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Abstract

In this thesis, we present a novel heuristic for solving delete-free AI planning problems.
Delete-free planning, where actions do not remove facts from the world state, offers a
simplified yet meaningful subset of classical planning. Our proposed heuristic estimates,
for each action, the cost of the shortest path required to reach a goal fact. This is
complemented by a pruning strategy that identifies and excludes actions which do not
contribute to achieving the goal.

We evaluate our method against established primal heuristics on a comprehensive
set of benchmark problems. The results demonstrate that our method achieves superior
performance, solving the most instances and producing higher-quality plans with greater
stability across random seeds. While iterative refinement techniques showed limited gains,
the core heuristic proves to be a highly effective constructive method for delete-free plan-

ning.
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Chapter 1
Introduction

Automated Planning (or Al Planning) is a core subfield of Artificial Intelligence. It enables
intelligent agents to reason about actions and outcomes to achieve long-term objectives.
It plays a vital role in applications such as robotics, autonomous systems, logistics, and
game Al, where efficient generation of high-quality plans is essential. These real-world
scenarios demand algorithms that can generate high-quality plans efficiently under various
constraints.

A planning problem, in general terms, can be defined as the task of finding a sequence
of actions that leads from a given initial state to a desired goal state. While several
formal models exist for defining planning problems, this thesis adopts the SAS™ formalism
defined in Definition

Definition 1.0.1 (SAST Planning Task). A SAS* planning task is a 4-tuple I1 =

(V, s0, S+, A) with the following components:

e V: finite set of state variables v, each with finite domain dom(v)
e so: variable assignment defining the initial state
e s,: partial variable assignment defining the goal

e A: finite set of actions (or operators), where each action a € A has the following

components:

— Preconditions pre(a): partial variable assignment
— Effects eff(a): partial variable assignment

— Cost cost(a): non-negative real number

For an action a € A to be applicable, all of its preconditions pre(a) must be satisfied

in the current state. Once applied, its effects eff(a) are used to update the current state
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accordingly. In this context, a fact is defined as the assignment of a value to a state
variable, i.e., an expression of the form v = d with v € V and d € dom(v). Thus, a state
can be regarded as the set of facts that are satisfied simultaneously. The solutions to

planning problems are called plans, and they are formally defined in Definition [I.0.2]

Definition 1.0.2 (Plan). A plan for a planning problem is a sequence of actions occurring
as labels on a path from the initial state to a goal state. The cost of a plan (a1, as, ..., a,)

is Y " | cost(a;). A plan is optimal if it has minimal cost.

The class of problems considered in this thesis is a relaxation of the general SAS™
model, referred to as delete-free planning. In the standard formalism, applying an action
may overwrite existing facts: for instance, if a variable v currently satisfies v = d, an effect
setting v = d' implicitly deletes the previous assignment. In contrast, in the delete-free
setting, actions never remove facts. Once a fact becomes true, it remains true for the rest
of the plan, even if the same variable is later assigned a different value. As a consequence,
states are monotonic and may contain multiple values for the same variable, distinguish-
ing them from those of the original planning problem. This structural property simplifies
reasoning about reachability and reduces the complexity of exploring the search space,
while still retaining much of the problem’s inherent difficulty.

Optimal planners, such as Fast Downward, are guaranteed to find the best possible solu-
tion to a planning task, but they can be computationally expensive. Such planners rely
on a core search algorithm named A*. Specifically, A* selects actions by minimizing the

function

f(n) = g(n) + h(n)

where g(n) is the cost required to reach node n, and h(n) is a heuristic function that
estimates the cost to reach the goal state from n. A heuristic is called admissible if it
never overestimates the true cost to reach the goal. By expanding nodes in order of in-
creasing f(n), A* always explores the most promising states first, and when an admissible
heuristic is used, it is guaranteed to return an optimal solution.
While heuristic functions serve as estimators within search algorithms like A*, this thesis
instead focuses on primal heuristics—constructive strategies that directly generate feasi-
ble plans. These methods aim to efficiently produce solutions of good quality, even though
they do not guarantee optimality. Designing effective primal heuristics for delete-free do-
mains is a key area of study, especially when exact methods become impractical due to
problem complexity.

After outlining the experimental methodology, the thesis presents several well-known



primal heuristics for delete-free planning, together with the implementation of a novel
approach. All algorithms are evaluated in terms of solution quality across a range of
benchmark instances. In addition, the study explores the impact of randomization on

performance and investigates refinement strategies aimed at improving initial solutions.






Chapter 2

Methodology

This chapter outlines the methodological approach used to compare the selected algo-
rithms. Several algorithms and variations were implemented in this thesis. Some were
chosen solely as baselines for the experiments, such as Random and Greedy. As their
names suggest, the former selects a random action at each iteration, while the latter al-
ways chooses the action with the minimum cost. The A™®* heuristic [1] is one of the most
important heuristics in delete-free planning. A revised version of this heuristic, incor-
porating a pruning logic, is proposed in this work. Additionally, a novel heuristic was
developed, which assigns to each action the cost of the shortest path to reach the goal
state and then selects the action that is closest to the goal.

The experiments were conducted on a testbed containing 3,104 domain-independent in-
stances. Each algorithm was run on every instance with 10 different random seeds, re-
sulting in 31,040 runs per algorithm. A time limit of 60 seconds was set for each run. All
experiments presented in this thesis were conducted on a computing cluster maintained
by the Operations Research group at the Department of Information Engineering (DEI),
University of Padova. The cluster consists of 15 identical blades, each equipped with an
Intel(R) Xeon(R) CPU E5-2623 v3 @ 3.00GHz, 16GB of RAM, and running Fedora 37.
The algorithms were compared in terms of solution cost, where a lower cost indicates a
better solution. To evaluate the effectiveness of the algorithms, a cumulative distribution
plot is used. The concept of the primal gap, originally defined in the context of Mixed
Integer Programming (MIP) (see Definition [2], is adapted here to quantify the

quality of solutions across algorithms.

Definition 2.0.1 (Primal Gap). Let X be a solution for a problem, and X,,; be an optimal

(or best known) solution for that problem. We define the primal gap v € [0,1] of X as
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follows:
0, if |cT:%opt| = |1z = 0,

v(X) =<1, if TZop - T2 <0,

|cTiopt —cTz|

maz{[cT Zopt|JTE]} else.

An algorithm that finds the best solution for a given instance will exhibit a primal
gap of zero. For all other algorithms, the primal gap approaches zero as the solution
quality approaches the best known, and approaches one as it deviates further from it. For
each algorithm, a cumulative distribution plot is generated by plotting the percentage
of instances on which the algorithm has a primal gap below a given threshold. A more

detailed explanation of this analysis will be provided in the following sections.



Chapter 3
Proposed Approaches

Heuristics are algorithms to determine a near-optimal solution to a problem. In cer-
tain scenarios, exact methods are unable to provide the optimal solution in a reasonable
amount of time, or may fail entirely due to memory limits. In contrast, a heuristic is
generally capable of offering a solution that is more or less close to the optimal one.
While there is no assurance regarding the optimality of the provided solution, it may
still be considered acceptable in some instances. This chapter focuses on explaining the
algorithms developed, while the following one presents their evaluation.

Before presenting the algorithms, it is useful to introduce a fundamental function used
by all of them. An action is applicable only if all its preconditions are satisfied in the
current state. When applied, it produces a new state by adding its effects to the current

one. The pseudocode for this function is shown in Algorithm [I}

Algorithm 1 Apply
Output: newState

1. procedure APPLY (currentState, actionToApply)
2 newState <— COPY(currentState)

3 for all fact € actionToApply.ef fects do

4 if fact ¢ newState then

5: newState <— newState U { fact}

6 end if

7 end for

8 return newState

9: end procedure

To illustrate the behavior of the heuristics, a simple planning instance is introduced

as a running example throughout this chapter.

Definition 3.0.1 (Running Example). The instance consists of an initial state s;, a goal

state s,, a set of intermediate states si, ..., si3, and a set of actions ay, ..., a5, each with
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uniform cost 1. Each state can take only two values, true or false, and each action has
exactly one precondition and one effect. An action can be applied only if its precondition

state is true; once applied, its effect state becomes true as well.

The structure of the instance is shown in Figure [3.I] It is represented as a graph,
where each circle denotes a state and each edge corresponds to an action. Although the
edges are drawn as undirected, each action conceptually represents a transition from its
precondition to its effect. For example, action a, is applicable in s;, and its effect is
to reach sy. Subsequent figures reuse this example to highlight the differences among

heuristics, with each edge labeled by the corresponding heuristic cost.

Figure 3.1: Running Example

3.1 Random

This is the simplest algorithm implemented, and it is used as a baseline for the evalua-
tion. At each iteration, it applies a random action from the applicable ones. It is not a
sophisticated or informed solution but this strategy can be useful in some cases because,
by chance, a good plan may be found. Algorithm [2] shows the pseudocode for it.

It is important to notice that if possible Actions is empty, then a solution to the planning
task cannot exist. As said in Chapter [T the problems are delete-free—once a fact becomes
true in the current state, it remains true until the end. Therefore, if there are no actions to
apply, it does not mean that the algorithm has reached a dead end that could be avoided
by applying different actions in a different order. Rather, it indicates that no sequence of

actions can lead to the goal state, and therefore no plan exists. The natural evolution of



Algorithm 2 Random
Output: solution

1: procedure RANDOM(planningT ask)

2 currentState <— planningTask.initial State

3 solution < | | > Initialize empty solution
4 while planningTask.goalState  currentState do

5: possible Actions <— {a € A | pre(a) C currentState}

6 if EMPTY(possibleActions) then

7 return failure > Infeasible problem
8 end if

9: actionToApply < RANDOMCHOICE(possible Actions)

10: currentState <— APPLY (currentState, actionToApply)

11: APPEND(solution, actionToApply)

12: end while

13: return solution

14: end procedure

this approach is to avoid choosing randomly the next action to apply and, instead, use a

strategy to select the action that is more likely to lead to a better plan.

3.2 Greedy

A greedy algorithm is a heuristic that attempts to find an optimal solution by selecting
the locally best possible choice at each iteration. For instance, in our case, the next action
to apply will always be the one with the minimum cost. In the case of a tie, a random
action among those with the same cost will be chosen. Algorithm [3|shows the pseudocode

for this algorithm. The omitted parts are identical to those in Algorithm [2|

Algorithm 3 Greedy
Output: solution

procedure GREEDY (planningT ask)

1:

2 e

3 possible Actions < {a € A | pre(a) C currentState}
4 if EMPTY (possibleActions) then
5: return failure
6 end if

7 actionToApply < MINIMUMCOSTACTION (possible Actions)
8

9:

end procedure

Instead of randomly choosing the next action to apply, here the action with minimum

cost is always selected. For this and all subsequent algorithms, if multiple eligible actions



share the same minimum (heuristic) cost, one of them is selected at random.

3.3 Revised h'™** Heuristic

The h™** heuristic is one of the most well-known delete-relaxation heuristics in the lit-
erature. It is an admissible heuristic, meaning that it never overestimates the cost of
reaching the goal. A formal definition is given in Equations [3.1] and [3.2]

o 0 ifpes
R (pys) = q ' (3.1)
mingeo@p) [ (a;s)]  otherwise
where h™** (p; s) stands for an estimate of the cost of achieving the fact p from the
current state s, O (p) is the set of actions {a € A | p € eff(a)}, and

h (a; s) == cost(a) + maXyepre(a) [ (q, 5)] (3.2)

stands for the cost of achieving the preconditions of an action a and applying it.
The idea behind the use of this heuristic is similar to that of the Greedy approach.
While in the Greedy approach the action with the minimum actual cost is chosen, in
this case, the action with the minimum heuristic cost is selected at each iteration. This
thesis presents an implementation of the h™** heuristic that goes a step further. By
definition, any action applicable in the current state has a heuristic cost equal to its own
cost, since all its preconditions are satisfied—regardless of whether the action is actually
useful for reaching the goal state or not. The implemented version performs a technique
called pruning, which consists of assigning an infinite cost to useless actions—indicating
that these actions are not helpful in finding a good plan. As a result, such actions are
effectively excluded from consideration when selecting the next action to apply, while the
remaining ones retain their correct heuristic cost. The pseudocode for this algorithm is
presented in Algorithm [ and [5]

Starting from each fact in the goal state, HMAX is invoked to perform backward cost
propagation. Through this process, actions that do not contribute to achieving the goal
will implicitly retain their initial cost of +oo, effectively marking them as useless. When
selecting the next action to apply, any action with infinite cost is ignored, and the one
with the lowest heuristic cost among the remaining options is chosen.

Figure illustrates the behaviour of the Ah™* heuristic without the pruning technique.
When the heuristic is applied from the initial state, the actions ay, as, and ag are all

deemed applicable and assigned heuristic costs equal to their actual cost. However, since
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Algorithm 4 A™** heuristic

Output: minHcost

1:
2
3
4.
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:

procedure HMAX(currentState, fact)

if fact € currentState then

return 0 > Base case
end if
actions <— {a € A | fact € eff(a)} > Get all the actions having fact as effect
if EMPTY (actions) then

return +oo > The fact is unreachable
end if

minH cost < +oo
for all action € actions do
maxCost < 0
for all pre € action.preconditions do
maxCost <— MAX(maxCost, HMAX (currentState, pre))
end for
action.hCost < action.cost + maxCost
minH cost < MIN(minH cost, action.hCost)
end for
return minH cost

19: end procedure

Algorithm 5 Greedy search with h™®* heuristic

Output: solution

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:

procedure GREEDYHMAX(planningT ask)

for all a € A do
a.hCost < +o0 > Initialize actions’ heuristic cost
end for
estimatedCost < 0
for all goal € planningTask.goalState do
estimatedCost < MAX(estimatedCost, HMAX (currentState, goal))
end for
possible Actions <— {a € A | pre(a) C currentState}
if EMPTY (possibleActions) then
return failure
end if
actionToApply <— MINIMUMHCOSTACTION (possible Actions)

16: end procedure
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multiple actions have the same cost, the tie-breaking mechanism (e.g., random choice)
may lead the planner to select a suboptimal branch—such as choosing a; or as— which

does not contribute toward reaching the goal efficiently.

Figure 3.2: Running example evaluated with the h™* heuristic (without pruning)

Figure (3.3 shows the same planning instance, but this time using the A™** heuristic
augmented with the pruning technique. Here, actions that do not contribute to achieving
the goal are implicitly assigned a heuristic cost of +00. As a result, the planner deter-
ministically selects as from the initial state, as it is the only action with a finite cost.
The heuristic is recomputed after each action, updating costs based on the new state.
This guided progression ensures that only goal-relevant actions are considered. For this
instance, a possible suboptimal plan that the pruning-enhanced heuristic might produce
is (ag, ag, a0, a13, a15). This occurs because, from state sg, both ajg and a;; have the same
heuristic cost of one, so the decision between them is made randomly.

As previously mentioned, any action that can be applied from the current state will
always have a heuristic cost equal to its actual cost. Therefore, this algorithm can be seen
as a Greedy + Pruning approach: it selects the next action based on the action’s cost,

while discarding useless actions.

3.4 h™*™* Heuristic + Lookahead

As mentioned in the previous section, the presented algorithm can be considered a Greedy
+ Pruning approach, since the full potential of the heuristic cannot be exploited—the
heuristic cost of the applicable actions is always equal to the actions’ actual cost. To

evaluate its performance, a new version of the heuristic is proposed. Instead of selecting
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Figure 3.3: Running example evaluated with the h™** heuristic with pruning

the action with the minimum cost, the algorithm tries each possible action, recomputes
the HMAX value for each resulting state, and finally applies the action that leads to the
state with the lowest new heuristic value. The pseudocode for this approach is shown in
Algorithm [6] and [7]

Algorithm 6 Lookahead
Output: actionToApply
1: procedure LOOKAHEAD(currentState, possible Actions)
2 for all action € possible Actions do
3 newState <— APPLY (currentState, action)
4 estimatedCost < 0
5: for all goal € planningTask.goalState do
6:
7
8
9

estimatedCost <— MAX(estimatedCost, HMAX (newState, goal))
end for
action.hCost < action.hCost + estimatedCost
end for
10: actionToApply < MINIMUMHCOSTACTION(possible Actions)
11: return actionT oApply
12: end procedure

The algorithm ”looks ahead” at the heuristic cost of the state resulting from each

possible action, and then applies only the action that appears to be the most convenient.
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Algorithm 7 A™* heuristic with lookahead
Output: solution

procedure HMAXLOOKAHEAD(planningT ask)

1:
2 .
3 estimatedCost < 0

4: for all goal € planningTask.goalState do

5: estimatedCost <— MAX(estimatedCost, HMAX (currentState, goal))
6 end for

7 possible Actions < {a € A | pre(a) C currentState}

8 if EMPTY (possibleActions) then

9: return failure

10: end if

11: actionToApply < LOOKAHEAD (currentState, possible Actions)

12: -

13: end procedure

3.5 Shortest Path Heuristic

In this section, a completely new approach is introduced. As discussed in Section [3.3]
the modified version of the h™** heuristic ultimately behaves like a Greedy + Pruning
algorithm, limiting its effectiveness. Here, we aim to use the same backward propagation
mechanism, but with a different heuristic cost assigned to each action. The core idea is
to assign each action a cost that estimates its actual distance to the goal. Specifically,
the cost assigned to an action corresponds to the cost of the shortest path to reach a fact
in the goal state. The mathematical formalism is presented in Equations and [3.4}

0 if p e s,
B (pis.) = g (33)
mingco(p) [h (a;s.)]  otherwise
Here, h*? (p; s,) denotes the estimated cost of achieving the fact p from the goal state
s.. The set O (p) represents the actions that produce p as an effect, that is, O (p) = {a €

A | p € eff(a)}. The function h (a;s.) is defined as follows:

h(a; s.) = cost(a) + mingeega) (7 (¢; 54)] (3.4)

This expression estimates the cost of achieving a fact in the goal state s, by applying
action a. The heuristic cost of an action is defined as its own cost plus the minimum
estimated cost among its effects. In this way, each action is assigned a heuristic cost
corresponding to the cost of the shortest path to reach a fact in the goal state. Figure

illustrates the same example introduced at the beginning of this chapter, but evaluated
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with the newly presented heuristic.

Figure 3.4: Running example evaluated with the Shortest Path heuristic

In this case, the heuristic cost of each action corresponds to the length of the shortest
path required to reach a fact in the goal state. For example, if the current state is sg,
reached by sequentially applying actions as and ag, then the next selected action will be
a1, as it lies on the shortest path to the goal. In this case, the resulting plan is always
the optimal one: (as,ag, a1y, a14). As with the previous method, a pruning strategy is
applied: any action that does not contribute to reaching the goal state s, is assigned a
cost of 400 and is thus excluded from consideration. The actual implementation of this
algorithm uses a priority queue to ensure an efficient and iterative computation. The
pseudocode is presented in Algorithm [§]

The priority queue internally maintains the facts ordered by increasing cost. Each
time a fact is removed from the queue, it is the one with the minimum heuristic cost.
The heuristic cost of each action having the removed fact as an effect is then updated
accordingly, and all of its preconditions are subsequently inserted into the queue. In this
way, all useful actions will be assigned a cost equal to the shortest path to reach a fact in
the goal state, while useless actions will retain an infinite cost. The usage of this algorithm

is analogous to what was presented in Algorithm [5|
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Algorithm 8 Shortest Path

Output:

1: procedure SHORTESTPATH(currentState, goal State)

2 factCosts < {+00,...,+00} > Initialize facts’ cost to +oo
3 pq < {} > Empty priority queue
4: for all goal € goalState do

5: factCosts[goal] < 0

6 PUSH(pgq, goal, 0)

7 end for

8 while [EMPTY(pgq) do

9: fact < POP(pq) > Get the fact having minimum cost
10: if fact € currentState then
11: continue > Do not propagate the cost
12: end if
13: actions <— {a € A | fact € eff(a)}
14: for all action € actions do
15: newCost < action.cost + factCosts|fact]
16: if newCost >= action.hC'ost then
17: continue
18: end if
19: action.hCost = newCost
20: for all pre € action.preconditions do
21: if newCost < factCosts|pre] then
22: factCosts[pre| < newCost
23: if HAS(pg, pre) then
24: CHANGE(pq, pre, newCost)
25: else
26: PUSH(pq, pre, newCost)
27: end if
28: end if
29: end for
30: end for

31: end while
32: end procedure

16



Chapter 4

Results

This chapter presents an evaluation of the algorithms introduced in Chapter 3 To assess
their performance, a cumulative distribution plot was used. This type of plot shows the
percentage of instances for which an algorithm found a plan with a primal gap below
the threshold indicated on the x-axis. The best algorithm is the one whose curve lies
above all the others. The plots presented in the following sections will help illustrate this
concept. As described in Chapter [2| each algorithm was run on every instance in the
testbed 10 times, each with a different random seed. There are 3,104 instances, so each
algorithm was executed a total of 31,040 times. To limit execution time, each run was
given a time limit of 60 seconds. The instances come from different domains; some are
very large in terms of number of actions, while others are relatively small. Additionally,
since some algorithms are more efficient than others, not all the instances were solved by
every algorithm. Table shows, for each algorithm, the number of runs it was able to

solve within the time limit.

Algorithm Unsolved within time limit
Random 1363
Greedy 1328
Greedy + Pruning 1993
h™a* + Lookahead 9903
Shortest Path 1042

Table 4.1: Number of unsolved runs within the time limit (out of 31,040 total runs).

By simply examining this table, we can identify the most effective algorithms. The
lookahead process is computationally expensive, resulting in approximately one-third of
the instances not being solved. In contrast, the efficient implementation of the Shortest

Path heuristic appears to be the most capable, solving the highest number of instances.
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4.1 Random vs Greedy vs Greedy + Pruning vs
Shortest Path

This section presents an evaluation of four planning strategies, ranging from uninformed
to increasingly informed approaches: Random, Greedy, Greedy + Pruning, and Shortest
Path. As shown in Table [4.T, Random and Greedy exhibit similar efficiency, as both are
able to solve a large number of runs. Greedy + Pruning is slightly slower but employs
a strategy with the potential to yield higher-quality solutions. Ultimately, the Shortest
Path approach achieves the best performance, solving the highest number of runs overall.
The next step is to evaluate the quality of the solutions produced by each strategy. Figure
presents the cumulative distribution plot for the evaluated algorithms.

Cumulative Distribution of Primal Gaps

—+«— Random

—e— Greedy

—s— Greedy + Pruning
Shortest Path

1.0

o o o
> o =)

Fraction of Instances with Gap < Threshold

o
N}

0.0 0.2 0.4

0.6 0.8 1.0
Primal Gap Threshold (0.0 to 1.0)

Figure 4.1: Cumulative distribution plot for Random, Greedy, Greedy + Pruning, and
Shortest Path strategies.

For instance, to better interpret the plot, consider the Greedy strategy: the point on
its curve corresponding to a primal gap threshold of 80% is close to 20%. This indicates
that it achieves a solution with a primal gap less than or equal to 80% in approximately
20% of the problem instances. Conversely, the Shortest Path strategy found the best
known solution (i.e., a primal gap of 0%) in approximately 22% of the instances. Now
that the plot has been properly explained, it is possible to identify the most effective

heuristic. The curve that remains above all the others represents the best-performing

18



strategy, as it indicates that the corresponding algorithm consistently found solutions
within the primal gap thresholds for a larger number of instances. As expected, Random
and Greedy strategies typically do not produce high-quality plans. Pruning the useless
actions appears to be an effective strategy, as it allows the planner to discard actions that
are known to be unhelpful whenever multiple options with the same cost are available.
Shortest Path builds on pruning by also estimating the distance to the goal for each
action, resulting in a more informed and effective selection of actions to include in the

plan.

4.2 Greedy + Pruning vs h™** 4+ Lookahead

As shown in the previous section, pruning proves to be an effective strategy. The initial
idea was to combine pruning with the h™* heuristic. However, due to the nature of the
heuristic’s definition, this approach effectively reduces to a Greedy + Pruning strategy. To
better evaluate its potential, a lookahead mechanism was implemented to assess whether
combining pruning with the A™** heuristic could lead to a more promising solution. This
section presents an evaluation of the performance of these two algorithms. The lookahead
process is computationally expensive; as a result, the algorithm fails to find a plan for
approximately one-third of the instances. Figure presents the cumulative distribution
plot comparing the performance of these two algorithms.

Unfortunately, this plot alone cannot definitively answer which of the two algorithms
produces better-quality plans. The high number of unsolved instances by the A™®* +
Lookahead algorithm can skew the results: Greedy + Pruning may appear superior simply
because it solves more instances, not necessarily because it generates better plans. There
is no guarantee that the plans found by Greedy + Pruning are of higher quality than those
returned by A™** + Lookahead. Figure [4.3|shows a comparison between the algorithms,
considering only the instances that were successfully solved by all of them.

The curve for Shortest Path is included as a reference. Focusing only on the instances
solved by all the presented algorithms is particularly valuable: in this case, the curves
are not skewed by instances that some strategies failed to solve. This allows us to assess
only the quality of the generated plans. From this comparison, it is evident that Shortest
Path is the best-performing algorithm overall—both in terms of solution quality and the
number of problems it can solve. Additionally, the performance of h™** + Lookahead,
which surpasses that of Greedy 4 Pruning, confirms that combining pruning with the
h™a* heuristic can be an effective strategy when paired with a lookahead mechanism.

Although A™** 4+ Lookahead remains computationally slow, these results indicate that
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Figure 4.2: Cumulative distribution plot for Greedy + Pruning, and A™** + Lookahead
strategies.

the pruning-enhanced h™* heuristic has the potential to yield high-quality solutions if

embedded within a more powerful search algorithm.

4.3 Different Versions of Backward Propagation

As explained in Section the core idea behind the algorithm is to back-propagate
the heuristic cost of reaching the goal state from its constituent facts to those in the
current state. Previously, an algorithm was introduced that propagates the minimum
cost among an action’s effects—effectively computing the shortest path to the goal. With
minimal modification, alternative strategies can be explored, such as propagating the
mazimum effect cost or the sum of all effect costs to preceding actions. These variations
are evaluated in Figure to determine which propagation strategy yields better results.

Back-propagating the maximum cost among an action’s effects can be interpreted as
assigning the action a cost based on the worst-case path to the goal state. Conversely,
back-propagating the sum of the effects’ costs reflects a perspective where all possible
outcomes of the action contribute to estimating the distance to the goal. Each approach
offers a different trade-off between pessimism and comprehensiveness in cost estimation.

The Shortest Path continues to deliver the best performance overall. In contrast, both
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Figure 4.3: Cumulative distribution plot for Greedy + Pruning, h™* 4+ Lookahead, and
Shortest Path strategies, considering only the instances solved by all of them.

the max-cost and sum-cost backpropagation strategies exhibit similar behavior, with only

marginal differences between them.

4.4 Randomization Analysis

All the presented algorithms share a common trait: when multiple actions have the same
minimum heuristic cost, the next action is selected at random among them. This section
analyzes the impact of random tie-breaking on the quality of the returned plans. As men-
tioned earlier, each algorithm was executed on every instance using 10 different random
seeds. Varying the seed affects the algorithm’s behavior only in cases where multiple
actions share the same heuristic cost, influencing which action is selected among them.
Figure presents the analysis of the impact of randomization on the Random strategy.

It is a logarithmic plot: it uses a logarithmic scale on both axis to display data with a
wide range of value. Each point represents one instance in the testbed, and its coordinates
correspond to the minimum and maximum plan costs found by the algorithm across
different random seeds. Some instances exhibit a large discrepancy between the minimum
and maximum plan costs. In fact, certain points show a minimum cost of around 10 and

a maximum close to 1000, indicating a fluctuation of two orders of magnitude. Selecting

21



Cumulative Distribution of Primal Gaps

Shortest Path
—— Max-Cost Backpropagation
—<— Sum-Cost Backpropagation

1.0

0.9

o
o

o
~

=3
wn

Fraction of Instances with Gap < Threshold
o <)
- o

=3
w

0.0 0.2 0.4

0.6 0.8 1.0
Primal Gap Threshold (0.0 to 1.0)

Figure 4.4: Cumulative distribution plot for different backpropagation strategies

the next action at random is highly dependent on the chosen random seed. Figure [4.6

shows the same plot for the Greedy approach.

In this case, the variability in the algorithm’s output is more stable than in the previous
one. While the Greedy strategy still exhibits instances with large discrepancies between
minimum and maximum costs, both the frequency and the magnitude of these differences
are slightly reduced. The overall trend emerging from this analysis is that the more

informative the heuristic, the more stable its results become. This behavior is particularly

evident in Figures and [4.8

The improvement is especially noticeable in the plot for the Shortest Path. Most
points lie close to the red line, which represents the ideal case where the minimum and
maximum plan costs are equal. This indicates a high degree of consistency across different
random seeds. The Shortest Path approach stands out as the most informative among
the heuristics presented, combining a pruning mechanism with an action-level estimate of
the distance to the goal state.

In conclusion, the Shortest Path proves to be the most effective in all aspects: it solves
the largest number of instances, yields the best performance in cumulative distribution

plots, and demonstrates the highest stability with respect to random seed variation.
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Best vs Worst Cost (Log Scale)
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Figure 4.5: Effect of random seed on the outcome variability of the Random approach.

4.5 Iterative Refinement via Shortest Path Reappli-

cation

In the context of Mixed Integer Programming (MIP), there is a technique known as local
branching [3], which involves first finding a feasible solution using a fast constructive
heuristic (or, in some applications, a metaheuristic), and then refining this solution by
solving, to optimality, a subproblem of the original MIP using a solver as a “black box”.
This approach could also be applied to planning. However, at the time of writing, the
most well-known optimal planner, Fast Downward, does not provide an API that would
allow it to be used as a black-box component. To refine the solution found by the Shortest
Path, the proposed idea is to reapply the algorithm to a subproblem and then replace the
corresponding segment of the original solution with the new one. The hope is that solving
a smaller, focused subproblem may yield a higher-quality solution than addressing the full
problem in its entirety. Unlike the experiments in the previous sections, the refinement
experiments were conducted using a single random seed. As shown in Section [£.4] the
Shortest Path heuristic exhibits stable performance with respect to random seed variation.
Therefore, repeating each run with multiple seeds is unnecessary in this context. Given an
initial plan, the initial and goal states for the subproblem are derived from intermediate

states along the original plan. In the experiment, these subproblem boundaries were
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Figure 4.6: Effect of random seed on the outcome variability of the Greedy approach.

positioned at different segments of the original solution. For each instance, the Shortest
Path algorithm was reapplied to three different segments of the original plan: the first 30%
of actions, the central 40%, and the final 30%. The original segments of the solution were
replaced with the newly generated ones, and the total plan cost was then recomputed.
If the new cost is better than the initial one, the new solution is returned; otherwise,
the initial solution is retained as the final plan. Figure compares the cumulative
distribution of the original Shortest Path strategy with the three variants where the
algorithm was reapplied to different segments of the plan.

Unfortunately, the four curves overlap almost entirely, indicating that this strategy
yields only minimal refinement over the initial solution. While the cost of the refined
plans may occasionally differ from the original, the improvements are generally negligible.
This suggests that reapplying the heuristic to subproblems does not significantly enhance

solution quality and may not be an effective refinement approach in practice.

4.6 Iterative Refinement via Uniform Cost Search

In the previous section, an analysis was conducted on refining the solution provided by
the Shortest Path by reapplying the same method to different segments of the original
plan. Now, a different approach is explored by using Uniform Cost Search (UCS) |4] as
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Figure 4.7: Effect of random seed on the outcome variability of the Greedy + Pruning
approach.

the refinement algorithm. UCS is an exact algorithm that always finds the optimal path
from a starting node to a goal node in a graph. It maintains a priority queue to track
the frontier of nodes that have not yet been expanded. A node is considered expanded
once all of its neighbors have been discovered. At each iteration, the node with the
lowest cost—defined as the actual cost incurred to reach it from the starting node—is
extracted from the queue. By always expanding the node with the minimum cost, UCS
guarantees that the solution returned is optimal. Algorithm [9| presents the pseudocode

for this strategy.

The experiments were conducted in a similar manner to those of the previous section.
In the first run, a high-granularity approach was adopted: the solution provided by the
Shortest Path was refined by reapplying UCS to consecutive portions of the plan, each
covering 10% of its length. Specifically, UCS was applied to the intervals [0,0.1], [0.1,0.2],
[0.2,0.3], and so on, up to the end of the plan. In this way, each run replaced 10% of the
original solution with the UCS refinement. Figure 4.10|shows the cumulative distributions
for the first five intervals, corresponding to the initial portions of the plan, while Figure

[4.T1] presents the results for the last five intervals, corresponding to the final portions.

In all cases, attempting to refine the solution does not appear to be a profitable

approach: the curves almost completely overlap, and where differences exist, the gaps
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Algorithm 9 Uniform Cost Search

Output:
1: procedure ucCs(planningTask)
2 stateCosts < {+00,...,+00} > Initialize states’ cost to +o00
3 pq <~ {} > Empty priority queue
4: visited < {} > Empty visited set
5: stateCosts[planningTask.initial State] < 0
6 PUSH(pq, planningT ask.initial State, 0) > Push the initial state with cost 0
7 while [EMPTY(pgq) do
8 state < POP(pq) > Get the state having minimum cost
9 if planningTask.goalState C state then
10: return EXTRACTPLAN(state)
11: end if
12: if state € visited then
13: continue > Skip already expanded states
14: end if
15: visited < visited U {state}
16: successors < {a € A | pre(a) C state}
17 for all action € successors do
18: nextState < APPLY(state, action)
19: newCost < action.cost + stateCosts[state]
20: if newState ¢ visited and newCost < stateCosts[newState] then
21: stateCosts[newState] <— newCost
22: if HAS(pg, newState) then
23: CHANGE(pq, newState, newCost)
24: else
25: PUSH(pq, newState, newCost)
26: end if
27: end if
28: end for
29: end while

30: end procedure
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Figure 4.8: Effect of random seed on the outcome variability of the Shortest Path ap-
proach.

are minimal. To better understand whether this behavior is due to the ineffectiveness of
UCS itself or to the choice of interval size, another experiment was conducted. This time,
larger segments of the plan were considered: the first 30%, the middle 40%, and the last
30%. Figure shows the results of this experiment.

Refining the last segment of the initial solution appears to be the most effective ap-
proach. This is likely due to the way the subproblem is derived from the original one.
Taking, for instance, 30% from a central portion of the solution may not be a good idea:
in order for the final solution to remain consistent, the final state of the subproblem must
include all the preconditions required by the subsequent actions that are not being modi-
fied. As aresult, the final state carries more constraints than the initial problem provided,
leaving USC with little flexibility. By contrast, focusing on the last 30% of the solution
avoids this issue, because once the final state is reached, there are no further actions that
need to be satisfied. In any case, attempting to refine the initial solution obtained via the
Shortest Path does not seem particularly useful. Even when focusing on refining the last
30% of the initial solution, the improvement over the Shortest Path is minimal. Using
a larger window may be even less efficient, as the computation time for UCS increases

exponentially with the number of nodes in the graph.
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Figure 4.9: Comparison of cumulative distributions for Shortest Path reapplied to different
plan segments.
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Figure 4.10: Cumulative distributions for UCS refinement applied to different 10% seg-
ments of the initial solution (first five intervals)
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Figure 4.11: Cumulative distributions for UCS refinement applied to different 10% seg-
ments of the initial solution (last five intervals)
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Figure 4.12: Cumulative distributions for UCS refinement applied to larger plan segments:
first 30%, middle 40%, and last 30% of the initial solution
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Chapter 5
Conclusions

This thesis investigated heuristic approaches for solving delete-free planning problems, a
simplified yet challenging fragment of classical planning. By removing negative effects,
delete-free planning yields a monotonic state space, which simplifies reasoning about

reachability while preserving much of the inherent difficulty of plan generation.

The study first revisited several well-known heuristics and implemented them within
a common experimental framework. Building on these foundations, a novel heuristic was
proposed, designed to exploit the structural properties of delete-free tasks more effec-
tively. The performance of all algorithms was systematically evaluated across a suite of
benchmark instances, with a focus on both computational efficiency and the quality of

the resulting plans.

The results highlight that the proposed heuristic achieves superior performance com-
pared to established approaches, confirming the potential of structural exploitation in
delete-free domains. The analysis of randomization further revealed that the stability of
solution quality strongly depends on the informativeness of the heuristic: more informative
heuristics consistently led to more stable outcomes across different random seeds, while
less informative ones exhibited greater variability. Finally, refinement strategies, whether
based on solving subproblems with Uniform Cost Search or on reapplying the heuristic
itself to subproblems, did not yield substantial improvements. In both cases, the refined
plans largely overlapped in cost with the originals, indicating that such post-processing
techniques are not particularly effective in this setting.

At the same time, this work opens several avenues for further investigation. A natural
next step would be to explore local branching using an external solver as a “black box”,
which could allow richer refinements of partial solutions than the UCS-based approach
adopted here. Similarly, the pruning-enhanced variant of the h™** heuristic developed in

this thesis could be integrated into A* search, enabling an optimal procedure to benefit
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from early elimination of unhelpful actions. These directions suggest practical ways to
extend the contributions of this work, while reinforcing the broader insight that delete-free
planning offers a valuable framework for designing and evaluating new heuristic strate-

gies.
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