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▲♦ s❝♦♣♦ ❞✐ q✉❡st❛ t❡s✐ è q✉❡❧❧♦ ❞✐ ✐❧❧✉str❛r❡ ✐❧ ♣❡r❝♦rs♦ ❝❤❡ ❛ ♣❛rt✐r❡ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ s✉♣❡r✜❝✐❡
❞✐ ❘✐❡♠❛♥♥ ♣♦rt❛ ❛❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ ♣❡r s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡✳

❉♦♣♦ ❛✈❡r r✐❝❤✐❛♠❛t♦ ❛❧❝✉♥✐ ❝♦♥❝❡tt✐ ❞✐ ❜❛s❡ ❞❡❧❧❛ t♦♣♦❧♦❣✐❛ ❡ ❛✈❡r ✐♥tr♦❞♦tt♦ ✐❧ ♣r✐♠♦ ❣r✉♣♣♦
❞✐ ♦♠♦❧♦❣✐❛ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡✱ ♣❛ss❡r❡♠♦ ❛❧❧❛ ❝♦str✉③✐♦♥❡ ❞❡❧❧❡ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡✳
❙✉ t❛❧✐ s✉♣❡r✜❝✐❡ st✉❞✐❡r❡♠♦ ❝♦♠✬è ♣♦ss✐❜✐❧❡ ❞❡✜♥✐r❡ ❢✉♥③✐♦♥✐ ❡ 1✲❢♦r♠❡ ❞✐✛❡r❡♥③✐❛❧✐ ♦❧♦♠♦r❢❡ ❡
♠❡r♦♠♦r❢❡✳ ❈✐ s♦✛❡r♠❡r❡♠♦ s✉❧❧❡ ❢✉♥③✐♦♥✐ ❡ s✉❧❧❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡✱ ✐♥ ♣❛rt✐❝♦❧❛r❡ s✉✐ r✐s♣❡tt✐✈✐
③❡r✐ ❡ ♣♦❧✐✿ ❛ t❛❧ ♣r♦♣♦s✐t♦ ✐♥tr♦❞✉rr❡♠♦ ✐ ❞✐✈✐s♦r✐ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳ ◗✉❡st✐ ♦❣❣❡tt✐
♠❛t❡♠❛t✐❝✐ ❝✐ ♣❡r♠❡tt❡r❛♥♥♦ ❞✐ ✏r❛❝❝♦❣❧✐❡r❡✑ ③❡r✐ ❡ ♣♦❧✐ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ♦ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛
❝♦♥ ❧❡ ❧♦r♦ r✐s♣❡tt✐✈❡ ♠♦❧t❡♣❧✐❝✐tà✳

❈♦♠❡ s♣❡ss♦ ❛❝❝❛❞❡ ✐♥ ♠❛t❡♠❛t✐❝❛✱ ❝✐ ♣♦♥✐❛♠♦ ✐❧ ♣r♦❜❧❡♠❛ ♦♣♣♦st♦✿ ❞❛t♦ ✉♥ ✐♥s✐❡♠❡ ❞✐
♣✉♥t✐ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ❡s✐st♦♥♦ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ ❝❤❡ ❤❛♥♥♦ ♣❡r ③❡r✐ ❡ ♣♦❧✐ t❛❧✐
♣✉♥t✐ ❝♦♥ ♠♦❧t❡♣❧✐❝✐tà ✏❝♦♥tr♦❧❧❛t❛✑❄ ◗✉❛♥❞♦ ❞✐❝✐❛♠♦ ❝❤❡ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ❤❛ ③❡r✐ ❡ ♣♦❧✐
❝♦♥tr♦❧❧❛t✐ ❞❛ ✉♥ ❞✐✈✐s♦r❡ D ✐♥t❡♥❞✐❛♠♦ ❞✐r❡ ❝❤❡ s❡ p ∈ Supp(D) ❡ D(p) < 0 ❛❧❧♦r❛ p è ✉♥♦
③❡r♦ ❞✐ ♠♦❧t❡♣❧✐❝✐tà ❛❧♠❡♥♦ −D(p)❀ s❡ ✐♥✈❡❝❡ p ∈ Supp(D) s♦❞❞✐s❢❛ D(p) > 0 ❛❧❧♦r❛ p è ✉♥ ♣♦❧♦
❞✐ ♠♦❧t❡♣❧✐❝✐tà ❛❧ ♣✐ù D(p)✳ ❆ q✉❡st❛ ❞♦♠❛♥❞❛ r✐s♣♦♥❞❡ ✐❧ t❡♦r❡♠❛ ❞✐ ❘✐❡♠❛♥♥✲❘♦❝❤ ✐♥ ♠♦❞♦
♠♦❧t♦ ♣r❡❝✐s♦✱ ♦✈✈❡r♦ ❢♦r♥❡♥❞♦ ✉♥❛ ❢♦r♠✉❧❛ ♣❡r ✐❧ ❝❛❧❝♦❧♦ ❞❡❧❧❛ ❞✐♠❡♥s✐♦♥❡ ❞❡❧❧♦ s♣❛③✐♦ ✈❡tt♦r✐❛❧❡
❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ ❝❡r❝❛t❡✳

P❛ss❡r❡♠♦ ♣♦✐ ❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❏❛❝♦❜✐❛♥❛ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✿ ❧❛ ♣r✐♠❛
❞❡✜♥✐③✐♦♥❡ ❞✐ ❏❛❝♦❜✐❛♥❛ è ❞✐ t✐♣♦ ❛♥❛❧✐t✐❝♦✱ ❝♦♠❡ q✉♦③✐❡♥t❡ ❞❡❧❧♦ s♣❛③✐♦ ❞✉❛❧❡ ❞❡✐ ❞✐✛❡r❡♥③✐❛✲
❧✐ ♦❧♦♠♦r✜ s✉❧❧❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ♠♦❞✉❧♦ ✐❧ s♦tt♦❣r✉♣♣♦ ❞❡✐ ♣❡r✐♦❞✐✳ ❙✐ ✈❡❞❡ ❡ss❡r❡ ✉♥❛
✈❛r✐❡tà ❛❜❡❧✐❛♥❛ ❞✐ ❞✐♠❡♥s✐♦♥❡ ♣❛r✐ ❛❧ ❣❡♥❡r❡ ❞❡❧❧❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❡ ✐♥ ❝✉✐ ❧❛ s✉♣❡r✜❝✐❡
❞✐ ❘✐❡♠❛♥♥ s✐ ✐♠♠❡r❣❡✳ ▲✬✐♠♠❡rs✐♦♥❡ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ♥❡❧❧❛ s✉❛ ❏❛❝♦❜✐❛♥❛ è ✉♥❛
❝♦♥s❡❣✉❡♥③❛ ❞❡❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✳

■♥ ♣❛rt✐❝♦❧❛r❡ ✐❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧ ♣❡r♠❡tt❡ ❞✐ ❝❛r❛tt❡r✐③③❛r❡ ✐ ❞✐✈✐s♦r✐ ♣r✐♥❝✐♣❛❧✐ s✉❧❧❛ s✉♣❡r✲
✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠❡ q✉❡❧❧✐ ❞✐ ❣r❛❞♦ ③❡r♦ ❡ ✐♠♠❛❣✐♥❡ ♥✉❧❧❛ tr❛♠✐t❡ ❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✳
■♥s✐❡♠❡ ❛❧ t❡♦r❡♠❛ ❞✐ ❏❛❝♦❜✐ ♣♦ss✐❛♠♦ ♦tt❡♥❡r❡ ✉♥❛ ✐♥t❡r♣r❡t❛③✐♦♥❡ ♣✉r❛♠❡♥t❡ ❛❧❣❡❜r✐❝❛ ❞❡❧❧❛
❏❛❝♦❜✐❛♥❛ ❝♦♠❡ q✉♦③✐❡♥t❡ ❞❡✐ ❞✐✈✐s♦r✐ ❞✐ ❣r❛❞♦ ③❡r♦ ❝♦♥ q✉❡❧❧✐ ♣r✐♥❝✐♣❛❧✐✳ ◗✉❡st♦ ♣❡r♠❡tt❡ ❞✐
❡st❡♥❞❡r❡ ❞❡✜♥✐③✐♦♥✐ ❡ r✐s✉❧t❛t✐ ❛♥❝❤❡ ♣❡r ❝✉r✈❡ ❛❧❣❡❜r✐❝❤❡ s✉ ❝❛♠♣✐ ❞✐✈❡rs✐ ❞❛ C✱ ✐♥ ❝✉✐ ♥♦♥ s✐
♣♦ss♦♥♦ ✉s❛r❡ str✉♠❡♥t✐ ❛♥❛❧✐t✐❝✐✳

■❧❧✉str❡r❡♠♦ q✉❛❧❝❤❡ ❡s❡♠♣✐♦✱ s♣❡❝✐❡ ♣❡r s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ✭❝♦♠♣❛tt❡✮ ❞✐ ❣❡♥❡r❡ 1 ❡ 2✳

✺



▲❛ ❝♦♥❝❧✉s✐♦♥❡ ❞✐ q✉❡st❛ t❡s✐ r❛♣♣r❡s❡♥t❛ ✉♥❛ ❞❡❧❧❡ ❝❛r❛tt❡r✐st✐❝❤❡ ❝❤❡ ❛ ♠✐♦ ♣❛r❡r❡ r❡♥❞♦♥♦
♠❛❣✐❝❛ ❧❛ ♠❛t❡♠❛t✐❝❛✿ ❞❡✜♥✐r❡ ✉♥ ♦❣❣❡tt♦ ✐♥ ♠♦❞♦ ❛♥❛❧✐t✐❝♦ ❝♦♠❡ ❢❛tt♦ ♣❡r ❧❛ ❏❛❝♦❜✐❛♥❛ ❡ s❝♦✲
♣r✐r❡ ♣♦✐ ❝❤❡ q✉❡st✬♦❣❣❡tt♦ è t❛♥t♦ ❛♥❛❧✐t✐❝♦ q✉❛♥t♦ ❛❧❣❡❜r✐❝♦ s✐♠❜♦❧❡❣❣✐❛ q✉❛♥t♦ ❧❛ ♠❛t❡♠❛t✐❝❛
s✐❛ ✉♥✐tà✳ ▲❡ ❞✐✈✐s✐♦♥✐ ❝❤❡ s✉ss✐st♦♥♦ tr❛ ❛❧❣❡❜r❛✱ ❣❡♦♠❡tr✐❛✱ ❛♥❛❧✐s✐ ❡ t✉tt♦ ✐❧ r❡st♦ s♦♥♦ s♦❧♦ ✉♥❛
q✉❡st✐♦♥❡ ❞✐ st✐❧❡✿ ❧✬❡ss❡♥③❛ ❞❡❧❧❛ ♠❛t❡♠❛t✐❝❛ è ❧❛ st❡ss❛ ♣❡r t✉tt✐ ✐ ♠❛t❡♠❛t✐❝✐✱ ❡❞ ❛♣♣❛rt✐❡♥❡ ❛
♥♦✐ t❛♥t♦ q✉❛♥t♦ ♥♦✐ ❛♣♣❛rt❡♥✐❛♠♦ ❛ ❧❡✐✳

Pr✐♠❛ ❞✐ ✐♥tr❛♣r❡♥❞❡r❡ q✉❡st♦ ♣❡r❝♦rs♦ ❞✐ st✉❞✐ ❧❛ ♠❛t❡♠❛t✐❝❛ ♠✐ ♣✐❛❝❡✈❛ ✭❛♥❝❤❡✮ ♣❡r❝❤é s✐
tr❛tt❛✈❛ ♣❡r ♠❡ ❞✐ ✉♥✬❛❧tr❛ ❞✐♠❡♥s✐♦♥❡✱ st❛❝❝❛t❛ ❞❛❧❧❛ r❡❛❧tà✱ q✉❛❧❝♦s❛ ❞✐ ✐♥t❛♥❣✐❜✐❧❡✳ ◗✉❡❧❧♦ ❝❤❡
✐♥✈❡❝❡ ❤♦ ❝❛♣✐t♦ ✐♥ q✉❡st✐ tr❡ ❛♥♥✐ è ❝❤❡ q✉❡st♦ ♠♦♥❞♦ ❞❡❧❧❡ ✐❞❡❡ è r❡❛❧❡✱ è ❞❡♥tr♦ ✐ ♠❛t❡♠❛t✐❝✐
❝❤❡ ♠✐ ❤❛♥♥♦ ✐♥s❡❣♥❛t♦ q✉❡❧❧♦ ❝❤❡ s♦ ♦❣❣✐✱ ❡❞ è ❞❡♥tr♦ ❧❛ ♠❛t❡♠❛t✐❝❛ ❝❤❡ s♣❡r♦ ❞✐ ❞✐✈❡♥t❛r❡✳

✻



❈❛♣✐t♦❧♦ ✶

❚♦♣♦❧♦❣✐❛ ❡ ❖♠♦❧♦❣✐❛

✶✳✶ ❘✐❝❤✐❛♠✐ ❞✐ t♦♣♦❧♦❣✐❛

❘✐❝❤✐❛♠✐❛♠♦ ♦r❛ ❛❧❝✉♥❡ ❞❡✜♥✐③✐♦♥❡ ❞✐ t♦♣♦❧♦❣✐❛✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✳ ❯♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ X è ❍❛✉s❞♦r✛ ♦ s❡♣❛r❛t♦ s❡ ♣❡r ♦❣♥✐ ❝♦♣♣✐❛ ❞✐ ♣✉♥t✐
❞✐st✐♥t✐ x, y ∈ X ❡s✐st♦♥♦ ❞✉❡ ❛♣❡rt✐ U, V t❛❧✐ ❝❤❡ x ∈ U ✱ y ∈ V ❡ U ∩ V = ∅✳

❉❡✜♥✐③✐♦♥❡ ✶✳✷✳ ❯♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ s✐ ❞✐❝❡ ❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡ s❡ ❡s✐st❡ ✉♥❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡
❞❡❧❧❛ s✉❛ t♦♣♦❧♦❣✐❛✳

❉❡✜♥✐③✐♦♥❡ ✶✳✸✳ ❯♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ è ❝♦♥♥❡ss♦ s❡ ♥♦♥ è ✉♥✐♦♥❡ ❞✐s❣✐✉♥t❛ ❞✐ ❞✉❡ ❛♣❡rt✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✹✳ ❯♥ r✐❝♦♣r✐♠❡♥t♦ ❞✐ ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ X è ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐ s♦tt♦✐♥s✐❡♠✐
{Ui} ❧❛ ❝✉✐ ✉♥✐♦♥❡ è t✉tt♦ ❧♦ s♣❛③✐♦✳ ■❧ r✐❝♦♣r✐♠❡♥t♦ è ❛♣❡rt♦ s❡ ✐ s✉♦✐ ❡❧❡♠❡♥t✐ Ui s♦♥♦ ❛♣❡rt✐
❞❡❧❧♦ s♣❛③✐♦✳

❉❡✜♥✐③✐♦♥❡ ✶✳✺✳ ❯♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ è ❝♦♠♣❛tt♦ s❡ ♦❣♥✐ s✉♦ r✐❝♦♣r✐♠❡♥t♦ ❛♣❡rt♦ ❛♠♠❡tt❡
✉♥ s♦tt♦r✐❝♦♣r✐♠❡♥t♦ ✜♥✐t♦✳

❉❡✜♥✐③✐♦♥❡ ✶✳✻✳ ❙✐❛ X s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ ❍❛✉s❞♦r✛✳ ❯♥❛ ❝❛rt❛ r❡❛❧❡ 2✲❞✐♠❡♥s✐♦♥❛❧❡ s✉ X è ✉♥
♦♠❡♦♠♦r✜s♠♦ φ : U → V ✱ ❞♦✈❡ U ⊂ X è ✉♥ ❛♣❡rt♦ ❞✐ X ❡ V ⊂ R2 è ✉♥ ❛♣❡rt♦ ❞✐ R2✳ ❉✉❡
❝❛rt❡ φi : Ui → Vi ❡ φj : Uj → Vj s♦♥♦ ❝♦♠♣❛t✐❜✐❧✐ ✭C∞✲❝♦♠♣❛t✐❜✐❧✐✮ s❡ Ui ∩ Uj = ∅ ♦♣♣✉r❡ ❧❛
♠❛♣♣❛ φi,j = φj ◦ φ

−1
i : φi(Ui ∩Uj) → φj(Ui ∩Uj)✱ ❞❡tt❛ ♠❛♣♣❛ ❞✐ tr❛♥s✐③✐♦♥❡✱ è ❞✐✛❡♦♠♦r✜s♠♦

✭❞✐✛❡♦♠♦r✜s♠♦ C∞✮✳

❉❡✜♥✐③✐♦♥❡ ✶✳✼✳ ❙✐❛ X s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ ❍❛✉s❞♦r✛✳ ❯♥ ❛t❧❛♥t❡ è ✉♥❛ ❝♦❧❧❡③✐♦♥❡ ❞✐ ❝❛rt❡
{φi : Ui → Vi}i s✉ X tr❛ ❧♦r♦ ❝♦♠♣❛t✐❜✐❧✐ t❛❧❡ ❝❤❡ X =

⋃

i Ui✳ ❉✉❡ ❛t❧❛♥t✐ s✐ ❞✐❝♦♥♦ ❡q✉✐✈❛❧❡♥t✐
s❡ ❧❛ ❧♦r♦ ✉♥✐♦♥❡ è ❛♥❝♦r❛ ✉♥ ❛t❧❛♥t❡✳

▲✬❛t❧❛♥t❡ è ❞❡tt♦ C∞ s❡ ❧❡ ❝❛rt❡ s♦♥♦ tr❛ ❧♦r♦ C∞✲❝♦♠♣❛t✐❜✐❧✐✳ ❯♥❛ str✉tt✉r❛ C∞ s✉ X è ✉♥❛
❝❧❛ss❡ ❞✐ ❡q✉✐✈❛❧❡♥③❛ ❞✐ ❛t❧❛♥t✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✽✳ ❯♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ S è ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ s❡♣❛r❛t♦ ❡ ❝♦♥♥❡ss♦ ❧♦❝❛❧♠❡♥t❡
♦♠❡♦♠♦r❢♦ ❛❞ ❛♣❡rt✐ ❞✐ R2 ❝♦♥ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❜✐❧✐✳ ▲❛ s✉♣❡r✜❝✐❡ s✐ ❞✐rà ❝♦♠♣❛tt❛
s❡ ❧♦ è ✐♥ q✉❛♥t♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦✳

✼



❉❡✜♥✐③✐♦♥❡ ✶✳✾✳ ❯♥❛ s✉♣❡r✜❝✐❡ S s✐ ❞✐❝❡ ♦r✐❡♥t❛❜✐❧❡ s❡ ♦❣♥✐ ❝❛♠♠✐♥♦ ❝❤✐✉s♦ s✉❧❧❛ s✉♣❡r✜❝✐❡✱
♦✈✈❡r♦ ♦❣♥✐ ♠❛♣♣❛ φ : [0, 1] → S t❛❧❡ ❝❤❡ φ(0) = φ(1) ❝♦♥s❡r✈❛ ❧✬♦r✐❡♥t❛♠❡♥t♦✱ ♦ ❡q✉✐✈❛❧❡♥t❡✲
♠❡♥t❡ s❡ ❛♠♠❡tt❡ ✉♥ ❛t❧❛♥t❡ t❛❧❡ ❝❤❡ ❧❡ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ ❛❜❜✐❛♥♦ ❏❛❝♦❜✐❛♥❡ ❞✐ ❞❡t❡r♠✐♥❛♥t❡
♣♦s✐t✐✈♦ ✐♥ ♦❣♥✐ ♣✉♥t♦✳

❘✐❝♦r❞✐❛♠♦ ❝❤❡ ♣❡r ♦r✐❡♥t❛♠❡♥t♦ ✐♥t❡♥❞✐❛♠♦ ❧❛ s❝❡❧t❛ ❞✐ ✉♥ ♦r✐❡♥t❛♠❡♥t♦ ♥❡❧❧♦ s♣❛③✐♦ t❛♥✲
❣❡♥t❡ ❛❞ S ♥❡❧ ♣✉♥t♦ ✐♥✐③✐❛❧❡ ✭❡ ✜♥❛❧❡✮✳

❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ S✱ ✉♥ tr✐❛♥❣♦❧♦ ❞✐ ❙ è ✉♥❛ ♠❛♣♣❛ ✐♥✐❡tt✐✈❛ ❡ ❝♦♥t✐♥✉❛ i :△→ S ❝❤❡ è ✉♥
♦♠❡♦♠♦r✜s♠♦ s✉❧❧✬✐♠♠❛❣✐♥❡✱ ❞♦✈❡ △= {( xy ) : 0 ≤ x, y, x+y ≤ 1} è ✐❧ tr✐❛♥❣♦❧♦ ❡✉❝❧✐❞❡♦ st❛♥❞❛r❞✳
❈❤✐❛♠✐❛♠♦ ❧❛t✐ ❡ ✈❡rt✐❝✐ ❞❡✐ tr✐❛♥❣♦❧✐ ❞✐ ❙ ❧❡ ✐♠♠❛❣✐♥✐ ❞❡✐ ❧❛t✐ ❡ ❞❡✐ ✈❡rt✐❝✐ ❞❡✐ ❝♦rr✐s♣♦♥❞❡♥t✐
tr✐❛♥❣♦❧✐ ❡✉❝❧✐❞❡✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✵✳ ❯♥❛ tr✐❛♥❣♦❧❛③✐♦♥❡ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ S è ✉♥❛ ❝♦❧❧❡③✐♦♥❡ ❞✐ tr✐❛♥❣♦❧✐ ❞✐
S t❛❧❡ ❝❤❡✿

✭✐✮ ♦❣♥✐ ♣✉♥t♦ P ❞✐ S ❝❤❡ ♥♦♥ s✐❛ ✉♥ ✈❡rt✐❝❡ ❡ ♥♦♥ ❛♣♣❛rt❡♥❣❛ ❛❞ ✉♥ ❧❛t♦✱ ❛♣♣❛rt✐❡♥❡ ❛❞ ✉♥
✉♥✐❝♦ tr✐❛♥❣♦❧♦ ❝❤❡ ♥❡ è ✉♥ ✐♥t♦r♥♦❀

✭✐✐✮ ♦❣♥✐ ♣✉♥t♦ P ❞✐ S ❝❤❡ ♥♦♥ s✐❛ ✉♥ ✈❡rt✐❝❡ ♠❛ ❛♣♣❛rt❡♥❣❛ ❛❞ ✉♥ ❧❛t♦✱ ❛♣♣❛rt✐❡♥❡ ❛❞ ❡s❛tt❛✲
♠❡♥t❡ ❞✉❡ tr✐❛♥❣♦❧✐ ❝❤❡ s✐ ✐♥t❡rs❡❝❛♥♦ ❡s❛tt❛♠❡♥t❡ ✐♥ q✉❡❧ ❧❛t♦✱ ❡ ❧❛ ❝✉✐ ✉♥✐♦♥❡ è ✉♥ ✐♥t♦r♥♦
❞✐ P ❀

✭✐✐✐✮ ♦❣♥✐ ♣✉♥t♦ P ❞✐ S ❝❤❡ s✐❛ ✉♥ ✈❡rt✐❝❡ ❛♣♣❛rt✐❡♥❡ ❛❞ ✉♥ ♥✉♠❡r♦ ✜♥✐t♦ ❞✐ tr✐❛♥❣♦❧✐ ❝❤❡ s♦♥♦
♥✉♠❡r❛❜✐❧✐ ✐♥ ♠♦❞♦ t❛❧❡ ❝❤❡ ❝✐❛s❝✉♥♦ ❛❜❜✐❛ ❡s❛tt❛♠❡♥t❡ ✉♥ ❧❛t♦ ✐♥ ❝♦♠✉♥❡ ❝♦♥ ✐❧ s✉❝❝❡ss✐✈♦
♥❡❧❧✬♦r❞✐♥❡ ❝✐❝❧✐❝♦✱ ❡ ❧✬✉♥✐♦♥❡ ❞✐ t✉tt✐ è ✉♥ ✐♥t♦r♥♦ ❞✐ P ✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✶ ✭❈❛r❛tt❡r✐st✐❝❛ ❞✐ ❊✉❧❡r♦✲P♦✐♥❝❛ré✮✳ ❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ ❝♦♠♣❛tt❛ S ❡
✉♥❛ s✉❛ tr✐❛♥❣♦❧❛③✐♦♥❡ T ✱ s✐❛♥♦ t ✐❧ ♥✉♠❡r♦ ❞✐ tr✐❛♥❣♦❧✐✱ l ✐❧ ♥✉♠❡r♦ ❞✐ ❧❛t✐✱ v ✐❧ ♥✉♠❡r♦ ❞✐ ✈❡rt✐❝✐✳
▲❛ ❝❛r❛tt❡r✐st✐❝❛ ❞✐ ❊✉❧❡r♦ ✲ P♦✐♥❝❛ré ❞✐ S è ♣❡r ❞❡✜♥✐③✐♦♥❡ ❧✬✐♥t❡r♦ χ(S) = t− l+ v✳ ❚❛❧❡ ✐♥t❡r♦
♥♦♥ ❞✐♣❡♥❞❡ ❞❛❧❧❛ tr✐❛♥❣♦❧❛③✐♦♥❡ s❝❡❧t❛✱ ♠❛ s♦❧♦ ❞❛❧❧❛ s✉♣❡r✜❝✐❡ S✳

❚❛❧❡ ❞❡✜♥✐③✐♦♥❡ è ❜❡♥ ♣♦st❛ ✐♥ q✉❛♥t♦ ✈❛❧❣♦♥♦ ✐ s❡❣✉❡♥t✐ r✐s✉❧t❛t✐✿

❚❡♦r❡♠❛ ✶✳✶✷✳ ❖❣♥✐ s✉♣❡r✜❝✐❡ r❡❛❧❡ ❛♠♠❡tt❡ tr✐❛♥❣♦❧❛③✐♦♥❡✳

❚❡♦r❡♠❛ ✶✳✶✸✳ ❯♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ ❛♠♠❡tt❡ tr✐❛♥❣♦❧❛③✐♦♥❡ ✜♥✐t❛ s❡ ❡ s♦❧♦ è ❝♦♠♣❛tt❛✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✹ ✭●❡♥❡r❡ ❚♦♣♦❧♦❣✐❝♦✮✳ ❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ ❝♦♠♣❛tt❛ S✱ ❞❡✜♥✐❛♠♦ ✐❧
❣❡♥❡r❡ t♦♣♦❧♦❣✐❝♦ ❞✐ S ❝♦♠❡ ❧✬✐♥t❡r♦ ❞❛t♦ ❞❛✿

g(S) =







2− χ(S)

2
s❡ S ♦r✐❡♥t❛❜✐❧❡✱

2− χ(S) ❛❧tr✐♠❡♥t✐✳

❉❛❧❧❛ ❝❧❛ss✐✜❝❛③✐♦♥❡ ❞❡❧❧❡ s✉♣❡r✜❝✐❡ r❡❛❧✐ ❝♦♠♣❛tt❡ s✐ tr♦✈❛ ✐❧ ♣r✐♠♦ s✐❣♥✐✜❝❛t♦ t♦♣♦❧♦❣✐❝♦ ❞❡❧
❣❡♥❡r❡✿ ✐❧ ❣❡♥❡r❡ ❝♦rr✐s♣♦♥❞❡ ❛❧ ♥✉♠❡r♦ ❞✐ ✏❜✉❝❤✐✑ ♣r❡s❡♥t✐ ♥❡❧❧❛ s✉♣❡r✜❝✐❡✱ ♥❡❧ ❝❛s♦ ♦r✐❡♥t❛❜✐❧❡✱
❡ ❛❧ ♥✉♠❡r♦ ❞✐ ❝r♦ss✲❝❛♣ ✭❛✉t♦✐♥t❡rs❡③✐♦♥✐✮✱ ♥❡❧ ❝❛s♦ ♥♦♥ ♦r✐❡♥t❛❜✐❧❡✳

✽



✶✳✷ ■❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛

❘✐❝♦r❞✐❛♠♦ ❝❤❡ n+ 1 ♣✉♥t✐ v0, ..., vn ✐♥ Rn s✐ ❞✐❝♦♥♦ ✐♥ ♣♦s✐③✐♦♥❡ ❣❡♥❡r❛❧❡ s❡ ✐ ✈❡tt♦r✐ ❞✐✛❡r❡♥③❛
v1 − v0, ..., vn − v0 s♦♥♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞✐♣❡♥❞❡♥t✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✺ ✭n✲s✐♠♣❧❡ss♦✮✳ ❯♥ n✲s✐♠♣❧❡ss♦ [v0, ..., vn] ✐♥ Rn è ✐❧ ♣✐ù ♣✐❝❝♦❧♦ ✐♥s✐❡♠❡ ❝♦♥✈❡ss♦
❝❤❡ ❝♦♥t✐❡♥❡ ❣❧✐ n + 1 ♣✉♥t✐ v0, ..., vn ✐♥ ♣♦s✐③✐♦♥❡ ❣❡♥❡r❛❧❡✳ ■ ♣✉♥t✐ vi s♦♥♦ ❞❡tt✐ ✈❡rt✐❝✐ ❞❡❧
s✐♠♣❧❡ss♦✳

❉❡♥♦t✐❛♠♦ ❝♦♥ △n ❧✬n✲s✐♠♣❧❡ss♦ st❛♥❞❛r❞✿

△n= [e0, ..., en] =

{

(t0, ..., tn) ∈ Rn+1 |
∑

i

ti = 1, ti ≥ 0 ∀i

}

✭✶✳✶✮

■♥ ✉♥ n✲s✐♠♣❧❡ss♦ ❧✬♦r❞✐♥❡ ❞❡✐ ✈❡rt✐❝✐ ❝♦♥t❛✿ ♥❛t✉r❛❧♠❡♥t❡✱ ❞✉❡ s✐♠♣❧❡ss✐ ❣❡♥❡r❛t✐ ❞❛❧❧♦ st❡ss♦
✐♥s✐❡♠❡ ❞✐ ♣✉♥t✐ ♠❛ ❝♦♥ ❞✐✈❡rs♦ ♦r❞✐♥❡ ❞❡✐ ✈❡rt✐❝✐ s♦♥♦ ♦♠❡♦♠♦r✜✳ ■♥♦❧tr❡ s♣❡❝✐✜❝❛r❡ ❧✬♦r❞✐♥❛✲
♠❡♥t♦ ❞❡✐ ✈❡rt✐❝✐ ♣❡r♠❡tt❡ ❞✐ ❞❡✜♥✐r❡ ✉♥ ♦♠❡♦♠♦r✜s♠♦ ♥❛t✉r❛❧❡ ❞❛❧❧✬n✲s✐♠♣❧❡ss♦ st❛♥❞❛r❞ △n ❛
q✉❛❧s✐❛s✐ ❛❧tr♦ n✲s✐♠♣❧❡ss♦ [v0, ..., vn] ❝❤❡ ♣r❡s❡r✈❛ ❧✬♦r❞✐♥❡ ❞❡✐ ✈❡rt✐❝✐✿

△n −→ [v0, ..., vn]

(t0, ..., tn) 7−→
∑

i

tivi

❉❡✜♥✐③✐♦♥❡ ✶✳✶✻✳ ❉❛t♦ ✉♥ n✲s✐♠♣❧❡ss♦✱ ✉♥❛ s✉❛ ❢❛❝❝✐❛ è ❧✬ (n − 1)✲s✐♠♣❧❡ss♦ ❝❤❡ s✐ ♦tt✐❡♥❡
❡❧✐♠✐♥❛♥❞♦ ✉♥♦ ❞❡❣❧✐ n+ 1 ✈❡rt✐❝✐ ❞❡❧ s✐♠♣❧❡ss♦✳

▲✬♦r❞✐♥❡ ❞❡✐ ✈❡rt✐❝✐ ✐♥ ✉♥❛ ❢❛❝❝✐❛ è ♣❡r ❝♦♥✈❡♥③✐♦♥❡ q✉❡❧❧♦ ❡r❡❞✐t❛t♦ ❞❛❧❧✬♦r❞✐♥❡ ❞❡✐ ✈❡rt✐❝✐ ♥❡❧
s✐♠♣❧❡ss♦✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✼✳ ■❧ ❜♦r❞♦ ❞✐ ✉♥ n✲s✐♠♣❧❡ss♦ è ❧✬✉♥✐♦♥❡ ❞✐ t✉tt❡ ❧❡ ❢❛❝❝❡ ❞❡❧ s✐♠♣❧❡ss♦✳ ■❧ ❜♦r❞♦
❞❡❧ n✲s✐♠♣❧❡ss♦ st❛♥❞❛r❞ △n s✐ ✐♥❞✐❝❛ ❝♦♥ ∂ △n✳

❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ X✱ ❞❡✜♥✐❛♠♦ Cn ❝♦♠❡ ✐❧ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❧✐❜❡r♦ ❣❡♥❡r❛t♦ ❞❛❣❧✐
n✲s✐♠♣❧❡ss✐ enα ❞✐ X✳ ■ s✉♦✐ ❡❧❡♠❡♥t✐ ♣♦ss♦♥♦ ❡ss❡r❡ s❝r✐tt✐ ❝♦♠❡ s♦♠♠❡ ❢♦r♠❛❧✐ ✜♥✐t❡

∑

α nαe
n
α ❛

❝♦❡✣❝✐❡♥t✐ ✐♥t❡r✐ nα ∈ Z✳ ■♥ ♣❛rt✐❝♦❧❛r❡ s✐ ❤❛✿

C0(X) ❂ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❧✐❜❡r♦ ❣❡♥❡r❛t♦ ❞❛✐ ♣✉♥t✐ ❞✐ X
C1(X) ❂ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❧✐❜❡r♦ ❣❡♥❡r❛t♦ ❞❛✐ s❡❣♠❡♥t✐ ❞✐ X
C2(X) ❂ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❧✐❜❡r♦ ❣❡♥❡r❛t♦ ❞❛✐ tr✐❛♥❣♦❧✐ ❞✐ X

❉❡✜♥✐❛♠♦ ♣♦✐ ❧❡ ♠❛♣♣❡

∂n : Cn(X) −→ Cn−1(X)

[v0, ..., vn] 7−→
∑

i

(−1)i[v0, ..., v̂i, ..., vn]
✭✶✳✷✮

❞♦✈❡ ❝♦♥ [v0, ..., v̂i, ..., vn] ✐♥❞✐❝❤✐❛♠♦ ❧✬(n − 1)✲s✐♠♣❧❡ss♦ ♦tt❡♥✉t♦ ❡❧✐♠✐♥❛♥❞♦ ✐❧ ✈❡rt✐❝❡ vi ❞❛
[v0, ..., vn]✳ ❙✐ ♦ss❡r✈✐ ❝❤❡ ❧✬❛ttr✐❜✉③✐♦♥❡ ❞❡✐ s❡❣♥✐ ❛❧❧❡ ❢❛❝❝❡ è ✐♥ ❛❝❝♦r❞♦ ❝♦♥ ❧✬♦r✐❡♥t❛③✐♦♥❡
❞❡t❡r♠✐♥❛t❛ ❞❛❧❧✬♦r❞✐♥❡ ❞❡✐ ✈❡rt✐❝✐✳ ❱❛❧❡ ✐❧ s❡❣✉❡♥t❡✿

✾



▲❡♠♠❛ ✶✳✶✽✳ ▲❛ ❝♦♠♣♦s✐③✐♦♥❡ ∂n ◦ ∂n−1 : Cn(X) → Cn−2(X) è ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❛✳

❉✐♠♦str❛③✐♦♥❡✳ ❙✐ ❤❛ ∂n([v0, ..., vn]) =
∑

i(−1)i[v0, ..., v̂i, ..., vn]✱ ❞✉♥q✉❡✿

∂n−1(∂n([v0, ..., vn])) =
∑

j<i

(−1)i(−1)j [v0, ..., v̂j , ..., v̂i, ..., vn]

+
∑

j>i

(−1)i(−1)j−1[v0, ..., v̂i, ..., v̂j , ..., vn] = 0

▲❛ s♦♠♠❛ è ③❡r♦ ✐♥ q✉❛♥t♦ s❝❛♠❜✐❛♥❞♦ ✐ ❞✉❡ ✐♥❞✐❝✐ ♥❡❧❧❛ s❡❝♦♥❞❛ s♦♠♠❛t♦r✐❛ s✐ ♦tt✐❡♥❡ ❡s❛tt❛✲
♠❡♥t❡ ❧✬♦♣♣♦st♦ ❞❡❧❧❛ ♣r✐♠❛✳

❙❡❣✉❡ im ∂n ⊆ ker ∂n−1✳ ❉✉♥q✉❡ è ❜❡♥ ❞❡✜♥✐t♦ ✐❧ ❧♦r♦ q✉♦③✐❡♥t❡✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✾ ✭n✲❡s✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛✮✳ ❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ X✱ ❧✬n✲❡s✐♠♦ ❣r✉♣♣♦
❞✐ ♦♠♦❧♦❣✐❛ ❞✐ X è ✐❧ ❣r✉♣♣♦ q✉♦③✐❡♥t❡ Hn(X) = ker ∂n−1/ im ∂n✳

■❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛ è q✉✐♥❞✐ H1(X) = ker ∂1/ im ∂2✱ ❞♦✈❡ ❧❛ ♠❛♣♣❡ ∂1 ❡ ∂2 s♦♥♦✿

C2(X)
∂2−−→ C1(X)

∂1−−→ C0(X)
△ 7−→ l0 − l1 + l2

l 7−→ P1 − P0

❞♦✈❡ △= [P0, P1, P2] è ✐❧ tr✐❛♥❣♦❧♦ ✐♥ X ❞✐ ✈❡rt✐❝✐ P0, P1, P2 ❡ ❧❛t✐ l0, l1, l2✱ ❝♦♥ li ❧❛t♦ ♦♣♣♦st♦ ❛❧
✈❡rt✐❝❡ Pi✱ ♠❡♥tr❡ l = [P0, P1] è ✐❧ ❧❛t♦ ✐♥ X ❞✐ ✈❡rt✐❝✐ P0 = l(0) ❡ P1 = l(1)✳ ●❧✐ ❡❧❡♠❡♥t✐ ❞✐
im ∂2 s♦♥♦ ❞❡tt✐ ❜♦r❞✐ ❞❡✐ tr✐❛♥❣♦❧✐✱ q✉❡❧❧✐ ❞✐ ker ∂1 s♦♥♦ ❞❡tt✐ ❝❛t❡♥❡ ❝❤✐✉s❡✿ ✐❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐
♦♠♦❧♦❣✐❛ ❞✐ X è q✉✐♥❞✐ ✐❧ q✉♦③✐❡♥t❡ tr❛ ✐❧ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❣❡♥❡r❛t♦ ❞❛❧❧❡ ❝❛t❡♥❡ ❝❤✐✉s❡ ❡ ✐❧ s✉♦
s♦tt♦❣r✉♣♣♦ ❣❡♥❡r❛t♦ ❞❛✐ ❜♦r❞✐ ❞❡✐ tr✐❛♥❣♦❧✐✳ ❱❡♥❣♦♥♦ ❝✐♦è ✐❞❡♥t✐✜❝❛t✐ tr❛ ❧♦r♦ t✉tt✐ ✐ ❝❛♠♠✐♥✐
❝❤✐✉s✐ ✐♥ X ❝❤❡ ❞✐✛❡r✐s❝♦♥♦ ♣❡r ❜♦r❞✐ ❞✐ tr✐❛♥❣♦❧✐✿ ✐♥❢❛tt✐ ✐♥t❡❣r❛r❡ s✉ t❛❧✐ ❝❛♠♠✐♥✐ ❞❡❧❧❡ ❢♦r♠❡
❞✐✛❡r❡♥③✐❛❧✐ ♦❧♦♠♦r❢❡ ❞à ❧♦ st❡ss♦ r✐s✉❧t❛t♦✳

➮ ✐♥t❡r❡ss❛♥t❡ ♦ss❡r✈❛r❡ ❧❛ r❡❧❛③✐♦♥❡ ❝❤❡ s✉ss✐st❡ tr❛ ✐❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛ ❡ ✐❧ ❣r✉♣♣♦
❢♦♥❞❛♠❡♥t❛❧❡ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡ X✳ ❘✐❝♦r❞✐❛♠♦ ❧❛ s❡❣✉❡♥t❡

❉❡✜♥✐③✐♦♥❡ ✶✳✷✵ ✭●r✉♣♣♦ ❢♦♥❞❛♠❡♥t❛❧❡✮✳ ■❧ ❣r✉♣♣♦ ❢♦♥❞❛♠❡♥t❛❧❡ π1(X,x) ❞✐ ✉♥♦ s♣❛③✐♦ t♦✲
♣♦❧♦❣✐❝♦ X ❝❡♥tr❛t♦ ✐♥ ✉♥ ♣✉♥t♦ x ∈ X è ✐❧ ❣r✉♣♣♦ ❞❡✐ ❝❛♠♠✐♥✐ ❝❤✐✉s✐ ❞✐ ❜❛s❡ ✉♥ ♣✉♥t♦ x ❛
♠❡♥♦ ❞✐ ♦♠♦t♦♣✐❛ r❡❧❛t✐✈❛ ❛❧ ♣✉♥t♦✳

◗✉✐♥❞✐ s❡ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ C(X,x) ❧✬✐♥s✐❡♠❡ ❞❡✐ ❝❛♠♠✐♥✐ ❝❤✐✉s✐ ✐♥ X ❞✐ ♣✉♥t♦ ❜❛s❡ x ❡ ❝♦♥
∼ ❧❛ r❡❧❛③✐♦♥❡ ❞✐ ♦♠♦t♦♣✐❛✱ ♣♦ss✐❛♠♦ s❝r✐✈❡r❡

π1(X,x) =
C(X,x)�∼.

▲❛ s❝❡❧t❛ ❞❡❧ ♣✉♥t♦ x ♣♦rt❛ ❛ ❣r✉♣♣✐ ✐s♦♠♦r✜✿ s❡ X è ❝♦♥♥❡ss♦ ♣❡r ❛r❝❤✐✱ s❝❡❧t♦ ✉♥ ❛❧tr♦
♣✉♥t♦ y ∈ X ❡s✐st❡ s❡♠♣r❡ ✉♥ ❝❛♠♠✐♥♦ ❞❛ x ✐♥ y✱ ❡ ❞✉♥q✉❡ è ❜❡♥ ❞❡✜♥✐t♦ ❧✬✐s♦♠♦r✜s♠♦ ❞✐
❣r✉♣♣✐ ✐♥❞♦tt♦ ❞❛❧❧❛ ❝♦♠♣♦s✐③✐♦♥❡ ❝♦♥ t❛❧❡ ❝❛♠♠✐♥♦ ✭❡ ✐❧ s✉♦ ✐♥✈❡rs♦✮✳ ■♥ t❛❧ ❝❛s♦✱ ❝❤❡ è q✉❡❧❧♦
❝❤❡ st✉❞✐❡r❡♠♦✱ s❝r✐✈✐❛♠♦ s❡♠♣❧✐❝❡♠❡♥t❡ π1(X)✳

❉❛t♦ ❝❤❡ ♦❣♥✐ ❝❛♠♠✐♥♦ ❝❤✐✉s♦ ✐♥ X è ✉♥❛ ❝❛t❡♥❛ ❝❤✐✉s❛✱ è ♥❛t✉r❛❧❡ ❝♦♥s✐❞❡r❛r❡ ❧✬✐♠♠❡r✲
s✐♦♥❡ i : C(X,x) → ker(∂1)✳ ❈♦♠♣♦♥❡♥❞♦ ❝♦♥ ❧❛ ♣r♦✐❡③✐♦♥❡ π ❞✐ ker(∂1) s✉❧ q✉♦③✐❡♥t❡ H1(X)✱
♦tt❡♥✐❛♠♦ ✐❧ s❡❣✉❡♥t❡ ❞✐❛❣r❛♠♠❛✿
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C(X,x) ker ∂1

H1(X)

i

π

❙✐❛♥♦ γ, γ′ ❞✉❡ ❝❛♠♠✐♥✐ ✐♥ C(X,x)✳ ❙❡ γ ∼ γ′ ❛❧❧♦r❛ [γ] = [γ′]✱ ❞♦✈❡ [γ] = π(i(γ))✳
■♥❢❛tt✐ s❡ γ ∼ γ′ ❛❧❧♦r❛ ❡s✐st❡ ✉♥✬♦♠♦t♦♣✐❛ H : I × I → X✱ ❝❤❡ ♣♦ss✐❛♠♦ r❛♣♣r❡s❡♥t❛r❡ ❝♦♠❡

✐♥ ✜❣✉r❛✳

v0 γ v1

l2

v3γ′v2

l1
l3

❉❡tt✐ l1 = [v0, v2], l2 = [v1, v3], l3 = [v0, v3]✱ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ♦♠♦t♦♣✐❛ s✐ ❤❛♥♥♦ ❧❡ s❡❣✉❡♥t✐
✉❣✉❛❣❧✐❛♥③❡✿ v0 = v1 = v2 = v3 = x✱ l1 = l2 = ex ❝❛♠♠✐♥♦ ❝♦st❛♥t❡ ✐♥ x✱ [v0, v1] = γ✱
[v2, v3] = γ′✳ ❉❡✜♥✐s❝♦ ✐ ❞✉❡ tr✐❛♥❣♦❧✐ A = [v0, v3, v2]✱ B = [v0, v1, v3] ❡ ❝❛❧❝♦❧♦ ❧❡ ❧♦r♦ ✐♠♠❛❣✐♥✐
tr❛♠✐t❡ ❧❛ ♠❛♣♣❛ ∂2✿

∂2(A) = −γ′ − l1 + l3

∂2(B) = l2 − l3 + γ

❙❡❣✉❡ γ − γ′ = ∂2(A) + ∂2(B) ∈ im ∂2✱ ❞❛ ❝✉✐ [γ] = [γ′]✳
❍❛ s❡♥s♦ q✉✐♥❞✐ ❝♦♥s✐❞❡r❛r❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡✿

ψ : C(X,x)�∼ = π1(X) −→ H1(X)

γ 7−→ [γ]

❙✐ ♦ss❡r✈✐ ❝❤❡ ❧❛ ♠❛♣♣❛ ψ è ♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐✳ Pr❡s✐ γ, γ′ ❞✉❡ ❝❛♠♠✐♥✐ ✐♥ π1(X) ✈❛❧❡
[γ · γ′] = γ + γ′✳ ❈♦♠❡ s✐ ♣✉ò ✈❡❞❡r❡ ✐♥ ✜❣✉r❛ ✐♥❢❛tt✐✱ ✐❧ tr✐❛♥❣♦❧♦ ✐♥ X ❞❛t♦ ❞❛❧❧❛ ❝♦♠♣♦s✐③✐♦♥❡
❞❡❧❧❛ ♣r♦✐❡③✐♦♥❡ ♦rt♦❣♦♥❛❧❡ s✉❧ ❧❛t♦ [v0, v2] ❝♦♥ ✐❧ ♣r♦❞♦tt♦ ❞✐ ❝❛♠♠✐♥✐ γ · γ′ ❤❛ ❝♦♠❡ ❜♦r❞♦
[γ′]− [γ · γ′] + [γ]✳

v1

γ′

v2

γ′

γ

v0 γ

❙❡❣✉❡ [γ′]− [γ · γ′] + [γ] ∈ im ∂2✱ ❝✐♦è [γ · γ′] = γ + γ′✳
❈♦♥s✐❞❡r✐❛♠♦ ❧❛ ♣r♦✐❡③✐♦♥❡ ❞✐ π1(X) s✉❧ s✉♦ ❛❜❡❧✐❛♥✐③③❛t♦ π1(X)/[π1(X), π1(X)]✿ ♣♦✐❝❤è s✐

tr❛tt❛ ❞✐ ✉♥❛ ♠❛♣♣❛ ✉♥✐✈❡rs❛❧❡ ♣❡r ✐ ♠♦r✜s♠✐ ❞✐ ❣r✉♣♣✐ tr❛ π1(X) ❡ ✉♥ q✉❛❧s✐❛s✐ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦✱
❡s✐st❡ ✉♥✐❝❛ ψ′ ❝❤❡ r❡♥❞❡ ❝♦♠♠✉t❛t✐✈♦ ✐❧ s❡❣✉❡♥t❡ ❞✐❛❣r❛♠♠❛
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π1(X) H1(X)

π1(X)�[π1(X), π1(X)]

ψ

ψ′

▲❛ ❢✉♥③✐♦♥❡ ψ′✱ ♦❧tr❡ ❛❞ ❡ss❡r❡ ♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐ ✐♥ q✉❛♥t♦ ❧♦ è ψ✱ s✐ ❞✐♠♦str❛ ❡ss❡r❡ ❜✐❡tt✐✈❛✳
❊ss❛ ✐♥❢❛tt✐ ❛♠♠❡tt❡ ✐♥✈❡rs❛ (ψ′)−1 : H1(X) → π1(X)/[π1(X), π1(X)]✱ ❞❡✜♥✐t❛ ♠❛♥❞❛♥❞♦

♦❣♥✐ ❡❧❡♠❡♥t♦
∑

niσi ❞✐ H1(X) ♥❡❧ ♣r♦❞♦tt♦ ❞✐ ❝❛♠♠✐♥✐ (σ1)n1 · · · (σm)
nm ✳

■♥ r❡❛❧tà s✐ ♣✉ò ♦ss❡r✈❛r❡ ❝❤❡ ❧❛ ♠❛♣♣❛ ψ è s✉r✐❡tt✐✈❛✱ ❡ q✉✐♥❞✐ ❞❡❞✉rr❡ ❞❛ ❝✐ò ❧❛ s✉r✐❡tt✐✈✐tà
❞✐ ψ′✳ ❈♦♥s✐❞❡r✐❛♠♦ ✉♥ ❡❧❡♠❡♥t♦

∑

i niσi ∈ H1(X)✿ r✐♥♦♠✐♥❛♥❞♦ ✐ σi ♣♦ss✐❛♠♦ ❛ss✉♠❡r❡ ❝❤❡
ni = 1 ♣❡r ♦❣♥✐ i✳ ■♥♦❧tr❡ s✐ ♣✉ò s✉♣♣♦rr❡ ❝❤❡ ♦❣♥✐ σi s✐❛ ✉♥ ❝❛♠♠✐♥♦ ❝❤✐✉s♦✱ ♣♦✐❝❤é s❡ ❝♦sì ♥♦♥
❢♦ss❡✱ ❝♦♠♣♦♥❡♥❞♦ σi ❝♦♥ ✉♥ ♥✉♠❡r♦ ✜♥✐t♦ ♦♣♣♦rt✉♥♦ ❞✐ σj s✐ ♦tt✐❡♥❡ ✉♥ ❝❛♠♠✐♥♦ ❝❤✐✉s♦✳ ■♥✜♥❡✱
❧❛ ❝♦♥♥❡ss✐♦♥❡ ♣❡r ❛r❝❤✐ ❞✐ X ❣❛r❛♥t✐s❝❡ ❧✬❡s✐st❡♥③❛ ❞✐ ✉♥ ❝❛♠♠✐♥♦ γ ❞❛ x ❛ xi ♣✉♥t♦ ❜❛s❡ ❞❡❧
❝❛♠♠✐♥♦ ❝❤✐✉s♦ σi✳ ❉✉♥q✉❡ tr❛♠✐t❡ ❧❛ ♠❛♣♣❛ σi 7→ γσiγ ♣♦ss✐❛♠♦ ❛ss✉♠❡r❡ ❝❤❡ ♦❣♥✐ ❝❛♠♠✐♥♦
❝❤✐✉s♦ ❛❜❜✐❛ ❝♦♠❡ ♣✉♥t♦ ❜❛s❡ x✳ ❆❜❜✐❛♠♦ q✉✐♥❞✐ ❝❤❡ ♦❣♥✐ ❡❧❡♠❡♥t♦

∑

i niσi ∈ H1(X) è s♦♠♠❛
❞✐ ❝❛♠♠✐♥✐ ❝❤✐✉s✐ ❞✐ ♣✉♥t♦ ❜❛s❡ x✱ ❡ ❞✉♥q✉❡ è ✉♥ ❝❛♠♠✐♥♦ ❝❤✐✉s♦ ❞✐ ♣✉♥t♦ ❜❛s❡ x✳

❙✐ ❤❛ q✉✐♥❞✐ ✐❧ s❡❣✉❡♥t❡ ✐s♦♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐✿

H1(X) = ker(∂1)/ im(∂2) ∼= π1(X)/[π1(X), π1(X)]

■❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡X ❝♦✐♥❝✐❞❡ q✉✐♥❞✐ ❝♦♥ ❧✬❛❜❡❧✐❛♥✐③③❛t♦ ❞❡❧ ❣r✉♣♣♦
❢♦♥❞❛♠❡♥t❛❧❡ ❞✐ X✳ ■♥ q✉❡st✐ t❡r♠✐♥✐✱ ❝♦♥♦s❝❡♥❞♦ ✐❧ ❣r✉♣♣♦ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡✱
r✐s✉❧t❛ ✈❡❧♦❝❡ ❝❛❧❝♦❧❛r♥❡ ✐❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛✳

❊s❡♠♣✐♦ ✶✳✷✶✳ ✭❙❢❡r❛ ❞✐ ❘✐❡♠❛♥♥✮ ❙✐❛ X = S2 ❞❡✜♥✐t❛ ❞❛ S2 = {(x, y, z) ∈ R3 | x2+y2+z2 = 1}✳
➮ ♥♦t♦ ❝❤❡ π1(X) = 1✱ ❞✉♥q✉❡ s❡❣✉❡ H1(X) = 1✳

❊s❡♠♣✐♦ ✶✳✷✷✳ ✭❚♦r♦✮ ❙✐❛X = T ❞❡✜♥✐t♦ ❞❛ T = S1×S1✳ ❊ss❡♥❞♦ π1(S1) = Z✱ ✈❛❧❡ π1(X) = Z×Z

❡ q✉✐♥❞✐ H1(X) = Z× Z✳

❊s❡♠♣✐♦ ✶✳✷✸✳ ✭❲❡❞❣❡ s✉♠ ❞✐ t♦r✐✮ ❙✐❛ X = T∨T✱ s✉♣❡r✜❝✐❡ ♦tt❡♥✉t❛ ✐❞❡♥t✐✜❝❛♥❞♦ ✉♥ ♣✉♥t♦ ❞❡❧
♣r✐♠♦ t♦r♦ ❝♦♥ ✉♥ ♣✉♥t♦ ❞❡❧ s❡❝♦♥❞♦✳ ❊ss❡♥❞♦ π1(T) = Z× Z✱ ✈❛❧❡ π1(X) = (Z× Z) ∗ (Z× Z)✱
❞♦✈❡ ∗ ✐♥❞✐❝❛ ✐❧ ♣r♦❞♦tt♦ ❧✐❜❡r♦ ❞✐ ❣r✉♣♣✐✳ ❉✉♥q✉❡ H1(X) = Z4✳

❊s❡♠♣✐♦ ✶✳✷✹✳ ✭❙♦♠♠❛ ❝♦♥♥❡ss❛ ❞✐ t♦r✐✮ ❙✐❛ X = T#T✱ ❞♦✈❡ # ✐♥❞✐❝❛ ❧❛ s♦♠♠❛ ❝♦♥♥❡ss❛ ❞✐
s✉♣❡r✜❝✐✳ ❊ss❡♥❞♦ π1(T) = Z× Z =< a, b >✱ ✈❛❧❡

π1(X) =
〈a, b, c, d〉

〈aba−1b−1cdc−1d−1〉
.

❉✉♥q✉❡ H1(X) = Z4✳
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❈❛♣✐t♦❧♦ ✷

❙✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥

✷✳✶ ❉❡✜♥✐③✐♦♥❡ ❞✐ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥

❉❡✜♥✐③✐♦♥❡ ✷✳✶✳ ❉❛t♦ ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ X✱ ✉♥❛ ❝❛rt❛ ❝♦♠♣❧❡ss❛ s✉ X è ✉♥ ♦♠❡♦♠♦r✜s♠♦
φ : U → V ✱ ❞♦✈❡ U ⊂ X è ✉♥ ❛♣❡rt♦ ❞✐ X ❡ V ⊂ C è ✉♥ ❛♣❡rt♦ ❞✐ C t❛❧❡ ❝❤❡ 0 ∈ V ✳ ▲❛ ❝❛rt❛ è
❝❡♥tr❛t❛ ✐♥ p ∈ C s❡ φ(p) = 0✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✳ ❯♥❛ ❢✉♥③✐♦♥❡ f : U → C✱ ❝♦♥ U ⊂ C ❛♣❡rt♦✱ s✐ ❞✐❝❡ ♦❧♦♠♦r❢❛ s❡ è ❞❡r✐✈❛❜✐❧❡
✐♥ s❡♥s♦ ❝♦♠♣❧❡ss♦✱ ❝✐♦è s❡ ♣❡r ♦❣♥✐ ♣✉♥t♦ z ∈ U ❡s✐st❡ ✐❧ s❡❣✉❡♥t❡ ❧✐♠✐t❡

lim
ε→0

f(x+ ǫ)− f(z)

ǫ
,

❝♦♥ ε ∈ C✳

❙✐ ♦ss❡r✈✐ ❝❤❡ t❛❧❡ s❝r✐tt✉r❛ ❤❛ s❡♥s♦ ✐♥ q✉❛♥t♦ C ♣✉ò ❡ss❡r❡ ❞♦t❛t♦ ❞✐ ✉♥❛ t♦♣♦❧♦❣✐❛✱ ✐♥ q✉❡st♦
❝❛s♦ ❛ss✉♠✐❛♠♦ ❝❤❡ ❛❜❜✐❛ ❧❛ t♦♣♦❧♦❣✐❛ ❞✐ R2✳

❉❡✜♥✐③✐♦♥❡ ✷✳✸✳ ❉✉❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡ φi : Ui → Vi ❡ φj : Uj → Vj s✉ X s✐ ❞✐❝♦♥♦ ❝♦♠♣❛t✐❜✐❧✐ s❡
Ui ∩ Uj = ∅ ♦♣♣✉r❡ ❧❛ ♠❛♣♣❛ φi,j = φj ◦ φ

−1
i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj) è ♦❧♦♠♦r❢❛✳ ▲❛ ♠❛♣♣❛

φi,j è ❞❡tt❛ ❞✐ tr❛♥s✐③✐♦♥❡✳

❉❡✜♥✐③✐♦♥❡ ✷✳✹✳ ❉❛t♦ ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ X✱ ✉♥ ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ ♣❡r X è ✉♥❛ ❝♦❧❧❡③✐♦♥❡
❞✐ ❝❛rt❡ ❝♦♠♣❧❡ss❡ {φi : Ui → Vi}i s✉ X tr❛ ❧♦r♦ ❝♦♠♣❛t✐❜✐❧✐ ❡ t❛❧✐ ❝❤❡ X =

⋃

i Ui✳

❉❡✜♥✐③✐♦♥❡ ✷✳✺ ✭❙✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✮✳ ❯♥❛ ❙✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦
❍❛✉s❞♦r✛✱ ❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡ ❡ ❝♦♥♥❡ss♦✱ ❞♦t❛t♦ ❞✐ ✉♥ ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦✳ ❯♥❛ s✉♣❡r✜❝✐❡ ❞✐
❘✐❡♠❛♥♥ s✐ ❞✐❝❡ ❝♦♠♣❛tt❛ s❡ è ❝♦♠♣❛tt❛ ✐♥ q✉❛♥t♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦✳

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ s✐ ♣✉ò r✐❝♦♥♦s❝❡r❡ ❝❤❡ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ✉♥❛ ✈❛r✐❡tà ❝♦♠♣❧❡ss❛ ❞✐
❞✐♠❡♥s✐♦♥❡ ❝♦♠♣❧❡ss❛ 1 ❡ ✉♥❛ s✉♣❡r✜❝✐❡ r❡❛❧❡ ❞✐ ❞✐♠❡♥s✐♦♥❡ r❡❛❧❡ 2✳

❉❡✜♥✐③✐♦♥❡ ✷✳✻✳ ❯♥❛ ✈❛r✐❡tà r❡❛❧❡ 2✲❞✐♠❡♥s✐♦♥❛❧❡ è ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ ❍❛✉s❞♦r✛ t❛❧❡ ♣❡r
❝✉✐ ♣❡r ♦❣♥✐ ♣✉♥t♦ ❡s✐st❡ ✉♥ ✐♥t♦r♥♦ ❛♣❡rt♦ ♦♠❡♦♠♦r❢♦ ❛❧ ❞✐s❝♦ ❛♣❡rt♦ ✉♥✐t❛r✐♦ D = {x ∈ R2 :
|x| < 1}✳ ➮ ❞❡tt❛ C∞ s❡ ❞♦t❛t♦ ❞✐ ✉♥❛ str✉tt✉r❛ C∞✳
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❉❛t♦ ❝❤❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ ❞✐ ✈❛r✐❛❜✐❧❡ ❝♦♠♣❧❡ss❛ z = x + iy ∈ C s♦♥♦ C∞ ✐♥ x, y s❡❣✉❡
❝❤❡ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ✉♥❛ ✈❛r✐❡tà r❡❛❧❡ 2✲❞✐♠❡♥s✐♦♥❛❧❡ C∞✳ ❉❛ q✉❡st♦ s❡❣✉❡ ❝❤❡ ♦❣♥✐
s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ❧♦❝❛❧♠❡♥t❡ ❝♦♥♥❡ss❛✳

■♥♦❧tr❡✱ ♦❣♥✐ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ♦r✐❡♥t❛❜✐❧❡ ✐♥ q✉❛♥t♦ ❧❡ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ ❞❡❧ s✉♦
❛t❧❛♥t❡ ❤❛♥♥♦ ❏❛❝♦❜✐❛♥❡ ❞✐ ❞❡t❡r♠✐♥❛♥t❡ ♣♦s✐t✐✈♦ ✐♥ ♦❣♥✐ ♣✉♥t♦✳ ■♥❢❛tt✐ ❝❤✐❡❞✐❛♠♦ ❝❤❡ ✐♥ ✉♥
❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ ❧❡ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ s✐❛♥♦ ♦❧♦♠♦r❢❡✱ ❡ q✉❡st♦ ❡q✉✐✈❛❧❡✱ ❞❛❧❧❡ ❡q✉❛③✐♦♥✐ ❞✐
❈❛✉❝❤②✲❘✐❡♠❛♥♥✱ ❛❞ ❛✈❡r❡ ❞❡t❡r♠✐♥❛♥t❡ ❞❡❧❧❛ ❏❛❝♦❜✐❛♥❛ ♣♦s✐t✐✈♦✳
❙✐❛♥♦ φi : Ui → Vi ❡ φj : Uj → Vj ❞✉❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡ s✉ X ❡ φ = φj ◦ φ

−1
i : φi(Ui ∩ Uj) →

φj(Ui ∩ Uj) ❧❛ ♠❛♣♣❛ ❞✐ tr❛♥s✐③✐♦♥❡ tr❛ ❧❡ ❞✉❡✳ ■❧ ❞♦♠✐♥✐♦ ❡ ✐❧ ❝♦❞♦♠✐♥✐♦ ❞✐ φ s♦♥♦ ❛♣❡rt✐ ❞✐ C✱
q✉✐♥❞✐ ♣❡r ♦❣♥✐ x+ iy = z ∈ φi(Ui ∩ Uj) ⊆ C ♣♦ss✐❛♠♦ s❝r✐✈❡r❡ φ(x, y) = u(x, y) + iv(x, y)✱ ❝♦♥
u(x, y) = Reφ(x, y) ❡ v(x, y) = Imφ(x, y)✳ ❙❡ φ è ♦❧♦♠♦r❢❛✱ ❛❧❧♦r❛ ∂xu = ∂yv ❡ ∂yu = −∂xv✱ ❞❛
❝✉✐ s❡❣✉❡

det Jφ(x, y) = det

(

∂xu(x, y) ∂yu(x, y)
∂xv(x, y) ∂yv(x, y)

)

= ∂2xu(x, y) + ∂2yv(x, y) > 0.

➮ ♣♦ss✐❜✐❧❡ q✉✐♥❞✐ ❛ttr✐❜✉✐r❡ ❛❧❧❡ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡✱ ❝♦sì ❝♦♠❡ ♣❡r ❧❡ s✉♣❡r✜❝✐
r❡❛❧✐ ❝♦♠♣❛tt❡✱ ✐❧ ❣❡♥❡r❡ t♦♣♦❧♦❣✐❝♦✳

❊s❡♠♣✐♦ ✷✳✼✳ ❙✐❛ X = R2✿ è ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ ❍❛✉s❞♦r✛✱ ❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡ ❡ ❝♦♥♥❡ss♦✳
❈♦♥s✐❞❡r♦ ❧❛ ❢❛♠✐❣❧✐❛ ❞✐ ❢✉♥③✐♦♥✐ A = {φU : U → C} ❞❡✜♥✐t❡ ❞❛ φU (x, y) = x + iy ❛❧ ✈❛r✐❛r❡ ❞✐
U ⊂ R2 ❛♣❡rt♦✿ ❧❡ ❢✉♥③✐♦♥✐ φU s♦♥♦ ♦♠❡♦♠♦r✜s♠✐✱ ❡ ❞✉♥q✉❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡ ♣❡r❝❤é ❧❡ ♠❛♣♣❡
❞✐ tr❛♥s✐③✐♦♥❡ s♦♥♦ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡✳ Pr❡s✐ U, V ❛♣❡rt✐ ♥♦♥ ❞✐s❣✐✉♥t✐ ❞✐ R2 s✐ ❤❛ ✐♥❢❛tt✐✿

φU (U ∩ V )
φ−1
U−−→ U ∩ V

φV−−→ φV (U ∩ V )
x+ iy 7−→ (x, y) 7−→ x+ iy.

■♥ ♣❛rt✐❝♦❧❛r❡ ♣❡r ♦❣♥✐ ❝♦♣♣✐❛ ❞✐ ❛♣❡rt✐ U, V ✈❛❧❡ φV ◦ φ−1
U = id✱ ❝❤❡ è ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛✳

❉✉♥q✉❡ A è ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ ♣❡r R2 ❡ R2 è s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳

❊s❡♠♣✐♦ ✷✳✽✳ ✭❙❢❡r❛ ❞✐ ❘✐❡♠❛♥♥✮ ❙✐❛ X = S2 ❞❡✜♥✐t❛ ❞❛ S2 = {(x, y, z) ∈ R3 | x2+y2+ z2 = 1}✿
è ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ ❍❛✉s❞♦r✛✱ ❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡✱ ❝♦♥♥❡ss♦ ❡ ❝♦♠♣❛tt♦✳ ❉❡tt♦ N = (0, 0, 1)
❝♦♥s✐❞❡r♦ ❧❛ ♠❛♣♣❛ φ1✿

φ1 : S
2 \ {N} −→ C

(x, y, w) 7→
x

1− w
+ i

y

1− w
.

❉❡tt♦ S = (0, 0,−1) ❝♦♥s✐❞❡r♦ ❧❛ ♠❛♣♣❛ φ2✿

φ2 : S
2 \ {S} −→ C

(x, y, w) 7→
x

1 + w
− i

y

1 + w
.

▲❡ ❞✉❡ ❢✉♥③✐♦♥✐ ❝♦sì ❞❡✜♥✐t❡ s♦♥♦ ♦♠❡♦♠♦r✜s♠✐✱ ❡ ✈❛❧❡

φ1(S
2 \ {N,S}) = φ2(S

2 \ {N,S}) = C \ {0}.

❙✐ ✈❡r✐✜❝❛ ✐♥♦❧tr❡ ❝❤❡ φ2◦φ
−1
1 (z) = 1

z
✱ ❝❤❡ è ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ ❢✉♦r✐ 0✳ ❉✉♥q✉❡ ❧❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡

s♦♥♦ ❝♦♠♣❛t✐❜✐❧✐ ❡ ❢♦r♠❛♥♦ ✉♥ ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ ♣❡r S2✳
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❊s❡♠♣✐♦ ✷✳✾✳ ✭❘❡tt❛ ♣r♦✐❡tt✐✈❛ ❝♦♠♣❧❡ss❛✮ ❙✐❛ X = CP1 ❧❛ r❡tt❛ ♣r♦✐❡tt✐✈❛ ❝♦♠♣❧❡ss❛✿ ❡ss❛
❝♦st✐t✉✐s❝❡ ✉♥♦ s♣❛③✐♦ t♦♣♦❧♦❣✐❝♦ ❍❛✉s❞♦r✛✱ ❛ ❜❛s❡ ♥✉♠❡r❛❜✐❧❡✱ ❝♦♥♥❡ss♦ ❡ ❝♦♠♣❛tt♦✳ ❙✐❛♥♦
✵ = [1 : 0] ❡ ∞ = [0 : 1]✳ ➮ ♣♦ss✐❜✐❧❡ ❝♦♣r✐r❡ CP1 ❝♦♥ ❞✉❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡✿

φ1 : CP
1 \ {∞} −→ C

[x : y] 7−→
y

x

φ2 : CP
1 \ {✵} −→ C

[x : y] 7−→
x

y

❚❛❧✐ ❢✉♥③♦♥✐ s♦♥♦ ♦♠❡♦♠♦r✜s♠✐ tr❛ ❧♦r♦ ❝♦♠♣❛t✐❜✐❧✐ ✐♥ q✉❛♥t♦ φ2 ◦ φ−1
1 : C \ {0} → C \ {0}

♠❛♥❞❛ z ✐♥ 1
z
✱ ❡❞ è q✉✐♥❞✐ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ s✉ C \ {0}✳ ▲✬❛♣❡rt♦ CP1 \ {✵} ✈❡rrà ✐♥❞✐❝❛t♦ ❝♦♥

C∞✱ ♠❡♥tr❡ ♦ss❡r✈✐❛♠♦ ❝❤❡ CP1 \ {∞} ∼= C ✳

❊s❡♠♣✐♦ ✷✳✶✵✳ ❙✐❛ X ✉♥❛ ❝✉r✈❛ ❛❧❣❡❜r✐❝❛ ♣r♦✐❡tt✐✈❛ ❧✐s❝✐❛ ❞❡✜♥✐t❛ ❞❛❧❧✬❡q✉❛③✐♦♥❡ f = f(x, y)✿
s✐ tr❛tt❛ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ✐♥ q✉❛♥t♦ ❛♣♣❧✐❝❛♥❞♦ ❛tt♦r♥♦ ❛❞ ♦❣♥✐ ♣✉♥t♦ ✐❧
t❡♦r❡♠❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ✐♠♣❧✐❝✐t❛ s✐ ♦tt✐❡♥❡ ✉♥ ❛t❧❛♥t❡✳ ▲❡ ❢✉♥③✐♦♥✐ ❞✐ tr❛♥s✐③✐♦♥❡ s♦♥♦ ❧✬✐❞❡♥t✐tà
♦♣♣✉r❡ ❧❛ st❡ss❛ ❢✉♥③✐♦♥❡ ✐♠♣❧✐❝✐t❛✱ ❞✉♥q✉❡ ❧✬❛t❧❛♥t❡ è ♦❧♦♠♦r❢♦✳
■♥ ♣❛rt✐❝♦❧❛r❡ q✉❡st♦ è ✈❡r♦ ♣❡r ❧❡ ❝✉r✈❡ ❡❧❧✐tt✐❝❤❡✱ ♦✈✈❡r♦ ❝✉r✈❡ ♣✐❛♥❡ ❧✐s❝❡ ❞✐ ❣r❛❞♦ 3✳

❊s❡♠♣✐♦ ✷✳✶✶✳ ❙✐❛ X = T ✐❧ t♦r♦ ❝♦♠♣❧❡ss♦✳ ❘✐❝♦r❞✐❛♠♦ ❝❤❡ T è ❞❡✜♥✐t♦ ❝♦♠❡ q✉♦③✐❡♥t❡ ❞✐ C
s✉ ✉♥ r❡t✐❝♦❧♦ L ❞❡✜♥✐t♦ ❞❛

L = Zω1 + Zω2 = {m1ω1 +m2ω2 : m1,m2 ∈ Z},

❝♦♥ ω1, ω2 ∈ C ❧✐♥❡❛r♠❡♥t❡ ✐♥❞✐♣❡♥❞❡♥t✐ s✉ R✳ ◗✉✐♥❞✐ T = C�L✳
❚r❛♠✐t❡ ❧❛ ♣r♦✐❡③✐♦♥❡ π : C → T è ♣♦ss✐❜✐❧❡ ♠✉♥✐r❡ T ❞❡❧❧❛ t♦♣♦❧♦❣✐❛ q✉♦③✐❡♥t❡❀ T è ❝♦♥♥❡ss♦
♣♦✐❝❤é C ❧♦ è ❡ π è ❝♦♥t✐♥✉❛✳ ■♥♦❧tr❡ ✜ss❛t♦ ✉♥ ♣✉♥t♦ z ∈ C s✐ ❞✐♠♦str❛ ❝❤❡ ❧✬✐♠♠❛❣✐♥❡ ❞❡❧
♣❛r❛❧❧❡❧♦❣r❛♠♠❛ Pz = {z + λ1ω1 + λ2ω2 : λi ∈ [0, 1]} è t✉tt♦ T✿ q✉✐♥❞✐ T è ❝♦♠♣❛tt♦ ♣❡r❝❤é ❧♦
è Pz✳

❈♦str✉✐❛♠♦ ♦r❛ s✉ T ✉♥ ❛t❧❛♥t❡✳ ■❧ r❡t✐❝♦❧♦ L è ❞✐s❝r❡t♦✱ q✉✐♥❞✐ ❡s✐st❡ ε > 0 t❛❧❡ ❝❤❡ ♣❡r
♦❣♥✐ z0 ∈ C✱ ♥❡❧ ❞✐s❝♦ ❛♣❡rt♦ D(z0, ε) ✈✐ è ❛❧ ♣✐ù ✉♥ ❡❧❡♠❡♥t♦ ❞✐ L✳ P❡r t❛❧❡ s❝❡❧t❛ ❞✐ ε✱ ❧❛
r❡str✐③✐♦♥❡ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ π ♠❛♣♣❛ ♦❣♥✐ ❞✐s❝♦ D ♥❡❧❧❛ s✉❛ ✐♠♠❛❣✐♥❡ π(D) ✐♥ ♠♦❞♦ ♦♠❡♦♠♦r❢♦✳
❆❧❧♦r❛ ♣❡r ♦❣♥✐ z0 ∈ C✱ ❞❡✜♥✐❛♠♦ ❧❛ ❝❛rt❛ ❝♦♠♣❧❡ss❛ φz0 : π(Dz0) → Dz0 ❝♦♥ φz0 = (π ↾Dz0

)−1✳
❘✐♠❛♥❡ ❞❛ ✈❡r✐✜❝❛r❡ ❧❛ ❝♦♠♣❛t✐❜✐❧✐tà ❞❡❧❧❡ ❝❛rt❡✳ ❙✐❛♥♦ z1, z2 ∈ C ❡ ❝♦♥s✐❞❡r✐❛♠♦ ❧❡ ❞✉❡ ❝❛rt❡
φ1 = φz1 : π(Dz1) → Dz1 ✱ φ2 = φz2 : π(Dz2) → Dz2 ✳ ❙✐❛ U = π(Dz1) ∩ π(Dz2)✿ s❡ U 6= ∅✱ ❞❡tt❛
T = φ2 ◦ φ

−1
1 : φ1(U) → φ2(U)✱ ❜✐s♦❣♥❛ ❝♦♥tr♦❧❧❛r❡ ❝❤❡ T s✐❛ ♦❧♦♠♦r❢❛ ✐♥ t✉tt♦ ✐❧ s✉♦ ❞♦♠✐♥✐♦✳

❖ss❡r✈✐❛♠♦ ❝❤❡ π(T (z)) = π(z) ♣❡r ♦❣♥✐ z ∈ φ1(U)✱ ❞✉♥q✉❡ T (z) − z = ω(z) ∈ L ♣❡r ♦❣♥✐
z ∈ φ1(U) ❝♦♥ ω : φ1(U) → L ❝♦♥t✐♥✉❛✳ ▼❛ L è ✉♥ ✐♥s✐❡♠❡ ❞✐s❝r❡t♦✱ ❞✉♥q✉❡ ω è ❝♦st❛♥t❡ s✉
φ1(U)✳ ❙❡❣✉❡ q✉✐♥❞✐ ❝❤❡ T (z) = z + ω ♣❡r ✉♥ ω ∈ L ✜ss❛t♦✱ ✐❧ ❝❤❡ s✐❣♥✐✜❝❛ ❝❤❡ T è ♦❧♦♠♦r❢❛ ❡
❧❛ ❝♦❧❧❡③✐♦♥❡ ❞✐ ❝❛rt❡ ❝♦♠♣❧❡ss❡ {φz : z ∈ C} è ✉♥ ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ ♣❡r T✳

✷✳✷ ❋✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ ❡ ♠❡r♦♠♦r❢❡ s✉ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥

❈♦♥s✐❞❡r✐❛♠♦ ♦r❛ ❢✉♥③✐♦♥✐ ❞❡✜♥✐t❡ s✉ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✿ ♣❡r st✉❞✐❛r♥❡ ❧❡ ♣r♦♣r✐❡tà s✐ s❢r✉tt❛
❧❛ str✉tt✉r❛ ❝♦♠♣❧❡ss❛ ❝❤❡ ❝❛r❛tt❡r✐③③❛ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❡ s✐ tr❛s♣♦rt❛ ❧♦❝❛❧♠❡♥t❡ ✐❧
♣r♦❜❧❡♠❛ s✉ C tr❛♠✐t❡ ❧❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✷ ✭❋✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛✮✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ p ∈ X ✉♥ s✉♦ ♣✉♥t♦✱
f : W → C ❢✉♥③✐♦♥❡ ❝♦♥ p ∈ W ❡ W ❛♣❡rt♦ ❞✐ X✳ ▲❛ ❢✉♥③✐♦♥❡ f è ♦❧♦♠♦r❢❛ ✐♥ p s❡ ❡s✐st❡ ✉♥❛

✶✺



❝❛rt❛ ❝♦♠♣❧❡ss❛ φ : U → C ❝♦♥ p ∈ U t❛❧❡ ❝❤❡ f ◦ φ−1 è ♦❧♦♠♦r❢❛ ✐♥ φ(p)✳ ▲❛ ❢✉♥③✐♦♥❡ f è
♦❧♦♠♦r❢❛ s❡ è ♦❧♦♠♦r❢❛ ✐♥ ♦❣♥✐ ♣✉♥t♦ ❞❡❧ s✉♦ ❞♦♠✐♥✐♦✳

■♥ ♣❛rt✐❝♦❧❛r❡✱ ❝♦♥ f ◦φ−1 s✐ ✐♥t❡♥❞❡ ❧❛ ❝♦♠♣♦s✐③✐♦♥❡ ❞✐ φ−1 : φ(U) → U∩W ❝♦♥ f : U∩W →
C✳ ❙✐ ♦ss❡r✈✐ ❝❤❡ ❧❛ ♣r♦♣r✐❡tà ❞✐ ❡ss❡r❡ ♦❧♦♠♦r❢❛ ✐♥ ✉♥ ♣✉♥t♦ è ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧❧❛
❝❛rt❛ ❝♦♠♣❧❡ss❛✳ ❱❛❧❡ ✐♥❢❛tt✐ ✐❧ s❡❣✉❡♥t❡

▲❡♠♠❛ ✷✳✶✸✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ p ∈ X ✉♥ s✉♦ ♣✉♥t♦✱ f : W → C ❢✉♥③✐♦♥❡ ❝♦♥

p ∈ W ❡ W ❛♣❡rt♦ ❞✐ X✳ ▲❛ ❢✉♥③✐♦♥❡ f è ♦❧♦♠♦r❢❛ ✐♥ p s❡ ❡ s♦❧♦ s❡ ♣❡r ♦❣♥✐ ❝❛rt❛ ❝♦♠♣❧❡ss❛

φ : U → C ❝♦♥ p ∈ U ❧❛ ❝♦♠♣♦s✐③✐♦♥❡ f ◦ φ−1 è ♦❧♦♠♦r❢❛ ✐♥ φ(p)✳

❉✐♠♦str❛③✐♦♥❡✳ ▲❛ s✉✣❝✐❡♥③❛ s❡❣✉❡ ❞✐r❡tt❛♠❡♥t❡ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ s✉ ✉♥❛
s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳ P❡r ❞✐♠♦str❛r❡ ❧❛ ♥❡❝❡ss✐tà s✉♣♣♦♥✐❛♠♦ f ♦❧♦♠♦r❢❛ ✐♥ p✱ ♦✈✈❡r♦ ❡s✐st❡
φ1 : U1 → C ❝♦♥ p ∈ U1 t❛❧❡ ❝❤❡ ❧❛ ❝♦♠♣♦s✐③✐♦♥❡ f ◦φ−1

1 è ♦❧♦♠♦r❢❛ ✐♥ φ1(p)✳ ❙✐❛ ♣♦✐ φ2 : U2 → C

✉♥✬❛❧tr❛ ❝❛rt❛ ❝♦♠♣❧❡ss❛✱ ❝♦♥ p ∈ U2✿ ❜✐s♦❣♥❛ ❞✐♠♦str❛r❡ ❝❤❡ f ◦ φ−1
2 è ♦❧♦♠♦r❢❛ ✐♥ φ2(p)✳ ❙✐

♦ss❡r✈✐ ❝❤❡
f ◦ φ−1

2 = (f ◦ φ−1
1 ) ◦ (φ1 ◦ φ

−1
2 ).

❙❡❣✉❡ ❝❤❡ f ◦φ−1
2 è ♦❧♦♠♦r❢❛ ✐♥ q✉❛♥t♦ ❝♦♠♣♦s✐③✐♦♥❡ ❞✐ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡✳ ■♥ ♣❛rt✐❝♦❧❛r❡ f ◦φ−1

2

è ♦❧♦♠♦r❢❛ ✐♥ p✳

■♥❞✐❝❤❡r❡♠♦ ❝♦♥ O(X) ❧✬✐♥s✐❡♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ X✱
❝❤❡ ❝♦st✐t✉✐s❝❡ ✉♥❛ C✲❛❧❣❡❜r❛ ❞✐ ❞✐♠❡♥s✐♦♥❡ ❛❧♠❡♥♦ 1✱ ✐♥ q✉❛♥t♦ ❧❡ ❢✉♥③✐♦♥✐ ❝♦st❛♥t✐ s✉ C s♦♥♦
♦❧♦♠♦r❢❡✳

❊s❡♠♣✐♦ ✷✳✶✹✳ ❙✐❛X = S2✳ ◗✉❛❧✐ s♦♥♦ ❧❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉❧❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥❄ ❈♦♥s✐❞❡r✐❛♠♦
✉♥❛ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ f s✉❧❧✬❛♣❡rt♦ S2 \ {N}✱ ✉t✐❧✐③③❛♥❞♦ ❧❡ ♥♦t❛③✐♦♥✐ ♣r❡❝❡❞❡♥t✐✱ ❡ ❝✐ ❝❤✐❡❞✐❛♠♦
s❡ è ❞❡✜♥✐t❛ ❡ s❡ è ♦❧♦♠♦r❢❛ ♥❡❧ ♣✉♥t♦ N ✳ ❙✐❛ f(z) =

∑

i aiz
i ❧♦ s✈✐❧✉♣♣♦ ✐♥ s❡r✐❡ ❞✐ ▲❛✉r❡♥t ❞❡❧❧❛

❢✉♥③✐♦♥❡ f ✳

S2 \ {N} C

C \ {0}

f

φ1

❙✐❛ φ1 ❧❛ ❝❛rt❛ ❝♦♠♣❧❡ss❛ ❞❡✜♥✐t❛ s✉ S2 \ {N} ❡ φ2 q✉❡❧❧❛ ❞❡✜♥✐t❛ s✉ S2 \ {S}✳ ❙✐❝❝♦♠❡ ✐ ❞✉❡
❛♣❡rt✐ s♦♥♦ ✐♥ ❜✐❡③✐♦♥❡ ❡ ❧❛ ♠❛♣♣❛ ❞✐ tr❛♥s✐③✐♦♥❡ ♦❧♦♠♦r❢❛ tr❛ ❧❡ ❞✉❡ ❝❛rt❡ è φ2 ◦φ

−1
1 (z) = 1

z
✱ f è

♦❧♦♠♦r❢❛ ✐♥ N s❡ f(1
z
) =

∑

i
ai
zi

è ♦❧♦♠♦r❢❛ ✐♥ z = 0✳ ▼❛ q✉❡st♦ ❛❝❝❛❞❡ s❡ ❡ s♦❧♦ s❡ f è ❝♦st❛♥t❡✳
❉✉♥q✉❡ ❞❡❞✉❝✐❛♠♦ ❝❤❡ ❧❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉❧❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥ s♦♥♦ t✉tt❡ ❡ s♦❧❡ ❧❡ ❝♦st❛♥t✐✱
♦✈✈❡r♦ O(S2) ∼= C✳

❊s❡♠♣✐♦ ✷✳✶✺✳ ❙✐❛ X ✉♥❛ ❝✉r✈❛ ❛❧❣❡❜r✐❝❛ ♣✐❛♥❛ ❧✐s❝✐❛ X ❞❡✜♥✐t❛ ❞❛❧❧✬❡q✉❛③✐♦♥❡ f = f(x, y)✳ ❙✐
tr❛tt❛ ❞✐ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ ❞✉♥q✉❡ ❧❡ ✉♥✐❝❤❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉ X s♦♥♦
q✉❡❧❧❡ ❝♦st❛♥t✐✿ O(X) ∼= C✳

❉♦♣♦ ❛✈❡r st✉❞✐❛t♦ ❢✉♥③✐♦♥✐ ❞❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ✐♥ C✱ ✈❡❞✐❛♠♦ ❝♦♠✬è ♣♦ss✐❜✐❧❡ ❝♦str✉✐r❡
❢✉♥③✐♦♥✐ ❝❤❡ ♠❛♣♣❛♥♦ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ✐♥ ✉♥✬❛❧tr❛✳

▲❛ ❞❡✜♥✐③✐♦♥❡ è q✉❡❧❧❛ ♥❛t✉r❛❧❡✱ ♦✈✈❡r♦ q✉❡❧❧❛ ❝❤❡ r✐❝❤✐❡❞❡ ❧✬❡s✐st❡♥③❛ ❞✐ ❝❛rt❡ ❧♦❝❛❧✐✿ s❡ ♥❡❧
❝❛s♦ ♣r❡❝❡❞❡♥t❡ ❝❤✐❡❞❡✈❛♠♦ ✉♥❛ ❝❛rt❛ s✉❧ ❞♦♠✐♥✐♦✱ ♦r❛ s❛rà ♥❡❝❡ss❛r✐♦ ❛✈❡r♥❡ ✉♥❛ ❛♥❝❤❡ ♥❡❧
❝♦❞♦♠✐♥✐♦✳

✶✻



❉❡✜♥✐③✐♦♥❡ ✷✳✶✻ ✭▼❛♣♣❛ ♦❧♦♠♦r❢❛✮✳ ❙✐❛♥♦ X ❡ Y s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ p ∈ X ❡ F : X → Y ✳
▲❛ ❢✉♥③✐♦♥❡ F è ♦❧♦♠♦r❢❛ ✐♥ p s❡ ❡s✐st♦♥♦ ❞✉❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡ φ1 : U1 → V1 s✉ X ❝♦♥ p ∈ U1

❛♣❡rt♦ ❞✐ X ❡ φ2 : U2 → V2 s✉ Y ❝♦♥ F (p) ∈ U2 ❛♣❡rt♦ ❞✐ Y t❛❧✐ ❝❤❡ φ2 ◦ F ◦ φ−1
1 è ♦❧♦♠♦r❢❛ ✐♥

φ1(p)✳ ▲❛ ❢✉♥③✐♦♥❡ F è ♦❧♦♠♦r❢❛ s❡ è ♦❧♦♠♦r❢❛ ✐♥ ♦❣♥✐ ♣✉♥t♦ ❞❡❧ s✉♦ ❞♦♠✐♥✐♦✳

◗✉❡st❛ ❞❡✜♥✐③✐♦♥❡ ✐♥ ✉♥ ❝❡rt♦ s❡♥s♦ ❡st❡♥❞❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ s✉ ✉♥❛
s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ✐♥ q✉❛♥t♦ C è ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✼✳ ❙✐❛ F : X → Y ♠❛♣♣❛ ♦❧♦♠♦r❢❛ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳ ❉✐r❡♠♦ ❝❤❡ F
è ✐s♦♠♦r✜s♠♦ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ s❡ è ❜✐❡tt✐✈❛ ❡❞ ❤❛ ✐♥✈❡rs❛ ♦❧♦♠♦r❢❛✳ ❯♥ ✐s♦♠♦r✜s♠♦ ❞✐
✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ X ✐♥ s❡ st❡ss❛ è ❞❡tt♦ ❛✉t♦♠♦r✜s♠♦ ❞✐ X✳

❘✐❝♦r❞✐❛♠♦ ❝❤❡ ❞❛t❛ ✉♥❛ ♠❛♣♣❛ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡ F : X → Y ❡ ✉♥ ♣✉♥t♦
p ∈ X è s❡♠♣r❡ ♣♦ss✐❜✐❧❡ tr♦✈❛r❡ ❞✉❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡ φ : U → U ′ ❡ ϕ : V → V ′✱ ❝♦♥ U ❛♣❡rt♦ ❞✐
X ❝❤❡ ❝♦♥t✐❡♥❡ p✱ V ❛♣❡rt♦ ❞✐ Y ❝❤❡ ❝♦♥t✐❡♥❡ F (p) ❡ U ′, V ′ ❛♣❡rt✐ ❞✐ C✱ t❛❧✐ ❝❤❡ ϕ◦F ◦φ−1(z) = zm

❝♦♥ m ∈ N✳

X ⊇ U V ⊆ Y

C ⊇ U ′ V ′ ⊆ C

F

φ ϕ

■❧ ♥✉♠❡r♦ ♥❛t✉r❛❧❡ m è ❞❡tt♦ ♠♦❧t❡♣❧✐❝✐tà ❞✐ F ✐♥ p ❡ s✐ ✐♥❞✐❝❛ ❝♦♥ multp(F )✳

❉❡✜♥✐③✐♦♥❡ ✷✳✶✽✳ ❙✐❛♥♦ X,Y s✉♣❡r✜❝✐ ❞✐ ❘✐❡♠❛♥♥ ❡ F : X → Y ♠❛♣♣❛ ♦❧♦♠♦r❢❛✳ ■❧ ❣r❛❞♦ ❞✐
F è ❞❛t♦ ❞❛ deg(F ) =

∑

p∈F−1(y)multp(F ) ♣❡r q✉❛❧❝❤❡ y ∈ Y

▲❛ ❞✐♠♦str❛③✐♦♥❡ ❞❡❧❧✬✐♥❞✐♣❡♥❞❡♥③❛ ❞❡❧ ❣r❛❞♦ ❞❛❧❧❛ s❝❡❧t❛ ❞✐ y ♥♦♥ è ❜❛♥❛❧❡ ❡ ✈✐❡♥❡ ♦♠❡ss❛✳
❱❛❧❡ ✐♥♦❧tr❡ ✉♥ ✐♠♣♦rt❛♥t❡ r✐s✉❧t❛t♦ ♥♦t♦ ❝♦♠❡ ❢♦r♠✉❧❛ ❞✐ ❘✐❡♠❛♥♥✲❍✉r✇✐t③✱ ❝❤❡ t♦r♥❡rà

✉t✐❧❡ ♣✐ù ❛✈❛♥t✐✿

❚❡♦r❡♠❛ ✷✳✶✾ ✭❋♦r♠✉❧❛ ❞✐ ❘✐❡♠❛♥♥✲❍✉r✇✐t③✮✳ ❙✐❛ F : X → Y ♠❛♣♣❛ ♦❧♦♠♦r❢❛ ♥♦♥ ❝♦st❛♥t❡

tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡✳ ❆❧❧♦r❛

2g(X)− 2 = deg(F )(2g(Y )− 2) +
∑

p∈X

[multp(F )− 1].

❘✐❝♦r❞✐❛♠♦ ♦r❛ ❛❧❝✉♥❡ ❞❡✜♥✐③✐♦♥✐ ❞❡❧❧✬❛♥❛❧✐s✐ ❝♦♠♣❧❡ss❛✿

❉❡✜♥✐③✐♦♥❡ ✷✳✷✵✳ ❯♥ ♣✉♥t♦ z0 ∈ C è ❞❡tt♦ s✐♥❣♦❧❛r✐tà ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ f : Ω → C s❡ Ω
❝♦♥t✐❡♥❡ ✉♥ ✐♥t♦r♥♦ ♣✉♥t❛t♦ U \ {z0} ❞✐ z0✳

➮ ♣♦ss✐❜✐❧❡ ❞✐st✐♥❣✉❡r❡ tr❡ ❞✐✈❡rs✐ t✐♣✐ ❞✐ s✐♥❣♦❧❛r✐tà✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✶✳ ❉❛t❛ ✉♥❛ ❢✉♥③✐♦♥❡ f : U \ {z0} → C ♦❧♦♠♦r❢❛✱ ✐❧ ♣✉♥t♦ z0 è ❞❡tt♦✿

❼ s✐♥❣♦❧❛r✐tà ❡❧✐♠✐♥❛❜✐❧❡ ❞✐ f s❡ ❧❛ ❢✉♥③✐♦♥❡ ❛♠♠❡tt❡ ✉♥✬❡st❡♥s✐♦♥❡ f̃ : U → C ♦❧♦♠♦r❢❛✳

❼ ♣♦❧♦ ❞✐ f s❡ ❧❛ ❢✉♥③✐♦♥❡ ❛♠♠❡tt❡ ✐♥ z0 ✉♥♦ s✈✐❧✉♣♣♦ ❞✐ ▲❛✉r❡♥t ✜♥✐t♦ ♥❡❣❛t✐✈❛♠❡♥t❡✱ ❝✐♦è
f =

∑

n≥−m cn(z − z0)
n ❝♦♥ m > 0✳

✶✼



❼ s✐♥❣♦❧❛r✐tà ❡ss❡♥③✐❛❧❡ ♣❡r f s❡ ❧❛ ❢✉♥③✐♦♥❡ ♥♦♥ ❛♠♠❡tt❡ ✐♥ z0 ✉♥♦ s✈✐❧✉♣♣♦ ❞✐ ▲❛✉r❡♥t ✜♥✐t♦✱
❝✐♦è f =

∑+∞
n=∞ cn(z − z0)

n✳

❚❛❧✐ ❞❡✜♥✐③✐♦♥✐ ♣♦ss♦♥♦ ❡ss❡r❡ ✏tr❛s♣♦rt❛t❡✑ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ♥❡❧ ♠♦❞♦ ✉s✉❛❧❡✱
♦✈✈❡r♦ tr❛♠✐t❡ ❧❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✷✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ p ∈ X ❡ f : U \{p} → C ✉♥❛ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛
❞❡✜♥✐t❛ ✐♥ ✉♥ ✐♥t♦r♥♦ ♣✉♥t❛t♦ ❞✐ p✳ ❉✐❝✐❛♠♦ ❝❤❡✿

❼ f ❤❛ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡❧✐♠✐♥❛❜✐❧❡ ✐♥ p s❡ ❡s✐st❡ ✉♥❛ ❝❛rt❛ φ : U → C✱ p ∈ U t❛❧❡ ❝❤❡ f ◦ φ−1

❤❛ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡❧✐♠✐♥❛❜✐❧❡ ✐♥ φ(p)✳

❼ f ❤❛ ✉♥ ♣♦❧♦ ✐♥ p s❡ ❡s✐st❡ ✉♥❛ ❝❛rt❛ φ : U → C✱ p ∈ U t❛❧❡ ❝❤❡ f ◦φ−1 ❤❛ ✉♥ ♣♦❧♦ ✐♥ φ(p)✳

❼ f ❤❛ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡ss❡♥③✐❛❧❡ ✐♥ p s❡ ❡s✐st❡ ✉♥❛ ❝❛rt❛ φ : U → C✱ p ∈ U t❛❧❡ ❝❤❡ f ◦ φ−1

❤❛ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡ss❡♥③✐❛❧❡ ✐♥ φ(p)✳

❆♥❛❧♦❣❛♠❡♥t❡ ❛ q✉❛♥t♦ ✈✐st♦ ♣❡r ❧❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡✱ ✈❛❧❡ ❛♥❝♦r❛ ❧✬✐♥❞✐♣❡♥❞❡♥③❛ ❞❛❧❧❡ ❝❛rt❡✱
♦✈✈❡r♦ ✉♥❛ ❢✉♥③✐♦♥❡ f ❤❛ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡❧✐♠✐♥❛❜✐❧❡ ✭r✐s♣✳ ♣♦❧♦✱ s✐♥❣♦❧❛r✐tà ❡ss❡♥③✐❛❧❡✮ ✐♥ ✉♥
♣✉♥t♦ p s❡ ❡ s♦❧♦ s❡ ♣❡r ♦❣♥✐ ❝❛rt❛ φ ❧❛ ❝♦♠♣♦s✐③✐♦♥❡ f ◦φ−1 ❤❛ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡❧✐♠✐♥❛❜✐❧❡ ✭r✐s♣✳
♣♦❧♦✱ s✐♥❣♦❧❛r✐tà ❡ss❡♥③✐❛❧❡✮ ✐♥ p✳

❉❡✜♥✐③✐♦♥❡ ✷✳✷✸ ✭❋✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛✮✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ p ∈ X ✉♥ s✉♦ ♣✉♥t♦✱
f :W → C ❢✉♥③✐♦♥❡ ❝♦♥ p ∈W ❡ W ❛♣❡rt♦ ❞✐ X✳ ▲❛ ❢✉♥③✐♦♥❡ f è ♠❡r♦♠♦r❢❛ ✐♥ p s❡ è ♦❧♦♠♦r❢❛
✐♥ p✱ ♦♣♣✉r❡ ❤❛ ✉♥ ♣♦❧♦ ♦ ✉♥❛ s✐♥❣♦❧❛r✐tà ❡❧✐♠✐♥❛❜✐❧❡ ✐♥ p✳ ▲❛ ❢✉♥③✐♦♥❡ f è ♠❡r♦♠♦r❢❛ s❡ è
♠❡r♦♠♦r❢❛ ✐♥ ♦❣♥✐ ♣✉♥t♦ ❞❡❧ s✉♦ ❞♦♠✐♥✐♦✳

■♥❞✐❝❤❡r❡♠♦ ❝♦♥ M(X) ❧✬✐♥s✐❡♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥
X✳ ❚❛❧❡ ✐♥s✐❡♠❡ ❤❛ str✉tt✉r❛ ❞✐ ❝❛♠♣♦ ❡ ❝♦♥t✐❡♥❡ ✐❧ ❝❛♠♣♦ ❞❡✐ q✉♦③✐❡♥t✐ ❞✐ O(X)✱ ♠❛ ♥♦♥
♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦✐♥❝✐❞❡ ❝♦♥ ❡ss♦✳ ❯♥ ❡s❡♠♣✐♦ ❞✐ q✉❡st♦ ❢❛tt♦ è ❞❛t♦ ❞❛❧❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥✱
❝♦♠❡ ✈❡❞r❡♠♦ ✐♥ s❡❣✉✐t♦✳

❆❜❜✐❛♠♦ ✈✐st♦ ❝❤❡ ❛❞ ♦❣♥✐ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ s✉ X è ♣♦ss✐❜✐❧❡ ❛ss♦❝✐❛r❡ ✉♥❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛
tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ✐♥ q✉❛♥t♦ C è ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳

➮ ♣♦ss✐❜✐❧❡ ❛ss♦❝✐❛r❡ ✉♥❛ ♠❛♣♣❛ tr❛ s✉♣❡r✜❝✐ ❞✐ ❘✐❡♠❛♥♥ ❛♥❝❤❡ ❛❞ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛✱
♥❡❧ ♠♦❞♦ s❡❣✉❡♥t❡✿ ❞❛t❛ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ♥♦♥ ❝♦st❛♥t❡ s✉ X✱ ❞❡✜♥✐❛♠♦ F : X → CP1

♣♦♥❡♥❞♦✿

F (p) =

{

∞ s❡ p è ♣♦❧♦

f(p) ❛❧tr✐♠❡♥t✐

❞♦✈❡ ❝♦♥ ∞ s✐ ✐♥❞✐❝❛ ✐❧ ♣✉♥t♦ [0 : 1]✳ ❚❛❧❡ ♠❛♣♣❛ è ♦❧♦♠♦r❢❛ ❡ ✐♥❞✉❝❡ ✉♥❛ ❜✐❡③✐♦♥❡ tr❛ ❧✬✐♥s✐❡✲
♠❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ ❛❧❧✬✐♥s✐❡♠❡ ❞❡❧❧❡ ♠❛♣♣❡ ♦❧♦♠♦r❢❡ ♥♦♥ ❝♦st❛♥t❡♠❡♥t❡ ∞ s✉❧❧❛ r❡tt❛
♣r♦✐❡tt✐✈❛ ❝♦♠♣❧❡ss❛✳

■♥♦❧tr❡ s❡ f : X → C è ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ X ❡ F : X → CP1 ❧❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛ ❛❞
❡ss❛ ❛ss♦❝✐❛t❛ ❛❧❧♦r❛ ❧✬♦r❞✐♥❡ ❞✐ f ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ♠♦❧t❡♣❧✐❝✐tà ❞✐ F ♦✈✉♥q✉❡ tr❛♥♥❡ ❝❤❡ ♥❡✐ ♣♦❧✐❀
s❡ p ∈ X è ♣♦❧♦ ✈❛❧❡ multp(F ) = − ordp(f)✳

Pr♦♣♦s✐③✐♦♥❡ ✷✳✷✹✳ ▲❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥ S2 è ✐s♦♠♦r❢❛ ❛❧❧❛ r❡tt❛ ♣r♦✐❡tt✐✈❛ ❝♦♠♣❧❡ss❛ CP1✳

✶✽



❉✐♠♦str❛③✐♦♥❡✳ ❙✐ ❝♦♥s✐❞❡r✐ ❧❛ ♠❛♣♣❛ F ✿

F : CP1 −→ S2

[v : w] 7−→

(

2Re(vw)

|w|2 + |v|2
,
2 Im(vw)

|w|2 + |v|2
,
|w| − |v|

|w|2 + |v|2

)

.

❚❛❧❡ ♠❛♣♣❛ è ❜✐❡tt✐✈❛ ✐♥ q✉❛♥t♦ s♦♥♦ ❜✐❡tt✐✈❡ ❧❡ r❡str✐③✐♦♥✐ ❛✐ ❞✉❡ ❛♣❡rt✐ CP1 \ {N} ❡ CP1 \ {S}✳
❆❜❜✐❛♠♦ ✐♥❢❛tt✐ ❧❡ ❞✉❡ ❢✉♥③✐♦♥✐ F1 ❡ F2✿

F1 : CP
1 \ {∞} −→ S2 \ {N}

[1 : w] 7−→
(2Re(w), 2 Im(w), |w| − 1)

|w|2 + 1

F2 : CP
1 \ {[1 : 0]} −→ S2 \ {S}

[v : 1] 7−→
(2Re(v), 2 Im(v), 1− |v|

1 + |v|2

❝♦♥ ✐♥✈❡rs❡✱ r✐s♣❡tt✐✈❛♠❡♥t❡✿

F−1
1 : S2 \ {N} −→ CP1 \ {∞}

(x, y, z) 7−→
x

1− z
+ i

y

1− z
= w

F−1
2 : S2 \ {S} −→ CP1 \ {[1 : 0]}

(x, y, z) 7−→
x

1 + z
− i

y

1 + z
= v

❘❡st❛ ❞❛ ♣r♦✈❛r❡ ❝❤❡ F è ♦❧♦♠♦r❢❛ ❝♦♥ ✐♥✈❡rs❛ ♦❧♦♠♦r❢❛✳ P❡r ❢❛r❡ ❝✐ò è s✉✣❝✐❡♥t❡ ✈❡r✐✜❝❛r❡
❝❤❡ F1,2 ❡ F−1

1,2 ❧♦ s♦♥♦✳ ❙✈✐❧✉♣♣✐❛♠♦ ✐ ❝♦♥t✐ ♣❡r F−1
1 ✿ s✉❧❧✬❛♣❡rt♦ S2 \ {N,S} ❝♦♥s✐❞❡r♦ ❧❛ ❝❛rt❛

❝♦♠♣❧❡ss❛ ❞❛t❛ ❞❛ F−1
2 ✿

S2 \ {N} CP1 \ {∞, 0}

C

F−1
1

F−1
2

❖r❛ F−1
1 è ♦❧♦♠♦r❢❛ s❡ ❧❛ ♠❛♣♣❛ F−1

1 ◦F2 ❧♦ è✱ ♦✈✈❡r♦ s❡ v = x
1+z − i

y
1+z 7→ w = x

1−z + i
y

1−z ❧♦ è✳
❖ss❡r✈❛♥❞♦ ❝❤❡

vw =

(

x

1 + z
− i

y

1 + z

)(

x

1− z
+ i

y

1− z

)

=
x2 + y2

1− z2
= 1

s✐ ❞❡❞✉❝❡ ❝❤❡ w = 1
v
✱ ❞❛ ❝✉✐ v 7→ 1

v
è ♦❧♦♠♦r❢❛✳ ❈♦♥ ❝♦♥t✐ ❛♥❛❧♦❣❤✐ s✐ ❞✐♠♦str❛ q✉✐♥❞✐ ❝❤❡

S2 ∼= CP1✳

❙✉❧ ❝❛♠♣♦ M(X) ♣r✐✈❛t♦ ❞❡❧❧♦ ③❡r♦✱ ✜ss❛t♦ ✉♥ ♣✉♥t♦ p ✐♥ X✱ ✐♥tr♦❞✉❝✐❛♠♦ ✉♥❛ ❢✉♥③✐♦♥❡ tr❛
✐♥s✐❡♠✐✿

ordp : M(X)∗ → Z.

P❡r ❞❡✜♥✐r❡ ❧✬✐♠♠❛❣✐♥❡ ❞✐ f ∈ M(X)∗ tr❛♠✐t❡ ordp è ♥❡❝❡ss❛r✐♦ s❝❡❣❧✐❡r❡ ✉♥❛ ❝❛rt❛ φ : U → X
s✉ X✱ ❞❡✜♥✐t❛ ✐♥ ✉♥ ✐♥t♦r♥♦ ❞✐ p✳ ❙✐❛ φ(p) = z0 ❡ f =

∑

n cn(z − z0)
n ❧♦ s✈✐❧✉♣♣♦ ❞✐ f ✐♥ s❡r✐❡

✶✾



❞✐ ▲❛✉r❡♥t ♥❡❧❧❛ ❝♦♦r❞✐♥❛t❛ z ❞❛t❛ ❞❛❧❧❛ ❝❛rt❛ φ✳ ▲✬♦r❞✐♥❡ ❞✐ f ✐♥ p è ✐❧ ♣✐ù ♣✐❝❝♦❧♦ ✐♥❞✐❝❡ ❝♦♥
❝♦rr✐s♣♦♥❞❡♥t❡ ❝♦❡✣❝✐❡♥t❡ ♥♦♥ ♥✉❧❧♦ ♥❡❧❧❛ s❡r✐❡ ❞✐ ▲❛✉r❡♥t✱ ❝✐♦è

ordp(f) = min
n

{n : cn 6= 0}.

P❡r ✈❡r✐✜❝❛r❡ ❝❤❡ ❧✬♦r❞✐♥❡ è ❜❡♥ ❞❡✜♥✐t♦✱ ♦✈✈❡r♦ ♥♦♥ ❞✐♣❡♥❞❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧❧❛ ❝❛rt❛ φ✱ s✐
♣r♦❝❡❞❡ ❝♦♠❡ ♥❡✐ ❝❛s✐ ♣r❡❝❡❞❡♥t✐ ❡ s✐ s❢r✉tt❛ ✐❧ ❢❛tt♦ ❝❤❡ ❧❡ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ s✉ ✉♥❛ s✉♣❡r✜❝✐❡
❞✐ ❘✐❡♠❛♥♥ s♦♥♦ ♦❧♦♠♦r❢❡✳

❉❛❧❧❡ ♣r♦♣r✐❡tà ❞❡❧❧❡ s❡r✐❡ ❞✐ ▲❛✉r❡♥t s❡❣✉❡ ❝❤❡ ♣❡r ♦❣♥✐ ♣✉♥t♦ p ❞✐ X✱ ❧❛ ❢✉♥③✐♦♥❡ ♦r❞✐♥❡ è
♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐ tr❛ ✭M(X)∗✱ ·✮ ❡ ✭Z✱ ✰✮✱ ♦✈✈❡r♦ ordp(fg) = ordp(f)+ ordp(g) ❡ ordp(1) = 0✱
❞♦✈❡ f, g s♦♥♦ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ s✉ X ♥♦♥ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❡ ❡ 1 è ❧❛ ❢✉♥③✐♦♥❡ ❝♦st❛♥t❡♠❡♥t❡
✉❣✉❛❧❡ ❛❞ 1✱ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♣❡r ❧✬♦♣❡r❛③✐♦♥❡ ❞✐ ♣r♦❞♦tt♦ ♣✉♥t✉❛❧❡ ❞✐ ❢✉♥③✐♦♥✐ s✉ M(X)∗✳

❉❛❧❧✬♦r❞✐♥❡ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ✐♥ ✉♥ ♣✉♥t♦✱ è ✐♠♠❡❞✐❛t♦ st❛❜✐❧✐r❡ s❡ ❧❛ ❢✉♥③✐♦♥❡ ❤❛
✐♥ q✉❡❧ ♣✉♥t♦ ✉♥♦ ③❡r♦✱ ✉♥ ♣♦❧♦ ♦ ♥❡ss✉♥♦ ❞❡✐ ❞✉❡✿

✲ ordp(f) ≥ 0 s❡ ❡ s♦❧♦ s❡ ❧❛ ❢✉♥③✐♦♥❡ è ♦❧♦♠♦r❢❛ ✐♥ p✳

✲ ordp(f) = n > 0 s❡ ❡ s♦❧♦ s❡ f ❤❛ ✉♥♦ ③❡r♦ ✐♥ p✳ ■♥ t❛❧ ❝❛s♦ ❞✐r❡♠♦ ❝❤❡ p è ✉♥♦ ③❡r♦ ❞✐
♦r❞✐♥❡ n ❞✐ f ✳

✲ ordp(f) = 0 s❡ ❡ s♦❧♦ s❡ ❧❛ ❢✉♥③✐♦♥❡ ♥♦♥ ❤❛ ♥é ✉♥♦ ③❡r♦ ♥é ✉♥ ♣♦❧♦ ✐♥ p✳

✲ ordp(f) = −n < 0 s❡ ❡ s♦❧♦ s❡ f ❤❛ ✉♥ ♣♦❧♦ ✐♥ p✳ ■♥ t❛❧ ❝❛s♦ ❞✐r❡♠♦ ❝❤❡ p è ♣♦❧♦ ❞✐ ♦r❞✐♥❡
n ❞✐ f ✳

■♥✜♥❡ r✐❝♦r❞✐❛♠♦ ✐❧ s❡❣✉❡♥t❡ t❡♦r❡♠❛✱ ❝❤❡ s❡❣✉❡ ❞❛❧❧❡ ♣r♦♣r✐❡tà ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ s✉
C✳

Pr♦♣♦s✐③✐♦♥❡ ✷✳✷✺✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❡ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ♥♦♥ ✐❞❡♥t✐❝❛♠❡♥t❡

♥✉❧❧❛ s✉ X✳ ●❧✐ ③❡r✐ ❡ ✐ ♣♦❧✐ ❞✐ f ❢♦r♠❛♥♦ ✉♥ s♦tt♦✐♥s✐❡♠❡ ❞✐s❝r❡t♦ ❞✐ X✳

■♥ ♣❛rt✐❝♦❧❛r❡✱ s❡ X è s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ f ❤❛ ✉♥ ♥✉♠❡r♦ ✜♥✐t♦ ❞✐ ③❡r✐ ❡ ♣♦❧✐✳
❱❛❧❡ ✐♥♦❧tr❡ ❧❛ s❡❣✉❡♥t❡

Pr♦♣♦s✐③✐♦♥❡ ✷✳✷✻✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ♥♦♥ ❝♦st❛♥t❡

s✉ X✳ ❆❧❧♦r❛
∑

p∈X

ordp(f) = 0.

❉✐♠♦str❛③✐♦♥❡✳ ❉❛t❛ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ♥♦♥ ❝♦st❛♥t❡ s✉ X✱ ❝♦♥s✐❞❡r✐❛♠♦ ❧❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛
F : X → CP1 ❛❞ ❡ss❛ ❛ss♦❝✐❛t❛✳

❙✐❛ P ❧✬✐♥s✐❡♠❡ ❞❡✐ ♣♦❧✐ ❞✐ f ❡ Z ❧✬✐♥s✐❡♠❡ ❞❡❣❧✐ ③❡r✐ ❞✐ f ✿ ♣❡r ❞❡✜♥✐③✐♦♥❡ ❞✐ ♦r❞✐♥❡ s✐ ❤❛

d(F ) =
∑

p∈P

multp(F ) =
∑

p∈Z

multp(F ).

●❧✐ ✉♥✐❝✐ ♣✉♥t✐ ❛❞ ❛✈❡r❡ ♦r❞✐♥❡ ♥♦♥ ♥✉❧❧♦ s♦♥♦ ③❡r✐ ❡ ♣♦❧✐✳ ■♥♦❧tr❡ ♣❡r ❣❧✐ ③❡r✐ ❧❛ ♠♦❧t❡♣❧✐❝✐tà
❝♦✐♥❝✐❞❡ ❝♦♥ ❧✬♦r❞✐♥❡ ♠❡♥tr❡ ✐ ♣♦❧✐ ❤❛♥♥♦ ♠♦❧t❡♣❧✐❝✐tà ♣❛r✐ ❛❧❧✬♦♣♣♦st♦ ❞❡❧❧✬♦r❞✐♥❡✳ ❉✉♥q✉❡ s❡❣✉❡

∑

p∈X

ordp(f) =
∑

p∈Z

ordp(f) +
∑

p∈P

ordp(f)

=
∑

p∈Z

multp(F )−
∑

p∈P

multp(F ) = 0.

✷✵



❊s❡♠♣✐♦ ✷✳✷✼✳ ❙✐❛ X = S2✳ ❆❜❜✐❛♠♦ ❣✐à ✈✐st♦ ❝❤❡ O(X) ∼= C✿ ✐❧ ❝❛♠♣♦ ❞❡✐ q✉♦③✐❡♥t✐ ❞✐ O(X)
è q✉✐♥❞✐ ❛♥❝♦r❛ C ♠❛ M(X) ≇ C✳ ■♥❢❛tt✐ è ❢❛❝✐❧❡ ♦ss❡r✈❛r❡ ❝❤❡ t✉tt❡ ❧❡ ❢✉♥③✐♦♥✐ r❛③✐♦♥❛❧✐

f(z) = p(z)
q(z) ✱ ❝♦♥ p, q ∈ C(z) ♣♦❧✐♥♦♠✐✱ s♦♥♦ ♠❡r♦♠♦r❢❡ ♥❡❧ ♣✉♥t♦ ∞✳ ▼♦str✐❛♠♦ ♦r❛ ❝❤❡ ❧❡

❢✉♥③✐♦♥✐ r❛③✐♦♥❛❧✐ s♦♥♦ t✉tt❡ ❡ s♦❧❡ ❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ s✉ S2✳ ❙✐❛ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉
S2 ∼= CP1✳ ❉❛t♦ ❝❤❡ ❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥ è ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ f ❤❛ ✉♥ ♥✉♠❡r♦
✜♥✐t♦ ❞✐ ③❡r✐ ❡ ❞✐ ♣♦❧✐✳ ❙✐❛ Λ = {λi : i = 0, · · · , n.} ❧✬✐♥s✐❡♠❡ ❞✐ ③❡r✐ ❡ ♣♦❧✐ ❞✐ f ❡ ordλi(f) = ei
❧✬♦r❞✐♥❡ ❞✐ ❝✐❛s❝✉♥♦ ❞✐ ❡ss✐✳ ❈♦♥s✐❞❡r✐❛♠♦ ❧❛ ❢✉♥③✐♦♥❡ r❛③✐♦♥❛❧❡ ❞❛t❛ ❞❛

r(z) =
∏

i

(z − λi)
ei .

❚❛❧❡ ❢✉♥③✐♦♥❡ ❤❛✱ ❝♦♥ ❧♦ st❡ss♦ ♦r❞✐♥❡✱ ❣❧✐ st❡ss✐ ③❡r✐ ❡ ♣♦❧✐ ❞✐ f ♥❡❧❧✬❛♣❡rt♦ C✳
❉❡✜♥✐❛♠♦ g(z) = f(z)

r(z) ✿ s✐ tr❛tt❛ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉❧❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥✱ ♠❛ ♣r✐✈❛ ❞✐
③❡r✐ ❡ ♣♦❧✐ s✉ C✱ ❞✉♥q✉❡ ♦❧♦♠♦r❢❛ s✉ C✳ ▲✬✉♥✐❝♦ ♣✉♥t♦ ✐♥ ❝✉✐ r✐s✉❧t❛ ♠❡r♦♠♦r❢❛ è ✐♥❢❛tt✐ ∞ ∈ C✳
❊ss❛ ❛♠♠❡tt❡ q✉✐♥❞✐ s✈✐❧✉♣♣♦ ✐♥ s❡r✐❡ ❞✐ ❚❛②❧♦r

g(z) =
∞
∑

n=0

cnz
n

❝❤❡ r✐s✉❧t❛ ❝♦♥✈❡r❣❡r❡ ♦✈✉♥q✉❡ s✉ C✳ P❛ss❛♥❞♦ ❛❧❧✬❛♣❡rt♦ C∞✱ ❝❤❡ ❤❛ ♣❡r ❝♦♦r❞✐♥❛t❛ ❧♦❝❛❧❡
w = 1

z
✱ ♦tt❡♥✐❛♠♦

g(w) =
∞
∑

n=0

cnw
−n,

❝❤❡ è ♠❡r♦♠♦r❢❛ ♥❡❧ ♣✉♥t♦ z = ∞✱ ♦✈✈❡r♦ w = 0✱ s❡ ❡ s♦❧♦ s❡ ❧❛ s❡r✐❡ ❤❛ ✉♥ ♥✉♠❡r♦ ✜♥✐t♦ ❞✐
t❡r♠✐♥✐✱ ❝❤❡ ❡q✉✐✈❛❧❡ ❛ r✐❝❤✐❡❞❡r❡ ❝❤❡ g s✐❛ ✉♥ ♣♦❧✐♥♦♠✐♦✳ ■❧ ♣♦❧✐♥♦♠✐♦ g ❞❡✈❡ ❡ss❡r❡ ❝♦st❛♥t❡✿ s❡
❝♦sì ♥♦♥ ❢♦ss❡✱ g ❛♠♠❡tt❡r❡❜❜❡ ✉♥♦ ③❡r♦ ✐♥ C✱ ✐❧ ❝❤❡ è ❛ss✉r❞♦✳ ❉✉♥q✉❡ g = f

r
è ❝♦st❛♥t❡✱ ♦✈✈❡r♦

f è ✉♥❛ ❢✉♥③✐♦♥❡ r❛③✐♦♥❛❧❡✳

❊s❡♠♣✐♦ ✷✳✷✽✳ ❙✐❛ X = CP1✱ f : X → C ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ X ❞❡✜♥✐t❛ ❞❛ f(z) = p(z)
q(z) ✱ ❞♦✈❡

p ❡ q s♦♥♦ ♣♦❧✐♥♦♠✐ ❛ ❝♦❡✣❝✐❡♥t✐ ✐♥ C s❡♥③❛ ③❡r✐ ✐♥ ❝♦♠✉♥❡✳ ❈♦♥s✐❞❡r✐❛♠♦ ❧❛ ❢✉♥③✐♦♥❡ r✐str❡tt❛
❛❧❧✬❛♣❡rt♦ CP1 \ {∞}✿ ❣❧✐ ③❡r✐ ❞✐ f ❝♦✐♥❝✐❞♦♥♦ ❝♦♥ ❣❧✐ ③❡r✐ ❞✐ p✱ ❡ ❧❛ ♠♦❧t❡♣❧✐❝✐tà ❛❧❣❡❜r✐❝❛ ❞✐
❝✐❛s❝✉♥♦ ❞✐ ❡ss✐ ❝♦♠❡ ③❡r♦ ❞✐ p è ✉❣✉❛❧❡ ❛❧❧✬♦r❞✐♥❡ ❞✐ f ✐♥ q✉❡❧ ♣✉♥t♦✳ ●❧✐ ③❡r✐ ❞✐ q ✐♥✈❡❝❡ ❝♦st✐✲
t✉✐s❝♦♥♦ ✐ ♣♦❧✐ ❞✐ f ❡ ❧✬♦r❞✐♥❡ ❞✐ ❝✐❛s❝✉♥ ♣♦❧♦ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧✬♦♣♣♦st♦ ❞❡❧❧❛ ♠♦❧t❡♣❧✐❝✐tà ❛❧❣❡❜r✐❝❛
❞✐ ❝✐❛s❝✉♥♦ ❞✐ ❡ss✐ ❝♦♠❡ ③❡r♦ ❞✐ q✳ P❡r q✉❛♥t♦ r✐❣✉❛r❞❛ ✐❧ ♣✉♥t♦ ∞✱ ❞✐st✐♥❣✉✐❛♠♦ tr❡ ❞✐✈❡rs✐ ❝❛s✐✿

✲ s❡ deg(p) < deg(q) ❛❧❧♦r❛ ∞ è ③❡r♦ ❞✐ ♦r❞✐♥❡ deg(q)− deg(p)❀

✲ s❡ deg(p) > deg(q) ❛❧❧♦r❛ ∞ è ♣♦❧♦ ❞✐ ♦r❞✐♥❡ deg(p)− deg(q)❀

✲ s❡ deg(p) = deg(q) ❛❧❧♦r❛ ∞ ♥♦♥ è ♥é ③❡r♦ ♥é ♣♦❧♦ ❞✐ f ✳

■♥ t✉tt✐ ❡ tr❡ ✐ ❝❛s✐✱ è ✈❡r✐✜❝❛t❛ ❧❛ ♣r♦♣♦s✐③✐♦♥❡ ✷✳✷✻✳ ◆❡❧ ♣r✐♠♦ ❝❛s♦ ♣❡r ❡s❡♠♣✐♦ ❧❛ s♦♠♠❛ ❞❡❣❧✐
♦r❞✐♥✐ ❞❡❣❧✐ ③❡r✐ ❝♦✐♥❝✐❞❡ ❝♦♥ ✐❧ ❣r❛❞♦ ❞✐ p ❛ ❝✉✐ ✈❛ ❛❣❣✐✉♥t♦ ❧✬♦r❞✐♥❡ ❞✐ ∞✱ ♠❡♥tr❡ ❧❛ s♦♠♠❛ ❞❡❣❧✐
♦r❞✐♥✐ ❞❡✐ ♣♦❧✐ ❝♦✐♥❝✐❞❡ ❝♦♥ − deg(q)✳ ❙❡❣✉❡ q✉✐♥❞✐✿

∑

z∈X

ordz(f) =
∑

z ③❡r♦, z 6=∞

ordz(f) + ord∞(f) +
∑

z ♣♦❧♦

ordz(f)

= deg(p) + deg(q)− deg(p)− deg(q) = 0.

✷✶



❊s❡♠♣✐♦ ✷✳✷✾✳ ❙✐❛ X ✉♥❛ ❝✉r✈❛ ❛❧❣❡❜r✐❝❛ ♣r♦✐❡tt✐✈❛ ♣✐❛♥❛ ❧✐s❝✐❛ X ❞❡✜♥✐t❛ ❞❛❧❧✬❡q✉❛③✐♦♥❡ f =

f(x, y)✳ ■❧ ❝❛♠♣♦ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ M(X) è ✐❧ ❝❛♠♣♦ q✉♦③✐❡♥t❡ ❞✐
C[x, y]

(f)
✳

❊s❡♠♣✐♦ ✷✳✸✵✳ ▼♦str✐❛♠♦ ❝♦♠❡ ✐❧ t♦r♦ ❝♦♠♣❧❡ss♦ T è ✐s♦♠♦r❢♦ ❛❞ ✉♥❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛✳ P❡r
❝♦str✉✐r❡ ❧❛ ♠❛♣♣❛ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝❤❡ ❞à ❧✬✐s♦♠♦r✜s♠♦ ❞♦❜❜✐❛♠♦ ♣r✐♠❛ ✐♥tr♦❞✉rr❡ ❧❛
❢✉♥③✐♦♥❡ ❞✐ ❲❡✐❡rstr❛ss p✳ ❙❡ T = C/Λ ❝♦♥ Λ = ω1Z + ω2Z ❡ ω1, ω2 ❡❧❡♠❡♥t✐ ❞✐ C ❧✐♥❡❛r♠❡♥t❡
✐♥❞✐♣❡♥❞❡♥t✐ s✉ R✱ ❛❧❧♦r❛ p : T → C è ❞❡✜♥✐t❛ ❞❛

p(z) =
1

z2
+
∑

0 6=ω∈Λ

(

1

(z − ω)2
−

1

ω2

)

♣❡r ♦❣♥✐ z ∈ T.

❙✐ ✈❡r✐✜❝❛ ❝❤❡ p è ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ C ❝♦♥ ♣♦❧✐ ✐♥ Λ✱ ❝♦sì ❝♦♠❡ ❧❛ s✉❛ ❞❡r✐✈❛t❛ p′✱ ❝❤❡ ✈❛❧❡

p
′(z) = −2

∑

ω∈Λ

(

1

(z − w)3

)

♣❡r ♦❣♥✐ z ∈ T.

❉✉♥q✉❡ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❲❡✐❡rstr❛ss ❡ ❧❛ s✉❛ ❞❡r✐✈❛t❛ s♦♥♦ ❞✉❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉ T✳ ❉❡✜♥✐❛♠♦
❛❧❧♦r❛ ❧❛ ❢✉♥③✐♦♥❡

F : T −→ CP2

z 7−→





1
p(z)
p′(z)



 .

▲✬✐♠♠❛❣✐♥❡ ❞✐ t❛❧❡ ❢✉♥③✐♦♥❡ è ❡s❛tt❛♠❡♥t❡ ❧❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛ C ❞✐ ❡q✉❛③✐♦♥❡ y2 = 4x3 − g2(Λ)x−
g3(Λ)✳ ■♥❢❛tt✐ s✐ ✈❡❞❡ ❝❤❡ è s♦❞❞✐s❢❛tt❛ ❧❛ s❡❣✉❡♥t❡ r❡❧❛③✐♦♥❡✿

p
′(z)2 = 4p(z)3 − g2(Λ)p(z)− g3(Λ)

❝♦♥ g2(Λ) = 60
∑

0 6=ω∈Λ
1
ω4 ❡ g3(Λ) = 140

∑

0 6=ω∈Λ
1
ω6 ✳ P❡r ✈❡❞❡r❧♦✱ ❝♦♥s✐❞❡r✐❛♠♦ ❣❧✐ s✈✐❧✉♣♣✐ ✐♥

s❡r✐❡ ❞✐ ▲❛✉r❡♥t ❞❡❧❧❡ ❢✉♥③✐♦♥✐ p, p3, (p)2✿

p(z) =
1

z2
+ az2 + bz4 + o(z6)

p(z)3 =
1

z6
+

3a

z2
+ 3b+ o(z2)

p
′(z)2 =

4

z6
−

8a

z2
− 16b+ o(z2)

❡ ♦ss❡r✈✐❛♠♦ ❝❤❡ ❧❛ ❝♦♠❜✐♥❛③✐♦♥❡ p′(z)2 − (4p(z)3 − 20ap(z)) è ✐♥t❡r❛ ❧✐♠✐t❛t❛✱ q✉✐♥❞✐ ❝♦st❛♥t❡✱
❡ ✐♥ ♣❛rt✐❝♦❧❛r❡ ✈❛❧❡

p
′(z)2 − (4p(z)3 − 20ap(z)) = −28b,

❞❛ ❝✉✐
p
′(z)2 = 4p(z)3 − 20ap(z)− 28b

❝♦♥

g2(Λ) = 20a = 20
1

2!

∂2(p− 1/z2)

∂z2
(0) = 60

∑ 1

ω4

g3(Λ) = 28b = 28
1

4!

∂4(p− 1/z2)

∂z4
(0) = 140

∑ 1

ω6
.

✷✷



❈✐ r✐♠❛♥❡ ❞❛ ❞✐♠♦str❛r❡ ❝❤❡ F è ❜✐❡tt✐✈❛ ❡ ❝♦♥ ✐♥✈❡rs❛ ❛♥❝❤✬❡ss❛ ♦❧♦♠♦r❢❛✳ ❆ t❛❧❡ s❝♦♣♦
❝♦♥s✐❞❡r✐❛♠♦ ❧❡ ♠❛♣♣❡ π ❡ F

C
π

−−→ T
F
−−→ C

z 7−→ z + Λ 7−→





1
p(z)
p′(z)





❡ ✐❧ ❞✐✛❡r❡♥③✐❛❧❡ α = dx
y

s✉❧❧❛ ❝✉r✈❛ C✳ ❆❧❧♦r❛✱ ❞❡tt♦ η = F ∗(α) ✐❧ ♣✉❧❧✲❜❛❝❦ ❞✐ α tr❛♠✐t❡ F ✱ ✈❛❧❡
dz = π∗(η)✿ q✉❡st♦ è ✈❡r♦ ♣❡r❝❤é s✉ C s✐ ❤❛

(F ◦ π)∗ =
❞p(z)
p′(z)

.

❆❧❧♦r❛ è ♣♦ss✐❜✐❧❡ ❝♦str✉✐r❡ ✐❧ r❡t✐❝♦❧♦ Λ tr❛♠✐t❡

Λ = {

∫

γ

dz : γ ❝❛♠♠✐♥♦ ❝♦♥ ❡str❡♠✐ s✉ Λ}

= {

∫

γ′
η : γ′ = π ◦ γ ❝❛♠♠✐♥♦ ❝❤✐✉s♦ ✐♥ T}

= {

∫

γ′′
α : γ′′ = F ◦ π ◦ γ ❝❛♠♠✐♥♦ ❝❤✐✉s♦ ✐♥ C}

❛ ♣❛rt✐r❡ ❞❛❧❧❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛ C✳ ❆ q✉❡st♦ ♣✉♥t♦ ♣♦ss✐❛♠♦ ❞❡✜♥✐r❡ ❧❛ ❢✉♥③✐♦♥❡

G : C −→ T

P 7−→ G(P ) =

∫

γ

α (♠♦❞ Λ)

❝♦♥ γ ❝❛♠♠✐♥♦ q✉❛❧s✐❛s✐ ❞❛ ∞ =
(

0
0
1

)

❛ P ✱ ❝❤❡ r✐s✉❧t❛ ❡ss❡r❡ ❧✬✐♥✈❡rs❛ ❞✐ F ✳ ❙❡ ♠♦str✐❛♠♦ ❝❤❡

G(F (z)) = z ♣❡r ♦❣♥✐ z ∈ T ❛❜❜✐❛♠♦ ✜♥✐t♦✿ s✐❛ P = F (z)✱ ❛❧❧♦r❛

G(P ) =

∫ P=F (z)

∞

α =

∫ z

0
η =

∫ z

0
dz = z + λ ≡ z (♠♦❞ Λ).

◗✉❡st♦ ♣r♦✈❛ ❝❤❡ G(F (z)) = z ❡ q✉✐♥❞✐ ❝❤❡ ✐❧ t♦r♦ ❝♦♠♣❧❡ss♦ è ✉♥❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛✳

✷✳✸ ✶✲❋♦r♠❡ ❞✐✛❡r❡♥③✐❛❧✐ ♦❧♦♠♦r❢❡ ❡ ♠❡r♦♠♦r❢❡ s✉ s✉♣❡r✜❝✐❡ ❞✐

❘✐❡♠❛♥♥

❉❡✜♥✐③✐♦♥❡ ✷✳✸✶✳ ❯♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✉ ✉♥ ❛♣❡rt♦ Ω ⊂ C è ✉♥✬❡s♣r❡ss✐♦♥❡ ω ❞❡❧❧❛ ❢♦r♠❛
ω = f(z)dz ❝♦♥ f ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ s✉ Ω✳

P❡r tr❛s♣♦rt❛r❡ q✉❡st❛ ♥♦③✐♦♥❡ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ tr❛♠✐t❡ ❧❡ ❝❛rt❡ ❝♦♠♣❧❡ss❡✱ è
♥❡❝❡ss❛r✐♦ r✐❝❤✐❡❞❡r❡ ✉♥ ❝❡rt♦ t✐♣♦ ❞✐ ❝♦♠♣❛t✐❜✐❧✐tà ❛✣♥❝❤é ❧❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✐❛ ❜❡♥ ❞❡✜♥✐t❛
♥❡❧❧❡ ✐♥t❡rs❡③✐♦♥✐ ❞❡✐ ❞♦♠✐♥✐ ❞❡❧❧❡ ❝❛rt❡✳

✷✸



❉❡✜♥✐③✐♦♥❡ ✷✳✸✷✳ ❙✐❛♥♦ ω1 = f(z)dz✱ ω2 = g(w)dw ❞✉❡ 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ ❞❡✜♥✐t❡ r✐s♣❡tt✐✈❛✲
♠❡♥t❡ s✉ V1, V2 ❛♣❡rt✐ ❞✐ C✱ ❡ s✐❛ T (w) = z ✉♥❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛ ❞❛ V2 ❛ V1✳ ❉✐❝✐❛♠♦ ❝❤❡ T
tr❛s❢♦r♠❛ ω1 ✐♥ ω2 s❡ ✈❛❧❡ g(w) = f(T (w))T ′(w)✳

❖ss❡r✈✐❛♠♦ ❝❤❡ s❡ T è ✐♥✈❡rt✐❜✐❧❡✱ ❝♦♥ ✐♥✈❡rs❛ S✱ ❛❧❧♦r❛ T tr❛s❢♦r♠❛ ω1 ✐♥ ω2 s❡ ❡ s♦❧♦ s❡ S
tr❛s❢♦r♠❛ ω2 ✐♥ ω1✳ ■♥❢❛tt✐ s❡ S(z) = T−1(z) = w✱ ❛❧❧♦r❛ S tr❛s❢♦r♠❛ ω2 ✐♥ ω1 s❡ ❡ s♦❧♦ s❡

f(z) = g(S(z))S′(z)

f(T (w)) = g(w)(T−1)′(T (w))

f(T (w))T ′(w) = g(w).

❉❡✜♥✐③✐♦♥❡ ✷✳✸✸✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳ ❯♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✉ X è ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐
1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ {ωφ} ❛❧ ✈❛r✐❛r❡ ❞✐ φ : U → C ❝❛rt❛ ❝♦♠♣❧❡ss❛ ♣❡r X✱ t❛❧❡ ❝❤❡ ♣❡r ♦❣♥✐ ❝♦♣♣✐❛
❞✐ ❝❛rt❡ φ1 : U1 → C✱ φ2 : U2 → C ❝♦♥ U1 ∩ U2 6= ∅ ❧❛ ♠❛♣♣❛ ❞✐ tr❛♥s✐③✐♦♥❡ φ1 ◦ φ

−1
2 tr❛s❢♦r♠❛

ωφ1 ✐♥ ωφ2 ✳

❚✉tt❛✈✐❛✱ ♣❡r ❞❡✜♥✐r❡ ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è s✉✣❝✐❡♥t❡ ❞❛r❡
✉♥❛ 1✲❢♦r♠❛ ♣❡r ❧❡ ❝❛rt❡ ❞✐ ✉♥ ❛t❧❛♥t❡✳ ❱❛❧❡ ✐♥❢❛tt✐ ✐❧ s❡❣✉❡♥t❡✿

▲❡♠♠❛ ✷✳✸✹✳ ❙✐❛ X ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❡ A ✉♥ ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ s✉ X✳ ❙❡ ❛❞ ♦❣♥✐

❝❛rt❛ ❞✐ A è ❛ss♦❝✐❛t❛ ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ ❡ ❧❡ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ tr❛s❢♦r♠❛♥♦ ❧❡ 1✲❢♦r♠❡

♦❧♦♠♦r❢❡ ❞✐✈❡rs❡ ❧✬✉♥❛ ♥❡❧❧✬❛❧tr❛✱ ❛❧❧♦r❛ ❡s✐st❡ ✉♥✬✉♥✐❝❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✉ X ❝❤❡ ❡st❡♥❞❡ ❧❡

1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ ❞❡❧❧❡ ❝❛rt❡ ❞✐ A✳

■♥❞✐❝❤✐❛♠♦ ❝♦♥ Ω1(X) ❧✬✐♥s✐❡♠❡ ❞❡❧❧❡ ✶✲❢♦r♠❡ ♦❧♦♠♦r❢❡ s✉ X✳ ❙✐ ♦ss❡r✈✐ ❝❤❡ t❛❧❡ ✐♥s✐❡♠❡
❢♦r♠❛ ✉♥♦ s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ ❝♦♠♣❧❡ss♦ ❞✐ ❞✐♠❡♥s✐♦♥❡ dimC(Ω

1(X)) = g✱ ❞♦✈❡ g = g(X) è ✐❧
❣❡♥❡r❡ ❞❡❧❧❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ X✳ ◗✉❡st♦ r✐s✉❧t❛t♦ è ✉♥❛ ❞❡❧❧❡ ❝♦♥s❡❣✉❡♥③❡ ❞❡❧ t❡♦r❡♠❛ ❞✐
❘✐❡♠❛♥♥✲❘♦❝❤ ❝❤❡ ✈❡❞r❡♠♦ ♥❡❧ ❝❛♣✐t♦❧♦ s✉❝❝❡ss✐✈♦✳

❉❡✜♥✐③✐♦♥❡ ✷✳✸✺✳ ❯♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ ✉♥ ❛♣❡rt♦ Ω ⊂ C è ✉♥✬❡s♣r❡ss✐♦♥❡ ω ❞❡❧❧❛ ❢♦r♠❛
ω = f(z)dz ❝♦♥ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ Ω✳

▲❛ ❝♦♠♣❛t✐❜✐❧✐tà ❝❤❡ r✐❝❤✐❡❞✐❛♠♦ ♣❡r ❞❡✜♥✐r❡ ❧❡ 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ è ❧❛ st❡ss❛ ❝❤❡ r✐❝❤✐❡❞✐❛♠♦
♦r❛ ♣❡r ❧❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡✳

❉❡✜♥✐③✐♦♥❡ ✷✳✸✻✳ ❙✐❛♥♦ ω1 = f(z)dz✱ ω2 = g(w)dw ❞✉❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ ❞❡✜♥✐t❡ r✐s♣❡tt✐✲
✈❛♠❡♥t❡ s✉ V1, V2 ❛♣❡rt✐ ❞✐ C✱ ❡ s✐❛ T (w) = z ✉♥❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛ ❞❛ V2 ❛ V1✳ ❉✐❝✐❛♠♦ ❝❤❡ T
tr❛s❢♦r♠❛ ω1 ✐♥ ω2 s❡ ✈❛❧❡ g(w) = f(T (w))T ′(w)✳

❉❡✜♥✐③✐♦♥❡ ✷✳✸✼✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳ ❯♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X è ✉♥❛ ❢❛♠✐❣❧✐❛
❞✐ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ {ωφ} ❛❧ ✈❛r✐❛r❡ ❞✐ φ : U → C ❝❛rt❛ ❝♦♠♣❧❡ss❛ ♣❡r X✱ t❛❧❡ ❝❤❡ ♣❡r ♦❣♥✐
❝♦♣♣✐❛ ❞✐ ❝❛rt❡ φ1 : U1 → C✱ φ2 : U2 → C ❝♦♥ U1 ∩ U2 6= 0 ❧❛ ♠❛♣♣❛ ❞✐ tr❛♥s✐③✐♦♥❡ φ1 ◦ φ

−1
2

tr❛s❢♦r♠❛ ωφ1 ✐♥ ωφ2 ✳

❆♥❛❧♦❣❛♠❡♥t❡ ❛❧ ❝❛s♦ ♦❧♦♠♦r❢♦✱ s✐ ❤❛ ✐❧ s❡❣✉❡♥t❡✿

▲❡♠♠❛ ✷✳✸✽✳ ❙✐❛ X ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❡ A ✉♥ ❛t❧❛♥t❡ ❝♦♠♣❧❡ss♦ s✉ X✳ ❙❡ ❛❞ ♦❣♥✐

❝❛rt❛ ❞✐ A è ❛ss♦❝✐❛t❛ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ❡ ❧❡ ♠❛♣♣❡ ❞✐ tr❛♥s✐③✐♦♥❡ tr❛s❢♦r♠❛♥♦ ❧❡ 1✲❢♦r♠❡

♠❡r♦♠♦r❢❡ ❞✐✈❡rs❡ ❧✬✉♥❛ ♥❡❧❧✬❛❧tr❛✱ ❛❧❧♦r❛ ❡s✐st❡ ✉♥✬✉♥✐❝❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X ❝❤❡ st❡♥❞❡ ❧❡

1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ ❞❡❧❧❡ ❝❛rt❡ ❞✐ A✳

✷✹



❉❛t❛ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ω ❞❡✜♥✐t❛ ✐♥ ✉♥ ✐♥t♦r♥♦ ❞✐ p ∈ X ❡ ✉♥❛ ❝❛rt❛ φ : U → C ❞✐ X
❝❡♥tr❛t❛ ✐♥ p✱ s✐ ❞❡✜♥✐s❝❡ ❧✬♦r❞✐♥❡ ❞✐ ω = f(z)dz ✐♥ p✱ ✐♥❞✐❝❛t♦ ❝♦♥ ordp(ω)✱ ❝♦♠❡ ❧✬♦r❞✐♥❡ ❞❡❧❧❛
❢✉♥③✐♦♥❡ f ✐♥ 0✳

❖ss❡r✈✐❛♠♦ ❝❤❡ s✐ tr❛tt❛ ❞✐ ✉♥❛ ❜✉♦♥❛ ❞❡✜♥✐③✐♦♥❡✱ ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧❧❛ ❝❛rt❛✳
❉✐r❡♠♦ ❝❤❡ p è ✉♥♦ ③❡r♦ ❞✐ ω ❞✐ ♦r❞✐♥❡ n s❡ ordp(ω) = n > 0 ♠❡♥tr❡ è ✉♥ ♣♦❧♦ ❞✐ ω ❞✐ ♦r❞✐♥❡ n
s❡ ordp(ω) = −n < 0✳

❆ ❞✐✛❡r❡♥③❛ ❞✐ q✉❛♥t♦ ❛❝❝❛❞❡ ♣❡r ❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡✱ ❧❛ s♦♠♠❛ ❞❡❣❧✐ ♦r❞✐♥✐ ❞✐ ✉♥❛ 1✲❢♦r♠❛
♠❡r♦♠♦r❢❛ ❛❧ ✈❛r✐❛r❡ ❞❡❧ ♣✉♥t♦ s✉❧❧❛ s✉♣❡r✜❝✐❡ X ♥♦♥ è 0✿ t✉tt❛✈✐❛ ✈❛❧❡ ✐❧ s❡❣✉❡♥t❡ r✐s✉❧t❛t♦✿

Pr♦♣♦s✐③✐♦♥❡ ✷✳✸✾✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✳ P❡r ♦❣♥✐ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ω s✉

X
∑

p∈X

ordp(ω) = 2g(X)− 2

❞♦✈❡ g(X) è ✐❧ ❣❡♥❡r❡ ❞❡❧❧❛ s✉♣❡r✜❝✐❡ X✳

❈✐ò s✐❣♥✐✜❝❛ ❝❤❡ ❧❛ s♦♠♠❛ ❞❡❣❧✐ ♦r❞✐♥✐ ❞✐ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥
❝♦♠♣❛tt❛ ❞✐♣❡♥❞❡ s♦❧♦ ❞❛❧❧❛ s✉♣❡r✜❝✐❡ ❡ ♥♦♥ ❞❛❧❧❛ 1✲❢♦r♠❛✳

❉✐♠♦str❛③✐♦♥❡✳ ❙✐❛ ω = fdz 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X✱ ❝♦♥ f ∈ M(X) ♥♦♥ ♥✉❧❧❛✳ ❈♦♥s✐❞❡r✐❛♠♦
❧❛ s✉❛ ❡st❡♥s✐♦♥❡ ♦❧♦♠♦r❢❛ F : X → CP1✳ ❉❛t♦ ❝❤❡ g(CP1) = 0✱ ♣❡r ✐❧ t❡♦r❡♠❛ ❞✐ ❘✐❡♠❛♥♥✲
❍✉r✇✐t③ ✈❛❧❡✿

2g(X)− 2 = −2 deg(F ) +
∑

p∈X

(multp(f)− 1)

❉✉♥q✉❡ è s✉✣❝✐❡♥t❡ ❞✐♠♦str❛r❡ ❝❤❡ deg(ω) = −2 deg(f) +
∑

p∈X(multp(f)− 1)✳ P❡r ❞❡✜♥✐③✐♦♥❡
deg(ω) =

∑

p∈X ordp(ω)✳ ■♥tr♦❞✉❝✐❛♠♦ ♦r❛ ✐❧ ♣✉❧❧❜❛❝❦ ❞✐ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡✿ ❞❛t❛ G : X → Y
♠❛♣♣❛ ♦❧♦♠♦r❢❛ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❡ V ❛♣❡rt♦ ❞✐ Y ✱ è ❜❡♥ ❞❡✜♥✐t❛ ❧✬❛♣♣❧✐❝❛③✐♦♥❡

G∗ : M1(V ) −→ M1(G−1(V ))
ω = f(z)dz 7−→ G∗ω = (f ◦G)(z)dG(z).

❚❛❧❡ ♠❛♣♣❛ s✐ ❡st❡♥❞❡ ❢❛❝✐❧♠❡♥t❡ ❛ t✉tt♦ ❧♦ s♣❛③✐♦ M1(Y )✿ ✐♥ t❛❧ ❝❛s♦ ❧✬✐♠♠❛❣✐♥❡ ❞✐ ✉♥❛
1✲❢♦r♠❛ ♠❡r♠♦r❢❛ ω = {(Ui, ωi = fidzi)}i è ❞❛t❛ ❞❛ G∗ω = {(G−1(Ui), G

∗ωi = (fi ◦G)dG(zi))}i
❡❞ è ❞❡tt❛ ♣✉❧❧❜❛❝❦ ❞✐ ω tr❛♠✐t❡ G✳
➮ ✐♠♣♦rt❛♥t❡ ♦ss❡r✈❛r❡ ❝❤❡ ❧✬❛♣♣❧✐❝❛③✐♦♥❡ G∗ ♥♦♥ r✐s♣❡tt❛ ❧✬♦r❞✐♥❡✱ ♦✈✈❡r♦ ❞❛t♦ ✉♥ ♣✉♥t♦ p ∈ X✱
s✐ ❤❛ ordp(G

∗ω) 6= ordG(p)(ω)✳ ➮ ✈❡r❛ ✐♥✈❡❝❡ ❧❛ s❡❣✉❡♥t❡ r❡❧❛③✐♦♥❡✿

ordp(G
∗ω) = ordG(p)(ω)multp(G) + multp(G)− 1

■♥❢❛tt✐ ✐♥t♦r♥♦ ❛ p ❧❛ ❢✉♥③✐♦♥❡ G ❛ss✉♠❡ ❧❛ ❢♦r♠❛ G(z) = zmultp(G) ♠❡♥tr❡ ❧❛ 1✲❢♦r♠❛ ♠❡r♦✲
♠♦r❢❛ ω s✐ ♣✉ò s❝r✐✈❡r❡ ❝♦♠❡ ω = zordG(p)(ω)dz✱ s✈✐❧✉♣♣❛♥❞♦ ❛❧ ♣r✐♠♦ ♦r❞✐♥❡ ❧❛ ❢✉♥③✐♦♥❡ f(z)✳
❆❧❧♦r❛

G∗ω = (f ◦G)(z)dG(z)

= f(zmultp(G))d(zmultp(G))

= zmultp(G)·ordG(p)(ω) ·multp(G) · z
multp(G)−1dz

= multp(G)z
ordG(p) multp(G)+multp(G)−1dz

✷✺



❞❛ ❝✉✐ s❡❣✉❡ ordp(G ∗ ω) = ordG(p)(ω)multp(G) + multp(G)− 1✳
❆ q✉❡st♦ ♣✉♥t♦ ❜❛st❛ ♦ss❡r✈❛r❡ ❝❤❡ ♦❣♥✐ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X è ♣✉❧❧❜❛❝❦ ❞❡❧❧❛ 1✲❢♦r♠❛
♠❡r♠♦r❢❛ dz s✉ CP1✳ ❉✉♥q✉❡ ♥❡❧ ♥♦str♦ ❝❛s♦

ordp(ω) = ordF (p)(dz)multp(f) + multp(f)− 1 =

{

multp(f)− 1 s❡f(p) 6= ∞

multp(f)− 1− 2mult∞(f) s❡f(p) = ∞

❙❡❣✉❡

deg(ω) =
∑

f(p) 6=∞

(multp(f)− 1) +
∑

f(p)=∞

(multp(f)− 1− 2mult∞(f))

=
∑

p∈X

(multp(f)− 1)− 2 deg(f).

❋♦r♠❡ ♠❡r♦♠♦r❢❡ ❞✐✛❡r❡♥t✐ s✉❧❧❛ st❡ss❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ s♦♥♦ ❧❡❣❛t❡ ❞❛ ❢✉♥③✐♦♥✐ ♠❡r♦✲
♠♦r❢❡✱ ❝♦♠❡ ❛✛❡r♠❛ ✐❧ s❡❣✉❡♥t❡

▲❡♠♠❛ ✷✳✹✵✳ ❉❛t❡ ❞✉❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ ω1 ❡ ω2 s✉ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ❝♦♥ ω1 ♥♦♥

✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❛✱ ❡s✐st❡ ✉♥✐❝❛ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ X t❛❧❡ ❝❤❡ ω2 = fω1✳

❉✐♠♦str❛③✐♦♥❡✳ ❙❝❡❧t❛ ✉♥❛ ❝❛rt❛ φ : U → C s✉ X t❛❧❡ ❝❤❡ φ(p) = z ♣❡r ♦❣♥✐ p ∈ U ✱ s❝r✐✈✐❛♠♦ ❧❡
❞✉❡ ❢♦r♠❡ ♥❡❧❧❛ ❝♦♦r❞✐♥❛t❛ ❧♦❝❛❧❡ z✿

ω1 = g1(z)dz, ω2 = g2(z)dz

❝♦♥ g1, g2 ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ s✉ φ(U)✳ ❙✐❛ h = g2
g1
✱ ❛♥❝❤✬❡ss❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ❛ ✈❛❧♦r✐ ✐♥

φ(U)✿ ❞❡✜♥✐s❝♦ f = h ◦ φ✱ ❝❤❡ r✐s✉❧t❛ ❡ss❡r❡ ♠❡r♦♠♦r❢❛ s✉ U ✱ ❜❡♥ ❞❡✜♥✐t❛ ❡ ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛
s❝❡❧t❛ ❞❡❧❧❛ ❝❛rt❛ φ✳ ❱❛❧❡

f(p) =
g2
g1

(φ(p)) =
g2
g1

(z)

❞❛ ❝✉✐ g2(z) = f(p)g1(z)✳ ❙❡❣✉❡ ω2 = fω2✳

◗✉❡st♦ r✐s✉❧t❛t♦ ❞✐♠♦str❛ ❛♥❝❤❡ ❝❤❡ M1(X) è s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ s✉ M(X) ❞✐ ❞✐♠❡♥s✐♦♥❡ 1✳
❖ss❡r✈✐❛♠♦ ❝❤❡ q✉❡st✬✉❧t✐♠♦ r✐s✉❧t❛t♦ è ❝♦❡r❡♥t❡ ❝♦♥ q✉❛♥t♦ ✈✐st♦ ✜♥♦r❛✿ s❡ ♦❣♥✐ ❢♦r♠❛ ω2

❞✐✈❡rs❛ ❞❛ ω1 ♣✉ò ❡ss❡r❡ s❝r✐tt❛ ❝♦♠❡ ω2 = fω1 ♣❡r q✉❛❧❝❤❡ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ f ✱ ❛❧❧♦r❛

∑

p∈X

ordp(ω2) =
∑

p∈X

ordp(fω1) =
∑

p∈X

(ordp(f) + ordp(ω1))

=
∑

p∈X

ordp(f) +
∑

p∈X

ordp(ω1) =
∑

p∈X

ordp(ω1),

♦✈✈❡r♦ ❧❛ s♦♠♠❛ ❞❡❣❧✐ ♦r❞✐♥✐ ♥♦♥ ❞✐♣❡♥❞❡ ❞❛❧❧❛ 1✲❢♦r♠❛ ω✳

❊s❡♠♣✐♦ ✷✳✹✶✳ ❙✐❛ X = S2 ❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥✳ P♦✐❝❤é ❧❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉ S2 s♦♥♦ ❧❡ ❝♦st❛♥t✐✱
♥♦♥ ❡s✐st♦♥♦ s✉ S2 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ ❞✐✈❡rs❡ ❞❛ ③❡r♦✳ ■♥❢❛tt✐ s❡ ❝♦♥s✐❞❡r✐❛♠♦ ❧❛ ❢♦r♠❛ ω = dz
s✉❧❧✬❛♣❡rt♦ C✱ ♣❛ss❛♥❞♦ ❛❧❧✬❛♣❡rt♦ C∞ ❧❛ ❢♦r♠❛ ❞✐✈❡♥t❛ ω = − 1

(z′)2
dz′ ❝♦♥ z′ ❝♦♦r❞✐♥❛t❛ ❧♦❝❛❧❡

✷✻



✐♥ C∞✳ ❖ss❡r✈✐❛♠♦ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ 1
(z′)2

♥♦♥ è ♦❧♦♠♦r❢❛ ♥❡❧ s✉♦ ❛♣❡rt♦ ❞✐ ❞❡✜♥✐③✐♦♥❡ ❡ q✉✐♥❞✐ ω

♥♦♥ è ♦❧♦♠♦r❢❛✳ ❉✉♥q✉❡ Ω1(S2) = {0}✱ ❝♦♠❡ ❝✐ ❛s♣❡tt❛✈❛♠♦ ❞❛ g(S2) = 0.

P❡r q✉❛♥t♦ r✐❣✉❛r❞❛ ❧❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ s✉ S2✱ r✐❝♦r❞✐❛♠♦ ❝❤❡ M1(X) è s♣❛③✐♦ ✈❡tt♦r✐❛❧❡
❞✐ ❞✐♠❡♥s✐♦♥❡ 1 s✉ M(X)✳ ❉❛ q✉❛♥t♦ ✈✐st♦ s♦♣r❛✱ ω = dz è ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ S2 q✉✐♥❞✐
♣♦ss✐❛♠♦ s❝❡❣❧✐❡r❡ t❛❧❡ ❢♦r♠❛ ❝♦♠❡ ❣❡♥❡r❛t♦r❡ ❞❡❧❧♦ s♣❛③✐♦ M1(S2) ❝♦♠❡ s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ s✉
M(S2) ❡ ❝♦♥❝❧✉❞❡r❡ ❝❤❡ M1(S2) = 〈dz〉✳

❊s❡♠♣✐♦ ✷✳✹✷✳ ❙✐❛ X ✉♥❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛✳ ❙❛♣♣✐❛♠♦ ❝❤❡ g(X) = 1 ❞✉♥q✉❡ dimC(Ω
1(X)) = 1✳

◗✉❡st♦ s✐❣♥✐✜❝❛ ❝❤❡ Ω1(X) è ❣❡♥❡r❛t♦ ❞❛ ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛✳ ❈♦♠❡ ❢❛❝❝✐❛♠♦ ❛ ❝❛♣✐r❡ ❝❤✐
❣❡♥❡r❛ q✉❡st♦ s♣❛③✐♦❄
❈♦♥s✐❞❡r✐❛♠♦ ✉♥❛ ❣❡♥❡r✐❝❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛ ♥❡❧❧❛ ❢♦r♠❛ x0x22 = x1(x1 − x0)(x1 − λx0) ❝♦♥ λ ∈
C \ {0, 1}✳ ❉✐s♦♠♦❣❡♥❡✐③③✐❛♠♦ ❧✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ ❝✉r✈❛ ♥❡❧ ♣✐❛♥♦ ❛✣♥❡ ❝♦♠♣❧❡ss♦✱ ♦✈✈❡r♦ ❞♦✈❡
x0 = 1✱ ♣♦♥❡♥❞♦ y = x2

x0
❡ x = x1

x0
✿

y2 = x3 − (λ+ 1)x2 + λx.

■ ❞✐✛❡r❡♥③✐❛❧✐ dx ❡ dy s♦♥♦ ♦❧♦♠♦r✜ s✉❧ ♣✐❛♥♦ ❛✣♥❡✱ ♠❛ ♥♦♥ è ❞❡tt♦ ❝❤❡ ❧♦ s✐❛♥♦ s✉❧❧❛ ❝✉r✈❛✳
❚✉tt❛✈✐❛ ❧✬❛♣♣❛rt❡♥❡♥③❛ ❛❧❧❛ ❝✉r✈❛ ❞❛ ✉♥❛ r❡❧❛③✐♦♥❡ tr❛ ✐ ❞✉❡ ❞✐✛❡r❡♥③✐❛❧✐✿

2ydy = 3x2dx

2dy

3x2
=
dx

y

▼♦str✐❛♠♦ ❝❤❡ ✐❧ ❞✐✛❡r❡♥③✐❛❧❡ dx
y

è ♦❧♦♠♦r❢♦ ❡❞ è ❞✉♥q✉❡ ❣❡♥❡r❛t♦r❡ ♣❡r Ω1(X)✳ P❡r ❢❛r❧♦
❝❛❧❝♦❧✐❛♠♦ ③❡r✐ ❡ ♣♦❧✐ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ y ❡ ❞❡❧❧❛ 1✲❢♦r♠❛ dx✳
❖ss❡r✈✐❛♠♦ ❝❤❡ y ❤❛ tr❡ ③❡r✐ ♥❡❧ ♣✐❛♥♦ ❛✣♥❡✱ ❝❤❡ ❝♦rr✐s♣♦♥❞♦♥♦ ❛✐ ♣✉♥t✐ (0, 0), (0, 1) ❡ (0, λ)✱ ❡
♥❡ss✉♥ ♣♦❧♦✳ ■❧ s✉♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❧❧✬✐♥✜♥✐t♦ è ✉❣✉❛❧❡ ❛ q✉❡❧❧♦ ❞❡❧❧❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛ ❞✐ ❡q✉❛③✐♦♥❡
y2 = x3 + 1 ❞✉♥q✉❡ ♣❡r s❡♠♣❧✐❝✐tà ❡s♣❧✐❝✐t✐❛♠♦ ✐ ❝♦♥t✐ r❡❧❛t✐✈✐ ❛ q✉❡st✬✉❧t✐♠♦ ❝❛s♦✳ ◆❡❧ ♣✐❛♥♦
♣r♦✐❡tt✐✈♦ t❛❧❡ ❝✉r✈❛ ❤❛ ❡q✉❛③✐♦♥❡

x0x
2
2 = x31 + x30,

❞✉♥q✉❡ ❞✐s♦♠♦❣❡♥❡✐③③❛♥❞♦ ♥❡❧❧✬❛♣❡rt♦ ❝♦rr✐s♣♦♥❞❡♥t❡ ❛ x2 = 1 ❡ ♣♦♥❡♥❞♦ ζ = x0
x2
, ξ = x1

x2
✱

♦tt❡♥✐❛♠♦
ζ = ξ3 + ζ3,

❞❛ ❝✉✐ ζ ∼ ξ3✳ ❆❧❧♦r❛

y =
x2
x0

=
x2/x2
x0/x2

=
1

ζ
∼

1

ξ3

❝✐♦è ❧❛ ❢✉♥③✐♦♥❡ y ❤❛ ✉♥ ♣♦❧♦ ❞✐ ♦r❞✐♥❡ 3 ♥❡❧ ♣✉♥t♦ ∞ = [0 : 0 : 1]✳ ❈♦♥❝❧✉❞✐❛♠♦ q✉✐♥❞✐ ❝❤❡

div(y) = P0 + P1 + Pλ − 3 · ∞.

Pr♦❝❡❞❡♥❞♦ ✐♥ ♠♦❞♦ ❛♥❛❧♦❣♦ ♣❡r dx ♦tt❡♥✐❛♠♦

div(dx) = P0 + P1 + Pλ − 3 · ∞,

❞❛ ❝✉✐ div(dx
y
) = 0✱ ♦✈✈❡r♦ dx

y
è 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛✳

■♥✜♥❡ ♣❡r q✉❛♥t♦ r✐❣✉❛r❞❛ M1(X) ❜❛st❛ ♦ss❡r✈❛r❡ ❝❤❡ r✐♠❛♥❡ ✈❡r♦ ✐❧ ❢❛tt♦ ❝❤❡ M1(X) è
M(X)✲ s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ ❞✐ ❞✐♠❡♥s✐♦♥❡ 1 ❡ q✉✐♥❞✐ ❜❛st❛ tr♦✈❛r❡ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X
♣❡r ❞❡t❡r♠✐♥❛r❡ t✉tt❡ ❧❡ ❛❧tr❡✳

✷✼



✷✽



❈❛♣✐t♦❧♦ ✸

❚❡♦r❡♠❛ ❞✐ ❘✐❡♠❛♥♥✲❘♦❝❤

✸✳✶ ❉✐✈✐s♦r✐

❉❡✜♥✐③✐♦♥❡ ✸✳✶✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳ ❯♥ ❞✐✈✐s♦r❡ ❞✐ X è ✉♥❛ ❢✉♥③✐♦♥❡ D : X → Z

❝❤❡ ❤❛ ♣❡r s✉♣♣♦rt♦ ✉♥ s♦tt♦✐♥s✐❡♠❡ ❞✐s❝r❡t♦ ❞✐ X✳

▲✬✐♥s✐❡♠❡ ❞❡✐ ❞✐✈✐s♦r✐ ❞✐ X✱ ❞♦t❛t♦ ❞❡❧❧✬♦♣❡r❛③✐♦♥❡ ❞✐ s♦♠♠❛ ♣✉♥t✉❛❧❡✱ ❢♦r♠❛ ✉♥ ❣r✉♣♣♦ ❝❤❡
✐♥❞✐❝❤❡r❡♠♦ ❝♦♥ Div(X)✳ ❙❡ X è ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ ♦❣♥✐ ❞✐✈✐s♦r❡ ❞✐ X ❤❛
s✉♣♣♦rt♦ ✜♥✐t♦ ❞✉♥q✉❡ Div(X) ❝♦✐♥❝✐❞❡ ❝♦♥ ✐❧ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❧✐❜❡r♦ ❣❡♥❡r❛t♦ ❞❛✐ ♣✉♥t✐ ❞✐ X✳

Div(X) = Z(X)

❙❝r✐✈✐❛♠♦ D =
∑

p∈X D(p) · p ♣❡r r❛♣♣r❡s❡♥t❛r❡ ✉♥ ❞✐✈✐s♦r❡ ❡ ❝❤✐❛♠✐❛♠♦ s✉♣♣♦rt♦ ❞❡❧ ❞✐✈✐s♦r❡
❧✬✐♥s✐❡♠❡ Supp(D) = {p ∈ X : D(p) 6= 0}✳

❊s❡♠♣✐♦ ✸✳✷✳ ❖❣♥✐ ♣✉♥t♦ p ∈ X s✉♣❡r❢❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ❜❛♥❛❧♠❡♥t❡ ✉♥ ❞✐✈✐s♦r❡✳

❉❡✜♥✐③✐♦♥❡ ✸✳✸✳ ■❧ ❣r❛❞♦ ❞✐ ✉♥ ❞✐✈✐s♦r❡ D ❞✐ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ è ❧❛ s♦♠♠❛
❞❡✐ s✉♦✐ ✈❛❧♦r✐✱ ❝✐♦è

deg(D) =
∑

p∈X

D(p).

❖ss❡r✈✐❛♠♦ ❝❤❡ ✐❧ ❣r❛❞♦ è ✉♥❛ ❢✉♥③✐♦♥❡ ❜❡♥ ❞❡✜♥✐t❛ s✉❧ ❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ ❞✐ X✿

deg : Div(X) → Z.

❙✐ tr❛tt❛ ❞✐ ✉♥ ♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐

deg(D + S) =
∑

p∈X

(D + S)(p) =
∑

p∈X

D(p) +
∑

p∈X

S(p) = deg(D) + deg(S)

✐❧ ❝✉✐ ♥✉❝❧❡♦ è ❞❛t♦ ❞❛❧ s♦tt♦❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ ❞✐ ❣r❛❞♦ ③❡r♦ ❞✐ X✿

Div0(X) = ker(deg) = {D ∈ Div(X) : deg(D) = 0}.

❱♦❣❧✐❛♠♦ ✉t✐❧✐③③❛r❡ ✐ ❞✐✈✐s♦r✐ ♣❡r✱ ✐♥ ✉♥ ❝❡rt♦ s❡♥s♦✱ ✏r❛❝❝♦❣❧✐❡r❡✑ ❝♦♥ ❧❡ r✐s♣❡tt✐✈❡ ♠♦❧t❡♣❧✐❝✐tà
❣❧✐ ③❡r✐ ❡ ✐ ♣♦❧✐ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ s✉❧❧❡ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✳

✷✾



❉❡✜♥✐③✐♦♥❡ ✸✳✹✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ X ♥♦♥ ✐❞❡♥t✐❝❛♠❡♥t❡
♥✉❧❧❛✳ ■❧ ❞✐✈✐s♦r❡ ❞✐ f è

div(f) =
∑

p∈X

ordp(f) · p.

❖❣♥✐ ❞✐✈✐s♦r❡ ❞✐ q✉❡st♦ t✐♣♦ è ❞❡tt♦ ❞✐✈✐s♦r❡ ♣r✐♥❝✐♣❛❧❡ ❡ ✐❧ s♦tt♦❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ ♣r✐♥❝✐♣❛❧✐ ❞✐
X è ✐♥❞✐❝❛t♦ ❝♦♥ PDiv(X)✳

❙✐ tr❛tt❛ ❞✐ ✉♥❛ ❜✉♦♥❛ ❞❡✜♥✐③✐♦♥❡ ♣♦✐❝❤é p ∈ X ♥♦♥ è ♥é ③❡r♦ ♥é ♣♦❧♦ ♣❡r f s❡ ❡ s♦❧♦ s❡
ordp(f) = 0✱ ❡ ❧✬✐♥s✐❡♠❡ ❞❡❣❧✐ ③❡r✐ ❡ ❞❡✐ ♣♦❧✐ ❞✐ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ f ♥♦♥ ♥✉❧❧❛ è ✉♥ ✐♥s✐❡♠❡
✜♥✐t♦ ❝♦♠❡ s❡❣✉❡ ❞❛❧❧❛ ♣r♦♣♦s✐③✐♦♥❡ ✷✳✷✺✳

▲❡♠♠❛ ✸✳✺✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✳ ❆❧❧♦r❛ PDiv(X) ≤ Div0(X).

❉✐♠♦str❛③✐♦♥❡✳ ❙✐❛ f ∈ M(X)✳ ■♥❞✐❝❛♥❞♦ ❝♦♥ Z ❧✬✐♥s✐❡♠❡ ❞❡❣❧✐ ③❡r✐ ❞✐ f ❡ ❝♦♥ P ❧✬✐♥s✐❡♠❡ ❞❡✐
s✉♦✐ ♣♦❧✐✱ ❞❛❧❧✬♦ss❡r✈❛③✐♦♥❡ ♣r❡❝❡❞❡♥t❡ s✐ ❤❛ ❝❤❡

deg(div(f)) =
∑

p∈X

ordp(f)

=
∑

p∈Z

ordp(f) +
∑

p∈P

ordp(f)

❡ t❛❧❡ s♦♠♠❛ è ✉❣✉❛❧❡ ❛ ✵ ♣❡r ❧❛ ♣r♦♣♦s✐③✐♦♥❡ ✷✳✷✻✳

❆❧❧♦ st❡ss♦ ♠♦❞♦ è ♣♦ss✐❜✐❧❡ ❛ss♦❝✐❛r❡ ❛❞ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ✐❧ s✉♦ ❞✐✈✐s♦r❡✳

❉❡✜♥✐③✐♦♥❡ ✸✳✻✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ω 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X ♥♦♥ ✐❞❡♥t✐❝❛♠❡♥t❡
♥✉❧❧❛✳ ■❧ ❞✐✈✐s♦r❡ ❞✐ ω è

div(ω) =
∑

p∈X

ordp(ω) · p.

❖❣♥✐ ❞✐✈✐s♦r❡ ❞✐ q✉❡st♦ t✐♣♦ è ❞❡tt♦ ❞✐✈✐s♦r❡ ❝❛♥♦♥✐❝♦ ❡ ✐❧ s♦tt♦❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ ❝❛♥♦♥✐❝✐ ❞✐ X
è ✐♥❞✐❝❛t♦ ❝♦♥ KDiv(X)✳

❈♦♥ t❛❧❡ ❞❡✜♥✐③✐♦♥❡ ♣♦ss✐❛♠♦ r✐❢♦r♠✉❧❛r❡ ❧❛ ♣r♦♣♦s✐③✐♦♥❡ ✷✳✸✾ ❝♦♠❡ s❡❣✉❡✿

Pr♦♣♦s✐③✐♦♥❡ ✸✳✼✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ K ❞✐✈✐s♦r❡ ❝❛♥♦♥✐❝♦ s✉ X✳ ❆❧❧♦r❛

deg(K) = 2g(X)− 2✳

❘✐❝♦r❞❛♥❞♦ ✐❧ ❧❡♠♠❛ ✷✳✹✵✱ è ♣♦ss✐❜✐❧❡ st❛❜✐❧✐r❡ ✉♥❛ r❡❧❛③✐♦♥❡ tr❛ ❞✐✈✐s♦r✐ ♣r✐♥❝✐♣❛❧✐ ❡ ❝❛♥♦♥✐❝✐✳
❙❡ ω1 ❡ ω2 s♦♥♦ ❞✉❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ s✉ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥✱ ❛❧❧♦r❛ ❡s✐st❡ ✉♥✬✉♥✐❝❛
❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ f t❛❧❡ ❝❤❡ ω2 = fω1✳ ❙❡❣✉❡ ❝❤❡ div(fω1) = div(ω2)✳ ❖ss❡r✈✐❛♠♦ ✐♥♦❧tr❡
❝❤❡✱ ♣♦✐❝❤é ordp(fω) = ordp(f) + ordp(ω) ♣❡r ♦❣♥✐ p ∈ X✱ f ∈ M(X) ❡ ω ∈ M1(X)✱ ✈❛❧❡✿

div(ω2) = div(fω1) = div(f) + div(ω1)

❖❣♥✐ ❞✐✈✐s♦r❡ ❝❛♥♦♥✐❝♦✱ s❡ s♦♠♠❛t♦ ❛❞ ✉♥ ❞✐✈✐s♦r❡ ♣r✐♥❝✐♣❛❧❡✱ è ✉♥ ✭❛❧tr♦✮ ❞✐✈✐s♦r❡ ❝❛♥♦♥✐❝♦✳
❉✉♥q✉❡ ✜ss❛t♦ ω ∈ M1(X)✱ ❛❜❜✐❛♠♦

KDiv(X) = div(ω) + PDiv(X)

♦✈✈❡r♦ ✐ ❞✐✈✐s♦r✐ ❝❛♥♦♥✐❝✐ KDiv(X) ❝♦st✐t✉✐s❝♦♥♦ ✉♥❛ ❝❧❛ss❡ ❧❛t❡r❛❧❡ ❞✐ PDiv(X) ✐♥ Div(X)✳
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■❧ ❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ Div(X) ♣✉ò ❡ss❡r❡ ♠✉♥✐t♦ ❞✐ ✉♥ ♦r❞✐♥❡ ♣❛r③✐❛❧❡✳ ❉✐r❡♠♦ ❝❤❡ D ≥ 0 s❡
D(p) ≥ 0 ♣❡r ♦❣♥✐ p ∈ X ❡ ❝❤❡ D1 ≥ D2 s❡ D1 − D2 ≥ 0✳ ❙✐ ♦ss❡r✈✐ ❝❤❡ s❡ f è ✉♥❛ ❢✉♥③✐♦♥❡
♠❡r♦♠♦r❢❛ s✉ X✱ ❧✬♦r❞✐♥❡ ❝♦sì ❞❡✜♥✐t♦ ♣❡r♠❡tt❡ ❞✐ st❛❜✐❧✐r❡ s❡ è ♦❧♦♠♦r❢❛✿ ✐♥❢❛tt✐ f è ♦❧♦♠♦r❢❛
s❡ ❡ s♦❧♦ s❡ div(f) ≥ 0✳ ❆♥❛❧♦❣❛♠❡♥t❡ ω ❢♦r♠❛ ♠❡r♦♠♦r❢❛ è ♦❧♦♠♦r❢❛ s❡ ❡ s♦❧♦ s❡ div(ω) ≥ 0✳

❉❡✜♥✐❛♠♦ ♣♦✐ ✉♥❛ r❡❧❛③✐♦♥❡ ∼ s✉ Div(X)✿ ❞✐r❡♠♦ ❝❤❡ ❞✉❡ ❞✐✈✐s♦r✐ D1, D2 ∈ Div(X) s♦♥♦
❧✐♥❡❛r♠❡♥t❡ ❡q✉✐✈❛❧❡♥t✐✱ ❡ s❝r✐✈❡r❡♠♦ D1 ∼ D2✱ s❡ D1 − D2 ∈ PDiv(X)✳ ❚❛❧❡ r❡❧❛③✐♦♥❡ è
❡✛❡tt✐✈❛♠❡♥t❡ ✉♥✬❡q✉✐✈❛❧❡♥③❛ s✉❧❧✬✐♥s✐❡♠❡ Div(X)✿

✲ D ∼ D ♣❡r ♦❣♥✐ D ∈ Div(X) ✐♥ q✉❛♥t♦ D −D = 0 = div(0) ❡ ❧❛ ❢✉♥③✐♦♥❡ ✐❞❡♥t✐❝❛♠❡♥t❡
♥✉❧❧❛ è ♦❧♦♠♦r❢❛✱ q✉✐♥❞✐ ✐♥ ♣❛rt✐❝♦❧❛r❡ ♠❡r♦♠♦r❢❛❀

✲ s❡ D1 ∼ D2✱ ❛❧❧♦r❛ D2 ∼ D1✿ ❞❛ D1 − D2 = div(f) ♣❡r q✉❛❧❝❤❡ f ∈ M(X)✱ s❡❣✉❡
D2 −D1 = −div(f) = div( 1

f
) ❞❛❧❧❡ ♣r♦♣r✐❡tà ❞❡✐ ❞✐✈✐s♦r✐ ♣r✐♥❝✐♣❛❧✐✳ ❘✐❝♦r❞❛♥❞♦ ♣♦✐ ❝❤❡ ❧❡

❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ ❢♦r♠❛♥♦ ✉♥ ❝❛♠♣♦✱ s✐ ❤❛ 1
f
∈ M(X)✱ ❞❛ ❝✉✐ D2 ∼ D1❀

✲ s❡ D1 ∼ D2 ❡ D2 ∼ D3✱ ❛❧❧♦r❛ D1 ∼ D3✿ ❞❛ D1 − D2 = div(f) ❡ D2 − D3 = div(g)
♣❡r q✉❛❧❝❤❡ f, g ∈ M(X) s❡❣✉❡ D1 −D3 = div(f) + div(g) = div(fg) ❞❛❧❧❡ ♣r♦♣r✐❡tà ❞❡✐
❞✐✈✐s♦r✐ ♣r✐♥❝✐♣❛❧✐✳ ❙✐ ❤❛ fg ∈ M(X)✱ ❞❛ ❝✉✐ D1 ∼ D3✳

❉❡✜♥✐❛♠♦ ❛❧❧♦r❛ ✐❧ ❣r✉♣♣♦ q✉♦③✐❡♥t❡✱ ❞❡tt♦ ❣r✉♣♣♦ ❞✐ P✐❝❛r❞ ❞✐ X

Pic(X) =
Div(X)

PDiv(X)
.

❖ss❡r✈✐❛♠♦ ❝❤❡ s❡ D1 ∼ D2 ❛❧❧♦r❛ deg(D1) = deg(D2)✱ ❝✐♦è ❞✐✈✐s♦r✐ ♥❡❧❧❛ st❡ss❛ ❝❧❛ss❡ ✐♥
Pic(X) ❤❛♥♥♦ ❧♦ st❡ss♦ ❣r❛❞♦✳ ◗✉❡st♦ ❢❛tt♦ s❡❣✉❡ ✐♠♠❡❞✐❛t❛♠❡♥t❡ ❞❛❧ ❧❡♠♠❛ ✸✳✺ ❡ ❞❛❧ ❢❛tt♦ ❝❤❡
❧❛ ❢✉♥③✐♦♥❡ deg è ♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐✳

❉❡✜♥✐③✐♦♥❡ ✸✳✽✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ D ∈ Div(X)✳ ❉❡✜♥✐❛♠♦ ❧♦ s♣❛③✐♦
✈❡tt♦r✐❛❧❡ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ ❝♦♥ ③❡r✐ ❡ ♣♦❧✐ ❝♦♥tr♦❧❧❛t✐ ❞❛ D

L(D) = {f ∈ M(X) : div(f) +D ≥ 0}.

❉✐❝✐❛♠♦ ❝❤❡ f ∈ L(D) ❤❛ ③❡r✐ ❡ ♣♦❧✐ ❝♦♥tr♦❧❧❛t✐ ❞❛ D ♣♦✐❝❤é s❡ p è ✉♥♦ ③❡r♦ ❞✐ f ❡ D(p) < 0
❛❧❧♦r❛

ordp(f) ≥ −D(p),

❝✐♦è p è ✉♥♦ ③❡r♦ ❞✐ ♠♦❧t❡♣❧✐❝✐tà ❛❧♠❡♥♦ −D(p)✳ ❙❡ ✐♥✈❡❝❡ p è ✉♥ ♣♦❧♦ ❞✐ f ❡ D(p) > 0 ❛❧❧♦r❛

D(p) ≥ − ordp(f),

❝✐♦è p è ✉♥ ♣♦❧♦ ❞✐ ♠♦❧t❡♣❧✐❝✐tà ❛❧ ♣✐ù D(p)✳
❖ss❡r✈✐❛♠♦ s✉❜✐t♦ ❝❤❡ L(0) = O(X)✱ ♣♦✐❝❤é f è ♦❧♦♠♦r❢❛ s❡ ❡ s♦❧♦ s❡ div(f) ≥ 0✳ ■♥

♣❛rt✐❝♦❧❛r❡ s❡ X è s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ ❞❛t♦ ❝❤❡ ❧❡ ❢✉♥③✐♦♥✐ ♦❧♦♠♦r❢❡ s✉ X s♦♥♦ ❧❡
❝♦st❛♥t✐✱ s✐ ❤❛ L(0) ∼= C✳
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✸✳✷ ❚❡♦r❡♠❛ ❞✐ ❘✐❡♠❛♥♥✲❘♦❝❤

■♥ q✉❡st♦ ❝❛♣✐t♦❧♦ ♣r❡s❡♥t❡r❡♠♦ ✐❧ t❡♦r❡♠❛ ❞✐ ❘✐❡♠❛♥♥✲❘♦❝❤✱ ✐❧ q✉❛❧❡ ❢♦r♥✐rà ✉♥❛ ❢♦r♠✉❧❛ ♣❡r ✐❧
❝❛❧❝♦❧♦ ❞❡❧❧❛ ❞✐♠❡♥s✐♦♥❡ ❞❡❧❧♦ s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ L(D)✳ P❡r ❛rr✐✈❛r❡ ❛ t❛❧❡ r✐s✉❧t❛t♦ ❢❛❝❝✐❛♠♦ ❞❡✐
♣❛ss✐ ✐♥t❡r♠❡❞✐ ❡ ❝❡r❝❤✐❛♠♦ ❞✐ st✐♠❛r❡ dimC(L(D)) ✐♥ ❛❧❝✉♥✐ ❝❛s✐ ✧s❡♠♣❧✐❝✐✧✳

▲❡♠♠❛ ✸✳✾✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❡ D ∈ Div(X)✳ ❙❡ deg(D) < 0 ❛❧❧♦r❛

L(D) = 0✳

❉✐♠♦str❛③✐♦♥❡✳ ❙✐❛ f ∈ L(D) ♥♦♥ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❧❛ ❡ E = div(f)+D ∈ Div(X)✳ ❉❛ f ∈ L(D)
s❡❣✉❡ E ≥ 0✱ ❞✉♥q✉❡ deg(E) ≥ 0✳ ▼❛

deg(E) = deg(div(f)) + deg(D) = deg(D) < 0,

❞❛ ❝✉✐ ❧✬❛ss✉r❞♦✳

◗✉❡st♦ ❧❡♠♠❛ s♦st❛♥③✐❛❧♠❡♥t❡ ❝✐ ❞✐❝❡ ❝❤❡ ❣❧✐ ✉♥✐❝✐ ❞✐✈✐s♦r✐ ❝❤❡ ❤❛ s❡♥s♦ ❝♦♥s✐❞❡r❛r❡✱ ♥❡❧ s❡♥s♦
❝❤❡ ❡s✐st♦♥♦ ❢✉♥③✐♦♥✐ ♠❡r♦♠♦r❢❡ ❞❛ ❡ss✐ ❝♦♥tr♦❧❧❛t❡✱ s♦♥♦ q✉❡❧❧✐ ❞✐ ❣r❛❞♦ ♠❛❣❣✐♦r❡ ♦ ✉❣✉❛❧❡ ❛ ③❡r♦✳

❆❜❜✐❛♠♦ ✐♥✐③✐❛❧♠❡♥t❡ ✈✐st♦ ❝❤❡ ♦❣♥✐ ♣✉♥t♦ p ❞❡❧❧❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ è ❜❛♥❛❧♠❡♥t❡ ✉♥
❞✐✈✐s♦r❡✱ q✉✐♥❞✐ ❞❛t♦ D ∈ Div(X) ❤❛ s❡♥s♦ ❝♦♥s✐❞❡r❛r❡ ✐❧ ❞✐✈✐s♦r❡ D − p✳

Pr♦♣♦s✐③✐♦♥❡ ✸✳✶✵✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ p ∈ X ✉♥ s✉♦ ♣✉♥t♦ ❡ D ∈ Div(X)
✉♥ s✉♦ ❞✐✈✐s♦r❡✳ ❆❧❧♦r❛ dim(L(D)− 1) ≤ dim(L(D − p)) ≤ dim(L(D))✳
■♥ ♣❛rt✐❝♦❧❛r❡ L(D − p) = L(D) ♦♣♣✉r❡ L(D − p) ❤❛ ❝♦❞✐♠❡♥s✐♦♥❡ 1 ✐♥ L(D)✳

■♥tr♦❞✉❝✐❛♠♦ ♦r❛ ✉♥ ❛♥❛❧♦❣♦ ❞❡❣❧✐ s♣❛③✐ ❞✐ ❢✉♥③✐♦♥✐ L(D) ♣❡r ❧❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡✿

❉❡✜♥✐③✐♦♥❡ ✸✳✶✶✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ D ∈ Div(X)✳ ❉❡✜♥✐❛♠♦ ❧♦ s♣❛③✐♦
✈❡tt♦r✐❛❧❡ ❞❡❧❧❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ ❝♦♥tr♦❧❧❛t❡ ❞❛ D

I(D) = {ω ∈ M(1)(X) : div(ω) ≥ D}.

❱❛❧❡ ✐❧ s❡❣✉❡♥t❡ ✐s♦♠♦r✜s♠♦✿

▲❡♠♠❛ ✸✳✶✷✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ D ∈ Div(X) ✉♥ s✉♦ ❞✐✈✐s♦r❡ ❡ K ∈
KDiv(X) ✉♥ s✉♦ ❞✐✈✐s♦r❡ ❝❛♥♦♥✐❝♦✳ ❆❧❧♦r❛ I(D) ∼= L(K −D)✳

❉✐♠♦str❛③✐♦♥❡✳ ❙✐ ❝♦♥s✐❞❡r✐ ❧❛ ♠❛♣♣❛ ✐♥s✐❡♠✐st✐❝❛

φ : L(K −D) −→ I(D)

f 7−→ fσ

❞♦✈❡ σ ∈ M1(X) è t❛❧❡ ❝❤❡ K = div(σ)✳ ❉❛ div(f) ≥ −(K −D) s❡❣✉❡

div(fσ) = div(f) + div(σ) ≥ −(K −D) +K = D.

❚❛❧❡ ❢✉♥③✐♦♥❡ ❤❛ ✐♥✈❡rs❛ ❞❛t❛ ❞❛

φ−1 : I(D) −→ L(K −D)

ω 7−→ g
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❞♦✈❡ g ∈ M(X) è ❧✬✉♥✐❝❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ t❛❧❡ ❝❤❡ ω = gσ✱ ❧❛ ❝✉✐ ❡s✐st❡♥③❛ è ❣❛r❛♥t✐t❛ ❞❛❧
❧❡♠♠❛ ✷✳✹✵✳ ❉❛

div(ω) = div(gσ) = div(g) + div(σ) ≥ D

s❡❣✉❡ div(g)+K−D ≥ 0✳ ■♥✜♥❡ φ è ♠♦r✜s♠♦ ❞✐ s♣❛③✐ ✈❡tt♦r✐❛❧✐ ✐♥ q✉❛♥t♦ φ(f+g) = φ(f)+φ(g)
❡ φ(λf) = λφ(f) ♣❡r ♦❣♥✐ f, g ∈ L(K −D) ❡ λ ∈ C∗✳

❚❡♦r❡♠❛ ✸✳✶✸ ✭❘✐❡♠❛♥♥✲❘♦❝❤✮✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❡ D ∈ Div(X)✳ ❱❛❧❡

dimL(D) = deg(D) + 1− g + dim I(D)

❞♦✈❡ g = g(X) è ✐❧ ❣❡♥❡r❡ ❞❡❧❧❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ X✳

❚r❛ ❧❡ ♥✉♠❡r♦s❡ ❝♦♥s❡❣✉❡♥③❡ ❞✐ q✉❡st♦ t❡♦r❡♠❛ ✈✐ è ❧❛ s❡❣✉❡♥t❡

Pr♦♣♦s✐③✐♦♥❡ ✸✳✶✹✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❞✐ ❣❡♥❡r❡ t♦♣♦❧♦❣✐❝♦ g(X)✳ ▲♦ s♣❛③✐♦

✈❡tt♦r✐❛❧❡ ❞❡❧❧❡ 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ ❤❛ ❞✐♠❡♥s✐♦♥❡ ✉❣✉❛❧❡ ❛❧ ❣❡♥❡r❡✿

dimC(Ω
1(X)) = g(X).

❉✐♠♦str❛③✐♦♥❡✳ ❉❛❧❧❡ ♦ss❡r✈❛③✐♦♥✐ ♣r❡❝❡❞❡♥t✐ ❛❜❜✐❛♠♦ ❝❤❡ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ω è ♦❧♦♠♦r❢❛
s❡ ❡ s♦❧♦ s❡ div(ω) ≥ 0✿ ❞✉♥q✉❡ I(0) = Ω1(X)✳ P❡r X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ✈❛❧❡
L(0) ∼= C✱ ❞❛ ❝✉✐ dimC L(0) = 1✱ ❡ ✐♥✜♥❡ deg(0) = 0✳ ❙♦st✐t✉❡♥❞♦ ♥❡❧❧❛ ❢♦r♠✉❧❛ ❞✐ ❘✐❡♠❛♥♥✲❘♦❝❤
tr♦✈✐❛♠♦✿

1 = dimL(0) = deg(0) + 1− g + dim I(0)

= 1− g + dim I(0)

❞❛ ❝✉✐ s❡❣✉❡ ❧❛ t❡s✐✳

■❧ t❡♦r❡♠❛ ❞✐ ❘✐❡♠❛♥♥✲❘♦❝❤ ♥♦♥ r✐s♣♦♥❞❡ s♦❧♦ ❛❧ ♣r♦❜❧❡♠❛ ❞❡❧❧✬❡s✐st❡♥③❛ ❞❡❧❧❡ ❢✉♥③✐♦♥✐ ♠❡r♦✲
♠♦r❢❡✱ ♠❛ ❛♥❝❤❡ ❛❧❧✬❡s✐st❡♥③❛ ❞✐ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ s✉ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡✳ ❉❛❧ t❡♦✲
r❡♠❛ ✐♥❢❛tt✐ ❞❡❞✉❝✐❛♠♦ ❝❤❡ s❡ deg(D) > g(X) ❛❧❧♦r❛ dimL(D) > 1✱ ♦✈✈❡r♦ X ❛♠♠❡tt❡ ❢✉♥③✐♦♥✐
♠❡r♦♠♦r❢❡ ♥♦♥ ❝♦st❛♥t✐✳ P❡r q✉❛♥t♦ r✐❣✉❛r❞❛ ❧❡ 1✲❢♦r♠❡ ♠❡r♦♠♦r❢❡ ❛❜❜✐❛♠♦ ✐❧ s❡❣✉❡♥t❡✿

❚❡♦r❡♠❛ ✸✳✶✺✳ ❙✐❛ X ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✱ {pi}i ✉♥ ✐♥s✐❡♠❡ ✜♥✐t♦ ❞✐ ♣✉♥t✐ s✉

X ❡ {ri}i ✉♥ ✐♥s✐❡♠❡ ❞✐ ♥✉♠❡r✐ ❝♦♠♣❧❡ss✐✳ ❆❧❧♦r❛ ❡s✐st❡ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ω s✉ X ❝❤❡

❤❛ ♣❡r ♣♦❧✐ s❡♠♣❧✐❝✐ ✐ ♣✉♥t✐ pi✱ ❡ ♥❡ss✉♥ ❛❧tr♦ ♣♦❧♦✱ ❝♦♥ Respi(ω) = ri ♣❡r ♦❣♥✐ i s❡ ❡ s♦❧♦ s❡
∑

i ri = 0✳
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❈❛♣✐t♦❧♦ ✹

❚❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ ♣❡r s✉♣❡r✜❝✐❡

❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡

✹✳✶ ❉❡✜♥✐③✐♦♥❡ ❞✐ ❏❛❝♦❜✐❛♥❛

❈♦♠❡ ❛❜❜✐❛♠♦ ❣✐à ✈✐st♦✱ ❞❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ X✱ ✐❧ ♣r✐♠♦ ❣r✉♣♣♦ ❞✐ ♦♠♦✲
❧♦❣✐❛ ❞✐ X è H1(X) = ker ∂1/ im ∂2✱ ♦✈✈❡r♦ ✐❧ q✉♦③✐❡♥t❡ tr❛ ✐❧ ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦ ❣❡♥❡r❛t♦ ❞❛❧❧❡
❝❛t❡♥❡ ❝❤✐✉s❡ ❡ ✐❧ s✉♦ s♦tt♦❣r✉♣♣♦ ❣❡♥❡r❛t♦ ❞❛✐ ❜♦r❞✐ ❞❡✐ tr✐❛♥❣♦❧✐✳

❈♦♥s✐❞❡r✐❛♠♦ ♦r❛ ✉♥❛ 1✲❢♦r♠❛ C∞ ❝❤✐✉s❛ s✉ X✳ P❡r ✐❧ t❡♦r❡♠❛ ❞✐ ❙t♦❦❡s✿
∫

∂D

ω =

∫∫

D

dω = 0

❞♦✈❡ D è ✉♥ s♦tt♦✐♥s✐❡♠❡ ❞✐ X ❝❤❡ ❛♠♠❡tt❡ tr✐❛♥❣♦❧❛③✐♦♥❡✳ ❉❛ ❝✐ò ❞❡❞✉❝✐❛♠♦ ❝❤❡ ❧✬✐♥t❡❣r❛❧❡ ❞✐
ω ❧✉♥❣♦ ❜♦r❞✐ ❞✐ tr✐❛♥❣♦❧✐ è s❡♠♣r❡ ♥✉❧❧♦✱ ❡ q✉✐♥❞✐ ❧✬✐♥t❡❣r❛❧❡ ❞✐ ω ❧✉♥❣♦ ❝❛t❡♥❡ ❝❤✐✉s❡ ❞✐♣❡♥❞❡
❞❛❧❧❛ ❝❧❛ss❡ ❞✐ ♦♠♦❧♦❣✐❛ ❞❡❧❧❛ ❝❛t❡♥❛ ✐♥ H1(X)✳

❖ss❡r✈✐❛♠♦ ❛ q✉❡st♦ ♣✉♥t♦ ❝❤❡ ❧❡ 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ s♦♥♦ ❝❤✐✉s❡✿ s✐❛ ω = fdz ❝♦♥ f ♦❧♦♠♦r❢❛
✐❧ ❝❤❡ ❡q✉✐✈❛❧❡ ❛❧❧❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ ❈❛✉❝❤②✲❘✐❡♠❛♥♥

{

ux(x, y) = vy(x, y)

uy(x, y) = −vx(x, y)

❞♦✈❡ z = x+ iy ❡ f(x, y) = u(x, y) + iv(x, y)✳ P♦✐❝❤é dz = dx+ idy✱ ♣♦ss✐❛♠♦ r✐s❝r✐✈❡r❡ ω ❝♦♠❡

ω = (u+ iv)dx− (v − iu)dy

❞❛ ❝✉✐ r✐s✉❧t❛ ❡✈✐❞❡♥t❡ ❝❤❡ è s♦❞❞✐s❢❛tt❛ ❧❛ s❡❣✉❡♥t❡ ✉❣✉❛❣❧✐❛♥③❛

∂

∂x
(u+ iv) = −

∂

∂y
(v − iu),

❞✉♥q✉❡ ω è ❝❤✐✉s❛✳
❙✐ ❤❛ q✉✐♥❞✐ ❝❤❡ ❣❧✐ ✐♥t❡❣r❛❧✐ ❞❡❧❧❡ 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ ❧✉♥❣♦ ❝❧❛ss✐ ❞✐ ♦♠♦❧♦❣✐❛ ✐♥ H1(X) s♦♥♦

❜❡♥ ❞❡✜♥✐t✐✱ ❡ ♦❣♥✐ ❝❧❛ss❡ ❞✐ ♦♠♦❧♦❣✐❛ ❞❡t❡r♠✐♥❛ ✉♥ ❢✉♥③✐♦♥❛❧❡✿
∫

[c]
: Ω1(X) → C.

❖❣♥✐ ❢✉♥③✐♦♥❛❧❡ ❞✐ q✉❡st♦ t✐♣♦ è ❞❡tt♦ ♣❡r✐♦❞♦✿

✸✺



❉❡✜♥✐③✐♦♥❡ ✹✳✶✳ ❯♥ ❢✉♥③✐♦♥❛❧❡ ❧✐♥❡❛r❡ λ : Ω1(X) → C è ❞❡tt♦ ♣❡r✐♦❞♦ s❡ ❡s✐st❡ ✉♥❛ ❝❧❛ss❡ ❞✐
♦♠♦❧♦❣✐❛ [c] ∈ H1(X) t❛❧❡ ❝❤❡ λ =

∫

[c]✳

▲✬✐♥s✐❡♠❡ ❞❡✐ ♣❡r✐♦❞✐ s✐ ✐♥❞✐❝❛ ❝♦♥ Λ ❡ ❝♦st✐t✉✐s❝❡ ✉♥ s♦tt♦❣r✉♣♣♦ ❞❡❧❧♦ s♣❛③✐♦ ❞✉❛❧❡ ❞✐ Ω1(X)✿
❞❛t✐ λ1 =

∫

[c1]
❡ λ2 =

∫

[c2]
s✐ ❤❛ ✐♥❢❛tt✐ ❝❤❡ ♣❡r ♦❣♥✐ ω ∈ Ω1(X) ✈❛❧❡

λ1(ω) + λ2(ω) =

∫

[c1]
ω +

∫

[c2]
ω =

∫

[c1·c2]
ω.

❉✉♥q✉❡ è ❜❡♥ ♣♦st❛ ❧❛ s❡❣✉❡♥t❡

❉❡✜♥✐③✐♦♥❡ ✹✳✷ ✭❏❛❝♦❜✐❛♥❛✮✳ ❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ X✱ ❧❛ ❏❛❝♦❜✐❛♥❛ ❞✐ X è
✐❧ q✉♦③✐❡♥t❡ ❞❡✐ ❢✉♥③✐♦♥❛❧✐ s✉❧❧♦ s♣❛③✐♦ ❞❡❧❧❡ 1✲❢♦r♠❡ ♦❧♦♠♦r❢❡ ♠♦❞✉❧♦ ✐❧ s♦tt♦❣r✉♣♣♦ ❞❡✐ ♣❡r✐♦❞✐✳

Jac(X) = Ω1(X)∗�Λ

❙✐ ♦ss❡r✈✐ ❝❤❡ Jac(X) è ❣r✉♣♣♦ ❛❜❡❧✐❛♥♦✳

❊s❡♠♣✐♦ ✹✳✸✳ ❙✐❛ X = S2✳ ❉❛ Ω1(S2) = {0}✱ s❡❣✉❡ ✐♠♠❡❞✐❛t❛♠❡♥t❡ Jac(S2) = {0}✳

❈♦♠❡ ♦ss❡r✈❛t♦ ♥❡✐ ❝❛♣✐t♦❧✐ ♣r❡❝❡❞❡♥t✐✱ Ω1(X) è ✉♥ C✲s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ ❞✐ ❞✐♠❡♥s✐♦♥❡ ♣❛r✐
❛❧ ❣❡♥❡r❡ g(X) ❞❡❧❧❛ s✉♣❡r✜❝✐❡ X✿ ❛❧❧♦r❛ ❛♥❝❤❡ ✐❧ s✉♦ ❞✉❛❧❡ Ω1(X)∗ è C✲s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ ❞✐
❞✐♠❡♥s✐♦♥❡ g(X)✳ ◗✉❡st♦ ❝✐ ♣❡r♠❡tt❡ ❞✐ ✐♥t❡r♣r❡t❛r❡ Jac(X) ❝♦♠❡ ✉♥ q✉♦③✐❡♥t❡ ❞✐ Cg✳

Jac(X) ∼= Cg�Λ.

■♥ q✉❡st♦ ❝❛s♦ ❝♦♥ Λ s✐ ✐♥t❡♥❞❡ ✐❧ s♦tt♦❣r✉♣♣♦ ❣❡♥❡r❛t♦ ❞❛ ❡❧❡♠❡♥t✐ ❞❡❧ t✐♣♦
∫

ai
❡
∫

bi
✱ ❞❡tt✐

a✲ ❡ b✲ ♣❡r✐♦❞✐✱ ❞♦✈❡ ai, bi s♦♥♦ ❧❛t✐ ❞✐ ✉♥❛ r❛♣♣r❡s❡♥t❛③✐♦♥❡ ♣♦❧✐❣♦♥❛❧❡ st❛♥❞❛r❞ P ❞✐ X✳
❘✐❝♦r❞✐❛♠♦ ✐♥❢❛tt✐ ❝❤❡ s❡ X è s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❞✐ ❣❡♥❡r❡ g✱ ❡ss❛ ❛♠♠❡tt❡

r❛♣♣r❡s❡♥t❛③✐♦♥❡ ♣♦❧✐❣♦♥❛❧❡ st❛♥❞❛r❞ P ❝♦st✐t✉✐t❛ ❞❛ 4g ❧❛t✐ {ai, bi, a′i, b
′
i}
g
i=1 ♦♣♣♦rt✉♥❛♠❡♥t❡

✐❞❡♥t✐✜❝❛t✐✳ ◆❡❧ ♣♦❧✐❣♦♥♦ P ✐ ❧❛t✐ ai, bi ✈❡♥❣♦♥♦ ♣❡r❝♦rs✐ ✐♥ s❡♥s♦ ❛♥t✐♦r❛r✐♦ ♠❡♥tr❡ a′i, b
′
i ✐♥ s❡♥s♦

♦r❛r✐♦✱ ♣❡r ♦❣♥✐ i❀ ✐♥♦❧tr❡ ai ✈✐❡♥❡ ✐❞❡♥t✐✜❝❛t♦ ❝♦♥ a′i✱ ♠❡♥tr❡ bi ❝♦♥ b′i✱ ♥❡❧❧❡ ❞✐r❡③✐♦♥✐ ❞❛t❡✳ ❙✐
♦ss❡r✈✐ ❛♥❝❤❡ ❝❤❡ ai ❡ bi s♦♥♦ ❝✉r✈❡ ❝❤✐✉s❡ ✐♥ X✱ ✐♥ q✉❛♥t♦ ✐ ✈❡rt✐❝✐ ❞❡❧ ♣♦❧✐❣♦♥♦ P s♦♥♦ t✉tt✐
✐❞❡♥t✐✜❝❛t✐ ❛❞ ✉♥ ✉♥✐❝♦ ♣✉♥t♦ ❞✐ X✳

❊s❡♠♣✐♦ ✹✳✹✳ ❙✐❛ X = T = C�L ✐❧ t♦r♦ ❝♦♠♣❧❡ss♦✳ ❱♦❣❧✐❛♠♦ ❝❛❧❝♦❧❛r❡ Jac(T)✳ ❉❛ g(T) = 1
s❡❣✉❡ dimC(Ω

1(T)) = 1 ❡ q✉✐♥❞✐ ♣♦ss✐❛♠♦ ❛ss✉♠❡r❡ ❝❤❡ ❧❛ 1✲❢♦r♠❛ dz ❣❡♥❡r✐ Ω1(T)✳ P❡r ❝✉✐
❧✬✐♥s✐❡♠❡ ❞❡✐ ♣❡r✐♦❞✐ Λ è

Λ = {

∫

[c]
dz : [c] ∈ H1(T)}.

❈♦♥s✐❞❡r✐❛♠♦ ♣♦✐ ✐ ❞✉❡ ❝❛♠♠✐♥✐ γ1 ❡ γ2 ❞❡✜♥✐t✐ ❞❛

γ1 : [0, 1] −→ C

t 7−→ tz1

γ2 : [0, 1] −→ C

t 7−→ tz2

❞♦✈❡ z1, z2 s♦♥♦ ✐ ❞✉❡ ❡❧❡♠❡♥t✐ R✲❧✐♥❡❛r♠❡♥t❡ ✐♥❞✐♣❡♥❞❡♥t✐ ❞✐ C ❝❤❡ ❣❡♥❡r❛♥♦ ✐❧ r❡t✐❝♦❧♦ L✱ ♦✈✈❡r♦
L = {m1z1 + m2z2 : m1,m2 ∈ Z}✳ ❆❧❧♦r❛ ❧❡ ❝❧❛ss✐ a = π ◦ γ1 ❡ b = π ◦ γ2 ❣❡♥❡r❛♥♦ ✐❧ ♣r✐♠♦
❣r✉♣♣♦ ❞✐ ♦♠♦❧♦❣✐❛ H1(T)✱ ❝♦♥ π : C → C/L ♣r♦✐❡③✐♦♥❡ ❝❛♥♦♥✐❝❛✳
❙❡❣✉❡ q✉✐♥❞✐

Λ = {m

∫

[a]
dz + n

∫

[b]
dz : m,n ∈ Z}.

✸✻



❱❛❧❣♦♥♦ ♣♦✐ ❧❡ s❡❣✉❡♥t✐ r❡❧❛③✐♦♥✐✿

∫

[a]
dz =

∫

γ1

dz =

∫ 1

0
z1 = z1

∫

[b]
dz =

∫

γ2

dz =

∫ 1

0
z2 = z2

❝❤❡ ❝✐ ♣❡r♠❡tt♦♥♦ ❞✐ ❝♦♥❝❧✉❞❡r❡ ❝❤❡ Λ = L ❡ ❞✉♥q✉❡ Jac(T) = T✳

P❡r ♦❣♥✐ ω ∈ Ω1(X) ❞❡✜♥✐❛♠♦ ❣❧✐ a✲ ❡ b✲periodi di ω✿

Ai(ω) =

∫

ai

ω ❡ Bi(ω) =

∫

bi

ω

❉❛t❛ σ 1✲❢♦r♠❛ C∞ ❝❤✐✉s❛ s✉ X✱ ❡ q✉✐♥❞✐ ❛♥❝❤❡ s✉ P✱ ✜ss✐❛♠♦ ✉♥ ♣✉♥t♦ x ❛❧❧✬✐♥t❡r♥♦ ❞✐ P ❡
❞❡✜♥✐❛♠♦ ❧❛ ❢✉♥③✐♦♥❡ fσ ❝♦♠❡ s❡❣✉❡✿

fσ(p) =

∫ p

x

σ ♣❡r p ∈ P.

❈♦♥ t❛❧❡ s❝r✐tt✉r❛ s✐ ✐♥t❡♥❞❡ ❝❤❡ σ ✈✐❡♥❡ ✐♥t❡❣r❛t❛ ❧✉♥❣♦ ✉♥ q✉❛❧s✐❛s✐ ❝❛♠♠✐♥♦ ❞❛ x ❛ p ❝♦♥t❡♥✉t♦
✐♥ P✳ ▲❛ ❢✉♥③✐♦♥❡ è ❜❡♥ ❞❡✜♥✐t❛ ✐♥ q✉❛♥t♦ σ è ❝❤✐✉s❛ ❡ P è s❡♠♣❧✐❝❡♠❡♥t❡ ❝♦♥♥❡ss❛✱ ❞✉♥q✉❡
❧✬✐♥t❡❣r❛❧❡ è ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧ ❝❛♠♠✐♥♦✳ ❱❛❧❡ ✐❧ s❡❣✉❡♥t❡

▲❡♠♠❛ ✹✳✺✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❞✐ ❣❡♥❡r❡ g✱ σ ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ ❝❤✐✉s❛

C∞ s✉ X ❡ τ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X ✐ ❝✉✐ ♣♦❧✐ ♥♦♥ ❛♣♣❛rt❡♥❣♦♥♦ ❛ ♥❡ss✉♥❛ ❝✉r✈❛ ❞❡❧ t✐♣♦

ai ♦ bi✳ ❆❧❧♦r❛
∫

∂P

fστ =

g
∑

i=1

Ai(σ)Bi(τ)−Ai(τ)Bi(σ)

❞♦✈❡ ∂P =
∑g

i=1(ai + bi − a′i − b′i).

❉✐♠♦str❛③✐♦♥❡✳ ❙✐❛ p ✉♥ ♣✉♥t♦ ❝❤❡ ❣✐❛❝❡ s✉❧ ❧❛t♦ ai✳ ❈❤✐❛♠✐❛♠♦ p′ ✐❧ s✉♦ ❝♦rr✐s♣♦♥❞❡♥t❡ s✉❧ ❧❛t♦
a′i ❡ αp ✉♥ ❝❛♠♠✐♥♦ ❝♦♥t❡♥✉t♦ ✐♥ P ❝❤❡ ✈❛ ❞❛ p ❛ p′✳ ❆❧❧♦r❛ ✈❛❧❡

fσ(p)− fσ(p
′) =

∫ p

x

σ −

∫ p′

x

σ =

∫ p

p′
σ = −

∫

αp

σ.

■❧ ❝❛♠♠✐♥♦ αp è ❝❤✐✉s♦ ✐♥ X✱ ❞❛t♦ ❝❤❡ p′ è ✐❞❡♥t✐✜❝❛t♦ ❛ p✱ ❡❞ è ♦♠♦t♦♣♦ ❛ bi✳ ❉✉♥q✉❡✱ ♣❡r ♦❣♥✐
p ∈ ai ✈❛❧❡

fσ(p)− fσ(p
′) = −

∫

bi

σ = −Bi(σ).

❘❛❣✐♦♥❛♥❞♦ ✐♥ ♠♦❞♦ ❛♥❛❧♦❣♦ s✉✐ ❧❛t✐ bi✱ ♦tt❡♥✐❛♠♦ ❝❤❡ ♣❡r ♦❣♥✐ q ∈ bi ✈❛❧❡

fσ(q)− fσ(q
′) =

∫

ai

σ = Ai(σ).

✸✼



❖ss❡r✈✐❛♠♦ ♣♦✐ ❝❤❡ τ ❛ss✉♠❡ ❣❧✐ st❡ss✐ ✈❛❧♦r✐ s✉ ai ❡ a′i ❡ss❡♥❞♦ ✐ ❞✉❡ ❧❛t✐ ✐❞❡♥t✐✜❝❛t✐ ✐♥ X✱ ❡
♥❛t✉r❛❧♠❡♥t❡ ✈❛❧❡ ❧♦ st❡ss♦ ♣❡r bi ❡ b′i✳

∫

∂P

fστ =

g
∑

i=1

(

∫

ai

−

∫

a′i

+

∫

bi

−

∫

b′i

)

fστ

=

g
∑

i=1

(∫

p∈ai

[fσ(p)− fσ(p
′)]τ +

∫

q∈bi

[fσ(q)− fσ(q
′)]τ

)

=

g
∑

i=1

(∫

p∈ai

[−Bi(σ)]τ +

∫

q∈bi

[Ai(ω)]τ

)

=

g
∑

i=1

−Bi(σ)Ai(τ) +Ai(σ)Bi(τ).

▲❡♠♠❛ ✹✳✻✳ ❙✐❛ ω ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ ♥♦♥ ♥✉❧❧❛ s✉ X✳ ❆❧❧♦r❛ ✈❛❧❡

Im

(

g
∑

i=1

Ai(ω)Bi(ω)

)

< 0.

❉✐♠♦str❛③✐♦♥❡✳ ❙✐❛ ω = f(z)dz ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ ♥♦♥ ♥✉❧❧❛ s✉ X✱ ❞✉♥q✉❡ ω = f(z)dz̄✳ ❱❛❧❡

ω ∧ ω = |f |2dz ∧ dz̄ = −2i|f |2dx ∧ dy.

❡ q✉✐♥❞✐
∫∫

X

ω ∧ ω = −2i

∫∫

X

|f |2dx ∧ dy

❞❛ ❝✉✐ s✐ ❞❡❞✉❝❡ ❝❤❡ Im(
∫∫

X
ω ∧ ω) < 0✳ ❆♣♣❧✐❝❛♥❞♦ ♦r❛ ✐❧ ❧❡♠♠❛ ✹✳✺ ❝♦♥ σ = ω ❡ τ = ω✱

♦tt❡♥✐❛♠♦✿
∫

∂P

fωω =

g
∑

i=1

Ai(ω)Bi(ω)−Ai(ω)Bi(ω)

❖ss❡r✈✐❛♠♦ ✐♥♦❧tr❡ ❝❤❡
∫

∂P
fωω =

∫∫

P
d(fωω) ♣❡r ✐❧ t❡♦r❡♠❛ ❞✐ ❙t♦❦❡s❀ ♣♦✐ ❡ss❡♥❞♦ dfω = ω ♣❡r

✐❧ t❡♦r❡♠❛ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡❧ ❝❛❝❧♦❧♦ ❡ dω = 0 ♣❡r❝❤è ω ♦❧♦♠♦r❢❛✱ ✈❛❧❡

d(fωω) = dfω ∧ ω + fωω = ω ∧ ω.

❉❡❞✉❝✐❛♠♦ q✉✐♥❞✐ ❝❤❡

Im

(

g
∑

i=1

[Ai(ω)Bi(ω)−Ai(ω)Bi(ω)]

)

< 0.

P❡r ❝♦♥❝❧✉❞❡r❡ è s✉✣❝✐❡♥t❡ ♥♦t❛r❡ ❝❤❡Ai(ω) = Ai(ω) ❡Bi(ω) = Bi(ω)✳ ❖r❛✱ ♣♦♥❡♥❞♦
∑g

i=1Ai(ω)Bi(ω) =
z0 = x0 + iy0 ✈❛❧❡

Im

(

g
∑

i=1

[Ai(ω)Bi(ω)−Ai(ω)Bi(ω)]

)

= Im(z0 − z0) = Im(2iy0) = 2y0 < 0

♦✈✈❡r♦ y0 = Im (
∑g

i=1Ai(ω)Bi(ω)) = Im
(

∑g
i=1Ai(ω)Bi(ω)

)

< 0✳

✸✽



❉❛ q✉❡st♦ ❧❡♠♠❛ ❞❡❞✉❝✐❛♠♦ ✐♥♦❧tr❡ ❝❤❡ s❡ ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✉ X✱ ❞❡tt❛ ω✱s♦❞❞✐s❢❛
Ai(ω) = 0 ♣❡r ♦❣♥✐ i ♦♣♣✉r❡ Bi(ω) = 0 ♣❡r ♦❣♥✐ i ❛❧❧♦r❛ ω = 0✳ ■♥❢❛tt✐ s❡ ♣❡r ❡s❡♠♣✐♦ Ai(ω) = 0
♣❡r ♦❣♥✐ i ❛❧❧♦r❛

∑g
i=1Ai(ω)Bi(ω) = 0✱ ✐❧ ❝❤❡ ❝♦♥tr❛❞❞✐❝❡ ✹✳✻✳

❙❝❡❣❧✐❛♠♦ ♦r❛ ✉♥❛ ❜❛s❡ ω1, · · · , ωg ❞✐ Ω1(X) s✉ C✿ ✐ 2g ✈❡tt♦r✐ ❞✐ Cg ❞❛t✐ ❞❛

Ai(ωj) =







∫

ai
ω1

✳✳✳
∫

ai
ωg






❡ Bi(ωj) =







∫

bi
ω1

✳✳✳
∫

abi
ωg






i = 1, · · · , g.

❢♦r♠❛♥♦ ❞✉❡ ♠❛tr✐❝✐ A ❡ B ❞❡tt❡ ♠❛tr✐❝✐ ❞❡✐ ♣❡r✐♦❞✐ ♥❡❧❧❡ ❜❛s✐ s❝❡❧t❡ aj , bj ❞✐ H1(X) ❡ ωj ❞✐
Ω1(X)✳ ▲❡ ♠❛tr✐❝✐ ❞❡✐ ♣❡r✐♦❞✐ s♦♥♦ ✐♥✈❡rt✐❜✐❧✐✳ ❙✉♣♣♦♥❡♥❞♦ ♣❡r ❛ss✉r❞♦ A ♠❛tr✐❝❡ s✐♥❣♦❧❛r❡✱
♦✈✈❡r♦ ❡s✐st❡ c = (c1, · · · , cg) ∈ Cg ♥♦♥ ♥✉❧❧♦ t❛❧❡ ❝❤❡ Ac = 0✱ s✐ ❛rr✐✈❛ ❛❞ ✉♥❛ ❝♦♥tr❛❞❞✐③✐♦♥❡✳
❇❛st❛ ✐♥❢❛tt✐ ❝♦♥s✐❞❡r❛r❡ ❧❛ 1✲ ❢♦r♠❛ ♦❧♦♠♦r❢❛ ♥♦♥ ♥✉❧❧❛ ❞❛t❛ ❞❛ ω =

∑

j cjωj ❡ ♦ss❡r✈❛r❡ ❝❤❡

Ai(ω) =
∑

j

cjAi(ωj) = 0

♣❡r ♦❣♥✐ i = 1, · · · , g✱ ✐❧ ❝❤❡ è ❛ss✉r❞♦ ♣❡r q✉❛♥t♦ s❡❣✉❡ ❞❛❧ ❧❡♠♠❛ ✹✳✻✳

▲❡♠♠❛ ✹✳✼✳ ▲❡ ♠❛tr✐❝✐ ❞❡✐ ♣❡r✐♦❞✐ A ❡ B s♦❞❞✐s❢❛♥♦ ❧❡ r❡❧❛③✐♦♥✐ ❜✐❧✐♥❡❛r✐ ❞✐ ❘✐❡♠❛♥♥✿

❼ A⊤B = B⊤A

❼ i(A⊤B −B⊤A) > 0

❉✐♠♦str❛③✐♦♥❡✳ ❉✐♠♦str✐❛♠♦ s♦❧♦ ❧❛ ♣r✐♠❛ r❡❧❛③✐♦♥❡✱ ❝❤❡ è q✉❡❧❧❛ ❝❤❡ ✉s❡r❡♠♦ ✐♥ s❡❣✉✐t♦✳ ❋✐s✲
s✐❛♠♦ ❣❧✐ ✐♥❞✐❝✐ j ❡ k ❡ ❛♣♣❧✐❝❤✐❛♠♦ ✐❧ ❧❡♠♠❛ ✹✳✺ ❝♦♥ σ = ωj ❡ τ = ωk✿

∫

∂P

fωj
ωk =

g
∑

i=1

Ai(ωj)Bi(ωk)−Ai(ωk)Bi(ωj)

❖ss❡r✈✐❛♠♦ ♣♦✐ ❝❤❡
∫

∂P

fωj
ωk =

∫∫

P

d(fωj
ωk) =

∫∫

P

ωj ∧ ωk + fωj
dωk = 0

♣❡r ✐❧ t❡♦r❡♠❛ ❞✐ ❙t♦❦❡s✱ ♣❡r❝❤è ωj ∧ ωk = 0 ❡ dωk = 0 ✐♥ q✉❛♥t♦ ω è 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛✳
❈♦♥❝❧✉❞✐❛♠♦ q✉✐♥❞✐

g
∑

i=1

Ai(ωj)Bi(ωk) =

g
∑

i=1

Ai(ωk)Bi(ωj),

♦✈✈❡r♦ A⊤B = B⊤A✳

✹✳✷ ❚❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐

❉❛t❛ ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ X✱ ✈♦❣❧✐❛♠♦ ♦r❛ ❝❛♣✐r❡ q✉❛❧ è ❧❛ r❡❧❛③✐♦♥❡ ❝❤❡ s✉ss✐st❡
tr❛ X ❡ ❧❛ s✉❛ ❏❛❝♦❜✐❛♥❛ Jac(X)✳

✸✾



P❡r ❢❛r❡ ❝✐ò ✜ss✐❛♠♦ p0 ∈ X ❡ ❞❡✜♥✐❛♠♦ ❧✬✐♥s✐❡♠❡ Cp0 ✿

Cp0 = {(p, γp) : p ∈ X, γp ❝❛♠♠✐♥♦ ✐♥ X ❞❛ p0 ❛ p}.

❙✉ t❛❧❡ ✐♥s✐❡♠❡ ❞✐ ❝♦♣♣✐❡ ❞❡✜♥✐❛♠♦ ❧❛ ♠❛♣♣❛ A : Cp0 → Ω1(X)∗ ❝❤❡ ♠❛♥❞❛ ♦❣♥✐ ❝♦♣♣✐❛ (p, γp)
♥❡❧ ❢✉♥③✐♦♥❛❧❡ ❞❛t♦ ❞❛❧❧✬✐♥t❡❣r❛③✐♦♥❡ ❧✉♥❣♦ γp✳

A : Cp0 −→ Ω1(X)∗

(p, γp) 7−→

∫

γp

❙✐ ✈❡❞❡ s✉❜✐t♦ ❝❤❡ t❛❧❡ ♠❛♣♣❛ ❞✐♣❡♥❞❡ ❞❛❧ ♣✉♥t♦ ✜ss❛t♦ p0✿ s❡ p′0 è ✉♥ ❛❧tr♦ ♣✉♥t♦ ✜ss❛t♦ ❡
γ′p è ✐❧ ❝❛♠♠✐♥♦ ❞❛ p′0 ❛ p ❛❜❜✐❛♠♦ ❝❤❡ γp = δ + γ′p ❞♦✈❡ δ è ✉♥ ❝❛♠♠✐♥♦ ❞❛ p0 ❛ p′0✳ ❙✐ ♦ss❡r✈✐
❝❤❡ ✐❧ ❝❛♠♠✐♥♦ δ è ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧ ♣✉♥t♦ p ❡ ❝❤❡ q✉✐♥❞✐ s❝❡❣❧✐❡♥❞♦ ✉♥ ❛❧tr♦ ♣✉♥t♦
❜❛s❡✱ ❧❛ ♠❛♣♣❛ A ❝❛♠❜✐❛ ♣❡r ✉♥❛ ❝♦st❛♥t❡✳ ❈♦♥s✐❞❡r✐❛♠♦ ♦r❛ ❧❛ ❝♦♠♣♦s✐③✐♦♥❡ π ◦ A✱ ❞♦✈❡ π è
❧❛ ♣r♦✐❡③✐♦♥❡ ❝❛♥♦♥✐❝❛ ❞✐ Ω1(X)∗ s✉❧ q✉♦③✐❡♥t❡ Jac(X)✿

Cp0 Ω1(X)∗

Jac(X)

A

π

❙✐ ♣✉ò ♥♦t❛r❡ ❝❤❡ s❡ γ′p è ✉♥ ❛❧tr♦ ❝❛♠♠✐♥♦ ✐♥ X ❞❛ p0 ❛ p ∈ X✱ ✈❛❧❡ π◦A(p, γp) = π◦A(p, γ′p)✳
■♥❢❛tt✐ ♣❡r ❧✐♥❡❛r✐tà ✈❛❧❡

A(p) =

∫

γp

=

∫

γ′p

+

∫

γp−γ′p

▼❛ γp − γ′p è ✉♥❛ ❝❛t❡♥❛ ❝❤✐✉s❛✱ q✉✐♥❞✐ ✐♥ Jac(X) ✈❛❧❡
∫

γp−γ′p
= 0✳ ❉✉♥q✉❡ A : Cp0 → Jac(X)

♥♦♥ ❞✐♣❡♥❞❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧ ❝❛♠♠✐♥♦ γp✿ è ♥❛t✉r❛❧❡ q✉✐♥❞✐ ❝♦♥s✐❞❡r❛r❡ ❧❛ ♣r♦✐❡③✐♦♥❡ ❞✐ Cp0 s✉
X✱ ❞❛t❛ ❞❛ (p, γp) 7→ p✳

Cp0 Ω1(X)∗

X Jac(X)A

❖tt❡♥✐❛♠♦ q✉✐♥❞✐ ❧❛ ❢✉♥③✐♦♥❡ A : X → Jac(X)✱ ❝❤❡ r✐s✉❧t❛ ❡ss❡r❡ ❜❡♥ ❞❡✜♥✐t❛ ❡ ❝❤❡ ♣r❡♥❞❡
✐❧ ♥♦♠❡ ❞✐ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✳

❊s❡♠♣✐♦ ✹✳✽✳ ❙✐❛ X = T ✐❧ t♦r♦ ❝♦♠♣❧❡ss♦✳ ❆❜❜✐❛♠♦ ❣✐à ✈✐st♦ ❝❤❡ Jac(T) ∼= T✱ q✉✐♥❞✐ ❧❛ ♠❛♣♣❛
❞✐ ❆❜❡❧✲❏❛❝♦❜✐ è ✐♥ q✉❡st♦ ❝❛s♦ ✉♥❛ ❜✐❡③✐♦♥❡✳ ▼♦str✐❛♠♦ ❝❤❡ s✐ tr❛tt❛ ❛♥❝❤❡ ❞✐ ✉♥ ♠♦r✜s♠♦ ❞✐
❣r✉♣♣✐✳
❘✐❝♦r❞✐❛♠♦ ❝❤❡ ❧✬✉♥✐❝♦ ❞✐✛❡r❡♥③✐❛❧❡ ♦❧♦♠♦r❢♦ s✉ T è✱ ❛ ♠❡♥♦ ❞✐ ❝♦st❛♥t✐ ♠♦❧t✐♣❧✐❝❛t✐✈❡✱ dz✳ Pr❡s✐
z1, z2 ∈ T✱ ✈♦❣❧✐❛♠♦ ✈❡r✐✜❝❛r❡ ❝❤❡ è s♦❞❞✐s❢❛tt❛ ❧❛ s❡❣✉❡♥t❡ ✉❣✉❛❣❧✐❛♥③❛✿

∫ z1

0
dz +

∫ z2

0
dz =

∫ z1+z2

0
dz.
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❈♦♥s✐❞❡r✐❛♠♦ ❧✬✐♥t❡❣r❛❧❡
∫ z2
0 dz ❡ ♣♦♥✐❛♠♦ w = z + z1✿ ❛❧❧♦r❛ dw = dz ❡ q✉✐♥❞✐✱ tr❛♠✐t❡ ✉♥

❝❛♠❜✐♦ ❞✐ ✈❛r✐❛❜✐❧❡✱ ♦tt❡♥✐❛♠♦
∫ z2

0
dz =

∫ z1+z2

z1

dw.

❆❧❧♦r❛
∫ z1+z2

0
dz =

∫ z1

0
dz +

∫ z1+z2

z1

dz

=

∫ z1

0
dz +

∫ z2

0
dz,

❝♦♠❡ ✈♦❧❡✈❛s✐ ❞✐♠♦str❛r❡✳

▲❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ s✐ ❡st❡♥❞❡ ♣❡r ❧✐♥❡❛r✐tà ❛❧ ❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐✿

A : Div(X) −→ Jac(X)

D =
∑

npp 7−→
∑

npA(p)

❡ ❝♦st✐t✉✐s❝❡ ✉♥ ♦♠♦♠♦r✜s♠♦ ❞✐ ❣r✉♣♣✐✳ ▲❛ r❡str✐③✐♦♥❡ ❞✐ A ❛❧ ❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ ❞✐ ❣r❛❞♦ 0
✈✐❡♥❡ ✐♥❞✐❝❛t❛ ❝♦♥ A0 : Div0(X) → Jac(X)✳

❙✐ ♦ss❡r✈✐ ❝❤❡ ❧❛ r❡str✐③✐♦♥❡ A0 ❞❡❧❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ A è ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧
♣✉♥t♦ p0✳ ❙❝❡❧t♦ ✐♥❢❛tt✐ ✉♥ ❛❧tr♦ ♣✉♥t♦ p′0✱ ❧✬✐♠♠❛❣✐♥❡ ❞✐ ✉♥ ❞✐✈✐s♦r❡ D =

∑

i nipi tr❛♠✐t❡ A ❝♦♥
♣✉♥t♦ ✐♥✐③✐❛❧❡ p0 ❞✐✛❡r✐s❝❡ ❞❛❧❧✬✐♠♠❛❣✐♥❡ ❞✐ D tr❛♠✐t❡ A ❝♦♥ ♣✉♥t♦ ✐♥✐③✐❛❧❡ p′0 ♣❡r

A(D)−A′(D) =
∑

i

ni

∫

γpi

−
∑

i

ni

∫

γ′pi

=
∑

i

ni

∫

γpi−γ
′

pi

= 0

❞♦✈❡ γpi ❝❛♠♠✐♥♦ ✐♥ X ❞❛ p0 ❛ pi ❡ γ′pi ❝❛♠♠✐♥♦ ✐♥ X ❞❛ p′0 ❛ pi✳ ▲✬✉❧t✐♠❛ ✉❣✉❛❣❧✐❛♥③❛ è ❞❛t❛
❞❛❧ ❢❛tt♦ ❝❤❡✱ ♣❡r ♦❣♥✐ i✱ ✐❧ ❝❛♠♠✐♥♦ γpi − γ′pi ✈❛ ❞❛ p0 ❛ p′0✱ ✐♥❞✐♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛❧ ♣✉♥t♦ pi ❡
❝❤❡

∑

i ni = 0 ✐♥ q✉❛♥t♦ D ∈ Div0(X)✳

❙✐❛♠♦ ♦r❛ ♣r♦♥t✐ ❛❞ ❡♥✉♥❝✐❛r❡ ✐❧ t❡♦r❡♠❛ ❝❡♥tr❛❧❡ ❞✐ q✉❡st♦ ❝❛♣✐t♦❧♦✿

❚❡♦r❡♠❛ ✹✳✾ ✭❚❡♦r❡♠❛ ❞✐ ❆❜❡❧✮✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❞✐ ❣❡♥❡r❡ g✱ D ∈
Div0(X)✳ ❆❧❧♦r❛ D è ✉♥ ❞✐✈✐s♦r❡ ♣r✐♥❝✐♣❛❧❡ s❡ ❡ s♦❧♦ s❡ A0(D) = 0 ✐♥ Jac(X)✳

P❡r ❞✐♠♦str❛r❡ t❛❧❡ t❡♦r❡♠❛ ❝✐ ♦❝❝♦rr❡ ✐♥tr♦❞✉rr❡ ❛❧❝✉♥✐ ♥✉♦✈✐ str✉♠❡♥t✐✳

❈♦♥s✐❞❡r✐❛♠♦ ✉♥❛ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ F : X → Y ♥♦♥ ❝♦st❛♥t❡ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥
❝♦♠♣❛tt❡ ❡ h : X → C ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ X✳ Pr❡♥❞✐❛♠♦ ♦r❛ ✉♥ ♣✉♥t♦ q ∈ Y ❝❤❡ ♥♦♥
s✐❛ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r F ✿ ❛❧❧♦r❛ q ❤❛ ❡s❛tt❛♠❡♥t❡ d = deg(F ) ♣r❡✐♠♠❛❣✐♥✐ tr❛♠✐t❡ F ✱ s✐❛♥♦
p1, · · · , pd✳ ❙✐❛ U ⊆ Y ❛♣❡rt♦ ❢♦♥❞❛♠❡♥t❛❧❡ ♣❡r F ✱ q ∈ U ✱ ♦✈✈❡r♦ F−1(U) = ⊔iVi ❝♦♥ pi ∈ Vi
❛♣❡rt♦ ❡ F ↾Vi : Vi → U ✐s♦♠♦r✜s♠♦ ♦❧♦♠♦r❢♦ ♣❡r ♦❣♥✐ i✳ ❙✐❛ ♣♦✐ φi = (F ↾Vi)

−1 : U → Vi✳
❉❡✜♥✐❛♠♦ ❛❧❧♦r❛ ❧❛ tr❛❝❝✐❛ ❞✐ h✱ ❝❤❡ ✐♥❞✐❝❤❡r❡♠♦ ❝♦♥ Tr(h)✱ ❝♦♠❡ ✉♥❛ ❢✉♥③✐♦♥❡ s✉ U ❝❤❡ ❛ss♦❝✐❛
❛❞ ♦❣♥✐ ❡❧❡♠❡♥t♦ q ❞✐ U ❧❛ s♦♠♠❛ ❞❡❧❧❡ ✐♠♠❛❣✐♥✐ tr❛♠✐t❡ h ❞❡❧❧❡ ❛♥t✐♠♠❛❣✐♥✐ ❞✐ q tr❛♠✐t❡ F ✱
♦✈✈❡r♦✿

✹✶



Tr(h)(q) =
∑

p∈F−1(q)

h(p)

❚❛❧❡ s❝r✐tt✉r❛ ❤❛ s❡♥s♦ q✉❛♥❞♦ h ♥♦♥ ❤❛ ♣♦❧✐ ✐♥ F−1(q)✳ ■♥ q✉❡st♦ ♠♦❞♦ ♣❡rò è ❢❛❝✐❧❡ ♦ss❡r✈❛r❡
❝❤❡ Tr(h) è ♦❧♦♠♦r❢❛ ✐♥ q s❡ h ❧♦ è ✐♥ ♦❣♥✐ p✳ ■♥ ❣❡♥❡r❛❧❡ ❧❛ tr❛❝❝✐❛ ❞✐ h è ❞❡✜♥✐t❛ ❝♦♠❡ s♦♠♠❛
❞✐ ❢✉♥③✐♦♥✐

Tr(h) =
d
∑

i=1

h ◦ φi

❙❡ s❝❡❣❧✐❛♠♦ q ∈ Y ♣✉♥t♦ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r F ❧❛ s✐t✉❛③✐♦♥❡ ❝❛♠❜✐❛✿ ❛ss✉♠✐❛♠♦ ❝❤❡ q ❛❜❜✐❛
✉♥✬✉♥✐❝❛ ♣r❡✐♠♠❛❣✐♥❡ p ❞✐ ♠♦❧t❡♣❧✐❝✐tà m✳ ❆❧❧♦r❛ ❧♦❝❛❧♠❡♥t❡ F s✐ ♣✉ò s❝r✐✈❡r❡ ❝♦♠❡ z = wm✱
❞♦✈❡ z è ❝♦♦r❞✐♥❛t❛ ❧♦❝❛❧❡ ❝❡♥tr❛t❛ ✐♥ q ❡ z è ❝♦♦r❞✐♥❛t❛ ❧♦❝❛❧❡ ❝❡♥tr❛t❛ ✐♥ q✳ ❙❡ h(z) =

∑

n cnw
n

è ❧❛ s❡r✐❡ ❞✐ ▲❛✉r❡♥t ❞✐ h ❛❧❧♦r❛

Tr(h)(z) = Tr(h)(wm) =

m−1
∑

i=0

h(ζiw)

♣♦✐❝❤é ❧❡ ❛♥t✐♠♠❛❣✐♥✐ ❞✐ z = wm s♦♥♦ ❞❛t❡ ❞❛ ζiw ❝♦♥ ζ = exp(2πi
m

) ❛❧ ✈❛r✐❛r❡ ❞✐ i = 0, · · · ,m−1✳
❙♦st✐t✉❡♥❞♦ h ❝♦♥ ❧❛ s✉❛ s❡r✐❡ ❞✐ ▲❛✉r❡♥t ♦tt❡♥✐❛♠♦✿

Tr(h)(z) =
m−1
∑

i=0

∑

n

cn(ζ
iw)n =

∑

n

cn

[

m−1
∑

i=0

ζin

]

wn.

❖r❛ s❡ m ❞✐✈✐❞❡ n ❛❧❧♦r❛ ζin = 1 ♣❡r ♦❣♥✐ i✱ ❞❛ ❝✉✐
∑m−1

i=0 ζin = m✳ ❆❧tr✐♠❡♥t✐✱ ♥❡❧ ❝❛s♦ ✐♥
❝✉✐ n ♥♦♥ s✐❛ ♠✉❧t✐♣❧♦ ❞✐ m✱ ❧❛ s♦♠♠❛ ❞❡❧❧❡ r❛❞✐❝✐ m✲❡s✐♠❡ ❞❡❧❧✬✉♥✐tà è ♥✉❧❧❛✳ ❉✉♥q✉❡

Tr(h)(z) =
∑

k

mckmw
km =

∑

k

mckmz
k.

❉❛ q✉❡st❛ ❢♦r♠✉❧❛ è ✐♠♠❡❞✐❛t♦ ♦ss❡r✈❛r❡ ❝❤❡ s❡ h è ♦❧♦♠♦r❢❛ ♦ ♠❡r♦♠♦r❢❛ ✐♥ p ❛❧❧♦r❛ Tr(h)
è r✐s♣❡tt✐✈❛♠❡♥t❡ ♦❧♦♠♦r❢❛ ♦ ♠❡r♦♠♦r❢❛ ✐♥ q✳

❙❡ ✐♥✜♥❡ q ∈ Y è ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r F ♠❛ ❤❛ ♣✐ù ❞✐ ✉♥❛ ❛♥t✐♠♠❛❣✐♥❡ ❛❧❧♦r❛ Tr(h)(q) è ❞❛t❛
❞❛❧❧❛ s♦♠♠❛ ❞❡❧❧❡ tr❛❝❝❡ ❝❛❧❝♦❧❛t❡ ✐♥ ✐♥t♦r♥✐ ❞✐s❣✐✉♥t✐ ♥❡❧❧❡ ❛♥t✐♠♠❛❣✐♥✐✳ ❱❛❧❡ ❛♥❝♦r❛ q✉✐♥❞✐ ❝❤❡
Tr(h) è ♦❧♦♠♦r❢❛ ♦ ♠❡r♦♠♦r❢❛ s❡ ❧♦ è h✳

P♦ss✐❛♠♦ ❞❡✜♥✐r❡ ❧❛ tr❛❝❝✐❛ ❞✐ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ✐♥ ♠♦❞♦ ❞❡❧ t✉tt♦ ❛♥❛❧♦❣♦ ❛❧ ❝❛s♦ ❞❡❧❧❡
❢✉♥③✐♦♥✐✿

Tr(ω) =

d
∑

i=1

ω ◦ φi

❝♦♥ ω 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X✱ q ∈ U ⊆ Y ♥♦♥ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r F ✱ U ❡ φi ❝♦♠❡ s♦♣r❛✳
❙❡ q è ♥♦♥ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r F ✱ ❛❧❧♦r❛ Tr(ω)(q) è ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛✳ ❆❧tr✐♠❡♥t✐✱ ❝♦♠❡
♣r✐♠❛✱ ❛ss✉♠✐❛♠♦ ✐♥✐③✐❛❧♠❡♥t❡ ❝❤❡ q ❛❜❜✐❛ ✉♥❛ s♦❧❛ ❛♥t✐♠♠❛❣✐♥❡ p ❞✐ ♠♦❧t❡♣❧✐❝✐tà m ❡ ❝❤❡
q✉✐♥❞✐ s✐❛ ♣♦ss✐❜✐❧❡ s❝r✐✈❡r❡ F ❧♦❝❛❧♠❡♥t❡ ❝♦♠❡ z = wm✳ ❆❧❧♦r❛ ω s✐ ♣✉ò s❝r✐✈❡r❡ ❧♦❝❛❧♠❡♥t❡
❝♦♠❡ ω = h(w)dw ❝♦♥ h ♠❡r♦♠♦r❢❛ ❝♦♥ s❡r✐❡ ❞✐ ▲❛✉r❡♥t h(w) =

∑

n cnw
n✳ ❉❛ z = wm s❡❣✉❡

ω = h(w)
mwm−1dz ❡ q✉✐♥❞✐✿

✹✷



Tr(ω) =
m−1
∑

i=0

ω(ζiw) =
m−1
∑

i=0

h(ζiw)

m(ζiw)m−1
dz

=
1

m

m−1
∑

i=0

∑

n

cn(ζ
iw)n−m+1dz

=
1

m

∑

n

cn

[

m−1
∑

i=0

ζi(n−m+1)

]

wn−m+1dz.

●❧✐ ✉♥✐❝✐ t❡r♠✐♥✐ ♥♦♥ ♥✉❧❧✐ ✐♥ q✉❡st❛ s♦♠♠❛t♦r✐❛ s♦♥♦ q✉❡❧❧✐ ❝♦rr✐s♣♦♥❞❡♥t✐ ❛❞ n ❝❤❡ ❞✐✈✐❞❡
n−m+ 1✱ ♦✈✈❡r♦ n = km− 1 ♣❡r q✉❛❧❝❤❡ k✳ ❖tt❡♥✐❛♠♦ ❧❛ s❡❣✉❡♥t❡ ❢♦r♠✉❧❛

Tr(ω) =
∑

k

ckm−1z
k−1dz

❝❤❡ ♠♦str❛ ❝♦♠❡ ❛♥❝❤❡ ✐♥ q✉❡st♦ ❝❛s♦ Tr(ω) s✐❛ ♠❡r♦♠♦r❢❛ ✐♥ q ♣✉♥t♦ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r F ✳
■♥♦❧tr❡ Tr(ω) è ♦❧♦♠♦r❢❛ ✐♥ q s❡ ω ❧♦ è ✐♥ t✉tt❡ ❧❡ ♣r❡✐♠♠❛❣✐♥✐ ❞✐ q✳ ❙❡ q è ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ♣❡r
F ♠❛ ❤❛ ♣✐ù ❞✐ ✉♥❛ ♣r❡✐♠♠❛❣✐♥❡ ♣r♦❝❡❞✐❛♠♦ ❝♦♠❡ ❢❛tt♦ ♣❡r ❧❡ ❢✉♥③✐♦♥✐ ❡ s♦♠♠✐❛♠♦ ❧❡ tr❛❝❝❡
❝❛❧❝♦❧❛t❡ ♥❡❣❧✐ ✐♥t♦r♥✐ ❞✐s❣✐✉♥t✐ ❞❡❧❧❡ ♣r❡✐♠♠❛❣✐♥✐✳

■❧ ♥♦str♦ ✐♥t❡r❡ss❡ ♣❡r ❧❛ ❢✉♥③✐♦♥❡ tr❛❝❝✐❛ ❛♣♣❡♥❛ ❞❡✜♥✐t❛ è ❞♦✈✉t❛ ❛❧ ❢❛tt♦ ❝❤❡ tr❛ ❧✬✐♥t❡❣r❛❧❡
❞✐ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ❡ q✉❡❧❧♦ ❞❡❧❧❛ s✉❛ tr❛❝❝✐❛ s✉ss✐st❡ ✉♥❛ r❡❧❛③✐♦♥❡ ❝❤❡ ✉t✐❧✐③③❡r❡♠♦ ♣❡r
❞✐♠♦str❛r❡ ❧❛ ♥❡❝❡ss✐tà ❞❡❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✳

Pr✐♠❛ ❞✐ ❡♥✉♥❝✐❛r❡ t❛❧❡ r✐s✉❧t❛t♦ è ✐♠♣♦rt❛♥t❡ ❝❛♣✐r❡ ❧✉♥❣♦ q✉❛❧✐ ❝✉r✈❡ ✐♥t❡❣r✐❛♠♦ ω ❡ Tr(ω)✳

❙✐❛ γ ✉♥ ❝❛♠♠✐♥♦ ✐♥ Y ❡ ω ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ s✉ X ✐ ❝✉✐ ♣♦❧✐ ♥♦♥ ❛♣♣❛rt❡♥❣❛♥♦
❛❧❧❛ ♣r❡✐♠♠❛❣✐♥❡ ❞❡❧❧❛ ❝✉r✈❛ γ tr❛♠✐t❡ F ✿ ✐♥ q✉❡st♦ ♠♦❞♦ è ♣♦ss✐❜✐❧❡ ✐♥t❡❣r❛r❡ ❧❛ ❢♦r♠❛ Tr(ω)
❧✉♥❣♦ γ✳ ❈♦♠❡ ❣✐à ♦ss❡r✈❛t♦✱ ❧♦♥t❛♥♦ ❞❛✐ ♣✉♥t✐ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ F è ✉♥ ♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧❡ ❞✐
❣r❛❞♦ d✱ q✉✐♥❞✐ ♦❣♥✐ ♣✉♥t♦ ❛♠♠❡tt❡ d ❛♥t✐♠♠❛❣✐♥✐✳ ❙❡ s❝❡❣❧✐❛♠♦ γ ♥♦♥ ♣❛ss❛♥t❡ ♣❡r ♣✉♥t✐ ❞✐
r❛♠✐✜❝❛③✐♦♥❡ ❛❧❧♦r❛ ❡s✐st♦♥♦ ❡s❛tt❛♠❡♥t❡ d ❝❛♠♠✐♥✐ γ1, · · · , γd ❧❛ ❝✉✐ ✐♠♠❛❣✐♥❡ tr❛♠✐t❡ F è γ✳ ◆❡❧
❝❛s♦ ✐♥ ❝✉✐ γ ❝♦♥t❡♥❣❛ ♣✉♥t✐ ❞✐ r❛♠✐✜❝❛③✐♦♥❡✱ ❝❤❡ r✐❝♦r❞✐❛♠♦ ❡ss❡r❡ ✐♥ ♥✉♠❡r♦ ✜♥✐t♦✱ ✐ ❝❛♠♠✐♥✐
γ1, · · · , γd s✐ ✉♥✐s❝♦♥♦ ♥❡✐ ♣✉♥t✐ ❞✐ X ❝❤❡ st❛♥♥♦ ♥❡❧❧❡ ❛♥t✐♠♠❛❣✐♥✐ ❞❡✐ ♣✉♥t✐ ❞✐ r❛♠✐✜❝❛③✐♦♥❡✿ ✐♥
q✉❡st✐ ❝❛s✐ ♣r❡♥❞✐❛♠♦ ❛❧ ♣♦st♦ ❞✐ γi ❧❛ s✉❛ ❝❤✐✉s✉r❛✱ ♣❡r ♦tt❡♥❡r❡ ❛♥❝♦r❛ d ❝❛♠♠✐♥✐ γ′1, · · · , γ

′
d✳

▲❛ ❝❛t❡♥❛ ❝❤❡ s✐ ♦tt✐❡♥❡ s♦♠♠❛♥❞♦ q✉❡st✐ d ❝❛♠♠✐♥✐ è ❞❡tt❛ ♣✉❧❧❜❛❝❦ ❞✐ γ tr❛♠✐t❡ F

F ∗γ = γ1 + · · ·+ γ2,

❡ s✐ ❡st❡♥❞❡ ♣❡r ❧✐♥❡❛r✐tà ❛❧❧❡ ❝❛t❡♥❡ ✐♥ Y ✳

▲❡♠♠❛ ✹✳✶✵✳ ❙✐❛ F : X → Y ✉♥❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛ ♥♦♥ ❝♦st❛♥t❡ tr❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥

❝♦♠♣❛tt❡✱ ω ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛ s✉ X ❡ γ ✉♥❛ ❝❛t❡♥❛ ✐♥ Y ✳ ❆❧❧♦r❛

∫

F ∗γ

ω =

∫

γ

Tr(ω).

✹✸



❉✐♠♦str❛③✐♦♥❡✳ ❆ss✉♠✐❛♠♦ ❝❤❡ γ ♥♦♥ ♣❛ss✐ ♣❡r ♣✉♥t✐ ❞✐ r❛♠✐✜❝❛③✐♦♥❡ ❞✐ F ✳ ❆❧❧♦r❛

∫

γ

Tr(ω) =

∫

γ

d
∑

i=1

ω ◦ φi

=
d
∑

i=1

∫

γi

ω =

∫

F ∗γ

ω

❖r❛ ❛❜❜✐❛♠♦ t✉tt♦ q✉❡❧❧♦ ❝❤❡ ❝✐ s❡r✈❡ ♣❡r ❞✐♠♦str❛r❡ ❧❛ ♥❡❝❡ss✐tà ❞❡❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✳

❉✐♠♦str❛③✐♦♥❡✳ ✭◆❡❝❡ss✐tà✮ ❙✐❛ D = div(f) ❞✐✈✐s♦r❡ ♣r✐♥❝✐♣❛❧❡ s✉ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠✲
♣❛tt❛✱ ❝♦♥ f ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ X✳ ❙✐❛ F : X → CP1 ❧❛ ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛ ❛ss♦❝✐❛t❛ ❛❞
f ✱ ❞✐ ❣r❛❞♦ d✿ r✐❝♦r❞❛♥❞♦ ❝❤❡ CP1 ∼= S2✱ ♣♦ss✐❛♠♦ ✈❡❞❡r❡ F ❝♦♠❡ F : X → S2✳ ❙❝❡❣❧✐❛♠♦ ♦r❛
✉♥ ❝❛♠♠✐♥♦ γ s✉ S2 ❝❤❡ ✈❛ ❞❛❧ ♣♦❧♦ ♥♦r❞ N ❛❧ ♣♦❧♦ s✉❞ S ❡ ❝❤❡ ♥♦♥ ♣❛ss✐ ♣❡r ♥❡ss✉♥ ♣✉♥t♦ ❞✐
r❛♠✐✜❝❛③✐♦♥❡ ❞✐ F ✳ ❆❧❧♦r❛

F ∗γ =
d
∑

i=1

γi

❞♦✈❡ ♦❣♥✐ ❝❛♠♠✐♥♦ γi ❝♦❧❧❡❣❛ ✉♥ ♣♦❧♦ ❞✐ f ✱ s✐❛ pi = γi(0)✱ ❛❞ ✉♥♦ ③❡r♦ ❞✐ f ✱ ❝❤❡ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥
zi = γi(1)✳ ❈♦♥ t❛❧✐ ♥♦t❛③✐♦♥✐ ♣♦ss✐❛♠♦ s❝r✐✈❡r❡ D = div(f) ❝♦♠❡

D =
d
∑

i=1

(zi − pi).

❙✐❛ ♣♦✐ ω1, · · · , ωg ✉♥❛ ❜❛s❡ ♣❡r ❧♦ s♣❛③✐♦ ✈❡tt♦r✐❛❧❡ Ω1(X) ❡ s✐❛ x ∈ X ✉♥ ♣✉♥t♦ ✜ss❛t♦✿ ♣❡r ♦❣♥✐
i✱ s✐❛ αi ✉♥ ❝❛♠♠✐♥♦ ❞❛ x ❛ zi ❡ βi ✉♥ ❝❛♠♠✐♥♦ ❞❛ x ❛ pi✳ ❆♣♣❧✐❝❛♥❞♦ ❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐
❛ D ♦tt❡♥✐❛♠♦ q✉✐♥❞✐✿

A0(D) =
d
∑

i=1

(∫

αi

ω1, · · · ,

∫

αi

ωg

)

−

(∫

βi

ω1, · · · ,

∫

βi

ωg

)

♠♦❞ Λ

=
d
∑

i=1

(∫

αi−βi

ω1, · · · ,

∫

αi−βi

ωg

)

♠♦❞ Λ. ✭✹✳✶✮

■♥❞✐❝❤✐❛♠♦ ❝♦♥ ηi ✐❧ ❝❛♠♠✐♥♦ ❞❛t♦ ❞❛ αi−γi−βi✿ t❛❧❡ ❝❛♠♠✐♥♦ è ❝❤✐✉s♦ ❞✐ ♣✉♥t♦ ❜❛s❡ x✱ ❞✉♥q✉❡

✐❧ ✈❡tt♦r❡
(

∫

ηi
ω1, · · · ,

∫

ηi
ωg

)

è ✉♥ ♣❡r✐♦❞♦ ✐♥ Λ✳ ◗✉❡st♦ s✐❣♥✐✜❝❛ ❝❤❡ è ♣♦ss✐❜✐❧❡ s♦ttr❛r❧♦ ❞❛ ✹✳✶

❡❞ ❛✈❡r❡ ❛♥❝♦r❛ ✉♥❛ ❢♦r♠✉❧❛ ♣❡r A0(D)✿

A0(D) =
d
∑

i=1

(∫

αi−βi−ηi

ω1, · · · ,

∫

αi−βi−ηi

ωg

)

♠♦❞ Λ

=
d
∑

i=1

(∫

γi

ω1, · · · ,

∫

γi

ωg

)

♠♦❞ Λ

=

(∫

F ∗γ

ω1, · · · ,

∫

F ∗γ

ωg

)

♠♦❞ Λ.

✹✹



❋✐ss❛t❛ ✉♥❛ ❝♦♦r❞✐♥❛t❛ j✲❡s✐♠❛ ❞❡❧ ✈❡tt♦r❡ A0(D)✱ ♣❡r ✐❧ ❧❡♠♠❛ ✹✳✶✵ s✐ ❤❛

(A0(D))j =

∫

F ∗γ

ωj =

∫

γ

Tr(ωj).

▼❛ Tr(ωj) è ✉♥❛ 1✲❢♦r♠❛ ♦❧♦♠♦r❢❛✱ ✐♥ q✉❛♥t♦ ❧♦ è ωj ✱ ♠❛ ♥♦♥ ❡s✐st♦♥♦ ❢♦r♠❡ ♦❧♦♠♦r❢❡ ♥♦♥ ♥✉❧❧❡
s✉❧❧❛ s❢❡r❛ ❞✐ ❘✐❡♠❛♥♥ ❞✉♥q✉❡ Tr(ωj) = 0 ♣❡r ♦❣♥✐ j ❡ q✉✐♥❞✐

∫

F ∗γ

ωj =

∫

γ

Tr(ωj = 0.

◗✉❡st♦ ❞✐♠♦str❛ ❝❤❡ A0(D) = 0 ✐♥ Jac(X)✳

P❡r ❞✐♠♦str❛r❡ ♣♦✐ ❧❛ s✉✣❝✐❡♥③❛ ❞❡❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✱ ❝✐ ♦❝❝♦rr❡ ♣r✐♠❛ ❞✐♠♦str❛r❡ ✐❧
s❡❣✉❡♥t❡

▲❡♠♠❛ ✹✳✶✶✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❡ D ∈ Div0(X) t❛❧❡ ❝❤❡ A0(D) = 0 ✐♥

Jac(X)✳ ❆❧❧♦r❛ ❡s✐st❡ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ω s✉ X ❝❤❡ s♦❞❞✐s❢❛ ❧❡ s❡❣✉❡♥t✐ ♣r♦♣r✐❡tà✿

❼ ω ❤❛ ♣♦❧✐ s❡♠♣❧✐❝✐ ✐♥ ❝♦rr✐s♣♦♥❞❡♥③❛ ❞❡✐ ♣✉♥t✐ ❞❡❧ s✉♣♣♦rt♦ ❞✐ D✱ ♦✈✈❡r♦ ❞♦✈❡ D 6= 0❀

❼ D(p) = Resp(ω) ♣❡r ♦❣♥✐ p ∈ X❀

❼ ●❧✐ a✲ ❡ b✲ ♣❡r✐♦❞✐ ❞✐ ω s♦♥♦ ♠✉❧t✐♣❧✐ ✐♥t❡r✐ ❞✐ 2πi✳

❉✐♠♦str❛③✐♦♥❡✳ ❉❛t♦ ❝❤❡ ✐❧ ❞✐✈✐s♦r❡ D ❤❛ ♣❡r ✐♣♦t❡s✐ ❣r❛❞♦ 0✱ s♦♥♦ s♦❞❞✐s❢❛tt❡ ❧❡ ✐♣♦t❡s✐ ❞❡❧
t❡♦r❡♠❛ ✸✳✶✺ ❡ q✉✐♥❞✐ ❡s✐st❡ ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ τ ❝❤❡ s♦❞❞✐s❢❛ ❧❡ ♣r✐♠❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐✳
❆❧❧♦r❛ ❛♥❝❤❡ ❧❛ ❢♦r♠❛ ω = τ −

∑p
i=1 ciωi✱ ❝♦♥ ci ❝♦st❛♥t✐✱ s♦❞❞✐s❢❛ ❧❡ ♣r✐♠❡ ❞✉❡ ❝♦♥❞✐③✐♦♥✐✳

❈❡r❝❤✐❛♠♦ ❛❧❧♦r❛ ❧❡ ❝♦st❛♥t✐ ci ✐♥ ♠♦❞♦ ❝❤❡ ω s♦❞❞✐s✜ ❛♥❝❤❡ ❧❛ t❡r③❛ ❝♦♥❞✐③✐♦♥❡ ❞❡❧ t❡♦r❡♠❛✳
❆ss✉♠✐❛♠♦ ❝❤❡ ♥❡ss✉♥ ♣✉♥t♦ ❞❡❧ s✉♣♣♦rt♦ ❞✐ D ❛♣♣❛rt❡♥❣❛ ❛❧❧❡ ❝✉r✈❡ ai ♦ bi✳ P❡r ♦❣♥✐ k =
1, · · · , g ❞❡✜♥✐❛♠♦

ρk =
1

2πi

g
∑

i=1

(Ai(ωk)Bi(τ)−Ai(τ)Bi(ωk)).

P❡r ✐❧ ❧❡♠♠❛ ✹✳✺ ❡ ♣❡r ✐❧ t❡♦r❡♠❛ ❞❡✐ ❘❡s✐❞✉✐✱ ♦ss❡r✈✐❛♠♦ ❝❤❡ ✈❛❧❡

ρk =
1

2πi

∫

∂P

fωk
τ =

∑

p∈P

Resp(fωk
τ) =

∑

p∈X

Resp(fωk
τ).

❉❛t♦ ❝❤❡ fωk
è ♦❧♦♠♦r❢❛ ❡ τ ❤❛ ♣♦❧✐ s❡♠♣❧✐❝✐ ♥❡✐ ♣✉♥t✐ ❞❡❧ s✉♣♣♦rt♦ ❞✐ D✱ ❝✐❛s❝✉♥ ❝♦♥ r❡s✐❞✉♦

Resp(τ) = D(p)✱ ✈❛❧❡ Resp(fωk
τ) = fωk

(p) ·D(p)✱ ❞❛ ❝✉✐

ρk =
∑

p

D(p)fωk
(p) =

∑

p

D(p)

∫ p

p0

ωk

❝♦♥ p0 ♣✉♥t♦ ✜ss❛t♦ s✉ X✳ ❆ q✉❡st♦ ♣✉♥t♦ ♦ss❡r✈✐❛♠♦ ❝❤❡ ρk è ❡s❛tt❛♠❡♥t❡ ❧❛ k✲❡s✐♠❛ ❝♦♦r❞✐♥❛t❛
❞❡❧ ✈❡tt♦r❡ A0(D)✱ ♠❛ ♣❡r ✐♣♦t❡s✐ A0(D) = 0 q✉✐♥❞✐ ✐❧ ✈❡tt♦r❡ (ρ1, · · · , ρg) è ✉♥ ♣❡r✐♦❞♦ ✐♥ Λ✳ ■♥
q✉❛♥t♦ t❛❧❡ ❧♦ ♣♦ss✐❛♠♦ s❝r✐✈❡r❡ ❝♦♠❡

✹✺



(ρ1, · · · , ρg) =

g
∑

i=1

mi(Ai(ω1), · · · , Ai(ωg))−

g
∑

i=1

ni(Bi(ω1), · · · , Bi(ωg))

❝♦♥ ni,mi ✐♥t❡r✐✳ ❊s✐st♦♥♦ ❞✉♥q✉❡ ❞❡❣❧✐ ✐♥t❡r✐ ni,mi t❛❧✐ ❝❤❡

ρk =

g
∑

i=1

miAi(ωk)−

g
∑

i=1

niBi(ωk) ♣❡r ♦❣♥✐ k.

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ρk ❛❜❜✐❛♠♦

ρk =

g
∑

i=1

Bi(τ)

2πi
Ai(ωk)−

g
∑

i=1

Ai(τ)

2πi
Bi(ωk),

❞✉♥q✉❡ ❝♦♥❢r♦♥t❛♥❞♦ ❧❡ ❞✉❡ s❝r✐tt✉r❡ ♦tt❡♥✐❛♠♦ ❝❤❡ ♣❡r ♦❣♥✐ k ✈❛❧❡

g
∑

i=1

(Bi(τ)− 2πimi)Ai(ωk) =

g
∑

i=1

(Ai(τ)− 2πini)Bi(ωk).

❙✐❛ a ✐❧ ✈❡tt♦r❡ ❝❤❡ ❤❛ Ai(τ)− 2πini ♣❡r i✲❡s✐♠❛ ❝♦♦r❞✐♥❛t❛ ✱ b ✐❧ ✈❡tt♦r❡ ❝❤❡ ❤❛ Bi(τ)− 2πimi

♣❡r i✲❡s✐♠❛ ❝♦♦r❞✐♥❛t❛✳ ▲✬❡q✉❛③✐♦♥❡ s♦♣r❛ ♣✉ò ❛❧❧♦r❛ ❡ss❡r❡ ❡s♣r❡ss❛ ❝♦♠❡ A⊤b = B⊤a✱ ❞♦✈❡ A
❡ B s♦♥♦ ❧❡ ♠❛tr✐❝✐ ❞❡✐ ♣❡r✐♦❞✐✳
P♦✐❝❤é A ❡ B s♦♥♦ ♠❛tr✐❝✐ ♥♦♥ s✐♥❣♦❧❛r✐✱ ❧❡ tr❛s❢♦r♠❛③✐♦♥✐ ❧✐♥❡❛r✐ α : Cg → C2g ❡ β : C2g → Cg

❞❡✜♥✐t❡ ❝♦♠❡

α =

(

A
B

)

❡ β =
(

B⊤ −A⊤
)

❤❛♥♥♦ r❛♥❣♦ ♠❛ss✐♠♦✳ ■♥♦❧tr❡✱ ♣❡r ✐❧ ❧❡♠♠❛ ✹✳✼ ✈❛❧❡ β ◦α = 0✿ ❝♦♥❝❧✉❞✐❛♠♦ q✉✐♥❞✐ ❝❤❡ ker(β) =
im(α). ❉✉♥q✉❡ ✐❧ ✈❡tt♦r❡ (a, b)✱ ❝❤❡ ❛♣♣❛rt✐❡♥❡ ❛❧ ♥✉❝❧❡♦ ❞✐ β ♣❡r q✉❛♥t♦ ♦ss❡r✈❛t♦ s♦♣r❛✱ è ✉♥
❡❧❡♠❡♥t♦ ❞❡❧❧✬✐♠♠❛❣✐♥❡ ❞✐ α✱ ♦✈✈❡r♦ ❡s✐st❡ ✉♥ ✈❡tt♦r❡ c ∈ Cg t❛❧❡ ❝❤❡

Ac = a ❡ Bc = b.

■❧ ✈❡tt♦r❡ c = (c1, · · · , cg) è ✐❧ ✈❡tt♦r❡ ❝❤❡ ❝❡r❝❛✈❛♠♦✳ ❱❛❧❡ ✐♥❢❛tt✐

Ai(ω) = Ai(τ)−
∑

j

cjAi(ωj)

= Ai(τ)− ai

= Ai(τ)− (Ai(τ)− 2πini) = 2πini,

❡

Bi(ω) = Bi(τ)−
∑

j

cjBi(ωj)

= Bi(τ)− bi

= Bi(τ)− (Bi(τ)− 2πimi) = 2πimi.

✹✻



❖r❛ s✐❛♠♦ ✜♥❛❧♠❡♥t❡ ♣r♦♥t✐ ❛ ❝♦♥❝❧✉❞❡r❡ ❧❛ ❞✐♠♦str❛③✐♦♥❡ ❞❡❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐✳

❉✐♠♦str❛③✐♦♥❡✳ ✭❙✉✣❝✐❡♥③❛✮ ❙✐❛D ✉♥ ❞✐✈✐s♦r❡ ❞✐ ❣r❛❞♦ ③❡r♦ ❝♦♥ A0(D) = 0 ✐♥ Jac(X)✳ ❱♦❣❧✐❛♠♦
♣r♦✈❛r❡ ❝❤❡ ❡s✐st❡ f ∈ M(X) t❛❧❡ ❝❤❡ D = div(f)✳ ❙✐❛ ω ✉♥❛ 1✲❢♦r♠❛ ♠❡r♦♠♦r❢❛ ❝❤❡ s♦❞❞✐s❢❛ ❧❡
♣r♦♣r✐❡tà ❞❡❧ ❧❡♠♠❛ ✹✳✶✶✳ ❋✐ss❛t♦ ✉♥ ♣✉♥t♦ p0 ∈ X✱ ❞❡✜♥✐❛♠♦ ❧❛ ❢✉♥③✐♦♥❡

f(p) = exp

(∫ p

p0

ω

)

.

❱♦❣❧✐❛♠♦ ♠♦str❛r❡ ❝❤❡ q✉❡st❛ è ❧❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ ❝❤❡ st✐❛♠♦ ❝❡r❝❛♥❞♦✳ ❙✐ ♦ss❡r✈✐ ❝❤❡ f è
❜❡♥ ❞❡✜♥✐t❛ ✐♥ q✉❛♥t♦ ✐ ♣❡r✐♦❞✐ ❞✐ ω s♦♥♦ ♠✉❧t✐♣❧✐ ❞✐ 2πi ❡ ✐ s✉♦✐ r❡s✐❞✉✐ s♦♥♦ ♥✉♠❡r✐ ✐♥t❡r✐✳ ▲❛
❢✉♥③✐♦♥❡ ✐♥♦❧tr❡ è ✐♥❞✐♣❡♥❞❡♥t❡ ❞❛❧❧❛ s❝❡❧t❛ ❞❡❧ ❝❛♠♠✐♥♦ ❞❛ p0 ❛ p✳ ◗✉❡st♦ ♣❡r❝❤é ❧❛ ❞✐✛❡r❡♥③❛
❞✐ ❞✉❡ ❝❛♠♠✐♥✐ ❛♣♣❛rt✐❡♥❡ ❛❞ H1(X) ❡ q✉✐♥❞✐ ❧✬✐♥t❡❣r❛③✐♦♥❡ ❧✉♥❣♦ t❛❧❡ ❞✐✛❡r❡♥③❛ è ❝♦♠❜✐♥❛③✐♦♥❡
❧✐♥❡❛r❡ ❞✐ a ❡ b✲♣❡r✐♦❞✐✿ ♣❡r ✐❧ ❧❡♠♠❛ ✹✳✶✶ t❛❧❡ ✐♥t❡❣r❛❧❡ è ♠✉❧t✐♣❧♦ ✐♥t❡r♦ ❞✐ 2πi ❡ ❞✉♥q✉❡ ♣❛ss❛♥❞♦
❛❧❧✬❡s♣♦♥❡♥③✐❛❧❡ ✐❧ ✈❛❧♦r❡ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ f ♥♦♥ ❝❛♠❜✐❛✳
P♦ss✐❛♠♦ ❛♥❝❤❡ ♥♦t❛r❡ ❝❤❡ f è ♦❧♦♠♦r❢❛ ❞♦✈❡ ❧♦ è ω✱ ♦✈✈❡r♦ ♣❡r ✐♣♦t❡s✐ ♦✈✉♥q✉❡ tr❛♥♥❡ ♥❡✐ ♣✉♥t✐
❞❡❧ s✉♣♣♦rt♦ ❞✐ D✳ ❙✐❛ ♣♦✐ p ✉♥ ♣✉♥t♦ ❞❡❧ s✉♣♣♦rt♦ ❞✐ D✱ D(p) = n 6= 0✿ s❡♠♣r❡ ❞❛❧❧❡ ✐♣♦t❡s✐
❛❜❜✐❛♠♦ ❝❤❡ p è ✉♥ ♣♦❧♦ s❡♠♣❧✐❝❡ ♣❡r ω ❡ Resp(ω) = n✱ ❞✉♥q✉❡ ✐♥ ✉♥ ✐♥t♦r♥♦ ❞✐ p ❧❛ ❢♦r♠❛ ω
❛♠♠❡tt❡ s✈✐❧✉♣♣♦ ✐♥ s❡r✐❡ ❞❡❧ t✐♣♦

ω =
n

z
+ g(z)

❝♦♥ z ❝♦♦r❞✐♥❛t❛ ❧♦❝❛❧❡ ✐♥t♦r♥♦ ❛ p ❡ g ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛✳ P❛ss❛♥❞♦ ❛❧❧✬✐♥t❡❣r❛❧❡ s✐ ❤❛
∫ p

p0

ω =

∫ p

p0

(n

z
+ g(z)

)

= n ln(z) + h(z).

❞♦✈❡ h è ❢✉♥③✐♦♥❡ ♦❧♦♠♦r❢❛✳ ■♥✜♥❡ ♦tt❡♥✐❛♠♦

f(z) = zneh(z)

❝❤❡ è ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛✳ ■♥ ♣❛rt✐❝♦❧❛r❡ ordp(f) = n = D(p)✱ q✉✐♥❞✐ D = div(f) ❝♦♠❡ ✈♦❧❡✈❛s✐
❞✐♠♦str❛r❡✳

✹✳✸ ❈♦str✉③✐♦♥❡ ❛❧❣❡❜r✐❝❛ ❞❡❧❧❛ ❏❛❝♦❜✐❛♥❛

❉❛❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧ ❛❜❜✐❛♠♦ q✉✐♥❞✐ ❝❤❡ ✐❧ ♥✉❝❧❡♦ ❞❡❧❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ r✐str❡tt❛ ❛❧ ❣r✉♣♣♦
❞❡✐ ❞✐✈✐s♦r✐ ❞✐ ❣r❛❞♦ ③❡r♦ Div0(X) ❝♦♥❝✐❞❡ ❝♦♥ ✐❧ ❣r✉♣♣♦ ❞❡✐ ❞✐✈✐s♦r✐ ♣r✐♥❝✐♣❛❧✐ PDiv(X)✳

❚❡♦r❡♠❛ ✹✳✶✷ ✭❚❡♦r❡♠❛ ❞✐ ❏❛❝♦❜✐✳✮✳ ❙✐❛ X s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛✳ ❆❧❧♦r❛

Jac(X) ∼= Div0(X)�PDiv(X).

❉✐♠♦str❛③✐♦♥❡✳ ➮ s✉✣❝✐❡♥t❡ ❞✐♠♦str❛r❡ ❝❤❡ A0 : Div0(X) → Jac(X) è s✉r✐❡tt✐✈❛✳ ❉✐♠♦str✐❛♠♦
✐♥ ♠♦❞♦ ♣✐ù ❣❡♥❡r✐❝♦ ❧❛ s✉r✐❡tt✐✈✐tà ❞❡❧❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ r✐str❡tt❛ ❛❧❧✬✐♥s✐❡♠❡ ❞❡✐ ❞✐✈✐s♦r✐
♥♦♥ ♥❡❣❛t✐✈✐ ❞✐ ❣r❛❞♦ n ≥ g(X) ✜ss❛t♦✱ ❝❤❡ ✐♥❞✐❝❤❡r❡♠♦ ❝♦♥ X(n) ⊆ Div(X)✳

A : X(n) −→ Jac(X)

(P1, · · · , Pn) 7−→
n
∑

i=1

∫ Pi

P0

.
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❖ss❡r✈✐❛♠♦ ✐♥♥❛♥③✐t✉tt♦ ❝❤❡ X(n) ♣✉ò ❡ss❡r❡ ❞❡s❝r✐tt♦ ❝♦♠❡ ✐❧ ♣r♦❞♦tt♦ ❝❛rt❡s✐❛♥♦ ❞✐ n ✈♦❧t❡ X
♠♦❞✉❧♦ ❧✬❛③✐♦♥❡ ❞❡❧ ❣r✉♣♣♦ s✐♠♠❡tr✐❝♦ s✉ n ❡❧❡♠❡♥t✐ Sn✿

X(n) = (X × · · · ×X)/Sn.

■♥ q✉❡st♦ ♠♦❞♦ s✐❛♠♦ ✐♥ ❣r❛❞♦ ❞✐ ❞❛r❡ ❛ X(n) ✉♥❛ str✉tt✉r❛ ❛♥❛❧✐t✐❝❛ ✭♦✈✈❡r♦ ✉♥ ❛t❧❛♥t❡
❛♥❛❧✐t✐❝♦✮✱ ❝❤❡ ❢✉♦r✐ ❞❛❧❧❛ ❞✐❛❣♦♥❛❧❡ △n = {(x, · · · , x) ∈ Xn : x ∈ X} è q✉❡❧❧❛ ♦✈✈✐❛✿ s❡
P =

∑

i Pi ∈ X(d) \ △n ❛❧❧♦r❛ ♣❡r ♦❣♥✐ ❡❧❡♠❡♥t♦
∑

iQi ✐♥ ✉♥ s✉♦ ✐♥t♦r♥♦ ❞❡✜♥✐❛♠♦ ❧❛ ❝❛rt❛

∑

i

Qi 7→ (z1(Q1), · · · , zd(Qd))

❞♦✈❡ zi è ❝❛rt❛ ❧♦❝❛❧❡ s✉ X ♣❡r Pi✳ ◆❡✐ ♣✉♥t✐ P =
∑

i Pi ❞❡❧❧❛ ❞✐❛❣♦♥❛❧❡ ❧❛ str✉tt✉r❛ ❛♥❛❧✐t✐❝❛ è
❞❛t❛ tr❛♠✐t❡ ❧❡ ❢✉♥③✐♦♥✐ ❡❧❡♠❡♥t❛r✐ s✐♠♠❡tr✐❝❤❡✿ ♣❡r d = 2✱ ♣❡r ❡s❡♠♣✐♦✱ ❛❜❜✐❛♠♦ ✉♥❛ ❝❛rt❛ s✉
X(2) ❞❛t❛ ❞❛

Q1 +Q2 7→ (z(Q1) + z(Q2), z(Q1)z(Q2))

♣❡r ♦❣♥✐ ❡❧❡♠❡♥t♦ Q1 + Q2 ✐♥ ✉♥ ✐♥t♦r♥♦ ❞✐ P + P ∈ △2✳ ▲❛ str✉tt✉r❛ ❛♥❛❧✐t✐❝❛ ❞✐ X(n) ❞❛
❧♦❝❛❧♠❡♥t❡ ✉♥❛ str✉tt✉r❛ ❛♥❛❧✐t✐❝❛ ❛ Div0(X)✳
❖r❛ ♣❡r ❞✐♠♦str❛r❡ ❧❛ s✉r✐❡tt✐✈✐tà✱ ✜ss♦ s✉ X g ♣✉♥t✐ pi✿ s✐❛ Vi ✐♥t♦r♥♦ ❞✐ pi ♣❡r ♦❣♥✐ i ❡ s✐❛ zi ✉♥
♣✉♥t♦ ✐♥ Vi ❞✐✈❡rs♦ ❞❛ pi✳ ❉❡✜♥✐s❝♦ ✐❧ ❞✐✈✐s♦r❡ D =

∑g
i=1(zi − pi) ❞✐ ❣r❛❞♦ 0✳ ❆❧❧♦r❛ ❧❛ ♠❛♣♣❛

❞✐ ❆❜❡❧✲❏❛❝♦❜✐ ❞❡✜♥✐s❝❡ ✉♥❛ ♠❛♣♣❛

X(d) ⊇
∏

Vi −→ Jac(X)

tr❛ ❞✉❡ ✈❛r✐❡tà ❝♦♠♣❧❡ss❡ ❞✐ ❞✐♠❡♥s✐♦♥❡ g s✉ C✳ ■❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡❧❧❛ ♠❛tr✐❝❡ ❥❛❝♦❜✐❛♥❛ ❞✐ q✉❡st❛
❢✉♥③✐♦♥❡ è ❞✐✈❡rs♦ ❞❛ ③❡r♦

det







ω1(z1) · · · ω1(zg)
✳✳✳

✳✳✳
ωg(z1) · · · ωg(zg)






6= 0

♣❡r ✉♥❛ s❝❡❧t❛ ❣❡♥❡r✐❝❛ ❞❡✐ ♣✉♥t✐ zi✳ ◗✉✐♥❞✐ A è ✐s♦♠♦r✜s♠♦ ❧♦❝❛❧❡✱ ❡ ❞✉♥q✉❡ A è ❧♦❝❛❧♠❡♥t❡
s✉r✐❡tt✐✈❛✳ ◗✉❡st♦ ❞✐♠♦str❛ ❧❛ s✉r✐❡tt✐✈✐tà ❞✐ A0✳

▲✬✐♥t❡r❡ss❡ ✐♥ q✉❡st♦ r✐s✉❧t❛t♦ st❛ ♥❡❧ ❢❛tt♦ ❝❤❡ ✉♥ ♦❣❣❡tt♦ ♠❛t❡♠❛t✐❝♦ ❝♦str✉✐t♦ ✐♥ ♠♦❞♦ ❛♥❛✲
❧✐t✐❝♦✱ ❝♦♠❡ q✉♦③✐❡♥t❡ ❞✐ s♣❛③✐ ❞✐ ❢✉♥③✐♦♥✐✱ ❛♠♠❡tt❡ ✉♥✬✐♥t❡r♣r❡t❛③✐♦♥❡ ❛❧❣❡❜r✐❝❛✱ ❝♦♠❡ q✉♦③✐❡♥t❡
❞✐ ❣r✉♣♣✐✳

❉❛❧ t❡♦r❡♠❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ ❡ ❞❛❧❧✬✐♥t❡r♣r❡t❛③✐♦♥❡ ❛❧❣❡❜r✐❝❛ ❞✐ Jac(X) s❡❣✉❡

❚❡♦r❡♠❛ ✹✳✶✸✳ ❙✐❛ X ✉♥❛ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❛ ❞✐ ❣❡♥❡r❡ g ≥ 1✳ ▲❛ ♠❛♣♣❛ ❞✐

❆❜❡❧✲❏❛❝♦❜✐ A : X → Jac(X) è ✐♥✐❡tt✐✈❛✳

❉✐♠♦str❛③✐♦♥❡✳ ❙✐❛♥♦ p, q ∈ X t❛❧✐ ❝❤❡ A(p) = A(q)✳ ❙✉♣♣♦♥✐❛♠♦ ♣❡r ❛ss✉r❞♦ p 6= q✳ ❆❧❧♦r❛
A(p − q) = 0 ✐♥ Jac(X) ∼= Div0(X)/PDiv(X)✱ ♦✈✈❡r♦ A(p − q) è ✉♥ ❞✐✈✐s♦r❡ ♣r✐♥❝✐♣❛❧❡✳ ❊s✐st❡
❞✉♥q✉❡ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ f ❝♦♥ ✉♥♦ ③❡r♦ s❡♠♣❧✐❝❡ ✐♥ p ❡ ✉♥ ♣♦❧♦ s❡♠♣❧✐❝❡ ✐♥ q✳ ▲❛
♠❛♣♣❛ ♦❧♦♠♦r❢❛ F : X → CP1 ❛ss♦❝✐❛t❛ ❛❞ f è q✉✐♥❞✐ ✉♥❛ ♠❛♣♣❛ ♦❧♦♠♦r❢❛ ♥♦♥ ❝♦st❛♥t❡ ❞✐
❣r❛❞♦ 1✱ ❞✉♥q✉❡ ✐s♦♠♦r✜s♠♦✳ ❙❡❣✉❡ X ∼= CP1✱ ✐❧ ❝❤❡ è ❛ss✉r❞♦ ✐♥ q✉❛♥t♦ g(X) ≥ 1 ♠❡♥tr❡
g(CP1) = 0✳

✹✽



❙✐ ♦ss❡r✈✐ ❝❤❡ ♥♦♥♦st❛♥t❡ ❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ s✐❛ ✉♥✬✐♠♠❡rs✐♦♥❡✱ X ♥♦♥ è s♦tt♦❣r✉♣♣♦
❞✐ Jac(X)✱ tr❛♥♥❡ ♥❡❧ ❝❛s♦ g(X) = 1 ✭♦✈✈❡r♦ ✐❧ t♦r♦ ❝♦♠♣❧❡ss♦✮✱ ✐♥ ❝✉✐ X ∼= Jac(X)✳ ❉❛ q✉❡st♦
♣✉♥t♦ ❞✐ ✈✐st❛ ❧❛ ❏❛❝♦❜✐❛♥❛ ❤❛ ✉♥❛ ♣r♦♣r✐❡tà ♠✐♥✐♠❛❧❡ ♥❡❧ s❡♥s♦ ❝❤❡ r❛♣♣r❡s❡♥t❛ ❧❛ ♣✐ù ♣✐❝❝♦❧❛
✈❛r✐❡tà ❛❧❣❡❜r✐❝❛ ❝♦♥ str✉tt✉r❛ ❞✐ ❣r✉♣♣♦ ❝❤❡ ❝♦♥t✐❡♥❡ X✳

❊s❡♠♣✐♦ ✹✳✶✹✳ ❙✐❛ X = C ✉♥❛ ❝✉r✈❛ ❡❧❧✐tt✐❝❛✳ ❙t✉❞✐❛♠♦ ❧❛ ♠❛♣♣❛ ❞✐ ❆❜❡❧✲❏❛❝♦❜✐ A : C → Jac(C)✳
❙❛♣♣✐❛♠♦ ❝❤❡ ♣❡r ❧❡ ❝✉r✈❡ ❡❧❧✐tt✐❝❤❡ t❛❧❡ ♠❛♣♣❛ ♥♦♥ è s♦❧♦ ✐♥✐❡tt✐✈❛ ♠❛ ❛♥❝❤❡ s✉r✐❡tt✐✈❛✱ ❞❛t♦
❝❤❡ C ∼= T ❡ T ∼= Jac(T)✳ ◗✉❡❧❧♦ ❝❤❡ ✈♦❣❧✐❛♠♦ ❢❛r❡ ✐♥ q✉❡st♦ ❡s❡♠♣✐♦ è r✐✈❡❞❡r❡ q✉❡st♦ r✐s✉❧t❛t♦
✉s❛♥❞♦ ❧❛ ❝♦str✉③✐♦♥❡ ❛❧❣❡❜r✐❝❛ ❞✐ Jac(X)✳

A : C −→ Jac(C) = Div0(C)�PDiv(C)

P 7−→ [P −∞].

❱♦❣❧✐❛♠♦ ♣r♦✈❛r❡ ❝❤❡ ❞❛t✐ ❞✉❡ ♣✉♥t✐ P,Q ∈ C✱ ✈❛❧❡

[P −∞] + [Q−∞] = [σT −∞] ❝♦♥ σT = P ⊕Q

❞♦✈❡ ⊕ è ❧✬♦♣❡r❛③✐♦♥❡ s✉ C✳ P❡r ❢❛r❡ q✉❡st♦ ❝♦♥s✐❞❡r✐❛♠♦ ✉♥ ♣✉♥t♦ P ∈ C ❡ ✉♥❛ r❡tt❛ ✈❡rt✐❝❛❧❡ r
❝❤❡ ✐♥t❡rs❡❝❛ C s♦❧❛♠❡♥t❡ ✐♥ ❞✉❡ ♣✉♥t✐ P ❡ ✐❧ s✉♦ s✐♠♠❡tr✐❝♦ ❝❤❡ ✐♥❞✐❝❤❡r❡♠♦ ❝♦♥ sP ✳ ■❧ ❞✐✈✐s♦r❡
❞✐ q✉❡st❛ r❡tt❛ è div(r) = [P + sP − 2 · ∞] = [0] ❞❛ ❝✉✐ ❞❡❞✉❝✐❛♠♦

[P −∞] = [−sP +∞],

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
[−P +∞] = [sP −∞]. ✭✹✳✷✮

❈♦♥s✐❞❡r✐❛♠♦ ♣♦✐ ✉♥❛ ❣❡♥❡r✐❝❛ r❡tt❛ s ❝❤❡ ✐♥t❡rs❡❝❛ ❧❛ ❝✉r✈❛ ✐♥ tr❡ ♣✉♥t✐ ❞✐st✐♥t✐ R,S, T ✿ ♦t✲
t❡♥✐❛♠♦ ✐♥ q✉❡st♦ ❝❛s♦ div(s) = [R + S + T − 3 · ∞] = [0]✳ ❆♣♣❧✐❝❛♥❞♦ ✐❧ r✐s✉❧t❛t♦ ✹✳✷✱
s❡❣✉❡

[R+ S − 2 · ∞] = [−T +∞]

= [sT −∞]. ✭✹✳✸✮

◗✉❡st♦ s✐❣♥✐✜❝❛ ❝❤❡ ♣r❡s✐ ❞✉❡ ♣✉♥t✐ P,Q ∈ C ❡ ❞❡tt♦ R = (P ∨Q) · C✱ ✈❛❧❡

[P +Q− 2 · ∞] = [sR−∞]

♠❛ sR = P ⊕Q✳ ❆❜❜✐❛♠♦ q✉✐♥❞✐ ❞✐♠♦str❛t♦

A(P ) +A(Q) = A(P ⊕Q) ♣❡r ♦❣♥✐ P,Q ∈ C.

◆♦♥ s♦❧♦✱ ❞❛ q✉❡st❡ ♦ss❡r✈❛③✐♦♥✐ s❡❣✉❡ ❛♥❝❤❡ ❝❤❡ ♦❣♥✐ ❞✐✈✐s♦r❡ ❞✐ ❣r❛❞♦ 0 ✭♠♦❞✉❧♦ ❞✐✈✐s♦r✐ ♣r✐♥✲
❝✐♣❛❧✐✮ s✉❧❧❛ ❝✉r✈❛ C✱ ♣✉ò s❡♠♣r❡ ❡ss❡r❡ s❝r✐tt♦ ❝♦♠❡ ✐♠♠❛❣✐♥❡ ❞✐ ✉♥ ✉♥✐❝♦ ♣✉♥t♦ P ∈ C✳ ■♥❢❛tt✐
s❡ D = [

∑n
i=1 Pi − n · ∞] ∈ Div0(C)/PDiv(C)✱ tr❛♠✐t❡ ♦♣❡r❛③✐♦♥✐ ❞❡❧ t✐♣♦ ✹✳✸ ❡ ✹✳✷ ❛rr✐✈✐❛✲

♠♦ ❛❧❧❛ ❢♦r♠❛ [P − ∞] ♣❡r ✉♥ ♦♣♣♦rt✉♥♦ P ∈ C✳ ◗✉❡st♦ ❞✐♠♦str❛ ❧❛ s✉r✐❡tt✐✈✐tà ❞❡❧❧❛ ♠❛♣♣❛
P 7→ [P −∞]✳
▲✬✐♥✐❡tt✐✈✐tà è ✐♠♠❡❞✐❛t❛ ✐♥ q✉❛♥t♦ s❡ [P−∞] = [Q−∞] ❛❧❧♦r❛ [P−Q] = 0 ✐♥ Div0(C)/PDiv(C)✱
❝✐♦è ❡s✐st❡ ✉♥❛ ❢✉♥③✐♦♥❡ ♠❡r♦♠♦r❢❛ s✉ C ❝♦♥ ✉♥ ✉♥✐❝♦ ♣♦❧♦ s❡♠♣❧✐❝❡ ✐♥ Q✳ ❚❛❧❡ ❢✉♥③✐♦♥❡ ✐♥❞✉❝❡
✉♥ ✐s♦♠♦r✜s♠♦ ❞✐ C ✐♥ CP1✱ ✐❧ ❝❤❡ è ❛ss✉r❞♦ ♣♦✐❝❤é g(C) = 1 ♠❡♥tr❡ g(CP1) = 0✳

▲✬✐♥t❡r♣r❡t❛③✐♦♥❡ ❛❧❣❡❜r✐❝❛ ❞✐ Jac(X) ❝♦♠❡ q✉♦③✐❡♥t❡ ❞✐ ❣r✉♣♣✐ ❞✐ ❞✐✈✐s♦r✐ Div0(X)/PDiv(X)
❝✐ ❢♦r♥✐s❝❡ q✉✐♥❞✐ ✉♥ ♠♦❞♦ ❛❧t❡r♥❛t✐✈♦ ♣❡r ✈❡r✐✜❝❛r❡ ❝❤❡ ♦❣♥✐ ❝✉r✈❛ ❡❧❧✐tt✐❝❛ è ✐s♦♠♦r❢❛ ❛❧❧❛ s✉❛
❏❛❝♦❜✐❛♥❛✳

✹✾



❊s❡♠♣✐♦ ✹✳✶✺✳ P♦ss✐❛♠♦ ❡st❡♥❞❡r❡ q✉❛♥t♦ ✈✐st♦ ♣❡r ❧❡ ❝✉r✈❡ ❡❧❧✐tt✐❝❤❡ ❛❧❧❡ ❝✉r✈❡ ✐♣❡r❡❧❧✐tt✐❝❤❡ ❞✐
❣❡♥❡r❡ 2✱ ♦✈✈❡r♦ s✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡ X ❞❡✜♥✐t❡ ❞❛ y2 = f(x) ❝♦♥ f ♣♦❧✐♥♦♠✐♦ ❞✐
q✉✐♥t♦ ❣r❛❞♦ s❡♥③❛ ③❡r✐ ♠✉❧t✐♣❧✐✳ ❱❛❧❡ ❛♥❝♦r❛ ❧❛ r❡❧❛③✐♦♥❡ ✹✳✷✱ ♠❛ ♥♦♥ ♣✐ù ✹✳✸✳ ■♥ q✉❡st♦ ❝❛s♦
✐♥❢❛tt✐ s❡ ❝♦♥s✐❞❡r✐❛♠♦ ✉♥❛ ❣❡♥❡r✐❝❛ r❡tt❛ s✱ ❡ss❛ ✐♥t❡rs❡❝❛ ❧❛ ❝✉r✈❛ ✐♣❡r❡❧❧✐tt✐❝❛ I ✐♥ 5 ♣✉♥t✐
❞✐st✐♥t✐✱ s✐❛♥♦ P,Q,R, S, T ✳ ❆❧❧♦r❛

[P +Q+R− 3 · ∞] = [−S − T + 2 · ∞]

= [sS + sT − 2 · ∞]. ✭✹✳✹✮

❚✉tt❛✈✐❛ q✉❡st❛ r❡❧❛③✐♦♥❡ ✈❛❧❡ ♣❡r t❡r♥❡ P,Q,R ❛❧❧✐♥❡❛t❡ ❞✐ ♣✉♥t✐✿ ❝♦s❛ s✉❝❝❡❞❡ s❡ s❝❡❣❧✐❛♠♦
P,Q,R ∈ C ♥♦♥ ❛❧❧✐♥❡❛t✐❄ ❙❛♣♣✐❛♠♦ ❝❤❡ ♣❡r 5 ♣✉♥t✐ ♣❛ss❛ ✉♥❛ s♦❧❛ ❝♦♥✐❝❛ q✉✐♥❞✐ ♣r❡♥❞❡♥❞♦
✐ tr❡ ♣✉♥t✐ P,Q,R ❡ ✐♠♣♦♥❡♥❞♦ ✐❧ ♣❛ss❛❣❣✐♦ ♣❡r ∞ ❝♦♥ ❧❛ st❡ss❛ t❛♥❣❡♥t❡ ❞✐ I✱ ❛❜❜✐❛♠♦ ✉♥❛
❝♦♥✐❝❛ t❛♥❣❡♥t❡ ❛❧❧✬✐♥✜♥✐t♦ ❡ ❝❤❡ ✐♥t❡rs❡❝❛ I ✐♥ ❛❧♠❡♥♦ 3 ♣✉♥t✐✳ ❈✐ ❝❤✐❡❞✐❛♠♦ s❡ ✈✐ s♦♥♦ ❛❧tr✐
♣✉♥t✐ ❞✐ ✐♥t❡rs❡③✐♦♥❡✱ ❡❞ ❡✈❡♥t✉❛❧♠❡♥t❡ q✉❛♥t✐ s♦♥♦✳
❙t✉❞✐❛♥❞♦ ❧✬✐♥t❡rs❡③✐♦♥❡ ❞✐ I ❝♦♥ ❧❛ ❝♦♥✐❝❛ ❝♦str✉✐t❛✱ s✐ ✈❡r✐✜❝❛ ❝❤❡ ∞ ❝♦♠♣❛r❡ ♥❡❧❧✬✐♥t❡rs❡③✐♦♥❡
❝♦♥ ♦r❞✐♥❡ 5✿ ❞✉♥q✉❡ ❧❛ ❝♦♥✐❝❛ ♣❡r P,Q,R ✐♥t❡rs❡❝❛ I ✐♥ ❛❧tr✐ ❞✉❡ ♣✉♥t✐ S, T ∈ I✳ P♦ss✐❛♠♦
❝♦♥❝❧✉❞❡r❡ q✉✐♥❞✐ ❝❤❡ ❧❛ r❡❧❛③✐♦♥❡ ✹✳✹ ✈❛❧❡ ✐♥ ❣❡♥❡r❛❧❡✳

◗✉❡st♦ ❝✐ s✉❣❣❡r✐s❝❡ ❝❤❡ ♠❡♥tr❡ ❧❛ ♠❛♣♣❛ I → Jac(I) è ✐♥✐❡tt✐✈❛✱ ♠❛ ♥♦♥ s✉r✐❡tt✐✈❛✱ ❧❛ ♠❛♣♣❛

(I × I)/S2 ։ Jac(I)

(P,Q) 7→ [P +Q− 2 · ∞]. ✭✹✳✺✮

è s✉r✐❡tt✐✈❛✳ ▲❛ ❢✉♥③✐♦♥❡ ✹✳✺ ♥♦♥ è ✐s♦♠♦r✜s♠♦ ✐♥ q✉❛♥t♦ ❧❡ ✜❜r❡ ♥♦♥ ❤❛♥♥♦ t✉tt❡ ❧❡ st❡ss❛
❝❛r❞✐♥❛❧✐tà✳ ❇❛st❛ ♦ss❡r✈❛r❡ ✐♥❢❛tt✐ ❝❤❡ ❧❛ ✜❜r❛ ❞✐ [0] è ❝♦st✐t✉✐t❛ ❞❛ t✉tt❡ ❧❡ ❝♦♣♣✐❡ ❞✐ ♣✉♥t✐
s✐♠♠❡tr✐❝✐ (P, sP ) ❛❧ ✈❛r✐❛r❡ ❞✐ P ∈ I✱ ❡ ❞✉♥q✉❡ ❧❛ ✜❜r❛ ❞✐ [0] è ✐s♦♠♦r❢❛ ❛ CP1✳ ❚✉tt❛✈✐❛ s✐
✈❡r✐✜❝❛ ❝❤❡ q✉❡st♦ è ❧✬✉♥✐❝♦ ❝❛s♦ ✏♣r♦❜❧❡♠❛t✐❝♦✑✱ ♦✈✈❡r♦ ❝❤❡ ❛❧ ❞✐ ❢✉♦r✐ ❞❡❧❧♦ ③❡r♦ ❧❛ ♠❛♣♣❛ è
✐♥✐❡tt✐✈❛ ❡ ❞✉♥q✉❡ ✐s♦♠♦r✜s♠♦✳
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❬✶❪ ❈❛✐❧♦tt♦ ▼✳✱ ●❡♦♠❡tr✐❛ ❡ ❚♦♣♦❧♦❣✐❡ ❡❧❡♠❡♥t❛r✐✳

❬✷❪ ❈❛✐❧♦tt♦ ▼✳✱ ❙✉♣❡r✜❝✐❡ ❞✐ ❘✐❡♠❛♥♥ ❝♦♠♣❛tt❡✳

❬✸❪ ❍❛t❝❤❡r ❆✳✱ ❆❧❣❡❜r❛✐❝ ❚♦♣♦❧♦❣②✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❉✐❝❡♠❜r❡ ✷✵✵✶✳

❬✹❪ ▼❛ss❡② ❲✳ ❙✳✱ ❆❧❣❡❜r❛✐❝ ❚♦♣♦❧♦❣②✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥✱ ❙♣r✐♥❣❡r✱ ◆♦✈❡♠❜r❡ ✶✾✼✼✳

❬✺❪ ▼✐r❛♥❞❛✱ ❆❧❣❡❜r❛✐❝ ❈✉r✈❡s ❛♥❞ ❘✐❡♠❛♥♥ ❙✉r❢❛❝❡s✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ❆♣r✐❧❡
✶✾✾✺✳

❬✻❪ ❘❡②ss❛t ❊✳✱ ◗✉❡❧q✉❡s ❛s♣❡❝ts ❞❡s s✉r❢❛❝❡s ❞❡ ❘✐❡♠❛♥♥✱ ❇✐r❦❤❛✉s❡r ❇♦st♦♥✱ ✶✾✽✾✳
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