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1 Introduction

Classical higher spin field theory has been developed over many years in the last century,
starting from work [1] by E. Majorana of 1932 and by P.A.M. Dirac [2] of 1936 in which he
generalized his famous spin–1/2 field equation to the description of free higher spin fields.
Dirac’s work was followed by such prominent theorists as Fierz and Pauli [3], Wigner
[4], Bargmann and Wigner [5], Rarita and Schwinger [6], Weinberg [7], Fronsdal [8] and
others. A motivation behind these studies was that, because in Quantum Field Theory it
is assumed that elementary particles are described by different irreducible representations
of the Poincarè group, there is no apparent reason to not consider higher spin particles
as well.

Moreover, composite strongly interacting and short-lived massive particles (resonances)
with spin up to 15/2 have been observed experimentally. They were first discovered in
the 1960s. The Regge properties (i.e. spin-mass dependence) of the resonances, nicely
fitting to a spectrum of states of a one–dimensional relativistic object, led to the original
discovery of string theory. So the study of higher spin particles and fields is of interest
from both the experimental and purely theoretical perspective.

Though the non-interacting higher spin fields theory is free of any pathology, many
problems arise at the interaction level (e.g. with electromagnetism and gravitation). The
construction of the consistent interactions of higher–spin fields is the major non–trivial
problem in this theory, as we shall demonstrate by trying to couple a massive spin–2 par-
ticle to a Maxwell field, and a massless spin–5/2 particle to gravity. These inconsistencies
show up in the classical theory as well as at the quantum level, and demonstrate that the
minimal coupling does not work for higher-spin fields, and we will see that, in particu-
lar, the problem of coupling of higher spins to gravity (for example the Aragone–Deser
problem [9]) can be solved by considering the fields in backgrounds with a non–zero cos-
mological constant such as a de Sitter or an Anti de Sitter (AdS) spaces. This observation
was first made by Fradkin and Vasiliev [10], who constructed consistent cubic interactions
of higher spin fields with gravity in an (anti)–de–Sitter background. Their results led,
later on, to the development by Vasiliev of a powerful method for the construction of
complete non–linear equations describing higher-spin interactions [11, 12, 13].

The aim of this thesis is to study the main features of the theory which describes
the dynamics of higher spin particles and corresponding fields, and the problems of their
interactions (in particular with the gravitational field). The structure of actions and equa-
tions of motions of massless higher spin fields will be studied together with their global
and local symmetries, both in flat and AdS space-time. In particular, we will study the
so called “triplet” systems which are composed of three totally symmetric tensors (for
bosons) or spinor-tensors (for fermions) of rank s, s − 1, s − 2, and they have an inter-
esting field content: they describe particles of spin from s to 1 or 0 (bosons) and from s
down to 1/2 (fermions). The importance of the triplet systems is that they furnish a link
between higher spin theory and string theory. Two different descriptions of the triplets
will be given, the “metric-like” formulation and the “frame-like” formulation with the aim
to solve the still open problem of the construction of the “metric-like” action for fermionic
triplets in AdS. The particular case which will be studied in detail is the triplet system
which describes fields of spins 5/2, 3/2 and 1/2.

The construction of the metric–like action for the spin-5/2 and spin–3/2 doublet in AdS
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space, which is straightforwardly extended to the triplet system by adding the spin–1/2
field action, is the main original result of this thesis that resolves the problem of the con-
struction of such an action encountered previously by two groups of theorists [14, 15].

The thesis is organized as follows.
In Section 2, we will review the procedure followed by Fang and Fronsdal, using the

metric–like formalism, to construct the Lagrangian for irreducible higher spin fields, both
in the bosonic and fermionic case.

In Section 3 we will present the interaction problem, giving two examples of how
inconsistencies show up when one tries to introduce the minimal interaction of higher
spin fields with an electromagnetic field and gravity.

In Section 4, we will present the frame-like formulation of massless higher spin fields,
and we will see that this kind of formalism proves to be much more powerful and general
than the metric-like one. In fact, we will see how this approach naturally allows to relax
the conditions on the fields and on the gauge parameters, uncovering a number of features
that seemed to be hidden in the old metric-like approach to higher spin field theory. One
of these features regards the “triplet” systems of higher spin fields. As we will see in
Section 8, string theory contains an infinite tower of massive higher spin particle states,
which naturally split into the massless triplet systems in the limit in which string tension
goes to zero.

In Sections 5, 6 and 7 we will focus our attention on the doublet system of fields wih
spin–5/2 and spin–3/2. Starting from their frame-like formulation, we will derive the
metric-like action and equations of motions, first in Minkowski and then in AdS space-
time. We will also verify that the action is gauge–invariant and splits into the sum of
actions for irreducible spin–3/2 and spin– 5/2 fields, thus showing that it describes the
fields with the correct number of degrees of freedom.

In Section 8, we will briefly review the main features of the open bosonic string in flat
space-time, such as the action, conformal symmetry, BRST quantization and appearance
of higher–spin triplets in the tensionless string limit.

In the Appendices we summarize our notation and conventions, and give the details
of some computations that we skip in the discussion, for brevity.

5



2 Metric-like description of free irreducible higher-

spin fields

In this section we will consider the construction of higher spin field equations and actions
in a flat space-time in the so called “metric-like” formalism, making use of a notation
which naturally generalizes that of Einstein for the linearized gravity (i.e. massless spin-2
field). In 1939, Fierz and Pauli [3] studied particles of arbitrary high spin, following a
field-theoretical approach, requiring Lorentz invariance and positivity of energy. Then,
when Wigner [4] and Bargmann and Wigner [5] published their works on the representa-
tions of the Poincarè group, it became clear that the positivity of energy was equivalent
to the requirement that the single-particle states are described by irreducible unitary rep-
resentations of the Poincarè group. Although in space-times with dimension D > 4 there
also exist independent tensor fields with mixed symmetry, in the following we shall restrict
our attention to the totally symmetric tensors (and tensor-spinors).

The group-theoretical approach leads us to classify particles in terms of the quantum
numbers related to the two Casimir operators1 of the Poincarè group, i.e.:

C1 = PmPm, , C2 = WmWm , (2.1)

where Pm is the 4-momentum of the particle and Wm = −1
2
εmnrsJnrPs is the Pauli-

Lubanski pseudovector. For the particles of mass m and spin s, we have C1 = m2 and
C2 = −m2s(s + 1). When PmPm = m2 = 0, we have either W 2 6= 0 or W 2 = 0. In the
first case, the representations do not correspond to physical states, and thus we will not
consider them. On the contrary, when W 2 = 0, it can be shown that Wm = hPm where
h is the helicity operator h = J·P

|P| . Thus, representations of the Poincarè group can be
classified in this case by the helicity eigenvalues. In the following, we separately treat the
integer spin and half-integer spin cases.

2.1 Massive spins

2.1.1 Bosonic case

In the bosonic case (s integer), the particle states are described by the representation
D
(
s
2
, s

2

)
of the D = 4 Lorentz group. The corresponding field is a totally symmetric

tensor, which satisfies the tracelesness condition:

ηm1m2φm1m2...ms = 0 . (2.2)

The Casimir operator C1 leads to the following equation of motion:(
� +m2

)
φm1...ms = 0, (2.3)

while the Casimir C2 requires all the lower values of spin to vanish. This is achieved,
together with (2.2), by imposing the following transversality condition:

∂m1φm1...ms = 0 (2.4)

1To be precise, this two operators are the only Casimir operators just in D = 4. For D > 4 there are
D
2 (D even) or D−1

2 (D odd) Casimir operators for the Poincarè group, and its representations should be
classified by the eigenvalues of all these operators.
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Let us show that the counting of the degrees of freedom reproduces the expected result
in 4D, i.e. 2s+ 1 for a massive field of spin s. The symmetric field φm1m2···s has

C (D + s− 1, s) =
(D + s− 1)!

s!(D − 1)!
(2.5)

independent components. Imposing the tracelessness condition (2.2) we rule out
C(D+ s− 3, s− 2) of these components, while the transversality condition (2.4) removes
other C(D−2+s, s−1) of them. However, we should remove the trace from the counting
of the number of the independent components in the transverality condition, and hence
we must add C(D− 4 + s, s− 3) degrees of freedom. Summing up all these contributions
we get

Nb,m 6=0 = C(D − 1 + s, s)− C(D − 3 + s, s− 2)− C(D − 2 + s, s− 1)+

+ C(D − 4 + s, s− 3) = C(D − 4 + s, s) + 2C(D − 4 + s, s− 1) (2.6)

which for D = 4 gives 2s+ 1 degrees of freedom, as expected.

2.1.2 Fermionic case

Let us now consider a massive fermionic field of spin s = n+ 1
2
. This is represented by a

symmetric tensor-spinor ψm1...mn of rank n, which in D = 4 transforms as the D(n+1
2
, n

2
)⊕

D(n
2
, n+1

2
) representation of the Lorentz group. This field satisfies the equations

γmψmm2...mn = 0 , (2.7)(
i/∂ −m

)
ψm1...mn = 0 , (2.8)

∂m1ψm1...mn = 0 . (2.9)

A counting similar to that done for bosons, leads us to the following number of degrees
of freedom propagated by the field ψm1...mn in D space-time dimensions

Nf,m 6=0 = C(D − 3 + n, n)× 2[D]/2 , (2.10)

where [D] ≡ D+ 1
2
[(−1)D − 1], and 2[D]/2 is the dimension of the representation to which

belongs a Lorentz-spinor in D dimensions. Again, the number of degrees of freedom, for
D = 4, reduces to 2× (2s+ 1), as expected.

One may ask if equations (2.3), and conditions (2.2) and (2.4), and the corresponding
equations (2.7)–(2.9) for the fermionic half-integer spin fields can be deduced from a
Lagrangian. This was done in 1974 by Singh and Hagen [16, 17] who constructed the
Lagrangians for bosonic and fermionic massive higher–spin fields generalizing the earlier
construction of Fierz and Pauli [3]. In these Lagrangians the transversality condition
(2.4) was incorporated with the use of a chain of auxiliary fields of ranks s−2, s−3, . . . 0,
which are all symmetric and traceless (in the bosonic case) or γ-traceless (in the fermonic
case) too. When the equations of motion and the subsidiary conditions are satisfied, all
the lower spin fields vanish.

Since in this thesis we will only deal with massless fields, we do not present here the
Lagrangian for the massive higher spin fields. In what follows we will consider the massless
limit of the Singh–Hagen Lagrangians, carried out by Fronsdal in the bosonic case [8] and
by Fang and Fronsdal in the fermionic case [18].
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2.2 Massless higher spins

2.2.1 Bosonic case

In the bosonic case, Fronsdal found that all the auxiliary fields of lower spins decouple in
the massless limit except for a field of rank s− 2. Moreover, the two remaining fields of
rank s and s − 2 can be combined together into a symmetric tensor field Φm1...ms which
is double–traceless (for s ≥ 4), i.e. such that

ηm1m2ηm3m4Φm1m2m3m4...ms = 0.

The Lagrangian in question has the following form

L =− 1

2
(∂rΦm1...ms)

2 +
1

2
s(∂ · Φm2...ms)

2 +
1

2
s(s− 1)(∂ · ∂ · Φm3...ms)Φ

′m3...ms

+
1

4
s(s− 1)(∂rΦ

′
m3...ms

)2 +
1

8
s(s− 1)(s− 2)(∂ · Φ′m4...ms

)2 , (2.11)

where Φ′m3...ms
≡ ηm1m2Φm1m2...ms , and ∂ ·Φm2...ms ≡ ∂m1Φm1m2...ms . The Lagrangian (2.11)

is gauge-invariant under the following transformations with the symmetric and traceless
parameter ξm1...ms−1(x):

δΦm1...ms = ∂(m1ξm2...ms−1) , ξ′m4...ms
= 0 . (2.12)

The equations of motion derived from the Lagrangian (2.11) are

Fm1...ms −
1

2
η(m1m2F ′m3...ms)

= 0 , (2.13)

where the so-called Fronsdal tensor Fm1...ms is defined as

Fm1...ms ≡ �Φm1...ms − ∂(m1∂ · Φm2...ms) + ∂(m1∂m2Φ
′
m3...ms)

, � = ∂m∂
m . (2.14)

Due to the double-tracelessness of Φm1...ms , we can rewrite equation (2.13) in the following
simpler form:

Fm1...ms = 0. (2.15)

It is worth noting that, if we consider the spin 2 case, equation (2.13) reduces to the
Einstein linearized equation, and the Fronsdal tensor is nothing but the linearized Ricci
tensor.

We can now exploit the gauge invariance (2.12) to recast the equation (2.15) in a
simpler form. To this end we impose the following gauge fixing condition

Gm2...ms ≡ ∂ · Φm2...ms −
1

2
∂(m2Φ

′
m3...ms)

= 0 , (2.16)

where G ′m4...ms
= 0 because ηm1m2ηm3m4Φm1m2m3m4...ms = 0. In this gauge the Fronsdal

tensor (2.14) and hence eq. (2.15) reduce to

�Φm1...ms = 0 , (2.17)

which implies that we indeed deal with a massless higher spin field.
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We can now make the counting of the physical degrees of freedom described by the
Fronsdal field. The field Φm1m2m3m4...ms with vanishing double-trace has C(D−1 +s, s)−
C(D − 5 + s, s − 4) indipendent components in D dimensions. With the partial gauge-
fixing (2.16) we remove C(D−2+s, s−1)−C(D−4+s, s−3) of these components. The
residual gauge symmetry (2.12) with a parameter ξm2...ms which satisfies �ξm2...ms = 0,
allows us to remove other C(D − 2 + s, s− 1)− C(D − 4 + s, s− 3) components. Then,
we are left with the following number of degrees of freedom:

Nb,m=0 = C(D − 5 + s, s) + 2C(D − 5 + s, s− 1) , (2.18)

which, in D = 4, gives exactly two degrees of freedom for all s. These degrees of freedom
are associated with a positive and negative helicity of the spin–s particle along its light–like
momentum.

2.2.2 Fermionic case

In the fermionic case, Fang and Fronsdal [18] found that, in the massless limit, all the
lower–rank (auxiliary) fields in the Singh–Hagen Lagrangian decouple, except for the two
symmetric and γ–traceless tensor-spinors of highest ranks n− 1 and n− 2. The originary
field and these two auxiliary fields can be combined into a single rank-n tensor-spinor
Ψm1...mn which is triple γ-traceless (for s = n+ 1

2
≥ 7

2
), i.e. γm1γm2γm3Ψm1...mn = 0. The

Lagrangian describing the free dynamics of this field has the following form

iL =Ψ̄m1...mn
/∂Ψm1...mn + n /̄Ψm1...mn

/∂ /Ψ
m2...mn − 1

4
n(n− 1)Ψ̄′m3...mn

/∂Ψ′m3...mn

− n
[
Ψ̄m2...mn∂ ·Ψm2...mn − h.c.

]
+

1

2
n(n− 1)

[
Ψ̄′m3...mn

∂ · /Ψ′m3...mn − h.c.
]
. (2.19)

The equations of motion derived from this Lagrangian are:

Sm1...mn −
1

2
γ(m1

/Sm2...mn) −
1

2
η(m1m2S

′
m3...mn) = 0 , (2.20)

where the fermionic Fronsdal tensor-spinor is defined as:

Sm1...mn ≡ i
[
/∂Ψm1...mn − ∂(m1

/Ψm2...mn)

]
. (2.21)

Equations (2.20) can be rewritten in the form:

Sm1...mn = 0 . (2.22)

The Lagrangian and the equations of motion enjoy the following gauge symmetry:

δΨm1...mn = ∂(m1εm2...mn) , γm2εm2...mn = 0 , (2.23)

where εm2...mn is a symmetric rank n− 1 tensor-spinor. Note that equation (2.22) implies
that the time component of the γ-traceless part of the field Ψm1...mn , which we will write
Ψ̃0m2...mn is not dynamical, since it is constant in time. We can see this by multiplying
(2.22) with γm1 from the left, thus getting
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i
[
−2/∂ /̃Ψm2...mn + 2∂mΨ̃mm2...mn

]
= 2i∂mΨ̃mm2...mn = 0 , (2.24)

The last equality in (2.24) tells us that Ψ̃0m2...ms is a conserved charge, thus it does not
vary with time.

To carry out the counting of the degrees of freedom, we note that a symmetric

triple γ-traceless rank-n tensor-spinor has [C(D + n− 1, n)− C(D + n− 4, n− 3)]×2
[D]
2

indipendent components. Though, since Ψ̃0m2...ms is not dynamical, we already have
[C(D + n− 2, n− 1)− C(D + n− 3, n− 2)]× 2[D]/2 constraints. Moreover, we can fix a
gauge using the γ-traceless parameter εm1...mn−1 , e.g. by putting to zero the following
combination of the field components

Gm1...mn ≡ /Ψm2...mn −
1

D − 4 + 2n
γ(m2Ψ

′
m3...mn) = 0 (2.25)

Upon this gauge-fixing we are still left with the residual gauge transformations of the
form

/∂εm2...mn −
2

D − 4 + 2n
γ(m2∂ · εm3...mn) = 0 . (2.26)

The gauge-fixing (2.25) and the residual gauge transformations (2.26) remove [C(D+n−
2, n− 1)− C(D + n− 3, n− 2)]× 2[D]/2 components each. Thus, the number of degrees
of freedom is found to be:

Nf,m=0 = C(D − 4 + n, n)× 2[D]/2 . (2.27)

Again, in D = 4 we are left with 4 degrees of freedom, as expected. We stress the fact
that equations (2.22) do not reduce to the Dirac equation, under the gauge-fixing (2.25).
To obtain the Dirac equations /∂Ψm1...mn = 0 one should use the residual symmetry (2.26)
to set Ψ′m3...mn

= 0.
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3 The interaction problem

The construction of consistent interactions of massless and massive higher–spin fields with
electromagnetic fields and gravity, as well as among themselves, is a highly non–trivial and
very interesting problem which has been addressed since the first appearance of higher–
spin fields in works by Dirac, and Fierz and Pauli in the 1930s. The consistency requires,
first of all, that interactions do not spoil (but can only modify) symmetries of the free
theory and, hence, the number of physical degrees of freedom of the fields remain intact.
Below we demonstrate these issues on two simple examples, the problem of coupling a
massive spin–2 field to an electro–magnetic field, and the problem of coupling a massless
spin–5/2 field to gravity.

3.1 Coupling of massive spin–2 field to a photon

Trying to couple a massive spin 2 field φmn to a Maxwell field Am, we will show how the
minimal coupling procedure gives rise to inconsistencies. As we considered in Section 2,
the field φmn = φnm satisfies eqs. (2.2)–(2.4). We would like to couple the field φmn to
Am by replacing the partial derivative with the covariant one. Then the equations take
the form (

∇2 +m2
)
φmn = 0 , ∇mφmn = 0 , φm m = 0. (3.1)

From the equation of motion and the transversality condition, we get:[
∇2 +m2,∇m

]
φmn = 0 (3.2)

Since the covariant derivates do not commute, equation (3.2) results in further constraints
on the field φmn. For instance, for a constant electromagnetic field-strength Fmn, we find
that the field φmn should satisfy the additional condition

ieFmn∇mφnp = 0 , (3.3)

a constraint which we did not have in the absence of the electro–magnetic interactions.
As a result the field φmn does not propagate the correct number of degrees of freedom
and hence such a minimal electro–magnetic interaction is inconsistent.

3.2 Coupling s = 5/2 to gravity

Following [19], we shall now illustrate the problem arising when one tries to couple a
massless spin 5/2 field to gravity, which is known as the Aragone-Deser problem [9]. Such
a field is represented by a tensor-spinor Ψα

m1m2

2 which is symmetric in its tensor indices,
and obeys the following equation of motion

Sm1m2 = iγn (∂nΨm1m2 − ∂m1Ψnm2 − ∂m2Ψnm1) = 0 . (3.4)

It is invariant under the following gauge transformations:

δΨm1m2 = 2∂(m1ξm2) . (3.5)

2For the sake of simplicity, from now on, we shall drop the spinor index α.
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Now, in order to describe the minimal coupling of the field Ψm1m2 to gravity, one
should replace the ordinary derivative with the covariant one, obtaining:

Sm1m2 = iγn (∇nΨm1m2 −∇m1Ψmm2 −∇m2Ψmm1) = 0 , (3.6)

where∇nΨab = ∂nΨab−Γmnm1
Ψnm2−Γmnm2

Ψmm1−1
4
ωnabγ

abΨm1m2 is the covariant derivative,
and γn = γaea

n are the “curved” γ−matrices, ωnab is the spin-connection, and Γmnp is the
affine connection (Christoffel symbols).

We should now check that the minimal generalization of the gauge transformations
(3.5):

δΨm1m2 = 2∇(m1ξm2) (3.7)

leaves the equation of motion (3.6) invariant. The gauge variation of equation (3.6) is

δSm1m2 = i [Rm1nγ
nξm2 +Rm2nγ

nξm1 − (Rnm1m2

p +Rnm2m1

p) γnξp] (3.8)

We see that the variation of the equations of motion is non-vanishing, even when the
gravitational field satisfies the “free” Einstein equations, i.e. when the Ricci tensor is zero,
Rmn = 0. So in this case the minimal approach to coupling the spin s = 5/2 to gravity
seems to be insufficient. Moreover, no way has been found to add non-minimal terms to
(3.6) in order to remove the whole Riemann tensor appearing in the variation (3.8). Thus,
it has been concluded that it is not possible to consistently couple the spin–5/2 field to
gravity, at least in flat space-time.

This issue occurs for consistent coupling of every higher spin (s > 3/2) fermionic and
bosonic field to gravity and is in agreement with the fact that, in flat space-time, any
interacting theory involving higher spin particles would lead to a trivial S-matrix [20, 21].
Since this result is related to the trivial geometry of the flat Minkowski space, one may try
to overcome the obstacle by constructing a theory, for instance, in an AdS background,
which enjoys a space-time symmetry that is different from the Poincarè group3 and has a
non–zero constant curvature.

Fronsdal in the bosonic case [22], and Fang and Fronsdal in the fermionic case [23],
generalized the free higher-spin equations (2.15) and (2.22) to the AdS background. The
equations of motion for an s = 5/2 tensor-spinor interacting with gravity with an AdS
background are

Sm1m2 = iγn (DnΨm1m2 −Dm1Ψmm2 −Dm2Ψmm1)− 2
√
−ΛΨm1m2 = 0 (3.9)

where a “mass-like” term, proportional to the square root of the cosmological constant Λ,
has been added to the left hand side of the equation. Note that −Λ is positive in AdS,
then the term

√
−Λ actually plays the role of a mass-like term, like the one appearing

in the Dirac equation (i/∂ − m)ψ = 0. It can be shown that the spin–5/2 field obeying
eq. (3.9) propagates in AdS the same number of degrees of freedom as in the Minkowski
space due to the gauge-invariance of (3.9) under the following transformations:

δΨm1m2 = 2D(m1ξm2) (3.10)

The derivative in (3.9) and (3.10) is defined as follows

3The isometry group of AdS space-time is Spin(2, D − 1).
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Dm = ∇m + i

√
−Λ

2
γm, (3.11)

where the term i
√
−Λ
2
γm is meant to act only on spinor indices, and behaves like the affine

connection in ordinary covariant derivatives, whose sign changes depending on whether
the spinor index is up or down. Remember that the AdS-Riemann tensor takes the
following simple form:

RAdS
mnp

q = Λ (δqmgnp − δqngmp) , (3.12)

and note that this implies that, in AdS:

[Dm,Dn]ψα = 0 (3.13)

for every spinor ψα, while for a vector Ap we have:

[Dm,Dn]Ap = [∇m,∇n]Ap = −RAdS
mnp

qAq (3.14)

Now, if we consider fluctuations of the Riemann curvature around the AdS background,
we find the following variation of equation (3.9)

δSm1m2 = −i (Rnm1m2

p +Rnm2m1

p) γnξp + . . . , (3.15)

where dots stand for terms that can be removed by an appropriate modification of the
gauge transformations (3.10). This variation can be balanced by introducing the following
additional term in equation (3.9) [19]:

S(1)
m1m2

= − i

2Λ
(Rpm1m2q +Rpm2m1q) /DΨpq (3.16)

whose gauge variation is

δS(1)
m1m2

= −2i

Λ
(Rpm1m2q +Rpm2m1q) γnDnDpξq =

=
i

Λ
(Rpm1m2q +Rpm2m1q) γn [Dn,Dp] ξq + . . . (3.17)

where now . . . stand for terms with the anticommutator of Dn which can be canceled by
a modification of the gauge transformations and by adding more interaction terms. If we
restrict ourselves only to linear terms in the fluctuating graviational field, we find that
the variation (3.17) exactly cancels (3.15). It is worth noting that, since the cosmological
constant enters (3.16) in a non-polynomial way, we cannot take the limit Λ → 0, and
hence we cannot reduce to the Minkowskii space-time.

This example demonstrates that it is possible to construct an interacting theory (at
least at the first non–linear order in weak fields) between higher spins and gravity in a
space-time with a non-zero cosmological constant. This observation was first made by
Fradkin and Vasiliev [10], who constructed consistent cubic interactions of higher spin
fields with gravity in an (anti)–de–Sitter background. Their results led, later on, to the
development by Vasiliev of a powerful method for the construction of complete non–
linear equations describing higher-spin interactions [11, 12, 13]. The method is based on
an alternative, so called frame–like, formulation of the higher–spin theory [24, 25] which
we will now review for the free field case.
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4 Frame-like description of free higher-spin fields

As we have seen in the first section, the metric-like formulation of massless higher–spin
fields requires the fields to be double-traceless in the bosonic case, and triple-γ-traceless
in the fermionic one. In the “frame-like” formulation of massless higher–spin gauge fields,
the latter are represented by differential one–forms that carry irreducible representations
of the local Lorentz group acting in the space tangent to the (generically curved) space–
time.

The frame-like approach has turned out to be more general and powerful than the
metric-like one, as far as the higher spin interaction problem is concerned, somewhat
similar to how the Cartan approach to the description of general relativity allowed one to
couple gravity to fermionic spinor fields. In the Cartan (frame–like) formulation gravity
is described by the one–form vielbein (or frame-field) ea = em

adxm, where the index “a”
is a Lorentz index and the index “m” is a world index, i.e. an index which has to be
lowered or raised with the space-time metric gmn. The space–time metric is defined as
the “composite” field

gmn = eam e
b
nηab.

The Riemann tensor is defined as Rab[ω] = dωab + ωa c ∧ ωcb, where ωab = −ωba =
dxmωabm is the spin-connection, which, in the zero-torsion case (or metricity condition),
can be expressed as a function of only the vielbein fields, and is thus an auxiliary field.

To describe higher spin fields, by analogy with the frame-field ea, one introduces rank
s− 1 symmetric traceless one–form fields ea1...as−1 = dxmem;

a1...as−1 . The spin connection
is given by a one-form field ωa1...as−1,p = dxmωm;

a1...as−1,p which is totally symmetric in
the upper first s − 1 indices, while the symmetrization on s upper indices gives zero. In
the half–integer spin case the fields also carry a spinor index.

4.1 Frame-like action for bosonic fields in flat space-time

In flat space-time we will not distinguish world indices from tangent-space ones, and
we will label both of them by Latin lower case letters. The form-index will always be
separated from the others by a semicolon. So the frame–like bosonic spin–s field (or the
higher–spin vielbein) is

en1...ns−1 = dxmem;
n1...ns−1 , (4.1)

and the one-form spin connection is

ωn1...ns−1,p = dxmωm;
n1...ns−1,p . (4.2)

In (4.2) the indices n1 . . . ns−1 are totally symmetric, and ωn1...ns−1,p has the symmetry
property of the Young tableau Y (s − 1, 1), i.e. the symmetrization 4 of every s indices
vanishes:

ω(n1...ns−1,p) = 0. (4.3)

4In this thesis, symmetrization or antisymmetrization over n indices is meant to be taken with unit
weight, i.e.:

A(m1...mn) =
1

n!
(Am1...mn +Am2m1...mn + (permutations)) .
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In order for the spin connection to be an auxiliary field, we need to impose the zero torsion
condition. In the linearized case of the free higher spin fields the torsion constraint has
the following form

T n1...ns−1 ≡ den1...ns−1 − (s− 1)dxqωn1...ns−1,pηpq = 0 . (4.4)

The left hand side of (4.4) generalizes the notion of torsion of the graviational field, which
is given by T a = ∇ea = dea + ωa b ∧ eb.

Under the gauge transformations the higher-spin vielbein (4.1) and the spin connection
(4.2) are transformed as follows:

δen1...ns−1 = dξn1...ns−1 − (s− 1)dxqξn1...ns−1,pηpq ,

δωn1...ns−1,p = dξn1...ns−1,p − (s− 2)dxqξn1...ns−1,prηrq . (4.5)

where each of the parameters ξn1...ns−1 , ξn1...ns−1,p and ξn1...ns−1,p1p2 is symmetric on each
group of indices, and the last two have the symmetry properties respectively of the Young
tableaux Y (s − 1, 1) and Y (s − 1, 2), i.e. the symmetrization of any of their s indices
yields zero.

The zero torsion condition (4.4), which is invariant under the gauge variations (4.5),
can be deduced from an action, together with the dynamical field equation for the higher–
spin vielbein en1...ns−1 . This action is constructed by analogy with the linearized Cartan
action for the general relativity and has the following form [26]

S =

∫
MD

dxa1 . . . dxaD−3εa1...aD−3pqr(de
n1...ns−2p− s− 1

2
dxmω

n1...ns−2p,m)ωn1...ns−2

q,r . (4.6)

For s = 2 the above action coincides with the linearized gravity action. It is worth noting
that the action (4.6) does not describe the spin 1 and the scalar fields. This is due to
the fact that these fields do not carry any tangent space indices, while at least one of the
tangent space indices is needed to construct (4.6). Thus, to include in this construction
also the Maxwell and the scalar field, one should add to the action (4.6) the conventional
Maxwell and Klein-Gordon terms.

The action (4.6) is invariant under the gauge transformations (4.5) provided that the
connection satisfies the traceless condition

ηn1mω
n1...ns−1,m = 0 , (4.7)

which we will call the relaxed traceless condition, because it is weaker than the conven-
tional trace constraint

ηn1n2ω
n1n2...ns−1,m = 0. (4.8)

If (4.8) holds, also the condition (4.7) is satisfied in virtue of the symmetry property (4.3),
but not vice versa. Therefore, the action (4.6) describes a system of free higher–spin fields
associated with reducible representations of the tangent–space Lorentz group, as we will
consider in detail in Section 4.3.

A look at (4.5) tells us that the parameters of the gauge transformations which leave
the action invariant should satisfy the constraints similar to (4.7), namely

ηn1mξ
n1...ns−1,m = 0 , ηn1mξ

n1...ns−1,ml = 0 . (4.9)
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From (4.6) one deduces the equations of motion, which can be written in the following
form:

(s− 1)ω[n;
n1...ns−1,bηm],b = ∂[men];

n1...ns−1 (4.10)

δm(b∂
cωd;

n1...ns−2)[c,d] + ∂dω(b;n1...ns−2

[m,d] + ∂dω
d;
n1...ns−2[d,

m] = 0 (4.11)

where (4.10) is the zero torsion condition, while (4.11) gives the dynamical second or-
der equation for the higher–spin vielbein en1...ns−1 , when the higher–spin connection is
substituted by its expression in terms of components of den1...ns−1 .

4.2 Fronsdal case

The action (4.6) describes a single (irreducible) massless field of spin s, when the one–
forms and the gauge parameters satisfy the strong traceless conditions 5:

ηn1n2 ẽ
n1...ns−1 = 0 , ηn1n2ω̃

n1...ns−1,m = 0 (4.12)

as well as on the gauge parameters:

ηn1n2 ξ̃
n1...ns−1 , ηn1n2 ξ̃

n1...ns−1,m ηn1n2 ξ̃
n1...ns−1,mp . (4.13)

It is easy to see that using the transformations (4.5), one can remove the totally
antisymmetric part of the higher–spin vielbein. Then, since the higher–spin connection is
just an auxiliary field in virtue of equation (4.10), all the degrees of freedom are carried
by the symmetric field ẽ(n1;n2...ns) ≡ Φn1n2...ns . Note that, because (4.12) holds, the field
Φn1...ns is double-traceless and hence of the Fronsdal type. The remaining gauge symmetry
is the symmetry (2.12) of the Fronsdal formulation. Thus, in this irreducible case, upon
partial gauge fixing and removing auxiliary fields we recover from the action (4.6) the
Fronsdal action. This is similar to how one gets the Einstein action for gravity from its
Cartan form.

4.3 Triplet case

Let us consider now in more detail the case in which the frame-like fields en1...ns−1 are
unconstrained and ωn1...ns−1,m obey the relaxed conditions (4.7). By decomposing the
higher–spin vielbein into a sum of traceless tensors of lower rank, one can show that the
action (4.6) splits into the sum of the actions for the traceless vielbeins and connections
ẽn1...nt−1 , ω̃n1...nt−1,m, where t = 3, 5, . . . , s if s is odd, and t = 2, 4, . . . , s if s is even. Thus,
the action (4.6) can be rewritten as follows:

S =

[s/2]∑
k=1

α(t,D)

∫
MD

dxa1 . . . dxaD−3εa1...aD−3pqr(dẽ
n1...nt−2p

− t− 1

2
dxmω̃

n1...nt−2p,m)ω̃n1...nt−2

q,r (4.14)

5Following [26], we shall always put a tilde˜over objects that obey the strong traceless condition in
the bosonic case and the γ-traceless condition in the fermionic case.
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where [s/2] is the integral part of s and k = 2t or k = 2t + 1 depending on whether
s is even or odd. Each term of the sum (4.14) is invariant under the transformations
(4.5) with the traceless parameters (4.13) and thus describes a single Fronsdal–like field
of spin t.

We thus find that the irreducible field content of the unconstrained frame–like fields
is similar to that of the higher-spin field triplets which naturally arise in String Theory
[14]. The only difference is that the latter also include in their spectra the spin–one and
spin–zero fields.

In the metric-like formulation, the higher–spin triplets are represented by the following
three totally symmetric tensors of rank s, s− 1 and s− 2:

Φn1...ns Cn1...ns−1 , Dn1...ns−2 , (4.15)

satisfying the equations of motion:

Cn1...ns−1 = ∂mΦm
n1...ns−1 − (s− 1)∂(ns−1Dn1...ns−2) , (4.16)

�Φn1...ns = s∂(nsCn1...ns−1) , (4.17)

�Dn1...ns−2 = ∂mC
m
n1...ns−2 . (4.18)

These equations are gauge-invariant under the following transformations of the fields:

δΦn1...ns = s∂(nsξn1...ns−1) , (4.19)

δCn1...ns−1 = �ξn1...ns−1 , (4.20)

δDn1...ns−2 = ∂mξ
m
n1...ns−2 . (4.21)

where the parameter ξn1...ns−1 is totally symmetric.
As was shown in [26], the metric–like triplet fields are related to the components of the

higher spin vielbein and connection of the frame-like formulation, subject to the relaxed
trace constraints (4.7), as follows

Φn1...ns = s e(ns;n1...ns−1) , (4.22)

Cn1...ns−1 = (s− 1)ωm;n1...ns−1

m + ∂mem;n1...ns−1 , (4.23)

Dn1...ns−2 = ep;n1...ns−1η
s−1p . (4.24)

It is also possible to show that, upon this identification the zero torsion condition (4.10)
and the dynamical equation (4.11) are equivalent to the equations (4.16), (4.17) and
(4.18), modulo the absence in the frame-like equations of the equations for spin–1 and
spin 0 fields, that can be added “by hand” (as discussed above).

4.4 Fermionic frame-like action in flat space-time

The procedure, generalizing the Cartan formulation of gravity to the description of higher
spin fields described in Section 3.1 for the bosonic case, can also be extended to fermionic
fields. The half–integer spin field is described by a set of tensor-spinor one-forms
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ψαa1...as− 3
2
,b1...bt

= dxnψαn;a1...as− 3
2
,b1...bt

with 0 ≤ t ≤ s− 3
2
. The starting point is the definition

of a set of fermionic Riemann curvatures (one for each value of t):

Ra1...as− 3
2
,b1...bt = dψa1...as− 3

2
,b1...bt − (s− t− 3

2
)ecψa1...as− 3

2
,b1...btc . (4.25)

The curvatures (4.25) are invariant under the gauge transformations:

δψa1...as− 3
2
,b1...bt = dξa1...as− 3

2
,b1...bt − (s− t− 3

2
)ecξa1...as− 3

2
,b1...btc (4.26)

We stress here the fact that the fields ψαa1...as− 3
2
,b1...bt

with t ≥ 1 do not contribute to the free

action, while they play an important role to preserve gauge invariance when introducing
interactions. The action which involves the field ψa1...as− 3

2

, has the following form

S = i

∫
MD

ea1 . . . eaD−3εa1...aD−3pqr

(
ψ̄d1...ds− 3

2

γpqrdψ
d1...ds− 3

2 − 6ψ̄d1...ds− 5
2

pγqdψ
d1...ds− 5

2
r
)
,

(4.27)

It is invariant under the gauge transformations (4.26) provided that the gauge parameters
satisfy the conditions

γbξ
a1...as− 3

2
,b

= 0 , ξ
a1...as− 5

2
b,
b = 0 (4.28)

In analogy with (4.7) for the bosonic case, we shall call (4.28) the relaxed trace conditions.
Making the variation of (4.27), we get the following equations of motion

1

s− 3
2

γmqr∂qψr;a1...as− 3
2

= γm∂rψ(a1;a2...as− 3
2

)r − γq∂rψq;r(a2...as− 3
2
δm
a1)

− γr∂rψ(a1;a2...as− 3
2

m + γr∂rψ
p;
p(a2...as− 3

2
qδ
m
a1)

− γm∂(a1ψ
q;
a2...as− 3

2
)q + γq∂(a1ψ

m;
a2...as− 3

2 )
q . (4.29)

This equation will be studied in detail in Section 5, for s = 5/2.

4.5 Fang-Fronsdal case

We consider now the case in which all the fields and the parameters satisfy the strong
γ–traceless conditions, i.e.

γcψ̃a1...as− 3
2
,c = 0 , γcψ̃a1...as− 5

2
c = 0 ,

γcξ̃a1...as− 3
2
,c = 0 , γcξ̃a1...as− 5

2 c
= 0 . (4.30)

It can be shown that the γ-traceless field ψ̃m;n1...ns− 3
2

can be decomposed into the follow-

ing irreducible parts: ψ̃(m;n1...ns− 3
2

), of rank s, γmψ̃m;n1...ns− 3
2

of rank s−1, ηmkψ̃m;n1...ns− 5
2
k

of rank s − 2, and finally its part that satisfies ψ̃(m;n1...ns− 3
2

) = 0. The last one can be

gauged away by an appropriate choice of the γ-traceless parameter ξ̃n1...ns− 3
2
,m (Stueck-

elberg symmetry). Having fixed the gauge, we are left with the three totally symmetric
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tensor-spinors, which of course are γ-traceless. These three tensors can be combined to-
gether into a single totally symmetric Fang–Fronsdal tensor–spinor Ψ

n1...ns− 1
2 , which is

triple-gamma traceless. The residual gauge-symmetry

δψ̃
m;n1...ns− 3

2 = ∂(mξ̃
n1...ns− 3

2
)
, (4.31)

is the same as the gauge symmetry (2.23) of the Fang–Fronsdal action. We thus estab-
lished the relation of the frame–like formulation of irreducible half–integer spin fields with
the Fang–Fronsdal metric–like formulation.

4.6 Triplet case

We consider now the case in which the field ψ
a1...as− 3

2 and the parameter ξ
a1...as− 3

2 are

unconstrained, while the parameter ξ
a1...as− 3

2
,b

is subject to the constraints (4.28). Like
in the Fang-Fronsdal case, by making use of the gauge transformations (4.26), the field
ψa1...as− 3

2

can be reduced to the sum of three tensor-spinors of ranks s − 1
2
, s − 3

2
, s − 5

2
,

which are now unconstrained. These fields can be decomposed into their γ-traceless parts,
obtaining the set of irreducible Fang-Fronsdal fields of spins from s to 3

2
. Note that, as

the scalar and vector fields, the spin–1/2 field is not included in the action (4.27), and
should be added separately.

Again, we can relate these frame–like fields to the fields composing the triplet fermionic
fields arising in the tensionless limit of the fermionic string spectrum, since their contents
are the same, modulo the spin–1/2 field.

In the metric–like formulation [14], the fermionic triplet consist of the three fields of
rank s− 1

2
, s− 3

2
and s− 5

2
which we call, respectively, Ψm1...ms− 1

2

, χm1...ms− 3
2

and λm1...ms− 5
2

.

Their equations in flat space-time are:
γn∂nΨm1...ms− 1

2

=
(
s− 1

2

)
∂(m1χm2...ms− 1

2
) ,

∂nΨnm2...ms− 1
2

−
(
s− 3

2

)
∂(m2λm3...ms− 1

2
) = γn∂nχm2...ms− 1

2

,

γn∂nλm1...ms− 5
2

=
(
s− 5

2

)
∂nχnm1...ms− 5

2

,

(4.32)

which are invariant under the following gauge transformations

δΨm1...ms− 1
2

=

(
s− 1

2

)
∂(m1ξm2...ms− 1

2
) , (4.33)

δχm1...ms− 3
2

= γn∂nξm1...ms− 3
2

, (4.34)

δλm1...ms− 5
2

= ∂nξnm1...ms− 5
2

. (4.35)

Comparing these with the gauge transformations of the frame-like field (4.26) one deduces
how the metric–like triplet fields are related to the components of the higher-spin one-form
field ψa1...as− 1

2

:

Ψm1...ms− 1
2

=

(
s− 1

2

)
ψ(m1;m2...ms− 1

2
) , (4.36)

χm1...ms− 3
2

= γnψn;m1...ms− 3
2

, (4.37)

λm1...ms− 5
2

= ηmlψm;lm1...ms− 5
2

. (4.38)

19



In Section 5 for the case s = 5
2

we will explicitly show how, upon the identifications
(4.36)–(4.38), the equations of motion (4.29) reduce to eqs. (4.32).

4.7 Fermionic frame-like action in AdSD.

Now let us present the extension to the AdSD space of the frame-like formulation of
fermionic higher spin fields, since we will make use of it in Section 5, when deriving, for
the first time, the action for a metric–like fermionic s = 5/2 triplet in AdSD.

The gauge transformation (4.26) are generalized in the following way:

δψa1...as− 3
2

= Dξa1...as− 3
2

−
(
s− 3

2

)
ebξa1...as− 3

2 ,b
, (4.39)

where the covariant derivative D is the differential-form counterpart of (3.11), i.e.:

D = ∇+ i

√
−Λ

2
eaγa (4.40)

This derivative is covariant with respect to transformations of the AdSD isometry group
Spin(2, D−1), while the covariant derivative with respect to both the general coordinate
transformations and the local Lorentz transformations is ∇. From the definition (4.40) it
follows that, in AdSD, the following identity holds for every spinor ψ (without any tensor
indices), as previously pointed out in (3.13):

D2ψ = 0 . (4.41)

Moreover since the i
√
−Λ
2
eaγa part of (4.40) acts only on the spinor indices, we have the

following action on a generic tensor T a1...an :

D2T a1...an = ∇2T a1...an = −nΛe(a1ebT
a2...an)b . (4.42)

where the last equality in (4.42) follows from the fact that the Riemann tensor takes the
following form in AdSD:

R
(AdS)
ab = −Λea ∧ eb (4.43)

Using (4.41) and (4.42), we find that the derivative D acts on a tensor-spinor ψa1...an in
the same way as on a tensor T a1...an , thus:

D2ψa1...an = −nΛe(a1ebT
a2...an)b . (4.44)

Note that the action of D on a matrix γa is:

Dγa = −i
√
−Λebγba . (4.45)

4.8 Fang-Fronsdal case in AdSD

Now we consider the case when the higher spin field, which we shall call ψ̃a1...as− 3
2

according

to our notation, satisfies the strong γ-traceless condition:

γbψ̃ba1...as− 5
2

= 0 , (4.46)
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which implies, for consistency with (4.26), that the parameters in (4.39) must obey the
following conditions:

γcξ̃a1...as− 5
2
c = 0 ,

(
s− 3

2

)
γcξ̃a1...as− 5

2
c,b = −i

√
−Λγb

cξ̃a1...as− 5
2
c = i
√
−Λξ̃a1...as− 5

2
b .

(4.47)

Using the condition ξ̃(a1...as− 3
2
,b) = 0, from the above equality it follows that(

s− 3

2

)
γbξ̃a1...as− 5

2
c,b = −i

√
−Λξ̃a1...as− 5

2
c . (4.48)

The action which is gauge invariant under (4.39) is:

S = i

∫
MD

ea1 . . . eaD−3εa1...aD−3pqr

[
¯̃ψd1...ds− 3

2

γpqrDψ̃d1...ds− 3
2 − 6

(
s− 3

2

)
¯̃ψd1...ds− 5

2

pγqDψ̃d1...ds− 5
2
r

−
3i
√
−Λ(s− 3

2
)

D − 2

(
er ¯̃ψd1...ds− 3

2

γpqψ̃
d1...ds− 3

2 + 2

(
s− 3

2

)
ep ¯̃ψq d1...ds− 5

2

ψ̃
rd1...ds− 5

2

)]
(4.49)

Note that, in comparison with eq. (4.27), the action (4.49) contains two more terms
proportional to the square root of the cosmological constant, which ensure the gauge
invariance.

4.9 Triplet case in AdS

Fermionic triplets do exist also in AdS space. We will consider here the simplest case of
spin s = 5/2, which we shall further study in Section 5. The fermionic frame-like field is
the one-form ψa, and the gauge transformations (4.39) take the form

δψa = Dξa − ebξa,b (4.50)

where ξa is γ-traceful, while the antysimmetric parameter ξa,b satisfies the following rela-
tion:

γbξ
b,a = −i

√
−Λ

(
γabξb

)
= i
√
−Λ

(
ξa − γaγbξb

)
. (4.51)

From the form of the gauge transformation (4.50), one gets the following gauge variation
of the γ-trace of ψa:

δ (γaψ
a) = D (γaξ

a) . (4.52)

Using the above relations, we see that the frame-field γaψ
a enjoys the same gauge invari-

ance as a Rarita-Schwinger field in AdS.
The action for the field ψa which is invariant under the transformations (4.50) has the

following form
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S = i

∫
MD

ea1 . . . eaD−3εa1...aD−3bcd

[
ψ̄fγ

bcdDψf − 6ψ̄bγcDψd

−3i
√
−Λ

D − 2

(
edψ̄fγ

bcψf + 2ebψ̄cψd + 2edψ̄fγ
fγbψc − edψ̄fγfγbcγiψi

)]
(4.53)

In Section 6.2 we will see that upon the following substitution

ψa = ψ̃a +
1

D
γaψ̃ , γaψ̃

a = 0 , ψ̃ = γaψa (4.54)

the action (4.53) splits into the sum of the Fang-Fronsdal actions (4.49) for the irreducible
spins s = 5/2 and s = 3/2. In fact, ψ̃a is precisely the irreducible s = 5/2 field, and ψ̃ is
the irreducible s = 3/2 field. In order to show the gauge invariance of (4.53) (as well as
of the all actions in this thesis), we will make use (see Appendix) of the following identity

εa1...aD−p,b1...bpe
a1 . . . eaD−pef =

(−1)(p−1)(D−p+1)p

D − p+ 1
δf[b1εb2...bp]a1...aD−p+1

ea1 . . . eaD−p+1 . (4.55)
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5 Metric-like action for the doublet of spin 5/2 and

3/2 fields

In [26], together with the frame-like formulation of the higher spin fields, it was suggested
that, with the identification given by (4.36)–(4.38), one would obtain that (4.29) reduces
to the equations of motion for the fermionic triplets. In this section, as a warm–up exercise
before addressing the AdS case, we will explicitely derive the metric-like action for the
doublet of fields of spin 5/2 and 3/2 in flat space–time from the frame–like action (4.27),
which for the reducible s = 5/2 field has the following form

S = i

∫
MD

ea1 . . . eaD−3εa1...aD−3pqr

(
ψ̄dγ

pqrdψd − 6ψ̄pγqdψr
)

(5.1)

where ea = δamdx
m is the flat space-time vielbein. The action (5.1) is gauge-invariant (see

Appendix) under the transformations

δψa = dξa − ecξa,c , (5.2)

where the gauge parameter ξa is unconstrained, while the parameter ξa,b is antisymmetric
and γ-traceless

γaξa,b = 0. (5.3)

To derive the metric–like action from eq. (5.1) we first pass from its differential form
expression to the action for the differential form components using the following relations:

dxm1 ∧ · · · ∧ dxmd = dDx εm1...mD , (5.4)

εi1...ik ik+1...inε
i1...ik jk+1...jn = k!(n− k)! δ[ik+1

jk+1 . . . δin]
jn = k!δ

jk+1...jn
ik+1...in

(5.5)

Since we are considering flat space-time, we have ea = dxa, so the gauge transformation
(5.2) for the components ψm;b of dxmψm;b has the following form6

δψm;b = ∂mξb + ξm,b (5.6)

Using the identities (5.4) and (5.5), we can now easily write down the component action:

S =

∫
MD

dD x
(
ψ̄m;dγ

mns∂nψs;
d − 6ψ̄m;

[mγn∂nψs;
s]
)

(5.7)

The equations of motion for the unconstrained fermionic field ψa;b are derived from (4.29)
by taking s = 5/2:

γans∂nψs;
b = ηabγn∂nψs;

s + γn∂bψn;
a

+ γa∂nψ
b;n − ηabγs∂nψs; n

− γa∂bψs; s − γn∂nψb;a (5.8)

6As in Section 4, the world index, placed to the left, is separated from the tangent–space indices by
the semicolon. Here, we do not need to distinguish it from tangent-space indices, since we are in flat
space-time.
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and one could verify that these coincide with the equations obtained from the action (5.7).
Let us decompose the field ψa;b into its symmetric and antisymmetric part

ψa;b = ψ(a;b) + ψ[a;b] (5.9)

We can now make use of the gauge transformations (5.6) and eliminate some components
of the field (5.9). To this end, let us split further the antisymmetric part ψ[a;b] of the field
as follows

ψ[a;b] = ψ̃[a;b] +X[a;b] (5.10)

where ψ̃[a;b] denotes the γ-transversal part of ψ[a;b] i.e. such that γaψ̃[a;b] = 0. The

component ψ̃[a;b] can be removed using the gauge transformation (5.6) with an appropriate
choice of the “Stueckelberg” parameter ξa,b, which is both γ-traceless and antisymmetric.
Thus, ψ̃[a;b] is a pure gauge field that should effectively drop out from the action (5.7).
On the contrary, we cannot gauge away the symmetric part ψ(a;b) and the γ-traceful part
γaψa;b of the field, which will thus constitute the metric-like action.

So, upon gauge fixing ψ̃[a;b] = 0, the field (5.9) reduces to

ψa;b = ψ(a;b) +X[ab] (5.11)

Our aim is now to rewrite the field (5.11) in terms of the triplet of fields defined by (4.36),
(4.37) and (4.38), which in this case are:

Ψab = 2ψ(a;b)

χb = γaψa;b

λ = ηabψa;b

(5.12)

Note that the field λ is here not independent, namely

λ =
1

2
Ψc

c . (5.13)

Thus,we are effectively dealing with the doublet of fields {Ψab, χa}. The symmetric part
of (5.11) is just 1

2
Ψab. What remains is to represent the antisymmetric part X[ab] in terms

of (5.12). Since we put the traceless antisymmetric part ψ̃a;b to zero, we have

ψ[a;b] = ψa;b −
1

2
Ψab = X[ab] (5.14)

Now, since X[ab] is traceful, it should have the following generic form

X[ab] = α
(
γaγ

mψ[m;b] − γbγmψ[m;a]

)
+ γabC (5.15)

where α is a constant and C is a spinor field. Since γaX[ab] = γaψ[a;b] = χb − 1
2
γaΨab, one

finds that (see Appendix) 
α = 1

D−2
;

C = 1
(D−1)(D−2)

(
γaχa − 1

2
Ψc

c

)
,

(5.16)
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and we finally get the decomposition of ψa;b in terms of the fields Ψa;b and χa:

ψa;b =
1

2
Ψc

c +
1

D − 2

(
γaχb − γbχa +

1

2
(γbγ

mΨma − γaγmΨmb)

)
− 1

(D − 1)(D − 2)
γab

(
γcχc −

1

2
Ψc

c

)
(5.17)

5.1 Doublet equations of motion

In principle, in order to recast the action (5.1) in its metric-like form, one could replace
the field ψa;b with its decomposition given by (5.17). However, it will be sufficient to take
into account the definition of the doublet of fields {Ψab, χa} in terms of the components
of ψa;b, given by (5.12). To simplify the left hand side of (5.8) we use the identity:

γans = γanγs + 2ηs[aγn] . (5.18)

Substituting (5.18) and using (5.12) we get

1

2
ηabγn∂nΨc

c −
1

2
γa∂bΨc

c − ηab∂nχn (5.19)

+2∂(aχb) + γa∂nΨbn − γn∂nΨab − γaγn∂nχb = 0

Let us rewrite the above equation as follows:

ηab
(

1

2
γn∂nΨc

c − ∂nχn
)

+ γa
(
−1

2
∂bΨc

c + ∂nΨbn − γn∂nχb
)

+
(
2∂(aχb) − γn∂nΨab

)
= 0

(5.20)

and call the terms inside the parenthesis, respectively S, T b and R(ab), so that equation
(5.20) takes the rather simple form:

ηabS + γaT b +R(ab) = 0 . (5.21)

We can multiply (5.21) first by ηab and then by γaγb, and by subtracting and adding the
resulting equations, we obtain the following two:{

γbT
b = 0

DS +Ra
a = 0

(5.22)

Noting that Ra
a = −2S, we get S = 0, or explicitly:

γn∂
nλ = ∂nχ

n. (5.23)

Now we are left with one tensor equation:

γaT b +R(ab) = 0 (5.24)
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Multiplying this before by γa and then by γb, and using (5.22) we finally get:

T a = 0 , R(ab) = 0 . (5.25)

To summarize, we have obtained the following system of equations:

1

2
γn∂nΨc

c = ∂nχ
n, (5.26)

∂nΨna − 1

2
∂aΨc

c = γn∂nχ
a, (5.27)

γn∂nΨab = 2∂(aχb), (5.28)

which is indeed the system describing the fermionic doublet of spin s = 5/2 and s = 3/2.
To this system, one can add the Dirac equation for a massless spin 1/2 field, thus getting
the equations of motion for the triplet fermionic fields in the metric-like approach [14, 27].
We would like to stress the fact that equation (5.26) is nothing but the trace of (5.28), so
we are left with just two indipendent tensor equations.
It is straightforward to verify that equations (5.26)–(5.28) are invariant under the gauge
transformations:

δΨab = 2∂(aξb) (5.29)

δχa = γn∂nξa (5.30)

with the γ-traceful parameter ξa.

5.2 Action

Let us now rewrite the action (5.7) in terms of the doublet of fields Ψab and χa. To do
this, let us start by calculating the first term in (5.7):

ψ̄m;dγ
mns∂nψs;

d

Using the identity (5.18), we get:

ψ̄m;dγ
mns∂nψs;

d = ψ̄m;d

[
γmn∂nχ

d + (γn∂nψ
m;d − γm∂nψn;d)

]
= ψ̄m;dγ

mγn∂nχ
d − ψ̄m;dη

mn∂nχ
d

+ ψ̄m;d

(
γn∂nψ

m;d − γm∂nψn;d
)

(5.31)

Noticing that ψ̄m;dγ
m = χ̄d we can finally write:

ψ̄m;dγ
mns∂nψs;

d = χ̄dγ
n∂nχ

d − ψ̄m;d∂
mχd

+ ψ̄m;dγ
n∂nψ

m;d − χ̄d∂nψn;d (5.32)

We temporarily put aside the above equation and compute the contribution of the second
term in (5.7)

26



−6ψ̄m;
[mγn∂nψs;

s] =−
(
ψ̄m;

mγn∂nψd;
d + ψ̄m;

nγd∂nψd;
m

+ ψ̄m;
dγm∂nψd;

n − ψ̄m;
nγm∂nψd;

d

−ψ̄m;
mγd∂nψd;

n − ψ̄m;
dγn∂nψd;

m
)

=−
(

1

4
Ψc

c/∂Ψc
c + ψ̄m;d∂

dχm + χ̄d∂nψd;n

−1

2
χ̄n∂nΨc

c −
1

2
Ψ̄c

c∂nχ
n − ψ̄m;

dγn∂nψd;
m

)
(5.33)

We now sum up the right hand side of (5.33) which still contains the full field ψa;b with
the similar terms in (5.32), and get:

− ψ̄m;d

(
∂mχd + ∂dχm

)
+ ψ̄m;d/∂

(
ψm;d + ψd;m

)
− χ̄d∂n (ψn;d + ψd;n) =

= −Ψ̄md∂
(mχd) +

1

2
Ψ̄md/∂Ψmd − χ̄d∂nΨnd (5.34)

Summing up all these contributions together, we finally get the action:

S =

∫
MD

dDx

(
χ̄d/∂χd − Ψ̄md∂

(mχd) +
1

2
Ψ̄md/∂Ψmd − χ̄d∂mΨmd+

−1

4
Ψ̄c

c/∂Ψc
c +

1

2
χ̄n∂nΨc

c +
1

2
Ψ̄c

c∂nχ
n

)
(5.35)

To verify that the expression above is correct we derive the equations of motion from
(5.35)

δS

δχa
= γn∂nχ

a − ∂nΨma −
1

2
∂aΨ

c
c = 0 (5.36)

δS

δΨab

= −∂(aχb) +
1

2
/∂Ψab + ηab

(
−1

4
/∂Ψc

c +
1

2
∂nχ

n

)
= 0 (5.37)

We now notice that the (5.37) can be rewritten as:

Mab − 1

2
ηabM c

c = 0

where Mab = −∂(aχb) + 1
2
/∂Ψab. The contraction of (5.37) with ηab results in:

Ma
a = 0; ⇒Mab = 0

Thus, we are left with the two indipendent equation (5.27) and (5.28). In this way we
have verified that the metric-like action (5.35) has the correct form. If we add to this
action the kinetic term iψ̄γm∂ψ for a spin–1/2 field ψ(x) we will get (modulo notation and
conventions) the metric–like action for the spin–5/2 triplet constructed e.g. in [28, 14].
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6 Fermionic doublet of s = 5/2, s = 3/2 in AdS

Let us now consider the case, introduced in Section (4.9), of a reducible frame field
ψa = ψm;adx

m = ψb;ae
b
mdx

m 7 in AdS. The action we start with is the one given in
(4.53), which enjoys the gauge-invariance (4.50).
We remember here that the gauge parameter ξa is γ-traceful, while the antisymmetric
parameter ξa,b satisfies the following relation:

γbξ
b,a = −i

√
−Λ

(
γabξb

)
= i
√
−Λ

(
ξa − γaγbξb

)
. (6.1)

As pointed out in Section 3, we see that the frame-field γaψ
a enjoys the same gauge

invariance as a Rarita-Schwinger field in AdS.
Using again the identities (5.4) and (5.5), we can rewrite (4.53) in its component form

S = i

∫
MD

dDx e
[
ψ̄a;bγ

acdDcψd;
b − 6ψ̄a;

[aγbDbψc; c] + i
√
−Λ

(
ψ̄a;cγ

abψb;
c

+2ψ̄a;
[aψb;

b] + 2ψ̄a;bγ
bγ[aψc;

c] + ψ̄a;bγ
bγcaγdψc;

d
)]

(6.2)

where:

e =
1

D!
ea1m1

. . . eaDmDεa1...aDε
m1...mD =

√
−g

6.1 Gauge Invariance

In this section we shall verify the gauge invariance of action (4.53) under the gauge
transformations (4.50). To this aim, we first show that the following identity holds:

δ
(
ψ̄fγ

bcdDψf
)

= 2δψfγ
bcdDψf +∇

(
δψ̄fγ

bcdψf
)

(6.3)

where the total derivative does not affect the variation of the action8 (4.53), and can thus
be neglected. To show that (6.3) holds, we write:

ψ̄fγ
bcdDψf = ψ̄fγ

bcd∇ψf + i

√
−Λ

2
ψ̄fγ

bcdγaeaψ
f , (6.4)

and separately calculate the variation of each of the two terms on the right-hand-side of
(6.4). Then we have:

δ
(
ψ̄fγ

bcd∇ψf
)

= δψ̄fγ
bcd∇ψf + ψ̄fγ

bcd∇δψf =

= δψ̄fγ
bcd∇ψf −∇

(
ψ̄fγ

bcdδψf
)

+
(
∇ψ̄f

)
γbcdδψf =

= δψ̄fγ
bcd∇ψf +∇

(
δψ̄fγ

bcdψf
)

+ δψfγbcd∇ψ̄f =

= 2δψfγ
bcd∇ψf +∇

(
δψ̄fγ

bcdψf
)
. (6.5)

In the lines above we made use of the properties of one-forms, as well as of the Grassman
(anticommuting) nature of fermionic variables, and the fact that in D = 4 in the Majorana

7Note that ψa;b carries again only (locally) flat space-time indices.
8In fact, we remember that in a curved space the ordinary rule for integration by parts

∫
dDx∂(. . . ) = 0

is replaced with its covariant form
∫
dDx
√
−g∇(. . . ) = 0.
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basis: γbcdαβ = −γbcdβα . Now, to obtain (6.3), we consider the second term on the r.h.s. of
(6.4). Using the following γ-matrix identity:

γbcdγa = γbcda + 3ηa[bγcd] (6.6)

we can write:
ψ̄fγ

bcdγaeaψ
f = ψ̄fγ

bcdaeaψ
f + 3ψ̄fe

[bγcd]ψf (6.7)

Now, the first term on the right hand side of (6.7), vanishes, because γbcdlαβ = −γbcdlβα , and
then we have:

δ
(
ψ̄fγ

bcdγaeaψ
f
)

= 2δψ̄fγ
bcdγaeaψ

f . (6.8)

Hence, (6.3) holds. However, we are not going to directly verify the gauge invariance of
(6.2) under the transformations (4.50), but we shall take a simpler path. We will first
separately verify the gauge invariance of the actions for the Fang-Fronsdal fields with
s = 3/2 and s = 5/2, and then we will show that the action (4.53) decomposes into the
direct sum of these two actions, and hence is indeed gauge invariant under (4.50). The
decomposition of the unconstrained field ψa into its s = 5/2 and s = 3/2 parts is:

ψa = ψ̃a +
1

D
γaψ̃ (6.9)

where the γ-traceless field ψ̃a (such that γaψ̃a = 0) carries spin s = 5/2 and the trace
ψ̃ = γaψ

a is the s = 3/2 field. In fact, we have already noticed that the latter transforms
as the Rarita-Schwinger field in AdS.

Accordingly, the gauge transformations (4.50) split as follows:

δψ̃ = D (γaξ
a) , (6.10)

δψ̃a = Dξ̃a − ebξ̃a,b (6.11)

where the gauge parameter ξ̃a is γ-traceless, and hence, in view of (6.1), ξ̃a,b satisfies the
following relation:

γbξ̃
a,b = i

√
−Λξ̃a (6.12)

According to equation (4.49), the actions for the irreducible (Fang–Fronsdal) fields of
spin–3/2 and 5/2 have the following form

S3/2 =i

∫
MD

ea1 . . . eaD−3εa1...aD−3pqr

(
¯̃ψγpqrDψ̃

)
(6.13)

S5/2 =i

∫
MD

ea1 . . . eaD−3εa1...aD−3pqr

[
¯̃ψfγ

pqrDψ̃f − 6 ¯̃ψpγqDψ̃r

−i3
√
−Λ

D − 2

(
er ¯̃ψfγ

pqψ̃f + 2ep ¯̃ψqψ̃r
)]

(6.14)

The s = 3/2 action (6.13) is manifestly invariant under the gauge transformations
δψ̃ = Dξ̃, since in AdS D2ε = 0, for any spinor ε, as already stated in (4.41)

Let us now turn to the action for s = 5/2 field, which obeys the gauge transformation
(6.11). Since the calculation is rather cumbersome, we will present only the result of the
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variation of each term in (6.14). The gauge variation of the first term in (4.53) gives
(modulo a factor of 2):

eaD−3εa1...aD−3bcd
¯̃ψfγ

bcdD
(
Dξ̃f − elξ̃f,l

)
= eaD−3εa1...aD−3bcd

[
−Λ ¯̃ψfγ

bcdefelξ̃
l + ¯̃ψfγ

bcdelDξ̃f,l
]

=

=
3

D − 2
eaD−2εa1...aD−2cd

[
i
√
−Λ ¯̃ψfγ

cdDξ̃f + 2 ¯̃ψfγ
cDξ̃f,d

]
+

+

(
12

(D − 1)(D − 2)
− 6

D − 2

)
eaD−1εa1...aD−1c

¯̃ψfγ
cξ̃f +

6i
√
−Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψf ξ̃
f,c

(6.15)

The variation of the second term is:

eaD−3εa1...aD−3bcd

(
6Λ ¯̃ψbγcedelψ̃

l − 6 ¯̃ψγcelDξ̃d,l
)

=
6Λ

D − 1
eaD−1εa1...aD−1c

¯̃ψbγcξ̃b+

+
6

D − 2
eaD−2εa1...aD−2cd

¯̃ψbγcDξ̃d, b +
6i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

¯̃ψbDξ̃d

− 6i
√
−Λ

(D − 2)(D − 1)
eaD−2εa1...aD−2cd

¯̃ψf ξ̃
f,d (6.16)

Summing (6.15) and (6.16), we get:

6Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψdγcξ̃d +
3i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

[
¯̃ψfγ

cdDξ̃f + 2 ¯̃ψcDξ̃d
]

(6.17)

The variation of the third term is:

−3i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

¯̃ψfγ
cdDξ̃f − eaD−1εa1...aD−1c

6i
√
−Λ

(D − 2)(D − 1)

(
¯̃ψf ξ̃

f,c + i
√
−Λ ¯̃ψfγ

cξ̃f
)

(6.18)

The variation of the fourth term is:

− eaD−2εa1...aD−2cd
6i
√
−Λ

D − 2
¯̃ψc
[
Dξ̃d − elξ̃d,l

]
=

= −eaD−2εa1...aD−2cd
6i
√
−Λ

D − 2
¯̃ψcDξ̃d + eaD−1εa1...aD−1c

6i
√
−Λ

(D − 2)(D − 1)
¯̃ψbξ̃

b,c (6.19)

Summing up (6.18) and (6.19), we get:

−
[

6Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψdγcξ̃d +
3i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

[
¯̃ψfγ

cdDξ̃f + 2 ¯̃ψcDξ̃d
]]

(6.20)

which exactly cancels (6.17). Thus, the total variation of the action under the gauge
transformations (6.11) vanishes. The next step is to verify that the action (4.53) indeed
splits into the sum of the actions (6.13) and (6.14).
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6.2 Action Splitting

In the first place, the cross terms, i.e. those terms containing the both fields ψ̃a and ψ̃
should vanish. To verify this, we substitute D = ∇ + i

√
−Λ
2
γaea and rewrite the action

(4.53) as follows

S = i

∫
MD

ea1 . . . eaD−3εa1...aD−3bcd

[
ψ̄fγ

bcd∇ψf − 6ψ̄bγc∇ψd − 3i
√
−Λ

D − 2
×

×
(
D

2
edψ̄fγ

bcψf +Debψ̄cψd + 2edψ̄fγ
fγbψc − edψ̄fγfγbcγiψi

)]
(6.21)

In (6.21), the derivative ψ̃a − ψ̃ mixed terms cancel one another, so let us concentrate on
the mass-like mixed terms. Here we separately list their contributions:

1. D
2
edψ̄fγ

bcψf → −4Deb ¯̃ψγcψ̃d ;

2. Debψ̄cψd → +2Deb ¯̃ψγcψ̃d ;

3. 2edψ̄fγ
fγbψc → 2Deb ¯̃ψγcψ̃d.

Summing all the contributions above, we find that all mixed terms indeed cancel each
other.

Now let us consider the spin s = 5/2 case associated with the gamma-traceless field
ψ̃a, putting ψ̃ = γaψ

a to zero. Since the last two terms in (4.53) contain the γ-trace of
the doublet field ψa, we are sure that these disappear as we take only the γ-traceless field
ψ̃a, and we are thus left with the action (6.14). So we are done with this case.

Let us now, by putting the field ψ̃a to zero, verify that the action (4.53) actually
contains the action (6.13) for the spin s = 3/2 field. The spin 3/2 Lagrangian in (6.13) is

ψ̄γbcdDψ = ψ̄γbcd∇ψ + i

√
−Λ

2
ψ̄γbcdγaeaψ (6.22)

Using the identity γbcdγa = γbcda + 3ηa[bγcd] we get the following result for (6.22):

ψ̄γbcdDψ = ψ̄γbcd∇ψ − 3i

√
−Λ

2
e[bψ̄γcd]ψ, (6.23)

where γbcda does not contribute due to the antisymmeytric nature of its spinor indices.
Now let us substitute into the action (4.53) the field ψ̃ everywhere. The first term is:
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ψ̄fγ
bcdDψf → ¯̃ψγfγbcdDγf ψ̃ =

= ¯̃ψγfγbcd∇γf ψ̃ + i

√
−Λ

2
¯̃ψγbcdγaeaψ̃ =

= −(D − 6) ¯̃ψγbcd∇ψ̃ + i

√
−Λ

2
¯̃ψγfγ

bcdγaγf ψ̃ =

= −(D − 6) ¯̃ψγbcd∇ψ̃ + i

√
−Λ

2
¯̃ψγf

(
γbcda + 3ηa[bγcd]

)
eaψ̃ = (6.24)

= −(D − 6) ¯̃ψγbcd∇ψ̃ + 3i

√
−Λ

2
¯̃ψγfe

[bγcd]γf ψ̃

= −(D − 6) ¯̃ψγbcd∇ψ̃ − 3i

√
−Λ

2
(D − 4)e[bψ̃γcd]ψ̃

The second term is:

− 6ψ̄[bγcDψd] → −6 ¯̃ψγ[bγcDγd]ψ̃ =

= −6 ¯̃ψγ[bγcγd]∇ψ̃ − 3i
√
−Λ ¯̃ψγ[bγcγaγ

d]eaψ̃ =

= −6 ¯̃ψγ[bγcγd]∇ψ̃ − 3i
√
−Λ ¯̃ψ

(
−γ[bγcγd]γa + 2γ[bγcηd]

a

)
eaψ̃ = (6.25)

= −6 ¯̃ψγ[bγcγd]∇ψ̃ − 3i
√
−Λ ¯̃ψ

(
−3ηa

[bγcd] + 2η[d
a γ

bc]
)
eaψ̃ =

= −6 ¯̃ψγbcd∇ψ̃ − 3i
√
−Λe[b ¯̃ψγcd]ψ̃

Summing up (6.24) and (6.25) we get:

−D ¯̃ψγbcd∇ψ̃ − 3i

√
−Λ

2
(D − 2)e[b ¯̃ψγcd]ψ̃ (6.26)

The mass-like terms in (4.53) give:

−3i

√
−Λ

2

(D − 1)(D − 2)

D − 2
e[b ¯̃ψγcd]ψ̃ = −3i

√
−Λ

2
(D − 1)e[b ¯̃ψγcd]ψ̃ (6.27)

Summing up (6.26) and (6.27), we get the Lagrangian which is proportional to (6.22)

−D ¯̃ψγbcd∇ψ̃ + 3i

√
−Λ

2
D ¯̃ψe[bγcd]ψ̃ = −D ¯̃ψγbcdDψ̃ (6.28)

Thus, we have shown that the action (4.53) is indeed the direct sum of the actions for
irreducible fields of spins s = 3/2 and s = 5/2.

7 Metric-like action for the spin s = 5/2 and s = 3/2

doublet in AdS

In order to derive the metric-like action and equations of motion for the doublet of fields
of spins 5/2 and 3/2, we start from the frame-like action in (6.21), which is the most
suitable for our purposes. Formally, we can rewrite (6.21) in the following way
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S = S∇ + SΛ (7.1)

where, with straightforward notation, S∇ is the part of the action which contains only
the covariant derivative terms, while SΛ is the “mass-like” part, which is proportional to√
−Λ. Now, since for simplicity in what follows we will restrict ourselves to the case of

Majorana fermions in the real basis (e.g. in D = 4), we will rewrite (6.21) by simply
replacing the field ψ̄a with ψa, and ψ̄fγf with −γfψf , thus obtaining:

S = i

∫
MD

ea1 . . . eaD−3εa1...aD−3bcd

[
ψfγ

bcd∇ψf − 6ψbγc∇ψd−

3i
√
−Λ

D − 2

(
D

2
edψfγ

bcψf +Debψcψd + 2edψcγb
(
γfψf

)
+ ed

(
γfψf

)
γbcγiψ

i

)]
(7.2)

Now, S∇ is the same as the action in the flat space-time case, with the replacement
∂ → ∇. Furthermore, since χ̄a = ψ̄b;aγ

b = −γbψb;a = −χa, where ψa;b are components of
the one-form field ψb = dxmeam(x)ψa;b, from (5.35) we get

S∇ = i

∫
MD

dDx e

(
−χa /∇χa +

1

2
Ψab /∇Ψab + 2χa∇bΨab −

1

4
Ψc

c /∇Ψc
c − χa∇aΨ

c
c

)
(7.3)

For what concerns SΛ, it has the following form for the component field ψa;b

SΛ = i
√
−Λ

∫
MD

dDx e

(
D

2
ψa;bγ

acψc;
b +Dψa;

[aψb
b] + 2ψc;

[cγa]γbψa;b +
(
γbψa;b

)
γac
(
γdψc;d

))
(7.4)

In order to rewrite the action (7.4) in terms of the doublet (5.12), the following identity
has been used

γbψa;b = γbΨab − χa , (7.5)

which is a direct consequence of the definition of the doublet (5.12), and can be further
verified by using (5.17). The result is

SΛ =
√
−Λ

∫
MD

[
−D+2

2
χaχa + D−4

8
Ψa

aΨ
b
b − D−4

4
ΨabΨ

ab+

+3χaγbΨab − χaγcaχc − 3
2
χaγ

aΨc
c + Ψa

bγ
bcΨac

]
(7.6)

Now we are ready to write the full metric-like Lagrangian in AdS for the doublet of spins
s = 5/2 and s = 3/2. Summing up (7.3) and (7.6), we get

S =

∫
MD

dDx e

[
i

(
−χa /∇χa +

1

2
Ψab /∇Ψab + 2χa∇bΨab −

1

4
Ψc

c /∇Ψc
c − χa∇aΨ

c
c

)
+
√
−Λ

(
−D + 2

2
χaχa +

D − 4

8
Ψa

aΨ
b
b −

D − 4

4
ΨabΨ

ab+

+3χaγbΨab − χaγcaχc −
3

2
χaγ

aΨc
c + Ψa

bγ
bcΨac

)]
(7.7)
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From this action we derive the equations of motion for the doublet of the fields
{χa,Ψab}:

δS

δχa
=
(
−2 /∇χa + 2∇bΨab −∇aΨ

c
c

)
+
√
−Λ

(
−(D + 2)χa + 3γbΨab + 2γa

cχc −
3

2
γaΨ

c
c

)
= 0 ,

(7.8)

δS

δΨab
=

[
/∇Ψab − 2∇(aχb) −

1

2
ηab
(
/∇Ψc

c − 2∇aχ
a
)]

+

√
−Λ

[
−D − 4

2
Ψab − 3γ(aχb) − 2γ(a

cΨb) c +
1

2
ηab

(
D − 4

4
Ψc

c +
3

2
γcχc

)]
= 0 .

(7.9)

Note that, as in the flat case, (7.9) can be rewritten as:

T ab − 1

2
T a a = 0⇒ T ab = 0 (7.10)

where, in this case:

T ab = /∇Ψab − 2∇(aχb) −
√
−Λ

(
D − 4

2
Ψab + 3γ(aχb) + 2γa cΨ

b)c

)
= 0 (7.11)

Thus, we are left with the system of equations:

−2 /∇χa + 2∇bΨab −∇aΨ
c
c =
√
−Λ

(
(D + 2)χa − 3γbΨab − 2γa

cχc +
3

2
γaΨ

c
c

)
(7.12)

/∇Ψab − 2∇(aχb) =
√
−Λ

(
D − 4

2
Ψab + 3γ(aχb) + 2γa cΨ

b)c

)
(7.13)

which is the generalization to AdS space of (5.26), (5.27) and (5.28).
Note that the equations (7.12) and (7.13) must be invariant under the following gauge
transformations of the metric–like fields Ψab and χa:

δΨab = D(aξb) (7.14)

δχa = γbDbξa − i
√
−Λγabξb (7.15)

At a first glance, we see that the covariant derivative terms in equations (7.12) and
(7.13) are very similar to the ordinary derivative terms from the respective flat space-time
equations (5.27) and (5.28). Indeed, they are identical upon the substitution ∂ ↔ ∇. In
addition, the right hand side of (7.12) and (7.13) contain cosmological constant terms,
which are needed to ensure gauge invariance. Thus, in the flat space-time (i.e. at zero
cosmological constant limit), equations (7.12) and (7.13) reduce to (5.27) and (5.28).
Taking the same limit, the gauge transformations (7.14) and (7.15) reduce to (5.29) and
(5.30).
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8 Triplets and String-Theory

In this section we will review the main features of the free open bosonic string in Minkowski
space-time. After presenting the string action, we will examine its global and local sym-
metries, as well as the form of the string energy-momentum tensor. The latter is of crucial
importance for the derivation of the triplet system equations, since it naturally leads to
the Virasoro algebra, which is the algebra of the worldsheet conformal symmetry of string
theory. This in turn allows one to perform the standard BRST quantization of string
dynamics, from which the triplet system of higher spin fields appears in the tensionless
limit, as we will see.

8.1 Free bosonic string in flat space-time

The action for a free bosonic string in flat space-time is [29]

S = −T
2

∫
M

d2σ
√
hhαβ∂αX

µ∂βXµ , (8.1)

where the integral in d2σ is taken over the two–dimensional worldsheet (swept by the string
moving in space–time) parametrized by the coordinates (σα = τ, σ), τ is the proper time
of the string, σ parametrizes points of the string 9, and T having dimension of (length)−2

is identified with the string tension. For open strings, the tension is related to the Regge
parameter α′ as follows T = (2πα′)−1. hαβ(τ, σ) is the metric which characterizes the
geometry of the worldsheet. The functions Xµ(τ, σ) are the string coordinates in a D–
dimensional flat space–time (µ = 0, 1, · · · , D − 1). Let us note that in this section we
are using Greek letters from the beginning of the alphabet (α, β, . . . ) to denote the 2-
dimensional vector indices, while we use the Greek indices starting from the middle of the
alphabet (µ, ν, . . . ) to indicate physical space-time indices.10

The only terms one could add to action (8.1) are the following two

S1 = Λ

∫
d2σ
√
h , (8.2)

S2 =
1

2π

∫
d2σ
√
hR(2)(h) (8.3)

However, both of them are excluded from the consideration because of the following
reasons. If we consider the action S+S1, the trace of the resulting equations of motion of
hαβ = 0 would imply that Λ = 0. The second term S2, in which R(2) denotes the curvature
of the 2−dimensional manifold, is an Einstein-Hilbert term. In two dimensions, the
combination

√
hR(2) is a total derivative and, hence, does not contribute to the equations

of motion.
The action (8.1) enjoys the invariance under the following reparametrization of the

worldsheet variables

9For simplicity, we will take 0 ≤ σ ≤ π.
10In this section we use a notation which is different from the one used in the rest of this thesis.

This notation is here more convenient, since we have to deal with many different kind of indices, i.e.
world-sheet, space-time and number indices.
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δσα = −ξα(τ, σ) (8.4)

δXµ = ξα∂αX
µ (8.5)

δhαβ = ξγ∂γh
αβ − ∂γξαhγβ − ∂γξβhαγ (8.6)

δ(
√
h) = ∂α(ξα

√
h) (8.7)

together with the so called Weyl scaling invariance

δhαβ = φ(τ, σ)hαβ (8.8)

Further, the action (8.1) is invariant under rigid Poincaré transformations of the space–
time coordinates.

δXµ = aµ νX
ν + bµ (8.9)

The two parameters ξα of the local reparametrizations (8.5) and (8.6), and the Weyl
re–scaling (8.8) allow us to make the gauge choice

hαβ = ηαβ =

(
−1 0

0 1

)
(8.10)

Thus, the metric hαβ can always be reduced to the Minkowski metric. Then, action (8.1)
takes the following form

S = −T
2

∫
M

d2σηαβ∂αX
µ∂βXµ , (8.11)

Now we easily get that the equation of motion coming from (8.11) is the two dimensional
wave equation:

�Xµ =

(
∂2

∂σ2
− ∂2

∂τ 2

)
Xµ = 0 . (8.12)

To ensure that the action (8.11) is invariant under a general variation of the coordinates
Xµ, we should require that the following boundary term vanishes

−T
∫
dτ
[
X ′µδX

µ|σ=π −X ′µδXµ|σ=0

]
= 0 (8.13)

where X ′µ = ∂Xµ

∂σ
. Equation (8.13) gives a boundary condition for an open bosonic string,

while in the case of the closed string it is replaced by the periodicity condition Xµ(σ =
0) = Xµ(σ = π).
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8.2 The energy-momentum tensor

In the Lagrangian formalism, the energy momentum tensor of a matter field can be derived
as the functional derivative of the action integral with respect to the space–time metric
field to which the matter field is coupled. Thus, in order to derive the energy-momentum
tensor of the worldsheet matter fields Xµ(τ, σ) we should use the action (8.1) (before
imposing the gauge (8.10)). The energy-momentum tensor is

Tαβ = − 2

T

1√
h

δS

δhαβ
, (8.14)

which, using (8.1) becomes

Tαβ = ∂αX
µ∂βXµ −

1

2
hαβh

α′β′∂α′X
µ∂β′Xµ (8.15)

The above tensor is symmetric and traceless, i.e. hαβTαβ = 0, as a consequence of the
Weyl symmetry. The tensor Tαβ actually vanishes since it coincides with the equation of
motion of hαβ which is the auxiliary (non–dynamical) field in this formulation

δS

δhαβ
= 0 , ⇒ Tαβ = ∂αX

µ∂βXµ −
1

2
hαβh

α′β′∂α′X
µ∂β′Xµ = 0 (8.16)

Now if we define the so called induced worldsheet metric Gαβ = ∂αX
µ∂βXµ and G =

| detGαβ|, the equation (8.16) takes the form

Gαβ =
1

2
hαβh

α′β′Gα′β′ (8.17)

Using the properties of the determinant, we get the following equation

G =
1

4
h(hαβGαβ)2 (8.18)

Using the above relation we can rewrite the string action in the so–called Nambu–Goto
form that does not contain the auxiliary metric hαβ

S =
1

2

∫
Σ

d2σ
√
hhαβGαβ =

∫
Σ

d2σ
√
G (8.19)

The form of equation (8.19) implies that the action integral (8.1) is nothing but the area
of the worldsheet Σ swept by the string, and hence it is the generalization of the action
for a massive point particles −m

∫
ds, as we could have guessed from the beginning.

8.3 Solutions of the equations of motion

Let us now turn to the consideration of the solution of the equations of motion (8.12).
This can be written as a superposition of right and left-moving waves
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Xµ = Xµ
R(σ−) +XL

µ(σ+) , (8.20)

where σ+ = τ − σ and σ− = τ + σ are the light cone coordinates. In this basis, the
Minkowski tensor ηαβ becomes

η+− = η−+ =
1

2
η++ = η−− = 0 , (8.21)

In the gauge (8.10) the constraints (8.16) take the form

T10 = T01 = Ẋ ·X ′ = 0 (8.22)

T00 = T11 =
1

2
(Ẋ2 +X ′2) = 0 (8.23)

where Ẋ = dX
dτ

, X · Y = XµYµ. In the light–cone coordinates, we have

T++ =
1

2
(T00 + T11) = ∂+X · ∂+X (8.24)

T−− =
1

2
(T00 − T01) = ∂−X · ∂−X (8.25)

and T+− = T−+ = 0 identically. Using the equations above, the constraint equations
T++ = T−− = 0 become

Ẋ2
R = Ẋ2

L = 0 (8.26)

In two-dimensional quantum field theory, the energy-momentum conservation takes the
form ∂−T++ +∂+T−+ = 0, and the corrsponding equation with +↔ −. In the case under
consideration, i.e. in the gauge (8.10), T+− = 0, and then we are left with the current
conservation law

∂−T++ = 0 . (8.27)

The property (8.27) is very important, because it implies the existence of an infinite set of
conserved quantities. In fact, if f(x+) is a function of only x+, we have ∂−(f(x+)T++) = 0,
and thus the charge Qf =

∫
dσf(x+)T++ is conserved. This conservation law is due to the

fact that the covariant gauge choice (8.10) does not completely fix the symmetry. Indeed,
this gauge is preserved by any combined reparametrization (8.6) and Weyl re–scaling (8.8)
such that

∂αξβ + ∂βξα = φηαβ (8.28)

In terms of the light-cone gauge parameters ξ± = ξ0 ± ξ1, this means that ξ+ may be an
arbitrary function of σ+ and ξ− an arbitrary function of σ−. If the general reparametriza-
tions (8.6) are generated by the operator V = ξα∂/∂σα, then the generators of the residual
symmetries are
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V + = ξ+(σ+)∂/∂σ+ , V − = ξ−(σ−)∂/∂σ− . (8.29)

The symmetry generated by (8.29) is the conformal symmetry of the two–dimensional
worldsheet.

Going back to the condition (8.13) on the surface term in the action variation, we
impose the (so called Neumann) boundary condition

X ′µ = 0 , for σ = 0 and σ = π (8.30)

These boundary conditions prevent momentum from flowing off the ends of the string.
The general solution of (8.12) that satisfies the boundary condition (8.30) is given by

Xµ(σ, τ) = xµ + l2pµτ + il
∑
n6=0

1

n
αµne

−inτ cos(nσ) (8.31)

where xµ and pµ are the center of mass position and momentum of the string, and l is
a fundamental length. Using (8.11), the computation of the Poisson brackets of the Xµ

and Ẋµ at equal time yields

[Xµ(σ), Xν(σ′)]P.B. =
[
Ẋµ(σ), Ẋν(σ′)

]
P.B.

= 0 (8.32)

[
Ẋµ(σ), Xν(σ′)

]
P.B.

= T−1δ(σ − σ′)ηµν (8.33)

which provide the following Poisson brackets for the fourier modes αµn

[αµm, α
ν
n]P.B. = imδm,−nη

µν (8.34)

Comparing the above Poisson bracket with equation (8.31), we find that

[pµ, xν ]P.B. = ηµν , (8.35)

and hence the center-of-mass position and momentum are canonically conjugate variables.
Now we consider the mode expansion of the constraint Tαβ = 0. In order to write this

Fourier transform, we extend the definition of XL and XR beyond the interval 0 ≤ σ ≤ π,
by imposing that XR(σ+π) = XL(σ), XL(σ+π) = XR(σ). These imply that XR and XL

are periodic functions of σ with period 2π. Thus, the constraint equations are equivalent
to imposing the vanishing of their Fourier components

Lm = T

∫ π

0

(eimσT++ + e−imσT−−)dσ =

=
T

4

∫ π

−π
eimσ(Ẋ +X ′)2dσ =

1

2

+∞∑
−∞

αm−n · αn (8.36)
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where αµ0 = lpµ. It can be shown that the constraint L0 = 0 is linked to the mass of the
string M2 = pµpµ in a given state of oscillation by the following relation

M2 =
1

α′

∞∑
n=1

α−n · αn (8.37)

Using (8.36), after some Poisson bracket algebra we get

[Lm, Ln]P.B. =
1

4

∑
k,l

[αm−k · αk, αn−l · αl] = i(m− n)Lm+n (8.38)

Equation (8.38) defines the so called Virasoro algebra. It can be shown that this algebra
is isomorphic to the algebra obeyed by the generators (8.29) of the residual symmetry,
which is the classical d = 2 conformal algebra.

8.4 The bosonic triplets in the BRST quantization of the string

It is now possible to illustrate how the triplet systems arise in the framework of string
theory, by analyzing the BRST approach to the quantization of the string. So far, in
this section we have been concerned only with a classical construction of string theory,
without worrying about quantization. Without giving the details here, we say that there
is a number of problems to take into account when switching from the classical to the
quantum theory, i.e. passing from the Poisson brackets of dynamical variables to the
commutators of operators on a Fock space. The most significant one, is that the Virasoro
algebra (8.38) is slightly modified, because some issues are met with the normal ordering
of the operators αµj . The result is that the algebra (8.38) acquires an anomalous term,
which is a non unusual fact in quantum field theory. The new algebra is

[Lm, Ln] = (m− n)Lm+n +
1

12
D(m3 −m)δm+n (8.39)

where D denotes the number of space-time dimensions and the last (anomalous) term is
called the central charge.

According to the standard BRST method, we define the ghost modes Ck of ghost
number one, and the antighost modes Bk of ghost number minus one, satisfying the
anticommutation relations:

{Ck, Bl} = δk,−l . (8.40)

The ghost number operator is defined as:

U =
∑
k

: CkBk : (8.41)

The BRST charge is given by:

Q =
+∞∑
−∞

[
C−kLk −

1

2
(k − l) : C−kC−lBk+l :

]
− C0 (8.42)
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which provides the string field equation by imposing the condition that every physical
state be annihilated by Q

Q|Φ〉 = 0 . (8.43)

Since, by construction Q2 = 0, eq. (8.43) is gauge invariant under the field variations of
the form

δ|Φ〉 = Q|Ξ〉 . (8.44)

In order to take the tensionless limit (T → 0, α′ → ∞), it is useful to consider the
following re–scaled generators:

lk =
1√
2α′

Lk , l0 =
1

α′
L0, . (8.45)

Then in the limit α′ →∞ one can define the reduced generators we are left with

l0 = p2 , lm = p · αm (m 6= 0) (8.46)

The new generators satisfy the simpler algebra:

[lk, lm] = kδk,−ml0 (8.47)

without the central charge D
12
m(m2 − 1).

In order to have a non–degenerate BRST operator in the tensionless limit, we define
the re–scaled ghost and antighost operators:

ck =
√

2α′Ck , bk =
1√
2α′

Bk , (8.48)

for k 6= 0 and

c0 = α′C0 , b0 =
1

α′
B0 (8.49)

for k = 0. Upon the redefinitions above, the BRST operator (8.42) takes the following
form when α′ →∞:

Q =
+∞∑
−∞

[
cklk −

k

2
b0c−kck

]
. (8.50)

and is now identically nilpotent. Let us rewrite (8.50) singling out the zero mode compo-
nents in the following way:

Q = c0l0 − b0M + Q̃ (8.51)

where Q̃ =
∑

k 6=0 c−klk and M = 1
2

∑+∞
−∞ k c−kck. We also decompose the string field and

the gauge parameter in a similar way:

|Φ〉 = |Φ1〉+ c0|Φ2〉 , (8.52)

|Ξ〉 = |Ξ1〉+ c0|Ξ2〉 . (8.53)

41



We now focus on totally symmetric states and parameters that are built from the vacuum
by application of the creation operator αµ−1:

|Φ1〉 =
∞∑
s=0

1

s!
Φµ1...µs(x)αµ1−1 . . . α

µs
−1|0〉 (8.54)

+
∞∑
s=2

1

(s− 2)!
Dµ1...µs−2(x)αµ1−1 . . . α

µs−2

−1 c−1b−1|0〉 , (8.55)

|Φ2〉 =
∞∑
s=1

−i
(s− 1)!

Cµ1...µs−1(x)αµ1−1 . . . α
µs−1

−1 b−1|0〉 , (8.56)

|Ξ〉 =
∞∑
s=1

i

(s− 1)!
ξµ1...µs−1(x)αµ1−1 . . . α

µs−1

−1 b−1|0〉 (8.57)

Substituting the above fields into the equations (8.43) and (8.44), the s-th terms in the
sums above result in the triplet equations of motion (4.16), (4.17) and (4.18), and we also
recover the gauge transformations (4.19), (4.20) and (4.21).
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9 Conclusion

In this thesis we have reviewed some of the main features of higher spin fields, with a
particular attention to the massless theory. As we have shown String Theory contains
massive particle states with arbitrary spin, yielding massless higher spin states in the
zero-tension limit, which combine into the higher spin triplets. Thus, it seems natural
to conjecture that the tension in String Theory is generated through a mechanism of
spontaneous symmetry breaking of a huge gauge symmetry in a certain Higher Spin
Gauge Theory.

The results of Sections 8 and 9 of this thesis may be seen as a first step towards a
technically much more complicated task of obtaining the metric-like action for fermionic
triplets of arbitrary high spin in AdS. We have shown that this is possible in the simplest
case of the fermionic triplet with s = 5/2 both in flat and AdS background. In the latter
case we have seen how the gauge symmetries are modified in a suitable way, in order for
the action and the equations of motion to be invariant. In fact, as pointed out in [26],
it was an incomplete assumption on the form of the gauge transformation of the triplet
fields that prevented other authors from obtaining the fermionic triplet Lagrangians in
AdS space.
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A Notation and conventions

Minkowskii space-time signature is mostly minus:

ηab = (+,−, · · · ,−,−) (A.1)

Clifford algebra {
γa, γb

}
= 2ηab

The totally antisymmetric γ-matrices are defined as:

γa1...ap = γ[a1 . . . γap] (A.2)

where the antisymmetrization is taken with unit weight, i.e.

εa1...apγ
a1...ap = εa1...apγ

a1 . . . γap (A.3)

Gamma-matrix identities

γaγd1...dnγa = (−1)n(D − 2n)γd1...dn (A.4)

γa1...apγap+1 = γa1...ap+1 + p ηap+1[a1γa2...ap] (A.5)

γdγa1...ap = (−1)pγa1...apγd + 2p ηd[a1γa2...ap] (A.6)

Starting from Section 6, we restricted ourselves to the case of Majorana spinors. In D = 4
a Majorana spinor has a general form

ΨM =

(
ψ

−iσ2ψ∗

)
It coincides with its charge conjugated spinor

ΨC
M ≡ −iγ2Ψ∗M = −i

(
0 −σ2

σ2 0

)(
ψ∗

−iσ2ψ

)
= ΨM (A.7)

where γ2 is purely imaginary, since from (A.1) it follows that (γ2)2 = −1.

Ψ̄MΨM = ΨT
M(γ2γ0)ΨM ≡ (ΨM)αCαβ(ΨM)β (A.8)

where (γ2γ0)αβ ≡ Cαβ = −Cβα, i.e. the charge-conjugation matrix, can be defined with
both lower indices. In general we have

Ψ̄Mγ
a1...apΨM = Ψα

MCαγ(γ
a1...ap)γ βΨβ

M = Ψα
M(γa1...ap)γβΨβ

M (A.9)

The previous definition implies that, in the Majorana basis, the matrices γaαβ satisfy the
Clifford algebra {

γa, γb
}
αβ

= 2ηabCαβ . (A.10)
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In Sections 6, 7 and 8 we have made wide use of the following symmetry properties of the
gamma-matrices in Majorana basis in D = 4:

(γa)αβ = (γa)βα , (A.11)

(γab)αβ = (γab)βα , (A.12)

(γabc)αβ = −(γabc)βα , (A.13)

(γabcd)αβ = −(γabcd)βα . (A.14)

B Appendices

B.1 Decomposition of the field ψa;b

Let us sketch the derivation of the decomposition of ψa;b given in equation (5.17) . From
(5.10), we have that:

γaX[ab] = γaψ[a;b] (B.1)

Applying the condition above to X[ab] as defined in (5.15), we get

γaX[ab] = α
(
Dγmψ[m;b] − γaγbγmψ[m;a]

)
+ (D − 1)γbC

= α
(
Dγmψ[m;b] − γaγbγmψ[m;a] − 2ηa bγ

mψ[m;b]

)
+ (D − 1)γbC =

= α(D − 2)γmψ[m;b] + γb (αγamψm;a + (D − 1)C) =

= γaψ[a;b] . (B.2)

Thus we get {
α = 1

D−2
;

C = − 1
(D−1)(D−2)

(
γcχc − 1

2
Ψc

c

)
,

(B.3)

where, we remind that χc = γaψa;c and Ψab = 2ψ(a;b).
As a result, the component field ψa;b decomposes into the symmetric and antisymmetric
parts as follows

ψa;b =
1

2
Ψab + ψ̃[a;b] +

1

D − 2

(
γaχb − γbχa +

1

2
(γbγ

mΨma − γaγmΨmb)

)
− 1

(D − 1)(D − 2)
γab

(
γcχc −

1

2
Ψc

c

)
, (B.4)

where ψ̃[a;b] is γ–traceless.

B.2 Gauge invariance of the s = 5/2 and 3/2 fermionic doublet
action in flat space-time

In order to check the gauge invariance of the action (5.1), we make use of the identity
(4.55) for p = 3, namely
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εa1...aD−3pqre
a1 . . . eaD−3ec =

3

D − 2
δf[bεcd]a1...aD−2

ea1...aD−2 (B.5)

The variation of the first term in (5.1) under the transformations (5.2) is (to simplify
things, we only explicitely write last one-form vielbein eaD−3)

eaD−3εa1...aD−3bcdδ
(
ψ̄fγ

bcddψf
)

= 2eaD−3εa1...aD−3bcdψ̄fγ
bcdd(δψf ) =

=2eaD−3εa1...aD−3bcdψ̄fγ
bcdd

(
dξd − elξf, l

)
(B.6)

Using the general fact that d2ω = d dω = 0 for every p–form ω, as well as the fact that,
in flat space-time, ec = δcmdx

m, we have

2eaD−3εa1...aD−3bcdψ̄fγ
bcdd

(
dξf − elξf l

)
= −2eaD−3εa1...aD−3bcde

lψ̄fγ
bcddξf, l (B.7)

Exploiting (B.5), the last line becomes

− 6

D − 2
eaD−2εa1...aD−2cdψ̄fγ

bcddξf, b (B.8)

Now, since γbcd = γcdγb + 2γ[dηc]b and γbξf, b = 0, we get

− 12

D − 2
eaD−2εa1...aD−2cdψ̄fγ

cdξd,f (B.9)

The gauge variation of the second term in (5.1) yields

− 6 eaD−3εa1...aD−3bcdδ
(
ψ̄bγcdψd

)
= −12ψ̄bγcd(δψd)

= −12eaD−3εa1...aD−3bcdψ̄
bγcd

(
dξd − elξd, l

)
= +

36

D − 2
eaD−2εa1...aD−2[cdψ̄

bγcdξd, b] =
12

D − 2
eaD−2εa1...aD−2cdψ̄

fγcξd, f (B.10)

Thus, the two terms (B.8) and (B.10) indeed cancel each other, and the action (5.1) is
gauge-invariant.

B.3 Gauge invariance of the fermionic irreducible s = 5/2 action
in AdS

We shall now check the gauge invariance of the following action for the irreducible frame–
like field ψ̃a (such that γaψ̃

a = 0) of spin s = 5/2

S5/2 = i

∫
MD

ea1 . . . eaD−3εa1...aD−3pqr

[
¯̃ψfγ

pqrDψ̃f − 6 ¯̃ψpγqDψ̃r − i3
√
−Λ

D − 2

(
er ¯̃ψfγ

pqψ̃f + 2ep ¯̃ψqψ̃r
)]

(B.11)
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under the gauge transformations:

δψ̃a = Dξ̃a − ebξ̃a,b (B.12)

with the γ-traceless parameters ξ̃a e ξ̃a,b. In order to check the gauge invariance of (B.11),
we use the identity (4.55), that we rewrite here:

εa1...aD−p,b1...bpe
a1 . . . eaD−pef =

(−1)(p−1)(D−p+1)p

D − p+ 1
δf[b1εb2...bp]a1...aD−p+1

ea1 . . . eaD−p+1 .

(B.13)

In the following, we will write the variation of each term of the action (4.53) (modulo a
factor 2).

The gauge variation of the first term in (B.11) gives:

eaD−3εa1...aD−3bcd
¯̃ψfγ

bcdD
(
Dξ̃f − elξ̃f,l

)
= eaD−3εa1...aD−3bcd

[
−Λ ¯̃ψfγ

bcdefelξ̃
l + ¯̃ψfγ

bcdelDξ̃f,l
]

=

=
3

D − 2
eaD−2εa1...aD−2cd

[
Λ ¯̃ψbγ

bcdelξ̃
l − ¯̃ψfγ

bcdDξ̃f, b
]

=

=
3

D − 2
eaD−2εa1...aD−2cd

[
−2Λ ¯̃ψcγdelξ̃

l + i
√
−Λ ¯̃ψfγ

cdξ̃f,d − Λ ¯̃ψfγ
cdelγ

lξ̃f+

−i
√
−Λ ¯̃ψdγ

cdebξ̃
f,b + 2 ¯̃ψfγ

cDξ̃f,d
]

=

=
6Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1cψ̃

dγcξ̃d +
3

D − 2
eaD−2εa1...aD−2cd

[
i
√
−Λ ¯̃ψfγ

cdDξ̃f + 2 ¯̃ψfγ
cDξ̃f,d

]
−
(

6Λ

D − 2
− 6Λ

(D − 2)(D − 1)

)
eaD−1εa1...aD−1c

¯̃ψfγ
cξ̃f +

6i

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψf ξ̃
f,c =

=
3

D − 2
eaD−2εa1...aD−2cd

[
i
√
−Λ ¯̃ψfγ

cdDξ̃f + 2 ¯̃ψfγ
cDξ̃f,d

]
+

+

(
12

(D − 1)(D − 2)
− 6

D − 2

)
eaD−1εa1...aD−1c

¯̃ψfγ
cξ̃f +

6i
√
−Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψf ξ̃
f,c

(B.14)

The variation of the second term in (B.11) is:

eaD−3εa1...aD−3bcd

(
6Λ ¯̃ψbγcedelψ̃

l − 6 ¯̃ψγcelDξ̃d,l
)

=

− 6ΛeaD−2εa1...aD−2cd
¯̃ψbγcelξ̃

l +
18

D − 2
eaD−2εa1...aD−2cd

¯̃ψ[bγcDξ̃d]
b =

6Λ

D − 1
eaD−1εa1...aD−1c

¯̃ψbγcξ̃b +
6

D − 2
eaD−2εa1...aD−2cd

¯̃ψbγcDξ̃d, b −
6

D − 2
eaD−2εa1...aD−2cd

¯̃ψcγbDξ̃d, b =

6Λ

D − 1
eaD−1εa1...aD−1c

¯̃ψbγcξ̃b +
6

D − 2
eaD−2εa1...aD−2cd

¯̃ψbγcDξ̃d, b +
6i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

¯̃ψbDξ̃d

− 6i
√
−Λ

(D − 2)(D − 1)
eaD−2εa1...aD−2cd

¯̃ψf ξ̃
f,d (B.15)

Summing (B.14) and (B.15), we get:

47



6Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψdγcξ̃d +
3i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

[
¯̃ψfγ

cdDξ̃f + 2 ¯̃ψcDξ̃d
]

(B.16)

The variation of the third term is:

−3i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

¯̃ψfγ
cdDξ̃f − eaD−1εa1...aD−1c

6i
√
−Λ

(D − 2)(D − 1)

(
¯̃ψf ξ̃

f,c + i
√
−Λ ¯̃ψfγ

cξ̃f
)

(B.17)

The variation of the fourth term is:

− eaD−2εa1...aD−2cd
6i
√
−Λ

D − 2
¯̃ψc
[
Dξ̃d − elξ̃d,l

]
=

= −eaD−2εa1...aD−2cd
6i
√
−Λ

D − 2
¯̃ψcDξ̃d + eaD−1εa1...aD−1c

6i
√
−Λ

(D − 2)(D − 1)
¯̃ψbξ̃

b,c (B.18)

Summing up (B.17) and (B.18), we get:

−
[

6Λ

(D − 2)(D − 1)
eaD−1εa1...aD−1c

¯̃ψdγcξ̃d +
3i
√
−Λ

D − 2
eaD−2εa1...aD−2cd

[
¯̃ψfγ

cdDξ̃f + 2 ¯̃ψcDξ̃d
]]

(B.19)

which exactly cancels (B.16). Thus, the total variation of the action under the gauge
transformations (6.11) vanishes.
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