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Abstract

This thesis investigates the smoothed particle hydrodynamics (SPH) method, which is a
numerical mesh-less method particularly suited for the simulation of free surface flows.
The formulation is based on a total Lagrangian description of a system of first-order
conservation laws, expressed in terms of the linear momentum and the Jacobian of the
deformation. In this framework, the evaluation of spatial integrals is performed with
respect to the initial undeformed configuration, resulting in an efficient approach that
completely circumvents the need for continuous particle neighbor searching. To ensure
stability and consistency at the SPH discretisation level, a characteristic-based Riemann
solver is employed, designed to preserve both the accuracy and the conservation properties
of the overall algorithm.

This work presents a novel implicit formulation of the Smoothed Particle Hydrodynamics
(SPH) method. The chosen time integration scheme is the second-order Crank—Nicolson
method, while the nonlinearities arising from the implicit formulation are handled through
a Newton—Raphson iterative procedure. Unlike traditional explicit schemes, the proposed
method removes the restrictions on the time step size imposed by the Courant—Friedrichs-
Lewy (CFL) condition, enabling simulations over longer time scales and expanding the
range of applications. The new formulation is implemented and validated through a set
of benchmark tests.
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Chapter 1

Introduction

Smoothed particle hydrodynamics (SPH) is a mesh-less method originally developed by
Monaghan for astrophysical applications [23]. This method is commonly adopted in en-
gineering and fluid dynamics to model free surface flows [30] due to its ability to handle
complex surfaces and large deformations.

The most attractive feature of SPH is its mesh-free nature, which allows for the dis-
cretization of a continuum into a set of particles without the necessity of a background
computational grid, allowing to manage highly deformable materials. The interaction
between particles is based entirely on their reciprocal distance. In general, this method
results reasonable accurate and competitive in terms of computational cost, with respect
to other methods such as finite volume (FVM).

In this work, as in [22], a Lagrangian formulation is adopted, where the particle variables
are updated based on the initial configuration of the continuum. This approach allows
neighbor searches, essential for weighted averaging, to be performed only once at the begin-
ning of the simulation, reducing computational costs. However, this simplification limits
the applicability of the method in scenarios involving significant topological changes in the
free surface, such as impact simulations, where the reference to the initial configuration
becomes meaningless due to changes in particle neighborhoods.

The evolution of the continuum is governed by two fundamental conservation equations:
the conservation of volume and the conservation of linear momentum. These equations,
written in terms of the determinant of the deformation gradient J and the first Piola-
Kirchhoff stress tensor, are essential for accurately modeling compressible and incom-
pressible flows.

This thesis considers a constitutive material law that accounts only for volumetric defor-
mation, and the shear component is neglected. This constitutive model is appropriate for
simulating fluids, which typically exhibit limited shear resistance.

As noted in [19], the meshless nature of SPH introduces inherent instabilities that requires
careful numerical treatment to ensure stability and accuracy. To this end, a Riemann-
based upwinding stabilization is introduced. This approach effectively handles shocks and
suppresses spurious modes. Moreover, it enables localized and appropriately scaled stabi-
lization, improving both robustness and accuracy.

Objective and motivations

In the literature, only explicit time integration schemes are typically used in SPH simula-
tions. Although they are easy to implement, these schemes need to satisfy the Courant-
Friedrichs-Lewy (CFL) condition, which imposes severe restrictions on the time step, sig-
nificantly limiting computational efficiency. To overcome this limitation, an implicit time



integration scheme is proposed, allowing for larger time steps while maintaining accuracy.
The proposed scheme is based on Crank-Nicolson combined with Newton-Raphson itera-
tions to correctly handle the material and geometric nonlinearities. This allows the time
step to be independent of the material properties and the number of particles used in the
simulation, enabling longer simulation times and expanding the range of application to
new scenarios.

Thesis Structure

This thesis is structured as follows. Chapter 1 introduces the SPH method, detailing its
formulation, interpolation functions, kernel approximation techniques, and kernel correc-
tion methods. Chapter 2 describes the physical problem under investigation, presenting
the governing equations, the material constitutive law and their SPH discretization. Chap-
ter 3 focuses on time integration strategies, presenting the novel implicit alternative. In
Chapter 4, a simple one-dimensional tension test is conducted on an elastic material,
with results from both explicit and implicit schemes compared in terms of accuracy and
performance. Finally, Chapter 5 extends the analysis to multidimensional problems, de-
tailing the derivation of the residuals required for Newton-Raphson implementation and
presenting a set of benchmark cases to compare the accuracy and efficiency of the proposed
implicit method with the original explicit formulation.



Chapter 2

Introduction to Smoothed Particle
Hydrodynamics (SPH)

This chapter aims to provide an introduction to the SPH method and show how a contin-
uous field, such as pressure or velocity, can be approximated correctly through a discrete
set of particles that carry the field properties [23, 24].

2.1 Discrete approximation of a continuous field

To begin, recall the integral representation of a scalar function via the Dirac delta

f@) = [ £) ol — o/)da’ (2.1)
Vv

where f(z) is a scalar field, §(x —z’) is the Dirac delta function and 2’ is a dummy variable
ranging over the volume V. In practice, equation (2.1) states that the value of a function
at one point can be obtained as the integral of the function itself over its domain, weighted
by the Dirac delta distribution. In the SPH formulation a generalization of the J-function
is introduced. The so-called smoothing kernel W (x) with a finite support controlled by a
smoothing length h. This kernel satisfies the consistency condition

limp,_soW (x — o', h) = 6(x — 2/) (2.2)

The smoothing kernel is subject to normalization, i.e. the integral of W (z — 2/, h) over V
is unitary. The kernel function can substitute the Dirac d-function and, as demonstrated
in Remark 2, equation (2.1) can be equivalently expressed as

_ f(xl) / ! /
() _v/p<”“"'> W(z -2, h) p(a)dz’ + O(h?) (2.3)

Finally, by discretizing (2.3) into a series of particles with mass my, = p(xp)dxy, the identity
(2.1) becomes

f)~ Y @: F(xp) Wiz — xp, h) (2.4)

The equation (2.4) represent the discrete approximation of function f at any point x of the
domain V. Note that the values of f(x) are interpolated at the position of the particles,
which allows to express the values of a continuous function f(x,) as a weighted sum over
the neighboring particles. Indeed, each particle interacts with all the other particles that
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are within the support of the kernel function, this distance h is the so-called smoothing
length.
belNy < |zga—x| <h (2.5)

The interaction of each particle and its neighbors is weighted by the kernel function
Wz, — xp,h) itself, where x, is the position of particle a and x; the position of its
neighbor b.

Figure 2.1 shows the dependency of the kernel function on inter-particle distance, high-
lighting its role in weighting the influence of each neighbor on the estimation of the field
variable in the particle a. Recall that the modulation of each contribution depends both
on distance and mass mg.

Wa(X)=W(x-xb)

Figure 2.1: Particle interpolation and kernel function [3]

In continuum mechanics, it is often not sufficient to approximate only the value of a func-
tion itself. Indeed, functions derivatives play an important role in describing phenomena
such as deformation and stress. In particular, the spatial derivative of a scalar field can
be derived using equation (2.4)

d — my d
! ) 30 SLfan) oWl = h) (2.6)

Note that the only part that depends on x is the smoothing kernel W, consequently, to
compute the gradient of a continuous field approximated with SPH, the derivative of the
field f(z) is not needed. This is very useful because kernels are often simpler and their
derivatives can be easily precomputed.

Remark 1. Similar identities may be given for a vector field f(x). Indeed,

Fla) =~ S P2 f(@y) W — @y, h) (2.7)

beA, Pb

When computing the divergence of f(x) with respect to «, only the smoothing kernel
depends on . Thus, the discretized form is

Ve f@)~ Y 22 (@) - VW (@ — @y, h) (2.8)
beA,

While taking the gradient of f(a) with respect to @, the following expression is obtained

Vi@~ S Zof(xy) @ VIV (z — @y, h) (2.9)
beA,
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In SPH, in equations (2.7) and (2.8) is often added the term — f(x,), this term assure
to correctly evaluate the gradient, or divergence, of a constant vector field. In this work
an approximation for the Laplacian of a function Af(x) is not required, but in principle
it can be obtained by applying the Laplacian operator directly to the smoothing kernel

Remark 2. The Taylor expansion on f(z') is performed and substituted into (2.1) to obtain

f'(@) _ T — Ndx' 2
P (o) Wi = ') )i+ O

/

_ f(l’) _ ! 2Vda'
ﬂm—!pw)wu ) pla')d +!

now note that the second integral cancels out for symmetric kernels.

2.2 Smoothing kernels

In the previous section, the discretisation of a continuous field was introduced through the
use of specific functions, known as smoothing kernels W (x). These functions are selected
carefully, as they must satisfy certain properties. In particular, the kernel function must
have compact support, meaning that only a limited set of neighboring particles contributes
to the approximation of the field at particle a.

Additionally, equation (2.2) must be satisfied (i.e. the kernel tends to the Dirac §-function
as h — 0). The integral of the kernel over its support must be equal to one, ensuring
correct normalization. The discrete version of the latter condition reads as

Z ViWy(x,) = 1 with  Wy(xe) = W(xe — xp) (2.10)
beA,

where V}, is the volume associated to particle b which act as a weight.

Recall equations (2.8) or (2.9), the computation of the gradient or divergence of a vector
field f(x) requires the computation of the derivatives of W (x). Consequently, a suitable
smoothing kernel must have a continuous and well-defined first derivative. Moreover, since
the derivative of a continuous field is the null vector, the following condition is introduced

> ViVWy(xa) =0 (2.11)
beEA,

Finally, the kernel functions should be spherically symmetric, and thus depends only on
h and © — x.
The latter property would naturally suggest to use a Gaussian-like smoothing kernel, such

! ) (2.12)

=3

13 3 exp*(
T2

W(r,h) =

where r = x, — x;,. However, this function has the drawback to have as support the whole
domain (W > 0V a € Q), this means that all the particles contribute as neighbors. For a
large number of particles the computational cost of using a Gaussian kernel is prohibitive
considering also that the long-range interactions or contributions are negligible.

Thus, it makes sense to look for smoothing kernels W () with compact support to speed
up the computation.

In the literature, various types of kernels are presented and utilized to solve SPH problems,
for example, the quadratic kernel [16] or the linear kernel [4].
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This work uses the Cubic Spline kernel described in [1] that satisfies all the requirements.
The Cubic Spline kernel is defined as

2o +1¢ 0<qg<1
W(q) =aq4{:(2—q)? 1<g<?2 (2.13)
0 q>2
where ¢ = @ and ag are the kernel normalization factors for the respective problem

dimensions (a1 = 3, ap = % and ag = ﬁ)
The gradient with respect to r of the kernel function in equation (2.12) is computed, using
the chain rule, as

_OW(g) 0W(g)dq OW(g) 7

i 2.14
VWi(a) or Oq Or dq h|r]| ( )

The 1-dimensional Cubic Spline kernel is plotted together with its derivative in figure 2.2.
The symmetry of the kernel and the continuity and regularity of its derivative are shown.

Cubic Kernel

0.00

—0.25 A

—0.50 A

—-0.75 1 —— Kernel
—— Kernel Gradient

-1.00

-2 -1 0 1 2
X

Figure 2.2: Cubic Spline Kernel and Cubic Spline kernel derivative in 1D. In this case the
smoothing length is h = 1, so that the kernel’s support is [—2h, 2h].

2.3 Preservation of linear and angular momentum

It is known that a motion of a continuum must preserve linear and angular momentum in
the absence of external forces; this is represented by a set of two equations, namely one for
mass conservation and another one for the conservation of linear momentum. The system
of equations can be derived by a variational formulation that consists of the minimization
of a potential function. In particle discretization, factors such as non-uniform particle
distributions or the truncation of the support domain near boundaries can lead to a lack
of momentum conservation. This section examines the conditions under which a system of
differential equations, discretized using Smoothed Particle Hydrodynamics (SPH), satisfies
these conservation laws, following the methodology presented in [3]. The conservation of
mass is written in terms of continuity equation, introducing a density field such that

Pa=—pa V- 04 (2.15)
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then, the SPH approximation of the velocity field reads as

Veove= > Vovy - VIWy(xa) (2.16)
beA,

Moreover, the motion of a set of particles obeys the conservation of linear momentum,
which, in absence of dissipative effects, can be written as

Mabe = Fo— T, (2.17)

where F', and T, represent the external and internal forces acting on particle a, respec-
tively. The internal forces are computed as the sum of the interaction forces between one
particle and its set of neighbors

To= )Y Ta (2.18)
bEA,
where T, is expressed as
T =V ppll - VIV, (X) (2.19)

where p represents the pressure field. This expression for the internal forces considers, for
simplicity, an isotropic material® and it is introduced just with the purpose of carrying out
the following proofs. A more detailed definition of the framework adopted in this work for
internal forces will be discussed in the next chapter.

The volume ratio between the initial and current state is denoted by J = V/Vy = po/p.
Thus, it is possible to define an internal energy function per unit of undeformed volume

U depending on J, such that
dUu
= 2.20
p=7 (2.20)
Therefore, when a continuum is represented by a set of particles, the total potential energy

functional can be represented as

x) = fj V,U(J) (2.21)

where the potential energy function U(J) depends on J the volume variation. For example
U(J) = %H(J —1)2. At this point, it is useful, to recall that the variation, or directional
derivative, of a general functional ¥ [5] is defined as

U(ov) = 4

R U(x + edv) (2.22)

e=0

The variation of equation (2.21), in absence of external forces, leads to the following
expression, where the directional derivative is expressed using internal forces

N
o1l
3T, - bv; —-T, 2.2
2 dv 7. (2.23)

Remark 3. This remark aims to demonstrate the validity of equation (2.23), which is
equivalent to showing that the SPH formulation of the problem can be derived from
a variational principle. Recalling equation (2.20) and using chain rule, the directional
derivative of the potential energy is computed as

= g: Vo DU (J Z Vaba (— ) Dp,lov] = Z V, (papa) Pal0v]

(2.24)

(1

!Then, the Chauchy stess tensor can be expressed in term of pressure as o = pl.
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Since the continuity equation (2.15) is used to update the density, the directional derivative
of the density field reads as

Dpg[ov] = —py V- 0v = —p, Z Vi 0vp - VIWp(24) (2.25)
beA,

where the velocity v is replaced by the virtual velocity dv. Substituting this equation in
(2.24) and recalling that by construction VWy(x,) = —VW,(xp), the expression (2.24),
once the indices are inverted, becomes

N N N
[ov] = > VaVi pal - VW (ma) - (—60p) =Y Va | D Vi pol - VWa (@) | - 60, (2.26)
a,b a beAa

by simply comparing this last expression with equation (2.19), the proof is completed.

Preservation of linear momentum
The linear momentum of the system is computed as

N
pP= Z MqUgq (227)
a=1

then the linear momentum is conserved if its time derivative satisfies the following expres-
sion

N N
pP=) maba=—Y Tq=0 (2.28)
a=1 a=1

the equivalence derive from equation (2.17). Considering (2.17) and recalling that VIV, (X}) =
—VWy(X,), it is clear that Ty, = —T, and consequently the sum of all internal forces
will vanish.

Since the set of internal forces T, is derived from a potential function, it is possible to
prove the conservation of linear momentum by showing the invariance of the potential
function with respect to rigid body translation. Consider the variation of the potential
energy II due to an arbitrary uniform velocity field vy, knowing that the potential energy

is invariant under rigid body translation the following expression must be satisfied

N
DII(6vg) = > Tq-vo =0 (2.29)
a=1

since v is arbitrary, then the only possibility is that the set of internal forces, represented
by T',, sums to zero. Thus, if the internal forces are derived from a potential function
that is invariant with respect to rigid body translations, the sum of internal forces will
necessarily be zero, ensuring linear momentum conservation.

Preservation of angular momentum
The angular momentum of the system is computed as

N
L= Z Ty X MgVyq (2.30)

a=1

then the angular momentum is conserved if its time derivative satisfies the following ex-
pression

N N
L= 24xXmabg=—Y x4xTq=0 (2.31)
a=1 a=1
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The total moment of interacting forces between two particles with respect to the origin is
computed as
Ty X Tap +Tp X Ty = — (T — a) X Tap (2.32)

where the two terms have been contracted in one using the property T,y = —T'p,. Expres-
sion (2.26) vanishes if and only if Ty, is parallel to the vector (x, — x,). Equation (2.14)
tells that the kernel gradient is proportional (parallel) to the vectorial distance between
the two particles, this means that (2.31) will vanish if and only if the stresses are isotropic.
Generally, materials do not present an isotropic behavior, this means that a more general
derivation is needed to show conservation of angular momentum.

To demonstrate the conservation of angular momentum, consider the invariance of the
potential energy II(a) with respect to a rigid body rotation about the origin. The velocity
variation due to an infinitesimal rotation is given by

g = 0w X x4 (2.33)

where dw is the angular velocity vector. The invariance of II(x) under this transformation
implies
N N
0=DI[dw X @] = > Ty (6w x xg) =0w- Y _ xq x Ty (2.34)
a=1 a=1
by arbitrariness of Jw the total internal moment vanishes?, ensuring the conservation of
angular momentum.
To complete the proof, it remains to verify that the SPH approximation correctly preserves
a rigid body rotation. Consider a rigid body motion characterized by the angular velocity
vector w = [wg, wy, wz}T. The velocity vector at an arbitrary point @ is computed as

v(r)=wxx (2.35)

the gradient of this velocity field is found by taking the derivative with respect to @ of
equation (2.35)

0 —W, Wy
Vo =W; W=| w, 0 —wy (2.36)
—Wy Wy 0

Note that the divergence (or trace) of the deformation tensor € = (Vv +Vwv’)/2 is equal to
the null vector given the skew symmetric nature of W. Then, in absence of deformation,
the total potential energy of the system would remain constant proving its invariance with
respect to rigid body motions. This is valid in absence of numerical approximations, but
in SPH framework the velocity gradient is evaluated as

Vo= > Vi(Way—Wa,) @ VWy(za) =W [ > Vi(@s —@a) @ VWy(ma) | (2.37)
beA, beA,

Vv # W implies that the SPH approximation does not perfectly represent a rigid body
rotation, and consequently, angular momentum is not conserved.
The correct skew tensor W is obtained if and only if the following condition is satisfied

Z Vi(xy — ) @ VWp(zg) =1 fora=1,...,N (2.38)
beAq

Condition (2.33) is not satisfied in standard SPH algorithms and therefore angular mo-
mentum is not preserved. To overcome this problem, an appropriate correction needs to
be applied on the kernel gradient.

2The vector identity a - (b x ¢) = b- (¢ x a) has been used
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2.4 Corrected kernel and corrected gradient

To fulfill condition (2.38) to ensure the conservation of angular momentum, different types
of correction can be adopted [3]. A mixed kernel and gradient kernel correction is presented
in this section and adopted in this work.
Recalling (2.4), an arbitrary function f(x) can be approximated in the SPH context using
a corrected kernel

Wi ()

N
f(x) = ;%fbwb(w) with Wy (z) = Y VW) (2.39)

where the corrected kernel W(:L') is obtained by normalizing the kernel itself assuring the

satisfaction of equation (2.10) by construction. The gradient of f(x) is evaluated as

N

Vi)=Y Vify, @ ViTy(ed) (2.40)
b=1

where the "corrected gradient of a corrected kernel" is computed as:
VWy(xa) = Ly VWy(x,) (2.41)

The so called gradient of a corrected kernel in equation (2.41) is obtained by taking the
derivative with respect to « of (2.39b)

VWb(.’B) _ VWb(m) Zévzl VbWb(iB) — Wb(w) ZIZJV:I ‘/vab(iB)
(S V()

(2.42)

While the correction matrix L, ensure that equation (2.38) is satisfied by construction.

-1

N
L,= (Z vawb(wa) ® (wb - ma)) (2'43)

b=1

To conclude, after selecting an appropriate kernel function, it is necessary to apply these
corrections. From now on, all the kernels and kernel gradients defined will consider these
corrections.
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Chapter 3

Total Lagrangian SPH formulation

In this chapter, a system of two Lagrangian conservation laws, respectively for linear
momentum and volume, is presented. These two equations describe the deformation of
the continuum in time. Then, the system is spatially discretized in space within the
corrected SPH framework. Finally, an adapted Riemann-based stabilization technique is
described to mitigate the numerical instabilities.

3.1 Total Lagrangian first order conservation laws

3.1.1 Conservation of volume

Consider the three-dimensional deformation of an elastic body moving from its initial
configuration, occupying a volume y with boundary 92y and outward unit normal IV, to
a current configuration at time ¢ occupying a volume €2, with boundary 0f2 and outward
unit normal n.

Z,Z $:¢(X,t)

dx = FdX

Figure 3.1: Motion of a deformable continuum domain [22]

The deformation is defined by a map & = ¢(X,t) which satisfies the volume and linear
momentum conservation laws. The notation for the deformation gradient F' (that maps
dex = FdX) and its determinant J (that maps d) = Jd)) are
ox
F=_——=Vx J = det(F 3.1
=, (F) (3.1)
in which x represents the current position of a particle initially at position X, while
Vo denotes the gradient with respect to the initial configuration. To map the material
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differential area vectors dA from the initial to the current configuration da, the co-factor

of deformation H is introduced
H=JF T (3.2)

The relation between the co-factor and the deformation gradient is given by the Nanson
formula [9]. Using the co-factor of deformation is possible to express the Jacobian of the
deformation via the following integral conservation law

d
5 / TS = / (H v) - NdA (3.3)
Qo Qo

where v is the velocity field. Once the divergence theorem is applied on (3.3), the equiv-
alent local conservation law can be written as

oJ
5 DIV(HTv)=0  ¢[J] = —[v] - (HA*N) (3.4)
together with the associated jump condition across a discontinuity surface [18] with normal

N and propagating with velocity c.

In this equation, DIV represents the material divergence operator, H Ave %(H T4
H ™) is an average of the co-factor of deformation between the left and right side of the
discontinuity surface and [-] = [-|T — []” represents the jump operator.

Remark 4. An equivalent non-conservative version ! of (3.4) is obtained by introducing
the Piola identity (DIV H = 0) to give

0.
5 —H:Vov=0 (3.5)

3.1.2 Conservation of linear momentum

The conservation of linear momentum per unit of undeformed volume is expressed, for
any arbitrary Lagrangian volume )y, as

d
ﬁ/povdﬁ():/bon—f-/tdA (36)
Qo Qo 0Qo

where b is a body force per unit of volume and t = PN is the traction vector associated
with outward normal surface vector and with the first Piola-Kirchhoff stress tensor. Thus,
the local conservation law and corresponding jump condition becomes

ov

Pop DIVP =b cpo[v] = —[P]N (3.7)

3.1.3 Combined equations

Combining equations (3.7) and (3.5), the system of total Lagrangian conservation laws
can be summarized [18, 19, 20] as

U OFr
EJF@—XI_S vI=1,2,3 (3.8)

!The right hand side is not expressed as divergence of a flux.
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where U represents the set of conservation variables, & the source term and Fy the flux
vector in the material direction I.

L R E P I (5.9)

with Ej is the I-th unit vector of the Cartesian basis?.
The first Piola-Kirchhoff stress tensor allows to relate the stress in the current (deformed)
configuration to forces per unit area defined in the reference configuration [5]. In general,
it is defined as

P=JoF T (3.10)

The system of equations (3.8) needs the introduction of a constitutive law relating the
first Piola stress tensor to J, acting as a closure. To do so, the following elastic strain
energy per unit of undeformed volume is introduced

P(J) = %K(J —1)? (3.11)

where « is the bulk modulus. In this work, only an elastic volumetric contribution will be
considered. Then, equation (3.10) reduces to

_

P = —pH;
pH; i

=kr(J—1) (3.12)
where a negative value for pressure indicates compression. To simulate a more generic
situation, an additional inelastic effect P" should also be taken into account.

P=—pH + P’ (3.13)

these effects in general derive from viscous effects and more complex constitutive laws
needs to be considered. Physically, this implies that no shear/deviatoric stresses, viscos-
ity or heat conduction are considered. In this work, these effects are neglected, so that
PY =0.

Finally, the appropriate initial conditions must be specified as well as the boundary con-
ditions to fully define the initial boundary value problem.

3.2 Weak formulation

In general, a standard weak variational statement [19] for the system in equation (3.8) is
obtained by multiplying the local form of the conservation laws by an appropriate work
conjugate virtual field 6V := {dv, X}, and integrating over the domain €, to give

OFr
00Xy

/5v. = = /5v.3d90 - /5v. a9 (3.14)
Q

the symbol e denote an inner dual product of work conjugate pairs. The application of
the Gauss-Green divergence theorem on equation (3.14) leads to

ooV

/5Vo—on_/6V Sds +/J—',. a0 - / SVeFndA  (3.15)

a0

2E, =[1,0,0], E; = [0,1,0] and E3 = [0,0, 1]
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where Fn = FrNj are the normal fluxes with N as the material outward normal in the
I-th direction. The expression (3.15) can be written in extended form as

/6’0 padﬁo— /P Vosv dQO+/6v bon+/6v t dA
Qo

5Wint 6W51‘t (316)

/52J—d90 /52, (H : Vov) d%

By introducing the Hamiltonian H = H(X,t) it is possible to give a physical meaning to
the conjugate virtual field V. Indeed, the Hamiltonian is defined as

X, 1) = HMU) = %U.Hz/}u) (3.17)

that is the summation of the kinetic energy and the Helmholtz free energy ® per unit
of undeformed volume. The work conjugate are obtained by differentiating the above

expression )
V=_—=|%|= (3.18)
ou o P

Hence, dv and 0 ) ; represent virtual velocity and virtual pressure fields respectively. To
show that the system of equation proposed is coherent and physically admissible, the
Hamiltonian is considered in terms of the second law of thermodynamics. In particular,
the time derivative of the Hamiltonian can be written as

d ou
af’Hon_/v o Srdn,
Qo
ov oJ
—/(”'%t‘pat> o

_/<v po——pH Vm)) dQg (19

_/<v po—— (P — P): Vm)) o

where equations (3.5) and (3.13) have been substituted in the second and third line re-
spectively. At this point also the linear momentum equation (3.7) is substituted to give

/Hon = / (’U bp+v-DIVP + P : V[)’U) dQy — /Pv Vov df) (320)
QO QO
consider the identity v-DIVP + P : Vov = DIV(PTv), then the above equation becomes
- /’HdQO = / (v-bo+DIV(PTv)) dy — /P” L Vv d€ (3.21)
Qo
By applying the divergence theorem to the DIV term in (3.21), it yields

dt/Hon—/’U bo dQQ — /U tB dA = — /Pv VOU on (3.22)
Qo Qo o

Hezt

3Notice that in an isothermal process the Helmholtz free energy is equivalent to the internal energy.
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where II..¢ denotes the power introduced by external forces. In equation (3.22), the right-
hand side represents the possible physical dissipation given by the viscous term and is
always non positive (i.e. < 0). Consequently, the equation is expressed as the following
inequality

% / HdQ — ez <0 (3.23)
Qo
This inequality tells that, in absence of external forces, the energy of the system is either
conserved or decreased due to dissipation introduced by inelastic effects. Satisfaction of
this inequality, as established through the Coleman-Noll procedure [13], is a necessary
condition to guarantee the stability of the system.

3.3 Spatial discretization

In Smoothed Particles Hydrodynamics (SPH) the problem variables U and the conjugate
pairs ¥ are interpolated via SPH kernel functions W (X). In particular, the variables are
interpolated at each particle as a weighted sum of the values from neighboring particles
located within the compact support of the kernel function (Figure 3.2).

Figure 3.2: Particle approximation [22]

Finally, for a given particle initially at position X,,* both U and §V can be approximated,
at any time, as

U(t) = Y VUL Wi (Xa)  Var D V6V, Wi(X,) (3.24)
beA, beA,

in this equation, A, represents the set of neighboring particles that lies inside the kernel
support while V, represents the volume associated with each particle b.

In this work, in order to ensure correct interpolation of both constant and linear functions,
the correction of both gradient Vo (e) and kernel W (X) is applied as shown in section 2.4.
The resulting approximation for an arbitrary function f(X) is

.f(Xa) = Z %fbVNVb(Xa) (3'25)
beA,

4Capital letter X refers to the initial configuration while & to the current one
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while its gradient becomes

VOf(Xa) = Z Vb.fb & 6OVT/IJ(*Xva) (326)
beA,

Remark 5. In this remark, an important relation connecting the Finite Volume Method
(FVM) and the Smoothed Particle Hydrodynamics (SPH) is presented. This relation will
be crucial in reformulating the Riemann-based FVM upwinding stabilization [21] within
the SPH context.

It is known that another equivalent representation for the kernel gradient can be obtained
by artificially adding the redundant term +f, in (3.26)

Vol (Xa) = Y 2|5(F £ £)| @ ToWh(X.) (3.27)
beA,

b4
.\
Ty
b(j c Ag

'h-_._. \ ——
oV oV
(a) (b)

Figure 3.3: Control volume for (a) vertex centred FVM and (b) SPH mesh free approach in
2D. The red area is the control volume associated to node a while the blue lines represents
the edges connecting node or particle a to his neighbors. The vertex centered FVM
requires the outward unit normal N, to be defined using the material outward normal
N, of every facet k belonging to edge ab. However, for the SPH mesh free approach, the
normal IN 4, is defined by a direction vector between particles a and b.[19]

FVM requires the definition of a dual mesh which is constructed by connecting edge mid-
points, element centroids, and face centroids ensuring that each dual mesh element contains
only a single node (see figure 3.3)[2, 11]. The discrete gradient at node a can be evalu-
ated over its associated control volume by applying a discrete form of the Green—Gauss
divergence theorem

Vof(Xa) ~ Vi / f ©NdA (3.28)
a
oVy
where IN is the outward normal and V, the control volume. The above integral (3.28) can
be discretized by means of the FVM adopting a central difference scheme for the vector
function f as

Vof(Xa)~ = 3 [1<fa+fb>} © Y N (3.20)
Va beEA, 2 keA’;b

Cab
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where A’;,b is the set of facets belonging to edge ab, Ay is the area of a singular facets and
N its outward normal. The two expressions, (3.27) and (3.29), must be equal and the
desired relation can be identified

Cap =2V, Vi VoW (X ) (3.30)

3.3.1 Total Lagrangian SPH discrete formulation

The above weak statement (3.16) is spatially discretized [20]. In particular, the external
virtual work W, becomes

West = Y Apdv(Xp) - t(Xp,t) + > Vadv(Xa) - ba
B a

A, (3.31)
~ ; Vadva . |:V;1ta + ba:|

where B represent the set of particles in the boundaries of the domain, ¢ is the traction
vector acting on the area A (remember that A, = 0 when a ¢ B) and b is the body force.
Additionally, the internal virtual work contribution dWj,; is written as

Wint = > _ Vo Py : Vodv(X)
b

~ Z%Pbl (Z Va 5va®@0Wa(Xb))
b

achy (3.32)

= ZVG&U“ . Z Vy Py - ﬁOVNVCL(*Xb)

beA, T.,
a

combining expression (3.31) and (3.32) and integrating using the cloud of particles as
quadrature points, the resulting discrete weak formulation is

Ova Aa
= - Ta —q ba
P ot g\: bty tet
97 ¢ (3.33)
at“ =Hy: Y V, 0,0 VoWy(X,)

beAq

where the discrete co-factor H, = JF, T (3.2) is evaluated by writing the deformation
gradient F, as
Fo=) Vi@, VolWy(X,) (3.34)
beA,
with @, position of particle b at the current configuration. Another useful representation
of the deformation gradient is written in terms of v, as is shown later in this work.

3.3.2 Riemann-based Upwinding stabilization

As mentioned before, the integration is done using the particles themselves as quadrature
points. This operation may lead to instabilities such as zero-energy modes and pressure
instability, consequently the scheme could encounter a break-down due to error accumu-
lation.

The numerical stabilization for zero-energy modes and pressure instability is introduced
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via a consistent characteristic-based Riemann solver [19, 21, 27], adopted also in finite
volumes method [14, 15].

In Lagrangian dynamics, it is possible for two distinct domains (i.e. V, and V}) to come
into contact with each other after some time t. These impacts create two types of shock
waves (figure 3.4), p-waves (pressure waves moving with speed ¢, through the material)
and s-waves (transverse waves moving with speed c;)®, that could propagate between the
particle domains.

Timet =0

Figure 3.4: Contact mechanics [14]

To model these interactions and maintain numerical stability, the flux is evaluated using
a Riemann solver based on the Rankine-Hugoniot jump conditions (3.4) and (3.7). The
flux is computed across a discontinuity surface defined by the outward normal vector N 4,
for each couple of neighbor particles.

In practice, an approximate local Riemann problem is solved at each particle interface.
The goal is to improve the quality of the solution and reduce numerical oscillations caused
by sharp jumps in the state variables. This is achieved by replacing the unstable flux in
(3.8) with

1 _ 1 B
Fiuw =73 [P, Us) + Fr, )] - S M U —up) (3.35)

The first term is a simple average from left and right state while the second term can be
seen as a numerical flux that dumps the instabilities, it is proportional to the flux jump 6
and A is the flux Jacobian computed as 0F /OU.

These numerical fluxes can be decomposed into the summation of an average state and an
upwinding numerical stabilization term. Indeed,

Ave Stab
PAeN 1_[ pStab N (3.36)

FS =
Nab H,: (’UAUe ® Nab) H, (,vStab ® Nab)

Unstable flux Upwinding Stabilization

5In this work only volumetric effects are considered, then s-waves will not be considered.
5This ensures that the stabilization is applied only where necessary, when discontinuities occur. In
smooth regions, where the jump is negligible the solution does not need to be smoothed.
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where the expression for the stabilised first Piola—Kirchhoff stresses and velocity are
P = [Shy- (v —vp)| @ Nay; o5 = S [(P] = P7)Nw|s  (337)

and the stabilization matrices SZ, and SY, are defined as in [14]

ab = %Cp(nab ®ng); Sk = 21 (Mab @ Map) (3.38)
Cp
In equation (3.38) the outward unit normal is defined using the current positions as 14, =
(xy — x4)/ || T — x, || while the symbols {v;~, P, 7} in expression (3.37) represent
the left and right states of {v, P} at fictitious interface f. The standard procedure is to
consider the values of problem variables at particle position (i.e. vg, vy, P, and Py).

3.3.3 Complete Upwind-SPH formulation

It is now possible to include Riemann-based stabilization terms in the total Lagrangian
SPH discrete formulation.

To achieve this, (3.36) is inserted in (3.33) substituting {P“"¢, v4*¢} and obtaining, after
some manipulation, the final discrete formulation

v, A,
p;; —_ ZTab-i-vt b+ > D
beA, beA,
aJ. (3.39)
ab
BN =H, ZV[,U(,@V()WI) +Z'D
beAq beA,

where the dissipative terms are defined as

o Stab
DY =1, 3 2P VW (X,) D=7, 3 21

beA, beAgy p

[ HIoW(Xa)] (3.40)

where 7, and 7, are parameters that controls the magnitude of the dissipation. To obtain
(3.40) recall remark 5.

Remark 6. In this case, due to the corrections applied, VoW (X o) # —VoWa(X}). Con-
sequently the dissipation term Df,b will not satisfy the global momentum conservation
requirement. However, it is possible to fulfill the condition by replacing VoW3(X,) with
his average counterpart defined as

- 1, . - L
Vol (X o) = 5 (VolWh(Xa) = VoWa(X0)) (3.41)
Same procedure can be done in D;b resulting in

[HVoT(X0)] ™ = [HVol(X,) — HuVoW(X,)] (3.42)

3.3.4 Numerical entropy production

In this section is shown a procedure to verify the consistency and local conservation of the
stabilization terms by using a semi-discrete version of the Coleman-Noll procedure as in
[22]. Recall (3.19), its discrete version reads as

ov, 0J,
ZV _ZV |:Ua Par ~Pagr (3.43)
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Substituting (3.39) into (3.43) yields

] |
AL P > (WP - VoWa(X0)) w0 + Tl + 30 3 (00 D = pu})
a a beAb @ beAb

—Diotal

(3.44)
where Il.,; denotes the power introduced by external forces expressed as

Moot =Y (Vava - bo + A% - ) (3.45)

a

Since VoWy(X4) = —VoW,(X3), the first term of equation (3.44) vanishes due to anti
symmetry and the expression simplifies to

d .
ZVG% - Hext = _Dtotal (346)

It is now sufficient to demonstrate that the right-hand side of equation (3.46) is always non
positive, or equivalently that Dy, > 0, to show that the stabilization terms introduced
fulfill the second law of thermodynamics. The term Dyyq can be written as

Dtotal = - Z Z vaDvab - pang
beA,
‘e (3.47)
=— (> vwbD, —p, DY
a beh,

By summing the first and second line of equation (3.47) taking into account the anti
symmetry of the stabilization terms, an equivalent expression for Dygiq; is

1
Diotal = 5 Z Z ('Ub - 'Ua)Dvab - (pb - pa)D;b (3'48)
a beA,

Recall the complete expressions for the stabilization terms

Dvab =2V [SZb ’ (vb - va)] ® Nap - VNOWb(Xa)Ave

'D;b — _2Vb; Sigb [(pb _ pa)HA”eNab] ) {HaVNOWb(Xa)}AW (3.49)

where the two matrices 8%, and 8%, are symmetric and positive semi-definite meaning
that for any vector v, it holds that v!'8 v > 0.. The terms vy, — v, and pp — p, have sign
but, multiplied by the terms present in (3.48) and the positive semi-definite matrices, their
final contribution is positive. Moreover, by construction, the dot product N - VoW3(X,)
is also positive. Recall that the minus sign present in front of the second equation comes
from the constitutive law P = —pH. The remaining quantities are constant positive
parameters’. Given these considerations, it is proved that the dissipation term Dyoq is
positive.

"The term H*¢ is computed as 0.5 (Hq, + Hy), then multiplied by the other HAv® present in the
formula the total contribute is a positive quantity.
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3.3.5 Linear reconstruction procedure

The stabilization terms act as diffusive terms, introducing an artificial viscosity aimed
at reducing spurious oscillations or discontinuities caused by shock waves. However, this
results in energy dissipation within the system, making it crucial to minimize such losses.
As previously said, the amount of dissipation is proportional to the jump of the problem
variables at particle interfaces. Instead of assuming the problem variables to be constant
within the support, their values are locally approximated at the interface using a linear
reconstruction procedure using the set of neighboring particles®.

The reconstruction procedure [19], used to evaluate the problem variables at the interface
f between neighboring particles {v™~, P™ "}, is now described.

The procedure consists in reconstructing the velocity at the mid-edge f connecting parti-
cles a and b. At the same time, the stresses on each particle (that is, P(F,) and P(F}))
are considered and then reconstructed at the interface f , namely {PJ?, P}r} For any
individual component of U, the linear reconstructed value at any position X is derived as

UX)=Us+ Go (X — X,) (3.50)

A least square procedure is adopted to compute an appropriate particle gradient operator
G.. To do this an objective functional II is introduced

Z || d Ta e Mo~ Ut Go du)l (3.51)
beA ab

Here, b € A, represents the set of neighboring particles, dy; the distance vector between
a and b. Taking directional derivative of (3.51) with respect to G, yields

0= DII ga Z 2 ( at ga ' dab)] dab (352)
P = [
Rearranging”, the final expression for G, is
-1
U, -Uu,
Go= | NooNuy| -3 (”d) Nu (3.53)
bEA, bEA, I das |l

with N4 as the unit vector in the direction of d.

3.3.6 Shock wave propagation speed c,

As discussed in Section 3.3.2, when the stabilization based on the Riemann solver is
considered, two wave speeds become relevant: the longitudinal shock propagation speed
¢p and the transverse one c;. However, since the material model considered in this work
(see equation (3.12)) neglects the shear resistance, only ¢, is used for stabilization purposes.
Initially, the wave speed ¢, can be assumed to be constant in time, and in a linear elastic

material, equal to its reference value
o [R

However, under large deformations, the configuration of the material, and so the volume
assigned to each particle, can change shape significantly. For example, if the volume

8 A linear function is exactly reconstructed in this way, resulting in no jump at the interface and no
dissipation for a linear field. Moreover, if a linear function is reproduced exactly, then the reconstruction
procedure is correctly implemented.

9To rearrange it has been used the vectors property (a ®b) -z = (a-z) b V x.
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becomes highly stretched, the wave propagation in one direction should be higher than in
another. To avoid numerical instabilities, especially when the material is stretched, it is
important to update the propagation speed ¢, to project the current deformation effects
in the reference configuration. Following the approach proposed in [17], the shock wave
speed should be adjusted based on the current configuration. To quantify the deformation
of a particle, we consider the right Cauchy-Green strain tensor

C,=FIF, (3.55)
Its eigenvalues \; are obtained by solving
det(C, — \I) =0 (3.56)

these eigenvalues represent the squares of the principal stretches and thus describe how
the material is deformed relatively to its reference configuration. To ensure stability, the
updated value of ¢, for a particle can be defined as

O

cp = \/}\;7 V particle (3.57)
where Ay, is the smallest eigenvalue of C,. This approach increases cp, and so the mag-
nitude of stabilization, in regions where the material is highly deformed in one direction,
improving the numerical stability locally. However, in case of extreme compression, the
corresponding minimum eigenvalue of the right Cauchy-Green tensor can become very
small, potentially leading to numerical instability causing the code to break down. In
general, if deformation is limited, for example when the continuum exhibits oscillatory
elastic behavior, assuming a constant ¢, may be sufficient.




25

Chapter 4

Time integration

In Smoothed Particle Hydrodynamics time integration schemes plays an important role
in maintaining accuracy and stability over time. Traditionally, explicit time integration
schemes have been the standard approach in the literature due to their simplicity and ease
of implementation. However, these methods suffer from a severe restriction on the time
step, given by the Courant—Friedrichs—Lewy (CFL) condition. This restriction can signif-
icantly limit computational efficiency, especially in simulations involving high-resolution
domains or large deformations.

To overcome this limitation, implicit time integration could be an alternative.

This chapter first presents an explicit time integration scheme commonly used in the SPH
literature and then introduces an implicit scheme based on the Crank—Nicolson method.
The proposed implicit scheme will be tested and validated in the following chapters.

4.1 Explicit time discretization

An explicit one step two-stage Total Variation Diminishing Runge-Kutta (TVD-RK)
scheme has been adopted to solve the evolutional problem [15, 19, 20]. The following
equations describes the update of the problem variables from time step ¢, to t,41.

U:=U"+ At U, (U, L)
Uurx=u;+ At U; (Ll;, t”“) (4.1)

1
Ut = S U+ U

The geometry (position of each particle) is also updated using the above explicit scheme.
The problem variables U = {vg, J,,z,}' with a = 1,..., N are updated using (4.1)
resulting in a monolithic time integration procedure.

The maximum time step At = t,4+1 — %, is controlled by the Courant-Friedrichs-Lewy
(CFL) condition [7], which ensures that the propagation of shocks remains physically
consistent with the discrete resolution of the model. In particular, the time step must be
small enough to allow information to travel across the characteristic length scale within a
single time increment. The CFL number is defined as:

acpp = ——2mar (4.2)

'Also F is updated within (4.1) in order to avoid to re-compute the kernels and kernel gradients for
each particle. To do so the deformation gradient is written as F***PT! = Fs'°P L ' notice that F' depends
on v.
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This condition is satisfied when acprr < 1. Solving for the time step yields

At = agpy Jmin (4.3)
Cp,mazx

where ¢pmae is the the maximum p-wave speed, dp, is the minimum particle spacing
within the domain and agpy acts as a stability coefficient that has to be < 1. For
instance, in [22], acpr is kept equal to 0.3, this is a conservative choice to ensure both
accuracy and stability.
From equation (4.3), it is clear that the time step is inversely proportional to both the
discretization refinement and the bulk modulus  of the material (see equation 3.54). The
algorithm 1 sums up the description of the explicit Upwind SPH methodology.

Algorithm 1 SPH explicit time integration

Input: U? where U = [v, J]T

Assign U = Y™ and x = "

Evaluate p-wave speed ¢,

Compute time increment At (see equation (4.3))

for TVD-RK time integrator = 1 to 2 do
Compute RHS of mixed-based system: ¥ and .J (see equation (3.39))
Evolve U,, x,
Impose boundary conditions

end for

Update Y71, xn+!

. Output: Y7+, gntl

—
— O

4.2 Implicit time discretization

Unlike the method described above, an implicit time integration scheme calculates the set
of problem variables at time step n+ 1 based on the variables at the same time step. This
can be expressed as
- m+1
U =UT + AU (U (4.4)

a

The expression (4.4) represents the backward Euler scheme, which is an implicit first-order
method for time integration. While it is unconditionally stable, it is also numerically
dissipative and only first-order accurate, meaning that the global truncation error is pro-
portional to O(At). To improve accuracy, the Crank-Nicolson scheme is introduced by
averaging the explicit and implicit Euler schemes

1 N *n
Uit =y A (U e U ) (4.5)

Crank-Nicolson is an implicit scheme that achieves second-order accuracy O(At?). This
formulation is stable and more accurate, reducing numerical dissipation. The system of
equations to be solved, (3.39), depends on both velocity v and position x. Since the
Crank—Nicolson scheme handles only first-order time derivatives, an additional equation
is introduced to relate velocity and position, & = v.

An alternative approach would be to use a different time integration scheme, such as the
Newmark method, which is applied in finite elements, as shown in [25, 28].

Given the nonlinearity of this formulation, the two governing equations result in a non-
linear system of the form R(U) = 0, where R(U) represents the residual vector and
U = {v,J,x}. To solve this non-linear system, a Newton-Raphson iterative scheme is
adopted, which involves linearizing the residual equations around an initial guess. At each
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iteration, the linearized system is solved to compute corrections to the current guess until
convergence is achieved. The linearized system is written as

Ry ORy OR.
v 0 O Av Ry

8”R,J 87'\’,J 8RJ AJ — R (46)
v 0J Oz J :

ov oJ ox

where R, and R are the residual associated with the problem variables (v and J), the
Jacobian matrix is a block matrix and contains the partial derivatives of the residuals with
respect to v and J. Finally, Av and AJ represent corrections to the current guess.

For completeness, the residuals are defined as

1
Ro(va, Jo) = p v"THE — p o — At 3 (i}g“’k + ’UZ) =0

Ry (Ve Ja) = S — g — At o (Jrth ) =0 (4.7)

N~ DN =

Rm(vaa Ja) = wZJrl’k —x, — At

; (5 +a%) =0

where the time derivatives of the problem variables (i.e. © and .J) are the right hand side
of (3.39).

Since their values at time step n + 1 are not known a priori, the solution process involves
the following steps:

1. Initialization: Start with an initial guess for the problem variables Y10,
A common and intelligent choice is to use the values from the previous time step U"
as initial guess.

2. Linearization: At each iteration k, the residuals are evaluated using the current guess
U"tHF . The Jacobian is computed and the corrections Av and AJ are determined
by solving the following linear system

JUTM AU = —RU™THF) (4.8)

3. Update: Update the guess using the computed correction:
UrTLERL Lk Ay (4.9)
4. Convergence check: Check if the residual norm || R(U™ 1*+1) || is below a prede-

fined tolerance.? If the condition is satisfied, the process stops. Otherwise, repeat
from step 2.

The iterative process continues until the solution converges to a consistent set of variables
at time step n + 1.
The novel procedure is summarized in algorithm 2

2The check in the residual norm is preferably done with the relative residual obtained dividing ||
R™F || by || R*9 ||, to avoid numerical problems when dealing with small residual norms. Moreover,
the residuals components computed in the boundary particles are not considered.
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Algorithm 2 SPH implicit time integration, Newton-Raphson iteration

—= = e
N = O

Input: U" where U = [z, v, J|T, At
Assign U =Yy
Compute residual of mixed-based system: R (U™ 1E+L)
for k < itmee and | RU A ||> tol do
Compute the Jacobian: J (" 1)
Solve the linear system and compute AU (see equation (4.6))
Impose boundary conditions
Evolve Y"1k +
Evolve deformation gradient Fm+hF+!
Compute residual of mixed-based system: R (U™ 1A+
: end for
. Output: Y7+
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Chapter 5

Numerical examples: 1D tension
problem

In this chapter, a one-dimensional (1D) tension problem is solved using a total Lagrangian
SPH formulation and a linear elastic constitutive law. This simplified test case allows for
a straightforward assessment of the proposed 1D algorithm, ensuring its accuracy and
stability before extending it to more complex scenarios. Firstly, the problem is solved
using the explicit Runge-Kutta time integration scheme, following the work done in [§]
and [4]!.

Then, the implicit time integration scheme proposed in Chapter 4 is adopted and compared
with explicit SPH and explicit FEM.

5.1 1D Total Lagrangian SPH formulation

First of all, working on a 1D problem allows for some simplifications. By definition, the
volume changes can be directly characterized through the deformation gradient F', which
is equivalent to its Jacobian J, therefore

H=JF'=1, P=JoF'=0¢ (5.1)

where P is the first Piola-Kirchhoff stress tensor, and o is the Cauchy stress tensor.
The conservation equations for linear momentum conservation and volume conservation
in the total Lagrangian formulation reduces to the following 1D formulation

po@ —Vopo—-b=0
ot
(5.2)
y —Vov=0
ot 0T
or in a more compact way as
ou oF

!This problem was used to show tension instability by J. Bonet and S. Kulasegaram in [4] and can
be solved using SPH approach only with a total Lagrangian approach and using corrected SPH. Indeed,
by using linear kernel function with a limited support can be easily shown that with a standard Eulerian
approach the linear system matrix has negative eigenvalues leading to instabilities and unstable solutions.
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where U represent the problem variables and F the flux vector. Following the approach
shown in Chapter 3, the discrete 1D version of equation (3.33) reads as

vy L.
P == 2 Vo oo VoWa(Xp) + ba

beA,

a7 (5.4)

aa = > Vi vy VoWs(Xa)

¢ b
cAa
Finally, to close the system, the 1D linear elastic constitutive law? is applied

o=—k(J—-1) (5.5)

with & being the bulk modulus?.

Without proper stabilization, this formulation can suffer from numerical instabilities. To
mitigate these effects, an upwind Riemann-based stabilization (described in Chapter 3) is
introduced, adapting the approach used in FVM [12, 14]. The idea is to replace the flux
at the interface between particles with a stabilized version

1 _ 1 .
Fu = 5 | FNuUy) + Fr, M) = Sl AN, (@] —Uy) (5.6)

This formulation includes a dissipative term proportional to the jump in problem variables
at the interface.

The absolute value of the flux Jacobian matrix [An,,| = |8§:—uN| can be defined as
1o
’ANab| = ) Z |Ca|Ra££
a=1 (57)
1
= ica (Rlﬁ{ + Rzﬁg)

where R, and L, are respectively the right and left eigenvectors of | A, | and ¢, the wave
speed. First of all, considering the constitutive equation (5.5), define the flux Jacobian
matrix Ay of the system of conservation laws obtained by taking the derivative of the
system flux with respect to system variables v and J.

0 —x/p|_|0 —¢
i o)
where ¢, is the material wave speed. The eigenvalues of (5.8) are such that det(A—AI) =0,

that gives A2 — cg = 0 or in matrix form

cp, O
=[3 0] oo

since both eigenvalues € R, the system is hyperbolic. To compute right and left eigenvec-
tors, recall that the following conditions

caRo = AR, caﬁg = EgA (5.10)

Using the definition of right eigenvector, consider a vector w = [v1 va]”, then

= (5.11)

CpU2 = —U1

2To be able to couple the two equations, the constitutive law is written in terms of J.
3Bulk modulus and elastic constant are equal in 1D : k = E
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by substituting the second expression into the first one, and selecting v1 = 1 for simplicity,
the following right eigenvectors are obtained. Note that the same procedure when applied
to compute the left eigenvectors gives

1
+ 1

Cp

1
+ L

Cp

RLQ = ; [:1,2 = (5.12)

Finally, using (5.7) the final expression for the absolute value of the flux Jacobian matrix
is
¢ O
AN| = [ 0 L ] (5.13)
Cp

Recalling remark 5, is possible to adapt these terms to SPH methods leading to

YD =1 Y Vi cp(vf —v7)Nap - VoW (Xa)

beA, beA, (5 14)
ZDab—T ZV-i-l(aJr—cr*)N - VoWy(Xq) A0 ‘

p — Tp b S\ ¢ )Nab - VoWp(Aq
b€Aa beAq P

The final 1D Upwind-SPH discrete formulation is written as

vy -
Pt == Voo, VolWa(Xe) +ba+ 3 D3
beA, beA,
o7, o b (5.15)
5 > Voo VoWy(Xe) + > D
beA, beA,

Time integration

In the literature, the explicit Total Variation Diminishing (TVD) Runge-Kutta scheme
described in algorithm 1 is commonly employed.

However, this chapter aims to demonstrate the applicability of an implicit scheme. In
particular, the implicit time integration scheme introduced in Chapter 4 is used to solve
the system (5.15). As shown in algorithm 2, computing the time evolution of the problem
variables requires evaluation of both the residuals and the Jacobian matrix within the
Newton-Raphson method. Moreover a correct evaluation of these terms is also essential
for the scheme’s convergence.

The global system to solve can be written in the following compact form

IRy IRy, IRy
v aJ O Av Ry

ORy ORy IRy Al |=—| R (5.16)
o 0J Oz J :
OR 2 OR 2 OR % Ax Rx

ov oJ oz

The computation of the residuals and their derivatives is detailed in this section. These
derivatives have been obtained using Python’s symbolic computation library SymPy [29].
Recall (4.7), then the complete expression for velocity residual R, , computed at particle
ais

1 L
Rya=p ol tHFr—pol At (— SV (a{;“ + ag) VoWa(Xp) + (b2 + b7)

) a - 5
PR (5.17)

+ Ty Z W) : Cp(v;fr - U;)Nab : V~0V~Vb(AXCL)AW)
beA,
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while the derivatives with respect to the problem variables v and J are

ORoya 1 5 5 ve
0 ”"'11 =1+ 5 At | Ty Z W - Cp NavaWb(Xa)A
Va beAa

OR 1 5T
n%a = 2 At T ‘/b s NavaWb(Xa)AUe

aavb +1 2 ( P ) (518)
Rua 1 NaRT

S = 5 A (Vo s Vola(X))

My 1 =

Jr = 5 A (Vi w ol ()

the Cauchy stress o is defined by the pressure term x(.J—1) and the reconstruction adopted
in the stabilization terms considers the problem variables constant in the support.
The same procedure is shown for the Jacobian residual R,

1 -~
Ria=Ji =0l =5 At (Z Vi (vt + op) VolWa(X))

Aa
v (5.19)
1 1 _ -
+7p > Vor— = (0] =07 )Nap - VoWy(Xa) ™"
beA, % P
the derivatives are computed as
OR ja 1 -
avg+1 = _5 At (VaVOWa(Xa))
OR jq 1 ~ o~
puti = 73 A (ViVo(Xa))
5.20)
ORJja 1 1k ~ (
= =14 At |7y Vy —— b VoWe(Xp)
0Ji " 2 ( bgz\:a pp ¢
OR . 1 1k .~
— = —— At Vy —— W (X,
It 2 <TJ b b VoWa( b))
Lastly, the expression for R, 4, for which the derivatives are trivial, is
1
Roa=agtF —all = 5 At (vnt +op) (5.21)

If the linear reconstruction procedure is employed, the derivatives in (5.18) and (5.20)
must include additional terms. Refer back to (3.53), then the interface velocity vy can be
written as

-1
vr=vt [ 1] N, (5.22)
I das |

beAq

then the corresponding derivatives with respect to v becomes

-1 -1
ovy 1 ovy 1
f f
—1- 1] — N, and —L = 1] —n, 5.23
i (Z) oo w (Z) EZY R

beAq beA,

The same observation applies to J}L’_ and its derivatives with respect to J.
The derivatives computed above allow to build row by row the Jacobian matrix needed
for Newton-Raphson iteration in (5.16). In this specific tension problem, the Jacobian
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matrix, as seen in (5.18) and (5.20), is independent of the problem variables, namely v
and J. As a result, it is computed once at each time step, outside the loop, differently
from what is shown in the algorithm 2.

Another important feature of this problem is its linearity, which is preserved by the linear
elastic constitutive law. For this class of problems, the Newton-Raphson scheme is ex-
pected to converge in a single iteration, as shown also in [6, 28], where the same tension
problem is solved using the finite element method (FEM).

Verifying convergence in a single iteration serves as a validation of the Jacobian computa-
tion, since the Newton-Raphson method behaves as expected if the Jacobian corresponds
exactly to the derivative of the residual function.

5.2 1D test problem

To verify the proposed implicit integration scheme, the algorithm 2 is applied to a 1D
beam under tension (figure 5.1). The governing equations are given by (5.15) and the
material is assumed to be linear elastic as in (5.5).

Discretized 1D beam

4 6
Initial position

o 4
N 4
o0 -
=
o

Figure 5.1: SPH discretization of a 1D beam. The beam, in this example, has a total
length of L = 10 and is discretized using 40 equally spaced particles.

To fully define the problem, boundary conditions must be imposed and initial condition
defined. In this case, the left extrema is clamped and the corresponding particles cannot
move in horizontal direction?.

Initially, consider the system in absence of external forces and with the following initial
velocity

start

. s
v =8m —

@ 2L
this initial velocity is smooth and does not present shocks. In figure 5.2, the problem is
solved with explicit and implicit SPH and compared with FEM solution. The time step
used in the implicit scheme is At = 0.01 while At = 0.001 is adopted in the explicit
scheme. The three curves plotted, overlaps.
Note that given this initial sinusoidal velocity distribution the stabilization terms are
not required. Indeed, these terms are typically dissipative and are introduced to suppress
spurious high-frequency energy modes. Although stabilization could still be applied in this
context, it would introduce energy dissipation into the system leading to an inaccurate
solution.
At this point, it is crucial to recall the limitation of the explicit scheme. As stated by the
CFL condition (4.3), the maximum time step allowed depends not only on the material
properties such as c,, and the time integration parameter acpy, but also on the spatial
discretization.

4The boundary conditions are enforced by setting the corresponding row and column of the Jaco-
bian matrix to zero, except for the diagonal element, which is set to one for the clamped particle. The
corresponding value in the residual vector is also set to zero.
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Time evolution of the free end position
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Figure 5.2: 1D tension: Comparison of the results obtained with non-stabilized Lan-
grangian SPH (40 particles) and standard FEM (40 elements). The elastic constant and
the beam length are set respectively to x = 1% and L = 10 m. The plot shows also the

stationary solution.

Evolution in time of the free end position
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Figure 5.3: 1D tension: Comparison of the results obtained with non-stabilized implicit
Langrangian SPH using four different refining meshes. The elastic constant and the beam

length are set respectively to k = 1e® and L = 10 m.

In general, a finer mesh provides a better approximate solution, assuming that the numer-



Chapter 5: Numerical examples: 1D tension problem 35

ical solver behaves as expected. However, when using explicit integration in SPH, a finer
discretization, for this example, leads to prohibitively small time steps, as shown in Table
5.1

n particles ‘ d [m] ‘ At [s]
10 1 ~1x1072
50 02 | ~2x103
500 0.02 | ~2x107%
1000 001 | ~1x10"*

Table 5.1: Time steps At required by the explicit scheme for refining discretizations. The
fixed values of acpr, and k are respectively 0.3 and 106.

On the other hand, when using an implicit time integration scheme, the time step no
longer depends by the mesh size or by the material properties. In Figure 5.3, the problem
is solved implicitly using different mesh resolutions while maintaining a fixed time step of
At = 0.1. The results show that the solution curves converge to a single profile as the
number of particles increases. This confirms, that in the proposed implicit scheme the
time step is independent of the spatial discretization. The only limitation on At is related
to the dynamic behavior of the solution itself. If the time step is not sufficiently smaller
than the characteristic oscillation period, the method, in this case, may not accurately
capture the oscillations of the system.

Time evolution of the free end position
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Figure 5.4: 1D tension: Comparison of the results obtained with non-stabilized Lan-
grangian SPH (40 particles) and standard FEM (40 elements). The elastic constant and
the beam length are set respectively to x = 15 and L = 10 m. The applied initial velocity
presents a shock.

In order to evaluate the influence of stabilization, a shock must be introduced into the
system. Also this time no external forces are considered but, the following initial velocity
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field is adopted

nn nn
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Figure 5.5: 1D tension: Results obtained with stabilized Langrangian SPH and implicit

time integration scheme. Different values of 7, and 7; are compared.
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Figure 5.6: 1D tension: Results obtained with stabilized Langrangian SPH and implicit
time integration scheme. The linear reconstruction procedure described in Chapter 3 is

adopted. Different values of 7, and 7; are compared.
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In this example half of the beam is initially moving with velocity v # 0, this configuration
introduce a shock in the solution that needs to be correctly treated as visible in Figure
5.4.

In particular, the solution exhibits small spurious oscillations superimposed on the wave
peaks. The time step chosen for the implicit scheme is At = 0.015.

Figures 5.5 and 5.6 present the simulation results for three different values of 7, = 77 =
{1, 0.5, 0.1}. A higher value of 7, corresponding to stronger stabilization, leads to a faster
smoothing of the solution.

In Figure 5.6, the linear reconstruction procedure is employed, enabling a linear approxi-
mation of the discontinuity between two neighboring particles. This approach reduces the
influence of the stabilization term while still ensuring effective smoothing. In both cases,
a smooth solution is achieved for all three values of 7.

Since stabilization introduces numerical dissipation, its use should be restricted to regions
where it is actually needed®, and the parameter 7 must be chosen appropriately.

Given the known initial conditions, the initial kinetic energy of the system can be com-
puted analytically as

1
K = §mv2 =0.5-5-1000 - 2% =10 000 J (5.24)

assuming unitary cross-sectional area, homogeneous material with density pg = 1000 and
the velocity profile is the one presented above. In this specific case, the initial kinetic
energy corresponds to the total energy, while in general the latter is the sum of kinetic,
internal and potential energy. During the simulation, part of this kinetic will periodically
switch into potential energy.
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Figure 5.7: Evolution of system’s energy in time comparing the two stabilization strategies
for different values of 7.

Figure 5.7 shows the energy of the system during the simulation in time using the stabi-
lized schemes. As expected, increasing 7 leads to higher energy dissipation, while looking

SWith a bigger time step, the scheme would not be able to capture the unstable modes.
5This behavior is encouraged by the fact that the stabilization term is proportional to the jump between
neighboring particles, which tends to localize its effect near discontinuities.
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at the right graph, the linear reconstruction procedure helps reduce it. In the absence of
stabilization, the total energy remains constant throughout the simulation and its value
coincides with the one in (5.24).

In Figure 5.8 the values of 7 are kept constant while the number of particles increases.
The graphs show that as the discretization refines the loss of energy decreases. Also in
this case the reconstruction procedure allows a minor loss of energy.
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Figure 5.8: Evolution of system’s energy in time comparing the two stabilization strategies
while refining the mesh. The values of 7, and 7; are constant and equal to 0.5.
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Chapter 6

Numerical examples: Extension to
multi-dimensional problems

This chapter extend the analysis to multi-dimensional case.

After recalling the full Lagrangian SPH formulation (3.39), the focus is on computing the
full derivatives of the residuals required by the Newton-Raphson method. Finally, a series
of 2D numerical examples are presented in order to assess the robustness, effectiveness
and applicability of the new SPH computational framework. The results obtained are
compared with an adapted version of the explicit SPH code written by Lee et al. [17],
which was tested in [22].

6.1 Multi-dimensional problem and Jacobian construction

The derivation of the problem in multiple dimensions has already been presented in Chap-
ter 3. The following equations present the final SPH discretized formulation

Ov,
P == 3 Vi PiVoWa(Xy) +bo + 3 DY
beA, beA,
aJ. (6.1)
ot =H, Z Vi vp ® V()Wb —|— Z 'Dab
beA, beA,
where the stabilization terms are defined as
Dzb = Tv Z % { [Cp(nab & nab) (’U}r - U;)] & Nab} : v"(]I/T/b()(a)Ave
beA,
(6.2)
ab 1 4 _ ~ o~ Ave
DP =Tp bzA: V;) Tp(nab & nab) ((Pf - Pf )Nab> ) [HaVOWb(Xa)}
€A

Recall the elastic constitutive law used in Chapter 3 to close the system of equations
P=_—pH=—pJF 7T (6.3)

where only volumetric contribution is considered. Note that, differently from 1D, the Piola
stress cannot be simplified and depends on both v and J.

The time integration of the multidimensional problem using an implicit scheme follows
the same approach used for the 1D case. The Newton-Raphson method is applied to solve
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R(U) = 0, where residuals are defined using (6.1) as

1
Rv(u”“,u”) =0 vg+1,k —po" — At 5 (i)ZJrl’k + ’Ug) -0

1 . )
RﬂumﬂU%:awﬂﬁ—Jg—Ati(%”“an):o (6.4)
1
RaU™ UM =2yt — a2y — At o (e @) =0
while the linear system to solve is
ORy OR, OR,
dv 9 O Av Ry
gy 9] Oz J '
Rz Rz OIRg Ax R,

ov oJ oz

The derivatives of these residual terms become significantly more complex in multi-D.
Moreover, the problem is no longer linear, meaning that the Jacobian matrix needs to be
computed at each Newton-Raphson iteration.

The computation of the derivatives requires repeated application of the chain rule, making
the process lengthy and complex. Only the derivatives of the most critical and significant
steps will be presented in the following pages.

First of all, recall that the deformation gradient can be written in terms of the velocity
field. Indeed, the positions x are updated over time using the Crank—Nicolson scheme

1
" =" iAt(v"H +v") (6.6)

then the update formula for the deformation gradient tensor will be

8mn+l
0X

Fn+1 — n+1

= F"+ At (B + ") (6.7)

At this point it is trivial to recognize that F depends on v, then the derivative of F~7
with respect to v (present in the Piola stress terms) must be computed. To do that, first

of all, state that
) 2 _p (OF\T __
= () T (68)

Then, the derivative of F**! with respect to ’Un+ is needed.

OF (v vp) 0
n+1 - n+1
vy vy

(F”+ LAt (P g+1)+F;‘(v;;))) (6.9)

Note that only ok depends on v™*!, thus

avZL—H - 2 8U7b1+1 2 8 n+1

n+l/,n+l ,n ntl ol
OF i (ophvp) 1, OF " (vp™h) _ (Z an“@vowb(xa))

beA
1 Ve VoWs(Xa)z bz VoWs(X,a)
9 n+l Z Vo l !

Yo ben, Uby VoWs(Xa)z by VoWs(Xa)y

The final result is the following third order tensor

8FZ+1 _ lAt Vi VoWh(Xa)e VoWy(Xa)y 0 0
c%}}“ 2 0 0 VOWb(Xa)x VOVVZ)(—X-a)y
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Remark 7. To see how to compute the derivative of F~7 with respect to the velocity field,

consider

9 OF

— (FF 1) =0 — F '+ F
50 (FF7) 7 et T

then pre-multiply equation (6.12)b by F~! the following relation is obtained

F—l
oF (6.12)

OF 1 OF

~-F ' —F'=0 6.13
ov ov ( )
Recall that the transposition does not affect the dependence from the velocity. Using

matrix property (ABC)T = CT BT AT the expression for the derivative is

OF~T o (OF\T _ .
7o = F (m) F (6.14)

The attention is now turned to stabilization terms. These terms include normal vectors
14, and shock wave speed c,,.
Consider the normal vector n,, between two particle a and b defined as

Ly — Lqg

Ngp = ————————— 6.15
O (6:19)
Letting r = o, — ¢, the derivative with respect to xy is
ong 0 ( r > @ B I B rrl
oz,  Oxy r T, r r |3
[ [l =] (6.16)
1 ( rr’ )
[ [
hence 5 )
Tab
= I-n®n 6.17
gz, 7] ( ) (6.17)

Finally, the derivative of the outer product m ® n with respect to the position x; is
computed using chain rule

0 on on
— n®Nn)=|—|9n+nQ | — 6.18
oz ( ) (3175) (851317) (6.18)
Consider now the speed of shock propagation c,, present in both stabilization terms.
In general, this variable cannot be considered constant, as it changes when the volume
associated with a particle deforms, following the relation

Cp 0
=B 6.19
Cp />\min ( )

where Ap,ip, is the minimum eigenvalue of the Cauchy-Green strain tensor. Since this tensor
depends on F' and consequently on v, ¢, must be derived during Jacobian construction.
First of all, recall the definition of eigenvalue

The only term depending on v is the tensor C' that is derived as

oG rer () o
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Note that the derivative of the eigenvector w,,;, is neglected. Finally, the derivative of

v Amin reads as

0 ¢ _ 1 o i or ((OF\' T (OF |
OV Amin 2€p0‘mm)2 Hmin ((5"0) B F (81}) Hmin (6.22)

At this point is possible to compute the derivatives of the residuals functions in (6.4) and
determine block by block the Jacobian matrix of the Newton-Raphson scheme in (6.5).

Remark 8. As mentioned before, the derivatives in the multi-D problem are lengthy and
not trivial, requiring repeated application of the chain rule. Therefore, verifying the
correctness of the Jacobian becomes of primary importance once the full residual deriva-
tive is introduced. A straightforward approach is to verify the Jacobian’s correctness by
checking if the numerical scheme exhibits second-order convergence during the simulation.
Another practical approach is based on Taylor’s expansion; this technique results accurate
and faster since it can be implemented separately.

Recall that the Jacobian matrix of a residual vector R(U) € R™ with respect to the vector

of unknowns U € R" is defined as:
OR;

ou;
where each column of J tells how the whole residual changes if a single component of the

vector of unknowns is perturbed. By computing the Taylor expansion of ’R(U”‘H) around
an arbitrary perturbation vector!' 8, the following relation is obtained

Jij = (6.23)

RU™M +e8) =RU™™ )+ e TU) -5+ O(H?) (6.24)

where € is an arbitrary coefficient that controls the entity of the perturbation. Then,
truncation error is defined as

e=R;U"™ +e8) —R;U) —e TU) -5 = O(?) (6.25)

Since the error is of order O(€?), it should decrease as the magnitude of the perturbation e
becomes smaller. Moreover the truncation € error should satisfy the following expression
for all different values of €

| e|=C € (6.26)

where C is a constant.
Table 6.1 presents a test performed in a square domain, where quadratic convergence is
verified. This confirms the correctness of the computed Jacobian.

€ Ie| el /e
1x1072 | 4.473 x 10" | 4.473 x 10°
1x1073 | 4473 x 1071 | 4.473 x 103
1x107% | 4473 x 1073 | 4.473 x 103
1x107° | 4473 x 107° | 4.473 x 10?
1x1076 | 4473 x 1077 | 4.473 x 103

Table 6.1: Test performed within a square domain discretized with 30 particles

!The perturbation vector is randomly generated and then is normalized to avoid numerical instabilities
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6.2 Numerical tests: Elastic material

As anticipated, in this section a series of numerical examples are presented to verify
the applicability and correctness of the code proposed, by comparing the existing explicit
scheme with the novel implicit one. All simulations are restricted to inviscid flow dynamics
without severe topological changes in the free surface.

Piston test

In this example, a rectangular domain 2 = 3 x 2.5 m is discretized using 100 particles.
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Figure 6.1: Domain discretization and initial velocity field

Top face vertical movement in time
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Figure 6.2: Vertical movement of the upper face during the simulation. Comparison

between implicit and explicit time integration scheme.

All particles are fixed in the horizontal direction, so that only vertical displacements are
allowed. External forces, including gravity, are not considered while a sinusoidal initial
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velocity is applied in the negative y-direction, defined as:

tart —

v = sin o Ve (6.27)
where H = Ymaz — Ymin-
The material properties under consideration are density equal to pg = 1000 kg/m?, Young

modulus F = 1 x 10° Pa and Poisson coefficient v = 0.3.2
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Figure 6.3: Particle position at different time step during the simulation. The plots include
a color bar visualizing the pressure.

Figure 6.2 shows the vertical displacement of the upper surface over time. As expected,
the material exhibits an oscillatory and symmetric response. In fact, due to the absence of
shear resistance and the imposed constraint on horizontal motion, the material response
is purely volumetric governed by the linear elastic constitutive law. In this specific case,
no stabilization techniques are required, and the results presented do not include any
stabilization terms.

Figure 6.3 shows the evolution of the pressure over time. As can be seen, the highest
pressure values in modulus occur when the deformation is greatest. In the absence of
gravity force, there is no initial pressure at the beginning of the simulation. It is worth
recalling the fluid mechanics convention adopted here: positive pressure corresponds to
compression, while negative pressure indicates tension. Finally, Figure 6.4 shows the
evolution of total, kinetic, and internal energy. As expected, the total energy remains
constant over time, as no dissipation effects are considered. Moreover, it is observed that
kinetic energy is periodically converted into internal energy®, and vice versa as expected.

2Tn 2D, the bulk modulus is obtained as function of the Young’s modulus E and the Poisson coefficient
v with the following expression: k = 2(1#—,/)
3The energy oscillates with a period that is one half the one of particle position.
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Conservation of total energy

1600

1400 +

1200 +

1000 +

800 +

Energy []]

600

400

—e— Total energy
—e— Kinetic energy
Internal energy

200

o : :
1.25 1.50 1.75 2.00

l.(i)()
Time [s]

Figure 6.4: Conservation of total energy in time in absence of dissipation effects. The
graph shows also the evolution of kinetic and internal energy.

Top face vertical movement in time

Sivg 25 particles
2 65 4 | | | | " < | i
: F W5 --- 100 particles
[ 4
i by --- 400 particles
L \ .
2.60 ¥ - ‘.\\ - --- 1600 particles
"
o () &y
H % v
2:55+ ¥ DS o
i " L7
— : » ".f
£ 2550- ] A !
e 2. \‘ : ‘\‘ :,
> \ M ""\ :”!
LA [}
L} ¥, \] ¥
2.45 A ¥ T “\' h‘,’
1 [ (\) &,
\ 4 " o
L) [i
A & Ly
2404 % s % 78
v 7 A\ 4,
\ ! O R
% " o [
2354 - oy I ! ! S Y J;’
: I vad ‘% o

000 025 050 075 1.00 125 150 175 2.00
Time [s]

Figure 6.5: The vertical evolution in time of the upper face of the domain is compared
using four different refining meshes and the novel implicit SPH scheme.
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n particles ‘ d [m] ‘ At [s]
25 05 | ~1.8x1072
100 025 | ~88x1073
400 0.125 | ~4.4x 1073

1600 0.0625 | ~2.2x 1073

Table 6.2: Time steps At required by the explicit scheme for refining discretizations. The
fixed values of acrr, Young’s modulus E and Poisson coefficient v are respectively 0.3,
1 x 10° Pa and 0.3.

As in the 1D case, the use of an explicit time integration scheme is limited by the CFL
condition. Table 6.2 reports the theoretical maximum allowed At for different domain
discretizations using an increasing number of particles.

In Figure 6.5 the time step At = 0.1 s is kept fixed while the same problem is solved using
the implicit scheme for different particle resolutions. As shown, the solutions converge
with increasing resolution and do not exhibit any instability issues. This shows that the
time step is independent of particle refinement.

Impact test

This second example investigates the impact of an elastic fluid on a rigid surface, which
coincides with the horizontal x-axis. The domain considered is 2 = 3 x 5 m, and the
discretization is obtained using a set of 225 particles. To simulate an impact, particles are
not allowed to penetrate the base surface. Boundary condition are assigned by blocking the
displacement in vertical direction of the particles having null y coordinate. The motion
is given by a constant initial velocity v = [0,—1] and the fluid properties are density
po = 1000 kg/m3, Young’s modulus E = 1 x 10° Pa and Poisson coefficient v = 0.3.
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Figure 6.6: Domain discretization and initial velocity field

At the beginning of the simulation, the fluid impacts the bottom surface. This impact
generates a shock wave that propagates through the material, leading to instabilities.

To improve the quality of the final solution, stabilization terms are introduced for both
the velocity and pressure fields.

Figure 6.8 shows the evolution in time of the bottom right corner of the domain when
using stabilization terms, highlighting the comparability of results between the two time
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integration schemes. For this specific example a time step At = 0.05 s was adopted. In
Figure 6.7, the evolution over time of the entire domain and the corresponding pressure
distribution are illustrated. The highest pressure values are released at the beginning of
the simulation, right after the impact at the center of the domain. Subsequently, the
pressure decreases as the deformation spreads horizontally.

In the previous 1D tension test, where the stabilization terms defined in (5.14) were used,
the velocity of shock wave propagation ¢, was assumed to be constant. This assumption
was reasonable, given that the material experienced only limited stretching.

However, as explained in section 3.3.6, this coefficient actually varies depending on the
deformation of the material. In this example, since the material undergoes significant
stretching in one direction, the value of ¢, is updated, as in (3.57), and its modulus in-
creased. Consequently, the stabilization term itself is amplified.
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Figure 6.7: Particles position at different time step during the simulation. The plots
include a color bar visualizing the pressure. The stabilization terms D, and D, are # 0

However, the linear elastic constitutive law does not sufficiently penalize volume reduction.
In particular, it allows for the volumetric collapse of the material at a finite energy cost.

1 1
W(J =0) = 5r(J - 1)? = 3" (6.28)
This characteristic leads to instabilities in the solution, both for the explicit and implicit
time integration schemes. A clear indication of this problem is the excessive deformation,
concentrated at the bottom, observed at the final stage of the previous simulation in Figure
6.7.
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Horizontal movement in time
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Figure 6.8: Horizontal movement of the right bottom corner during the simulation. Com-
parison between implicit and explicit time integration scheme.

In the implicit scheme, this problem is visible by analyzing the Jacobian matrix in New-
ton—Raphson iterations, where the condition number becomes extremely large, making the
system unsolvable even if stabilization is applied. Due to this ill-conditioning, a break-
down occurs earlier compared to the explicit case. However, the explicit scheme is not
immune; in fact, a breakdown still occurs at a later stage, driven by the same volumetric
instability.

Only the results preceding the breakdown are shown in Figures 6.7 and 6.8.

6.3 Numerical test: Hyper-elastic material

To solve the issues described in the previous section, a nonlinear constitutive law for a
hyper-elastic material is introduced in equation (6.1) to couple linear momentum and
volume conservation equations. In particular, the following strain energy per unit of
undeformed volume is defined

U(J) =

J—1- L1 >1
{”( = ) 7 (6.29)

kK(J—=1—-InJ), ~=1

with {v,k} > 0 as positive material constant. Then, the Piola-Kirchhoff stress tensor P
can be re-expressed as

dy 1\”
P=—-pH, =——=k|l=] —1 6.30
P p=-=0 [( J) ] (6.30)
where a positive value of the pressure indicates compression. Although this model still
describes a purely volumetric response, its nonlinear behavior makes it more suitable for
simulating fluids in numerical contexts. Moreover, its high resistance to compression makes
it more appropriate for approximating incompressible fluids.

Remark 9. The value for the initial speed of shock propagation in this material is

epo = 1/ = (6.31)
Po



Chapter 6: Numerical examples: Extension to multi-dimensional problems 49

obtained by evaluating the nonlinear pressure wave speed c, at the initial configuration
(see appendix A in [22]).

In the next paragraphs, the same tests of the previous section are performed with the new
hyper-elastic material.

Piston test

Recall the first example and consider the domain 2 = 3x 2.5 m, discretized in 100 particles
(as in Figure 6.1). A time step of At = 0.1 s was adopted.
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Figure 6.9: Particle position at different time step during the simulation using the implicit
time integration scheme. The plots include a color bar visualizing the pressure.

External forces are not considered, but a sinusoidal initial velocity defined by equation
(6.27) is applied. Horizontal movements are constrained and particles can move only in
vertical direction.

The hyper-elastic material is defined by the coefficient v = 7 and the bulk modulus &
which is computed using (6.31) considering ¢, o = 10 m/s.

As shown in Figure 6.10, the material exhibits asymmetric oscillatory behavior. In par-
ticular, the compressive strength is greater than the tensile strength. This is because the
model is nonlinear and does not respond symmetrically under tension and compression.
This behavior is also confirmed by the pressure plot in Figure 6.9, which shows higher
negative values on pressure.
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Moreover, the implicit scheme exhibits an oscillatory response with amplitude constant
in time, in both compression and decompression, indicating that the system’s energy is
conserved. In contrast, the explicit scheme presents signs of instability, compromising
the reliability of the results. These effects are a consequence of the nonlinear material
employed.
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Figure 6.10: Vertical displacement of the top face during the simulation, stabilization terms
are not considered. Comparison between implicit and explicit time integration scheme.

Impact test

In this example, the impact of an elastic fluid on a rigid surface is simulated using the
new hyper-elastic model. The domain considered is €2 = 3 x 5 m, discretized with 225
particles. The particles with y coordinate equal to zero, to simulate the impact, are fixed
in vertical direction. Also in this example, the initial motion is given by a constant initial
velocity v = [0, —1] (see Figure 6.6).
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(a) Vertical displacement of particle at position (b) Horizontal displacement of particle at posi-
X = (1.5, 5)). tion X = (3, 0)).

Figure 6.11: Comparison between the displacements obtained with implicit and explicit
time integration scheme. D, is considered while D, = 0.

The fluid properties are calculated considering v = 7 and ¢, o = 10 m/s.
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The time step is At = 0.05 s and its kept constant during the simulation. In Figure 6.11,
the displacements in time of two different particles are shown, while in Figure 6.14 the
evolution of the full set of particles with the respective pressure values is reported. After
the fluid domain is in contact with the wall at time ¢ = 0, a compressive shock wave is in-
stantaneously generated (positive pressure) and then followed by a tensile wave (negative
pressure). These waves then propagate towards the top free surface and bounce back to
the fluid domain. The implicit scheme was adopted to obtain the results shown and the
stabilization for the linear momentum equation D, # 0 was used (with 7, = 0.5). Since a
smooth pressure distribution is observed throughout the evolution, there was no need to
introduce any pressure stabilization (D, = 0) into the algorithm.

By comparing this result with the one obtained using the linear elastic model, under
identical initial conditions, it is evident that the compressive deformations at the center
of the domain are less extreme and less concentrated. This indicates a better behavior
under compression of the hyper-elastic model, which contributes to a better stability of
the model.

The proposed upwind SPH algorithm performs well without any numerical difficulties.
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Figure 6.12: Particle evolution during the simulation with implicit time integration scheme.
The plots include a color bar visualizing the pressure.
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In Figure 6.13 the result with D, = 0 is reported. In this case, the reciprocal position of
the particles, especially at time ¢ = 0.5 s indicate a significant stretch of the associated
volumes, which may lead to instabilities.

Figure 6.14 illustrates the energy loss associated with the dissipation terms. As expected,
the energy loss decreases as the discretization becomes more refined.
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Figure 6.13: Particles evolution during the simulation with implicit time integration
scheme, stabilization coefficients 7, and 7, are both equal to zero.
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Figure 6.14: Evolution of system’s energy comparing different refining discretizations. The
value of 7, is constant and equal to 0.5.
Dam break test

In this section, a dam break problem is presented. This test is performed to see how the
novel scheme handles external forces, such as gravity. The domain is a square column
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Q) = 2.5 x 2.5 m discretized in 100 particles, in hydrostatic equilibrium confined between
a wall on the left and a gate on the right. As anticipated, the material is subject to
gravitational acceleration g = 9.81 m/s? acting vertically downwards. The fluid properties
under consideration are the same as before, density py = 1000 kg/m3, coefficient v = 7
and bulk modulus calculated considering ¢, = 10 m/s. In this example, the gate is
removed instantaneously and the fluid collapses under gravitational force.
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Figure 6.15: Domain discretization and initial conditions

Figure 6.16 and 6.17 compares the evolution of the particles with and without the stabi-
lization term D,.

Figure 6.17 shows that the absence of stabilization leads to poor quality of the results. In
contrast, Figure 6.16, when using stabilization with coefficient 7, = 1, the particle dynam-
ics align well with the expected behavior based on the prescribed boundaries and initial
conditions. Regarding the free surface deformation, the proposed Upwind SPH algorithm

produce results comparable to what is reported in [22].
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Figure 6.16: Dam break simulation setting D, # 0 with 7, = 1 and D, = 0. This figure
shows the evolution in time of the position of each particle.
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Figure 6.17: Dam break simulation with no stabilization terms considered. This figure
shows the evolution in time of the position of each particle.
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Chapter 7

Conclusions

This work presents the development of a novel implicit SPH formulation capable of solving
a set of benchmark problems both in 1D and in multi-dimension. The main objective
was to design and implement an implicit time integration scheme that overcomes the
limitations imposed by the restrictive CFL condition. To achieve this, the time derivatives
of the system variables are approximated using a second-order Crank—Nicolson integrator;
to handle both material and geometric nonlinearities, the Newton-Raphson method was
adopted.

In the proposed implicit scheme, the time step At does not depend on the discretization
or the on material’s properties. The scheme has proven to be unconditionally stable, with
the only limitation given by the shape and regularity of the solution.

By removing the constraints of explicit solvers, this work enables the study of material
evolution over long time spans of time with a limited number of iterations.

Moreover, the use of a linear volumetric elastic law to simulate fluid-like materials is highly
limiting because of the material’s poor response under compression. On the other hand,
adopting an hyper-elastic constitutive model overcomes this issue by better capturing the
fluid’s behavior under compression.

The stabilization technique employed reduces energy dissipation as the mesh is refined
and, at the same time, assure consistency with original problem.

The results presented are limited to 2D simulations. However, the extension to 3D is
straightforward. The main challenge lies in the increased complexity when transitioning
from 1D to multidimensional problems.

Future developments

A possible future application of this framework could be to develop a numerical model to
simulate geodynamical flows, with direct applications to magma dynamics and tectonic
plate movements to detect fractures that trigger earthquakes [10]. The magma model cou-
pled with an SPH fracture mechanics module [26], would enable the detection of failure
zones that can lead to destructive events.

The SPH-based model developed could have broad applicability in geotechnical engineer-
ing, providing a tool to simulate mountain slopes and detect potential avalanches or land-
slides.

Finally, by addressing fundamental challenges in long-term geodynamical simulations and
fracture mechanics, research in this field would have the potential to improve the predictive
capabilities of numerical models used in engineering and earth sciences.
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Appendix A

Sustainability Analysis and
Ethical Implications

Environmental Impact

The environmental impact associated with the development of this thesis has been mini-
mal. The initial phase consisted of review and consultation of academic papers, all con-
ducted digitally without the use of physical resources. The code development was carried
out on a personal computer, with energy consumption representing the only notable en-
vironmental cost.

The final stage involved running computational simulations that did not require high per-
formance computing infrastructure or significant energy consumption. In fact, the primary
objective was to validate the numerical implementation and large scale simulations where
not performed.

According to recent datal, a significant portion of the energy share in Spain is derived
from renewable sources. As a result, the carbon footprint associated with the computing
activities involved in this research is considered negligible.

Economic Impact

The work required approximately 800 hours of personal computer usage?. The laptop uses
a 30 W power adapter, so the total energy consumption is estimated as

800 - 30 =24 000 Wh =24 kWh

In Spain, the average electricity price has been around 0.24€ per kW h3. Hence, the total
energy cost for this work is approximately:

24-0.24 =5.76€

Since the computer was also used for personal tasks, the actual cost attributable to the
thesis is likely lower. As the work is purely theoretical and computational, there are no di-
rect environmental risks associated with physical processes. The entire code was developed
in Python, making use of open-source libraries such as NumPy, SymPy, and Matplotlib for
both simulations and visualization of the results. As a result, the development of the
thesis had no software related costs.

Although this work has no immediate commercial implications, future realistic adoption
could imply significant costs for adaptation to large scale 3D simulations.

'https://www.ree.es/en/statistical-data-of-electricity/annual-report/2024
?MacBook Air (2019 model)
3https://countryeconomy.com/energy-and-environment/electricity-price-household/spain
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Social Impact

The results obtained in this thesis will be accessible to everyone, and the code developed
is intended to be integrated in the future into the KratosMultiphysics* framework.

Ethical Implications

The ethical contribution of this research lies primarily in its potential integration into the
open-source framework KratosMultiphysics.

By being incorporated into a public and collaborative platform, the developed methodol-
ogy could be combined with other numerical methods to simulate complex phenomena in
various fields of fluid and solid mechanics.

Moreover, the development of an open-source code reflects a commitment to transparency,
reproducibility, and accessibility in scientific research. This promotes knowledge sharing,
equal access to scientific advancements and collaboration within the research community.

Contribution to the Sustainable Development Goals

This thesis aims to extend the applicability of an existing SPH algorithm to a completely
new class of problems. By improving the stability and robustness of the method, the work
gives an efficient alternative for the simulation of fluid dynamics in various scenarios.
Since the method is general and mesh-free, it can be adapted to various fields, poten-
tially supporting broader sustainability goals. The research aligns with the following UN
Sustainable Development Goals®:

e SDG 6 — Clean Water and Sanitation: The method can be applied to assist
in the design and sizing of hydraulic structures, contributing to the management of
water resource and risk prevention.

e SDG 9 — Industry, Innovation and Infrastructure: The work promotes inno-
vation in numerical methods, contributing to the development of advanced compu-
tational tools for engineering and infrastructure design.

e SDG 13 — Climate Action: Although indirectly, improved simulation techniques
can support understanding and prediction of natural hazards such as avalanches,
landslides, and tectonic movements, helping in disaster mitigation strategies.

‘https://github.com/KratosMultiphysics/Kratos
Shttps://sdgs.un.org/goals
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