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Abstract

The origin of cosmic rays is one of the principal questions at the center of multi-messenger
astrophysics. Cosmic ray interactions at the site of acceleration are known to produce neu-
trinos and gamma-rays. Hence, a proper identification of the sources emitting these particles
at high energies is instrumental in understanding where and how cosmic rays are accelerated.
The field of multi-messenger astrophysics regroups information carried by different messen-
gers (photons, neutrinos, cosmic rays, gravitational waves) and thus allows for a deeper under-
standing of the common source. In real-time correlation studies, simultaneous observations of
several messengers, e.g. astrophysical neutrinos and gamma-rays, enhance the significance of
each separate detection for a broader picture of the phenomena occurring in real-time.

The IceCube Neutrino Observatory participates in the multi-messenger effort by working
to identify sources of astrophysical neutrinos. The Gamma-ray Follow-Up (GFU) branch of
IceCube monitors known gamma-ray emitters and warns in real-time partner telescopes when
a cluster of neutrino events are detected coming from these sources. It also performs an all-sky
unbiased search for flares of neutrinos.

This work aims to investigate the creation of confidence regions around the estimated source
positions for all-sky GFU cluster alerts. Showing that there is a simple, but robust way to locate
the potential source of neutrino flares in the context of an unbiased search could later enable
the sharing of these alerts.

We do this by comparing the performances of the algorithm at the center of the alerting
process with the predictions from Wilks’ theorem. This theorem would equate the distribution
of the difference in log-likelihood between the algorithm estimation and the actual position of
the source to a ;(Z distribution with two degrees of freedom.

We will show that this expectation proves wrong in most cases, but by letting the number
of degrees of freedom for the ;{2 distribution be a free parameter, we will be able to fit the data
accurately for different hypotheses of signal strength, duration and location in the sky. Ulti-
mately, the project leads to the creation of confidence bands to encase the so and 90% confi-
dence regions. This method to estimate the source position for an all-sky alert will hopefully
help determine how best to direct the attention of partner telescopes to coordinate observa-
tions.
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Introduction

Astroparticle physics is the study of the high-energy astrophysical phenomena through the par-
ticles they emit. Among those, cosmic rays can achieve extremely high energies by being accel-
erated in manners which are still unknown. Interactions involving cosmic rays can produce
neutrinos and gamma-rays, which also reach very high energies. The branch of astroparticle
physics consisting in studying several of these messengers (photons, neutrinos, cosmic rays, and
more recently, gravitational waves) coming from the same source to piece together a broader

picture of the physics happening is called multi-messenger astrophysics.

The IceCube Neutrino Observatory [1], as the largest neutrino detector, contributes to this
field by alerting telescopes when a significant flare of neutrinos is detected coming from the
same point in the sky. IceCube is able to monitor the whole sky almost continuously, and in
doing so, can notice unbiased excesses standing out from the neutrino background with a good

chance of being of astrophysical origin.

This all-sky search is one of the mode of operation for the Gamma-ray Follow-Up (GFU)
branch of IceCube, which contributes to the effort of the multi-messenger astrophysics com-
munity by suggesting follow-ups from Imaging Atmospheric Cerenkov Telescopes (IACT)
when it notices a neutrino flare coming from a known gamma-ray emitter. However, alerts
raised by the all-sky search are not automatically shared because the source of the signal is not

constrained enough.



1 INTRODUCTION

This works aims to facilitate the sharing of all-sky alerts by creating confidence regions for
the source positions of all-sky GFU alerts. This shall be done first by trying to compare the out-
put of the time-clustering algorithm used to determine the significance of neutrino flares with
Wilks’ theorem, before finding a better way to represent the data and forward the confidence

regions to the partner telescopes.

This chapter will first and foremost lay the basics of multi-messenger astrophysics by in-
troducing the relevant messengers and the challenges faced by IceCube and other neutrino-

oriented astronomical instruments.

A\

AGNs, SNRs, GRBs... MV ¢

Gamma rays

They point to their sources, but they
can be absorbed and are created by
multiple emission mechanisms.

Neutrinos

They are weak, neutral
particles that point to their
sources and carry information
from deep within their origins.

They are charged particles and
are deflected by magnetic fields.

* x

Figure 1.1: Representation of the propagation and detection techniques associated with different messengers, with an
overview of what differentiate each of them. Examples of emitters are also mentioned. Credit for the image: Juan Antonio
Aguilar and Jamie Yang. IceCube/WIPAC.
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1.1 PHOTONS

Light has always been mankind’s first carrier of information about the universe. But beyond
the narrow visible spectrum, light comes in many forms. Depending on the energy of the trav-
eling photons (quanta of light), the information that can be extracted from a detection varies.
Every photon energy is associated with a wavelength; the higher the energy, the shorter the
wavelength. Since physical processes typically emit photons in a particular energy range, obser-
vations over a broad region of the electromagnetic spectrum can reveal a lot about the interac-

tions happening.

The only type of photons relevant to this thesis are gamma-rays, which have an energy > 511
keV, corresponding to the mass of an electron if it were converted into energy [2]. They can be
produced either through leptonic interactions, when highly accelerated electrons lose energy
via inverse Compton scattering or via synchrotron radiation in a magnetic field, or through
hadronic interactions, when a high-energy proton or nucleus interacts in a gas or radiation

field. In this case, pions are produced through a delta resonance [3]. For example:

+ 0
pty— AT — prr (r.1)
n+at

This is important, since neutral pions decay into gamma-rays, while charged pions decay

into muons and neutrinos:

7 — y+y
T = w4 ,(9,) (1.2)

— e +2.(%) + 7.(n.) + v.(9,)

This means that if protons are accelerated to very high energies interacting with matter or
radiation are expected to produce neutrinos and gamma-rays at the same time. This forms the

motivation basis to coordinate observations of both messengers.

Gamma-rays are neutrally charged, they are not deflected by magnetic fields. However, the
higher their energy is, the larger their cross-section becomes for the pair production result-

ing from the interaction of a very high-energy gamma-ray with diffuse photon fields such as
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the Cosmic Microwave Background (CMB) or the Extragalactic Background Light (EBL) [3].
This opacity of the universe to gamma-rays above a certain energy means that the most ener-

getic observed photons cannot come from outside of the Milky Way.

Throughout this thesis, we will reference Imaging Atmospheric Cerenkov Telescopes (IACTS),
which are ground-based arrays of telescopes designed to detect the signatures left by Very High
Energy gamma-rays (0.1 TeV < E < 100 TeV). When such a photon enters the atmosphere,
it will trigger an electromagnetic shower as shown in Figure 1.2. The electrons and positrons
produced briefly travel faster than light in the atmosphere and emit blue Cerenkov light that
is focused by mirrors onto photomultipliers. Examples of these telescopes includes the Major
Atmospheric Gamma-Ray Imaging Cherenkov (MAGIC) [4] in La Palma, Spain, the High En-
ergy Stereoscopic System (H.E.S.S.) [s] in Namibia, and the Very Energetic Radiation Imaging
Telescope Array System (VERITAS) [6] in Arizona, USA. However, IACTs are only operating
on clear, moonless nights, and function on a pointed mode, which means they can only mon-
itor a narrow portion of the sky at a given time. Receiving follow-up alerts from real-time

observation of other messengers is crucial to their efficiency.

Primary y
y-ray enters the atmosphere S

ctromagnetic cascade

10 nanosecond snapshot

0.1 km2 “light pool”, a few photons per m?

Figure 1.2: lllustration of the detection method of IACTs. Source: [7].
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1.2 COSMIC RAYS

Discovered in 1912 by Victor Hess when he detected an increase in radiation with altitude that
could not be caused by the Sun [8], cosmic rays are relativistic charged particles, mostly pro-
tons or heavier nuclei. Their charge means that they will be deflected by the magnetic fields

they encounter in space, and thus their direction of origin cannot be reconstructed accurately.
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Figure 1.3: The cosmic ray energy spectrum as observed by multiple experiments. The plotted flux has been multiplied by

E?5 to allow for the knee and ankle to be noticed more easily. Taken from [9].

The energy spectrum of cosmic rays is studied in depth but still not fully understood. It

spans multiple orders of magnitude and approximately follows a power law such that [3]:

dp
I x F, (1.3)

where @ is the observed flux and y is the spectral index of the power law. y is dependent on the

energy E, and so two changes are observable in Figure 1.3:
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* Theknee(~ 10" —10'¢ eV), where the spectrum softens from a spectral index y &~ —2.7
to y ~ —3.1. The commonly admitted explanation for this is that cosmic rays of higher
energies are no longer confined to the galaxy by its magnetic field, but it could also mean
that this is the maximum energy to which galactic sources can accelerate cosmic rays [3].

* Theankle (= 10" eV) sees a hardening of the spectrum that is not conclusively explained
as of yet. It marks the lower bound for Ultra High Energy Cosmic Rays (UHECR).

The flux drops abruptly at energy above &~ 5 x 10" eV. This is usually explained by the
Greisen-Zatespin-Kuzmin (GZK) cut-off, which states that at these energies, UHECR inter-
act with CMB photons to produce the same delta resonance shown in Equation 1.1 [10, 11].
However, there is no certainty that this is the reason for the drop in the spectrum, and it could

be that these energies are simply the highest energies a cosmic ray can be accelerated to.

To know which sources are capable of bringing cosmic rays to such extreme energies, one can
refer to the Hillas diagram, represented in Figure 1.4. It relies the Hillas criterion to evaluate

what is the maximum energy to which an accelerator can bring a cosmic ray [12], namely:
Eyax = gBR, (1.4)

with g being the charge of the accelerated particle, B the magnitude of the magnetic field of the

accelerator, and R its radius.

1.3 NEUTRINOS

Neutrinos are neutral leptons that interact only via the weak force. They are predicted to be
massless by the Standard Model, but evidence of neutrino oscillations between the three flavors
of neutrinos (electron neutrino »,, muon neutrino »,, and tau neutrino »;) prove that their mass

is small but nonzero.

Neutrinos can be produced in the atmosphere as results of the interaction of a cosmic ray
with a nucleus at high altitude. This produces an Extensive Air Shower with an electromag-
netic component (similar to an electromagnetic shower triggered by a high-energy gamma-ray),
a hadronic component, a muonic component, and finally a neutrino component. These at-

mospheric neutrinos are the background against which the astrophysical neutrinos need to

6
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Figure 1.4: The Hillas diagram shows candidate UHECR accelerators as a function of size and magnetic field, since those
properties are determining the maximum energy at which the cosmic ray can be brought to, as per Equation 1.4. Taken
from [13].

compete. Astrophysical neutrinos are the high-energy products of interactions between highly-
accelerated cosmic rays and matter or radiation. Neutrinos retain around 5% of their parent
cosmic ray’s energy [3], so the detection of a high-energy neutrino implies that its progenitor’s

energy was an order of magnitude greater.

1.3.1 CHALLENGES AND PROSPECTS OF NEUTRINO ASTRONOMY

Since they are electrically neutral and have a very small cross-section, neutrinos pass through
matter with very little attenuation and can provide insight about the inside regions of astro-

physical accelerators. The observed neutrinos have neither been deflected or scattered by mag-
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netic fields or obstacles. This also means that their detection proves to be very challenging.
In fact, what is detected by neutrino observatories are the results of neutrino interaction in
a dense medium. It will produce a lepton moving faster than light in this medium, which in
turn emits Cerenkov light detected by optical sensors. The trajectory of the particle can then be
computed by taking into account that the light was emitted in a cone opened by the Cerenkov

angle, defined as:

1
cos(fc) = —, I.
(6c) ud (1:5)

where 8 ~ 1is the velocity of the muon and 7 is the refractive index of the medium.

The only two suitable natural media for the installation of a neutrino detector are glaciers
or the bottom of the sea. Several experiments have taken place deep underwater: DUMAND
(Deep Underwater Muon And Neutrino Detector) [14] between 2000 and 4000 m in the Pa-
cific Ocean, Baikal [15] at the bottom of lake Baikal in Russia, ANTARES (Astronomy with a
Neutrino Telescope and Abyss Environmental Research) [16] in the Mediterranean sea and its
current successor KM3NeT (Cubic Kilometre Neutrino Telescope) [17]. In the ice, the first
instrument deployed was AMANDA (Antarctic Muon and Neutrino Detector Array) [18],
at the Amundsen-Scott station at the South Pole, before being integrated in 2005 by IceCube,
the current largest neutrino observatory in the world, encompassing a volume of 1 km® of ice.

Technical aspects of IceCube are presented in Subsection 2.1.1.

IceCube and other modern neutrino observatories, such as KM3NeT, need to be this large
because of the so-called Waxman-Bachall bound [19]. Based on UHECR observations and up-
per bound placed on the models for neutrino production, it states that the minimum volume
needed to detect an astrophysical neutrino is of the order of 1 km”’. Indeed, the background
is so overwhelming in these experiments that an event needs to be extremely significant to be
considered as potentially signal-like. The process of filtering out the background from the data

received by IceCube is detailed in Section 2.2 and Section 3.1.

An upgrade to IceCube, called IceCube-Genz [20], is currently under development, to
bring the volume of the detector to 10 km’®, as well as integrating other means of detecting Ultra
High Energy neutrinos with an array of radio antennas. This relies on the same principle than

the Radio Neutrino Observatory - Greenland (RNO-G) [21] being built in Greenland. When

individual particles in a shower emit Cerenkov radiation, interference between wavelengths

8
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longer than the extent of the shower produce a front of radio waves along the Cerenkov cone.

This is known as Askaryan radiation [22].






The IceCube Neutrino Observatory

To advance the field of multi-messenger astrophysics as a whole, it is important to observe and
correctly analyse as much data as possible. It was stated in Subsection 1.3.1 that large detec-
tors are necessary to observe high-energy neutrinos. Indeed, most of them aim to detect the
Cerenkov light emitted when a charged particle travels faster than light in a dense medium after
the neutrinos have interacted in said medium, then detected by optical sensors. The scattering
and absorption lengths of the medium must be as long as possible, so that the observation of a
photon can be associated precisely to an emission position. This is why multiple instruments
have been deployed deep in water, most recently KM3NeT [17], or in ice, like IceCube [1], the

primary observatory featured in this project.

This chapter will first provide an overview of the hardware used by IceCube and typical
shape of the events detected by the observatory. Then it will describe the filters and reconstruc-
tion algorithms real time observations in IceCube have to go through to be qualified as relevant,

and used in the Gamma-ray Follow-Up analysis such as the ones performed in this project.

2.1 NEUTRINO EVENTS IN ICECUBE

Constructed between 2004 and 2011, IceCube is located at the geographic South Pole. It built
upon the results of AMANDA [18], an earlier experiment in the Antarctic ice, that IceCube

incorporated in 2010 before it was decommissioned. It deploys 5160 digital optical modules

II



2 THE ICECUBE NEUTRINO OBSERVATORY

(DOMs) between 1450 and 2450 m deep in the Antarctic glacier, deep enough for the pressure
to rid the ice of air bubbles that would otherwise refract and deviate the Cerenkov photons
[23]. Its design and performances make it the largest neutrino observatory currently, and it is

working to detect astrophysical neutrinos in the TeV-PeV range.
2.1.1 TECHNICAL OVERVIEW OF THE DETECTOR

IceCube Lab IceTop

\:\ S 81 Stations

— -~ /
50 m— = 324 Optical sensors

IceCube Array
86 Strings including 8 DeepCore strings
5160 Optical sensors

DeepCore
8 Strings (spacing optimized for lower energies)
480 Optical sensors

Hm

1450 m

2450 m
2820 m

Bedrock

Figure 2.1: Layout of the IceCube Neutrino Observatory. Image taken from [24].

Lavout Figure2.1 shows thelayout of IceCube. The DOMS are aligned in a quasi-hexagonal
pattern on 86 vertical strings, each containing 60 DOM:s spaced 17 m. They are linked along
the strings by a cable which goes up to the JceCube Lab, a facility on the surface where power and
communication are managed. The primary detector is comprised of 78 out of the 86 strings,

aligned on an hexagonal grid, separated by 125 m each.

The rest is called DeepCore, it is a sub-detector where the strings and DOMs are more closely
parsed (41-105 m for the strings and 7-10 m for the DOMs) [25]. The objective of DeepCore
is to be sensitive to a lower energy range, with an energy threshold of 10 GeV, 10 times lower
than in the rest of IceCube. It can then be used to study atmospheric neutrino oscillations and

search for sterile neutrinos.

I2



2.1 NEUTRINO EVENTS IN ICECUBE

Finally, there are also 162 ice-filled tanks sitting in pairs on the ice surface, each containing
two DOMs. This array, called JceTop, serves as a veto for air showers and aims to observe air
showers induced by cosmic-rays in the PeV-EeV energy range [26]. As this is the energy range
where UHECR would emerge, one might expect this array to be able to study this part of the

spectrum, but the surface it covers (about 1 km?) is too small for such observations.

Penetrator HV Divider
\ LED
Flasher
Board

DOM
Mainboard
Mu-metal

\ —a [- . . /
_ﬂ....m......wi‘l{ﬁ
" - grid

|
/
o |} —/fﬁ;‘]/

h S o

PMT
gel

Glass Pressure Housing

Figure 2.2: Sketch of a Digital Optical Module, as seen in [27].

THE D1ciTaL OrTIcAL MODULES (DOMsS)  Digital Optical Modules host the principal sen-
sor components of the detector [24]. The DOM:s are encased in a 13” diameter glass sphere, as
schematised in Figure 2.2. This sphere is made up of two hemisphere which are joined at the
equator at the end of production to englobe the circuit boards necessary to power supply, data
acquisition, communication, and calibration, as well as the main component of the DOM: a
downward-facing 10” photomultiplier tube (PMT). There is only one hole in the sphere to al-

low the 16 mm cable to exit the module.

This glass sphere protects the electronics and the PMT from the pressure from the glacier.

Furthermore, the whole structure of the DOM, the cable penetrator assembly and the suspen-

13
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Figure 2.3: Effective scattering coefficient (left), and absorptivity (right) in the Antarctic ice, depending on the depth in
the glacier and the wavelength. They are the inverse of the scattering and absorption mean free paths depending on
wavelength and depth. The contribution from the air bubbles above 1400 m to the scattering coefficient is shown, as well
as the expected absorptivity of pure ice for wavelengths longer than 450 nm. Taken from [23].

sion from the string have been designed to withstand the extreme conditions deep in the ice.
In addition to this, a wire mesh grid surrounds the PMT and shields it from the South Pole
magnetic field, which would otherwise degrade the collection efficiency and the single photo-

electron resolution.

The photomultiplier, being sensitive in the 300-650 nm range, has a quantum efficiency, i.e.
the probability of production of photoelectrons from photons, of 25% at 390 nm. In Deep-
Core, most DOMs have a higher quantum efficiency of 34%. The PMT is able to record varied
waveforms, with amplitudes between 1 mV and 2 V, and widths between 12 and 1500 ns. This
depends on the energy of the observed particle and its distance to the DOM. The PMT is also
connected to circuit boards for various functions, two of which being the Flasher board and
the Delay board. The former serves as a calibration tool and in the study of the properties of
the ice [28], while the latter records and digitizes the waveform received by the PMT.

PROPERTIES OF THE ICE It has already been mentioned that the deep Antarctic glacier was
chosen because allows some of the best conditions to detect Cerenkov light. Indeed, the approx-
imately 1 km? of ice delimited by IceCube is even clearer than ice produced in laboratories or in
lakes [29]. However, photons are still being scattered and absorbed. To avoid losing efficiency

in the detectors and accuracy in the reconstruction, a precise understanding of the ice proper-
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2.1 NEUTRINO EVENTS IN ICECUBE

ties deep in the glacier is fundamental. Many studies, past and ongoing, have investigated this
subject, and over the years the models of the ice have been refined to account for many param-
eters that affect the optical properties of the ice.It is now known that as deep as IceCube, dust
particles like mineral grains or sea salt crystals are responsible for scattering, and that absorption
is also mainly caused by insoluble dust impurities. Figure 2.3 shows us that below 1400 m, the
scattering and absorptions coeflicients are very small, save for minor peaks, among which the
only remarkable one occurs at 2000 m and is caused by a layer of dust approximately 65000

years old [30].

2.1.2 EVENT DETECTION AND SIGNATURES

Much like most high-energy observatories, in IceCube, it is not the neutrino that is being di-
rectly observed traversing the detector. Instead, it is sensitive to the deep inelastic scattering
in which a neutrino will be involved with a nucleus in or near the detector. This produces
hadronic showers, and most of the time a lepton of the same flavor of the neutrino, depending

on whether the interaction is neutral-current,

v +X N v, + X — v; + hadronic shower, (2.1)

where ; is undetected but X’ produces a hadronic shower ; or charged-current,

w+x LI+ x. (2.2)

This lepton shall travel faster than light in the ice will thus emit blue Cerenkov light and leave
a distinct signature in IceCube depending on its flavor that can be recognized, pictured in Fig-
ure 2.4. These processes are also valid for anti-neutrinos, where the only difference would be
the charge of the produced lepton for a charged-current interaction. However, it is impossible
to distinguish between neutrino and anti-neutrino interactions, except in rare cases, such as the

Glashow resonance events [31].

When the lepton created is a muon of energy higher than 1 GeV, the detector will be able to
observe it travel in the detector in a linear track-Iike signature, either through-going (meaning
they were produced outside of the effective volume of the detector), or starting (meaning they
were produced inside the detector). Tracks are reconstructed with a good directional accuracy

[33], the typical angular uncertainty being 0.3° for 1 TeV energies. However, the energy re-
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Figure 2.4: Examples of recognizable event signatures in IceCube, where the circles are color-coded in terms of time evo-
lution. Subfigure (a) shows a muon track, this is the kind of events relevant to this work. Subfigures (b), (c), and (d), respec-
tively a cascade event, a muon bundle, and two coincident events, are then to be filtered out by the processes described in

Section 2.2. Image taken from [32].

construction proves more difficult for this kind of event, especially when they originate from

outside the detector and may have already lost energy before being first observed so the energy
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2.2 DATA FILTERING AND EVENT RECONSTRUCTION

losses in the detector have to be approximated.

On the other hand, cascades are the class of signature including the electromagnetic showers
triggered by the production of an electron or a tau during the scattering of a neutrino, the
hadronic showers produced by fragmented nuclei, and other decays from particles scattering
in the ice, regardless of the involvement of neutrinos. Electromagnetic and hadronic showers
only develop for several meters, especially for electrons. This means that on the scale of the
sensors spacing, they appear point-like and thus leave spherical signatures. The advantage of
this is that the signature will usually be fully contained in the detector, and this allows for an
energy reconstruction accurate up to around 10% [33]. However, the angular uncertainty is a
lotlarger than with the muon tracks, since the best uncertainty on electron neutrino interaction
directions is 4-5° [34]. Taus, on the other hand, have a median range of about som / 1 PeV,

still very small if the tau-neutrino did not have an energy greater than the PeV range.

2.2 DATA FILTERING AND EVENT RECONSTRUCTION

The downside to a continuous data collection with a lot of background noise is that IceCube
will register an enormous amount of data, and thatit is almostimpossible to perform a resource-
expensive analysis on all of it. A series of filter and reconstruction algorithms, pictured in Fig-
ure 2.5, will be applied successively to the PMT pulses, so here will be discussed the steps to

obtain GFU neutrino candidates that will later be used to raise alerts described in Section 4.2..

2.2.1 LEVELI (L1) TRIGGER

Since the event rate is very high, the first levels of the analysis need to be very fast to allow the
Real Time framework to be efficient. The first filter applied is called Levelr Trigger, in which a
Hard Local Coincidence (HLC) check verifies for every pulse if the nearby DOMs on the same
string if they registered a pulse less than 1 ps before or after. If not, the hit is classified as noise.
The data then goes through a filter called Simple Multiplicity Trigger (SM'T-8), which rejects
events if there have not been at least 8 HLC hits in a 5 us window [24]. This is what marks
the beginning of the trigger window. At this point, the rate of data acquisition is still very high
(= 2.3 kHz), and events happening at the same time are treated as one since at this stage, it is

unclear whether they are part of the signature of a special event or not.
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Figure 2.5: Cartoon representing the different filters and reconstruction steps the data passes through. These steps are
grouped in modules of which the name are noted on the left. Light dashed boxes are the reconstruction processes, while
the darker boxes represent the filters. The frequency on their right is the one for the events after the cuts performed by
the filter. The low-level analysis steps (up to OnlinelL2) are described in this chapter, while the GFU filter is presented in
Section 3.1. Adapted from [32].

2.2.22 BASE PROCESSING

The next steps will estimate the direction of origin of the tracks, since they are supposed to
come from point sources. The Base Processing works to do this as quickly and accurately as
possible to allow for more time-consuming algorithms to be performed later, but the rate is
very high at this point in the analysis. It starts with a cleaning of the pulses to remove events

unlikely to originate from signal. Two reconstruction algorithms follow.

The LineFitis a first and rapid reconstruction method that consists in approximating the de-
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2.2 DATA FILTERING AND EVENT RECONSTRUCTION

tected photons with a plane wave of light passing through the detector. Its concept is straight-

forward: let 7(¢) be the position of a through-going muon at time #, modeled as:

At) = 7Fo(to) + (£ — 1), (2.3)
where 7is the muon velocity and 7 is the point the muon has crossed at #y. Then the algorithm
will simply find the track that minimizes the squared distance with the positions of the DOMs
that registered the hits. The LineFit has several advantages: it provides a quick first guess of
the direction that can be used as a seed for the other reconstruction algorithms, it yields an esti-

mate for |¢] that will be used in the final event selection, and it will serve as an indicator of the

robustness of the reconstruction [32].

M,
lIOn ]}'ack

Figure 2.6: Simplified geometry for the emission of Cerenkov light by a muon traveling faster than light in the detector ice.
Taken from [32].

However, it is known that the Cerenkov light front is more complex than a simple plane,
but is emitted in a cone which aperture depends on the velocity of the muon. Figure 2.6 shows
the geometry of the emission from a muon traveling superluminally in ice, and if no scattering

happens, the photon emitted from 7 at ¢, reaches the DOM at distance  from the track at:

5(70 — .9_6';) + d tan ‘9C

Loeop — £y +

geo ) (2"4)

Cvﬂ C

19



2 THE ICECUBE NEUTRINO OBSERVATORY

where ¢, is the speed of light in a vacuum, and & is the Cerenkov angle as defined in Equa-

tion 1.5.

The Single PhotoElectron (SPE) reconstruction method performs a likelihood test of the
probability that the first photon reaching the DOM to trigger each pulse was emitted accord-
ing to this geometry. Only the first photon is checked because it has less chances of having
been scattered and thus describes the Cerenkov cone better. This is also where the Single in
SPE comes from. To do this, it is calculating the time residual, i.e. difference, between the

observation time and the one predicted in Equation 2.4:
Lyes = Lobs — tgfo- (2’5)

The probability density function used to defined the likelihood for the test is called the Pan-
del function, and it was first modelled by the Baikal [15] experiment for Cerenkov emission in
water [35], then adapted by AMANDA for ice.

The likelihood will be defined as:

N
L= le (tre:,z'|70a 67 @)a (2‘6)

i=1

where Ny, is the number of hit DOMs, and py is the Pandel function. Maximizing this likeli-
hood yields an estimate for the muon direction (7, 8, @), and makes it possible to judge whether
those parameters describe well the distribution of pulses observed, i.e. if the event was well re-

constructed and probably a through-going muon track [32].

2.2.3 MuoN FILTER

With the information from the SPE fits, the Muon Filter will eliminate all events unlikely to be
muon candidates. Itis not possible to perform more accurate, but also more resource-intensive
reconstructions before the number of candidates is reduced. Before evaluating the probability
of each event actually being a muon track, zenith-dependent conditions need to be applied on

the data. For up-going tracks (zenith 2 82°), the SPE likelihood suffices as filter.

Down-going tracks (zenith < 82°), on the other hand, have to deal with atmospheric muons

as background. To differentiate them, the deposited energy in the DOM:s is a good indicator.
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The flux of astrophysical and atmospheric neutrinos are both power laws, but with different

expected spectral indices ( ~ —2whiley =~ —3.7), so the softer part of the data can

}/d_ffi"ﬂ
be cut to eliminate the noise by requiring that the event carries at least a certain energy. To
ensure this, the minimum integrated charge Q,,; observed by the DOM:s for each event, which
is proportional to the deposited energy from the emitting particle, is measured, and a cut is

applied on this variable. Here are the cuts applied by the muon filter [32]:

log £
—-1.0<c0s0<0.2 = < 8.7
Ny —

0.2 <cos0<0.5=log Qsy > 3.9c0s8+ 0.65 (2.7)
0.5 <cosd < 1.0 = logQ,, > 0.6cos &+ 2.3,

where L is the SPE likelihood, N}, is the number of hit DOMs and @ is the zenith. These cuts
will reduce the rate of events from 2.3 kHz to 40 Hz, which allows IceCube to transmit daily to
Madison for offline archival analysis, which was previously impractical because of the limited
bandwidth due to low satellite coverage at the South Pole. More time-consuming, real time

analyses are still being performed on-site.

2.2.4 ONLINE L2 FILTER

The OnlineLz Filter aims at ameliorating even further the direction estimate and provide the
first estimation for the energy of the muon. The Multi-PhotoElectron (MPE) Track Fit, as its
name suggests, works in a similar fashion to the the SPE, except that it takes into account that,
above 1 TeV, the probability of observing more than one photon per DOM becomes higher,

so the likelihood used in the maximization algorithm needs to be adapted as such:

Ney

L= H [M’Pl(tm,i)'(/o Pl(fres,z')) | ] y (2,.8)

where #,,; is defined in Equation 2.s, py is the Pandel function, and /V; is the number of photons
observed in the 7 DOM at Ly ;. The result from the SPE is the seed used by the algorithm, and

it allows for a better reconstruction, which then leads to a new filter.

The OnlineL2 selection is a series of tight cuts described in [36], where the sky is divided

following declination in four regions which have difterent cuts. This filter brings the event rate
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down to 6 Hz, which allows the application of the last reconstruction algorithm: the Spline
Multi PhotoElectron (SplineMPE) Fit. What differs with the MPE is that instead of using
the Pandel function for the probability density, the SplineMPE relies on a simulation of the
propagation of photons in ice. The ice in which the photons travel is no longer treated as ho-
mogeneous, and this model is sensitive to depth when calculating absorption and scattering
probabilities for the photons. The fit is called SplineMPE because the results of the simulation
are given by interpolating splines (Segmented Polynomial Line, a function defined piecewise

by polynomials but continuous up to a certain order derivative), like a lot of complex fits [37].

The last step is to compute the energy estimation of the muon. Through-going muons are
created outside the detector and lose energy before they could be detected. The energy estima-
tion is then a lower bound for that of the neutrino. The number of Cerenkov photons emitted

is proportional to the energy of the muon [38], and it is modeled as a Poisson distribution. The

likelihood is then:

Pl
L= Ee , (2.9)
with
A=ANE+p (2.10)

where E is the energy, £ the number of observed photons, and p is the noise contribution to
the mean expected number of photons A [39]. This 4 is dependent on the template model A,
which depends on the positions of the track and the involved DOM:s in the detector, but also

their relative positions.

The main difference between the two ways of retrieving the energy estimation of the muon
lies in the definition of A and especially the treatment of the stochastic energy losses of the
muons. The only one relevant to this project is called Muon Energy Estimation (MuEX), in
which the muon is assumed to emit light uniformly along its track, meaning the expected num-
ber of photons depends on the distance between the track and the DOMs. The template A
contains two approximations: the scattering is neglected for short distances (photon density
X f), and diftusive behavior approximated by expression found in [39] at large distances. The
MuEX method provides an estimation of the energy by maximizing the Poisson likelihood us-

ing these conditions [40].

The other way to approximate the energy of the muon is called TruncatedEnergy. It will
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split the track and apply Equation 2.9 to each segment separately to modelise the stochastic
energy losses. The length of the segments is defined such that each segment only includes a
single DOM. A cylindrical cut will also make sure not to include DOM:s closer than 10 m to the
track (bright DOM behavior is still not well understood) or farther than 8o m. The expectation
in Equation 2.9 comes from the ice model used by the SplineMPE directional reconstruction.
Half the segments with the highest energy gradient dE/dx are removed and the average of the
rest of them is calibrated to give a solid estimate of the muon energy regarding the variation in

stochastic losses [41].

23






The RealTime alert system

The previous chapter described the general characteristics of the IceCube Neutrino Observa-
tory, as well as the basis of the processing and filtering of the enormous amount of data regis-
tered by IceCube. These steps are all performed in real-time at the South Pole and are common
to a lot of different studies in IceCube, both on and offline. This chapter will present the
next steps in the treatment of the data to raise alerts in real-time specifically in the Gamma-ray
Follow-Up (GFU) branch of IceCube. It starts by describing the so-called GFU Filter in Sec-
tion 3.1, which was originally designed for real-time use only, but is now also used in offline
analyses. Section 3.2 will then introduce how the time-clustering algorithm raises alerts, and

the modes in which GFU operates.

3.1  GFU FILTER

To classify the events as neutrino-induced muon candidate to be used by GFU, this filter uses
Boosted Decision Trees (BDTs) to apply a series of cuts to the data to get the rate from 6 Hz to
6.5 mHz (=~ 200000y7"). BDTs are machine learning classifiers that control several variables

at once and trains over several iterations to sort the data most efficiently.

In the Northern Sky, the background the BDTs are trying to eliminate from the sample is
mostly constituted of mis-reconstructed cascades or down-going muons that were misclassified
carlier. The BDTs will then verify that the SplineMPE fit is close to the LineFit, and that the
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geometry of the track is coherent. A cut is applied on the SplineMPE likelihood, and coinci-

dent events (events less than 1o us apart but not part of the same track) are eliminated.

In the Southern Sky, muons from atmospheric showers make up most of the background,
since it is not shielded by the Earth like the Northern Sky, and atmospheric muons look like
neutrino-induced muon tracks. The BDTs for down-going events identify muon bundles, sets
of muons produced by a heavier nucleus producing an air shower, and remove them from the

data.

The final stage is the estimation of the angular error. The first of the three methods to do
this is the Cramér-Rao estimation, based on the Cramér-Rao inequality [42]. It sets a lower
bound on the variance of a statistical estimator, given by the inverse of the Fisher information
matrix. This matrix measures how much information the track carries about the time residual

from Equation 2.s.

With ¥ = (%), 8, @) as the parameters of the track, the Cramér-Rao inequality is:
Cov(%, %)) > I, (%) (3.1)

The diagonal elements of Fisher information matrix are by construction the inverse of the
squared angular uncertainties along the zenith and the azimuth. This means that from the cal-
culation of 75 and 7, a circularized angular error can be computed [43]. This method is purely
analytical [44], and fast (= o.01 s per event) since it does not require a minimizer, but it is also

the least precise, especially at low energy.

The Paraboloid method is slower, but more precise, it approximates the shape of the negative
logarithm of the likelihood around the minimum with a paraboloid (a two-dimensional Gaus-
sian). 24 points around the minimum are evaluated then fitted to a paraboloid, from which

this is known, since it is shaped like a Gaussian:
—logL(x+ o) = —log L(x) + 0.5, (3.2)

Lastly, the Bootstrapping method approximates the unknown theoretical distribution of

a random variable by repeatedly sampling with replacement the set of observations. Pulses
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MuEX < 4TeV MuEX > 4 TeV
Ny, < 300 Paraboloid Bootstrapping
N¢y, > 300 Paraboloid Cramér-Rao

Table 3.1: Method of preference to calculate angular uncertainty depending on the energy and the number of hit DOMs

from the DOMs are taken at random to constitute an with the same total charge as the orig-
inal detection. This is done several times to construct a larger sample in which every event is
reconstructed. Then the uncertainty on the direction of the track from the original event is

approximated by the median of those of the bootstrapped events.

The approach to use is chosen on a case-by-case basis, according to the properties of the event.
The efficiency of the algorithms depends greatly on the energy of the event and the number of
hit DOMs. As summarised in Table 3.1, low energy events are better reconstructed using the
Paraboloid method, and for high energy events, the bootstrapping event is more appropriate
for tracks which involve less than 300 DOMs, while the Cramér-Rao method provides the best

and fastest estimation for the energetic and well-reconstructed events.

RealTime analysis demands fast and accurate performances. All the techniques, filters, and
methods described above have been refined for the entire process to perform in around 1 s. The
events are written and saved in JavaScript Object Notation (JSON) format, saving the direction,

energy and angular uncertainty.

3.1.1 GAMMA-RAY FOLLOW-UP SAMPLES

The data has been reconstructed and hopefully filtered down to neutrino-induced muon tracks
with a rate of 6.5 mHz. These GFU samples are sent to Madison, and are ready to be analyzed
in the GFU framework, among other studies. However, it is improbable that all the events
would be of astrophysical origin. Figure 3.1 confirms this assumption by showing the different
data type proportions depending on the declination. In the Northern Sky, there is no con-
tribution from atmospheric muons, sign that the GFU filter managed to reject down-going
tracks. Contributions are, in order of importance: atmospheric neutrinos background, astro-
physical muon neutrinos, astrophysical tau neutrinos, astrophysical electron neutrinos, and
atmospheric electron neutrinos. In the Southern Sky, the data is dominated by atmospheric

muons.

27



3 THE REALTIME ALERT SYSTEM

Atm. p Astro. v, [ Astro. ve 4 Data

Atm. v, Astro. v Atm. v,
B e S

1071_1-.-—.-!—!-.!—!-‘—'-"-.-'""%""‘ = oo
N
Elo—.'j_
=
an]

]

o
&
&510*7

Y 151

E] 0.0."00'..'¢

\1.0'.°'. ...000.00000000000.000'
«

©

A 0.5

.—1.00 -0.75 =050 -025 0.00 0.25 0.50 0.75 1.00
sin(d)

Figure 3.1: Event type proportions in the GFU data sample after the data has been filtered and reconstructed. The solid
areas show the contributions of the atmospheric flux, while the dotted areas are representative of the diffuse astrophysical
flux. The plot below depicts the ratio between the amount of data collected by IceCube and the simulation samples. These
results are all plotted in function of the declination. Taken from [32].

The GFU sample is widely used for many analyses in the search of neutrino sources, not only
for multi-messenger purposes, although this is what it was originally for. A final smoothing cut

is applied to maximize discovery potential of point sources.

3.2 GFU REAL-TIME CLUSTER ALERTS

IceCube is able to monitor the whole sky almost continuously. This quality makes it most
suited for real time studies. The only times where IceCube is not collecting data is during soft-
ware upgrades, power outages, or DOM calibration, and even when a DOM fails or a string
malfunctions, the data collection does not stop. This brings IceCube’s uptime to 99.8% on

a typical week. There are two main approaches to alerts in the RealTime framework: either
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focusing on identifying single high-energy neutrino events with a high chance of being of as-

trophysical origin, or noticing clusters of events that would be the result of a neutrino flare.

Even if the first method led to the coincident detection of the high energy neutrino 170922A
event and the flaring blazar TXSo506+056 (still regarded as one of the most important results
of multi-messenger astrophysics [45]), this work focuses on alerts produced by the Gamma-
ray Follow-Up (GFU) cluster alert system, looking for neutrino flares. GFU monitors a list
of known variable gamma-ray sources that are likely to also be emitters of high-energy neutri-
nos, since both are likely to happen at the same time. Then, when an alert is raised, IceCube
forwards it privately only to its partner Imaging Atmospheric Cherenkov Telescopes (IACTs):
MAGIC [4] and VERITAS [6] since 2012 [46], H.E.S.S. [5], since 2019, and LST-1 [47] since
2023 (the collaboration started in 2005 between AMANDA and MAGIC [48]) to encourage
follow-up observations. GFU also performs a search over the whole sky, without the bias of
looking at a predefined source list [49]. For now, these all-sky alerts are only shared publicly as
Gamma-ray Coordinate Network (GCN) notices, but this work aims to show how the alerts

could be shared directly to partner telescopes to ask for follow-up observations.

With the sample of muon neutrino candidates, distinguishing astrophysical sources becomes
possible. The analysis is still being performed in real time, so the objective remains to imple-
ment fast and efficient ways to raise an alert when a source, whether it was already monitored
(Subsection 3.2.3) or it is part of an unbiased search (Subsection 3.2.4), is flaring so that part-
ner telescopes can be alerted and coordinate observations. This section will first introduce the
probability density functions (PDFs) and test statistics (Subsection 3.2.1) relevant to the Time-

Clustering algorithm (Subsection 3.2.2) which is essential to describe when an alert is triggered.

3.2.1 POINT SOURCE LIKELIHOOD METHOD

PULL CORRECTION ON INDIVIDUAL EVENT ANGULAR ERROR  Theangular uncertainty from
the three angular error estimators (Cramér-Rao, Paraboloid, and Bootstrapping) applied in the
GFU filter of Section 3.1 is being overestimated, depending on the energy proxy of the muon.
Generally, the angular uncertainty grows with energy, as seen in Figure 3.2. This pull makes
the event reconstruction less precise, so a correction needs to be applied to try and maintain

the angular error as low as possible. This is accomplished in three steps [50]:

1. Each estimator’s pull distribution is binned in TruncatedEnergy in such a way that the
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bins contain approximately the same number of events.

2. The deviation of the median from the expectation of 1.1774¢ is measured for each bin.
This value is based on the assumption that events are accurately reconstructed by a Rayleigh
distribution [51] of parameter o.

3. The pull is corrected by a cubic spline for every estimator.
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Figure 3.2: Distributions for each angular error estimator before (left) and after the pull correction (right). The solid white
lines show the median, while the white dashed lines are the 10-90% quantiles. The red dashed line is an extrapolation of
the median on the whole sample. Taken from [50].
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SPATIAL PROBABILITY DENSITY FUNCTIONS  The first PDFs examined are the background
and signal spatial PDFs, i.e. the probability of an event being either background or signal emit-
ted by a source. Building these PDFs relies on the hypothesis that while atmospheric back-
ground events are distributed almost uniformly across the sky, the signal events cluster around
the point-like source they originate from. In practice however, the background event rate varies
with zenith: it depends on the filtering efficiency, the volume of ice and Earth the neutrino has
to travel through, etc. There is also an azimuthal dependence due to the symmetric detector
layout. The strings form a hexagonal grid, hence the detector has six preferred directions where
more events are observed. This is especially relevant for short timescales. This is clear in Fig-
ure 3.3, where it is shown how the background spatial PDF created from archival data deviates
from a PDF depending only on declination. The axes of symmetry are visible immediately, and

can modify the acceptance of signal coming from a fixed source by up to 40% [32]
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Figure 3.3: Ratio between the spatial background PDF if it depended only on declination and the PDF as it is, i.e. de-
pendent on both declination and azimuth. This highlights the axes of symmetry of the detector as deviators from a one-
dimensional PDF. Taken from [32]

The signal spatial PDF, on the other hand, relies on the assumption of a source location, and

uses the pull-corrected angular uncertainty estimation to evaluate the probability of an event
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3 THE REALTIME ALERT SYSTEM

having been caused by said hypothetical source:

o 1 AY,(%]%,)?
P;azml(xi|xﬂa'i) = 2707 eXp\ — T ) (3.3)

with AY; being the angular distance between the reconstructed direction ¥; and the source lo-
cation X, and o; the estimated angular uncertainty. Events with a better angular uncertainty are
allowed more weight in the PDF so that better localized events contribute more to the estima-
tion of the location of the signal. The pointspread function is assumed to be a two-dimensional
circular Gaussian because a detailed contour in Real Time analyses would be too computation-

ally demanding.

ENERGY PROBABILITY DENSITY FUNCTIONS The energy distribution of neutrinos from
astrophysical sources is expected to follow a power-law like £7* [52], which is close to the
observed diffuse astrophysical neutrino flux (E~*'?). Atmospheric neutrinos exhibit a much
softer spectrum, which follow a power-law of E37. Soto distinguish the atmospheric from
the astrophysical neutrinos, the energy proxy can be of use. The MuEX method is favored over

the TruncatedEnergy, which is unusable in low-energy cases.

In simulations, this energy proxy is used to create the signal energy PDF by reweighing the
simulation for spectral indices in a certain range. The chosen y go from -1, harder than the
observed diffuse astrophysical flux, to -4, which is softer than the atmospheric neutrino back-
ground. Since the signal and background are declination-dependent, the energy PDF is being
built in declination bands, while the background PDF is once again created from archival data,

allowing a uniform although conservative treatment of the sky.

POINT SOURCE TEST STATISTIC  Separate PDFs have been defined for the spatial distribu-
tion and the energy because there is no correlation between the quality of the reconstruction
and the estimation of the energy [53]. Below are defined a signal (S) and background (B) prob-

ability for each event, expressed in terms of the PDFs described above:

Sz' = P;dtidl(';él'|£n 0'1) -Pesnergy (E1|’9_C)l7 7) (34)
and B; = Pfﬁdﬁal (3_51) -Pgwrgy (Ei |3_C;) ) (3-5)
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3.2 GFU REAL-TIME CLUSTER ALERTS

where E; is the energy proxy of the event, and y is the spectral index of the signal energy power-

law. This means that for a sample of N events among which #;, are signal-like, the likelihood

will be [54]: .
£l =TT (5 + (1 %) 56 ) (56

where 6; represents all the properties of the 7 event (direction, angular uncertainty, energy).

Here y and 7, are free parameters that will be determined by maximizing the likelihood. There

are still bounds that are imposed on these parameters: the spectral index must be between -1

and -4, like for the construction of the energy PDF, and the number of signal-like events must

be between zero and the total number of events. Once the likelihood is maximized, the test
statistic is defined by comparing it to the background-only hypothesis (7, = 0, y irrelevant):

AIZIOg%. (3.7)

Itis actually more computationally efficient to directly maximize the TS since the logarithm

is monotone and the background expectation is constant. Inserting Equation 3.6 in Equa-

tion 3.7: N
7,
Azzlz;log [l—kﬁ(wi—l)], (3.8)

where w; is defined as the event weight, i.e. the ratio of signal and background PDFs S;/B,.
To get rid of the events that are too far from the source hypothesis with respect to the spatial
resolution, for the N — N events outside of a circular bin of 5° defined around the source, the

approximation S; ~ 0 is made. The T'S then becomes:
ad n n
A=25"1 [1 e ,r—1] 2(N— N1 (1——’>. .
> tog[1+ e =] 200 )ty (1 (59

3.2.2 TIME-CLUSTERING ALGORITHM

The whole likelihood construction process described above is time-independent. However,
neutrino emitters can be very time-variable, and observing a flare of neutrinos, i.e. a burst hap-
pening on a relatively short time scale, deals with much less background than an archival time-
integrated search over several years. The goal of the algorithm presented here is to include a

time component on the distributions that also allows to evaluate excesses in time, and find the
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3 THE REALTIME ALERT SYSTEM

optimal time-window to represent these excesses.

An important quality of the method to find this best time window is the assumption of the
time PDF: how the events are distributed in time. The most generic choices are either a box
defined by a start and end time, or a Gaussian shape defined by a central time and a width. The
time-clustering algorithm uses a box-profile assumption, which works well in Real Time analy-

ses, aligning the end of the box with the end of the studied time-window.

An event with S/B > 1 happening at #, defined as the end of the box, triggers the analysis,
in which the algorithm tries every other eventat#; < # with S/B > 1as possible starting times
for the flare. For each possible pair, the likelihood previously presented is calculated with all
the events between ¢, and #;. Figure 3.4 shows a cartoon of how the time-clustering algorithm
works, where # is assigned the value o and possible clusters are being evaluated. The maximum
duration accepted is fixed to a T, chosen beforehand. In this work, the lookback ceiling was

set at 180 days, which is the standard 7, for GFU cluster searches.

Event Weight Si/B;
—_

-20 -15 -10 -5 0
Relative Time (a.u.)
Figure 3.4: Functioning of the time-clustering algorithm. In this sketch, the vertical bars represent the weight of the event,
i.e. the ratio of its signalness probability over the probability it belongs to the background. When an event triggers the
algorithm by having a weight above the set threshold (1), the search for the most significant time-window is shown by

the orange arrows. The algorithm only checks time-windows that start with an event above threshold and end with the
triggering event. Taken from [32].

Ideally, the algorithm would be unbiased towards the possible duration of the flare, but in
reality, as there is less background evaluated during shorter flares, significant combinations of

events over short time windows are more numerous so the algorithm will favor them. To rem-

34



3.2 GFU REAL-TIME CLUSTER ALERTS

edy this, a penalty is introduced to the test statistic defined in Equation 3.7:

E ﬁ7A 71[%,(67‘
A = 2log % TZ “, (3.10)

where 70, is the detector uptime in the tested time window (z; — #;). This corresponds to

multiplying S and B by a time PDF such that:

rl
7)5 (l’) — PB ( Z’) _ cluster

L <t<t
time time .
0 else

(3.11)

3.2.3 SEARCHES IN MONITORED SOURCES

The time-clustering algorithm serves in real time studies of GFU in two different contexts. The
goals of these analyses is to identify excesses from known gamma-ray sources and warn partner
telescopes in order to achieve follow-up multi-messenger observations. The alert infrastruc-
ture was originally implemented in AMANDA [48], and it has been updated several times
since, but the core concept is: when a neutrino flare is identified by IceCube, it is transmitted
to the community with informations about the signicance of the flare, the events it includes,

the time-window and fit parameters, as well as the position of the source.

The principle of the alert production is represented in Figure 3.5, where the significance of
the cluster fit for each triggering event is plotted over time. Each dot represents an event with
S/B > 1 which has then triggered the time-clustering algorithm and the result of the time-
clustering algorithm is showed. When this significance goes above a certain threshold, an alert
is sent to the Real Time Oversight Committee (ROC) of IceCube and to partner IACTs, and
then the source is muted until it goes under threshold again. On average, they receive this alert
12 minutes after the triggering event has been detected by IceCube [46]. For now, the best fit,
as noted in Figure 3.5 is only noticed and analyzed during offline archival studies made to verify

if a source has overcome the discovery threshold.

The criteria for the current list are based on visibility by the partner IACTs, variability of the
high energy emissions, and energy and significance of the flux. In this mode, the time-clustering
algorithm sends an alert when a trigger goes over a significance of 3¢, which yields an expected

alert rates of O(10)/year.
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Figure 3.5: Cartoon of the alert mechanism in real time analyses. Every blue dot is a triggering event for the time-
clustering algorithm, but only when the pre-trial significance of the result from the algorithm exceeds the set threshold

is an alert raised (dark orange dots). The source is then muted until the significance of the time-windows constituted for
subsequent triggers goes back below threshold to avoid spamming alerts. The global best fit (red dot) is then generally only
studied offline during archival analyses. Taken from [32].

3.2.4 ALL-SKY SCAN

This work, however, focuses on the all-sky alerts, which treat every event with S /B > 1asa po-
tential trigger since it treats the whole sky without biases on any source location. This increases
significantly the number of triggers, and the trial factor, so the pre-trial significance threshold
is currently fixed at 4.2¢ for an alert rate of 1y, as shown in Figure 3.6. This is higher than
for the monitoring of known sources, because testing every possible direction makes it more
probable to observe a random, but significant background fluctuation by chance. Also, the cor-
rection to obtain the post-trial p-value has to take the size of a cluster compared to the whole
sky. An optimistic order for the area covered by a neutrino cluster would be ~ 0.8 degz, while
the celestial sphere is = 41253 degz. This means the pre-trial p-value is to be multiplied by a
trial factor that reflects the &= 51566 independent hypotheses for a source in the sky. Because
of this, the post-trial significance level obtained for a pre-trial significance level of S is only

around 2.2¢, and a discovery level of Sodemands a pre-trial significance of 6.8¢.

Since the all-sky analysis works in an unbiased manner, the time-clustering algorithm has to
be triggered without an assumed source location to feed Equation 3.3. The software named Hi-
erarchical Equal AreaisoLatitude Pixelization (HEALPix) [5 5] and its Python wrapper healpy,
which divides the sky in equal area bins, are used on the map, and then the time-clustering algo-

rithm is applied to the center of each pixel. The software begins with a 0.92° grid, and iterates
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Figure 3.6: Toy simulation results to indicate the all-sky expected alert rate depending on the pre-trial significance. It is
shown how a threshold of 4.2¢ yields an expected alert rate of lyr_l, Taken from [32].

with smaller and smaller grid size by refining the most significant pixel definition. Once the
grid spacing has reached ~ 0.1°, i.e. the average angular uncertainty of the events and the defi-
nition beyond which there is no significant improvement to the fit, the best fit pixel, with the
highest TS value is identified. The HEALPix method to assign a source location hypothesis to

a triggering event is shown in Figure 3.7.

Until now, GFU all-sky cluster alerts have not been automatically forwarded to partner tele-
scopes because there was no uncertainty regions around the best fit source. This work presents

the inception of a procedure to generate such parameters that could eventually be forwarded

to the community in the future.
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Figure 3.7: HEALPIx iterative approach to assign a source hypothesis to a cluster. The dotted lines are the pixel scanned in
each iteration for this simulated situation while the solid line denotes which pixel exhibits the best test statistic. The grid

spacing is shown in the top right corner. Taken from [32].
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Confidence regions in the Test statistic

difference maps of alerts

Every event that makes it through the data selection processes is reconstructed with a degree of
uncertainty on its energy and its direction of origin. Section 2.2 detailed how IceCube filters
the background out of the data, and Section 3.2 how cluster alerts were being raised. Now, this
chapter will discuss how a likelihood map of the position of its source can be constructed, and
especially how regions can be parametrized in these maps to guide partner telescopes’ obser-
vations. First, we will need to introduce the statistics notions important for the project, most
notably Wilks’ theorem (Section 4.1), before presenting the Test Statistic maps in Section 4.2
and how the simulations from this project (Section 4.3) will attempt to verify if Wilks’ theorem

describes accurately the situation for the cluster alerts.

4.1 INTRODUCTION TO THE STATISTICS OF WILKS’ THEO-

REM

Formulated in 1937 by S.S. Wilks [56], this theorem gives a distribution for likelihood ratios in

large samples under specific regularity conditions. In fact, it states, in its simplest form:

—2log :;f(b), (4.1)
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4 CONFIDENCE REGIONS IN THE TEST STATISTIC DIFFERENCE MAPS OF ALERTS

L (3?/')
[’H() (x] )

where A = with; = 1...n and ;(%h) is the chi-square distribution defined from h random

variables as:

b
X, 4 N(0,1),Vi=1..h= ZXZZ i>/1’?h)' (4.2)
=1
This assumes that the likelihoods £y, and L are corrected with a factor (1 + @) with ¢
of order 1/4/n. Therefore, Equation 4.1 holds except for terms of order 1/4/7, which is why
the large sample condition is fundamental in the application of Wilks’ theorem. This section

describes first the necessary regularity conditions, then derives Equation 4.1.

4.1.1  THE MAXIMUM LIKELIHOOD ESTIMATES

A likelihood L(ux;; 8;) measures the probability of the combination of outcomes of n random
variables x, which distributions are parametrised by h parameters noted &. It is built by multi-
plying all the probability density functions of the variables x;, while the §; are free parameters:
their value is left free in the definition of the likelihood and it will be fixed generally when the
value of the likelihood is being maximized. First of all, Wilks’ theorem works on the assump-
tion that in the h-dimensional space of the &, there exists a set of 02 which are the maximum
likelihood estimates (MLEs) of the parameters. As their name suggests, this means that these
estimated values for the parameters §; maximize the likelihood, and it is not trivial, as it requires
the regularity conditions to be respected. These conditions are necessary to the validity of the
Maximum Likelihood Estimation theorem upon which Wilks built his derivation because they

impose conditions on the shape of the likelihood distribution, and are as follows [57]:

(i=1.hj=1.n)
1. The variables X; are independent and identically distributed with density f{x;; ;).

2. The parameter space Ois compact.

S8

. Elog ﬂX], 6;) exists, with [E the mathematical expectation.

4. The true but unknown parameters values 6, € In#(©) are identified:

boi = arg max Elog AX;; ;) (4.3)
€
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5. The log-likelihood function
(36, =Y logfla 6;) (4-4)
7=1

is continuous throughout ©, and twice continuously differentiable in a neighborhood
of 90,‘.

6. Itis also such that 1/(x;; 6;) converges almost surely in probability to E log f{X}; ;) uni-
formly in 6; € ©.

7. The information matrix

0% log AX;; Go;

exists, and is positive definite.

Under these conditions, the MLEs exist and are well defined. They also almost surely con-
verge in probability to the true parameter values &p;: the events in which the MLEs do ot con-
verge to the true parameter values have a zero probability. This means that the estimates used
to model the distribution of the parameters of the likelihood tend towards the unknown true
values that maximize the likelihood. Furthermore, it is possible to prove that, given a distribu-
tion of MLEs 6}, its difference with that of the true parameter values, multiplied by the square
root of the size of the data sample, behaves asymptotically like a normal distribution of mean

zero and of variance equal to the inverse of the information matrix evaluated at 6, [57]:

V(8= o) 4 N(0,Z(5) ) (46)

Cramér-Rao inequality in Equation 3.1 tells us this distribution has the best variance pos-
sible, when 7 tends to infinity. However, it is impossible to evaluate the information matrix
at ¢y, because the true values of the ¢, are unknown. Instead, the MLE asymptotic behavior

allows an approximation by evaluating the information matrix at ¢;:

This can be rewritten as:



4 CONFIDENCE REGIONS IN THE TEST STATISTIC DIFFERENCE MAPS OF ALERTS

4.1.2  WILKS’ THEOREM

In Wilks’ theorem, all of these conditions must be respected. This means that not only the
MLE:s exist, but each of their density is very close to that of a normal distribution of mean &y,

and of variance equal to 27 (67" [58], and then be written as [56]:

‘I/d|l/2
(27)h/2

g_% 22,1:1 Iklz/eél(l + O(l/\/};))dzle]y (49)

where 2, = (91 — 0;)\/n for i = 1...h. The likelihood function £(x;; §;) will be the product
of all probability density functions under some hypotheses. In the null hypotheses Hy, it is
evaluated somewhere in the space of possible values for the parameters, while in the hypothesis
being verified H, the values of the parameters &, are taken to be 6, for7 = 1...h. The interest lies
in the least upper bound of both likelihood functions at a given point x; in the variable space.

The quantity 1 defined as:
Lu(x)
o (x]) (4.10)

then represents the likelihood ratio for testing the hypothesis / that the X are from a popu-

1=

lation which distribution is characterized by 6, [56]. The logarithm of this quantity equals:

Ly
—2logl = —-2lo
8 gﬁHo (4.11)
(EHO - gH)

since £(x;; 6;) is the log-likelihood function defined in Equation 4.4. This equation hintsathow
the difference of log-likelihoods in two hypotheses (ALLH) will be linked to the difference of
Test Statistics as defined for the Time-Clustering algorithm, as shown in Equation 4.14. Re-
placing in Equation 4.4 the log-likelihood for the MLEs £, = ¢ (4) by its Taylor expansion

up to second order evaluated at £y = ((6y,), with7 = 1...h.

—2logl = ZZ ( — ;) g’ 901)) Xi: ((él . 501'>2.£//(€0i)>
— 22 (,ll/Z.(é’l. ~ 601.),71*1/2_5/(501,)) X Zj: ((,}/2_@ _ 601.))2.7{1.6”(601-)).

(4.12)
This summation is justified because the MLEs 8, are independent and identically distributed,
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by virtue of the regularity condition 1. Then, the regularity conditions 6 and 7 yield n 10" (6y) 2
—T(8y;) and w20 (8y;) = "2 T(8;).(8; — ;) + a,, witha, 25 0. So,

—2log 1 ~ Z(z (n"2.Z(8y,) (el»—eol»).nl/%(é,.—eo,.))—I(&Ol-).n.(él.—eol.y)
—Z( (40)-(5: — 0)°) (+13)
3 (v e )

This is very important, as it was previously shown that v/z.(Z(6,,) ) /2 (68— By;) 4N (0,1).
So there is a sum of the squares of h independent standard normal variables, and this is exactly
the definition of a y* distribution with h degrees of freedom (Equation 4.2). We have then
found —21log A :;(%h) again.

4.2 TEST STATISTIC SPACE OF ALL-SKY ALERTS

All-sky alerts, as explained in Subsection 3.2.4, use HEALPix to apply the time-clustering al-
gorithm on pixels of finer resolution at every iteration, each time using the center of the pixel
as source position hypothesis to calculate the likelihood of Equation 3.6 and subsequently the
Test Statistic (TS) of Equation 3.7. In this computation, the position of the pixel is a variable
for the PDFs while the number of signal-like events in the flare and spectral index of the flux are
free parameters determined by maximizing the likelihood. Since the logarithm is monotonic,

it is also possible to directly maximize the T'S instead.

In the case of all-sky alerts, we then have a pixelated map, for which each pixel is associated
with a TS value, like shown in Figure 4.1. The pixel where the TS is the highest, referred to as
best fit pixel, is the one which will provide the 7, and y for the alert. However, although this
pixel represents the best guess to fit the observed events at the time of the alert, it is not certain
that the position of the source corresponds exactly to that of the center of the pixel. This prob-

lem is circumvented by relating the TS map to Wilks’ theorem.
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Figure 4.1: Test Statistic map of a simulated alert for a flare of 10 days at & = —30°. The color bar also shows the p-value

significance in terms of ¢, which serves to assess how likely the cluster is to come from a specific pixel, and so it is used to
decide whether or not an alert is raised. The source injection position is showed with a white + in the middle of the map

while all the events are represented by a gray square.

The regularity conditions from Subsection 4.1.1 are intuitively respected if 7,, y are seen as
the variables (they are independent and identically distributed with PDFs described in Subsec-
tion 3.2.1, as per condition 1). This means that the parameters are the right ascension (RA)
and declination (9), of which the space is indeed compact, as per condition 2. Conditions 5 &
6 require the log-likelihood function to fulfill some properties that the TS can be verified to

obey, since it is the difference between log-likelihoods of two hypotheses.

To find the formulation of Wilks’ theorem from the TS map, there needs to be a comparison
between the TS of each pixel and the one from the best fit. Even though we will display the

maps in terms of TS - TSy, (e.g. Figure 5.6), this yields a negative number, so to avoid sign

44



4.2 TEST STATISTIC SPACE OF ALL-SKY ALERTS

confusion, since the y* distribution is positive by definition, it’s easier to start from:

Npey — A = 2log

‘C(;l7 j/’rﬂbe:ta Sbe:t) T'clmtcr ) lO E(ﬁ7 }A/‘}"ﬂ, 3) Tvclmter
£(07 _|Vﬂbe:t7 gbm‘) Tnmx »C(O, _|Vﬂ, é\) Tmém

) log E(;ly j/’}"ﬂbest) Sbe.vt) T'[[mtgr E(O, —|Vd’ é\) Tmax

[’(O’ _|rdbat’ sbm) Toax ' ‘C(;la }A/|Vdv é\) Ttuster

‘E(dem‘a Bbm‘) (414)
=21 T\ o Toet)

o8 L(ra,?)
L(ra,?)
= 2log | ——"F—
& <‘C(Vﬂbext7 3&6:1‘))

= —2log4,

with A being the one defined in Equation 4.10 as the ratio between the likelihood that the fit
flare properties correspond to a source located at an exact but unknown position (74, 9)o, and
the likelihood that the same flare properties correspond to a source located at the best fit pixel.
Notice that since 7, y are the variables for the likelihood, their value is kept fixed at 7, y the

values obtained when maximizing the likelihood at the best fit pixel.

(1—a)(%) | M=1 M=2 M-=3
68.27 1.00 2.30 3.53
90. 2.71 4.61 6.25

95. 3.84 599  7.82
95.45 4.00 6.18 8.03
99. 6.63 9.21 11.34
99.73 9.00 11.83 14.16

Table 4.1: Values of the (1 —a) quantiles for a;(%M) distribution. If the source containment satisfy Wilks' theorem expecta-
tions, the M=2 column will provide the intervals on which to build contours for the confidence regions in the TS difference
map, with the confidence level shown on the left. Taken from [59].

So, if the conditions described in Subsection 4.1.1 are respected, the difference between the
TS at the best fit pixel and the TS of every pixel should be distributed like a y* distribution with
two degrees of freedom (one for the right ascension, and one for the declination). This would,
if confirmed, allow us to build confidence regions based on the known confidence intervals

for ;(2 distributions, as referenced in Table 4.1, because we would know at which difference in
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TS the source would be contained in the region a certain percentage of times. This also has
advantages in the context of real-time analyses and alerts, because most calculations are then

already performed during the scan.

4.3 SIMULATION OF ALERTS

To verify this, we are going to simulate a great number of alerts by injecting simulated events
in archival data, scrambled in right ascension. The randomization cannot be performed in
declination without introducing a bias because the declination rate is not uniform. Every in-
jected event has the same t7ue position that corresponds to the source of the simulated flare,
but different fi# positions, which are the individual directions of origin that will be used by the
algorithms to calculate the LLH for the direction of origin for the entire flare, which should
be close to the true position. This way, we actually perform the analysis on simulated events
and are able to evaluate the accuracy of Wilks’ theorem’s predictions about the source contain-
ment because unlike with a real-time alert, the true position of the signal-like events is known.
Its declination is chosen manually because the performances of the analysis are expected to vary
with declination, but the right ascension of every event, both signal-like and background, is ran-
domized. The injected events are also assigned a spectral index and are spread over a defined
time-window. However, the time PDF does not match a box profile like the time-clustering
algorithm assumes. Instead, it has a gaussian shape, but this has but a negligible impact on the
alerts: gaussian shaped flares have been shown to be reconstructed accurately by a box-profiled

time-clustering algorithm, and the loss in sensitivity was only around §% [50].

The idea is to go through the scrambled data with injected events as if the telescope was re-
ceiving the events at the referenced time and, as soon as an alert is raised, produce the ALLH
(TS difference) map. We can retrieve from that the TS from the actual injection position, as
well as the angular distance between the source and the best fit pixel. We are only interested in
the analysis at the moment of the alert because this work aims to be applied to the Real Time
analysis, so we are trying to reproduce the conditions in which an alert is raised. Of course, a
more in-depth analysis studying the performances of the method with the best fit flare (see Sub-
section 3.2.3) could be interesting, and performed a posteriori, but this would be beyond the
scope of this project. Once the process has been repeated a sufficient number of times, enough
to satisfy the large number assumption for Wilks’ theorem, and the relevant data has been or-

dered, we will compare the Cumulative Distribution Function (CDF) of the —2ALLH with
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that of a ;(Z distribution with two degrees of freedom.

For the sake of robustness, this simulation has to be done for several sets of parameters,
to have an idea of how suited this approach is for flares of varied properties. In this work,
the impacts of declination (0 = —30, 0,30°), spectral index for the injection source (y =
—2,-2.5,—3), and the spread of the events in the flare (7j,,, = 1,10,100 days) were evalu-
ated. It is important to keep in mind that the properties of the injected flare will difter from
those reconstructed by the time-clustering algorithm. Indeed, it will be working at the mo-
ment the alert is raised, 0 Tgue 7 Titusters %inj 7 75> and Ving # . This is due to how the
time-clustering algorithm works. Referring to Section 3.2, it is unlikely that the alert would be
raised only when all the simulated signal events have been injected, so the time-window eval-
uated to construct the first guess for the duration of the flare has to be different than the one
over which all the injections are to be spread. Similarly, the fit spectral index is expected to be

different than the injected one, especially in the case of shorter flares with few accounted events.
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Results and Interpretation

After running the simulations, we are able to plot the Cumulative Distribution Function of
the results and compare them to the expectation given by Wilks’ theorem. However, the goal
of the project is still to be able to build robust confidence regions, even if they do not fit Wilks’

predictions.

In this chapter are presented all the results from this work, but also the shortcomings of
Wilks’ theorem when it comes to approximate the simulations (Subsection 5.1.1) and the ef-
forts to obtain a good fit for the data in every situation (Subsection 5.1.2). Section 5.2 presents
how to display the confidence regions and the remaining steps to be done before elliptical re-
gions based on the results of this project can eventually be included in the sharing of all-sky
alerts. Finally, Section 5.3 discusses other aspects of the simulation studied in this work, as well

as an alternative method of building confidence regions based on angular separation.

5.1 COMPARISON WITH WILKS’ THEOREM

To verity if two distributions are equal or at least if their quantiles are the same, we choose to
use the Cumulative Distribution Function (CDF). Not only is it a continuous representation
of our discrete data, as opposed to the density function, which is plotted as a histogram, but it

also immediately shows the proportion of the data under a certain level.
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Figure 5.1: Cumulative Distribution Functions of the simulations for injected flares with a spectral indexy = —2. The

duration of the flares is color-coded, and the line opacity indicates the declination. The black dashed line is the CDF for a
;(z distribution with two degrees of freedom.

Figure 5.1 shows the CDFs for the simulated flares over different declinations and flare du-
rations, compared to that of a y* with two degrees of freedom. The injected events displayed
in this plot all had the same spectral index of y = —2, which is close to what is expected of
the diffuse astrophysical flux. In these cases, the results are very promising, the ;é CDF fits the
results closely. This means that even if the simulations were not distributed exaczly like a ;é,
they are sufficiently close to be able to use the values in Table 4.1 to describe the confidence

regions in the TS difference map.

The CDFs for the 1-day long flares, those for which the alerts were raised after very few
events, however, are generally under the ;{2 curve. This is not as much a problem when the
curves are above Wilks’ prediction because it just means that the y* values will represent a con-
servative interval. But the undercoverage (when the number of trials contained in the region
is less than expected according to Wilks’ theorem) represents an issue that will need to be ad-
dressed. For flares injected with a spectral index of -2, the effect is not too strong, but as we will

see below, it becomes a real concern when the spectral index is softer.
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5.1 COMPARISON WITH WILKS’ THEOREM

§.I.I UNDERCOVERAGE OF THE SIMULATION
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Figure 5.2: Results from the simulations of flares with spectral index y = —3 at declination & = 0°. The black dashed line

is again the CDF for a;(2 distribution with two degrees of freedom. There is a bigger spread between the flares of different
durations at this declination and soft spectrum because the signal-like background is most variable at the horizon.

Figure 5.2 serves as a good example of how the simulation strays from Wilks’ theorem pre-
dictions at softer spectral indices. This first discrepancy is explained in part by the fact that at
y = —25andy = —3, the flares are more difficult to distinguish from the background in
that the spectral index of the background is closer to the one of the signal. This is also a grow-

ing problem at higher declination, where the signal-like background is more present and more

variable.

Also, the pull-correction for the angular error estimators described in Subsection 3.2.1 as-
sumes a spectral index for the events of ¥ = —2. This means that the angular uncertainty for
the individual events is slightly mis-reconstructed and overestimated for flares that deviate from
y = —2. This effect is even more present for short flares, since the alert is raised very quickly.
The algorithm has to rely on few events to determine the position of the cluster source, and the

individual errors contribute more to the overall precision of the prediction.
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5 RESULTS AND INTERPRETATION

Less accuracy in the reconstruction of the parameters of the flares might aftect the distribu-
tion of the variables for the likelihood used in Wilks’ theorem, namely the number of accounted
signal-like events and computed spectral index. If they were not respecting the regularity con-
ditions presented in Subsection 4.1.1, e.g. if they were not identically distributed, or if their
log-likelihood function was not twice continuously differentiable close to the true position, it

could explain why the results of the simulation stray from the expected distribution.

The combined actions of these causes can be seen in Figure 5.3, where the residuals (differ-
ence between the simulations and the prediction) for 1-day flares are shown. The difference
between the containment of the data and the one expected by Wilks’ theorem reach as high as

50%, which represents a gap between expectation and simulation too important to accept these

results.

Difference (%)

—40

=50

0 2 4 6 8 10 12
-2ALLH

Figure 5.3: Residuals for all the 1-day flares, i.e. the difference between the CDFs of the simulation and the prediction
from Wilks’ theorem.

To remedy this problem, we could work towards the improvement of the individual angular
error estimation. For example, the pull correction described in Subsection 3.2.1 relies on a
Rayleigh function to represent the distribution of reconstructed events, but it does not take

the spectral index of the events into account. An alternative that includes a dependence on the
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5.1 COMPARISON WITH WILKS’ THEOREM

spectral index, such as the King function [60], could replace the Rayleigh function to improve
the individual angular uncertainty. In general, any improvement to the reconstruction of the
tracks would mean that the uncertainty for the direction of origin is better and that the clusters

are assigned more accurately to a source position.

5.1.2 AD]USTING THE NUMBER OF DEGREES OF FREEDOM OF THE;(2 DIS-

TRIBUTION

A better localization of the source of a flare brought on by an improved individual angular un-
certainty would contribute to solving the undercoverage, but there is no guarantee that the ame-
lioration of the results would be significant, or that the prediction from Wilks’ theorem would
be perfectly respected. The principal objective of this work remains to establish confidence re-
gions that match the current performance of the cluster alert algorithm. Strictly following this
goal, itis not necessary to correct the undercovered cases if there is a way to accurately represent

the data.

We can realize that the number of degrees of freedom of the y* distribution is simply a pa-
rameter, optimizable to obtain a closer fit for the simulations in every case. Examples of this
improvement to the fitting of the data are shown in Figure A.2. It becomes clear that for ev-
ery set of parameters, there is a value for the number of degrees of freedom that allows for a
better representation than the nominal 2 required by Wilks’ theorem. The optimal number
of degrees of freedom depending on the parameters of the simulations is shown in Figure 5.4.
The black error bars on this plot represent the standard deviation on the optimization result,
magnified 15 times for visibility. When the standard deviation associated to the value is larger,
the behavior of the curve resembles more that of Figure A.2b: the fit is better than Wilks’ pre-

diction, but not perfect.

Despite the slight discrepancies present even with the best number of degrees of freedom
possible, the prediction and data always coincide at one level at least: the curves cross at one
point. Figure 5.5 shows the difference between the best fitting * distribution and the data at
a declination of 0°, where the fits are the least accurate. It is still apparent that every fit predicts
accurately the 50% containment level. The 90% containment level is also reasonably close to
the simulations. As we are looking at the tails of the curves, a difference this large does not have

a noticeable impact.
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Figure 5.4: Number of degrees of freedom for all simulations. The black error bars show the standard deviation on the
estimation, multiplied by 15 for visibility. We can see the tendency for flares with softer spectra or shorter durations to
require more degrees of freedom.

y=-2 y=-—25 y=-3
) —30° | 0 | 30 | =30° | o0 [ 30° [ =30° | o0 | 30°
1day

7 dolf. 2.25 2.1 2.17 2.64 3.37 3 3.24 4.74 4.13

50% 1.63 1.48 1.55 2.01 2.73 2.37 2.6 4.09 3.48

90% 5.03 4.77 4.9 5.68 6.83 6.26 6.62 8.87 7.97
10 days

;{2 d.of. 1.9 1.71 1.87 2.08 2.29 2.31 2.42 3.45 3.1

50% 1.29 I.I1I 1.26 1.46 1.67 1.69 1.8 2.81 2.47

90% 4.44 4.09 4.37 4.74 5.1 5-14 5-32 6.95 6.41
100 days

x* dof. 1.8 1.66 1.79 1.81 1.72 1.93 1.85 2.13 2.82

50% 1.2 1.06 1.18 1.2 1.12 1.32 1.24 1.52 2.19

90% 4.26 4.01 4.23 4.27 4.11 4.48 4.34 4.84 5.97

Table 5.1: Values for the number of degrees of freedom for the;(2 distributions depending on the parameters. The 50-90%
quantiles are also referenced for every;[z.
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5.2 ELLIPSE APPROXIMATION
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Figure 5.5: Difference between the quantiles of the data and the;(2 distributions with the best fit number of degrees of
freedom for flares injected at & = 0°. Dashed lines indicate the 50 and 90% quantiles and show that they are both close
enough in every case to be used to draw the confidence regions.

At this point, we are no longer comparing to Wilks’ theorem because its prediction is that
the y* distribution has two degrees of freedom. When the number of degrees of freedom is less
than two, i.e. when the reconstruction yields more accurate results than Wilks’ expectations,
it is equivalent to asserting that the two free parameters (declination and right ascension) are
slightly correlated. In other words, in these cases, the reconstruction is accurate enough that it
seems like less parameters are required to describe the distribution of the results. On the other
hand, when the number of degrees of freedom is higher than two, then the undercoverage is
equivalent to introducing more variables to describe the results. However, the confidence levels
for the 50 and 90% quantiles are all that we need to draw the regions that we are looking to share
with partner telescopes. As such, the values presented in Table 5.1 are largely sufficient for the

objective of this work.

5.2 ELLIPSE APPROXIMATION

The final step to building the confidence regions is to draw them, then approximate them by

ellipses. It will be easier to describe the regions with the ellipse parameters, along with the best
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5 RESULTS AND INTERPRETATION

fit pixel center around which it is being drawn. This is made by recovering the positions of the
pixels in which the TS difference with that of the best fit pixel is close to the level determined
above. Since the TS distribution on a pixelated map is discrete, in order to have enough points

to fit an elliptical curve, the level must be evaluated with a margin.

What is left to do, although it is beyond the extent of this project, is to generalize the eval-
uated parameter space. Simulate a larger number of flares for all declinations, and for a wider
range of spectral indices. This will allow for an improved version of Table s.1. Then, once a
cluster alert with a significance above the threshold discussed in Subsection 3.2.4 is raised by
the time-clustering algorithm, it will be possible to reference the reconstructed parameters of

the flares in this table, and construct elliptical confidence regions.

The only issue with this method is that the spectral index of a cluster of events is usually mis-
reconstructed, especially in the case of short flares, where a softer spectrum is estimated. The
y in the table refers to the injection source spectral index, which is then unknown, but can be
assumed to lie between -2 and -3. This allows for the estimated power law used to describe the
source’s flux to be bounded by two limits, one harder than that of the measured astrophysical
neutrino diffuse flux, and one closer to that of the atmospheric neutrino flux. That way, even if
the spectral index of the source of the cluster is uncertain, the true border of the confidence re-
gion lies inside the confidence belt created. A prototype of what such confidence bands would

look like on the simulated alert from Figure 4.1 is shown in Figure 5.6.

5.3 ADDITIONAL CONSIDERATIONS

This section regroups contributions that can be added to the result presented above, obtained
from studying the impact of different parameters. Subsection 5.3.1 discusses how results are
affected when the significance requirement for an alert to be raised by the time-clustering al-
gorithm changes. In Subsection s.3.2, the choice of the number of events injected in each
simulated flare is justified, and in Subsection 5.3.3, an alternative confidence region based on

the angular distance between best fit and injection pixels is presented.
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Figure 5.6: Confidence belts for a simulated alert. Ellipses are being drawn for the 50 and 90% quantiles of the flares
assuming spectral indices of y = —2 and y = —3. The bands thus created contain the border of the actual confidence
region. The numbers shown in the legend correspond to the Test Statistic difference delimited by each ellipse. They are
obtained from the;(2 distributions associated with a flare lasting 10 days at a declination of -30°.

5.3.1 SIGNIFICANCE THRESHOLDS FOR ALERTS

As mentioned in Subsection 3.2.4, the pre-trial significance threshold that a cluster must sur-
pass to raise an alert is set at 4.2¢ for all-sky scans. This value is chosen to get an expected alert
rate of one per year (see Figure 3.6). All the results presented so far were produced with this

alert threshold, but all the simulations have also been run with two different thresholds.

Ata threshold of 3.5¢, the expected alert rate is ten per year. Lowering the threshold allows
to verify if the method and the results still hold when an alert can be raised more easily by the
time-clustering algorithm. The threshold is unlikely to come down as low as this because the
alerts would be too frequent, but it could be decreased to around 4o to allow for two to three

alerts per year. As such, we need to know if the results of the simulation are comparable at a
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5 RESULTS AND INTERPRETATION

lower threshold.

Similarly, we have performed the simulation setting the threshold at 4.7 as well, equivalent
to expecting an alert per decade. This was done to verify the performances of the algorithm if
we set the threshold closer to a value required for a better post-trial significance. This would

mean that the raised alerts are expected to be better localized.

In the case of alower threshold, the general trend was that the reconstruction was less precise.
This was expected since a lower threshold means that fewer events are necessary to achieve a
sufficient level of significance to trigger an alert. The localization of the source of the cluster is
then less precise, and this effect manifests in the number of degrees of freedom of the best fitting
x distribution increasing by ~ 11% on average. On the other hand, simulations with a higher
significance threshold returned an overall better estimation of the source location. Again, this
is expected, for the opposite reason as previously. Then, in this case, the number of degrees of
freedom for the y* decreases by ~ 6% on average, except for 100-days flares, for reasons that

are exposed below.

5-3.2 NUMBER OF EVENTS NEEDED TO TRIGGER AN ALERT

The flares that were simulated in Section 4.3 all contained twenty signal-like events, even though
the number of events accounted for by the time-clustering algorithm and the reconstructed
number of signal-like events are both different from this injection parameter. Trials were run
with only ten events in the injected flares, but in a lot of cases, this proved insufficient, i.e. the
flares did not reach a significance level high enough to trigger an alert. This happened especially
often for flares lasting 100 days, since the spread made it so only the clusters that were highly
localized could be recognized by the algorithm. Increasing the number of injected events to
twenty allowed for a more statistically significant number of alerts to be raised. When 100-
days flares where injected and supposed to reach a significance threshold of 4.77, the number

of events was increased to forty, to avoid encountering the same problem.

What can be understood from this is that dense flares will be treated like shorter flares by the
algorithm. Indeed, flares of forty events were found to be reconstructed less accurately than
those with a smaller threshold, but less injected events, i.e. the number of degrees of freedom of
the best fitting y* distribution is higher for a threshold of 4.7¢ (Table A.1) than for the normal
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Figure 5.7: Performance of the algorithm at 30° for 100-days flares of 10 events injected with spectral index y = —3. The
injection parameters only allowed for a few very localized flares to cross the significance threshold. Comparison between
the flares of 20 and 40 events with the same parameters can be found at Figure A.7.

4.20 threshold (Table s.1). This is because a denser injection of events raises alerts faster, and

thus with less signal-like events.

5.3.3 CIRCULAR ERRORS

In Section 4.3, we mention that while our main objective in comparing the performance of the
algorithm with Wilks’ theorem through the difference between the best fit pixel and the injec-

tion position, we also retrieve the angular distance between the two.

Figure 5.8 shows the CDF of the angular distance for simulations at -30°. The first thing
we notice are the regular jumps in the CDF. These declination-dependent jumps come from
peaks in the Probability Density Function of the results. The regularity of these artifacts indi-
cates that they are caused by the algorithm, which favors certain distances due to how HEALPix
divides the sky in pixels. Indeed, the distribution of the center of the pixels is not continuous,

but discrete and declination has an effect on the orientation of these pixels.

We want to evaluate if a fit as robust as the one done on the ALLH is possible, we verify ifa y
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Figure 5.8: Angular distance distribution for simulations at a declination of -30°. Dashed lines show the regular jumps in
the CDF.

distribution (the square root of the y* used previously in this work and defined in Equation 4.2)
can fit the data. The intuition behind this choice is that a y distribution with two degrees of
freedom, i.e. if the right ascension and declination are both normally distributed, is equal to
the Rayleigh distribution used in the pull correction for the angular uncertainty of individual
events. However, as Figure 5.9 shows, there is almost no difference between fitting the data with
a Rayleigh distribution or a y distribution with an optimized number of degrees of freedom,
and none of those fits were satisfyingly good. The distribution of angular distance between the
best fit and source pixels cannot be approximated in a simple and robust way like the difference

in their Test Statistic can.
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Figure 5.9: Residuals for the angular distribution with respect to y distributions of different numbers of degrees of free-

dom. The difference is not flagrant, meaning changing the scale parameter of the distribution does not have an effect on
the efficiency of the fit.
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Conclusion and Future Prospects

The objective of this work is to provide a reliable estimator for the angular uncertainty associ-
ated with the position of the source of an all-sky alert in GFU. To enable this, robust confidence
regions must be determined for the position of the source of the all-sky alerts. We have simu-
lated flares with different hypotheses of signal strength, duration and location in the sky and
run them through the time-clustering algorithm to mimic the conditions in which an alert
would be raised in real time. Then we compared the position of the injected flare with that

returned as a best guess by the algorithm.

The results from these simulations show that it is possible to create confidence regions. The
initial hypothesis relied on the assumption that the time-clustering algorithm would return
alert positions according to the expectation from Wilks’ theorem. This would equate the dis-
tribution of the difference in Test Statistic for the source of the alert and for the best fit pixel

returned by the algorithm to a ;(2 distribution with two degrees of freedom.

However, this project has shown that this hypothesis is valid only for a select number of cases.
When the flares could be reconstructed according to the underlying assumptions used by the
time-clustering algorithm, the distribution of results fit closely the ;(Z distribution from Wilks’
theorem. On the other hand, if the injected flare did not adhere to these assumptions, the pre-
cision of the reconstruction got worse and the results no longer matched Wilks” expectation.

In order to provide a reliable fit of the data nonetheless, we changed the number of degrees of
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freedom of the ;(Z distribution.

Each set of parameters corresponds to a new number of degrees of freedom, and the adjusted
1~ offers satisfying values for the Test Statistic difference describing regions of 50 and 90% con-
fidence levels in every case. The regions are approximated as ellipses and returned for a spectral
index of y = —2 and for y = —3, creating bands to border the confidence regions. This is
done to bypass the difficulty that the reconstruction of the spectral index of a flare can present:

aslongasitis between -2 and -3, the border it would produce lies in the created confidence belt.

In the future, this method can be implemented once the simulations have been run with
greater statistics and for the whole range of declinations and flare durations. The method will
still be relevant if the significance threshold for raising the alerts is changed, and if the individ-

ual angular uncertainty is improved by adding a spectral index dependence in its computation.

In the end, this project managed to fulfill its objective and create robust, yet simple confi-
dence regions to quantify the uncertainty on the position of the source of a GFU all-sky cluster
alert. Even if there is still work to do before this method can be implemented and the unbiased
search alerts shared automatically with partner IACTs, it still contributes to the effort of en-
abling the simultaneous observations of gamma-rays and neutrinos, which could help further

the field of multi-messenger astrophysics.
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Supplementary plots and tables

A.1 COMPARISON OF RESULTS WITH WILKS THEOREM AT

SOFTER SPECTRA

In Figure 5.1, we show the CDFs of the results plotted against the expected y7 for flares injected
with a spectral index of ¥ = —2. Here are the results that were less in agreement with Wilks’

theory, as explained in Subsection s.1.1.
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Figure A.1: Results of the simulation for softer spectra (y = 2.5, —3, plotted against Wilks’ theorem’s expected;é.
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A ADJUSTED NUMBERS OF DEGREES OF FREEDOM FOR A BETTER FIT BY THE;{Z
DISTRIBUTION

Az ADJUSTED NUMBERS OF DEGREES OF FREEDOM FOR A

BETTER FIT BY THE;{2 DISTRIBUTION

Below are shown examples of how adjusting the numbers of degrees of freedom of the ;(2 distri-
bution led to a better fit of the data in every case. Even when the new distribution didn’t follow
exactly the curve of the results, there is always a coincidence around the so and 90%. The value

used for the new degrees of freedom is shown in Figure s.4.

69



A SUPPLEMENTARY PLOTS AND TABLES

100 T ."r;_:af___._.-a.-a--
‘/‘/,Lf-’:—’—
/‘/’/’
ho] 80 T ‘/‘///
() ad
£ /',/
S Sy
c 60 - /o
(@) Lo
o / Il
w //
g 40 A y /I
-+ / /
Y— [
o {1/
X i IA
° 20 -I/ 6=0° T =100 days, y = -2.0, x> = 1.66
I --- x%*CDF (2 d.o.f.)
ol I —-~ x? CDF (1.66 d.o.f.)
0 2 4 6 8 10 12
2ALLH
(a) # of degrees of freedom slightly lower than 2.
004y e -= —_;:_:r_:r.:-‘:ﬂﬂf‘-
””—— ///‘/ .......
80 T e
° ] ‘ St
) 7 G
c 4 . K
T R4 /‘/
/
S 601 SR
v /l /'.'(:'
n /
© /7
‘T 401 FA
“ / R
Oo / o7
= V4
S~ 20 I,’ 2 B ETLEE 6=-30°,T=1day, y=-3.0, y2 =3.24
,{.;./ --- x?CDF (2 d.o.f.)
o] & —-~ x* CDF (324 d.o.f.)
0 2 4 6 8 10 12
2ALLH

(b) # of degrees of freedom much higher than 2.

Figure A.2: Examples of the improvement for the fit by optimizing the number of degrees of freedom of the;(2 to which

the CDF is compared. The new fit is shown in gray. On the top, the new fit corresponds perfectly to the data. On the
bottom however, the new fit is not perfect: the estimation was less certain, as described in Figure 5.4.
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A ADJUSTED NUMBERS OF DEGREES OF FREEDOM FOR A BETTER FIT BY THE;{Z
DISTRIBUTION

Here are shown the differences between quantiles for the data and best fitting 3, like Fig-
ure 5.5, but at different declinations. As mentioned in Subsection 5.1.2, these results are even
better than the ones displayed in Figure s.s, i.e. the differences at the 50 and 90% levels are

smaller, which means that the y* provides a more accurate estimation of the value for the bor-

der of the confidence region.
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Figure A.3: Difference between the quantiles of the results and of their corresponding;(2 distributions at declinations
other than 0°.
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A.3 RESULTS WITH DIFFERENT SIGNIFICANCE THRESHOLDS

FOR ALERTS

Table A.1 shows the degrees of freedom and quantiles for the best fitting distributions of the

data from simulations with the other thresholds, described in Subsection 5.3.1.

y=-2 y=—25 y=-3
) —30° | 0 | 30 | =30° | o [ 30° [ =30° | o0 | 30°
Significance threshold = 3.5¢
1day
x* dof. 2.48 2.25 2.38 3.01 3.7 3.03 3.74 4.97 4.36
50% 1.86 1.63 1.75 2.37 3.06 2.4 3.1 4.32 3.71
90% 5.42 5.03 5.25 6.26 7.33 6.31 7.39 9.2 8.31
10 days
7 dolf. 2.02 1.81 1.97 2.29 2.66 2.21 2.86 3.9 3 3.51
50% I.41 1.2 1.36 1.67 2.03 1.59 2.23 3.29 2.87
90% 4.65 4.27 4.56 5.11 5.71 4.97 6.03 7.67 7.04
100 days
x* dof. 1.91 1.66 1.85 1.82 1.88 2.13 1.92 2.56 2.64
50% 1.3 1.06 1.24 1.21 1.27 I.51 1.31 1.93 2.01
90% 4-44 4 435 4.29 4-4 4.83 4-47 5-55 5.68
Significance threshold = 4.7
1day
rdof. 2.1 2.0I 2.05 2.4 3.13 2.82 2.91 4.63 3.94
50% 1.48 1.4 1.43 1.77 2.5 2.19 2.27 3.98 3.29
90% 4.77 4.63 4.69 5.28 6.46 5.97 6.1 8.7 7.69
10 days
;{2 d.of. 1.82 1.64 1.78 1.97 2.12 2.23 2.24 3.19 2.8
50% I.21 1.04 1.17 1.36 1.51 1.61 1.62 2.55 2.16
90% 4.29 3.97 4.21 4.55 4.82 S 5.02 6.55 5-93
100 days
y dof. 1.75 1.66 1.8 1.8 1.87 1.94 1.9 2.27 2.28
50% 1.15 1.06 1.19 1.19 1.26 1.33 1.29 1.65 1.65
90% 4.16 4.01 4.26 4.26 4.37 4.5 4.44 5.07 5.08

Table A.1: Values for the number of degrees of freedom and 50-90% quantiles for the;(2 distributions depending on the
parameters for significance thresholds 3.50 and 4.70.
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Below are showed how trustworthy the values for the quantiles in these simulations, sepa-

rated by durations of injected flares.
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Figure A.4: Difference between the quantiles of the results and of their corresponding;(2 distributions for 1-day flares at
different significance thresholds for the alerts.
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Figure A.5: Difference between the quantiles of the results and of their corresponding;(2 distributions for 10-days flares at
different significance thresholds for the alerts.

76



A.3 RESULTS WITH DIFFERENT SIGNIFICANCE THRESHOLDS FOR ALERTS

2.0 A i
—y=- — §=-30° ! -
15 --- y=-25 6=0° | SR
...... y=-3 5 =30° ] e y |
T 101 ! H j
| 1 : 3
- 1 5"
I 05 ! & |
(\Ij : T i
- H Y (]
W 0.0 P
(®) 1 1
c | e : :
g —0.51 | |
& I i
O -1.0- ! l
1 1
1 1
~1.51 ! |
1 1
1 1
_2.0 T T T I T T l T
0 20 40 60 80 100

% of trials contained

(a) Significance threshold: 3.50
2.0
— y=-2 — 6 =-30°
159 --- y=-25 —— 6=0°
...... y=-3 6 =30°
1.0 A

0.5 1

0.0 1

—0.5 A

Difference (-2ALLH)

—1.0 A

-1.54

-2.0

0 20 40 60 80 100
% of trials contained

(b) Significance threshold: 4.7 (40 injected events)

Figure A.6: Difference between the quantiles of the results and of their corresponding;(2 distributions for 100-days flares
at different significance thresholds for the alerts. For the higher threshold, the number of injected events was higher to
guarantee that alerts would be raised.
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A.4 NUMBER OF INJECTED EVENTS

Below are the simulations equivalent to Figure 5.7, but with more injected events. These plots
show how the algorithm only takes into account the number of events needed to surpass the
significance threshold, and the time duration over which these events are spread. The higher
threshold should only allow for highly localized flares, and thus be fitted by a ;(2 distribution
with few degrees of freedom, but since more events were injected, less of them were necessary

to trigger an alert, and they didn’t need to be as localized, appearing as a shorter flare to the

algorithm.
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A.s ANGULAR DISTANCE BETWEEN BEST FIT PIXEL AND IN-

JECTION POSITION

Finally, we show here, like in Figure 5.8, the CDFs for the angular separation between the in-

jection source and the reconstructed source position at higher injection declinations.
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Figure A.8: Cumulative Distribution Functions for the angular distance between the injection position and the best fit pixel
for declinations higher than —30°.
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