 =
(2π)3

V Vs

(
P0(k)M0(k) +

1

5
P2(k)M2(k)

)
, (4.3.13)

CP0M2 =
(2π)3

V Vs

(
2

7
P2(k)M2(k) + P0(k)M2(k) + P2(k)M0(k)

)
, (4.3.14)

CP2M2 =
(2π)3

V Vs

(
5P0M0(k) +

15

7
P2(k)M2(k) +

10

7
P0(k)M2(k) +

10

7
P0(k)M2(k)

)
.

(4.3.15)
The results of our analysis for f equil

NL and f ortho
NL are shown in Fig. 4.2,

while the plots for all the parameters involved in the analysis can be found
in Appendix C.
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Figure 4.2: 2σ constraints from galaxies for cosmologies with Non-Local
PNG and BOSS CMASS volume, number density and redshift described in
the main text. The dashed vertical line represent the maximum wavevector
adopted in standard analysis [40].

To understand the trend shown in Fig. 4.2, where tighter constraints on
f equil
NL are obtained for positive values of p, we recall that—as noted in the
real-space analyses of [38, 53]—the signal from equilateral PNG is enhanced
in the presence of non-linear filamentary structures.
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These structures form as the Universe evolves, when small initial density fluc-
tuations grow under gravity and turn into a network of filaments and voids.
Equilateral PNG, which couples modes of similar size (i.e., k1 ≈ k2 ≈ k3),
tends to boost small-scale fluctuations. This coupling causes the density to
vary more rapidly over short distances, creating sharp features in the mat-
ter distribution. A positive bispectrum increases the contrast in overdense
regions, while a negative one does the same in underdense areas. Over time,
these early fluctuations grow into the complex structure we observe today —
with filaments and void edges being the regions where the impact of equilat-
eral PNG is most visible.
In this context, choosing a positive value of the density-weighting parame-
ter p enhances the contribution from underdense environments, such as void
boundaries and filamentary regions, where the signal from equilateral PNG
is most prominent. This makes p > 0 an effective choice for improving sen-
sitivity to this class of primordial non-Gaussianity.
The results of the forecast at 95% CL at kmax = 0.30 are:

σequil
p=−1 = 1400, σortho

p=−1 = 340 (4.3.16)

σequil
p=2 = 760, σortho

p=2 = 270 (4.3.17)

We now compare our forecasted constraints with those obtained in [41], where
a joint analysis of the one-loop power spectrum and the tree-level bispec-
trum was performed using BOSS DR12 data. Their 95% confidence level
constraints read:

σequil
lower = −317.9, σequil

upper = 2849 (4.3.18)

σortho
lower = −655.7, σortho

upper = 148.4 (4.3.19)

While a direct comparison should be made with caution due to the different
methodologies and assumptions, it is worth noting that our forecast—based
solely on the combination of the standard power spectrum and the marked
power spectrum—already shows competitive constraining power. This result
is particularly encouraging given that our analysis does not include the bis-
pectrum, which remains the main observable for detecting non-local shapes
of PNG. The fact that meaningful constraints can be achieved using only
two-point statistics suggests that marked observables may play a key role in
future analyses.
In particular, the marked power spectrum effectively captures some of the
non-Gaussian information encoded in specific bispectrum configurations, which
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are relevant for equilateral and orthogonal PNG. Our results show that
marked statistics can enhance sensitivity to these shapes by giving more
weight to the regions of the density field where their imprint is strongest.

As also observed in real-space analyses such as [38], orthogonal PNG
often yields tighter constraints than the equilateral shape. To understand
this trend in our results, we analyzed the parameter correlations at kmax =
0.30h/Mpc for both p = −1 and p = 2. The correlation matrices reveal
that f equil

NL is significantly more degenerate with bias and nuisance param-
eters, particularly b2, c2, and Pshot. For instance, in the p = −1 case we
find ρ(f equil

NL , b2) = −0.86, ρ(f equil
NL , c2) = −0.57, and ρ(f equil

NL , Pshot) = +0.53.
These strong correlations indicate that the equilateral signal partially over-
laps with small-scale non-linear effects, which degrades the constraints after
marginalization.

In contrast, f ortho
NL exhibits systematically weaker or more orthogonal cor-

relations with the same parameters. In the p = 2 case, for example, we find
ρ(f ortho

NL , c2) = +0.098, ρ(f ortho
NL , Pshot) = +0.087, and ρ(f ortho

NL , b2) = +0.56,
all significantly smaller in magnitude than their equilateral counterparts. In-
terestingly, the only notable exception is a strong negative correlation with
b1, ρ(f

ortho
NL , b1) = −0.78, suggesting sensitivity to large-scale amplitude, but

overall the orthogonal PNG appears less entangled with nuisance directions
in the parameter space.

Correlations with cosmological parameters such as ns, h, ωcdm, and As

remain relatively small (typically |ρ| < 0.3), indicating that the observed
behavior is primarily driven by late-time bias degeneracies rather than un-
certainties in the background cosmology. These findings provide a natural
explanation for why the constraints on orthogonal PNG are tighter in our
analysis, despite both shapes contributing only at the one-loop level.

We also observe a clear improvement in constraints when switching from
p = −1 to p = 2, particularly for equilateral PNG. This behavior is consistent
with the idea that giving more weight to underdense regions (as done with
p > 0) enhances the contribution from areas where the signal is stronger, such
as void boundaries and the transitions between low- and high-density regions.
The mark used in this work is the same as the one adopted in previous studies
such as [34, 36]. More recently, [54] proposed to go beyond this simple
power-law form by optimizing the mark function to enhance sensitivity to
specific PNG shapes. These results suggest that further improvements could
be achieved by tailoring the mark to the non-Gaussian signal of interest.

It is also important to stress that the Fisher analysis presented here relies
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on an idealized setup. A realistic data analysis would need to account for
survey geometry, redshift-space distortions, observational systematics, and
nuisance parameters such as higher-order bias or counterterms. In particu-
lar, a proper treatment of the Alcock–Paczynski effect will be essential to
model geometric distortions and extract unbiased constraints.
The bispectrum will ultimately remain a crucial ingredient for breaking de-
generacies and accessing the full non-Gaussian signal. However, incorporat-
ing it into EFT-based analyses is computationally challenging: it requires
dedicated bispectrum estimators, accurate modelling of the window func-
tion, and careful binning strategies. On the other hand, marked power spec-
tra—as two-point statistics—are computationally simpler, better understood
in terms of systematics, and more straightforward to apply to data. For these
reasons, the combination of P +M may provide a practical and powerful in-
termediate step between standard power spectrum analyses and full P + B
pipelines. In future work, it will be important to explore this synergy fur-
ther, possibly integrating the bispectrum with marked statistics in a unified
framework to maximize sensitivity to non-local primordial non-Gaussianity.
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Conclusions

Over the last decade, large-scale structure (LSS) observations have become
an increasingly powerful tool for testing cosmological models and probing the
physics of the early Universe. Upcoming galaxy surveys such as Euclid [1],
DESI [2] and the Vera C. Rubin Observatory’s LSST [3] will map the cosmic
web over unprecedented volumes and with exquisite precision, offering an
opportunity to extract cosmological information beyond what is accessible
today. In this context, the development of accurate theoretical models and
efficient statistical tools is crucial to fully exploit the potential of future data.

Standard analyses of the LSS based on the galaxy power spectrum and
bispectrum, particularly within a perturbative and analytical framework,
have already demonstrated the ability to deliver competitive constraints on
fundamental parameters such as neutrino masses [40], dark energy properties
[55], and primordial non-Gaussianities [41]. However, pushing beyond these
standard observables—especially into mildly non-linear regimes—remains chal-
lenging due to theoretical and computational complexities, particularly in the
treatment of higher-order correlators like the bispectrum and trispectrum.

In this landscape, marked statistics have emerged as a promising alterna-
tive [32, 33, 34, 35, 38], capable of enhancing sensitivity to specific physical
effects by reweighting the galaxy density contrast field according to its local
environment. Their simplicity as two-point functions, combined with their
ability to capture higher-order information, positions them as valuable tools
in the upcoming era of precision cosmology. This thesis contributes to this
direction by extending the analytical modeling of marked statistics, explor-
ing their potential to outperform standard analyses by specifically targeting
regions where the imprint of primordial non-Gaussianity is enhanced.
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We began by presenting the conventional tools used in cosmological anal-
yses of the LSS: the galaxy power spectrum and the bispectrum. These
observables were modeled using standard perturbation theory (SPT), with
the power spectrum computed up to one-loop order and the bispectrum eval-
uated at tree level. To ensure a realistic modeling of the observables, we also
accounted for galaxy bias and redshift-space distortions, which are essential
ingredients when comparing theoretical predictions with data.

We then introduced the marked power spectrum, a modified two-point
statistic in which the galaxy density field is weighted by a mark that depends
on the local environment. This technique enables the enhancement or sup-
pression of contributions from overdense or underdense regions, effectively
highlighting specific structures where primordial non-Gaussianity may leave
a stronger imprint. As such, marked statistics offer a promising avenue for
probing non-Gaussian features that might remain hidden to standard anal-
yses. Beyond primordial non-Gaussianity, the marked power spectrum has
already shown strong potential in a variety of cosmological contexts. In par-
ticular, it has been proposed as a powerful probe of modified gravity models
[33], and demonstrated to enhance sensitivity to cosmological parameters
such as the sum of neutrino masses and the amplitude of matter fluctuations
in simulation-based studies [32, 34]. More recently, its ability to constrain
primordial non-Gaussianity was also pointed out in [42, 38].

We carried out an analytical study, using SPT, of the marked power spec-
trum at one-loop order, including the effects of non-local shapes of primordial
non-Gaussianity (PNG), and extended the formalism to redshift space by
building upon the framework developed in [35, 36, 38]. A dedicated numeri-
cal implementation of the model was developed and written by the author for
this thesis, and its validity was confirmed by comparison with measurements
from the Quijote simulations [44, 45]. Subsequently, it was used to perform
a Fisher forecast based on the combination of the power spectrum and the
marked power spectrum as observables. A key feature of this approach is
its ability to upweight underdense regions, which are expected to be less
affected by non-linear gravitational evolution and may therefore preserve a
cleaner imprint of the primordial signal. This can lead to improved sensitiv-
ity to primordial non-Gaussianity, particularly for equilateral and orthogonal
shapes, where standard power spectrum analyses offer limited constraining
power.

We compared our forecast results with existing constraints obtained through
a standard P +B analysis performed on BOSS DR12 data [41]. Remarkably,
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despite relying exclusively on two-point statistics, our combination of the
standard power spectrum and the marked power spectrum yields constraints
on non-local PNG of comparable magnitude. This result underscores the
marked power spectrum’s ability to capture a substantial portion of the in-
formation typically encoded in higher-order statistics.

Indeed, non-local shapes of primordial non-Gaussianity—such as the equi-
lateral and orthogonal types—primarily affect the bispectrum and leave only
subtle imprints on the standard power spectrum, appearing at one-loop order.
However, by introducing a density-dependent weighting, marked statistics ef-
fectively incorporate higher-order information into a two-point function. This
reweighting induces non-Gaussian features in the marked field, enhancing its
sensitivity to the specific signatures of PNG that would otherwise require
direct bispectrum measurements.

In contrast to the bispectrum, which requires the implementation of com-
plex estimators and careful treatment of observational effects such as binning
and survey window convolution, the marked power spectrum is less sensitive
to these systematics and easier to model and interpret.

Moreover, it has been shown that neglecting off-diagonal terms in the
bispectrum covariance can lead to a significant underestimation of parameter
uncertainties, particularly for PNG [56], which are central to this study. On
the other hand, the diagonal approximation for the marked power spectrum
covariance has been tested and found to be more reliable for the class of
marks considered in this work [32, 34]. This contributes to the practical
advantage of marked statistics, making them easier to implement in realistic
data analyses.

It is worth noting, however, that this property does not hold universally:
recent work has shown that certain optimized marks—designed to maximize
sensitivity to specific cosmological parameters—can lead to strongly non-
diagonal covariances [54]. In such cases, a more careful treatment of the
covariance may be required. Nonetheless, for the commonly used power-law
marks explored in this thesis, the diagonal approximation remains a reason-
able and validated choice, and enables a tractable yet informative forecast
analysis.

Building upon this validated modeling framework, we applied it to a
Fisher forecast analysis aimed at quantifying the constraining power of the
marked power spectrum on primordial non-Gaussianity. To do so, we de-
rived—for the first time—the full redshift-space contribution from equilat-
eral and orthogonal PNG to the marked power spectrum, extending previous
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results in the literature.
After validating the implementation through comparison with measure-

ments from the Quijote simulations, we applied it to Fisher forecast analyses
combining the standard power spectrum and the marked power spectrum.
Our results show that this combination can yield competitive constraints on
non-local PNG even without relying on the bispectrum. In particular, we
find that the marked power spectrum is especially effective for the equilat-
eral shape, leading to a significant tightening of the constraint—by nearly a
factor of two in the forecasted error—when using a positive density-weighting
parameter. For orthogonal PNG, the method also performs well and benefits
from reduced degeneracies with nuisance parameters.

These results suggest that marked statistics can serve as a practical and
informative alternative or complementary to the bispectrum in PNG studies,
especially given their reduced sensitivity to observational systematics and
computational efficiency. Future developments should focus on optimizing
the mark itself and extending the analysis to real data, building upon the
numerical framework developed in this work. We note that, in the analy-
sis presented in this thesis, we adopt a perturbative model whose validity
is limited to mildly nonlinear scales, up to kmax ≃ 0.25h/Mpc. However,
simulation-based approaches [42, 57] may allow access to significantly more
nonlinear regimes, potentially extending to kmax ≃ 0.5h/Mpc, where the
cosmic web encodes additional information. These small-scale modes are
particularly relevant for constraining neutrino masses, testing modified grav-
ity models, and probing PNG with higher precision.

Future developments will require the inclusion of full observational ef-
fects, such as the Alcock–Paczynski distortion, binning, and survey geometry,
within a complete pipeline suitable for real data applications. Moreover, in
[36], the authors proposed a low-k correction to the marked power spectrum,
motivated by the slower convergence of the perturbative series compared
to the standard power spectrum. This correction introduces two additional
parameters, one of which is entirely degenerate with the shot noise term.
Although the impact is expected to be small also in redshift space, future
investigations could shed light on its significance.

Furthermore, combining our analytical framework with numerical opti-
mization techniques, such as Gaussian Process-based methods [54], could
enable a generalized and adaptive definition of the mark function aimed at
maximizing the information content on PNG. This type of optimization holds
the potential to significantly enhance the utility of marked statistics in ad-
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dressing key questions in cosmology and will be explored in future research.
In summary, through a combination of analytical modeling, numerical im-

plementation, and forecast analysis, we have highlighted the strengths and
practical advantages of the marked power spectrum as a complementary ob-
servable to traditional approaches.
Marked statistics offer a fresh and promising perspective—one that captures
the subtle imprints of the early universe by weighting the cosmic web in novel
ways. By shifting the focus toward the environmental context of cosmic struc-
tures, they enable us to access regions of parameter space that remain elusive
to standard tools.
As we look ahead to the era of increasingly precise and expansive galaxy sur-
veys, the marked power spectrum stands as a powerful probe—both elegant
and efficient—capable of guiding us closer to the fingerprints of inflation and
the fundamental physics that shaped the primordial cosmos. In this sense,
marked statistics do not just refine our measurements; they invite us to see
the universe differently, and perhaps, to uncover its earliest secrets through
a new lens.
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Appendix A

Power Spectrum and FFTlog

This section presents the computation of the main terms in the one-loop
power spectrum and bispectrum. Additionally, we briefly discuss the nu-
merical treatment using the FFTlog method, which is the core technique
employed in the CLASS-PT library. In the following calculations, we con-
sider equal-time correlators, and therefore, the time dependence has been
omitted.

A.1 Power Spectrum

Let’s consider the expressions for the two point correlator at one-loop order
(2.4.12). There are two non trivial terms that are computed in the following.
For the second term, using the Wick theorem (2.4.7), we obtain:

⟨δ(2)(k1)δ
(2)(k2)⟩ =

〈∫ d3q1
(2π)3

∫
d3q2
(2π)3

(2π)3δD(k1 − q1 − q2)F2(q1,q2)δ
(1)(q1)δ

(1)(q2)

×
∫

d3p1
(2π)3

∫
d3p2
(2π)3

(2π)3δD(k2 − p1 − p2)F2(p1,p2)δ
(1)(p1)δ

(1)(p2)
〉

=

∫
d3q1
(2π)3

∫
d3p1
(2π)3

F2(q1,k1 − q1)F2(p1,k2 − p1)

× ⟨δ(1)(q1)δ
(1)(k1 − q1)δ

(1)(p1)δ
(1)(k2 − p1)⟩

=

∫
d3q1
(2π)3

∫
d3p1
(2π)3

F2(q1,k1 − q1)F2(p1,k2 − p1)

×
[
⟨δ(q1)δ(k1 − q1)⟩⟨δ(p1)δ(k2 − p1)⟩
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+ ⟨δ(q1)δ(p1)⟩⟨δ(k1 − q1)δ(k2 − p1)⟩

+ ⟨δ(q1)δ(k2 − p1)⟩⟨δ(k1 − q1)δ(p1)⟩
]

=

∫
d3q1
(2π)3

∫
d3p1
(2π)3

F2(q1,k1 − q1)F2(p1,k2 − p1)

× (2π)6
[
δD(k1)δD(k2)PL(|k1 − q1|)PL(|k2 − p1|)

+ δD(q1 + p1)δD(k1 + k2 − q1 − p1)PL(q1)PL(|k1 − q1|)

+ δD(q1 + k2 − p1)δD(k1 + p1 − q1)PL(q1)PL(|k1 − q1|)
]

=

∫
d3q1
(2π)3

F2(q1,k1 − q1)F2(q1 − k1,−q1)

× (2π)3
[
δD(k1 + k2)PL(q1)PL(|k1 − q1|)

+ δD(k1 + k2)PL(q1)PL(|k1 − q1|)
]

= (2π)3δD(k1 + k2) 2

∫
d3q

(2π)3
[F2(q,k1 − q)]2 PL(q)PL(|k1 − q|),

(A.1.1)

where in the last step we used the property F2(q1,k1−q1) = F2(q1−k1,−q1).
For the third term:

⟨δ(3)(k1)δ
(1)(k2)⟩ = 2

〈∫ d3q1
(2π)3

∫
d3q2
(2π)3

∫
d3q3
(2π)3

(2π)3δD(k1 − q1 − q2 − q3)

× F3(q1,q2,q3)δ(q1)δ(q2)δ(q3)δ(k2)
〉

= 2

∫
d3q1
(2π)3

∫
d3q2
(2π)3

F3(q1,q2,k1 − q1 − q2)

× ⟨δ(q1)δ(q2)δ(k1 − q1 − q2)δ(k2)⟩

= 2

∫
d3q1
(2π)3

∫
d3q2
(2π)3

F3(q1,q2,k1 − q1 − q2)

× (2π)6
[
δD(q1 + q2)PL(q1)δD(k1 + k2 − q1 − q2)PL(|k1 − q1 − q2|)

+ δD(k1 − q2)PL(q1)δD(k2 + q2)PL(k2)

+ δD(q1 + k2)PL(q1)δD(k1 − q1)PL(|k1 − q1 − q2|)
]

= (2π)3δD(k1 + k2) 2

∫
d3q1
(2π)3

F3(q1,−q1,k1)
[
PL(q1)PL(k1)
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+ PL(q1)PL(k2) + PL(q1)PL(k1)
]

= (2π)3 δD(k1 + k2) 6

∫
d3q

(2π)3
F3(q,−q,k1)PL(q)PL(k1)

(A.1.2)

A.2 Bispectrum

Now, let’s compute the bispectrum, whose result is presented in Eq. (2.4.17):
Using perturbation theory and applying Wick’s theorem, the tree-level bis-
pectrum consists of three terms. These terms arise from considering the
expansion of the nonlinear density field, δ = δ(1)+ δ(2)+ · · ·, where δ(1) is the
linear (Gaussian) contribution and δ(2) represents the second-order (nonlin-
ear) correction. The three terms correspond to contributions where one of
the fields is δ(2) and the other two are δ(1):

⟨δ(k1)δ(k2)δ(k3)⟩ = ⟨δ(2)(k1)δ
(1)(k2)δ

(1)(k3)⟩
+ ⟨δ(1)(k1)δ

(2)(k2)δ
(1)(k3)⟩

+ ⟨δ(1)(k1)δ
(1)(k2)δ

(2)(k3)⟩. (A.2.1)

In this expansion, the terms involving only δ(1) vanish because, according
to the Wick theorem, the three-point correlator of a Gaussian field is zero.
Hence, the bispectrum originates from the contributions of the second-order
term δ(2), which introduces non-Gaussianity via nonlinear mode coupling.
Let us calculate the first term explicitly. Using Eq. (2.3.17), we have:

⟨δ(2)(k1)δ
(1)(k2)δ

(1)(k3)⟩

=

〈∫
d3q

(2π)3

∫
d3p

(2π)3
(2π)3δD(k1 − q− p)F2(q,p)δ(q)δ(p)δ(k2)δ(k3)

〉
=

∫
d3q

(2π)3

∫
d3p

(2π)3
(2π)3δD(k1 − q− p)F2(q,p)⟨δ(q)δ(p)δ(k2)δ(k3)⟩.

(A.2.2)

Now, due to the Wick theorem, Eq. (2.4.7), we can arrange the term in
brackets as follows:

⟨δ(q)δ(p)δ(k2)δ(k3)⟩ = ⟨δ(q)δ(p)⟩⟨δ(k2)δ(k3)⟩+ ⟨δ(q)δ(k2)⟩⟨δ(p)δ(k3)⟩
+ ⟨δ(q)δ(k3)⟩⟨δ(p)δ(k2)⟩. (A.2.3)
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Therefore, Eq. (A.2.2) becomes:

=

∫
d3q

(2π)3

∫
d3p

(2π)3
(2π)3δD(k1 − q− p)F2(q,p)

[
⟨δ(q)δ(p)⟩⟨δ(k2)δ(k3)⟩

+ ⟨δ(q)δ(k2)⟩⟨δ(p)δ(k3)⟩+ ⟨δ(q)δ(k3)⟩⟨δ(p)δ(k2)⟩
]

=

∫
d3q

(2π)3
F2(q,k1 − q)(2π)6

[
δD(k1)δD(k2 + k3)PL(q)PL(k2)

+ δD(q+ k2)δD(k1 + k3 − q)PL(k2)PL(k3)

+ δD(q+ k3)δD(k1 + k2 − q)PL(k3)PL(k2)

]
, (A.2.4)

where in the last passage we have used the definition of the power spectrum,
Eq. (2.4.3). Moreover, since the first term in square brackets vanishes, we
obtain:

⟨δ(2)(k1)δ
(1)(k2)δ

(1)(k3)⟩ = (2π)3δD(k1 + k2 + k3) 2F2(k2,k3)PL(k2)PL(k3).
(A.2.5)

Finally, considering all terms of Eq. (A.2.1), we arrive at:

⟨δ(k1)δ(k2)δ(k3)⟩ = (2π)3δD(k1 + k2 + k3)×[
2F2(k2,k3)PL(k2)PL(k3)

+ 2F2(k1,k3)PL(k1)PL(k3)

+ 2F2(k1,k2)PL(k1)PL(k2)

]
, (A.2.6)

obtaining a final form for the bispectrum computed at tree level:

B(k1,k2,k3) = 2F2(k1,k2)PL(k1)PL(k2) + cyc. (A.2.7)
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A.3 FFTlog Method

In this section, we briefly outline the core methodology of the CLASS-PT
library1, which is used for calculating loop corrections in cosmological per-
turbation theory. More detailed discussions can be found in [58, 18]. The
method relies on approximating a ΛCDM-like cosmology as a finite sum of
complex power-law universes. This decomposition is naturally achieved us-
ing the FFTLog algorithm.
A key advantage of this approach is that the computationally demanding
part of the calculation, which is independent of the specific cosmology, only
needs to be performed once. The results can then be reused for various pre-
dictions, making the method highly efficient. The evaluation of standard
loop diagrams is ultimately reduced to a simple matrix multiplication.

Before performing any integrals, the linear power spectrum is expressed
as a superposition of self-similar, power-law cosmologies. This is achieved
using a Fourier transform in logarithmic wavenumber space (log k). For a
given range of wavenumbers, [kmin, kmax], and N sampling points, the linear
power spectrum can be approximated as:

P̄lin(kn) =

N/2∑
m=−N/2

cmk
ν+iηm
n , (A.3.1)

where the coefficients cm and the frequencies ηm are given by:

cm =
1

N

N−1∑
l=0

Plin(kl)k
−ν
l k−iηm

min e−2πiml/N , ηm =
2πm

log(kmax/kmin)
. (A.3.2)

Here, the parameter ν, referred to as the bias, is an arbitrary real number.
The decomposition in Eq. (A.3.1) is particularly useful because it separates
the cosmology-dependent part, which is entirely encoded in the coefficients
cm, from the loop calculations. These calculations are then performed for
simpler, idealized cosmologies.
For fixed values of ν, kmin, kmax, and the number of sampling points N , the
most computationally intensive part of the calculation (involving momentum
integrals) can be performed once and stored as a table of precomputed values.
This makes the method highly reusable for various cosmological models.

1github.com/michalychforever/CLASS-PT
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A.3. FFTlog Method

We can then observe that Fn kernels in terms of integer powers of k2, q2, and
|k − q|2. Consequently, the one-loop power spectrum is expressed as a sum
of simpler momentum integrals of the form:∫

q

1

q2ν1|k− q|2ν2
≡ k3−2ν12I(ν1, ν2), (A.3.3)

where ν1 and ν2 are, in general, complex numbers, and ν12 = ν1 + ν2. The
function I(ν1, ν2), which depends on Gamma functions, can be determined
analytically.
Using this formalism, the one-loop integrals for P22 and P13 can be approxi-
mated as:

P̄22(k) = k3
∑

m1,m2

cm1k
−2ν1 ·M22(ν1, ν2) · cm2k

−2ν2 , (A.3.4)

P̄13(k) = k3Plin(k)
∑
m1

cm1k
−2ν1 ·M13(ν1), (A.3.5)

whereM22(ν1, ν2) is a matrix proportional to I(ν1, ν2), andM13(ν1) is a vector
dependent on ν1.
This method forms the core of the CLASS-PT approach. In the referenced
papers, this framework is extended to compute the one-loop power spectrum
for biased tracers, redshift-space distortions, and the bispectrum. The results
exhibit excellent agreement with direct numerical integration while being
significantly faster.
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Appendix B

Marked Power Spectrum
Details

Firstly, we remember some useful Legendre polynomials:

L0(µ) = 1 (monopole)

L2(µ) =
3µ2 − 1

2
(quadrupole)

L4(µ) =
35µ4 − 30µ2 + 3

8
(hexadecapole)

(B.0.1)

where in our applications, µ is the cosine of the angle between the wavevector
and the line of sight. We can write:

µ2 ≡ cos2(θ) =
2

3
L2(µ) +

1

3
L0(µ), (B.0.2)

µ4 =
8

35
L4(µ) +

4

7
L2(µ) +

1

5
L0(µ) (B.0.3)

The first-order kernel Z1 in redshift space is

Z1(k) = b1 + fµ2, (B.0.4)

where here we are neglecting the k pedix on µ for simplicity. Writing it in
terms of Legendre polynomials, we get:

Z1(k, µ) =

(
b1 +

f

3

)
L0(µ) +

2f

3
L2(µ) (B.0.5)
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Now we compute the multipole expansion for Z2
1 that will be useful:

Z2
1(k, µ) =

(
b1 + fµ2

)2
= b21 + 2b1fµ

2 + f 2µ4, (B.0.6)

and substituting the expansions of µ2 and µ4 we get:

Z2
1(k, µ) = b21+2b1f

(
1

3
L0(µ) +

2

3
L2(µ)

)
+f 2

(
1

5
L0(µ) +

4

7
L2(µ) +

8

35
L4(µ)

)
.

This gives the final multipole expansion:

Z2
1(k, µ) =

(
b21 +

2

3
b1f +

1

5
f 2

)
L0(µ) +

(
4

3
b1f +

4

7
f 2

)
L2(µ) +

8

35
f 2L4(µ)

(B.0.7)
We now expand the product of the kernels involved in the MB

22 integral, i.e.,
Z1(p)Z1(k−p)Z2(p,k−p), in powers of µp and µk for each combination of
bias terms that arise from the multiplication of the Z kernels. To organize
the result systematically, we label each term by

(
α, β

)
, where α is the power

of µp and β is the power of µk. Hence, a typical contribution has the form

(bias factors)× µα
p µ

β
k.
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B. Marked Power Spectrum Details

For b1: (B.0.8)

(0, 4) :

(
− f 2k4

14 |k− p|4
+

f 2k5 x

2 p |k− p|4
− 3 f 2k4 x2

7 |k− p|4

)
,

(1, 3) :

(
f 2k3 p

7 |k− p|4
− f 2k4 x

|k− p|4
+

6 f 2k3 p x2

7 |k− p|4

)
,

(1, 5) :

(
f 3k5

2 p |k− p|4

)
,

(2, 2) :

(
f 2k4

7 |k− p|4
− f 2k2 p2

7 |k− p|4
+

f 2k5 x

p |k− p|4
+

8 f 2k3 p x

7 |k− p|4

− 15 f 2k4 x2

7 |k− p|4
− 6 f 2k2 p2 x2

7 |k− p|4
+

6 f 2k3 p x3

7 |k− p|4

)
,

(2, 4) :

(
− f 3k4

|k− p|4

)
,

(3, 1) :

(
− 3 f 2k3 p

7 |k− p|4
− f 2k4 x

|k− p|4
+

10 f 2k3 p x2

7 |k− p|4

)
,

(3, 3) :

(
f 3k5

p |k− p|4
+

f 3k3 p

|k− p|4
− 2 f 3k4 x

|k− p|4

)
,

(4, 0) :

(
3 f 2k2 p2

14 |k− p|4
+

f 2k3 p x

2 |k− p|4
− 5 f 2k2 p2 x2

7 |k− p|4

)
,

(4, 2) :

(
− 3 f 3k4

2 |k− p|4
− f 3k2 p2

2 |k− p|4
+

3 f 3k3 p x

|k− p|4

)
,

(5, 1) :

(
f 3k3 p

2 |k− p|4
− f 3k2 p2 x

|k− p|4

)
.
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For b21: (B.0.9)

(0, 2) :

(
f k4

7 |k− p|4
− f k2 p2

14 |k− p|4
+

f k5 x

p |k− p|4
+

9 f k3 p x

14 |k− p|4

− 15 f k4 x2

7 |k− p|4
− 3 f k2 p2 x2

7 |k− p|4
+

6 f k3 p x3

7 |k− p|4

)
,

(0, 4) :

(
f 2 k4

2 |k− p|4

)
,

(1, 1) :

(
− 3 f k3 p

7 |k− p|4
− f k4 x

|k− p|4
+

10 f k3 p x2

7 |k− p|4

)
,

(1, 3) :

(
f 2 k5

p |k− p|4
− f 2 k3 p

2 |k− p|4
− 2 f 2 k4 x

|k− p|4

)
,

(2, 0) :

(
3 f k4

14 |k− p|4
+

3 f k2 p2

7 |k− p|4
+

f k5 x

2 p |k− p|4
+

4 f k3 p x

7 |k− p|4

− 12 f k4 x2

7 |k− p|4
− 10 f k2 p2 x2

7 |k− p|4
+

10 f k3 p x3

7 |k− p|4

)
,

(2, 2) :

(
− f 2 k4

|k− p|4
+

f 2 k2 p2

2 |k− p|4
+

2 f 2 k3 p x

|k− p|4

)
,

(3, 1) :

(
f 2 k5

2 p |k− p|4
+

f 2 k3 p

|k− p|4
− 2 f 2 k4 x

|k− p|4
− 2 f 2 k2 p2 x

|k− p|4
+

2 f 2 k3 p x2

|k− p|4

)
.
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For b31: (B.0.10)

(0, 0) :

(
3 k4

14 |k− p|4
+

3 k2 p2

14 |k− p|4
+

k5 x

2 p |k− p|4
+

k3 p x

14 |k− p|4

− 12 k4 x2

7 |k− p|4
− 5 k2 p2 x2

7 |k− p|4
+

10 k3 p x3

7 |k− p|4

)
,

(0, 2) :

(
f k4

2 |k− p|4
+

f k2 p2

2 |k− p|4
− f k3 p x

|k− p|4

)
,

(1, 1) :

(
f k5

2 p |k− p|4
+

f k3 p

2 |k− p|4
− 2 f k4 x

|k− p|4
− f k2 p2 x

|k− p|4
+

2 f k3 p x2

|k− p|4

)
.

For b2: (B.0.11)

(2, 2) :

(
f 2 k4

2 |k− p|4
+

f 2 k2 p2

2 |k− p|4
− f 2 k3 p x

|k− p|4

)
,

(3, 1) :

(
− f 2 k3 p

|k− p|4
− f 2 k p3

|k− p|4
+

2 f 2 k2 p2 x

|k− p|4

)
,

(4, 0) :

(
f 2 k2 p2

2 |k− p|4
+

f 2 p4

2 |k− p|4
− f 2 k p3 x

|k− p|4

)
.

For b1b2: (B.0.12)

(0, 2) :

(
f k4

2 |k− p|4
+

f k2 p2

2 |k− p|4
− f k3 p x

|k− p|4

)
,

(1, 1) :

(
− f k3 p

|k− p|4
− f k p3

|k− p|4
+

2 f k2 p2 x

|k− p|4

)
,

(2, 0) :

(
f k4

2 |k− p|4
+

3 f k2 p2

2 |k− p|4
+

f p4

|k− p|4
− 2 f k3 p x

|k− p|4
− 3 f k p3 x

|k− p|4
+

2 f k2 p2 x2

|k− p|4

)
.

For b21b2: (B.0.13)

(0, 0) :

(
− k4

|k− p|4
− k2 p2

|k− p|4
+

2 k3 p x

|k− p|4
+

k4 x2

|k− p|4
+

k2 p2 x2

|k− p|4
− 2 k3 p x3

|k− p|4

)
.
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For bG2 : (B.0.14)

(2, 2) :

(
− f 2k4

|k− p|4
+

f 2k4 x2

|k− p|4

)
,

(3, 1) :

(
2

f 2k3 p

|k− p|4
− 2

f 2k3 p x2

|k− p|4

)
,

(4, 0) :

(
− f 2k2 p2

|k− p|4
+

f 2k2 p2 x2

|k− p|4

)
.

For b1bG2 : (B.0.15)

(0, 2) :

(
− f k4

|k− p|4
+

f k4 x2

|k− p|4

)
,

(1, 1) :

(
2 f k3 p

|k− p|4
− 2 f k3 p x2

|k− p|4

)
,

(2, 0) :

(
− f k4

|k− p|4
− 2 f k2 p2

|k− p|4
+

2 f k3 p x

|k− p|4
+

f k4 x2

|k− p|4
+

2 f k2 p2 x2

|k− p|4
− 2 f k3 p x3

|k− p|4

)
.

For b21bG2 : (B.0.16)

(0, 0) :

(
k2
(
−1 + x2

)
|k− p|2

)
.
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For the term with no bias: (B.0.17)

(2, 4) :

(
− f 3 k4

14 |k− p|4
+

f 3 k5 x

2 p |k− p|4
− 3 f 3 k4 x2

7 |k− p|4

)
,

(3, 3) :

(
f 3 k3 p

7 |k− p|4
− f 3 k4 x

|k− p|4
+

6 f 3 k3 p x2

7 |k− p|4

)
,

(3, 5) :

(
f 4 k5

2 p |k− p|4

)
,

(4, 2) :

(
− f 3 k2 p2

14 |k− p|4
+

f 3 k3 p x

2 |k− p|4
− 3 f 3 k2 p2 x2

7 |k− p|4

)
,

(4, 4) :

(
− 3 f 4 k4

2 |k− p|4

)
,

(5, 3) :

(
3 f 4 k3 p

2 |k− p|4

)
,

(6, 2) :

(
− f 4 k2 p2

2 |k− p|4

)
.
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Now, we write the same expansion for the Z1(k)Z1(p)Z2(k,−p) term
that is involved in MB

13.
For b1: (B.0.18)

(0, 2) :

(
3 f k2

7 |k− p|2
− f k3 x

2 p |k− p|2
− f k p x

2 |k− p|2
+

4 f k2 x2

7 |k− p|2

)
,

(1, 1) :

(
6 f k p

7 |k− p|2
− f k2 x

|k− p|2
− f p2 x

|k− p|2
+

8 f k p x2

7 |k− p|2

)
,

(1, 3) :

(
− f 2 k3

2 p |k− p|2
− f 2 k p

2 |k− p|2
+

f 2 k2 x

|k− p|2

)
,

(2, 0) :

(
5 f

7
− f k x

2 p
− f p x

2 k
+

2 f x2

7
+

3 f p2

7 |k− p|2
− f k p x

2 |k− p|2
− f p3 x

2 k |k− p|2
+

4 f p2 x2

7 |k− p|2

)
,

(2, 2) :

(
f 2

2
+

f 2 k2

|k− p|2
+

f 2 p2

|k− p|2
− 2 f 2 k p x

|k− p|2

)
,

(3, 1) :

(
−f 2 k

2 p
− f 2 p

2 k
− f 2 k p

2 |k− p|2
− f 2 p3

2 k |k− p|2
+

f 2 p2 x

|k− p|2

)
,

(4, 0) :

(
f 2

2

)
.

For b21: (B.0.19)

(0, 0) :

(
5

7
− k x

2 p
− p x

2 k
+

2x2

7

)
,

(0, 2) :

(
f

2

)
,

(1, 1) :

(
−f k

2 p
− f p

2 k

)
,

(2, 0) :

(
f

2

)
.
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For b2: (B.0.20)

(2, 0) :
f

2
.

For b1b2: (B.0.21)

(0, 0) :
1

2
.

For bG2 : (B.0.22)

(2, 0) : − f + fx2.

For b1bG2 : (B.0.23)

(0, 0) : − 1 + x2

For the term with no bias: (B.0.24)

(2, 2) :

(
3 f 2 k2

7 |k− p|2
− f 2 k3 x

2 p |k− p|2
− f 2 k p x

2 |k− p|2
+

4 f 2 k2 x2

7 |k− p|2

)
,

(3, 1) :

(
6 f 2 k p

7 |k− p|2
− f 2 k2 x

|k− p|2
− f 2 p2 x

|k− p|2
+

8 f 2 k p x2

7 |k− p|2

)
,

(3, 3) :

(
− f 3 k3

2 p |k− p|2
− f 3 k p

2 |k− p|2
+

f 3 k2 x

|k− p|2

)
,

(4, 0) :

(
3 f 2 p2

7 |k− p|2
− f 2 k p x

2 |k− p|2
− f 2 p3 x

2 k |k− p|2
+

4 f 2 p2 x2

7 |k− p|2

)
,

(4, 2) :

(
f 3 k2

|k− p|2
+

f 3 p2

|k− p|2
− 2 f 3 k p x

|k− p|2

)
,

(5, 1) :

(
− f 3 k p

2 |k− p|2
− f 3 p3

2 k |k− p|2
+

f 3 p2 x

|k− p|2

)
.
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In the end, we write the expansion for the terms of M12 computed using
the same approach used for MB

13 and MB
22, as discussed in Sec. 3.5. We start

with the expansion needed for MA
12.

For b1: (B.0.25)

(0, 2) :
( f k2

2 |k− q|2
)
,

(1, 1) :
(
− f k q

2 |k− q|2
+

f k

2 q

)
.

For the term with no bias: (B.0.26)

(2, 2) :
( f 2k2

2 |k− q|2
− f 2k2

|k− q|2
)
,

(1, 3) :
( f 2k3

2 |k− q|2 q

)
.

Now, we give the expansion needed forMB
12, that is the expansion of Z1(q)Z1(k−

q).
For b1: (B.0.27)

(2, 2) :
( f k2

|k− q|2
)
,

(1, 1) :
(
− 2 f k q

|k− q|2
)
,

(2, 0) :
(
f +

f q2

|k− q|2
)
.

For b21: (B.0.28)

(1, 1) : 1.

For the term with no bias: (B.0.29)
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(2, 2) :
( f 2k2

|k− q|2
)
,

(3, 1) :
(
− 2f 2kq

|k− q|2
)
,

(4, 0) :
( f 2q2

|k− q|2
)
.
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Appendix C

Full Fisher Forecast Plots

Here we present the full Fisher plots with all parameters varied in the analysis
of the forecast described in Chapter 4.
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C. Full Fisher Forecast Plots
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Figure C.1: Full 2σ (95% C. L.) Fisher forecast constraints from galaxies for
cosmologies with Non-Local PNG, using the BOSS CMASS volume, number
density, and redshift as described in the main text. All relevant parameters
are varied in this analysis. The dashed vertical line indicates the maximum
wavevector adopted in standard analyses [40].
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