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Abstract

Hypothesis testing is a fundamental tool of statistical inference, but its validity is

compromised when applied after data-driven model selection or in the presence

of multiple comparisons. These issues, long recognized in classical statistics, are

magnified in modern high-dimensional settings where the number of predictors

exceeds the sample size. Standard least-squares procedures become ill-posed,

and naïve p-values fail to provide control of type I error. While penalized

estimators such as the lasso have become essential for sparse modeling, their

integration with valid post-selection inference and multiple-testing adjustment

remains an open problem. This thesis addresses these challenges by proposing

a permutation-based framework that combines effective scores with sign-flip

inference, adapted to high-dimensional linear models. The method relies on a

confounder selection step that excludes the variable under test, thereby limiting

post-selection bias, and constructs test statistics whose null distribution is ap-

proximated through random sign flips of the score contributions. The framework

naturally extends to multiple hypothesis testing via maxT correction, ensuring

rigorous Familywise Error Rate control. Theoretical results are complemented

by extensive simulations, which demonstrate robust type I error control and

competitive power across different correlation structures and signal-to-noise

regimes. These findings highlight the potential of sign-flip based inference as a

flexible and reliable tool for high-dimensional hypothesis testing.
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Chapter 1

Introduction

Hypothesis testing has long provided a principled framework for assessing

evidence against scientific hypotheses. The formulation of test statistics, the

interpretation of p-values, and the quantification of error probabilities are

cornerstones of statistical inference, and they have shaped the development

of modern science throughout the twentieth century. The early debates among

Fisher, Pearson, and Neyman already highlighted both the power of hypothesis

testing as a scientific tool and the potential risks of misuse. When properly

applied, hypothesis tests enable the rigorous validation of experimental findings;

when applied carelessly, however, they may lead to false discoveries.

There are several pitfalls in the hypothesis testing procedure, which can

ultimately lead to spurious conclusions and which, although known, are still

taken lightly. An example of such an error often occurs when multiple hypotheses

must be tested simultaneously: already in Bonferroni (1936), Emilio Bonferroni

provided a simple and robust procedure to limit the Familywise Error Rate when

testing. While conceptually straightforward, this type of correction illustrates

the general challenge of error control. Beyond the problem of multiple testing,

an even subtler issue arises when inference is conducted after a model has been

selected from the data. In such cases, the assumptions underlying classical theory

are no longer valid, and naïve p-values fail to control the nominal error rate.

These problems are often underestimated in applied research; yet, they are critical

for ensuring the reliability of scientific conclusions.

The rapid expansion of high-dimensional data has made these issues even

more pressing. In many modern applications, from genomics to neuroscience,

the number of available predictors can far exceed the number of observations.

This poses fundamental challenges: classical least-squares estimation is ill-posed,
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2 Chapter 1. Introduction

confidence intervals and standard errors are unreliable, and naïve testing strate-

gies are invalid. To address these difficulties, modern statistics often relies on

structural assumptions such as sparsity, under which only a small subset of

variables is truly relevant. Penalized estimation methods embody this principle,

with the lasso (Tibshirani, 1996) as the most widely known example. The lasso

and its extensions have become standard tools for constructing sparse predictive

models, focusing on the bias-variance trade-off and on the selection process.

Although significant progress has been made in prediction and model selection,

valid statistical inference in high dimensions remains a challenging problem. Two

issues are particularly critical. First, post-selection inference requires accounting

for the randomness introduced by the selection step; otherwise, standard error

rates cannot be guaranteed. Second, multiple testing arises naturally when many

hypotheses are simultaneously assessed, and without proper adjustment, the

probability of false discoveries escalates rapidly. Addressing both problems in a

unified framework is essential for producing reliable scientific results, yet this

has proven difficult in practice. This thesis contributes to this ongoing line of

research by proposing a testing framework for high-dimensional linear models

that simultaneously accounts for post-selection bias and multiple testing. The

approach builds on sign-flip tests constructed from score contributions (Hemerik

et al., 2020), which provide a non-parametric alternative to classical inference,

and on their variance-standardized versions (De Santis et al., 2025), which

improve finite-sample calibration. By combining these elements with appropriate

selection strategies, we develop procedures that are both empirically justified

and practically feasible. The methods are designed to offer robustness under

model misspecification and flexibility in the presence of high dimensionality

while still providing strong error control when testing many hypotheses at once.

The contributions of the thesis are twofold. On the theoretical side, we investigate

the properties of sign-flip inference in high-dimensional settings, clarifying the

conditions under which type I error control can be maintained. On the empirical

side, we conduct extensive simulations to assess the performance of the proposed

procedures, with particular attention to the trade-off between power and error

control under different correlation structures and signal strengths.

The thesis is organized as follows. Chapter 2 provides an overview of the

main challenges in statistical inference when the dimensionality of the data is

high. In particular, it reviews classical approaches to model selection, highlights

the difficulties that arise when inference is carried out after a selection step, and
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discusses the problem of error inflation in multiple testing scenarios. Moreover,

it briefly introduces two of the most promising methodologies in this field, the

debiased lasso (van de Geer et al., 2014; Zhang & Zhang, 2013) and the ridge

projection (Bühlmann, 2013). This chapter sets the stage for the methodological

developments that follow by clarifying why standard inferential tools fail in

modern applications and why new solutions are needed.

Chapter 3 introduces the concept of the effective score, along with the sign-flip

methodology, within the framework of generalized linear models. The discussion

covers both the theoretical foundations and the practical implementation of the

method, explaining how sign-flipping provides a non-parametric alternative to

conventional inference and how variance standardization improves finite-sample

performance. These ideas form the theoretical backbone of the procedures later

adapted to high-dimensional linear models.

Chapter 4 extends the sign-flip approach to the high-dimensional setting. Dif-

ferent strategies for confounder selection are described, including lasso-based and

stepwise approaches, each combined with sign-flip inference. The chapter also

explains how the procedure can be generalized to address multiple hypotheses

simultaneously through a maxT (Westfall & Young, 1993) correction, thereby

achieving rigorous Familywise Error Rate control. This part represents the central

methodological contribution of the thesis.

Chapter 5 presents a comprehensive simulation study designed to evaluate the

empirical performance of the proposed procedures. The simulations investigate

both single and multiple hypothesis testing scenarios, focusing on the control

of type I error, statistical power, and computational aspects. Comparisons with

alternative approaches are included to highlight strengths and limitations under

different correlation structures and signal-to-noise regimes.

Finally, Chapter 6 concludes by summarizing the main contributions and

reflecting on the implications of the results. It also discusses open questions

that remain unresolved and outlines possible directions for future research,

particularly in relation to theoretical guarantees, extensions to other models, and

applications in fields where high-dimensional inference is essential.





Chapter 2

Statistical Inference for High-Dimensional

Data

Over the past decades, the increasing ability to collect vast amounts of data has

made the analysis of high-dimensional datasets a central topic in many applied

fields.

High-dimensional statistics deals with inference in settings where the number

of parameters p greatly exceeds the sample size n. This includes supervised mod-

els like regression or classification with many more covariates than observations,

unsupervised scenarios such as clustering or graphical modeling, and multiple

testing problems where the number of hypotheses surpasses the available samples.

In this thesis, we specifically address the problem of studying the relationship

between a large number of predictors and a univariate response variable, without

considering the case of multivariate response variables.

Classical inference techniques are not suitable in this context. For example,

fitting a linear model via least squares when p > n leads to ill-posed problems

and unreliable p-values. Without structural assumptions or model restrictions,

statistical inference in high dimensions is fundamentally unfeasible.

To address the challenges of high dimensionality, modern approaches often

assume some form of sparsity: only a small subset of variables is truly relevant.

Among the methods exploiting this idea, the most well-known is the lasso esti-

mator (Tibshirani, 1996), which imposes an ℓ1 penalty to shrink some coefficients

to zero. This improves prediction accuracy by reducing variance at the cost of

some bias, and also performs variable selection. Building on the lasso, several

extensions have been proposed, including the elastic net (Zou & Hastie, 2005),

the adaptive lasso (Zou, 2006), and non-convex penalties such as SCAD (Fan
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6 Chapter 2. Statistical Inference for High-Dimensional Data

& Li, 2001) and MCP (Zhang, 2010), which aim to improve variable selection

consistency and predictive performance.

Despite the large literature on prediction and selection, statistical inference (e.g.,

valid p-values or confidence intervals after model selection) in high-dimensional

settings is still developing. In high-dimensional linear models, several strategies

have emerged to provide valid error control and significance testing. One key

approach involves debiasing the lasso estimator to restore asymptotic normality

and enable inference (van de Geer et al., 2014; Zhang & Zhang, 2013). Another

method, known as the ridge projection approach, uses ridge regression followed

by a correction for bias due to shrinkage (Bühlmann, 2013).

A different line of work uses sample splitting: the data is divided into two

parts, one for variable selection and one for inference. Wasserman & Roeder

(2009) applied this to the lasso and stepwise procedures, while Meinshausen et al.

(2009) enhanced robustness and power by aggregating results across multiple

random splits.

More recently, Zhao et al. (2021) showed that a seemingly naïve two-step

approach, selecting variables with lasso and then refitting with ordinary least

squares, can provide valid inference under certain assumptions, without requiring

sample splitting.

In this chapter, we first introduce two model selection methods: stepwise

selection procedures and the lasso, along with their main properties. We then

discuss hypothesis testing, focusing on the issue of double dipping, reusing

data for both selection and inference, which invalidates classical procedures,

and showing the problems that occur in multiple testing. Finally, we present

two competitive inference methods: ridge projection (Bühlmann, 2013) and the

debiased lasso (van de Geer et al., 2014; Zhang & Zhang, 2013).

2.1 Model Selection in High Dimensions

The choice of a statistical model for studying a phenomenon of interest is

fundamental. A central problem in statistics is to identify the relationship between

a response variable and a set of explanatory variables. The formulation of the

model is guided by the research question, and this flexibility means there is not a

single correct model but rather one that is appropriate for the goal at hand.

In experimental settings, the researcher often has control over the values of

the explanatory variables, which allows careful planning to reduce confounding
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and detect interactions. In such cases, a broad variability among experimental

conditions typically increases the precision of the analysis. However, in obser-

vational studies, variables are not set in advance, and we are often faced with

large, complex datasets with many potential predictors. Selecting the appropriate

variables becomes a crucial step.

To address this complexity, automatic procedures for data-driven model

selection have been developed. These methods aim to balance model fit,

interpretability, and generalizability. Including too many variables may lead

to excellent in-sample performance but poor out-of-sample predictions and

inflated variance of coefficient estimates. This phenomenon, known as overfitting,

highlights the trade-off between bias, variance, and model complexity. Model

selection procedures attempt to find a good compromise between these competing

goals. Two prominent families of methods are stepwise selection algorithms and

regularization-based methods such as the lasso.

For clarity, we focus on the linear regression framework with n observations

and p covariates:

Y = Xβ + ε, ε ∼ Nn(0,σ2In), (2.1)

where Y ∈ Rn is the response vector, X ∈ Rn×p is the design matrix, β ∈ Rp is

the vector of unknown coefficients, and ε ∈ Rn is a vector of random errors.

2.1.1 Stepwise Selection

Given p candidate variables, the number of possible models is 2p − 1, excluding

the model with only the intercept. Even for moderate p, exhaustive evaluation

becomes computationally unfeasible. stepwise procedures explore a subset of

the model space in a sequential, greedy manner, often leading to suboptimal but

computationally efficient solutions. The main methods are:

• Forward selection starts with an empty model and adds variables that most

improve fit.

• Backward selection starts with the full model and removes variables

contributing least.

• Hybrid methods alternate between adding and removing variables.

A common criterion to guide selection is the Akaike Information Criterion

(AIC)(Akaike, 1974):

AIC = −2l(β̂;y,X) + 2p,
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where l(.) denotes the log-likelihood function Similarly, the Bayesian Information

Criterion (BIC) (Schwarz, 1978) is defined as:

BIC = −2l(β̂;y,X) + p log(n),

These criteria balance goodness-of-fit with model complexity.

Forward and hybrid stepwise selections are attractive in high-dimensional

contexts (p ≫ n) due to computational feasibility. However, they may ignore

important variables due to the greedy nature of the search and are sensitive to

the order in which variables enter the model.

2.1.2 The Lasso

The lasso (Least Absolute Shrinkage and Selection Operator) (Tibshirani, 1996)

performs both shrinkage and variable selection. Given the model in (2.1) the lasso

optimization problem is:

β̂lasso = arg min
β

1

n
∥y −Xβ∥22 + λ∥β∥1,

where λ ⩾ 0 is a regularisation parameter and ∥.∥2 , ∥.∥1 rappresents respectively

the ℓ2 and the ℓ1 norm. Larger values of λ enforce greater sparsity by shrinking

more coefficients to zero. The power of this penalization lies in its ability to

produce sparse estimates while preserving the convexity of the optimization

problem, which makes it solvable via efficient algorithms such as Least Angle

Regression (LARS) or pathwise coordinate descent.

The lasso produces a solution β̂(λ) whose support Ŝλ = {j : β̂j(λ) ̸= 0, j =

1, . . . ,p} depends on the choice of λ. Under suitable conditions, such as the

irrepresentability condition and strong signal strength, it is possible to consistently

recover the true active set S = {j : β0j ̸= 0, j = 1, . . . ,p} as n → ∞, where β0j ,

j = 1, . . . ,p, rappresent the true value of the j-th coeffient.

The irrepresentable condition requires that

||(XTSXS)
−1XTSXSC ||∞ ⩽ 1− ε for some ε ∈ (0, 1).

This ensures that irrelevant variables XSc are not too correlated with relevant

ones XS.
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The signal strength condition requires that non-zero coefficients satisfy:

min
j∈S

|β0j |≫
√

log(p)
n

.

When both conditions hold, there exists a λ≫
√

log(p)/n such that

P(Ŝλ = S)→ 1 as n→∞.

However, a fundamental trade-off arises in the orthonormal case:

• For consistent variable selection, one needs
√
nλ→∞.

• For
√
n-consistent estimation, one needs λ = O(n−1/2).

These goals are incompatible: the lasso cannot achieve both at once. This is one

reason why alternatives like SCAD (Fan & Li, 2001) and MCP (Zhang, 2010) have

been proposed to bridge the gap between selection and estimation.

Moreover, in practice, λ is typically chosen using cross-validation to minimise

prediction error. This often prioritises estimation accuracy over sparsity, resulting

in models that include irrelevant variables but still capture the true ones with

high probability.

2.2 Hypothesis Testing in High Dimensions

In regression analysis, hypothesis testing is typically used to assess whether

specific coefficients are significantly different from zero. Given the linear model

(2.1), we are often interested in testing, for each j = 1, . . . ,p, the null hypothesis:

H
j
0 : βj = 0 vs H

j
1 : βj ̸= 0. (2.2)

Each test yields a test-statistic, a function t : Y→ R that identifies two regions in

the sample space Y:

- the acceptance region A, where the data do not indicate evidence against H0;

- the rejection region R, where the data indicate evidence against H0.

Following the Fisherian view of hypothesis testing, the result of the test

quantifies the amount of evidence that the observed data provides against the

null hypothesis H0. This quantity is called the p-value. For the j-th two-sided test

in (2.2), with j = 1, . . . ,p, the observed significance level (p-value) is defined as:
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αobs = 2 ·min{Pβj(t(Y ) ⩽ t(y), Pβj(t(Y ) ⩾ t(y)},

where t(y) is the test statistic for the observed data y. We reject H0 if the p-value

is less than or equal to α (commonly 0.05).

The outcomes of hypothesis testing are shown in Table 2.1. Two types of errors

may occur: Type I error and Type II error.

Definition 2.1 (Error Types). Given a p-value αobs for a hypotesis test correctly

specified of level α:

• Type I Error (False Positive): Rejecting H0 when it is true.

P(Type I Error) = P(αobs ⩽ α|H0).

• Type II Error (False Negative): Failing to reject H0 when it is false.

P(Type II Error) = P(αobs ⩾ α|H1).

where the notation P(. | H0) and P(. | H1) refers to probabilities conditional on

H0 being true or false, respectively.

Another important quantity is the power of a test, which is the probability of

correctly rejectingH0 under H1:

Power = P(αobs ⩽ α|H1) = 1− P(Type II Error).

Table 2.1: Error types in hypothesis testing

Null Hypothesis
False (H1 true) True (H0 true)

Test Decision Reject H0 True Positive Type I Error
Do not reject H0 Type II Error True Negative

2.2.1 The Post-Selection Problem

In classical settings, hypothesis testing assumes that the model under test is fixed

a priori. However, in modern applications, models are often selected via data-

driven procedures (e.g., lasso, stepwise selection). This results is a selection bias
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known as double dipping: the same data is used both to select the model and to

test hypotheses within it.

As a result, classical inferential guarantees such as correct type I error control

are no longer valid. The selected model is not fixed, but a stochastic function

of the data. For instance, in forward stepwise selection, the selected variables

depend on the residual sum of squares at each iteration; thus, their inclusion

reflects sample-specific noise.

To formalize this, let us denote the active set selected by a generic selection

procedure as Ŝ = Ŝ(Y ,X) = {j : β̂ ̸= 0, j = 1, . . . ,p}. Classical inference proceeds

conditionally on Ŝ, ignoring that is random. This conditioning invalidates the

uniformity of the null distribution of test statistics.

A simple illustration of this phenomenon is to perform a stepwise selection

and refit the model with least squares on the selected set Ŝ. Despite the apparent

significance of estimated coefficients, the nominal p-values do not reflect the true

false positive rate, as the model was tuned to the same data. We conducted a

simple simulation as follows. We generated an equicorrelated design matrix X

with n = 50, p = 10, and pairwise correlation ρ = 0.5. Three predictors were

designated as active with coefficients equal to 3, while the remaining coefficients

were set to 0; the signal-to-noise ratio was fixed at SNR = 5. From this setup we

generated the response y and then randomly chose one predictor that is truly

null (i.e., not active) as a reference variable. Starting from the full model, we

performed backward stepwise selection. If the reference variable was included in

the selected model, we recorded its two-sided Wald p-value; otherwise we set

the p-value equal to 1. We repeated this scheme until we collected 10,000 such

replicates.

Figure 2.1 reports the empirical rejection curve over the range of α typically

used in practice. The curve lies above the diagonal, revealing anti-conservative

behavior: the null hypotesis is rejected more often than it should be in theory,

indicating that the nominal post-selection p-values fail to control the type I error.

2.2.2 Multiple Testing and Error Inflation

In high-dimensional inference, we often test a large number of hypotheses

simultaneously. Even if each individual test is controlled at level α, the probability

of obtaining at least one false rejection increases with the number of tests.
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Figure 2.1: Empirical rejection curve (red) of the nominal two-sided Wald test; the dashed
line corresponds to the theoretical behaviour valid null p-values.

Let us consider m null hypotheses H10, . . . ,H
m
0 (Table 2.2), among which m0

are true and m1 = m−m0 are false. Denote:

• V : number of false rejections;

• R: total number of rejections;

• S = R− V : true discoveries.

Table 2.2: Multiple testing outcomes

Null Hypothesis Total
Test Result False True m

Rejected S V R

Not rejected T U m− R

Total m1 m0 m

In the multiple testing literature, several measures have been proposed to

generalize the concept of type I error. The most common are the FamilyWise

Error Rate (FWER) and the False Discovery Rate (FDR).

Definition 2.2. The FamilyWise Error Rate is the probability of making at least

one false rejection:

FWER = P(V ⩾ 1).
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Definition 2.3. False Discovery Rate The False Discovery Rate is the expected

proportion of false rejections among all rejections:

FDR = E

[
V

max(R, 1)

]
.

The FWER is a more stringent measure as it directly controls the probability of

any false rejections, which can lead to overly conservative tests. In contrast, the

FDR focuses on controlling the expected proportion of errors among rejections,

allowing more flexibility at the cost of being less stringent, as it is an expected

value rather than a strict probability.

To control these measures, several p-value correction procedures have been

developed. The most widely known for FWER control are the Bonferroni

correction (Bonferroni, 1936) and the maxT method (Westfall & Young, 1993)

based on resampling techniques. For FDR control, the most famous method is

the Benjamini-Hochberg procedure (Benjamini & Hochberg, 2018).

We now show a simple example of what happens jointly at the control of

type I error. Suppose we test two independent null hypotheses at level α = 0.05.

The marginal error rate is controlled:

P(p1 ⩽ 0.05|H10) ⩽ 0.05, P(p2 ⩽ 0.05|H20) ⩽ 0.05.

However, the joint probability of at least one false rejection is:

P(p1 ⩽ 0.05∪ p2 ⩽ 0.05|H10,H20) = 1− (1− 0.05)2 = 0.0975 > 0.05.

Thus, the Familywise Error Rate is not controlled.

2.2.3 maxT correction

A powerful method for controlling the FWER is the maxT procedure, which relies

on the distribution of the maximum test statistic under the global null hypothesis.

In contrast to Bonferroni-type corrections, which do not exploit dependence and

therefore can be conservative in the presence of correlated tests, the maxT method

uses the joint distribution of the test statistics and explicitly accounts for their

dependence structure. Consider the two-sided testing setup in Equation 2.2.
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Concretely, the procedure approximates the null distribution of

Tmax = max
1⩽j⩽p

Tj,

via permutations. Each resample yields a new set of test statistics, and the largest

among them is recorded. The empirical distribution of these maxima is then used

to obtain adjusted p-values:

p
adj
j = P

(
|Tmax| ⩾ |tj|

∣∣ Hc
0

)
,

where Hc
0 denotes the complete null hypothesis under which βj = 0 for all j =

1, . . . ,p. This construction guarantees strong control of FWER while avoiding the

excessive conservativeness of Bonferroni.

Algorithm 2.1. Single-step maxT procedure
Input: Matrix of dimension (B+ 1)× p of the observed and permuted test

statistics, where B is the number of permutation:
tobs1 . . . tobsp

t11 . . . t1p
...

. . .
...

tB1 . . . tBp

 .

1. For b = 1, . . . ,B record the maximum absolute statistic

tbmax ← max
1⩽j⩽p

|tbj |.

2. For each hypothesis j = 1, . . . ,p, set the single-step adjusted p-value

p
adj
j =

1

B

B∑
b=1

1

{
t
(b)
max ⩾ |tj|

}
.

Return: padj1 , . . . ,padjp .
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Following Westfall & Young (1993), we distinguish two variants:

- the single-step procedure, in which all tests are calibrated against the same

distribution of Tmax (Algorithm 2.1);

- the step-down procedure, which orders the tests from most to least significant

and proceeds sequentially, updating the reference maximum to the set of

unrejected hypotheses. Once an hypothesis fails to be rejected, all the remaining

ones are retained (Algorithm 2.2).

Algorithm 2.2. Step-down maxT procedure based on Algorithm 4.1 in Westfall

& Young (1993)
Input: Matrix of dimension (B+ 1)× p of the observed and permuted test

statistics, where B is the number of permutation:
tobs1 . . . tobsp

t11 . . . t1p
...

. . .
...

tB1 . . . tBp

 .

1. order the absolute value of the observed test statistics tobs1 , . . . , tobsp decreasingly

|tobsr1
| ⩾ |tobsr2

| ⩾ · · · ⩾ |tobsrp
|

2. For b = 1, . . . ,B compute the successive maxima (backward recursion)

ubm ← |trm,b|, ubj ← max
(
ubj+1, |tbrj |

)
for j = m− 1, . . . , 1.

3. For each hypothesis j = 1, . . . ,p set the step-down adjusted p-value

padjrj
← 1

B

B∑
b=1

1

{
ubj ⩾ |tobsrj

|
}

.

4. Enforce monotonicity (step-down adjustment):

padjr1
← padjr1

, padjrj
← max

(
padjrj

,padjrj−1

)
for j = 2, . . . ,m.

Return: padjr1 , . . . ,padjrm .
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The single-step maxT is simpler and applies a uniform threshold across hypothe-

ses, but it is more conservative. The step-down maxT proceeds sequentially

and is more complex, gaining power by exploiting the fact that, as hypotheses

are rejected, the set over which the maximum is taken shrinks, leading to less

stringent thresholds.

2.3 Inference Methods in High-Dimensional Settings

Several methods have been developed to perform valid statistical inference

when working with regularized estimators. These approaches aim to correct the

bias introduced by penalization, thereby enabling the construction of reliable

confidence intervals and p-values. In what follows, we present two prominent

examples: the debiased lasso (van de Geer et al., 2014; Zhang & Zhang, 2013) and

the ridge projection method (Bühlmann, 2013).

2.3.1 Debiased Lasso

A very successfull and intuive method to obtain valid p-values and confidence

intervals in a high-dimensional setting is to try to come back to classical theory

were we have unbiased estimators, taking into account that we have to work

with biased estimators, such as the lasso. The method under the name of

debiased lasso uses the lasso estimate as a starting point and applies a debiasing

operation to yield an estimate that can be used for constructing confidence

intervals and p-values. Suppose we start from the model specified in Equation 2.1

and we want to estimate the unknown parameters βj, j = 1, . . . ,p and obtain

confidence intervals for each parameter. As mentioned before, in a classical

setting n > p the ordinary least square estimation is the way to go, yielding

β̂OLS = (XTX)−1XTy. The construction of confidence interval for a generic βj,

j = 1, . . . ,p is straightforward

β̂j
OLS ± zασ̂

√
[(XTX)−1/n]jj ,

where zα is the percentile of order α of the standard normal distribution, and

σ̂2 =
∑n
i=1(yi − ŷi)

2/(n− p). In the high-dimensional setting where p > n, the

matrix XTX is rank deficient so is not invertible and a possibility is to use biased

estimators. One proposal that has been suggested (van de Geer et al., 2014; Zhang

& Zhang, 2013; Javanmard & Montanari, 2014), is to use a debiased version of the
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lasso estimator. Recalling the definition provided in subsection Subsection 2.1.2,

let β̂λ the biased lasso estimate for a fixed value of λ. The debiased estimator is

given by

β̂d = β̂λ +
1

n
MXT (y −Xβ̂λ),

where M is an approximate inverse of (XTX)/n . The basic intuition is that

XT (y−Xβ̂λ)/nλ is a subgradient of the ℓ1 norm at the lasso solution β̂λ, and so,

by adding a term proportional to this subgradient, it is possible to compensates

the bias introduced.

It can be shown (Javanmard & Montanari, 2014, Section 2.1) that

β̂d∼̇Np(β
d,σ2(MXTXM/n)),

where XTX/n is the empirical covariance of the feature matrix. This result

allows to construct confidence intervals and p-values in complete analogy with

classical statistics procedures. There have been different proposals for estimating

M :

- van de Geer et al. (2014) propose to construct the approximate inverse using

the lasso for node-wise regression (Meinshausen & Bühlmann, 2006) on the

design matrix X ;

- Javanmard & Montanari (2014) propose to construct M by solving a convex

program that aims at optimizing two objectives: for each j they define mj to be

the solution to the convex program

min
mj∈Rp

1

n
mT
jX

TXmj

subject to ∥ 1
n
XTXmj − Ij∥∞ ⩽ γ,

where Ij is the j-th column of the identity matrix. The function to minimize

controls the variance of β̂d, while the function to minimize controls the bias

of β̂d. The approximation matrix M it will have as columns the m1, . . . ,mp

vectors obtained from the minimization problem. Starting from the definition

of a confidence interval, one can construct p-values for each component. Based

on many single p-values, is it possible to use standard procedures for multiple

testing adjustment to control for various type I error measures.
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2.3.2 Ridge Projection

An alternative approach to obtain valid p-values and confidence intervals in the

high-dimensional setting p > n is based on the ridge projection method. The

starting point is the ridge regression estimator, which is particularly attractive for

high-dimensional data since it has small variance but is biased. The key idea is

to correct ridge regression in order to remove the projection bias, so that valid

inference can be performed.

Let β̂ridge be the ridge estimator and β̂init a sparse initial estimator (e.g. the

lasso or scaled lasso). The ridge projection method defines the following debiasing

operator:

β̂dj = β̂ridgej −
∑
k ̸=j

[PX ]jkβ̂
init
k , (2.3)

where (PX)jk denotes the (j,k)-entry of the projection matrix PX =

XT (XXT )−X , with (XXT )− denoting the pseudo-inverse of the squared matrix.

Intuitively, the correction term removes the leakage induced by the projection of

βridge onto the row space of X, which would otherwise create spurious signal

under the null Hj0 : βj = 0.

Based on this representation, one can construct valid two-sided p-values for

testing the null hypothesis Hj0 : βj = 0. The p-value is defined as

pj = 2
(
1−Φ

(
(an,p;j(σ) |β̂

d
j |−∆j)+

))
,

where Φ(·) denotes the cumulative distribution function of the standard normal

distribution, an,p;j(σ) is the normalization factor, ∆j is a correction term that

accounts for the uncertainty due to the initial sparse estimator β̂init (Bühlmann,

2013, Section 2.4), and (·)+ denotes the positive part operator.

To address the problem of multiple testing, an alternative procedure is

proposed instead of relying on classical corrections. The key idea is to exploit

the Gaussian structure of the debiased estimator: the test statistics have a joint

distribution that is approximately known. Each p-value is then “recalibrated” by

comparing it to the distribution of the minimum p-value under the Gaussian

model.

Formally, one defines the distribution function

FZ(c) = P

(
min
1⩽j⩽p

2
(
1−Φ(an,p;j(σ)|Zj|)

)
⩽ c

)
,
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where Z ∼ Np(0,n−1σ2Ω) and Ω is the covariance matrix of the ridge estimator.

This corresponds to the distribution (which can be simulated) of the minimum

p-value under the null hypothesis. The corrected p-values are then defined as

p
adj
j = FZ(Pj + ζ), (2.4)

with a small constant ζ > 0.

The underlying principle is the same as in the minP procedure of Westfall &

Young (1993): each p-value is adjusted by comparing it to the distribution of the

minimum across tests. However, while in the minP procedure this distribution is

estimated via permutation, the ridge projection approach only requires simulating

correlated Gaussian variables, exploiting the known joint distribution of the

debiased statistics.





Chapter 3

Effective Score and Sign-Flip Inference in

GLMs

Hypothesis testing within regression frameworks is particularly vulnerable to

violations of standard distributional assumptions, notably those concerning

the variance of the error terms. In the classical linear model, the assumption

of homoscedasticity is often unrealistic. When it fails, conventional inference

methods may produce misleading conclusions, with test statistics exhibiting

either conservative or anti-conservative behavior.

Generalized linear models (GLMs), although more flexible than linear models,

are not exempt from these issues. Most commonly, GLMs rely on a single disper-

sion parameter across all observations, an assumption that may be inappropriate

in the presence of overdispersion or other forms of heterogeneity. In such cases,

standard parametric inference procedures may suffer from serious validity loss.

To mitigate the consequences of variance misspecification, several robust

approaches have been developed. One widely used method is to couple Wald-type

statistics with sandwich estimators, which provide asymptotically robust standard

errors under weak assumptions on the variance structure (White, 1982). Another

strategy involves generalized additive models for location, scale, and shape

(GAMLSS), which allow for a more nuanced modeling of the variance function

(Rigby & Stasinopoulos, 2005). However, both approaches may perform poorly in

small samples, often failing to adequately control the type I error rate.

In addition to heteroscedasticity, regression inference is also complicated

by collinearity among covariates. Such dependencies can induce confounding

effects, whereby the estimated impact of a variable of interest is biased due to its

correlation with unmeasured or uncontrolled predictors, potentially leading to

spurious findings.

21
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To address these challenges, Hemerik et al. (2020) and De Santis et al. (2025)

introduced a testing procedure based on sign-flipping of the individual contribu-

tions to the score function. The method operates on the additive decomposition of

the score and introduces random signs to each contribution, yielding a test statistic

that enjoys robust theoretical properties even under variance misspecification.

This approach is particularly appealing in scenarios involving multiple testing, as

it inherently accounts for dependencies among test statistics (Westfall & Young,

1993).

However, when nuisance parameters are estimated from the data, as is typical

in practice, the assumption of independence between score contributions is no

longer valid. This compromises the asymptotic validity of the sign-flip test. To

resolve this, the notion of the effective score has been proposed (Hall & Mathiason,

1990). This corrected score removes the influence of the nuisance parameters,

thereby reducing dependency and restoring asymptotic validity.

Building upon this idea, De Santis et al. (2025) developed a standardized

version of the sign-flip test, where the variance of the test statistic is estimated

conditionally on the applied sign flips. This standardization accelerates conver-

gence to the limiting distribution and substantially improves type I error control

in finite samples.

This chapter provides a derivation of the effective scoreand its implementation

within the framework of GLMs. We also discuss the properties and advantages

of the standardized sign-flip test.

3.1 Effective Scores: Theory and Motivation

3.1.1 Score Functions in Classical Hypothesis Testing

In large-sample settings, hypothesis testing is often based on three classical

methods: the likelihood ratio test, the Wald test, and the score test. Foundational

contributions by Wilks (1938), Wald (1943), and Rao (1948) established the asymp-

totic equivalence of these procedures under regularity conditions. Nevertheless,

their behavior may differ substantially in finite samples. In this chapter, we focus

primarily on the score test.

Let us first define some basic notation. Let y ∈ Y denote the observed data,

and let θ ∈ Θ ⊆ Rp be a p-dimensional parameter. The likelihood function is

denoted by L(θ;y), and the log-likelihood by l(θ) = logL(θ;y).
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Definition 3.1. The score function is the gradient of the log-likelihood:

u(θ) = ∇θl(θ) =

[
∂l(θ)

∂θ1
, . . . ,

∂l(θ)

∂θp

]T
.

The corresponding test statistic, known as the score test or Rao test, is given by:

Wu(θ) = u(θ)TI(θ)−1u(θ),

where I(θ) denotes the Fisher information matrix.

Definition 3.2. The observed information matrix is defined as:

J(θ) = −∇2θl(θ) =


−
∂2l(θ)

∂θ21
. . . −

∂2l(θ)
∂θp ∂θ1

... . . .
...

−
∂2l(θ)
∂θ1 ∂θp

. . . −
∂2l(θ)
∂θ2p

 ,

i.e., the negative of the Hessian matrix of the log-likelihood.

Definition 3.3. The Fisher information matrix is the expected value of the

observed information:

I(θ) = Eθ[J(θ)].

Theorem 3.1 (Information Identity). In regular parametric models, the Fisher

information equals the variance of the score function:

I(θ) = Eθ

[
u(θ)u(θ)T

]
.

An important property of the score function under simple random sampling

is its additive structure. Let u(θ) =
∑n
i=1 νi(θ) be the sum of individual score

contributions from n independent observations. Let νj denote the j-th component

of the score vector. Then:

νj =

n∑
i=1

νj,i = νTj 1n ,

where νj = (νj,1, . . . ,νj,n)T is the vector of individual contributions to the j-th

component, and 1n is an n-dimensional vector of ones. This decomposition is

fundamental for defining the sign-flip test.
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Following Hemerik et al. (2020), the basic score statistic across all observations

can be written as:

s(θ) = sθ =

[
n−1/2

n∑
i=1

νθ1,i, . . . ,n−1/2
n∑
i=1

νθp,i

]T
=
[
sθ1 , . . . , sθp

]T , (3.1)

which implies that the full score vector is scaled by n1/2:

n1/2sθ.

3.1.2 Projection-Based Correction of the Score

A central assumption in the sign-flipping method proposed by Hemerik et al.

(2020) is the independence of the individual score contributions νi.

Assumption 3.1. The random variables νi, i = 1, . . . ,n, are mutually independent,

have finite second moments, and satisfy the following Lindeberg-type condition:

for every ϵ > 0,

lim
n→∞ 1

n

n∑
i=1

E
[
ν2i · 1{|νi|>ϵ

√
n}

]
= 0.

Under Assumption 3.1, and assuming that H0 is a point null hypothesis, the

score contributions νi satisfy E[νi] = 0 under H0.

However, difficulties arise when nuisance parameters are present. Suppose

the parameter vector is partitioned as θ = (ψ,λ), where:

- ψ ∈ R is the parameter of interest;

- λ = (λ1, . . . , λk)T ∈ Rk is the vector of nuisance parameters;

- Yi ∈ R are independent and identically distributed according to pYi(yi;ψ,λ).

In practice, nuisance parameters must be estimated, commonly via maximum

likelihood under H0. This estimation induces correlation between the score

components for ψ and those for λ, thus violating the independence condition in

Assumption 3.1 even asymptotically.

To address this issue, Hall & Mathiason (1990) propose the effective score

statistic, which removes the linear dependence of sψ on sλ. It is defined as:

eψ = sψ − IψλI
−1
λλsλ, (3.2)

where:

- sψ is score for ψ;
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- sλ is the k-dimensional score for λ;

- Iψλ is the 1× k block of the Fisher information matrix representing the cross-

information between ψ and λ;

- Iλλ is the k× k Fisher information block for λ.

Let us define the following elements, essential for the derivation:

- νψ = (νψ,1, . . . ,νψ,n) ∈ Rn: the vector of individual score contributions for

ψ;

- e∗ψ = (e∗ψ,1, . . . , e
∗
ψ,n) ∈ Rn: the vector of individual effective score contribu-

tions;

- Nλ ∈ Rk×n: the matrix of score contributions for λ, where the j-th row

contains the contributions (νλj,1, . . . ,νλj,n), with j = 1, . . . ,k;

- I : the full Fisher information matrix, partitioned as:

I =

[
Iψψ Iψλ

Iλψ Iλλ

]
.

Conceptually, computing the effective score amounts to removing the projection

of νTψ onto the column space of NT
λ. That is,

e∗ψ
T = νTψ − PNTλ

(νTψ)

= νTψ − NT
λ(NλNT

λ)
−1Nλν

T
ψ.

Figure 3.1: Geometrical representation of the projection of νTψ onto the nuisance score
space. The residual vector defines the effective score.
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Recalling that an empirical covariance matrix estimator for a centered matrix

M ∈ Rn×p is Ĉov(M) = 1
nM

TM , we approximate (Scott, 2002):

Îλλ =
1

n
NλNT

λ, Îλψ =
1

n
Nλν

T
ψ.

Hence,

e∗ψ
T = νTψ − NT

λ(nÎλλ)
−1nÎλψ

= νTψ − NT
λÎ

−1
λλÎλψ.

Taking the transpose and using symmetry of the Fisher matrix:

e∗ψ = νψ − ÎψλÎ
−1
λλNλ.

Finally, summing over observations and normalizing:

n∑
i=1

e∗ψ,i =

n∑
i=1

νψ,i − ÎψλÎ
−1
λλ

n∑
i=1

νλ,i,

n−1/2
n∑
i=1

e∗ψ,i = n
−1/2

(
n∑
i=1

νψ,i − ÎψλÎ
−1
λλ

n∑
i=1

νλ,i

)
.

Thus, using Equation (3.1), we recover the effective score statistic in Equation (3.2):

eψ = sψ − ÎψλÎ
−1
λλsλ.

3.2 Effective Score Formulation in GLMs

In this section, we derive the effective score in the context of Generalized Linear

Models, following the construction introduced in De Santis et al. (2025).

Let {Yi}ni=1 be independent random variables whose distributions belong to an

exponential dispersion family. Each observation admits a density of the form:

p(yi; θi,ϕi) = exp
{
yiθi − b(θi)

ai(ϕi)
+ c(yi,ϕi)

}
, (3.3)

where:

- yi ∈ Y ⊆ R is the observed response;

- θi ∈ Θ ⊆ R is the canonical parameter;

- ϕi > 0 is the dispersion parameter;
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- ai(ϕi), b(·), and c(·) are known functions defining the family.

Under standard regularity conditions (Azzalini, 1996, Chapter 3), and assuming

ai(ϕi) = ϕi, the first two moments of Yi are:

E[Yi] = µi = b
′(θi), Var(Yi) = b

′′(θi) ·ϕi.

We assume that each µi depends on a set of explanatory variables (xi, zi) through

a link function g(·) such that:

g(µ) = η = xβ+Zγ ,

where:

- x = (x1, . . . , xn)T ∈ Rn is the covariate for the parameter of interest β ∈ R;

- Z ∈ Rn×k is the design matrix of covariates associated with nuisance

parameters γ ∈ Rk;

- η ∈ Rn is the linear predictor;

- µ ∈ Rn is vector of the means;

- g(·) is the link function.

The dispersion parameters ϕi are typically nuisance components. Estimating

them is challenging: unless specific structural assumptions are satisfied, consistent

estimation is not possible (Neyman & Scott, 1948). Nevertheless, under the

assumption that the link function g(·) is correctly specified, the estimators of β

and γ remain consistent even when ϕi is misestimated.

Let us now compute the score for β from the log-likelihood function. For a

single observation i, we define:

li(θ) =
yiθi − b(θi)

ϕi
+ c(yi,ϕi).

Using the chain rule, we compute:

∂li(θ)

∂β
=
∂li
∂θi
· ∂θi
∂µi
· ∂µi
∂ηi
· ∂ηi
∂β

=
1

ϕi
(yi − µi) ·

ϕi
Var(Yi)

· ∂µi
∂ηi
· xi

=
(yi − µi)

Var(Yi)
· ∂µi
∂ηi
· xi.
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Thus, summing over all observations, we obtain the full score:

νβ =

n∑
i=1

(yi − µi)

Var(Yi)
· ∂µi
∂ηi
· xi = xTDV −1(y −µ), (3.4)

where:

D
n×n

= diag

{
∂µi
∂ηi

}
and V

n×n
= diag{Var(yi)}, i = 1, . . . ,n.

Analogously, the score for the nuisance parameters is:

νγ = ZTDV −1(y −µ). (3.5)

We now compute the Fisher information blocks required for the effective score

in Equation (3.2). Focusing on the mixed term Iβγj :

Iβ,γj = E

[
−

n∑
i=1

∂2li(θ)

∂γj∂β

]

=

n∑
i=1

E

[
∂li(θ)

∂γj
· ∂li(θ)
∂β

]

=

n∑
i=1

E

[(
(yi − µi)

Var(yi)
· ∂µi
∂ηi
· zij
)
·
(
(yi − µi)

Var(yi)
· ∂µi
∂ηi
· xi
)]

=

n∑
i=1

E

[
(yi − µi)

2

Var(yi)2
·
(
∂µi
∂ηi

)2
· zijxi

]

=

n∑
i=1

(
∂µi
∂ηi

)2 zijxi

Var(yi)2
E
[
(yi − µi)

2
]

=

n∑
i=1

(
∂µi
∂ηi

)2 zijxi

Var(yi)

= xTDV −1DZ = xTWZ.

The full matrix form is:

I(β,γ) =

[
xTWx xTWZ

ZTWx ZTWZ

]
, (3.6)

where W = DV −1D.
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Inserting (3.4), (3.5) and (3.6) into the effective score formula, we obtain:

eβ = sβ − IβγI
−1
γγsγ

= n−1/2(νβ − IβγI
−1
γγνγ)

= n−1/2[xTDV −1(y − µ̂) −xTWZ(ZTWZ)−1ZTDV −1(y − µ̂)]

= n−1/2[xTDV −1/2V −1/2(y − µ̂) −xTW 1/2W 1/2Z(ZTWZ)−1ZTDV −1/2V −1/2(y − µ̂)]

= n−1/2[xTW 1/2V −1/2(y − µ̂) −xTW 1/2W 1/2Z(ZTWZ)−1ZTW 1/2V −1/2(y − µ̂)

= n−1/2xTW 1/2(I −W 1/2Z(ZTWZ)−1ZTW 1/2)V −1/2(y − µ̂)

= n−1/2xTW 1/2(I −H)V −1/2(y − µ̂), (3.7)

where:

- H = W 1/2Z(ZTWZ)−1ZTW 1/2 is the hat matrix associated with nuisance

covariates;

- µ̂ are the fitted means under H0 : β = β0.

Equation (3.7) provides the exact expression of the effective score in GLMs,

accounting for nuisance correction via projection on the nuisance score space.

3.3 Inference via Sign Flipping

In recent years, sign-flipping and permutation-based methods have gained

attention for hypothesis testing (Pesarin, 2001). These approaches are particularly

useful in regression contexts where standard parametric assumptions may not

hold.

In classical settings, permutation tests often require exchangeability or residual

symmetry (Winkler et al., 2014). For generalized linear models, which lack these

properties due to nonlinear link functions or heteroscedasticity, the approach

proposed by Hemerik et al. (2020) introduces a powerful alternative: testing via

random sign-flips of the individual score contributions. This method operates

directly on the additive decomposition of the score statistic, relying on the

property that, under the null, the mean of each score contribution is zero.

Specifically, it is assumed that the νi satisfy Assumption 3.1, which ensures

the test to be asymptotically exact.
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3.3.1 Test Statistic via Sign-Flipping

The idea is to compute a test statistic based on randomly flipping the signs of the

individual score contributions. Let:

ν = (ν1, . . . ,νn)T ,

be the vector of score contributions (e.g., basic scores or effective score). For the

unflipped data, define the original statistic as:

Tn1 = n−1/2
n∑
i=1

νi.

Let g1 = (1, . . . , 1) ∈ Rn be the unit vector (no flipping), and let g2, . . . ,gw ∈
{−1, 1}n be w− 1 independent sign vectors sampled uniformly at random. Then,

for j = 1, . . . ,w, define:

Tnj = n−1/2
n∑
i=1

gjiνi.

Let Tn[1−α] denote the empirical (1−α)-quantile of the collection {Tnj }
w
j=1. Then, a

level-α test rejects the null hypothesis if and only if :

Tn1 > T
n
[1−α].

The key theoretical justification is given by the following lemma and theorem

from Hemerik et al. (2020). For the proofs, please refer to the reference article

just cited.

Lemma 3.1. Suppose that, as n→∞, the vector (Tn1 , . . . , TnW) converges in distribution

to a vector of i.i.d. continuous random variables. Then:

P
(
Tn1 > T

n
[1−α]

)
→ ⌊αw⌋

w
.

Theorem 3.2. Under Assumption 3.1 and standard regularity conditions, the test based

on Tn1 and the sign-flipped reference distribution satisfies:

lim
n→∞ P

(
Tn1 > T

n
[1−α]

)
=
⌊αw⌋
w

.

Moreover, the statistics Tnj are asymptotically independent and Gaussian with mean zero

and variance limn→∞ s2.



Chapter 3. Effective Score and Sign-Flip Inference in GLMs 31

This result ensures asymptotic control of the type I error rate at the nominal

level, even when the data are not continuous, since the probability of ties vanishes

asymptotically:

lim
n→∞ P(Tnj = Tnl ) = 0, ∀j ̸= l.

3.3.2 Implementation of Flip Tests in GLMs

In De Santis et al. (2025), a matrix formulation of the sign-flipping test is presented

for GLMs. Let F be a diagonal matrix of random signs:

F = diag(f1, . . . , fn), fi
i.i.d.
∼ Uniform{−1,+1}.

Then, the sign-flipped version of the effective score for a given flip matrix F = F

becomes:

eβ(F ) = n−1/2xTW 1/2(I −H)V −1/2F (y − µ̂). (3.8)

Note that when F = I , we recover the original effective score from Equation (3.7).

Under the null hypothesis, the following approximations hold:

E[eβ(I)] = E[eβ(F)], Var[eβ(I)] − Var[eβ(F)]→ 0.

This formulation provides a robust testing procedure that adapts to the

correlation structure induced by the nuisance parameters, while avoiding direct

reliance on asymptotic normality of the unstandardized test statistic.

3.4 Standardized Effective Flip Score

As shown in Hemerik et al. (2020), the test statistic based on the sign-flipped score

contributions is asymptotically valid under mild assumptions. However, in finite

samples, its distribution can significantly differ from the reference distribution

obtained by random sign-flipping. In particular, De Santis et al. (2025) observe a

lack of second-moment null-invariance, a property that would ensure that both

the original and flipped statistics have the same variance under H0.

Although E[eβ(I)] = E[eβ(F)] under H0, in finite samples it holds that:

Var[eβ(I)] > Var[eβ(F)].
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This variance inflation leads to anti-conservativeness: extreme values of the

observed statistic eβ(I) are more likely than those generated under the null

distribution from the sign-flips, thus increasing the probability of false positives.

To correct for this mismatch, De Santis et al. (2025) introduce a standardized test

statistic, where each flipped score is divided by its estimated standard deviation,

conditional on the applied flip. This restores second-moment null-invariance and

improves finite-sample calibration.

The key to standardization lies in the computation of the conditional variance

of eβ(F), given the flip matrix F. The following result is central:

Lemma 3.2 (De Santis et al. (2025), Lemma 5). The variance of the sign-flipped score

is given by:

Var[eβ(F )] =
1

n
xTW 1/2(I −H)F (I −H)F (I −H)W 1/2x+ op(1).

We now define the standardized test statistic as:

e∗β(F ) =
eβ(F )

Var[eβ(F )]1/2
.

This statistic has mean zero and, by construction, unit variance up to op(1)

corrections. Importantly, standardization is performed conditionally for each

sign-flip configuration. The resulting test uses e∗β(F ) in the same way as eβ(F ),

comparing the unflipped standardized score to its empirical distribution under

random flips.

As a result, the standardized sign-flip test retains the advantages of its

unstandardized counterpart, robustness to variance misspecification, flexibility in

GLMs, and general applicability, while achieving better finite-sample type I error

control.



Chapter 4

Sign-Flip approaches for High-Dimensional

Linear Models

4.1 Introduction and Motivation

The ultimate goal of this thesis is to provide valid inference for all parameters

of the high-dimensional linear model. As a first step, in this chapter we focus

on testing a single regression coefficient at a time, denoted by β and associated

with the covariate of interest x. The remaining covariates are treated as potential

confounders Z with coefficients γ. Establishing rigorous inference for β in the

presence of high-dimensional Z is a crucial building block towards simultaneous

inference on the full parameter vector.

Consider the high-dimensional linear model

Y = xβ+Zγ + ε, ε ∼ Nn(0,σ2I), (4.1)

where Y ∈ Rn, x ∈ Rn is the variable of interest with parameter β ∈ R, and Z ∈
Rn×d are the confounders with coefficients γ ∈ Rd. We focus on d > n, so that

the usual projection matrix H = Z(ZTZ)−1ZT is not defined.

Two broad strategies can restore feasibility:

1. Penalized inversion (e.g., ridge): add a positive constant to the diagonal

of ZTZ so that the inverse exists. This induces bias and typically calls for

debiasing steps.

2. Selection of a subset of confounders: pick a subset of columns of Z so

that the projection is well-defined and the test on β has enough degrees of

freedom.

33
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We follow the second route, coupled with sign-flip inference, which is robust

to model misspecification and non-Gaussianity under invariance assumptions

(see Chapter 3). However, selection introduces two classical concerns:

• Screening property: the selected set should contain all truly active con-

founders for Y (and, in a relaxed form, those confounders that drive the

association between Y and x).

• Double dipping: using the same data to select and then to test may inflate

Type I error (cf. Chapter 2, Post-Selection Problem).

A natural remedy to double dipping is the multi-split approach (Meinshausen

et al., 2009), which splits the sample multiple times, aggregates p-values, and

guarantees family-wise or false discovery control under suitable conditions. We

do not adopt multi-split here for two reasons. First, in small samples the repeated

splitting substantially reduces effective power; second, the aggregation step can

be conservative when the signal is sparse and weak. Instead, we leverage a key

observation confirmed by our empirical evidence: if the variable of interest x

is not used in the selection of confounders and the screening property holds,

standard parametric tests (Wald, LR) and, in particular, our sign-flip test can retain

Type I error control. While we do not provide a full proof for all procedures in

this chapter, this guiding principle motivates our constructions and is supported

by simulations.

A second practical constraint concerns the rank of the design matrix in the

final low-dimensional regression used to build the sign-flip statistic. Suppose

n observations are available and, after selection, M confounders are included

together with an intercept and the variable of interest. In the final model, the

number of parameters to be estimated is M+ 2 (confounders and intercept plus

the coefficient β), in addition to the residual variance σ2. For the projection matrix

(I −H) to be well-defined and leave a non-degenerate residual space, we require

that

M ⩽ n− 3. (4.2)

This ensures that the residual space has dimension at least one (e.g., with n = 50

and M = 47, the residual dimension is 50− (47+ 1+ 1) = 1). This rank condition

is essential for the validity and numerical stability of the sign-flip procedure. We

propose three concrete procedures that combine selection and sign-flip inference:

lasso flipscores, SVD-lasso flipscores, and stepwise flipscores.
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For each method we state assumptions, the testing algorithm, and a conjecture

on asymptotic validity. Detailed proofs will be provided in Corbetta (2025).

Throughout, we let D = {1, . . . ,d} be the index set of confounders, D1 = {j ∈
D : γj ̸= 0} the truly active confounders for Y , and (when useful) Dx1 ⊆ D the

subset of confounders truly associated with x.

4.2 Selection of Confounders via Lasso

Lasso is a natural choice to enforce sparsity and reduce dimensionality before

testing. In our setting we exclude the variable of interest x from the selection step,

to mitigate post-selection bias on the target parameter β, and then test β in the

reduced model via a sign-flip statistic. This design aligns with the “no double use

of x” insight discussed above. Nevertheless, lasso selection may be unstable with

highly correlated confounders, and its active set can be sensitive to the penalty

level λ; these limitations motivate the SVD-based variant in Section 4.3.

Assumption 4.1 (Screening property). Asymptotically, all truly active confounders

for Y are selected:

lim
n→∞ P

(
D1 ⊆ A

)
= 1,

where A is the random active set returned by the selection procedure. A relaxed

version replaces D1 with D1 ∩Dx1.

Assumption 4.2 (Lasso regularity). Let Aλ = {j : γ̂λ,j ̸= 0} denote the noiseless-

lasso (van de Geer & Bühlmann, 2009) active set, where the noiseless-lasso is

defined as

γ̂λ = arg min
γ

1

2n
E
[
∥Y −Zγ∥22

]
+ λ∥γ∥1, (4.3)

as in Zhao et al. (2021, Equation 1.7). We require mild regularity to apply a

Lindeberg–Feller argument to the sign-flip statistic.

1. (Small omitted signal) ∥ZAcλ
γAcλ∥2 = o(1).

2. (Lindeberg condition) With r(F ) = (I −HAλ)F (I −HAλ)x,

lim
n→∞ ∥r(F )∥∞

∥r(F )∥2
= 0.

Algorithm. Let x = Qj be the variable of interest, β = δj, and Z = Q−j the

confounders (d = p− 1). Fix M satisfying constraint (4.2) and fix the number of

sign-flips B.
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Algorithm 4.1. Lasso Flipscores for a single variable of interest
Input: y ∈ Rn; design Q = [x Z].

Initialization: Generate F1, . . . ,FB with F1 = In.

1. Solve the lasso on Z (exclude x):

γ̂λ = arg min
γ

1

n
∥y −Zγ∥22 + λ∥γ∥1.

2. Choose λ̂ so that exactly M variables are active; let Zλ̂ be the selected columns and

HZλ̂
= Zλ̂(Z

T
λ̂
Zλ̂)

−1ZT
λ̂

.

3. For each b = 1, . . . ,B, compute the standardized statistic

elassoβ (Fb) =
xT (I −HZλ̂

)Fb(I −HZλ̂
)y√

Var
[
xT (I −HZλ̂

)Fb(I −HZλ̂
)y
] .

4. Collect the vector of test statistics

(
elassoβ (F1), elassoβ (F2), . . . , elassoβ (FB)

)
,

and compute the permutation p-value

plassoβ =
1

B

B∑
b=1

1
{
|elassoβ (F1)| ⩾ |elassoβ (Fb)|

}
.

Conjecture 4.1. If Assumptions 4.1 and 4.2 hold, then

elassoβ (F )
d
=⇒ N(0, 1),

and the test that rejects H0 : β = 0 when elassoβ (F1) exceeds the (1 − α) empirical

quantile of {elassoβ (Fb)}
B
b=1 is an asymptotically valid α-level test.

The lasso may fail to screen under strong collinearity, leading to either omitted

active confounders (inflating Type I error) or unnecessary inclusions (reducing

power). The sign-flip framework is robust to mild model deviations, but the

maximum number of variables constraint (4.2) must be enforced. Choice of M

trades power (smaller M) against error control (larger M).
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4.3 Selection of Confounders via SVD-Lasso

The instability of lasso under collinearity is particularly problematic in our context.

Since the lasso objective allows some bias in exchange for variance reduction, it

may entirely exclude variables that are strongly correlated with each other—even

if both are active. In classical prediction this is acceptable, but for our sign-flip

inference procedure we require an unbiased representation of Y under H0. Any

distortion in the residual structure undermines the validity of the test.

To mitigate this, we reparameterize the confounder space through the Singular

Value Decomposition Z = UDV T , obtaining orthogonal left singular vectors in

U . Writing ξ = DV Tγ, we consider

Y = xβ+Uξ+ ε. (4.4)

Selection is then performed on columns of U , which are orthonormal and often

yield more stable active sets. A structural caveat is that the signal of any single

original variable in Z is spread across multiple components, so an exact screening

property on the original scale is not attainable. Nonetheless, if the selected

components span the relevant confounding subspace well enough, the resulting

sign-flip test behaves favorably in finite samples.

Assumption 4.3 (SVD-Lasso regularity). Let Asvdλ denote the active set returned

by noiseless-lasso on U . Assume:

1. (Selection consistency on components) limn→∞ P(Âsvdλ = Asvdλ ) = 1.

2. (Small omitted signal in component space) ∥U(Asvdλ )cξ(Asvdλ )c∥2 = o(1).

3. (Lindeberg condition) With rsvd(F ) = (I −HAsvdλ
)F (I −HAsvdλ

)x,

lim
n→∞ ∥r

svd(F )∥∞
∥rsvd(F )∥2

= 0.

Algorithm. Fix M satisfying (4.2) and B permutations.
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Algorithm 4.2. SVD-Lasso Flipscores

Input: y ∈ Rn; Q = [x Z] with Z = UDV T ,

Initialization: Compute SVD Z = UDV T ; generate F1, . . . ,FB with F1 = In.

1. Solve lasso on U (exclude x):

ξ̂λ = arg min
ξ

1

n
∥y −Uξ∥22 + λ∥ξ∥1.

2. Choose λ̂ so that exactly M components are selected; let Uλ̂ be these columns, with

projection HUλ̂
.

3. For each b = 1, . . . ,B, compute

esvdβ (Fb) =
xT (I −HUλ̂

)Fb(I −HUλ̂
)y√

Var
[
xT (I −HUλ̂

)Fb(I −HUλ̂
)y
] .

4. Collect (
esvdβ (F1), . . . , esvdβ (FB)

)
,

and compute the p-value as in Algorithm 4.1.

Conjecture 4.2. If Assumption 4.3 holds, then

esvdβ (F )
d
=⇒ N(0, 1),

and the permutation test is asymptotically valid.

The SVD-lasso gains stability in collinear settings, at the cost of an imperfect

screening property in the original variable space. Finite-sample performance is

encouraging in simulations, though a full theoretical justification remains open.

4.4 Selection of Confounders via Stepwise Procedure

While stepwise regression is often criticized for its greedy nature and potential

overfitting, it remains popular in applied fields. Here we adapt it to the flipscores

framework, using AIC to penalize complexity. The procedure iteratively adds or

removes covariates to minimize AIC until reaching exactly M selected variables,

excluding the variable of interest.

Algorithm. Fix M ⩽ n− 3 and B.
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Algorithm 4.3. Stepwise Flipscores
Input: y ∈ Rn; Q = [x Z].

Initialization: Generate F1, . . . ,FB.

1. Run stepwise selection on Z, by minimizing

AIC = 2k+n log
(
∥(I −H)y∥22

n

)
,

until exactly M covariates are selected. Denote them ZM̂ with projection HZM̂
.

2. For each b = 1, . . . ,B, compute

e
step
β (Fb) =

xT (I −HZM̂
)Fb(I −HZM̂

)y√
Var

[
xT (I −HZM̂

)Fb(I −HZM̂
)y
] .

3. Collect (
e
step
β (F1), . . . , e

step
β (FB)

)
,

and compute the p-value as before.

Conjecture 4.3. We conjecture that if (i) the stepwise procedure asymptotically includes

all active confounders with probability tending to one, and (ii) the omitted signal is

asymptotically negligible, then the stepwise flipscores test has asymptotically correct level.

A stronger condition, as a substitute for point (i) in Conjecture 4.3 the stepwise

procedure asymptotically includes all active confounders as the first component.

This implies that the selection based on the AIC is sign-invariant in ε. However,

stepwise lacks the convex-analytic guarantees of lasso, and its theoretical analysis

remains challenging; we leave this for future work (Corbetta, 2025).

4.5 Multiple Testing Extension

The flipscores framework naturally extends to simultaneous testing of all regres-

sion coefficients δj in the full high-dimensional model. For each j = 1, . . . ,p, we

treat Qj as the variable of interest and Q−j as confounders, apply one of the

selection routines above, and compute test statistics. To control the family-wise

error rate, we adopt the MaxT correction.
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Algorithm 4.4. Multiple testing extension with MaxT correction
Input: Response y; design Q = [Q1, . . . ,Qp]; chosen selection routine; model

size M ⩽ n− 3; sign-flips B.

Initialization: Generate F1, . . . ,FB.

1. For each j = 1, . . . ,p:

(a) Apply the selected procedure (lasso, SVD-lasso, or stepwise) with x = Qj.

(b) Obtain the vector (
e
j
β(F1), e

j
β(F2), . . . , e

j
β(FB)

)
.

2. Stack all results into the B× p matrix
e1β(F1) e2β(F1) . . . e

p
β(F1)

e1β(F2) e2β(F2) . . . e
p
β(F2)

...
...

. . .
...

e1β(FB) e2β(FB) . . . e
p
β(FB)

 .

3. For each j, compute the adjusted p-value

p
adj
j =

1

B

B∑
b=1

1

{
|e
j
β(F1)| ⩽ max

1⩽ℓ⩽p
|eℓβ(Fb)|

}
.

The use of a common set of sign-flip matrices ensures the joint null distribution of

all test statistics is preserved. This permits strong control of the family-wise error

rate via MaxT, analogously to permutation-based multiple testing in classical

designs.

4.6 Discussion

We have proposed three variants of the flipscores procedure for high-dimensional

settings: lasso, SVD-lasso, and stepwise. Each balances the screening property

and practical feasibility differently. Our conjectures suggest that, under suitable

conditions, the resulting sign-flip tests are asymptotically valid. Establishing

rigorous proofs and optimal choice ofM are left to ongoing work. Importantly, the

methods are immediately applicable in practice and their empirical performance

is explored in Chapter 5.
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Simulation

In this chapter we present the empirical results of the simulation study. We

distinguish between two main settings: the case where a single hypothesis is

tested and the case where multiple hypotheses are tested simultaneously.

5.1 Single hypothesis testing

The first aim of our simulation study was to evaluate empirically the control

of type I error and the power of the competing procedures. We considered

the following settings, with two levels of signal-to-noise ratio (SNR), namely

SNR = {1, 5}:

A. A simulated dataset with n = 50, p = 100, and a design matrix drawn from

a centered multivariate normal distribution with equicorrelated covariance

structure, i.e. Cov(xi,xj) = ρ, ∀i ̸= j, i, j = 1, ...,p, with ρ = {0.3, 0.7};

B. As in A, but with a Toeplitz covariance structure, Cov(xi,xj) = ρ
|i−j|, ∀i ̸=

j, i, j = 1, ...,p.

For every setting we fixed the number of active variables |D1| = 5, with

coefficient values equal to 5. Each configuration was repeated 1000 times. In each

simulation we randomly selected one variable from the active set D1, tested it,

and used the result to compute the power. Likewise, we randomly selected a

variable from the inactive set to estimate the empirical type I error.

To implement the various methods, we fixed the following parameters:

• debiased lasso (van de Geer et al., 2014; Zhang & Zhang, 2013): we employed

the lasso.proj() function from the hdi (High-Dimensional Inference) R

41
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package (Ruben Dezeure et al., 2015). For the initial coefficient estimation,

we used the scaled lasso (Sun & Zhang, 2012);

• Ridge Projection (Bühlmann, 2013): we employed the ridge.proj() function

from the hdi package. As in the previous case, the scaled lasso was used for

the initial estimation. For the ridge penalty parameter we set λridge = 1/n,

following the recommendation in Bühlmann (2013, Section 5);

• lasso flipscores: we fixed the number of selected variables at Mlasso = 10;

• SVD-lasso flipscores: we fixed the number of selected components at

MSVD−lasso = 30;

• stepwise flipscores: we fixed the number of selected variables atMstepwise =

10. The selection proceeded in both directions (forward and backward),

starting from the null model containing only the intercept.

In the Toeplitz scenario with ρ = 0.3 (top row of Figure 5.1), all methods

follow the theoretical rejection curve very closely. Even at higher signal-to-noise

ratio (SNR=5), the empirical rejection probabilities remain well aligned with

the diagonal, indicating correct calibration. Notably, the three flipscores-based

procedures behave as expected, with no sign of error inflation or excessive

conservativeness, supporting their finite-sample validity beyond the asymptotic

arguments developed earlier.

In the equicorrelated design (Figure 5.2), the situation is less favorable. The

lasso flipscores departs substantially from the theoretical benchmark, showing

severe anti-conservativeness that worsens as correlation increases. This confirms

that the instability of lasso-based selection under strong dependence translates

into poor inferential calibration.

Both ridge projection and the debiased lasso lose accuracy, tending to become

too liberal. By contrast, the stepwise flipscores displays the most reliable

alignment with the theoretical curve, suggesting that its selection mechanism is

more robust to the dependence structure of the design matrix.

Figure 5.3 zooms in on the nominal level α = 0.05, reporting the empirical type

I error rates across scenarios. In the Toeplitz design, all methods control the error

well, with values close to the nominal threshold across both SNR levels. This

indicates that the Toeplitz correlation structure is less challenging for calibration.

The equicorrelated design, instead, highlights more striking differences. Here

the lasso flipscores clearly loses control, with type I error rates well above 5%,
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Figure 5.1: Empirical rejection curves under Toeplitz design for different correlation and
SNR levels. The dashed line corresponds to the theoretical behaviour.
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especially as correlation increases. Ridge projection and the debiased lasso also

display mild anti-conservativeness, overshooting the nominal threshold. By

contrast, the SVD-lasso and stepwise flipscores remain close to the theoretical

level, demonstrating robustness even under strong dependence.
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Figure 5.3: Empirical type I error rates. The dashed lines correspond to α = 0.05 and to
the upper bound at level 95%, α+ 1.96

√
α(1−α)/1000.

Figure 5.4 reports the empirical power. The contrast with type I error results

is immediate: the debiased lasso and ridge projection achieve the highest

power across settings, although this advantage is partly explained by their

anti-conservative behaviour in the equicorrelated case. Among the valid methods,

the stepwise flipscores is the only competitor with comparable performance,

balancing power and validity.
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The SVD-lasso flipscores shows very low power in single-test settings. This is

plausibly due to the way the signal is distributed across components, together

with the fixed choice of 30 components in the selection step. The lasso flipscores,

while sometimes competitive in terms of power, cannot be considered reliable

because of its inflated type I error under equicorrelation.
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Figure 5.4: Empirical power under equicorrelated and Toeplitz designs for different
correlation and SNR levels. Dashed lines correspond to the methods that do not control
the Type I error in the respective setting proposed in Figure 5.3.

In summary, the simulations confirm a persistent trade-off between validity

and sensitivity. Methods with inflated rejection rates naturally show higher

power, while those that control the error correctly, such as stepwise flipscores,

sacrifice some detection ability. The SVD-lasso flipscores in particular illustrates
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how dimensionality reduction choices can directly affect the balance between

robustness and power.

5.2 Multiple hypothesis testing

After studying the single-test behaviour, we turn to the multiple testing problem,

which is of primary interest. We excluded the lasso flipscores from this part of the

study, due to its instability across scenarios. For ridge projection and debiased

lasso, we used the built-in multiple testing corrections presented in Equation (2.4);

for our flipscores methods we adopted the maxT correction (Westfall & Young,

1993).

The simulation settings remain the same as before. We fixed the sample size,

number of variables, number of active variables and coefficient values as above,

focusing on the Toeplitz covariance structure with ρ = {0.3, 0.7} and SNR = {3, 7}.

Each configuration was repeated 1000 times.

We first examined whether the procedures provide strong control of the nomi-

nal family-wise error rate (FWER). The FWER was computed as the proportion

of simulations in which at least one false rejection occurred. Figure 5.5 reports

the results at the 5% level. The differences are stark: the debiased lasso performs

very poorly, with error rates exceeding 20% in all cases.

By contrast, the flipscores-based methods succeed in controlling the FWER.

stepwise flipscores and ridge projection appear conservative, with empirical

values below the nominal threshold. The SVD-lasso flipscores stays closer to

the target level, balancing validity and conservativeness. Overall, these results

reinforce the robustness of the flipscores framework in multiple testing, in contrast

with the instability of the debiased lasso.

We then computed power as the mean proportion of true rejections across

simulations. Figure 5.6 shows the results. Excluding the debiased lasso, which is

invalid due to its inflation of false positives, the comparison broadly confirms

the single-test findings. The SVD-lasso flipscores again exhibits very low power,

reflecting its limitations when the signal is spread across components.

The stepwise flipscores, while less powerful than ridge projection, achieves

satisfactory results, striking a balance between error control and sensitivity.
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Figure 5.5: Family-wise error rate (FWER) at the 5% level. The dashed lines correspond
to α = 0.05 and to the upper bound at level 95%,α+ 1.96
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Figure 5.6: Empirical power in the multiple testing setting under Toeplitz design. Dashed
lines correspond to the methods that do not control the FWER in the respective setting
proposed in Figure 5.5.
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5.2.1 Computational time comparison

Tables 5.1–5.2 report the median, mean and standard deviation of computational

times across methods. SVD-lasso and stepwise flipscores were both implemented

using parallel computation on 6 cores, so as to mitigate the computational burden

arising from the sequential structure of their algorithms. Ridge projection is by

far the fastest, with negligible execution times in all scenarios. The debiased lasso

and SVD-lasso require slightly more computation, but remain within a modest

range (around 10 seconds on average). stepwise flipscores, on the other hand,

is two orders of magnitude slower, with average times above two minutes and

noticeable variability, especially under higher correlation. This result stresses

the trade-off between computational efficiency and statistical robustness: while

stepwise selection offers competitive inferential properties, its practical usability

may be limited by its computational burden.

ρ = 0.3 ρ = 0.7

median mean std. dev. median mean std. dev.

debiased lasso 9.5 11.0 2.7 8.8 9.0 0.9
Ridge Projection 0.3 0.3 0.1 0.3 0.3 0.1
SVD-lasso 11.0 11.1 0.8 10.4 10.7 0.7
stepwise 120.6 121.7 3.0 129.6 129.3 9.7

Table 5.1: Computational times (in seconds) for SNR = 3.

ρ = 0.3 ρ = 0.7

median mean std. dev. median mean std. dev.

debiased lasso 9.8 10.8 2.3 8.8 8.8 0.2
Ridge Projection 0.3 0.3 0.1 0.3 0.3 0.1
SVD-lasso 11.4 11.4 1.1 10.4 10.5 0.6
stepwise 120.7 122.3 3.4 121.9 126.6 31.9

Table 5.2: Computational times (in seconds) for SNR = 7.
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Conclusion

The research presented in this thesis has the aim to propose a new method to

deal with the problem on how to obtain valid inference when the number of

predictors is larger than the number of observations. In such situations, the

classical tools of regression analysis, such as least squares estimation, no longer

provide reliable results. The problems of the bias caused by naïve post-selection

inference approaches and multiple testing inflation can lead to false discoveries

in research areas where they often occur.

The work has introduced a permutation-based methodology that combines

effective scores with sign-flip inference. The key idea from an empirical point

of view is the removal of the variable of interest from the selection step: it

seems that one can evade the double–dipping problem, and by approximating

the null distribution through random sign flips, it is possible to build a test

that remains valid under mild assumptions. In addition, the procedure is

specifically designed for high-dimensional contexts, utilising selection methods

and a correction method for multiple tests based on resampling methods, the

maxT procedure.

One of the main contributions of this thesis was to adapt and extend the

sign-flip method to high-dimensional linear models. To do this, the work included

a selection step for choosing potential confounding factors, exploring three

methods: lasso selection, lasso selection after performing an SVD, and stepwise

selection. A fundamental feature of the approach is that the variable being tested

is left out of the selection step. This might seem like a small detail, but it makes a

big difference: By avoiding the use of the same variable for both model selection

and inference, the method appears to mitigate post-selection bias, helping to

ensure that the final inference remains valid.

51
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From an empirical point of view, the thesis has relied on an extensive set of

simulations in order to assess the performance of the proposed procedures. The

various scenarios have provided the opportunity to explore different correlation

structures among predictors, a variety of signal-to-noise ratios, as well as both

single-hypothesis and multiple-hypothesis. The results confirmed that the

methods are capable of maintaining control of Type I error in almost every setting

tried. One conclusion is that the stepwise based sign flipping methods achieved

competitive power compared to established alternatives. At the same time, the

comparison across selection strategies revealed that their relative merits depend

on the data-generating mechanism, providing useful guidance for practical

applications.

Finally, the practical relevance of the framework has also been emphasized,

proving that the procedures can be implemented with a computational effort that

is reasonable in most high-dimensional contexts of interest. Because they are

robust to model misspecification and rely on few distributional assumptions, these

procedures appear particularly suitable for applied settings such as genomics,

neuroscience, and epidemiology, where reliable inference in the presence of a

large number of predictors is one of the most important requests.

The simulation study has provided several insights. First, the importance of

avoiding the variable under test in the selection step was confirmed to maintain

the control of the type I error in our procedures. Second, the comparison

between lasso, SVD-lasso, and stepwise procedures showed that the latter, overall,

performed best, achieving both single-test and FWER control, while also obtaining

power comparable to competing methods.

However, the proposed framework is not without limitations. Its finite-sample

performance is still influenced by the choice of confounder-selection algorithm,

showing the importance of this step. Moreover, while the simulations provided

strong empirical support, a complete set of theoretical guarantees for all the

proposed variants is still lacking. In addition, due to the use of permutations

and, in particular, of a procedure that tests one variable at a time, the proposed

methods have non-negligible computational costs that must be taken into account

in their application.

The main power of this method is its extendability. Extending the proposed

framework beyond the linear model, for instance to generalized linear models, is

a natural step. Another promising line of work is to strengthen the theoretical

results and clarify under which precise conditions the validity of the tests is
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ensured in finite samples, and consequently also to explore alternative selection

methods that may achieve a better trade-off between computational time and

power, while still maintaining error control. Another avenue is that, being a

permutation-based method, there is the possibility, in the multiple testing context,

to refine this approach to directly control the False Discovery Proportion, rather

than the FDR or FWER, through recently developed post-hoc methods that adapt

to the correlation structure of the test statistics, such as NoTip (Blain et al., 2022)

or pARI (Andreella et al., 2023).

The results presented here suggest that permutation-based approaches, when

carefully designed, can offer a viable and reliable alternative to more traditional

inferential methods. They provide a way to maintain error control without relying

heavily on asymptotic approximations or restrictive assumptions, and therefore

have the potential to contribute significantly to the reliability of scientific findings

in high-dimensional contexts.
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