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Abstract

The Batalin—Vilkovisky (BV) formalism is a powerful mathematical framework for studying
field theories. Originally developed as a homological method for quantizing gauge theories, it
has been reinterpreted in recent years from the perspective of derived deformation theory.

In this thesis, we first explore these mathematical structures and their role in the study of
perturbative field theories. We then apply these techniques to a concrete model: topological
string theory. From the worldsheet perspective, topological string theory is a two-dimensional
sigma model coupled to topological gravity. However, an alternative approach was initiated
by Bershadsky, Cecotti, Ooguri, and Vafa, who proposed a formulation as a quantum field
theory living on the target space. More recently, Costello and Li, using the BV formalism and
techniques similar to those used in this thesis, provided a precise formulation of the target-space
BCOV model.

Our goal is to connect these two perspectives — worldsheet and target space — by constructing
a model for topological string theory from the worldsheet and comparing it with the BCOV
theory as formulated by Costello and Li.
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Introduction

In recent years, the interplay between the most formal corners of Mathematics and Theoretical
Physics has deepened into a rich and evolving dialogue. Physics is providing new insights into
mathematics, while mathematics is offering physics new tools and modern techniques to under-
stand the structures underlying theoretical physics.

One of the most fruitful areas of physics where this interplay is unfolding is Quantum Field
Theory. Once regarded primarily as a powerful computational tool, it is now revealing a far
richer structure — one that deeply benefits from, and contributes to, fields such as algebraic
geometry, category theory, and algebraic topology.

In the context of perturbative field theories, the Batalin—Vilkovisky (BV) formalism stands as
a remarkable example of this interplay. Originally developed by Batalin and Vilkovisky (whose
foundational work was initiated in [BV81]) as a homological approach to quantizing gauge the-
ories, the formalism has been reinterpreted in more recent years from the perspective of derived
deformation theory (cf. [CG16L|CG21]).

The BV formalism offers a unified framework for describing gauge theories: it encodes fields,
symmetries, equations of motion, and relations between equations (such as the Bianchi iden-
tity) within a single complex. This can be constructed purely from physical reasoning. At the
same time, derived deformation theory becomes relevant because a BV theory has precisely the
algebraic structure that describes formal moduli problems. In particular, the moduli space in
question is that of solutions to the equations of motion: a BV theory controls the infinitesimal
deformations of a chosen solution, describing the formal neighbourhood of the moduli space at
that point.

The first goal of this work is then to offer an introduction to these techniques, highlighting the
connection between the BV formalism and derived geometry.

The BV formalism provides us with the tools and framework we want to use. Once we understand
how powerful they are, our goal becomes applying these techniques to a concrete model — namely,
topological string theory.

Topological string theory can be viewed from the worldsheet perspective, as a two-dimensional
sigma model from a Riemann surface to a complex manifold (typically a Calabi—Yau threefold),
coupled to topological gravity on the worldsheet.

Bershadsky, Cecotti, Ooguri, and Vafa (BCOV) [BCOV94], on the other end, initiated a different
approach. Focusing on topological strings in a B-twist, they analyzed correlation functions by
using worldsheet techniques, and they identified two central structures: the tt*-equations and the
holomorphic anomaly equations. Crucially, BCOV demonstrated that these structures admit
a natural reinterpretation from the target space point of view, in particular in terms of the
Kodaira-Spencer theory of gravity. This theory describes deformations of complex structures



on the Calabi-Yau manifold and provides a target space quantum field theory that captures
the full content of the B-model. In this way, BCOV proposed a shift in perspective — from a
worldsheet theory to a theory defined on the target Calabi-Yau space.

More recently, Costello and Li [CL12] formulated a rigorous version of the BCOV theory as a
perturbative quantum field theory on the target space, using the Batalin—Vilkovisky formalism.
Their construction generalizes the original BCOV model from Calabi-Yau threefolds to Calabi-
Yau manifolds of arbitrary dimension.

The second goal of this work is then to connect these two perspectives — worldsheet and target
space — by constructing a model from the worldsheet and comparing it with the work of Costello
and Li on the BCOV theory.

To construct our model, we start by a N = 2 superconformal field theory and couple it to gravity
by gauging a supersymmetric extension of conformal symmetry. In our framework, gauging is
interpreted as coupling two formal moduli problems: one describing the field theory and the
other describing its symmetry. This perspective makes the coupling to gravity natural — gaug-
ing conformal symmetry corresponds to moving within the moduli space of Riemann surfaces.
After performing the B-twist on the coupled model, we recover the familiar interpretation of a
topological string theory as a topological conformal field theory coupled with topological gravity.
However, we will see that this is not sufficient to recover the description of Costello and Li. In
particular, to get gravitational descendants, one must take into account the global structure of
the gauge group — that is, our topological gravity sector.

The thesis is divided into three chapters.

In Chapter |l we provide an extensive introduction to the BV formalism, with particular empha-
sis on how derived geometric structures play a role in the description of classical field theories.
Chapter [2| is dedicated to the connection between BV theories and formal moduli problems,
where we clarify why the BV formalism naturally describes only perturbative field theories. This
discussion also leads us to the treatment of symmetries and how they are encoded in this frame-
work.

Chapter [3]is where we construct our model for topological string theory, but first we review the
construction by Costello and Li with which we aim to compare. Along the way, we highlight
the key structural differences between a topological field theory and a topological string theory.



Chapter 1

The Batalin-Vilkovisky formalism

The Batalin—Vilkovisky (BV) formalism is a powerful mathematical framework for studying the
perturbative structure of classical and quantum field theories, particularly gauge theories. It
was originally developed by Batalin and Vilkovisky — whose foundational work was initiated
in [BV81] — as a homological method for the quantization of gauge theories, generalizing the
BRST approach.

In this thesis, we adopt the perspective developed by Costello in [Cos11], and further elaborated
by Costello and Gwilliam in [CG16,/CG21|, where the BV formalism is reinterpreted through
the lens of derived geometry.

In this chapter, we introduce the foundational aspects of the BV formalism, with a particular
emphasis on its interplay with derived geometric structures.

In Section we begin by outlining the basic data that define a classical field theory, and
explain how derived algebraic geometry arises in this context. In Sections and we
develop the formalism through the derived constructions necessary to describe BV theories. We
also include a practitioner’s guide in Section both because this was how we initially learned
the formalism, and because it collects all the practical steps needed to construct a BV theory in
one place. Finally, Section is dedicated to worked-out examples.

1.1 Classical field theory and derived geometry

We start our exploration of the Batalin-Vilkovisky formalism by introducing the notations and
conventions we will use when talking about a classical field theory. In particular, we focus on
field theories that admit a Lagrangian or Hamiltonian formulation. So, what are the basic in-
gredients of a classical field theory?

First of all, we need to define our spacetime and the kind of geometric structure it possesses.
Throughout, we will work with a smooth manifold M of finite dimension d. The manifold may
come equipped with various geometric structures, such as a complex structure, a conformal
structure, or a Riemannian structure.

Next, we need to specify the space of fields. The off-shell space of fields, which we denote by
& (M), is given by the sections of some natural (graded) vector bundle over M. For example,
the fields of a complex scalar field theory are just smooth complex-valued functions:

&(M) =T(M, M x C) = C*(M,C) (1.1)

3



4 CHAPTER 1. THE BATALIN-VILKOVISKY FORMALISM

In other theories, the space of fields might look very different — for instance, it could be the space
of connections on a principal G-bundle, as in the case of Chern-Simons theory or Yang-Mills
theory, or it could be the space of metrics, as in a theory of gravity.

Moreover, since we are considering field theories in the Lagrangian/Hamiltonian formalism, we
have a smoothl] function on the space of fields — the action functional — which encodes the
dynamics of our theory:

S:&M) - K (1.2)

where K is either R or C.

Together, these are the basic data of a classical field theory. The action functional determines a
subspace of the space of fields, called the on-shell fields, i.e., the field configurations that satisfy
the equations of motion. By Hamilton’s principle, these correspond to the critical points of S,
given by the vanishing of its exterior differential: dS = 0. We refer to this subspace as the
critical locus of the action functional S:

Crit(S)(M) = {¢ € &(M) : dS(¢) = 0} C &(M) . (1.3)

Thus, the study of a classical field theory reduces to the study of the critical locus of its action
functional.

However, this is not the full story: in a gauge theory, for instance, there is usually a local gauge
symmetry acting on the space of fields, but still leaving the action functional S invariant. This
introduces a large amount of redundancy in our description, and therefore, the physically rele-
vant space is the quotient of the critical locus by the gauge symmetries.

All this discussion still needs to be refined. The first refinement we want to make is about the
space of fields. More precisely, we aim to capture the intrinsic locality of fields — the idea that
all physical observations can be made by a system of local observers. From physical intuitions,
we want it to be true that locally defined field configurations on regions U; C M that agree on
their overlaps U; N Uj, “glue” together into a uniquely defined global field configuration on the
union U;U;.

This notion of locality and consistent gluing is precisely formalized by the concept of a Sheaﬂ
In other words, the space of fields naturally forms a sheaf over the spacetime manifold M. This
means that for any open set U C M, we associate to U the space of fields over that open set
U+ &(U), and these spaces are compatible w.r.t. gluing.

Notice that we are intentionally being vague about the target category at this stage. In fact, the
space of fields in a classical field theory is more precisely a sheaf of Lo, algebras, also known as a
local Lie algebra. We will slowly build up to this notion and fully appreciate it only in Chapter 2]

This is not enough: we also want to consider the observables of a classical field theory. A
natural framework for this is to think of a geometric space — such as the critical locus of an
action functional S — as a locally ringed spaceﬂ Concretely, every geometric space can be
described as a topological space equipped with a structure sheaf, that is, a sheaf of functions
over that space.

This perspective is very powerful: the same underlying topological space can come equipped
with different structure sheaves. This is what we will do in the following: we will work with

The smooth structure on the space of fields can be constructed using the language of differentiable vector
spaces, as in [CG16], but we will not need these technical details later on.
2See Appendix [A] for basic definitions on sheaves.

3See Appendix [E| for more details.
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the sheaf of functions over the critical locus and then modify it to get better-behaved, derived
models.

In particular, we adopt the following convention: the functions on a given space will always be
modeled as the symmetric algebra generated by the linear dual over that space. In other words:

0 (&) := Symg (&) (1.4)

Remark. We mentioned the observables of a classical field theory, but then we just talked
about the sheaf of functions over a given space. With our conventions — and when the space
in question is the space of fields — these two concepts essentially coincide, and we will often
use these terms interchangeably. However, it is important to emphasize that the space of ob-
servables forms a cosheaf, rather than a sheaf. This difference comes from the fact that, when
defining observables, we focus on compactly supported sections of the structure sheaf, which
form naturally a cosheaf. In this thesis, actually, we will be even more restrictive: we will just
focus on observables supported at a single point. This is formalized by asking for the costalk of
the cosheaf of observables at a point.

We have now given all the conventions for a classical field theory, and it is clear what we want
to study: the critical locus of the action functional, modulo gauge equivalences — that is, the
moduli space of solutions to the equations of motion. However, this is a highly non-trivial space
and could be very difficult to study with standard techniques. This is where derived algebraic
geometry comes in hand.

In fact, when studying these spaces, we can encounter two main difficulties.

1. The critical locus can be described as the intersection of two subspaces (as we will explicitly
see in Section [1.2)). However, this intersection could be non-transverse, making it difficult
to study with classical tools. To address this problem, we should consider the so-called
derived intersection.

2. The second challenge concerns the quotient of the critical locus by the space of local gauge
symmetries. These symmetries can act non-freely on the space of fields, destroying, for
instance, its smooth structure. Of course, this is a problem: how can we even define the
equations of motion as a system of partial differential equations if the underlying space
lacks a smooth structure? To overcome this, we replace the naive quotient with a better-
behaved model known as the stacky quotient (this will be done in Section .

1.2 The derived critical locus

For simplicity, we consider the space of fields & to be finite-dimensional — that is, for all open
sets U C M, &(U) is finite-dimensional. This assumption is not very physical: in general, the
space of fields in a field theory is infinite-dimensional. However, we will not worry much about
defining all the notions in the infinite-dimensional setting, although this can be done rigorously
(see |CG21], §4.2).

In what follows, keep in mind that the spaces of fields we consider carry the structure of a
sheaf, and that our arguments can be made rigorous at two different levels: the functorial level,
reasoning directly at the level of sheaves, and the concrete level, reasoning in terms of a fixed
section of the sheaf. Clearly, the functorial approach is more general and abstract, but we will
mostly adopt the latter approach because it is simpler to work with it. Accordingly, when we
write & to denote the space of fields, what we typically mean is I'(M, &) = & (M), its space of
global sections.
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We are interested in studying the critical locus of the action functional S. Since S € C*>°(&, K),
its exterior differential is a section of the cotangent bundle of & — that is, dS € QY(&,K). In
other words, it defines a map & — T*&, and its image lies in the graph of dS.
Thus, the critical locus of S can be described as the fiber product of & with itself over T*&,
where one copy maps into the cotangent bundle via dS, and the other via the zero section
0:& — T*&. Explicitly:

Crit(S) = graph(dS) xp+g & (1.5)

This is summarized by the following commutative diagram:

Crlt(S) =& XT*éoéa — &

| |

& ds T*&

However, this space is in general complicated and problems could arise because the intersection
is non-transversd’] as we remarked in Section

To address this, we replace the critical locus by the so-called derived critical locus, denoted
by Crith(S). As we know from Section every geometric space is described not just by its
underlying topological space, but also by its structure sheaf — the sheaf of functions over that
space. Concretely, what we do is replacing this structure sheaf with a better-behaved, derived
version:

O(Crit(8)) = O(graph(dS)) ©p(r-s) O(&)
é derived version
O(Crith (S)) = O(graph(dS)) &5 1., O(8)

The derived tensor product @ arises as the left derived functor of the ordinary tensor product
functor. Basically, we apply the same procedure that we would apply to compute the Tor groups,
but we stop before taking cohomology. Let us briefly recall how this construction works in our
case (for a general discussion on derived functors, see Appendix :
1. First, we choose a resolution of &'(graph(dS)) by a complex of projectives (or free) O (T*&)-
modules, call it #* < ¢(graph(dS)) (alternatively, one could choose a resolution of &(&):
in the end the results are quasi-isomorphic).

2. Next, we apply the tensor product functor — ®g(r+g) O(&) to #*. Since this functor is
right exact, we can simply cut the term with &'(graph(dS)) off because the information is
already contained in cohomology (specifically, in the H? term).

3. The derived tensor product is what is left:

O (graph(dS)) ®Hé(T*g) O(8) = X" Qgr+s) O(5). (1.6)

Remark. After performing this modification, we are no longer dealing with an ordinary man-
ifold, but with a new kind of geometric object: a derived manifold or differential graded (dg)
manifold. We can think of it as a locally ringed space where the structure sheaf is allowed to be
a sheaf of nonpositively graded dg commutative algebras, rather than just ordinary algebras. In
this setting, to recover the classical topological space underlying a derived manifold (also called

“Why the derived intersection is better than the usual one? See the introduction of [Lur09| for more details.
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truncation), we take the spectrum of the degree-zero cohomology of the dg structure sheaf. In
the case of the derived critical locus, this means:

Crit(8) = Spec(H®(0(graph(dS)) @ 1v) O(&))) (1.7)

Digression: the Koszul resolution

The complex we will use to resolve &(graph(dS)) is the Koszul complex. We mainly follow
the construction done in [Gwil2|, but first, to better understand how it works in an easier but
instructive example, we retreat ourselves to the algebraic world.

Suppose we are interested in a subspace V of C™ cut out by a single polynomial equation {f = 0}.
If f is the equation of motion of an object, we can really think of this subspace as the critical
locus of f.

Rather than studying this subspace geometrically, we can equivalently study its algebra of
functions. The situation is depicted below (recall that quotients in algebra, are subspaces in
geometry; see Appendix [E| for a review of basic concepts in Algebraic Geometry):

Spec(—)

/_\

Algebra Geometry

Clx1, z2,. .., Zn) cr

| |

Clz1, w2, ..., 20 /(f) V={f=0}CccCr
o(-)

We now want to replace the quotient C[z1, 2, . .., xy)] / (f) with the simplest possible resolution
of it: a free resolution, i.e., every term in the complex should be a free module.

The goal is to recover the object we want to resolve as the H” term in cohomology; we should
not impose the equation of motion on the nose, but it should be encoded in the differential in
some way. To do this, we introduce a parameter £ of cohomological degree -1, which allows us
to construct the following free resolution (that in this case is really a short exact sequence):

-2 —1 0

/5
0 —— &-Clxy,x9,...,20] — Clxy,x9,. .., 2]

Clz1,z2,...,xn] 0

5

First of all, observe that f a% indeed squares to zero, so it defines a valid differential. If we

denote by Clzy, zg,...,xn;&] :=&-Clxy, xa, ..., 2, ®Clx1, 29, ..., 2], then the Koszul complex

can be written as: 5
‘%/*:((C[xlaliQu-”vmn;de:faig) (18)

Computing the degree zero cohomology we find H?(#*) = Clz1, z2, ..., 2] /(f), as expected.
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We can summarize the core idea behind this construction with the following sloganﬂ
Replace a complicated object by pasting together boring ones.

This captures the essence of what a resolution does: it expresses a complex or singular object
in terms of simpler, well-understood pieces glued together in a structured way. Whenever we
resolve an object, this should be the guiding philosophy to keep in mind.

Now, what if we consider a subspace cut out by k < n equations {f; = fo = -+ = fr, = 0}
instead? We can try something similar: add a generator in odd degree for every equation of
motion.
-1 k 0
2 fi%
@le & - (C[a:l, T2y ... ,:L'n] = C[ml, T2y ,{L‘n] (C([fmllj;%,,}i?} > 0

Computing H, we indeed recover the desired quotient. However, this is not yet a free resolution!
Recall that a free resolution must have trivial cohomology in every degree except from degree
zero. In this case, the kernel in degree -1 is non-vanishing: it contains all elements of the form
aij = fi&; — [i&-

This reveals that there are non-trivial relations among the equations f;. To kill this kernel,
we need to add one more term in the complex; then, by repeating this process degree by de-
gree, we continue adding terms until we get the free resolution we were looking for. Denoting
Clx1, z2,...,2,] = R, the full complex is given by:

Oﬂgigj---fk-Rﬂ@(kg)gigj”fk_l.R%.“

_ﬂ@(g)gi@.}g%@(}f)gi.]{ d_ . R 0

Here, with the notation “@(Ilc)” we want to highlight that in degree —k + [, the direct sum has
(];) summands — in other words, the rank of the complex in degree —1 is rk(.# ') = (’;)

The differential d is defined as above, and it satisfies d*> = 0 because of the Koszul sign rule.
This complex is a free resolution: each term is a free module, and the cohomology vanishes in
all negative degrees.

However, there is an important caveat: for this to indeed define a free resolution, the elements
fi, fo, ..., fx of Clxy,...,x,] should form a regular sequence.

Definition 1 ( [sta25], Definition 10.68.1). Let R be a ring. A sequence of elements f1, fa, ..., fk
of R is called a reqular sequence if f; is a nonzero-divisor on R/(fl,...,fi,ﬁ for each 1 =
1,...,k.

With this definition in hand, we can state the following theorem.

Theorem 1 ( [Wei94|, §4, Corollary 4.5.5). If { f1, fo, ..., fx} = f is a regular sequence in R, the
Koszul complex is a free resolution of R/(fl, ooy Jx). That is, the following sequence is exact:

0— A"R" = A" 'R" ... 5 A’R" 5 AR" - R* 5 R — R/(f) = 0

5T didn’t come up with this slogan by myself, but rather I heard Ingmar Saberi saying it countless times, and
I honestly think it is very effective.
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Notice that the resolution we wrote above for Clz1,...,z,]/(f1,..., fx) is the same as the one
in the theorem by the antisymmetry of the wedge product.

Remember that we introduced all this machinery with the goal of resolving &'(graph(dS)) using a
Koszul complex. Since &(graph(dS)) = 0(T*&) /(X — dS(X)), the Koszul resolution is explicit
given by (note that we have already omitted the final term &(graph(dS)) in the complex, as its
information is in the zeroth cohomology):

. — D(N’TE) @pey O(T*E) —— T(T€) @p () O(T*E) —— O(T*E) — 0

Why do we choose I'(T'&) to construct the Koszul complex? The reason is that we want a vector
bundle of rank n = dim(&), since we are imposing precisely n equations of motion. In order
to recover ¢ (graph(dS)) as the H? term of the Koszul complex, we define the differential as
follows:

F(Téa) ®ﬁ(g) ﬁ(T*(g‘)) — ﬁ(T*éa)

(1.9)
X®1— X—dS(X)

for each vector field X, and then we extend it in the standard way as a Koszul complex.

Next, to find &(Crit"(S)), we should apply the tensor product functor — Re(1+s) O(&) to this
resolution.

Using the fact that €(&) inherits its ¢(T*&)-module structure from the map & % 7¢&, and
performing the obvious identifications, we get the sequence:

O(Crit"(S)) = H™* Rpreg) O(8) = T(A"TE) — -+ = T(NTE) = T(TE) = O(&)

where the differential acts on vector fields by X — —dS(X) = —t45(X).

As we already remarked before, notice that now the structure sheaf of the critical locus is
no longer a sheaf of commutative algebras, but becomes a sheaf of nonpositively graded dg
commutative algebras.

There are two important points to highlight:

1. Since
O(Crith(8)) = (Symlye) (T11)E), —tas) = (O(T*[~1]&), —tas), (1.10)

we see that observables on the derived critical locus can be interpreted as the observables
on the (-1)-shifted cotangent bundle, equipped with non-trivial differential. The underlying
graded vector space is called the space of polyvector fields.

The (-1)-shifted cotangent bundle comes with a canonical symplectic structure of degree -
1, which induces a Poisson bracket on the space of observables of degree +1. In particular,
the differential —i4g, can be rewritten as the bracket with the action functional S, i.e.,
—tas = {S, —}.

This is a general feature of a BV theory: the space of BV fields is always equipped with a
pairing of degree -1.

2. From the explicit expression for €'(Crit™(S)), we see that this is actually the Koszul com-
plex associated to €(&)/(dS"). Therefore, if the equations of motion form a regular
sequence in 0(&), we get a free resolution. However, this is not typically the case: in
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general, the complex has non-vanishing cohomology in negative degrees! This is a sign
that there are relations among the equations themselves (think about Bianchi identities in
a gauge theory).

We have already come a long way! However, we now clearly see that we need to take care of
this negative degree cohomology. Noether’s second theorem relates these relations among the
equations of motion to the action of local gauge symmetries on the space of fields. Our next
step will be to quotient out these gauge symmetries, but, of course, in a derived way.

1.3 Taking care of gauge symmetries

So, how do we do it? Given a local gauge symmetry ¢ acting on the space of fields, we promote
& to the so-called stacky quotient [£/¥4]. In Chapter [2| it will become clearer why we call it
stacky; the idea is that instead of identifying gauge equivalent field configurations we keep them
distinct, but somehow remembering that there is a gauge transformation relating them.

For our purposes, the stacky quotient can be understood as the derived version of taking invari-
ants. To be physically meaningful, an observable should be gauge-invariant. However, since we
are working in a derived setting, we do not ask for strictly invariant observables; rather, we con-
sider the derived invariants. We will recover strictly gauge-invariant observables in degree-zero
cohomology.

Suppose we have a Lie algebra of gauge symmetries g acting on €(&), making &(&) into
a g-module. Asking for gauge-invariant observables, means restricting our attention to the
submodule:

O ={fc6(&)|g-f=0,Ygeq) (L11)

The operation of taking invariants can be made into a functor: it is just the identity on mor-
phisms. In Appendix [D] we proved that the functor of invariants is left exact: it is then possible
to construct its right derived functors. However, we already know (see again Appendix @,
what is an appropriate complex in this case: the Chevalley-Eilenberg cochains. Let us recall the
definition:

Definition 2 ( [CG16], Appendix A, Definition 3.1.2). The Chevalley-Filenberg cochains of the
g-module M are given by the complex:

C*(g, M) = (Symi(g"[-1]) ®x M, dck) (1.12)

where the differential encodes the linear dual to the bracket of g on itself and on M. Fixing a
linear basis {e}} for g and denoting {e*} the dual basis, we have:

deg(ef @ m) = Z eF Aet Qg ep-m — Zek([ei, ejl)e’ Al @xm (1.13)
i i<j

and dcg, is extended to the rest of the complex as a derivation of cohomological degree 1 (using

the Leibniz rule repeatedly to reduce to the explicit formula above).

Thus, we define the observables on the stacky quotient to be the Chevalley-Eilenberg cochains,
i.e., the derived version of invariants. More precisely, we haveﬂ

o([&/9)) = (0(8)0)" = C*(g,0(&)) = (Symi(g"[-1]) ® O(&), dce) (1.14)

SHere and in what follows, the cohomological shift indicated by square brackets denotes a shift to the left.
More precisely, for a Z-graded vector space V. = @._, Vi, the shifted graded vector space V[k], Vk € Z has
components (V[k]); := Viyk.

1€EL



1.4. THE BV-BRST COMPLEX 11

Since (&) = Symy (&), observables on the stacky quotient can be interpreted as observables
on the graded manifold & @ g[1] equipped with the CE differential:

o([¢/9)) = (0(g]l] & &), dcE) (1.15)

Just like when computing observables on the derived critical locus, observables on the stacky
quotient form a sheaf of dg commutative algebras.

Notice that this is the usual BRST procedure we do in physics: the elements of g[1] correspond
exactly to the ghost fields.

1.4 The BV-BRST complex

Now we should put all together: we want to construct a derived model for gauge-invariant
observables on the critical locus.

Suppose that the original action S is gauge-invariant. In that case, it descends to the stacky
quotient, defining the same action there.

& —3 K

N2
NI
Y
~
~
S.

&/9 "
The critical locus of this action is then given by the following intersection:
Crit(S') = graph(dS’) XT*([&/%)] [éa/g] (116)

To model this intersection correctly, we must take into account the derived intersection (using the
Koszul resolution) and the derived model for the stacky quotient (via the Chevalley-Eilenberg
complex). Putting these ingredients together, we obtain the following double complex (here, the
&; are anticommuting sections of the tangent bundle T'¢):

Koszul
=2 -1 0
e BEE0(6) > BGO(E) — s 0(6) 0
1<) )

B GG © 0(8) —— g’ © 0(8) LT, ¢V g 6(6)
1<J )

l dce

s eE A2 gV @ O0(8) " N2 0(&)

+

=
SI1oqualI-Ad[[RASY)

1N}

Finally, observables are obtained by taking the totalization of this double complex — i.e., sum-
ming over the antidiagonals with differential given by the alternating sum of the component
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differentials. Specifically, we get:
(O(T"[-1)(g[l] ® &)), —tas + dcE) (1.17)

These are the observables of our BV theory. In particular, the degree-zero cohomology of this
cochain complex yields on-shell gauge-invariant observables, as we wanted.

Crucially, we can package the differential as the bracket with a single action functional Spy,
such that bracketing with Spyv encodes both the bracket with the original action, and the action
of the Chevalley-FEilenberg differential.

This is possible because the odd vector field dual to the CE differential is compatible with
the symplectic structure we have on the (-1)-shifted cotangent bundle. Hence, the BV-BRST
complex of observables for a gauge theory can be rewritten as:

(T [-1](e[1] ® €)),{SBv, —}) (1.18)

1.5 Practitioner guide

Let us now see, in practice, how to construct the BV-BRST complex of a theory and the
associated BV action.

We assume the original action S is given, as well the action of the Chevalley-Eilenberg differential
dcg on observables. Our goal is to construct a BV action Spy so that bracketing with it on the
space of observables reproduces both the bracket with the original action, and the action of dcg.

Step 1: constructing the BRST space of fields. We start by defining the BRST space of
fields. This is constructed by enlarging the space of physical fields & with the symmetry data:
we place the Lie algebra of symmetries g in degree -1.

F=gll]e& (1.19)

We call the elements of g[1] ghosts.

On observables, the action of dcg encodes both the linear dual to the bracket of g and the
module structure on &'(&’). For our purposes, as observables, it is sufficient to consider pointwise
observables, i.e., fields evaluated at a point x € M, where M is our spacetime manifold. Then,
considering ¢ € g and ¢ € &, we have:

deg(c(r)) = [e(x), c(z)]g
deg(¥(x)) = drsT(Y(7))

where dgrsT gives the module structure.

(1.20)

Step 2: constructing the BV space of fields. In order to define the BV action, we should
also add antifields. The full space of BV fields is given by the (-1)-shifted cotangent bundle of
the BRST field space:

Fpy =T [-1)F =F o F'[-1]=gl]loca &1 ®g"[-2 (1.21)

This space comes equipped with a canonical symplectic structure of cohomological degree -1.
It allows us to pair fields with antifields (the elements of &V[—1]), and ghosts with antighosts
(the elements of g¥[—2]). We denote antifields and antighosts using a dagger, e.g., 1T for the
antifield corresponding to .

Step 3: constructing the BV action. We are now ready to define the BV action, which
takes the form:

Spy =5+ 3 /M ot (@) ot (2) (1.22)

VEF
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The first thing to check is whether this indeed defines a differential on observables. It does, if it
satisfies the so-called classical master equation:

{SBv,SBv} =0 (1.23)
Let us unpack the content of this bracket on observables:

e Acting on ¢(z) or ¥(x), we recover exactly the BRST transformations as given in Eq.
(T.20).

e Acting on antifields or antighost, we get the equations of motion for the fields and the
ghost, respectively.

An important feature is that the space of BV fields is itself a cochain complex. The linear part
of the differential {Spy, —} of (%py) is dual to a differential on the space of fields itself!
Meanwhile, the quadratic part of the differential on observables is dual to a Lie bracket on the
space of fields (more precisely, to ensure that the Lie bracket is of degree zero, on Fpy[—1]).
This is part of a more general story: we will see that the space of BV fields carries the structure
of a Lyo-algebra.

1.6 Examples

Chern-Simons theory

Let us consider non-abelian Chern-Simons theory on a three-dimensional manifold M. In this
case, physical fields are connections of a principal G-bundle over M, i.e., one forms valued in
the Lie algebra g of G. We denote them by A € Q!(M, g).

The classical action takes the form:

Scs = tr /M A(z) AN dA() + §A(x) A [A(z), A()] (1.24)

where the Lie bracket that appears is the wedge product on forms and the usual Lie bracket on
the Lie algebra.

What are the ghosts of the theory, or, in other words, what is the space of gauge transformations?
The action is gauge invariant whenever A ~ A + dc + [c, A], with ¢ € Q°(M, g).
Therefore, the space of BRST fields is given by:

F = Q%(M, g)[1] ® Q'(M, g) (1.25)

Th action of the Chevalley-Eilenberg differential on observables is given by:

doe(c()) = [e(w). (v) 126)
dep(A(z)) = de(x) + [c(z), A(z)] .
Let us now construct the BV theory explicitly. The total space of BV fields is obtained by taking
the (-1)-shifted cotangent bundle of .%.
To describe this space concretely, we need to identify the duals of the field components, which
requires specifying the (-1)-shifted symplectic structure. In this case, it is just given by the
wedge product on differential forms, the trace on the Lie algebra and integration on M.
Therefore, the dual spaces are given by:

o (Q1(M,g))Y = Q*(M, g);
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o (Q(M.g))" = Q*(M,g)
Putting all together, we get Fpy = T*[—1|.7:
—1 0 1 2

QP(M,g) QMg (M) (Mg
The BV action is constructed just by following the general procedure we described above (see
Eq. (1.22)). In this case, we get:

SBv = Scs + tr /M c'(z) ANdeg(c(z) + AT A deg(A(z)) (1.27)

Let us explicitly see how the bracket with Spy in &(T*[—1].%) acts on generators:

(v )} = gz = delela)) = [ea).clz)]

(Sov. A(e)} = 5P = den(Ale)) = defo) + [e(o). A(w)] s
(Sov. A1(0)} = 722 = dA(x) + [Aln) A)] + 4] (@) (o)

(Sov. ¢l ()} = 505 = dAl(w) + [ x), o) + [Ala) Al ()

We see that bracketing with Af(z) — the antifield associated to A(x) — produces a term that
recovers the equation of motion for A(x). The linear part of the BV differential (that generates
the underlined underlined terms in Eq. ) is dual to a differential on fields; in this case, it is
simply the de Rham differential. Instead, the quadratic part of the differential (that generates
the wavy underlined terms in Eq. ) is dual to a Lie bracket on fields.

Therefore, the space of BV fields acquires the structure of a differential graded Lie algebra, with
underlying cochain complex given by the usual de Rham complex, and Lie bracket given by the
wedge product on differential forms and the usual Lie bracket on g:

-1 0 1 2

QO(M,g) L QM. g) -5 Q2(M,g) -5 Q3(M, g)

Figure 1.1: The BV complex of Chern-Simons theory

Notice this pattern: a quadratic term in the BV action corresponds to a differential on fields; a
cubic term, instead, corresponds to a Lie bracket on fields.

Yang-Mills theory

Now, consider non-abelian Yang-Mills theory on a d-dimensional Riemannian manifold M. As
in the case of Chern-Simons theory, the physical fields are given by connections on a principal
G-bundle over M and the ghost fields are given by functions on M valued in the Lie algebra g.
Since the Lie bracket on the ghosts and the module structure on the fields are the same as in
the Chern—Simons case, the Chevalley—Eilenberg differential acts on observables in exactly the
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same way (see Eq. (1.26)).

The classical action of Yang-Mills theory is given by:
SvMm :tr/ FaoNxFy (1.29)
M

where Fy = dA+ [A, A] is the curvature of the connection A, and * is the Hodge star operator
associated with the chosen metric on M.

In this case, the total space of BV fields is:
-1 0 1 2

QM,g) Q' (M,g) Q' (Mg  QY(M,g)

Since the symmetry structure is unchanged w.r.t. the Chern-Simons case, the BV action Spy is
constructed analogously by adding terms of the same form of Eq. (be careful that now
A" and ¢l are, respectively, d — 1 and d differential forms).

Therefore, also the brackets with the BV action are formally the same as in Eq. ; the only
one that changes is the one with the antifield Af(z) because of the bracketing with the classical
action:

{Spv, Al(z)} = d * dA(x) + [A(z), A(z)] + W + [*A(z), [A(z), A(z)]] (1.30)

Notice that in this case, the differential {Spy, —} acting on observables includes not only linear
or quadratic terms, but also a cubic part — namely, the one that generates the last term in
Eq. . This is a consequence of having a quartic term in the action, specifically expanding
Fy A *Fy4 in terms of A.
This cubic part of the differential is dual to a 3-ary bracket on the space of fields: we see how,
in this case, the space of BV fields is no longer a differential graded Lie algebra, but also gets
higher brackets. This reveals that, actually, the space of BV fields carries the structure of a
Lo-algebra.
Explicitly, the cochain complex of BV fields for Yang-Mills theory is given by:

—1 0 1 2

QO(M,g) L QY(M,g) E4 Qi-1(M,g) L QU(M, g)

Figure 1.2: The BV complex of Yang-Mills theory

The operations on this complex are:

e A Lie bracket, given by the wedge product on differential forms and the usual Lie bracket
on the Lie algebra g.

e A 3-ary bracket of the form:

To ensure the correct cohomological gradings for the brackets — we want the usual Lie bracket
on fields to be an operation of cohomological degree 0 — we should shift the space of BV fields by
1 to the right. This means that the space that has a L.-algebra structure is actually .Zpy[—1].
This algebraic structure will be introduced and defined in more details in the next chapter.






Chapter 2

Formal moduli problems and
symmetries

The Batalin-Vilkovisky formalism allows one to describe the perturbative behaviour of a classical
field theory. In Chapter [1} we saw how to construct the BV-BRST complex of a classical field
theory concretely, given appropriate input data. In particular, through specific choices, we were
able to hide the inherently perturbative nature of the BV description. For example, in the case
of Chern-Simons theory, physical fields are given by flat connections on a principal G-bundle,
where G is the Lie group with Lie algebra g. However, to write down the BV-BRST complex
as we did in Figure [1.1] we made the simplifying choices of working with the trivial G-bundle
and expanding around the trivial flat connection[']

In this chapter, we first want to make the perturbative nature of the BV formalism evident.
Specifically, we will interpret the space of BV fields as governing the moduli of deformations
around a fixed point in the moduli space of solutions to the equations of motion. This perspective
is developed in Section where we provide a brief introduction to formal moduli problems.
Though not fully rigorous, this discussion aims to highlight key ideas and motivations that will
appear repeatedly in this thesis.

Next, in Section we describe how to treat symmetries in the BV formalism. We will see
how the formal moduli problem perspective becomes crucial when interpreting the gauging of a
symmetry.

In the last section , we present a concrete example where we apply all the technology
developed troughout the chapter.

2.1 Perturbative field theory as derived deformation theory

In Chapter [I} we have seen in some concrete examples how the space of BV fields possesses
a higher algebraic structure. For instance, in the case of Yang-Mills theory, in addition to a
differential and a Lie bracket, we noticed the presence of a 3-ary bracket. This is part of a
more general story: a BV theory describes the formal deformations around a specific solution
of the equations of motion, and such a formal moduli problem is always controlled by a higher
algebraic structure, specifically a L., algebra.

In this section, we will give all the relevant definitions to clarify this statement.

"We will make explicit these choices in Chapter [3] Section

17
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Let us start by giving the definition of L, algebra.

Definition 3 ( |[CG21|, Definition A.1.1.2). A L algebra is a Z-graded vector space L equipped
with multilinear operations, called higher Lie brackets:

ln::[—,...,—]n:L®n—>L, nENZl
A bracket 1y, is a map of degree 2 —n to L and satisfies, for x1,...,xn, € L with x; € Ly,
homogeneous:

1. Graded antisymmetry: for all n > 2,

ln(.l'l, cee s Ly L1y - - - ,xn) = —(—1)‘xi‘|xi+l‘ln(x1, e s Li41yLgy e - - ,a:n)

2. Graded Jacobi identity: for alln > 1,

n

0= Z(—l)k Z sgn(|x1|""’|‘r”|)(e)ln,k+1(lk(:vi1, R l’ik), i ,a:jn_k)

k=1 e€Unshuff(k,n—k)

Here, € goes through all unshuffles, i.e. the permutations of the form:
(1 2 ... k kE+1 ... n>
i e e ik 1 e nek
with iy < -+ < and j1 < - < ju_p. sgnl®b2nD (&) is instead the graded antisymmet-

ric sign of the permutation: exchanging r1 with xo, you gain the sign —(—1)'“”“'.

The definition does not look very friendly, but for small n’ s, it just encodes usual definitions
and it is very tractable. Let us see some explicit examples.

e A L., algebra concentrated in degree zero is just an ordinary Lie algebra.

e If all the brackets [,, vanish for n > 1, then our L, algebra is just a cochain complex with
differential /1. The fact that I3 = 0 comes from the graded Jacobi identity for n = 1.

e A L., algebra where all the higher brackets [,, vanish for n > 2 is a differential graded
(dg) Lie algebra. The Leibniz rule follows from the Jacobi identity.

e Explicitly, for n = 1,2, 3, the Jacobi identities read:

2 =d>=0
d[zy, x2] =[dx1, x2] — (—1)‘961”12'[3?1761962] (2.1)

([[z1, z2], z3] £ permutations) =([dx1, 2, x3] £ permutations) + d[z1, x2, z3]

where + is the graded antisymmetric sign of the underlying permutation. We see that
the usual Jacobi identity (the one for n = 3) is satisfied up to an exact term: this is why
L algebras have the interpretation of homotopy algebrasﬂ In particular, this means that
the relations of a usual dg Lie algebra are not strictly satisfied, but are satisfied up to
homotopy terms.

2This name comes from the fact that if you have a Lie algebra (which can be seen as a cochain complex with
no differential and concentrated in degree zero) and you want to transfer this algebraic structure to a cochain
complex quasi-isomorphic to the first one, then you get an algebraic structure where the relations are only satisfied
up to homotopy. This technique is called homotopy transfer, see [Vall4] for an introduction to the subject.
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This describes the algebraic structure underlying the space of fields of a BV theory. More
precisely, the object that carries this algebraic structure is the shift of the space of fields by one
to the right, which ensures that the brackets have the correct degree. In the BV formalism, we
place physical fields in degree zero, so that in degree-zero cohomology lies the physics. In the
L, algebra grading, instead, physical fields are placed in degree one.

As already remarked in Section the arity of the brackets on fields depends directly to the
polynomial degree of the terms in the action: bracketing on observables with a quadratic term
in the action is dual to a differential on the space of fields, bracketing with a cubic term is dual
to a Lie bracket on the space of fields, and so on.

Since the space of BV fields is actually a sheaf, we need to refine our definition accordingly. This
refinement is captured by the notion of a local Lie algebra.

Definition 4 ( [CG21], Definition 3.1.3.1). Let M be a smooth manifold. A local Lie algebra
on M is a graded vector bundle L on M, equipped with polydifferential operators:

lp: L% — L, n €Ny

of cohomological degree 2 — n, that make its sheaf of sections L into a sheaf of Loy algebras on
M.

The condition that £ arises as smooth sections of a graded vector bundle is there because we
want £ to be a fine shea:lﬂ This is helpful because it means that we do not have to worry if
we place £ on some complicated global geometries — the nice properties of fine sheaves already
take care of these issues.

Up to this point, we have described the structure of the space of BV fields, but not why such
a structure arises. The underlying reason is profound and lies in the moduli-theoretic nature
of the problem that the BV formalism aims to describe. In what follows, we will present an
intuitive overview of this powerful idea, while omitting most of the technical details. This choice
is justified by the scope of this thesis: for our purposes, it suffices to work with a presentation
of a field theory as a local Lie algebra. However, from a conceptual and interpretative point of
view, the following discussion remains highly significant.

As discussed in Chapter [T}, the essential goal in studying a field theory is to describe the moduli
space of solutions to the equations of motion, modulo gauge equivalences. This space is com-
plicated and we have seen how to deal with that: to cure possible non-transverse intersections,
one passes to the derived critical locus; instead, to take care of gauge symmetries, one considers
a derived model for the stacky quotient. In the end, after making all these modifications, the
moduli space of interest is no longer “just a Schemeﬂ’ — rather it is a derived stack.

To gain some intuition about derived stacks, recall that a scheme — apart from the definition
in terms of locally ringed space (see Appendix [E]) — can be equivalently defined in terms of its
functor of pointsﬂ This is a speciaﬁ functor from the opposite category of affine schemes Aff°P
(which is equivalent to the category of commutative algebras CAlg, via the Spec functor and

3 A sheaf F on a topological space M is fine if for every locally finite open cover {U;} of M, F admits a partition
of unity subordinate to {U;}. A fine sheaf is always soft; this means that you can always extend local sections to
global ones.

“For this discussion, we retreat to the algebraic world, but remember that all our spaces are equipped with a
smooth structure.

®See |EHO06] for the functor-of-points approach to schemes. See, instead, [Vezll| for a brief introduction to
derived stacks.

6«Special” here means that has to satisfy additional conditions. The most important one, which must also
hold in the derived setting, is some version of Zariski/ Etale descent: these functors are sheaves.
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the global section functor) to Sets. It assigns to each test algebra the set of algebra maps from
the structure sheaf of the scheme we are interested in. We can think of it as follows: we can
recover the space we are studying by knowing how other spaces map into it.

One way of interpreting this functorial description is that the points of a scheme form a set.

Going from the critical locus to the derived critical locus (as in Section , mirrors going from
a scheme to a derived scheme. In the functor-of-points approach, this shift can be described by
enlarging the source Categoryﬂ from commutative algebras we pass to nonpositively differential
graded commutative algebras CAlgigO. This is what we have done when describing intersections:
replacing the tensor product with the derived tensor product, naturally yields dg commutative
algebras concentrated in nonpositive degrees (see Eq. )

Now, we have another step to take. The moduli space of solutions to the equations of motion
must be considered up to gauge equivalences. A standard way to do that is by taking a quotient,
identifying solutions related by gauge transformations. However, this loses important structure:
we want to remember not just which solutions are equivalent, but also the data of the equiv-
alences themselves. In other words, we want that the points of our moduli space do not form
just a set, but rather a groupoid — a collection of objects (solutions) together with all invertible
morphisms (gauge equivalences) between them.

In the functor-of-points perspective, this corresponds to enlarge the target category from Sets
to the category of groupoids Grpds. This is what we call a stack.

To arrive at the notion of a derived stack, we need to take a small further conceptual step. Since
also gauge equivalences have redundancies, instead of quotienting these out, we continue to
remember them, along with equivalences between equivalences, and so on. The target category
that does this job is the category of simplicial sets SSets.

This discussion is elegantly captured by the following diagram, which originally appeared in
[Vez11], but we took the version of [GW25].

CAlg —scheme . gatg
m \[’} ™0
HO Grpds

\I: ,> ! =
derived stack

CAlgls derived stack , ggopg

Figure 2.1: A derived stack

A derived stack of this type can describe the entire moduli space. In practice, we restrict
ourselves to perturbation theory. That is, we choose a solution ¢ to the equations of motion and
study formal deformations around it. In other words, we choose a point of the moduli space and
we study a formal neighbourhood of it. “Formal” means that we do not care about convergence
issues. Technically, this is done by restricting our source category to the subcategory of Artinian
dg algebras.

Definition 5 ( |[CG21], Definition A.2.2.1). An Artinian dg algebra A is a nonpositively graded
dg commutative algebra over C such that each component is finite-dimensional and has an unique

"More precisely, this requires working within the framework of co-categories, as derived geometry is naturally
formulated in higher-categorical terms.
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mazimal ideal m, closed under the differential, and satisfying A/m = C.

Why does this correspond to probing the formal neighbourhood of a point? An example of Artin
algebra is given, for instance, by A = Cle] / €", where € is a variable of degree zero. The unique
maximal ideal is generated by € and we recall that having a unique maximal ideal geometrically
corresponds to having just one single point. The image of this point selects the solution ¢.
However, the algebra A also encodes infinitesimal “thickenings” around ¢: its structure allows
us to consider a one-parameter family of points infinitesimally close to ¢, up to order €”.

In other words, maps from Artinian algebras correspond to probing formal neighbourhoods
around ¢, capturing infinitesimal deformations. This motivates the definition of a formal moduli
problem as a functor from the category of Artinian dg algebras to SSets (with some more
technical conditions, see [Lurll], Definition 0.0.8).

Our aim is then to describe a formal moduli problem, or, more precisely, a sheaf of formal moduli
problems. In fact, if we choose a solution ¢ on the entire spacetime manifold M, then on each
open set U C M, there is a formal moduli problem describing deformations of the restriction
o|y. The space of BV fields does the job, and this is because of the fundamental theorem of
derived deformation theory ( [Lurll]).

There is an equivalence of (00, 1)-categories between the category of dg Lie algebras
and the category of formal pointed moduli pmblemﬁ

Essentially, this means that every formal moduli problem is controlled by a L., algebra. This
explains why the space of BV fields naturally carries the structure of a Lo, algebra: we are de-
scribing some formal neighbourhood in the moduli space of solutions to the equations of motion.
More precisely, the correct structure is that of a local Lie algebra, which also takes into account
the sheaf-theoretic nature of the space of fields.

We emphasize that in the BV formalism, we focus on variational formal moduli problems,
i.e. those arising from equations of motion that come from varying an action functional. In
[PTVV13], it is shown that variational formal moduli problems carry a natural (-1)-shifted
symplectic structure. This explains why a model for the space of BV fields is given by the
(-1)-shifted cotangent bundle.

Notice that not all formal moduli problems arise in this way; nevertheless, all of them are always
controlled by a L., algebra.

Now that we have developed the necessary background, we can offer an alternative definition of
a classical field theory: it is a sheaf of (-1)-shifted symplectic formal moduli problems.

2.2 Symmetries in BV

In this section, we explore how to treat symmetries in the BV formalism. We begin by describing
how symmetries are formulated in the derived setting: the key idea is that symmetries are
modeled by local Lie algebras, which often have a direct geometric interpretation in deformation
theory. Next, we examine what it means for a symmetry to act on the space of BV fields, and
we interpret gauging a symmetry as the coupling of two formal moduli problems.

2.2.1 Symmetries as local Lie algebras

In classical field theory, infinitesimal symmetries are described by a Lie algebra. In the BV
formalism, however, we aim to model symmetries as local Lie algebras, in keeping with the

8This formulation is the one given in [CG21|, §3.2.1.
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derived nature of the framework. The key idea is to construct a resolution of the classical Lie
algebra of symmetries — this resolution is what defines the local Lie algebra in the derived setting.
When we take the degree-zero cohomology of the global sections of this local Lie algebra, we
recover the original classical Lie algebra of symmetries.

We now present a few examples to show how this construction works in practice.

Example 1: conformal symmetry. Let (M, g) be a Riemannian manifold, where g is the
chosen Riemannian metric. Conformal symmetries are described infinitesimally by the Lie alge-
bra of conformal Killing vector fields — that is, vector fields that preserve the metric up to a local
rescaling. Denoting by Vect(M) the space of smooth vector fields on M, and by I'(M, Sym?T* M)
the space of smooth symmetric two-index tensors on M, a model for the corresponding local Lie
algebra is given by the two-term complex:

0

[=

Vect(M) —L— T'(M, Sym?T* M)

/

C* (M)

where L(X) = Lxg is the Lie derivative of g along X, and the diagonal map is just given by
rescaling f+— f-g.

The Lie bracket is defined by saying that Vect(M) acts everywhere by Lie derivative, and that
[f,a] = f-afor f € C®°(M) and o € T(M,Sym?T*M).

The degree-zero cohomology consists of pairs (X, f) such that:

Lxg+f-g=0 (2.2)

which is precisely the condition for X to be a conformal Killing vector field.

This local Lie algebra also has a clear deformation-theoretic interpretation. It describes the
formal moduli problem of deformations of conformal structures around the background metric g.
These deformations are encoded in the degree-one cohomology, which consists of symmetric two-
index tensors, modulo those perturbations arising from infinitesimal diffeomorphisms (Lxg) and
Weyl rescalings (f - g). In other words, degree-one cohomology describes genuine deformations
of the conformal structure.

Example 2: symplectic vector fields. Given a symplectic manifold (M,w), the local Lie
algebra of symplectic vector fields — those vector fields preserving the symplectic structure — can
be modeled by the two-term complex:

0 1
Vect(M) —£— Q2(M)

where L(X) = Lxw is the Lie derivative of the symplectic structure along X. In this case,
the degree-zero cohomology of the global sections on M recovers the Lie algebra of symplectic
vector fields, whereas the degree-one cohomology classes represent perturbations around the
chosen symplectic form w.

Example 3: the Witt algebra. The Witt algebra is the Lie algebra of holomorphic vector
fields on the punctured complex plane: Vecth‘)l((CX). To obtain its local version, we need to



2.2. SYMMETRIES IN BV 23

resolve the holomorphic constraint. A standard method is by using the Dolbeaut resolution. On
each open subset U C C* (locally isomorphic to C), the local Witt algebra is given by:

0 1
Q00(C, 70C) —2— QO1(C, T1OC)

Here, 0 is the Dolbeaut differential (also known as antiholomorphic de Rham operator) that just
acts on Dolbeaut forms, while 71°C is the holomorphic tangent bundle.

The Lie bracket is defined as the Q%*-linear extension of the Lie bracket of vector fields.

This local Lie algebra has a rich geometric interpretation that will be fundamental in what’s
coming next. In particular, it is the dg Lie algebra that governs deformations of complex
structures. This is a well-known fact and goes back to the foundational work of Kodaira and
Spencer (see [KS58]).

2.2.2 The action of a local Lie algebra on the space of fields

By now, we have seen that both the space of fields and the symmetries can be described by local
Lie algebras. In this section, we will see how one local Lie algebra can act on another. When the
space of fields carries an action of a local Lie algebra £, we say £ is a symmetry of the theory.
We will then discuss what it means to gauge such a symmetry and explain the deformation-
theoretic interpretation of this process. The main reference for this section is [CG21], §12.2.

We begin by recalling the classical notion of an action of a Lie algebra g on another Lie algebra
h. This is given by a map of Lie algebras:

g — Der(b) (2.3)

where Der(h) denotes the Lie algebra of derivations of . Given such an action, one can then
construct the associated semidirect product g x b, which lives in the following short exact
sequence:

0—bh—gxh—g—0 (2.4)

Conversely, given such a SES, one can reconstruct the action of g on h, up to equivalences.
The idea is to extend this definition to the setting of local Lie algebras. We need two refinements:
one related to the sheaf nature of a local Lie algebra, and one related to the fact that a local
Lie algebra has the structure of a L, algebra, and not just of a Lie algebra.

Definition 6 ( [CG21|, Definition 12.2.1.1). An action of a Lo algebra g on a Lo algebra b is
a Loo algebra structure on g ® b, which we denote g x by, with the property that the maps in the
short exact sequence of vector spaces of Eq. are strict maps of Lo algebras.

This is equivalent ( [CG21], Lemma 12.2.1.2) to give a Lo, algebra map — also called homotopy-
coherent map — of the form:

p: g~ Der(h) (2.5)

where now Der(h) denotes the Lo, algebra of derivations of b.

In the cases relevant for this thesis, the space of fields on which a symmetry acts has just the
structure of a (sheaf of) cochain complex, meaning it is a Ly, algebra with a trivial Lie bracket
and vanishing higher brackets. In such cases, Der(h) simplifies to the complex of endomorphisms
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End(h), i.e. the complex of linear maps that preserve the cochain structure. The differential of
End(h), is given by:

dpnan) () = dyo ¢ — (—1)¥lp o dy, VY € End(h) (2.6)

where dj is the differential of h (the 1-ary bracket).

Since this is the primary case of interest, we just present the relevant definitions and construc-
tions accordingly.

Let us break explicitly down the definition of a homotopy-coherent map. p is a collection of
graded antisymmetric maps (p(©, p(), p) ), such that:

e p0.g— End(h) is a map of degree 0;

o pU: g®2 . End(h) is a map of degree -1;
o p@:g® — End(h) is a map of degree -2;
e and soon ...

These maps are subject to conditions that generalize the requirements for a strict dg Lie algebra
map. In particular, the lowest component p(o) must be a cochain map, meaning it commutes
with the differentials. However, it is not required to preserve the Lie bracket exactly — it may
do so only up to homotopy. This is precisely where p() comes in: it encodes the first homotopy
correction to the failure of p(O) to preserve the Lie bracket. Similarly, higher components p(”)
for n > 2 account for higher homotopies.

Let us now make explicit the condition satisfied by p(®). For every g1, g2 € g:

109 (91), 02 (92)Imnace) — £V (l91, 92]g) = 9p™ (91, 92) (2.7)

This equation shows that p(o) preserves the Lie bracket up to an exact term, i.e the difference
on the LHS is homotopically equivalent to zero.
The exact term on the right-hand side is defined as:

9pM (g1, 92) = dmna)p™ (91, 92) — (—1)|p(1)|P(1)(dg®2 (91,92)) (2.8)

where the differential on the tensor product g®? is given by:

dyo2(g1,92) = dgg1 ® g2 + (=1)1g1 @ dyge (2.9)

The higher components of p must satisfy additional compatibility conditions, but the underly-
ing idea remains the same: the L., algebra structure must be preserved at each level, up to
a homotopic correction. These conditions ensure that p defines an homotopy-coherent map.
However, we do not write all the relations since in the examples relevant for this thesis we are
lucky enough to work only with strict dg Lie algebra maps.

The final refinement needed to define an action of a local Lie algebra on another local Lie algebra
is to account for the fact that we are working with sheaves. The action must then be compatible
with the sheaf structure.

Definition 7 ( [CG21], Definition 12.2.2.1). Let £ and M be local Lie algebras on M. Then an
action of L on M is a local Lie algebra structure on L & M, which we denote L x M, such that
the short exact sequence of maps of sheaves:

0 —M—LXxM—L—0 (2.10)

consists of maps of Loo algebras.
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In classical field theory, the space of BV fields has more structure than just that of a local Lie
algebra: it is also equipped with a (—1)-shifted symplectic structure. Importantly, the local Lie
algebra structure is not defined directly on the space of fields M, but rather on its shift M[—1],
to ensure the correct cohomological gradings of the brackets. As a result, the (—1)-shifted
symplectic structure corresponds to a nondegenerate pairing of degree —3 on M[—1].

This to say, if now we consider an action of a local Lie algebra on another local Lie algebra
— where the latter describes a classical field theory — we must also require that the action be
compatible with the symplectic structure.

Definition 8 ( [CG21], Definitions 12.2.2.2 & 12.2.2.3). Suppose that M has an invariant pairing
(—,—). An action of L on M preserves the pairing if for any compactly supported sections
{a1,...,a,;} of L and {p1,...,Bs} of M, the expression:

<l7‘+s(ala <y Qi Blv s 7/65—1)7/85>

1s graded totally antisymmetric under permutations of ;.

If the pairing of M has degree -3 — that is, encodes the data of a classical field theory — and
the action of L preserves the pairing, we call L a symmetry of the classical field theory M.

The compatibility of the action with the pairing is essential, as it allows us to incorporate new
terms into the local action functional that encode the interaction between the symmetry and the
fields. This will be illustrated explicitly in the example in Section 2.3} However, the underlying
idea is clear: in the BV formalism, the entire local Lie algebra structure of the space of fields is
encoded in the action functional itself (recall that bracketing the action functional with a field
recovers all the Lo, algebra structure; see Section . Now, if we have a symmetry of our BV
theory, we can also encode the action of the symmetry on the space of fields by adding new
terms to the action.

Suppose now we have a symmetry £ that acts on the space of fields M of our theory. What
does it mean to gauge this symmetry in our formalism?ﬂ

As we said in Definition [7], having a symmetry corresponds to choosing a local Lie algebra
structure on the semidirect product £ x M, which is also compatible with the pairing. In the
language of formal moduli problems, the semidirect product corresponds to a fibration: the base
is described by the background symmetry £, and the fiber describes the theory M.

Before gauging the symmetry, we study the formal moduli space controlled by £ x M on a chosen
basepoint on £, focusing on deformations along the fiber. In other words, we fix a point in the
base (a background symmetry configuration) and consider equivariant deformations within the
fiber, i.e., within the space of BV fields M. If we think of the base as being the moduli space
of conformal structures, this amounts to fixing a specific conformal structure: we look at the
formal moduli problem controlled by M keeping the conformal structure fixed.

After gauging the background symmetry, we are no longer restricted to deformations along the
fiber alone. Instead, we study deformations around the chosen basepoint in the total space. A
schematic illustration of this process is in Figure

In more practical terms, how do we gauge the background symmetry £7 The idea is to promote
L to a variational formal moduli problem — that is, to construct a new BV theory £ equipped
with a nondegenerate invariant pairing of cohomological degree —3 (or equivalently —1, if we

°I'm very thankful to Ingmar Saberi for having explained this subtle point. Also, Figure is stolen from one
of his blackboards.
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Figure 2.2: Before gauging — after gauging

consider the BV grading) that maps to £. This allows us to write down an action functional for
ﬁ, and by bracketing the action functional with the elements in ﬁ, we recover the full structure
of £ as a local Lie algebra.

Once promoted to a variational formal moduli problem, £ can be interpreted as describing the
formal moduli space of solutions to the equations of motion defined by this action functional.
A standard way to construct such a theory is to consider the associated BF theorﬂ

L=LaL -3 (2.11)

In the end, gauging a symmetry means studying the coupled formal moduli problem given by
the semidirect product £ x M.

2.3 Example: the holomorphic bosonic string

In this section, we construct the holomorphic bosonic string and interpret the model from the
perspective of derived geometry (a detailed exposition can be found in [GW17]). This example
brings together many of the key concepts developed in this chapter. In particular, it shows how
gauging a symmetry works in the BV formalism. Moreover, it will serve as our starting point
for constructing a topological string theory from the worldsheet perspective.

Let us consider the free holomorphic 57 system. The physical fields of this theory are holomor-
phic functions:
SRR Y (2.12)

where ¥ is a Riemann surface and V' a complex vector space. These fields satisfy the equation
of motion 9y = 0, so the moduli space of solution is the space of holomorphic maps from ¥ to
V, denoted by Map"™©!(%, V).

The ~ fields can be understood as the chiral components of a massless scalar field ¢. To directly
relate ¢ to -y, recall that the 2d massless scalar field theory is a theory of harmonic real functions,
i.e., functions satisfying the Laplace equation A¢ = 0. However, if the underlying manifold
comes equipped with a complex structure, then every complex-valued harmonic function splits
into the sum of a holomorphic and an antiholomorphic function. Thus, if we complexify the
scalar field ¢, it can be written as a pair (v, 7), where:

102 is the so-called shriek dual of £. Recall that £ emerges as sections of a vector bundle L over M. Then,
L' are sections of the vector bundle L' = LY ® Dens(M) — that is, the linear dual of L twisted by the bundle of
densities on M. For simplicity, we always fix an orientation and think of densities as top forms on M. Even if we
did not stress this subtle point at all before, this is the correct notion of duals we should consider, and not just
the linear dual. However, in concrete examples, we always took duals w.r.t. integration, and this results in the
same thing.
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1. ~ is the chiral (holomorphic) component;
2. 7 is the antichiral (antiholomorphic) component.
In what follows, we just consider the chiral sector of the theory.

The BV formalism tells us to introduce also antifields 3, which, in this case, are holomorphic
(1,0)-forms on ¥ with values in VV. The corresponding chiral action functional is given by:

Schiral:/2<67 5’7>V (213)

where the pairing (—, —)y is defined by the evaluation pairing on V' and the wedge product on
differential forms.

Notice that the equations of motion for the antifields 938 = 0 impose the holomorphicity on
B. Thus, the moduli space of classical solutions consists of holomorphic maps and holomorphic
(1,0)-forms. Since we are working in a derived setting, we are not just interested in the strict
moduli space but in a derived enhancement thereof:

T*[-1]RMap"® (2, V) = RI(E, 6" & RT(Z, QL)) (2.14)

where ¢! is the sheaf of holomorphic functions, Q}llol is the sheaf of holomorphic one forms and
RI" are the derived global sections, meaning that we take a resolution of these sheaves before
applying the global section functor (recall that this functor is left exact: R stands for right
derived functor). In particular, a standard resolution in such cases is the Dolbeaut resolution.
Hence, the global sections of the space of BV fields are given by the following complex:

gzchiral(z) = (907*(Za V) S le*(27 VV): 5) (215)

Or, more explicitly:

0 1
AP(EV) = BHE V)
Q0 vY) 2 bl vY)
Figure 2.3: The BV complex of the holomorphic 8 system

We now want to exhibit a natural symmetry that the holomorphic 5+ system possesses, gauge
it, and see how we can interpret the resulting gauged symmetry as holomorphic gravity.

The symmetry we consider is given by the local Lie algebra controlling deformations of complex
structures; see Example 3 of Section The global sections of this dg Lie algebra are:

£l(s) = (@20, 70%) & ol (s, 710%)) (2.16)

where the Lie algebra structure comes from the Q¥*(X)-extension of the Lie bracket of vector
fields.
To show that £ is a symmetry of the free holomorphic v system, we must exhibit a homotopy-
coherent map:

p: L v End(Zepiral[—1]) (2.17)
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The shift of the complex of fields by [—1] appears because we consider the Lo, grading.
As explained in Section we know the conditions that a homotopy-coherent map p and its
components must satisfy. In practice, we can proceed with the following strategy:

1. Start by guessing the zero degree component p(® of the homotopy-coherent map.
2. Next, check if p(®) is a cochain map and a Lie algebra map.

3. If p© turns out to be a cochain map but not a strict Lie algebra map, then we must look
for homotopic corrections.

In our case, there is a very natural guess: the action of £M! on the fields of the holomorphic
By system is given by the Q%*-extension of the Lie derivative L = [0,:] where ¢ is the usual
contraction of vector fields. Explicitly on a local patch:

8'70(27 2) + 8(l0(z, 2)/80(27 2))

(0 (10)) (0 + Bo) = lo(2, 2) o P dz (2.18)
(P (l0)) (11 + Br) = lo (2, z)wj’z)dz 1 Ol 251(2’ D gz ndz (2.19)

For the moment, we do not guess the action of p(®)(I1) on fields: we will find it by imposing on
p9(ly) the condition of being a cochain map.
Specifically, p(©) is a cochain map if the following diagram commutes:

L hol 9 Ny hol

lp«n Jp(m

End(Zeniral[~1]) —22 End(Fapipar|—1])

In this case, if @ € End(Zehival[—1]) and m € Fepiral[—1], the differential dgyng of Eq. (2.6) reads
as:

dina(a(m)) = d(a(m)) — (~1)1*la(d(m)) (2.20)

Let us now impose the commutativity of the diagram described above. This condition must
hold for every element [ € £"°! and for every field 7, 8 € Fenira[—1]. We begin by analyzing the
case of a fixed element [y € LMoL

® lo, Y0
(0 D(310)) (70) = (P (o) (70)) — pV (lo) (D70)
_ lo(2,2) 0n0(2.2) (2.21)
T oz 9. -
e lo, Bo
(p12(010)) (Bo) = (" (10)(Bo)) — p'”(10)(9B0)
2.z 2.22
_ ;’Z (‘%éz’ Bo(z z)> dz Adz (222
e lp,m

=0 <lo(z, Z)Wcﬁ) —0 (2:23)
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e [y, B1 is similar to the previous case.

From these explicit relations, we can see that the action of (p(®)(I1)) should again be given by a
Q0 *_extension of the Lie derivative. Notice that, since /; has cohomological degree +1 and p(©)
is a degree zero map, it follows that p(o)(ll) is a degree +1 endomorphism on Z pial[—1].
Moreover, it is easy to verify that if we take p(?)(I;) to be the Lie derivative, then the condition
that p(® is a cochain map is satisfied (just need to check conditions very similar to the one we
wrote explicitly).

Now that we know the action of p(©) on all elements, we need to check if it is a strict Lie algebra
map. This means that the following should be satisfied (see Eq. (2.7))):

Vo, 8 € £ [pO(a), p(8)]gna — o (Jov, 8] guot) = 0 (2.24)

where [—, —|gnq is just the graded commutator.

If this is not the case, at least this should be true homotopically, i.e. the difference above should
be an exact term. But in our specific case, the map is a strict Lie algebra map. To see how the
computation works, we leave an example here:

(19 (o), P (19)]na) (0) = 0V ([, 1] zve1) (70) =
= (0 (1) (1) = P (1) (10)) (v0) — PV ((l00:15 — 1§D-10)=) (70) = O
We could expect this result because the usual Lie derivative satisfies [L(X), L(Y)] — Lx y] = 0,

and we are just considering a linear extension of the Lie derivative. So, we conclude that £
is a symmetry of the holomorphic 5~ systemEL

(2.25)

We now want to gauge this background symmetry and study the coupled formal moduli problem.
To do this, we first give a description in terms of fields of this symmetry, identifying a (—1)-
shifted symplectic formal moduli problem that maps into £"!. As explained in Section m
one standard choice is taking the associated BF theory of £P°l. In BV grading, the complex of
global sections is given by:

A~

L(2) = (&™) @ (£ [-2)(B) = (¥ (2, TD)[1] @ QY (3, T*5)[-1],0)  (2.26)
Gauging means studying the semidirect product of the two formal moduli problems: L X Peival-
The total space of fields is given explicitly as in Figure [2.4]

The action that encodes all the relations of the coupled formal moduli problem is given by:
St = [ (6,07} + (0.00) + (b erl ) + (B L)y (2.27)
b

where (—, —)p is the pairing given by the wedge product on forms and the evaluation pairing on
T19%. To explicitly see how this action encodes both the action of Ll on Ziar and the dg
Lie algebra structure of £, we simply compute the relevant brackets. Specifically, we have:

{Stot(x), y(x)} = 0B + L. {Stot (), B(z)} = Oy + Ly

{Stor(@),e(2)} = e+ [e.clgra {Stot(@), blw)} = Db+ [e, b] g (2:28)

1 As explained in Section for a map to define a symmetry of the theory, it must also be compatible with the
symplectic structure on the space of fields. However, if we succeed in constructing an extended action functional
that includes the interaction between the symmetry and the fields, and that satisfies the classical master equation
(Eq. ), then this compatibility with the symplectic pairing is automatically ensured. In our example, this
is the case: the action that includes the interaction (and more) will be given in Eq. .
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-1 0 1

1\

(Q°0(, V) —2— QOL(z, V)

(@02, V) —2 abl(s, V),

(002, T10%) 25 QO1(s, T1OK))
(QLO(E,T*LOE) 9, Ql,l(ij*l,OZJ))b
Figure 2.4: The BV complex of the holomorphic bosonic string

The equations of motion, thus, are now given by:

0y+ Ley=0 0+ LB =0
o i (2.29)
dc + 5[6’ | ghor =0 Ob+ [¢,b] phot =0

The equation for ¢ is the familiar Maurer-Cartan equation, which encodes a deformation of the
complex structure. Concretely, now we still ask v and 3 to be holomorphic, but with respect to
the deformed complex structure 0 + L.

From the perspective of derived geometry, this theory admits a straightforward interpretation,
as highlighted in [GW17].
The first moduli space of interest was the moduli space of holomorphic maps from ¥ to V, and
by writing the corresponding BV theory we were studying the moduli of deformations around
a fixed solution 7. Upon gauging the background symmetry, we allow the complex structure to
vary infinitesimally. In doing so, we start moving within the moduli space of Riemann surfaces,
since a complex structure endows the surface with the structure of a Riemann surface.
As highlighted in Sectionm (see in particular Figure , studying the coupled formal moduli
problem corresponds to a fibration, where the fiber is described by the original theory, and, in
this case, the base is the moduli space of Riemann surfaces. We are considering the following
moduli problem:

Map"©!(—, V) (2.30)

where the Riemann surface is not fixed a priori. A solution to the equations of motion determines
a point (v, ¢) of this moduli space, and by writing the coupled formal moduli problem we are
studying deformations (now in this total moduli space) around that point. More precisely, we
are considering, as BV prescribes, the derived enhancement of the cotangent theory, but this is
“just” to have a (-1)-shifted symplectic structure on the total space of BV fields.

This is why gauging £ can be interpreted as gauging “holomorphic” gravity: we see that
the moduli space of Riemann surfaces arises, and this is a typical feature when considering
gravity as a dynamical degree of freedom. Moreover, in one complex dimension, a complex
structure determines a conformal structure, which is essentially the datum of a metric (up to
diffeomorphism and Weyl rescaling).



Chapter 3

Worldsheet versus target

The aim of this chapter is to connect two different points of view on topological string theory:
the one from the worldsheet and the one from the target. A topological string theory can be
seen as a two-dimensional field theory: a sigma model from a Riemann surface to a complex
manifold (usually a Calabi-Yau 3-fold) coupled to topological gravity on the worldsheet. On
the other end, Bershadsk-Cecotti-Ooguri-Vafa |[BCOV94] initiated a different approach: they
started thinking about topological string theory as a quantum field theory on the target space,
that for a Calabi-Yau 3-fold, means considering a six-dimensional quantum field theory.

How do we connect these two different perspectives? There is an obvious connection we can try
to check: the observables of a topological string theory from the worldsheet perspective should
be the fields from the target point of view.

In the following, we will construct a topological string theory from the worldsheet and we will
compare our construction with the work of Costello-Li on the BCOV model that they initiated
in [CL12]. Along the way, we will also try to mark the subtle difference between a topological
field theory and a topological string theory, with the topological 5+ systems and the topological
Landau-Ginzburg model as our main examples.

3.1 The topological v system

We start by analyzing the topological 5+ system, which will constitute our matter system when
constructing a model for topological string theory. This theory describes constant maps from
a Riemann surface ¥ to a compact Calabi-Yau manifold X of dimension n. From the physical
point of view, this corresponds to the B-twist of n chiral superfields: recall that after performing
the B-twist of a two-dimensional sigma model, the path integral localizes exactly on constant
maps. In other words, only constant configurations contribute to the quantum theory (see, for
example, [HKK 03], 16).

For simplicity, we consider ¥ = C and X to be a complex vector space. This linear setting
simplifies computations, though the discussion extends naturally (with minor adjustments) to
general Riemann surfaces and non-linear targets.

In the BV formalism, we can realize the topological S system as the (-1)-shifted cotangent
theory of the moduli space of constant maps (more precisely, we take its derived enhancement);
the global sections of the complex of BV fields are therefore:

Fy(C) = (T"[-1](2"(C, X)), d) = (2"(C, X) & Q*(C, X)[1], d) (3.1)

31
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Or, more explicitly:

—1 0 1 2
(2°(C, x) —4 Q(C,X) —4 Q*(C, X)),

(@°(c.xv) 4 al(c,xY) -4 Q¥(C, X)),

Figure 3.1: The BV complex of the topological vy system

Notice that here we adopt the convention of total forms: ~ can be any field in the first row and
[ any field in the second row.

The space of BV fields has just the structure of a cochain complex: there is no Lie bracket on
fields and no higher L..-brackets. Thus, the BV action should be quadratic: we are considering
a free theory.

Since the theory is designed to encode the moduli space of constant maps, the equations of
motion should impose the condition for a field to be (locally) constant; the appropriate free
action functional is therefore:

Stree = /(C (B, d7)x (3.2)

Here, (—, —) x denotes the natural pairing on BV fields of cohomological degree -1. In this case,
it is given by the wedge product on differential forms and the evaluation pairing between XV and
X. We then get a density on C that we can integrate to obtain the action functional. Explicitly:

(B,7) x = BoAve+ B Ay + B2 Ao (3.3)

where the lower indices stand for the form degrees.

Let us now focus on the observables of this theory. As usual, they form a cochain complex where
the differential is given by the bracket with the action functional. In this case, the differential
acts on generators of observables (evaluation of fields at a point x € C) as follows:

{SfT66770(x)} =0 {Sfree,BO(x)} =0
{Sfree: 11 (2)} = dyo(x) {Sfree, P1(x)} = dfo(x) (3.4)
{Stree; v2(2)} = dn(x) {Sfree, Ba(x)} = dpi(x)

These are the so-called descendant relations we have in the usual B-model, and are specific of
TQFTs of cohomological type.

Actually, these are all the brackets we need to consider. Indeed, we are focusing on the costalk
of observables at a point € C (since the theory is topological, the specific choice of the point is
not important). A model for the costalk is given by the algebra of functions on the jets of fields
at that pointﬂ In practice, this means that point-like observables are spanned by evaluations of
fields and their derivatives at the chosen point.

However, because the theory is topological, taking cohomology w.r.t. the de Rham differential —
equivalently, the bracket with the free BV action — makes all higher derivatives cohomologically

1See [CG21|, §10, for more details.



3.1. THE TOPOLOGICAL p~ SYSTEM 33

trivial. In other words, all higher-order Taylor coefficients are exact, and thus the only physically
interesting point observables come from evaluating the “zeroth” Taylor coefficient of some field
at a point — that is, the BV fields at a point. This justifies ignoring derivatives.

Furthermore, in this case, the costalk at a point is enough to capture all observables. Indeed,
since the theory is topological, observables have the structure of a so-called locally constant
factorization algebraﬂ This means that, for any open set U C C, the cochain complex of observ-
ables on U is quasi-isomorphic to the observables on any other open set V' O U. In particular,
observables at a point are quasi-isomorphic to those defined on any open neighbourhood of that
point. This is why we can just consider the costalk, but keep in mind that this is not usually
the case.

Now, let us compute the cohomology of point-like observables, which computes the physically
relevant ones. In general, we begin with a cosheaf of cochain complexes that describes observ-
ables, and taking the costalk at a point induces a differential on point-like observables. We then
compute cohomology with respect to this differential.

However, in this case, the description is greatly simplified: since we are considering a free the-
ory, the fields form just a cochain complex. This means that all the homological information
is already encoded in the differential on fields. As a result, we can work at the level of fields
(taking cohomology there) and then dualize to obtain the cohomology of observables. Moreover,
as already discussed, we should not worry about derivatives of fields.

Putting all together, the cohomology of observables at a point = € C is given by:

lim H*(Obs(:F3,)) = H* (Obs(F3,)) =~ Clho, o (3.5)

zeU

Notice that this cohomology is generated by g, a variable of cohomological degree 0, and g, of
cohomological degree +1. We recover the usual physical description of the local observables of
the B-model as done, for example, in [BBZBT20|, §4.2.1:

Co, Bo] = H3(Q* (X, A" TH0X)) (3.6)

Thus, the complex of observables of the topological 8 system can be identified with the complex
of polyvector fields on the target space X. These are anti-holomorphic differential forms on X
with values in the exterior powers of the holomorphic tangent bundle A*T0X:

PVH(X) = Q% (X, NT1OX) (3.7)

That is, a polyvector field of bi-degree (i, ) is a (0, j)-form on X with values in AYT10X.
Thus, we have:

Obs,(F,) ~ (PV**(X),0) (3.8)

where the differential 0 acts on forms, leaving holomorphic vector fields invariant.
From a target space perspective, this complex would play the role of our BV complex for the
space of fields.

2In this thesis, we do not need the technology of (pre)factorization algebras, but when talking about observables
of a perturbative field theory, it is worth noting they have such a structure. For a definition of locally constant
factorization algebras, see [CG16], §6.
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3.2 The topological Landau-Ginzburg model

What happens now if we turn on a superpotentia Let W € SymZQ(X V) be a polynomial on
X that is at least quadratic. We additionally require this polynomial to have non-degenerate
and isolated critical points, and to be quasi-homogeneous.

Turning on the superpotential modifies the action as follows:

S = Sfree + Sint - Sfree + /(C[W(’Y)]top (3'9)
where with [W(7)]top we mean that we are selecting only the two-form part of W (7). Indeed,
the superpotential acts on the X part of our fields -y, leaving us with just differential forms: to
have a well-defined term in the action, we should be able to integrate it over the worldsheet.
Explicitly, denoting {e;}?_; a basis of X, we have that W € C[e!,...,e"], where ¢’ defines the
dual basis. The « fields can be expanded as:

N=e M =Tie Y2 = ke (3.10)
where 'y;- € (V(C) and the sum over repeated indices is understood.
Therefore, the interaction term in the action is of the form:

1

Sint = 3 /(C(aiW(’Yo)’Yé + 8:0,W ()7 AY]) (3.11)

Adding this term to the free action the brackets that get modified with respect to Eq. (3.4]) are
the ones involving the 5 fields, becoming:

{8, 6o(@)} = 5 W' (10(a)) (3.12)
{8, A1(a)} = duo(e) + W (ro(a)m (@) (313)
(S, B2(a)} = dn(z) + L (W (ro(a) ale) + W (o)) (1 (2))?) (3.14)

We are being a bit sloppy about the indices relative to the basis of X, for example, we should
have written {S, 8(z)} = 30;W (v0(x)), but in this way the difference with respect to the brack-
ets of the topological S system is more evident.

Now, let us consider the complex of observables at a point z € C. The differential is given by
bracketing with the action and is composed of two parts: one coming from the free action and
one coming from the interaction term. The differential associated to the free part is just the
de Rham differential. This results in a filtration on the local observables by form degrees and,
correspondingly, on a spectral sequence induced by this filtration. On the FEy page, we take
cohomology with respect to the free part of the differential. The E; page can thus be identified
with the physical observables at a point of the topological 8+ system, but now with a non-zero
differential:

Obsg = (C[yo, Bo], {W, —1}) (3.15)

If we take cohomology with respect to this differential, we get the chiral Jacobi ring, as expected
from the Landau-Ginzburg model:

Obs, = Clvol /(W' (70)) = Jac(W) (3.16)

3For a similar description, but in the holomorphic context see [SW20].



3.2. THE TOPOLOGICAL LANDAU-GINZBURG MODEL 35

From the target space perspective, adding the superpotential to the topological B+ system
modifies the differential on the complex of fields (the local observables from the perspective we
had up to now) into:

(PV**(X),d + taw) (3.17)

Notice that, when adding the superpotential, the complex of local observables becomes Z/2-
graded. We will discuss the reason behind this change in the grading later.

We can give a more geometric interpretation of these topological models. As we already
said, the topological B system is the cotangent theory to the moduli space of constant maps
RMap®t(C, X). We can also look at it from a different perspective: as a sigma model from the
dg manifold Cyg, equipped with de Rham forms on C (which resolve locally constant functions
on C) as dg ring of functions, to X. Therefore, the v system can be seen as the cotangent
theory of the following sigma model:

T*[-1]Map(Cqr, X) (3.18)

These represents the fields of our BV theory, and we can rewrite them as:
T*[-1]Map(Cqr, X) = 2 (C) @ X 2 Q*(C) @ XV[1] = Q*(C) ® (X & X '[1]) (3.19)

and since T*[1]X = X & XV[1], we get that the topological 8 system is a sigma model with
target the derived manifold T*[1]X. Explicitly:

T*[-1]Map(Cyr, X) = Map(Car, T*[1]X) (3.20)

Here, T*[1]X is equipped with the standard ring of functions, i.e. symmetric powers of the linear
dual, with no differential. What happens when we turn on the superpotential is that the ring
of functions of T*[1]X gets deformed into:

(ﬁ(T*[l]X)v{VK_}) (3.21)

Notice that this is precisely the ring of functions of the derived critical locus of W (see Section
. The only difference is in the grading: for the standard Koszul resolution, we consider the
(-1)-shifted cotangent bundle. In turn, they are the same if we take the gradings modulo 2.
This also explains a problem we did not stress before: if we look at the interaction term in the
action (Eq. ), it is not of cohomological degree zero. But it is still of even degree, therefore
modulo 2, we recover the usual grading for the action functional. Moreover, this explains why
we take the complex of local observables (Eq. (3.17))) to be Z/2-graded.

All in all, we can interpret the topological 8 system with a superpotential turned on as a sigma
model whose target is the derived critical locus of W

Map(Cgg, Crit™(W)) (3.22)

This recovers the familiar physical description of B-twisted Landau-Ginzburg models: the path
integral localizes to constant maps into the stationary points of the superpotential ( [HKK™03],
§16.4.2)!

If we think about the observables of this system, since we are considering a theory of constant
maps, the space of observables is “as large as” the target. The moduli space encoded by these
observables is their geometric incarnation, i.e. a smooth enhancement of Spec. In this case,
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since W has isolated critical points, the underlying manifold (i.e. the spectrum of the degree
zero cohomology) looks just like a “fat” point, i.e. topologically a point but with a dg ring of
functions over it.

Interestingly, as we will see later, coupling this theory to topological gravity affects the size of
this moduli space.

3.3 Coupling with topological gravity: target space perspective

What happens now if we couple the topological systems we discussed above with topological
gravity? This is the standard procedure to construct a topological string theory, as was done,
for example, in the seminal work of Dijkgraaf-Verlinde-Verlinde in [DVV91,DVV90]. In their
approach, the matter sector is taken to be a two-dimensional topological conformal field theory
(TCFT), obtained by performing the B-twist of a N = 2 superconformal field theory.

The coupling with topological gravity is obtained by promoting the worldsheet metric to a dy-
namical field, but in such a way that it becomes exact with respect to some nilpotent fermionic
charge. The term topological gravity then mirrors the terminology used by Witten in [Wit88]
for topological quantum fields theories, where after twisting a supersymmetric theory, the stress
energy tensor turns out to be exact.

In [DVV91,DVVI0], they take a worldsheet perspective, and in Section we follow their
philosophy to formulate topological string theory using the BV formalism. Now, instead, we
describe what happens when we couple a topological field theory with topological gravity from
the target point of view, following the description given in [CL12] and |CL20].

Let us consider the topological v system as described in Section[3.1} Recall that the observables
of a BV theory from a worldsheet perspective are the fields from the target point of view. In
particular, the net effect on the complex of fields of coupling with topological gravity is the
following:

(PV**(X),9)
é coupling to topological gravity
(PV**(X)[|ul], 0+ udg)

Here, u is a variable of cohomological degree +2 that represents gravitational descendants, while
the divergence operator dq is constructed as follows:

1. First notice that if we equip the algebra of forms Q**(X) with the differential 9, this be-
comes a differential bi-graded module for the differential bi-graded algebra (PV**(X), ).
In particular, the module structure is given by the unique Q°*(X)-linear extension of the
contraction map:

PVFO(X) @ Q10(X) — QF0(X) (3.23)

aQw—aVw (3.24)

2. Let us choose a holomorphic volume form © € Q™%(X). Since X is a Calabi-Yau manifold,
this is always possible. In particular, contracting with the chosen volume form yields an
isomorphism:

PVH(X) = Qi (X) (3.25)
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3. The operator do on PV**(X) corresponds to the holomorphic de Rham differential 0 on
Q**(X) under the isomorphism PV*/(X) =2 Q"% (X). More explicitly, it is defined as:

do : PVY(X) — PV LI (X) (3.26)

by the formula:
(Oqa) VQ =0(aVQ) (3.27)

Notice that the cohomological degree of an element o € PV® (X) is |a| =i + j, therefore
Oq is an operator of degree -1.

We see that, at the level of the complex of fields, coupling with topological gravity means
turning on gravitational descendants and modifying the differential. But why is this the case?
The reason was already highlighted in [DVV90], but is made more precise in [Get94b].

Passing from a topological field theory to a topological string theory changes the definition of
physical observables. If, for a topological field theory of cohomological type as the B-model
we are considering, the physical observables are just given by some cohomology classes, when
considering a topological string theory we should consider equivariant cohomology with respect
to a S1-action. In fact, the complex (PV**(X)[|u|],d + udq) is the complex whose cohomology
is the equivariant cohomology of (PV**(X),d).

It remains to show where the equivariance condition comes from: to do that, we first review
how equivariant cohomology is defined.

Digression: equivariant cohomology

In order to get a better understanding, it is easier to see how equivariant cohomology works in
the case of the de Rham complex (we follow mainly [Get94b]).

Consider a manifold M equipped with a Sj-action. If Y is the vector field that generates
the circle action, then the de Rham complex (2*(M),d) carries an action of the Lie derivate
Ly : Q"(M) — Q*(M). From the Cartan homotopy formula, we know that:

Ly =[d,vy] (3.28)

where 1y is the contraction by Y.

In the case of equivariant cohomology, we do not want to consider just closed differential forms
but also invariant forms under the action of the Lie derivative. Therefore, we could define
equivariant cohomology as the de Rham cohomology of the basic subcomplex Q*(M )pasic — that
is, differential forms on which Ly and ¢y vanish.

This is almost correct: the problem is that this does not give a well-defined cohomology theory;
indeed, it does not satisfy, for instance, the Mayer-Vietoris sequenceﬂ The idea is then to define
a complex that has the same cohomology of the basic subcomplex.

Let us denote by h the Lie algebra of the circle group. We define the Weil complex of h as:

W(h) := (Symi(h”[-1] ® b*[-2]), ) (3.29)

In our case, the Weil complex has two generators: w in degree +1, and u in degree +2. The
differential § acts on these generators as dw = w and du = 0, and is then extended as a derivation.

4Every well-defined cohomology theory shares some properties that are collected in the Eilenberg-Steenrod
axioms. In particular, the axiomatic approach allows one to prove results, such as the Mayer—Vietoris sequence,
that are common to all cohomology theories satisfying the axioms. For more on the axiomatic approach, see, for
instance, [Hat02], §2.3.
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Very importantly, the Weil complex is contractible, i.e. homotopy equivalent to the zero complex
and therefore the inclusion of complexes (2*(M),d) — (W(h) ® Q*(M),d + d) induces an
isomorphism of cohomology. To prove this, it is sufficient to consider the contracting homotopy
h that acts on the Weil complex as:

hu™ = nwu™ ! hwu™ =0 (3.30)

Notice that these are the only terms we have in the Weil complex: indeed, since w is of degree
+1, and therefore an anticommuting variable, we cannot have more than one power of w.

Now, if we consider the derivation ¢+ on W(h) that acts on generators by w = 1 and tu = 0, the
action of ¢ + vy on W(h) ® Q*(M) is exact. So, as a definition of equivariant cohomology, we
can take the cohomology of the basic subcomplex of W(h) ® Q*(M), on which Ly and ¢ + vy
vanish.

More explicitly, the kernel of ¢ + ¢y is given by:

ker(t +ty) = {a —w(ya) | a € Q°(M)[u]} (3.31)
Taking an element of the above kernel and applying the differential, we get:

0+ d)(a—wiya)) =da—ultya) —wd(tya) — wry (da) + wey (da)

3.32
=1+ wy)(d—wy)o —wlya (3:32)
Thus, we can identify the basic subcomplex with the following one:
{7 (M)(0)[u, d — uey } (3.33)

where the differential forms in Q*(M)(0) are the ones invariant under the action of the Lie
derivative, i.e. the ones satisfying Ly a = 0.

This construction may be defined on any complex €, with operators ¢ of degree -1 and L such
that L = [d,] and 2> = 0. In such cases, the equivariant cohomology Hg (C) is the cohomology
of the differential d — ut on €(0)[u], where €(0) is now the kernel of L.

In summary, one way of computing equivariant cohomology is to construct a new complex such
that the cohomology is the equivariant cohomology of the original one.

We now explain why one needs to compute equivariant cohomology for the local observables of
the 87 system when coupling to topological gravity, and why (PV**(X)[|u|],0 + udq) is the
right complex.

As clarified in [CL20|, not all local operators of the topological field theory (the v system) can
be modifications of the closed-string background, but we should only consider operators that
are invariant under worldsheet reparametrizations.

Since the worldsheet theory is a TF'T, small reparametrizations act trivially up to homotopy
on the space of local operators. To formalize this, consider inserting a local operator and cut-
ting out a small disk D C C around the insertion point. The group of orientation-preserving
diffeomorphism of the disk Diff { (D) acts as the group of local reparametrizations of the world-
sheet. Therefore, asking for invariant physical operators under worldsheet reparametrizations
means taking the equivariant cohomology with respect to Diff | (D). But it is a classical result
of Smale [Smab9] that Diff, (D) is homotopically equivalent to the circle: invariance under local
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worldsheet reparametrizations translates into taking S'-equivariant cohomology of the complex
of local observables.

Concretely, the action of Diff (D) on the observables Obs,(.#3,) (as given in Eq. (3.§)) is
given by a map p : h — End(Obs,(%3,)), where b is the Lie algebra of the circle. Since b is
one-dimensional, and denoting by Y a generator of h, we can just consider the endomorphism
given by:

Py : Obsx(fflgv) — Obsx(ggv) (334)

But since small reparametrizations should act trivially up to homotopy, py must be homotopi-
cally trivial — i.e., there must exist a degree -1 operator ¢ such that:

py = [0, 1] (3.35)

This reproduces precisely the situation we were in when defining equivariant cohomology. In
particular, in our case, ¢ = dq and therefore py = 0.

Putting all together, we see how the complex for computing equivariant cohomology of the local
observables of the B-model is indeed given by:

(PV**(X)[|ul], 0 + udq) (3.36)

This is the complex defined by Costello and Li to describe the BV fields of the BCOV model.

We have just seen how Costello and Li justify the equivariance condition, and we derived the
complex of fields we would like to compare with the observables of our worldsheet model for
topological string theory. However, the physical significance of this condition is perhaps more
evident in the work of Dijkgraaf-Verlinde-Verlinde in [DVV91,DVV90], and again emphasized
in [EKYY93|. Now, we briefly review their construction of a topological string theory to show
the physical consequences of this equivariance condition.

To construct a topological string theory, the standard procedure is to couple a topological
conformal field theory with topological gravity. In [DVV90] §5.1, topological gravity is obtained
by the familiar BRST gauge-fixing procedure in physics. In particular, worldsheet gravity is
introduced as a metric on the worldsheet with its superpartner. Therefore, the symmetries to
gauge are super-diffeomorphism invariance and super-Weyl rescaling.

In order to gauge fix super-diffeomorphism invariance, the condition chosen is the superconfor-
mal gauge: the metric (and its superpartner) should be proportional to the flat metric up to
a conformal factor. Instead, to gauge fix super-Weyl transformations, the condition chosen is
that the curvature of the metric on the worldsheet is given by some fixed background curvature,
while the curvature of the superpartner is just zero.

To implement these fixing conditions through the BRST procedure, we should add ghost fields
and, in particular, the topological gravity sector of the action is constructed out of these ghost
fields. The superconformal gauge is implemented through the familiar 8 and bc systems of su-
perstring theory, whereas the condition chosen to fix super-Weyl transformations is implemented
through the so-called Liouville fields.

We were very fast in presenting this construction: the reason is that the details are not important
for our purposes. What is important for us is that all the sectors of topological string theory
(matter + ghosts 4 Liouville) have the structure of a TCFT. This means that the state space
of every sector is a topological Virasoro module (as defined in [Get94b| §2), which means that
it is acted on by the topological Virasoro algebra. This algebra is generated by a stress energy
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tensor L(z) of spin 2, an anomalous U(1) current J(z), and two fermionic currents G*(z) and
G~ (z) that have spin 2 and spin 1 respectively. In particular, L(z) generates the Witt algebra,
and we can think of the topological Virasoro algebra as the twist (for our purposes, we always
consider the B-twist) of a N = 2 superconformal algebra done by modifying the stress energy
tensor by mixing it with the U(1) current. If we expand every current in Fourier modes, we get
the explicit commutation relations (n,m € Z):

[Lyn, Ln] = (m —n) Lyt [Jms JIn] = dmbmin.0
[Lmanz_] =(m— n)G;rl—m [vaG;iz—] = 7G7Jrrl+n
[Lim, Gy ] = _nG’;H-n [Jm, Gl = G;’L—i-n

1
[G;;, G;] = Lm+n + nJm+n + idm(m + 1)5m+n,0 (337)

Loy ] =~ — %dm(m D) omino
(G, GR] =0 Gy Gl =0

Here, d is the central charge of the untwisted N = 2 superconformal algebra. This is why J(z)
is an anomalous U(1) current: it is coupled to a background charge.

The state space of a TCFT is a complex, where the grading is given by Jy, and we call the
differential Q. This differential is composed of two parts: the supercharge coming from the
supersymmetry transformations that after the twist (Jg becomes a scalar and the BRST charge
QprsT that implements the symmetries. In this case, the scalar supercharge is the integral of
G, while to construct the BRST charge, we should integrate a combination of the stress energy
tensor and its superpartner, i.e. the BRST current.

Let us give some details (for more, see [DVV90] §5.1 & §5.2). The conserved currents of the
ghost sector are given by:

Ly, = cOb 4+ 20cb 4 v0B + 2073 Jgh = bc + 23y (3.38)
G;’h = cdB 4 20cp Gg_h = by ’

Here, b and c are the anticommuting ghosts of spin 2 and -1, while 8 and  are their commuting

supersymmetric partners of the same spin.

Instead, the Liouville sector is realized in terms of free fields (7 and x are just Lagrange multi-

pliers to implement the gauge fixing condition, while ¢ and ¢ are supersymmetric partners to

each other). The conserved currents are given by:

Ly = 0ndyp + 9*1 + OxOp Jr = Yox + 0p

9 B (3.39)
G| = Ox0¢p + 0°x G, =Yom + 0
The supercharges are then given by:
Qsror = }[ Gnt+Gy, + Gy
(3.40)

1 1
QBRST,TOT = ?{C[Lm+L+2L9h] +A[GH L+ §G;h]

where with the lower index m we mean the conserved currents of the matter system.

In the end, the physical states belong to the cohomology of Qsror + QBRSTTOT, but With
an important additional condition: they should also be annihilated by L (the zero mode of
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the energy stress tensor of the matter TCFT) and by, that is, the zero mode of the ghost b.
This is the equivariance condition we were talking aboutﬂ Without this condition, there are no
non-trivial pure topological gravity states (the ones constructed out of the ghost and Liouville
sectors) and therefore the topological gravity sector completely decouples from the matter sector.
Instead, the non-triviality of the interaction between matter and topological gravity is precisely
encoded by this condition.

Why does it resemble an S'-equivariant cohomology condition? Well, looking at the explicit
commutation relations in Eq. , we see that for the matter system, Ly = [Gy,Gq]. How-
ever, since G, is our differential and G(J)r is an operator of degree -1, we recover Eq. (3.28]).
The same happens when including the other sectors to get the condition for by (for a rigorous
treatment, see [Get94b| §2 & §3).

The fact that the topological gravity sector does not decouple from the matter sector can also
be seen by an explicit computation. Let us consider the topological Landau-Ginzburg model (as
described in Section now coupled with topological gravity. The complex of fields from the
target point of view is given by:

(PV**(X)[|ul], 0 + uda + taw) (3.41)

Recall that when the superpotential is introduced, the BV complex becomes Z/2-graded.

Let us now compute cohomology: we will do it in steps using the same spectral sequence
argument given in Section If we first compute cohomology with respect to the 9 operator
and use the identification of Eq. (3.6)), we get the remaining complex:

+ - + = +
BoClro] uBoCl0] ) .
" e - ]%% ~O o ]/
w0

\ / udq / \
W/ago 0 W’ago -

Now, let us take cohomology w.r.t. the udq operator. After doing the identification of Eq.
2

1' Oq has the common form of a BV Laplacian, that is, dqg = % The explicit action on

elements is then given by:

n—1

Bovy — wyp ufp — 0 uyo — 0 (3.42)

5Notice that throughout this discussion we just considered the chiral sector of the state space. To complete the
discussion, we should also consider the antichiral sector. In the end, it does not add much; just the equivariance
condition on a state |v) would read (Lo — Lo)|v) = (bo — bo) |v) = 0, where the bar indicates the antichiral
operators.
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Taking cohomology, we then get the following:

+ -+ =

I+

Bo ufBo

A’ago A{aﬂo

Clvo] 0 0

/W’ gy 0 A 93

If we now take cohomology w.r.t. the differential induced by turning on the superpotential, we
get the chiral jacobi ring, but not only! This is what we were hinting at the end of Section
the size of the moduli space encoded by the local observables of topological Landau-Ginzburg
model changes after coupling with topological gravity.

0

3.4 Topological string theory from the worldsheet

In this section, we try to give a worldsheet perspective on topological string theory, and our goal
is to check if the observables of our theory agree with the fields defined by Costello and Li (see
Eq. (3.36).

Our construction is very similar to the one in [DVV91,[DVV90] in spirit: as a matter system,
we too consider a TCFT that emerges as the B-twist of a superconformal field theory, and then
we couple this theory with topological gravity.

In our approach, however, the coupling with worldsheet gravity will emerge naturally as the
coupling of two formal moduli problems: making the metric a dynamical variable translates into
gauging a background symmetry that acts on the matter system.

This section is divided as follows: in we describe the field content of the untwisted matter
system and its symmetry; in [3.4.2] we perform the topological twist on the coupled system, and
in we finally describe the full theory.

3.4.1 The matter system and its symmetry

Let us first describe the matter system of interest. We consider the theory of holomorphic maps
from a super Riemann surface to a complex vector space X of dimension n. For simplicity, we
define our theory on C!1, where the second upper index indicates the number of odd directions.
Our matter system will then be the cotangent theory to the moduli space of holomorphic maps
from C'' to X, which we denote as Map!(CH!, X).

Here, we treat the odd direction of C!I' purely algebraically. This means that if we have a map
v : C' — X and we introduce a parameter ¢ of cohomological degree +1, we can look at v as
a function on C with values in X ®¢ C[e]. With this convention:

Map™!(C!', X) = Map™!(C, X @¢ C[e]) (3.43)

From the physical point of view, we are considering n chiral superfields. We could also add the
antichiral superfields, described by antiholomorphic maps, but this does not add much to the
present discussion.

The BV fields are given by a local Lie algebra that describes a formal neighbourhood of the
moduli space (3.43]). In particular, very similarly to what we did in Section we want to
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Figure 3.2: The BV complex of the matter system M

describe the derived enhancement of the cotangent theory to this moduli space, and to resolve
the holomorphic constraint we take the Dolbeaut resolution. The global sections of the complex
of BV fields are then given by (the complex is also explicitly depicted in Figure [3.2)):

M(C) = (T*[-1)(2™(C, X)[e]), 9) = (2**(C, X)[e] & &' (C, XV)["], 0) (3.44)

This is really the holomorphic v system we described in Section [2.3] now considering also the
superpartners to each field.

Notice that the space of fields is just a cochain complex: it does not have a Lie bracket or higher
brackets. Also in this case, then, we are studying a free theory.

The moduli space we want to describe, from a field theory perspective, should arise as a varia-
tional problem: the equations of motion of the fields should impose the holomorphicity condition.
Therefore, the action is given by:

/ (B,07) (3.45)
C

where (—, —) is the pairing of cohomological degree -1 given by the wedge product on forms
and the evaluation pairing on X ®c C[e] (the explicit form is very similar to Eq. (3.3)).

Let us now see how gravity enters the game. As mentioned earlier, the guiding idea is to gauge
a background symmetry that acts on the total space of fields M, much like we did in the case
of the holomorphic bosonic string (see Section .

Before carrying this out, however, we need to clarify three things: what the relevant symmetry
is, how it acts on the matter system, and why this symmetry can be interpreted as gravity. In
our description of the symmetry, we closely follow [SW23].

The matter system admits an action of Vect(1]1), our notation for the Lie algebra of N = 2-
extended holomorphic vector fields on the punctured plane C* = C\ {0}. The reason why we
call them “N = 2-extended” is that Vect(1|1) is isomorphic (as shown in [KL8§|) to K (1]2), the
Lie algebra of contact vector fields defined on CI2.

In what follows, we only need to deal with Vect(1|1), so we do not spell out all the properties
of K(1]2). However, this identification is conceptually important: a theory is said to be N =
k supersymmetric if it admits an action of K(1|k). Thus, our matter system is a N = 2
supersymmetric theory.

More precisely, we say that it is N’ = 2 superconformal (echoing the description of [DVV91]), and
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the reason is that Vect(1|1) = K (1]2) plays the role that the classical Virasoro or Witt algebra
(see Example 3, Section plays in the bosonic case. Just as the Witt algebra consists of
holomorphic vector fields on the punctured plane, here we consider a natural supersymmetric
extension.

As a vector space, Vect(1|1) can be thought of as:

rhol( ¢t rcthty .= rhol(c*, 710C*)[e] @ 6"°Y(C*) ®c Der(Cle]) (3.46)

where 01°(C*) denotes holomorphic functions on C*, and with “Der” we mean derivations
(schematically: Der(C[e]) = Cle]0k).

To be compatible with the BV formalism, we want to think of Vect(1|1) as a local Lie algebra,
as explained in Section This involves resolving the holomorphic constraints using the
Dolbeaut resolution and treating it as a sheaf of dg Lie algebras. Taking global sections of this
local Lie algebra over C*, and restricting to degree zero cohomology recovers the classical Lie
algebra of Eq. .

As a local Lie algebra, we describe Vect(1]|1) over open sets U = C — and, by abuse of notation,
simply write them as defined on C. The resulting complex is:

Z = (Q*(C, TH°C) ®¢ Cle]) a (2%*(C) ®@¢ Der(Cle))) (3.47)

[43

Here, “ b ”denotes the direct sum of the two differential graded vector spaces but equipped
with a different Lie algebra structure; indeed, we also want to consider the action of a summand
on the other one. Concretely, the dg Lie algebra structure can be described as follows:

e the differential is 0 on both summands of the above decomposition;

e the Lie bracket on Q%*(C,T9C) ®@¢ Cle] is obtained from tensoring the usual Lie bracket
on vector fields with the graded commutative product on Cle];

e the Lie bracket on the other summand is given by tensoring the wedge product on differ-
ential forms with the Lie bracket on derivations on Cle];

e the remaining brackets are through the Lie derivate of holomorphic vector fields on C and
the action of Der(Cl[e]) on C[e].

Diagrammatically, we can represent % as in Figure where, by abuse of notation, 6"!(C) =
(20%(C), D). Notice that in this case, we are adopting the L, convention for the cohomological
degree.

=1 0 1
o1l (C)d),
oM\ (C)o- oM (C)e0,
O"(C)ed-

Figure 3.3: The underlying complex of Vect(1|1) as a local Lie algebra

How does this symmetry act on the matter system M? A possible guess is by an Q%*(C)-linear
extension of the Lie derivative of holomorphic vector fields on C and by the natural action of
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Der(C[e]) on Cle]. To be more explicit, let us give two examples (all the other cases are very
similar).

L If vy € Q¥9(C,V) € M and ¢, € (Q¥(C,T1°C) ®¢ Cle]) C &, given {e;}ien a basis of
V, locally on C we have: v = v(z, 2)e; and ¢, = ec,(z, 2)dzZ ®c 0,. The action of ¢, on v
then is:

Loy = ecs(z, z)a'y(flj’z)dz ®c e € cQ%LH(C, V) M (3.48)

I If v € eQ%(C,V) € M and c. € (2%1(C) ®@c Der(Cle])) C &£, we locally have that:
v = ey (2,2)e; and c. = ec.(z,2)dz @¢ 0. Thus:

e -y = ece(2,2)7'(2,2)dz @c ¢; € eQVHC, V) Cc M (3.49)

It is possible to check that this action of £ on M gives a homotopy-coherent map p : £ ~~
End(M[—1]), which in this case is just a strict dg Lie algebra map. The calculations are very
similar to the ones we did in Section We conclude that & is really a symmetry of our
matter system.

As explained in Section gauging the local Lie algebra . means considering the new formal
moduli problem of the coupled system .Z x M. Since .Z is a supersymmetric extension of the
Witt algebra — which governs deformations of complex structures — its interpretation closely
parallels that given for the holomorphic bosonic string in Section 2.3} making the metric a
dynamical variable corresponds to moving in the moduli space of Riemann surfaces. However,
unlike the holomorphic bosonic string, with . we will also introduce superpartners to each
gauged field: these are needed to perform the twist and obtain topological gravity.

Before giving a description of .Z in terms of fields and making explicit the coupling terms in the
action functional of the full theory, in [3.4.2] we explain what performing the topological twist
actually means.

3.4.2 Performing the topological twist

At the level of a BV theory, performing a twist means deforming the BV differential. In the
language of formal moduli problems, it is clear why: we need to select an element of cohomo-
logical degree +1, that satisfies the Maurer-Cartan (MC) equation — that is, a Maurer-Cartan
element. The latter is responsible for deformations of the underlying dg Lie algebra structure.
In our case, we first apply this twist to the symmetry algebra £, and since we consider a coupled
system, the matter system M gets twisted accordingly.

Coupling the twisted £ with the twisted M can then be interpreted as coupling the matter
system with topological gravity, recovering the description of [DVV91].

Looking at the explicit form of .Z (see Figure , we see that we do not have many possibilities
to choose a MC element: it is natural to consider €0,. In fact, this is a degree +1 element and
satisfies the MC equation, which in this case is just [€0,,£0,] = 0. To compare with the usual
physics literature on topological twist, €0, is the fermionic nilpotent supercharge with respect
to which we perform the twist.

How does €0, act on a generic element of .£7 Schematically, if f(z) is a holomorphic function:

0. £ = 0 1 0. o s = s, (3.50)

[€0., f(2)ed:] = f(2)e0e (€0, f(2)ed.] =0
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Thus, Figure gets the following arrows:

|
—_
©
[—=

ﬁhol (C)az
K2 az
d/ \,x
oh(C)d 6 (C)z0,
0 y
O"(C)ed.

Figure 3.4: Performing the topological twist on .¥

We denote the blue arrows by id and the red arrows by 0. because of the action of [¢d,,—] on
the holomorphic function f(z).

As remarked above, what really happens in the twist is a Eieformation of the original differential
in the BV complex. In this case, the Dolbeaut operator 0, gets modified as:

0 — 0+ [0, —| (3.51)
Since we are considering a coupled system (even though we did not make the coupling explicit

yet), we should also perform the topological twist on the matter system. This modifies M
(originally as in Figure as follows:

—1 0 1

1\

Q0O(C,v) —2 vl(C, V)
=0

£000(C, V) 25 cQ01(C, V)

ok, vY) & ot vY)

eVQto(c,vVv) % evatl(c,vY)
Figure 3.5: Performing the topological twist on M

Notice that, under the identifications ¢ = dz and €V = 9., the operator €0, becomes 9, the
holomorphic part of the de Rham differential. Thus, performing the topological twist on M
corresponds to deforming the differential 0 to the full de Rham differential: 0 — 0 + 0 = d.
Taking the totalization of the complexes in Figure|3.5] we get two copies of the de Rham complex,
which recovers the BV description of the topological 5+ system, as described in Section (see
Figure .

We see that, after the twist, the matter system becomes a topological field theory. Since it arises
from the twist of a N = 2 superconformal field theory, it defines a topological conformal field
theory, as described in [DVV91].
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3.4.3 The full theory

We are now ready to describe the full theory. In the BV approach, given an appropriate action
functional, all the relations among the fields are encoded in the BV differential {Sgy, —}. Before
writing the explicit form of the total action, we need to give a description of .Z in terms of fields
and antifields. This will allow us to have an action associated with £ that reflects all its
structure as a dg Lie algebra.

To this end, we construct the BF theory associated with .Z, mimicking what we have done in
the case of the holomorphic bosonic string in Section [2:3] Thus, the total space of fields is given
by the following shifted cotangent bundle: Z[1] ® £'[—2]. Here, " denotes the shriek dual of
Z, and those shifts are made to ensure the correct BV grading.

The total BV complex is depicted in Figure Notice that here we are already making the
identifications we mentioned in (¢ = dz and €V = 9,), allowing us to write the complex
more concisely.

—2 —1 0 1

(Q*(C, V) — " at*(C, V),

(@2*(C,VY) —— QM (C,VY)),

(Q0*(C, T10C) 2+ Qb*(C,T00)),

(Q0*(C, T'0C) % Ql+(C,T'C)),

z

€

(QO’*(C, T*LOC) L> QL*(C, T*l’OC))b

(QO’*(C,T*LOC) 9 Ql’*(C,T*l’O(C))b

Figure 3.6: The BV complex of topological string theory

We are now in a position of giving the explicit form of the full BV action. This action has three
terms: one reflecting the relations of the twisted M (that is, the topological v system), one
the relations of the twisted %, and the last one expliciting the coupling between the TCFT and
topological gravity.
Recalling the action of % on M, given by equations , and similar ones, and intro-
ducing the notation (—, —); for the pairing between holomorphic vector fields and holomorphic
differential forms (extended by the wedge product between differential forms), we get the fol-
lowing action:

Spv = Sy + S + Sewnm (3.52)

where the three terms are explicitly given by:

- Sai = Je (B, (O +0)7)y = [ (B, dy)y

- Sy = Sf,free + S,?f,int and:

N

€
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: SZ,free = f(C <bZa dcz>T + <b€7 dCz—:>T
: S,,%’,int = f(c <bZ7 [sz Cz]>T + <bsa [657 Ce]>T + <bza Ce Cz>T + <b57 Cy - Ce>T
- Sexm = f(c <B7 L0z7>v + <B7 Ce - ’7>V

If we now look at the cohomology of local observables in this model for topological string theory,
we notice something strange: there are no gravitational descendants. That is, the physical local
observables are the same as in the usual B-model.

After performing the topological twist, indeed, the gravity sector of our model gets the blue
arrows we denoted by “identity” (see Figure . Taking cohomology with respect to those
arrows makes the whole sector trivial.

The crucial observation here is that we are accounting only for the formal moduli problem.
Gravitational descendants come from the global structure of the gauge group, as we try to
motivate in the next section.

3.5 Gravitational descendants from the worldsheet

In this section, we motivate why, from the worldsheet perspective, gravitational descendants
come from the global structure of the gauge group. We will do it by analogy with other models
constructed in the literature for topological string theory, and then we will see how to implement
them in our model.

First, what is the global structure of the gauge group in our model? Recall from Section
that our approach to constructing a topological string theory involves starting with a matter
system — specifically a N = 2 superconformal theory — and then gauging a background symmetry
to account for gravity. This symmetry is taken to be a supersymmetric extension of the Witt
algebra.

After performing the topological twist, the twisted system is interpreted as topological string
theory: a topological conformal field theory coupled with topological gravity, where the latter
arises from gauging the twisted symmetry. Ultimately, the relevant symmetry algebra after
twisting is the real part of the Witt algebra — that is, the Lie algebra of real smooth vector fields
on the circle.

This is because, to perform the twist, we first complexify the matter system, and, therefore,
also the symmetry has to be taken complex (recall the discussion in Section where the
relation between a massless scalar field and its chiral components was explained). However,
after the twist, the structure reduces to de Rham-type data. Therefore, the global gauge group
underlying our model is essentially given by the real vector fields on the circle rather than by
the holomorphic vector fields.

Given that the Lie algebra we are considering is then Vect(S'), what is its global structure? In
other words, does there exist a Lie group whose Lie algebra is given by Vect(S!)?

The answer is yes and is given by the orientation-preserving diffeomorphism group of the circle
Diff ; (S1) (see |Sch08], §5.1). Being an infinite dimensional Lie group, it is very difficult to
treat it as it is. However, we can make a tremendous simplification: Diff  (S1) is homotopically
equivalent to S! itself, as we now show.

Proposition 1. The space of orientation-preserving diffeomorphisms of the circle Diff { (S1) has
the same homotopy type of the circle itself.

Proof. First, let us denote with Diff (51), the orientation-preserving diffeomorphisms of the
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circle that leave invariant the point p, and with Isom(S7) the orientation-preserving isometries
of the circle. Isom(S7) is homeomorphic to U(1): every orientation-preserving isometry from
the circle to itself is given by a rigid rotation.

Notice that every ¢ € Diff ; (S1) can be written as a composition of f € Diff; (51), and ¢ €
Isom; (S7). Indeed, suppose ¢(p) = p’ and consider the rigid rotation g : p — p’. Then, since
every isometry is invertible, we can form the composition f = g~' o ¢ to obtain an element
f € Diff { (S1),. Hence, we have ¢ = go f, and because of the generality of the diffeomorphisms,
we see that:

Diff { (S1) = Diff  (S1), Isom,(S1)

Now, since Isom  (S7) is homeomorphic to U(1), it suffices to show that Diff | (S1), is contractible
to prove the claim. Without loss of generality, we take p = 0.

Notice that we can identify the circle with the unit interval I = [0, 1] where the two endpoints
are identified, i.e. S* = [0,1]/(0 ~ 1). In this way, every f € Diff{(S1)o lifts uniquely to a
orientation-preserving diffeomorphism of the unit interval f fixing the endpoints. Therefore, we
identify Diff | (S1)o with the space:

D={feC¥(LD)|f0)=0, f(1)=1, f'(z)>0Vze(0,1)}

where the condition f’ > 0 is needed to ensure smooth invertibility. 3
Now, we wish to prove that D is contractible to a point. In particular, every f € D can be
deformed to the identity idp = x. The deformation retract is given by:

v:[0,1] xD —=D
(t, /) = w(H)(@) = (1 =) f(z) + tx

To finish the proof, we just need to verify that at each ¢ € [0,1], 7 stays in D. This is
straightforward, in fact, v;(0) = 0 and (1) = 1. Moreover:

i(z) = 1= t)f () + 1

and since f’ > 0 and t € [0,1], y/(z) > 0 ¥z € (0,1).
Therefore, D, and hence also Diff, (S!)g, is contractible. This proves the proposition.

In conclusion, at least homotopically, the global structure of the gauge group is just U(1)!
There are some hints in the literature that go in this direction. In [Wit90] §2.2, Witten highlights
how topological gravity can be constructed as the theory of a two dimensional spin connection,
i.e. a SO(2) gauge field w. This can also be interpreted as gauging Lorentz symmetry on the
worldsheet. But SO(2) is isomorphic to U(1) as Lie groups, and so we see how the global gauge
group is U(1). In particular, Witten constructs this theory by introducing the BRST multiplet
(w, ¥, ¢) where w, 1 and ¢ have ghost number 0, 1 and 2 respectively. A BRST transformation
acts on this multiplet as follows (we borrow the same notation of [Wit90], §2.2, Eq. (2.12)):

OBRSTWy = i€y,
OBRSTYy = —€0,0 (3.53)
dBrsT® =0

In our notation, this would correspond to the following diagram (notice that the cohomolog-
ical degree is the opposite as the one in [Wit90], because Witten is working on the space of



50 CHAPTER 3. WORLDSHEET VERSUS TARGET

observables, while we are now presenting the space of fields):

|
)

|
—t
()

0o _d 1
Qy —

As we can notice explicitly, this diagram does not form a cochain complex: the differential
does not square to zero. But, as highlighted by Witten, it squares to zero up to a gauge
transformation. In our language, we would then add a ghost field that makes the space of fields
into a cochain complex:

=2 =1 0
Q0 4, Q!
C w
id id
0o _d 1
Qy — 1,

We see the similarity with the fields of our topological gravity sector in Figure [3.6

Another equivalent formulation, mentioned in [Wit90,LWP8§]|, is based on SL(2,R) gauge fields.
Still, SL(2,R) is homotopically equivalent to U(1). Therefore, we believe that assuming that
the global structure of the gauge group is U(1) is correct.

We have motivated why it is natural to consider U(1) as the global structure of the topological
gravity sector in our model. Now, we should explain how to account for this global structure
at the level of the BV theory. To introduce the techniques needed, we first treat the case of
a model where the geometric interpretation is clear: abelian Chern-Simons theory. Since the
global gauge group in this case is also U(1), we can construct gravitational descendants in our
model by analogy with this example.

Digression: non-perturbative abelian Chern Simons theory

The BV complex describes a formal moduli problem, i.e. a neighbourhood around a chosen
solution of the equations of motion in the moduli space. This is why we say that BV describes
perturbation theory in field theory. What if we want to describe the entire derived stack of so-
lutions or, in other words, what if we want to give a non-perturbative description of our moduli
problem?

Of course, this is not always possible, but we will see in this section how we can construct a
model for non-perturbative abelian Chern-Simons theory, and, by similar arguments, how we
can implement the gravitational descendants in our model for topological string theory.

Recall from Section the BV complex of Chern-Simons theory on a three-dimensional man-
ifold M is just given by de Rham forms on M with values in a Lie algebra g (see Figure ,
equipped with the de Rham differential. As a formal moduli problem, this describes deforma-
tions around the trivial flat connection on a trivial G-bundle, where G is the Lie group whose
Lie algebra is g. But where do we see these choicedf?

For a careful treatment of this formal moduli problem, see [CG21|, §3.3.1.
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Let P — M be a principal G-bundle equipped with a chosen connection, and let gp := P Xg ¢
be the adjoint bundle. The connection induces a derivation V of degree +1 acting on de Rham
forms valued in gp, and if the connection is flat V2 = 0. If we now want to describe the formal
moduli problem describing a neighbourhood of this chosen connection, which we take to be flat,
we write the following local Lie algebra (we are not careful about the correct gradings):

with a Lie bracket inherited from gp that is a bundle of Lie algebras.
If we take P to be the trivial principal bundle and look around the trivial flat connection, then
we really get perturbative Chern-Simons theory: (Q*(M,g),d).

Now, what if we want to describe the entire moduli space of flat connections? In other words,
we do not want to choose a specific connection on a specific principal bundle and look at defor-
mations of that one, but we want to classify all principal bundles with flat connection, including
the ones with non-trivial global topology.

Consider the case of abelian Chern-Simons theory, where G = U(1) and g = R. A model for the
non-perturbative version is given by smooth Deligne cohomology. This is the hypercohomologym
of the following complex of sheaves:

0 — U(1) dog g 4,02 4,03 4,
where U(1) is the sheaf of smooth locally constant functions with values in U(1). If we think
about Chern-Simons theory, in this case the ghosts are really maps into the global gauge group,
not just into the Lie algebra.

There is a version of the Deligne complex that is more appropriate for our purposes. Notice
that the short exact sequence of sheaves

0 Z— R 22 UQ)

~
o

induces the following quasi-isomorphism of complex of sheaves:

Therefore, we can take as definition of smooth Deligne cohomology the hypercohomology of the
first complex above.

A way to compute this hypercohomology is through the Cech-Deligne double complex, where
the vertical row is given by the Cech complex, while the horizontal row is the complex we just
defined. In order to do that we need to choose a gooaﬁ open cover U = {U; }ier of our manifold

"Hypercohomology is defined as the sheaf cohomology of a complex of sheaves. Specifically, when you resolve
the complex, you get a double complex and the hypercohomology is the cohomology of the totalization of that
double complex. In this section, we do not need to worry much about the formal definition, since we will give an
explicit double complex to compute smooth Deligne cohomology.

8 An open cover U = {U; }cr is called a good open cover if each open set U; and each intersection Us,iy. 4, =
U;; N---N U, is contractible. Any smooth manifold admits such a cover. This condition is needed so that
computing Cech cohomology is the same as computing ordinary sheaf cohomology.
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M and take the Cech complex on this cover.
Recall that the Cech complex of a presheaf F with respect to the good open cover U is defined

as follows ( [sta25], §20.9):
1. If we denote with U, 4, = U;, N--- N U;, the (n + 1)-fold intersection of elements of U,
we have that the degree n part of the Cech complex is given by:

ews= [ T (3.55)

(i0...in)EIn+1

2. Given an element s € C" (U, F), we denote by s;,.. 4, its value in F(Uj,. i, ). The differential
on this element s is given by:

§: (U, F) — C"TL(U, F)

ntl . (3.56)
5(3)i0~~.in+1 = Z(_l)]sio...%...in-&-l ‘Uiomi,.H,l
=0

It easy to see that 6% = 0.
3. Therefore, the Cech complex of F with respect to the open cover U is (€*(U, F), §).

Finally, we can give the explicit form of the Cech-Deligne double complex (the horizontal degree
is the BV grading).

3 Z(UUijr) — QU Uijr) — ..
(ﬁ (ﬁ T

2 Z(JUsjr) — QU Uijr) —2 QYU Uijp) —— ...
o 1] il |

1 Z(UUy) —— QLUJU;;) —= Q(UU;) —% UU;) — ...
(ﬁ (ﬁ zﬂ\ 5T

0 ZUU) —— QUU) —4= QU Uy) —4 U —% UD)

—2 —1

o
[—=
]

Figure 3.7: The Cech-Deligne double complex

The smooth Deligne cohomology fIZ-)(M ) is the cohomology of the totalization of this double
complex.

How can we see that this is a model for the entire moduli space of flat connections? The
key fact is that the degree zer(ﬂ Deligne cohomology is isomorphic to isomorphism classes of
principal U(1)-bundles equipped with connectionm Although we do not go into the proof of
this (see [Bry09], §2.2), we will now see some properties of HY (M) that motivate this statement.

In the literature, it is usually the degree one cohomology the one of interest, but we are adopting different
conventions.

1%Usually, the complex is truncated in horizontal degree 0. Since we want to model flat connections, in the
computation of cohomology, we also add the horizontal degree 1.
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The key observation is that the smooth Deligne cohomology includes both topological and geo-
metric data. To see this, since we are interested in degree zero Deligne cohomology, let us look
at cochains that belong to the diagonal of total degree zero of Figure They consist of the
data:

A = (A, {eisbig {mijebige) € 2 JU) @ WY Uy) P 2 Uiji, Z) (3.57)

A cochain of this type is called a cocycle if it is closed under the total differential (for a moment,
we omit the flatness condition):

6(A)ij = (Ai—Aj)|u,; = deij
5<C)ijk = —MNijk (3.58)
(M)ijkr =0

We can recover the closure condition just by following the images of the vertical/horizontal
differential in the double complex, as in Figure [3.8

(M)ijrr =0
d
Nijk — 0(C)ijk = —Nijk

d
cij —— 3(A)yj = deyg
o

A
Figure 3.8: Deligne cocycles

Here, we explicitly see the geometric and topological data encoded in a cocycle. The A;’s are
local connection one forms and, on intersections U;;, they are related by gauge transformations
cij. Notice that we are also accounting for the so called large gauge transformations that are
those set of globally defined one forms with integral period that are closed but not exact under
the de Rham differential. Indeed, since we are considering a good open cover, and therefore
every intersection is contractible, on every intersection we can use the Poincare lemma: even the
restriction of a large gauge transformation on an intersection can be written as an exact term.

The topological data are encoded in the gauge transformations: these define the transition
functions of a U(1) principal bundle as ¢;; = exp(2mic;j). The cocycle condition for transition
functions on a triple intersection (y;;pjkpr; = 1) holds as a consequence of §(c);j; being Z-
valued. The set of ¢;; tells us about the topology of our bundle, in particular how to glue local
patches together: we are allowing objects with non-trivial global topology to be described by
local data.

Since on each intersection d(A; — A;j) = d?c;; = 0, the collection {d4;} can be identified with
the set of local representatives of a closed two form, the curvature F. This is globally defined,
and the conditions on ¢;; and 7;;, imply that it has an integral period, so we recover the basic
setting of Chern-Simons theory.

Therefore, the datum of a Deligne cocycle is equivalent to the datum of a curvature two form
globally defined on our bundle. The fact that F' has integral period, means that its de Rham
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cohomology class [F]€ H?(M,R) is the image of a class H?(M, Z) under the coefficient morphism
Z — R. However, when we consider the morphism H?(M,Z) — H?(M,R), the torsion part of
H?(M,7) gets killed.

The crucial facﬁ is that we can also encode this torsion part of H2(M, Z) through the data of ik
and ;;, therefore, every class in A 2(M,7Z) can be represented by a class in Deligne cohomology.
This is why Deligne cohomology is considered as a refinement of integral cohomology.

For our purposes, this is crucial: elements of H2(M,Z) are in one-to-one correspondence with
isomorphism classes of U(1)-principal bundles. Thus, we see how topological non-trivial bundles
are encoded in Deligne cohomology.

More precisely, this is a consequence of the following short exact sequence (first proven in |[CS85]):

0 — QYM)/QL(M) — HY (M) — H?*(M,Z) — 0

where Q%(M ) denotes one form with integral period. This short exact sequence makes precise
what we were saying: HY(M) contains both the topological data (contained in H?(M,Z)) and
the geometric data (the connection one form up to gauge equivalences).
To all this discussion, we then add the flatness condition, since we are just interested in flat
connections because of the equation of motion of Chern-Simons theory.

In summary, we have seen that to model the moduli space of U(1)-principal bundles with flat
connections, we need to modify the BV complex for abelian Chern-Simons theory to also capture
the topological data. A model for this is given by smooth Deligne cohomology:

&
|
—_
o
[—=

2

Z— Q0 40t 4,02 94,03

Figure 3.9: Non-perturbative abelian Chern-Simons theory

Returning to topological string theory, recall that we take the global structure of the topological
gravity sector in our model to be precisely U(1). By accounting for this global structure, we can
make gravitational descendants appear. In particular, by analogy with abelian Chern-Simons
theory, we modify the topological gravity sector as follows (compare to Figure :

—2 -1 0

Z — QO 9, Qb

QO,* 0 Ql,*
Figure 3.10: Gravitational descendants

Taking the cohomology of local observables in this modified model of topological string theory,
we find that, in addition to the usual observables of the topological 8+ system, the topological
gravity sector remains trivial — except for the appearance of a new variable in cohomological

"For a nice treatment of this subtle point, see |GT14].
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degree +2.

This variable represents the gravitational descendant, aligning with the description given by
Costello and Li, who identify gravitational descendants as degree +2 variables in the theory (see
Section (3.3)).






Conclusions

In this work, we have first explored the Batalin-Vilkovisky formalism and how it describes
classical field theories, reinterpreting it in terms of derived deformation theory. We have then
constructed a model for topological string theory from the worldsheet perspective and compared
it with the target space approach developed by Costello and Li.

The first two chapters were primarily focused on establishing the formalism.

In the first chapter, we began from the very basics, outlining the data that define a classical
field theory, and identifying the moduli space of solutions to the equations of motion as our
main object of study. We then explained how certain constructions from derived geometry
become essential when dealing with singular cases. We first examined the case of non-transverse
intersections, which led us to consider the derived critical locus in place of the classical one. We
then recognized that incorporating gauge symmetries into our framework requires accounting
for the stacky quotient, a derived model for taking invariants. Bringing all of these elements
together, in Section we derived the explicit form of the BV-BRST complex, which later we
applied to the study of Chern-Simons theory and Yang—Mills theory. In the latter example, we
began to see that a BV theory naturally carries the structure of a Lo, algebra.

In the second chapter, it became clear why the Batalin—Vilkovisky formalism naturally encodes
perturbation theory. After precisely describing the structure of the space of fields of a BV theory
— as that of a local Lie algebra (a sheaf of Lo, algebras) — we introduced, in an intuitive and
non-rigorous way, a functorial perspective for describing moduli spaces (and, more generally,
spaces). In particular, we explored how to formulate a formal moduli problem, which corre-
sponds to the formal neighbourhood of a fixed point in the moduli space of interest. By the
fundamental theorem of derived deformation theory, we understood that a BV theory controls
the deformations around a fixed solution in the moduli space of solutions to the equations of
motion. This insight explains why it naturally describes perturbative field theories. From this
perspective, we arrived at a new definition of a classical field theory: a sheaf of (-1)-shifted
symplectic formal moduli problems.

We then turned our attention to describing symmetries within the BV formalism. We began by
understanding how to express symmetries in terms of local Lie algebras. From there, we exam-
ined what it means for a symmetry to act on the space of fields and, when desired, how to gauge
such a symmetry. Gauging was interpreted as the coupling of two formal moduli problems.

We concluded the chapter with the example of the holomorphic bosonic string, where we saw
the full machinery developed so far put into practice.

The final chapter was devoted to the analysis of topological string theory, using the techniques
developed in the first two chapters.

o7



We began by describing in detail two topological field theories that could be later considered
as matter systems in a topological string theory model: the topological 8+ and the topological
Landau-Ginzburg model in two dimensions. The latter differs from the former by including a
superpotential.

We then asked ourselves: what does it mean to couple these topological models to topological
gravity? To address this, we adopted a target space perspective, aiming to recover the BCOV
model as described by Costello and Li. A key insight emerged: the Costello—Li model computes
the S'-equivariant cohomology of the observables of the B-model. This equivariance condition
turned out to be fundamental. By retracing the steps of Dijkgraaf, Verlinde and Verlinde in
constructing a topological string theory, we saw that without the equivariance condition, the
topological gravity sector completely decouples from the matter system. In other words, the
equivariance condition is precisely what makes the interaction between the matter system and
topological gravity non-trivial.

Up to this point of the work, we marked some structural differences between topological field
theory and topological string theory. In particular, some distinctions are in the following table.

Topological field theory Topological string theory

Physical operators cohomology Sl-equivariant cohomology
Moduli space (when W turned on) dimension ~ 0 dimension > 0
Algebraic structure of observables  Batalin-Vilkovisky algebra Gravity algebra

Although we did not address the last row of the table directly in this thesis, we felt it was
important to highlight it for completeness, as it reflects a well-known result by Getzler in his
series of articles [Get94a, Get94bl Get95].

We then turned to the construction of our model for topological string theory from a worldsheet
perspective. Specifically, we considered a N = 2 superconformal field theory and gauged the
symmetry acting on it — a supersymmetric extension of conformal symmetry. By performing a
twist on the coupled system, we recovered the interpretation of topological string theory as a
topological conformal field theory coupled to topological gravity.

When computing the local observables of our model, we expected to obtain a description anal-
ogous to that of Costello and Li. However, this was not the case: the cohomology of local
observables in the topological gravity sector turned out to be trivial, and we were unable to
recover the gravitational descendants.

In the final section, we addressed this issue. We inferred that gravitational descendants arise
as a manifestation of the global structure of the gauge group — that is, the topological grav-
ity sector in our case. Proceeding by analogy with the non-perturbative description of abelian
Chern—Simons theory in terms of smooth Deligne cohomology, we were able to recover the grav-
itational descendants as degree +2 variables, consistent with the description given by Costello
and Li.

There are still many questions and things that are not fully understood. Some future directions
to continue this work are listed below.

1. Although we managed to recover the gravitational descendants as cohomological degree +2
variables by accounting for the global structure of the gauge group, we did not reconstruct
the complex presented by Costello and Li. In particular, it remains unclear how to derive
the component of the differential involving udq in Eq. . A possible speculative



direction would be to refine our model into one that computes cyclic cohomology, but at
this stage, our understanding of such a construction is limited.

2. Another possible direction would be to study the factorization algebra of observables as-
sociated with our model and attempt to compute correlation functions, in order to explore
further possible comparisons with the work of Costello and Li.

3. In this work, we did not address BV quantization and restricted ourselves to the classical
BV formalism. An interesting direction for future research would be to attempt the quan-
tization of our model for topological string theory, using the formalism and techniques
developed by Costello in |Cosl1].

With these possible future directions, we conclude this thesis. To those who have followed the
work to this point — thank you for your attention. I hope you found something interesting along
the way.

Best wishes for your explorations (in physics and in life!) ahead.
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Appendix A

Sheaves: basic definitions

Sheaves and cosheaves are tools for organizing local data in a consistent global way. In this
appendix, we recall some standard definitions and facts about sheaves and cosheaves that will
be useful throughout the thesis. In particular, keep in mind that the space of fields in a classical
field theory naturally forms a sheaf, whereas the observables have the structure of a cosheaf.

Our main references for this appendix are [Tu22|, which provides a concise and accessible in-
troduction to sheaves and sheaf cohomology — especially suitable for those who are meeting
these notions for the first time — and |[CG16|, §A.4. We refer the reader to these two references
for a more precise and example-driven treatment of sheaves and cosheaves. Here, we will limit
ourselves to some basic definitions, just to have them readily available while reading this thesis.

Let M be a topological space, and let Opens;,; denote the following category:
e the objects are open set U C M;

e the morphisms are inclusion of open sets. In other words, if U C V, there is a morphism
from U to V.

A presheaf on a topological space M, valued in a category €, is a contravariant functor:
F : Opens,; — C (A.1)

That is, to each open set U C M, the presheaf assigns an object F(U) € €, and to each inclusion
of open sets U — V, it assigns a restriction morphism ryy : F(V) — F(U), such that these
morphisms are functorial: the identity inclusion induces the identity morphism, and composition
of inclusions corresponds to composition of restriction maps.

A sheaf is a presheaf whose value on an open set is determined by its values on smaller open
subsets. This idea is formalized in the following definition, where we restrict to the category of
vector spaces — that is, € = Vectk (just for simplicity).

Definition 9. A presheaf of vector spaces on M is called a sheaf, if for any open cover {U;};
of any open set U C M, the following sequence is exact:

0 FU) —"— ;T (Vi) —"— B FUNT)) (A-2)
Here, r is the restriction map, and § is the Cech coboundary operator, defined by restricting
sections in two ways — the first from F(U;) — F(U;NU;), and the second from F(U;) — F(U;NU;)

— and taking their difference.
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In order to develop more intuition about this definition, let us unpack it. Working at the level of
sections, the exactness of the sequence in Eq. (|A.2)) corresponds to the following two conditions:

1. (uniqueness property) if s,t € F(U) are sections such that s|y, = t|y, for all ¢, then s = ¢;

2. (gluing property) if {s; € F(U;)} is a collection of sections such that:
siluinu; = sjluinu; Vi J (A.3)

then there is a section s € F(U) such that s|y, = s; for all i.

These two properties make the conditions for consistent gluing of local data across an open cover
explicit.

Example 1. Let F be the presheaf of constant real-valued functions on M — that is, for every
opens set U C M we associate a constant function on U. Then F is not a sheaf, because it does
not satisfy the gluing property. Indeed, if U; and Us are disjoint open sets, and s; € F(U;) and
s9 € F(Us) have different values, there is no constant function s on Uy U Us that restricts to s1
on U; and to sy on Us.

Example 2. If instead of constant functions we consider locally constant functions, then these
form a sheaf. We denote the sheaf of locally constant real-valued functions as R. In the same
way, if the functions are Z-valued, the corresponding sheaf of locally constant Z-valued functions
is denoted by Z.

Another definition we want to introduce is that of the stalk of a sheaf. This concept resembles
the notion of the germ of a function at a point.

Definition 10. Let F be a sheaf on M. The stalk of F at a point p € M, is given by its direct
limit at p:
Fp :=lim F(U) (A.4)

These are some basic ingredients that we will need in this thesis, but the theory of sheaves is
much more than these basic definitions.

Just for completeness, we sketch what is a cosheaf, i.e. the dual notion of a sheaf. While
a presheaf is a contravariant functor from the category of open sets (with inclusions as mor-
phisms) to some target category, a precosheaf is instead a covariant functor. That is, morphisms
go in the direction of inclusions rather than restrictions.

A cosheaf is then a precosheaf that satisfies dual versions of the usual gluing conditions. In-
tuitively, this means that instead of gluing local data to get global data (as in a sheaf), we
distribute global data to local pieces in a consistent way.

A standard example of a cosheaf is the cosheaf of compactly supported functions: when we
extend a compactly supported function from a smaller open set to a larger one, we do so by
extending it by zero outside its support.

For a comprehensive review of cosheaves (but also sheaves), we refer the reader to [Curl4).



Appendix B

Some categorical preliminaries

Exactness

In the following, we give some categorical notions that will be useful in the course of this thesis.
Since we want to do homological algebra, we restrict our attention to working only with abelian
categories. The exact definition of an abelian category is not important for us; just keep in mind
that for abelian categories the notions of kernel and cokernel are always meaningful.

Definition 11. Let F : of — P be an additive functor. For every short exact sequence 0 —
A—-B—C—0in, F is called:

o left exact if the sequence 0 — F(A) — F(B) — F(C) is exact in A.
e right exact if the sequence F(A) — F(B) — F(C) — 0 is exact in AB.
e exact if it is both left and right exact, i.e. if it preserves exact sequences.

Two important examples of right and left exact functors are the tensor product functor and the
Hom functor.

1. Let M be an object in /. Then Hom,, (M, —) is a covariant functor from .o/ to Ab:
e objects: VA € Obj(/), Hom,, (M, A) is the set of morphisms from M to A;

e morphisms: if A EN B, then Hom,, (M, A) ELN Hom,/ (M, B) where f, is just the
composition with f.

Proposition 2. Hom,/ (M, —) is a left exact functor.

Proof. Consider the short exact sequence 0 — A Sy B % ¢ 0in . We want to show
that the sequence 0 — Hom, (M, A) ELN Hom,, (M, B) £ Hom,, (M, C) is exact in Ab.
If « € Hom/ (M, A), then f.a = foa. Since f is injective, if fo,a = 0 then o must be the
zero morphism. Consequently, ker(f,) = 0 and this proves the injectivity of fi.
It remains to show that Im(f,) = ker(g.). Since go f = 0, we have g, fs«(a)) = go foa =0,
so Im(fy) C ker(g«). Now, consider 8 € Hom, (M, B) so that g.f = go f = 0. Then
B(M) C ker(g) = Im(f). But this means that we can write 8 = f o «a for some a €
Hom,/ (M, A) proving that ker(g.) = Im(f,).

O

Proposition 3. Hom (—, M) is a left exact contravariant functor.
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Proof. Since Hom (A, M) = Homop(M, A), we can just use the previous proposition
applied to Hom gop (M, —).
O]

. Let us now consider the tensor product functor over the ring R. We denote the category

of right R-modules with module homomorphisms as Modg.

Proposition 4. Let M be a left R-module. Then — ®r M : Modr — Ab is a right exact
covariant functor.

Proof. Consider the short exact sequence 0 — A LB%o o Modg. We want to

show that A®RMM>B®RMM>C®RM—>Oisexact in Ab.

It is clear that g ® idps is surjective because g is surjective, so the sequence is exact at
C®r M.

Now, by functoriality of the tensor product, Im(f ® idys) C ker(g ® idps). Indeed, (g ®
idyr) o (f®idpy) = go f ®idy =0, since go f = 0. Another way to say it is that g ® idys
factors as in:

B®RMM>C®RM

A
’
’
p 7
’
’

_BopM -7
Im(f®idpr) ~

If we now show that the dashed arrow is an isomorphism, we have finished the proof. To
do this let us construct an explicit inverse. Define:

B®r M
Im(f ® idpr)

(¢c,m) —c@m+Im(f ®idy),

CxM-—

where ¢ € B is such that ¢g(¢) = ¢. Given the exactness of the short exact sequence first
mentioned this map is well-defined and R-bilinear. Therefore, it induces a map:
B®r M

CopM — —DZR
OR M (@ ida)

which is the required inverse.

Adjoint functors

Adjoint functors are very useful in proving the left and right exactness of functors, one of the
conditions that becomes necessary to construct derived functors. In this section, we will review
their definition and an important theorem that will be useful later; we loosely follow |Leil6)
and [Wei94].

L
Roughly speaking, given o ? P categories and functors, L is said to be left adjoint to

R if, whenever A € o/ and B € %A, maps L(A) — B are essentially the same thing as maps
A — R(B). Let us give the precise definition.

L
Definition 12. Let & $ P be categories and functors. We say that L is left adjoint to

R, and R is right adjoint to L, and write L 4 R, if:

Homg(L(A), B) =gsets Homy (A, R(B)) (B.1)
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naturally in A € o/ and in B € 4.

But what does it mean naturally in this context? There must exist a set of bijections for all
A € o/ and for all B € #:

7ap : Homg(L(A), B) = Hom,,/ (A, R(B)) (B.2)
so that Vf: A — A’ in & and Vg : B — B’ in 4 the following commutes:

Homgy(L(A'), B) —25 Homyu(L(A), B) —¥— Homg(L(A), B')

Hom,, (A, R(B)) —— Hom, (A, R(B)) —% Hom, (A, R(B'))
where (—)* for morphisms means precomposition and (—), indicates composition.

This does not seem very natural, but the fact that this diagram commutes is equivalent to say
that 74p are the components of a natural isomorphism 7 between the two following functors:

Homg (L(-), —)
AP x B MT Sets

~_ Vv 7

Hom (-, R(-))

As an important fact, a given functor may or may not have a left/right adjoint, but if it does,
this is unique up to isomorphisms. In this uniqueness property lies the usefulness of adjoint
functors: once we find an adjoint, we can call it the adjoint.

We will now state and prove a theorem that makes evident the usefulness of adjoint functors.

Theorem 2. Let L :of — % and R: B — o be an adjoint pair of additive functors. Then L
1s right exact and R is left exact.

Proof. Consider the short exact sequence 0 — B’ — B — B” — 0 in 4. By naturality of 7,
VA € of we have the following commutative diagram:

0 —— Homg(L(A), B') —— Homg(L(A), B) —— Homg(L(A), B")

e

0 — Hom,/ (A, R(B')) — Hom (A, R(B)) — Hom, (A, R(B"))

Now, since Homg(L(A), —) is a left exact functor, the first row is exact VA € /. But then
also the second row is exact. By the Yoneda lemma (cfr. [Wei94] Lemma 1.6.11), 0 — R(B’) —
R(B) — R(B") must be exact, therefore every right adjont R is left exact. For the same reason
LOP : of°P — 28°P which is right adjoint, is left exact, showing that L is right exact.

O

As an application of this theorem, we could see in a different way how the tensor product functor
is right exact, while the Hom functor is left exact. Indeed, given a left R-module M, we have
the following adjunction (see [Wei94], Application 2.6.2):

—®r M —|HOH1Ab(M, *) (B.3)






Appendix C

Resolutions and derived functors

The aim of this appendix is to explain the concept of derived functors, very useful computational
tools in homological algebra. Our main reference for this part is [Wei94).

Projective, injective

Let us start with a few preliminaries needed to introduce the definition of derived functors.

Definition 13. An object P in an abelian category <f is projective if given a surjection g :
B — C and a morphism v : P — C, then there exists at least one 8 : P — B such that v = go3;
that is if it satisfies the following universal lifting property:

_P
38 Jv
-
B¢ 0

This means that every morphism out of P factors through a surjection. The definition of injective
object is similar: every map into our object factors through an injective one.

Definition 14. An object I in an abelian category <7 is injective if given an injection f : A —
B and a morphism o : A — I, there exists at least one map 5 : B — I such that o = o f; that
1s if it satisfies the following universal lifting property:

0 f

B

a Elﬂ
L

~N—

As a remark, we say that an abelian category o/ has enough projectives if for every object A
of o/, there is a surjection P — A with P projective. Similarly, o7 has enough injectives if for
every object A in &/ there is an injection A — I with I injective.

Definition 15. Let M be an object of of. A left resolution of M is a complex (Py,d) with
P; =0 fori <0, together with a map € : Py — M so that the augmented complex:

RN N N NN V)
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1s exact. If P; is projective Vi, we call it a projective resolution.

Dually, an injective resolution is a right resolution where every object is injective. Very impor-
tantly, the following lemma holds:

Lemma 1. If an abelian category o/ has enough projectives, then every object M in </ has a
projective resolution.

Proof. We prove this lemma by explicitly constructing a projective resolution. The important
hypothesis here is that we are working with a category 7 that has enough projectives; for this
reason, we can always find a surjection Py —% M where Py is a projective object. Let us define
My = ker(eg). Now, take another projective object P; and consider a surjection P; Ly My. Let
us define the map d; : P; — Py as the composition of €; with the inclusion of My into Fy. The
situation is represented in the following diagram:

di =i o0 €
My
0 0
Since di(P;) = My = ker(FPp) the sequence P; i, Py % M — 0 is exact in Py. If we now

proceed inductively with the same construction, we get that (Py,d) is a projective resolution of
M.

P, Py M —0

O]

Of course the same holds for a category with enough injectives: it is always possible to explicitly
construct an injective resolution.

The categories of left /right modules over a ring or over an associative algebra are examples of
categories with enough projectives and injectives; the lemma proves that for every object we
can then find a (projective/injective) resolution!

Derived functors

We are now in a position to give the construction of left and right derived functors. In particular,
we will focus on left ones, but the same construction applies as well for right derived functors
with the appropriate adjustments.

Let F : o/ — 9 be a right exact functor between two abelian categories, with the additional
condition that & has enough projectives. Then, as we have seen before, every object M in <
has a projective resolution. Let us choose one:

AP AP Y P S M0

Now, let us apply to this exact sequence the right exact functor F":

P F(d) F(d)

F(R) 22 ppy 29 Fipy) 29 puy = 0

We can now define what we mean by left derived functor.
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Definition 16. The i-th left derived functor L;F (i > 0) of F is defined for an object M in <
as:
L,F(M) = H;(F(P.)) (C.1)

i.e. the i-th homology of the chain (F(Py), F(d)) constructed from a projective resolution of M.

Notice that since the functor F' is right exact, we always have that LoF (M) = Ho(F(Py)) =

F(M). Indeed, Ho(F(P.)) = F(Py)/[m(F(P1) 2% F(Py))] and, since F is right exact, the

F(d)

F(e
sequence F(P)) —> F(P) FO, g (M) — 0 is exact. Applying the same construction we made

proving Proposition 3, we can show there is an isomorphism between F(Fy)/[Im(F(P;) ),
F(Py))] and F(M). This is why, after applying the functor F' to the chosen projective resolution
of M, we cut off F(M): the information of F'(M) is already contained in homology.

As an important remark, notice that the construction is well defined: given another projec-
tive resolution (Qs,q) of M, then there is a canonical isomorphism L;F(M) = H;(F(Py)) —
H;(F(Q)). This means that we can compute the derived functors of an object by choosing the

resolution we prefer!
Let us state two important properties of left derived functors:

1. If M is projective, then L;F'(M) = 0 for i« # 0. We say that M is an F-acyclic object,
and a resolution constructed with objects that are all F-acyclics is called an F-acyclic
resolution.

2. For every short exact sequence 0 > A - B — C — O in &, if F is a right exact functor,
then we have the following long exact sequence:

<o = LeF(C) —» L1 F(A) - L1 F(B) - LiF(C) — F(A) —» F(B) - F(C)— 0

This is the same that happens in topology when we say we have a long exact sequence in
homology.

Two important examples, that we will use repeatedly in this thesis are the derived functors of
the tensor product functor and of the Hom functor. Specifically:

1. Given a left R-module M, recall that —®@r M : Modr — Ab is right exact. Therefore, since
the category Modg has enough projectives, we can construct the left derived functors.
These are called the Tor groups of a right R-module P: L.(— ®g M)(P) = Tor(P, M).

2. Modpg has also enough injectives, and since Homyjoq, (M, —) for a given M is left exact,
we can construct the associated right derived functors. These are called the Ext groups:
R*(Homjoa, (M, —))(P) = ExtRh (M, P).






Appendix D

Lie algebra homology and
cohomology

In this section, we review the construction of Lie algebra cohomology and homology. The
techniques explained here are fundamental in dealing with gauge symmetries in the BRST
construction (Section [1.3). We mainly follow [Wei94], §7 and the appendices of [CG16,/CG21].

Lie algebras and their homological algebra

Definition 17. Let K be a field of characteristic zero. A Lie algebra over K is a K-vector space
g equipped with a bilinear map [—, —] : gk g — @, called its Lie bracket, satisfying the following
properties:

(i) (anticommutativity). For all z,y € g, we have:

[$7y] = —[y,ﬂf] (Dl)

(ii) (Jacobi identity). For all z,y,z € g, we have:

[, [ys 21 + [y [z, 2] + [z, [2, 9] = 0 (D.2)

A homomorphism of Lie algebras is a linear map f : g — b that preserves the Lie bracket. We
denote the category of Lie algebras over K together with their homomorphisms as LieAlgy.

There is an obvious functor from the category of associative algebras (that we denote as AssAlgy)
to the category of Lie algebras; indeed, given any associative algebra A, we can construct a Lie
algebra Lie(A) whose underlying vector space is the same as A and the Lie bracket is given by
the commutator. We denote this functor as Lie(—).

We also need the notion of modules over a Lie algebra.

Definition 18. Let g be a Lie algebra. A (left) module over g is a vector space M together with
a bilinear map p : g ®x M — M (written as x @ m +— p(x ® m) = x - m) such that:

[,y m=x-(y-m)—y-(x-m) Ve,ycg,VmeM (D.3)

FEquivalently, a g-module can also be described as a vector space M together with a Lie algebra
homomorphism g — Lie(Endg(M)), that is just z — p(z ® —), Vz € g.
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To define the category of g-modules we also need a notion of morphism.

Definition 19. A homomorphism of (left) g-modules is a linear map f : M — N compatible
with the g-action:
flx-m)=x-f(m) VregVmeM

We denote the category of g-modules together with the homomorphisms just defined as g-Mod.

Our goal is to define Lie algebra homology and cohomology as derived functors of two natural
functors: the invariants and the coinvariants. Explicitly:

1. invariants functor
(—)%: g-Mod — Vectg
M—M={meM|z-m=0, Ve € g}

Therefore, for every g-module M, we take the maximal invariant submodule M9%. We
can understand why they are called invariants by assuming that the Lie algebra g we are
considering comes from a Lie group G, and that we can recover the G-action on M by
exponentiation of elements of g. Therefore, the invariant submodule M? is really the set
of elements of M that are fixed by the group action.

2. coinvariants functor
(—)g : g-Mod — Vectg
M — My = M/gM

Here, to every g-module M, we associate the largest quotient module of M on which g
acts trivially.

Lemma 2. The invariants functor is a left exact functor, while the coinvariants functor is right
exact.

Proof. To prove this lemma, it suffices to show that the invariants and the coinvariants functors
are respectively the right and the left adjoints to the trivial g-module functor. Then, by Theorem
we know that they are respectively left exact and right exact. The trivial g-module functor
T : Vectg — g-Mod takes a vector space V and gives it a structure of g-module equipping it
with the trivial g-action.

(i) For the invariants, given a vector space V' and a g-module M, we have the natural isomor-
phism:

Homyeet, (V, M®) = Homg_nioq(T/(V), M)
friof
(g:V—o>M%<«i(g:T(V)—> M)

where 7 is the inclusion of the submodule M? into M, and ¢ is the same map on the right
and on the left because, since it is a g-module homomorphism, g(T(V)) = g(V) is an
invariant submodule, and therefore g(V') C M? given the maximality of M9.

(ii) In the case of the coinvariants, given a vector space V and a g-module M, we have the
natural isomorphism:

Homg_yioa(M, T(V)) = Homyeety (Mg, V)
[ (f My —V)
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gom<+g

where 7 : M — M/gM is the quotient map, and f is the induced map from f, since
gM C ker(f).

O]

Therefore, we can define Lie algebra cohomology as the right derived functor of invariants, and
homology as the left derived functor of the functor of coinvariants:

Definition 20. Let M be a g-module.

H.(g, = ( )o(M) are the homology groups of g with coefficients in M. Notice that
(

M)
HO 9, )
M)

2. H*(g, := R*(—)%(M) are the cohomology groups of g with coefficients in M. Notice
that HO(g, M) = M?.

In order to have a well-defined construction, we are just missing a step: showing that the category
g-Mod has enough projectives and injectives. To do this, we will take a small detour on the
universal enveloping algebra construction, and we will also show how to realize these derived
functors as Tor and Ext.

The universal enveloping algebra

In this section we review the construction of the universal enveloping algebra Ug associated to
a Lie algebra g. The goal is to show that the category g-Mod is naturally isomorphic to the
category Ug-Mod, proving that g-Mod has enough projectives and injectives so that makes sense
to construct the derived functors we were talking before.

Definition 21. If M is any vector space, the tensor algebra T (M) is the following graded
associative algebra with unit generated by M :

T(M) = é M (D.4)
n=0

The product in T(M) amounts to concatenation of terms.

Proposition 5. T'(M) satisfies the following universal property: for every linear map ¢ : M —
A, where A is an associative algebra, there exists an unique associative algebra homomorphism
Y :T(M)— A. In other words the following diagram commutes, where the map i is the evident
inclusion:

M —— T(M)

X -

A

This map v is simply given by: (1) = 1, ¥(z1 @ 22 ® -+ @ m,) = (z1)p(x2) ... p(zy)
Vaq,xo,...,xn, € M.
Let us now give the definition of the universal enveloping algebra, through a similar universal

property.
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Definition 22. Let g be a Lie algebra. The universal enveloping algebra Ug of g is defined to
be any pair (Ug, 1) where Ug is an associative algebra and i : g — Ug is a Lie algebra homomor-
phism satisfying the universal property pictured in the diagram below: for any other associative
algebra A and Lie algebra homomorphism ¢ : g — A, there exists an unique associative algebra
homomorphism 1 : Ug — A so that the following diagram commutes.

g —— Ug

vo |
X E

A

How to construct explicitly Ug? Since ¢ : g — A is a linear map, it extends uniquely to an
associative algebra homomorphism ¢ : T'(g) — A. Moreover, ¢ is a Lie algebra homomorphism,
so Vz,y € g it satisfies the following;:

o([z,ylg) = [p(x), p(Y)]Lie(a) = P(@)(y) — eW)p(r) =p(z @Yy —y ® x) (D.5)

Therefore, ¢ : T'(g) — A has the elements  ® y — y ®  — [z, y]q in its kernel. If we denote by J
the two-sided ideal generated by all elements of this form, we have an unique and well-defined
induced associative algebra homomorphism ¢ : T'(g)/J — A because of the universal property
of the quotient.

Ug is then defined as T'(g)/J, while 7 is the composition g < T'(g) — Ug. From the relations
imposed to define Ug, it is clear that ¢ is a Lie algebra homomorphism.

The universal property that satisfies Ug has very important consequences for us. Since the
construction we did is natural in g, we can regard U as a functor U : LieAlgg — AssAlgk, and
the universal property tells us that we have an adjunction U - Lie(—), indeed:

HomLieAng (ga LIG(A)) gSets HomAssAlg]K (Uga A) (Dﬁ)

All this brought us to the following theorem.

Theorem 3. If g is a Lie algebra, then every left g-module is naturally a left Ug-module, and
conversely. The category g-Mod is naturally isomorphic to the category of Ug-Mod.

Proof. Recall that a g-module is a vector space M, together with a Lie algebra homomorphism
g — Lie(Endg(M)). Similarly, a Ug-module is a vector space M together with an associative
algebra homomorphism Ug — Endg(M). But by adjointness we have:

Homyiealgy (9, Lie(Endg (ar))) Zsets Homassalg, (Ug, Endg (M) (D.7)

and the proof follows. O

Since the categories of modules over an associative algebra have enough projectives and injec-
tives, it follows that also g-Mod has them: this is what we wanted to ensure the existence of
derived functors. An useful computational tool is that we can realize these derived functors as
Tor and Ext, because of the following corollary.

Corollary 1. Let M be a g-module. Then:
H. (5, M) = Tor”s(K, M) (D.5)

H* (g, M) = Ext}yy(K, M) (D.9)
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Proof. To show that two derived functors are isomorphic, we just need to show that the under-
lying functors are.

1. First, let us define the augmentation ideal. This is given by the two-sided ideal J = ker(e)
of Ug generated by i(g), where € : Ug — K is the augmentation map defined by sending
i(g) to zero. Then J = gUg and K = Ug/J = (Ug)y. Equipping K with the trivial right
Ug-action, we can consider:

K®ug M = (Ug/J) ®ug M = M/IM = M/gM = M, (D.10)
where in the second step we used a general property of the tensor product between modules.

2. We can look at K as a left Ug-module by equipping it with the trivial action of g on it.
Then:
Hong—Mod(Ka M) = Homg—Mod(K7 M) = M° (D'll)

where the last isomorphism comes from the natural map 7" : Homg noa(K, M) — MO
given by g — g(1).

O

The Chevalley-Eilenberg complex

How to explicitly compute Lie algebra (co)homology? Let us first describe the procedure for
computing homology. We saw in the previous section how to compute those groups using Tor,
the left derived functor of the tensor product. Therefore, we can look for a projective resolution
of K as right Ug-module, and then just apply the algorithm we know to compute the Tor groups.
The Chevalley-Eilenberg complex provides us with a standard resolution of K. To motivate the
construction of this complex, we start by noticing that K is the quotient of Ug by J, the two-sided
ideal generated by i(g). J was defined to be the kernel of the augmentation map € : Ug — K
given by sending i(g) to zero. If we consider d : g ®x Ug — Ug to be just the product map, we
have the following exact sequence:

gorUg S Ug S K =0

Now, we can add other terms to the sequence to provide the projective resolution we are looking
for:
d n d n—1 d d d €
(..=>ANgkUg—=> A"gexUg— ... > g®rUg—Ug) =Vi(g) > K

where for a general n the differential d : V,(g) — V,,—1(g) is given by:

n .
(T A Axp) @ u = S (DTl Ao ABA - A2y Ok Tiu +
=1
+ Y (D)) A AT A ATGA ATy @K U
1<i<j<n

The notation z; indicates an omitted term.

Theorem 4. (V.(g),d) is a chain complez.

Proof. We need to show that d is actually a differential — that is, d> = 0. The computation is
easy, but we need to be careful about the signs and the labelling of our elements. Explicitly,
d>((xy A -+ A xy) @k u) is given by:

Z(—l)i”xl AN AZp AN s ATy A - AN Ty QR TpTitt + (D.12)
r<i
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A DT A A B A ANl A A By O Traiu + (D.13)
<r
+ ) ()T g g A A A ANEG A AN A AT @K T+ (D.14)
r<j<t
Y D) g g A A A NN N A AT, @K T+ (D.15)
r<i<j
+ ) ()T g g A A B A N A A A AT @K T+ (D.16)
1<r<j
A ()T A AR A N A A, @ [ @]+ (D.17)
1<J
Y D) g g A AE A AE A NEGA A Ty O Teu + (D.18)
r<i<j
+ ) (YT g A A A N A A A AT @K T+ (D.19)
1<r<j
> D) g g A AB A AEGA - A Ee A Ay ®K Tpu + (D.20)
1<j<r
+ (D) g ) a A A A RGN NEGA - ATy @K U+ (D.21)
r<i<g

O DT g agl a A A A N A ARG A A Ty @k u (D.22)
1<r<j

+Z DI [ 2], 2 Ao ABg A ANBGA - ABp A Ay @R U+ (D.23)
1<g<r

+ Z (= 1) IS [ A [T, T A A A ATgAe - AT ATA Az @gu + (D.24)
r<s<i<j

+ Y (O g A, @) A A A ABA - ARA - ARGA - Az @+ (D.25)

+ Y (D) a  Afmi, ] A AR A ABI A ABGA - ABG A Az @k + (D.26)
r<i<j<s
+ Y (DT w Almi, m A AR ABR A AGG A AGG A Az ®gu+ (D.27)
1<r<s<j
+ Y (NI g w Afa, @) A A A ABp A ABGA - ABA - Az ®ku+ (D.28)
i<r<j<s
+ Z (1) IS [ w A [, T A AR A ABFA- AT A AT A+ Axp Qg u (D.29)
1<j<r<s

Notice that:

1. [O20)+ D200, (0 + DZH=0 and (DZ0) + DZA)=0:

2. (D.21)+(D.22)+(D.23)=0, because after relabelling we get the Jacobi identity: [[z;, z;], z,]—
[[r; 5], 2] + ([0, 2], 25] = 0;

3. (D.12)+(D.13)=-(D-17);
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1. [OT)+ (02 =0. (0T + OT9)=0 and (O18) + [DIH=0.

Therefore, (Vi(g),d) is a chain complex.
O

To use the technology of derived functors we need this complex to be a projective resolution of
K. The proof is long and technical, we refer the reader to [Wei94], Theorem 7.7.2.

Now, to compute H,(g, M) we need to tensor this resolution with — ®@yy M, where M is a
g-module. Notice that:

(AN"ger Ug) @ug M = N"g @k (Ug Qug M) = N'gQx M

Therefore H, (g, M) is the homology of the complex Cy(g, M) := (AN g®x M, dcg), and Ci(g, M)
is called the Chevalley-Eilenberg complex of g with values in the g-module M. There is another
useful way to write this complex. If we look at g as a Z-graded vector space concentrated in
degree zero, we can shift it in degree —1 (notation: g[1]) to write Symg(g[1]) = A*g, because
the symmetric powers of a vector space concentrated in odd degree are the same as the exterior
powers. Therefore: Cy(g, M) = (Symg(g[1]) ®x M, dck)-

Let us now describe what happens for cohomology. Recalling that Homyg—moa(—, M) is a
left exact contmfuam‘antﬂ functor, we can use the same projective resolution of K. Moreover,
notice that the collection of maps:

Hong—Mod(/\ng @k Ug, M) — HomVectK(/\ngu M)
[ fwith fzr A Awp) = f((@1 A Azp) @k 1)

is a quasi-isomorphism of chain complexes. If we denote as g" the linear dual of g, then
Homvyect, (A"g, M) = Sympg (g"[—1])®@xg M. These are the vector spaces underlying our Chevalley-
Eilenberg complex to compute cohomology. We summarize the two constructions in the following
definition:

Definition 23 ( [CG16], Appendix A, Definition 3.1.2). 1. The Chevalley-Eilenberg complex
for Lie algebra homology of the g-module M is:

Ci(g, M) = (Symg (g[1]) ®x M, dcg) (D.30)

where the differential encodes the Lie bracket of g and the module structure of M. Explic-
itly:

dCE(IL’lA"'/\CEn@m): (—1)”1:01/\‘--/\i’i/\‘-~/\xn®Ka:i'm+

-

i=1

+ Z (—1)i+j[xi,$]‘]/\-"/\.fii/\"‘/\:fij/\"'/\l’n(gﬂgm
1<i<j<n

We usually call this complex the CE chains.
2. The Chevalley-FEilenberg complex for Lie algebra cohomology of the g-module M 1is:

C*(g, M) = (Symi(g”[-1]) ®x M, dc) (D.31)

IThis is a subtle point: usually when dealing with left exact covariant functors, we need an injective reso-
lution of the object we are interested in to compute the corresponding right derived functors. But a left exact
contravariant functor is a left exact covariant functor with source the opposite category. Therefore, we look for
an injective resolution of our object in the opposite category, but this is the same as a projective resolution in the
category we started with!



78

APPENDIX D. LIE ALGEBRA HOMOLOGY AND COHOMOLOGY

where the differential encodes the linear dual to the bracket of g on itself and on M. Fizing
a linear basis {e}} for g and denoting {e*} the dual basis, we have:

deg(e” @m) = Zek Ae' @K e -m — Z " ([ei, ej])e’ A e @x M (D.32)
i i<j

and dcg is extended to the rest of the complex as a derivation of cohomological degree 1
(using the Leibniz rule repeatedly to reduce to the explicit formula above). We often call
this complex the CE cochains.



Appendix E

Basics of Algebraic Geometry

In this appendix we give some basic notions of algebraic geometry, mainly following [Vak24]
and [sta25]. We start by recollecting some terminology on commutative rings, later we give all
the definitions needed to arrive to define what a scheme is. As a matter of convention, all the
rings we consider in the following will be assumed to be commutative, even if not specified.

Commutative rings

Let A be a commutative ring. An ideal I < A is called:
maximal, if I is proper and I C J < A implies J =1 or J = A.
prime, if [ is proper and xy € I implies either z € [ or y € I.
radical, if ™ € [ implies z € I.

We also need the following; in a non-trivial ring A we call an element x:
a unit, if there exist y with zy = 1.
a zero-divisor, if there exists y # 0 with xy = 0.
nilpotent, if there exists n > 0 with 2™ = 0.

And we call the ring A:
a field, if every non-zero element is a unit.
an integral domain, if it has no zero-divisors other than 0.
reduced, if it has no nilpotent elements other than 0.

An important characterization for maximal ideals is that I is maximal if and only if A/I is a
field. Moreover, every maximal ideal is a prime ideal, and every prime ideal is also radical.
One useful property of prime ideals is that the preimage of a prime ideal under a ring homo-
morphism is again a prime ideal (this is not true for maximal ideals):

Lemma 3. Let f : A — B be a ring homomorphism and Q < B a prime ideal. Then f~1(Q) is
a prime ideal of A.

79
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Proof. Suppose zy € f~1(Q). Then f(zy) = f(z)f(y) € Q, because f is a ring homomorphism.
Since @ is prime, this implies that either f(z) € Q or f(y) € Q. Thus either z € f~1(Q) or
y € f~1Q), therefore f~1(Q) is prime. 0

This result will be important to consider Spec as contravariant functor.
We next explain what we mean by localization of a ring.

Definition 24. Let A be a ring. A multiplicative subset S C R is a collection of elements such
that 1 € A and it is close under multiplication.

Given a multiplicative subset we can define a new ring S~ A, called the localization of A at S.
The elements of this new ring are of the form ¢ with a € A, s € S, and we identify two such
elements if and only if:

a d ,

—=— & drefS st.r-(as —ad's)=0 (E.1)
s s
Sum and multiplication are defined precisely as you would define them in Q; indeed Q can be
constructed as the localization of Z at Z*.
There are two different kinds of multiplicative subset that will be important to us:

1. If f€ Aand S = {1, f, f2,...}, we denote the localization of A at S as Ayf.

2. If p is a prime ideal and S = A/p, we denote the localization of A at S as A,.

Schemes

One of the ideas at the heart of Algebraic Geometry is that there is a deep correspondence
between geometric spaces, i.e. topological spaces equipped with some geometric structure (as
can be a smooth structure for a manifold), and the algebra of functions over those spaces. More
precisely, the (sheaf of) functions over a space characterize completely the geometric structure
it possesses.

In this appendix, we try to build some intuition about this correspondence, developing some
language that will be useful in this thesis.

Given a topological space with a specific geometric structure, for example a smooth manifold, it
is intuitive to think about from what kind of functions we can recover the geometric structure of
the space. In the case of a smooth manifold, these should be the infinitely differentiable functions
on it; or, in the case of a complex manifold, we can guess that they are the holomorphic functions.
But, given an algebra A, what is its geometric incarnation? In other words, what is the geometric
space whose algebra of functions is precisely A? Retreating to the algebraic world, this is the
first step in understanding the definition of (affine) scheme.

We first understand this space as the sets of its point, then we equip it with a topology, and in
the end we deal with local-to-global properties in promoting A to a sheaf of functions.

Let A be a commutative ring. We define the spectrum of A to be the set of its prime ideals and
denote it SpecA. A prime ideal p of A when considered as an element of SpecA will be denoted
[p]. We think of elements a € A as functions on SpecA, and their value at the point [p] is a
(mod. p). This means that if @ lies in the prime ideal p, the value of a at [p] is zero.

Example (the complex affine line). Al := SpecC[z]. What are the prime ideals of C[z]?
As CJ[z] is an integral domain, which means that there are no zero divisors other than 0, (0) is
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a prime ideal. Other prime ideals are of the form (x —a) for a € C. Since the quotient by these
ideals is a field, these are even maximal prime ideals:

0 — (¢ —a) — Clz] 227%% ¢ 0

Notice that, since C is an algebraic closed field, we can factor every polynomial f € Clz| as
a product of powers of linear polynomials, by the division algorithm. Therefore, there are no
other prime ideals than (0) and (z — a),Va € C.

The value of a polynomial function f(x) at [(x — a)] is precisely f(a), while the value at [(0)]
is f(x) mod. 0. Thus, we see that we can interpret SpecC[z] as the complex affine line C:
every ideal of the form (z — a) corresponds to a point a € C, plus there is a so-called “generic
point” [(0)] that is contained in all other ideals, so that we can think about it near every point
but located nowhere precisely: it is “generically on the line”.

The upshot of this discussion is that we have found a geometric incarnation of the commutative
algebra Clz|; thus C[z| can be interpreted as the algebraic functions over the complex line.

Example (the complex affine plane). Consider A = C[z,y] and denote A% = SpecC|z, y].
What is the set of prime ideals of A7 These can have three forms:

1. All the ideals of the type (x —a,y —b), for every a,b € C; these ideals are maximal, indeed

7@?5;’1{)) = C via the evaluation map f(z,y) — f(a,b).

2. Of course 0.
3. If f(x,y) is an irreducible polynomial (like y — 2?), then (f(z,y)) is prime.

Let us try to visualize geometrically this set. In this case, we see that the maximal prime ideals
correspond to the traditional points (a,b) € C2. [0] is the generic point and, similarly to the case
of the complex affine line, lives everywhere but nowhere in particular, because it is contained in
all other prime ideals. The point [(f(z,y))], where f(z,y) is an irreducible polynomial, lies on
the curve f(z,y) = 0 but nowhere in particular on it.

What is interesting to note here is that maximal ideals correspond to the smallest points; so
that if one prime ideal contains another, the points have the opposite containment. Again, as
in the case of the complex line, we recover all the complex plane with some bonus points: we
can think of C[z,y| as the algebra of functions on the complex affine plane!

It is important for us (at least in the case of algebraic closed fields) to interpret maximal prime
ideals as traditional points of affine space; this could be done because of the following theorem.

Theorem 5 (Hilbert’s Weak Nullstellensatz, [Vak24|, 3.2.5). If K is an algebraically closed field,

then the maximal ideals of K|z1, . .. x| are precisely those ideals of the form (x1—aq, ..., Tp—ay),
where a; € K.

In order to have some more intuitive geometric interpretation, we now see how two natural ways
of getting new rings from old ones can be interpreted as subsets of SpecA.

1. Quotients: if I is an ideal of A, the prime ideals of A/I are in bijection with the prime
ideals of A containing I. Therefore, we can picture Spec(A/I) as a subset of SpecA. For
instance, if A = Clz,y] and I = (z — y), we can picture Spec(Clz,y]/(z — y)) as the
complex affine line inside the complex affine plane.

2. Localizations: here, as we explained above, we have two different flavors of localization.

e The prime ideals of A; are the prime ideals of A that do not contain f. Hence,
SpecAy is the subset of SpecA where f does not vanish.
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e The prime ideals of Ay, instead, are all the prime ideals of A contained in p. Then
SpecA, should be seen as a “shred of the space SpecA near the subset corresponding
to p”.

Now that we have characterized SpecA as a set, we proceed to define it as a topological space:
this is always the starting point to have a geometric structure.

Definition 25. Let S be a subset of A. The vanishing set of S is defined as the set of points on
which all elements of S are zero:

V(S) :={[p] € SpecA : S C p}. (E.2)

The Zariski topology of SpecA is defined by declaring that V (S) is closed for all S.

This does not seem to be a very natural definition of the topology, but there is a nice base that
has a natural interpretation. If f € A, define the distinguished open set:

D(f) :={[p] € SpecA : f ¢ p} (E.3)

It is the locus where f does not vanish: we are taking the set of points for which f does not
vanish to be open. By choosing these as a basis for the topology we are simply taking the
weakest topology in which the sets that we expect to be open are in fact open.

SpecA has now become a topological space, but we cannot think of giving it or recovering any
interesting geometric structure from the functions A on it: geometric structures are defined by
local data!

Consider for a moment a smooth manifold M: we usually give it the smooth structure by picking
an atlas. Now, if we think of studying the associated algebra of C°°(M) functions, we cannot
hope to recover the atlas by just this algebra. In particular, we need a way to encode local data,
and information on how to glue them together.

But local data and gluing conditions are exactly what sheaves are meant for! Here, we are
grasping at the idea of locally ringed spaces; instead of giving a topological space a smooth
structure by picking an atlas, we can just consider M as its set of points (and its topology)
together with a sheaf of functions on M, and these data should locally look like R™ together
with the sheaf of smooth functions Cg5, on it. The smooth structure on M can then be recovered
from its sheaf of functiondl]

We arrived at the following definition:

Definition 26. A locally ringed space is a pair (X, Ox) consisting of a topological space X and
a sheaf of rings Ox all of whose stalks are local rings, i.e. a ring with a unique maximal ideal.

A morphism of locally ringed spaces 7 : (X, Ox) — (Y, Oy) consists of a continuos map 7 : X —
Y and a sheaf morphism 7 : @y — 7,0y, such that this morphism induces local ring maps on
stalks, i.e. it carries the maximal ideal into the maximal ideal.

Now we wish to make SpecA into a locally ringed space, by giving it a structure sheaf. In
principle, this means that we should assign a ring of functions on any open subset, but since we
have described a basis for the Zariski topology, it is enough to define the structure sheaf on that
basis. In particular, we do the following assignment: Ogpeca(D(f)) := Ay.

Definition 27. The data (SpecA, Ospeca) of a locally ringed space defines what we call an affine
scheme.

!The proof that the two different definitions are equivalent is given, for example, in [Wed16|, pages 78-79.
Notice that there the author is considering premanifolds, but the proof still holds for manifolds (manifolds are
just premanifolds where the underlying topological space is Hausdorff and 274 countable).
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It is easy to see that this is indeed a locally ringed space; in fact, the stalk at the point [p] € SpecA
is a local ring:

ﬁSpecA,[p] = U ﬁSPeCA(D(f)) = UAf = AP (E4)
[PleD(f) fép

Moreover, since SpecA = D(1):
['(SpecA, Ospeca) = Ospeca(SpecA) = Ospeca(D(1)) = A1 = A (E.5)

We see that A are the global sections of the structure sheaf, recovering the interpretation of A
as the ring of functions over SpecA.

We denote the category of affine schemes by Aff; objects in this category are obviously affine
schemes, and morphisms are morphisms between locally ringed spaces.

Like a manifold is glued together from simpler spaces, a scheme is constructed by gluing together
affine schemes.

Definition 28. A scheme (X, Ox) is a locally ringed space such that Yz € X there is an open
neighbourhood U C X of x such that (U, Ox|u) is an affine scheme.
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