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1 Introduction

Classical higher spin field theory has been developed over many years in the last century,
starting from work [1] by E. Majorana of 1932 and by P.A.M. Dirac [2] of 1936 in which he
generalized his famous spin—1/2 field equation to the description of free higher spin fields.
Dirac’s work was followed by such prominent theorists as Fierz and Pauli [3], Wigner
[4], Bargmann and Wigner [5], Rarita and Schwinger [6], Weinberg [7], Fronsdal [8] and
others. A motivation behind these studies was that, because in Quantum Field Theory it
is assumed that elementary particles are described by different irreducible representations
of the Poincare group, there is no apparent reason to not consider higher spin particles
as well.

Moreover, composite strongly interacting and short-lived massive particles (resonances)
with spin up to 15/2 have been observed experimentally. They were first discovered in
the 1960s. The Regge properties (i.e. spin-mass dependence) of the resonances, nicely
fitting to a spectrum of states of a one-dimensional relativistic object, led to the original
discovery of string theory. So the study of higher spin particles and fields is of interest
from both the experimental and purely theoretical perspective.

Though the non-interacting higher spin fields theory is free of any pathology, many
problems arise at the interaction level (e.g. with electromagnetism and gravitation). The
construction of the consistent interactions of higher—spin fields is the major non—trivial
problem in this theory, as we shall demonstrate by trying to couple a massive spin—2 par-
ticle to a Maxwell field, and a massless spin—5/2 particle to gravity. These inconsistencies
show up in the classical theory as well as at the quantum level, and demonstrate that the
minimal coupling does not work for higher-spin fields, and we will see that, in particu-
lar, the problem of coupling of higher spins to gravity (for example the Aragone-Deser
problem [9]) can be solved by considering the fields in backgrounds with a non-zero cos-
mological constant such as a de Sitter or an Anti de Sitter (AdS) spaces. This observation
was first made by Fradkin and Vasiliev [10], who constructed consistent cubic interactions
of higher spin fields with gravity in an (anti)-de-Sitter background. Their results led,
later on, to the development by Vasiliev of a powerful method for the construction of
complete non-linear equations describing higher-spin interactions [11, 12, 13].

The aim of this thesis is to study the main features of the theory which describes
the dynamics of higher spin particles and corresponding fields, and the problems of their
interactions (in particular with the gravitational field). The structure of actions and equa-
tions of motions of massless higher spin fields will be studied together with their global
and local symmetries, both in flat and AdS space-time. In particular, we will study the
so called “triplet” systems which are composed of three totally symmetric tensors (for
bosons) or spinor-tensors (for fermions) of rank s, s — 1, s — 2, and they have an inter-
esting field content: they describe particles of spin from s to 1 or 0 (bosons) and from s
down to 1/2 (fermions). The importance of the triplet systems is that they furnish a link
between higher spin theory and string theory. Two different descriptions of the triplets
will be given, the “metric-like” formulation and the “frame-like” formulation with the aim
to solve the still open problem of the construction of the “metric-like” action for fermionic
triplets in AdS. The particular case which will be studied in detail is the triplet system
which describes fields of spins 5/2, 3/2 and 1/2.

The construction of the metric—like action for the spin-5/2 and spin—-3/2 doublet in AdS



space, which is straightforwardly extended to the triplet system by adding the spin—1/2
field action, is the main original result of this thesis that resolves the problem of the con-
struction of such an action encountered previously by two groups of theorists [14, 15].

The thesis is organized as follows.

In Section 2, we will review the procedure followed by Fang and Fronsdal, using the
metric-like formalism, to construct the Lagrangian for irreducible higher spin fields, both
in the bosonic and fermionic case.

In Section 3 we will present the interaction problem, giving two examples of how
inconsistencies show up when one tries to introduce the minimal interaction of higher
spin fields with an electromagnetic field and gravity.

In Section 4, we will present the frame-like formulation of massless higher spin fields,
and we will see that this kind of formalism proves to be much more powerful and general
than the metric-like one. In fact, we will see how this approach naturally allows to relax
the conditions on the fields and on the gauge parameters, uncovering a number of features
that seemed to be hidden in the old metric-like approach to higher spin field theory. One
of these features regards the “triplet” systems of higher spin fields. As we will see in
Section 8, string theory contains an infinite tower of massive higher spin particle states,
which naturally split into the massless triplet systems in the limit in which string tension
goes to zero.

In Sections 5, 6 and 7 we will focus our attention on the doublet system of fields wih
spin-5/2 and spin-3/2. Starting from their frame-like formulation, we will derive the
metric-like action and equations of motions, first in Minkowski and then in AdS space-
time. We will also verify that the action is gauge—invariant and splits into the sum of
actions for irreducible spin—3/2 and spin— 5/2 fields, thus showing that it describes the
fields with the correct number of degrees of freedom.

In Section 8, we will briefly review the main features of the open bosonic string in flat
space-time, such as the action, conformal symmetry, BRST quantization and appearance
of higher—spin triplets in the tensionless string limit.

In the Appendices we summarize our notation and conventions, and give the details
of some computations that we skip in the discussion, for brevity.



2 Metric-like description of free irreducible higher-
spin fields

In this section we will consider the construction of higher spin field equations and actions
in a flat space-time in the so called “metric-like” formalism, making use of a notation
which naturally generalizes that of Einstein for the linearized gravity (i.e. massless spin-2
field). In 1939, Fierz and Pauli [3] studied particles of arbitrary high spin, following a
field-theoretical approach, requiring Lorentz invariance and positivity of energy. Then,
when Wigner [4] and Bargmann and Wigner [5] published their works on the representa-
tions of the Poincare group, it became clear that the positivity of energy was equivalent
to the requirement that the single-particle states are described by irreducible unitary rep-
resentations of the Poincare group. Although in space-times with dimension D > 4 there
also exist independent tensor fields with mixed symmetry, in the following we shall restrict
our attention to the totally symmetric tensors (and tensor-spinors).

The group-theoretical approach leads us to classify particles in terms of the quantum
numbers related to the two Casimir operators! of the Poincare group, i.e.:

Cy=P"P,,, Cy=W"W,, (2.1)

where P,, is the 4-momentum of the particle and W™ = —%6m”T5JmP5 is the Pauli-
Lubanski pseudovector. For the particles of mass m and spin s, we have C; = m? and
Cy = —m?s(s +1). When P™P,, = m* = 0, we have either W? # 0 or W2 = (. In the
first case, the representations do not correspond to physical states, and thus we will not
consider them. On the contrary, when W? = 0, it can be shown that W™ = hP™ where
h is the helicity operator h = %. Thus, representations of the Poincare group can be
classified in this case by the helicity eigenvalues. In the following, we separately treat the
integer spin and half-integer spin cases.

2.1 Massive spins
2.1.1 Bosonic case

In the bosonic case (s integer), the particle states are described by the representation

D (%, %) of the D = 4 Lorentz group. The corresponding field is a totally symmetric
tensor, which satisfies the tracelesness condition:

N " Gmymg.my = 0. (2.2)

The Casimir operator C'; leads to the following equation of motion:

(B +m?) $my.m, =0, (2.3)

while the Casimir C5 requires all the lower values of spin to vanish. This is achieved,
together with (2.2), by imposing the following transversality condition:

O™ Gy = 0 (2.4)

ITo be precise, this two operators are the only Casimir operators just in D = 4. For D > 4 there are

% (D even) or 2 51 (D odd) Casimir operators for the Poincaré group, and its representations should be

classified by the eigenvalues of all these operators.




Let us show that the counting of the degrees of freedom reproduces the expected result
in 4D, i.e. 25+ 1 for a massive field of spin s. The symmetric field ¢,,,m,..., has

(D+s—1)!
sl(D —1)!

independent components. Imposing the tracelessness condition (2.2) we rule out
C(D + s —3,s —2) of these components, while the transversality condition (2.4) removes
other C(D—2+s,s—1) of them. However, we should remove the trace from the counting
of the number of the independent components in the transverality condition, and hence
we must add C'(D — 4+ s, s — 3) degrees of freedom. Summing up all these contributions
we get

C(D+s—1,s)= (2.5)

Nomzo=C(D —=1+5,8)—C(D—-3+35,5s—2)—C(D—-2+s,5s— 1)+
+C(D—-4+s,s—3)=C(D—-4+s,5)+2C(D—4+s,s—1) (2.6)

which for D = 4 gives 2s + 1 degrees of freedom, as expected.

2.1.2 Fermionic case

Let us now consider a massive fermionic field of spin s = n + % This is represented by a

symmetric tensor-spinor ¥, ., of rank n, which in D = 4 transforms as the D(”T“, %) @
D(3, "TH) representation of the Lorentz group. This field satisfies the equations

P)/mwmmz...mn = 07 (27)

(i@ — m) Yy, =0, (2.8)

0" Uy m, = 0. (2.9)

A counting similar to that done for bosons, leads us to the following number of degrees
of freedom propagated by the field 1, ., in D space-time dimensions

Nimzo = C(D —3+n,n) x 2PV/2 (2.10)

where [D] = D + 1[(—1)” — 1], and 2/P//? is the dimension of the representation to which
belongs a Lorentz-spinor in D dimensions. Again, the number of degrees of freedom, for
D =4, reduces to 2 x (2s + 1), as expected.

One may ask if equations (2.3), and conditions (2.2) and (2.4), and the corresponding
equations (2.7)—(2.9) for the fermionic half-integer spin fields can be deduced from a
Lagrangian. This was done in 1974 by Singh and Hagen [16, 17] who constructed the
Lagrangians for bosonic and fermionic massive higher—spin fields generalizing the earlier
construction of Fierz and Pauli [3]. In these Lagrangians the transversality condition
(2.4) was incorporated with the use of a chain of auxiliary fields of ranks s —2,s—3,...0,
which are all symmetric and traceless (in the bosonic case) or y-traceless (in the fermonic
case) too. When the equations of motion and the subsidiary conditions are satisfied, all
the lower spin fields vanish.

Since in this thesis we will only deal with massless fields, we do not present here the
Lagrangian for the massive higher spin fields. In what follows we will consider the massless
limit of the Singh—Hagen Lagrangians, carried out by Fronsdal in the bosonic case [8] and
by Fang and Fronsdal in the fermionic case [18].
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2.2 Massless higher spins
2.2.1 Bosonic case

In the bosonic case, Fronsdal found that all the auxiliary fields of lower spins decouple in
the massless limit except for a field of rank s — 2. Moreover, the two remaining fields of
rank s and s — 2 can be combined together into a symmetric tensor field ®,,, . .. which
is double—traceless (for s > 4), i.e. such that

mimse,.m3my _
77 77 q)m1m2m3m4...ms - O

The Lagrangian in question has the following form

1 1 1
L=— é(arq)ml...ms)2 + 58(3 . q)mg...ms)2 + 58(8 — 1)(8 -0 - (I)m&“ms)q)/msmms
1 1
+ 7565 = D0, )"+ 55(s = D)(s = 2)(0- ¥, )’ (2.11)
where @) =0""2d, 0y, and 0Py, = 0™ Doy m, - The Lagrangian (2.11)

is gauge-invariant under the following transformations with the symmetric and traceless
parameter &, m._, (2):

6q)m1~--ms = a(771157712---771571) ) £;n4...ms =0. (212>

The equations of motion derived from the Lagrangian (2.11) are

1
Frmt.mg = 5 MmimaFing..my) = 04 (2.13)

where the so-called Fronsdal tensor F,,, . is defined as

]:m1--.ms = DCI)mL..ms — 6(m16 . (I)mz...ms) + 8(m18m2<1>’ = 8mc‘9m . (2.14)

ms...mg)

Due to the double-tracelessness of @, ., We can rewrite equation (2.13) in the following
simpler form:

It is worth noting that, if we consider the spin 2 case, equation (2.13) reduces to the
Einstein linearized equation, and the Fronsdal tensor is nothing but the linearized Ricci
tensor.

We can now exploit the gauge invariance (2.12) to recast the equation (2.15) in a
simpler form. To this end we impose the following gauge fixing condition

1
Grmgoone =0 Py — 58(m2®;n3___m5) =0, (2.16)
where Qjmmms = 0 because n™ ™", mam,..me. = 0. In this gauge the Fronsdal

tensor (2.14) and hence eq. (2.15) reduce to

which implies that we indeed deal with a massless higher spin field.
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We can now make the counting of the physical degrees of freedom described by the
Fronsdal field. The field Dy, mymsmy...m. With vanishing double-trace has C(D —1+s,s) —
C(D — 5+ s,s — 4) indipendent components in D dimensions. With the partial gauge-
fixing (2.16) we remove C(D —2+s,s—1)—C(D —4+s,s—3) of these components. The
residual gauge symmetry (2.12) with a parameter &, ,,. which satisfies (&, . = 0,
allows us to remove other C(D —2+s,s — 1) — C(D — 4 + s,s — 3) components. Then,
we are left with the following number of degrees of freedom:

Nom—o =C(D =5+ s,s)+2C(D -5+ s,s—1), (2.18)

which, in D = 4, gives exactly two degrees of freedom for all s. These degrees of freedom
are associated with a positive and negative helicity of the spin—s particle along its light—like
momentum.

2.2.2 Fermionic case

In the fermionic case, Fang and Fronsdal [18] found that, in the massless limit, all the
lower-rank (auxiliary) fields in the Singh—Hagen Lagrangian decouple, except for the two
symmetric and y—traceless tensor-spinors of highest ranks n — 1 and n — 2. The originary
field and these two auxiliary fields can be combined into a single rank-n tensor-spinor
U,y ..m,, Which is triple y-traceless (for s =n + 1 > 1), ie. y™am2yms¥,, . =0. The
Lagrangian describing the free dynamics of this field has the following form

T/ 5 mo...Mmy, 1 = )
1L :‘I’ml...mn@q’ml"'m" + n\l’mlmna‘l’ : — Zn(n — 1w Gy'ms--mn

m3...Mmn

—-n [\I/m%mna Sz h.c.} + §n(n —1)|¥ -y _hel (2.19)

ms...Mp

The equations of motion derived from this Lagrangian are:

1 1
Smy.mn — 57(m1$m2...mn) - §n(m1mzs;ng...mn) =0, (2'2())

where the fermionic Fronsdal tensor-spinor is defined as:

Equations (2.20) can be rewritten in the form:

Smiy.mn = 0. (2.22)

The Lagrangian and the equations of motion enjoy the following gauge symmetry:

5\I[m1...mn - a(mlf':nfbg...mn) 5 ’ym2€m2...mn = Oa (223)

where €,,,, ., iS a symmetric rank n — 1 tensor-spinor. Note that equation (2.22) implies
that the time component of the vy-traceless part of the field W,,, . , which we will write
‘ifng,.,mn is not dynamical, since it is constant in time. We can see this by multiplying
(2.22) with 4™ from the left, thus getting



i| =209, . + zam\ifmm”mn] — 2" = 0, (2.24)

The last equality in (2.24) tells us that \ifgmg,,_ms is a conserved charge, thus it does not
vary with time.

To carry out the counting of the degrees of freedom, we note that a symmetric
triple y-traceless rank-n tensor-spinor has [C(D +n —1,n) — C(D +n —4,n — 3)] X 27

indipendent components. Though, since \IIOmZ.,,mS is not dynamical, we already have
[C(D+n—2,n—1)—C(D+n—3,n—2)] x 212 constraints. Moreover, we can fix a
gauge using the y-traceless parameter €,,, . ,, €.g. by putting to zero the following

combination of the field components

R 1 /
(O ‘I’m...mn - m’Y(mg‘ng..,mn) =0 (2.25)

Upon this gauge-fixing we are still left with the residual gauge transformations of the
form

2
(?5 2...Mn _D . 4 + an}/( 28 € 3 n) 0 ( 6>

The gauge-fixing (2.25) and the residual gauge transformations (2.26) remove [C(D +n —
2,n —1) — C(D +n —3,n — 2)] x 2[P1/2 components each. Thus, the number of degrees
of freedom is found to be:

Nimeo = C(D —4+n,n) x 2P1/2, (2.27)

Again, in D = 4 we are left with 4 degrees of freedom, as expected. We stress the fact
that equations (2.22) do not reduce to the Dirac equation, under the gauge-fixing (2.25).
To obtain the Dirac equations @‘Ijml...mn = 0 one should use the residual symmetry (2.26)
to set W’ =0.

ms...Mpy
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3 The interaction problem

The construction of consistent interactions of massless and massive higher—spin fields with
electromagnetic fields and gravity, as well as among themselves, is a highly non—trivial and
very interesting problem which has been addressed since the first appearance of higher—
spin fields in works by Dirac, and Fierz and Pauli in the 1930s. The consistency requires,
first of all, that interactions do not spoil (but can only modify) symmetries of the free
theory and, hence, the number of physical degrees of freedom of the fields remain intact.
Below we demonstrate these issues on two simple examples, the problem of coupling a
massive spin—2 field to an electro-magnetic field, and the problem of coupling a massless
spin-5/2 field to gravity.

3.1 Coupling of massive spin—2 field to a photon

Trying to couple a massive spin 2 field ¢,,, to a Maxwell field A,,, we will show how the
minimal coupling procedure gives rise to inconsistencies. As we considered in Section 2,
the field ¢, = G satisfies eqs. (2.2)—(2.4). We would like to couple the field ¢, to
A,, by replacing the partial derivative with the covariant one. Then the equations take
the form

(V2 +m?) ¢pn = 0, V™ G, = 0, A" = 0. (3.1)

From the equation of motion and the transversality condition, we get:

(V2 +m? V"™ ¢ =0 (3.2)

Since the covariant derivates do not commute, equation (3.2) results in further constraints
on the field ¢,,,. For instance, for a constant electromagnetic field-strength F,,, we find
that the field ¢,,, should satisfy the additional condition

i€F™"V by = 0, (3.3)

a constraint which we did not have in the absence of the electro-magnetic interactions.
As a result the field ¢,,, does not propagate the correct number of degrees of freedom
and hence such a minimal electro-magnetic interaction is inconsistent.

3.2 Coupling s =5/2 to gravity

Following [19], we shall now illustrate the problem arising when one tries to couple a
massless spin 5/2 field to gravity, which is known as the Aragone-Deser problem [9]. Such

a field is represented by a tensor-spinor ¥, 2 which is symmetric in its tensor indices,

and obeys the following equation of motion

Sm1m2 = 27n (anqjmﬂng - aml \Ifan - amz \Ijnm1) =0. (34)

It is invariant under the following gauge transformations:

S 1y = 20(myEms) - (3.5)

2For the sake of simplicity, from now on, we shall drop the spinor index «.
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Now, in order to describe the minimal coupling of the field ¥, ,,, to gravity, one
should replace the ordinary derivative with the covariant one, obtaining:

Smlmz = nyn (vn\ljmlmz - vml\ljmmg - vmgq}mml) - 07 (36)

o 1 b . . . .
where V, Wap = 0,V =110 Woim, — Ui, Wiy — 7Wnab Y™ Wiy m, 1 the covariant derivative,
and 7" = y%," are the “curved” y—matrices, wnqp i the spin-connection, and '/, is the
affine connection (Christoffel symbols).

We should now check that the minimal generalization of the gauge transformations
(3.5):

OWinimy = 2V (ny&my) (3.7)

leaves the equation of motion (3.6) invariant. The gauge variation of equation (3.6) is

5Sm1m2 =1 [Rmm’Ynfmz + Rmzn7n§m1 - (anlmz P4 Rymaymy p) Vngp] (3~8)

We see that the variation of the equations of motion is non-vanishing, even when the
gravitational field satisfies the “free” Einstein equations, i.e. when the Ricci tensor is zero,
Ry = 0. So in this case the minimal approach to coupling the spin s = 5/2 to gravity
seems to be insufficient. Moreover, no way has been found to add non-minimal terms to
(3.6) in order to remove the whole Riemann tensor appearing in the variation (3.8). Thus,
it has been concluded that it is not possible to consistently couple the spin—5/2 field to
gravity, at least in flat space-time.

This issue occurs for consistent coupling of every higher spin (s > 3/2) fermionic and
bosonic field to gravity and is in agreement with the fact that, in flat space-time, any
interacting theory involving higher spin particles would lead to a trivial S-matrix [20, 21].
Since this result is related to the trivial geometry of the flat Minkowski space, one may try
to overcome the obstacle by constructing a theory, for instance, in an AdS background,
which enjoys a space-time symmetry that is different from the Poincare group® and has a
non-zero constant curvature.

Fronsdal in the bosonic case [22], and Fang and Fronsdal in the fermionic case [23],
generalized the free higher-spin equations (2.15) and (2.22) to the AdS background. The
equations of motion for an s = 5/2 tensor-spinor interacting with gravity with an AdS
background are

Smims = " (PnVaims — Doy Vinmg — PingVanimy ) — 2V =AU, 1, = 0 (3.9)

where a “mass-like” term, proportional to the square root of the cosmological constant A,
has been added to the left hand side of the equation. Note that —A is positive in AdS,
then the term v/—A actually plays the role of a mass-like term, like the one appearing
in the Dirac equation (i@ — m)y = 0. It can be shown that the spin-5/2 field obeying
eq. (3.9) propagates in AdS the same number of degrees of freedom as in the Minkowski
space due to the gauge-invariance of (3.9) under the following transformations:

5oy = 2Dy Ema) (3.10)

The derivative in (3.9) and (3.10) is defined as follows

3The isometry group of AdS space-time is Spin(2, D — 1).
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V—=A
where the term i@ym is meant to act only on spinor indices, and behaves like the affine
connection in ordinary covariant derivatives, whose sign changes depending on whether
the spinor index is up or down. Remember that the AdS-Riemann tensor takes the

following simple form:

Rrﬁiﬁ = N0, Gnp — 5zgmp) ) (3.12)
and note that this implies that, in AdS:

[Drm Dn] ¢a =0 (313)
for every spinor ¢*, while for a vector A, we have:
[Din, D] Ap = [Vin, V] Ay = =R 9A, (3.14)

Now, if we consider fluctuations of the Riemann curvature around the AdS background,
we find the following variation of equation (3.9)

5Sm1m2 =—1 (Rmmmz Pt Rymaymy p) Vngp T, (3-15)

where dots stand for terms that can be removed by an appropriate modification of the
gauge transformations (3.10). This variation can be balanced by introducing the following
additional term in equation (3.9) [19]:
0
Sﬁiﬂm = _ﬁ (Rpm1m2q + Rpmzmlq) w\lqu (316)

whose gauge variation is

2

58%377@2 - A (Rpmlmw + Rpmzﬂnq) Y D"DPET =
/l: n
= & Bymumag & Bomamag) 1 [P D€+ (317)
where now ... stand for terms with the anticommutator of D,, which can be canceled by

a modification of the gauge transformations and by adding more interaction terms. If we
restrict ourselves only to linear terms in the fluctuating graviational field, we find that
the variation (3.17) exactly cancels (3.15). It is worth noting that, since the cosmological
constant enters (3.16) in a non-polynomial way, we cannot take the limit A — 0, and
hence we cannot reduce to the Minkowskii space-time.

This example demonstrates that it is possible to construct an interacting theory (at
least at the first non-linear order in weak fields) between higher spins and gravity in a
space-time with a non-zero cosmological constant. This observation was first made by
Fradkin and Vasiliev [10], who constructed consistent cubic interactions of higher spin
fields with gravity in an (anti)-de-Sitter background. Their results led, later on, to the
development by Vasiliev of a powerful method for the construction of complete non—
linear equations describing higher-spin interactions [11, 12, 13]. The method is based on
an alternative, so called frame-like, formulation of the higher—spin theory [24, 25] which
we will now review for the free field case.
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4 Frame-like description of free higher-spin fields

As we have seen in the first section, the metric-like formulation of massless higher—spin
fields requires the fields to be double-traceless in the bosonic case, and triple-vy-traceless
in the fermionic one. In the “frame-like” formulation of massless higher—spin gauge fields,
the latter are represented by differential one—forms that carry irreducible representations
of the local Lorentz group acting in the space tangent to the (generically curved) space—
time.

The frame-like approach has turned out to be more general and powerful than the
metric-like one, as far as the higher spin interaction problem is concerned, somewhat
similar to how the Cartan approach to the description of general relativity allowed one to
couple gravity to fermionic spinor fields. In the Cartan (frame-like) formulation gravity
is described by the one—form vielbein (or frame-field) e* = e,, “dx™, where the index “a”
is a Lorentz index and the index “m” is a world index, i.e. an index which has to be
lowered or raised with the space-time metric g,,,. The space-time metric is defined as
the “composite” field

Gmn = €5, 62%-

The Riemann tensor is defined as R?[w] = dw® + w®. A w®, where w® = —w" =

daz™w? is the spin-connection, which, in the zero-torsion case (or metricity condition),
can be expressed as a function of only the vielbein fields, and is thus an auxiliary field.

To describe higher spin fields, by analogy with the frame-field e, one introduces rank
s — 1 symmetric traceless one-form fields e® -1 = dx™e,,, “**=1. The spin connection
is given by a one-form field w® %17 = dx™w,, **-vP which is totally symmetric in
the upper first s — 1 indices, while the symmetrization on s upper indices gives zero. In
the half-integer spin case the fields also carry a spinor index.

4.1 Frame-like action for bosonic fields in flat space-time

In flat space-time we will not distinguish world indices from tangent-space ones, and
we will label both of them by Latin lower case letters. The form-index will always be
separated from the others by a semicolon. So the frame-like bosonic spin—s field (or the
higher—spin vielbein) is

enl...nS,1 — d:cmem; ni.Ng_1 ’ (41)

and the one-form spin connection is

wnl---ns—I,P — dl‘mwm; ni...Ns—1,p . (42)

"-Ms—1P has the symmetry

4 of every s indices

In (4.2) the indices ny...ns 1 are totally symmetric, and w
property of the Young tableau Y (s — 1,1), i.e. the symmetrization
vanishes:

w(nl...nsfhp) — O (43)

4In this thesis, symmetrization or antisymmetrization over n indices is meant to be taken with unit
weight, i.e.:

1
Alma.mn) _ o (AT mn o AT2meTn 4 (permutations)) .
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In order for the spin connection to be an auxiliary field, we need to impose the zero torsion
condition. In the linearized case of the free higher spin fields the torsion constraint has
the following form

Tr-nemt = de™ "t — (s — 1)datw™ e Py, = 0. (4.4)

The left hand side of (4.4) generalizes the notion of torsion of the graviational field, which
is given by 7% = Ve? = de® + w®; A €.

Under the gauge transformations the higher-spin vielbein (4.1) and the spin connection
(4.2) are transformed as follows:

§€n1...n3_1 — dfnl'"ns_l _ (S _ 1)d$q§nlmns_1’p77pq,
5wn1_,_ns_1,p — dfnl'"ns_l’p _ (S _ Q)dxqgnh.ns_l,prnrq . (45)

where each of the parameters £"1-"s—1 £M1-Ns=1P gpd £"1-Ms=1PIP2 {5 gymmetric on each
group of indices, and the last two have the symmetry properties respectively of the Young
tableaux Y(s — 1,1) and Y (s — 1,2), i.e. the symmetrization of any of their s indices
yields zero.

The zero torsion condition (4.4), which is invariant under the gauge variations (4.5),
can be deduced from an action, together with the dynamical field equation for the higher—
spin vielbein e™"s-1. This action is constructed by analogy with the linearized Cartan
action for the general relativity and has the following form [26]

s—1

S = / dz® ... dx"P e, ap_spgr(de™ TP — dxw™ 2P g T (4.6)
MD

For s = 2 the above action coincides with the linearized gravity action. It is worth noting
that the action (4.6) does not describe the spin 1 and the scalar fields. This is due to
the fact that these fields do not carry any tangent space indices, while at least one of the
tangent space indices is needed to construct (4.6). Thus, to include in this construction
also the Maxwell and the scalar field, one should add to the action (4.6) the conventional
Maxwell and Klein-Gordon terms.

The action (4.6) is invariant under the gauge transformations (4.5) provided that the
connection satisfies the traceless condition

Npymw" "0 =0 (4.7)

which we will call the relazed traceless condition, because it is weaker than the conven-
tional trace constraint
Ny 270 = (), (4.8)

If (4.8) holds, also the condition (4.7) is satisfied in virtue of the symmetry property (4.3),
but not vice versa. Therefore, the action (4.6) describes a system of free higher—spin fields
associated with reducible representations of the tangent—space Lorentz group, as we will
consider in detail in Section 4.3.

A look at (4.5) tells us that the parameters of the gauge transformations which leave
the action invariant should satisfy the constraints similar to (4.7), namely

nn1m£n1...n5,1,m - 07 nmmgmmnkl’ml =0. (49)
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From (4.6) one deduces the equations of motion, which can be written in the following
form:

(5 - 1)W[n; nlmns*l’bnm],b = a[men]; e Ts—l (410)

5{2‘360«)& ni..ns—2)[c,d| + 8dw(b;n1...ns_2 [, + 8dwd; ny..ns—2[d, m = 0 (411)

where (4.10) is the zero torsion condition, while (4.11) gives the dynamical second or-
der equation for the higher—spin vielbein e™'"s-1 when the higher—spin connection is
substituted by its expression in terms of components of de™! ™1,

4.2 Fronsdal case

The action (4.6) describes a single (irreducible) massless field of spin s, when the one-

forms and the gauge parameters satisfy the strong traceless conditions °:

nnln2én1mn571 = 07 nn1nzajnlmn57l’m = O (412)

as well as on the gauge parameters:

5711---71371 gnl...nsfl,m

Thymy &ML= 1P (4.13)

T]nlnz Y 77774712

It is easy to see that using the transformations (4.5), one can remove the totally
antisymmetric part of the higher—spin vielbein. Then, since the higher—spin connection is
just an auxiliary field in virtue of equation (4.10), all the degrees of freedom are carried
by the symmetric field ém2-ns) = dmn2-ns  Note that, because (4.12) holds, the field
®m1--"s ig double-traceless and hence of the Fronsdal type. The remaining gauge symmetry
is the symmetry (2.12) of the Fronsdal formulation. Thus, in this irreducible case, upon
partial gauge fixing and removing auxiliary fields we recover from the action (4.6) the
Fronsdal action. This is similar to how one gets the Einstein action for gravity from its
Cartan form.

4.3 'Triplet case

Let us consider now in more detail the case in which the frame-like fields e™"s-* are
unconstrained and w™ "1™ obey the relaxed conditions (4.7). By decomposing the
higher—spin vielbein into a sum of traceless tensors of lower rank, one can show that the
action (4.6) splits into the sum of the actions for the traceless vielbeins and connections
e Mi—1 M= 1M ywhere t = 3,5,...,sif sisodd, and t = 2,4, ..., s if s is even. Thus,
the action (4.6) can be rewritten as follows:

[s/2]
S = Z Oé(t7 D) /]\/[D dr™ . dan73€a1...aD,3pqr(dénlmnt*ﬂ)
k=1
t - 1 ~ MY NE—2P, T [~ q,r
_ dl’mw ) )wn1...nt,2 y (414)

®Following [26], we shall always put a tilde ~over objects that obey the strong traceless condition in
the bosonic case and the y-traceless condition in the fermionic case.
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where [s/2] is the integral part of s and k = 2t or k = 2t + 1 depending on whether
s is even or odd. Each term of the sum (4.14) is invariant under the transformations
(4.5) with the traceless parameters (4.13) and thus describes a single Fronsdal-like field
of spin t.

We thus find that the irreducible field content of the unconstrained frame-like fields
is similar to that of the higher-spin field triplets which naturally arise in String Theory
[14]. The only difference is that the latter also include in their spectra the spin-one and
spin—zero fields.

In the metric-like formulation, the higher—spin triplets are represented by the following
three totally symmetric tensors of rank s, s — 1 and s — 2:

@n1...ns Cn1...n3_1 9 Dn1...ns_2 Y (415)

satisfying the equations of motion:

Cnlmnsfl = 0, " ny.Ms—1 (S - 1)8(71571Dn1---n572) ) (416)
D@ny‘.ns = Sa(nSCnlu.n571) ) (417)
DDTL]...?”L572 - amcvm ny..ns—g (418)

These equations are gauge-invariant under the following transformations of the fields:

5(1)711...715 == Sa(nsgnl...nsfl) s (419)
5On1...n571 - Dénl,,_ns,l Y (420)
6Dn1...ns,2 = amém N1 Mg—2 * (421)

where the parameter £"*"s-1 is totally symmetric.

As was shown in [26], the metric-like triplet fields are related to the components of the
higher spin vielbein and connection of the frame-like formulation, subject to the relaxed
trace constraints (4.7), as follows

(bnl...ns = S€(ngini..ns_1) (422)
Cnl_._n571 = (3 - 1)wm;n1---nsfl ™+ amem;m---nsfl ) (423)
Dnl...nS,Q = ep;nl...ns,lnLqilp . (424)

It is also possible to show that, upon this identification the zero torsion condition (4.10)
and the dynamical equation (4.11) are equivalent to the equations (4.16), (4.17) and
(4.18), modulo the absence in the frame-like equations of the equations for spin—1 and
spin 0 fields, that can be added “by hand” (as discussed above).

4.4 Fermionic frame-like action in flat space-time

The procedure, generalizing the Cartan formulation of gravity to the description of higher
spin fields described in Section 3.1 for the bosonic case, can also be extended to fermionic
fields. The half-integer spin field is described by a set of tensor-spinor one-forms
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o = da™yg g b with0 <t < s—%. The starting point is the definition

aj...a_ 3,b1..bt n;ai...a
87§ S

of a set of fermionic Riemann curvatures (one for each value of t):

3 C
Ra1...a57%,b1...bt - d¢a1...a57%,b1...bt - (S —t— 5)6 ¢a1...a57%,b1...btc . (425)
The curvatures (4.25) are invariant under the gauge transformations:
3 Cc
5wa1...as_%,b1...bt = dgal...as_%,bl...bt - (S —t— 5)6 gal...as_%,bl...btc (426)

We stress here the fact that the fields ¢

action, while they play an important role to preserve gauge invariance when introducing
interactions. The action which involves the field 14, has the following form

b, With ¢ > 1 do not contribute to the free

.as_% ,b1.

39
2

S == Z/ eal oo €aD_3€a1...aD_3qu (quL..ds_;prqrdwdl“.ds_% - 617zd1”.ds_§ pﬁyqdwdl"~ds_%7'> 5
MP 2 3
(4.27)

It is invariant under the gauge transformations (4.26) provided that the gauge parameters
satisfy the conditions

b ai...a b,

’ng =37 = 07 g
In analogy with (4.7) for the bosonic case, we shall call (4.28) the relaxed trace conditions.
Making the variation of (4.27), we get the following equations of motion

ai...a 5
sT3

b =0 (4.28)

1 maqr
37 e aqwr;al...as

= ’ymaTQ/}(al;ag.‘.asig)r - ’anrwq;r(az...asigém
) 2 2

_% ay)

- '77"67“77&(01;&2-..(157% 4 'VT TW); plaz...a, qéz)
— ,yma(alw% a2ma37%)q —+ ’)/qa(alwnq@ ag...as_%)q . (429)

_3
2

This equation will be studied in detail in Section 5, for s = 5/2.

4.5 Fang-Fronsdal case

We consider now the case in which all the fields and the parameters satisfy the strong
~y—traceless conditions, 7.e.

P)/Cwa1...a87%,c = Oa Pycwm...asigc = Oa

chal...as_%,c - 07 ’ycéay..as_%c - 0 . (430)

It can be shown that the y-traceless field lzjm;nl...n , can be decomposed into the follow-
~ »«s_7 ~
ing irreducible parts: ¥(min, .. 4), of rank s, Y™y, , of Tank s —1, nmkwm;mmn ok
s—5 5 s—5 s—5
of rank s — 2, and finally its part that satisfies ¥(m:n,..n. ,) = 0. The last one can be
s—y

gauged away by an appropriate choice of the ~-traceless parameter é“mn ».m (Stueck-
ST2

elberg symmetry). Having fixed the gauge, we are left with the three totally symmetric
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tensor-spinors, which of course are y-traceless. These three tensors can be combined to-
gether into a single totally symmetric Fang—Fronsdal tensor-spinor ¥"'""s=%  which is
triple-gamma traceless. The residual gauge-symmetry

e e (431)
is the same as the gauge symmetry (2.23) of the Fang—Fronsdal action. We thus estab-
lished the relation of the frame—like formulation of irreducible half-integer spin fields with

the Fang—Fronsdal metric—like formulation.

4.6 Triplet case

We consider now the case in which the field "'
a_ 3,b

unconstrained, while the parameter £""*=3" is subject to the constraints (4.28). Like
in the Fang-Fronsdal case, by making use of the gauge transformations (4.26), the field

Va,..a 5 can be reduced to the sum of three tensor-spinors of ranks s — 1l g3 g2
s—9

a 3
-2

3 ay...a
=2 and the parameter & 72 are

2 2 2
which are now unconstrained. These fields can be decomposed into their v-traceless parts,
obtaining the set of irreducible Fang-Fronsdal fields of spins from s to % Note that, as
the scalar and vector fields, the spin-1/2 field is not included in the action (4.27), and
should be added separately.

Again, we can relate these frame-like fields to the fields composing the triplet fermionic
fields arising in the tensionless limit of the fermionic string spectrum, since their contents
are the same, modulo the spin-1/2 field.

In the metric-like formulation [14], the fermionic triplet consist of the three fields of
%, s—% and s—g which we call, respectively, ‘I’ml...ms_ L Xmm_ and )\mlmms_s )
Their equations in flat space-time are: : : :

rank s —

Vnanqjmy..ms = (S - %) a(ml)(mg...ms

1
-2
3
an\];’nmgu.m 1 (S - §) a(7’m2)‘7’n;>,...7’n 1
s—5 s—%
5

’Ynan/\ml...m37% - (3 - g) aanmlm

which are invariant under the following gauge transformations

)
) = ’VnﬁnXmg.“ms_% Y (432)

Y

1

5\I/m1m 1 (S - 5) a(m1€m2m 1) ) (433)
ST3 ST2

5Xm1-..m57% = 'Ynangmy--mk% ) (4‘34)

5)\m1m 5 angnmlm 5 - (435)
s—3 s—3

Comparing these with the gauge transformations of the frame-like field (4.26) one deduces
how the metric-like triplet fields are related to the components of the higher-spin one-form
field Yq, 0 :

ST2

1

Wi m,_y = (s - 5) Plonasmnn, _y) (4.36)

Xml"'ms—S = 7nwn;m1...ms 3 (437)
°T2 T2

ml
>\m1...m87 =" wm;lm1...m

[Nl
nojot

s—
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In Section 5 for the case s = % we will explicitly show how, upon the identifications

(4.36)—(4.38), the equations of motion (4.29) reduce to eqs. (4.32).

4.7 Fermionic frame-like action in AdS).

Now let us present the extension to the AdSp space of the frame-like formulation of
fermionic higher spin fields, since we will make use of it in Section 5, when deriving, for
the first time, the action for a metric-like fermionic s = 5/2 triplet in AdSp.

The gauge transformation (4.26) are generalized in the following way:

3
57/Ja1...as_§ = ,Dfal...as_é - <8 - 5) ebfal.‘.as_é b (439)
2 2 2

where the covariant derivative D is the differential-form counterpart of (3.11), i.e.:

2

This derivative is covariant with respect to transformations of the AdSp isometry group
Spin(2, D — 1), while the covariant derivative with respect to both the general coordinate
transformations and the local Lorentz transformations is V. From the definition (4.40) it
follows that, in AdSp, the following identity holds for every spinor ¢ (without any tensor
indices), as previously pointed out in (3.13):

D=V +i

€Y (4.40)

D*)p = 0. (4.41)

Moreover since the i@e“% part of (4.40) acts only on the spinor indices, we have the

following action on a generic tensor 7%

D27 an — v2Ta1..,an _ _nAe(al ebTaz...an)b. (442)

where the last equality in (4.42) follows from the fact that the Riemann tensor takes the

following form in AdSp:
Ré‘;‘ds) = —ANe, N e (4.43)

Using (4.41) and (4.42), we find that the derivative D acts on a tensor-spinor 1% in
the same way as on a tensor 7% thus:

D2puan = _pAelte, a2t (4.44)

Note that the action of D on a matrix 7, is:

Dy, = —iv/—AePy, . (4.45)

4.8 Fang-Fronsdal case in AdSp

Now we consider the case when the higher spin field, which we shall call 1Z~)a1.__a , according
5—5
to our notation, satisfies the strong ~-traceless condition:
Y Vtar.a,_y =0, (4.46)

20



which implies, for consistency with (4.26), that the parameters in (4.39) must obey the
following conditions:

- 3 - ) - ] -
/ycfal...a57%6 - 07 (8 - _) 705a1...a57%c,b = v _Af)/b C§a1...a57%c =1V _Aétn...a

b

2
(4

A7)

Using the condition é(al__a ) = 0, from the above equality it follows that

_3
2

3\ - Jp—
(S - 5) 7b€a1...a37%c,b = 1 _A€a1...a37%c . (448)

The action which is gauge invariant under (4.39) is:

Fdyi..d r

. a a = . 3\ = ~dy...d
S = Z/ D@ L.o..e D_Sé“almaD_Spqr |:wd1...ds_%’)/pq Dw % —06 (8 — §> wdl.--ds_% p,yquw ! S‘%
M

3iv/—A(s — 3 - L 3 = ~rdy..
N : (S 2) (edelu-d Squwdl ds_% 2 (S a 5) epwq di..d 5¢ " ds_%>]
ST32 ST2

D—2 :
(4.49)

Note that, in comparison with eq. (4.27), the action (4.49) contains two more terms
proportional to the square root of the cosmological constant, which ensure the gauge
invariance.

4.9 Triplet case in AdS

Fermionic triplets do exist also in AdS space. We will consider here the simplest case of
spin s = 5/2, which we shall further study in Section 5. The fermionic frame-like field is
the one-form %, and the gauge transformations (4.39) take the form

S = DE® — eu€%° (4.50)

where £¢ is y-traceful, while the antysimmetric parameter £*° satisfies the following rela-
tion:

W = —iV=A (476) = VA (€ = 9"G) (4.51)
From the form of the gauge transformation (4.50), one gets the following gauge variation
of the ~-trace of ¥
6 (Va¥®) = D (7a€") - (4.52)
Using the above relations, we see that the frame-field v,1* enjoys the same gauge invari-
ance as a Rarita-Schwinger field in AdS.

The action for the field ) which is invariant under the transformations (4.50) has the
following form
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S = Z/ . e’ ... eaD_Sgal...aD_gbcd [Q/foydeDwf - 61Eb76Dwd
M

3iv—A 7, A be e n c n c i
5y (€0 ! + 27 + 2"y e — ety Ty o) | (4.53)

In Section 6.2 we will see that upon the following substitution

WP, =0, D=y (4.54

the action (4.53) splits into the sum of the Fang-Fronsdal actions (4.49) for the irreducible
spins s = 5/2 and s = 3/2. In fact, ¥ is precisely the irreducible s = 5 /2 field, and U is
the irreducible s = 3/2 field. In order to show the gauge invariance of (4.53) (as well as
of the all actions in this thesis), we will make use (see Appendix) of the following identity

(L DErp
D - p + 1 [b1€b2--~bp]a1...aD_p+1

a o erpel —

5a1...ap,p,b1...bp6

e ...t (4.55)
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5 Metric-like action for the doublet of spin 5/2 and
3/2 fields

In [26], together with the frame-like formulation of the higher spin fields, it was suggested
that, with the identification given by (4.36)—(4.38), one would obtain that (4.29) reduces
to the equations of motion for the fermionic triplets. In this section, as a warm—up exercise
before addressing the AdS case, we will explicitely derive the metric-like action for the
doublet of fields of spin 5/2 and 3/2 in flat space—time from the frame-like action (4.27),
which for the reducible s = 5/2 field has the following form

S = z/ e €"P e ap_spar (QZd'ypqrdzﬂd — 6@”7‘1(11#’") (5.1)
MD

where e* = 6% dz™ is the flat space-time vielbein. The action (5.1) is gauge-invariant (see
Appendix) under the transformations

5% = dga - ecga,ca (52)

where the gauge parameter &, is unconstrained, while the parameter ,; is antisymmetric
and vy-traceless

Y€ap = 0. (5.3)

To derive the metric-like action from eq. (5.1) we first pass from its differential form
expression to the action for the differential form components using the following relations:

dz™ A - Ada™ = dPp ™" (5.4)

1.l Jlgl-dn j in __ Jk41---Jn
Eiy. iy, ikJrlu_in&T“ Yk JkAledn — k‘(n — ]{7)' (5[ik+1jk+1 C 5%]] = k'(sz:illzn (55)

Since we are considering flat space-time, we have e® = dz“, so the gauge transformation
(5.2) for the components 1,5 of dz™,,,, has the following form®

5¢m;b = amgb + gm,b (56)

Using the identities (5.4) and (5.5), we can now easily write down the component action:

S = dD T (&m;d’}/mns rﬂ/}s; ¢ _ G&m, [m7n nws; S]) (57)

MD
The equations of motion for the unconstrained fermionic field v, are derived from (4.29)
by taking s = 5/2:

VO =0 Ot S A"
IO — "y Ot "
— 0P, — A O (5.8)
6As in Section 4, the world index, placed to the left, is separated from the tangent-space indices by

the semicolon. Here, we do not need to distinguish it from tangent-space indices, since we are in flat
space-time.
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and one could verify that these coincide with the equations obtained from the action (5.7).
Let us decompose the field 1, into its symmetric and antisymmetric part

¢a;b = 1/}(11;12) + ¢[a;b] (59)

We can now make use of the gauge transformations (5.6) and eliminate some components
of the field (5.9). To this end, let us split further the antisymmetric part vy, of the field
as follows

Viat] = Yiasp) + X[azp) (5.10)
where 1;[@;;,] denotes the ~-transversal part of iy i.e. such that vaz/;[a;b] = 0. The
component Qz[a;b] can be removed using the gauge transformation (5.6) with an appropriate
choice of the “Stueckelberg” parameter ,;, which is both ~-traceless and antisymmetric.
Thus, ﬁ[a;b] is a pure gauge field that should effectively drop out from the action (5.7).
On the contrary, we cannot gauge away the symmetric part 1) and the y-traceful part
Y*1)qy of the field, which will thus constitute the metric-like action.

So, upon gauge fixing @Z;[a;b] = 0, the field (5.9) reduces to

wa;b = w(a;b) + X[ab] (511)

Our aim is now to rewrite the field (5.11) in terms of the triplet of fields defined by (4.36),
(4.37) and (4.38), which in this case are:

Uy = 21/1([1;17)
Xo = 7" azp (5.12)
\ = nabwa;b

Note that the field A is here not independent, namely

1

Thus,we are effectively dealing with the doublet of fields {W,, xo}. The symmetric part
of (5.11) is just %\Ilab. What remains is to represent the antisymmetric part X in terms

of (5.12). Since we put the traceless antisymmetric part zza;b to zero, we have

1

Vlast) = Vasp — §‘I’ab = Xay) (5.14)

Now, since X|4) is traceful, it should have the following generic form

Xiat) = @ (77" Plmit) — 17 Ymzal) + YarC (5.15)

where « is a constant and C'is a spinor field. Since v*Xa4) = Y*Y(ap) = Xp — %7“‘11@1,, one
finds that (see Appendix)

(5.16)
_ 1 a 1 ¢
¢= (D-1)(D—2) (YXa = 37)
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and we finally get the decomposition of 1, in terms of the fields ¥, and x,:

1 1 1
¢a;b = 5\116 ct =5 (’YaXb — Vb Xa + _(Vb’}/mq]ma - ’Ya’ym\pmb))

D -2 2
1 . 1.
(D—l)(D—Q)%b (’Y Xc—§\If c) (5.17)

5.1 Doublet equations of motion

In principle, in order to recast the action (5.1) in its metric-like form, one could replace
the field ¢, with its decomposition given by (5.17). However, it will be sufficient to take
into account the definition of the doublet of fields {W,, xo} in terms of the components
of Yap, given by (5.12). To simplify the left hand side of (5.8) we use the identity:

,yans _ ,yan,_ys + 2775[a,yn] . (518)
Substituting (5.18) and using (5.12) we get
1 ab.n c 1 a abyysC ab n
SN 0 e — 570" — X (5.19)

+28(axb) + ,yaan\pbn . ,ynan\ljab . ,ya,ynanxb =0

Let us rewrite the above equation as follows:

1 1
77ab <§,ynan\pcc . aan) +A° (_iabqjcc + 8n\11bn — A" nXb) + (28(&Xb) _ ,Ynanq]ab) -0
(5.20)

and call the terms inside the parenthesis, respectively S, 7% and R(®, so that equation
(5.20) takes the rather simple form:

n™S +~°T" + R = 0. (5.21)

We can multiply (5.21) first by 7, and then by 7,7, and by subtracting and adding the
resulting equations, we obtain the following two:

T =0
{ DS+ Rty —0 (522)

Noting that R*, = —25, we get S = 0, or explicitly:

YO A = O, x". (5.23)

Now we are left with one tensor equation:

7T + R =0 (5.24)
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Multiplying this before by 7, and then by ~,, and using (5.22) we finally get:

T°=0, R =0, (5.25)

To summarize, we have obtained the following system of equations:

1

é'yngn\llcc = an7 (526)
1

0" — SO = 7", X", (5.27)

Y0, WP = 204\, (5.28)

which is indeed the system describing the fermionic doublet of spin s = 5/2 and s = 3/2.
To this system, one can add the Dirac equation for a massless spin 1/2 field, thus getting
the equations of motion for the triplet fermionic fields in the metric-like approach [14, 27].
We would like to stress the fact that equation (5.26) is nothing but the trace of (5.28), so
we are left with just two indipendent tensor equations.

It is straightforward to verify that equations (5.26)—(5.28) are invariant under the gauge
transformations:

U, = 20(4E) (5.29)
0Xa = V" 0néa (5.30)

with the y-traceful parameter &,.

5.2 Action

Let us now rewrite the action (5.7) in terms of the doublet of fields W,, and x*. To do
this, let us start by calculating the first term in (5.7):

@Z_Jm;d’ymns nqu)s; d
Using the identity (5.18), we get:

YimiaV™" Onths; = Y [V OuX + (7" 0ut™ — 4" 0™ )]
= Yuma?"™ " On X" — Yrsan ™" O X
Bt (00— 770,07 531)

Noticing that @Z_Jm;dvm = xq we can finally write:

77ij;d,yrrms n,QZ)S; d — Xd’yn nXd o 77Em;damxd
+ gy O™ = X0 p™ (5.32)

We temporarily put aside the above equation and compute the contribution of the second
term in (5.7)
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_G&m; [m,yn nws; = (&m, m,yn nwd; d + @Zm; n'ydanwd; "
+ wm; de nwd; " Z/)m; n’}/m rﬂ/}d; d
_77Z)m; m7d8n¢d; " — ¢m; d,yn n¢d; m)
1 _
= - (Z‘ch ca\llc ¢t ¢m;dadxm + Xdanwd;n

1 1- _
_5 7n8n\llc c EIIJC caan - ¢m; d,yn nqu)d; m) (533)

We now sum up the right hand side of (5.33) which still contains the full field v, with
the similar terms in (5.32), and get:

- &m;d (3de + ade) + &m;da (¢m;d + 77Z)d;m) - j(dan (wn;d + 1/}d;n) =
_ 1-
= 0,0 + §\Izmda\pmd — x%0"V .4 (5.34)
Summing up all these contributions together, we finally get the action:
_ 1-
S = / d"x (Xd@Xd — 00X + §‘I’mda‘1’md — X0 gt
MD
1= 1_ 1-
—Z\IJC QU+ 5)(”8”\1!00 + 5\116 On X" (5.35)

To verify that the expression above is correct we derive the equations of motion from
(5.35)

0S 1

= "0, X" — 0"V, — 0,0, =0 5.36
5, = Onx 5 (5.36)
5S 1 1 1

— _Alab) - ab ab [ _ c - ny _
50 oY +2a\1f +1 ( 4(3\1/ C+2anx> 0 (5.37)

We now notice that the (5.37) can be rewritten as:

1
Mab . §nachc =0

where M® = —9(e\ 4 %@‘I/“b. The contraction of (5.37) with 7, results in:

M, =0; = M®=0

Thus, we are left with the two indipendent equation (5.27) and (5.28). In this way we
have verified that the metric-like action (5.35) has the correct form. If we add to this
action the kinetic term i1y for a spin—1/2 field ¥(z) we will get (modulo notation and
conventions) the metric-like action for the spin—5/2 triplet constructed e.g. in [28, 14].
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6 Fermionic doublet of s =5/2, s =3/2 in AdS

Let us now consider the case, introduced in Section (4.9), of a reducible frame field
Vo = Umadx™ = @/Jb;aeb mdz™ T in AdS. The action we start with is the one given in
(4.53), which enjoys the gauge-invariance (4.50).

We remember here that the gauge parameter £ is vy-traceful, while the antisymmetric
parameter £*° satisfies the following relation:

W = —iV=A (v°8) = iV=A (€ = 71""G) - (6.1)

As pointed out in Section 3, we see that the frame-field v,2* enjoys the same gauge
invariance as a Rarita-Schwinger field in AdS.
Using again the identities (5.4) and (5.5), we can rewrite (4.53) in its component form

S =i / dPze [@a;wacdawd; b — 600, "V Dyt D+ iV A (e i €
MD
+2¢00; Yy, 4+ 200077 P D+ Vs r v a4 ] (6.2)

where:

1

= ,m ap mi..mp __ _
e = D|em1 e Cp Eay..ap€ =+/—g

6.1 Gauge Invariance

In this section we shall verify the gauge invariance of action (4.53) under the gauge
transformations (4.50). To this aim, we first show that the following identity holds:

§ (D" DY) = 26072 DY! + V (6 7%p7) (6.3)

where the total derivative does not affect the variation of the action® (4.53), and can thus
be neglected. To show that (6.3) holds, we write:

A
Ut (64

&f,ybcerwf — djf,}/bcdef 4

and separately calculate the variation of each of the two terms on the right-hand-side of
(6.4). Then we have:

) (&f,ybcdef) — 51,Zf’}/b0def + &f")/deV5wf —
— 51/_}f7b0def -V (&f’}/de(;l/Jf) + (vzzf) ’}/de(;l/Jf —
= 60"V + V(50T + STy =
= 200" VY +V (8T (6.5)

In the lines above we made use of the properties of one-forms, as well as of the Grassman
(anticommuting) nature of fermionic variables, and the fact that in D = 4 in the Majorana

"Note that 1, carries again only (locally) flat space-time indices.
81n fact, we remember that in a curved space the ordinary rule for integration by parts I dPzo(...) =0
is replaced with its covariant form [ dPx\/—gV(...) = 0.
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basis: fyffd 'ybc‘i Now, to obtain (6.3), we consider the second term on the r.h.s. of

(6.4). Using the followmg ~v-matrix identity:

’)/de’)/a _ ,ybcda + 3n° [b,ycd] (6.6)
we can write: - _ _
e O e R (67)
Now, the first term on the right hand side of (6.7), vanishes, because vgcg“ = ’yg(;;fll, and
then we have:
5 (Q,Z ~beda ¢f) — 2577/}]07170‘1 te b (6.8)

Hence, (6.3) holds. However, we are not going to directly verify the gauge invariance of
(6.2) under the transformations (4.50), but we shall take a simpler path. We will first
separately verify the gauge invariance of the actions for the Fang-Fronsdal fields with
s =3/2 and s = 5/2, and then we will show that the action (4.53) decomposes into the
direct sum of these two actions, and hence is indeed gauge invariant under (4.50). The
decomposition of the unconstrained field ¢* into its s = 5/2 and s = 3/2 parts is:

a _ ,la la~
Yo = go + 579 (69)

where the y-traceless field ¢* (such that v, = 0) carries spin s = 5/2 and the trace
) = Y * is the s = 3/2 field. In fact, we have already noticed that the latter transforms
as the Rarita-Schwinger field in AdS.

Accordingly, the gauge transformations (4.50) split as follows:

00 =D (1a€") (6.10)
Sp® = DE® — e, €40 (6.11)

where the gauge parameter é“ is 7-traceless, and hence, in view of (6.1), éa’b satisfies the
following relation:

W™ = i/ —AE" (6.12)

According to equation (4.49), the actions for the irreducible (Fang-Fronsdal) fields of
spin-3/2 and 5/2 have the following form

Sy =i /M P (JVWDJ}) (6.13)

S5/2 :z‘/ . e .. e"PPeq ap_apar [@f’ypqu)q/;f — 6&1’7‘11)?;’”
M

3\/_
=

< TP+ 2P )} (6.14)

The s = 3/2 action (6.13) is manifestly invariant under the gauge transformations
61 = DE, since in AdS D% = 0, for any spinor e, as already stated in (4.41)

Let us now turn to the action for s = 5/2 field, which obeys the gauge transformation
(6.11). Since the calculation is rather cumbersome, we will present only the result of the
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variation of each term in (6.14). The gauge variation of the first term in (4.53) gives
(modulo a factor of 2):

eaD73€a1...aD,gbcdﬁf’YdeD <D€f - elgf’l> = eaDiggal...aD,gbcd [_A@Zf/ybcalefelgl + @Lfryb(:delpéﬁl =
3 3 ~ ¢ ~ ~ c ~
_ €Dy ed | IV =BGy DE + 20y DEN] +

D -2
12 6 = 6iv/—A .
o ap—_1 cef ap—1 fic
+ ((D “OD-2 Do 2) e’ 0y ap_ VY E + D—2)D - 1)6 Eay..ap_rc V&
(6.15)

The variation of the second term is:

= ~ = ~ 6A ~ g
€*P3E 0, ap_sbed <6Awb'ycedelwl — 61/J'yceﬂ)§d’l> =5 1 1e“D‘1€a1,,.aD_1c¢b’chb+
6iv —A
-2

+ D — 26aD725m...aD72C(Jl@z:}b’ycj)gd7 b + D 6aD725a1...aD720d7vang
6iv—A .
BTy R R (6.16)

Summing (6.15) and (6.16), we get:

6A
(D—2)(D—-1)

3iv—A
D -2

GaD725a1.‘.aD,2cd [@f’YCdlDéf + Zi/jc'Déd]
(6.17)

B :d ~
€CLD 16(11...0,D,16’l/} chd +

The variation of the third term is:

3iv—A

a 7 cdyE a 6iv —A T Ffe s T cf
70, st DE = €7 ey sy (658" +iV=Rbpr°€)

D_2 D—2)(D 1)
(6.18)
The variation of the fourth term is:
. 6ivV—R = [z
—e D725a1..4&D—2Cdmw |:D§d _ elé'd,li| =
6iv—A =~ 6iv—A =~

= —e"P2 ai...a c “D d “b-1 ai...a c hie 6.19
e €ajy... szdD_2w § +e €ay...ap_1 (D_2)<D_1)wb€ ( )

Summing up (6.18) and (6.19), we get:

6A
(D—-2)(D-1)

3iv—A
D -2

6“D715a1...aD,lc@/~)dvcgd+ eaD725a1...aD,2cd %Ef,ycdpgf_'_zlj)cpgd}}
(6.20)

which exactly cancels (6.17). Thus, the total variation of the action under the gauge
transformations (6.11) vanishes. The next step is to verify that the action (4.53) indeed
splits into the sum of the actions (6.13) and (6.14).
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6.2 Action Splitting

In the first place, the cross terms, i.e. those terms containing the both fields 1;“ and 1;
should vanish. To verify this, we substitute D = V + i@v“ea and rewrite the action
(4.53) as follows

_ ~ R
S = Z/ e eaD—3€a1maD_3bcd {wf,ybcdef . wa*)/cvwd B 32\/—X
MD S
D ) ) /) T .
X <§ed2/1ffybcwf + Debwcwd 4 2edwf7f’}/bl/ic _ edwf’yffyb‘?%w1>} (6.21>

In (6.21), the derivative ¢* — ) mixed terms cancel one another, so let us concentrate on
the mass-like mixed terms. Here we separately list their contributions:

1. %ediﬁfyb%bf — —4Deb1/~wczﬁd X
2. Debypeep? — —|—2Debz/:wcl/~1d ;
3. 26d¢_)f7f7b¢c — 2Deb127%;d.

Summing all the contributions above, we find that all mixed terms indeed cancel each
other.

Now let us consider the spin s = 5/2 case associated with the gamma-traceless field
), putting ¢ = v,0* to zero. Since the last two terms in (4.53) contain the y-trace of
the doublet field ¥*, we are sure that these disappear as we take only the ~-traceless field
1%, and we are thus left with the action (6.14). So we are done with this case.

Let us now, by putting the field @E“ to zero, verify that the action (4.53) actually
contains the action (6.13) for the spin s = 3/2 field. The spin 3/2 Lagrangian in (6.13) is

YYDy = py IV + i%A%devaeaw (6.22)

Using the identity @y = ybeda 4 3palbycdl we get the following result for (6.22):

A
—e Py, (6.23)

Py IDY = "IV — 3i

where %% does not contribute due to the antisymmeytric nature of its spinor indices.
Now let us substitute into the action (4.53) the field ¢ everywhere. The first term is:
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DY — iy ’YdeDV )=

~ C C a
Dy PNy ) i W’ dyeqth =

=-(D- 6)57"0‘1%2 iRy et =
—(D = 6)y" V) +i ;A%f (77 + 3Py l) eath = (6.24)
~(D = 6)y" 'V + 3i ;Azzwe“”fd]vf v
(D = 6)n" VY - 31\/;_A<D = )yl

The second term is:

— 6P DYY — 6Py Dy =
= 607y VY — 3iv = Ay yeran e =
= —6y7 1V — BivV=RY (=P, + 298y ) € (6.25)

= —607 "y IV = 3iv/ =R (=3, Y+ 2l et =
—607" V) = 3iv/=Relpry )

Summing up (6.24) and (6.25) we get:

~ ~ —A ~ ~
— Dy — 3~ 5 (D — 2)elbypydy) (6.26)
The mass-like terms in (4.53) give:
V=A(D -1)(D—=2) 4= .~ V—A = -
—3i= ( D>( 5 oo = 3 5 (D = D)elipyy (6.27)

Summing up (6.26) and (6.27), we get the Lagrangian which is proportional to (6.22)

— DA+ 32\/2_D¢e[b el — — Diprybed D) (6.28)

Thus, we have shown that the action (4.53) is indeed the direct sum of the actions for
irreducible fields of spins s = 3/2 and s = 5/2.

7 Metric-like action for the spin s = 5/2 and s = 3/2
doublet in AdS

In order to derive the metric-like action and equations of motion for the doublet of fields
of spins 5/2 and 3/2, we start from the frame-like action in (6.21), which is the most
suitable for our purposes. Formally, we can rewrite (6.21) in the following way
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S = Sy + Sy (7.1)

where, with straightforward notation, Sy is the part of the action which contains only
the covariant derivative terms, while Sy is the “mass-like” part, which is proportional to
v/—A. Now, since for simplicity in what follows we will restrict ourselves to the case of
Majorana fermions in the real basis (e.g. in D = 4), we will rewrite (6.21) by simply
replacing the field 1* with ¢, and 1)f vy with —f Yy, thus obtaining:

S = Z/ e eaD_Sgal...aD,gbcd [wf,ybcdef . 61/}b,ycvwd_
MD

311)\/__2 < ep et + Dbt + 26t (vFapy) + et (v1by) 7b67i¢i):| (7.2)

Now, Sy is the same as the action in the flat space-time case, with the replacement
0 — V. Furthermore, since y, = wb;ﬂb = —ybdjb;a = —Xa, Where 9, are components of
the one-form field ¢y, = dz™e?, (x)1ayp, from (5.35) we get

1 1
SV = 'L/ de € (_XaWXa + §\Ijabvqjab + 2Xavblpab - quc CW\IJC c Xava\ljc c>
MD
(7.3)

For what concerns Sy, it has the following form for the component field v,

; D ac a C. a
Sa = ivV—A Dd%e(gwa;w Ve "+ Db " + 20 g+ (1"40) 7 wcd)
M
(7.4)

In order to rewrite the action (7.4) in terms of the doublet (5.12), the following identity
has been used

f}/blpa;b = ’Yb\];[ab — Xa > (75)
which is a direct consequence of the definition of the doublet (5.12), and can be further
verified by using (5.17). The result is

\/__AfMD [ D+2 X Xa % we aqu b — %‘I}ab\l’ab‘i‘
+3Xa’7blpab - Xa7 Xc - %Xﬂa‘lfcc + v b’YbC\I]ac} (76)

Now we are ready to write the full metric-like Lagrangian in AdS for the doublet of spins
s =5/2 and s = 3/2. Summing up (7.3) and (7.6), we get

1 1
S = / de € |:Z (_XQWXQ + §\IlabW\Pab + 2Xavb\11ab — =y CW\PC c Xava\ljc c)
MD

4
D+2 D—4 D—4
+v—A ——+XaXa + U U — W, U
2 8 4
3
+3X Y Wap — Xa7 " Xe — FXaY W+ U wbc‘lfacﬂ (7.7)
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From this action we derive the equations of motion for the doublet of the fields
{Xa, \I;ab}:

05 3
i (—2Vxa + 2V — V,T¢,) + V—A (—(D + 2)Xa + 37" Wap + 27 Xe — 577" ) =0,
(7.8)
05 1 . u
W = |:W\I’ab - 2v(aXb) - 577ab (W\II [ QVaX ):| +
—| D—14 1 D—4 3
- [_T‘I’ab = 3%aXt) ~ 2V Ty + b <T‘1’ " EVCXCH -
(7.9)
Note that, as in the flat case, (7.9) can be rewritten as:
1
T — §T“a =0=T%"=0 (7.10)
where, in this case:
ab ab (a. b) D -4 ab (a. b) a b
T = YU — 2Vl — /A T\If + 379 + 29 W =0 (7.11)

Thus, we are left with the system of equations:

3
—2W)(a + 2Vb\11ab — Va\lfcc =V —A <<D + 2)Xa - 3’71)\1/@[) — 2’7(1 CXC + 5’7(1\1’0 c) (712)

D—4
YU —2vieyt) — /A (T\p“b + 3700\ 4 240 C\IJ”)C) (7.13)

which is the generalization to AdS space of (5.26), (5.27) and (5.28).
Note that the equations (7.12) and (7.13) must be invariant under the following gauge
transformations of the metric—like fields W,;, and x,:

oW, = Do) (7.14)
6Xa = f)/bDbéa — v _Afyabéb (715)

At a first glance, we see that the covariant derivative terms in equations (7.12) and
(7.13) are very similar to the ordinary derivative terms from the respective flat space-time
equations (5.27) and (5.28). Indeed, they are identical upon the substitution 0 <+ V. In
addition, the right hand side of (7.12) and (7.13) contain cosmological constant terms,
which are needed to ensure gauge invariance. Thus, in the flat space-time (i.e. at zero
cosmological constant limit), equations (7.12) and (7.13) reduce to (5.27) and (5.28).
Taking the same limit, the gauge transformations (7.14) and (7.15) reduce to (5.29) and
(5.30).
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8 Triplets and String-Theory

In this section we will review the main features of the free open bosonic string in Minkowski
space-time. After presenting the string action, we will examine its global and local sym-
metries, as well as the form of the string energy-momentum tensor. The latter is of crucial
importance for the derivation of the triplet system equations, since it naturally leads to
the Virasoro algebra, which is the algebra of the worldsheet conformal symmetry of string
theory. This in turn allows one to perform the standard BRST quantization of string
dynamics, from which the triplet system of higher spin fields appears in the tensionless
limit, as we will see.

8.1 Free bosonic string in flat space-time

The action for a free bosonic string in flat space-time is [29]

T
S=-3 /M B*oVhhP 9 X 05X, (8.1)

where the integral in d?c is taken over the two—dimensional worldsheet (swept by the string
moving in space-time) parametrized by the coordinates (¢ = 7,0), T is the proper time
of the string, o parametrizes points of the string ?, and T having dimension of (length) 2
is identified with the string tension. For open strings, the tension is related to the Regge
parameter o as follows T = (2ma’)~L. h*’(7,0) is the metric which characterizes the
geometry of the worldsheet. The functions X*(7,0) are the string coordinates in a D—
dimensional flat space-time (u = 0,1,---,D — 1). Let us note that in this section we
are using Greek letters from the beginning of the alphabet (a, 3,...) to denote the 2-
dimensional vector indices, while we use the Greek indices starting from the middle of the
alphabet (1, v, ...) to indicate physical space-time indices.!

The only terms one could add to action (8.1) are the following two

Sy = A/d%\/ﬁ, (8.2)
Sy = % / d?cvVhR? (h) (8.3)

However, both of them are excluded from the consideration because of the following
reasons. If we consider the action S+ 57, the trace of the resulting equations of motion of
hap = 0 would imply that A = 0. The second term S5, in which R® denotes the curvature
of the 2—dimensional manifold, is an Einstein-Hilbert term. In two dimensions, the
combination vAR® is a total derivative and, hence, does not contribute to the equations
of motion.

The action (8.1) enjoys the invariance under the following reparametrization of the
worldsheet variables

9For simplicity, we will take 0 < o < 7.

10T this section we use a notation which is different from the one used in the rest of this thesis.
This notation is here more convenient, since we have to deal with many different kind of indices, i.e.
world-sheet, space-time and number indices.
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do% = —£%(1,0) (8.4)
SXH =49, X" (8.5)
ShP = €10,h*F — 9,69h% — 8,6Pp (8.6)
3(Vh) = 8u(°Vh) (8.7)

together with the so called Weyl scaling invariance

5h? = (7, 0 )h? (8.8)

Further, the action (8.1) is invariant under rigid Poincaré transformations of the space—
time coordinates.

SX" = a" XV + b (8.9)

The two parameters ¢ of the local reparametrizations (8.5) and (8.6), and the Weyl
re—scaling (8.8) allow us to make the gauge choice

-1 0
af _ af __
heP = n® = ( 0 1 ) (8.10)

Thus, the metric h*? can always be reduced to the Minkowski metric. Then, action (8.1)
takes the following form

T
S=-5 /M d?on™ 0, X"05X,, (8.11)

Now we easily get that the equation of motion coming from (8.11) is the two dimensional
wave equation:

0? 0?

To ensure that the action (8.11) is invariant under a general variation of the coordinates
X*, we should require that the following boundary term vanishes

—T / dr [X/0X"|per — XL0X"|y0] =0 (8.13)

where X/, = 852 “. Equation (8.13) gives a boundary condition for an open bosonic string,
while in the case of the closed string it is replaced by the periodicity condition X*(o =

0) = X#(o =m).
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8.2 The energy-momentum tensor

In the Lagrangian formalism, the energy momentum tensor of a matter field can be derived
as the functional derivative of the action integral with respect to the space—time metric
field to which the matter field is coupled. Thus, in order to derive the energy-momentum
tensor of the worldsheet matter fields X*(7,0) we should use the action (8.1) (before
imposing the gauge (8.10)). The energy-momentum tensor is

21 4S8
Top=—m—F—=—7—7, 8.14
B T\/E5ho‘f8 ( )
which, using (8.1) becomes
1 12l
Tas = 0aX" 95X, — Shash P 0w X5 X, (8.15)

The above tensor is symmetric and traceless, i.e. h®T,s = 0, as a consequence of the
Weyl symmetry. The tensor 7,3 actually vanishes since it coincides with the equation of
motion of h,s which is the auxiliary (non-dynamical) field in this formulation

R
5he

Now if we define the so called induced worldsheet metric Gos3 = 0, X*93X, and G =
| det Gop/, the equation (8.16) takes the form

]_ !l
0, = Top=0aX"0sXy — Shash” B O X+ 05 X, = 0 (8.16)

1 =l
Gop = Shagh ey (8.17)

Using the properties of the determinant, we get the following equation

1

=7

h(h*PG p)* (8.18)

Using the above relation we can rewrite the string action in the so—called Nambu-Goto
form that does not contain the auxiliary metric h,p

S = % / *oVhhP Gy = / P*oVG (8.19)
3 P

The form of equation (8.19) implies that the action integral (8.1) is nothing but the area
of the worldsheet ¥ swept by the string, and hence it is the generalization of the action
for a massive point particles —m f ds, as we could have guessed from the beginning.

8.3 Solutions of the equations of motion

Let us now turn to the consideration of the solution of the equations of motion (8.12).
This can be written as a superposition of right and left-moving waves
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Xt =Xt(o7)+ X (o), (8.20)

where 0t = 7 — 0 and 0~ = 7 + o are the light cone coordinates. In this basis, the
Minkowski tensor n*# becomes

Np+ =N-— =10, (8:21)

In the gauge (8.10) the constraints (8.16) take the form

—=nN—+=

Tw=Tn=X -X'"=0 (8.22)
1 .
%N=ﬂ1=§u?+xﬂy:o (8.23)

where X = %7 X Y = X"Y),. In the light-cone coordinates, we have

1
T++ - E(TOO + T11> - 8+X : 8+X (824)
1
T _ = §(T00 —Tn)=0-X-0_X (8.25)
and Ty = T, = 0 identically. Using the equations above, the constraint equations

T, =T__ =0 become

X2=X2=0 (8.26)

In two-dimensional quantum field theory, the energy-momentum conservation takes the
form 0_T, . +0,T_, = 0, and the corrsponding equation with + <+ —. In the case under
consideration, i.e. in the gauge (8.10), Ty = 0, and then we are left with the current
conservation law

O_T,, =0. (8.27)

The property (8.27) is very important, because it implies the existence of an infinite set of
conserved quantities. In fact, if f(z™) is a function of only 2™, we have 0_(f(x)T, ;) = 0,
and thus the charge Q; = [ do f(2")T 4 is conserved. This conservation law is due to the
fact that the covariant gauge choice (8.10) does not completely fix the symmetry. Indeed,
this gauge is preserved by any combined reparametrization (8.6) and Weyl re—scaling (8.8)
such that

0°¢° + 9% = gn? (8.28)

In terms of the light-cone gauge parameters é* = £ 4 ¢!, this means that £+ may be an
arbitrary function of ¢ and £~ an arbitrary function of o~. If the general reparametriza-
tions (8.6) are generated by the operator V = £%0/0c®, then the generators of the residual
symmetries are
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Vt=¢t(oM)0/do™" Vo =¢(07)0/00" . (8.29)

The symmetry generated by (8.29) is the conformal symmetry of the two-dimensional
worldsheet.

Going back to the condition (8.13) on the surface term in the action variation, we
impose the (so called Neumann) boundary condition

X" =0, forc=0ando = (8.30)

These boundary conditions prevent momentum from flowing off the ends of the string.
The general solution of (8.12) that satisfies the boundary condition (8.30) is given by

1 .
X* =t 4+ Ppir il Y —alle™™ 8.31
(o,7) =a" +1"ph'r +i 2 —ape cos(no) (8.31)

where x* and p* are the center of mass position and momentum of the string, and [ is
a fundamental length. Using (8.11), the computation of the Poisson brackets of the X*
and X* at equal time yields

[XP(0), X" (0 ) pp, = | X*(0), X(o)| =0 (8.32)

P.B.

[Xu(a), XV(a')} =T = o (8.33)

which provide the following Poisson brackets for the fourier modes o

b, arlp g = 1m0y, —nyn™” (8.34)

Comparing the above Poisson bracket with equation (8.31), we find that

", x"]pB. = 0", (8.35)

and hence the center-of-mass position and momentum are canonically conjugate variables.

Now we consider the mode expansion of the constraint 7,5 = 0. In order to write this
Fourier transform, we extend the definition of X and Xg beyond the interval 0 < ¢ <,
by imposing that Xg(oc+7) = X (0), X (0 +7) = Xg(0). These imply that Xz and X
are periodic functions of o with period 2w. Thus, the constraint equations are equivalent
to imposing the vanishing of their Fourier components

Ln=T / (™ y +e ™M T__)do =
0

- —/ imao X‘I'X/ Zam n* Op (836)
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where o = Ip”. It can be shown that the constraint Ly = 0 is linked to the mass of the
string M? = p*p,, in a given state of oscillation by the following relation

1 oo
M? = ~ Y a,a, (8.37)
n=1

Using (8.36), after some Poisson bracket algebra we get

1
(L, Lnlpp = ~ [Qm—k * Qs Oy - ] = i(m —n)Lpyip, (8.38)
4
k)l

Equation (8.38) defines the so called Virasoro algebra. It can be shown that this algebra
is isomorphic to the algebra obeyed by the generators (8.29) of the residual symmetry,
which is the classical d = 2 conformal algebra.

8.4 The bosonic triplets in the BRST quantization of the string

It is now possible to illustrate how the triplet systems arise in the framework of string
theory, by analyzing the BRST approach to the quantization of the string. So far, in
this section we have been concerned only with a classical construction of string theory,
without worrying about quantization. Without giving the details here, we say that there
is a number of problems to take into account when switching from the classical to the
quantum theory, i.e. passing from the Poisson brackets of dynamical variables to the
commutators of operators on a Fock space. The most significant one, is that the Virasoro
algebra (8.38) is slightly modified, because some issues are met with the normal ordering
of the operators ozéf . The result is that the algebra (8.38) acquires an anomalous term,
which is a non unusual fact in quantum field theory. The new algebra is

[Lon, L) = (M — 1) Ly + 1—12D(m3 — M) min (8.39)
where D denotes the number of space-time dimensions and the last (anomalous) term is
called the central charge.

According to the standard BRST method, we define the ghost modes Cj of ghost
number one, and the antighost modes Bj of ghost number minus one, satisfying the
anticommutation relations:

{Ck, Bl} = (5]@’_1 . (840)

The ghost number operator is defined as:

k
The BRST charge is given by:
+00 1
Q == ; |:C_kLk - 5(]{3 - l) . C—kC—ZBk-i-l = O() (842)
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which provides the string field equation by imposing the condition that every physical
state be annihilated by @

Q|d) = 0. (8.43)

Since, by construction Q% = 0, eq. (8.43) is gauge invariant under the field variations of
the form

5|®) = Q|=). (8.44)

In order to take the tensionless limit (77 — 0, o/ — o0), it is useful to consider the
following re—scaled generators:

1 1
Iy = L lo = —Ly,. 8.45
k V2a! ks 0 o 0 ( )
Then in the limit o’ — oo one can define the reduced generators we are left with
lo = p*, lm =p - am (m #0) (8.46)
The new generators satisfy the simpler algebra:
s ] = K65 lo (8.47)

without the central charge %m(m2 —1).
In order to have a non—-degenerate BRST operator in the tensionless limit, we define
the re—scaled ghost and antighost operators:

1
Cr, =V QCY,Ck, bk = TBk y (848)
«
for k # 0 and
) 1
Co = C(), bo = _,BO (849)
«

for £ = 0. Upon the redefinitions above, the BRST operator (8.42) takes the following
form when o/ — oo:

+oo
k
Q= _Z [Cklk - Eboc—kck:| : (8.50)

and is now identically nilpotent. Let us rewrite (8.50) singling out the zero mode compo-
nents in the following way:

Q = colo — boM + Q (8.51)

where Q = Zk#o c_rly and M = %Zf? kc_pci. We also decompose the string field and
the gauge parameter in a similar way:

@) = [®1) + co|D2) (8.52)

El> + Co|52> . (853)
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We now focus on totally symmetric states and parameters that are built from the vacuum
by application of the creation operator o ;:

g

1
1) = 3 P (@) 05 ]0) (8.54)
s=0
+ MDM...#&-fz(@aﬂ .l e 1b4]0) (8.55)
- !
[o¢] —Z )
[2) =D gy Cenes (@) a5701[0). (8.56)
—_— - 1 1 5—
=)= 3 e ()00 [0) (8.57)
s=1 ’

Substituting the above fields into the equations (8.43) and (8.44), the s-th terms in the
sums above result in the triplet equations of motion (4.16), (4.17) and (4.18), and we also
recover the gauge transformations (4.19), (4.20) and (4.21).
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9 Conclusion

In this thesis we have reviewed some of the main features of higher spin fields, with a
particular attention to the massless theory. As we have shown String Theory contains
massive particle states with arbitrary spin, yielding massless higher spin states in the
zero-tension limit, which combine into the higher spin triplets. Thus, it seems natural
to conjecture that the tension in String Theory is generated through a mechanism of
spontaneous symmetry breaking of a huge gauge symmetry in a certain Higher Spin
Gauge Theory.

The results of Sections 8 and 9 of this thesis may be seen as a first step towards a
technically much more complicated task of obtaining the metric-like action for fermionic
triplets of arbitrary high spin in AdS. We have shown that this is possible in the simplest
case of the fermionic triplet with s = 5/2 both in flat and AdS background. In the latter
case we have seen how the gauge symmetries are modified in a suitable way, in order for
the action and the equations of motion to be invariant. In fact, as pointed out in [26],
it was an incomplete assumption on the form of the gauge transformation of the triplet
fields that prevented other authors from obtaining the fermionic triplet Lagrangians in
AdS space.
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A Notation and conventions

Minkowskii space-time signature is mostly minus:

Clifford algebra
{2} =20

The totally antisymmetric v-matrices are defined as:

,_yal...ap — ,7[0«1 . ryap} (A2)

where the antisymmetrization is taken with unit weight, i.e.

€a1..ap Y = Eapapy ¥ YT (A.3)
Gamma-matrix identities
Yyttt = (=1)"(D — 2n)yhdn (A1)
AP Aptl — A1 Optl | pnap+1[a17a2...ap] (A5)
iyt = (—1)Py g g op pflenqez ol (A.6)

Starting from Section 6, we restricted ourselves to the case of Majorana spinors. In D = 4
a Majorana spinor has a general form

Var = ( —if%* )

It coincides with its charge conjugated spinor

: « (0 —0? P*
U, = —iy* W%, = —i ( 2 0 ) ( g% ) =Wy (A7)
where 2 is purely imaginary, since from (A.1) it follows that (%)% = —1.
Wy = W3 (7)W= (W) *Cas(Wr)” (A.8)

where (727%),5 = Cup = —Cpa, L.e. the charge-conjugation matrix, can be defined with
both lower indices. In general we have

Uy Wag = W5 Con (71)7 gy = Wi (4 ), 50, (A.9)

The previous definition implies that, in the Majorana basis, the matrices 73 satisfy the
Clifford algebra

{77} s = 201" Cas (A.10)
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In Sections 6, 7 and 8 we have made wide use of the following symmetry properties of the
gamma-matrices in Majorana basis in D = 4:

(Y)as = (7*)sa (A.11)
(Y*)ag = (7**) e » (A.12)
(v )aﬁ = (7abc)6a) (A.13)
(Y*Nas = (7" e - (A.14)

B Appendices

B.1 Decomposition of the field 1,

Let us sketch the derivation of the decomposition of ¢, given in equation (5.17) . From
(5.10), we have that:

Y Xat) = V" Yla) (B.1)
Applying the condition above to X[, as defined in (5.15), we get

Y Xiar) = & (DY Ypme) — YY" Vpmia)) + (D — L)3C
= o (DY™ pmit) — VWY Vpmsa) — 20" 67 W) + (D — 1)y C =
= a(D = 2)7" Y] + W (@ ma + (D = 1)0) =
= V"Ylap] - (B.2)

Thus we get

*= D=2
. . B.3
{ C=—mno (X — 37 ) (B3)

where, we remind that x. = 710, and Vo, = 29(4).
As a result, the component field 1, decomposes into the symmetric and antisymmetric
parts as follows

1 m m
_<’Vb'7 Vina = Yo qjmb))

1 ~ 1
dja;b = -Vy + ¢[a'b] + = <’YaXb — YXa T 5

2 ’ D -2

1 ) -
N (D—l)(D—Q)%b (7 Xc—§\lf ) (B.4)

where 1/7[(1;1)] is y—traceless.

B.2 Gauge invariance of the s = 5/2 and 3/2 fermionic doublet
action in flat space-time

In order to check the gauge invariance of the action (5.1), we make use of the identity
(4.55) for p = 3, namely
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3
a ap_s3.c __ f al...ap_
Eal_._aD73qu€ Lo . e%P—3ef = mé[b60d]al'”al)—26 1 D-2 (B5)

The variation of the first term in (5.1) under the transformations (5.2) is (to simplify
things, we only explicitely write last one-form vielbein e*P-3)

eaDisgal...aD,gbcd(s (?/_fbeCddwf) = 26&D735a1.‘.aD,Sbcd'(Zf'yded((s'wf) -

:26(1D735a1~~~aD73de1/_Jf’yded (dgd - elgf’ l) (B6)

Using the general fact that d?w = ddw = 0 for every p—form w, as well as the fact that,
in flat space-time, ¢ = ¢, dx™, we have

2€aD736(l1...apfgbcdqu’yded (dgf - elé.f l) - _260‘D738a1...apfgbcdelqu_)ffydedgf’ l (B7)
Exploiting (B.5), the last line becomes

6
D -2

6aD72€a1...aD,ch’l/_}ffydedgf’ b <B8>

Now, since 7@ = 4t 1 2~Mdpclb and 265, = 0, we get

12

_meam%al--.ap,zcd”@fvcdfd’f (B.9)

The gauge variation of the second term in (5.1) yields

—6€'P 34, ap_sbedd (@Ebvcdwd) = —12¢"<d(5y?)

= —12€aD_35a1...aD_gbcd&b’ycd (dfd - el€d7 l)
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- 12 -
= +D _ 2eaD72€a1...G/D—Z[Cd/(ﬁbvcdfd’ b} = D _ 26aD726a1...aD,20d¢f/ycfd7 f (B]_O)

Thus, the two terms (B.8) and (B.10) indeed cancel each other, and the action (5.1) is
gauge-invariant.

B.3 Gauge invariance of the fermionic irreducible s = 5/2 action
in AdS

We shall now check the gauge invariance of the following action for the irreducible frame-
like field ¢ (such that v,4* = 0) of spin s = 5/2

~ ~ ~ ~ 3
S5/2 = z/ . e ... e"P3eq, ap apar @szquTDi/Jf — 6YPYIDY" — i
M

5 (gzzf,ypqq/jf + 2619&(1&?")}

(B.11)
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under the gauge transformations:

oY% = DEY — V0 (B.12)

with the y-traceless parameters é“ e é‘“b . In order to check the gauge invariance of (B.11),
we use the identity (4.55), that we rewrite here:

e-ref — (- VO p

a a1l ap—p+1
5a1...ap_p7b1.,.bpe e D o p + 1 5[b1€b2...bp}a1...ap_p+16 .. € .

(B.13)

In the following, we will write the variation of each term of the action (4.53) (modulo a
factor 2).
The gauge variation of the first term in (B.11) gives:

6aD73€a1...aD_3bcd1/Jf7deD (D{f _ Glff’l> = P34 ap_sbed |:_A¢f’yb6d€f€l§l + d}f,ybcdel'Dng =

3 _ B _ )
— D _ 2€aD726a1--.aD72Cd [A¢b7b0del§l o wf,ybcdpg‘ﬁ bi| _

3 - . -
= S e ap et | 2N €+ iR = Ay ey €+

—iv —AszCdebéf”’ + QIZfVCDgf’d} =

et €a1..AaD,1c¢d’VCfd +

eaD72€CL1...aD,20d |:Z /—A"g/;f”}/Cd’Déf + 21;f,ychéf,d:|

~(D- - 1) D2
6A 6A = - 67 _—
ap—1 cef ap_1 fie _
(D — 2)(D — 1)) e 5a1-..ap—1c¢)f7 f + (D — 2)(D — 1)6 5@1-..apflc¢f§
3 oo . )
= 55" Caran- 2Cd[w/ wﬂ p§f+2¢ﬂ Dgfd}
12 6 ~ ~ 62\/—_A =~ ~
_ ap-—1 cef ap_1 fie
+ ((D “OD-2 Do 2) e’ 0y ap PV E + D—2)D - 1)6 €ay..ap_rc V&

(B.14)

The variation of the second term in (B.11) is

€301 ap_sbed <6A1ﬁb7"’edeﬂ/;l — 61;70612)56”) =

— 6AeP2g,, o0 Py 4 €22, an o caPPyDEY, =

D -2
6A ap_o Tb_cyed ap_o T _byed
D _ 1 D — 26 - 8@1,,.&D,2Cd¢ '7 Df 7I) - D — 26 - €a1._aD72cd77/) ’y Dg ’b =
6A a = C~ a ~ c ng 6']/ V _A a ~ ~
D — 16 D715a1...a13710¢b b D_ 26 Dizgal...apfgcdwb’}/ ng’ b+ D —29 € D72€almaD72cd¢bDfd
6iv—A -
P20, ap_pedVpE? (B.15)

RCEP GRS

Summing (B.14) and (B.15), we get:
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6A ~ ~ Bi\/ —A = ~ = ~
ap_1 d.c ap_so cdD f D d]
(D _ 2)(D _ 1)6 gal---aD—lcw ’7 gd + D _ 2 € E‘:al---ClD—zcd [¢f7 5 + ¢ 5
(B.16)
The variation of the third term is:
3Z \ _A D = d ng 6/1/ V _A ~ ~ i = ~
- D=2 ai...a C ¢ D f_ D=1 ai...a c < fe V_A ¢ f)
D—2€ 61... D_deffy 5 € 81... D—1 (D_2)(D_1> wff +Z 7%”75
(B.17)
The variation of the fourth term is:
61+/ — -
_ 6GD725a1...aD,2cd ¢ ¢c |:D€d gd,li| —
6 Vi 6iv —A
- _eaD72€CL1.A.[lD,28d ! ¢CD§ + eaD 15(11 .ap_—_1¢ ! w gbc (B]‘S)

D — (D—=2)(D~—1)

Summing up (B.17) and (B.18), we get:

6A
(D —2)(D — 1)

v/ —A
D -2

aD 180,1 ap_— 1cwd c§ + aD 28(11 ap— 20d wffVCdpgf +2¢C’D€ i|:|
)

(B.19

which exactly cancels (B.16). Thus, the total variation of the action under the gauge
transformations (6.11) vanishes.
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