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Abstract

In this thesis, we study the canonical liftings of ordinary elliptic curves over fields of
characteristic p > 0. Building on the theory of Witt vectors and their relation to the moduli
space of ordinary elliptic curves, we show that the canonical lift construction extends
to families of ordinary elliptic curves over p-adic sheaves. Our approach highlights the
formal nature of the construction and its dependence on the universal property of Witt
vectors.
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Introduction

Solving polynomial equations is one of the oldest and most fundamental problems in
mathematics. For example, consider the quadratic polynomial

flx)=x*+1.

Over the integers, this equation has no root. However, working modulo 5, we find that
x =2 is a solution, since 22+1=5=0 mod 5.

Although this does not yield a root in the integers, Hensel’s lemma provides an im-
provement: Under certain conditions, a modulo solution p can be [ifted to a solution in the
ring of p-adic integers Z,. This was one of the first results to demonstrate how problems
in characteristic p can inform and lead to solutions in characteristic 0. It has since become
a common technique to reduce a problem modulo p, and then lift it to characteristic 0,
when possible.

This approach was taken by Serre and Tate in their paper [1]. They demonstrated that
an abelian variety over a perfect field k of characteristic p admits a lift to characteristic
zero over the ring of Witt vectors W (k), along with a compatible lift of the Frobenius
endomorphism. This result laid the groundwork for a theory of canonical lifts.

In this thesis, we investigate this problem in the more general context of elliptic curves
over p-adic sheaves. Our goal is to construct and understand canonical lifts in this setting,

where the base is no longer a field, but a ring R with p nilpotent, or even a more general



basis called a p-adic sheaf which is a colimit colim; S; where each S; = Spec Ri is affine
with p nilpotent in R. Borger and Gurney work over these more general objects, but we
will prove all the results in the setting of an affine scheme with p nilpotent and then show
how to pass to the general result by taking colimits. We explain the recent result of Borger

and Gurney in [2] which says the following:

Theorem 1.0.1. There is a unique way of lifting ordinary elliptic curves E over an affine
scheme S = SpecR on which p is nilpotent, to an elliptic curve E over W (S) such that
the construction E — E is compatible with base change in S and such that E admits a
Frobenius lift.

We begin by introducing Witt vectors through 8-structures. While we are primarily
interested in Frobenius lifts, a map of rings ¢ : A — A such that ¢(x) =x” mod pA, §-
structures are stronger and the category of rings with d-structures is much better behaved
than the category of rings with Frobenius lifts. However, given a §-structure we obtain a
Frobenius lift by letting ¢ (x) = x” + pS(x), the definition of J is reverse engineered to
make this expression a Frobenius lift. We follow the perspective in [3] as well as [4].

Although we do not need the theory of d-structures beyond using them to introduce
the Witt vectors, in the higher-dimensional continuation of this work in [5] Borger and
Gurney extend this work to families of abelian varieties over p-adic sheaves. Because the
moduli problem of abelian varieties in higher dimension is more difficult, they use the
extra structure provided by J-structures.

Once we have established the theory of d-structures and given several examples, we will
look at the right adjoint to the forgetful functor Rings — Ring. This will turn out to be
the Witt vector functor, which, among other important properties, can lift a characteristic
p ring to one in characteristic 0. The primary example being W (F,) = Z,. This is the first
and simplest case of what we set out to do in this thesis. We are interested in these types
of liftings, and the Witt vectors provide the basis on which we work.

There are many different approaches one can take to defining the Witt vectors. The
definition we use here is often called the d-coordinates, while there is a much more
classical way to construct the Witt vectors using the Witt polynomials [6], these are called
the Witt coordinates. The third way to view Witt vectors is through the Ghost coordinates
[4], this is the best way to do calculations with Witt vectors. The d-coordinates are useful
because of the universal properties that come from them, but they are difficult to use

to compute anything. It is more efficient to pass to the ghost coordinates, complete the
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calculation, and map back to the d-coordinates, as explained in [3]. We take up the study
of the ghost coordinates and the ghost map in section 2.0.7.

After showing that the Witt vectors exist as a right adjoint to the forgetful functor,
we will compute several examples to illustrate the complexity of working with the Witt
vectors.

Then we continue with an exposition of the background material needed to understand
the main theorem, including Grothendieck topologies, and specifically the étale topology,
a refinement of the Zariski topology, as well as formal schemes, moduli problems, and the
canonical subgroup.

The canonical subgroup, E*", will play an important role in the proof of the main
theorem, because for ordinary elliptic curves, the canonical subgroup is the canonical
lift of the kernel of the Frobenius. So when we try to construct the Frobenius lift on the
canonical lift of an elliptic curve, it will be necessary to appeal to the quotient of E /E“*"

In the final chapter, we explain the proof of Theorem 1.0.1. We first prove the theorem
in the case of some stronger structure, called a level-N structure. This will reduce the
proof to showing the representability of the moduli problem of full level-N structure. We
explain this problem in section 6.0.2, and a complete proof can be found in [7]. Then we
show that the canonical lift is independent of the choice of the level-N structure. Finally,
we prove it in full generality. Starting with an elliptic curve E /S, we can reduce to the
case where S is an affine scheme on which p is nilpotent, and then consider an étale cover
S" — S such that (E xgS’)/S has a level structure. Using the previous section, we can
then lift this, and after constructing a descent datum, we can descend to the canonical lift
of our original curve E/S.






Witt Vectors

The Witt vectors were first studied by Witt in [8]. We give some motivation for the
construction following [9] and [10]. Suppose we have a finite unramified extensions
K/Q,, and assume that we want to write down an element of the ring of integers Ok.
Since K is local and unramified, p is a uniformizer, so the typical way to write an element
x € Ok is as

x= i X, p"
n=0

where the x, are some representatives for Ok /pOx = k. The problem is that these
expressions are very difficult to add or multiply because there will be a lot of carrying
digits. Instead, consider the homomorphism

w:k* — O

. n
x — lim x/¥
n—soo

This map satisfies the property that @(x) = x (mod p) and ®(x)” = @(x), and in addition,

it is multiplicative. This map is called the Teichmiiller lift and can be extended to

w:k— Ok



by letting @(0) = 0. Now we can write representatives of the image of ® as the represen-
tatives in the p-adic expansion. For each x € O, there exists a unique sequence x, € k
such that

x= Z o(x,)p".
n=0

Now we look at how to add these expressions. Consider
Y ap"+ ) bap" =) cnp”
n=0 n=0 n=0
where the a,,’s and b,,’s are Teichmiiller lifts. We first note that we have

co=aop+by (mod p)

and therefore
b = (ag+bo)? (mod p?).

Now we consider the expansions modulo p? which gives
ch+cip=adl+aip+bl+bip (mod ).

Here we use the fact that x” = x for Teichmiiller coefficients. Since ¢ = (ag + bo)?
(mod p?) and since al) + b5 — (ag+ bo)? is divisible by p by the binomial expansion, we

have
(ao+bo)P —aog — by

p
We can continue doing this for higher powers of p. For each n we will find polynomials

(mod p?)

cir=a;+b;—

o, with integer coefficients such that
a+b = (ap(ao,bo), a1 (ao,bo,a1,by),...).
We can do the same thing for multiplication and find polynomials 7, such that

ab = (mo(ao, bo), m (ag, bo,a1,b1),...)



This defines a ring structure on [],~o F, which identifies it with Z,[C,_1]. Now, defining
the Witt polynomials to be

1 —i
W, = Z p'x?
i=0
we get maps W,,: [IF, — F,, and the ring structure was determined once we knew the
polynomials relations

Wa(a+b) = Wy(a) + W, (b) and Wy, (ab) = W,(a)W,(b) in F,,.

Thus, given a commutative ring A, we define the ring of Witt vectors W (A) to be [],>0A
as a set with multiplication and addition given above.

This is the classical way to develop Witt vectors and is done in more detail in [6].
While it is useful to have concrete polynomials on which to do calculations, this definition
becomes messy for our goals. There is a simpler categorical situation in which Witt
vectors appear as the right adjoint to a forgetful functor. In the following chapter we first
introduce this categorical setting and then take a closer look at Witt vectors and conclude

with computing several examples.

2.0.1 p-DERIVATIONS AND O-RINGS

Throughout this section let p be a prime and let R be a commutative ring.

Definition 2.0.1. A ring endomorphism ¢ : R — R is a Frobenius lift if for all x € R
¢(x) =x" (mod pR).
Equivalently, it is a map making the following diagram commute:

R—% R

| |

Example 2.0.2.

1. fR=ZorR= Z( ») (localization at p), then the identity is a Frobenius lift because
Fermat’s little theorem tells us that x” = x (mod p).
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2. Let R =Z|[x], then let ¢ (x) = x” + p - r(x), with r(x) € Z[x]. Any choice of r(x) €
Z|x] will result in ¢ being a Frobenius lift.

3. Let K/Q, be an unramified finite extension with residue field k and ring of integers
Ox. Since K /Q),, is unramified,

Gal(K /Q,) = Gal (k/F,,)

and the group Gal(k/F,) is generated by the pth power Frobenius. Let ¢ denote
the preimage of the Frobenius in Gal(K/Q)). This lift of the Frobenius stabilizes
Ok and thus defines a lift of the Frobenius on it.

4. The ring of integers of a number field has a Frobenius lift at all the unramified
primes. Consider the extension Q(+1/2)/Q, this is a degree two extension, with ring
of integers Z[+/2], and every prime outside of (2) is unramified. So if we look at
the residue field of (3), we see that it is k/[F'3, a degree two extension. The Galois
group consists of the Frobenius and the identity. So the map

Gal(Q(v2)/Q) — Gal(k/F3)

sends the identity automorphism to the identity automorphism, and it sends the map
that takes v/2 — —+/2 to the Frobenius. Thus this map is a lift of the Frobenius on

Z[V72].

5. LetA = Z[u,: ged(n, p) = 1]. The automorphism ¢ : A — A given by ¢((,) = &7
is a Frobenius lift.

6. If p is invertible in the ring A, then every endomorphism of A is a Frobenius lift.
Indeed, since p is invertible pA = A, so ¢(x) =0 mod pA.

Definition 2.0.3. Given two rings with Frobenius lifts (A, ¢,) and (B, ¢p), a morphism
between them is a map f: A — B that respects the structure of the Frobenius:

foPa=dpof.

We denote by Ring,, the category of rings with a Frobenius lift and morphisms as given
above.

Remark 2.0.4. While the notion of a Frobenius lift is useful and we are interested in

studying it further there are a couple problems:
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1. There are a couple reasons why the category Ring, is not sufficient for many
purposes, and why it is often termed a ’bad category”. One object that is often used
in a category is the “free object”, in our case this would be the free object with a
Frobenius lift. The way to show the existence of such a free object is to show that a
forgetful functor has a left adjoint. For us this would be asking for the existence of
a left adjoint to the forgetful functor Ring, — Ring. This would require that the
forgetful functor commutes with limits since right adjoints always commute with
limits.

2. To see the failure mentioned above we examine an example with equalizers, since
equalizers are limits. Let A = Z,) [x,y] with a Frobenius lift ¢ : A — A defined by
x+—xP+ pyandy— yP. Then ¢4((py)) C (py). Letting B=A/(py) we see that the
Frobenius lift ¢4 induces a lift on B: ¢p: B — B given by ¢p(x+ (py)) = x” + (py)
and ¢p(y) = y” + (py). Now, define

f:A—B
x—=x+(py)
y+=0+(py)

Then one can check that fo ¢4 = @po f, so f is a morphism in Ring,. We let
E =eq(f,p) where p is the canonical projection A — B. We claim that E =
Zp) X1+ (pY)Z(p) [x,y]. Indeed, if a(x) + o - b(x,y) € Zp) [x] + (py)Z(p) [x,y] where
€ (py), then
fla(x)+o-b(x,y)) = fla(x))+pf(y)f(b(x,y))
= (a(x)+(py)) +0+ (py)
= (a(x)+ (py)) + 0+ (py) = a(x) + (py)

and
gla(x) +o-b(x,y)) = a(x) + a-b(x,y) + (py) = a(x) + (py)
since o - b(x,y) € (py). Conversely, if a(x,y) € E, then

fla(x,y)) —gla(x,y)) € (py)
a(x,0) —a(x,y) € (py)

soa(x,y) =a(x,0)+ py-r(x,y) for some r(x,y) € (py), and this means that a(x,y) €
L) x|+ (py)Zp) 1%, 3]

Then we note that y ¢ E. Thus there is no element 7 such that ¢ (x) = x” + pT. If

9



this were the case then we would have
xP 4+ pT = x + py

so that y € E which would be a contradiction. We can still compute the equalizer
in Ring,. As noted above, the problem is that y ¢ E, so the equalizer will be the
smallest subring of A containing E and y, which is A itself. So the equalizer does
exist in Ring)@, but it does not equalizer in Ring.

We will revisit this example later to demonstrate that it does not present an obstacle
to our proposed solution for rings with Frobenius lifts.

3. There is an implicit “there exists” in the definition of a Frobenius lift: “for all x
there exists an x’ such that ¢ (x) = x” + px’”. But x’ is only unique up to p-torsion
and in the presence of p-torsion we have no control.

A solution to point (3) above, which ends up fixing the first one as well is to provide x’
as part of the structure rather than the property and its mere existence, this is what we will

call a §-ring.

1. test

Definition 2.0.5. A §-ring is a pair (A,5) where A is aring and §: A — A is a map of sets
such that the following properties hold:

1. §(1) = 0 and 8(0) = 0,
2. 5(x—|—y):6(x)+5(y)+%(xp+yp—(x+y)p)
3. 8(xy) =xP8(y) +yPS(x) + pS(x)6(y).

Remark 2.0.6. Sometimes the map 6 is called a p-derivation because if we look at
6(xy) =xP8(y) +y"8(x) + pé(x)5(y)
modulo p, we get the Leibniz rule twisted by the Frobenius.
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Definition 2.0.7. Let (A, 84) and (B, dp) be two 8-rings. A map f: A — B is a morphism
of 0-rings if
fods=0pof.
We thus have a category of &-rings which we will denote by Rings. This gives a
forgetful functor
Rings — Ring

that forgets the d-structure. It turns out that the right adjoint to this forgetful functor will
be the ring of Witt vectors, which will be a central object to us moving forward.
Note that in (2), the polynomial % (XP+YP —(X+Y)P) € Q[X,Y] has integral coeffi-

cients by the binomial theorem. It is also common to see (2) written as

-1
§(rt3) = 8(x)+8()— Y 1(’?) iy,

i—1 P \!

Remark 2.0.8. Let A be a §-ring. Then A has a canonical lift of the Frobenius by setting
¢ (x) = xP 4 pd(x). The properties of § are reverse engineered exactly to make this work.

Indeed, we have

¢ (xy) = xPyP + pd(xy) = x"yP + p(x"8(y) +y"6(x))
= (" +68(x)) (¥’ +pé(y)) = 9(x)¢(v)

and for addition we have

B(x+y) = (x+3)? + pS(x-+y) = (r+3)" + p (6(x>+6<y>+ S <x+y>")

=x"+pd(x) +y + pd(y)
=¢(x)+¢(y).

And lastly, ¢(0) = 0”7 + pd(0) = 0 since 6(0) =0 and ¢(1) = 17+ pd(1) = 1 since we
require §(1) = 0. Furthermore, if R is a ring with a lift of the Frobenius ¢ and R is
p-torsion-free, then having a lift of the Frobenius is equivalent to having a d-structure.

This can be seen by setting

Remark 2.0.9. We can use the fact that 6(0) = 6(1) = 0 to reconstruct the value of é on

11



any integer. Consequently, the action of § on integers is given by

and so §(p") = pn;pnp = p" (1= p"P=1) and the second factor is not divisible by p

unless p is invertible in A, so & lowers the p-adic valuation by 1.

Lemma 2.0.10. Let (A, ) be a 8-ring such that for some nonnegative integer n, p" =0
inA. Then A =0.

Proof. We induct on n. The base case with n = 0 is trivially true. Now, forn >0, A is a
Zp)-algebra. Consequently

0=258(0)=8(p")=p" ' (1—p""7 V)

and the second factor is a unit in A. Hence p"~! = 0in A also, and the induction hypothesis
applies. ]

Example 2.0.11. It is also possible to have a p-torsion free ring with no d-structure.
Consider the ring A = Zp,)[x,x” /p]. If §: A — A is a §-map, then we would have

2(5) =3 () - (5))

which is a contradiction

Example 2.0.12. Now we return to Example 2.0.4 and show that this does not give us
any issues in the category of 0-rings. Recall that we let A = Lp) [x,y] with the Frobenius
lift given by ¢4 (x) = xP + py and ¢4(y) = y”. Then we define B=A/(py) and since
04((py)) C (py), we have an induced Frobenius lift ¢ where ¢p(x+ (py)) = x + (py)

12



and ¢p(y+ (py)) = y” + (py). Then we let

fiA—B
x = x+(py)
y=0+(py).

The problem was that the equalizer in the category Ring, was not equal to the equalizer
in Ring. However, we don’t have this problem in Rings. The map &, is induced by the

Frobenius lift:
¢(x) —xP _xP+py—x"

o) = P P

and 0(y) — P b
Y)—J y -y
p p
Similarly, we find that 8g(x+ (py)) = y+ (py) and 6(y+ (py)) = 0. Now, with the same

map f we have

0

Op(f(x)) = dp(x+ (py)) =y+(py)

while
f(8a(x)) = f(y) =0+ (py)

so f is not actually a morphism in Ringg, so we avoid the issue we encountered in
Example 2.0.4.

2.0.2 DIFFERENTIAL RINGS

Now we return to the forgetful functor Rings — Ring. We are interested in understanding
its right and left adjoints. The right adjoint allows us to lift a characteristic p ring to one
in characteristic 0—a typical example being the lift of I, to Z,,. This will play a central
role in the remainder of the thesis, as we aim to lift elliptic curves from characteristic p to
characteristic 0.

The left adjoint provides a ”free” d-ring construction. This will be useful not only for
understanding the right adjoint from a different perspective, but also for proving results
about the right adjoint that will assist in explicit computations.

Before analyzing the forgetful functor on 8-rings in detail, we begin with the simpler

and more familiar case of differential rings. These examples will help build intuition for
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what we might expect from such a functor in the setting of §-rings.

Definition 2.0.13. Let R be aring and let d: R — R be such that
d(ab) =a-d(b)+b-d(a),
then R is a differential ring. The category of differential rings will be denoted DRing.
There is a forgetful functor DRing — Ring which forgets the map d.

Proposition 2.0.14. The forgetful functor DRing — Ring has a right adjoint.

Proof. Given aring A, define

diff "
W (A):{ Z analaneA},

—n>0

the ring of divided power series of A. The ring structure is given by

"o (m4n\ "

m! n!  \ n )(m+n)
and the differential map is the usual derivative %. Now, suppose R is a differential ring
with differential map d: R — R, and that there is a map of rings R — A. Then consider

A ap

where the map g is given explicitly by

2= ¥ e(d"0)

—‘.
n>0 n.

14



This applies g to the Taylor series of an element r € R. This is indeed a differential ring

map:
2dnr) = ¥ g (ag )
n>0 :

= () oy 2" oy

dw (@(1) = dw | ¥ 2P )5 ) = ¥ el () ——

=0 n! =6 (n—1)!

and after re-indexing we see that these are equal so g is indeed a morphism of differential
rings. Thus, by the universal property of right adjoints, [3], W9 is the right adjoint to the
forgetful functor DRing — Ring. [

Remark 2.0.15. There is an alternative viewpoint of the above operation that we can take.

Consider the map

WIT(A) D AXAXAX -

E an— (ap,ar,...).
n!
n=0

Then J
E((ao,al,.. )) = (al,az,...)

is a shift to the left operator and

g(r) = (g(r),8(d(r)),g(d*(r)),...)

where d the the differential map coming from R. Then the ring structure on the infinite
product is forced on it, it’s a purely syntactic re-expression of the Leibniz rules for d ().

(ag,ar,...) - (bo,br,...) = <"",~+¥in (’7)a,~bj,...).

Comparing this with the Leibniz rule we find it is identical with a; playing the role of the

ith derivative:



2.0.3 DEFINITION OF W(A)

Now we finally return to our original goal of defining the right adjoint of the forgetful
functor from Ringg to Ring. We can now mimic the simpler case of differential rings we

saw 1in section 2.0.2.

Definition 2.0.16. Let A be a ring. Then W(A) = A x A X A X --- with the ring struc-
ture at the nth position given by the Leibniz rules for § with respect to addition and
multiplication. The additive identity is 0 = (0,0,0,...) and the multiplicative identity is
1=(1,0,0,...).

Example 2.0.17. If A is a ring, then the iteration of J is given by

52 (xy) = 8 (x5 (y) +y78(x) + pS(x)5(»))
— some polynomial in x,y, 8(x),8(y), 6@ (x), 82 (y).

We also have

p—1y S
((107(117---)+(b0,b17---):(ao+b0,al+bl_2;(?)06[98 l,...)

(ao,a1,.. .)(b(),b],...) = (a()b(),agb1 —|—bga| + paiby,.. )

Proposition 2.0.18. The forgetful functor Rings — Ring has a right adjoint given by W.

Proof. We proceed as in the case of differential rings. The 6 map on W is given by a shift
to the left

o(ag,ay,...)=(a,az,...).

Let R be a §-ring with 6 map 8z : R — R and suppose there is a map of rings g: R — A.

There is a natural map

fW(A) = A

(ao,al,...) = ag

16



Consider the diagram

where the map f is given by f((ap,ar,...)) = ap. Again, we can explicitly describe g as

which is a d-ring map by construction and thus W. We can take the completion of a
diagram of this type to be the definition of the right adjoint by [3], and thus W is the right
adjoint to the forgetful functor. ]

Remark 2.0.19. One important point is the following: let R be a d-ring and let X =
Spec(R), then if we have a ring map R — A we get the following diagram by the universal
property of W:

Now, note that X (A) = Homging(R,A) = Homging, (R, W(A)) by the above diagram, so
we have
X(A) ————— Homging(R,A)

;

XW(A)) +— HomRing5 (R,W(A))

This can be thought of as a canonical way of thickening A points to W (A) points.

2.0.4 TRUNCATED WITT VECTORS

Here we look at another way to define Witt vectors using truncated Witt vectors. This will
be used later on when we want to prove that the forgetful functor Rings — Ring has both

a left and a right adjoint. The 2-truncated Witt vectors in particular are important because
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it turns out that having a section from the ring to the 2-truncated Witt vectors is equivalent
to a O-structure. Furthermore, it is also possible to build up the full Witt vectors by taking

a limit of the truncated Witt vectors.

Definition 2.0.20. Let R be a ring, the ring of 2-truncated Witt vectors is the ring W»(R),
which as a set is R?. Addition and Multiplication are given by

alf‘f‘blf— (a1 —|—b1)p)

(a1,b1) +w (a2,b2) = <a1+b1,az+bz+ p

and
(a1,b1) -w (a2,b2) = (a1b1,ai by +biaz + pazby)
Lemma 2.0.21. Let A be a ring. Then W5 (A) is also a ring.

Proof. In W5(A) the additive unit is (0,0) and the multiplicative unit is (1,0). We now

verify the axioms of a commutative ring with 1. Consider the following map of sets:

W:Wh(A) > AxA

(X(),xl) — (X(),xg —|—px1)

We give the set on the right the product ring structure. Note that this map of sets is
compatible with the binary operations (+, -) on both sides. Indeed,

W((x,y) +w (z,w)) :w<x+z,y+w+xl’+z1’_ (x+z)p)

p
= (x+z,x" +2 + py+ pw)

and

W(x,y)+W(z,w) = (x,x" + py) + (z,2" + pw)
= (x+2z,x" + 2 + py + pw),

thus W((x,y) +w (z,w)) = W(x,y) + W(z,w). Similarly,

W((x,y) w (z,w)) = W (xz,x’w+ 2Py + pyw) = (xz,x" 2" + pxPw + pzPy + p*yw)
W (x,y) - W(z,w) = (x,x" + py) - (2,2 + pw) = (x2,x72" + pxPw+ pzP'y + p*yw)
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so we also have W((x,y) -w (z,w)) = W(x,y) - W(z,w).

If the map W were injective, then we could deduce the identities that we have to
verify from the known identities on the right. Indeed, suppose we want to show that

w+ww =w 4w w. Then we have
W(wHww) =Ww)+W W) =WW)+Ww) =WH +ww),

then since W is injective this implies that w -+w w’ = w' 4w w. This map is injective if A
is p-torsion free.

Thus we can choose a ring that is p-torsion free to get the result. For our ring A we
can choose a polynomial ring that surjects onto A, one choice is Z,) [xq: a € A]. Then we
have a map

f: Z(p)[xa: aEA] — A

Xg—a

and on the underlying ring Z,) we have the natural map given by the fact that it is the
initial object in Ringg. Now consider the map

fNZ W, (Z(p) [xa: a GA]) —» WQ(A)
(x,y) = (f(x), £()

This map respects the operations in the two rings, i.e., f((x,y) +w, (z,w)) = f((x,¥)) +w,

Flz,w)) and F((x,3) w, (2,w)) = F((x.9)) -w, F(zw)). Letting Z,)[S] = Zpyxa: a € Al,
gives us a diagram

Wa(Z[S]) —L— W(a)

w%l l%

Z(p)[S] X Z(p) [S] — AXA

So if we want to prove that w4+, w' = w’ 4y, w, then we choose a € f~!(a) and d e
f~1(d"). Then letting W = W, o

W(@-+w,d') =W(a)+W(d) = W(d)+W(@) =W(d +w,a).
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Thus since W is injective since Z ) [xq: a € A] is torsion free, and so a +, d=d +w, a
and thus

fa+w,d) = f(d +w,a) = (@) +w, f(d) = f(d)+w, £(a)

and since we chose @ and @' to be pre-images of a and ¢’ we get that a +w, ' = d’ +w,
a. Thus proof can be repeated to get the other ring axioms such as associativity and
distributivity. O]

Now that we know W, (R) is a ring, we see that the map

wo: Wa(R) = R

(x,y) = x

is a ring homomorphism. We also note that there is a very strong similarity between the
definition of addition and multiplication on W>(R) and the definition of a §-structure. We
see that if we replace (a;,b;) and (az,b;) with (x,8(x)) and (y, 5(y)) we have that

(%, 8(x)) +w (3.6(y)) = (x+y,8(x+)).

Similarly, for multiplication we have

(x,6(x)) w (5,0(y)) = (xy,8(xy)).

This observation leads us to the following lemma.

Lemma 2.0.22. The datum of a 8-structure on a ring R is equivalent to the datum of a

ring homomorphism R — W, (R) which composes with wy to the identity.

Proof. Given a §-structure on R, we have a ring homomorphism

R — Wa(R)
x+— (x,6(x))

and this map composes with wy to the identity. Conversely, suppose we have a section
g: R — Wi(R), with g(x) = (g1(x),g2(x)) which composes with wy to the identity, i.e.,
g1(x) = x. Then we can just define &(x) = ga(x). O
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Now we want to define higher truncated Witt vectors. There are a couple ways to do
this. We can just truncate the ring W (A) so that if (a,b,c), (d’,b',c’) € W53(A), then

(a,b,c)w (d',b',c") = (ad ,a’b' +a'Pb+ pbb, f(a,d ,b,b,c,c'))

where f(a,d’,b,b',c,c’) is the polynomial obtained by applying & to a?b’ +a'’Pb + pbb’
and replacing 8 (a) with b, 6(a’) with &', §(b) with ¢, and §(') with ¢'.

We can do this for any n, by applying d to the next coordinate to obtain the rings W, (A).
This is used in the following way: suppose we want to compute W (A). Then, if we can
compute W,(A) for all n > 2, then we can write

W(A) = ligan(A).
A simple example is that if we know that W,,(F,,) = Z/p"Z, then we quickly find that

. L —
W(F,) = lgan(Fp) = lgnZ/p 7 ="7p.

2.0.5 ADIJOINT FUNCTORS

Here we quickly prove why the forgetful functor Rings — Ring has both a right and a
left adjoint.

Lemma 2.0.23. The category Ringg has all limits and colimits and they commute with
the forgetful functor to Ring.

Proof. We start with the existence of limits. Let F': J — Ringg be a functor from a small
category J. We can compose F with the forgetful functor Rings — Ring to get a functor
F: J — Ring. Since limits exist in Ring we know that there exists a limit (L, ) as rings.
We need to show that there is a d-structure on (L, ). We do this using the projections.
The element & (x) for some x € L is uniquely defined by 7x (9 (x)) = 6x(7x(x)) for all
X in J, because it holds that

F(f)O6Xo7TX:5YoF(f)O7IX:5yOﬂy.

This is the only d-structure such that the my are 6-maps and thus the only possible d-
structure the limit can have to exist in the category of §-rings. The properties of the
O-structure directly follow from the fact that the properties are all fulfilled in all the F(X).
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Now we look at the universal property. Let (A, 54) be a §-ring with §-maps @x: A —
F(X). Then there is a unique map of rings ¢ : A — L and it is left to check that this map

is also a 6-map. For this we can see that for every X in J it holds
Txo@Pods=@xo0by=0x0Px =08xoMxoQ =7x0o0.0¢
and thus @ o 84 = 6 o ¢ is valid, i.e., the diagram

IR

~eS
~—
S

_—
oy,
commutes.

Now, for the colimit we use the description of a d-structure by constructing a section
from the ring of truncated Witt vectors. Let F': J — Rings be a functor from a small
category to the category of §-rings. Thus, for every X in J there is a §-structure on F(X).
Composed with the forgetful functor from Rings — Ring we get a functor from J to the
category of commutative rings, where the colimit of the given diagram exists. Thus we get
the colimit (C, y) for rings. Since every F(X) for some object X in J is a d-ring, there is
a homomorphism F (X ) — W, (F (X)), which is the identity in the first component. Using
the functorality of colimits there is a homomorphism g: C — D, where (D, y') denotes
the colimit of the diagram W, o F': J — Ring. Thus, it holds that the diagram

F(x) —2%

C
N
Wa(F (X)) v D

commutes, where wy denotes the section F(X) — W2(F (X)), which we get out of the
O-structure on F(X).

Additionally, for every X in J there is a natural morphism yx : F(X) — C. Using the

functorality of W,(—) we obtain a morphism
Wz(¢x) : WQ(F(X)) — W2(C).
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Now, since D is a colimit, there is a morphism /#: D — W,(C), which satisfies o l//§( =
Wh(yy) for all X, i.e., the diagram

Wy(F(X)) —2 - D

W, (llfk !

W,(C)

commutes. Altogether, we obtain the map w =hog: C — W,(C). Composed with the
projection on the first component p;: W>(C) — C this is the identity on C, because for
every X in J we have

prowoyy = pjohogoyy = pjohoyyowyx = proWa(yy)owx = Wy

where the second and third equalities hold from the previous two diagrams and the last
equality comes from the fact that wy is the identity on the first component. Thus since we
have p; ow = id¢, we have a §-structure on the colimit C.

The yx maps are also §-maps because they fulfill 2o go yx = Wh(yx) owy and thus
also commute with the d-structures.

Now, the pair (C, y) also fulfills the universal property of a colimit in Ringg. Indeed, let
(A,0) be a 6-ring and @x : F(X) — A 6-maps such that for every f: X — Y in J it holds
that @y o F(f) = @x. Since (C, y) is a colimit in Ring there is a unique homomorphism
of rings ¢ : C — A such that ¢ o wx = @x for all X in J. In fact, this is a 0-map because
for every X in J it holds that

WAO QO Yx = W0 Qx 0wy
= Wa(px)owx
=Wa(@oyx)owy
= Wa (@) oWa(yx)owx
=Wa(@)owo yx

and so wq 0 @ = W () ow. Thus ¢ commutes with the sections w and w, and also has to

commute with the dp-structures. [

Now knowing that Ringg has all limits and colimits and that they commute with the
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forgetful functor to Ring we can just apply the general adjoint functor theorem to see that
the forgetful functor has both a left and a right adjoint.
The following discussion comes from [11], [12, §4.6], and [4, Exercises 2.5.12, 2.5.14].

We first need a few definitions before stating the theorem.

Definition 2.0.24. A category C is complete if it has all small limits, i.e., if every small
diagram
F:D—=C

where D is a small category has a limit in C. Similarly, we say a category is cocomplete if

it contains all colimits.

Example 2.0.25. Most of the most familiar categories are complete, Set, Grp, Top, etc.
And as shown in Lemma 2.0.23, the category Ringg has all limits and colimits.

There are two versions of the general adjoint functor that we need, one for the left
adjoint and one for the right.

Theorem 2.0.26 (General Adjoint Functor Theorem - Right). Let F: C — D be a functor.
If C is complete, locally small, and satisfies the solution set condition: for everyy € D
there is a set of elements x; € C such that for any x € C, any morphism f: F(x) —y
factors as f;o F (g for some i, some g: x — x; and some f;: F(x;) — F(y).

Theorem 2.0.27 (General Adjoint Functor Theorem - Left). Let F: C — D be a functor.
If C is cocomplete, locally small, and satisfies the solution set condition: for everyy € D,
there is a set of element x; € C such that for any x € C, any morphism f: y — F(x) factors
as F(g) o fi for some i, some fi: y — F(x;) and some g: x; — x.

Example 2.0.28. Now we consider our situation with the forgetful functor Rings —
Ring. We first show that it satisfies the solution set condition for the left adjoint. Let
A € Ring, B € Ringg and consider f: A — B as a map in Ring. Now, let

Q = {A; € Ring | |A;| < max{|A], Xo}}.

Then the §-subring of B generated by f(A) has cardinality at most max {|A|, X}, so if
we let the §-subring generated by f(A) be called A’, then A’ € Q. Then we have

A—A" > B
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and we can factor our map.

Example 2.0.29. Now for the right adjoint, let A — B with A € Rings and B € Ring. Let
Q= {Ai € Ring; | |4;] < 2max{|3l’*‘0}} .

Let I be the set of x € A for which 6™ (x) € ker f for all m > 0. Then I is a J-stable ideal
of A and the map

A/l 5BxXBx---
x = (f(x), f(8(x), f(82(x),..)

is injective. Thus |A /1| < 2ma{IBl:Ro} and so A /I € Q and we have
A—A/l—B

where the last map is induced by f.

2.0.6 LEFT ADJOINT

Now that we have investigated the right adjoint to the forgetful functor
Rings; — Ring

we will now take a look at the left adjoint. Typically, left adjoints to the forgetful functor
are used to obtain a ’free” object in the category. Having such a free object can be very
useful. One way we will use it is as an object that represents the Witt vectors functor W.

Similar to the case of the right adjoint we first consider the analogous case with
differential rings which was explained in [13].

Proposition 2.0.30. The forgetful functor DRing — Ring has a left adjoint, denoted
D®—:
DRing

ool | o

Ring
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Proof. We first define D as the free differential ring on one generator:
D=2Zle,d,d?,d®¥,..]
where d is the derivative of e. Now, let & € D and let R be a differential ring, so
E:R—R

induces a map and we get D — {natural 1-ary operations on differential rings}. Then

DOA=Z[d"(a)|acA,n>0]/ <d<">(ab) =Y (”) dV(a),d") (b),.. ) .

i+j=n

There is a canonical map

the map g is given by

8 (an,ad(n) (a)> = an,ag(d(n) (a))

Thus D © — is a left adjoint. O]

Now we turn our attention back to Witt vectors.

Definition 2.0.31. Let A = Z[e, 5,8 ,8?) ... ] be the free §-ring on one generator e.

The §-structure on this ring is given by
§(8M) = g§lmth),
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With this §-structure we also inherit a Frobenius lift which is given by
(5" = <5<n>>”+p5<n+1>

Now, analogously to the case with differential rings, we make the following definition.

Definition 2.0.32. Let A be a ring. Define A = Z[6( (a) | a € A,n > 0]/ and then let
AGA=A/ ( ")(ab) = Leibniz rule in % (a),8Y) (b),8"(a+b) =---,6"(0) = 0,6 (a) = o)

Proposition 2.0.33. The forgetful functor Ring)s — Ring has a left adjoint given by
AO—.

Proof. Suppose A is aring, R a §-ring and suppose there is a map of rings A — R. Consider
the following diagram

where the map g is given by

g (L bnad(@)) = L bnag(8'

And thus A® — is a left adjoint to the forgetful functor. O]

Remark 2.0.34. One of the other important uses of A is that it represents W, i.e.,
Hom(A,A) HA
o (ale),o(8),o(8P),..).
Remark 2.0.35. It is also common to denote the this free d-ring as

Z{y} = Z[yo,y1,- -]

This notation will be used in the following section.
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2.0.7 GHOST COORDINATES

The ghost coordinates are used to do computations in W (A). While the d-definitions are
very useful to prove some of the statements we are interested in, it is difficult to do exact

computations. This is where the ghost coordinates are useful.

We now take a look at the ring map W(A) — [[,enA, where we consider [],,cnyA with
componentwise addition and multiplication. As sets, these are equal, but the ring structures
differ. We need a few lemmas before we are ready to tackle this.

Remark 2.0.36. [4, Remark 3.1.2] One identity we will use throughout this section is the
following:
(x+py)’ =P (mod p’y)

Lemma 2.0.37. [4, Lemma 3.1.3] In the ring Z{y} there exist elements

Xn € Yn + (yla cee 7)’n—1)Z[)’07 s 7yn71]

such that xo = yo,x1 = y; and
n n—1
¢9"(x0) =xj +px{ 4+ p"xn

Proof. Suppose we have already defined xo, ..., x,—1 € Z{y} satisfying the required rela-
tion. Now we use Remark 2.0.36 to write

9" (x0) = 9(9" " (x0))
= 9(x0)”" + P P ()
= (WG4 p) e TR+ p)P 4 " ()
_XO +.. pn 2 P +pn_1(xg,1+p5(xn71))+p"*
e N I (8 () + %)

where each x denotes a quantity in (yq,...,Vs—1)Z[y0,---,Yn—1]- We thus can take

Xp = 0(xp—1) + *.
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Now, since x,—1 — Yu—1 € Z[yo, .. .,yn—2] we have

8(xn-1) =0 (Yn—1+Xn—1—Yn-1)
1
= 5()’n—1) + S(Xn—l _J’n—l) + ;()’5_1 =+ (xn—l "‘yrz—l)p —xi_l)

=Yy +*

and so x, =y, =% € V1, -, Yn—1)Z[y0,s - - s Yn—1)- O

Corollary 2.0.38. Let (x,)nen be those defined in Lemma 2.0.37. Forw, =Y _,p"xp " €
Z{y}, we have

" (Wn) = Watm-

Proof. By Lemma 2.0.37 we have w,,, = ¢"(xo) and so

90" (wim) = ¢"(9™(x0)) = """ (x0) = Wam-

Now we’re ready to define the ghost map.

Definition 2.0.39 (Ghost Map). Define the elements w, as in Corollary 2.0.38. These
define a set-theoretic map

which we call the ghost map.

Remark 2.0.40. The ghost map is neither injective nor surjective in general. Injectivity
requires there to be no p-torsion, and the map can be surjective if A is p-divisible. Despite
this, we will still refer to the terms of w(x) = (wg,w1,...) as the ghost coordinates of x.
By Corollary 2.0.38, the ghost coordinates of ¢"(x) are (w,,wp1,...)-

Definition 2.0.41 (Verschiebung). For any ring A, the Verschiebung map V: W(A) —
W (A) is defined by
V(x0,x1,...) = (0,x0,X1,...)
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In ghost coordinates this corresponds to the map
2 2
(x0,x5 + px1, x5+ px} 4+ pxa,...) = (0, pxy, pxh + pxi, pxb + pixf + pxa,..),

i.e., (wo,wi,wa,...)— (0, pwo, pwi, pwy,...).
We also note that the Verschiebung map is additive and that ¢ oV is multiplication by p.

One important use of the Verscheibung map is the following identity:
W(A)/VI(W(A)) = W,(A).

By taking the quotient with the nth iteration of the Verscheibung map, we end up only
with the first n coordinates being nonzero, which is isomorphic to the nth truncated Witt
vectors.

2.0.8 COMPUTING EXAMPLES

In this section we compute examples, taking bits and pieces from different sources like
Kedlaya, Borger, Serre.

Example 2.0.42. We want to find W,,(F,). This will help us compute W(F,). A direct

way to see this, is to consider the diagram

ar—(0,a1) (ap,ar)—ag

0 —— Wi(F,) Wi (F,) — 0

a—pa

0 —— 7/p7 — 2 s 7/p*7 ——— T/ pl —— 0

W (Fp)

where the rows are exact. Then we have a map

f:Wa(F,) = Z/p*Z

(a()val) — ag + pay
Note that this is a ring homomorphism. Indeed,
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while

f((a1,01)+(b0,b1))=f<ao+bo,a1+b1 Z% apbh~ ’)

= (ao+bo)" + plair +b1) — Z aob” ’

:ag—l—bg—l—pal—i—pb].

Since we are working modulo p?. So f(ag,a1) + f(bo,b1) = f((ag,a1) + (bo,by)). Simi-
larly,

flag,a1) f(bo,br) = (ab + pay)(bh + pb1) = albh + pa\bly + pabb,.
and
f((ap,ay)(bo,by)) = f(aobo,agbl +bga + paby) = aobf)7 +pa1b +pagb1.

So f is indeed a homomorphism. Lastly, we can see that it is an isomorphism from the

five lemma.

To compute for higher n, start by choosing a lift Z/pZ — Z/p"Z, that takes a — a.

Then we have a map,

On: Wo(Fp) = Z/p"Z
n—1 n—2
(@g,...,ap—1) — (ag —I—palf +---+p”_]an,1)+p”Z

which is bijective and hence we get the isomorphism.

Example 2.0.43. Now, knowing that W,,(F,) = Z/p"Z, we see that

W(Ey) = imW,(F,) = imZ/p'Z = Z,.

Example 2.0.44. There is another way to compute W (IF,). We can represent a p-adic
integer using the Teichmiiler character @: F, — Z7 U {0} which sends a € F; to the

unique (p — 1)st root of unity in Z, which reduces to a modulo p. This map has the
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property that ®(a)” = @(a) for any a € F;. Thus, instead of writing

X = i aip'
i=0

with a; € {0,1,...,p— 1} for x € Z,,, we can write
xX= Z o(a;)p'.
i=0
Adding up the coefficients yields polynomials ¢, with coefficients such that

a+b= (O‘O(GOabO),Ofl(ao,bo,al,bl),...).

We can repeat the same thing for multiplication to find that there are polynomials 7, such
that

ab = (ﬂo(ao,b()), mM (ao,bo,al,bl), .. )

This defines a ring structure on [[,~¢F, = Z, and [],>¢F, with this ring structure is
W(F,).

Example 2.0.45. We would like to compute W (F,[T]). We will use the following
Theorem:

Theorem 2.0.46. Let A be a p-adically complete and separated ring such that A/ pA is
perfect. Then
AZW(A/pA)

Proof. See [14, Corollaire 1.3.23] O]
Now, take A = Zp[Tl/pm]/\, the p-adic completion of ZP[TI/Pn;n > 0]. Then
AfpA =TF,[i"/7"],
which is a perfect ring in characteristic p. Thus we have an isomorphism

A=T7,[T"""] S W(A/pA) = W(F,[T/"
T'/7 — (T'/7,0,0,...)
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Now we come back to the original goal of calculating W (F,[T]). We have the following
diagram

Fy[T] > F,[T"/7"]

I I

W(E,[T)) — W(E[T/7])

~, F

Tl/p

Thus we see that W (IF ,[T]) is topologically generated by the elements V (Teichmiiller elements)
and V(T) = pT'/P.

Example 2.0.47. We want to compute W (IF,,[x]). Note that
Wa(Fp ))& W (F, [x])/V" (F )

where V is the Verscheibung map

V(ag,ai,...)=(0,ai,...).
So the image of V" is the set of elements divisible by p”. This gives

Wa(Fp[) = (Z/p*Z)[x, px'/7).

Indeed, we get the elements px!/P since ¢ oV is multiplication by p, so

V(x) = po ' (x) = px'/7.
We can extend this to get W,(F,[x]) = (Z/p"Z)]x, pxl/P_p2xl/p? . pn=1xl/P""] Then
W (Fpl]) = im Wy (F,[x]) = lim(Z/p"Z) [x, px'/, PP ) = ]
where the completion is with respect to the p-adic topology.

Example 2.0.48. Similarly, we can compute W (F,[T,T~!]) using the same method as
when we computed W (F,[T]). Let A = Z,[T'/P", T~1/P"]"\, the p-adic completion of
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Z,[TYP" , T=1/P";n > 0]. Then
A/pA=T,[TV/P" T-1/P"
is perfect, so again we have an isomorphism

Zp[TVP", T VPN = A =S W(A/pA) = W(F,[T"/P",T71/77))
TP (TV?,0,0,...)
TP (TP 0,0,...).

And thus we get a diagram

F,[T,T'] «——— F,[T'/P" T-1/P7)

I I

W(E,T,T7]) —— W(E, [T/, 77177

\ F

ZP[TI/”DQ, Tfl/p“’]/\

and like before we find that W (F,[T,T~!]) is topologically generated by the Verscheibung
applied to the Teichmiiller elements, as well as V(T) = pT'"/? and V(T ') = pT~1.

Example 2.0.49. Now we want to compute W (IF,).
We make use the following theorem [6, §2.5 Theorem 3].

Theorem 2.0.50. For every perfect field k of characteristic p, there exists a complete
discrete valuation ring and only one (up to unique isomorphism) which is absolutely

unramified and has k as its residue field.

The ring in the statement is defined to be exactly W (k). However, we also know that

ﬁ@u;r, the ring of integers of the p-adic completion of the maximal unramified extension
P

of Q) is also a complete DVR, which is unramified and has Fp as its residue field. Thus

W(Fp) = ﬁ@r.

Since W (K) is the degree n unramified extension of Q,, when K is the degree n extension
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of F,, we see that taking the Witt vectors of the closure of F, we should get end up with a

composite of all the unramified extensions of Q. Indeed, we have

W, =0

Qi
Q

where Q) is the p-adic completion of the maximal unramified extension of Q,. We have
to take the p-adic completion because taking the Witt vectors always results in a compete

ring.
For the next example we will first need an example:

Definition 2.0.51 (Strict p-ring). A ring R is called a strict p-ring if it is p-adically
complete, p-torsion free, and such that R/pR is a perfect [ ,-algebra.

Theorem 2.0.52 ([6] Theorem 5 p.39). For every perfect ring k of characteristic p, there

exists a unique strict p-ring W (k) with residue ring k.

Example 2.0.53 ([6] Theorem 5, p. 39). t We have that
W (B, [x'/7]) 2 Z, [

Indeed, since Z[x'/?"] is a strict p-ring with F [x!1/P7] as its residue field we see that the

above must be true.
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Etale Topology

3.1 ETALE TOPOLOGY

In this section, we provide a brief overview of the étale topology, which will serve as the

foundational setting for the remainder of this thesis.

The classical Zariski topology on a scheme is very coarse—most open sets are dense—which
can be limiting in many contexts. To obtain a finer topology, we move beyond the tradi-
tional notion of open subsets and instead consider étale morphisms U — X as generalized
“open sets” of a scheme X. We still want to mimic the category of open sets on a topologi-
cal space, and to do this we still want a notion of intersection. The natural way to do this
is to replace intersections of open sets with fiber products since in the poset category of
open sets on a topological space, intersections are fiber products.

Etale morphisms behave well under base change and composition, which ensures that
our construction has the desired stability properties. Once we have defined the étale
topology and introduced notions of covers and finite intersections, we will be in a position
to define sheaves in this new setting.

This chapter is organized as follows. Section 5.1 develops the necessary definitions
and foundational results on étale morphisms, along with several illustrative examples. We
then introduce the concept of Grothendieck topologies and compare the Zariski and étale

sites. Finally, we explore representable functors in the context of sheaves and provide a
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definition of elliptic curves over sheaves.

3.1.1 ETALE MAPS

Definition 3.1.1. Let A be an R-algebra. Let C be an R-algebra with an ideal / C C such
that I? = 0 and suppose that the diagram

C/I +——
|
C

commutes. Then A is formally étale over R (resp. formally unramified, resp. formally

x— >

&

smooth) if there exists exactly one (resp. at most one, resp. at least one) lift A — C making
the diagram
C/l <— A

T : T
-
e
-
¢

C+<——R

commute. It is étale (resp. unramified, resp. smooth) if it is formally étale and locally of
finite presentation (resp. locally of finite type resp. locally of finite presentation).

A morphism of affine schemes SpecA — SpecR is étale if the corresponding map of
rings R — A is étale.

Example 3.1.2. We show that if R is a perfect (i.e., x — x” is a bijection) I ,-algebra, then
it is formally étale. Suppose we have a diagram of the form

C/I A

: R
[
C+——F

b

We want to show that exactly one dotted arrow exists. Let r € R, and choose a lift c € C
of f(r). Then we set f(r) = cP. This does not depend on the choice of lift since if we
had two different choices ¢,c’, thenc—c¢' =b e l,and (c— )P =P — ()P =bP =0in

I since I? = 0. Thus this is the unique lift.

Example 3.1.3. Consider the map SpecZ/27Z — SpecZ. This is a closed immersion, but
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it is not étale. Indeed, consider the diagram

7.)27 «+——— 7.)27.

l v T

7.)47 7.

where 7 /27 — 7./27 is the identity and the rest of the solid arrows are the canonical
projections. Then there is no lift Z/27 — 7Z /47, because there are no homomorphisms
between these two rings, so the map Z — Z /27 is not étale.

We also want to quickly recall the use of differentials in determining if a map is

unramified.

Theorem 3.1.4. A morphism of schemes f: X — S is formally unramified if and only if

1 _
Qy Is= 0.
Proof. See [15, Proposition 18.6] O]

Example 3.1.5. Let A = R[x]/(f), then Q}X/R = Rx]/(f,f'), and if X = SpecA and

S = SpecR, then X — S is unramified if and only if f+ f' = R[T], since otherwise

—_~—

Q;(/Sng/R;Ao.

Example 3.1.6. Any open immersion is étale. Indeed, suppose f: X — S is an open

immersion, and consider the diagram

where T = SpecA and T’ = SpecA /I for some I? = 0. Then we know that T — S factors
over X if and only if f(|7|) C |X|. Since the underlying topological spaces of T and T’

are identical, we obtain the result.
With the following proposition we can give a large class of étale maps.

Proposition 3.1.7. Let R be a ring, f € R[T] a polynomial and set A = R[T|/(f). Let
g € R[T] such that the image of the formal derivative f' of f in A, is invertible. Then Ay

is an étale R-algebra.
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Proof. (see [15, Proposition 18.38])

Set A =R[T]/(f). Clearly A, is an R-algebra of finite presentation. Hence it remains
to prove that Ag is formally étale. Let C be an R-algebra, I C C an ideal with I’ =0,
and let p: C — C/I be the canonical projection. Let ug: A, — C/I be an R-algebra
homomorphism. We have the following diagram

ug
C/I «—— A,

s

T

C+——R

and we want to show that exactly one such / exists. Let x € Ag be the image of T'. Let B be
an R-algebra Then sending an R-algebra homomorphism v: A, — B to b = v(x) defines a
bijection

Homg_a1g(Ag,B) = {b € B| f(b) =0,g(b) € B*}.
By the hypothesis we have f'(b) € B* for any such b.

Let co € C/I be the element corresponding to up and ¢ € C be any element with
p(¢) = co. Then g(c) € C*. It remains to show that there exists a unique i € I such that
f(c+1i) =0. Then ¢+ i defines the unique lift u: Ay — C of uy.

We have f(c) € I and for i € I we obtain as Taylor expansion

fE+i)=f@)+if'(©
because I” = 0. As f'(co) € (C/I)*, we have f'(¢) € C* and hence there exists a unique
i € I such that f(c+1i) =0. O
Example 3.1.8. Consider B = A[x]/(x" —a) where n and a are units in A. Then f’ = nx"~!

and we have X" —a =0, so a—'x" = 1, so we find that
f/a—ln—l — (nxn—1)<xn)—ln—l —1

and thus f” is invertible and so B is an étale A-algebra.

In the next example we want to return to example 3.1.5 and show that if f € R[T| is a
monic polynomial of degree n > 1 and A = R[T'|/(f), then A is étale over R if and only if
(f)+ (f') = R[T]. However, to do this we need an alternate, but equivalent, definition of

an étale map. We will not provide the proof here but it can be found in [15].

40



Proposition 3.1.9. [15, Theorem 18.44] Let f: X — S be locally of finite presentation.

Then the following conditions are equivalent

1. fis étale.
2. fis flat and unramified.

3. f is smooth of relative dimension 0.

Example 3.1.10. Let R be a ring, f € R[T] a monic polynomial of degree n > 1. Set
A =RI[T]/(f). Then A is a free R-module of rank n, and in particular, is flat over R. Hence
A is étale over R if and only if Q}‘/R =R[T]/(f,f") =0, ie.,if (f)+ (f') =R[T].

Example 3.1.11. We want to show that any separable field extension K /k is étale. This
can be done in two steps. We first quickly see that by the above proposition if K /k is finite,
then we can write K = k[x]/(f(x)), and thus by the above, this is formally étale, since f is
separable. Then to generalize to an arbitrary separable extension we use the following

lemma:

Lemma 3.1.12. [/6, § 17.3 Lemma 3.1] Let R be a ring, I a directed partially ordered
set, and (S;, §ij) a system of R-algebras. If each R — S; is formally étale over R, then

S = colim; S; is formally étale over R.
Proof. Consider the diagram

C/I «—— colim;S;

-
-
-
-
-
-
-
-

c&i—R

with 2 = 0. We want to find a lift colim; S; — C. By assumption each S; has a lift which
makes the following diagram commute

C/I(—Si

P

C+———R
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and these lifts are compatible with the ¢;;, thus we get a lift § — C. This lift is unique
since if there was a second, then we could restrict them both to S; and find that they must

be the same since S; is formally étale over R. [

Now we can use this lemma to finish the proof by noting that any separable field
extension K /k can be written as a limit of finite separable extensions, which we already

know are formally étale.

Remark 3.1.13. It can actually be shown that locally on the source every étale morphism
of schemes has this form with f monic, so we have the following definition:

Definition 3.1.14. An R-algebra of the form (R[T'|/(f))e, where f,g € R[T] such that f
is monic and such that f” is invertible in (R[T]/(f)), is called a standard étale algebra

over R.

The following proposition states some properties of étale morphisms that will help us

later on when we define the étale site.

Proposition 3.1.15.
1. If f: X - Y and g: Y — Z are étale, so is the composite go f.
2. Iff: X —>X"and g: Y — Y’ are étale S-morphisms, so is

fxsg: X xsY =X xgY'.

Proof.

1. Since a composition of morphisms locally of finite presentation, is locally of finite
presentation, we just have to show that a composition of formally étale morphisms
is formally étale. Let T = SpecA be an affine scheme and let 7/ = SpecA/I be a
closed subscheme with 1> = 0. We see this from the following diagram

T/
1
7z
L
l //
7
T

|

/|

N+°¢—“<<T><

where the diagram commutes, so the lift 7 — X lifts the map go f: X — Z.

42



2. Again, we know that the property holds for morphisms that are locally of finite
presentation so we just have to prove it in the formally étale case. Suppose T =
SpecA and T’ = SpecA /I with I> =0. Then since f and g are étale, we have unique
lifts T — X and T — Y making the diagrams

T —— X T —— Y
T —— X' T —— Y

commute. Then, using the universal property of fiber products we obtain a unique
lift T — X xgY:

]

Definition 3.1.16. An S-scheme X = § is étale whenever 7 is. We denote by Et/S the
category of étale S-schemes along with arrows given by étale morphisms of S-schemes.

Remark 3.1.17. By the Proposition 3.1.15, the category Et/S has fibre products.

3.1.2 GROTHENDIECK TOPOLOGIES AND THE ETALE SITE

Definition 3.1.18. [17, p. 86] A family {X,- ﬂ) X } of morphisms in Et/ X is called
i

surjective if X = J; ¢;(X;).

Example 3.1.19. If we look at S = Speck, then an étale map X — S is a disjoint union of

spectra of finite separable extensions of k. Any map of this type will also be an étale cover.
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Example 3.1.20. Let R be aring. Let f € R[T] be a monic polynomial such that f and f’
generate R[T] as an ideal. Then SpecR[T]/(f) — SpecR is an étale cover.

Definition 3.1.21. Let C be a category. A Grothendieck topology J consists of the
following data: for each object U in C, a collection J(U) of sets of maps {¢;: U; — U} in

C where each set is called a covering of U, satisfying the following conditions:

1. for any morphism V — U in C, the fiber product U; Xy V exists, and induces a
covering {U; xyV — V}, of V.

2. If for each i, {V;; — U,-}j is a covering of Uj, then {V;; — U}l.j is also a covering
of U.

3. The class consisting only of the identity map U — U is a covering of U.

A pair (C,J) is called a site.

Example 3.1.22. [18, Tag 020T] Let X be a scheme. A Zariski covering of X is a family

of morphisms {X,- ﬂ X } of schemes such that each ¢; is an open immersion and such
i

that X = U, fi(X;). The small Zariski site of a scheme X, denoted X_,, is the site whose
objects are schemes U /X such that U — X is an open immersion. The three properties of

sites are easily seen to be verified:

1. If X" — X is a morphism and {X; — X}, is a covering, then {X’ xx X; — X}, is still
a covering.

2. If {X; — X}, is a Zariski covering and for each i, we have a Zariski covering
{X;; — Xi}j is a covering, then since all the morphisms are open immersions,

Xii — X }..1s also an open cover.
J 1

3. Finally, if X" — X is an isomorphism, then {X’ — X} is a Zariski covering.

Example 3.1.23. Let T be a scheme, an fppf covering of T is a family of morphisms
{fi: T; = T}, of schemes such that each f; is flat, locally of finite presentation and such
that T =, f;(T;). By [18, Tag 02101, fppf coverings are stable under composition and
base change, and thus we can form the fppf topology over a scheme S which has the
underlying category Schg and the coverings are fppf coverings. This topology will again

be used during our main proof.
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Also, note that since étale morphisms are flat, unramified, and locally of finite presen-
tation, any étale morphism is also fppf, so the fppf topology is finer than the étale and

Zariski topologies.

We see in the next proposition that the definition extends the definition of covering on a
topological space.

Proposition 3.1.24. Any classical open cover {U;} on a topological space X is a covering

as defined above.

Proof. Let U(X) be the poset category which has objects given by open sets of X, and
arrows given by inclusions. For any open V C X the fiber products U; X x V are given by
U;NV. Since U;NV are also subsets of X, they are objects in U(X) and form an open
cover of V. To prove (2), let {Vi j} be a covering of U; for each i. Then V;; is an open

cover of U. Finally U is an open cover of itself. U

Definition 3.1.25. Let (C,J),(C’,J') be sites. A morphism of sites f: (C,J) — (C',J') is
a functor C — C’ with the following properties

1. {U;— U}, € J(U) implies that { f(U;) — f(U)}, € J'(f(U)).
2. For {U; — U}, € J(U) and a morphism V — U in C, the canonical morphism
fUixy V)= f(U) X sy f(V)

is an isomorphism,

i.e., morphisms of sites preserve coverings and fiber products.

Definition 3.1.26. A sheaf on a site (C,J) is a contravariant functor .% : C°P — Sets such

that the sequence
FZU)=[[7W) =]]ZUixuU))
i ij

is exact. Thus, .# (U) can be defined with the collection (s;) € [[;-% (U;) satisfying

si’U,‘XUUj = Sj’U,'XUUj'
Definition 3.1.27. A ropos is a category equivalent to the category of sheaves on a site.
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Definition 3.1.28. The étale site on X, X;;, has the underlying category Et/X, which
consists of X-schemes T'— X which are étale. A covering of X is a surjective family of
étale morphisms in £¢/X, i.e., a collection of X-schemes {¢;: U; — X } maps such that

Ui¢i(Ui) =X.

Remark 3.1.29. Using Proposition 3.1.15, it can easily be seen that the étale site does
indeed satisfy the properties (1)-(3) required to be a site.

Now, one of the goals of introducing the étale topology was that it refines the Zariski
topology. This can be seen in the definition of both sites. For the Zariski site on a
scheme X we took coverings {Xi £> X } where each f; is an open immersion. Since open
immersions are étale by Example 3.1.6, we see that any covering {X; — X}, in X, is also
a covering in X, but there are coverings in X, that do not exist in the Zariski case. For

example, consider

f: SpecQ[T]/(x" — 1) — SpecQ.

Since n and 1 are invertible in Q, f is étale, and it is an étale cover since | Spec Q| = {(0)},
but this is not an open immersion since there is more than one prime ideal in Q[T']/(x" —1).

Thus the étale site is much finer than the Zariski site, and has many more open sets.

3.1.3 OBJECTS REPRESENTABLE OVER SHEAVES

Now, we let Aff be the category of affine schemes and let Aff™ be the category of sheaves
of sets on Aff with respect to the étale topology. Now, instead of focusing on one scheme

with the étale topology like in the site X;;, we look at sheaves
F: Aff — Sets

and it is a sheaf if for every étale cover {X; — X}, it satisfies that sheaf condition.

Note that any scheme S can be viewed as an object of Aff™ via the functor it represents
Spec R — Hom(SpecR, S).

This is a fully faithful embedding and we can regard the category of schemes as a full
subcategory of Aff™ in this way.
Recall that if C and D are categories and F: C — D is a functor then the functor F
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induces a map
Fx7yl HomC(X,Y) — HOIH])(F(X),F(Y))

for every pair of objects X,Y in C. The functor F is said to be
1. faithful if Fx y is injective.
2. full if Fx y is surjective.

3. fully faithful if Fx y is bijective.
In our case the functor is

Hom(—,—): Sch — Aff™
S +— Hom(—,S).

For any § € Aff™, let Affg denote the category of sheaves X equipped with a map
X — S, where the morphisms are morphisms over S. If 7 — S is a morphism of sheaves,
and X € Aff{, let X7 denote the sheaf 7' x g X together with the morphism

prr: T xXsX —T.

Then, by composing we have amap 7' xs X — T — S, and thus T x s X € Affg.
This construction allows us to define familiar structures on an object X over S by using
affine test schemes.

Definition 3.1.30. An elliptic curve X over a sheaf S is a sheaf X — § such that

1. for every affine scheme 7 with a morphism 7" — S, the pullback X7 =T xXsX is a
classical elliptic curve over T'.

2. Moreover, these elliptic curve structures are compatible with pullbacks along maps
of affine schemes T’ — T, that is, for any such map the natural base change

(XT)T’ — XT’

must be an isomorphism of elliptic curves over 7', meaning that it also respects the
group structure.
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The definition of an elliptic curve above defines an elliptic curve over S not just by
giving a single curve, but by giving a system of elliptic curves over all affine schemes
mapping to S that all fit together in a nice functorial way. This definition also allows us to
define families of elliptic curve over an arbitrary base and will lead us to the definition of

a moduli space.

Remark 3.1.31. This construction will not actually be that important for the purpose of
this thesis. Instead of considering an elliptic curve over a p-adic sheaf S, we can consider a
curve over an affine scheme 7' = Spec R where p is nilpotent on R. Then since everything
we will do will be compatible with base change, to get an elliptic curve over a p-adic

sheaf § = colim; §; with §; affine with p nilpotent, we can consider £ = colim; E'S;.
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Formal Schemes

We begin by considering the spectrum of a field, Spec(k). This is just a single point
equipped with the structure sheaf Og,..(x) = k. From the perspective of sheaves as
functions on a space, these functions are simply constant functions because each map
Spec(k) — SpecA gives a maximal ideal. So

Homgep (Speck, SpecA) = {m <A | m is maximal }

To study functions with higher-order behavior, we might consider the ring of dual
numbers k[x]/(x?). This ring has a single ideal (x), so as a topological space, | Spec(k)| =
| Spec(k[x]/(x?))|. However, the structure sheaves differ: the sheaf on Spec(k[x]/(x?))
allows us to speak of functions with a notion of first-order derivatives—directions in
which we can “infinitesimally” move away from our point. This is because a map
f: Speck[x]/(x*) — SpecA gives both a maximal ideal of A and a derivation, i.e., a map
that respects the typical Leibniz rule.

To capture even higher-order infinitesimal behavior, we consider the system (k[x]/(x")),>1,
and form the inverse limit:

This formal power series ring reflects all higher-order infinitesimal data.
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However, a complication arises: the spectrum of k[[x]] contains , (0) and (x), since
k[[x]] is an integral domain. Thus, it does not have the same topological structure as the
previous examples, and so this approach is not a direct generalization.

This issue can be resolved by transitioning to the language of formal schemes.

Definition 4.0.1. An adic Noetherian ring is a noetherian topological ring A that is
separated and complete for the /-adic topology, where [ is an ideal of A, that is,

A=1limA/I".
n>0

Example 4.0.2.

1. f A=Z, and I = (p), then A is an adic Noetherian ring and it is complete with
respect to 1.

2. Similarly, if A = k[¢t] and I = tk[t], then A is again complete with respect to .

3. [19, Definition 2.0.6] Let A be a Noetherian /-adic ring, then the ring of restricted
power series is defined as

A{Ty,...., T} =limA[Ty,..., T,]/I" Ty, ..., T,] = lim(A /I O[T, .. T
«—n «—n

4. Another way to create rings of this type is to cut out a variety from some affine
space, and take the completion with respect to the variety. Consider k[x,y]/(f)
where I = (f) is some polynomial in x and y. We can then take the completion with
respect to I lim, , k[x,y]/(f)*!.

Definition 4.0.3. Let A be an adic Noetherian ring. We associate a topologically ringed
space
Spf(A) = colim,,>o Spec(A /")

called the formal spectrum of A. The underlying topological space is just Spec(A/I) and
the structure sheaf is given by

Ospr(a) =M Ogpecia /)

So for an open subset U C SpecA, Ospp(a)(U) = Um Ogpeoq/m+1y(U). An affine formal
scheme is a topologically ringed space isomorphic to Spf(A) for some A as above.
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Remark 4.0.4. [18, Tag 0OAHY] Another way to define the topological space of formal

schemes is by writing
Spf(A) = {open prime ideals p C A}.

Note that this is homeomorphic to Spf(A) = Spec(A/I), the definition given above. Indeed,
we can show that a prime ideal is open if and only if it contains 7, and hence is in Spec(A/1).
Recall that the 7-adic topology is defined by having {I"} be a fundamental basis of open
neighborhoods of the identity. If p € SpecA is open, then since 0 € p has an open
neighborhood 0 € U C p. Then by definition of the /-adic topology this means that for
somen €N, 0e " CU Cyp. Conversely, if I C p, then let x € p. Consider the open set

x+1, this is still contained in p since both x and [ are in p, so p is open.
Example 4.0.5.

1. If A is any ring (with the discrete topology) and I = (0), then Spf(A) = Spec(A) is
just the affine scheme corresponding to A.

2. fA=Zp,,and I = pZ,, then
|Spf(Zp)| = [Spec(F,)]
is just a single point, but the structure sheaf is Z,,.

3. Similarly, for A = k[¢] and I = ¢[¢], we have |Spf(k[t])| = |Speck|, which is just a
single point, but the structure sheaf is k[z].

4. Consider the ring k[x,y], and consider the variety V(y> —x%), and let I = (y* — x°).
Then k[x,y] is not [-adically complete, let

A= limk[x,y]/ (7 —)"

be its I-adic completion. Then Spf(A) = V(I) = Spec(k[x,y]/(y* —x*)), but it’s
structure sheaf is the completed ring A.

4.0.1 p-ADIC SHEAVES

Now, the ultimate goal of this thesis is to look at canonical lifts of elliptic curves over
schemes S, to a curve over W (S), the Witt vectors of S. We have yet to define what the Witt
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vectors of schemes are, however, there is actually a more general statement of the main
theorem we will prove. We can generalize the objects from schemes to p-adic sheaves.

Here we discuss these objects.

Definition 4.0.6. We say that a sheaf S € Aff™ is p-adic if it is isomorphic to a colimit

colim; S; of affine schemes §; on which p is nilpotent.
Example 4.0.7.

1. Let S = SpeclF,[x], then S is a p-adic sheaf. Generally, if A is an [F,-algebra, then
S = SpecA is a p-adic sheaf since p is nilpotent on SpecA.

2. Consider '
Spf(Z,,) = colim; SpecZ/p""'Z,

the formal spectrum of Z, which is a p-adic sheaf as each Z/ p't17Z is a ring in
which p is nilpotent. More generally, if A is a p-adic noetherian ring, then the
formal spectrum Spf(A) will be a p-adic sheaf.

3. [20, p. 6] Let R; =TF,[t], and let R; — R, be given by the Frobenius. Then we
could consider S = colimy SpecF),[t].

Definition 4.0.8. Let 7 be a scheme. Let
T, = SpecZ/p”HZ Xspecz T-

Then we call

T = colim,, 7,

the p-adic completion of T. It is a p-adic sheaf because each T, is a scheme over Z/p" "1 Z

and hence is a colimit of affine schemes over Z/p"*'Z.

Remark 4.0.9. The above construction works for any p-adic formal scheme 7" and this
defines a fully faithful embedding of the category of p-adic formal schemes into the
category of p-adic sheaves.
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Witt Vectors for Schemes

In this section we generalize our definition fo Witt vectors to include Witt vectors of
schemes. We would hope to simply be able to write W (SpecA) = Spec W (A), but unfortu-
nately this is not the case as oftentimes W (SpecA) will turn out not to even be a scheme,
but a formal scheme.

We start by writing W,,: Aff — Aff for the functor defined by W,,(Spec R) = Spec W,,(R).

Theorem 5.0.1. The functor W,,: Aff — Aff preserves étale maps, étale covering families,

and étale base change. In particular, W, is continuous in the étale topology.
Proof. See [21, Appendix A] or [22, Theorem 9.2] L]

Example 5.0.2. Let S = SpecA be an affine scheme and let f € A, so that D(f) =
SpecAy C S is a principal open subset. Thus D(f) — S is an open immersion, and is
therefore étale. We will see in Lemma 5.0.4 that

Wa(D(f)) = Wa(SpecAy) = SpecW, (Af) = Spec Wi, (A)[1/[f]] = Spec W, (R) ) = D([f])

where [f] = (f,0,0,...) is the Teichmiiller lift of f. Thus W, (D(f)) = D([f]) C W,(S) =
Spec W, (A), is a principal open subset, and so it is still étale over S.

This allows us to extend W, to Aff™. Indeed, because W, is continuous, for any
sheaf S, the presheaf U — S(W,,(U)), for any U € Aff is a sheaf. This defines a functor
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Wy Aff™ — Aff™, and it has a left adjoint by [23, III 1.2] W,*. Finally, W, extends
W, from Aff to Aff™ in the sense that we have canonical isomorphisms W,*(SpecR) —

Spec W, (R). So from now on, we often abusively write W, = W,".

Remark 5.0.3. If S is a p-adic sheaf, then so is W, (S). Indeed, it is sufficient and necessary
to observe that if p is nilpotent in a ring R, then it is nilpotent in W, (R). One way to
show this is to observe that the map Wiy, (F,) — Wy, (W, (F,)) maps W, (Z/p™ 1 Z) into
a Z/p™"*+17Z-algebra. This map is obtained by using the universal property of Witt

vectors:

From the truncation map W,,1,(F,) = Wy, (F,), we get a map Wy, (F,) = W(W,(F)p)),
and then using the truncation map again W(W,,(F,)) — W, (W,,(F,)) gives the desired
map.

Moreover, if S is a scheme on which p is locally nilpotent, then so is W,(S). As
a topological space W, (S) agrees with S and its structure sheaf Ow,(s) is given by the
presheaf U — W, (Os(U)). One way to show this is to show that for any ringR and any
f€R,W,(R[1/f]) = W,(R)[1/[f]] where [f] denotes the Teichmiiller lift.

Lemma 5.0.4. For any ring R and any f € R, W,(R[1/f]) = W,(R)[1/[f]].

Proof. Note that

Wa(R[1/f]) = {(ao,...,an—1) | ai € R[1/f]},

while

W (R)[1/[f]] {[i W= (10, Fuet) € W,,(R)}.

f]

First, we claim that

1

(a0, an-1)[f]" = (a0, an-1)(f",0,...,0) = (aof a1 f",....an 1 f "),
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We proceed by induction. We see that this holds for n = 0 and for n = 1 we have

(a0,a1)(f",0) = (aof ",arf " +ag-0+p-ar-0) = (aof " arf ).

Now suppose it holds for n, and consider

n—1 n—1

(Cl(),. e 7an)(fim’07' - 70) = (a()fimw .. aan—lfimp 76(an—1fimp ))

Then we define
W (S) = colim,, W,(S)

where the limit is taken in Aff~. Note that even if S is a scheme, W(S) is usually not a
scheme as shown by the following proposition.

Proposition 5.0.5. Let A be a ring. Then W (Spec(A)) = Spf(W(A))

Proof. We have
W (Spec(A) = colim, W,,(Spec(A)) = colim, Spec(W,(A)) = colim Spf(W,,(A)) = Spf(limW,,(A)) = Spf(W (

]

UNIVERSAL PROPERTY OF WITT VECTORS FOR p-ADIC SHEAVES

Now we turn to an extremely important universal property that will be crucial in proving
our main theorem.

Let A be a p-torsion-free rlng with a Frobenius lift y. Let Y,, = SpecA/p"™*!A and
Y = colim,, ¥, and let v Y — Y be the induced Frobenius lift.

Example 5.0.6. For the simplest example we can take A = Z, with Frobenius lift
v(x) = x. This is indeed a Frobenius lift since y(x) = x = x” mod pZ,. Then Y, =
SpecZ,/p"™ 7, = SpecZ/p™ 1 Z and so

Y = colim,, Y, = colim,, SpecZ/p"*+'7 = Spf(Z,).
Then the induced Frobenius lift : Spf(Z,) — Spf(Z,) is also just the identity.
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Now we let S be a p-adic sheaf (take S = colimgy I, [¢] for example). We write S =
colim, Spec R,,, with p nilpotent in each ring R;. Then for each i, there exists an m; such
that the map SpecR; — Y factors through the inclusion Y,,, — Y, thus inducing a map
A/p™ 1A — R; (in our example this would be a map F,[t] — Z/p""1Z). Let g denote
the composition

A—A/p"TIA SR,

and let g denote the canonical lift:

Then for each n, since we have this factoring, we see that the composition A — W (R;) —
W,.(R;) factors through A — A/p"int1A for some A; ,. Taking the maps induced on Spec,
we get a compatible family of maps

SpecW,(R;) — SpecA/pNntl =yy =Y.

in

Then, using the universal property of colimits, we get a map
fw(s) = colim,, ; W, (SpecR;) — Y.

This map is called the canonical lift of the map f: S — Y since it lifts to the Witt vectors
of the p-adic sheaf. Note that we also have fo = F o f, where F: W(S) — W(S) is the
usual Witt vector Frobenius map.

Our goal in this thesis is to lift elliptic curves over p-adic sheaves to elliptic curves over
the Witt vectors of p-adic sheaves and this universal property will be crucial so we will
state it again below:

Example 5.0.7. For a simple example we let A = Z with ¢ = idz. Then
Y = colim,, Z/p" 7 = Spf(Z,).
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Recall that | Spf(Z,,)| = {(0) } as a topological space. For our S we choose S = SpecZ/p"Z
for some n > 1. Then | SpecZ/p"Z| = {(p)}. We define the map from S to ¥ in the only

possible way:

The corresponding map on sheaves is the canonical projection Z, — Z/p"Z. Now, we
need a map f: W(S) — Y. To do this we note that the map SpecZ/p"Z — Y factors
through Y,, = SpecZ/ p"7Z, and we have the induced identity map Z/p"Z — 7/ p"Z. Then
we use the universal property for Witt vectors to get a map

~

25 W(Z/p"L) = L, (G 1).

This gives a map A LR W(Z/p"Z) — W, (Z/p"Z) =7/ p"zZ, which factors through A,» =
Z/ p”ZZ. This defines a compatible family of maps

SpecW, (SpecZ/p"7) = Z/p”ZZ — Y= SpecZ/p"zZ —~7Y.

Then the universal property of colimits gives us a map f: W (S) =colim, W, (SpecZ/p"Z) —

Y
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Witt Vectors

In this section, we develop the theory of moduli spaces over the category Ell of elliptic
curves. Our aim is to formalize the notion of a moduli problem in this context and to
investigate criteria under which such problems are representable. We begin by introducing
moduli functors valued in sets, defined on the category Ell, and explore their basic
properties with respect to representability and relative representability. We follow the

notation and approach of [7] and [24].

The goal in this section is to understand when a moduli problem corresponds to an actual
geometric object—namely, a scheme that represents the functor. We focus in particular
on the concept of relative representability, which allows us to understand how moduli
problems behave in families, and rigidity, which ensures the absence of automorphisms in

the objects we classify.

The main result of this section is a representability criterion: we show that moduli
problems that are both relatively representable and rigid are in fact representable. This
result provides a powerful tool for constructing and understanding moduli spaces in
concrete terms. It will be crucial in the main argument of this thesis, where we need to
know that certain moduli problems of elliptic curves equipped with additional structure

are representable by affine schemes.

We begin with some motivation. By the classical theory of elliptic curves over C we
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know that
{isomorphism classes of elliptic curves E/C} = .7 /SL,(Z) = C,

where 77/ SL,(Z) is the complex upper half-plane under the identification of the action
by SL;(7Z). Thus, we would hope that for an arbitrary scheme S,

{isomorphism classes of elliptic curves E/S} =2 Al(S).
Suppose that this is true so that there is a scheme .# such that

A (S) = Homgep (S,.#') = {isomorphism classes of elliptic curves E/S} .

There are a couple reasons why .# cannot exist.

We first illustrate this problem with a concrete example. Suppose again that the moduli
problem of sending a scheme S to the isomorphism classes of elliptic curves over S is
represented .#, and let &.# be the universal elliptic curve. Let E/C be an elliptic curve
and let [ n |

C S t T
T=S — = >8=T/(o
pec (“a—21) B s =110
whichisa G=7Z/2Z = {£1} = (o) cover, i.e., S =T /(o) with 6(s,t) = (s,—t). Then
the trivial family corresponds to the map

ExS y E s &

| Lo

STSPCCCT)%

where E is equivalent to e € .#(C). We can construct an isotrivial family X /S as the
quotient of E x T by the diagonal action o (P,Q) = (6P,6Q) where P € E and Q € T and
oP = —P. There is a canonical projection

ExT—X=(ExT)/{o).

We make two claims, first that X /S is not isomorphic to (E x S)/S. Secondly, we claim
that .# cannot exist.
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For the first claim, suppose

exists. Then by pullback along 7, there is a G-equivalence isomorphism

(ExS)XT=EXT L XXT=ExT

\T

and we necessarily have ¢ (P,Q) = (a(P,Q),Q) and G-equivalence gives co/(P,Q) =
o(P,cQ). Now, fix Qp € T(C), then there is a continuous map given by

T(C) % Aut(E(C))
Q— a(_aQ)oa(_aQO)il
Qo'—) idE

0Qp— —1idg

Then the image of @ contains Z/27 = (o), but T(C) is connected, hence this is not
possible.

Now, we can conclude the second claim about the impossibility of .#Z as well. We
know that X /S corresponds to a map g: S — .#, and we know that 7*X = E x T. Hence
we have a commutative diagram

N
3

(o)

<

7% i

M

~

Since the image of f is e € .# (C), the same is true of g, hence g = d, but this contradicts
our first claim.

There is a second way in which we can see that .# cannot exist. If .Z existed, then
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it would mean that Homgep(—,.#) is a sheaf of sets on Aff with respect to the étale

topology. Now, consider the two curves
Ei:y?=xX4x+1, Ex: 3y> =x>+x+1.
These are not isomorphic over Q, but they are isomorphic over Q(+/3) which implies that
Homgep, (SpecQ), .7 ) — Homgen (Spec Q(V/3),.24)

is not injective, so it cannot be a sheaf, and therefore .# does not exist.

We can fix these issues by considering
{isomorphism classes (E/S, o) | « is a level structure }

where o is some data attached to E /S so that Aut(E /S, o) is trivial. This choice of ¢ is

motivated by the classical theory of modular forms.

6.0.1 REPRESENTABILITY

We will work in the category Ell whose objects are elliptic curves
E
ln
S

over variable base-schemes. The morphisms in this category are cartesian squares of

elliptic curves
E, —4—> E

m | ln

Si — S
f
This means that there is an isomorphism of elliptic curves over S;

axgsm
E1 L>E X5S1

We will be interested in moduli problems in this category.
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Definition 6.0.1. A contravariant functor & : Ell — Sets is called a moduli problem for
elliptic curves. Given an elliptic curve E/S, an element of Z(E/S) is called a level
P structure on E /S. The category of elliptic curves with & structure is denoted Ell 5.
The objects are pairs (E/S, o) with oc € Z(E/S). A morphism in the category from
(E'/S' ;o) to (E/S, @) is an element ¢ € Homgy(E'/S’,E/S) such that the map of sets
P(9): P(E')S') — P(E/S) maps & to o. There is a forgetful functor

Fs: Elly — ElL

Definition 6.0.2. We say that a moduli problem &7 is representable if it is representable

as a functor on Ell, meaning that there exists an elliptic curve over a scheme

&
|
e

together with a functorial isomorphism
cQZ(E/S) = HOl’l’lE“(E/S, g/e//(c@))

If a moduli problem & is representable by & /.# (Z?), then the scheme .# (&) repre-
sents the functor on Sch sending a scheme S to the set of isomorphism classes of pairs
(E/S,a) with E an elliptic curve over S and o € Z(E/S) alevel & structure on E/S.

Every elliptic curve E /S defines a representable moduli problem
HE/S = HomEn(—,E/S)

given by sending an elliptic curve E’/S’ to the set of pairs of morphisms (f': &' —
S,¢': E' — E) such that the square

E -2 F

| o]
s I

is cartesian. Similar to a &7 structure, we say that an element of #/Z/S(E’/S') is an E /S-

63



structure on E’/S’. Then the category of elliptic curves with E /S-structure has cartesian

squares

E -4, F

| o]
s s

as objects and a morphism taking (E” /8", f”.g") to (E'/S', f',g') the morphism (f,3) €
Homgy(E"/S",E'/S') such that f'f = f” and g'g = g’ i.e., so that the prism

E”—>E

S// f’ \§ E
S S

!

commutes. This category is isomorphic to Ell, z/s and there is a forgetful functor
Fg/s: Ellg /g — EL

Definition 6.0.3. A moduli problem &’ is relatively representable if for every elliptic
curve E /S, the functor
@,OFE/S: EllE/S — Sets

is representable.

Remark 6.0.4. For a moduli problem 7', the above definition is equivalent to the
following: for every elliptic curve E /S the functor

P': Schy — Sets
T— P'(ExsT/T)

is representable.
Proposition 6.0.5. Let &7’ be a moduli problem. The following are equivalent:

1. &' is relatively representable.
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2. For every representable moduli problem &2, the functor

P' oFp: Elly — Sets

is representable.

3. For every representable moduli problem &2, the product moduli problem

P x P Ell - Sets
E/S— P(E/S)x P (E/S).

Proof. We see that (1) = (2) from the definition. Conversely, since & is representable,
P = hE/S for some elliptic curve E /S, so (1) and (2) are equivalent.

For (2) = (3), let & be a moduli problem represented by an elliptic curve E/S. If
P o Fy /s+ Ellg ;g — Sets is representable by an object

E' —— E

| =]
S —— S
then the object E' /S’ represents &2 x &', Indeed, suppose we have another elliptic curve

F/T,and are given amap F /T — E’/S" in Ell. Well, then this induces a map F /T — E/S
in Ell, since we have

F y E' y E
|l ol o]
T y S s S

and thus
F2E xgT 2 (ExsS)xgTXEXgT

so we have a morphism F /T — E/S in Ell. Then, we also have a morphism in Ellg /s
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which is clear from the diagram

Therefore, given a map F /T — E'/S’ in Ell, we get amap F/T — E/S in Ell and a
map F /T — E'/S" in Ellg /5, so E' /S’ does indeed represent & x &',

Conversely, if &2 x 7' is represented by an elliptic curve E’/S’, then Yoneda’s lemma
gives a morphism E’/S" — E /S corresponding to the projection & x &' — &, Viewing
this as an object of Ell; /g, we get an object representing P o Fy /s- O]

The following proposition finally shows that representability is a stronger condition
than relative representability.

Proposition 6.0.6. Every representable moduli problem is relatively representable.

Proof. Let & be a representable moduli problem. The result relies on the existence of
products in Ell, that is, given two elliptic curves E /S and E’/S’, there exists an elliptic
curve E” /S” with morphisms to E /S and E’/S’ such that the map of sets

HOI‘DEH(F/T, E”/S”) — HOIHE“(F/T,E/S) X HOH’IE“(F/T,E,/S,)

is an isomorphism for all elliptic curves F /T. The proof of this fact goes beyond the scope
of this thesis but can be found in [25, III, Theorem 2.5].

Then &2 x &’ is representable for every representable moduli problem £?’, so by
Proposition 6.0.5, &7 is relatively representable. [

Definition 6.0.7. Let &2 be a moduli problem. For any elliptic curve E /S, with f: E — S,
the group

Aug(E) = {g: ESE| fg=f}

acts on the set Z(E/S) by the functorality of &?. The moduli problem & is rigid if
Autg(E) acts freely on Z(E/S), meaning that for every elliptic curve E/S and every
o € Z(E/S), the only element of Autg(E) fixing ¢ is the identity.
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Definition 6.0.8. If &7 is relatively representable, we say that & is affine (resp. étale,
finite, etc.) if for every elliptic curve E /S, the object representing & o Fg, /5> M p /55 18
affine (resp. étale, finite, etc.) over S.

The following theorem will be used to show that the moduli problem we will be

interested in is representable. A proof can be found in [7].

Theorem 6.0.9. [7, Theorem 4.7.0] Let & be relatively representable and affine over EIL
Then &2 is representable if and only if &2 is rigid.

We will also use the following corollary.

Corollary 6.0.10. /7, Corollary 4.7.1] Any relatively representable moduli problem &
which is affine and étale over EN, and rigid, is representable by a smooth affine curve
over 7.

6.0.2 LEVEL-N STRUCTURES

We now turn our attention to the specific moduli problem on elliptic curves that will be of
interest for the rest of this thesis: full level-N structures on elliptic curves.

If S is a scheme, E/S is an elliptic curve, and N > 1 is an integer, then we denote by
E[N] the kernel of the multiplication by N map E — E, which is really the preimage of
the zero section. This turns out to be a finite locally free group scheme of rank N? over S,
and it is étale if NV is invertible on S [7, Theorem 2.3.1].

Definition 6.0.11. A full level-N structure, or a I'(N)-structure, on an elliptic curve E /S
where S is a scheme, is a group homomorphism

¢: (Z/N’Z)* — E[N|(S)
which is a generator of E[N], i.e., we have an equality of effective Cartier divisors in E

ENJ= ), [#(a,b)].

a,beZ/NZ

Note that if N is invertible on S, then E[N] is an étale group scheme, then we can show
that a full level-N structure is just a pair of linearly independent elements of E[N], [26, p.
6].
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Let [I"(NV)] denote the functor which assigns to a scheme S the set of elliptic curves E /S
together with a I'(NV)-structure on E/S.

Theorem 6.0.12. The moduli problem [I'(n)] is representable for n > 3 and its moduli

scheme is a smooth affine curve over SpecZ[1/n).

Proof. By [7, Theorem 3.7.1], [I'(n)] is relatively representable and finite étale. Then,
I'(n) is rigid by [7, Corollary 2.7.2], so by [7, Theorem 4.7.0], since [I'(n)] for n > 3 is

relatively representable and rigid, it is representable. ]

Example 6.0.13. By [25, p. 148], we can write the scheme representing [I'(3)] explicitly

as

M5 = Spec (Z [53,%,%(#3 - 1)1D

where {3 is a third root of unity. We can then also write the universal elliptic curve sitting
over .3 as
E:X3+Y3+73 =3uXYZ.

A more in depth explanation of this calculation can be found in [24]. In [27, §3.5], there

are tables for calculating these schemes, but they become quite unwieldily quite quickly.

Later on we will also consider the moduli problem which assigns to an elliptic curve
E/S, two level-N structures. This can be viewed as a product of the moduli problem
['[N] xT'[N]: Ell — Sets, and thus by Proposition 6.0.5, it is representable since [['(N)]

i8.
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The Canonical Subgroup

The canonical subgroup of an elliptic curve was first studied by Lubin [28], and was
extended by Katz [29]. If an elliptic curve has ordinary reduction, then the canonical
subgroup is a canonical lift of the kernel of the Frobenius morphism on £ modulo p. We
follow the exposition given in [30] and [31].

Let K/Q), be a finite extension, and let R = Ok, and let E /R be an elliptic curve. Let
k be the residue field of K. Then E (K)[p] = (Z/pZ)? contains p + 1 subgroups of order
p. These p+ 1 subgroups will vary as the elliptic curve varies, however there is one
“canonical subgroup” that varies smoothly as the curve varies smoothly.

If E has ordinary reduction, then E (k)[p] = Z/ pZ, so the kernel of

E(K)[p] — E(k)[p]

is a cyclic subgroup of E(K) of order p; this is the canonical subgroup of E, we denote it
by Ecan.

Remark 7.0.1. If E is not too supersingular, then it also has a canonical subgroup, but that
will not be necessary for our work. Indeed, there is a number called the Hasse invariant
that can be attached to an elliptic curve. As long as the Hasse invariant is less than #,
we can designate a canonical subgroup of the elliptic curve [30].

Example 7.0.2. We provide an example from [30] of an elliptic curve that is not too
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supersingular to illustrate this idea. Let a € Q, (an algebraic closure of ), with |al; <1
and define the elliptic curve

E;: y2+y—|—axy:x3+x2.

We can reduce this curve modulo 2 and there are two cases. First, if |a|, = 1, then the
curve reduces to
y2—|—y+ﬁxy = +x°

which is an ordinary elliptic curve over F,. However, in the second case, if lal, < 1, then
the curve E, reduces to
Y4y =x+x

which is supersingular. To help figure out what happens in the second case we put the
curve into canonical form, define Y =y + %(1 + ax) and the equation for E, becomes
Y2 = f(x) where

2
3 a » a1
=x+(—-+1 + x4
flx)=x (4 )x PRRET

The points of order 2 on E, correspond to the roots of f(x). We now look at the valuation
of these roots to help us establish what the canonical subgroup should be. We do this

using Newton polygons and we break it up into three cases:

1. If |a|, = 1, then the valuations of the coefficients of f(x) are 0,—2,—1,—2. Hence
f has one root with valuation -2 and two roots with valuation 0. The root with
valuation -2 is the one which reduces to the point at infinity in the reduction map.

2. If |a|, = 1 — € with € small, then a similar argument shows that one of the roots
of f has valuation —2 + 2¢€ and the other two have valuation —€. One of these is
quite different from the other, and it does not reduce to the point at infinity in the
reduction map, so this point will generate the canonical subgroup of E,,.

3. If |a|; is very small, then all three of the roots will have valuation —2/3 and we
cannot distinguish them in a canonical manner.

Remark 7.0.3. By [29, Theorem 3.1], if E is an elliptic curve over an [ ,-algebra R, then

the canonical subgroup is exactly the kernel of the Frobenius map on E.
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Remark 7.0.4. In the case when E is an ordinary elliptic curve, let [p]g be the multiplica-
tion by p map. Since E is ordinary, exactly p points in ker[p|g go to the identity under

reduction modulo p. Thus we have
ker(reduction modulo p) Nker|p|x

is the subgroup of E of order p whose associated subgroup scheme is the lifting of the

kernel of Frobenius map [28].

The most important point of the canonical subgroup is that for ordinary elliptic curves
over a characteristic p ring, the canonical subgroup is the kernel of the Frobenius [29],

while over a mixed characteristic ring, it is a lifting of the Frobenius morphism [28].
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Canonical Lifts

8.0.1 STATEMENT OF THE THEOREM

Let R be a ring in which p is nilpotent. There is a lift of the Frobenius map on the Witt
vectors of R given by

F: Wyi1(R) = W,(R)

(X0 - -y Xn) = Tn(X0, - -, %0)P + p(x0,. .., %)

where r,,: W,,1.1(R) — W, (R) is the truncation map, r(xo,...,x,) = (xo,...,X,—1), and the
0-map is given by 8(xo,...,x,) = (x1,...,X,). By taking the limit along the truncation
maps r,, we obtain a map

F: W(R) = W(R)

such that for any n > 1, F(xg,x1,...) = r(x0,X1,...)? + pW,(R), where r: W(R) — W,(R)
is the natural projection. This map is a lift of the Frobenius on W(R). From the map
F: W,i1(R) — W,(R) we get a map

Spec(F): SpecW,(R) — SpecW,11(R)

and by the properties of W, this is a map Spec(F'): W,(T) — W1 (T) where T = SpecR.
Taking the colimit of this map gives a map Spec(F): W(S) — W(S). By taking colimits
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again, we get a lift of the Frobenius Spec(F): W(S) — W(S) for an arbitrary S € Aff™.
By abuse of notation, we will denote this Frobenius lift on W(S) by F as well. This
Frobenius lift agrees with the usual pth power Frobenius on the special fiber over p,

SpecF), Xspecz W(S). This leads us to the following definition.

Definition 8.0.1. A Frobenius lift on an elliptic curve E over W(S) is a morphism E —
F*(E) of elliptic curves over W (S) restricting to the usual Frobenius map over the locus
SpecF), Xspecz W(S).

Now we’re able to state the final version of the theorem we seek to prove.

Theorem 8.0.2. There is a unique way of lifting ordinary elliptic curves E over p-adic
sheaves S to elliptic curves E over W (S) such that the construction E — E is compatible

with base change in S and such that each E admits a Frobenius lift.

The uniqueness statement in the theorem needs to be clarified. if E — E is any other
such construction, then there is a unique family of morphisms E — E where E runs over
all ordinary elliptic curves E over all p-adic base sheaves S. This uniqueness statement
does not apply to lifts of a single elliptic curve or even all elliptic curves over a given base
S, but only to all families of elliptic curves over all bases.

While in [2], this theorem is proved directly for S a p-adic sheaf, we will work with
an affine scheme § = SpecR where p is nilpotent on R. Then taking colimits, we will
be able to obtain the same result with a simpler exposition. Indeed, the construction
will be compatible with base change along morphisms of affine schemes, so if S is an
arbitrary p-adic sheaf and E is an ordinary elliptic curve over S, we can write S = colim; S;
where each §; is an affine scheme on which p is nilpotent, and define E over W(S) to be
colim;(Es;)~ over W(S) = colim; W(S;). So we may proceed with S as an affine scheme
with p nilpotent without issue.

8.0.2 EXISTENCE WITH LEVEL STRUCTURE

The first step in proving Theorem 8.0.2 is to prove it in the presence of more structure.

Proposition 8.0.3. There is a unique way of lifting ordinary elliptic curves (E /S, ) with
a full level-N structure over an affine scheme S with p nilpotent, to an elliptic curve
(E/W(S),&)™ such that the construction (E/S,&) — (E/W(S),&)™ is compatible with
base change in S and such that (E/S,&)™ admits a Frobenius lift.
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Proof. LetY (N) denote the moduli space of elliptic curves E /S with full level-N structure,
i.e. with morphisms &: (Z/NZ)?> = E[N](S). We assume that p{ N and that N > 3 to
make the moduli problem representable by Theorem 6.0.12. In this case Y (N) is a smooth

affine scheme of relative dimension 1 over Spec(Z[1/N]).

Let 7 denote the open subscheme of Y (N) which is the complement of the supersin-
gular locus on the fiber over p, and let Y (N)° denote it’s p-adic completion. Y (N), =
Y (N) ®z1/n Fp, and the supersingular locus of Y (N),, is the set of points corresponding
to supersingular elliptic curves. These points are finite and isolated, removing them gives

the ordinary locus 7. Then the p-adic completion of T is given by

T = Y(N)° = colim,, SpecZ/p"+lZ Xspecz T

Now, since Y (N) is affine, write ¥ (N) = SpecR, and let Q C R be such that Spec R[Q~!]/(p)
is the ordinary locus of the fiber of Y (N) over p, Y(N),. So Q is a subset of elements that
defines an open subscheme and avoids the supersingular locus in characteristic p. Then if
Ay is the p-adic completion of R[Q~!], we have

Y (N)° = colim, SpecAy /p" 1Ay

and Ay is p-adically complete and p-torsion free, so we actually see that Y (N)° == Spf(Ay).
The reason for writing ¥ (N)° 2 colim, SpecAy/p" ! Ay in this form is that now it is in
the form needed to apply the universal property of Witt vectors for p-adic sheaves from
Section 5:

S > W(S)

j
.
.
.
.
7

Y(N)° = colim, Ay /p" Ay
if we can obtain a map S — Y (N)°.
Now, let (E, &) be an ordinary elliptic curve with level-N structure over an affine scheme
S with p nilpotent. Since the moduli problem of elliptic curves with full level-N structure

is representable, the pair (E, &) is the pull-back of the universal object (&,E") through a
unique map c: § — Y (N)°:
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(E,6) — (£,8")

! !

S — > Y(N)

This gives us the map we needed to apply the universal property of Witt vectors for

p-adic sheaves, write
c:W(S)—=Y(N)°

for the morphism induced by c. We then let (E, &)™ denote the canonical lift of (E,&)
which is the pull-back ¢*((&,&£")) of the universal elliptic curve with level-N structure.

The following diagram depicts the situation:

O

The map f: (E,§) — (E, &)™ will denote the canonical lift. We do not yet write
(E, &)~ = (E ,&) since we have not yet shown that the canonical lift is independent of the

choice of level-N structure.

8.0.3 STANDARD FROBENIUS LIFT ON Y (N)°

We quickly review the standard Frobenius lift on Y (V) because a similar strategy will be
used to show that the canonical lift functor for curves with level-N structure is independent
of the choice of the level-N structure.

Let E be an ordinary elliptic curve over an affine scheme S on which p is nilpotent, and
let E®" denote its canonical subgroup. Let E/E*" denote the usual quotient, by this we
mean the quotient in the fppf topology and not the quotient object in Aff™. Thus E /E"
is also a family of elliptic curves over S and the quotient map E — E /E" is faithfully flat.
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If, £ is a level-N structure on E, then its image & in E JE™ is also a level-N structure. We
then let y denote the map Y (N)° — Y (N)° that, for any S, sends an S-valued point (E, &)
to (E/E Can,E). It is a Frobenius lift because for ordinary elliptic curves over [F,-algebras,
the connected component of the p-torsion subgroup scheme agrees with the kernel of the
Frobenius by [28].

8.0.4 INDEPENDENCE OF LEVEL STRUCTURE

Proposition 8.0.4. The construction sending (E/S,&) — (E/S,&)™ is independent of the
choice & on E/S.

Proof. Let Y(N,N) denote the moduli space of elliptic curves with a pair of full level-N
structures (&, &;) . Forgetting one or the other defines projections Y (N,N) = Y (N), both
of which are finite étale.

Now we proceed as before; let Y (N,N)° denote the p-adic completion of the comple-
ment of the supersingular locus on the fiber over p. Then again Y (N,N)° is of the form
colim, Ay y/ P"HAN,N where Ay y is a p-adically complete and p-torsion-free ring and it
has a Frobenius lift, y, given by sending an elliptic curve to its quotient by the canonical
subgroup with the image of the level structures.

This defines a theory of canonical lifts for elliptic curves with pairs of full level-N
structures. It is compatible with the projections Y (N,N) == Y (N) in the sense that taking
the canonical lift commutes with forgetting each of the level structures. This is because

the Frobenius lift commutes with the projections. [

8.0.5 CANONICAL LIFTS IN GENERALITY

Now we proceed to full generality.

Proceeding as above, let E be an ordinary curve over an affine scheme S in which p is
nilpotent. In contrast to what we have done previously, we are not assuming that there
is a level-N structure on E/S. It is possible that no such structure exists on E/S. Since
N is co-prime to p, and by the Serre-Tate Theorem on good reduction ensures that there
exists an §’ and that the curve E xS’ has a level-N structure over S, and that the map
f: 8" — Sis finite étale and a cover [1]. The S’ that we obtain is universal because any

other S” will be an §'-scheme.
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Let & be the level-N structure on (E X gS’) /S, then this corresponds to a unique map
c1: 8 — Y(N)°. We obtain the following diagram

' x5S —— Y(N.N)°

1 ll

S’—>Y

Both columns of this diagram have the structure of a groupoid. We quickly recall this

construction:
Definition 8.0.5. A groupoid is a category in which every morphism is invertible.

A groupoid can be denoted G; =% Gy where G is the set of morphisms and the two
arrows represent the source and the target. So if the two morphisms are f and g, then for
some & € Gy, the morphismis o¢: f(a) — g(a).

In our diagram above, Y (N,N)° — Y (N)° is a groupoid, where the morphisms are of
the form (E,&;, &) which maps (E,&;) to (E, &), since the two maps forget one fo the

level structures. Composition of these maps is given by

(E,&1,8)0(E",81,8) = (E,&1,B7(&))

whenever there exists §: (E,&) — (E',&]), which is unique if it exists.

The fiber product S’ x 5. also defines a groupoid. Indeed, we have the two projection
maps S’ x5S = S’ which give us the source and target maps. The objects of the groupoid
are the points in §’, and composition is given in the following way: by [18, Tag 01JT]
a point of §' xg§’ can be represented by a quadruple (x,y,s,p) where x,y € §' and s € §
such that if f(x) = f(y) = s where f is the map from §’ — S, and p is a prime ideal of the
ring K(x) X (5) K(v) which corresponds to the residue field of the point (x,y,s,p). Given
two points (x,y,s,p) and (x',y’,s",p’) we can compose them if y = x’. In this case we
would get

(,3,8,p) 0 (1,2, 5,p") = (x,2,5,9").
Now that we have these structures, we see that the diagram is actually a morphism of

groupoid structures. We can again use the universal property of Witt vectors for schemes
since the column Y (N,N)° = Y (N)° has a Frobenius lift which is compatible with the

projections, we get maps W (S8 xs ') a, Y(N,N)° and §' <% Y(N)° which fit into the
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following diagram:

W(S xs8') — 2 Y(N,N)°

| L]

W(S) —— Y(N)°

1
Since truncated Witt vectors for schemes preserve étale base change by 5.0.1 we have
W(S' xg58") = colim, W,,(§" x5 5") = colim, W (S) Xy, () Wa(S") = W(S") x5y W (S')
and the diagram above becomes

W(S") xws)W(S') —= Y(N,N)°
W (S") — Y(N)°
1
which is again a morphism of groupoid objects, and this actually gives us a descent
datum of a family over W(S’) to W(S). Indeed, a descent datum can be given by a
groupoid by [18, Tag 0APC], the category of groupoid schemes which are cartesian over
(X,X xy X,pry,pry,c) is equivalent to the category of descent data relative to X /Y where
f: X — Y is amorphism of X schemes. This translates to our situation in the following

way: we have

(E,&1,&) —— W(S') xy(syW(S) — Y(N,N)°

| l] |

(E,8) ————— W(§') —————— Y(N)°

where the curve (E, 51,52) corresponds to the map ¢a: W(S') x5y W(S') = Y (N,N)°

and (E, &) corresponds to the map ¢ : W(S') — Y (N)°. We then have two projections
(E,&,&) — (E, &), each forgetting one of the level-N structures, and thus it is a groupoid.

Note that the curve we get from the pullback of ¢; and the curve from the pullback of
¢, are the same curve because we also get two maps p;oca: W(S') Xy (5 W(S') = Y (N)°
for i = 1,2 where p;: Y(N,N)° — Y(N)° are the maps which forget one of the level-N
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structures. Then we have the diagram

(E,&.&) —— (6,648

! !

and we get two elliptic curves with level-N structure, (p;ocz)*(&) and (p2ocy)*(£), and

these curves will agree with the one coming from ¢;.

To see that the left square in the above diagram is cartesian in the category of schemes
over the groupoid (W ("), W (S') Xy (s) W(S')), and hence gives a descent data, note that

if (&,&") is the universal object, we have

E Xy sy (W(S) x5y W(S)) = (& Xy W(S)) xwsry (W(S') x5y W(S"))
=& Xy(N)o (W(S/) XW(S) W(S/>)

=FE

by the above remarks. And thus it is indeed a cartesian square and we do get a descent

datum.

Further, since W preserves epimorphisms because it is a left adjoint, the map W (S') —
W (S) is an effective descent [ 18, Tag OBTJ]. So we can define E to be the object descended
over W(S). This is our canonical lift in the general setting, it is unique up to isomorphism,

and we can extended this construction to general p-adic sheaves by taking colimits.

8.0.6 FROBENIUS LIFTS

Proposition 8.0.6. Let E/S be an elliptic curve and let E /W (S) be the canonical lift.
Then there exists a Frobenius lift

E — F*(E)
where F denotes the Frobenius on Witt Vectors F: W(S) — W (S).
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Proof. We begin by defining a map
ne: E/E® = F*(E)
We want to show that if such an ng exists, then the composition
E — E/E™ = F*(E)

with E — E / E® being the usual quotient map, is a Frobenius lift. We first need the
following lemma.

Lemma 8.0.7. If such an ng exists, then it is unique.

Proof. Suppose there are two isomorphisms
M,M: E/JES" — F*(E)

such that the composition with the quotient map E—E /Eca“ is a Frobenius lift. It is
enough to check that the agree after any base change to a W, (S;) where S; is an arbitrary
affine scheme which maps to § with p nilpotent.

However, the difference of two such maps is zero over SpecF, X gpecz W, (S;) since by
the definition of a Frobenius lift in this setting 8.0.1, both 1n; and 71, will reduce to the
usual Frobenius map in characteristic p, and thus their difference is zero. Finally, by the
Rigidity Theorem [7, Theorem 2.4.2], n; — 1, will be zero on W, (S;) since it is zero on
the special fiber. O

Now, to show that ng exists globally, we can simply show that it exists locally. Thus,
we may assume that E admits a level-N structure and then, by base change, that S =Y (N)°
and that E is the universal elliptic curve & /Y (N)°.

There is a classifying morphism ¢ = id: W (Y (N)°) — Y (N)°:
& —
W(Y(N)°) —— Y

&
|
vy
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and this map c is Frobenius equivariant meaning that
CYH(E)=F*c* (&)

where v is the lift of the Frobenius on Y (N)° which takes y(&) = & /& and F is the
lift of the Frobenius on W (Y (N)®). In addition, these maps are compatible with the level
structure. We have

g/(:govcan :C*(éa/éacan) :c*w* :F*C*(g) :F*((go)

and these identifications are compatible with the level structure, and hence unique.
Finally, the composition & — & / gem = *(@Z ) reduces to the pth power Frobenius

map modulo p because, writing
6o = SpeclF), Xspecz &

the actual Frobenius map & — Fr*(c?o) has kernel g(;:an and is compatible with the level
structure.

Thus, we have our desired Frobenius lift.

8.0.7 UNIQUENESS

Now that we have constructed the functor E — E, we would like to show it is unique. The
following theorem is proved in full generality in [2, Theorem 6.1], but we will only need it
in the case where E is the universal elliptic curve corresponding to the identity morphism
id € Homgep (Y (N)°, Y (N)°).

Theorem 8.0.8. Let R be a p-adically complete ring such that W (R) is p-torsion free. Let
S = colim, SpecR/p" 'R, and let E be an ordinary elliptic curve over S. Suppose X| and
X; are lifts of E to W (S) with Frobenius lifts w; and Y. Then there is a unique Frobenius
equivariant isomorphism 3. X; — X, restricting to the identity on E.

Proposition 8.0.9. Suppose E — E is another functor that satisfies the conditions of
Theorem 8.0.2. Then there is a unique family of isomorphisms E — E, where E runs over

all ordinary elliptic curves over all base schemes S = Spec R where p is nilpotent on R.

82



Proof. Suppose we have another functor which sends E — E, which sends elliptic curves
E/S to elliptic curves E /W (S) with a Frobenius lift which is compatible with change
of base S. Our goal is to give an isomorphism £ — E, but it is actually enough to give
isomorphisms locally on § which are compatible with a base change of S. Thus, we can
assume that E admits a level-N structure over S. Let d: S — Y (N)° denote the classifying
morphisms, i.e., the morphism that makes the following diagram a pullback:

h +— I

Z %

—_
— 7 YNy

Now, since Y (N)° = colim, SpecAy/p" Ay, where Ay is p-adically complete and p-
torsion free, we can apply Theorem 8.0.8 to the universal elliptic curve & /Y (N)°. The

theorem gives a unique Frobenius equivariant isomorphisms

&5 &
which restricts to the identity on &. Since the constructions E — E and E — E are both

compatible with base change of S, the first by assumption and the second by construction

in the previous section, the family of morphisms

E=W(d)" (&) S W) (&) =E

is the unique family of Frobenius equivariant isomorphisms £ — E that is compatible
with base change of S. In particular, the functor £ — E constructed before is independent

of the choice of the level NV, up to unique isomorphism. ]

Remark 8.0.10. As before, we can extend Proposition 8.0.9 to a base which is a p-adic
sheaf S since everything is compatible by base change so if we have a family of affine
schemes S; on which p is nilpotent then we can write E= colim; E s;» and we will also get
an induced Frobenius lift on the colimit.

8.0.8 j-INVARIANTS

Now that we can canonically lift families of elliptic curves, we might want to distinguish

that these lifts are different from each other. One way to do this is by computing the
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J-invariants. After reviewing the j-invariant in characteristic p, following [32], we will

show how to do this over Y (N)°, and then do it in generality.

Definition 8.0.11. Let E : y> = x> +Ax + B be an elliptic curve over a field k. Then the
j-invariant is

443
4A3 4+ 27B?
Theorem 8.0.12. Let E and E' be elliptic curves over k. Then E; = Eé if and only if
J(E) = j(E"). If J(E) = j(E') and Char(k) # 2,3, then there is a field extension K /k
of degree at most 6, 4, or 2, for j(E) =0, j(E) = 1728, or j(E) # 0,1728 such that
Ex = Eg.

J(E) =1728

So the j-invariant helps us determine if curves are isomorphic. It can also tell us if an
elliptic curve might have good reduction.

Proposition 8.0.13. Let E /K be an elliptic curve. Then E has potential good reduction if

and only if its j-invariant is integral.
Proof. See [32, §7 Proposition 5.5] ]

Recall that potential good reduction for an elliptic curve E /K means that there exists a
finite extension K’ /K such that E has good reduction over K'.

We quickly consider the case of the j-invariant of the canonical lifting of an ordinary
ellitpic curve E /k over a perfect field of characteristic p > 0. There have been some

examples computed in [33].

Example 8.0.14. Let E be an elliptic curve with j-invariant jy. Then for the j-invariant
of the canonical lift we write

.7: <j07j17j27"') € W(k)

It can be shown that

_ 33+, ifp=S5

/! 33+548, ifp=1
Where p refers to the characteristic of the base field. While one would hope that j,, € [ jo]
for all n, this turns out not to be the case. For example, j, ¢ [F7]jo| for p = 7. However, it
is in IF7(jo), because it has a poll of order 7 at —1. It turns out that for p > 5, j, € F,,(jo)
for an elliptic curve E with j-invariant jy [33, Proposition 2.1].
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With some basic properties of the j-invariant recalled, we jump into the case of j-
invariants for canonical lifts. Let Y (N)° = Spf(Ay) and Y (N,N)° = Spf(Ay ), where
Ay and Ay n are both p-adically complete and p-torsion-free rings. Forgetting the level
structures, gives a pair of Frobenius equivariant maps Ay = Ay y. Let A; be the equalizer
of these maps

Al — Ay 2 Ann.

Now, we get a map (id4, )~ : Ay — W(Ay) from the universal property of Witt vectors
29

The map (id4, )™ is a Frobenius lift, and so it reduces to a Frobenius lift s: A} — W (A;).
A
ﬁ} , where j is an indeterminate identified with the

J-function, f(j) is a monic polynomial whose roots lift the supersingular j-invariants,

Now, we can write A| = Z,, [j,

and then we take the p-adic completion of the ring. The image of j under the map
s: A — W(A)) has ghost components

G w2 (),..) € Hl

where v is the induced map from the usual Frobenius lift on Y (N)°. Thus, if E is a

family of ordinary elliptic curves over Y (N)°, then the ghost components of j(E) are
obtained by evaluating the universal expressions y°"(j) € Z, [ J5 ﬁ] : at j = j(E), the
usual j-invariant.

We could also consider the usual Witt components ( jo, ji,...) of s(j). Then the Witt
components of j (E ) are obtained by evaluating the universal expressions j, € Z, [ J, ﬁ} "
at j = j(E).

An example of the calculations is given in [2], and a result over perfect fields of
characteristic p can be found in [34].

Now that we have a special case of computing the j-invariant, we want to be able to
compute the j-invariant of a family of elliptic curves over an arbitrary base. We start with
the case of a p-torsion-free base. Let E be a family of curves over Spf(R) where R is a

p-adically complete and p-torsion-free ring. Then j(E) is an element of W (R) with ghost
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components
(j(Eo), j(E1), j(E2),...) = (J(E), w(J(E)), ¥**(i(E)),...) € [ R

where Eg = E and E,+| = E,/E*™. And since R is p-torsion-free, the map W(R) —

[T;_, R is injective, j(E) is determined by the ghost coordinates.

In general, given a family of elliptic curves E, we can lift it to a family E’ over a

p-torsion-free extension R’ of R. Then j(E) is determined by the ghost coordinates as
above, and j(E) is the image of j((E')™) under W (R') — W (R).
To end, we describe a particularly nice situation from [2] where R is a perfect I ,-algebra

and R’ is W (R). Then the projection
W(pro(: W(W(R)) — W(R)

sends a Witt vector with ghost components (ag,ay,...) € [1,_; W(R) to lim, F "(a,) €
W(R), and so we have

J(E) = lim F™"(j(E,)) = lim F~"(¢"(j(E"))),

n—oo n—oo

where E’ is an arbitrary lift to W (k) of E and E, | = E, /(E,)**". If R is a field with p"

elements, then F" = idW( R) and we have

J(E) = lim j(Ey,).

n—oo
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