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Abstract

This thesis presents an algorithm to numerically produce distribution function (DF) models which
represent exact collisionless equilibria for a thin and truncated self-gravitating disk with a fixed-in-
advance surface density profile ¥p(p). Firstly a Shu-type DF is modified in such a way that the self-
consistency condition leads to an integral equation for an unknown function S(p) whose specification
completes the determination of the DF. Then a discretized form of the integral equation is solved to
obtain numerically S(p), the algorithm implemented to derive its expression is described in chapter 2.
Families of different DF's yielding the same initial density profile ¥p(p) can be produced by choosing
different input radial velocity dispersion profiles o,(p). The algorithm leads to DFs which, while
constrained in principle only to exactly reproduce the imposed surface density profile ¥ p(p), in practice
reproduce also to a good accuracy the imposed velocity dispersion profiles o,(p), hence allowing to
have control on the kinematic properties (e.g. the Q-profile) of the disk. Several properties of the
obtained DFs are discussed and compared to the predictions of epicyclic and post-epicyclic theory for
a disk with Schwarzchild’s DF. The constancy in time and stability properties of the N-body system
whose initial conditions are obtained through the computed DFs are tested via N-body simulations.






Chapter 1

Introduction

1.1 General

Our knowledge of galactic dynamics is largely based on the results obtained through N-body simula-
tions. In this context it is crucial to properly generate the initial conditions, i.e. the particles’ initial
positions and velocities, which lead to simulations with particular characteristics. The question of
the proper generation of initial conditions for N-body simulations is considerably complex, especially
when considering multiple galactic components that interact with each other.

When modelling galactic systems it is more convenient to consider the overall motion of the bodies
rather than their individual orbits. Therefore, distribution function (DF) models are used to specify
the distribution of particles in phase-space, i.e. the space of orbital positions and velocities.

In this thesis, we build a distribution function corresponding to a galactic disk in equilibrium, that
exactly reproduces a pre-selected imposed surface density profile. The new model of the DF stems
from a model proposed decades ago by Shu (Shu 1969). The algorithm implemented to derive its
expression is described in Chapter 2. Chapter 3 presents an example of galactic disk obtained with this
distribution function. The galactic system consists in a thin, axisymmetric disk interacting with two
spherical components: a dark matter halo and a bulge. Using our computed DF, the initial conditions
of the bodies are derived and the stability of the system is tested using N-body simulations.

In the following paragraphs we give some basic definitions and a summary of notions and formulas
used in the rest of the thesis.

1.2 Distribution functions

We consider a collisionless stellar system in which the constituent particles (stars or elements of dark
matter) move under the influence of the gravitational field generated by a smooth mass distribution.
The distribution function (DF) is the number density of stars in phase-space

f(Z,70,t) = N (1.1)

BT ABT

Assuming all particles identical, the DF can be interpreted through a probabilistic approach: given a
region of phase-space D, the integral of f over positions and velocities inside D

P(D) = /@ F(Z,,t) d*T d30 (1.2)

yields the probability P(D) of having a body at time ¢ with phase-space coordinates inside the chosen
region (Binney and Tremaine 2008). In this appoach f is normalized as

/f(.f, 1) % dPv = 1. (1.3)
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1.3. COLLISIONLESS BOLTZMANN EQUATION CHAPTER 1. INTRODUCTION

Once the expression of the distribution function is known we can define the number density of the
system at point Z in configuration space as:

/ffa 7 (1.4)

The i-th component of the mean velocity, with ¢ = 1,2, 3 corresponding to the x, y and z directions
in Cartesian coordinates is given by:

1
n(Z,t)

While the velocity dispersion in ith direction is given by

T (Z,t) =

/vz f(Z,9,t) d>v. (1.5)

o2(Z,t) = (Z,7,1) d3T — T2(Z, t). (1.6)

1.3 Collisionless Boltzmann equation

For evolving N-body systems, we need to study the space-time evolution of the distribution function.
To this end, consider first a fluid flow in ordinary space. In this case, mass conservation is expressed
by the continuity equation: .

o5 o)
ot oz
where p(Z,t) is the mass density. The analogous expression in phase-space is called the Liouville
equation, and it takes the form

=0 (1.7)

of , o)

ot ow
where f is the phase-space volume density and @ a set of canonical phase-space coordinates. Writing
W = (¢,p) (¢ = canonical positions, p'= canonical momenta), from equation (1.8) we obtain

of , 9fa)  9(fp)

=0 (1.8)

o og T op U
f oq f af
= 0. 1.9
+ f r f Po5 (1.9)
Using Hamilton equations
H . H
j=? 59 (1.10)

op U7 g
where H(q,p,t) is the Hamiltonian function yielding the motions of the particles under their self-
consistent potential, equation (1.9) reads

of OH\ OHOf OH\ OHOf
_ ] - — = . 1.11
%t <ap)+a a7 " ap< a@) 705" (L1

Assuming continuity of the partial derivatives of H, we have % (%—g) = % (?‘sz)? hence

of OHOf OHOf
grel ral 1.12
ot " apag  oqop " (1.12)

leading to

of | -0f  -0f
- =0. 1.13
o0t 577 o (1.13)
Equation (1.13) is called the collisionless Boltzmann equation (CBE), and it is the fundamental equa-
tion of stellar dynamics.

For Cartesian coordinates (¢, p) = (&, ¥) the expression of the Hamiltonian is:

1
H= 5”2 + & (7, t) (1.14)



CHAPTER 1. INTRODUCTION 1.4. JEANS THEOREM

where ®(Z,t) is the total potential generated by the particles and by external components of matter
(if present). The CBE (equation 1.12) in Cartesian variables takes the form
af e _0 f 8<I> 0 f

The potential generated by a set of identical particles can be derived from the distribution function

itself as:
:—G/ Ao = Gm/ /f:m 7 (1.16)
\x—x| |x—a:’|

where m is the mass of each particle and G is the gravitational constant 4.502-10~6 kpc km? s 2 Mg b
When this expression is valid the system is said to be self-consistent since the distribution function
determines the potential through the integral (1.16) and the potential determines the distribution
function through the CBE (equation 1.12).

In cylindrical coordinates (q,p) = (p, ¥, 2,Dp, Py, P-) the Hamiltonian is:

1 p>
H = (p,+ p%j +02) + P(p, ¢, 2, 1) (1.17)

and the CBE takes the form

0 0 9 0 pp\ of 0®9f 999
—f+p f+ —f+pz—f— ——p—(g of 0% 0f 0% 0f =0 (1.18)
ot P 0p 2 9y 0z op p°)0p, Opdp, 0Oz0p.
1.4 Jeans theorem
A collisionless system is said to be in steady-state equilibrium if
of
=L _0. 1.19
oy (1.19)
For a steady-state distribution function the collisionless Boltzmann equation takes the form
SO0f | .0f
=0. 1.20
75 P o5 (1.20)

We call integrals of motion all the functions of phase-space coordinates that retain constant values
along the particle’s phase-space trajectory

gg@%— g;ﬁ:o. (1.21)
Comparing the latter equation with the steady-state collisionless Boltzmann equation (1.12) we see
that f is an integral of motion. This leads to the Jeans theorem, which states that any steady-state
solution of the collisionless Boltzmann equation depends on phase-space coordinates only through
integrals of motion under the corresponding potential. Conversely, any function of the integrals of
motion yields a steady-state solution of the collisionless Boltzmann equation (Binney and Tremaine
2008).

1.5 Jeans equations

In principle the distribution function of a system in steady-state with given density n(Z) can be
determined solving directly collisionless Boltzmann equation (1.15) with the potential (1.16). In
practice, a direct solution of CBE is hardly tractable. Given a number density profile n(Z), a useful
approximation to the DF can be obtained through Jeans equations, which allow to compute different
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1.5. JEANS EQUATIONS CHAPTER 1. INTRODUCTION

velocity momenta of the DF.
The first Jeans equation corresponds to the 0" order moment of equation (1.15):

o Laf  Of 0B 4.

To solve this integral we separately integrate the addends

+o0 af +o0 (m_)')
Td = v = 1.2
/ o = / 1 (1.23)
TOOf 0P 5. TOOf 5.
/_OO v OF v 8:6/_00 ov v (1.24)

where n and ¥ are defined in equations (1.4) and (1.5) respectively. The integral equation (1.24)
vanishes because we assume that f — 0 for ¥ — oco. This results in the continuity equation

o) | dny) | ()
Ox + oy + 0z

The second set of Jeans equations is calculated integrating the steady-state CBE multiplied by each
one of the velocity components v; with j =1,2,3

e rof L Of 0% 3.
/_Oo (350’ 9% 9% >v]dv—0 (1.26)

Working as before, this results in three different expressions, one for each component

Onv)  Ontewy) | O(nogw) | O®

= 0. (1.25)

> B Gt n=0 (1.27)
(ntzuy)  O(nv2)  O(ntyv;) 0P
—n= 1.2
e T o tay ! (1.28)
O(ntzu;)  O(nvyv;)  d(nv?) 9P
Tt ta (1.29)

These equations can be rephrased considering the definition of velocity dispersion in the different
directions

afj: /f i — ) (v — T5) dPv =

:n/fvzv]dgv—/fv]d?’v—/fvzd?’ 1”f/fd3u=

= V05 — 21172@ + U Vj = V05 — U; V5. (1.30)

For fixed j, we subtract to (1.29) the null term given by ©; multiplied by (1.25). In the z-direction,
then, we find

dnd) dny) | Onmvz) 0% (d(nwy) | Onvy) | O(nw)
z —n-—y = 1.31
Oz + dy * 0z +6xn Y ox + y * 0z 0 (1.31)
(2 —72) | On(Ts — 5y W) | Oy — 5 w) |, 00 0T, | 0T | 9T
o7 + oy + oz +%n+nvxg+nya—+nvzg—0
(1.32)

Analogous results can be derived for the other directions.
Note that these terms can be interpreted as the different forces acting in the system, respectively they
stand for: pressure, gravitation and viscosity. Combining this result with the definition of dispersion
given by (1.30) we obtain

d(no2,) N d(noz,) (no?) 0 0T, oy,  __0vg

9 T Ta Ty 5y T, =0 (1.33)

+ nuy




CHAPTER 1. INTRODUCTION 1.6. CONSTANTS OF MOTION

The above system of four Jeans equations involves nine unknown functions(v;, o;;), hence a unique
solution of the system cannot be calculated. We could try to go on with higher order momenta of
the collisionless Boltzmann equation in order to have more equations for the system, but this leads to
more functions that are unknown, hence the problem persists. A more suitable approach is to make
some assumptions and give as inputs some of these unknown functions. For example, we may assume
an isotropic velocity distribution for which 0., = 0yy = 0., and 0,y = 04, = 0y, = 0.

1.6 Constants of motion

According to Jeans theorem, for a system in steady-state equilibrium the solutions of the collisionless
Boltzmann equation depend on the integrals of motion I(q,p), i.e. on quantities constant along the
trajectory of each body of the system.

In the present thesis we are particularly interested in axisymmetric systems such as galactic disks. In
such systems there are two integrals of motion: the specific energy (¢) and the angular momentum
along the symmetry axis, that can be chosen to be the z axis (I,). Therefore the DF in general depends
on these two integrals: f(e,l,).

The constancy of the energy integral follows from

._dH _0H . 0H .

OH OH OH 0H

=—="5q+55P= 55 55— 55 =5 = 0. (1-34)
dt 0q op oq Op op 0q

The constancy of the angular momentum integral follows from the definition of the canonical momen-

tum p, = p?¢ = l,. Since the system is axisymmetric (no dependence on ), we have

. OH
Besides, if the system is spherically symmetric, the modulus of the agular momentum is an additional
integral of motion.

0. (1.35)

1.7 Asymmetric drift

The asymmetric drift is a phenomenon observed in disk galaxies, according to which stars move
with mean rotational speed smaller than the local value of the circular velocity v, = (p®'(p))'/?
corresponding to a given distance p from the center of the disk.

The asymmetric dirft is a direct consequence of Jeans equations. Adopting cilindrical coordinates, the
CBE becomes

.of .of .of . of . of . Of
pap+goasp+zaz+ppapp+p¢pw+p28pz

Laf . of Z,af_<ac1> pi)@f 0D Of 0@ Of _

P%+¢%+ a2

odp p?

pp  Op p, Oz Op:

0. (1.36)

Multiplying this equation by p, and integrating it over the momentum space we obtain the second
Jeans equation in cylindrical coordinates

d(nv2 T, 3
(nv2) N I(nv,u7) . (8@ N 0P %) o (1.37)

dp 0z ap 0z p

Given the definitions of the velocity dispersion ai = vg, — 9,2 and circular velocity v = p %% and

assuming v, = 0 the second Jeans equation can be rephrased as

oo  pd(no,)

2 2 pz

o5 —0 — + ——. 1.38
n Jdp +op ‘p+p82+n 0z (1.38)
Equation (1.38) shows that the mean azimuthal velocity of the stellar population is generally lower
than the local circular velocity. Altogether, the equation quantifies how the pressure support provided
by stellar velocity dispersions reduces the mean streaming velocity compared to the circular velocity.

d(no?
77— ot = 220%)
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1.8. DISTRIBUTION FUNCTIONS FOR GALACTIC DISKS CHAPTER 1. INTRODUCTION

1.8 Distribution functions for galactic disks

To model galactic disks we determine the DF taking advantage of the fact that the disk can be
approximated as axisymmetric. The axis of symmetry is chosen to correspond to the z axis.

The expressions of the distribution function known from literature can be understood starting with
the easier case of a cold rotating disk with zero velocity dispersion. Assuming the potential to be
symmetric with respect to the equatorial plane, all particles rotate with the circular velocity and the
DF can be written as (Bovy 2026)

fle,ly) = F(l,) 6(e —ec(ly)) (1.39)

where e.(l,) is the energy of the circular orbit with angular momentum /,. In a more realistic situation
where we have a warm rotating disk, the bodies will not be strictly in circular motion, hence we replace
the delta function with a function depending on the radial velocity dispersion profile. The choice of
different expressions for this function leads to different models of the DF that determine the properties
of the galactic disk. In this section we focus on flat disks, neglecting the disk’s thickness as well as the
particle’s motions in direction vertical to the disk plane. In section 1.9 we explain how the DF can be
modified to generate thick disks with bodies moving along the z axis.

Shu model of the Distribution Function

Shu proposed a phenomenological model for the distribution function of warm galactic disks (Shu
1969):

20p) Slpe) el
u . el 1.40
Fsnu(e(p,vp,vy),12) #(pe) 27T0'g(pc)e ' ( |

This DF is suitable for flat and rapidly rotating stellar disks with axisymmetric potentials and depends
on the two integrals of motion € and [,. Specifically the dependence on [, is expressed through the
variable p. that is the radius of the circular orbit with angular momentum [,. The argument of the
exponential

vz = ®(pe) (1.41)

N

E—ECN%U§+%vi+¢(p)—
represents the energy difference from the circular orbit for a ring of stars with angular momentum
[, rotating near the circular radius with radial velicity dispersion o,(p.). Two input functions are
needed to define this DF model: the surface density profile ¥(p) and the radial velocity dispersion
op(p). Notice that integrating this distribution function over the momentum space we obtain a surface
density profile instead of a number density. This is coherent with the definition of the distribution
function given in 1.1 if stars have all the same mass, hence surface density is proportional to number
density. However, the integrals (1.4, 1.6) do not reproduce exactly the imposed profiles of ¥(p) and
op(p), hence perfect self-consistency is not garantueed (see Sharma and Bland-Hawthorn 2013).

Schwarzschild model of the distribution function

The Schwarzschild’s model of the DF (see Binney and Tremaine 2008) starts from the assumption
that the stars move along nearly circular orbits, therefore the argument of the exponential in (1.40)
can be simplified using epicyclic theory as

Lo 1, 9 1o 1492(Pc> 2
— ~ — — — ~ — — — . 1.42
e —¢ec(pe) 5V + o (pe)(p = pe) 5V + 2 %2(p0) (vp — ve(p)) ( )
The resulting expression of the DF
v2 2 _ 2 112 _ 2
ZQ(pC) E(pc) _ 2/7 _492 (pc) (vgaQ ve) Z(pc) _ 2p _ (v¢2 ve)
fsen nitd(E(P, Uy, V), 1) = e 20p(pc)  k=(pc) 203(pc) — e 205(pc) 203 (pc)
chwarzschi ( ( P 4.0) z) H(Pc) 2770'%({%) QWUp(pc)O'ga(Pc)

(1.43)




CHAPTER 1. INTRODUCTION 1.9. THICKNESS OF THE DISK

describes a bivariate Gaussian velocity distribution consistent with the epicyclic approximation, where
the distribution of the radial velocities v, is centred at zero with dispersion o,, and the distribution
of the azimuthal velocities v, is centered at the local circular speed v. with dispersion

KO,
= —". 1.44
Oy 20) ( )
Hernquist model of the distribution function
The Hernquist model for the distribution function (see Hernquist 1990)
2 75)2
1 —_p ,(WQ—W)
fHernquist = e 2ope) 20ple) (145)

270, (P)Uga (p)

yields a bivariate Gaussian velocity distribution where the distribution of the radial velocities compo-
nent v, is centered at zero with radial dispersion o,, and the distribution of the azimuthal velocities
v, is centered at the mean angular velocity v, derived from the asymmetric drift equation

d(Xo?) 0P
— p 4 2 2
Uo(p) = \/ ’ +p ) +o;—05. (1.46)

1.9 Thickness of the disk

Up to this point we considered a completely flat disk with zero velocity component along the z axis.
However in realistic galactic models we need to take into account the thickness of the disk. This can
be achieved considering a third integral of motion, besides € and [,.
If the integrals of motion were only € and [, the velocity dispersion along the z-direction would be
identical to the radial dispersion because the energy difference of the above models would be

Lo 1,

L5
E—E€c™~ SV, + SV, + SV

1
P — 2 — B(p, 1.4

where the vertical velocity profile is a Gaussian distribution with o, dispersion. Observations of the
Sun’s neighbor show that o, ~ ¢,/2 (Hénninen and Flynn 2004) therefore we need to introduce a
third integral (I3) of motion for the DF in order to reproduce what happens in real scenarios.
Deriving analytical expressions of f(e,l,,I3) is challenging. A useful approximation is obtained as
follows (see Contopoulos 1960): since the disk is thin and symmetric with respect to the equatiorial
plane we can use the Taylor expansion of the potential to distinguish between the planar (Hpqne) and
vertical (H,) contributions

1 1 1 1 1 1 19%*®
H= ivz + 52}; + ivg +P(p,z) ~ 51}5 + ivi +®(p,z=0)+ 51}3 + 392 022 = Hpjane +H,. (1.48)
z=
The Hamiltonian is time independent, hence we can consider as lowest order of approximation of the
third integral of motion the constant value of vertical energy

1, 10°0 o 1o 1 o, 5

Ey = §7JZ + 5@ ZZOZ = §’UZ + iﬁz(p)z . (149)
Using (1.49), the distribution function of bodies in the vertical direction according to Jeans theorem
is

2 2
1 — =2 1 — ke (42
292 __ 202 \ k2
e z = e .

V2o, \V2mo,

Multipling f,(e,) with the DF of the completely flat disk we can have an approximate 3D model for
the full DF.

fa(ez) = (1.50)



1.10. SPHERICAL COMPONENTS CHAPTER 1. INTRODUCTION

1.10 Spherical components

Considering components such as dark matter halos or bulges we are dealing with systems in spherical
symmetry. An additional assumption that can be adopted is self-consistency, in this case the density
determines the potential through Poisson’s equation

V20 = 4nGp(7) (1.51)

where p is the mass density and ® is the total potential. In the following computations we introduce
two new variables in order to make the derivations easier: the namely relative potentiial ¥ = —® 4 &
and the relative energy e = —e + &¢c =¥ — %02 where ®¢ is a constant such that (1.52) is valid.

f>0 ife>0
{ (1.52)
f=0 ife<O
Substituting the new variables in equation (1.51) Poisson’s equation becomes
V20 = —4nGp( ). (1.53)

Under the assumption that the system is isotropic, and changing the variable of integration with the
substitution v = 1/2(¥(p) — €), the mass density can be written as

1 U(p)
plp) = 47r/dv V2 f(U — 51)2) = 47?/ de f(€)\/2(¥(p) —¢€). (1.54)
0
This equation can be differentiated on both sides to obtain the Abel integral equation
1 o
T 0
4my/2dY o 20/(T =€)

whose solution is Eddington’s formula

i) 1 d/f dg  dU 1 d/q’(ﬂmaz) dp  dd (L.56)
€) = —(——— -— = — — . .
Ven2de Jo AU Ve— 0 Rr2de ). d® /P — ¢

Therefore, once the density and potential profiles are chosen for a spherically isotropic component of
the system, we can calculate the integral (1.56) and derive the corresponding isotropic distribution
function f(e).

1.11 Domain of the DF

In this section we derive the formulas which allow to explicitly compute the domain D of the distribu-
tion function used in integrals of equations (1.4), (1.5), (1.6), in case of a flat truncated disk of finite

extent (p = pmaz)-

The computation of D proceeds as follows, each orbiting body is characterized by two integrals of
motion that are constant along its trajectory: the specific energy

- %@3 +12) + Bo(p) (1.57)

and the angular momentum
Dy = PUyp. (1.58)

The total potential, ®¢, results from the sum of the contributions of all galactic components, in our
case, halo, bulge, and disk
Po(p) = @p(p) + Pnlp) + u(p). (1.59)

10



CHAPTER 1. INTRODUCTION 1.12. INVERSION METHODS

For circular orbits, the angular momentum is given by

[ . d®,
pe) = /20 1.60
Pe(pe) P i i (1.60)

Equation (1.60) can be inverted to determine the radius of a circular orbit corresponding to a given
angular momentum, p.(pe).

Consider now the particles in epicyclic orbits around the circular orbit of radius p = p.. The angular

and epicyclic frequencies are
1 d®
Qpe) = 4|~ (1.61)
pC dp P=pPc

3 d®g
K(pe) = oo dp

If we consider a body orbiting with angular momentum p, and apocenter py,q; its constant energy is

220,

i (1.62)

P=Pc P=Pc

P
£ = ca(Pp; Pa) = ﬁ + ®o(pa) (1.63)

where p, can be expressed by equating the energy of the body at its pericetner and apocenter

Po(Pps Pa) = \/2W. (1.64)

When the disk is truncated at the radius ppqz, only bounded orbits within that radius are allowed,
therefore the energy of each body has to be lower than its energy when the apocenter of the orbit
i Pmaz € < €a(Pps Pmaz). Furthermore, the angular momentum of each star can be chosen to be
positive in order to have a unique sense of rotation (that is the sense of rotation of the galaxy). The
angular momentum has to be lower than the one of orbits with pp,,; as apocenter, this leads to the
further condition: 0 < py < pu(p; Prmaz)-

Using the above inequations we can express the domain of the distribution function for the truncated
disk as

D,y :{ 0<vw§W, (1.65)

—/2(ea(pe = pi prmaz) — v — @(p) < 0y < \/2ealpp = Ui prnar) — 03 — B(p)) } .

1.12 Inversion methods

Inversion methods are adopted to obtain models of distribution functions consistent with a given disk
surface density profile ¥p(p). This technique consists in inverting the integral equation

Yp(p) ://93 f(p,vp,vp) dv, dvy (1.66)

and obtaining the corresponding expression of the distribution function. Several inversion strategies
have been developed, in the following paragraphs we outline the three approaches adopted to solve this
problem: exact inversions based on Abel transforms, iterative methods and approximate ansatz-based
methods.

11



1.13. INITIAL CONDITIONS FOR N-BODY SIMULATIONS CHAPTER 1. INTRODUCTION

Exact inversion methods

The most rigorous approach is to perform an exact inversion of equation (1.66), thereby recovering a
DF that exactly reproduces the input X(p) (these procedures were performed in Kuijken and Merri-
field 1993, Pichon and Thiebaut 1998 and Pichon and Lynden-Bell 1996). The procedure begins by
integrating equation (1.66) over the velocity v, yielding

F(p. v0) = S0F(p.00) = [ Fp.vy.0) v, (1.67)

Introducing a change of variables v, — % (vg + vi) + ®(p), (1.67) is transformed into an Abel-type
integral equation.

Abel integrals admit formal inversion either analytically or numerically. In practice, the inversion
can be carried out using tabulated Abel kernels, numerical differentiation, or fitting procedures. The
main advantage of this approach is that it guarantees dynamical self-consistency: the DF exactly
matches the imposed X p(p) in the specified potential. However, there are notable drawbacks: (i) the
radial velocity dispersion profile o,(p) is not a free input but is determined by the inversion; (ii) Abel
inversion operators are ill-conditioned, which may lead to numerical instabilities and amplification of
noise in the recovered DF.

Iterative methods

An alternative method is to determine the DF through an iterative adjustment procedure (Bienayme
and Sechaud 1997 and Dehnen 1999). Here, one starts by prescribing the desired X(p) and an initial
guess for the DF. The DF is then repeatedly modified until the integral equation (1.66) is satisfied to
a chosen tolerance. This is the method adopted in this thesis, starting from a Shu DF as the initial
guess we replace 3(p) with an auxiliary function S(p) that is adjusted during the iteration. The goal is
to construct S(p) so that the integration of the DF exactly reproduces the target (p). We implement
this procedure using a Generalized Minimal Residual (GMRES) iterative solver, which is well-suited
for solving the linearized form of the problem. The iterative approach offers direct control over the
velocity dispersion profile and allows the incorporation of additional constraints (e.g. kinematical
data).

Approximate ansatz for the DF

The simplest approach is to assume a parametric form for the DF, with the velocity dispersion profiles
specified as inputs. This ansatz-based method is widely used in modelling stellar disks, where analyti-
cal convenience and qualitative agreement with observations are prioritised over exact self-consistency.
A common choice is to adopt Gaussian velocity distributions in the radial and azimuthal directions
(as for example in case of the Hernquist model of the distribution function), with an asymmetric drift
correction for the mean azimuthal velocity, and a vertical profile consistent with the observed scale
height. While this method is straightforward to implement and computationally efficient, it inevitably
introduces approximations. Since the DF is imposed rather than derived, the resulting system is not
guaranteed to satisfy equation (1.66) exactly, and numerical N-body realizations of such a DF typically
require a relaxation phase to reach equilibrium. Nevertheless, the flexibility of the ansatz approach
makes it a valuable tool for exploring large parameter spaces and for generating initial conditions in
dynamical simulations.

1.13 Initial conditions for N-body simulations

Once the expression of the distribution function is known the initial conditions (particles’ positions
and velocities) can be computed for each of the components of the simulated system (disk, halo and
bulge). To this end, the rejection algorithm can be used to generate a number of particles with the
required probabilty distribution in ordinary space as well as in the space of velocities. The theoretical
interpretation of this method for the different systems is explained in the following paragraphs.
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Spherical components

Starting from the definition of the distribution function (1.1) the number of bodies contained within
an infinitesimal element of phase-space volume is given by

AN (r,v) = f(r,v) A3z A3v = 1672 f (r, v)r*0? ArAv (1.68)
where r = |Z|, v = |U|. Hence the probability density in the reduced (p,v) space is

AN

F(r,v) = ArAv

= 1672202 f (1, v). (1.69)

This expression of the distribution function weighted by the phase-space volume element is employed
in the rejection algorithm to distribute the bodies. Specifically, generating triplets of random values
for (r,v, F') within the allowed domain the algorithm retains only those such that F' < F(r,v) . This
method works because F'(r,v) quantifies the relative likelihood of finding a body at a given radius r
with a velocity magnitude v, hence the higher is this number, the more bodies we will have.

Galactic disk

The initial conditions for the bodies of the galactic disk are generated following a procedure as above
for the spherical components. The number of bodies in each phase-space volume element is now given
by

AN (7,0p,vp) = f(7,0p,v,) A2 A% = 277 f (p, v,, v,) AT Av,Av,, (1.70)

and this time the probabilty density is reduced in the p,v,, v, space as

AN

) . 1.71
ArAv,Avy, mrf(r,v) (1.71)

F(?", Upv Utp)

In the rejection algorithm we consider quadruplets of (r,v,,v,, F ) and consider as initial conditions
only those such that F' < F(r,v,,v,) as we did for the spherical component.

13
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Chapter 2

New model for the DF

2.1 Model

In the present chapter, we propose a new model of steady-state distribution function that exactly
reproduces the imposed profile of surface density X p(p) for a galactic disk. The method adopted to
obtain this new expression of the DF is based on an iterative method.

We consider the Shu model of the distribution function (1.40). In order to garantuee self-consistency,
we substitute 3(p) in Shu’s formula with an unknown function S(p)

S(pe(py)) - S telpe).

Pc P o2 (pe(p0)) .

ZWGﬂ(pC(pW));;(Pc(p@))e p(pc(re if Py >0

F (&P, v, vp), Do) = and & < £4(Pg; Pmac) (2.1)
0 otherwise

where:

e S(pc) is an unknown function computed using numerical methods, which serves to exactly re-
produce ¥p when solving the integral equation (1.66).

e pc(py) is the radius of the circular orbit with angualr velocity p, that is obtained by inverting
(1.60).

e 0,(p.) and o, (p.) are pre-selected input functions for the dispersion of radial and angular ve-
locities in the disk.

The limits on angular momentum and energy are imposed by the requirement that all the disk bod-
ies move in the same direction (positive angular momentum) and along a bounded orbit within the
maximum radius of the disk (pmqz) (see Section 1.11). The response radial and azimuthal velocity dis-
persion profiles only approximately coincide with the input functions o,(p), 0, (p), while as mentioned
before, the response surface density matches the pre-selected imposed model ¥p(p) exactly.

2.2 Building S(p)

To obtain the expression of S(p) we reduce the self-consistency integral (1.66) to a linear system that
can be solved with iterative methods.

Starting from the distribution function f (2.1) and considering the domain D, defined in Section 1.11,
the self-consistency equation (1.66) takes the form:

_ v -dv S(pc(ps@)) ex o (5 - Ec(pgo))
Yp(p) = //@ dvpd 230 (pe(p)) 7o (Po(p0)) p< “elrn) ) : (2.2)
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Since most of the functions appearing in the integrand of (2.2) depend on p,, it is convenient to change
the variables of integration in order to simplify the calculations.
First we introduce the change of variable v, — p, = pv,. Then, the integral and domain become:

. S(pe(py)) oxp [ — (€ — ec(py))
o) = [ R PR ) L PN R) p( aa%@w>) 23)

pp = { 0< Py < p(p(pa pmaw)7 (2'4)

. Py . Py
- 2(8a(p<p’pmam) - ﬁ - (I)(p)) < Vp < 2(8a(p<p7pmam) - ﬁ - (I)(p)) .

Next, we change the integration variable from p, to p.. To this end we consider the inversion of
equation (1.60) yielding

1 d®g d’® pek2(pe)
dp., = 2 3 dp, = =224, 2.
Do (3 i + pe 07 ) Pe = 50000 P (2.5)
9 [ 34% pe
c dp
Pc
Using (2.5), the integral (2.3) transforms to:
pc)pcS(pC) (8 - 8C(pc))
pXp(p // dpcdv ( exp | —————+ 2.6
202 (0c) 72re) 2

with the domain

Dc(p) = { 0<pe< Pc,maac(p7 Pmax)7

(2.7)

2p 2p

2 2
_\/2 <€a(p<p(pc);pmaa:) - pcp(p;) - ‘MP)) S Up S \/2 <8a(ptp(pc); pmaaz) - pw([;C) - (I)(p)> } .

Now, recalling that p, = vep. = Q(pe)p?, the energy difference in the exponential becomes

1,5, 1p20%(pc 1
e i+ 52 4 () - 07002 — Do), (2.5)

Hence, the integral (2.6) can be rephrased as:

pEp(p // dp.dv (pc)pcS(,%)> exp | - (%’U% + %pc *(pe) O(p) — 102(p,)p? — CI’(,OC))

2ma2(pe) o2(pe)
(2.9)
v%
Now we integrate over v,: the only term involved in this calculation is \/2—1 203 . Knowing that the
’TI'O'p
solution of the integral of a Gaussian profile of this type is the error function
erf(a,b) = ! /a e/ (20 gy (2.10)
’ V2mh J_q
we get the final expression of the integral
Pc,max (/3 Pmaz)
=)= | dpeA(p, pe) X (o) (2.11)
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where

K 2 c
A(p,pe) = (\/TT(O/')C()/) ) erf \/2 <8a(p9ﬁ(p6)§ Pmaz) — pgi)f; ) - q)(p)) ] Uﬂ(pC) (2.12)
P c
P

(3 () + 200) — (o) — 3920l
* o2(pc)
X(pe) = peS(pe)- (2.13)

A suitable way to solve the integral (2.11) is through discretization.
Consider the two-dimensional grid

Gpp. ={pi =1ip, pej=jop, i=1,....N—=1,j=1,....,N—1, 6p= pmac/N}. (2.14)
as well as the matrix A with elements

. 5,0A(pi,pc,j) if Pe,j < Pc,max(ﬂi,pmax)
Q5 = { 0 otherwise, (2.15)

B = (p1ZD(p1); s Prmazs 2D (Pmaz)) T, X = (X1,..., Xn)T, with X = pe,jS(pe,j). A discretized form
of the equation (2.11) then follows by replacing the integral by the sum:

N
piSn(pi) ~ 6p > Alpi, pe) X (pej) (2.16)
j=1
or
B — AX. (2.17)

Implementing the GMRES method (see section 2.4) this linear system can be solved, hence we obtain
the X vector. Setting also Xg = Xn41 = 0, and dividing each element X; by the corresponding radius
pe,j, we finally obtain a numerical solution for the values of S(p., ;) at the grid points of (2.14).

2.3 Structure of the A matrix

As explained above the A matrix is a Nx/N matrix whose elements are a;; given in (2.15). A key point
to understand the structure of this matrix is computing its support. Its elements are non-zero only
when Pe,j < Pe;maz (Pi, pmax)-

We recall now the constraints on the domain with respect to the angular momentum, once the radius
p; is fixed and visualize them in Fig. 2.1. The detailed computations needed to derive this and the
subsequent figures are given in Chapter 3.

The three lines shown in Fig. 2.1 are computed as follows, each orbiting body has:

e negative energy in order to have a bounded orbit p, < p\/—2®(p) (blue line)

e angular momentum lower than the one of the body whose orbit’s pericenter is p; and apocenter
i Pmaz (1.64) (green line).

e angular momentum higher than the one of the circular orbit with radius p;(1.60) (red line).

The allowed values of angular momentum for each p; are limited by these constrains and higlighted in
the plot with the yellow area. The condition for a;; being non-zero can now be formulated as follows.
For a fixed value of p; we consider the circular radius p.(p;, Pmaz) of the orbit having the same angular
momentum as the one with pericenter p; and apocenter p,,q.. This corresponds to the limits imposed
in the integral (2.11), (green line in Fig. 2.1). Selecting only the radii p. ; such that

(P2 (pis Pmaz) — D2 () (05 (Pis Prmaz) — P2 (pj+1)) <0 (2.18)
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5000 A
— Py
— pPplp. Pmax)
4000 Pe
— 3000 4
£
o
[
<
~ 2000 -
[« ]
1000 1
0 .
T T T T T T T
0.0 25 5.0 75 10.0 12.5 15.0 175 20.0

p (kpc)

Figure 2.1: Limit on the angular momentum.

we evaluate the limit to allowed values of circular radii p.(p;, Pmaz) using the interpolation

Pej+1 — Peij
pa (piv pmam) - p% (pj+1

Pc(ﬂi, pma:r:) = Pe,j + ) (pi(pia Pmaa:) - pg(pj)) (2‘19)

which yields the blue line in Fig. 2.2. The elements a;; can now be calculated as in (2.15), with the

20.0 1

Pelp. Pmax)
Pe.j

17.5 4

12.5 4

10.0

pc (kpc)

7.5 1

5.0 4

2.5

0.0 4

T T
0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20.0
o {kpc)

Figure 2.2: Domain of the integration for p.: the yellow area is the area of the allowed values for the
circular radius when we consider only bouded orbits inside ppqz-

pairs of (p;, pe,j) where p. ; is lower than the limit imposed by equation (2.19). The elements’ graph
for different rows, hence different p;, is shown in Fig. 2.3.
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0.016 ] § : § — p=1kpc
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: : : : — pi=14 kpc
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Figure 2.3: Distribution of the a;; elemets for different values of p;, the grey dotted lines are vertical
lines with equation p.; = p;.

2.3.1 Non-Gaussianity of A(p, p.)

Figure 2.3 reveals a nearly Gaussian profile of the function A(p, p.), considered as a function of p. for
fixed p. The form of this profile can be understood using epicyclic and post-epicyclic theory.
Consider equation (2.12) for radii far from the disk edges and o,(p.) < ve(pe). The maximum value
of the radial velocity domain (1.65) is much higher than the radial dispersion

2
Upymax(ﬂ Pc) = \/2 <8a(p¢(pc); Pmaa:) - pg;ZC) - (I)(p)> >> Uﬂ(pc) (2‘20)

therefore the error function goes to unity. Performing Taylor expansion of the argument of the expo-
nential of the DF

®(p) = D(pe) + G2 (p—pe) +355| (0= pe)? +0((p— pe)?)
. pe pe (2.21)
L) = 62(p0) [ — o= pe) + (o= 0 + 0100 — o))

and simplifying it as

402
_2021(p ) pCsz(pC) — Q2 (po)p? + 2(B(p) — @(pc))] ~ —2021(p ) [—292(pe)pe(p — pe) + 39%(pe) (p — pe)?+
p\re -
2
+288i pc(p — pe) + g; pc(P =)’ +0((p = pe)’)]

(2.22)

leads to the "epicyclic” estimate for A(p, p.)

2
K(pe) — 525 (p—pe)?
A(p, pe) ~ 20p(pe) ) 2.23

(P, pe) <\/27ro'p(pc)> 7 ( )
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Fixing the value of p, equation (2.23) can be interpreted as a Gaussian distribution of p. centered in p
with dispersion o.(pe) = 0,(pc)/k(pe). This result is coherent with the nearly Gaussian profiles shown
in Fig. 2.3.

The fact that the resulting distributions are not exactly Gaussian can than be justified with two
arguments:

e in equation (2.22) we have ignored the cubic and higher order corrections of post-epicyclic theory.
Such corrections lead to asymmetries of the profile of A(p, p.) with respect to the Gaussian profile.

e the truncation of the disk combined with imposing self-consistency for all its extent causes
variations in the kinematical properties of the disk, which contribute to the asymmetries in

A(ps pe)-

To better understand this last argument, consider the functions

Pc,maz(pi?pmaz)
N(pz) = / A pzapc dpc = Z QA5
0

0= [ it ¥ (224)
Pepi) = peA(pis pe)dp = Z—~= Y Pe,jij 2.2
N(pi) Jo N(p); = Y
1 pcmaw(ﬂpmag:) N-1
700) = 5505 | (e = PP Alps el = 5575 - gy =) (22)
]:1

Their corresponding profiles are shown in Fig. 2.4. The left panel demonstrates that the mean circular
radius (pc) equals p in the inner regions of the disk where its distribution follows a Gaussian profile
as expected from epicyclic approximation (this is clarified in the right panel where the two profiles
have the same dispersion o, = o). As we move outwards, from 10kpc to the end of the disk, the
pe values and their corresponding dispersion are higher than expected from epicyclic approximation.
This behaviour of the bodies is consistent with the fact that since we are truncating the disk, bodies
with higher dispersion are generated close to the edge of the disk to ensure self-consistency even in
absence of particles beyond pmqz-

25 A

T

1.4 4

1.2 4

1.0 1

0.8

pr (kpe)
pc (kpe)

0.6

0.4

0.2

0.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
p (kpc) p (kpc)

Figure 2.4: Left panel: comparison between the mean value of p. expected from epicyclic approxima-
tion (pink line) and by integrating the DF (blue line), the highlighted area is the area within 3o for
the two profiles. Right pane: dispersion profile expected from epicyclic approximation (pink line) and
by integrating the DF (blue line).
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2.4 Solution of the linear system

As typical for inverse problems, the linear system (2.17) has a high condition number. Furthermore the
A matrix’s support is concentrated around its diagonal (Fig. 2.3). Tikhonov regularization allows to
control the above conditioning problems (Golub, Hansen, and O’leary 2000). To implement Tikhonov
regularization we rephrase the system as

(ATA+ADX = ATB (2.26)

where [ is the identity matrix with dimension N — 1 x N — 1 and ) is the regularization parameter
that controls the trade-off between fidelity to the data and solution smoothness (we choose A = 1079).

This linear system is solved using Generalized Minimal Residual (GMRES) method (see for example
Saad and Schultz 1986). This procedure that is chosen because it performs well in systems where the
inverse matrix can not be derived (as in the case of (AT A + \I)).

To simplify the explanation on how this method works we write the system as Mx = K where
M =ATA+ X, 2 =X and K = ATB. Implementing a GMRES iterative method we look for a
solution in the Krylov subspace

K, (M, ro) = span{rg, Mro, M?rg, ..., M" 'ry} (2.27)

where rg = K — Mxp and xg is the initial guess. For each iteration a new orthonormal basis is built
and is chosen the solution such that ||[Mxp — K|| is minimized. The iterations continue until the
residual is smaller than the imposed tolerance (107%).

The result of these computations is presented in Fig. 2.5. The left panel shows the curves X p(p)
(blue line, Eq. 3.1) and S(p) (red line) whose relative difference is shown with red dots on the right
panel. The discrepancy between the two profiles is of the order of 10%. This is in agreement with the
general level of discrepancy between the imposed and response profiles obtained in iterative methods
similar to ours (see for example Dehnen 1999). In the central part of the disk, this effect is coherent
with the results presented in Fig. 2.3: at the edges the a;; values are less dispersed, therefore the
matrix looks like the identity and S(p) is closer to ¥p, in the internal region the matrix’ elements
are more dispersed. Therefore S(p) has lower values because the peak of the nearly Gaussian profile
is smaller. The error in the integration is of the order of 107¢ (blue dots in the right panel), that is
exactly the tolerance imposed for the GMRES method meaning that the solution is reliable and the
self-consistency condition is respected.

— 01
35

1 — sip)
‘ /Y
N | | ,K_\/

2.5 1 H \
& s \
" ab.; -4 \t
-% =1 \ ™ e
< 207 32 \ ~
= o -
=) \ y / A
] \
T o YT
1.5 - 51 S
1.0 A
-8 q *  S(p)lzolp)—1
o AXB-1
0.5
0.0 2.5 5.0 7.5 100 125 150 175 200 0.0 2.5 5.0 7.5 100 125 150 17.5 200
p (kpc) p (kpc)

Figure 2.5: Left panel: input surface density profile for the disk (blue line) and S(p) profile obtained
solving the linear system. Right pannel: relative error on logaritmic scale for the Xp(p) and S(p)
functions (red dots) and of the system (2.17) (blue dots).
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2.5 Comparison with other models

In this section we compare our distribution function model with standard expressions from the litera-
ture: fsnhu (1.40), fschwarzschild (1.43), fHernquist (1.45), and the epicyclic DF (see the next paragraph).

For a consistent comparison, we examine the distribution of azimuthal velocity predicted by each
model. For a fixed radius p, we integrate the DF over v, within the velocity domain defined by
equation (2.20), and normalize it

1 'Up,max(vg,;,p)
F(vg,p) = / F(p,vp,vy) dvp,. (2.28)
// f<p7 vp; ’Ulp) dvpd'l)(p 7vﬂvmax(vtpap)

Dy

The resulting distributions at p = 3,6,9, 12,15, and 18 kpc are shown in Fig. 2.6, and a summary of
the profile comparison is reported in Table 2.1.

Epicyclic model of the distribution function

Starting from the epicyclic approximation of the argument of the exponential given in (2.23) a new
expression of the distribution function can be derived considering various post-epicyclic approxima-
tions.

We start from the expression of the DF

S(p — (5/)) e—m(vﬁ‘f‘ﬁ(ﬂ)éﬁz)

270, (p — 5)0 s (0 — 07) (2.29)

f(p, Vp, Uap) =

where p = p. + dp. We rephrase the expression of the DF in order to make it directly dependent on
dv,. We have that

—0p)2Qp—96 K2
Sup = 1o — velp) = pQp) — LOSHOZ00) o5y )5 o5 (230)
p 2Q(p)
Using the taylor expansion

(p = 0p)? = p* = 2pp + O(6p)
oY)

Q(p—dp) = Qp) — 5-| dp+ O(dp)
opl,

—6p)*Qp -6 3Q 1 9%

p 2 2Q(p) 9p* |,

the new expression for the DF is derived substituting dp with dv, and considering only the order of
the expansions revelant for epicyclic theory. This results in the Gaussian profile of the DF (2.32).

2 2
_ 1;’) _ 5;@
e 205(p) 205(p)

S(p) _ vg 402 (p) (5’0920—"_0(5”3)) N S(p)

e 205(p) 203(p)r%(p)

fepicyclic(pa UP7U<P) - m - m

(2.32)

More accurate expressions of the DF could be derived using post-epicyclic theory. To consider higher
order terms for dp expansion we write v, as

K2 >
dv, = 29((2)) dp + SZ; Cs(p)op® (2.33)

where Cs(p) are the coefficients of the terms of s-th order in dp in (2.33). Inverting then leads to

§p = f;((g))aw + Z_; Dy(p)dvs, (2.34)
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and substituting this quantity in the expression of the DF (2.32) we can rephrase it as

2 2
S(p) 2 (1450 (0, )+ P (pvg)+..)

e 205 20%(p) 2.35
210 ,(p)ow(p) (2.35)

fpostfepicyclic(py Vp, vtp) =

where the functions f*) (p,v,) are the post-epicyclic corrections. The explicit evaluation of these
higher order terms requires lengthy derivations that go beyond the aims of this thesis.
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Model of DF Comparison with the modified Shu DF model adopted in this work

Shu The velocity distribution predicted by the original Shu DF is remarkably
similar to that obtained with the modified Shu model implemented in this
thesis. The Shu DF accurately reproduces the kinematic properties of the
disk, in particular the shape and asymmetry of the v, distribution. However
recall that it does not exactly reproduce the imposed surface density profile,
since integrating the distribution function this result is not garantueed.

Schwarzschild The Schwarzschild DF retains some degree of asymmetry in the velocity dis-
tribution, even if it is less precise than the Shu model. Specifically for higher
radii the discrepancies from Shu model increases because we are neglecting
cubic and higher order corrections of post-epicyclic theory whose relevance
increases in the outer regions of the disk. Therefore this model well repro-
duces the distribution function in the internal part of the disk, but fails when
moving outwards.

Epicyclic The epicycle distribution function takes the form of a Gaussian-shaped curve,
therefore this models fails to reproduce the intrinsic asymmetries of the DF.
This is because the asymmetries are related to post-epicyclic corrections
of third and higher orders that are neglected for this DF. However in the
inner regions of the disk this DF is a good approximation for the velocity
distribution. In the external disk post-epicyclic corrections become more
relevant hence the models is not able to reproduce the Shu model of the
DF. The comparison between this DF and Schwarzschild model reveals their
similarity that is related to the fact that these expressions of the DF take
into account the same order of epicyclic corrections.

Hernquist Among the models considered, the Hernquist DF provides the poorest match
to the modified Shu DF. Not only does it fail to reproduce the velocity
distribution asymmetries due to its Gaussian form, but it also incorrectly
centres the Gaussian peak at a value of v, that is inconsistent with the
expected mean rotational velocity of the disk.

Table 2.1: Qualitative comparison between different DF models from the literature and the modified
Shu DF adopted in this thesis, in terms of their ability to reproduce the v, distribution.
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Figure 2.6: Comparison of the v, distribution depending on the chosen model of the DF for different
radii: bule line for the modified Df of the Shu model, the pink line for the Shu DF, the green line for
the Schwarzschild DF and the orange line for the Hernquist DF.

25



2.5. COMPARISON WITH OTHER MODELS CHAPTER 2. NEW MODEL FOR THE DF

26



Chapter 3

Example of a galactic model

In this chapter we use our new model of the distribution function, developed in Section 1, in order to
generate initial conditions of an N-body realisation of a galactic disk. The equilibrium of the compo-
nent is checked via N-body simulations, in which the disk is assumed to interact with a dark matter
halo and a bulge.

For each component we prescribe input profiles intended to reflect realistic systems; nevertheless, the
algorithm is deliberately general and, for any admissible choice of initial particles, yields a disk that
is self-consistent and in dynamical equilibrium.

3.1 Disk’s initial conditions
The first input function for the disk is the exponential profile of surface density
Sp(p) = Wp(p)Soe #/PP (3.1)

The window function W (p) is introduced in order to avoid abrupt truncations at the edge of the
system. We adopt the window function model

Wn(p) = % (1 + tanh (—p ;2’)2)) (3.2)

that smooths the function at high radii. The parameters used for the disk are reported in Table 3.1
and the central value Xy is calculated numerically knowing that the total mass of the disk equals the

integral of surface density over the area element as

Mp = / 27 W (p)Soe /PP pdp (3.3)
0

Mp

Yo = .
O [ 2nWr(p)e=rleo pdp

(3.4)

Mp PD Pmin,disk | Pmax,disk P2 do
5-10"9M, | 3 kpe | 0 kpe 20 kpc | 18.7kpc | 1 kpc

Table 3.1: Disk’s input parameters

The resulting surface density profile is shown in Fig. 3.1.

Once the surface density profile is known the potential exerted by the disk can be derived solving the

integral
g M(p) d Pmaz 2m Z / /d /d
@D(p):_G/ dm_ :_G/ (p")p'dp'dp (3.5)
o mi—7 o Jo P2+ p2—2pp cos(p)
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Figure 3.1: Surface density profile of the disk.

(see Fig. 3.2). The two-dimensional integral was evaluated with nquad function from the scipy.integrate
module in Python that allows the integration over multiple variables, for our computations we imposed
relative tolerance of tol=107%. In the following calculations the total potential of the system is taken
into account, therefore the disk (3.5), halo and bulge (3.26) contributions to the total potential ®(p)
are summed as in (1.59). As a second input function, we prescribe the profile of Toomre’s parame-
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—30000 1 —~100000

—40000 - —125000 A

®p (km?s—2)
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Figure 3.2: Left panel: potential exerted by the disk. Right panel: total potential on the disk plane
when considering the contribution of the spherical components.

ter Q(p). According to Toomre’s criterion, this parameter controls local axisymmetric stability, with
Q(p) > 1 indicating stable conditiions (Toomre 1964).
A simple model could be chosen for this profile is

Q(p) = Qoo + (Qo — Quo)e 7?7 (3.6)

with Qo = 2.5 and QY = 2. For our disk we modify the exponential law introducing a new function

Q) = (Qu+ (@1~ Q0)e %) wy(p) + Qoo +(Qu — Q)™ (L= wylp)  (37)
1 p—0.05
we(p) = 3 (1 + tanh <—001>>
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with @1 = 5.0. This correction increases the Q value in the inner regions (as seen in Fig. 3.3)
increasing their stability. The reason behind this choice will be better understood in Section 3.3 .

254 5.5 1

5.0 1

2.4
4.5

2.3 2.0

3.5 1
2.2

3.0 1

2.1
2.5

2.01 2.01

0.0 25 5.0 75 10.0 12.5 15.0 17.5 20.0 -2.0 -15 -1.0 —0.5 0.0 05 10
P (kpc) fogl(p) (kpc)

Figure 3.3: Left pannel: simple model of Q(p) (3.6). Right pannel: modified profile (3.7) with radial
logarithmic scale.

Once we have imposed the Toomre profile we are able to derive the kinematical properties of the
disk. The angular and epicyclic frequencies can be calculated using equations (1.61) and (1.62), their
profiles are shown on the left panel in Fig. 3.4. Furthermore Q(p) + x(p)/2, for a perturbation with
pattern speed €2, the intersections with Q—r/2, Q, and Q2+ x/2 mark, respectively, the inner Lindblad
resonance (ILR), corotation (CR), and the outer Lindblad resonance (OLR); these resonances delineate
the regions where bars and spiral density waves can be maintained (Binney and Tremaine 2008). On
the right panel of Fig. 3.4 is illustrated the velocity dispersion profile in radial (red line) and azimuthal
(green line) directions: o, is given by

_ 3.36GXp(r)Q(r)

0,(r) L (33)
and o, is
olp) = "G, (39)

Once we have obtained these initial profiles we are able to determine all the A matrix elements and
the B vector, therefore we can solve the linar system to obtain S(p) as explained is Section 2, therefore
finally we have the expression of the self-cosistent DF.

3.1.1 The rejection algorithm

Once the expression of the distribution function is known we can implement the rejection algorithm
to generate the initial positions and velocities of the bodies (as explained in Section 1.13).
Firstly an estimate of the higher limit of F' is needed: considering the three-dimensional grid

pi = i0p where i = 0,..., N and 6p = ppmaz/N
Vp,j = jov, where j = —N/2,...,N/2 and év, = 2,/—2®(p = 0)/N (3.10)
Vp ) = jov, where k =0,..., N and dv, = /—2®(p = 0)/N

with N=1000, we evaluate F' for each possible combination of varialbes using the expression (1.71) and
considering as limit for F' the value F,q, = 2max(F (p;, vy j, Ve k)). Now we implement the rejection
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Figure 3.4: Left panel: angular (blue line) and epicyclic (green line) frequencies. Right panel: circular
velocity profile (blue line) compared with radial (red line) and angular (green line) velocity dispersions.

algorithm to generate the initial positions and velocities in polar coordinates for Np = 105 bodies:
start considering quadruplets of random values (p, v,, vy, F) limiting them as

0 <p < pmaz
0§U¢7— QCI)(p:()) :
0<F < Fr

ifF<F (p,vp, v,) We store them as coordinates of the body. Since the system is axisymmetric we can
assign to each particle a radom value of polar angle 0 < 0 < 27 and generate its cartesian coordinates
with
x = pcosb
y = psinf
Uy = U, 080 — v, sin 6
vy = v, sinf + v, cos 6

(3.12)

A final quantity needed to follow the system’s evolution is the mass assigned to each body. Because
the disk is truncated at pmax, the mass enclosed within this radius is smaller than the nominal disk
mass Mp set by the input profile. The mass of the truncated disk is the integral of the surface density

over the area element
Pmaz,disk

Mtrunc,disk = 27T/ ED(p/)pIde,. (313)

Pmin,disk

Dividing this number by Np we can calculate the mass of each body.

3.1.2 Thickness of the disk

Up to this point, the disk has been treated as razor-thin, with z = 0 and v, = 0 for all particles. To
introduce a finite thickness, we adopt the vertical distribution function (1.50) and assume a constant
ratio o, /k, = d, so the distribution function in the z-dimension can be written as:

1 Vi 22

2ro,d,

fa(z,0;) = e 203 243, (3.14)

We notice that d, can be interpreted as the scaling height parameter along the z direction. Imposing
d, = 0.2kpc we assign the z coordinate to each body distributing them on a Gaussian profile centered
in z = 0 with dispersion d,.
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As for the velocities the dispersion of the Gaussian profile 0.(p) = k.(p)d, depends on the radius.
First we determine the frequency of the oscillation on the z axis by calculating the second derivative
of the potential with respect to z on the z = 0 plane for different values of p

9?®(p, 2)

5.3 . (3.15)

2=0

kolp,2) =

Since the value of the derivative is needed only in the plane we compute it using the numerical
expression

imposing h = 0.6kpc. The z profile of the potential is calculated using equation

N
Gm;
Zi: V(i — pcos0)? + (y;i — psin@)2 + (z; — h)?

where is considered the gravitational influence of each body of the galaxy (therefore bulge and halo’s
bodies are considered in this computation). The profile of the potential for z = Okpc, z = 0.6kpc
and z = —0.6kpc is illustrated on the left panel in Fig. 3.5. The algorithm implemented to generate
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Figure 3.5: Left panel: profile of the total potential on the disk plane (z = 0, blue line) and on the two
planes used to evaluate the second derivative: z = 0.6kpc (green line) and z = -0.6kpc (pink dotted
line). Right panel: profile of frequency of vertical oscillations & .

the vertical velocity component of each body is built as follows: first the angular momentum of each
particle is evaluated [, = zv, — yv, then inverting equation (1.60) is determined its corresponding
circular radius, the v, coordinate associated to each particle is chosen as a random value subtended
by the Gaussian centered in v, = 0 with dispersion o,(p.) = k. (pc)d..

The final results are plotted in Fig. 3.6 where the Gaussian profiles of positions and velocity are well
reproduced, focusing on the velocity distribution we can notice that dispersion decreases with radius
in agreement with the behaviour of x, (Fig. 3.5) as we expected.

3.1.3 Checking the solutions

In this section we test the results obtained above in order to verify if the generated particles behave
as imposed by the input profiles.
Two different approaches are adopted for tesing the result:

1. Binning method: dividing the disk in rings of width dp = 0.05kpc we measure for each anulus
the mean angular velocity v, and the velocity dispersion profiles for o, and o,. For these
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Figure 3.6: Left panel: Gaussian distribution of the z coordinate with dispersion d,. Right panel:
normalized Gaussian distribution of v, at different radii.

computations we need to transform the cartesian coordinates (resulting from the algorithm) to
polar coordinates. For this purpose we consider the equations
v, = VgL + vy
v —vﬁ—vg (3.18)
Y "Tp Yp-
Furthermore, counting the number of bodies in each ring can be tested the profile of surface
denisty, with equation
S m - Npodies
) =— 3.19
p(p) 2mpdp (3.19)
where m is the mass the single body and npyg;es is the number of bodies inside each ring.

2. Integration method: considering the distribution function we can evaluate the profiles of the
disk solving the integral equations

E(L{)(P) _/D f(PWpa’Uw)d”pdup (3.20)

1
p(p) = S5 / dvp dvg vy f(ps vp, V) (3.21)

p(p) Dy (p)

— 1
v2(p) = / dv, dv, v2 f(p, vy, v 3.22
go() ED(P) Do (p) P P Y ( P 90) ( )

_ 1
v2 :/ dv, dv, v2 f(pi, vy, v0). 3.23
p(p) ED(,O) Do(p) pEe Ep (p p ‘P) ( )

The results of these tests are plotted in Fig. 3.7. The only input profile that is exactly reproduced
is the surface density, in agreement with the fact that the system is self consistent and equation
(1.66) is perfectly satisfied. As for the other profiles there is a discrepancy between the input and
the response profiles. This is due to the fact that for the kinematical properties of the disk we did
not impose the exact solutions of the integrations (3.21), (3.22) and (3.23). Specifically if we analyze
the @ and velocity dispersion profiles they reveal that the disk’s particles are hotter than expected,
this phenomenon is related to the requirement of having self consistency for the entire disk combined
with the truncation at p;,e.. Since bodies close to ppq: do not interact with any particle with bigger
radii they need an additional gravitational support by the inner ones to mantain self-consistency, this
supply is given increasing the epicyclic frequencies of inner bodies, hence their velocity dispersions
and @) profile. However we can notice that the red dotted lines and the blue lines overlap: hence the
procedure implemented for generating the initial conditions is coherent with the chosen model of the
distribution function even though it does not perfectly represent the initial input profiles.
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Figure 3.7: Comparison between input profiles (green lines), those derived from distribution function
integration (method 2, blue lines), and those computed binning the disk into equally spaced annuli
(method 1, red dots).

3.1.4 Asymmetric drift

Another useful tool to study the dynamics of the disk is the asymmetric dirift (1.38) that will tell us if
the system obeys to Jeans equations. Figure 3.8 compares the mean angular velocity measured with the
binning method (red dotted line) with the v, obtained using the asymmetric drift formula. Specifically
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in the asymmetric drift formula we use the velocity dispersion profiles and circular velocity given by
the integration of the distribution function (3.22), (3.20)-blue line and by initial input functions (3.8),
(3.9)-green line.

The figure reveals that there is an excellent agreement beween the profile of v, predicted by the
integration of the DF and the galaxy’s mean angular velocity (as expected from the resusts of the
prvious section) hence the DF model obeys to Jeans’ equations. When we use the input function to
determine the asymmetric drift profile there is not perfect superposition of the curves, this difference
arises even in 3.7b where the input velocity dispersion profiles differ from the computed ones, and the
same behaviour works for the @ (Fig. 3.7c left panel). This discrepancy is another expression of the
differences indicated in the previous paragraph beween the input and ouput kinematical profiles.
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Figure 3.8: Mean angular velocity calculated with the aymmetric drift equation.

3.2 Spherical components

In this section we describe the algorithm implemented to generate the initial conditions of the spherical
components: the dark matter halo and the bulge. These two entities are necessary to simulate a disk
that behaves as in real galaxies and are chatacterized by two main properties: being isotropic and
spherically symmetric.

3.2.1 Dark matter halo

Direct observations are not able to detect the presence of the dark matter halo since it does not emit
light, nevertheless the flattening of the rotation curve observed in the galactic system is explained by
the presence of this component. Different models for the density of the halo can be adopted, their
expressions were derived by fitting the observed data of the velocity profiles with the ones obtained
with models. The desity law assumed for our halo is the model proposed by Dehnen (Dehnen 1993)

(3 - V)GMhalo a
dm P (p+a)t=

pn(p) = Wh(p) (3.24)

multiplied by the window function

1 —

Wilp) = = <1 + tanh <—pp““l°>) . (3.25)
2 d2,halo

The parameters imposed in these laws are reported in Table 3.2 and the resulting profile is plotted in

Fig. 3.9.
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Mhalo a Y Pmin,halo | Pmaz,halo P2,halo d2,halo
101" Mg | 3 kpe | 0.8 kpe Okpc 30kpce | 0.85(pmaz,hato + 2kpc) | 0.8kpe

Table 3.2: Table of the parameters for the halo.
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Figure 3.9: Modified NFW density profile assumed for the halo.

Knowing the distribution of bodies their contribution to the total potential can be evaluated through
the equation

P 00

Pp(p) = —(j / Amp?p(p)dp’ — G / Amp'p(p')dp! (3.26)

0 p

where the two integrals measure the potential exerted by bodies inside and outside p respectively. The
resulting profile is shown in Fig. 3.10. On the left panel is illustrated the halo contribution to the
total potential (shown on the right panel). It is clear that in the outer regions the presence of the
halo becomes more relevant, according to what we expect from the fact that the rotation curves of
galactic disk are flattened in the outer regions. Once these profiles are known we can solve Eddington’s
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Figure 3.10: Left panel: potential profile of the halo. Right panel: profile of the total potential (halo,
bulge and disk).

formula (1.56) to derive the distribution function of the spherical component. The integral of (1.56)
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is computed numerically using the quad function from the scipy.integrate module in Python. The
resulting profile of the distribution function is presented in Fig. 3.11.
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Figure 3.11: Distribution function of the halo.

In order to generate the initial conditions of the halo we implement the rejection algorithm for the
spherical components described in Section 1.13, evaluating F' weighted by the phase-space volume
element (1.69) since the system is spherically symmetric and isotropic. First we need to determine
the maximum possible value for F', therefore we consider the two-dimensional grid

pi = i6p where i = 0,..., N and §p = pmaz, hato/N (3.27)
vj = jov where j = —0,..., N and 6v = \/—=2P(pmin halto) /N '

where N = 500. For each pair of p;,v; we obtain the corresponding F(pi,vj) and choose Fj,q. as
maximum of those doubled. The rejection is implemented generating triplets of (p, v, F) and consid-
ering only those such that F' < F(p,v) as initial conditions for the halo. The spherical coordinates of
the initial conditions are obtained assigning to each particle random values of polar () and azimuthal
angle (¢) according to their limitis

Pmin,halo <p< Pmazx,halo

0<v< j2q)(pmin,halo) (3'28)
0<o<nr
o< <o (3.29)

Finally the cartesian initial coordinates of the halo are calculated using

x = rsinf cos ¢
y = rsinfsin ¢
z=rcosf
v; = vsinf cos ¢
vy = vsinfsin ¢
v, = v cos 0.

(3.30)

These procedure is repeated until Njq, = 10° bodies are obtained. When studying the evolution of
the galactic system is necessary to eavaluate the mass of each particle which is not simply mp,q, =
Mhaio/Npodies because the halo has been truncated at ppq,. To determine the exact maass of the
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truncated halo we integrate its density law (3.24) over the volume and divide this quantity by the
total number of bodies to derive their corresponding mass 1Moy -

Pmaz,halo
Mtrunc,h(zlo = 477'/ P2/3h(/))dp (331)

Pmin,halo

3.2.2 Bulge

For the bulge we considered the input profile of the surface denisty

—(2ny—0.324) ((%) 1/%71)

which is a Sersic law providing a flexible and observationally motivated description of spheroidal
stellar systems (Graham and Driver 2005). The density law corresponding to this input can be
derived through the integral

Sbulge() = Xo pulge€ (3.32)

~ 1 o dzbul e 1
rager) = = [ L aR (33

plotted in Fig. 3.12. These profiles present the tipical feature of bulges: most of the mass is con-
centrated in the inner region. The input parameters used for the bulge are reported in Table 3.3.
Similarly as for the halo, we determine the profile of the potential using equation (3.26). The resulting
profile is illustrated in Fig. 3.13. It is clear that the contribution of the bulge to the total potential is
concentrated in the inner regions where most of its mass is placed (see Fig. 3.13).

Mbulge Tp Ty Pmin,bulge | Pmax,bulge
5-109M,, | 1.5kpc | 3.5kpe | 0.01kpc 30kpc

Table 3.3: Input parameters for the bulge component.
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Figure 3.12: Left panel: surface density profile according to Sérsic law. Right panel: mass density
profile.

The distribution function of the galactic component is derived solving Eddington’s formula (1.56) and
its profile is plotted in Fig. 3.14.

The initial conditions of the bulge are generated as we did for the halo, implementing the rejection
algorithm until when we have N4 = 5000 bodies. To determine their mass we integrate the density
profile as in (3.31) and divide the total mass by the number of bodies.
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Figure 3.13: Left panel: potential profile of the bulge. Right panel: profile of the total potential (halo,
bulge and disk).
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Figure 3.14: Distribution function of the bulge.

3.2.3 Test of the algorithm

To verify if the generated bodies reproduce the imposed densty initial profiles we divide each spherical
component in shells of width Ap, for each of them count how many particles are there (Ngpeir bodies)
and then derive the density profile with equation

N( ) _ Mbody * Nshell bodies
P dwp?Ap

(3.34)

The resulting distributions are illustrated in Fig. 3.15 for the halo and in Fig. 3.16 for the bulge, the
outlines are coherent with the imposed laws, hence the adopted method succesfully reproduces the
initially imposed functions.
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Figure 3.15: Comparison of the input density profile of the halo with the distribution of the initial
conditions generated with the rejection algorithm.
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Figure 3.16: Comparison of the input density profile of the bulge with the distribution of the initial
conditions generated with the rejection algorithm.
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3.3 N-body simulations

The equilibrium of the disk is verified simulating its time evolution with N-body methods. Three
main techniques are commonly adopted for studying the behaviour of galactic systems:

e Tree code techniques: the system is hierarchically divided into cells. To calculate the force
exerted on a body by distant particles, the latter are approximated as a single mass using a
multipole expansion of the potential. This approach reduces the computational complexity to
O(Nlog N), where N is the total number of bodies (Barnes and Hut 1986, Aarseth n.d.).

e Fuast multipole methods: are similar to tree code techniques, but improve the multipole expansions
to increase the accuracy of the force calculations. In favourable conditions, the computational
complexity can be reduced further to O(NN) (Greengard and Rokhlin 1987, Dehnen 2000).

o Mesh type methods: in this approach, the particle distribution is projected onto a spatial grid
(either fixed or adaptive), and Poisson’s equation is solved numerically, often using the Fast
Fourier Transform (FFT), to obtain the potential (Hockney and Eastwood 1988). The compu-
tational cost ranges from O(N) to O(N log N), where N is the number of grid points, depending
on the solution scheme adopted.

In this thesis we adopt the N-body simulation used in Kyziropoulos et al. 2016. This algorithm places
the galaxy in a box of 70kpc with an adaptive mesh consisting of two grids: one that covers all the box
and one in the central region where most of the bodies are concentrated (hence where the system has
to be with higher resolution to have accurate computations). This mesh enables us to derive potential
of the grid using Poisson’s equations and the bodies’ acceleration approximating the derivative of the
potential using central differences (for more details see Kyziropoulos et al. 2016 and Efthymiopoulos,
Gravvanis, and Patsis 2016).

The simulation requires to input the timestep for the integration, we fixed At = 10~*Gyr because
in the inner region bodies orbit very fast, hence to properly study their motion a small timestep is
needed. The simulation runs for 0.4Gyr, this time interval is sufficient to check equilibrium and self-
consistency because particles will orbit for tens or hundreds of times around the galactic centre during
this period.

Before running the final simulation and check the disk’s self-consistency we relax the different compo-
nents, first we freeze halo and bulge and let the disk adapt to their presence, this simulation runs only
for 0.1Gyr since is only a preliminar step and we do not aim to study the galactic evolution. Once
the disk is relaxed we let the system evolve of other 0.1Gyr and then relax the spherical components
for 0.1Gyr freexing the disk. Now, once we have recomputed initial conditions of this disk with the
potential derived from the relaxed halo and bulge, we finally run the final simulation. To simplify
the computations during the relaxation we consider the disk to be completely flat and introduce the
thickness only when recomputing the bodies before the final simulation. This is possible since the
motion of stars along z can be decoupled from the planar orbits (as mentioned in Section 1.9) and
hence it is not relevant in the relaxation.

We report the results of these steps in the following paragraphs.

3.3.1 Relaxation

Relaxing the component is a key step to obtain equilibrium initial conditions for the disk. We adopt
this approach becuse the disk component has to adapt itself to the presence of the spherical compo-
nents and viceversa, this can be done running a simulation where one at a time is frozen.

This process has been developed for previous studies to construct equilibrium N-body models of given
mass distribution and given kinematic properties, parameters or constrains (see Rodionov, Athanas-
soula, and Sotnikova 2009, Rodionov and Athanassoula 2011). The general scheme of this method
is presented in Fig. 3.17. It consists in a constrained evolution leading to a galactic model that is
in equilibrium and obeys to the imposed conditions. What happens is that the system evolves for
a short time interval. Then we modify it so that it has an imposed parameter keeping all the other
properties unchanged in order to retain memory of the evolution. This procedure is iterated until all
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the conditions have been imposed. The cited studies start from non-equlibrium systems and adopting
this technique reach near equilibrium initial conditions of the system thanks to the fact that any non
equilibrium system tends to stable equilibrium. In our situation the relaxation is just needed to allow
the galactic components to adapt to the gravitational influence of the others.

The time duration of the relaxation should not be too short since the galaxy has to evolve enough,
however it can not be too long either because instabilities that change drastically the system should
not develop. For our simulations we chose 0.1Gyr as timescale for the relaxation, this time period was
chosen since it is smaller than the dynamical timesscale used to check the self consistency but in the
meanwhile it is enough to relax the perturbations generated by the interaction of the components.

| Initial model |

!

Evolution on a .
short time scale -—

l

Near-equilibrium model with a given
parameters or properties

Fixing given
parameters or
properties

Figure 3.17: Scheme of the relaxation technique (taken from Rodionov and Athanassoula 2011).

Disk relaxation-relaxation 1

First we relax the disk for 0.1Gyr freezing halo and bulge, the evolution of the system during this
process is showed in Fig. 3.18. Considering the snapshots and the error of the surface density profile
(Fig. 3.19) we notice that some pulses are initially generated in the internal region, this is probably
related to some noise introduced by the simulation or discrepancies between the potential evaluated
on the mesh and the one imposed to derive the distribution function (see Sellwood and Debattista
2009 and Sellwood 2014). These features disappear over the relaxation coherently with the fact that
are transient and not related to unstable initial conditions. As for the kinematical profiles illustrated
in Fig. 3.20 they do not change significantly during the relaxation.

t = 0Gyr t = 0.03Gyr t = 0.1Gyr

Figure 3.18: Face-on evolution of the disk during relaxation 1.
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Figure 3.19: Error of the surface density of the disk during relaxation 1
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Figure 3.20: Kinematical profiles of the disk during relaxation 1.

Evolution over a short time scale-relaxation 2

After the disk’s relaxation we let the system evolve for 0.1Gyr without freezing any component as
follows from the technique explained in Section 3.3.1. The snapshots obtained from this simulation
are illustrated in Fig. 3.21 and the corresponding error of the surface denisty in Fig. 3.22. In this
simulation some pulses are still generated at the beginning and even in this case they disappear before
the chosen timescale. The profiles of the velocity dispersions and @) presented in Fig. 3.23 reveal that
the kinematics of the disk does not change during the phase ofrelaxation.
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t = 0Gyr t = 0.05Gyr t = 0.1Gyr

Figure 3.21: Face-on evolution of the disk during relaxation 2
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Figure 3.22: Error of the surface density of the disk during relaxation 2.
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Figure 3.23: Kinematical profiles of the disk during relaxation 2.
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Relaxation of the spherical components-relaxation 3

After letting the system evolve with all the components alive we relax the spherical halo and bulge,
freezing the disk obtained with relaxation 2 and recomputing the spherical components. The results

of

this relaxation are presented in Fig. 3.24 for the bulge and 3.26 for the halo. The error of the

density profiles at different times of the relaxation are illustrated in Fig. 3.25 and 3.27 respectively.
The outlines do not show any significant change, hence this step could be skipped. This is because
the spherical components, expecially the halo are not much influenced by the presence of the disk
therefore the derivation of the distribution function through Eddington’s equation is already enough
to have the initial conditions of the spherical components.

Pbinall Pbinput-1

t=0Gyr t=0.05Gyr t=0.1Gyr

Figure 3.24: Evolution of the bulge during relaxation 3
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Figure 3.25: Relative error of bulge density during relaxation 3.

t = 0Gyr t = 0.05Gyr t = 0.1Gyr

Figure 3.26: Evolution of the halo during relaxation 3
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Figure 3.27: Relative error of halo density during relaxation 3.

Recomputation of the disk’s DF

Now that the spherical components have been relaxed we recompute the inital conditions of the disk
whose self-consistency will be checked with the final simulation. Specifically this new disk is generated
starting from the total potential directly given by the code in the last step of simulation 3.

We do not report all the profiles again since most of them do not change significantly. In Fig. 3.28 is
illustrated the total profile calculated with this new disk: there is a shift towards higher values in the
inner regions, this is due to the corrections occuring during the relaxation. The kinematical profiles
are presented in Fig. 3.29 where is clear that these new profiles look like the old ones but with some
oscillations probably related to numerical errors. To fix this problem we applied a multidimensional
Gaussian filter scipy.ndimage.gaussian filter to the curves. This operation smooths the data by
convolving them with a Gaussian kernel, the degree of smoothing is controlled by the parameter sigma,
which specifies the standard deviation of the Gaussian function and in our computations is determined
manually in order to obtain smooth curves. In Fig. 3.30 we sum the key profile of the computed disk.
Recall that at this point we introduce the thickness of the disk implementing the algorithm explained
in Section 1.9.
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Figure 3.28: Potential profile of the recomputed disk
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Figure 3.29: Left panel: angular (blue line) and epicyclic (red line) frequencies of the recomputed
disk. Right panel: circular velocity (blue line) compared with radial (red line) and angular (green
line) dispersions.
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(b) Velocity dispersion profiles in radial (left panel) and angular (right panel) directions.

Figure 3.30: Comparison between the recomputed disk’s input profiles (green lines), those derived
from distribution function integration (method 2, blue lines), and those computed via binning the
disk into equally spaced annuli (method 1, red dots).

46



CHAPTER 3. EXAMPLE OF A GALACTIC MODEL 3.4. EQUILIBRIUM OF THE DISK

3.4 Equilibrium of the disk

Once we have relaxed all the structures, the equilibrium can now be checked running a new simulation
with all the components alive. The resulting snapshots are shown in Fig. 3.31 for the face-on disk and
in Fig. 3.32 for the edge-on disk. The relative error of the surface density profile of the component
is presented in Fig. 3.33 where no significant changes are revealed, therefore the aim of our compu-
tations is reached, the galaxy is in equilibrium and self-consistend with the imposed surface density
profile. Additional investigations suggest the equilibrium of the disk: the kinematical properties of
the system depending on the Toomre profile (3.34) and the velocity dispersion (3.35) are constant
over the simulation, hence the system is stable and preserves the constrained input profiles. Also in
this simulation we introduce the thickness of the disk. Figure 3.36 shows the distribution function
f» for different cylindrical radii p. This analysis was done considering different rings of the disk and
counting how many bodies are collocated in different z-bins whose width is 0.07. These plots show
an small change in the distribution after 0.1Gyr. Then the profile keeps the same trend for all the
simulation meaning that it has reached a stable equilibrium. The small initial variation is probably
related to the fact that we did not relax the components considering the thikness of the disk.

t=0Gyr t=0.1Gyr t=0.2Gyr

t=0.3Gyr t=0.4Gyr

Figure 3.31: Face-on evolution of the disk computed with our model of the DF.
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t=0Gyr t=0.1Gyr t=0.2Gyr

Figure 3.32: Edge-on evolution of the disk computed with our model of the DF.
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Figure 3.33: Error of the surface denisty of the disk computed with our model of the DF.
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Figure 3.34: @ profile of the disk computed with our model of the DF.
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Figure 3.35: Profiles of radial and azimuthal dispersions of the disk computed with our model of the
DF.
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Figure 3.36: Distribution of bodies on the z plane at different radii during the simulation.
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3.5 Simulations with other DF's

To highlight the importance of computing the distribution function numerically rather then adopt-
ing the knwon models, we implemented the same algorithm with Shu and Hernquist models of the
distribution function.

Shu distribution function

Considering Shu distribution function (1.40) the galactic disk evolves as in Fig. 3.37 and the relative
error of ¥p il plotted in Fig. 3.38. These figures reveal that the self-consistency of the system is
violated already at the beginning of the simulation, this causes axisymmetric density waves pulses
that propagate over the disk. As for the kinematical properties of the disk, presented in Fig. 3.39, we
see that the velocity profiles are well reproduced by this DF coherently with the observations made
in paragraph (3.5). The change of these profiles suggests the non-exactness of the self-consostency of
this system.

t=0Gyr t=0.2Gyr t=0.4Gyr

Figure 3.37: Face-on evolution of the disk generated with Shu DF.
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Figure 3.38: Relative error of the surface density when considering the Shu model for the distribution
function.
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Figure 3.39: Q profile (top panel) and velocity dispersions (bottom panel) of the disk generated with
a Shu model distribution function.
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Hernquist distribution function

Using the Hernquist model for the distribution function the system is not in equilibrium as revealed by
inspecting the various snapshots of Fig. 3.40, and the relative error illustrated in Fig. 3.41. Even in
this case axisymmetric density waves pulses develop in the disk. By construction the system is initially
self-consistent, but due to its instability this property is not mantained. The amplitude of the pulses
tends to decrease over time, hence we expect the disk to reach a asymptotically stable configuration.
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Figure 3.40: Face-on evolution of the disk generated with Hernquist DF.
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Figure 3.41: Relative error of the
distribution function.
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Figure 3.42: Q profile (top panel) and velocity dispersions (bottom panel) of the disk generated with
a Hernquist model distribution function.
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Chapter 4

Conclusion

4.1 Final discussion

The aim of this thesis was to investigate the evolution of galactic systems with N-body simulations,
specifically analyzing the behavior of self-consistent galactic disks embedded in spherical components.
To generate the initial conditions of the components, we considered models of the distribution functions
that satisfy both the collisionless Boltzmann equation and Poisson’s equation; ensuring that density
and potential are mutually consistent, we constructed self-consistent galactic components.

Given as input an exponential profile of surface density the simulation conducted in this thesis reveals
the self-consistency of the disk. Specifically, the initial profile is exactly reproduced in the initial
conditions of the galaxy according to a modified model of the Shu distribution function built to satisfy
the self-consistency of the system. This condition is mantained during the whole simulation.

As for the kinematical properties of the disk some discrepancies between the input laws and the
profiles generated with the DF are present. These deviations are a consequence of the truncation of
the component combined with the requirement of self-consistency for the whole disk. The requirement
that no particle exists beyond the chosen maximum radius causes a lack of gravitational support for
particles close to the edge of the disk. To compensate for this lack of support and still mantain
the self-consistency the internal bodies are forced to increase their gravitational strength with higher
velocity dispersion. This mechanism causes a change of the velocity corresponding profiles that increase
their values in the outer regions. However the final kinematical profiles keep their trend for all the
simulation, hence the equilibrium of the system reamains.

A further aspect of this work concerned the comparison between disk models generated with different
distribution functions. Although the initial conditions obtained with different expressions of the DF
reveal laws coherent with the inputs some variations in the surface density and velocity dispersion
profiles are generated during the simulation. Considering the Shu model of the DF the self-consistency
of the model is already violated at the beginning of the simulation and is neither constant over time.
Nevertheless the kinematical profiles are well reproduced during the evolution.

When considering the Hernquist profile for the DF although the initial profile exactly reproduces the
initial surface density law this property is not maintained during the simulation where pulses are
generated in the inner regions. These differences highlight the importance of developing numerical
constructions of DFs: analytic approximations, while elegant, may conceal instabilities or hidden
inconsistencies that only become apparent in dynamical evolution.

4.2 Further perspectives

This thesis has several limitations, which in turn provide useful indications for potential improvements
in future research.
A primary limitation of this work is that the galaxies were modelled under simplified assumptions,
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most notably the axisymmetry of the disk or the perfect spherical shape and isotropy of the spherical
components. In real scenarios galaxies are more complex, as for the disk axisymmetric features such
as spiral arms and bars are typically observed. Spiral structures, in particular, are not transient
irregularities but rather dynamical features that can be interpreted within the framework of density
wave theory, which explains their persistence as the manifestation of quasi-stationary waves rotating
with a characteristic pattern speed around the galactic center. Incorporating such features into future
models would not only provide a more realistic representation of galactic systems but also allow the
role of spiral patterns in shaping stellar kinematics to be explicitly tested. As for the assumption of
spherical shape we could model halos and bugles as flattened or triaxial systems, furthermore isotropy
could be introduced. These extensions would allow the models to approximate observed galactic
systems more closely and provide a better test of their equilibrium properties.

Another area for improvement concerns the numerical implementation of the simulations. The simu-
lations implemented in this thesis could become more precise considering for example larger particle
numbers or longer integration times. Moreover, testing a broader set of input profiles for the compo-
nents, such as varying scale lengths, central concentrations, or truncation radii would enable a more
systematic exploration of parameter space and highlight the sensitivity of self-consistency to initial
assumptions.

Using N-body simulations implies neglecting the presence of gases and dissipative processes. Without
assuming these two we do not take into account phenomena such as star formation, feedback and
transport of angular momentum that are crucial in understanding the dynamics of galactic systems.
Hence adoping hydrodynamical simulations we could reach results more compatible to what is ob-
served in real galaxies. In this context we could even model the emission spectrum of the galaxy
considering star formation and spectral synthesis. This enables to directly compare emission spectra
of observations with our model.

The comparison between models and observations represents a powerful tool that can be extensively
employed in future investigations. Constructig galactic models with different input parameters we
can compare the resultig spectra with the observed one and constrain some properties of the galaxy.
This idea could be applied, for example, for the determination of pattern speed (£2p) of spiral arms.
Considering a spiral galaxy we could give an estimate of the pattern speed of its arms looking for a
model that matches its velocity field.

Moreover we could study the interactions and mergers of different galaxies. Encounters between two
galactic systems, direct collisions or close passages, offer an opportunity to investigate tidal features
and the redistribution of angular momentum.
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