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Abstract

Nowadays, the use of aerial robots, such as multi-rotor UAVs (Unmanned Aerial Vehi-
cles), is becoming increasingly widespread across various applications, including explo-
ration, surveillance, monitoring, and more. For this reason, new optimal control strate-
gies for such platforms are being actively researched. The objective of this thesis is to
improve a nonlinear control solution, known as Hierarchical Control, for fully-actuated
hexarotors, which are multi-rotor UAVs equipped with six propellers arranged in such
a way as to achieve a fully-actuated platform, thus enabling control over all six degrees
of freedom of a rigid body in three-dimensional space. Specifically, the work aims to
describe the operating principles of the Hierarchical Controller, improve its existing
architecture, and present a revised version that addresses current shortcomings and
introduces structural enhancements.
Subsequently, to assess the performance of the improved Hierarchical Controller archi-
tecture and to carry out an objective comparison, two other state-of-the-art control
strategies will be introduced, and several numerical simulations will be performed in
MATLAB/Simulink. In particular, numerical simulations in MATLAB/Simulink were
carried out to evaluate the performance difference between the improved Hierarchical
Controller and its original version. Afterwards, the improved Hierarchical Controller
is compared with the other state-of-the-art control strategies under ideal conditions,
in the presence of sensor noise, and during a representative real-world tracking task.
This thesis work concludes with a physics-based simulation in Gazebo, which confirms
the results obtained through numerical validation by comparing the performance of
the proposed controller with that of an alternative control strategy along a predefined
trajectory.
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1. INTRODUCTION

In recent years, there has been a significant increase in the use of aerial robots, whose
most commonly referenced name in the scientific literature appears to be Unmanned
Aerial Vehicles (UAVs).

Figure 1.1: Different types of UAVs, from [1]

Typically, the term UAVs, or more commonly drones, refers to three main types of
platforms (see Fig.1.1), which differ in both structure and operating principle. These
are:

• Fixed-wing drones, which rely on the aerodynamic lift generated by their
wings to remain airborne and may feature one or more engines, depending on
the specific configuration. Due to their structural characteristics, they require
runways for take-off and landing.

• Rotary-wing drones, including both single rotor and multi-rotor configurations
(see Fig. 1.1), which are described in more detail in Section 1.1. These systems
are capable of vertical take-off and landing (VTOL), and therefore do not require
runways for operation.
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• Hybrid drones, which combine the advantages of both fixed-wing and rotary-
wing platforms.

This thesis work, as indicated by the title, focuses on multi-rotor UAVs. The choice
to focus on this type of UAVs is motivated by several factors. First of all, multi-rotor
UAVs feature a relatively simple and symmetric mechanical structure (resulting in lower
production costs), which allows for a simpler dynamic analysis compared to other, more
complex aerial systems, such as fixed-wing drones or hybrid VTOL platforms. This
structural simplicity makes multi-rotor UAVs a highly versatile class with numerous
potential applications. All these characteristics make them a stimulating research field
for the implementation of advanced control algorithms.

1.1. Multi-Rotor UAVs

Multi-rotor UAVs are generally composed of a central body and multiple evenly spaced
actuators. Typically, the rotors are arranged along parallel axes aligned with the
direction of the gravitational force, to counteract it. This type of aerial robot has
gained significant popularity due to its high maneuverability with capabilities such
as vertical take-off/landing and hovering, its autonomy, and mechanical simplicity.
A common distinction among such multi-rotor systems is based on the number of
rotors they possess. The most common configurations are trirotors, quadrotors, and
hexarotors, although octorotors are also available.
Another possible classification of multi-rotor UAVs can be made by considering the
actuation properties of these systems. Recalling that a rigid body in three-dimensional
space exhibits six degrees of freedom (DoFs), it is possible to distinguish between
underactuated and fully-actuated platforms.
Denoting with n the number of rotors, the term underactuated refers to a UAV with
n < 6, meaning that the UAV is unable to perform pure translational movements
without altering its orientation, since it is not possible to control all six DoFs. A well-
known example of an underactuated system is the quadrotor, which is the most widely
used UAV due to its energy efficiency, ease of construction, and lower production cost
compared to alternatives with more rotors.
On the other hand, the term fully-actuated refers to UAVs with n ≥ 6, thus allowing
the UAV to perform pure translational movements without changing its orientation.
Therefore, to achieve full actuation, the minimum number of rotors required is trivially
six, in order to control all six DoFs of a rigid body in 3D space. However, this condition
alone is not sufficient if the six rotors remain oriented in parallel directions. To achieve
full actuation, the orientation of the rotors must be modified. This can be accomplished
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using fixed rotors, meaning that each rotor is appropriately tilted by a certain angle
along its corresponding arm so that its spinning axis is not parallel to the gravity
vector and not parallel among them, or by employing rotors capable of varying their
inclination. In this thesis, we consider a fully-actuated hexarotor with fixed rotors as
the reference platform. The choice to focus on a fully-actuated system is motivated by
the increasing demand for more sophisticated applications. For example, the emerging
field of aerial physical interaction [3], in which UAVs are required to operate not only as
flying sensors but also as aerial manipulators, has led to intensive research on achieving
full actuation in UAVs. This brief introduction to multi-rotor UAVs concludes by
outlining a set of applications involving both fully-actuated and underactuated aerial
platforms, either currently existing or under active development, including:

• Contact-based inspection [6], [7]

• Visual control for the maintenance of hard-to-access structures [8]

• Remote agriculture [9]

• Civil applications such as rescue operations [10] and military applications [11]

1.2. Navigation Task for Multi-Rotor UAVs

The autonomous navigation of multi-rotor UAVs is a complex problem that requires
careful consideration of various constraints, which depend primarily on the specific
application intended for the given platform. An accurate selection of the hardware
to mount on the UAV is crucial to achieve a suitable perception and understanding
of the environment. If necessary, it is essential to design a path tailored to the aerial
platform’s mission. This includes defining an appropriate motion law to ensure smooth
and continuous trajectories that respect the physical limitations of the system. Above
all, an appropriate control strategy must be implemented to generate the control inputs
for the UAV, which must be able both to make the UAV follow the established path
and to manage external disturbances and uncertainties in the dynamic models of the
platforms.
The main navigation tasks typically addressed using fully-actuated multi-rotor UAVs
are defined below:

1. Hovering, which consists in maintaining a fixed and stable position in space with
a constant arbitrary orientation, counteracting gravity and also compensating for
external disturbances.
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2. Position Trajectory Tracking, which involves following a time-varying posi-
tion trajectory, ensuring that the UAV remains as close as possible to the desired
position at each instant.

3. Position Trajectory Tracking and Attitude Stabilization, which consists
in following a time-varying position trajectory while stabilizing the UAV orien-
tation at constant desired values.

4. Position and Attitude Trajectory Tracking, which consists in following a
time-varying trajectory both in position and orientation.

These control problems are listed in order of increasing complexity. It is precisely
the growing complexity of emerging applications that has driven the development of
innovative control strategies for these fully-actuated platforms. In the literature, many
control strategies are proposed to enhance the stability properties of UAVs while track-
ing a desired trajectory. These are generally based on linear control systems such
as proportional-derivative controllers (PD) or linear quadratic regulators (LQR). Re-
cently, nonlinear control strategies have been gaining traction, with their effectiveness
demonstrated through experimental tests.
Following this, Table 1.1 gathers the main existing control solutions, grouped according
to the control problem to be solved:
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Control Problem Common Control Strategies

Hovering PID (Proportional-Integrative-Derivative) [16]

LQR (Linear Quadratic Regulator) [17]

Position trajectory tracking PID (Proportional-Integrative-Derivative) [18]

GC (Geometric Control) [15]

FC (Flatness-based Control) [14]

HC (Hierarchical Control) [14]

NBS (Nonlinear BackStepping) [19]

MPC (model predictive control) [20]

Position tracking + GC (Geometric Control) [15]

attitude stabilization FC (Flatness-based Control) [14]

HC (Hierarchical Control) [14]

NBS (Nonlinear BackStepping) [19]

MPC (model predictive control) [20]

Position + attitude GC (Geometric Control) [15]

trajectory tracking FC (Flatness-based Control)

NBS (Nonlinear BackStepping) [19]

MPC (model predictive control) [20]

Table 1.1: Control strategies for multirotor UAVs depending on the control problem

The optimal resolution of the navigation task for fully-actuated hexarotors would
pave the way for new application scenarios. In fact, thanks to the more precise and
smoother maneuvers that a fully-actuated hexarotor is capable of performing compared
to an underactuated platform, it becomes feasible to employ such UAVs in tasks that
involve physical interaction with the environment, both in outdoor and indoor settings.
Furthermore, investigating innovative control solutions capable of achieving equivalent
navigation task performance while reducing energy consumption would make it possible
to optimize the energy efficiency of UAVs, thereby extending their flight endurance.
For this reason, the principal objective of this thesis is to improve the Hierarchical
Controller (HC) proposed in [13], [14], which is considered highly promising for solving
the navigation task of position tracking and attitude stabilization using a fully-actuated
hexarotor.
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1.3. Thesis Objectives

This thesis focuses on the analysis of a nonlinear Hierarchical Controller (HC) based on
the Zero-Moment-Direction. In particular, the architecture of such a control strategy,
previously described in [14], is revised and improved, and a novel version is proposed.
Subsequently, this improved version is employed to control a fully-actuated hexarotor
with fixed tilted propellers. Initially, simulations are carried out in MATLAB/Simulink
to assess the trajectory tracking and orientation stabilization capabilities, comparing
the performance of the improved version of the Hierarchical Controller with two other
state-of-the-art control strategies, the Geometrical Controller (GC) and the Flatness-
based Controller (FC). The work later move towards to physics-based simulations in
Gazebo. More specifically, the structure of this thesis is defined as follows:

• Chapter 2: A review of theoretical concepts required for understanding this
thesis work. Specifically, skew-symmetric matrices widely used in the Hierarchical
Controller will be recalled. A comprehensive overview of quaternions, employed
for UAV pose representation, will also be provided. Finally, Lyapunov stability
is presented, as it is used to prove the stability of the Hierarchical Controller.

• Chapter 3: The mathematical model of a multi-rotor platform is derived and
the Hierarchical Controller is presented. In particular, the original architecture
proposed in [14] is described, along with the corrections made to it, concluding
with the presentation of an improved version.

• Chapter 4: The reference Hexarotor platform is described, along with the bench-
mark used for validating the improved Hierarchical architecture. This includes
the two other state-of-the-art control solutions adopted and the selected key
performance indices. Finally, all numerical and physics-based validations are
presented and discussed, along with the associated navigation tasks.

• Chapter 5: The main conclusions of the thesis work are drawn, based on the in-
sights gained from the numerical and physics-based tests presented in the previous
chapter. It is clarified whether the enhancements introduced to the Hierarchical
Controller architecture are indeed effective. The chapter concludes by proposing
possible future directions in which this thesis work can be further developed.
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2. PRELIMINARIES

This chapter provides a review of the mathematical concepts necessary for a com-
plete understanding of this thesis, with particular focus on pose representation using
quaternions and on Lyapunov stability.

2.1. Skew-Symmetric Matrices

Skew-symmetric matrices, also called antisymmetric matrices, are square matrices A ∈
Rn×n that satisfy the property:

A⊤ = −A.

A direct consequence is that all diagonal elements are zero, i.e., aii = 0 for every
i = 1, . . . , n.
In the three-dimensional case, there exists a one-to-one correspondence between vectors
v ∈ R3 and skew-symmetric matrices [v]× ∈ R3×3 defined as:

v =


v1

v2

v3

 ←→ [v]× =


0 −v3 v2

v3 0 −v1

−v2 v1 0

 .

Given two vectors v and u, their cross product can be represented as follows:

v× u = [v]×u.

This representation is widely used in mechatronics and robotics to describe rotation
operators and angular velocities.
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2.2. Quaternions

In general, a quaternion represents an extension of complex numbers, formally defined
by an ordered quadruplet of real numbers as follows:

q = [q0, q1, q2, q3] (2.1)

It is possible to associate the quaternion q with the matrix Aq formed as follows:

Aq =

 q0 + iq1 q2 + iq3

−q2 + iq3 q0 − iq1

 =

 α β

−β α


obtaining the matrix representation of a quaternion, which is useful for performing
the product between quaternions, since given two quaternions p and q, the matrix
associated with the product of the two quaternions is computed as:

Apq = ApAq

Therefore, if we want to multiply two quaternions, we can multiply their corresponding
matrices and then derive the quaternion associated with the resulting matrix.
Another possible representation of a quaternion is the vectorial one. Given a quaternion
q = [q0, q1, q2, q3], q0 is named the scalar part and w = [q1, q2, q3] is named the vectorial
part of the quaternion q. If w = 0, then q ∈ R and it is called a real quaternion. If
q0 = 0, then q is called a pure quaternion (or vectorial quaternion). In this case, it can
be identified with the vector w ∈ R3.
Finally, by introducing pure quaternions i = [0, 1, 0, 0], j = [0, 0, 1, 0],
k = [0, 0, 0, 1], it is possible to obtain the algebraic representation of a quaternion:

q = qo + iq1 + jq2 + kq3 (2.2)

The advantage of this fourth representation is that it allows the multiplication of two
quaternions using algebra.
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2.2.1. Fundamental Properties

The following section recalls some fundamental properties of quaternions, which are
essential for understanding certain mathematical steps not only in this thesis, but also
in the related literature.

1. Given a quaternion q = [q0,w], the coniugate of q is q∗ = [q0,−w]

2. Given a quaternion q = [q0, q1, q2, q3], its norm is ∥q∥ =
√
q2

0 + q2
1 + q2

2 + q2
3.

3. If q = [q0,w], then ∥q∥2 = q2
0 + w ·w = qq∗

4. Named Aq the matrix associated with q, then ∥q∥2 = detAq

5. Given two quaternions p = [p0,v] and q = [q0,w], their product is:

pq = [p0q0 − v ·w, p0w + q0v + v×w]

2.2.2. Quaternions and Rotations

A quaternion q is defined as unit quaternion if ∥q∥ = 1.
If q is a unit quaternion, then q−1 = q∗, because qq∗ = ∥q∥2.
For each unit quaternion q, exists an angle φ ∈ [0, 2π] and at least a versor u such
that

q =
[
cos φ

2
, sin φ

2
u
]

(2.3)

it is thus straightforward that unit quaternions represent rotations in 3D space, given
that u represents the rotation axis and φ denotes the rotation angle.
Therefore, it is possible to associate to a generic unit quaternion q = [q0,w] a rotation
matrix, belonging to the Special Orthogonal group SO(3) := {R ∈ R3×3| RT R =I3,
det(R) = 1}, computed as follows:

R(q) = I3 + 2q0[w]× + 2[w]2× (2.4)

As for the rotation matrices, it is possible to compose a sequence of rotations. Given two
quaternions q1,q2, it is possible to combine the rotations associated to the quaternions
through the quaternion product, which is defined as follows:

q1 ◦ q2 = M(q1)q2 = N(q2)q1 (2.5)

where

M(q) =

q0 −wT

w q0I3 + [w]×

 ,N(q) =

q0 −w⊤

w q0I3 − [w]×


13



The quaternion product is not commutative, so using q3 := q1 ⊗ q2, one has R(q3) =
R(q1)R(q2). In conclusion, given two 3D coordinate systems Fx, Fy, such that the
unit quaternion q indicates the relative rotation from Fx to Fy, the time derivative of
the generic quaternion q results:

q̇ = 1
2

q ◦

0
ω

 = 1
2

 −w⊤

q0I3 + [w]×

ω (2.6)

where ω ∈ R3 is the angular velocity of Fx with respect to Fy, expressed in Fx.
In this work, unit quaternions are adopted to represent the attitude of the UAV.
This choice is motivated by the need to overcome the singularities and discontinuities
associated with Euler angle representations, such as gimbal lock, which can compromise
the robustness and continuity of the control laws. Moreover, compared to rotation
matrices, quaternions offer a more compact and computationally efficient formulation,
which simplifies both the kinematic and dynamic equations involved in the control
design process.

2.3. Lyapunov Stability Theory

Lyapunov stability theory provides a fundamental framework for analyzing the stability
of equilibrium points in dynamical systems without explicitly solving the system’s
differential equations. The main idea is to construct a scalar function V (x), known as
the Lyapunov function, which is positive definite and decreases along the trajectories
of the system.
Given a dynamical system described by

ẋ = f(x),

an equilibrium point x = 0 is said to be stable in the sense of Lyapunov if for every
ϵ > 0, there exists a δ > 0 such that

∥x(0)∥ < δ =⇒ ∥x(t)∥ < ϵ, ∀t ≥ 0.

If, in addition, the Lyapunov function V (x) satisfies

V̇ (x) = ∂V

∂x f(x) < 0, ∀x ̸= 0,

then the equilibrium is asymptotically stable.
Lyapunov’s method is extensively employed in control theory, robotics, and mecha-
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tronics as a rigorous and intuitive tool for the design and analysis of stable control
systems, particularly in cases involving nonlinear dynamics or complex multi-input
systems where traditional linear stability analysis may be insufficient.
The Hierarchical Controller discussed in this thesis has been developed based on this
theoretical framework. In fact, the parameters underlying the controller have been
specifically defined to always ensure the negativity of the Lyapunov functions devel-
oped to drive the desired mismatches to zero (see Sec. 3.2).
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3. HIERARCHICAL CONTROL OF
FULLY-ACTUATED HEXAROTOR

This chapter represents the core theoretical contribution of the thesis. First, the mathe-
matical model of the considered fully-actuated hexarotor platform is derived, providing
the fundamental equations that describe its dynamics and serve as the basis for control
design. Building upon this, the Hierarchical Controller (HC) is introduced, with par-
ticular attention devoted to the original architecture proposed in [14]. The limitations
and inconsistencies identified in the original formulation are then discussed, followed
by a detailed presentation of the corrections implemented to address these issues. Fi-
nally, an improved version of the controller is proposed, incorporating both structural
and conceptual enhancements aimed at increasing robustness, reliability, and overall
performance.

3.1. Fully-Actuated Hexarotor Modeling

In this section, using the unit quaternion formalism to represent the attitude, the
model of a star-shaped hexarotor is derived. The star-shaped hexarotor features tilted
propellers whose spinning axes are not parallel to the gravity vector, with an angle
between each arm of 60◦. This design enables the platform to achieve full actuation,
as the resulting control force can be assigned in a 3D domain, allowing the UAV to
effectively track position and orientation references independently.

16



Figure 3.1: Schematic of a tilted hexarotor having CCW (gray) and CW (white) pro-
pellers, from[13]

Consider a generic hexarotor, composed of six propellers forming a hexagon centered
at the center of mass (CoM) of the platform. As shown in Figure 3.1, two reference
systems are introduced:

• FW = {OW − xW yW zW} the inertial world frame (fixed).

• FB = {OB − xByBzB} the body frame with its origin coinciding with the CoM
of the UAV.

The pose of the hexarotor with respect to the world frame is described by the pair
(p,q) ∈ R3 × S3, where the vector p ∈ R3 denotes the position of OB in FW , and the
unit quaternion q ∈ S3 represents the orientation of FB with respect to FW . Named
v ∈ R3 the linear velocity of OB in FW , and ω ∈ R3 the angular velocity of FB w.r.t.
FW , expressed in FB, then the position and orientation kinematics is governed by:


ṗ = v

q̇ = 1
2

q ◦

0
ω


In order to derive the dynamics of the hexarotor, a single propeller is analyzed. Let
the frame associated with the i-th propeller be defined as FPi

= {OPi
− xPi

yPi
zPi
},

where i = 1, ..., 6. The position pPi
∈ R3 of the rotor center OPi

is considered constant
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in the body frame FB and it can be determinated as follows:

pPi
= RZ(γi)


Lxi

0
0

 =


cos(γi) − sin(γi) 0
sin(γi) cos(γi) 0

0 0 1



Lxi

0
0

 ,∀i = 1, ..., 6

where Lxi
∈ R+ is the distance between OPi

and OB. Instead, γi = (i− 1)π/3 ∈ [0, π]
is the angular direction of the segment OBOPi

, with reference to the xByB plane of
the CoM. In this way the six propellers lie on the xByB plane of the CoM
Lastly, it is possible to parameterize the propeller orientation by introducing the rota-
tion matrix RPi

∈ SO(3) that represent the orientation of FPi
with reference to the

body frame FB :
RPi

= Rz(γi)Ry(βi)Rx(αi),∀i = 1, ..., 6

where parameters αi, βi represent the tilt angles that defines the rotation plane of each
propeller with respect to the body frame (see Fig.3.2)

Figure 3.2: (a): Terminal part of the i-th hexarotor arm showing the position OPi
of

the i-th propeller and the generated thrust fi and drag τi; (b) and (c): Visualization
of the possible reorientation of the i-th propeller around xPi

, with angle αi (b), and
around yPi

, with angle βi (c). Adapted from [21].

Each i-th propeller, i ∈ {1, ..., n}, rotates with angular velocity ωi ∈ R3 around its
spinning axis, which is also assumed to have a constant direction in body frame FB.
Indeed, the angular velocity can be expressed as ωi := ωizpi

, where ωi ∈ R indicates
the controllable rotor spinning rate and zpi

∈ S2 is a unit vector parallel to the rotor
spinning axis, which depends also on the tilting angles as:

zPi
= RPi

zB (3.1)

While spinning, each propeller exerts a thrust/lift force fi ∈ R3 and a drag moment
τi ∈ R3, both oriented along the direction zpi

. These two quantities are related to the
angular velocity ωi of the i-th propeller as follows:

fi = σcfi
|ωi|ωizpi

τi = −c+
τi
|ωi|ωizpi

(3.2)
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where cfi
, c+

τi
> 0 and σ ∈ {−1, 1} are constant parameters depending on the propeller

shape; in particular, σ = −1 if the propeller rotates clockwise, and σ = 1 if the
propeller rotates counterclockwise.
Defining ui := σ|ωi|ωi ∈ R and cτi

:= −σc+
τi
∈ R, equation (3.2) can be rewritten as:

fi = cfi
uizpi

τi = cτi
uizpi

(3.3)

By summing the contributions fi of all the propellers, the control force fc ∈ R3 exerted
at the hexarotor CoM is obtained. Conversely, summing all the contributions τi, while
also accounting for the effect of the thrust forces, results in the control moment τc ∈ R3.
Their expressions are:

fc =
n∑

i=1
fi =

n∑
i=1

cfi
zpi
ui (3.4)

τc =
n∑

i=1
(pi × fi + τi) =

n∑
i=1

(cfi
pi × zpi

+ cτi
zpi

)ui (3.5)

both expressed in FB, where pi is the position of the CoM of the i-th propeller in FB.
Using the Newton-Euler approach and neglecting second-order effects, the hexarotor
dynamic model is governed by the following equation set:

mp̈ = −mge3 + R(q)fc

Jω̇ = −ω × Jω + τc

where m > 0 is the mass of the hexarotor, g is the gravitational constant, e3 = [0, 0, 1] ∈
R3 is the unit vector belonging to the canonical basis of R3 and identifying the direction
of the gravitational force, and J ∈ R3×3 is the platform inertia matrix with respect to
OB expressed in FB.
Considering:

• State vector xp := [p q v ω]T ∈ R3 × S3 × R6

• Control input vector: u = [u1 ... u6]T = [|ω1|ω1 ... |ω6|ω6]T ∈ R6.

it is possible to compactly rewrite equations (3.4) and (3.5) as:

fc = Fu (3.6)

τc = Mu (3.7)

where F, M ∈ R3×6 are the control force input matrix and the control moment input
matrix, respectively.
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The kinematic and dynamic behavior of the hexarotor can be described by the inte-
grated nonlinear model:

ẋ =


ṗ
q̇
v̇
ω̇

 =



v

1
2q ◦

0
ω


−ge3 +m−1R(q)Fu

J−1(−ω × Jω + Mu)


(3.8)

The model based on rotation matrices is also presented, as it will be employed
in the implementation of alternative control strategies. Choosing the state vector as
xp := [p δ v ω]T ∈ R12 in which δ =

[
ϕ θ ψ

]⊤
∈ R3 is the orientation of the

platform expressed in FB with respect to FW , the model results:

ẋ =


ṗ
δ̇

v̇
ω̇

 =


v

T(δ)ω
−ge3 +m−1R(δ)fc

J−1(−ω × Jω + τc)

 (3.9)

where:

R(δ) = Rz(ψ)Ry(θ)Rx(ϕ), T(δ) =


1 sinϕ tan θ cosϕ tan θ
0 cosϕ − sinϕ
0 sinϕ/ cos θ cosϕ/ cos θ

 (3.10)

3.2. Original HC Architecture

In this section, the original architerture of the hierarchical controller from [14] is pre-
sented.
Hierarchical Controller implements a state feedback nonlinear regulation, exploiting
some algebraic prerequisites on the control matrices that ensure the existence of a
preferential direction in the feasible force space, along which the control force and con-
trol moment are decoupled. As shown in Figure 3.3, which illustrates the architecture
of the Hierarchical Controller, the control inputs are the reference position pr ∈ R3, its
derivatives and the reference orientation qr ∈ S3. At first, the controller is designed
to regulate the translational dynamics, aiming to counteract gravity while ensuring
accurate position tracking. In this phase, an arbitrary desired orientation qd ∈ S3 is
computed internally by the controller. Subsequently, a corrective action is applied to
steer qd towards the reference orientation qr, which justifies the term "Hierarchical".
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Figure 3.3: Hierarchical Controller Architecture, from [14]

As previously mentioned, the functioning of such a nonlinear controller is based
on specific properties that the control matrices F and M, introduced in (3.6) and
(3.7), must satisfy. As a preliminary requirement, both matrices must have full rank, a
condition that is always met in the case of a tilted hexarotor when suitable tilt angles
are selected. Furthermore, the matrices F and M must satisfy the following condition:

rk(MF) = 3 (3.11)

where F ∈ R6×3 such that Im(F) = ker(F).
This condition ensures the possibility of freely assigning the control moment τc. This
ensures that the hexarotor can reject torque disturbances in any direction. Moreover,
this condition implies the existence of a vector u ∈ ker(M) such that ∥Fu∥ = 1.
This allows identifying a direction in the force space along which the magnitude of
the control force can be arbitrarily assigned when the control moment is zero. The
definition of such a zero-moment preferential direction is the following:

d∗ := Fu ∈ Im(F) ∩ S2 (3.12)

From a mathematical perspective, condition (3.11) guarantees the existence of a matrix
K ∈ R6×6 such that MKMT is invertible and the generalized right pseudo-inverse of
M can be defined as: M†

K = KMT(MKMT)−1 ∈ R6×3.
By choosing the control law as:

u = M†
Kτr + ufc (3.13)

where τr ∈ R3 is the reference moment and fc = ∥fc∥ ∈ R is the force intensity
described in (3.6), it becomes possible to rewrite (3.6) and (3.7) as follows:

fc = Fu = d∗fc (3.14)
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τc = Mu = τr (3.15)

The vector u in the control law is chosen so that the zero-moment preferential direction
is:

d∗ = d
∥d∥ , d = R(qr)T (mge3 +mp̈r) (3.16)

in which qr ∈ S3 is the reference orientation. This choice ensures that the resulting
control force fc = d∗fc is oriented in the body frame FB in order to counterbalance
the gravity force while acting along the direction of the reference position trajectory.
The control architecture is shown in Fig.3.3.
The controller states are the control force intensity fc and the desired orientation
qd ∈ S3, which is the rotation that ensure that the resulting force R(qd)fc acting
on the translational dynamic (Equation 3.8), in the direction of d∗ because of (3.14)
coincides with the following reference force fr ∈ R3, chosen as a simple PD function with
gravity compensation and an additional term for trajectory tracking, the expression is
given by:

fr := mge3 +mp̈r − kppep − kpdev (3.17)

where ep = p−pr ∈ R3 and ev = v−vr ∈ R3 represent the position and velocity error
vectors, and kpp, kpd ∈ R are tunable positive scalar gains. It is possible to introduce
the mismatch between forces, defined as:

f∆ := R(qd)fc − fr = R(qd)d∗fc − fr ∈ R3 (3.18)

With an appropriate choice of parameters fc and qd, the mismatch f∆ converges to
zero, thereby ensuring stabilization of the translational dynamics of the platform. Fur-
thermore, instead of algebraically computing qd, its evolution is exploited through the
following:

q̇d = 1
2

qd ◦

 0
ωd

 (3.19)

where ωd ∈ R3 is an additional input selected to ensure f∆ converges to zero.
For parameter definition, the following Lyapunov function is chosen:

Vf∆ = 1
2

f⊤
∆ f∆ (3.20)

whose derivative is:
V̇f∆ = f⊤

∆ ḟ∆ (3.21)

To ensure that the mismatch f∆ converges to zero, according to Lyapunov’s stability
theory, the derivative of the Lyapunov function must necessarily be negative. Imposing
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the following equality:
V̇f∆ = f⊤

∆ ḟ∆ := −k∆∥f∆∥2 (3.22)

it follows that:
ḟ∆ = −k∆f∆ (3.23)

Equation (3.23) therefore represents the form that the derivative of f∆ must necessarily
take in order to ensure the negativity of the time derivative of the defined Lyapunov
function.
Computing this derivative from (3.18) (as reported in [14]), we obtain:

ḟ∆ = R(qd)d∗ḟc + Ṙ(qd)d∗fc − ḟr

= R(qd)d∗ḟc + R(qd)[ωd]×d∗fc − ḟr

(3.24)

Introducing the variable ν, which depends on the controller states:

ν = R(qd)[d∗ḟc + [ωd]×d∗fc] (3.25)

the derivative of the f∆ can be expressed as the following difference:

ḟ∆ = ν − ḟr (3.26)

Proceeding with the computation of ḟr, accounting for its definition (3.17):

ḟr = −kppėp − kpdėv +m
...p r (3.27)

The positon error dynamic is given by:

ėp = ṗ− ṗr = ev (3.28)

Instead, the velocity error dynamic is computed as follows:

ėv = v̇− v̇r

= 1
m

(mv̇−mv̇r) =

= 1
m

(−mge3 + R(q)d∗fc −mp̈r−f∆ + f∆) =

= 1
m

(−mge3 + R(q)d∗fc −mp̈r −R(q)d∗fc + fr + f∆) =

= 1
m

((R(q)−R(qd))d∗fc − kppep − kpdev + f∆)

(3.29)

By substituting results (3.28) and (3.29) into equation (3.27), the derivative of the
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reference force fr becomes:

ḟr = −kppėv −
kpd

m
((R(q)−R(qd))d∗fc − kppep − kpdev + f∆) +m

...pr (3.30)

This derivative simplifies when the platform attitude q converged toward the desired
one qd. When this condition is met, it holds that:

ḟr ≈
kpdkpp

m
ep +

(
kpd

2

m
− kpp

)
ev −

kpd

m
f∆ +m

...p r (3.31)

Exploiting (3.31), the equation (3.26) results:

ḟ∆ = ν − kpdkpp

m
ep −

(
kpd

2

m
− kpp

)
ev + kpd

m
f∆ −m

...p r (3.32)

By imposing that ḟ∆ = −k∆f∆, the variable ν results

ν = kpdkpp

m
ep +

(
kpd

2

m
− kpp

)
ev −

(
kpd

m
+ k∆

)
f∆+m ...p r (3.33)

with k∆ ≥ 0 ∈ R being an additional tunable scalar gain.
In (3.33), the last term is highlighted in red to emphasize that its sign is opposite to
that erroneously reported in [14].
Recalling that the variable ν depends on the controller states as defined in (3.25), these
states are given by:

ḟc = (R(qd)d∗)⊤ν (3.34)

ωd = 1
fc

[d∗]×R(qd)⊤ν (3.35)

As can be observed, the controller states in (3.34) and (3.35) themselves depend on
the variable ν defined in (3.33). This definition of the controller states was chosen to
ensure that the following identity is satisfied:
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ν = R(qd)d∗ḟc −R(qd)[d∗]×ωdfc =

= (R(qd)d∗)(R(qd)d∗)⊤ν −R(qd)[d∗]×fc
1
fc

[d∗]×R(qd)⊤ν =

1= ν((R(qd)d∗)(R(qd)d∗)⊤ −R(qd)[d∗]×[d∗]×R(qd)⊤) =

= ν∥R(qd)d∗∥2I =
2= ν∥d∗∥2 =

= ν

In the first version of the Hierarchical Controller, equation (3.35) solely ensured the
convergence of the platform orientation q towards qd. Subsequently, the second term
ω′

d ∈ R3 (see Remark 3 in [13]) was added to regulate the controller state dynamics qd

towards qr.

ωd = ω0
d + ω′

d = 1
fc

[d∗]×R(qd)⊤ν − kqd∗d⊤
∗ ϵ′

∆ (3.36)

The term ω′
d acts on the following orientation mismatch:

q′
∆ = q−1

r ◦ qd =

η′
∆

ϵ′
∆

 (3.37)

where η′
∆ is the scalar part and ϵ′

∆ is the vectorial part of the quaternion mismatch q′
∆.

The convergence to zero of q′
∆ was demonstrated according to Lyapunov’s stability

theory. Furthermore, it was proven that its introduction does not affect the stability
proof carried out previously.
The HC architecture, shown in Figure 3.3, is completed with a careful selection of τr in
(3.13), ensuring the convergence of q towards qd. This choice was made by introducing
the following orientation mismatch:

q∆ = q−1
d ◦ q =

η∆

ϵ∆

 (3.38)

whose evolution is:

q̇∆ = 1
2

q∆ ◦

 0
ω∆

 (3.39)

where ω∆ = ω − ωd ∈ R3 is the angular velocity mismatch.
1∥x2∥I = xx⊤ − [x]2×
2 ∥R(qd)d∗∥2 = (R(qd)d∗)⊤(R(qd)d∗) = d⊤

∗ R(qd)⊤R(qd)d∗ = d⊤
∗ d∗ = ∥d∗∥2

Ortogonality: R(qd)⊤R(qd) = I
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As done for the translational dynamics, a Lyapunov function was constructed, and its
derivative was ensured to be negative through the following choice of τr:

τr = −kapϵ∆ − kadω∆ + ω × Jω + Jω̇d (3.40)

The designed controller prioritized the regulation of the UAV orientation towards the
desired one (internal controller state), rather than the reference one (external controller
input), thus highlighting the lower priority assigned to attitude regulation in the hier-
archical architecture. The HC architecture requires the tuning of the six scalar gains
kpp, kpd, kap, kad, k∆, kq, allowing an easier tuning process, but being a sophisticated
control technique implies more difficulties in implementation.

3.3. Revised HC Architecture

With the aim of improving the performance of the Hierarchical Controller, a thorough
analysis of the various versions of this control solution (presented in [12], [13], [14])
was conducted. Below, an enhancement of the architecture is proposed following the
identification of a mathematical issue in Remark 3 in [14]. For the sake of clarity,
equations (3.18) and (3.24), which describe the mismatch related to translational forces
and its evolution, are reported below:

f∆ := R(qd)fc − fr = R(qd)d∗fc − fr

ḟ∆ = R(qd)d∗ḟc + Ṙ(qd)d∗fc − ḟr

It is possible to notice the lack of a term in the derivative of f∆, associated with the
derivative of the zero-moment preferential direction d∗.
Rewriting the expression for the zero-moment preferential direction:

d∗ = d
∥d∥ , with d = R(qr)⊤(mge3 +mp̈r)

and applying the rule for the derivative of a quotient:

ḋ∗ =
ḋ∥d∥ − d d

dt
∥d∥

∥d∥2 (3.41)

it is possible to compute the required derivative.
The unknown derivative terms that must be evaluated in order to apply equation (3.41)
are two. These terms are computed separately to enhance the clarity of the exposition.
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Starting with the computation of the term ḋ:

ḋ = d

dt
(R(qr)⊤(mge3 +mp̈r)) = Ṙ(qr)⊤(mge3 +mp̈r) + R(qr)⊤m

...p r =

= −[ωr]×R(qr)⊤(mge3 +mp̈r) + R(qr)⊤m
...p r =

= −[ωr]×d + R(qr)⊤m
...p r

(3.42)

Subsequently, the second derivative term in (3.41) is evaluated. Calculating d
dt
∥d∥

and recalling that ∥d∥ =
√

dT d:

d

dt
∥d∥ = 1

2∥d∥
d

dt
(d⊤d) = 1

2∥d∥2d⊤ḋ = d⊤ḋ
∥d∥ =

= d⊤

∥d∥(−[ωr]×d + R(qr)⊤m
...p r)

(3.43)

Substituting the results (3.42), (3.43) into (3.41), we obtain:

ḋ∗ =
(−[ωr]×d + R(qr)⊤m

...p r)∥d∥ − dd⊤

∥d∥ (−[ωr]×d + R(qr)⊤m
...p r)

∥d∥2

Defining Pd = dd⊤/∥d∥2, the derivative of the zero-moment preferential direction
is given as:

ḋ∗ = (I−Pd)
∥d∥ (−[ωr]×d + R(qr)⊤m

...p r) = (I−Pd)
∥d∥ ḋ (3.44)

After computing the derivative of d∗, it is possible to modify the derivative of f∆

as anticipated:

ḟ∆ = Ṙ(qd)d∗fc + R(qd)ḋ∗fc + R(qd)d∗ḟc − ḟr =

= Ṙ(qd)d∗fc + R(qd)(I−Pd)
∥d∥ ḋfc + R(qd)d∗ḟc − ḟr

(3.45)

where:

ḋ = −[ωr]×d + R(qr)⊤m
...p r (3.46)

Pd = dd⊤

∥d∥ (3.47)

Recalling the required form of the time derivative of the mismatch between the total
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force acting on the translational dynamics and the reference force introduced in (3.17),
which ensures the negativity of the derivative of the Lyapunov function defined in
(3.20):

ḟ∆ = −k∆f∆

with the inclusion of the missing term, equation (3.45) then becomes:

ḟ∆ = ν + R(qd)(I−Pd)
∥d∥ ḋfc − ḟr := −k∆f∆ (3.48)

Through equation (3.48), a new definition of the parameter ν, previously introduced
in (3.33), is obtained:

ν = kpdkpp

m
ep +

(
kpd

2

m
− kpp

)
ev −

(
kpd

m
+ k∆

)
f∆+m ...p r −R(qd)(I−Pd)

∥d∥ ḋfc (3.49)

For the sake of completeness, the controller states are reported below, which will
be modified according to the new definition of the parameter ν:

ḟc = (R(qd)d∗)⊤ν

ωd = ω0
d + ω′

d = 1
fc

[d∗]×R(qd)⊤ν − kqd∗d⊤
∗ ϵ′

∆

3.4. Improved HC Architecture

This section proposes the addition of an integral term to the reference force fr, intro-
duced in (3.17). A step-by-step derivation of this modification is provided to demon-
strate that the inclusion of such term does not affect the stability of the control system,
and that the negativity of the previously discussed Lyapunov function is still guaran-
teed. The new expression of the reference force is thus presented as follows:

fr := mge3 +mp̈r − kppep − kpdev − kpi

∫
ep dt (3.50)

As for the previous considerations regarding the derivative of the mismatch f∆, they
remain unchanged. In order to ensure the negativity of the Lyapunov function, the
time derivative of this mismatch must always take the following form:

ḟ∆ = −k∆f∆
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Therefore, the equation already derived in (3.48), and reported below, still holds:

ḟ∆ = ν + R(qd)(I−Pd)
∥d∥ ḋfc − ḟr := −k∆f∆ (3.51)

What changes is precisely the derivative of fr reported in this equation. The new
expression of the reference force derivative is computed as follows:

ḟr = −kppėp − kpdėv +m
...p r−kpiep (3.52)

Recalling that the reference force also appears in the velocity error dynamics ev (see
equation 3.29), the new expression of the velocity error dynamics becomes:

ėv = 1
m

[(R(q)−R(qd))d∗f − kppep − kpdev + f∆−kpi

∫
ep dt] (3.53)

so the derivative of the reference force becomes:

ḟr =
(
kpdkpp

m
−kpi

)
ep +

(
kpd

2

m
− kpp

)
ev −

kpd

m
f∆ +m

...p r+
kpdkpi

m

∫
ep dt (3.54)

Therefore, by substituting equation (3.54) into equation (3.51), the ultimate definition
of the parameter ν is obtained, which is referred to as νf for compactness:

νf = ν+kpdkpi

m

∫
ep dt− kpiep (3.55)

in which ν is the version defined in (3.49). For the sake of completeness, the controller
states are reported below, which will be modified according to the new definition of
the parameter ν:

ḟc = (R(qd)d∗)⊤νf

ωd = ω0
d + ω′

d = 1
fc

[d∗]×R(qd)⊤νf − kqd∗d⊤
∗ ϵ′

∆
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4. IMPROVED HC PERFORMACE
ASSESSMENT

This chapter represents the core validation phase of the thesis, where the performance
of the improved HC is thoroughly evaluated. The customized real-world hexarotor
platform used to assess the control strategy is first introduced. To ensure an objective
evaluation, alternative state-of-the-art control solutions are then presented, together
with the Key Performance Indices (KPI) selected for the comparison. The chapter
concludes with a detailed discussion and analysis of the results obtained from the var-
ious test campaigns conducted both in the MATLAB/Simulink1 numerical simulation
environment and in the Gazebo2 physics-based simulation environment.

4.1. Reference Hexarotor Platform

The hexarotor used as a reference platform to validate the performance of the improved
version of the Hierachical Controller is the custom-built system shown in Figure 4.1.
This hexarotor, identified by the name HR01, features a star-shaped configuration,
with six rotors symmetrically arranged around the center of mass on a carbon fiber
frame Tarot 680 Pro, with an overall diameter of approximately 0.8 meters. The to-
tal weight, including all hardware components and sensors, amounts to approximately
3.5 kg. Propulsion is provided by six Tarot 4008 6S brushless motors rated at 380 kV,
each paired with a 35 A Holybro Tekko 32 ESC, driving 13-inch carbon fiber pro-
pellers with a pitch of 5.5 inches. In addition, HR01 is equipped with a Pixhawk 4
flight controller and a Raspberry Pi 4B, housed in a lightweight aluminum case

1MATLAB® (MATrix LABoratory) is a programming environment and numerical computing lan-
guage developed by MathWorks. It is used for numerical simulations, data analysis, and solving
complex mathematical problems.
Simulink® is a graphical programming environment integrated in MATLAB®, specifically designed for
modeling, analyzing, and simulating dynamical systems.

2Gazebo is an open-source 3D robotics simulator designed to accurately and efficiently simulate
robots in complex indoor and outdoor environments. It provides a robust physics engine, high-quality
graphics, and interfaces for sensor simulation.
It is widely used in research and development for testing robotic algorithms, enabling realistic simu-
lation before real-world deployment.
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with integrated fans. Onboard HR01 is also an Intel RealSense Depth Camera
D435, capable of acquiring RGB images at a maximum resolution of 1920 × 1080 p,
with a frame rate of 30 fps and a field of view (FOV) of 69◦ × 42◦.

Figure 4.1: Star-shaped hexarotor used for validation, HR01

In this work, the tilting angles αi and βi with i = 1, . . . , 6 (see Fig. 3.2) of the i-th
propeller are kept constant:

αi = (−1)iα and βi = β

The values of α and β used are reported in Table 4.1. In the following, a table is
provided that summarizes all the physical parameters of the hexarotor used in this
study.
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Parameter Definition Value Unit
m total mass of the hexarotor 3.5 [kg]
g gravity constant 9.81 [m/s2]
γi angular direction of each hexarotor arm (i− 1)π

3 [◦]
Lx distance between OPi and OB 0.358 [m]

J inertia of hexarotor


0.155 0 0

0 0.147 0
0 0 0.251

 [kg ·m2]

cf propeller thrust coefficient 0.0015 [N/Hz2]
cτ propeller drag coefficient 4.59 · 10−5 [Nm/Hz2]
umax max propellers speed 108 [Hz]
α tilt angle about OPiOB 25 [◦]
β tilt angle about YPi 10 [◦]

Table 4.1: Parameters of the hexarotor used in the study.
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4.2. Benchmark for Validation

In order to evaluate the performance of the new HC controller version, the Geometric
Controller (GC) [15] and the Flatness-based Controller (FC) [14] are described below.
The Key Performance Indices used to make a comparision between the different control
solutions are also presented.

4.2.1. Geometrical Controller (GC)

Geometric control offers an effective framework for managing multi-rotor UAVs, par-
ticularly those that are fully-actuated. By utilizing the geometry of the configuration
space, this method enables direct regulation of both position and orientation on the
manifold. This results in more intuitive and resilient performance when dealing with
complex dynamics, nonlinear behavior, and large rotational movements, outperforming
many conventional control strategies.

Figure 4.2: Geometrical Controller architecture.

Starting from the Hexarotor dynamic equations presented in Chapter 3, they can
be rewritten as follows:p̈

ω̇

 =

 −ge3

J−1(−ω × Jω)

+

 1
m

R(δ) 03×3

03×3 J−1

F
M

 = b + KT u (4.1)

where b ∈ R6 is the so-called drift vector, and KT ∈ R6×6 is the decoupling matrix.
Thanks to the platform’s full actuation, this matrix is always invertible, thus allowing
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the control input to be chosen as:

u = K−1
T

−b +

p̈
ω̇

 (4.2)

Let us define v =

vp

vR

 =

p̈
ω̇

, to be consistent with the notation used in Figure (4.2),

which illustrates the architecture of the Geometric Controller. The goal is to achieve
convergence to zero of the position error, defined as:

ep = p− pr ∈ R3 (4.3)

where p is the actual position and pr is the reference position.
Additionally, convergence to zero of the orientation error is desired, defined as:

ea = 1
2

[R⊤
refR(δ)−R(δ)⊤Rref ]v (4.4)

where Rref is the reference orientation defined as a rotation matrix, and the operator
[·]v denotes the operation that maps a rotation matrix in SO(3) to a vector in R3.
To ensure this, the first component of the vector v, shown in Figure (4.2), can be
chosen as:

vp = p̈r −Kp1ep −Kp2ėp −Kp3

∫
ep dt (4.5)

where Kp1, Kp2, and Kp3 ∈ R3×3 are diagonal positive definite gain matrices.
The second component of v is chosen as:

vR = ω̇ref −KR1ea −KR2ėω −KR3

∫
ea dt (4.6)

where KR1, KR2, and KR3 ∈ R3×3 are diagonal positive definite gain matrices, and ėω

is obtained from the following:

eω = ω −R(δ)⊤Rrefωref (4.7)

which represents the angular velocity error.
Starting from the two components of v, defined in equations (4.5) and (4.6), the full
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vector can be rewritten as:

v =

 p̈r −Kp1ėp −Kp2ep −Kp3
∫

ep dt

ω̇r −KR1ėω −KR2ea −KR3
∫

ea dt

 =

=

p̈r

ω̇r

−
Kp1 Kp2 Kp3 03×3 03×3 03×3

03×3 03×3 03×3 KR1 KR2 KR3





ėp

ep∫
ep dt

ėω

ea∫
ea dt


=

= vr −Kge

Finally, the control input u can be computed from equation (4.2) as:

u = K−1
T (−b + vr −Kge) ∈ R6 (4.8)

where vr ∈ R6, Kg ∈ R6×18 and e ∈ R18

4.2.2. Flatness-based Controller (FC)

Figure 4.3: Flatness-based Controller architecture, from [14]

This control solution is based on the flat differentially property that a system can
exhibit. A system is said to be differentially flat if it is possible to express its state and
input as functions gx(·), gµ(·), respectively, of a set of outputs and a finite number of
their derivatives, named flat outputs. With a suitable choice of input, output, and state
vectors, it is possible to demonstrate that a fully-actuated hexarotor can be modeled
as a differentially flat system.
For a system that is differentially flat, denoting with x ∈ Rn, µ ∈ Rm, y ∈ Rm the
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state, input, and output vectors respectively, the following function can be identified:

x = gx(y, ẏ) (4.9)

By choosing the state vector as xp := [p δ v ω]T ∈ R12, the differential flatness of
the tilted hexarotor is guaranteed and the model equations (described in Chapter 3)
lead to the following linear state-space system:

ẋ = A(x)x + Bµ− g (4.10)

with matrices A(x) ∈ R12×12, B ∈ R12×6 and g ∈ R12 the gravity vector, defined as
follows:

A(x) =


03 I3 03 03

03 03 03 03

03 03 03 T(δ)
03 03 03 03

 , B =


03 03
1
m

I3 03

03 03

03 J−1

 , g =


03

e3

03

03

 (4.11)

In matrix A(x), the matrix T(δ) ∈ R3, previously introduced in Chapter 3, depends
on the Euler angles convention used. The inverse of T(δ) links the angular velocity
vector to the time derivative of the Euler angles:

ω = T−1(δ)δ̇, T−1(δ) =


1 0 − sin θ
0 cosϕ cos θ sinϕ
0 − sinϕ cos θ cosϕ

 (4.12)

The flat input µ in (4.10) is connected to the input vector u as follows:

µ = f(x,u) =

 0
−ω × Jω

+

R(δ) 0
0 I3

F
M

u (4.13)

Finally, the flat output vector can be defined by considering both the position and the
orientation of the platform, selecting y = [yp yδ] = [p⊤ δ⊤]⊤ ∈ R6, resulting:

y = h(x) = Cx =

I3 0 0 0
0 0 I3 0

x (4.14)
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The above considerations allow to verify the actual differential flatness of the system,
since it is possible to express the state as follows:

x = gx(y, ẏ) =


I3 0
0 0
0 I3

0 0

y +


0 0
I3 0
0 0
0 W(δ)−1

 ẏ (4.15)

and the control input u in relation to the flat control input µ:

u =

F
M

−1 R(δ) 0
0 I3

−1µ−

 0
−ω × Jω

 = f(x,u)−1 (4.16)

Starting from the dynamic equations of the hexarotor model expressed in terms of
rotation matrices, and omitting intermediate analytical steps, we obtain:

u =

F
M

−1 mR(δ)⊤(p̈ + ge3)
Jω̇ + ω × Jω

 (4.17)

Considering this last equation and substituting into (4.13), the function µ = gµ(y, ẏ, ÿ)
is defined as follows:

µ = gµ(y, ẏ, ÿ) =

 0
−ω × Jω

+

R(δ) 0
0 I3

 F
M

u =

=

 0
−ω × Jω

+

R(δ) 0
0 I3

 F
M

F
M

−1 mR(δ)⊤(p̈ + ge3)
Jω̇ + ω × Jω

 =

=

 0
−ω × Jω

+

 m(p̈ + ge3)
Jω̇ + ω × Jω


The FC Architecture is shown in Figure 4.3.
The Differential Flatness Transformation (DFT) block is responsible for computing µr

and the reference state xr, which is used to compute the feedback action µf . This
feedback action is derived using an LQR approach on the linear system introduced in
(4.10):

µf = −Kf (x− xr) (4.18)

where Kf ∈ R6×12 is the gain matrix. Finally, the resulting vector µ is converted into
the input vector u by exploiting Equation (4.16).
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4.2.3. Key Performance Indices

To objectively assess the performance of the improved HC compared to the state-of-
the-art GC and FC, the following performance indices are considered:

• Position tracking error norm ∥ep∥ ∈ R

• Attitude tracking error ea = 2 arccos(q⊤qr) ∈ R, computed as the Riemannian
distance on S3

• Control input norm ∥u∥ ∈ R, which is used to tune the controllers by ensuring
comparable energy consumption.

• Mean Saturation Index (MSI), defined as follows:

MSI = 1
T

∫ T

0

1
n

(
n∑

i=1

ui

u2
max

)2

dt

This index is a scalar quantity (0 < MSI < 1) that quantifies, on average, how
close the actuator commands are to their saturation limits. To provide a global
measure for quick comparison, the average of the MSI values computed for each
propeller is considered.

• Root Mean Square Error (RMSE) on each state variable computed as:

RMSE =

√√√√ 1
n

n∑
i=1

(xi − xi
ref)2 ∈ R

where xi denotes the generic state variable on which the RMSE value is computed.
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4.3. Numerical Validations

Figure 4.4: MATLAB/Simulink logo

In this section, the results of the tests carried out in the MATLAB/Simulink environ-
ment are presented and discussed. In detail, the Navigation Tasks selected for the eval-
uation are first introduced. The analysis then focuses on comparing the performance
of the improved version of the Hierarchical Controller with the original architecture,
before moving on to a comparison with the other control strategies described in Section
4.2.

4.3.1. Navigation Task Overview

With the aim of testing the performance of the improved Hierarchical Controller ar-
chitecture, two different navigation tasks are considered. The first one (NT01) consist
of tracking a circular trajectory with a radius of 2 meters at a constant altitude of 1
meter above the ground, which is used as a reference for position control. Simulta-
neously, the controller is required to stabilize the platform attitude by tracking step
references for the three attitude angles. In particular, the reference ϕr follows the se-
quence [−7◦, 0◦, 7◦], the reference θr is [0◦, 3.5◦, 7◦], while the reference for ψr is
designed to be more aggressive, varying in the range [90◦, 270◦] with increasing steps
of 45◦. The NT01 implies the following initial condition for the UAV:

x0 =
[
p⊤ v⊤ δ⊤ ω⊤

]⊤
=

= [2 0 1 0 0.6283 0 − 7 0 90 0 0 0]⊤

The second navigation task (NT02) is designed by taking into account a potential
real-world application. Considering a scenario in which the UAV must monitor a
target using an onboard camera, the same circular position trajectory analyzed in the
previous task is adopted, with an altitude of 1 meter. Regarding the angular variables,
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roll and pitch are kept constant at 0◦ and 7◦, respectively, while yaw is time-varying.
Specifically, the yaw angle follows a ramp with a constant slope equal to the angular
velocity of the circular trajectory, so that the camera remains continuously oriented
toward the object to be monitored. The initial conditions used for NT02 are set as
follows:

x0 =
[
p⊤ v⊤ δ⊤ ω⊤

]⊤
=

= [2 0 1 0 0.6283 0 7 0 0 0 0 0]⊤

4.3.2. Original vs Improved HC Architecture

The first test conducted to validate the modifications and enhancements introduced
in the architecture of the HC consists in comparing its performance with the original
architecture, described in [14] and discussed in Section 3.2. This test was carried out
considering NT01 under ideal conditions. To ensure an objective comparison, the
same gain values were used for both versions of the HC architectures, although it is
important to note that the original version does not include an integral gain. The
tuning parameters adopted are reported in Table 4.2

kpp kpd kap kad k∆ kq kpi

264 25 25 10 6.5 200 200

Table 4.2: HC gains

Table 4.3 reports the Key Performance Indices (KPIs) obtained for the two different
HC architectures using the implemented tuning.

∥u∥ [Hz] ∥ep∥ [m] ea [◦] MSI

HCold 104.9507 0.0405 0.2260 0.1491

HCnew 104.9486 0.0074 0.2245 0.1491

Table 4.3: Performance indices, Improved vs Original HC

As can be observed, the energy consumption, synthesized in the norm of the control
input, is identical for both controllers. This result is further confirmed by the identical
MSI value obtained by the two control solutions. This highlights that the improvements
introduced in the architecture did not affect the energy expenditure of the HC neither
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positively nor negatively. A rather interesting result is that the improved version of
the HC controller exhibits a position error norm that is one order of magnitude lower
than that of the previous version, confirming the effectiveness of the improvements
introduced in its architecture. Regarding the attitude error, the two versions of the
HC controller appear to exhibit similar behavior. Further insights are provided later
through the analysis of the RMSE values for each state variable. Before that, the plots
related to NT01 under ideal conditions for both versions of the HC architecture are
presented (Figures 4.5 and 4.6).

41



Figure 4.5: Position Tracking and Attitude Stabilization Original HC
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Figure 4.6: Position Tracking and Attitude Stabilization Improved HC
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Table 4.4 reports the RMSE values for the position and orientation variables ob-
tained using the two different HC architectures. The analysis of these results further
confirms the improved position tracking performance achieved by the improved version
of the HC controller. However, the attitude tracking behavior appears to be unaffected.

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HCold 0.0428 0.0221 0.0060 0.2326 0.1327 0.6473
HCnew 0.0063 0.0068 0.0022 0.2558 0.1520 0.6487

Table 4.4: RMSE comparision, ideal conditions

After confirming the effectiveness of the improved version of the HC through com-
parison with the original version, an investigation was carried out on the robustness
of the HC to parametric uncertainties. By increasing the mass by a given percentage
(indicated as a subscript in Table 4.5) in the HR01 model implemented in Simulink,
the variation in the RMSE values previously presented in Table 4.4 was analyzed. Fur-
thermore, it is specified that from this point onward, the term HC will be used to refer
exclusively to the improved version of the Hierarchical Controller.

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0063 0.0068 0.0022 0.2558 0.1520 0.6487
HC+10% 0.0068 0.0073 0.0036 0.2032 0.1348 0.6396
HC+15% 0.0071 0.0076 0.0050 0.1834 0.1310 0.6359
HC+20% 0.0074 0.0079 0.0065 0.1671 0.1305 0.6328

Table 4.5: RMSE comparison with mass variation

The results obtained highlight the controller’s robustness to uncertainties in model
parameters, specifically mass. The analysis was extended up to a 20% increase in
mass, and the controller’s response remained almost invariant. The RMSE increased
by 17.4% in x, 16.2% in y, and 66% in z, compared to the nominal mass case. More-
over, despite the increased uncertainty in the model’s mass, the RMSE values achieved
by the improved HC are consistently lower than those obtained by the original HC
without mass uncertainty, as reported in Table 4.4.
Interestingly, the RMSE values for the angular variables decrease as the mass increases.
This behavior could be due to the greater inertia introduced by the increased mass,
which dampens angular oscillations and thus reduces the overall RMSE.
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The same analysis was carried out by increasing the model’s inertia, and the corre-
sponding results are reported in Table 4.6.

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0063 0.0068 0.0022 0.2558 0.1520 0.6487
HC+10% 0.0063 0.0068 0.0022 0.2556 0.1554 0.6281
HC+15% 0.0063 0.0068 0.0022 0.2555 0.1568 0.6192
HC+20% 0.0063 0.0068 0.0022 0.2554 0.1581 0.6112

Table 4.6: RMSE comparison with inertia variation

From the analysis of the RMSE values reported in Table 4.6, no significant changes
in the RMSE values are detected. An interesting observation is that the RMSE values
of the position variables are not affected at all by the inertia variation.
The robustness of the HC is subsequently tested by introducing external disturbances.
In particular, Table 4.7 shows the variation in the RMSE values of the state variables
due to the addition of a constant force, defined as follows:

Fdist =


0.x
0.x
0

 [N] (4.19)

A constant disturbance force was thus applied only along the x and y axes, defined
in FW . The magnitude of this force, expressed in Newton, is reported in Table 4.7 as
a subscript of "HC".

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0063 0.0068 0.0022 0.2558 0.1520 0.6487
HC0.1 0.0063 0.0069 0.0022 0.2967 0.2283 0.6504
HC0.2 0.0063 0.0069 0.0022 0.4076 0.3713 0.6532
HC0.3 0.0063 0.0069 0.0022 0.5475 0.5294 0.6570
HC0.4 0.0063 0.0070 0.0022 0.6992 0.6925 0.6619
HC0.5 0.0063 0.0071 0.0022 0.8563 0.8577 0.6678

Table 4.7: RMSE comparison with a constant force Fdist = [0.x, 0.x, 0]⊤ applied

Analyzing the variation of RMSE values resulting from the application of the above-
mentioned disturbance force, it can be observed that there are no substantial differences
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in position as the force magnitude increases. On the other hand, a lack of robustness
is evident in the angular variables. Indeed, compared to the case with no disturbance
force applied, a percentage increase of 237.7% on ϕ, 464.3% on θ, and 2.95% on ψ is
observed. This behavior could be due to the intrinsic structure of HC, which initially
tends to stabilize the UAV position and then proceeds to adjust its attitude. The
presence of the disturbance force, causing the controller to operate more aggressively,
prevents it from effectively managing both dynamics simultaneously.
The same test was performed by applying a constant disturbance torque, defined in
FB:

τdist =


0.x
0.x
0.x

 [Nm] (4.20)

This disturbance torque was applied along all three axes with the same magnitude,
which is reported, as done for the force, as a subscript of "HC" (see Table 4.8).

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0063 0.0068 0.0022 0.2558 0.1520 0.6487
HC0.5 0.0063 0.0068 0.0022 0.2574 0.1540 0.8042
HC0.75 0.0063 0.0068 0.0022 0.2583 0.1551 0.9971
HC1 0.0063 0.0068 0.0022 0.2592 0.1563 1.2239

Table 4.8: RMSE comparison with a constant torque τdist = [0.x, 0.x, 0.x]⊤ applied

Analyzing the RMSE variation in the state variables, the Hierarchical Controller
does not appear to be affected by the presence of the disturbance torque. In fact, even
when a constant torque of 1 Nm is applied to each axis, no substantial performance
degradation is observed.
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4.3.3. Improved HC vs GC and FC

After confirming the effectiveness of the improvements introduced in the HC architec-
ture, the performance of the latter is compared with two other state-of-the-art control
solutions, namely GC and FC, presented in Section 4.2. Specifically, three comparative
tests were conducted:

• Test 01, based on NT01 under ideal conditions

• Test 02, based on NT01 with the addition of Gaussian noise (with zero mean
and variance as illustrated in Table 4.12)

• Test 03, based on NT02 with the same Gaussian noise as in Test 02

The control solutions were tuned during Test 01 to achieve the same control input
norm as the HC, thereby equalizing the energy consumption among the control strate-
gies and enabling an objective comparison. The gains used for the alternative control
solutions are reported in Table 4.9 (for the HC gains, refer to Table 4.2) and remain
unchanged for Test 02 and Test 03.

Kp1 diag([200 200 120])

Kp2 diag([10 5 10])

Kp3 diag([15 13 5])

KR1 diag([1500 1500 1500])

KR2 diag([6 6 6])

KR3 diag([10 10 10])

(a) GC gain matrices.

Q 103 · diag([1 1 5 0.001 0.001 0.001 100 100 5 0.001 0.001 0.001])

R 10 · diag([2 2 2 2 2 2])

(b) FC weight matrices.

Table 4.9: Controllers’ gain matrices.

The first comparison performed among the different control solutions is based on
NT01 under ideal conditions (Test 01). In this test, the KPIs obtained with the
improved HC architecture are reported again and will be compared with the KPIs
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achieved using GC and FC. Table 4.10 shows the values of the performance indices
obtained.

∥u∥ [Hz] ∥ep∥ [m] ea [◦] MSI

HC 104.9486 0.0074 0.2245 0.1491

FC 104.8850 0.0045 0.0248 0.1486

GC 104.8919 0.0002 0.0263 0.1486

Table 4.10: Performance indices, Test 01

Analyzing these indices, it becomes evident that under ideal conditions, no substan-
tial differences are observed among the various control solutions. When examining the
position error norm, the GC controller seems to achieve the best performance, followed
by the FC and HC controllers, which show errors of the same order of magnitude.
Regarding the attitude tracking error, the HC appears to exhibit an order of magni-
tude higher error, probably due to the initial settling phase appreciable in Figure 4.6.
Further conclusions will be drawn from the analysis of the RMSE values reported in
Table 4.11. Below, the plots related to the tracking of NT01 under ideal conditions for
the GC and FC solutions are presented in Figures 4.7 and 4.8 (for the behavior of HC,
refer to Fig. 4.6).
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Figure 4.7: Position Tracking and Attitude Stabilization FC, Test 01

49



Figure 4.8: Position Tracking and Attitude Stabilization GC, Test 01
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Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0063 0.0068 0.0022 0.2558 0.1520 0.6487
FC 0.0029 0.0033 0.0009 0.0494 0.0566 0.0149
GC 0.0001 0.0001 0 0.0382 0.0253 0.0411

Table 4.11: RMSE comparision, Test 01

The analysis of the RMSE values confirms that the Geometric Controller exhibits
the best performance in position tracking, with RMSE values for the corresponding
variables being practically negligible. The FC and HC solutions also demonstrate ex-
cellent position performance, with RMSE values for these variables on the order of
millimeters. The comparison between HC and FC carried out in Test 01 confirms the
conclusions drawn in [14], regarding the superior performance of FC compared to HC
in the absence of disturbances, thus making it more suitable for indoor applications.
In order to assess the robustness of the different control strategies, from this point on-
ward, every other numerical test conducted is performed with the addition of Gaussian
noise (with zero mean and variance as illustrated in Table 4.12) on every state variable,
as reported in the incipit of the section. The selected values mimic the performance of
a MoCap system.

1st component 2nd component 3rd component

p [m2] 4.099 · 10−7 2.838 · 10−7 2.105 · 10−8

δ [deg2] 0.0012 0.0011 0.0011

v [(m/s)2] 2.050 · 10−6 1.419 · 10−6 1.050 · 10−7

ω [(deg/s)2] 0.0024 0.0022 0.0022

Table 4.12: Noise variances used in Test 02 and Test 03

The second test (Test 02) conducted to compare HC, GC, and FC is also based on
NT01. Table 4.13 reports the obtained KPIs, which will be related to those obtained
during Test 01 in order to investigate how the addition of noise may have influenced
them.
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∥u∥ [Hz] ∥ep∥ [m] ea [◦] MSI

HC 105.2114 0.0078 0.5467 0.1507

FC 104.9782 0.0052 0.4146 0.1492

GC 107.1448 0.0184 0.4356 0.1622

Table 4.13: Performance indices, Test 02

As can be observed, the norm of the control input remains almost unchanged com-
pared to Test 01, with a slight increase in the GC controller, which also exhibits a
higher MSI, as expected. The FC controller achieves a lower position error norm com-
pared to its competitors. A more detailed comparison is carried out later through the
analysis of the RMSE values reported in Table 4.14. Regarding the attitude tracking
error, the behavior of the three solutions appears to be comparable, with the HC con-
troller being the least accurate, showing a difference of approximately 0.1◦ with respect
to the value obtained during Test 01.
It is also worth noting that the GC controller, compared to the ideal case reported in
Table 4.10, experienced a significant increase in the position error norm and attitude
error, with a percentage increase of 9100% and 1556.65%, respectively. Further con-
clusions will be drawn from the analysis of the RMSE values reported in Table 4.14.
Before that, the plots related to position and attitude tracking during Test 02 are
presented in figures 4.9, 4.10, 4.11.
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Figure 4.9: Position Tracking and Attitude Stabilization HC, Test 02
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Figure 4.10: Position Tracking and Attitude Stabilization FC, Test 02
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Figure 4.11: Position Tracking and Attitude Stabilization GC, Test 02
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As shown in Table 4.14, all control solutions do not present significant issues in po-
sition tracking, with RMSE values for the position variables on the order of millimeters.
However, it is worth noting that the RMSE values of the GC controller on the position
variables drastically increase compared to the ideal case reported in Table 4.11. In
fact, a percentage increase of 16600% on the x variable, 8700% on the y variable, and
an absolute increase of 0.0006 meters on the z variable are recorded.

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0087 0.0048 0.0045 0.4761 0.3242 0.6622
FC 0.0013 0.0014 0.0014 0.2689 0.2592 0.2543
GC 0.0167 0.0088 0.0006 0.2852 0.2719 0.2668

Table 4.14: RMSE comparision, Test 02

The situation differs when analyzing the angular errors. To ensure the most accu-
rate comparison possible, the evolution of the angular errors is reported below. The
analysis was conducted starting from 5 seconds onwards, thus excluding the initial set-
tling phase of the angles toward the reference value observed with the HC, as illustrated
in Figure 4.9.

Figure 4.12: Attitude Error HC, Test 02
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Figure 4.13: Attitude Error FC, Test 02

Figure 4.14: Attitude Error GC, Test 02
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Observing Figures 4.12, 4.13, and 4.14, the angular error trends in all three control
solutions remain within ±1◦, indicating a similar behavior among the different control
solutions.
The results obtained during Test 02 confirm the effectiveness of the improvements
introduced in the Hierarchical Controller architecture, thus making HC a worthy com-
petitor. Moreover, from Test 02, the Geometric Controller appeared to be the least
robust to disturbances. For this reason, the decision was made to discard this control
solution from this point onward and focus the comparison exclusively between FC and
HC, which is still sufficient considering that the ultimate goal is to evaluate the per-
formance of the improved HC architecture.
The numerical validation concludes with a final comparison test based on NT02, in or-
der to assess the performance of each controller when subjected to a different reference,
without modifying the gains (Test 03). Table 4.15 presents the resulting performance
indices obtained during this simulation.

∥u∥ [Hz] ∥ep∥ [m] ea [◦] MSI

HC 106.5797 0.0179 0.4851 0.1583

FC 106.2551 0.0023 0.4284 0.1562

Table 4.15: Performance indices, Test 03

Analyzing these results, it can be observed that in terms of energy consumption,
the two control solutions appear comparable, presenting similar values of control effort
norm and MSI. Regarding the position error norm, the change in reference trajectory
does not seem to significantly affect the FC controller, while the HC exhibits a value
that is one order of magnitude higher than the one reported in Table 4.13, during
Test 02. As for the attitude tracking error, the opposite behavior is observed. With
this trajectory, the HC solution yields a slightly lower ea value (by approximately two
hundredths of a degree) compared to the result obtained with the trajectory discussed
in Test 02. On the other hand, the FC controller shows a slight increase in this index,
though still maintaining a lower value than HC. Further conclusions will be drawn from
the RMSE values presented in Table 4.16. Figures 4.15 and 4.16 show the tracking
plots for the proposed trajectory using both control solutions.
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Figure 4.15: Position and Attitude Tracking HC, Test 03
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Figure 4.16: Position and Attitude Tracking FC, Test 03
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As shown by the RMSE values on the position variables (Table 4.16), both control
solutions exhibit satisfactory performance in position tracking, confirming the outcomes
observed in Test 02. The FC controller demonstrates better behavior, with RMSE
values on the position variables in the millimeter range, while the HC remains in the
millimeter range only along the z-axis, reaching values greater than 1 cm on the x and
y axes. The situation differs for the angular variables. The HC controller shows a
lower RMSE on the roll angle compared to FC, but higher values on the pitch and yaw
angles.

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0135 0.0119 0.0039 0.2770 0.7597 0.3094
FC 0.0011 0.0020 0.0021 0.3122 0.2530 0.2608

Table 4.16: RMSE comparison, Test 03

Due to the high RMSE value on the pitch angle for the HC solution, the angular
error trends for both control strategies are shown in Figures 4.17 and 4.18. Analyzing
these trends, it becomes evident that the high pitch RMSE observed with the HC
controller is mainly due to the initial settling phase to reach the desired reference
value. In fact, once settled, the error remains within ±1◦, showing a behavior very
similar to that of the FC solution.
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Figure 4.17: Attitude Error HC, Test 03

Figure 4.18: Attitude Error FC, Test 03
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4.4. Physics-Based Validation

Figure 4.19: Physics-Based Validation Setup

The setup used to perform the physics-based validation of the HC is described in Figure
4.19. The fully-actuated hexarotor presented in Section 4.1 was modeled in Gazebo,
as shown in Fig.4.20. The commands from the controller, which is still implemented in
Simulink, were adapted to be properly received by the UAV in Gazebo, which expects
to receive the angular velocities of the six propellers in radians per second. The control
input is therefore transmitted, through a communication network implemented using
ROS 23, to the UAV modeled in Gazebo, which in turn sends its odometry back to
Simulink, again via ROS 2. This odometry data is used as feedback for the controller,
with a communication frequency set to 100 Hz.

3ROS 2 (Robot Operating System 2) is an open-source middleware framework designed for the
development of robotic software. It provides tools, libraries, and communication infrastructure to
enable modular, distributed, and real-time control of robotic systems.
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Figure 4.20: HR01 in Gazebo before take-off

4.4.1. Navigation Task Overview

This section describes the navigation task selected to perform the physics-based vali-
dation of the HC, referred to by the acronym NT03. Specifically, NT03 can be divided
into a take-off maneuver (during which the hexarotor reaches an altitude of 2 meters)
and the stabilization of the initial conditions to follow the second part, during which
the tilted hexarotor is commanded to follow a circular trajectory with a radius of 2
meters. During this trajectory, the roll and pitch angles are varied according to the
sequences [−7◦, 0◦, 7◦] and [0◦, 3.5◦, 7◦], respectively, while the yaw angle is kept con-
stant at 0◦. Going into further detail, the take-off and stabilization maneuver, which
spans the time interval [0, 20] seconds, can be divided as follows:

• ∆t = [0, 5]: the UAV is commanded to reach an altitude of 2 meters.

• ∆t = [5, 10]: the UAV is required to achieve a roll angle of −7◦.

• ∆t = [10, 20]: the position along the y-axis is adjusted such that at 20 seconds
the UAV attains the initial velocity required to execute the circular trajectory.

The choice of using a simplified navigation task compared to NT01 and NT02 is mo-
tivated by the physics-based setup, which is employed for the first time in this thesis
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work and is still under development.
The initial conditions of the UAV in the Gazebo simulator were set as follows:

x0 =
[
p⊤ v⊤ δ⊤ ω⊤

]⊤
=

= [2 0 0 0 0 0 0 0 0 0 0 0]⊤

4.4.2. Improved HC vs FC

To perform an objective comparison of the performance of the HC, the FC was also
suitably adapted to enable a direct comparison. Both controllers were tuned to achieve
almost the same average control norm, as previously done for the Numerical Valida-
tions discussed in Section 4.3. The corresponding gain values used in the two control
strategies are reported in Table 4.17.

kpp kpd kap kad k∆ kq kpi

20 3 20 1.5 2 1 1
(a) HC gains.

Q 10 · diag([100 100 100 0.1 0.1 0.1 800 800 800 0.1 0.1 0.1])

R 10 · diag([1 1 1 1 1 1])

(c) FC weight matrices.

Table 4.17: Controllers’ gains.

The key performance indices obtained throughout the simulation of NT03 are re-
ported in Table 4.18.

∥u∥ [rad/s] ∥ep∥ [m] ea [◦] MSI

HC 944.1305 0.1460 0.4330 0.3767

FC 940.4965 0.1247 2.3096 0.3730

Table 4.18: Performance Indices, physics-based Validation
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The analysis of these values reveals that the control input norm is comparable be-
tween the two control strategies, as both were tuned with the specific aim of achieving
this outcome. This observation is further confirmed by the nearly identical MSI values.
The FC appears to perform slightly better in terms of position tracking, exhibiting a
lower position error norm of 2 centimeters compared to the HC. The opposite is ob-
served in terms of attitude stabilization: while the FC shows an attitude error of 2.3◦,
the HC maintains a significantly lower error of only 0.4◦, remaining within acceptable
bounds.
The tracking plots during NT03 are also reported. For clarity of presentation, the plots
are organized according to the two phases of NT03 introduced in Section 4.4.1.
In Figure 4.21, observing the variable z, it is evident that the HC solution tends to sta-
bilize more accurately on the 2 meter target compared to the FC solution. Conversely,
along the x and y axes, the HC solution exhibits some deviation and oscillation.
Regarding the attitude behavior, there appears to be no comparison, as the HC solu-
tion tends to stabilize the UAV at the requested roll value despite some oscillations,
whereas the FC solution develops a significant error relative to the reference, confirm-
ing the validity of the attitude error reported in Table 4.18.
Instead, Figure 4.22 depicts the tracking of the circular trajectory with orientation
adjustments following the previously discussed maneuver. Only two periods of the
trajectory are shown, corresponding to a total flight time of 40 seconds.
As previously highlighted, the FC solution fails to accurately track the roll and pitch
reference angles, deviating on average by approximately 2◦ from the desired value,
whereas the HC solution demonstrates better tracking performance. In terms of po-
sition, both solutions exhibit satisfactory tracking, with the only significant difference
observed in the altitude z. Indeed, the FC solution is unable to maintain the 2-meter
altitude reference, showing continuous altitude drops.
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Figure 4.21: Take-off and initial conditions adjustment, HC vs FC
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Figure 4.22: Position and Attitude Tracking, HC vs FC
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To complete this comparison, Table 4.19 reports the RMSE values for each state
variable.

Controller RMSE
x [m] y [m] z [m] ϕ [◦] θ [◦] ψ [◦]

HC 0.0727 0.1324 0.0431 0.4987 0.3060 0.0712
FC 0.0334 0.0304 0.1255 2.2385 1.8434 0.0429

Table 4.19: RMSE comparision in Gazebo environment

The analysis of the RMSE values for the position variables confirms that both
solutions perform well in position tracking. Conversely, the RMSE values for the
angular variables reinforce the superior effectiveness of the HC solution compared to
the FC solution. This is likely due to the fact that, in a physics-based environment such
as Gazebo, the linearity assumption on which the FC solution relies becomes invalid,
thus degrading its performance. This further confirms the necessity of continuing to
investigate nonlinear control solutions such as HC.
This validation concludes by presenting in Figure 4.23 snapshots of the HR01 flight in
Gazebo, controlled by the HC controller.
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(a) (b)

(c) (d)

Figure 4.23: Captured snapshots of HR01 following the circular trajectory using Hier-
archical Controller. In Figures (c) and (d), the roll inclination of HR01 can be clearly
observed.

70



5. DISCUSSION AND CONCLUSION

The work presented in this thesis focused on the analysis and enhancement of the Hier-
archical Controller (HC) architecture, applied to a fully-actuated hexarotor with fixed
tilted propellers. After revising and improving the architecture proposed in [14], an ex-
tensive comparative study was conducted, firstly between the improved HC controller
and its original architecture, then with two other state-of-the-art control strategies:
the Geometric Controller (GC) and the Flatness-based Controller (FC).
Numerical simulations in MATLAB/Simulink proved the improved HC architecture to
be more effective than its original version. In particular, the correction of the derivative
of the zero-moment direction and the inclusion of an integral term led to a significant
improvement in position and orientation tracking, without increasing the average en-
ergy consumption.
The comparison with GC and FC highlighted that the HC solution is a valid alterna-
tive for control. Specifically, Test 01 revealed that, under ideal conditions, HC showed
the worst behavior (see Table 4.10). However, when Gaussian noise was added in Test
02, HC demonstrated considerable robustness, exhibiting only moderate deviations in
KPIs compared to Test 01. In contrast, GC turned out to be the least robust solution
among the three (see Table 4.13).
In Test 03, in which only HC and FC were compared while changing the navigation
task and keeping the gains unchanged, HC showed inferior performance compared to
FC (see Table 4.15).
This behavior was overturned in the physics-based validation carried out in Gazebo,
in which the HC controller demonstrated superior robustness with respect to the FC
controller, as shown in Table 4.19, despite the latter exhibiting better performance in
the numerical simulations. This result suggests that the HC controller is better suited
to handle parametric uncertainties, external disturbances, and unmodeled dynamics
present in more realistic environments, confirming HC as the best choice for outdoor
applications.
Moreover, this outcome further confirms that control solutions which explicitly account
for the systems nonlinearities (such as the HC controller) may be more appropriate in
real-world scenarios, where the validity of linear assumptions (on which the FC ap-
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proach is based) deteriorates.
To conclude, it is worth stating that, with a more accurate tuning process of the HC,
it would certainly have been possible to achieve better tracking of the desired reference
trajectory in the physics-based environment, albeit at the cost of increased control ef-
fort. However, the objective of this thesis was to demonstrate the effectiveness of the
HC solution in comparison with other valid approaches. Therefore, for this purpose,
the work conducted has proven to be more than adequate.
Finally, possible future developments are proposed. After having confirmed the effec-
tiveness and usefulness of the setup used for physics-based simulationsrepresented in
Figure 4.20 and described in Section 4.4, which is still under developmentit would be
possible to further investigate the performance of HC by varying the navigation tasks
and performing more precise gain tuning, with the ultimate goal of optimally control-
ling the Hexarotor HR01 described in Section 4.1. This would enable reaching the next
step of this thesis work, namely the control of the UAV in the real world.
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