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Introduction

The study of block decompositions of matrices is one of the classical themes in
Linear Algebra. One of the modern approaches to study this kind of problems is

considering the morphisms in the category Mod-R of right modules over a ring R.

In the paper [CEDF19], Campanini, El-Deken and Facchini studied the Grothen-
dieck category Morph(Mod-R) of all morphisms between two right modules over a
fixed ring R. In that category, the objects are R-module morphisms pp: My — M;.
A morphism w:pp; — pn in the category Morph(Mod-R) is a pair of R-module
morphisms (ug, u1) such that wuy s = pnuo.

In the category Morph(Mod-R), the study of direct-sum decomposition cor-
responds to the study of block decompositions of matrices. Isomorphism in this
category corresponds to the matrix equivalence ~ defined, for any two rectangular
m x n matrices A and B, by A~ B if B = QAP for some invertible n x n matrix

P and some invertible m x m matrix Q.

For fixed right R-modules M, and M, the objects pp: My — My of the category
Morph(Mod-R) are the objects of a full subcategory of Morph(Mod-R) whose class
of objects is Homg(My, M;). Now Hompg(My, M;) is an Endg(M;)-Endg(My)-
bimodule. Hence it is natural to ask which results of [CEDF19] remain true for
a corresponding suitably defined category £& whose objects are the objects of any
R-S-bimodule pMg. This is what we do in this thesis.

In [CEDF19] it was shown that the behavior of morphisms whose endomorphism
ring in Morph(Mod-T') is semilocal is very similar to the behavior of modules with
a semilocal endomorphism ring. For instance, direct-sum decompositions of a di-
rect sum @, M;, that is, block-diagonal decompositions, where each object M; of

Morph(Mod-T") denotes a morphism pps,: My; — M, and where all the modules



M, ; have a local endomorphism ring End(4/;;), depend on two invariants. This
behavior is very similar to that of direct-sum decompositions of serial modules of
finite Goldie dimension, which also depend on two invariants (monogeny class and
epigeny class). When all the modules M;; are uniserial modules, the direct-sum
decompositions (block-diagonal decompositions) of a direct-sum @}, M; depend on

four invariants.

In this thesis, our original aim was to extend the results in [CEDF19] to arbitrary
bimodules, giving them a category structure, but this has lead us to the study of
some special natural additive decompositions of elements in bimodules. In particu-
lar, we define an internal direct sum and we study its relations with the idempotent
endomorphisms and with the categorical biproduct. We also characterize when two
decompositions of an element are equal and when they are isomorphic instead. In
the last chapter, using some natural functors, we see the condition under which
this category is semilocal. Finally, we conclude with some embeddings in other
categories, in particular in the category Morph(Mod-R).

Fix two associative rings R and S with identity and a bimodule pMg. Our
category & has the bimodule p Mg as its class of objects, and, for any two objects
x,y € RMg, Homg(z,y) = Rx nyS. Thus the set of all morphisms = - y in £ is also
a subset of gkMg. For two morphisms rz = ys:x — y and r'y = zs:y — z, we have

that r'rx =r'ys = zs's, so r'rx = zs's:x - z is a morphism in &.



Chapter 1

The Categories C, D and &

1.1 Morphism Category

We begin this first chapter recalling what the morphism category is, as studied in

[CEDF19].

Definition 1.1. Let R be an associative ring with identity 1 # 0 and Mod-R the
category of right R-modules. Denote by Morph(Mod-R) the category defined as

follows:

1. The objects of Morph(Mod-R) are the R-module morphisms py = My — M

between right R-modules.

2. A morphism u : ppr - pn in Morph(Mod-R) is a pair of R-module morphisms

(ug,u1) such that uypinr = pnuo-
Recall the notion of preadditive category.

Definition 1.2. A category A is a preadditive category if

(a) The set Homy (A, B) is an abelian group for every A, B objects of A.

(b) The composition o : Hom4(B,C) x Hom4(A, B) - Homy (A, C) is Z-bilinear,
that s, for every f,f': A— B and every g,9' : B - C, with A, B,C objects of
A,
go(f+[f)=gof+gof and(g+g)ef=gof+golf.

3



Chapter 1

For semplicity we will denote each object pps : My — M; in Morph(Mod-R) by
M. For every pair M, N of objects of Morph(Mod-R) the group

Homyiorph(Mod-R) (M,N)

is a subgroup of the cartesian product

HomMorph(Mod—R) (M 0, N 0) x HomMorph(Mod—R) (M 1, V1 ) .

Then, for M, N objects of Morph(Mod-R), addition on Homyiorph(Mod-r) (M, N) is
defined by

u+v=(ug+vy,u; +v1)
for every u = (ug,u1), v = (vo,v1) € Homyiorph(Mod-r) (M, N'). Therefore, the category

Morph(Mod-R) is preadditive.

Definition 1.3. Let A and B be two categories. Let F : A — B be a covariant
functor. For all A, A’ objects of A, the functor F induces a mapping

FAA’ : HOHIA(A, A,) d HOII’IB(F(A), F(A,))7

defined by Faa(f)=F(f) for every f: A— A’
The functor F is called a faithful functor if Faa is injective for every A, A’
objects of A. While it is called a full functor if Faa is surjective for every A, A’

objects of A. The functor F: A — B is essentially surjective if for every B object of
B there exists A object of A such that F(A) = B

Theorem 1.4. [CEDEI19, Theorem 2.1] The category Morph(Mod-R) is equivalent

to the category of right modules over the triangular matriz ring T = (’0% ﬁ).

Thanks to the equivalence in Theorem [1.4, Morph(Mod-R) is a Grothendieck
category.
Let us briefly recall what products and coproducts in a category are and in

particular what they are in the category Morph(Mod-R).

Definition 1.5. Let A be a category and let A, B be objects of A. A product

(AHB,?TA77TB)

4



Chapter 1

of A and B in A consists of an object AT] B of A and morphisms
WAZAHB%A and WB:AHB—>B

such that for any pair of morphisms f : P - A, g: P — B there is a unique morphism
h:P— ATlB withmypoh=f and tgoh=g.

The definition of coproduct is just the dual definition.

Definition 1.6. Let A be a category and let A, B be objects of A. A coproduct

(AL[B,EA,EB)

of A and B in A consists of an object ALl B of A and morphisms
eA:A—>AHB and GB:B—>AHB

such that for any pair of morphisms f : A - P, g: B - C there is a unique morphism
h:AIIB— P with hoeqs=f and hoeg =g.

Definition 1.7. A category A is an additive category if it is preadditive, has a
zero object, and every two objects A and B have a product AT] B (equivalently, a
coproduct A1l B).

Following the results in [CEDF19], recall what coproducts and products are in
Morph(Mod-R).

Let {M, | A € A} be a family of objects of Morph(Mod-R), that is, M, is an
object s, : Mo — My for every A in an index set A. The coproduct of the family
{M) | X € A} is the object @ycp M), where

Hoeaty * @ Moy — €D M
AeA AeA

is defined componentwise, with the canonical embedding ey, : M), = @xca M) for

every g € A.
The product of the family { M, | A € A} is the object [T ca M., where

lun/\eAMA : H Mov/\ - 1_[ Mlv)‘
AeA AeA



Chapter 1

is defined componentwise, with the canonical embedding py, : My, = [Trea M) for

every Ao € A.

Moreover, it is possible to define some canonical functors associated to this cat-

egory. For any ring R, there are several canonical covariant additive functors
Morph(Mod-R) - Mod-R.
In particular, we recall:

1. The domain functor D:Morph(Mod-R) - Mod-R, which associates to each
object M of Morph(Mod-R) the right R-module M, and to any morphism
(ug,u1) in Morph(Mod-R) the right R-module morphism gy in Mod-R.

2. The codomain functor C: Morph(Mod-R) - Mod-R, which associates to each
object M of Morph(Mod-R) the right R-module M; and to any morphism
(ug,u1) in Morph(Mod-R) the right R-module morphism u; in Mod-R.

From these two functors it possible to construct the product functor:
D x C:Morph(Mod-R) - Mod-R x Mod-R,

which associates to every object M of Morph(Mod-R) the pair (Mg, M;) belonging
to Mod-RxMod-R and to every morphism (ug,u;) in Morph(Mod-R) the morphism
(up,u1) in Mod-R x Mod-R.

1.2 Definition of the Category C

We continue defining the category we want to study and presenting its first proper-
ties. Let R and S be rings. Let p Mg be an R-S-bimodule and let C be the category

defined as follows:
1. Ob(C) = rMs,
2. Home(z,y) ={(r,s) e Rx S |rx=ys}.

Define a composition between morphisms:

o:Home(y, 2) x Home(z,y) - Home(z, 2)

((h,k),(r,s)) — (hr,ks).

6



Chapter 1

This composition is associative because so is the product into the ring structures.
The multiplicative identity of any object x € p Mg is (1g, 1s). Notice that Home (1, y)
CRxS.

Let x € rMg. Consider the cyclic submodules yS and Rx of gMg. Define
(yS:rz):={reR|rxeyS} and (Rr:sy):={seS|yse Rx}. They are called the
idealizer of yS and Rz respectively. More precisely Home(z,y) € (yS :gr x) x (Rx :5
y). This is a subgroup of the additive group of R x S. When x =y, Hom¢(x,y) is a
subring of R x §.

1.3 Preadditivity

Define the operation of addition between two morphisms as the one induced by the
ring R x S. So, given (r,s), (h, k) € Home(x,y), define:

(r,s)+ (h,k)=(r+h,s+k).

This operation is Z-bilinear with respect to the composition because of the dis-
tributivity on the left-hand side and on the right-hand side between addition and

multiplication in the rings R and S,

((h, k) + (G, 1)) o (r,8) = (h+ g, k+t) o (r,5) = ((h+7)r, (k +1)s) =
= (hr+jr ks +ts) = (hr,ks) + (jr,ts) = ((h,k) o (r,s)) + ((4,t) o (1, 5)).

In the same way Z-linearity on the left-hand side can be proved. Hence C is a

preadditive category.

Now let us look for initial and terminal objects in order to eventually identify

the zero object, if it exists.

Definition 1.8. Let A be a category. An object A € Ob(A) is called an initial object
of A if for every B € Ob(A) there exists exactly one morphism f: A — B.

Our initial object should be an element x € g Mg such that for every other element
y € rMg it is possible to find a unique pair (r,s) € R xS such that rx = ys. Observe
that the element 0j; is not an initial object (there is not an unique morphism, in
fact, r - 0ps = ys holds for every morphism of the form (r,0g)). For a similar reason

every other object is not an initial object.
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Let us recall the concepts of ideal in a preadditive category A and factor category

modulo an ideal.

Definition 1.9 (Ideal). An ideal of a preadditive category A assigns to every pair
A, B of objects of A a subgroup Z(A, B) of the abelian group Hom4(A, B) with the
property that for every ¢:C' - A, p: A—> B and w: B - D with 1) ¢ Hom4(A, B),
one has that wiy¢ e Z(C, D).

Definition 1.10 (Factor Category). If Z is an ideal of a preadditive category A,
the factor category A/Z has the same objects as A (i.e., Ob(A) = Ob(A/Z)), the
group of morphisms A - B in A/L is Hom 4/7(A, B) = Hom4(A, B)/I(A, B), and

the composition is that induced by the composition of A.
Let = and y be objects in C and Home(z,y) = {(r,s) €e Rx S |rx =ys}. Define
I(x,y) =lanng(x) x r.anng(y).

This is a subgroup of (yS:g x) x (Rx 5 y) and is a two-sided ideal when z = y.
Given w, x,y, z objects in C, let ¢ = (7, s) be a morphism in Z(x,y), ¥ = (r', s") be
in Home (w, ) and w = (r”, s”) be in Home/(y, 2). Consider the composition wogpot) =
(r"'rr',s"ss"). We have to check that this pair is in Z(w, z), so r"rr'w = r"rzs’ =
r""0pr8" = 0y because of the relation r'w = xs’ and the fact that r € Lanng(x). The
same holds for s”ss’. In fact, zs"”ss’ = r"yss’ = r"0p;8" = 0y because of the relation

r"y = zs" and the fact that s € r.anng(y).

Hence the position Z(x,y) := l.anng(x) xr.anng(y) defines an ideal in the pread-
ditive category C. So we can construct the factor category C/Z. From now on set
D:=C/T.

Let us present our category from a different point of view. Let R and S be rings.
Let RpMg be an R-S-bimodule and let £ be the category defined as follows:

1. Ob(&) = grMs,
2. Homg(z,y) = RenyS.

Consider the functor F' : C — £ that associates to each object x € grMg the

element x itself and to each morphism (r,s) € Home¢(x,y) the element rz(= ys).

8
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The kernel of this functor is the ideal Z. The functor F' induces an isomorphism
between the categories D =C/Z and €.

Now that we have passed from the category C to the category C/Z, we have that
the zero object in the category C/Z exists and it is unique. The same holds for the
category £. In fact, in D the zero object is now 0j; and the zero morphism is the
pair m. Equivalently in £ the zero object is 0p; and the zero morphism is 0pf
because ROy NS = {0}

Remark 1.11. It is convenient to describe the endomorphism ring of an object x €

rMs. In the category C, we have that the endomorphism ring of x is
Ende(x) ={(r,s) e RxS|rz=xs}

with the operations induced by the ring direct product R x S. In the category D,

the endomorphism ring of x is
Endp(z) = Ende(z)/(Lanng(z) x r.anng(z)),

with the operations induced by those of End¢(z). In the category &, the endomor-
phism ring of x is
Endg(z) = Rz nasS,

with the addition induced by that of g Mg and the multiplication such that if rx = xs

and 7'z = xs’, then their product is (r'z = xs")(rz = xs) = (r'rx = xs's).

1.4 Additivity

The category D we have defined is just a preadditive category. Recall that every
preadditive category A can be embedded into an additive category as a full subcat-
egory. In fact, it is possible to construct the free additive category Mat(A) as it is
explained in [MLI8| pag. 198, es. 6].

Definition 1.12. For any preadditive category A, let Mat(A) be the additive cat-
egory whose objects are all n-tuples (X1, Xo,...,X,) of objects X; of A for any
integer n >0, and whose morphisms from an n-tuple (X1, Xa, ..., X,) to an m-tuple

(Y1,Ys,...,Y,,) are all the m x n matrices (¢;5) of morphisms ¢;;: X; > Y; of A

9
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In our setting the objects of Mat(D) are of the form (z1,...,x,), where z; € rMg
and n > 0, because D has a zero object. Thus Mat(D) = U,»; M". The morphisms
are matrices of morphisms of D. Let see how to construct them in a precise way

and how to work with them.

If (z1,...,20), (Y1, .,Ym) € Ob(Mat(D)), then

Homp(x1,71) ... Homp(z,,y1)
HOmMat(D)((xla-'->$n)a(yla---aym)): ' '
HomD(xlaym) s HomD(Invym)
So it can be expressed in the following form: Homyia oy ((#1, .-, %0), (Y1, - Ym))

= {((TU)J(SU)) € me”(R) x me”(s) | Tl]‘r] = yisijv VZ = 17"'7m7 V] = 17"‘7”}7

where 7;; € Homp(x;, ;).

Hence an element of Homypayp)((21,...,2%n), (Y1,---,Ym)) is a pair (A,B) =
((7ij), (sij)) of matrices in M, (R) X My (.S)-

10
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Internal Direct Sum

2.1 Idempotent Endomorphisms

In this section let us recall some basic notions about idempotent endomorphisms in

a category.

Definition 2.1 (Splitting Idempotents). Idempotents split in a category A if, for
every object C' of A and every endomorphism e : C' — C in A with €2 = e, there exist

an object A in A and two morphisms f: A—- C and g: C - A such that e = fg and
9f =14

Let = be an object of £ and (r, s) be an idempotent in Endg(x), so that ra = xs
and 72z = rx. Consider the object rz = xs and the morphism f =(1,s):rz -» x and
g=(r,1):x > rz. Then fg=(r,s):x -z and gf = (r,s) : rx - rz is the identity

(1g,1s) of rz because r(rx) =2z =rz =1-rz. This proves that:

Proposition 2.2. Idempotents split in the category £.

Recall the next result that holds in a preadditive category.

Proposition 2.3. [Facl9, Proposition 4.17] The following conditions are equivalent

for a preadditive category A
(a) Idempotents split in A.

(b) For every object A in A, every morphism e : A — A with €2 = e has a kernel
in A.

11
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Proof. Assume (a) holds. Let e: A - A be an idempotent in A. Then 14 -e
is also an idempotent. By hypothesis 14 — e splits, then there exist f : B - A
and g: A > B with fg =14—-¢e and gf = 1g. Then f is a kernel of e, because
ef =(a-fg)f=f-fgf =f-flg=0; and if t : D - A is morphism such that
et =0, then f(gt) = (14 —e)t = t. It remains to prove that such a morphism is
unique, in fact, if ¢ : D - B is another morphism with ft’ = ¢, then t' = g ft' = gt.
Thus f: B - A is a kernel of e.

Now assume (b) holds. Let e : A - A be an idempotent in A and f: B - A
be a kernel of the idempotent 14 —e. Then (14 —¢e)e = 0 so there exists a unique
morphism g : A - B with e = fg. It remains to show that gf = 1, then (14—¢)f =0
implies that f=ef = fgf. But kernels are monomorphisms, hence 15 = gf. m

Let (r,s) be an idempotent element of Endg(z). Then, as in any ring, (1-7,1-
s) € Endg(x) is also an idempotent endomorphism of z. Moreover, (1 —7,1-s) €
Endg () splits, so that there exist f=(1,1-s):(1-r)zr >z and g=(1-r,1):2 -
(1 -r)x such that (r,s) = fg and gf = 1,. According to Proposition we have
that (1,1-5s):(1-r)x - x is a kernel of (r,s) :z > x

Recall now the following results about modules.

Definition 2.4. Let Mg a right R-module over a ring R. Define add(Mg) as the
full subcategory of Mod-R consisting of all modules isomorphic to direct summands

of direct sums M™ of finitely many copies of M.

Let F := Endr(Mg) denote the endomorphism ring of Mg, for a fixed right
R-module Mpg. Then g Mg is a bimodule.

Next Theorem is a fundamental result in the study of decompositions.
Theorem 2.5. [Facl9, Theorem 2.35] The functors
Hompg (M, -):Mod-R - Mod-FE and - ®pM:Mod-E - Mod-R

induce an equivalence between the full subcategory add(Mpg) of Mod-R and the full
subcategory proj-R of Mod-FE.

It is possible to generalize the previous Definition [2.4] and Theorem [2.5] from the

category Mod-R to an arbitrary preadditive category, as follows.

12



Chapter 2

Definition 2.6. Let A be an object of a preadditive category A. Define add(A) as
the subclass of Ob(C) consisting of all objects B € Ob(A) for which there exist an
integer n. > 0 and morphisms fi, fo,....fn: A= B and g1,92,...,9n: B> A in A

with Y1y figi = 1b.

We denote by add(A) not only the subclass of Ob(A), but also the full subcat-
egory of A whose class of objects is add(A).

Ezample 2.7. When A = Mod-R, then add(Rg) is the class proj-R of all finitely

generated projective right R-modules.

Proposition 2.8. [Facl9, Lemma 4.18] Let A be a non-zero object of a preadditive
category A. Set E :=End4(A). Consider the additive functor

F :=Homy(A,-): A— Mod-FE.
Then the following properties hold:

(a) The functor F' induces a full and faithful functor add(A) - proj-E.

(b) If A is an additive category with splitting idempotents, then F induces an
equivalence add(A) — proj-E.

Proof. Let B be an arbitrary object of add(A), by definition there exist
fi,...,fntA—>B and gi,...,gn:B—> A

such that ", fig; = 1. Apply F to this identity and get that
Y F(fi)F(9) = 1r(B),
i=1

where now F(f;): F(A) - F(B) and F(g;): F(B) - F(A) are right E-module mor-
phisms. Thus the module F'(B) turns out to be a direct summand of F(A)" =z E%,
hence a finitely generated projective right modules of Mod-FE.

Let us prove that the functor F' restricted to add(A) is a faithful functor, let B’
be an object of add(A) and f: B — B’ be a morphism of add(A) with F(f) =0,
that is, fh =0 for every h € Hom4(A, B). Since 1p = Y1, fig;, we have f = flp =
i1 (ffi)gi=0.

13
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In order to prove that the restriction of F' is full, let B, B’ two objects in add(A)
and let ¢ : Homy(A, B) —» Homy(A, B’) be right E-module morphism. Define
f: B — B’ by setting f:= Y, ¥(fi)g;- We need to show that F(f) =, i.e., that
F(f)(f") =¥(f") for every f’ € Hom(A, B). Now % is a right End4(A)-module
morphism, so that F(f)(f") = ff' = SiLs 0 (f)gif" = o( Tty figif") = 0 (f")

Now let A be an additive category with splitting idempotents. Let P be a
finitely generated projective right F-module. Then there are morphisms «;: P - Eg
and f;: Egp - P with 1p = 7", Bia;. Thus the endomorphism of EY given by left
multiplication by the matrix (a;3;) is an idempotent endomorphism with image
P. Since A is additive and the restriction of F' to add(A) is full by (a), there is
an endomorphism f of A" in A such that F'(f) = (a;5;). Again, the fact that
the restriction of F' to add(A) is faithful implies that f must be idempotent, so
that f splits. Let ¢g: A" - B and h: B — A" be morphisms in A4 with hg = f
and gh = 1. Then, for the right E-module morphism F(g): F(A") - F(B) and
F(h):F(B) - F(Am™), one gets that F(h)F(g) = F(f) and F(g)F(h) = 1pa).
Hence F(g) is onto, so that F(h) and F(f) have the same image. Now the image
of F(f) = (a;f3;) is the projective module P, and F(g)F(h) = 1p(p) implies that
the image of F'(h) is isomorphic to F(B). Thus P = F'(B), as desired. O

2.2 Internal Direct Sum
Let us recall what a biproduct decomposition in a category is.

Definition 2.9 (Biproducts). Let Ay, Ay be objects of a preadditive category A.
A biproduct of Ay and Ay is a 5-tuple (B,m,m,€1,€), where B € Ob(A) and
m:B—> A, mg: B> Ay, 61: A1 > B, €3: Ay > B are morphisms such that

moe€e =14, maoer=1y,, € om +eom=1g.
In short, we will say that B is a biproduct of A; and A,.

For right R-modules, there is the following nice interplay between splitting of

idempotents, direct-sum decompositions and the categorical definition of biproducts.

14
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Proposition 2.10. Let Ps be a right S-module. There is a one-to-one correspon-

dence n between the set I of all idempotent elements of End(Ps) and the set
D={(A,B)|A,BSPS, PSZAGBB}

of all the pairs (A, B) of submodules of Ps whose sum is direct and equal to Ps. If
e € I, the corresponding pair isn(e) = (e(Ps), kere). If (A, B) € D, the corresponding

idempotent is the epimorphism

pa:Ae®B—> A

a+b—a
with a € A and b€ B, called the projection of A along B.

In this section, we will show that the same interplay occurs for our bimodule
rMp and our categories D = &.

In our setting, let x,x1, x5 be objects in £. Then x is a biproduct of x; and 9
if and only if there exist morphisms (p;,q;) : * = x; and (e;, f;) : x; — x, for i = 1,2,

such that the following conditions hold:
pi€ir; = Ti, (€11 + eap2)T = T, pix = 1;q; and e;x; = T f;

fori=1,2.
We now need a concept for a bimodule that is the analogue of the notion of

internal direct sum in Mod-R.

Definition 2.11 (Internal direct sum). Let gMg be an R-S-bimodule and x, 1, x5 €
rMgs. We say that x is the internal direct sum of x; and xy, and we will write
T=21D X, if t =21+ 2, Rr = Rrx1® Rxy and xS =115 @ x2S, where the last two

are internal direct sums of modules.

In the next proposition we show that every internal direct-sum decomposition of

x € gMg determines a biproduct decomposition of z in &

Proposition 2.12. Let gMs an R-S-bimodule, x, x1, x5 € gMs and assume x =

x1 ® xo. Then x is the biproduct of x1 and x4 in the category &.
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Proof. By hypothesis, we have © = x1 + x9, 1 = mz, 9 = rox, RriNRxy = 0,
T1=TS1, Ty =TSe, x1.5MNx2S = 0.

Define the embeddings and the projections as follows: from x; = xs; define ¢; :
x; > x as € = (1g,s;) and from z; = r;x define m; : ¢ > z; as m; = (14, 1g).

Let us check that (z,€;,€z,m,7m2) is the biproduct of x; and z5. Start with
;o€ : x; > ;. We have that m;o0¢; = (14, 8;) and x = 1+ o, then rix = rix1+7r129, SO
we obtain (1-71)x; = x1 —rix1 = mr—r121 = r1xe; using the fact that Rzq N Ry =0,
we conclude that xy = ryzy and r122 = 0, hence ryzy = 1, that is my o6 = 1,,. It can
be done in the same way for the other.

Now take € 0m; +€30my : @ — x, we have that ) om +eg0m9 = (11, 81) + (12, 82) =
(r1 + 12,81 + S2), we want to show that it is equal to the identity of z, that is
(ri+7e)x =x. But (ri+r3)x = (ri+r2)(x1+x2) = riwy +rox9, where the last equality
holds because we previously observed that r,xy = 0 and rxzo = 0, so we conclude

that (1 +79)x = 21 + 29 = . O

We show now that every idempotent endomorphism of £ determines a biproduct

decomposition.

Proposition 2.13. Let (r,s) € Endg(x) be an idempotent endomorphism in E.
Then

(z,(r,1),(1-7,1),(1,s),(1,1-5))

is a biproduct of rx and (1 -r)x in &.

Proof. Let us check that m 06 =1,,, o€ =1(1_), and €; o + €30y = 1.

Let us prove the first one. We have (r,1) o (1,s) = (r,s) : r& — rx, with r?z =

rxz =1-rx because (r,s) is an idempotent endomorphism.

For the second one we have (1-7,1)o(1,1-5)=(1-r,1-5): (1-7r)x - (1-r)z,
that is (1-r)2z=(1-r)x=1-(1-r)x.

About the last one we get (1,s)o(r,1)+(1,1-s)o(1-7,1)=(r,s)+(1-1,1-5) =
(1g,1g). Hence it is a biproduct of rz and (1 -r)x in &. O

Clearly, given any biproduct

(B77T177T17€1a62)
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of A; and A, in a preadditive category A, from the equality 7 o €; = 14,, we can
always associate to the biproduct an idempotent endomorphism €; oy of B. In the

particular case of our category &£, we have:

Proposition 2.14. Let (z, (p1,q1), (p2,q2), (11, 81), (72, 82)) be a biproduct of y; and
ys in E. Then (r;p;, 8iq;) : © — x is an idempotent endomorphism of x in € for each
i=1,2.

Proof. Recall that (p;,q;) : © — y; are morphism such that p;z = y;q; and (ry,s;) :
y; — x are morphism such that r;y; = zs;, with i = 1,2. If we consider (7, s;)o(pi, ¢;) :
r — x, then we have that r;p; - rip;x = r; - piviyi - ¢ = 7 - ¥:q; = rip;x. This conclude

the proof. O

Therefore, starting from a biproduct z of two elements y, ¥y, in £, we can asso-
ciate to it an idempotent endomorphism in € as in Proposition [2.14] and then we
can come back to a biproduct of two different elements x, x5, which is an internal
sum, as in Proposition [2.13] A natural question is to determine the relation between
Y1, Y2 on the one hand, and x1, x5 on the other hand. Our next step is to prove that
x1,T9 are isomorphic to yi, ys respectively.

Starting from the biproduct (x,(p1,q1), (p2,q2), (r1,51), (r2,$2)) of y; and ys in
& we pass to an idempotent endomorphism (r;p;, $;¢;) : © - = and from this to the
biproduct (z, (r1p1,1), (1=r1p1,1), (1, 51¢1), (1,1 -51¢1)) of rip1z and (1-r1p;)z in

E. Set xq :=rip1x and xo := (1 - rip1)z.

Proposition 2.15. In the previous construction y; = x;.

Proof. Let us construct two morphisms, one from y; to x; and one from z; to y; such
that they are one the inverse of the other.

Let (ry,s1)0 (Tlpl, 1) = (7"1]017“1,51) typ = o1 and (p1,q1) o (1,81611) = (p1,q15101) ¢
x1 = y; be the two morphisms. Let us show that are one the inverse of the other:
(ripar1, 1) (pr, qus1q1) = 21— o1 and we have ripiripiey = Pipiripiri® = 1pi =
(P1:q1s1q1) © (ripir1,81) 2 y1 = 1 and we have piripiriyy = piripirsi = pimyiqisi =

y1. Then y; 2 1. In the same way it can be done for ys. O

From the last Propositions we can deduce that:
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Proposition 2.16. Let g Mg an R-S-bimodule, x,vy,,ys €gr Mg, consider the biprod-

uct
(1’,61,62,7?1,7?2)

of y1 and ys in the category €. Then x = (€10 )x @ (€3 0 mo)x and, in the category

E, (om)x 2y,
We can observe that

Ty = (1=7p1)x =T = rip1T = T1PLIT + ToPol — TIPIT = ToPo

so we conclude that
(1=rip1,1) = (ropa, 1) : & — x5.
Similarly for (1,1 -s1q1) = (1, $2¢2).

Hence, from Proposition [2.13], Proposition [2.14] and the last observation, we can

conclude the following.

Theorem 2.17. Fix an element x € gMg. Then there is a one to one correspondence
between

{(r,s) e Endg(z) | (r,s) is idempotent}

and
{(x, (p1,01), (P2: @2), (11, 51)5 (72, 52)) | 1 = @2 = Ls and v =75 = 1R}.

Now we want to show that there is also a one to one correspondence between
the finite decompositions in £ of an element x and all the complete finite families of

orthogonal idempotents of Endp(x).

Proposition 2.18. Let {e1,...,e,} be a complete family of orthogonal idempotent
endomorphisms in £, where e; = (r;,8;) : * - x. Then there is an inner decomposi-

tionx=x1®x®---dx, of x in&.

Proof. By hypothesis, we know that r;x = xs; and r? = r; because each e; = (r;,s;)
x — x is an idempotent endomorphism. Furthermore from the completeness we get
that i, r; = 1z and Yi; s; = 1g while frome orthogonality r;7; = 0 and s;s; = 0 for

every ,7 = 1,...n such that ¢ # j.
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Define z; := r;z. We need to check that =2, ® 25 ®--- ® x,,. First observe that

T1$+T2I+"'+7’nl’=(Zn:T’Z')C(,’:]_R'I':JJ.
i=1

Now we want that Rx = Rr1 @ Rxo @ --- @ Rx, as modules, i.e.,

Rz = Rrix @ Rrox @ ‘e GB Rr,x.

It can be trivially seen that Rrix + Rrox + -+ Rr,x € Rx, for the other inclusion
we have that rx =r-1g-x = r(ri+ro+--+1,)x = rryx + rrex + -+ + rrx, hence
Rx € Rrix + Rrox +---+ Rr,z. It remains to check that the sum is direct. Let
Y€ (ZM Rr;x) n Rrjx, then there exist hy, ho,. .., hy, such that y = hyrix + horox +
et hAjrja: = hjrjx = hjr?x = hjrjrjx = hjrjxs;, where a = 0 for every a, hence

thjISj = (th’l + e+ hAjTj + ... hnT’n)ZESj = (thl + e+ hAj’f’j + ... hnrn)rjx =0. O

Proposition 2.19. Let x be an object of €. If v = 21 @22 @ --- ® x,, 1S an in-
ner decomposition of x in &, then there exists a complete and orthogonal family
{(r1,81), -, (rn,8n)} of idempotent endmorphisms of x with x; = rx for every

1=1,..,n.
Proof. By hypothesis, from the definition of internal product in & we have that
x:in, RI=@RIZ' and xS=€BxiS.
i=1 i=1 ‘

From the direct sum decomposition of Rz and xS for every i = 1,...,n there exists

a unique (r;, s;) such that z; = r;z = xs;. Fix as family of endomorphisms

E,={(r1,s1),(r2,82),...,(rn,sn)}
First let us show that each element is idempotent. Take

122 — 1w = 1 (rx) — v = vy — 1y =

=ri(z =) mp) -, =

k+i

=riw— () ray) -z =
k+i

= - Zrixk.

k+1i
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But we also have that 77z - r;z = (r; - 1g)x;. Then, because (¥;,; Rr;) n Rz; = 0,
we obtain r?z = r;z.
From z = x1+ 2o+ +x, =rz+rox+--+r,x = (X, r;)x we deduce that the family
is complete.
It remains to prove that the family is orthogonal. For every i # 7 we have
rirgr =y =i (=) ag) == Y ik
[y k#i,j

Similarly, r;r;z = 0. [

Let us conclude this section using the Definition of internal direct sum and

Proposition in order to have an equivalence between categories.

Definition 2.20. Let gkMg be an R-S-bimodule. Define A, = {y € Mg | there
exists z € gpMg such that x = y® z } and define P, as the class of all cyclic projective

right modules over the ring Endp(x).

Proposition 2.21. The functor Homp(z,-):D - Mod-Endp(x) induces an equiv-
alence between the full subcategory of D with class of objects A, and the full subcat-
egory of Mod-Endp(z) with class of objects P,. Hence in D there is a one-to-one
correspondence between internal direct summands of x up to isomorphisms and pro-

jective cyclic modules over the ring Endp(x).

2.3 Examples

Example 2.22. Consider the Z-Z-bimodule 3Z;, take z € Z. The endomorphism ring
Endg(2) = {(a,b) e ZxZ | az = zb} is equal to 0 if z = 0 and equal to Z if z # 0.
Hence in this case we can conclude that the idempotents are only the trivial ones,

i.e., 0 and 1. Hence, all non-zero objects are indecomposable.

Example 2.23. Let R be a ring, with its natural R-R-bimodule structure pRg. It is
clear that, for any idempotent element e € R, 1 = e® (1—e¢) is an internal direct-sum
decomposition of the identity 1 of R. Conversely, if 1 = 21 & x5 is an internal direct
sum, then gR = Rz, @ Rxs, so that there exists an idempotent e € R such that

Rzy = Re and Rxs = R(1-¢). The unique way of writing 1 has a sum of an element
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of Re and an element of R(1-¢) is 1 =e+ (1 -¢). Therefore x; =€ and x5 =1 -e.
This shows that the internal direct-sum decompositions of 1 in gRp are exactly
those of the form 1 =e @ (1 -e¢) for some idempotent e € R. More generally [AF92]
Corollary 6.20], the internal direct-sum decompositions 1 =x; @ --- @ z,, correspond

exactly to the complete n-tuples of pairwise orthogonal idempotents (eq, ..., e,).

Ezample 2.24. In [FHLV95, Example 1.6] it was shown that, for every integer n > 2,
there exists an artinian module A7 over a suitable ring 7" which is a direct sum of
t indecomposable submodules for every ¢ = 2,3,... n. In the ring R := End(Ar),
there are therefore complete sets of pairwise orthogonal primitive idempotents of
cardinality ¢ for every t = 2,3,...,n. By Example[2.23] the identity of R is therefore
an internal direct sum of ¢ indecomposable elements of the bimodule g Ry for every

t=2,3,...,n.

Example 2.25. If R is a commutative ring, every R-module My is an R-R-bimodule.
Let x be an element of Mp. Then there is a one-to-one correspondence between
the set {(S1,...,S,) | S; is an R-submodule of xR for every i =1,2,...,n and xR =
S1D---@ S, } and the set {(x1,...,2,) |z =x,®---®x, is an internal decomposition

of z € pMp }. The proof of this is similar to the proof given in Example [2.23

Ezample 2.26. Let us apply what we have seen in Example[2.25]to the particular case
of a vector space V}, over a field k, so that our bimodule gr Mg is now the k-k-bimodule
Vi. It is easy to see that in this category D, the indecomposable objects are the
x €V with x # 0. The morphisms x - y in D are the morphisms m:x -,
so that Homp(z,y) 2 k if x and y generate the same one-dimensional vector space,
and Homp(z,y) = 0 otherwise. Two elements z,y of V}, are isomorphic if and only if
they generate the same vector space (either one-dimensional or zero-dimensional).
If (x1,...,2,) is an object of Mat(D) with z; # 0 for every i = 1,2,...,n, then
Endp(zy,...,2,) is the ring M, (k) of n x n matrices. It is easy to see that
idempotents split in Mat(D). It can be easily seen that the only indecomposable
biproduct decompositions of such an (z1,...,z,) in Mat(D) is z1 [I---IIz,. (To
see this, notice that every object (yi, ...,y ) of Mat(D) has a degree, the number

of its non-zero elements y;. The degree of a biproduct is the sum of the degrees of
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the summands. The objects of Mat(D) indecomposable as a biproduct are those of

degree one.)

Ezxample 2.27. Let us apply what we have seen in Example to the particular
case of the ring R[x,y, z]/(2? + y?> + 22 = 1). This ring has a finitely generated
indecomposable projective module Pr such that R?]’12 ~ Rr ® Pr. The bimodule
rMg is always the R-R-bimodule rpRpr. Since R is an integral domain, all non-
zero elements x € pRr have an endomorphism ring Endp(x) that is a subring of
R, hence has no non-trivial idempotent, so that all non-zero elements = of rRg
are indecomposable. The object (1g,1g,1g) of Mat(D) has endomorphism ring
Endyiaypy (1, 1, 1r) & Ms.3(R). Because of the indecomposable decomposition
R% ~ R ® Pg, there is an idempotent endomorphism e € Endyiae(p)(1r, 17, 1r) that
doesn’t have a kernel in D. Therefore D does not have splitting idempotents, and
the decomposition R% = Rp @ Pr in proj — Endp(1lg) does not lift to biproduct
decomposition of (1g, 1g,1g) in Mat(D).

Example 2.28. If R is a commutative noetherian integral domain of Krull dimen-
sion 1 (for instance, a Dedekind domain), then we have uniqueness of decomposition
as an internal direct-sum of any element x € R into indecomposables up to isomor-
phism, because if x is a torsion-free element, then xR ~ Rpg is indecomposable as
an R-module because its endomorphism ring is isomorphic to R, hence is a domain,
hence has no non-trivial idempotents. If z is a torsion element, then xR has its en-
domorphism ring isomorphic to R/ann(x), which is an artinian commutative ring,
hence is a finite direct product of local artinian rings. Hence by the Krull-Schmidt-
Azumaya Theorem xR is a direct-sum of indecomposables up to isomorphism in a

unique way.

Example 2.29. Let G be any abelian group, so that it is naturally a Z-Z-bimodule
72Gz. Fix an element x € G. There are three cases. If x =0, then the unique internal
decomposition of x is the trivial decomposition x = 0. If x # 0 and x is not a torsion
element, then the unique internal decomposition is the trivial decomposition x = x,
that is, x is internally indecomposable, because its endomorphism ring Endp(z)
is isomorphic to the integral domain Z, hence x has no nontrivial idempotent en-

domorphisms. The third case is for = # 0, x torsion. Let n be the order of the
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torsion element x of G. Decompose n as a product of powers of distinct primes:
n=pi*...py™, with the p; distinct primes. Then the unique internal decomposition
of x into indecomposable elements is z = @f_; p}* ... ];:T ...pymx. It corresponds to
the direct sum decomposition ¢(G) = @,t,(G) of the torsion part t(G) of G into its

p-torsion parts components ,(G).

2.4 Isomorphic elements, isomorphic internal di-

rect sums

The study of block decompositions of matrices is one of the classical themes in Linear
Algebra. We refer to the description of matrices up to the matrix equivalence ~
defined, for any two rectangular m x n matrices A and B, by A~ B if B=Q 'AP
for some invertible n x n matrix P and some invertible m x m matrix ). The
equivalence relation ~ on the set of m x n matrices corresponds to the isomorphism
relation in the category Morph(Mod-R). See [CEDEI19]. More generally, this also

applies to our category C:

Proposition 2.30. Two objects x,y of C are isomorphic in C if and only if there
exist an element r € R invertible in R and an element s € S invertible in S such that

rT =Ys.

Proof. Assume that there exist two elements r € R, invertible in R, and s € S,
invertible in S, such that rx = ys. Then (r,s):z — y is a morphism in C. Let
r~1 571 be the inverses of r, s, respectively. Multiplying the equality rx = ys by r~!
on the left and s~! on the right, we get that r~'y = zs~!. Hence (r~!,s71):y >z is a

morphism in C, which is clearly the inverse of (r,s):z - y. O

In the categories D and & the situation is a little more complicate. In fact we
have that:

Proposition 2.31. Two objects x,y of D are isomorphic in D (equivalently, in E)
if and only if there exist r € (yS :g x) and r' € (S :g y) such that r'r—1 € Lanng(x)
and rr' =1 € Lanng(y), if and only if there exist s € (Rx :5y) and s' € (Ry s x) such

that ss' =1 er.anng(y) and s's — 1 e r.anng(z).
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In view of the usual definition of unique factorization domain in Commutative

Algebra, it is natural to consider the following definition:

Definition 2.32. Two internal decompositions
YO -BYyp=r=10--@I,

of an element x € rMg are equal if n = m and there exists a permutation o of

{1,2,...,n} such that x; = Y,y for everyi=1,2,... n.
On the other hand recall that two direct-sum decompositions
Nio---oN,=Mrp=M,®---®M,,

of a right R-module Mp are said to be isomorphic if n = m and there exists a
permutation o of {1,2,...,n} such that M; = N, for every i =1,2,...,n. Thus let

us consider the following definition:

Definition 2.33. Two internal decompositions
YO BYp==10:--@I,

of an element x € gMg are isomorphic if n =m and there exists a permutation o of

{1,2,...,n} such that x; =y, in D for everyi=1,2,...,n.

Notice that, in an internal decomposition x =z ®---® x,,, one has that if z; # 0,
then z; ¢ Rz ux;S for every index j # 1.

Recall now the following useful result:

Lemma 2.34. (JAF92, Exercise 7.2(c)] and [Coh03|, p. 144]) Let R be any ring and
e, f idempotent elements of R. Then:

(a) Re=Rf if and only if f =e+ (1-e)zxe for some z € R.

(b) Rez Rf if and only if eR = fR, if and only if there exist x € eRf and y € fRe
with xy = e and yxr = f. In this case, e and f are said to be isomorphic

tdempotents.
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(c) e is isomorphic to f and 1—e is isomorphic to 1 - f if and only if there ezists
an invertible element u € R such that f =u=teu. In this case, e and f are said

to be conjugate idempotents.

Remark 2.35. Furthermore conjugate idempotents are isomorphic, in fact, if f =
u~leu, take a = eu and b = u~le, so that a = eu = eeu = euf € eRf and b = u~le =
u~lee = fu~le € fRe with ab=e and ba = f.

Hence, as far as idempotents are concerned, there are three equivalence relations
on the set of all idempotent elements of a ring R that are noteworthy to our aims:

being equal, being isomorphic and being conjugate.

Lemma 2.36. Letx =21®---®x, =1 ® - DYy, be two internal decompositions of an
element x € gMg. Fix an index i =1,2,...,n and an index j =1,2,... ,m. Suppose

z; =rx =xs; and y; =rix =xsi. Then the following conditions are equivalent:
(a) z;=y;.
(b) Rx; = Ry; and @y.; Rry, = By.j Ry,
(¢) Rx; = Ry; and R(x - ;) = R(x —y;).
(d) 2,5 =y;S and @y TS = Bpej YeS.
(e) ;S =y;S and (x —2;)S = (y—-y;)S.

(f) The two idempotent endomorphisms e; := (1i,s;) and €5 = (17, s}) € Endp(z)

coincide.
(g) The two idempotent endomorphisms Aris At € Endg(xS) coincide.

(h) The two idempotent endomorphisms ps,, ps; € Endr(Rz) coincide.

Proof. First of all, let us show that @;.; Rxy = R(x — z;). The inclusion @,.; Rxy 2
R(x - x;) is trivial, because = = x; + -+ x,. For the inclusion @;.; Rzy € R(x - z;),
notice that, from R(x - x;) € @®p.; Ry, the sum Rx; + R(x —x;) is direct. It follows
that Rx € Rx;® R(x—1x;) € Rx; ® (D Rxy) = Rx. Therefore R(x —x;) = @y Ry,

as desired. The proof for the direct summands ;S is similar.

(a) = (b) now follows trivially from the remark in the previous paragraph.
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(b) = (a) The only way to write = as a sum of an element of Rz; and an element
of @, Rxy is x = x; + (x — ;). Similarly, the only way to write x as a sum of an
element of Ry; and an element of @,.; Ry, is © = y; + ( — y;). From condition (b),

it follows that x; = y;.
(b) < (c) follows trivially from the remark in the first paragraph of this proof.
The proof that (a) < (d) < (e) is similar.
(a) = (f) If z; = y;, then ryz = rjz, ie, we have that the two morphisms
rix =rir:x — x coincide in the category £, so that the two morphisms

ei=(ry,s)c—>z and e = (1}, s5):w >z,

in the equivalent category D, coincide.

(f) = (a) The fact that the endomorphisms e; = (r;,s;) and e = W €
Endp(z) coincide in D means that r; — T € l.ann(x), that is, r;x — riz = 0. It follows
that z; = r;z = r}x =Y.

(f) < (g) follows immediately from the existence of the faithful functor Fs:D —
Mod-S, which maps the endomorphisms e; := m and € := W of x in D to
the two endomorphisms A, /\T; of x5, respectively.

The proof of (f) < (h) is similar. O
It follows that:
Proposition 2.37. Two internal decompositions
T=x1®---dx, and T=Y1® - ®Yp

of an element x € gMg are equal if and only if n =m and there exists a permutation

o of {1,2,...,n} such that any of the following equivalent conditions is satisfied:
(a) Rx; = Ryy(;) for everyi=1,2,...,n.
(b) ;S = yoi)S for everyi=1,2,... n.

(¢) The corresponding complete sets of pairwise orthogonal idempotents in D co-

incide: {e1,...,e,} ={ey,... el }.

(d) The corresponding complete sets of pairwise orthogonal idempotents of

Endg(zS) coincide: { Ny, ..., A, } ={ A, A )
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(e) The corresponding complete sets of pairwise orthogonal idempotents of

Endg(Rz) coincide: {ps,;---,ps,} ={pPsts- -1 Ps, }-

Here e; == (14, 8; €= (r;., 3;), where x; = rxv = xs; and y; = rix = xs).

Proposition 2.38. Letz=x,®--- @z, =1 ®---®Y,, be two internal decompositions
of an element x € gMg. Fiz an index v =1,2,....n and an index j = 1,2,...,m.
Suppose x; = r;x = xs; and y; = rixv = xsi. Then the following conditions are
equivalent:

(a) z; and y; are isomorphic objects in D.

(b) The two idempotent endomorphisms e; = (r;, 8i), €} := (r},8;) are isomorphic

idempotents of the ring Endp(x).

Proof. Set E := Endp(z). Because of the category equivalence induced by the
additive functor Homp(z,-): A, = P, see Proposition [2.21] two objects z; and y;
of A, are isomorphic in D if and only if the corresponding right ideals Fe;, Ee’ are

isomorphic in Mod-F, that is, if and only if e;, e;. are isomorphic idempotents. [

Proposition 2.39. Letz=x,®---®x, =y, ®---®Y,, be two internal decompositions
of an element x € gMg. Suppose x; = r;x = xs; and y; = rix = xs; for all indices i

and j, so that the corresponding idempotents are e; = (1;,8;) and e = (1}, s%). The

following conditions are equivalent:

(a) The two internal decompositions of x are isomorphic.

(b) The two complete sets {ey,... e}, {€},... e} of pairwise orthogonal idempo-
tents of Endp(x) are conjugate, that is, n =m and there exist a permutation o
1

of {1,2,...,n} and an invertible element o of Endp(x) such that ae;a! = €

for everyi=1,2,... n.

(¢) n=m and there exist an automorphism (r,s):x - x in D and a permutation

o of {1,2,...,n} such that rx; = ys;)s for everyi=1,2,... n.

Proof. (a) = (c) Suppose that (a) holds, so that z = ;& ---®x, =y ® - ® Yy
and that there exists a permutation o of {1,2,...,n} with x; 2 y,(;) for every i =
1,2,...,n. Set E := Endp(z). Applying Homp(z,-):D — Mod-E, we get two
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direct-sum decompositions Eg = e E® e, F = | E® e, I/ with ¢, £ = e;(i)E for every

i=1,2,...,n. It follows that there is an automorphism « of Eg such that a(e;E) =

/
o(i

invertible element of E, so that there exists an invertible element u € E such that

e )E for every i = 1,2,...,n. Automorphisms of Eg are left multiplication by an
ue; B = e;(i)E for every i. Since we have a direct sum of right ideals, for the identity
1 of E we have that 1 =e; +---+¢,, so 1 =ulu™t =ueju™! +--- + ue,u~t. Therefore,

from ue; F = e;(i)E, we get that ue,u™"! = e;(i) for every i. Thus ue,, = e;(i)u for every

i=1,2,...,n. Now u is of the form (r,s), and if z; = r;z = xs;, then ¢; = (14, ;).

Similarly for the elements y;. Hence (r,s)(r;,s;) = (T;(i),s;(i))(r, s) for every i, so
that rr;x = xs;(i)s. Hence rz; = rrix = a:s(’r(i)s = Yo(i)S-

(¢) = (b) Suppose that (c) holds. Let o be the automorphism (r,s). It suffices
to show that rz; = y,;)s implies ae;a™! = e;(i). Now ae;a! = e;(i) is equivalent to
ae; = e;(i)a, that is, that rr;x = T;(Z.)Tﬁ. But if rz; = y,;)s, then rriw = rz; = yoys =

! — !
Ty TS = Ty

(b) = (a) Suppose that (b) holds. Let r,7" and s,s’ be such that a = (r,s)
and ! = (17,s"). To prove (a) it suffices to show that x; = y,(;) for every i. To
this end, it suffices to that (r,s):2; = Y,y and (', 5"): Yoy = x; are well defined,
mutually inverse morphisms in D, that is, that rz; = y,;ys, 'Yy = vi8', r're; = 75
and 77"Yo(i) = Yo i)-

To see that rz; = y,(;)s, notice that the equality ae;a™! = €y In (b) is equivalent
to ae; = e’a(i)oz, that is, to the equality rr;x = r;(i)m;. Thus rx; = rryx = r;(i)rx =
T;(i)ZL‘S = Yo(s)s. Similarly for the equality r'y, ;) = ;5"

To prove that r'rz; = z;, multiply the equality r'rz = x by s;, getting that

r'ras; = xs;, that is, r'ra; = ;. Similarly for the equality 77'y,;) = Yo (i) n
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Semilocal Categories

3.1 The Jacobson radical

In this section we recall the basic notions and properties of the Jacobson radical of

a ring.

Definition 3.1 (Radical). Let Mg a right R-module. The radical rad(Mpg) of a

module is the intersection of all maximal submodules of Mg.

Definition 3.2 (Jacobson radical). Let R be any ring and consider the reqular right
R-module Rg. The radical of Ry is called the Jacobson radical of the ring R. Thus
J(R) :=rad(RR) is the intersection of all mazimal right ideals of R.

Let us give some classical descriptions of the Jacobson radical.

Proposition 3.3. [Facl7, Lemma 29.1] The Jacobson radical J(R) of any R is the

intersection of the right annihilators r.anng(Sg) of all simple right R-modules Sg.

Definition 3.4. Let Mp be a right R-modules and P be a submodule of Mg. The
submodule P is superfluous in Mg if, for every submodule K of Mgr, P+ K = Mg
implies L = Mg.

Proposition 3.5. The Jacobson radical J(R) of a ring can also be described as:
(i) The unique largest superfluous right ideal of R.

(ii) The set of all x € R such that 1 —zr is right invertible for every r € R.
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(iii) The set of all x € R such that 1 —rxs is invertible for every r,s € R.

Proposition 3.6. Let R be a semisimple artinian ring. Then the Jacobson radical

of R is zero.

Proof. Let R be a semisimple artinian ring, the regular module Rp is semisimple,
then it is a direct sum of finitely many simple right R-modules 57, .55,...,5,. The
right modules S;1 P --- P 5’1 @...S, are n maximal right submodules of Rg, and the

intersection of these n maximal right submodules is zero. Hence J(R) =0 [

3.2 Semilocal Rings

In this section we will recall the main properties of semilocal rings. In Commutative
Algebra, a commutative ring is semilocal if it has only finitely many maximal ideals.

For arbitrary rings there is the following definition.

Definition 3.7 (Semilocal Ring). A ring R is semilocal if R/J(R) is a semisimple
Artinian ring. Here J(R) denotes the Jacobson radical of R.

The two definitions agree for commutative rings. Moreover it can be proved that:

Proposition 3.8. The following conditions are equivalent for a ring R:

(a) The ring R is semilocall.

(b) The ring R/J(R) is a right Artinian ring.

(b") The ring RJJ(R) is a left Artinian ring.

(¢) The ideal J(R) is the intersection of finitely many maximal right ideals of R.

(¢’) The ideal J(R) is the intersection of finitely many mazimal left ideals of R.

Let us now recall some examples of known semilocal rings.

Ezamples 3.9. [Facl9, Examples 3.13] The following are semilocal rings.

(1) Every right (or left) Artinian ring is semilocal.

(2) Every local ring is semilocal.
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(3) The direct product Ry x Ryx---x Ry, of finitely many semilocal rings Ry, Ry, ...,

R,, is semilocal.
(4) If R is a semilocal ring, the ring M, (R) of all nxn matrices over R is semilocal.

(5) A commutative ring is semilocal if and only if it has finitely many maximal

ideals.

Proposition 3.10. [Fac98, Exemple (5), pag. 7] Every homomorphic image of a

semilocal ring 1s semilocal.

Proof. Let I be an ideal of a semilocal ring R. Since every simple R/I-module is a
simple R-module, if 7 : R - R/I is the canonical projection, then 7(J(R)) ¢ J(R/I).
Hence 7 induces a surjective homomorphism R/J(R) - (R/I)/J(R/I). But every
homomorphic image of a semisimple artinian ring is a semisimple artinian ring, and
thus R/I is semilocal. O

The property of being semilocal is a finiteness condition on the R. Furthermore

recall the following result.

Proposition 3.11. Let R be a semilocal ring, then:

(a) Fvery finitely generated projective R-module has only finitely many direct sum-

mands up to isomorphism.

(b) The number of direct-sum decompositions of any nonzero finitely generated

projective module as a sum of nonzero submodules is finite up to isomorphism.

(c) FEvery finitely generated projective R-module is a direct sum of finitely many

indecomposable modules.

(d) Every finitely generated projective R-module is not a direct sum of infinitely

many nonzero modules.

In particular, for modules, it is interesting to study the case of the modules
Mp whose endomorphism ring End(Mpg) is semilocal. In fact, having a semilocal
endomorphism ring is a finiteness condition on the module Mg. In order to explain

what it means, recall the following.

31



Chapter 3

Proposition 3.12. Let My be a right R-module and let End(Mg) be a semilocal

ring, then:

(a) Mg is a direct sum of finitely many indecomposable modules.
(b) Mg is not a direct sum of infinitely many nonzero submodules.

(c) If Ng and N}, are right R-modules, then Mr@® N 2 Mr @ N}, implies Ng =
N,

(d) Mg has only finitely many direct summands up to isomorphism.

3.3 Local Morphisms

Recall now a very useful tool in the theory of semilocal rings, that is local morphisms.
As for semilocal rings, we will recall the definition for commutative rings.

Let R and S be local commutative rings with maximal ideals I and J respectively.
In Commutative Algebra, a ring morphism ¢: R — S is called a local morphism if

¢(I) € J. The definition for arbitrary rings is the following.

Definition 3.13. Let R and S be arbitrary associative rings with identity. A ring
morphism ¢ : R — S is said to be a local morphism if, for everyr € R, ¢(r) invertible

in S implies r invertible in R.

This definition concides with the one in commutative case, when the rings R and

S are local commutative rings.

Ezample 3.14. Let R be a ring. The canonical projection 7: R - R/J(R) is a local
morphism. More generally, if I is a two-sided ideal of R and I ¢ J(R), then the

canonical projection 7 : R — R/I is a local morphism.

Lemma 3.15. [Facl9, Lemma 3.23] Let R, S and T be rings and let ¢ : R - S,
S =T be ring morphisms. If ¢ and ¢ are local morphisms, then the composite

mapping Vo ¢ is a local morphism.

The reason why local morphisms are so useful is the following characterization

of semilocal rings.
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Theorem 3.16. [CD93, Theorem 1] A ring R is semilocal if and only if there exists

a local morphism of R into a semilocal ring.

From now on our aim is to show how local morphisms appear in our setting.

Proposition 3.17. For every x € rMg the ring morphism ¢ : Ende(x) < R x S,
defined by ¢(r,s) = (r,s), is a local morphism.

Proof. Let (r,s) be an element of Ende(z) such that ¢((r,s)) = (r,s) € Rx S
is an invertible element, so there exists a unique pair (r/;s’) € R x S such that
(rr’,ss") = (1g,1g) and (7'r, s's) = (1, 1s). We must show that (r/,s’) is an element
of End¢(x). Starting from the equation rz = zs, multiply on the left by " and on

the right by s’. We obtain r'rzs’ = r'xzss’, so xs’ =r'z. O

Our next step is to describe the endomorphism ring of a cyclic module. Let us
recall a description of the endomorphism ring of a cyclic right module xS over an

arbitrary ring S. Recall that if a right S-module Ng is cyclic and z is a generator
of Ng, then Ng = S/A where A =r.anng(z).

We are interested in Homg(S/A, S/A) = Endg(S/A). Each S-module morphism
f:S]A - S/A is uniquely determined by the its image on 1+ A. Let us suppose
that f(1+A)=a+ A, so f(r+A)=f(1+A)r =ar. Furthermore, f(0+A) =0+ A so
if we change the representative for the zero, we have f(i+ A) =ai+ A=0+ A. That

is, ai € A. Then Endg(xS) is isomorphic to the idealizer

I(r.anng(x)) ={a €S |ar.anng(z) S r.anng(x) } =

={aeS|VteS(zt=0=zat=0)}
in S of r.anng(x) modulo r.anng(z):
Endg(zS) = I(r.anng(z))/r.anng(x).

This isomorphism associates to any endomorphism f of x5 the element a+r.anng(z),

where a € S is such that f(z) = za.

Similarly for homomorphisms of .5 — yS: we have that if

H,,={aeS|ar.anng(z) cr.anng(y) } =

={aeS|VteS(at=0=yat=0)},
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then
Homg(zS,yS) = H, ,/r.anng(y).

The isomorphism associates to any morphism f:2S — yS the element a+r.anng(z),

where a € S is such that f(z) = ya.

Furthermore, let ¢ : S — xS be an idempotent element of Endg(zS) with
¢(x) = za for some a in I(A)/A. Notice that ¢ is well defined if and only if for
every t € S ot =0 = zat = 0. Then ¢(xt) = zat for every t € S. The same holds for
1-¢:x2S - xS. The endomorphism 1 — ¢ corresponds to the right multiplication
by 1-a, in fact (1-¢)(x) =x - za=2(1-a). The endomorphism ¢ is idempotent
if and only if ¢?(z) = ¢(x) < ¢(xa) = ¢(x) < za? = xa < a® —a € anng(x)

Hence the direct sum decomposition is
zS=zaS@Pz(1-a)S

(Rz:sx)

ramne(y ©f Iamns(®) ~ Fpdg(zS). Take an element

r.anng ()

Consider now the subring
S = s+r.anng(x) where xs € Rx, so that there exists 1’ € R such that xs = r’x. Then,
for every s’ € S such that xs’ =0, we have xss’ = r'zs’ = 0. Hence we have

(Rz :5 1) c I(r.anng(x))
ranng(z) = r.anng(x)

z Ends(ﬂfS)

Similarly,
(S :gp ) c I(Lanng(x))
lLanng(z) = lLanng(z)

= Endg(Rx).

Proposition 3.18. The morphism

(@S:px) (Rr:sw)

v Endo () = (o)~ rams(z)

(r,s) — (7,5)
15 an injective local homomorphism.

Proof. The mapping 1 is well defined because for every (a,b) € Lanng(z)xr.anng(x),

i.e., such that ax = xzb =0y we have r+a €7 and (r +a)x =rz.

It is also a homomorphism, because 1((r’,s") o (r,5)) = ((r'r,s's)) = (r'r, s's) =
(r',s")(7,3) = ¥((r',s')) o((r,s)). The homomorphism ¢ is injective because

Ker() = Lanng(z) x r.anng(z).
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Moreover, v is a local morphism: take (7, s) € Endp(x), suppose ¢((r,s)) = (7,3)

(xS:gx) (Ras)

lLanng(z) ranng(z)” Hence

and 3 is invertible in

is invertible, then 7 is invertible in

there exist 7 € R and § € S such that 7r = 1y and 3s = 1g, i.e., the pair (7,35) is
the inverse of (r,s). Now it remains to prove that (7,3) is an element of Endp(z).
Starting from the equation rx = xs, multiply on the left by 7 and on the right by s.

We obtain rrxs = rrss, so passing to the quotient we get x5 =rx. O

Consider the morphism « : Endp(z) - Endg(zS) that sends an element (r,s)
of Endp(x) with rz = zs to A\, : S - xS (notice that \.(zS) = rzS = xsS c z95),
and §: Endp(z) — Endz(Rz) that sends an element (7, s) of Endp(z) with rz = zs
to ps : Rt - Rx. We have that ps(Rz) = Rrs = Rrrz ¢ Rx. Both morphisms are
well defined. Notice that on Endg(Rx) we usually write mappings on the right,

because Rz is a left R-module. So [ is therefore a ring homomorphism, because
6((r,’ S’) °© (T7 3)) = 6((7”'7’, 3,8)) = Ps's = Ps’ O Ps = B((T,v S’)) °© 6((r7 8))

Hence we can deduce the following.

Proposition 3.19. The morphism

¢ : Endp(z) - End(Rz)°P x End(x5)
(r,s) — (7,3)

1s an injective local homomorphism.

The proof is similar to that of Theorem [3.18|

So we obtain the following results.

Theorem 3.20. If R and S are semilocal rings, then Endp(x) is also a semilocal

ring.

Proof. If R and S are semilocal rings, their direct product is also semilocal and
we know from Proposition that Ende(z) & R x S is a local morphism, then,
because of Theorem [3.16] Endc(z) is a semilocal ring and from Proposition [3.10]

Ende/z(x) is semilocal. O

Theorem 3.21. If 1(3751}%8) and r(ﬁigg) are semilocal rings, then Endp(z) is also

a semilocal ring.
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Proof. Tt follows directly from Proposition and Theorem [3.16] O

Since any semilocal ring has only finitely many finitely generated indecompos-
able projective R-modules up to isomorphism (Fuller and Shutters, [Fac19, Corol-
lary 3.31], it follows that:

Corollary 3.22. If R and S are semilocal rings, every x € grMg has only finitely

many internal direct-sum decompositions in Mg up to isomorphism.

Definition 3.23. [Facl9, Definition 4.61] Let A be a category. It is a semilocal cate-
gory if it is a preadditive category with a non-zero object such that the endomorphism

ring End4(A) of every non-zero object A of A is a semilocal ring.

Theorem 3.24. If R and S are semilocal rings, then the categories C,D and & are

semilocal categories.

We will now give an example of a finitely generated module over a semilocal ring
whose endomorphism ring is not semilocal.

Recall that a semiprimary ring is a semilocal ring whose Jacobson ideal is nilpotent.

Ezample 3.25. [FHO06, Example 3.5]
Let K be a field with a non-onto endomorphism « : K - K. Let Ky = a(K).

Let xV be a vector space different from zero. View gV as a K-K-bimodule taking
the scalar product by K as left action and setting as right action v -k = a(k)v for
every v € V and every k € K.

K xV, 0 xV,
Let R = (0 KKK). Then J(R) = (0 KOK), R/J(R) = K x K and J(R)? =0, so
that R is semiprimary. Fix a € K/Ky and 0 # w € V. Consider the right ideal
> 0 a™w R 0 Kola]w
mo\0 o 0 0
of R. Then E := Endg(R/I) 21(I)/I, where I(I) is the idealizer of I in R.

k
Let [0 " ) en(1). As
0 k
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K, V
we deduce that I(1) = ( Oo[a] K)' Hence E/J(F) = Kyla] x K.

If we choose K, o and a such that a is trascendental over Ky, then Ky[a]x K is not

semisimple artinian. Hence, F is not semilocal.

3.4 Some Natural Functors

It is possible to generalize the notion of local morphism between rings to the notion

of local functor between categories in the following way:.

Definition 3.26. if A and B are categories, a functor F: A - B is local if for every
morphism f:a — a' in A, if F(f) is an isomorphism in B, then f is an isomorphism

mn A.
Let us introduce two functors:

(1) The covariant functor Fg : D - Mod-S which associates to each = € M the
cyclic right S-module S and to any morphism (r,s) : z - y the left multipli-
cation

ArxS - yS

r—=Trr.

This functor is well defined on morphisms because if (r,s) : - y is a mor-

phism in D and (r,s) = (17, s"), then r —r’ € Lanng(z), so A\, = Ay,

(2) The contravariant functor Fgr : D - R-Mod which associates to each = € M
the cyclic left R-module Rz and to any morphism (r,s) : x - y the right

multiplication
ps: Ry - Rz

Y= ys.
This functor is well defined on morphisms because if (r,s) : x - y is a mor-

phism in D and (r,s) = (r,s"), then s — s’ e r.anng(x), S0 ps = ps.
Observe that the ring homomorphisms
a:Endp(z) - Endg(xS) and f: Endp(z) - Endg(Rz)
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defined before the Proposition are respectively (Fg)., and (FR),, in the note-
tion of Definition [L.3l

Proposition 3.27. The functors Fs: D — Mod-S and Fr: D — R-Mod are faithful

functors.

Proof. Let us begin with the functor Fg. Following the Definition [1.3| consider the

mapping
(Fs)ay : Homp(z,y) > Homg (25, yS).

Let (r1,81) : © = y and (re,s2) : © - y be morphisms of Homp(z,y), so that,

rix = ysy and .z = ys;. Suppose (71, 81) # (72, S2), then we have either (r;—79)x # 0
or y(s; —s2) # 0. In the first case we have that rz — rox # 0 then rz # roz, that
is the same of A\, (z) # A\, (), thus A\, # A\,,. In the second case we have that
ys1 —ysg # 0 then ys; # yso, but from rix = ys; and rix = ys; we obtain the same
conclusion.

For the functor Fr we can proceed in the same way as before. O

Remark 3.28. The functors Fg and Fr are not full functors, e.g., let R be a ring
with an element = that is right-invertible but non left-invertible and let s € R such
that xs = 1. Consider the bimodule kMg = rRgr. Then A\;: R > Rpg is a morphism
between right R-modules, but in this case *R = Rpg, because x is right-invertible,

thus we have a morphism A;: xR - xR but for every r € R, we have rz # 1 = zs.

For the direct product ring R x S, let Cgrxs be the preadditive category with one
object * with endomorphism ring End¢,, (%) = R x S.

Proposition 3.29. The functor F:D — Cgys that sends any morphism (r,s):x -y
in D to the element (r,s) of Rx S is a faithful local functor.

Proof. Let (r,s):x - y be a morphism in D, so that rz = ys. Suppose (7, s) invertible
in RxS. Let (1',s") be the inverse of (r,s) in Rx.S. Multiplying the equality rx = ys

by r’ on the left and s’ on the right, one gets that r'raxs’ = r'yss’, so r'y = xs’. Hence

(r',8"):y — = is a morphism in D and is the inverse of

(ro5):a >y,
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Proposition 3.30. The covariant functor Fr x Fg:D — (R-Mod)°P x Mod-S is a

local functor.

Proof. Recall that the covariant faithful additive functor
Fp x Fs:D — (R-Mod)°P x Mod-S

associates to any morphism (r, s): # — y the morphism (ps, A, ): (R, £S) - (Ry, yS).

In order to prove that the functor is local, fix a morphism m:x — y and sup-
pose that (ps, Ar): (Rx,xS) - (Ry:yS) is an isomorphism in (R-Mod)°P x Mod-S.
Then the two module morphisms pg: Ry — Rz, defined by ps(ay) = ays = arz for
every a € R, and \.:xS — yS, defined by \,.(zb) = rzb = ysb for every be S, are iso-
morphisms. Let p’: Rx - Ry and \:yS — xS be their inverse morphisms in R-Mod,
S Mod-, respectively.

From the description of the morphisms between cyclic modules in Section
we get that there exists an element 7’ € R such that Lanng(z)r’ € Lanng(y) and
p'(z) =r'y, and there exists an element s’ € S such that s'r.anng(y) < r.anng(x) and

N(y) = xs’. From the four equalities

pp, = ]-Rza p,p = 1Rya A)\, = 1xSa )\,)\ = 1y.5'7

we get that

x=r'rz, y=rr'y, x =188, y=ys's

respectively (for instance, from pp’ = 1g,, we get that x = pp/(x) = p(r'y) = r'p(y) =
r'ryb). Thus (r,s):x - y morphism in D implies rx = ys, so r'rxs’ = r'yss’, hence
xs" =1'y. Hence we have a morphism (7/,s):y - z in D. It is immediate to check

that this morphism is an inverse of (r,s):z -y in D. O

Definition 3.31. Let A be a category, Ay, As and B objects of A, f1:A; - B
and fo: Ay — B be morphisms of A. A pullback of fi and fo in A is a triple
(P,aq, ), where P is an object of A and ay: P — Ay, as: P - Ay morphisms such
that f1oaq = faoay and for every other triple (X, 1, P2) with the same property,

there exists an unique morphism v: X — P such that 5y = ay 0y and [y = a0 7.
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The functors A, B also allow to describe our present setting in terms of pullbacks.
Consider two elements x,y € g Mg and the free modules of rank one rp R and Sg. From
the universal property of free modules there exist unique morphisms p,: gR - g Mg
and \;:Sg = gMg such that p,(r) = rz and \,(s) = xs for every r € R, s € S. We

have the following diagram

Our claim is that the following is a pullback of abelian groups

rR SN rMs

] T

Home (z,y) —2— S.

where po: Home(z,y) - 55, (r,s) = s and p;:Home(z,y) > Ry, (1,8) — 7.

In fact, (Ayopa)(r,s) =ys=rx = (pyop1)(r,s), so the first property of pullbacks is
satisfied. Let X be an abelian group and let a: X - gR and §: X — Sg morphisms
such that p, o a = A\, o f. Define ¢: X - Home(x,y) such that a » (a(a), 8(a)). It
is easy to see that p;o¢ = a and py o ¢ = 5. It remains to show the uniqueness,
let : X - Home(x,y), a = (r4,8,) such that p; o1 = a and py 0o 9p = 3, then
s=paod(a)=p(a)=pyotp(a)=s, and r = py o P(a) = aa) = p, 0 P(a) = r, imply
o=.

Factoring out modulo the kernels, we get a pullback of abelian groups in which all

morphisms are monomorphisms:

RR/I.&HHR(Z') —— > rMg

I I

Homp(x,y) — Ss/r.anng(y),
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or, equivalently, the pullback

Ry —— rMg

I I

Home (2, y) —— 45,

where all morphisms are abelian group embeddings.

3.5 Embedding into other categories

In this section our aim is to present some category embeddings from the category

D to other categories.

Proposition 3.32. Let RMg be an R-S-bimodule. Then:

(1) There is a covariant functor H:D — Morph(Mod-S), which associates to any

object x of D the embedding c,:xS — Mg. It associates to any morphism

(r,s):x -y in D the pair of morphisms (A, \.), where \.: Mg — Mg is left

multiplication by r, and \.:xS — yS is the restriction of \.

(2) Mg is R-balanced, that is, the canonical ring morphism \: R — End(Mg) is

surjective, then the functor H is full.

(3) Conwversely, if the functor H is full and the module Mg is cyclic, then Mg is
R-balanced.

Proof. (1) For a morphism (r,s):x — y in D, we have that rx = ys, so that AL(xS) =
rxS =ysS ¢ yS and the square

IS‘a—a:)MS

S

yS‘s—U)MS

commutes. It is now easy to check that H is a covariant functor. In order to prove

that it is a faithful functor, we must show that the mapping

HOHlD(ZL', y) - HomMorph(Mod—S) ({;‘x, <C:y)

_ 3.1
(r,8) = (A, A1) (3.1)
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is injective. But given rz = ys and r'x = ys’ such that (\.,\.) = (A, AL,), we have

that A, = A/, so that ro = r’z. This proves that the functor is faithful.

(2) Suppose that Mg is R-balanced. In order to prove that H is full, we
must show that the mapping in is surjective. Now an arbitrary element of
Homyiorph(Mod-$) (€2, €y) 1s @ pair (f|zs, f), where f is an endomorphism of Mg that
induces by restriction a left R-module morphism f|,s:xS — yS. Therefore the dia-

gram

l’S‘a—x)Ms

lflzs I

yS‘g—y>MS

is commutative. Since Mg is R-balanced, there exists r € R such that A = f. Now
f(xS) cyS, sorx=f(x)eyS. It follows that there exists an element s € S with
rx =ys. Therefore m:x — 1 is the morphism in D that proves that the mapping
in is surjective.

(3) Now assume H full and Mg cyclic. In order to prove that the canonical
mapping A: R - End(Mg) is surjective, fix an endomorphism f: Mg - M. Let z be

a generator of Mg. The commutative diagram

ZS‘E—Z>MS

bl

ZSL)MS

shows that the pair (f, f) is a morphism of ¢, into ¢,. Since H is full, there exists a

morphism (r,s):z - z in D such that f = A,. This proves that Mg is R-balanced. [

From Proposition |3.32| we get that, the category D is isomorphic to a subcategory
of the category Morph(Mod-S5).

Remark 3.33. The functor of Proposition [3.32]is faithful but not full. To see this it
suffices to take any endomorphism ¢: Mg - Mg that is not left multiplication by an

element of R for the bimodule gk Mg, and consider (¢, As).

Dually, we can state the following:
Proposition 3.34. Let Mg be an R-S-bimodule. Then:
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(1) There is a contravariant functor L:D — Morph(R-Mod), which associates to
any object x of D the embedding n,: Rx — gM. It associates to any morphism

(r,8):x =y in D the pair of morphisms (ps, pl), where plip M —gr M is right
multiplication by s, and ps: Ry — Rx s the restriction of pl.

(2) rM is S-balanced, that is, the canonical ring morphism A\:S — End(gM) is

surjective, then the functor L is full.

(3) Conwversely, if the functor L is full and the module gM 1is cyclic, then pM is
S-balanced.

A similar category embedding appears in relation to the Eilenberg-Watts Theo-

rem:

Theorem 3.35. (Eilenberg [Eil60], Watts [Wat60]) Let R and S be rings and
F:Mod-R — Mod-S be a right exact additive functor that preserves direct sums.
Then F(Rg) is an R-S-bimodule and the two functors, F,— ®gr Mg are naturally

1somorphic.

This correspondence between R-S-bimodules and right exact additive functors
that preserve direct sums, that is, colimit-preserving functors, is an equivalence

between the category R-BiMod-S of R-S-bimodules and the category
Funceo.(Mod-R, Mod-S)

of all additive colimit-preserving functors Mod-R — Mod-S.

For every bimodule rpMg, let — ® g Mg:Mod-R - Mod-S be the corresponding
functor in the Eilenberg-Watts Theorem. For any ring 7', let Upr:Mod-T" — Ab
denote the forgetful functor. Thus we have two functors Ug:Mod-R — Ab and
Uso(-®r Mg):Mod-R — Ab. Both functors Ur and Ug o (- ®g Mg) are right exact

additive functors that preserve direct sums.
Proposition 3.36. For every R-S-bimodule gMg, there is a canonical mapping
rMg — Nat(UR, Ugo (— ®r Ms))

into the class of all natural transformations Ug — Us o (- ®g Ms). It associates to
each element x of RMsg the natural transformation n,:Ugr — Ugo (- ®g Ms) defined,

for every right R-module Agr, by Ny a:Ap > A—>A®r M, N ara€ Ag > A-»a®ux.
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The proof is easy.

Now “morphisms” between two natural transformations are just commutative
squares of natural transformations. Therefore, to give a coherent presentation, it is
now convenient to determine, for any fixed left R-module z M the natural transfor-

mations 1: Gy - Gy of the functor
Gy i=—®r M:Mod-R - Ab, Gp:Ar—> A®r M,
into itself:

Proposition 3.37. For every left R-module M, there is a one-to-one correspon-
dence between its endomorphism ring Endr(rM) and the class of all natural trans-

formations n: Gy - Gy, where Gy := —®z M:Mod-R — Ab.

Proof. This is an exercise which we leave to the reader. For any left R-module
morphism f: gM — rM, the corresponding natural transformations ns: Gy — Gy

associates to any right R-module Ag the abelian group morphism
ngx = 1x ®f5X®RM - X ®r M.

Conversely, if n: Gy - Gy is any natural transformations, then 7 associates to the
object Rr of Mod-R the abelian group morphism ng: RQg M 2 M - R@r M = M.
It is easy to check that ng: M — M is a left R-module morphism and that n = 7,
(for every right R-module Ag and every element a € A, consider the right R-module

morphism A\,: Rg = Ag, A\s:1 = a). O

Corollary 3.38. For every ring R, there is a one-to-one correspondence between the
ring R and the class of all natural transformations n:Ugr — Ug, where Ug: Mod-R —
Ab is the forgetful functor.

Proof. Take RM := pR in the previous proposition. O

Let RkMgs be a fixed R-S-bimodule. Let us show that the mapping pMg —
Nat(Ug,Us o (- ®g Ms)),z ~ 1, described in the statement of Proposition m
is the object mapping of a functor D — Nat(Ug,Us o (- ® g Ms)). This functor
associates to any morphism (r,s):z — y in D the pair (p,,— ® p,) consisting of the

natural transformation p,:Ur - Ug (where p, associates to the right R-module Ag
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the group morphism p, 4: A - A, a ~ ar) and the natural transformation -®p,: (Ugo
(-®r Mg)) »> (Uso (—®r Ms)) (where — ® p, associates to the right R-module Ag
the group morphism (- ® ps)a: A®r M > A®r M, a®@m — a® (ms)).

From rz = ys we get that (ar) ® z = (a ® y)s for every a € Ag, so that the

diagrams

A M) A@RM

pr,Al \LlA@pS

Nx, A

A—— A®r M

of abelian groups and group morphisms commute, hence

Ur(-) s Ugo (- ®r Ms)
T
Up(-) === Uso (- ®p Ms)

is a commutative square of functors Mod-R — Ab and natural transformations.
Therefore the pair (p,, - ® p,) is a morphism 7, — 7, in the category Nat(Ug, Ug o
(-®r Mg)). It is now easy to show that:

Theorem 3.39. For every R-S-bimodule rMg, there is a faithful contravariant
functor
D - Nat(Ug, Us o (- ®r Ms)),

L= N,

((r,8):2 > y) = ((prs = ® ps)iny = 1s

For the covariant version of Theorem [3.39] we must state the Eilenberg-Watts
Theorem [3.35| in its varian for left module: Let R and S be rings and F:S-Mod —
R-Mod be a right exact additive functor that preserves direct sums. Then F(g95) is

an R-S-bimodule and the two functors, F, kM ®¢ — are naturally isomorphic.

The theorem corresponding to Theorem |3.39is the following:
Theorem 3.40. For every R-S-bimodule gMg, there is a faithful covariant functor
D — Nat(US, Ugo (RM ®g —)),

T = G,

((r,8):x > y)» (A A @ =) ¢, Cy-
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The natural transformation (,:Us — (Ugo (M ®5-), is such that, for every left
S-module sB, ¢, p:be B—»x®be M ®g B. For every left S-module ¢B and every

b e sB, we have a commutative square

b*x@b

b -

sh — ys®b=r(x®b).

Hence there is a commutative square

Conm
Us(-) —— Uso(gM ®s-)

B e

Cy,-
Us(-) —— Ugro (rM ®g5-)

of natural transformations between functors S-Mod — Ab, that is, a morphism
(As, A\r ® =): ¢ = (, in the category Nat(Us, Ugr o (M ®5-)).

3.6 Rings of Finite Type

Definition 3.41. Let S be an arbitrary ring and n > 1 be an integer. The ring S
has type n if the ring S|J(S) is a direct product of n division rings, and S is a ring
of finite type if it has type n for some integer n > 1.

Proposition 3.42. Let S be a ring and n > 1 an integer. The following conditions

are equivalent:

(a) The ring S has type n.

(b) n is the smallest of the positive integers m for which there is a local morphism

of S into a direct product of m division rings.

(¢) The ring S has exactly n distinct mazximal right ideals, and they are all two-
sided ideals in S.

(d) The ring S has exactly n distinct mazimal left ideals, and they are all two-sided

ideals in S.
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Proposition 3.43. Let x be an object of D. If 1(933 22) o BEST) g rings of type

annR(x) r.anng(x)

m and n, respectively, then Endp(x) has type < m +n. Moreover, if I, I, ..., I,

are the m mazximal ideals of 1(;1‘?1}}:8) and K1, K, ..., K, are the n mazimal ideals of
(Rx:gx)

r.anng(x)’

prime ideals (I, x “L2ESDY 1 Endp(z), where t = 1,....m and ({2322 x K,) n

r.anng(z) lLanng(x)

Endp(x), where ¢g=1,...,n

then the at most n+m maximal ideals of Endp(x) are among the completely

Proof. Let I, with t = 1,2,...,m be the m maximal ideals of the ring (@Sire) - f

Lanng(z)

type m. Then the canonical projection

 (xS:px) N (S :g ) J((l'S:Rl’)) H (zS: Rx)/t

e lLanng(x) Lanng(z)' \l.anng(z)/ ;1 Lanng(x)
is a local morphism. Similarly for the canonical projection

E H

(Rz x5 x)

r. anng(x)

(Rz s x) . (Rzx g x) J( (Rzx s x)

s r.anng(z) r.anng(z)

r.anng(z)
Therefore, composing these projection with £ : Endp(z) - End(Rz) x End(xS) and

using Lemma [3.15, we obtain that

(Rz s x)
r.anng ()

Endp(z) — H (25 :p 7)

1 Lanng(z)

WoR) L T

q=1

/K,

is a canonical local morphism into the direct product of m +n division rings. Hence
by Proposition the ring Endp(x) is a ring of type m + n. Furthermore, from
the proof of Proposition [3.42] one can see that the maximal ideals of Endp(x) are

among the kernels of the m+n canonical projections, which concludes the proof. [J
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