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Chapter 1

Introduction

Thanks to Fourier analysis, we know that every real-valued periodic func-
tion f can be decomposed into a sum of sines and cosines with integer
period. Furthermore, if we take a complex-valued function f of period 27
on R, then )
fa) =3 Fm)e™
mezZ

with

. 1 [

flm) = o [ e mrt)dy

T Jo

Under certain regularity properties, this series converges absolutely and
this leads to some useful applications: precisely, every function in the series
is orthogonal to the other ones, and they can be studied separately to solve
partial differential equations.
The most famous application is the heat equation, solution of the following
Cauchy problem: for a given (periodic) function f on R,

{%u(m,t) = Au(x,t)
u(z,0) = f()

with the Laplace operator A defined as Af(x) = —88—;]‘(:(:).
The solution, which is unique, is

u(x,t) = Z Flm)emre=mt,
meZ

This results follows from the observation that the terms of the series are
eigenfunctions of the Laplace operator with eigenvalue —m? (for more de-
tails see, for example, Elias M. Stein and Rami Shakarchi, [4]).
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The purpose of this thesis is to generalize the problem and, using Fourier
analysis, find a solutions and prove the uniqueness.

Furthermore, in the ”classical” problem we have a periodic function f,
which can be seen as a function over SO(2) (the circumference), a commu-
tative compact Lie Group. We want to study the equation on SU(2), the
group of complex 2 x 2 matrices with determinant 1.

This is the simplest non-commutative compact Lie group and, in order
to find the eigenspaces of the Laplace operator in L?(SU(2)), we need to
study some results on representation theory and on operators.

Then, there will be a generalization of the Laplace operator: we will define
formally the operator (1 — A)~™® for certain @ € C (and then extend the
definition), in order to find the generalized heat equation, solution of

gtu(:z:,t) = (1—A)Yu(x,t)
u(z,0) = f(z)
for a given f € SU(2) that should have certain regularity properties.

There are three main steps in this thesis.

The first one is the proof of the Peter — Weyl theorem, holding on for ev-
ery compact Lie groups G, which basically states that L?(G) is the closure
of the sum of some orthogonal functional spaces that are representation
spaces for G.

This lead us to prove a generalized form of the Plancherel's theorem,
hence to find a formula for the decomposition of every f € L?(G) in orthog-
onal functions. We will find some hypothesis under whom the convergence
is absolute and prove that these functional spaces are eigenspaces of the
Laplace (and find the eigenvalues).

We apply these results on G = SU(2), computing the orthogonal de-
composition of L?(SU(2)) and the eigenvalues of the Laplace operator.
Then we can state and solve the problem, introducing via spectral calculus

the complex powers of the operator (1 — A), starting from the function

(14s5)*= ﬁ Joretlem gy,



This is analogous to what is done in the Fourier analysis on the circle,
but more difficoult due to the non-commutativity of the group.

1.1 Prerequisites

A linear Lie Group G is a closed subgoup of GL(n,R).
A Lie Algebra g is a a vector space over R or C on which is defined the
commutator, a linear map

gxg—g
(X,Y) = [X,Y]

such that

[(X,Y] =-]Y, X]
X, Y, Z]|+ Y, [Z.X]]|+ [Z,]X,Y]] = 0. (1.2)

This second property is called the Jacobi identity.

Every linear Lie Group G has an associated Lie algebra g: so many prob-
lems on the group can be studied in the linear settings of the Lie algebra.
In particular,

g = Lie(G) :={X € M(n,R)|Vt € Rexp(tX) € G} .

A compact Lie group is a manifold and the associated Lie algebra coin-
cides, as a vector space, with the tangent space at the identity of G.

A derivation of g is a linear endomorphism D € End(g) such that the
Leibniz rule holds:

D([X,Y]) = [DX,Y]+ [X, DY].

The space Der(g) equipped with the commutator is a Lie algebra itself,
and it is equal to Aut(g).

On g we can define, for every g € (G, an automorphism

Ad(g) : X — gX gt furthermore, Ad : G — Aut(g) is a group morphism.
For a matrix A, we define the map ad(A) : X — AX — XA; the map



associating to A € g the operator adA yields a representation of the Lie
algebra. This map is called the adjoint representation and it is a derivation
of g.

These two maps are strictly correlated:

d
—Ad(exptX)

_ adX.
dt a4

t=0

We first describe the theory of representations of compact Lie groups, after
that we will point the attention on the special case of SU(2), that is the

group )
SU@):{(g ;5),a,5ecm\2+|@|2=1}.

This is a simply connected Lie group with Lie algebra su(2). A basis for

su(2) is given by
{G0)00) 6 %))

While studing its representation, we will need to pass to the complexified
Lie algebra: sl(2,C) = su(2) + isu(2). This passage is harmless, since the
representations will be over complex vector spaces. A basis of s[(2,C) is

W 5)-(00)(0))




Chapter 2

Haar measure and Peter-Weyl
theorem

2.1 Haar Measure

A measure i on a locally compact group G is said to be left tnvariant
(right invariant) if

jéﬁf(gx)u(d$)== /Q,f<x>u<dx>

(Lﬂwmwszﬂmme

for every g € G and for every f € C.(G) (continuous functions on G
with compact support). In particular, for every Borel set E and for every
g € G we have pu(gE) = u(E) (or p(Eg) = u(E)).

It is known that such a (non-zero) measure on a compact group exists and
it is unique up to a positive multiplicative constant (see Edwin Hewitt and
Kenneth A. Ross, [3] for a proof).

Furthermore, from now on we will use only normalised measures:

Lu(daz) _1

2.2 Some results on operators

We recall some definitions and simplie results from functional analysis. Our
aim is to give a structure to the space of the irreducible representations.
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A bounded operator A on a Hilbert spaces H has the norm
| Al = sup [|Aul|.

lul <1

The adjoint operator A* is a linear continuous map such that (Au|v) =
(u|A*v) (it exist because of the Riesz representation theorem, which states
that, for v fixed, there exist a unique w such that (Aulv) = (u|w)). Fur-
thermore, we know || A|| = ||A*|| and (A*)* = A (see Brezis, [2]).

A is a self-adjoint operator if A* = A. The following statements are
valid if A is an operator of this type.

An eigenvalue X of A is real: (Aulu) = (u|Au) = \||ul|* = \||Ju|]?.

The eigenspaces of two different eigenvalues of A are orthogonal ((Au|v) =
(ulAv) = (A — 1) (uv) = 0).

|A|l = supj,<i|(Aulu)| (Let us call M this number). In fact, while <
is obtained only using the Cauchy-Schwartz inequality, on the other hand
we have that

[A[l = sup [|Au]|; [[w]] = sup [Re(w|v)]

lul <1 [[ofl<1

for every w € H, and so

[All = sup [[Re(Auv)].

[ull,loll<1

We conclude using the following identity (the so-called polarization identity):

4Re(Aulv) = (A(u+v)|u +v) — (A(u — v)|u — v)
— [Re(Aufo)| <~ (hu+ ol + lu— o) = (> + o]])

— |Re(Aulv)| < M.

An operator is compact if the image under it of a bounded set is relatively
compact (has a compact closure). Equivalently:

- the image of the unitary ball is relatively compact;

- a bounded sequence (u,) has a subsequence (uy,, ) such that (Au,, ) con-
verges.



It is obvious that a finite rank operator is compact and, if A is compact
and B is bounded, then AB and BA are compact.

We want to state that the set of compact operators is a closed two-sided
ideal in L(H), the group of linear operators of H.

In order to do that, we miss only to demonstrate that if (A,) is a sequence
of compact operator and lim, ,y||A, — A|| = 0, than the operator A is
compact.

In fact, Let us take a a sequence (uy) in H in the unit sphere: because of

the compactness of A;, we can take a subsequence (u,(:)) such that (Alu,(ﬂl))

converges, and from that a subsequence (u,(f)) such that (Agu,(f)) converges
and so on. From these subsequences we consider (u%):(u,@) and we can

conclude if (Au,(f)) is a Cauchy sequence since L(H) is a Banach space:
this is true since, for k, [ and n large enough and a fixed € > 0 we have

[ Ay, — Augl] < [ Awy, — Awui|| + | Anuy, — Awig] + [|Ang — Awg] < e.

In this section our aim is to establish a ”Spectral Theorem” for compact
operators.
We need the existance of a non-zero eigenvalue of A:

Lemma 2.2.1. If A is a compact self-adjoint operator it has || Al or —||A||
as an eigenvalue.

Proof. We already know that [|A|| = supy,<i|(Au|u)| and that these num-
bers are real for every u so, replacing A with -A if needed, we have

A= || All = supy, <1 (Aufu).
There exists a sequence (u,) such that
[un|| = 177115&(Aun|un) = A

and since A is compact there exists a subsequence such that (Au,, ) con-
verges to v. Then we take

khm ”Aunk - Aunk||2 = lim (HAunkH2 - 2>\(Aunk‘unk) + )‘2) - HU“2 — N
—00 k—o0



and, using that ||A|| = A, ||u,, || = 1, we obtain
lim || Auw,, — My, ||* = 0
k—o0

— lim u,, = u, Au = \u.
k—o00

We can finally state

Theorem 2.2.2 (Spectral theorem). Let A be a compact self-adjoint oper-
ator, (A\,) the sequence of the non-zero eigenvalues and P, the orthogonal
projections onto the eigenspaces H,. Then the H, are finite-dimensional,
the sequence (\,) is either finite or convergent to zero and

n=0

where the right hand side converges in the norm topology (the sum is finite
if (\n) is a finite sequence).

Proof. The idea is very simple and, with the properties we have already
shown, similar to the finite-dimensional case.

Let us start stating that every eigenspace of an eigenvalue A # 0 is finite
dimensional, because A is a compact operator (also if restricted to this
eigenspace) and the sphere of a space is compact if and only if it is finite
dimensional (see Brezis, [2]| for the details).

Then we define \; = ||A]|, then A; := A — A\ P, is again a compact self-
adjoint operator, hence we can continue this process until Ay = 0 or we
obtain an infinite sequence, decreasing in modulo by construction (there
cannot be an eigenvalue of A greater in modulo than ||A|| by definition).
Let us suppose, by contradiction, that |[A\| > « > 0. Then we take, for every
n, v, € H,, ||v,|| = 1. Since A is compact we can extract a converging
subsequence from (Awv,), but this leads to a contradiction since

[ Av, — Avg[|* = [ Mpv, — Agug[|* = )‘;27 + >\(21 > 20,

Hence

A= Z M\, P,

n=1



2.3 Representations

Given a normed vector space over R or C, L(V) denotes the algebra of
bounded linear operators on V (which are the nxn real or complex matrices
if dim(V)=n < o0). A representation of a topological group G is a map

m:G— L(V)

such that

a) m(g192) = m(g1)7(g2), w(e) = Id
b) for every v € V' the map g — m(g)v is continuous on g.

A representation of a Lie algebra g is a map
pg— L(V)
which is a Lie algebra morphism:

p([X,Y]) = [p(X), p(Y)] = p(x)p(Y) = p(Y)p(X).

If a subspace W C V satisfies w(g)W = W for every g € G we say that
it is inwvariant. Those subspaces are crucial in this theory: in particular,
we care about irreducible representation, the ones with 0 and V' as only
invariant subspaces.

Instead, if a representation is reducible, we have a quotient representation
m of G on the quotient space V /W, where W is an invariant subspace.
Let (w1, V4), (72, Vo) be two representations of G and A : V; — V5 a con-
tinuous linear map. If

Ami(g) = ma(g)A

for every g € G we call A an intertwinning operator for these representa-
tions. If such a map exists, m; and 7o are said to be equivalent.

An operator T on a Hilbert space H is unitary if T-' = T*. A repre-
sentation 7 of G on H is unitary if 7w(g) is a unitary operator for every
g€ G (soif Vg € G,Yv € H,||n(g)v] =|v]]).

Unitary representation are useful while working on reducible representa-
tions: in fact, if 7 is unitary and W is invariant and close, the quotient rep-
resentation on H /W is equivalent to the subrepresentation on W+ (which



is invariant as well, because of the orthogonality).

We want to decompose V in a direct sum of irreducible invariant sub-
spaces: to show this is possible, we need a proper inner product on V.

If we choose a representation m on a finite-dimensional space V and a
Euclidean inner product (.|.)p on V' we can define, also on V:

(ufv) = /G (r(g)ulm(g)v)op(dg)

where p is a Haar measure on G (from now on we will always use this
measure).

This is also a Fuclidean inner product (the positivity and the Cauchy-
Schwarz equations are true because we select initially a Euclidean inner
product).

The point is that now 7 is unitary with respect to (.|.):

|7 (g")v]| = (m(g")v|m(g')v) = /G (m(g)m(g")v|m(g)m(g")v)u(dg) =
- / (n(99')0]7(g9")0)pu(dg) = / (r(g)oln(g))u(dg) = (v]0) = [lo]
G G

where we used the properties of the representation and the invariance of
the Haar measure.

Now, if V' is finite-dimensional, we can decompose, with this inner product
and with respect to 7:

V=1oelh® V.

We only need to choose V; as a non-zero invariant subspace with minimal
dimension, then V' is also invariant (because 7 is unitary) and we repeat
the process until (V; ® - - - ® Viy)* becomes zero.

Theorem 2.3.1 (Schur’s Lemma). i) If a linear map A : Vi — Vi in-
tertwines two finite dimensional irreducible representations of a topological
group G (71, V1) and (w9, Vo) either A =0 or A is an isomorphism

ii) If m is a C-linear representation of a topological group G on a finite-
dimensional complex vector space V and commutes with a C-linear map
A:V =V then A= X for X in C.



These properties holds also with a Lie algebra.

Proof. i)Ker(A) and Im(A) are invariant subspaces since Am(g) = m(g)A
and so they should be equal to 0 and V', respectevely, or viceversa.

ii) There exist an eigenvalue A\, so A — AI is not invertible and so is equal
to zero because of the previous point. H

We define for our purpose a character as a one-dimensional represen-
tation. By the Schur’s lemma, an irreducible C-linear representation of a

commutative group G is a character.
The simplest example of this is when G = SO(2) ~ U(1) ~ R/27Z and so
the characters are x,,(9) = ™’ m € Z.

Finally, we want to study the representations of a compact group G and
their link to the function space L*(G).
Given a compact group G, its normalized Haar measure p and a unitary
representation of G (w, H), we define the operator K, for v, w € H:

Ky = /G (wlm(g)v)n(g)vp(dg)
which implies
(K wlu!) = /G (wlr(g)o)[@n(g)0).

Obviously [|K,w| < ||v||*||w|| and so K, is bounded and K, is self-adjoint
by the last display. Let now gy € G:

K (n(go)w) = /G (wlr (g5 9)0)m(g)ouldy) =

B /Gw(g)mﬂgog)w(dg) = m(g0) K w,

hence K and m commute. We can also easily show that this operator is
compact, since we have demonstrated that the space of compact operators
is closed for the norm topology and, given the compact and continuous (on
() operator Pyw := (w|v)v we have

K, / gok(dg).



Let us observe that (K,v|v) > 0, hence K, # 0.

With all these information, we can say that these operators have a non-zero
eigenvalue (||K,| or—||K,||), and the corresponding eigenspace is finite-
dimensional and invariant under the representation .

To summarise, we have proved the following:

Theorem 2.3.2. i) Fvery unitary representation of a compact group con-
tains a finite dimensional subrepresentation. ii) Every irreducible unitary
representation of a compact group is finite dimensional.

Now we fix an orthonormal basis {ej,...,e,} (n=d,) of H, thus we
can see 7 as a matrix with entries m;;(g) = (7(g)ejlei). We need another
theorem to find the relations among these functions.

Theorem 2.3.3. Let m be an wrreducible unitary C-linear representation of

a compact group G on a complex Euclidean vector space H with dimension
d.. Then, for u,v,u v € H,

1
(el = [ I((g)ulo)Putd) = -l Pl

| oyl lg1 T n(ds) = - ulPol*
G ™

Proof. For v € H, K, and m commutes: by Schur’s Lemma K, = A(v)[.
Hence

/ (m(g)ulv) Padg) = Alw) Jull”

Interchanging the roles of u and v we get
Aw)l[vfl* = A)[|ull® = Mw) = Aolull*

for a constant \g. Now, for every g € G:

Z\ gyules)* = |[m(g)ull* = [[ul*

integrating over G we obtain

Il = 3= enopuied o) = il



1

1
n G T

We have just proved the Schur’'s orthogonally relations:

B |
/ mi5(9)m(g) = d—5ik5ﬂa
G

™

that can be written alternatively as

| n(am(o) iBR(gn(dg) = -l AB")
G

™

with A and B two endomorphisms of H.

2.4 L*G)

Let M7 denote the subspace of L?(G) generated by the entries of the
representation 7, that is by the functions of the following form:

g — (m(g)ulv), (u,v € H).

Theorem 2.4.1. Let (w, H) and (7', H') be two not equivalent irreducible
unitary representations of a compact group G. Then M, and M, are two
orthogonal subspaces of L*(G): if u,v € H, v',v' € H', then

/ (n(g)ulo) T (@) = 0.
G

Proof. For a fixed map A: H — H' we put

Ai:/GW/(g_l)AW(Q)M(dQ)-

This operator intertwines the representations 7 and 7’ and so is equal to
zero by the Schur’s lemma. Hence (using the fact that 7’ is unitary)

(Aulul) = /G (An(g)uln (g)u)u(dg) = 0.



The theorem is proved taking A as the rank 1 operator defined by Au =
(u|v)v” with v € H,v" € H'. In this case

Au = /G?T'(g‘l)Aﬂ(g)u(dg) =
= [ 7 w@utontas) = [ 76 atgyul)
e G

]

This theorem is crucial: we can now say that 2 representations m; and
7o of a compact group G are equivalent if and only if M, = M, (the ”="
implication was already known).

Let us now choose H = L*(G) and ™ = R, the right regular representation:

(R(g)f)(z) = f(xg).

Using the same notation as before, for a generic irreducible representation
m of G, let M7(r1) be the subspace generated by the entries of the first row,
that is by the functions z — m;(z), for j =1,...,n = d,. Let us observe
that, because it is a product of matrices,

7le xg E ﬂ-lkﬂ-kj

P . . . 1) .
This is a linear combination of the first row’s entrances, hence Mé) is

invariant under R. Furthermore, the map from H into Mél)

n n
A E Cj€j E Cjﬂ'lj(.ftf)
j=1 j=1

is an isomorphism that intertwines the representations m and R: if

—_— n . .
u =7 i cjej, then

m(g)u = Azcﬂ(g)ej = AZCJ (Z Wij(g)ez') =
o Z (Z mij (g > mi(T) = Zcﬂﬁj(a?g) = R(g)Au.

1=1 j=1 j=1



Furthermore || Aul|* = 1||u||?>. We can now state that
Mﬂ = M’]E_l) EB...EBMT(‘_W’)’

with the other subspaces defined in the same way as the first, considering
the other rows. Thus the representation R restricted to M is equivalent
to

TEH - DT =nTm.

The same statement for the regular left representation ((L(g)f)(z) =
f(g7'z)) can be obtained using columns instead of rows.

We continue this section with the following fundamental results, which
basically justify the use of the Fourier series on compact groups.

Theorem 2.4.2 (Peter-Weyl theorem). Let A be the set of equivalence
classes of irreducible unitary representations of the compact group G and,
for each A € A, let M)y be the space generated by the coefficient of a repre-
sentation in the class A (they are all the same, as we just saw). Then

1X(G) = @M,

which is the closure in L*(G) of the space of finite linear combinations of
coefficients of finite dimensional representations of G.

Proof. We already saw that the subspaces M) are two by two orthogonal.
Let us define /\
H = EBMA, Hy:= H*.

A€A
Our aim is to show that Hy = 0. Let us assume the opposite by contrad-
diction.
Hy is invariant under the representation R and closed, thus it contains a
closed, finite-dimensional subspace Y # 0, which is invariant under R and

irreducible. The restriction of R to Y belongs to one of the classes A. Let
FeY, f+#0, and put

Flg) := /G F(xg) F@p(dz) = (R(g)F11).



The function F' belongs to M,. We will see that it is also orthogonal to
M)y, thus it is equal to zero.
Let us choose a representation (m, V') of the class A\, and u, v € V. Then

| FowGntis) = | [ seo F@a)

and putting zg = ¢’ (change permitted by the Haar measure) we obtain

| Fowglnts) - [ 7@ (/ F (o ye(galt >w<dg'>)u<dx>=

Since
— [ 1#(@)n(do) =
G

it follows f = 0, a contraddiction. H

Let us now define the Hilbert — Schmidt norm on L(H), where H is a
finite dimensional Hilbert spaces:

1AI* = tr(AA") Z!%\Q
1,5=1

if we write A as a matrix, with an orthonormal basis on H.
Then, given an integrable function on G and a representative (my, H,) for
every class A € A, the Fourier coefficient f(\), which action on H) is

defined as
- /G F(g)m (g™ u(dg).

The following theorem is just an application of the previous results:

Theorem 2.4.3 (Plancherel’s theorem). If f € L*(G), then
i) fis equal (in L*(G)) to the sum of its Fourier coefficients

flg) =) datr(f(N)mal9)).

i)
/G\f!Qu(dg) = %dAH‘f(A)(HQ-



i) If f1 and fy € L*(G), then

/G fi(9) Fala)uldg) = 3 datr( L) (V)").

w) The map f — f is a unitary isomorphism from L*(G) onto the space
of sequences of operators A = (Ay) € L(H)), for which

1Al = dallANIP < oo
AEA

We want to state another powerful result:

Theorem 2.4.4. i) Given A = (Ay) € L(H)), if

3/2
ST @A < oo,
AEA

then the Fourier series

> datr(AN)m(9))

converges absolutely and uniformly on G.
ii) Given a continuous function f such that

d3/2‘
% )

then f(g) is equal to its Fourier series, which converges absolutely and
uniformly on G.

A

F|| < oo

Proof. 1) Since

[tr(AB)| < [JANBII llma (@)l = v/d,

we have
daltr(A(A)ma(g))] < [[AA]l-

ii) We define
h(g) = Z dytr(f(N)ma(9))-



Thanks to i), we know that the convergence is uniform and thus A is con-
tinuous.

) = [ gmts ntds) = [ 3 avrlG0)maa)) | mto ™ utdo).
NeG

Knowing the Schur’s orthogonality relations and switching the integral and
the series we find

h(\) = dy /G tr(Fm(@)mag ™) = FOV.

Thus, by the Plancherel theorem, f = g. ]

We end this section introducing the C'asimir operator and proving some
results on it.
Let us take a Lie algebra g with a basis Xi,..., X, and a bilinear form
$ on g which is symmetric, non-degenerate and invariant (5([X,Y], Z) =
—B(Y, [X, Z])). Such a map exists (a proof of this can be found on Faraut,
1)).
We put gi; = 8(Xi, X;), g7 = (gi5) "
If p is a representation of g on a vector space V', its Casimir operator is

Q= 3" gIp(X)pl(X;),

In particular, one can take 8 as positive definite and an orthonormal basis
in order to have

Q, =3 p(X,)
=1

One can easily show (as in Faraut, [1]) that this operator commute with
p, and that this property does not depend on the choice of the basis.
By the Schur’s lemma, this implies that there exists x, € C such that

Q I.

p = —Kp

If g is the Lie algebra associated to a compact linear Lie Group G, then
for a representation m on GG we can define {2, as the Casimir operator of
the representation dm on g.



If 7 is not trivial, then we saw that exists on V' a Euclidean inner product
for which 7 is unitary, hence

dr(X)* = —dr(X)
and, if v # 0,

(Qrv|v) = ZHdW Jol|* <

We just proved that x, > 0. T hat will be crucial while talking about
Fourier analysis on SU(2).






Chapter 3
SU(2)

3.1 Bases and Haar Measure

Now we will focus on a particular compact Lie Group: SU(2), which is the
simplest non-commutative compact linear Lie-groups together with SO(3).
It is known that these two groups are ”almost” the same: there is a surjec-
tive homomorphism which maps two elements of SU(2) into one of SO(3),
so its kernel is +1 (a proof of this can be found on Faraut, [1]).

Let us start defining SU(2): it consists of the matrices

lo= (% D) wpeciar+ip=1},

The inverse of these matrices is

gl = (%é —j> .

This group is homeomorphic to the unit sphere of C? and therefore is
compact, connected and simply connected.
Its Lie algebra su has the following matrices as elements of a basis:

0 0 1 0 1
6= )= (o) m= ()
The commutation relations are the following:

[Xla XZ] — 2X37 [X27X3] = 2X17 [X37X1] = 2X2

Now we need to find the Haar measure. Since SU(2) ~ S3, the unit sphere
of R%, we just want a measure on S® which is invariant under SO(4).
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Let w be the differential form of degree 3 on R" defined by

W = Z(—l)i_lxid:cl VANERIVAN dEUZ N A dSC4.
1=1

At every point z, for vectors &1, &, &3 € R?,

we (1, &2,&3) = det(x, 6162, 83)-

This differential form is invariant under SL(4,R), thus its restriction to
the unit sphere is invariant under SO(4).
Let p be the normalised Haar measure on SU(2) ~ S?, that is

1
/5 o ) = = /S o

Wy = / Ww.
SU(2)

In order to find this constant, Let us write an element of SU(2) as

with

T+ ixg T3+ i$4
T = ) i .
—T3 +1ry T1 — 1T9

Since 2?2 + 23 + 23 + 27 = 1 we can put x; = cos¥, 19 = sind cos p,

x3 = sin ¥ sin @ cos ), x4 = sin ¥ sin @ sin .
Let ® denote the map (9, p, ) — x = (1, T2, T3, T4).

Theorem 3.1.1. If f is an integrable function on SU(2), then
1 s T 2w
/ f(z)u(dr) = —2/ dﬁ/ dgo/ dip f o ®(1, p, 1) sin?(19) sin(¢)).
SU(2) 21 Jo 0 0

Proof. We just need to prove that ®*w = sin®¥sin @d A dp A dip: if this
is true, then for f =1 we find w; = fSU(2) w = 2m2.



The differentials in the new coordinates are:

dxq —sin ¢
dry | cos v cos
drs | | cossinpcostp ai+
dxy cos ¥ sin ¢ sin ¢
0 \ 0
—sin g : : :
¢08 9 08 1) sinddp + | sin 1) sin ¢ sin od).
COS (p Sin 9 cos Y

The vector x = ®(¥, ¢, 1) and the three columns of the above right-hand
side are orthogonal unit vectors , hence they form an orthonormal basis.
This basis is positively orientated: if we put ¥ = ¢ = ¢ = 0 the 4 vectors
became the canonical basis, which has determinant 1, and since the deter-
minant can only be £1 and it changes continuously it is equal to 1 in each
point.

Therefore det (‘I), g—?;, g—i, g—i) — sin® ¥ sin ©. ]

3.2 Irreducible representation of SU(2)

We want to study the irreducible representations of SU(2): in order to do
that, we start considering the irreducible representation of its complex Lie
algebra g = sl(2,C). A basis of g is

10 0 1 0 0
me(o ) (0a) 7= (00).

and the commutation relations are
[H,E] =2F,[H,F] = —-2F,|E,F| = H.

We introduced this Lie algebra because it is the complexification of the
real Lie algebra su(2): every Z € sl(2,C) can be written uniquely as
Z =X +1iY, with X, Y € su(2).

We choose, as a vector space on which are made the representations, the
space P, of complex polynomials in two variables of degree m. Written



g€ SL(2,C) as (Z Z), the representation m,, of SL(2,C) on P,, is defined
by

() )e) = S+ et = 1 (2 0) (8 1))

c
Given a representation m of (G, it exists the derived representation of g:

Ir(X) = Sr(exp(X)) o

The derived representation p,, = dm,, of sl(2,C) on P,, can be obtain as
follows:

Fuexp(H)) S (2.9) = f(e'u,e™'0) = pu(HD)f =250 — 45
Tm(exp(tE)) f(z,y) = f(z,tx +y) = pm(E)f = a:g—]y[,
T (exp(tF))f(2,9) = (2t +y) = pul E)] = yor-

A basis of P,,, which has dimension m + 1, is given by the monomials
filx,y) =2Iy™ I for j €0,1,...,m.

Let us observe how the image of the basis of g under p,, acts on them
(using the relations just found):

pm(H) f; = (2] —m)f;
pm(E)fi = (m —j)fj
pm(F>fj :jfj—l-

Hence we can write them as matrices with respect to the basis fy, ..., fi:

[—m

—m + 2
pm(H>:
m — 2
\ m
0
m 0
Pm(E):
2 0
1 0



Every representation p,, is irreducible. In fact, if we suppose that exists
an eigenspace W which is non-zero and invariant, then we can find at
least one eigenvalue of the restriction of the operator p,,,(H) to W because
this matrix is diagonal. Therefore, since the vectors fy,..., f,, are the
eigenvectors, one of them belongs to W. But since W is stable, when we
act on the eigenvector with p,,(E) and p,,(F) we obtain other vectors of
W, so it is clear that we can obtain all the basis using iteratively these two
operators on the first eigenvector. Hence W = P,,. These representations
are perfect for our purpose, since

Theorem 3.2.1. An irriducible finite dimensional C-linear representation
of s(2,C) is equivalent to p,, for a positive integer m.

Proof. Let p be such a representation on V. The aim of this proof is to
find a map that intertwines p and p,, (for the correct index m).

Because it is a (non-zero) complex valued matrix, p(H) has at least one
non-zero eigenvalue.

We take as A\ the eigenvalue of p(H) with the minimal real part and ¢
an associeted eigenvector.

We have to show that @1 := p(FE)py is also an eigenvector of p(H), if it is
NON-ZEro:

p(H)p1 = p(H)p(E)po = p(E)p(H)po + p([H, E])po =
= Xop(E)wo + 2p(E)po = (Ao + 2)p1

(we used that [H, F] = HE — FH and the commutation relations showed
at the beginning of the chapter: we will use them again).
Hence we can put ¢ = p(E)*py and find iteratively that

p(H)pr = (Ao + 2k) o

Until these vectors are nonzero, they are aigenvectors of p(H) for different
eigenvalues, hence they are linearly independent. This happens until a



certain index k, let us put it equal to m (so ¢; = 0 for ¢ # 0, and non-zero
otherwise).

We call W the space generated by these vector (with dimension m + 1),
and we need to demonstrate that this is invariant. For sure it is invariant
under p(H), since the generators are eigenvectors for it, and under p(F£),
because p(E)pr = prpi1 € V VE < m.

We are now interested in the action of p(F') on these vectors,

p(H)p(E)po = p(F)p(H)po + p([H, F)eo
= Xop(F)po — 2p(F )
= (Ao = 2)p(F)eo
and since Ay was chosen as the eigenvalue of p(H) with minimal real part,
it follows that p(F)pg = 0.
Then, for 1 < k < m, p(F)or = arpr—1 with ap = —k(A + k —1). We

will show it by induction:
for k=1,

p(F)e1 = p(F)p(E)eo = p(E)p(F)po + p([F, E])po = —p(H)po = —Aoo.
Then, if the statement is true for £ < [, we have
rho(F)ern = p(F)p(E)er = p(E)p(F)er + p([F, E])pr, =
= —k(Xo +k = 1)p(E)pr-1— p(H)pr
= (=k(Xo+k—1) = (Xo+2k))pr =
= —(k+ 1) (o + k).
Now we just need to show Ay = —m: this is true because on the one hand
trp(H) = tr[p(E), p(F)] = tr(p(EF) — p(FE)) = trO = 0,
and on the other hand
trp(H) =Y Ao+ 2i = (m+ DA+ (m)(m+1) = (m+ 1)(Ao +m).
i=0
To summarise, we found out that
p(H)or = (2k —m)epy,
P(E)pr = ©rs1
p(F)or =k(m —k+ 1)pg_1.



Hence we can construct a linear map A : V — P, such that

Ao = fo
App=m(m —1)---(m—k+1)fx

for 1 < k <m.
A intertwines p and p,,:

Ao p(X) =pn(X)oA

for every X € sl(2,C).
We check this out for the basis we have chosen:

Aop(H)pr = (2k —m)Apr = 2k —m)m....(m —k+1)f
pm(H)oApp =m...(m—k+ 1)p,(H)fr = 2k —m)(m)...(m —k+ 1) fx,
Aop(E)or =Apgrr=m...(m—k+1)(m —k)frn
pm(E)oApr=m...(m—k+1)pp(E)fr=m...(m —k+1)(m — k) frt1,
Aop(F)pr =k(m—k+1)App1=k(m—k+1)m...(m —k+2)fr
pm(E)oApr=m(m—1)...(m —k+1)pp(E)fr=m...(m —k+ 1)k fi_1.

[]

From now on, when we will talk about a representation ,,, we will refer
to its restriction to SU(2).
Let us state (on Faraut, [1] there is a deep study of facts like this) that a
subspace invariant under 7, is also invariant under its derived representa-
tion p,,: hence, since these ones are irreducible, so is m,, for every index
m € N,
Now we can use the properties of representations and of the Lie algebra:

Theorem 3.2.2. Fvery irreducible representation © of SU(2) on a finite
dimensional complex vector space V' is equivalent to one of the m,.

Proof. We extend the derived representation dm as a C-linear represen-
tation p of s[(2,C) and we prove that this is irreducible. But this is a
consequence of 7 being irreducible: SU(2) is connected, hence generated
by exp(su(2)), therefore every subspace W of V invariant under p, which
is also invariant under Exp(p(X)) = w(exp(X)), is invariant under SU(2),
and so W = V.



Then, by the last theorem, p is equivalent to one of the p,,: for every
X € su(2)

Ap(X) = pu(X) A = An(exp(X)) = m(exp(X)) A
and again, since SU(2) is generated by exp(su(2)), for every g € SU(2),

Ar(g) = Tm(g)A
where we kept the same index m. [

Let us see two easy example. There is a natural representation of SU(2)

on C?, which obviously consist in seeing an element g € SU(2) as a linear
transformation, is clearly equivalent to 7, since the space of the homoge-
neous complex polynomials in two variables of degree one is isomorphic to
C2.
Then there is the adjoint representation on the Lie algebra Ad(g) : X
g1 Xg, X € su(2), g € SU(2). This is equivalent to 72, since the space of
the homogeneous complex polynomials in two variables of degree 2 is gen-
erated by 22,92, zy and one can find a homomorphism between the linear
endomorphisms of P, and su(2), generated by the matrices H, E, F'.

3.3 Laplace operator

Let us put Xy,...X, be an orthonormal basis of g, the Lie algebra of a
compact Lie group G. We define the Laplace operator as

Af(x) = 3 T Frexp(tX,)) e,

1=1

where f is a O? function on G, and so the operator can be written as
n
A= p(X)
i=1

With respect to the inner product on L?(G), for ¢, € C*(G),

(p(X)lp) = = (¥]p(X)e)



since

/ (g exp(tX)) e gl nlda) = o / $(gexp(tX)) (g uldg) =
\t o/w ¢(gexp(—tX))u(dg) = /@b It:osO(gexp(—tX))u(dg)-

Thus, with the same hypothesis
(AY[p) = (¥]Ap)

(A is symmetric). Moreover, A is negative since

~A71P = [ SIoXis (o) lutdo)

Let us now recall, from the previous chapter, that for an irreducible rep-
resentation 7 of a connected compact Lie Group GG on H, we defined the
Casimir Operator as Q; = > "' (d7(X;))* and proved Q, = —k,I for a
positive number k.

Lemma 3.3.1. If f € M, the subspace of L*(G) generated by the entries
of w, then fis an eigenfunction of the Laplace operator A, with eigenvalue
— K.

Proof. If f € M, it can be seen as f(z) = tr(An(x)) with A an endomor-
phism of H, therefore

Af(z) =tr(Q AT (z)) = —kro f(2).
[]

Let us now focus again on SU(2), where we select the following Eu-
clidean inner product:

(X[Y) = %m(xy*) _ —%tr(XY),

for which an orthonormal basis is

i 0 0 1 0 i
Xl_(o —i)’X2_<—1 0)’X3_(7; 0)'



We will find an explicit form of the Casimir Operator of a representation
p of su(2), which again extends C-linearly to a representation of s((2,C).
Using the same notation of the previous section, we have

Xy =iH,Xo=E—F, X5 =i(E+F),

hence
p(X2)? = —p(IT?,
p(X2)? = p(E)* 4 p(F)* — p(E)p(F) — p(F)p(E),
p(X3)? = —p(E)* — p(F)? = p(E)p(F) — p(F)p(E),
= Q, = —p(H)* = 2p(E)p(F) = 2p(F)p(E).

Finally, recalling that [F, F] = H we get
—Q, = —p(H)* + 2p(H) + 4p(F)p(E).

Furthermore, we again consider the representation p,, in the space of com-
plex polynomials in 2 variables (it is not restrictive, since all the represen-
tations are equivalent to one of these). To simplify the notation, Let us
put €, = Q, . We want to find &,,.

But, since we know (), as a function of H, E/, ', we only need to calculate
it against a polynomial, and the easiest one is f,,(x,y) = x™.

From the previous analysis we know p,,,(H) f, = mf, and p,(E)fmn =0,

— — Qo fon = (M* 4 2m) fin..

To summarise, we know from the Peter-Weyl theorem that
L*(G) = M,

where in the right side we got the orthogonal eigenspaces of the Laplace
operator with eigenvalue —m(m + 2).

The Fourier coefficients f(m) of an integrable function f on SU(2) (m €
N = A, the set of equivalence classes of representations of SU(2)) are

F(m) = /S o T )



Thus, the Fourier series of f is

o

> (m+ Dtr(f(m)mn(x)),

m=0

which is equal to f if it is an L?(SU(2)) function.
Moreover, we have the convergence in L?*(SU(2)) and the Plancherel for-
mula:

fon

[, olfuta) - S+ 1)

We want also the uniform convergence.
Lemma 3.3.2. f € C%(SU(2)) = Af(m) = —m(m + 2) f(m).
Proof. If we put ¢(x) = (w(z)v|u), with u,v € H, , then

(Fomulota, = (( [ Fomaleutas) ) ub) =
= [ @) mala b)) =
SU(2)
- [ Sl -
SU(2)
N / f@)p(@)u(dr) = (fle)rzisu),
SU(2)

and
(Af(m)ulv)m, = (AFI9) v = (FIAQ) 12s0(2) =
= —m(m +2)(fl¢)r2sv) = —m(m + 2)(f(m)ul)n,,
[]

Theorem 3.3.3. If f € C?(SU(2)), then we got uniform and absolute
converges on

flx) = (m+ Dte(f(m)mn(z)).
m=0
Proof. By the previous lemma,
flm) = ——— & (m).



hence

- A 00 3/2
O LB T E

m=

- (m+1)? V2 _— 2 1/2
< (L) (Semenflaon]f) <o

we used the Shwarz inequality and the fact that

Sonvffszon][ = [, st <o

The statement follows from the theorem of the previous chapter, which
requires exactly this hypothesis to state the uniform and absolute conver-
gence. [



Chapter 4

Generalized Heat equation

4.1 Generalized Heat Kernel

The following cauchy problem, usually studied in R" or in SO(2), is the
Heat equation on SU(2):

{6ugt%t) = Au(z,t)
u(z,0) = f(z)

for a given function f in L?(SU(2)). Firstly, we can note that the functions
like u(x,t) = e ™" 2y(x), with v € M,,, are solution of the first equation
since Av = —m(m + 2)v as we proved before.

Thus, a solution of the Cauchy problem, if f € C?(SU(2)) and t > 0, is
u(z,t) =3, ye ™MDy, (3), with 3 om(x) = f(x), and this solution
is unique.

These results are proved defining the Heat Kernel, which has the right
properties:

Hi(x) = 3" (m -+ 00Dt (1)),
In that way we have
ult, z) = Hi(xy™) f(y)u(dy) = Hy * f(x).
SU(2)

The definition of the convolution in a compact group should be done in that
way, since the Haar measure is invariant under the action of an element
g € G as well as the Lebesgue measure is invariant under the sum of
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x € R".

Let us now introduce a generalized case.

Suppose we have a function 1) on R such that, for appropriate functions ®
and w on R,

We can define formally

with

We want to use this with the function ¢(s) = (14s)™ = ﬁ fooo o le=(4s)T T
Recalling that we call \,,, = —m(m+2), in that case we have the generalized
Heat kernel

Ky(x) = Kq(z) = ﬁ /0OO T e TH, (x)dr
L T el ATt (10, () )dT
:@/o 2L 37 (1 4+ 1)t (o (1))

meN

(1= X)) “(m + Dtr(mp(z)).



This diverges if Re(a) < 0.
Furthernmore, applying the Tonelli’s theorem we get

L OOTO‘_le_T m ATt (1, (x) ) drdT
=/ 3+ )M tn(m (o) drdr | <

meN

[ 1t 3 230

meN

Z/ -1 e~ m (m~+2)T— T(m_|_ )2d7'
mEN

1

(o)
1
I(a

IA

IA

- ) 2

meN

~ Z(m + 1)—2Re(o¢)+2

meN

+2m + 1) Re@ (1 4 1)?

hence there is absolute convergence if and only if Re(a)) > %
We used the fact that |tr(m,(x))| < m+ 1. If we are in this hypothesis, we
can use Fubini’s theorem in order to compute

Kq(n) = - )K o ()0 (2™ ) p(de)
= ﬁ /SU(2) </00<> ol Z(m + 1)6’\mTTtr(7rm(:1:))d7') To(x ) p(dr)

— i e e (f - t(m (e)utd) ) dr
— (11— A

where we used the invariance of the Haar measure, the fact that the func-
tions are orthogonal if m # n and, when m = n, m,(zz™1) = m,(e) = I.
From now on we will assume f € C?(SU(2)) (which implies f € L*(SU(2))
hence we can get the decomposition in the orthogonal spaces).



We are now ready to define (and then rewrite using Tonelli’s theorem):

(1— D) f(x) = [ Kao(z) = / F(9) Koy uldy)

SU(2)

- OOTa_l eM 7T (m r(7, (zy ™)) dr
- I(o) /SU(Q)f(y) </o 2 (m 4 D)tr(my(zy—))d )u(dy)

meN

g b v (malo) [ S0 D))

0 meN

b OOTafl T (m r( f(m)m,(z))dr
—ma T e D) ()

meN

- m r( f(m)m(x OOTO‘_leAmT_T T
ey 2+ Vit e) / d

= > (1= X)) (m+ Dte(f(m)mn(2)).

meN

4.2 Analytic extension

Our purpose is now to obtain a meromorphic extension for all o € C \
{0,—1,—2...}. Tt is sufficient to note that 9,7% = ar*~! and integrate by
parts (assume Re(a) > 0):

Ko(z) = arl(a) /0  Orte T H (2)dr
- aFl(a) [Tae—THT(a:)\go — ol (a) /0 N 70, (e TH,)(z)dr
_ _&Fl(a) /0 " 100, (e TH, ) (2)dr
_ _aFl(a) /O e (< H, + 0, H,)(x)dr
_ M}(a) /O e (H, — AHL) (2)dr
i@ ] T = A ek D)

meN



The integral now converges for Re(a) > —1\ {0} and now we can take

(1—A)°f(a) = /5 o T

1 S ; y
ar(a)/ fw) (/0 e Y (L= dn)et T (m A+ 1tr(mn(zy ))d7> p(dy)

meN

! T—T
_ aF(a / Z (1-— (m + 1)tr (Wm(I) /SU(Q) f(y)ﬂm(y)u(dy)) dr
- —F(oz ) / ~ m%ﬂ = M) (A Dtr((wn (@) f(m)) dr

We just need to repeat this procedure n times to have the operator defined
for Re(a) > —n, except for the values {0, —1,...,—n + 1}.

4.3 The Cauchy problem

The generalized heat equation is the solution of the following Cauchy
problem, which is the same as the "usual” one except for the fact that we
use the operator we just defined insted of A:

%u(a:,t) = (1 —A)"Yu(x,t)
u(z,0) = f(z)

with given a € C\ {0,—1,—2...} and a C? function f € L*(SU(2)).

We will first show the uniqueness of the solution using the maximum

principle:

Lemma 4.3.1. If u is a solution of the previous Cauchy problem, we have

' = mi 0) < t) < 0) =
i T = iy 10 = e ) = g w0 = g /@

Proof. Let us define
us(t,x) == u(t, x) + et.

Let us take an interval [0, T] and (xg,ty) € SU(2) x [0,T] such that
u=(xo,to) = min {u.(z,t)|(x,t) € SU(2) x [0,T]}.



Note that a minimum exists since this set, being the product of two com-
pact sets, is compact.

We want to prove that ty; = 0. Suppose by contradiction that ty # 0.
Hence, we have that

ot

2Us(ﬂ?(),?fo) =0,
Aug(xo, to) O

and this gives a contradiction since
ou,
ot

Therefore there is the minimum at ¢ = 0 and, since u.(x,0) = u(z,0),

— Au. =¢>0.

us(z,t) = u(z, t) + et > xerg%r(l% u(z,0)

and, since the inequality holds for every e > 0, u(z,t) > min,cgy(2) (2, 0).
On the other hand, we can replace u with —u and, using the previous
result, get

—ue(z,t) = —u(x,t) —et > min (—u(z,0))

zeSU(2)
and again, with the limit ¢ — 0,

u(z,t) < max u(z,0).

zeSU(2)
[

Theorem 4.3.2. If there exists a solution to the previous Cauchy problem,
this 1s unique.

Proof. Suppose that u; and us are two distinct solutions. Then u; — us is
a solution of another Cauchy problem:

%u(m,t) =(1—-A)“u(x,t)
u(z,0) =0
From the previous lemma,

= ] < — < =
0 mggllljré)f(x)_(ul w)(iﬁ,t)_xglg%)f(fﬁ) 0,

hence u; = us. []



Recalling that

(1= A)u(z) =Y (L= Np) *(m + D)tr(a(m)m(z))

meN

we can note that the functions like

(1_)\m)7o¢t
u(z,t) =e T@ u(x),

with v(x) € M,,, are solutions of the Cauchy problem.
We just have to recall that we can decompose f(z) in those orthogonal

subspaces
o0

fl@) =) (m+ De(f(m)ma (),

m=0

to state that the solution of the problem is

w(z,t) = 3 (m+ Der(f(m)mu(x))e T

m=0

which converges absolutely and uniformly on G x [0,00] and it is a C'*
function because so are the exponential and the functions in M, for every
m.
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