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] ❡ [X, Y, Y, . . . , Y
︸ ︷︷ ︸

n−volte

]✳

✶✳✶✳✶ ❈♦♠♠✉&❛&♦(✐ ❡ (✐+♦❧✉❜✐❧✐&.

■ ❝♦♠♠✉/❛/♦$✐ 0✐ ❧❡❣❛♥♦ 0/$❡//❛♠❡♥/❡ ❛❧ ❝♦♥❝❡//♦ ❞✐ 0✉❜♥♦$♠❛❧✐/9✱ ❞✐ $✐✲

0♦❧✉❜✐❧✐/9 ❡ ❞✐ ♥✐❧♣♦/❡♥③❛✳ ■♥❢❛//✐ /$❛♠✐/❡ ✐ ❝♦♠♠✉/❛/♦$✐✱ ♣❡$ ♦❣♥✐ ❣$✉♣♣♦ G
< ♣♦00✐❜✐❧❡ ❝♦0/$✉✐$♥❡ ❞✐✛❡$❡♥/✐ 0❡$✐❡✱ ❧❡ ❝✉✐ ♣$♦♣$✐❡/9 $✐✢❡//♦♥♦ ✐❧ ❢❛//♦ ❝❤❡ ✐❧

❣$✉♣♣♦ ✐♥ >✉❡0/✐♦♥❡ 0✐❛ 0✉❜♥♦$♠❛❧❡✱ ♥✐❧♣♦/❡♥/❡ ♦ $✐0♦❧✉❜✐❧❡✳

❈♦♠✐♥❝✐❛♠♦ /$❛//❛♥❞♦ ✐❧ ❧❡❣❛♠❡ /$❛ ✐ ❝♦♠♠✉/❛/♦$✐ ❡ ❧❛ $✐0♦❧✉❜✐❧✐/9 ❞✐ ✉♥

>✉❛❧0✐❛0✐ ❣$✉♣♣♦✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✳✷✳ ❯♥ ❣!✉♣♣♦ G +✐ ❞✐❝❡ !✐+♦❧✉❜✐❧❡ +❡ ❡+✐+'❡ ✉♥❛ +❡!✐❡ ✜♥✐'❛

❞✐ +♦''♦❣!✉♣♣✐

{1G} = H0 ≤ H1 ≤ ... ≤ Hc−1 ≤ Hc = G

'❛❧❡ ❝❤❡ Hi E Hi+1 ✱ ♣❡! ♦❣♥✐ 0 ≤ i ≤ c − 1✱ ❡ ❝❤❡ ❛❜❜✐❛ '✉''✐ ✐ ❢❛''♦!✐

Hi+1/Hi ❛❜❡❧✐❛♥✐✳

◆♦/✐❛♠♦ ❝❤❡ /$❛♠✐/❡ ✐ ❝♦♠♠✉/❛/♦$✐ < 0❡♠♣$❡ ♣♦00✐❜✐❧❡ ❝♦0/$✉✐$❡ ♣❡$ ♦❣♥✐

❣$✉♣♣♦ G ❧❛ +❡!✐❡ ❞❡!✐✈❛'❛✱ ✐ ❝✉✐ /❡$♠✐♥✐ 0♦♥♦ ✐ (G(d))d∈N✱ ❞♦✈❡ G
(d)
< ❞❡//♦

✐❧ ❞❡$✐✈❛/♦ d✲❡0✐♠♦ ❞✐ G✳ ■ ❞❡$✐✈❛/✐ 0✐ ❞❡✜♥✐0❝♦♥♦ ✐♥❞✉//✐✈❛♠❡♥/❡✱ ♣❡$ ♦❣♥✐
1 ≤ n ∈ N✱ ❝♦♠❡

G(n+1) = (G(n))′ = [G(n), G(n)].

➱ ❞✉♥>✉❡ ♣♦00✐❜✐❧❡ ❞✐♠♦0/$❛$❡ ❝❤❡ ✐❧ ❣$✉♣♣♦ G < $✐0♦❧✉❜✐❧❡ 0❡✱ ❡ 0♦❧♦ 0❡✱ >✉❡0/❛
0❡$✐❡ < ✜♥✐/❛❀ ♦✈✈❡$♦ 0❡ ❡0✐0/❡ ✉♥ n /❛❧❡ ❝❤❡ G(n) = 1✳ ❘✐❝♦$❞✐❛♠♦ ❛♥❝❤❡ ❝❤❡
✐❧ ♣✐D ♣✐❝❝♦❧♦ ✐♥/❡$♦ ♣♦0✐/✐✈♦ ♣❡$ ❝✉✐ ❝✐2 ❛❝❝❛❞❡ < ❞❡//♦ ❧❛ ❧✉♥❣❤❡③③❛ ❞❡!✐✈❛'❛

❞✐ G✳

✶✳✶✳✷ ❈♦♠♠✉&❛&♦(✐ ❡ ♥✐❧♣♦&❡♥③❛

❉❡✜♥✐③✐♦♥❡ ✶✳✶✳✸✳ ❯♥ ❣!✉♣♣♦ G +✐ ❞✐❝❡ ♥✐❧♣♦'❡♥'❡ +❡ ❡+✐+'❡ ✉♥❛ +❡!✐❡ ✜♥✐'❛

❞✐ +♦''♦❣!✉♣♣✐

{1G} = H0 ≤ H1 ≤ ... ≤ Hc−1 ≤ Hc = G

✼



 ❛❧❡ ❝❤❡ Hi E Hi+1 ❡ Hi+1/Hi ≤ Z (G/Hi)✱ ♣❡( ♦❣♥✐ 0 ≤ i ≤ c− 1✳

❈♦♠❡ $ ❜❡♥ ♥♦'♦✱ ❧❡ *❡+✐❡ ❝❤❡ *♦❞❞✐*❢❛♥♦ ❧❡ ❝♦♥❞✐③✐♦♥✐ ❞✐ 3✉❡*'❛ ❞❡✜♥✐③✐♦♥❡

✭*❡♥③❛ ♥❡❝❡**❛+✐❛♠❡♥'❡ ❡**❡+❡ ✜♥✐'❡✮ *♦♥♦ ❞❡''❡ .❡(✐❡ ❝❡♥ (❛❧✐✳ ❙✐ ♣♦**♦♥♦

✐❞❡♥'✐✜❝❛+❡ ❧❡ *❡+✐❡ ❝❡♥'+❛❧✐ ❛♥❝❤❡ '+❛♠✐'❡ ✐ ❝♦♠♠✉'❛'♦+✐✱ ✐♥❢❛''✐ ✈❛❧❡

[G,Hi+1] ≤ Hi ⇔ Hi+1/Hi ≤ Z (G/Hi) . ✭✶✳✶✮

=❡+ ✉♥ ❣+✉♣♣♦ 3✉❛❧*✐❛*✐ G $ *❡♠♣+❡ ♣♦**✐❜✐❧❡ ❝♦*'+✉✐+❡ ❞✉❡ ♣❛+'✐❝♦❧❛+✐ *❡+✐❡

❝❡♥'+❛❧✐ (ζj(G))j∈N ❡ (γi(G))i∈N✱ ❧❛ ♣+✐♠❛ ❞❡''❛ ❛*❝❡♥❞❡♥'❡ ❡ ❧✬❛❧'+❛ ❞✐*❝❡♥✲
❞❡♥'❡✳

▲❛ *❡+✐❡ ❛*❝❡♥❞❡♥'❡ ❤❛ ❝♦♠❡ ❢❛''♦+✐ ✐ *♦''♦❣+✉♣♣✐ ζj(G) ❞✐ G✱ ❞❡''♦ j✲❡*✐♠♦
❝❡♥'+❛❧✐③③❛♥'❡ ❞✐ G✱ ❡❞ $ ❞❡✜♥✐'❛ +✐❝♦+*✐✈❛♠❡♥'❡✱ ♣❡+ ♦❣♥✐ j ≥ 2✱ ❝♦♠❡

ζ0(G) = 1, ζ1(G) = Z(G), ζj(G)/ζj−1(G) = Z (G/ζj−1(G)) . ✭✶✳✷✮

▲❛ *❡+✐❡ ❞✐*❝❡♥❞❡♥'❡ ✐♥✈❡❝❡ *✐ ❞❡✜♥✐*❝❡ *❡♠♣+❡ ✐♥❞✉''✐✈❛♠❡♥'❡ ♠❛ '+❛♠✐'❡ ✐

❝♦♠♠✉'❛'♦+✐✱ ✐♥ 3✉❡*'♦ ♠♦❞♦

γ1(G) = G, γi+1(G) = [γi(G), G] ∀i ≥ 1. ✭✶✳✸✮

❖**❡+✈✐❛♠♦ ❝❤❡ 3✉❛♥'♦ ❛✛❡+♠❛'♦ ✐♥ ✭✶✳✶✮✱ ♥❡❧ ❝❛*♦ ❞❡❧❧❛ *❡+✐❡ ❞✐*❝❡♥❞❡♥'❡

❞✐ G✱ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ *✉❛ ❞❡✜♥✐③✐♦♥❡✳ ❉✬❛❧'+♦ ❝❛♥'♦ *❡ ✈✐❡♥❡ ❛♣♣❧✐❝❛'♦ ❛❧❧❛
*❡+✐❡ ❝❡♥'+❛❧❡ ❛*❝❡♥❞❡♥'❡✱ *✐ '+♦✈❛ ❝❤❡ [G, ζj(G)] ≤ ζj−1(G)✳
■❧ ❝♦♠♠✉'❛'♦+❡ ♣❡+♠❡''❡ ❛♥❝❤❡ ❞✐ ❝+❡❛+❡ ✉♥ ❧❡❣❛♠❡ '+❛ ❧❡ ❞✉❡ *❡+✐❡ ❛♣♣❡♥❛

❝♦*'+✉✐'❡✳

▲❡♠♠❛ ✶✳✶✳✹✳ ❉❛ ♦ ✉♥ ❣(✉♣♣♦ G✱ ❛❧❧♦(❛ ♣❡( ♦❣♥✐ 1 ≤ n ∈ N .✐ ❤❛

[γn(G), ζn(G)] = 1.

■ ❣+✉♣♣✐ ♥✐❧♣♦'❡♥'✐ *✐ ❝❛+❛''❡+✐③③❛♥♦ ♣❡+ ✐❧ ❢❛''♦ ❞✐ ❛✈❡+❡ 3✉❡*'❡ ❞✉❡ *❡+✐❡

❝❡♥'+❛❧✐ ✜♥✐'❡❀ ✐♥ ❛❧'+❡ ♣❛+♦❧❡ ✐❧ ❣+✉♣♣♦ G $ ♥✐❧♣♦'❡♥'❡ *❡✱ ❡ *♦❧♦ *❡✱ ❡*✐*'❡ ✉♥

n ∈ N '❛❧❡ ❝❤❡ γn+1(G) = [G,n G] = 1 ❡ ζn(G) = 1✳ ❘✐❝♦+❞✐❛♠♦ ❝❤❡ ✐❧ ♣✐J
♣✐❝❝♦❧♦ n ♣❡+ ❝✉✐ ❛❝❝❛❞❡ 3✉❡*'♦ ❢❛''♦ $ ❞❡''♦ ❧❛ ❝❧❛..❡ ❞✐ ♥✐❧♣♦ ❡♥③❛ ❞✐ G✳

✶✳✶✳✸ ❈♦♠♠✉'❛'♦)✐ ❡ ,✉❜♥♦)♠❛❧✐'0

■♥♥❛♥③✐'✉''♦ +✐❝♦+❞✐❛♠♦ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ *♦''♦❣+✉♣♣♦ *✉❜♥♦+♠❛❧❡✳

❉❡✜♥✐③✐♦♥❡ ✶✳✶✳✺✳ ❉❛ ♦ ✉♥ ❣(✉♣♣♦ G ❡ ✉♥ .✉♦ .♦  ♦❣(✉♣♣♦ H✱ .✐ ❞✐❝❡ ❝❤❡

H 3 .✉❜♥♦(♠❛❧❡ ✐♥ G .❡ ❡.✐. ❡ ✉♥❛ ❝❛ ❡♥❛ ❞✐ .♦  ♦❣(✉♣♣✐

H = H0 ≤ H1 ≤ ... ≤ Hd−1 ≤ Hd = G

 ❛❧❡ ❝❤❡ Hi E Hi+1 ✱ ♣❡( ♦❣♥✐ 0 ≤ i ≤ d− 1✳

✽



■♥♦❧$%❡✱ ❧❛ ❧✉♥❣❤❡③③❛ ♠✐♥✐♠❛ d ❞✐ ✉♥❛ $❛❧❡ 0❡%✐❡ 1 ❞❡$$❛ ❞✐❢❡$$♦ ❞✐ &✉❜♥♦*✲

♠❛❧✐$/ ❞✐ H ✐♥ G ❡ 0✐ 0❝%✐✈❡ H ⊳ ⊳dG✳ ❘✐❝♦%❞✐❛♠♦ ❝❤❡ ♣❡% ♦❣♥✐ H ≤ G ❡0✐0$❡

❧❛ 0❡%✐❡ ❞❡❧❧❡ ❝❤✐✉0✉%❡ ♥♦%♠❛❧✐

(
HG,n

)

n∈N
❞✐ H ✐♥ G ❞❡✜♥✐$❛ %✐❝♦%0✐✈❛♠❡♥$❡

❞❛

HG,0 = G, HG,1 = HG
❡ HG,n+1 = HHG,n

.

■♥ ♣❛%$✐❝♦❧❛%❡ 0✐ ♣✉8 ❞✐♠♦0$%❛%❡ ❝❤❡ H ⊳ ⊳dG 0❡✱ ❡ 0♦❧♦ 0❡✱ HG,d ≤ H✳

■♥ ❣❡♥❡%❛❧❡✱ ♣❡% ♦❣♥✐ ❣%✉♣♣♦ G ❡ ♣❡% ♦❣♥✐ 0✉♦ 0♦$$♦❣%✉♣♣♦ H✱ ✈❛❧❡ ♣❡% ♦❣♥✐

n ∈ N ❧✬✉❣✉❛❣❧✐❛♥③❛

HG,n = H[G,n H]. ✭✶✳✹✮

❈♦♠❡ ❛❝❝❡♥♥❛$♦✱ ✐ ❝♦♠♠✉$❛$♦%✐ ♣❡%♠❡$$♦♥♦ ❞✐ ❝❛%❛$$❡%✐③③❛%❡ ❛♥❝❤❡ ✐ ❣%✉♣♣✐

0✉❜♥♦%♠❛❧✐✱ ♦%❛ ✈❡❞✐❛♠♦ ✐♥ ❝❤❡ ♠♦❞♦✳

▲❡♠♠❛ ✶✳✶✳✻✳ ❙✐❛ G ✉♥ ❣*✉♣♣♦ ❡ &✐❛ H ≤ G✱ ❛❧❧♦*❛

H ⊳ ⊳dG ⇔ [G,d H] ≤ H.

❋❛$$♦ ✐♥$❡%❡00❛♥$❡ 1 ❝❤❡ ♥❡ ❡0✐0$❡ ✉♥❛ ✈❡%0✐♦♥❡ ❝♦♥ ✐♣♦$❡0✐ ♣✐A ❞❡❜♦❧✐✳

▲❡♠♠❛ ✶✳✶✳✼✳ ❙✐❛ H ✉♥ &♦$$♦❣*✉♣♣♦ ❞❡❧ ❣*✉♣♣♦ G✳ ❆❧❧♦*❛ H 6 &✉❜♥♦*♠❛❧❡

❞✐ ❞✐❢❡$$♦ ❛❧ ♣✐7 d &❡✱ ❡ &♦❧♦ &❡✱ [G,d U ] ≤ H ♣❡* ♦❣♥✐ &♦$$♦❣*✉♣♣♦ ✜♥✐$❛♠❡♥$❡

❣❡♥❡*❛$♦ U ❞✐ H✳

❈♦♥❝❧✉❞✐❛♠♦ B✉❡0$❛ ♣%✐♠❛ ♣❛%$❡ ❝♦♥ ❛❧❝✉♥✐ %✐0✉❧$❛$✐ 0✉✐ ❝♦♠♠✉$❛$♦%✐ ❝❤❡

❝✐ $♦%♥❡%❛♥♥♦ ✉$✐❧✐ ♥❡✐ ♣%♦00✐♠✐ ❝❛♣✐$♦❧✐✳

▲❡♠♠❛ ✶✳✶✳✽✳ ❉❛$♦ ✉♥ ❣*✉♣♣♦ G ❡ ❞✉❡ ❡❧❡♠❡♥$✐ a, b ♣❡* ❝✉✐ [a, b, b] = 1✱
❛❧❧♦*❛ [a, bn] = [a, b]n✱ ♣❡* ♦❣♥✐ n ∈ N✳

▲❡♠♠❛ ✶✳✶✳✾✳ ❙✐❛ A ✉♥ &♦$$♦❣*✉♣♣♦ ♥♦*♠❛❧❡ p✲❡❧❡♠❡♥$❛*❡ ❡❞ ❛❜❡❧✐❛♥♦ ❞❡❧

❣*✉♣♣♦ G✳ ❆❧❧♦*❛✱ ♣❡* ♦❣♥✐ x ∈ G✱ [A,pm x] = [A, xpm ] ♣❡* ♦❣♥✐ m ∈ N✳

▲❡♠♠❛ ✶✳✶✳✶✵✳ ❙✐❛ A ✉♥ ❣*✉♣♣♦ ❛❜❡❧❛✐♥♦ ❡ &✐❛ x ✉♥ ❛✉$♦♠♦*✜&♠♦ ❞✐ A
$❛❧❡ ❝❤❡ [A,n x] = 1✱ ♣❡* n ≥ 1✳ ❆❧❧♦*❛ ✈❛❧❣♦♥♦ ✐ &❡❣✉❡♥$✐ ❢❛$$✐✿

✭✐✮ &❡ x ❤❛ ♦*❞✐♥❡ ✜♥✐$♦ q✱ ❛❧❧♦*❛ [Aqn , x] = 1❀

✭✐✐✮ &❡ A ❤❛ ❡&♣♦♥❡♥$❡ ✜♥✐$♦ e ≥ 2✱ ❛❧❧♦*❛ [A, xen−1
] = 1❀

✭✐✐✐✮ &✐❛ H ✐❧ ❣*✉♣♣♦ ❝❤❡ ❛❣✐&❝❡ &✉ A ❝♦♥ [A,n H] = 1✱ ❝♦♥ n ≥ 1❀ ❛❧❧♦*❛

γn(H) ≤ CH(A)✳

▲✬✉❧$✐♠♦ ♣✉♥$♦ ❞❡❧ ❧❡♠♠❛ ❛♣♣❡♥❛ ❡♥✉♥❝✐❛$♦ ♣✉8 ❡00❡%❡ ❡0$❡0♦ ❛❧ ❝❛0♦ ✐♥

❝✉✐ A 1 ♥✐❧♣♦$❡♥$❡ ♥❡❧ 0❡❣✉❡♥$❡ ♠♦❞♦✳

✾



▲❡♠♠❛ ✶✳✶✳✶✶✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ♥✐❧♣♦*❡♥*❡ ❞✐ ❝❧❛..❡ c ❡ .✐❛ x ✉♥ ❛✉*♦♠♦&✲

✜.♠♦ ❞✐ G *❛❧❡ ❝❤❡ |x| = q ❡ [G,n x] = 1✱ ♣❡& n ≥ 1✳ ❆❧❧♦&❛ [Gqcn−1
, x] =

1✳

▲❡♠♠❛ ✶✳✶✳✶✷✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ♥✐❧♣♦*❡♥*❡ ❞✐ ❝❧❛..❡ c ❡ .✐❛♥♦ x1, x2, . . . , xd

❛✉*♦♠♦&✜.♠✐ ❞✐ G *❛❧✐ ❝❤❡ [G,n 〈xi〉] = 1✱ ♣❡& ♦❣♥✐ i = 1, . . . , d ❡ ❝♦♥ n ≥ 1✳
❙✐❛♥♦ q1, q2, . . . , qd ✐♥*❡&✐ ♣♦.✐*✐✈✐ ❡ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ q = q1q2 . . . qd✳ ❆❧❧♦&❛

[Gqncd

, 〈x1〉, . . . , 〈xd〉] ≤ [G, 〈xq1
1 〉, . . . , 〈x

qd
d 〉].

✶✳✷ ❙❡%✐❡ ❞✐ (♦**♦❣%✉♣♣✐

❙❡❜❜❡♥❡ ❧❡ ❣❡♥❡&❛❧✐③③❛③✐♦♥✐ ❞❡❧❧❛ ♣&♦♣&✐❡-. ❞✐ /✉❜♥♦&♠❛❧✐-. ❞❡✐ ❣&✉♣♣✐

♥♦♥ /❛&❛♥♥♦ ❛❧ ❝❡♥-&♦ ❞✐ 3✉❡/-❛ -❡/✐✱ ❝✐ /♦✛❡&♠❡&❡♠♦ ❜&❡✈❡♠❡♥-❡ 3✉❛♥❞♦ /✐

♣&❡/❡♥-❡&. ❧✬♦❝❝❛/✐♦♥❡ ❞✐ ❡/-❡♥❞❡&❡ ❢❛❝✐❧♠❡♥-❡ ✐ &✐/✉❧-❛-✐ -&♦✈❛-✐ ❛❞ ❡//❡✳ ■♥

♣❛&-✐❝♦❧❛&❡✱ /♦--♦❧✐♥❡❡&❡♠♦ 3✉❛♥❞♦ ✐ &✐/✉❧-❛-✐ -&♦✈❛-✐ ✈❛❧❣♦♥♦ ♣❡& /❡&✐❡ ❛/❝❡♥✲

❞❡♥-✐✱ ✐♥ ♠♦❞♦ ❞❛ ♣♦-❡& ❛❝3✉✐/✐&❡ ✉♥❛ ♣✐< ❛♠♣✐❛ ❝♦♥♦/❝❡♥③❛ /✉❧❧✬❛&❣♦♠❡♥-♦✳

❚✉--❛✈✐❛ ♣❡& ♣♦-❡& ♣❛&❧❛&❡ ❞✐ ❛/❝❡♥❞❡♥③❛ > ❜❡♥❡ ♣&✐♠❛ ✐♥-&♦❞✉&&❡ ✐❧ ❝♦♥❝❡-✲

-♦ ❣❡♥❡&❛❧❡ ❞✐ /❡&✐❡ ❞✐ /♦--♦❣&✉♣♣✐ ✐♥ ✉♥ ❣&✉♣♣♦✳ ❉✐ /❡❣✉✐-♦ ♣&♦♣♦♥✐❛♠♦ ❧❛

❞❡✜♥✐③✐♦♥❡ ❞❛-❛ ❞❛ A✳ ❍❛❧❧ ❡ ♥❡ ❢♦&♥✐❛♠♦ ❧❡ ♣&✐♥❝✐♣❛❧✐ ❝❛&❛--❡&✐/-✐❝❤❡✳

❉❡✜♥✐③✐♦♥❡ ✶✳✷✳✶✳ ❉❛*♦ Γ ✉♥ 8✉❛❧.✐❛.✐ ✐♥.✐❡♠❡ *♦*❛❧♠❡♥*❡ ♦&❞✐♥❛*♦ ❡ ✉♥

❣&✉♣♣♦ G✱ ✉♥❛ .❡&✐❡ ❞✐ *✐♣♦ Γ ❞✐ G 9 ❞❛*❛ ❞❛ ✉♥ ✐♥.✐❡♠❡

{(Vγ,Λγ)|γ ∈ Γ} ✭✶✳✺✮

❞✐ ❝♦♣♣✐❡ ❞✐ .♦**♦❣&✉♣♣✐ Vγ,Λγ ❞✐ G✱ ❝❤❡ .♦❞❞✐.❢❛♥♦ ❧❡ .❡❣✉❡♥*✐ ♣&♦♣&✐❡*;✿

✐✳ Vγ E Λγ ♣❡& ♦❣♥✐ γ ∈ Γ❀

✐✐✳ Λα ≤ Vβ ♣❡& ♦❣♥✐ α < β✱ ❝♦♥ α, β ∈ Γ❀

✐✐✐✳ G \ {1G} =
⋃

γ∈Γ(Λγ \ Vγ)✳

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ /❡❣✉❡ ✐♠♠❡❞✐❛-❛♠❡♥-❡ ❝❤❡ ❝✐❛/❝✉♥ ❡❧❡♠❡♥-♦ ❞✐ G ♥♦♥

-&✐✈✐❛❧❡ ❛♣♣❛&-✐❡♥❡ ❛❞ ✉♥♦ ❡ ✉♥ /♦❧♦ ✐♥/✐❡♠❡ ❞❡❧ -✐♣♦ Λγ \Vγ✳ ■♥♦❧-&❡ ♣♦//✐❛♠♦

♦//❡&✈❛&❡ ❝❤❡ ♣❡& ♦❣♥✐ γ /✐ ❤❛

Vγ =
⋃

β<γ

Λβ ❡ Λγ =
⋂

β>γ

Vβ.

◗✉❡/-✬✉❧-✐♠✐ /♦--♦❣&✉♣♣✐ ❞✐ G /♦♥♦ ❞❡--✐ *❡&♠✐♥✐ ❞❡❧❧❛ /❡&✐❡ ❡❞ ✐ ❣&✉♣♣✐ 3✉♦✲

③✐❡♥-✐ Λγ/Vγ /♦♥♦ ✐ ❢❛**♦&✐ ❞❡❧❧❛ /❡&✐❡✳

❆❧ ✈❛&✐❛&❡ ❞❡❧❧❡ ♣&♦♣&✐❡-. ❞❡❧❧✬✐♥/✐❡♠❡ Γ✱ ❞❡✐ -❡&♠✐♥✐ ❡ ❞❡✐ ❢❛--♦&✐✱ ❧❡ /❡&✐❡ ❞✐

-✐♣♦ Γ ❛//✉♠♦♥♦ ❞✐✈❡&/✐ ♥♦♠✐✿

✶✵



❉❡✜♥✐③✐♦♥❡ ✶✳✷✳✷✳ ❯♥❛ #❡%✐❡ ❞✐ (✐♣♦ Γ #✐ ❞✐❝❡

✶✳ ✜♥✐(❛ #❡ ❧✬✐♥#✐❡♠❡ Γ 2 ✜♥✐(♦❀

✷✳ ❝%❡#❝❡♥(❡ #❡ ❧✬✐♥#✐❡♠❡ Γ 2 ❜❡♥ ♦%❞✐♥❛(♦❀

✸✳ ♥♦%♠❛❧❡ #❡ ♦❣♥✐ (❡%♠✐♥❡ ❞❡❧❧❛ #❡%✐❡ 2 ♥♦%♠❛❧❡ ✐♥ G❀

✹✳ ❝❡♥(%❛❧❡ #❡ ♦❣♥✐ ❢❛((♦%❡ 2 ✉♥ ❢❛((♦%❡ ❝❡♥(%❛❧❡ ❞✐ G✳

 ❡" #✉❛♥'♦ "✐❣✉❛"❞❛ ❧❡ -❡"✐❡ ❝"❡-❝❡♥'✐✱ 0 ❞♦✈❡"♦-♦ ❢❛"❡ ❛❧❝✉♥❡ ♦--❡"✈❛③✐♦♥✐

❝❤❡ ❝✐ ❝♦♥❞✉❝♦♥♦ ❛❞ ✉♥❛ -❡♠♣❧✐✜❝❛③✐♦♥❡ ❞❡❧❧❛ -❝"✐''✉"❛✳

❖!!❡#✈❛③✐♦♥❡ ✶✳✷✳✸✳ ❯♥ ✐♥#✐❡♠❡ ❜❡♥ ♦%❞✐♥❛(♦ Γ 2 ✐#♦♠♦%❢♦ ❛❧❧✬✐♥#✐❡♠❡ ❞❡❣❧✐
♦%❞✐♥❛❧✐ ✭❝♦♠❡ ✐♥#✐❡♠❡ ♦%❞✐♥❛(♦✮ {γ|γ < α} ♣❡% ✉♥ ❞❛(♦ ♦%❞✐♥❛❧❡ α✳ =♦#✲
#✐❛♠♦ ♣❡%(❛♥(♦ ❞✐%❡ ❝❤❡ ✉♥❛ (❛❧❡ #❡%✐❡ ❝%❡#❝❡♥(❡ ❞✐ G ❞✐ (✐♣♦ Γ 2 ❞✐ (✐♣♦ α✳
■♥♦❧(%❡✱ ❞❛(♦ ❝❤❡ ♣❡% ♦❣♥✐ γ < α ❡#✐#(❡ ✉♥ ♦%❞✐♥❛❧❡ ♠✐♥✐♠❛❧❡ β ♣❡% ❧❛ ♣%♦✲
♣%✐❡(B β > γ✱ ♦✈✈❡%♦ β = γ + 1✱ ❡ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ Λγ =

⋂

β>γ Vβ✱ #✐

❤❛ ❝❤❡ Λγ = Vγ+1✳ =❡%(❛♥(♦ ♣♦##✐❛♠♦ ❝♦♥❝❧✉❞❡%❡ ❝❤❡ ✐ (❡%♠✐♥✐ ❞❡❧❧❛ #❡%✐❡

❞❡❧ (✐♣♦ Λγ ♥♦♥ #♦♥♦ ✐♥❞✐#♣❡♥#❛❜✐❧✐ ♣❡% ❞❡(❡%♠✐♥❛%❡ ✉♥❛ #❡%✐❡ ❞✐ #♦((♦❣%✉♣♣✐

❛#❝❡♥❞❡♥(❡✳ ■♥✜♥❡✱ ♣❡% ✉♥❛ #❡%✐❡ ❝%❡#❝❡♥(❡✱ #✐ 2 #♦❧✐(✐ ❛❣❣✐✉♥❣❡%❡ ✐❧ (❡%♠✐♥❡

Vα = G #❡ α 2 ✉♥ ♦%❞✐♥❛❧❡ ❧✐♠✐(❡✳

❘✐❛--✉♠❡♥❞♦ #✉❛♥'♦ ❛♣♣❡♥❛ ✈✐-'♦✱ ❞❛'♦ ✉♥ ♦"❞✐♥❛❧❡ α✱ ✉♥❛ -❡"✐❡ ❝"❡-❝❡♥'❡
❞✐ '✐♣♦ α ❞✐ G 0 ❞❛'❛ ❞❛ ✉♥ ✐♥-✐❡♠❡ ❞❡❧ '✐♣♦

{Vγ ≤ G | γ ≤ α}

'❛❧❡ ❝❤❡ V0 = 1, Vγ E Vγ+1 ♣❡" ♦❣♥✐ γ < α, Vα = G ❡

Vγ =
⋃

β<γ

Vβ

♣❡" ♦❣♥✐ ♦"❞✐♥❛❧❡ ❧✐♠✐'❡ γ ≤ α✳ ❆♥❛❧♦❣❤❡ ♦--❡"✈❛③✐♦♥✐ -✐ ♣♦--♦♥♦ ❢❛"❡ ♣❡" ❧❡
-❡"✐❡ ❞❡❝"❡-❝❡♥'✐✱ ♦✈✈❡"♦ ❧❡ -❡"✐❡ ❞♦✈❡ ✐❧ '✐♣♦ ❞✐ ♦"❞✐♥❡ 0 ❧✬♦♣♣♦-'♦ ❞✐ Γ✱ ❞♦✈❡
Γ 0 ✉♥ ✐♥-✐❡♠❡ ❜❡♥ ♦"❞✐♥❛'♦✳
❘✐❝♦"❞✐❛♠♦ ❝❤❡ ✉♥ -♦''♦❣"✉♣♣♦ H ≤ G 0 ❞❡''♦ #❡%✐❛❧❡ -❡ 0 ✉♥ '❡"♠✐♥❡ ❞✐ ✉♥❛

#✉❛❧❝❤❡ -❡"✐❡ ❞✐ G❀ ✐♥♦❧'"❡ H 0 ❞❡''♦ ❝%❡#❝❡♥(❡ ✭♦ ❞❡❝%❡#❝❡♥(❡✮ -❡ 0 '❡"♠✐♥❡

❞✐ ✉♥❛ -❡"✐❡ ❝"❡-❝❡♥'❡ ✭♦ ❞❡❝"❡-❝❡♥'❡✮ ❞✐ G✳

❆❜❜✐❛♠♦ ✐♥'"♦❞♦''♦ #✉❡-'✐ ❝♦♥❝❡''✐ ❝♦❧ ✜♥❡ ✉❧'✐♠♦ ❞✐ ❞❛"❡ ❞❡❧❧❡ ❡-'❡♥-✐♦♥✐

♥❛'✉"❛❧✐ ❞❡❧ ❝♦♥❝❡''♦ ❞✐ -❡"✐❡ ❛-❝❡♥❞❡♥'❡ ❡ ❞✐ -❡"✐❡ ❞✐-❝❡♥❞❡♥'❡ ✐♥'"♦❞♦''❡

♥❡❧ ♣❛"❛❣"❛❢♦ ♣"❡❝❡❞❡♥'❡❀ ♦✈✈❡"♦ ❞✐ ❞❛"❡ ✉♥❛ -♦"'❛ ❞✐ ✧❣❡♥❡"❛❧✐③③❛③✐♦♥❡✧ ❞❡❧

❝♦♥❝❡''♦ ❞✐ ♥✐❧♣♦'❡♥③❛✳

✶✶



❉❛"♦ ✉♥ ❣'✉♣♣♦ G✱ ❧❛ "❡$✐❡ ❝❡♥($❛❧❡ ❛"❝❡♥❞❡♥(❡ ❡"(❡"❛ ❞✐ G ❤❛ ❧❛ ♠❡❞❡0✐♠❛

❞❡✜♥✐③✐♦♥❡ ❞✐ 3✉❡❧❧❛ ❞❛"❛ ✐♥ ✭✶✳✷✮ ✐♥❞✐❝✐③③❛"❛ 0✉✐ ♥✉♠❡'✐ ♦'❞✐♥❛❧✐✿

ζ0(G) = 1, ζα+1(G)/ζα(G) = Z (G/ζα(G)) , ✭✶✳✻✮

♣❡' ♦❣♥✐ ♦'❞✐♥❛❧❡ α✱ ❡ ✐♠♣♦♥❡♥❞♦ ❝❤❡✱ 0❡ α < ✉♥ ♦'❞✐♥❛❧❡ ❧✐♠✐"❡✱

ζα(G) =
⋃

λ<α

ζλ(G).

▲✬✉♥✐♦♥❡ ❞❡✐ "❡'♠✐♥✐ ❞✐ 3✉❡0"❛ 0❡'✐❡ < ✉♥ 0♦""♦❣'✉♣♣♦ ❝♦♠♣❧❡"❛♠❡♥"❡ ✐♥✈❛✲

'✐❛♥"❡ ❞✐ G✱ ❞❡""♦ ❧✬✐♣❡$❝❡♥($♦ ❞✐ G✳ ▲✬✐♣❡'❝❡♥"'♦ ❞✐ G < ❞✐ ❢♦♥❞❛♠❡♥"❛❧❡

✐♠♣♦'"❛♥③❛ ✐♥ 3✉❛♥"♦ ❝♦''✐0♣♦♥❞❡ ❛❧ "❡'♠✐♥❡ ζα(G) ❞❡❧❧❛ 0❡'✐❡ ❛0❝❡♥❞❡♥"❡
❡0"❡0❛ ❞✐ G✱ ❝❤❡ ❝♦''✐0♣♦♥❞❡ ❛ 0✉❛ ✈♦❧"❛ ❛❧ ♣✐B ♣✐❝❝♦❧♦ ♦'❞✐♥❛❧❡ α "❛❧❡ ❝❤❡
ζα(G) = ζα+1(G)✳ C❡'"❛♥"♦ ✐❧ ❣'✉♣♣♦ G < ❞❡""♦ ✐♣❡$❝❡♥($❛❧❡ 0❡ G < ✉♥ "❡'♠✐✲

♥❡ ❞❡❧❧❛ 0❡'✐❡ ❝❡♥"'❛❧❡ ❛0❝❡♥❞❡♥"❡✳

❆♥❛❧♦❣❛♠❡♥"❡ 0✐ ❞❡✜♥✐0❝❡ ❧❛ 0❡$✐❡ ❝❡♥($❛❧❡ ❞✐"❝❡♥❞❡♥(❡ ❡"(❡"❛ ❞✐ ✉♥ ❣'✉♣♣♦

G❀ ✐♥❢❛""✐ ✐ "❡'♠✐♥✐ ❞❡❧❧❛ 0❡'✐❡ γα(G) 0✐ ❞❡✜♥✐0❝♦♥♦ ✐♥❞✉""✐✈❛♠❡♥"❡ ❝♦♠❡ ✐♥
✭✶✳✸✮✿

γ1(G) = G, γα+1(G) = [γα(G), G]

♣❡' ♦❣♥✐ ♦'❞✐♥❛❧❡ α✱ ❡ ✐♠♣♦♥❡♥❞♦ ❝❤❡✱ 0❡ α < ✉♥ ♦'❞✐♥❛❧❡ ❧✐♠✐"❡

γα(G) =
⋂

λ<α

γγ(G).

C❡' ♦❣♥✐ ❣'✉♣♣♦ G ❡0✐0"❡ ❛❧♠❡♥♦ ✉♥ ♦'❞✐♥❛❧❡ α "❛❧❡ ❝❤❡ γα(G) = γα+1(G)❀ ✐❧
♣✐B ♣✐❝❝♦❧♦ ❝♦♥ "❛❧❡ ♣'♦♣'✐❡"G < ❞❡""♦ ❧✬✐♣♦❝❡♥($♦ ❞✐ G✳

❖!!❡#✈❛③✐♦♥❡ ✶✳✷✳✹✳ ,❡$ ♦❣♥✐ ❣$✉♣♣♦ G✱ "❡ S 0 ✉♥ "♦((♦❣$✉♣♣♦ "❡$✐❛❧❡ ❞✐

G✱ ❛❧❧♦$❛ ♣❡$ ♦❣♥✐ H ≤ G✱ ✐❧ "♦((♦❣$✉♣♣♦ ❝❤❡ "✐ ♦((✐❡♥❡ ❞❛❧❧✬✐♥(❡$"❡③✐♦♥❡

❞✐ S ❡❞ H 0 ❛♥❝♦$❛ "❡$✐❛❧❡✳ ■♥ ♣❛$(✐❝♦❧❛$❡✱ "❡ S 0 ❞✐"❝❡♥❞❡(❡✱ ❛"❝❡♥❞❡♥(❡

♦ "✉❜♥♦$♠❛❧❡✱ ❛❧❧♦$❛ ❛♥❝❤❡ ❧❛ "✉❛ ✐♥(❡$"❡③✐♦♥❡ ❝♦♥ H 0 $✐"♣❡((✐✈❛♠❡♥(❡ ❞✐✲

"❝❡♥❞❡(❡✱ ❛"❝❡♥❞❡♥(❡ ♦ "✉❜♥♦$♠❛❧❡✳ ■♥♦❧($❡✱ ❧✬❛"❝❡♥❞❡③❛ ❡ ❧❛ "✉❜♥♦$♠❛❧✐(:

"✐ ❝♦♠♣♦$(❛♥♦ ❜❡♥❡ ❛♥❝❤❡ $✐"♣❡((♦ ❛❧❧❡ ✐♠♠❛❣✐♥✐ ♦♠♦♠♦$❢❡✿ "❡ S 0 ❛"❝❡♥✲

❞❡♥(❡ ♦ "✉❜♥♦$♠❛❧❡ ✐♥ G✱ ❛❧❧♦$❛ ❛♥❝❤❡ SN/N 0 ❛"❝❡♥❞❡♥(❡ ♦ "✉❜♥♦$♠❛❧❡ ✐♥

G/N ✱ ♣❡$ ♦❣♥✐ N E G✳ ◆❡❧ ❝♦$"♦ ❞❡❧❧❛ ($❛((❛③✐♦♥❡ "❢$✉((❡$❡♠♦ "♣❡""♦ >✉❡"(❡

♣$♦♣$✐❡(: ❞❡❧❧❡ "❡$✐❡ ❛"❝❡♥❞❡♥(✐✱ ❞✐"❝❡♥❞❡♥(✐ ❡ "✉❜♥♦$♠❛❧✐✳

✶✳✸ ❈❧❛&&✐ ❞✐ ❣*✉♣♣✐

❉❡✜♥✐③✐♦♥❡ ✶✳✸✳✶✳ ❈♦♥ ✐❧ (❡$♠✐♥❡ ❝❧❛""❡ ❞✐ ❣$✉♣♣✐ "✐ ✐♥(❡♥❞❡ ✉♥❛ ❢❛♠✐❣❧✐❛

❞✐ ❣$✉♣♣✐ ❝❤❡ 0 ❝❤✐✉"❛ ♣❡$ ❣❧✐ ✐"♦♠♦$✜"♠✐ ❡ ❝♦♥(✐❡♥❡ ✐❧ ❣$✉♣♣♦ ($✐✈✐❛❧❡✳

✶✷



▲❡ ❝❧❛%%✐ ♣✐( ♥♦+❡ %♦♥♦ ,✉❡❧❧❡ ❞❡✐ ❣0✉♣♣✐ ✜♥✐+✐ F✱ ❞❡✐ ❣0✉♣♣✐ ❛❜❡❧✐❛♥✐ A ❡

❞❡✐ ❣0✉♣♣✐ ♥✐❧♣♦+❡♥+✐ N✳

◗✉❡%+♦ %❝0✐++♦ %✐ ❝♦♥❝❡♥+0❛ ♣0✐♥❝✐♣❛❧♠❡♥+❡ %✉❧❧❡ ❝❧❛%%✐ N ✱ N1 ❡ Ud✳ ❈♦♥

N1 %✐ ✐♥+❡♥❞❡ ❧❛ ❝❧❛%%❡ ❢❛0♠❛+❛ ❞❛✐ ❣0✉♣♣✐ ❝❤❡ ❤❛♥♥♦ +✉++✐ ✐ ❧♦0♦ %♦++♦❣0✉♣♣✐

%✉❜♥♦0♠❛❧✐✱ ♠❡♥+0❡✱ ♣❡0 ♦❣♥✐ 1 ≤ d ∈ N✱ Ud ✐❞❡♥+✐✜❝❛ ❧❛ ❝❧❛%%❡ ❞❡✐ ❣0✉♣♣✐

❛✈❡♥+✐ +✉++✐ ✐ %♦++♦❣0✉♣♣✐ %✉❜♥♦0♠❛❧✐ ❞✐ ❞✐❢❡++♦ ❛❧ ♣✐( d✳
❉❛+❛ ❧❛ ❝❧❛%%❡ ❞❡✐ ❣0✉♣♣✐ ❣0✉♣♣✐ N✱ %✐ ❞✐❝❡ ❝❤❡

❉❡✜♥✐③✐♦♥❡ ✶✳✸✳✷✳ ❯♥❛ ❝❧❛%%❡ ❞✐ ❣*✉♣♣✐ - ❞❡..❛ ✉♥❛ ❣❡♥❡*❛❧✐③③❛③✐♦♥❡ ❞❡❧❧❛

❝❧❛%%❡ ❞❡✐ ❣*✉♣♣✐ ♥✐❧♣♦.❡♥.✐ %❡ ❝♦♥.✐❡♥❡ ✐♥.❡*❛♠❡♥.❡ ❧❛ ❝❧❛%%❡ N ❡ %❡ ♦♥❣✐ %✉♦

♠❡♠❜*♦ ✜♥✐.♦ - ♥✐❧♣♦.❡♥.❡✳

❯♥❛ ❞❡❧❧❡ ♣✐( ♦✈✈✐❡ ❣❡♥❡0❛❧✐③③❛③✐♦♥✐ ❞❡❧❧❛ ❝❧❛%%❡ ❞❡✐ ❣0✉♣♣✐ ♥✐❧♣♦+❡♥+✐ > ❧❛

❝❧❛%%❡ ❞❡✐ ❣0✉♣♣✐ ❧♦❝❛❧♠❡♥+❡ ♥✐❧♣♦+❡♥+✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✸✳✸✳ ❯♥ ❣*✉♣♣♦ G - ❧♦❝❛❧♠❡♥.❡ N✱ ♦✈✈❡*♦ ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦✲

.❡♥.❡✱ %❡ ♦❣♥✐ %✉♦ %♦..♦❣*✉♣♣♦ ✜♥✐.❛♠❡♥.❡ ❣❡♥❡*❛.♦ - ✉♥ ❡❧❡♠❡♥.♦ ❞✐ N✳

▼♦❧+♦ %♣❡%%♦ > ❝♦♥✈❡♥✐❡♥+❡ ❧❛✈♦0❛0❡ ❝♦♥ ❣0✉♣♣✐ ♥✉♠❡0❛❜✐❧✐ ❞✐ ✉♥❛ ❝❡0+❛

❝❧❛%%❡✳ ❆ +❛❧ ♣0♦♣♦%✐+♦ ❝✐ %♦♥♦ ❞❡❧❧❡ ❝❧❛%%✐ ❞✐ ❣0✉♣♣✐ ❝❤❡ %♦❞❞✐%❢❛♥♦ ✉♥❛

♣0♦♣0✐❡+A ❝❤❡ ♣❡0♠❡++❡ ❞✐ +0❛++❛0❡ %♦❧❛♠❡♥+❡ ✐ ❣0✉♣♣✐ ♥✉♠❡0❛❜✐ ❡✱ ♣❡0 +❛❧❡

♠♦+✐✈♦✱ %♦♥♦ ❞❡++❡ ♥✉♠❡*❛❜✐❧♠❡♥.❡ *✐❝♦♥♦%❝✐❜✐❧✐✳ B✐( ♣0❡❝✐%❛♠❡♥+❡✱

❉❡✜♥✐③✐♦♥❡ ✶✳✸✳✹✳ ❯♥❛ ❝❧❛%%❡ ❞✐ ❣*✉♣♣✐ X - ♥✉♠❡*❛❜✐❧♠❡♥.❡ *✐❝♦♥♦%❝✐❜✐❧❡

%❡ ✐❧ ❢❛..♦ ❝❤❡ ♦❣♥✐ %♦..♦❣*✉♣♣♦ ♥✉♠❡*❛❜✐❧❡ ❞✐ ✉♥ ❣*✉♣♣♦ G %✐❛ ✐♥ X ✐♠♣❧✐❝❛

❝❤❡ ❛♥❝❤❡ ✐❧ ❣*✉♣♣♦ G ✈✐ ❛♣♣❛*.✐❡♥❡✳

■♥ ♣❛0+✐❝♦❧❛0❡✱ ♣❡0 ♦❣♥✐ 1 ≤ n ∈ N✱ ❧❡ ❝❧❛%%✐ ❞❡✐ ❣0✉♣♣✐ ♥✐❧♣♦+❡♥+✐✱ ❞❡✐
❣0✉♣♣✐ ♥✐❧♣♦+❡♥+✐ ❞✐ ❝❧❛%%❡ ❛❧ ♣✐( n✱ ❞❡✐ ❣0✉♣♣✐ 0✐%♦❧✉❜✐❧✐ ❡ ❞✐ ,✉❡❧❧✐ 0✐%♦❧✉❜✐❧✐
❞✐ ❧✉♥❣❤❡③③❛ ❞❡0✐✈❛+❛ ❛❧ ♣✐( n %♦♥♦ +✉++❡ ♥✉♠❡0❛❜✐❧♠❡♥+❡ 0✐❝♦♥♦%❝✐❜✐❧✐✳

✶✳✹ ❈♦♥❞✐③✐♦♥❡ ❞✐ ♠❛,,✐♠❛❧✐./ ❡ ❣1✉♣♣✐ ♣♦❧✐❝✐✲

❝❧✐❝✐

❉✐ %❡❣✉✐+♦ 0✐❝♦0❞✐❛♠♦ ❛❧❝✉♥❡ ♣0♦♣0✐❡+A ❝❤❡ ✉♥ ❣0✉♣♣♦ ♣✉D ❛✈❡0❡❀ ❝♦♥ ♣✐(

♣0❡❝✐%✐♦♥❡ +0❛++❡0❡♠♦ ❞❡❧❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ ♠❛%%✐♠❛❧✐+A ❡ ❞❡✐ ❣0✉♣♣✐ ♣♦❧✐❝✐❝❧✐✲

❝✐✳ ❱❡❞0❡♠♦ ❛♥❝❤❡ ❝❤❡ %❡ ✉♥ ❣0✉♣♣♦ ♥✐❧♣♦+❡♥+❡ %♦❞❞✐%❢❛ ✉♥❛ ❞✐ ,✉❡%+❡ ❞✉❡

♣0♦♣0✐❡+A✱ ❛❧❧♦0❛ ❡%%♦ %♦❞❞✐%❢❛ ♥❡❝❡%%❛0✐❛♠❡♥+❡ ❛♥❝❤❡ ❧✬❛❧+0❛✳

❉❡✜♥✐③✐♦♥❡ ✶✳✹✳✶✳ ❉❛.♦ ✉♥ ❣*✉♣♣♦ G ❡ ❞❛.❛ ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐ %♦..♦❣*✉♣♣✐

❞✐ G✱ X✱ ❛❧❧♦*❛ %✐ ❞✐❝❡ ❝❤❡ G %♦❞❞✐%❢❛ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ ♠❛%%✐♠❛❧✐.; %✉✐ X✲

%♦..♦❣*✉♣♣✐ %❡ ♦❣♥✐ ❝❛.❡♥❛ ❝*❡%❝❡♥.❡ ❞✐ %♦..♦❣*✉♣♣✐ ❞✐ G ❝❤❡ ❛♣♣❛*.✐❡♥❡ ❛ X

- ✜♥✐.❛✳
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❘✐❝♦$❞✐❛♠♦ ❛♥❝❤❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ❣$✉♣♣♦ ♣♦❧✐❝✐❝❧✐❝♦✳

❉❡✜♥✐③✐♦♥❡ ✶✳✹✳✷✳ ❯♥ ❣#✉♣♣♦ G #✐(♦❧✉❜✐❧❡ , ❞❡..♦ ♣♦❧✐❝✐❝❧✐❝♦ (❡ ♣♦((✐❡❞❡ ✉♥❛

❝❛.❡♥❛ (✉❜♥♦#♠❛❧❡ ✐♥ ❝✉✐ .✉..✐ ✐ ❢❛..♦#✐ (♦♥♦ ❣#✉♣♣✐ ❝✐❝❧✐❝✐✳

❯♥ ❣$✉♣♣♦ ♣♦❧✐❝✐❝❧✐❝♦ ❤❛ ✉♥❛ ♣❛$3✐❝♦❧❛$❡ 43$✉33✉$❛ ✐♥3❡$♥❛ ❝❤❡ 4✐ ♣✉5

❞❡❞✉$$❡ ❞❛❧ 3❡♦$❡♠❛ ❝❤❡ 4❡❣✉❡✳

❚❡♦,❡♠❛ ✶✳✹✳✸✳ ❙✐❛ G ✉♥ ❣#✉♣♣♦ ♣♦❧✐❝✐❝❧✐❝♦✳ ❆❧❧♦#❛

✭✶✮ ❖❣♥✐ (♦..♦❣#✉♣♣♦ ❞✐ G , ✐♥.❡#(❡③✐♦♥❡ ❞✐ (♦..♦❣#✉♣♣✐ ❞✐ ✐♥❞✐❝❡ ✜♥✐.♦ ✐♥

G❀

✭✷✮ G , ♥✐❧♣♦.❡♥.❡ (❡✱ ❡ (♦❧♦ (❡✱ ♦❣♥✐ ?✉♦③✐❡♥.❡ ✜♥✐.♦ ❞✐ G , ✜♥✐.♦✳

▲✬❡44❡$❡ ♣♦❧✐❝✐❝❧✐❝♦ ❡❞ ✐❧ ❢❛33♦ ❞✐ 4♦❞❞✐4❢❛$❡ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ ♠❛44✐♠❛❧✐39

4♦♥♦ ♣$♦♣$✐❡39 43$❡33❛♠❡♥3❡ ❧❡❣❛3❡ :✉❛♥❞♦ 4✐ 3$❛33❛ ❞✐ ❣$✉♣♣✐ $✐4♦❧✉❜✐❧✐❀ ✐♥❢❛33✐

4✐ ♣✉5 ❞✐♠♦43$❛$❡ ❝❤❡

❚❡♦,❡♠❛ ✶✳✹✳✹✳ ❯♥ ❣#✉♣♣♦ , #✐(♦❧✉❜✐❧❡ ❡ (♦❞❞✐(❢❛ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ ♠❛((✐✲

♠❛❧✐.A (❡✱ ❡ (♦❧♦ (❡✱ , ✉♥ ❣#✉♣♣♦ ♣♦❧✐❝✐❝❧✐❝♦✳

■❧ ❧❡❣❛♠❡ > ❛♥❝♦$❛ ♣✐? ❢♦$3❡ :✉❛♥❞♦ 4✐ 3$❛33❛ ❞✐ ❣$✉♣♣✐ ♥✐❧♣♦3❡♥3✐✳ ■♥

:✉❡43♦ ❝❛4♦ ✈❛❧❡ ❧❛ ♣$♦♣♦4✐③✐♦♥❡ 4♦33♦43❛♥3❡✳

0,♦♣♦2✐③✐♦♥❡ ✶✳✹✳✺✳ ❙✐❛ G ✉♥ ❣#✉♣♣♦ ♥✐❧♣♦.❡♥.❡✱ ❛❧❧♦#❛ ❧❡ (❡❣✉❡♥.✐ ❝♦♥❞✐✲

③✐♦♥✐ (♦♥♦ ❡?✉✐✈❛❧❡♥.✐✿

✭✐✮ G , ✜♥✐.❛♠❡♥.❡ ❣❡♥❡#❛.♦❀

✭✐✐✮ G/G′
, ✜♥✐.❛♠❡♥.❡ ❣❡♥❡#❛.♦❀

✭✐✐✐✮ G , ♣♦❧✐❝✐❝❧✐❝♦❀

✭✐✈✮ G (♦❞❞✐(❢❛ ❧❛ ❝♦♥❞✐③✐♦♥❡ ❞✐ ♠❛((✐♠❛❧✐.A✳

✶✳✺ ●$✉♣♣✐ ♥✐❧♣♦+❡♥+✐ ❡ ❣❡♥❡$❛❧✐③③❛③✐♦♥✐

◆❡❧ ♣$✐♠♦ ♣❛$❛❣$❛❢♦ ♥♦♥ ❝✐ 4✐❛♠♦ 4♦✛❡$♠❛3✐ ❛ 4✉✣❝✐❡♥③❛ 4✉❧❧✬✐♠♣♦$3❛♥③❛

❝❤❡ ♣♦44❡❣❣♦♥♦ ❧❡ 4❡$✐❡ ❝❡♥3$❛❧✐ ❛4❝❡♥❞❡♥3✐ ❡ ❞✐4❝❡♥❞❡♥3✐❀ ✐♥❢❛33✐ ❧❛ ♥❛3✉$❛

❞❡✐ ❧♦$♦ ❢❛33♦$✐ > 43$❡33❛♠❡♥3❡ ❧❡❣❛3❛ ❛ :✉❡❧❧❡ ❞❡✐ ♣$✐♠✐ 3❡$♠✐♥✐ ❞❡❧❧❡ 4❡$✐❡✱

❡ :✉❡43❡ ✉❧3✐♠❡ ❞❛♥♥♦ ✐♠♣♦$3❛♥3✐ ✐♥❢♦$♠❛③✐♦♥✐ 4✉❧❧❛ 43$✉33✉$❛ ❞❡❧ ❣$✉♣♣♦

43❡44♦✱ ❝♦♠❡ 4✐ ❡✈✐♥❝❡ ❞❛❧ 4❡❣✉❡♥3❡ 3❡♦$❡♠❛✳

✶✹



❚❡♦#❡♠❛ ✶✳✺✳✶✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❡ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ Gab = G/G′
❧✬❛❜❡❧✐❛♥✐③✲

③❛③✐♦♥❡ ❞✐ G✳ ❆❧❧♦&❛✱ ♣❡& ♦❣♥✐ c ≥ 1✱ ❡6✐67❡ ✉♥ ❡♣✐♠♦&✜6♠♦

Gab ⊗Gab ⊗ · · · ⊗Gab
︸ ︷︷ ︸

c ✈♦❧#❡

−→ γc(G)/γc+1(G).

◗✉❡#$♦ &✐#✉❧$❛$♦ ♣❡&♠❡$$❡ ❞✐ $&♦✈❛&❡ ♠♦❧$&✐ ❛❧$&✐ ❧❡❣❛♠✐ $&❛ ❧❡ ♣&♦♣&✐❡$/

❞✐ ✉♥ ❣&✉♣♣♦ ♥✐❧♣♦$❡♥$❡ ❡❞ ✐❧ #✉♦ ❛❜❡❧✐❛♥✐③③❛$♦✳ ◆❡ ♣&❡#❡♥$✐❛♠♦ ❛❧❝✉♥✐✳

▲❡♠♠❛ ✶✳✺✳✷✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ♥✐❧♣♦7❡♥7❡ ❞✐ ❝❧❛66❡ c ≥ 1❀ ❛❧❧♦&❛ ❧❛ ♠❛♣♣❛

G× · · · ×G −→ γc(G)

(x1, . . . , xc) 7−→ [x1, . . . , xc]

: ✉♥ ♦♠♦♠♦&✜6♠♦ ✐♥ ♦❣♥✐ ✈❛&✐❛❜✐❧❡✳

❈♦#♦❧❧❛#✐♦ ✶✳✺✳✸✳ ❙✐❛ X ✉♥ ✐♥6✐❡♠❡ ❞✐ ❣❡♥❡&❛7♦&✐ ♣❡& ✐❧ ❣&✉♣♣♦ G✳ ❆❧❧♦&❛

G : ♥✐❧♣♦7❡♥7❡ ❞✐ ❝❧❛66❡ ❛❧ ♣✐< c 6❡✱ ❡ 6♦❧♦ 6❡✱ [x1, . . . , xc+1] = 1 ♣❡& 7✉77✐ ❣❧✐

❡❧❡♠❡♥7✐ {x1, . . . , xc} ∈ X✳

■ &✐#✉❧$❛$✐ #♦♣&❛ ❡♥✉♥❝✐❛$✐ &✐❣✉❛&❞❛♥♦ ❧❛ #❡&✐❡ ❝❡♥$&❛❧❡ ❞✐#❝♥❡❞❡♥$❡✱ $✉$✲

$❛✈✐❛ ❛♥❝❤❡ ❧❛ #$&✉$$✉&❛ ❞❡❧ ♣&✐♠♦ $❡&♠✐♥❡ ❞❡❧❧❛ #❡&✐❡ ❝❡♥$&❛❧❡ ❛#❝❡♥❞❡♥$❡✱

❝❤❡ ❝♦✐♥❝✐❞❡ ❝♦♥ ✐❧ ❝❡♥$&♦ ❞❡❧ ❣&✉♣♣♦ ✐♥ ❡#❛♠❡✱ ✐♥✢✉❡♥③❛ ♥♦$❡✈♦❧♠❡♥$❡ ❧❛

#$&✉$$✉&❛ ❞❡❧❧✬✐♥$❡&♦ ❣&✉♣♣♦✳

/#♦♣♦1✐③✐♦♥❡ ✶✳✺✳✹✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ♥✐❧♣♦7❡♥7❡ ❞✐ ❝❧❛66❡ c ❡ 6✐ 6✉♣♣♦♥❣❛

❝❤❡ ✐❧ ❝❡♥7&♦ ❞✐ G✱ Z(G)✱ ❛❜❜✐❛ ❡6♣♦♥❡♥7❡ ✜♥✐7♦ e✳ ❆❧❧♦&❛ G ❤❛ ❡6♣♦♥❡♥7❡

✭✜♥✐7♦✮ ❝❤❡ ❞✐✈✐❞❡ ec✳

✶✳✺✳✶ ❚❡♦&❡♠❛ ❞✐ ❋✐,,✐♥❣

❯♥❛ ❞❡❧❧❡ ♣&♦♣&✐❡$/ ♣✐= ✐♥$❡&❡##❛♥$✐ ❡❞ ✉♥ &✐#✉❧$❛$♦ ❢♦♥❞❛♠❡♥$❛❧❡ ❞❡❧❧❛

❚❡♦&✐❛ ❞❡✐ ❣&✉♣♣✐ ♥✐❧♣♦$❡♥$✐ @ ✐❧ ❚❡♦&❡♠❛ ❞✐ ❋✐$$✐♥❣✳

❚❡♦#❡♠❛ ✶✳✺✳✺✳ ❙✐❛♥♦ H ❡ K ❞✉❡ 6♦77♦❣&✉♣♣✐ ♥✐❧♣♦7❡♥7✐ ❡ ♥♦&♠❛❧✐ ❞✐ ✉♥

❣&✉♣♣♦ G✱ ❞✐ ❝❧❛66❡ ❞✐ ♥✐❧♣7❡♥③❛ c ❡ d✱ &✐6♣❡77✐✈❛♠❡♥7❡✳ ❆❧❧♦&❛ ✐❧ ❧♦&♦ ♣&♦❞♦77♦
HK : ✉♥ 6♦77♦❣&✉♣♣♦ ♥♦&♠❛❧❡ ❡ ♥✐❧♣♦7❡♥7❡ ❞✐ ❝❧❛66❡ ❞✐ ♥✐❧♣♦7❡♥③❛ ❛❧ ♣✐< c+d✳

◆❡ ❡#✐#$❡ ❛♥❝❤❡ ✉♥❛ ✐♠♣♦&$❛♥$❡ ❣❡♥❡&❛❧✐③③❛③✐♦♥❡ ❞❛$❛ ❞❛❧ ❧❡♠♠❛ ❝❤❡

#❡❣✉❡✳

▲❡♠♠❛ ✶✳✺✳✻✳ ❙✐❛♥♦ N ❡ H 6♦77♦❣&✉♣♣✐ ♥✐❧♣♦7❡♥7✐ ❞❡❧ ❣&✉♣♣♦ G✱ ❝♦♥ ❝❧❛66❡

❞✐ ♥✐❧♣♦7❡♥③❛ &✐6♣❧❡77✐✈❛♠❡♥7❡ c ❡ d✳ ❙❡ N E G ❡ H : 6✉❜♥♦&♠❛❧❡ ✐♥ G ❞✐

❞✐❢❡77♦ n✱ ❛❧❧♦&❛ ✐❧ 6♦77♦❣&✉♣♣♦ NH : ♥✐❧♣♦7❡♥7❡ ❞✐ ❝❧❛66❡ ❛❧ ♣✐< nc+ d✳

✶✺



❯♥❛ ✈❡%&✐♦♥❡ &✐♠✐❧❡ ❞❡❧ ❚❡♦%❡♠❛ ❞✐ ❋✐..✐♥❣ ♠❛ ♣❡% ✐ ❣%✉♣♣✐ ❧♦❝❛❧♠❡♥.❡

♥✐❧♣♦.❡♥.✐ 3 ❞❛.♦ ❞❛❧ ❚❡♦%❡♠❛ ❞✐ ❍✐%&❝❤✲7❧♦.❦✐♥✳

❚❡♦#❡♠❛ ✶✳✺✳✼✳  ❡" ♦❣♥✐ ❣"✉♣♣♦ G✱ ✐❧ ♣"♦❞♦,,♦ ❞✐ ❞✉❡ -♦,,♦❣"✉♣♣✐ ❧♦❝❛❧♠❡♥,❡
♥✐❧♣♦,❡♥,✐ ❡ ♥♦"♠❛❧✐ 1 ❧♦❝❛❧♠❡♥,❡ ♥✐❧♣♦,❡♥,❡✳ ■♥ ♣❛",✐❝♦❧❛"❡✱ G ♣♦--✐❡❞❡ ✉♥

✉♥✐❝♦ -♦,,♦❣"✉♣♣♦ ♠❛--✐♠❛❧❡ ♣❡" ❧❛ ♣"♦♣"✐❡,4 ❞✐ ❡--❡"❡ ❧♦❝❛❧♠❡♥,❡ ♥✐❧♣♦,❡♥,❡

❡ ♥♦"♠❛❧❡✳ ◗✉❡-,♦ -♦,,♦❣"✉♣♣♦ 1 ❞❡,,♦ "❛❞✐❝❛❧❡ ❞✐ ❍✐"-❝❤✲ ❧♦,❦✐♥ ❞✐ ● ❡

❝♦♥,✐❡♥❡ ,✉,,✐ ✐ -♦,,♦❣"✉♣♣✐ ❛-❝❡♥❞❡♥,✐ ❧♦❝❛❧♠❡♥,❡ ♥✐❧♣♦,❡♥,✐ ❞✐ G✳

✶✳✺✳✷ ●%✉♣♣✐ ❞✐ ❊♥❣❡❧

❉♦♣♦ ✐ ❣%✉♣♣✐ ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.✐✱ ❧✬❛❧.%❛ ❝❧❛&&❡ ❞✐ ❣%✉♣♣✐ ❝❤❡ ❣❡♥❡%❛✲

❧✐③③❛ ❧❛ ❝❧❛&&❡ ❞❡✐ ❣%✉♣♣✐ ♥✐❧♣♦.❡♥.✐ ❛ ❝✉✐ 3 &.❛.❛ ❞❛.❛ ♠❛❣❣✐♦%❡ ❛..❡♥③✐♦♥❡ 3

>✉❡❧❧❛ ❞❡✐ ❣%✉♣♣✐ ❞✐ ❊♥❣❡❧✳

❉❡✜♥✐③✐♦♥❡ ✶✳✺✳✽✳ ❉❛,✐ ✉♥ ❣"✉♣♣♦ G ❡❞ ✉♥ -✉♦ ❡❧❡♠❡♥,♦ g✱ -✐ ❞✐❝❡ ❝❤❡ g 1
❊♥❣❡❧ ❛ -✐♥✐-,"❛ -❡✱ ♣❡" ♦❣♥✐ x ∈ G✱ ❡-✐-,❡ ✉♥ 1 ≤ n ∈ N ,❛❧❡ ❝❤❡ [x,n g] = 1✳
❙❡ ❧✬✐♥,❡"♦ n ♥♦♥ ❞✐♣❡♥❞❡ ❞❛ x✱ ♠❛ -♦❧❛♠❡♥,❡ ❞❛ g✱ ❛❧❧♦"❛ ❞✐"❡♠♦ ❝❤❡ ?✉❡✲
-,✬✉❧,✐♠♦ 1 ✉♥ ❡❧❡♠❡♥,♦ n✲❊♥❣❡❧ ❛ -✐♥✐-,"❛✳
❯♥ ❣"✉♣♣♦ G 1 ❞❡,,♦ ✉♥ ❣"✉♣♣♦ ❞✐ ❊♥❣❡❧ -❡ ,✉,,✐ ✐ -✉♦✐ ❡❧❡♠❡♥,✐ -♦♥♦ ❞✐ ❊♥✲

❣❡❧ ❛ -✐♥✐-,"❛❀ G 1 ❞❡,,♦ ❞✐ n✲❊♥❣❡❧ -❡ ,✉,,✐ ✐ -✉♦✐ ❡❧❡♠❡♥,✐ -♦♥♦ n✲❊♥❣❡❧ ❛
-✐♥✐-,"❛✱ ♣❡" ✉♥ ✜--❛,♦ n ∈ N✳

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ &❡❣✉❡ ❝❤❡ .✉..✐ ✐ ❣%✉♣♣✐ ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.✐ &♦♥♦ ❣%✉♣♣✐

❞✐ ❊♥❣❡❧✳ ■♥♦❧.%❡ %✐❝♦%❞✐❛♠♦ ✉♥ %✐&✉❧.❛.♦ ❢♦♥❞❛♠❡♥.❛❧❡ ❞✐ ❩♦%♥✿ ✉♥ ❣%✉♣♣♦

❞✐ ❊♥❣❡❧ ✜♥✐.♦ 3 ♥✐❧♣♦.❡♥.❡✳ ❘✐♣♦%.✐❛♠♦ &♦❧♦ ❛❧❝✉♥✐ %✐&✉❧.❛.✐ &✉✐ ❣%✉♣♣✐ ❞✐

❊♥❣❡❧✱ ❝❤❡ ❝✐ .♦%♥❡%❛♥♥♦ ✉.✐❧✐ &✉❝❝❡&&✐✈❛♠❡♥.❡✳

❚❡♦#❡♠❛ ✶✳✺✳✾✳ ❯♥ ❣"✉♣♣♦ ❧♦❝❛❧♠❡♥,❡ ♥✐❧♣♦,❡♥,❡✱ -❡♥③❛ ,♦"-✐♦♥❡ ❡ ❞✐ n✲
❊♥❣❡❧ 1 ♥✐❧♣♦,❡♥,❡ ❞✐ ❝❧❛--❡ ❞✐ ♥✐❧♣♦,❡♥③❛ ❝❤❡ ❞✐♣❡♥❞❡ ✉♥✐❝❛♠❡♥,❡ ❞❛ n✳

❈♦#♦❧❧❛#✐♦ ✶✳✺✳✶✵✳ ❯♥ ❣"✉♣♣♦ -❡♥③❛ ,♦"-✐♦♥❡✱ "✐-♦❧✉❜✐❧❡ ❡ ❞✐ n✲❊♥❣❡❧ ❞✐
❧✉♥❣❤❡③③❛ ❞❡"✐✈❛,❛ d 1 ♥✐❧♣♦,❡♥,❡ ❞✐ ❝❧❛--❡ ❧✐♠✐,❛,❛ ❞❛ nd−1

✳

✶✳✻ ❘❛♥❣♦ ❡ )♦*+✐♦♥❡

❈♦♥❝❧✉❞✐❛♠♦ ✐❧ ❝❛♣✐.♦❧♦ ❝♦♥ ❧❡ ✉❧.✐♠❡ ❞❡✜♥✐③✐♦♥✐ ♥❡❝❡&&❛%✐❡ ♣❡% ♣♦.❡%

❝♦♠♣%❡♥❞❡%❡ >✉❛♥.♦ &✐ ❛✛%♦♥.❡%H ♥❡✐ ❝❛♣✐.♦❧✐ &✉❝❝❡&&✐✈✐✳

❉❡✜♥✐③✐♦♥❡ ✶✳✻✳✶✳ ❯♥ ❣"✉♣♣♦ G -✐ ❞✐❝❡ ❞✐ "❛♥❣♦ ✜♥✐,♦ -❡ 1 ✉♥ ❣"✉♣♣♦ ❞✐

"❛♥❣♦ ❞✐  "F❢❡" ✜♥✐,♦❀ ✐✳❡✳ ✉♥ ❣"✉♣♣♦ G ♣❡" ✐❧ ?✉❛❧❡ ❡-✐-,❡ d ∈ N ,❛❧❡ ❝❤❡ ♦❣♥✐

❣"✉♣♣♦ ✜♥✐,❛♠❡♥,❡ ❣❡♥❡"❛,♦ ❞✐ G ♣✉H ❡--❡"❡ ❣❡♥❡"❛,♦ ❞❛ ❛❧ ♣✐I d ❡❧❡♠❡♥,✐✳
❙❡ ❝✐H ❛❝❝❛❞❡✱ ✐❧ ♣✐I ♣✐❝❝♦❧♦ d ❝❤❡ -♦❞❞✐-❢❛ ,❛❧❡ ❝♦♥❞✐③✐♦♥❡ 1 ❞❡,,♦ "❛♥❣♦ ❞✐
●✳

✶✻



❆❞ ❡#❡♠♣✐♦✱ ✐ ❣*✉♣♣✐ ❛❞❞✐-✐✈✐ Z,Q ❡ Cp∞ #♦♥♦ -✉--✐ ❣*✉♣♣✐ ❛❜❡❧✐❛♥✐ ❞✐

*❛♥❣♦ 1✳ ❯❧-✐♠❛ ♥♦③✐♦♥❡ ❝❤❡ ❞✐❛♠♦✱ ♠❛ ❞✐ ❢♦♥❞❛♠❡♥-❛❧❡ ✐♠♣♦*-❛♥③❛ ♥❡❧❧❛
-❡#✐✱ 8 9✉❡❧❧❛ ❞✐  ♦"#✐♦♥❡ ❞✐ ✉♥ ❣*✉♣♣♦✳

❉❡✜♥✐③✐♦♥❡ ✶✳✻✳✷✳ ❉❛ ♦ ✉♥ ❣"✉♣♣♦ G✱ ❧✬✐♥#✐❡♠❡ ❞✐  ✉  ✐ ✐ #✉♦✐ ❡❧❡♠❡♥ ✐ ❞✐

♦"❞✐♥❡ ✜♥✐ ♦ 2 ❞❡  ♦ ✐❧ #♦  ♦❣"✉♣♣♦  ♦"#✐♦♥❡ ❞✐ G ❡ #✐ ✐♥❞✐❝❛ ❝♦♥ T (G)✳

■❧ ❣*✉♣♣♦ -♦*#✐♦♥❡ ❞✐ ✉♥ ❣*✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❤❛ ✉♥❛ ❝❡*-❛ #-*✉-✲

-✉*❛✱ ❝♦♠❡ ❝✐ ✐♥❞✐❝❛ ✐❧ -❡♦*❡♠❛ ❝❤❡ #❡❣✉❡✳

❚❡♦,❡♠❛ ✶✳✻✳✸✳ ❉❛ ♦ ✉♥ ❣"✉♣♣♦ G ❧♦❝❛❧♠❡♥ ❡ ♥✐❧♣♦ ❡♥ ❡✱ ❛❧❧♦"❛ ✐❧ #✉♦ #♦ ✲

 ♦❣"✉♣♣♦  ♦"#✐♦♥❡ T (G) 2 ✉♥ #♦  ♦❣"✉♣♣♦ ❝♦♠♣❧❡ ❛♠❡♥ ❡ ✐♥✈❛"✐❛♥ ❡ ❞✐ G✳

■♥♦❧ "❡✱ T (G) 2 ✐❧ ♣"♦❞♦  ♦ ❞✐"❡  ♦ ❞✐ p✲❣"✉♣♣✐ ❧♦❝❛❧♠❡♥ ❡ ✜♥✐ ✐✳

■♥✜♥❡✱ *✐❝♦*❞✐❛♠♦ ❝❤❡ ✈❛❧❡ ❛♥❝❤❡ ✐❧ ✈✐❝❡✈❡*#❛ ❞❡❧ ❚❡♦*❡♠❛ ✶✳✻✳✸✱ ♦✈✈❡*♦ #✐

❤❛ ❝❤❡ #❡ ✉♥ ❣*✉♣♣♦ 8 ♣*♦❞♦--♦ ❞✐*❡--♦ ❞✐ p✲❣*✉♣♣✐ ❧♦❝❛❧♠❡♥-❡ ✜♥✐-✐✱ ❛❧❧♦*❛ 8
❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡✳

✶✼



❈❛♣✐$♦❧♦ ✷

❙✉✐ ❣+✉♣♣✐ N1

◗✉❡#$♦ ❝❛♣✐$♦❧♦ #❛+, ❞❡❞✐❝❛$♦ ✐♥$❡+❛♠❡♥$❡ ❛❧❧♦ #$✉❞✐♦ ❞❡❧❧❛ ❣❡♥❡+❛❧✐③③❛③✐♦✲

♥❡ ❞❡❧❧❛ ❝❧❛##❡ ❞❡✐ ❣+✉♣♣✐ ♥✐❧♣♦$❡♥$✐ ❢♦+#❡ ♣✐4 ✈✐❝✐♥❛ ❛❧ ❝♦♥❝❡$$♦ ❞✐ ♥✐❧♣♦$❡♥③❛❀

♦✈✈❡+♦ N1✱ ❧❛ ❝❧❛##❡ ❞❡✐ ❣+✉♣♣✐ ❝♦♥ $✉$$✐ ✐ #♦$$♦❣+✉♣♣✐ #✉❜♥♦+♠❛❧✐✳ ❊##❡♥❞♦

❧✬❛+❣♦♠❡♥$♦ ♣+✐♥❝✐♣❛❧❡ ❞❡❧❧❛ $❡#✐✱ < ♥❡❝❡##❛+✐♦ ✈❡❞❡+♥❡ ❧❡ ❝❛+❛$$❡+✐#$✐❝❤❡ ♣✐4

✐♠♣♦+$❛♥$✐✳ ■♥ ♣❛+$✐❝♦❧❛+❡ ✈❡❞+❡♠♦ ✐❧ ❚❡♦+❡♠❛ ❞✐ ❇+♦♦❦❡#✱ ❝❤❡ ❡✈✐❞❡♥③✐❛ ✉♥❛

#$+✉$$✉+❛ ✐♥$+✐♥#❡❝❛ ❛✐ ❣+✉♣♣✐ ✐♥ N1 ❡ ❛❧❝✉♥❡ ❝♦♥❞✐③✐♦♥✐ ❝❤❡ +❡♥❞♦♥♦ ✉♥ ❣+✉♣✲

♣♦ ❝♦♥ $✉$$✐ ✐ #♦$$♦❣+✉♣♣✐ #✉❜♥♦+♠❛❧✐ ♥✐❧♣♦$❡♥$❡✳

■♥✜♥❡✱ ♣❛+❧❡+❡♠♦ ❞✐ ✉♥♦ ❞❡✐ +✐#✉❧$❛$✐ ❢♦♥❞❛♠❡♥$❛❧✐ ❞❡❧❧❛ $❡♦+✐❛ ❞❡✐ ❣+✉♣♣✐ ✐♥

N1✱ ♦✈✈❡+♦ ❞❡❧ ❚❡♦+❡♠❛ ❞✐ ▼D❤+❡#✳

■♥♥❛♥③✐$✉$$♦✱ ❝♦♠✐♥❝✐❛♠♦ #♦$$♦❧✐♥❡❛♥❞♦ ✐❧ ♠♦$✐✈♦ ♣❡+ ❝✉✐ ✐ ❣+✉♣♣✐ ❝♦♥ $✉$✲

$✐ ✐ #♦$$♦❣+✉♣♣✐ #✉❜♥♦+♠❛❧✐ #♦♥♦ ✉♥ ❛+❣♦♠❡♥$♦ ❝♦#E ✐♠♣♦+$❛♥$❡✳ ▲❛ +✐#♣♦#$❛

❛ G✉❡#$❛ ❞♦♠❛♥❞❛ +✐#✐❡❞❡ ♥❡❧❧❛ ♣+♦♣♦#✐③✐♦♥❡ ❝❤❡ #❡❣✉❡✳

 !♦♣♦$✐③✐♦♥❡ ✷✳✵✳✶✳ ✭✶✮ ■♥ ✉♥ ❣'✉♣♣♦ ♥✐❧♣♦,❡♥,❡ ❞✐ ❝❧❛11❡ ❞✐ ♥✐❧♣♦,❡♥③❛ c
♦❣♥✐ 1♦,,♦❣'✉♣♣♦ 3 1✉❜♥♦'♠❛❧❡ ❞✐ ❞✐❢❡,,♦ ❛❧ ♣✐7 n✳

✭✷✮ ❯♥ ❣'✉♣♣♦ ✜♥✐,❛♠❡♥,❡ ❣❡♥❡'❛,♦ ✐♥ ❝✉✐ ,✉,,✐ ✐ 1♦,,♦❣'✉♣♣✐ 1♦♥♦ 1✉❜♥♦'✲

♠❛❧✐ 3 ♥✐❧♣♦,❡♥,❡✳

❉❛❧❧❛ ♣+♦♣♦#✐③✐♦♥❡ #✐ ❡✈✐♥❝❡ ❝❤❡ ✐❧ ❧❡❣❛♠❡ $+❛ ✐ ❣+✉♣♣✐ ♥✐❧♣♦$❡♥$✐ ❡ ✐ ❣+✉♣♣✐

✐♥ N1 < ♣❛+$✐❝♦❧❛+♠❡♥$❡ #$+❡$$♦✳ ❚✉$$❛✈✐❛✱ ✈✐ #♦♥♦ ❞❡❧❧❡ ❞✐✛❡+❡♥③❛ $+❛ ❧❡ ❞✉❡

❝❧❛##✐✿ #♦♥♦ ❛♠❜❡❞✉❡ ❝❤✐✉#❡ ♣❡+ #♦$$♦❣+✉♣♣✐ ❡ G✉♦③✐❡♥$✐✱ ♠❛ ❧❛ ❝❧❛##❡ N1 ♥♦♥

< ❝❤✐✉#❛ ♣❡+ ✐ ♣+♦❞♦$$✐ ❞✐+❡$$✐✱ ♠❡♥$+❡ N ❧♦ <✱ ❝♦♠❡ ❛✛❡+♠❛ ✐❧ ❚❡♦+❡♠❛ ❞✐

❋✐$$✐♥❣ ✶✳✺✳✺✳ N♦##✐❛♠♦ ✐♥❢❛$$✐ ❝♦#$+✉✐+❡ ✉♥ ❝♦♥$+♦❡#❡♠♣✐♦✳

❊$❡♠♣✐♦ ✷✳✶✳ ❙✐❛ H ✉♥ ❣'✉♣♣♦ ✐♥ N1 ❝♦♥ ❝❡♥,'♦ ,'✐✈✐❛❧❡✱ ✐❧ 1♦,,♦❣'✉♣♣♦

❞✐❛❣♦♥❛❧❡ D = {(x, x) | x ∈ H} ❞❡❧ ❣'✉♣♣♦ ♣'♦❞♦,,♦ ❞✐'❡,,♦ H × H 1✐ ❛✉,♦✲

♥♦'♠❛❧✐③③❛ ✭✐✳❡✳ D = NH×H(D)✮✳ @❡',❛♥,♦✱ D ♥♦♥ 3 1✉❜♥♦'♠❛❧❡ ✐♥ H ×H
❡ ❞✉♥A✉❡ H ×H /∈ N1✳

✶✽



■❧ ❢❛$$♦ ❝❤❡ ✐❧ *♦$$♦❣,✉♣♣♦ ❞✐❛❣♦♥❛❧❡ D *✐ ❛✉$♦♥♦,♠❛❧✐③③❛ ❞❡,✐✈❛ ❞❛❧ *❡✲

❣✉❡♥$❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✵✳✷✳ ❉❛"✐ ✉♥ ❣'✉♣♣♦ H ❡ D ✐❧ ,♦""♦❣'✉♣♣♦ ❞✐❛❣♦♥❛❧❡ ❞✐ H × H✳
❆❧❧♦'❛✿ D 6= NH×H(D) ,❡✱ ❡ ,♦❧♦ ,❡✱ Z(H) 6= 1✳

❉✐♠♦,"'❛③✐♦♥❡✳ ❖**❡,✈✐❛♠♦ ❝❤❡

NH×H(D) = {(h, k) | h, k ∈ H ❡ D(h,k) = D}

= {(h, k) ∈ H ×H | (xh, xk) ∈ D ∀x ∈ H}

= {(h, k) ∈ H ×H | xh = xk ∀x ∈ H}

= {(h, k) ∈ H ×H | x = xkh−1

∀x ∈ H}

= {(h, k) ∈ H ×H | kh−1 ∈ Z(H)}.

7❡,$❛♥$♦ *❡ D = NH×H(D)✱ ❝✐9 : ❡;✉✐✈❛❧❡♥$❡ ❛ ❞✐,❡ ❝❤❡ D = {(h, k) ∈
H ×H | kh−1 ∈ Z(H)} ❡ ❝✐9 ✐♠♣❧✐❝❛ ❝❤❡ Z(H) = 1.
7❡, ❞✐♠♦*$,❛,❡ ❧✬❛❧$,❛ ✐♠♣❧✐❝❛③✐♦♥❡✱ ❛**✉♠✐❛♠♦ ❝❤❡ D 6= NH×H(D)✱ ♦✈✈❡,♦

❝❤❡ ∃(h, k) ∈ H × H ❝♦♥ h 6= k ✭♦✈✈❡,♦ 1 6= kh−1
✮✱ $❛❧❡ ❝❤❡ kh−1 ∈ Z(H)✳

7❡,$❛♥$♦ Z(H) 6= 1.

■❧ ♣,♦**✐♠♦ ,✐*✉❧$❛$♦ : ✉♥♦ ❞❡✐ ♣✐? ✉$✐❧✐ *$,✉♠❡♥$✐ ♣❡, ❧♦ *$✉❞✐♦ ❞❡✐ ❣,✉♣♣✐

N1❀ ✐♥ *❡❣✉✐$♦ *✐ ,✐❝♦,,❡,A *♣❡**♦ ❛ *$,✉$$✉,❡ *✐♠✐❧✐ ♣❡, *$✉❞✐❛,❡ ❣,✉♣♣✐ ♥✐❧♣♦✲

$❡♥$✐ ❡ ♥♦♥✱ ❝♦♥ ♣❛,$✐❝♦❧❛,✐ ♣,♦♣,✐❡$A✳ ❋✉ ♦**❡,✈❛$♦ ♣❡, ❧❛ ♣,✐♠❛ ✈♦❧$❛ ❞❛ ❈✳

❇,♦♦❦❡* ❡ ♣❡,❝✐9 ♥❡ ♣,❡♥❞❡ ✐❧ ♥♦♠❡✳

❚❡♦)❡♠❛ ✷✳✵✳✸ ✭❇,♦♦❦❡*✮✳ ❙✐❛ G ✉♥ ❣'✉♣♣♦ ✐♥ N1 ❡ ,✐❛ Θ ✉♥❛ ❢❛♠✐❣❧✐❛ ❞✐

,♦""♦❣'✉♣♣✐ ❞✐ G ❝♦♥"❡♥❡♥"❡ G✳ ❆❧❧♦'❛ ❡,✐,"♦♥♦

✐✳ ✉♥ ,♦""♦❣'✉♣♣♦ H ∈ Θ❀

✐✐✳ ✉♥ ,♦""♦❣'✉♣♣♦ F ❞✐ H ✜♥✐"❛♠❡♥"❡ ❣❡♥❡'❛"♦❀

✐✐✐✳ ✉♥ ✐♥"❡'♦ ♣♦,✐"✐✈♦ d✱

"❛❧✐ ❝❤❡ ♣❡' ♦❣♥✐ K ∈ Θ

F ≤ K ≤ H ❡ K ❤❛ ❞✐❢❡""♦ ❛❧ ♣✐; d ✐♥ H✳

❉✐♠♦,"'❛③✐♦♥❡✳ ❙✉♣♣♦♥✐❛♠♦ ❝❤❡ G ♥♦♥ *♦❞❞✐*✜ ✐❧ ❚❡♦,❡♠❛ ❞✐ ❇,♦♦❦❡*✳ ▼♦✲

*$,❡,❡♠♦ ❝❤❡ *✐ ♣♦**♦♥♦ ❝♦*$,✉✐,❡ ❞✉❡ ❝❛$❡♥❡ *✉❜♥♦,♠❛❧✐

{1} = F0 ≤ F1 ≤ ... ≤ Fi ≤ Fi+1 ≤ ...

G = H0 ≥ H1 ≥ ... ≥ Hi ≥ Hi+1 ≥ ...

✶✾



 ❛❧✐ ❝❤❡✱ ♣❡) ♦❣♥✐ i, j ∈ N✱ Fi - ✜♥✐ ❛♠❡♥ ❡ ❣❡♥❡)❛ ♦✱ Hi ∈ Θ✱ Fi ≤ Hj ❡

[Hi ,i Fi+1] � Hi+1✳

1❡) ❝♦2 )✉✐)❡ 2✐✛❛  ❡ ❝❛ ❡♥❡ ♣)♦❝❡❞✐❛♠♦ ✐♥❞✉  ✐✈❛♠❡♥ ❡✳ ❋✐22✐❛♠♦ F0 = {1}
❡ G = H0✳ ❙✉♣♣♦♥✐❛♠♦ ❞✐ ❛✈❡) ❣✐9 ❞❡✜♥✐ ♦ F0, ..., Fi ❡ H0, ..., Hi✳ ❉❛ ♦

❝❤❡ Fi ≤ Hj ∈ Θ ❡ ❝❤❡ G - ✉♥ ❝♦♥ )♦❡2❡♠♣✐♦✱ ❛❧❧♦)❛ ❡2✐2 ❡ ✉♥ 2♦  ♦❣)✉♣♣♦

Hi+1 ≤ Hi ✐♥ Θ ❝♦♥ Fi ≤ Hi+1 ❡ ❝♦♥ ✐❧ ❞✐❢❡  ♦ ❞✐ Hi+1 ✐♥ Hi ✉❣✉❛❧❡ ❛ i + 1✳
❈✐= ✐♠♣❧✐❝❛ ❝❤❡ ❡2✐2 ❡ ✉♥ 2♦  ♦❣)✉♣♣♦ ❞✐ Hi+1 ✜♥✐ ❛♠❡♥ ❡ ❣❡♥❡)❛ ♦ K✱  ❛❧❡

❝❤❡ [Hi,i K] � Hi+1✳ ❆❧❧♦)❛ ♣♦♥✐❛♠♦ ♣♦))❡ Fi+1 := 〈Fi, K〉❀ ✐♥❢❛  ✐ Fi+1 ❝♦2@

❞❡✜♥✐ ♦ - ✜♥✐ ❛♠❡♥ ❡ ❣❡♥❡)❛ ♦✱ ❡22❡♥❞♦ Fi ❡ K ✜♥✐ ❛♠❡♥ ❡ ❣❡♥❡)❛ ✐✳ ■♥♦❧ )❡✱

❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ 2❡❣✉❡ ❝❤❡ Fi ≤ Fi+1 ≤ Hi+1 ❡ [Hi,i Fi+1] � Hi+1✳

❖)❛ ❞❡✜♥✐❛♠♦

F :=
⋃

i∈N

Fi.

❆✈❡♥❞♦ ✐♠♣♦2 ♦ ❝❤❡ Fi ≤ Hj✱ 2✐ ❤❛ ❝❤❡ F ≤ Hi ♣❡) ♦❣♥✐ i ∈ N ❡ ❞✐ ❝♦♥2❡✲

❣✉❡♥③❛ F ≤
⋂

i∈N Hi✳ ❉✉♥E✉❡ F - ✉♥ 2♦  ♦❣)✉♣♣♦ 2✉❜♥♦)♠❛❧❡ ❞✐ G✳

❘✐❝♦)❞❛♥❞♦ ❛❞❡22♦ ❧❛ ❝❛)❛  ❡)✐③③❛③✐♦♥❡ ✶✳✶✳✻ ❞❡✐ 2♦  ♦❣)✉♣♣✐ 2✉❜♥♦)♠❛❧✐✱ ❝✐=

2✐❣♥✐✜❝❛ ❝❤❡ [G,k F ] ≤ F ❝♦♥ 1 ≤ k ∈ N ✐❧ ❞✐❢❡  ♦ ❞✐ F ✐♥ G✳

■♥ ♣❛) ✐❝♦❧❛)❡✱ ♦  ❡♥✐❛♠♦ ❝❤❡

[G,k Fk+1] ≤ [G,k F ] ≤ F ≤ Hk+1 ✭✷✳✶✮

❝❤❡ ❝♦♥ )❛❞❞✐❝❡ ❧❛ 2❝❡❧ ❛ ❞✐ Fk+1✱ ✐♥ E✉❛♥ ♦ ❛✈❡✈❛♠♦ ✐♠♣♦2 ♦ ❝❤❡ [G,k Fk+1] �
Hk+1✳

▲❛ ♣)♦22✐♠❛ ♣)♦♣♦2✐③✐♦♥❡ - ✉♥❛ ❣❡♥❡)❛❧✐③③❛③✐♦♥❡ ❞✐ ✉♥ )✐2✉❧ ❛ ♦ ❝❤❡  )♦✲

✈❡)❡♠♦ ♣✐N ❛✈❛♥ ✐✳

 !♦♣♦$✐③✐♦♥❡ ✷✳✵✳✹✳ ❙✐❛ G ∈ N1 ❡ $✐❛ A ✉♥ $♦((♦❣*✉♣♣♦ ❞✐ G ♥♦*♠❛❧❡✱

♥✐❧♣♦(❡♥(❡ ❡ ♣❡*✐♦❞✐❝♦✳ ❙✐❛ Aω =
⋂

n∈N A
n
✳ ❆❧❧♦*❛ ❡$✐$(❡ ✉♥ ✐♥(❡*♦ ♣♦$✐(✐✈♦ d

(❛❧❡ ❝❤❡

Aω ≤ ζd(G).

❉✐♠♦$(*❛③✐♦♥❡✳ 1❡) ❛❧❧❡❣❣❡)✐)❡ ❧❛ ♥♦ ❛③✐♦♥❡✱ ♥❡❧ ❝♦)2♦ ❞❡❧❧❛ ❞✐♠♦2 )❛③✐♦♥❡ ✉ ✐✲

❧✐③③❡)❡♠♦ D := Aω
✳ ❙❡♥③❛ ♣❡)❞✐ ❛ ❞✐ ❣❡♥❡)❛❧✐ 9✱ ♣♦22✐❛♠♦ 2✉♣♣♦))❡ ❝❤❡ G/D

2✐❛ ♥✉♠❡)❛❜✐❧❡✳ 1♦22✐❛♠♦ ❛❧❧♦)❛ ✧♦)❞✐♥❛)❡✧ ❣❧✐ ❡❧❡♠❡♥ ✐ ❞✐ G/D ✐♥ E✉❡2 ♦ ♠♦✲

❞♦✿ G/D = {a1D, a2D, a3D, ...}✳ 1❡) ✐♥❞✉③✐♦♥❡✱ ❞✐♠♦2 )✐❛♠♦ ❝❤❡ ❡2✐2 ❡ ✉♥❛

2❡E✉❡♥③❛ ❞✐ ✐♥ ❡)✐ {mn}n≥1  ❛❧✐ ❝❤❡✱ ♣❡) ♦❣♥✐ n✱ A ∩ 〈am1
1 , am2

2 , ..., amn
n 〉 = 1✳

❆22✉♠✐❛♠♦ ❝❤❡✱ ♣❡) ✉♥ ❝❡) ♦ 1 ≤ n ∈ N✱ ❡2✐2 ❛♥♦ ❞❡❣❧✐ ✐♥ ❡)✐ m1,m2, ...,mn

 ❛❧✐ ❝❤❡ 2❡ Un := 〈am1
1 , am2

2 , ..., amn
n 〉✱ ❛❧❧♦)❛ A ∩ Un = 1✳

1❡) ❝♦♠❡ - ❞❡✜♥✐ ♦✱ Un - ✉♥ 2♦  ♦❣)✉♣♣♦ ❞❡❧ ❣)✉♣♣♦ ♥✐❧♣♦ ❡♥ ❡ ❡ ✜♥✐ ❛♠❡♥ ❡

❣❡♥❡)❛ ♦ 〈Un, an+1〉✳ ■♥♦❧ )❡✱ ❞❛ ♦ ❝❤❡ A - ♣❡)✐♦❞✐❝♦✱ A ∩ 〈Un, an+1〉 - ✉♥

2♦  ♦❣)✉♣♣♦ ✜♥✐ ♦✳

✷✵



❖!!❡#✈✐❛♠♦ ❝❤❡ ✐❧ ❣#✉♣♣♦ 〈Un, an+1〉✱ ❡!!❡♥❞♦ ✜♥✐3❛♠❡♥3❡ ❣❡♥❡#❛3♦ ❡ ♥✐❧♣♦✲
3❡♥3❡✱ 5 ♣♦❧✐❝✐❝❧✐❝♦✳ ❉✉♥8✉❡✱ ♣❡# ✐❧ ❚❡♦#❡♠❛ ✶✳✹✳✸ ✱ ❡!✐!3❡ ✉♥ !♦33♦❣#✉♣♣♦ ❞✐

✐♥❞✐❝❡ ✜♥✐3♦ ❞✐ 〈Un, an+1〉 ❝❤❡ ❝♦♥3✐❡♥❡ Un ❡❞ ❤❛ ✐♥3❡#!❡③✐♦♥❡ 3#✐✈✐❛❧❡ ❝♦♥ A✳
■♥❢❛33✐✱ ♣❡# ✐❧ 3❡♦#❡♠❛ ❛♣♣❡♥❛ ❝✐3❛3♦ ❡!✐!3♦♥♦ {Hl}l≥1 ⊆ Un ❝♦♥ ✐♥❞✐❝❡ ✜♥✐3♦

3❛❧✐ ❝❤❡

Un =
⋂

l

Hl ⇒ 1 = Un∩A =
⋂

l

Hl∩A ⇔ Hl̄∩A = 1, ∃ l̄.

■♥ ♣❛#3✐❝♦❧❛#❡✱ ❡!✐!3❡ ✉♥ ✐♥3❡#♦ mn+1 ≥ 1 3❛❧❡ ❝❤❡ Un+1 = 〈Un, a
mn+1

n+1 〉 ❤❛ ✐♥✲
3❡#!❡③✐♦♥❡ 3#✐✈✐❛❧❡ ❝♦♥ A✳ ■♥ 8✉❡!3♦ ♠♦❞♦ ❛❜❜✐❛♠♦ ❝♦♥❝❧✉!♦ ❧❛ ❞✐♠♦!3#❛③✐♦♥❡
✐♥❞✉33✐✈❛✳

❉❡✜♥✐❛♠♦ ♦#❛ U := 〈amn
n | 1 ≤ n ∈ N〉✳ ❆❧❧♦#❛ A ∩ U = 1 ❡ ♣❡# ♦♥❣✐ x ∈ G

❡!✐!3❡ ✉♥ 1 ≤ k ∈ N 3❛❧❡ ❝❤❡ xk ∈ U ✳
❖#❛✱ ❞❛3♦ ❝❤❡ G ∈ N1✱ U 5 ✉♥ !♦33♦❣#✉♣♣♦ !✉❜♥♦#♠❛❧❡ ❞✐ G ❞✐ ❞✐❢❡33♦ d✳ ❈✐C
✐♠♣❧✐❝❛ ❝❤❡ [A,d U ] ≤ A∩U = 1✳ ❉❛3✐ x1, ..., xd ∈ G ❡ m1, ...,md ∈ N 3❛❧✐ ❝❤❡
xmi

i ∈ U ✱ ♣♦!!✐❛♠♦ ♦#❛ ❛♣♣❧✐❝❛#❡ ✐❧ ▲❡♠♠❛ ✶✳✶✳✶✷✱ ♦33❡♥❡♥❞♦ ❧❛ ♣#✐♠❛ ❞❡❧❧❡
!❡❣✉❡♥3✐ ❞✉❡ ✐♥❝❧✉!✐♦♥✐✿

[D, x1, . . . , xd] ≤ [A, 〈xm1
1 〉, . . . , 〈xmd

d 〉] ≤ [A,d U ] = 1. ✭✷✳✷✮

▲❛ !❡❝♦♥❞❛ ✐♥❝❧✉!✐♦♥❡ 5 ❞♦✈✉3❛ ✐♥✈❡❝❡ ❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ {xi}1≤i≤d✳

❈✐C ❝♦♥❝❧✉❞❡ ❧❛ ❞✐♠♦!3#❛③✐♦♥❡ ✐♥ 8✉❛♥3♦✱ ❞❛❧❧✬✉❣✉❛❣❧✐❛♥③❛ [D, x1, . . . , xd] = 1✱
!❡❣✉❡ ❝❤❡ d ≤ ζd(G)✳

J♦!!✐❛♠♦ ✐♥✜♥❡ ❡♥✉♥❝✐❛#❡ ✉♥ ❝♦#♦❧❧❛#✐♦ ✐♠♠❡❞✐❛3♦ ❞✐ 8✉❡!3❛ ♣#♦♣♦!✐③✐♦♥❡✳

❈♦"♦❧❧❛"✐♦ ✷✳✵✳✺✳ ❙✐❛♥♦ G ∈ N1 ❡ D ✉♥ '✉♦ '♦((♦❣*✉♣♣♦ ♥♦*♠❛❧❡✱ ❛❜❡✲

❧✐❛♥♦✱ ❞✐✈✐'✐❜✐❧❡ ❡ ♣❡*✐♦❞✐❝♦✳ ❙❡ G/D 5 ♥✐❧♣♦(❡♥(❡ ✭✐♣❡*❝❡♥(*❛❧❡✮✱ ❛❧❧♦*❛ G 5

♥✐❧♣♦(❡♥(❡ ✭✐♣❡*❝❡♥(*❛❧❡✮✳

✷✳✶ ❙✉❧ ❚❡♦)❡♠❛ ❞✐ ▼/❤)❡1

❆❧ ❝❡♥3#♦ ❞✐ 8✉❡!3❛ 3❡!✐ ✈✐ 5 ❧♦ !3✉❞✐♦ ❞❡✐ ❣#✉♣♣✐ ❝♦♥ 3✉33✐ ✐ !♦33♦❣#✉♣♣✐

!✉❜♥♦#♠❛❧✐ ❡ !❡♥③❛ 3♦#!✐♦♥❡❀ ✐❧ 8✉❛❧❡ 5 !♦❧❛♠❡♥3❡ ✉♥ #❛♠♦ ❞❡❧❧❛ ♣✐L ❛♠♣✐❛

❚❡♦#✐❛ ❞❡✐ ❣#✉♣♣✐ ❝♦♥ 3✉33✐ ✐ !♦33♦❣#✉♣♣✐ !✉❜♥♦#♠❛❧✐✳ ➱ ❞✉♥8✉❡ ❞♦✈❡#♦!♦

!♣❡♥❞❡#❡ 8✉❛❧❝❤❡ ♣❛#♦❧❛ ✐♥ ♣✐L ❛ #✐❣✉❛#❞♦✱ ✐♥ ♣❛#3✐❝♦❧❛#❡ #✐!♣❡33♦ ❛❧ ❧❛✈♦#♦

❞✐ ❲❛❧3❡# ▼P❤#❡!✳ ■♥❢❛33✐ 5 ❞♦✈✉3♦ ❛ ▼P❤#❡! ✉♥♦ ❞❡✐ ♣✐L ❣#❛♥❞✐ 3#✐♦♥✜ ❞❡❧❧❛

❚❡♦#✐❛ ❞❡✐ ❣#✉♣♣✐ ✐♥✜♥✐3✐ ❞❡❧ !❡❝♦❧♦ !❝♦#!♦❀ ♦!!✐❛ ❧✬♦♠♦♥✐♠♦ 3❡♦#❡♠❛ ❝❤❡ ❞✐✲

♠♦!3#C ♥❡❧ ✶✾✾✵ ✐♥ ❬✼❪ ❡ ❝❤❡ ❛✛❡#♠❛ ❝❤❡ ♦❣♥✐ ❣*✉♣♣♦ ❝♦♥ (✉((✐ ✐ '♦((♦❣*✉♣♣✐

'✉❜♥♦*♠❛❧✐ 5 *✐'♦❧✉❜✐❧❡✳ ◆♦3✐❛♠♦ ❝❤❡ ❢❛#❡♠♦ ✉!♦ ❞✐ ✉♥ ❝❛!♦ ♣❛#3✐❝♦❧❛#❡ ❞✐

8✉❡!3♦ 3❡♦#❡♠❛ ♣❡# ❞✐♠♦!3#❛#❡ ✐❧ ❚❡♦#❡♠❛ ❞✐ ❙♠✐3❤✱ ♦✈✈❡#♦ ❛!!✉♠❡#❡♠♦ ❝❤❡

✷✶



✐❧ ❣#✉♣♣♦ '✐❛ '❡♥③❛ ,♦#'✐♦♥❡✳

.#✐♠❛ ❞✐ ,#❛,,❛#❡ ❞✐ ❝♦♠❡ '✐❛ ♣♦''✐❜✐❧❡ ❞✐♠♦',#❛#❡ ✐❧ ❚❡♦#❡♠❛ ❞✐ ▼5❤#❡'✱

❛♥❞✐❛♠♦ ❛ ✈❡❞❡#❡ ❝♦'❛ ',♦#✐❝❛♠❡♥,❡ ❤❛ ❝♦♥❞♦,,♦ ❛❞ ❡''♦✳

■♥♥❛♥③✐,✉,,♦ #✐❝♦#❞✐❛♠♦ ❝❤❡ ❣✐: ❛ ✜♥❡ ✬✽✵✵ ❡#❛ ♥♦,❛ ❝♦♥'❡❣✉❡♥③❛ ❞❡❧ ❚❡♦#❡♠❛

❞✐ ❙②❧♦✇ ❝❤❡ ✉♥ ❣#✉♣♣♦ ✜♥✐#♦ ❝♦♥ ,✉,,✐ ✐ '♦,,♦❣#✉♣♣✐ '✉❜♥♦#♠❛❧✐ B ♥✐❧♣♦,❡♥✲

,❡❀ ✐♥ #❡❛❧,:✱ ❛,,♦#♥♦ ❛❧ ✶✾✺✺✱ ❇❡❛# #✐✉'❝I ❛ ❣❡♥❡#❛❧✐③③❛#❡ ,❛❧❡ #✐'✉❧,❛,♦ ❞✐♠♦✲

',#❛♥❞♦ ❝❤❡ ✉♥ ❣'✉♣♣♦ ❝❤❡ ,✐ ♣✉- ❣❡♥❡'❛'❡ ❞❛✐ ,✉♦✐ ,♦##♦❣'✉♣♣✐ ,✉❜♥♦'♠❛❧✐

❡ ❛❜❡❧✐❛♥✐ 3 ❧♦❝❛❧♠❡♥#❡ ♥✐❧♣♦#❡♥#❡✳ ◗✉❡',✬✉❧,✐♠♦ ,❡♦#❡♠❛ ❞❛✈❛ ✉♥❛ ❣#❛♥❞❡

K✉❛♥,✐,: ❞✐ ✐♥❢♦#♠❛③✐♦♥✐ '✉❧❧❛ ❝❧❛''❡ ❞✐ ❣#✉♣♣✐ N1✿ ✐♥❢❛,,✐✱ ❡''❡♥❞♦ ✐ ❣#✉♣♣✐

❝♦♥ ,✉,,✐ ✐ '♦,,♦❣#✉♣♣✐ '✉❜♥♦#♠❛❧✐ ❧♦❝❛❧♠❡♥,❡ ♥✐❧♣♦,❡♥,✐✱ ❣❧✐ ❡❧❡♠❡♥,✐ ❞✐ ♦#✲

❞✐♥❡ ✜♥✐,♦ ❝♦',✐,✉✐'❝♦♥♦ ✉♥ '♦,,♦❣#✉♣♣♦ ❞❡❧ ❣#✉♣♣♦ ✐♥ K✉❡',✐♦♥❡✳

❯❧,❡#✐♦#❡ '✈✐❧✉♣♣♦ ❞❡❧❧❛ ,❡♦#✐❛ ❢✉ ✐❧ ❚❡♦#❡♠❛ ❞✐ ❘♦'❡❜❧❛❞❡ ♥❡❧ ✶✾✻✺✱ ❝❤❡ ❛✛❡#✲

♠❛ ❝❤❡ ,❡ ✉♥ ❣'✉♣♣♦ 3 ♠❡♠❜'♦ ❞✐ Ud✱ ❛❧❧♦'❛ 3 ♥✐❧♣♦#❡♥#❡ ❞✐ ❞✐❢❡##♦ ❧✐♠✐#❛#♦

❞❛ ✉♥❛ ❢✉♥③✐♦♥❡ ❞✐ d✳ ■❧ ♣❛''♦ '✉❝❝❡''✐✈♦ '❛#❡❜❜❡ ',❛,♦ ♣#♦✈❛#❡ ❝❤❡ ,✉,,✐ ✐

❣#✉♣♣✐ ❞✐ N1 '♦♥♦ ♥✐❧♣♦,❡♥,✐✱ ♠❛ ♥❡❧ ✶✾✻✽ ❍❡✐♥❡❦❡♥ ❡ ▼♦❤❛♠❡❞ ,#♦✈❛#♦♥♦ ✉♥

❝♦♥,#♦❡'❡♠♣✐♦✿ ,#♦✈❛#♦♥♦ ✉♥ p✲❣#✉♣♣♦ ♠❡,❛❜❡❧✐❛♥♦ ❝♦♥ ,✉,,✐ ✐ '♦,,♦❣#✉♣♣✐

'✉❜♥♦#♠❛❧✐ ❡ ♥✐❧♣♦,❡♥,✐ ❡ ❝♦♥ ❝❡♥,#♦ ,#✐✈✐❛❧❡✳ ❆❧,#✐ ❝♦♥,#♦❡'❡♠♣✐ ❢✉#♦♥♦ ,#♦✲

✈❛,✐ '✉❝❝❡''✐✈❛♠❡♥,❡✱ ,#❛ ✐ K✉❛❧✐ '♣✐❝❝❛ K✉❡❧❧♦ ❞✐ ❍✳ ❙♠✐,❤ ❞❡❧ ✶✾✽✸ ❝❤❡ ♣#♦✈V

❧✬❡'✐',❡♥③❛ ❞✐ ✉♥ ❣#✉♣♣♦ ♥♦♥ ♥✐❧♣♦,❡♥,❡ ❡ ✐♣❡#❝❡♥,#❛❧❡ ✐♥ N1✱ ✐♥ ♣❛#,✐❝♦❧❛#❡

❣❧✐ ❡❧❡♠❡♥,✐ ❞✐ K✉❡',♦ ❣#✉♣♣♦ ❤❛♥♥♦ ,✉,,✐ ♦#❞✐♥❡ ✐♥✜♥✐,♦✳ ❊#❛ ♥♦,♦ ✐♥♦❧,#❡

❝❤❡ ✉♥ ❣#✉♣♣♦ ✐♥ N1 ❣♦❞❡✈❛ ❞❡❧❧❛ ♣#♦♣#✐❡,: ❞❡❧❧✬✐♥,❡#'❡③✐♦♥❡ '✉❜♥♦#♠❛❧❡ ✭✐✳❡✳

❧✬✐♥,❡#'❡③✐♦♥❡ ❞✐ ❣#✉♣♣✐ '✉❜♥♦#♠❛❧✐ B '✉❜♥♦#♠❛❧❡✮✱ ♠❛ '✐ ❞✐♠♦',#V ❝❤❡ ♥♦♥

♣♦,❡✈❛ ❛✈❡#❡ ❞✐❢❡,,♦ ❞✐ '✉❜♥♦#♠❛❧✐,: ❧✐♠✐,❛,♦ ❛ ♠❡♥♦ ❝❤❡ ♥♦♥ ❢♦''❡ ♥✐❧♣♦,❡♥✲

,❡✳ .❡#❝✐V ,✉,,✐ ✐ ❝♦♥,#♦❡'❡♠♣✐ ,#♦✈❛,✐ ♥♦♥ '♦♥♦ ❛❧,#♦ ❝❤❡ ❡'❡♠♣✐ ❞✐ ❣#✉♣♣✐

❝♦♥ ❧❛ ♣#♦♣#✐❡,: ❞❡❧❧✬✐♥,❡#'❡③✐♦♥❡ '✉❜♥♦#♠❛❧❡✱ ♠❛ ♣#✐✈✐ ❞✐ ❞✐❢❡,,♦ ❧✐♠✐,❛,♦✳

❆✈❡♥❞♦ ❞✐♠♦',#❛,♦ ❝❤❡ ❧❛ ♥✐❧♣♦,❡♥③❛ ♥♦♥ B ✉♥❛ ❝♦♥'❡❣✉❡♥③❛ ❞❡❧ ❢❛,,♦ ❞✐ ❛✈❡✲

#❡ ,✉,,✐ ✐ '♦,,♦❣#✉♣♣✐ '✉❜♥♦#♠❛❧✐✱ #✐♠❛'❡ ,✉,,❛✈✐❛ ❛♣❡#,❛ ❧❛ K✉❡',✐♦♥❡ '✉❧❧❛

#✐'♦❧✉❜✐❧✐,:✱ ❝❤❡ ❢✉ ❝❤✐✉'❛ ❛♣♣✉♥,♦ ❞❛ ▼5❤#❡'✳

.❡# K✉❛♥,♦ #✐❣✉❛#❞❛ ❧❛ ❞✐♠♦',#❛③✐♦♥❡ ❞❡❧ ❚❡♦#❡♠❛ ❞✐ ▼5❤#❡' ✈✐ '♦♥♦ ❛❧✲

❝✉♥❡ ♦''❡#✈❛③✐♦♥✐ ❞❛ ❢❛#❡✳ ❊''❛ B '✉❞❞✐✈✐'❛ ✐♥ ,#❡ ♣❛#,✐✿ ✐♥♥❛♥③✐,✉,,♦✱ ▼5❤#❡'

❞✐♠♦',V ❧❛ ✈❡#✐❞✐❝✐,: ❞❡❧❧✬❡♥✉♥❝✐❛,♦ ♥❡❧ ❝❛'♦ ❞✐ ✉♥ p✲❣#✉♣♣♦ ✭❡❞ B ❛♥❝❤❡ ❧❛

♣❛#,❡ ♣✐Z ❝♦♠♣❧✐❝❛,❛ ❞❡❧❧❛ ❞✐♠♦',❛③✐♦♥❡✮❀ ♣♦✐ ❧❛ ❞✐♠♦',#V ♥❡❧ ❝❛'♦ ✐♥ ❝✉✐ ✐❧

❣#✉♣♣♦ B ♣#✐✈♦ ❞✐ ,♦#'✐♦♥❡ ❡❞ ✐♥✜♥❡ ♥❡❧ ❝❛'♦ ❣❡♥❡#❛❧❡✳

.❡# ❞✐♠♦',#❛#❡ ✐❧ ❚❡♦#❡♠❛ ❞✐ ❙♠✐,❤ ❝✐ '❛#: ♥❡❝❡''❛#✐❛ ❧❛ ❞✐♠♦',#❛③✐♦♥❡ ❞❡❧

❚❡♦#❡♠❛ ❞✐ ▼5❤#❡' ♥❡❧ ❝❛'♦ ❞✐ ✉♥ ❣#✉♣♣♦ '❡♥③❛ ,♦#'✐♦♥❡ ✹✳✷✳✷✱ ❡''❡♥❞♦ K✉❡',✐

✐ ❣#✉♣♣✐ ✐♥ ❡'❛♠❡✳ ❈♦♥❝❧✉❞✐❛♠♦ '♦,,♦❧✐♥❡♥❛♥❞♦ ✐❧ ❢❛,,♦ ❝❤❡ ♥❡❧❧❛ ❞✐♠♦',#❛✲

③✐♦♥❡ ✉'❡#❡♠♦ ✐❧ ❚❡♦#❡♠❛ ❞✐ ❘♦'❡❜❧❛❞❡✱ ❛♥❝❤✬❡''♦ ♥❡❧ ❝❛'♦ ❞✐ ❣#✉♣♣✐ '❡♥③❛

,♦#'✐♦♥❡ ✹✳✶✳✷✳

✷✷



❈❛♣✐$♦❧♦ ✸

●)✉♣♣✐ +❡♥③❛ $♦)+✐♦♥❡

❋✐♥❡ ✉❧&✐♠♦ ❞✐ *✉❡+&♦ ❝❛♣✐&♦❧♦ / *✉❡❧❧♦ ❞✐ ❛♣♣0♦❢♦♥❞✐0❡ ❧❡ ♣0♦♣0✐❡&2 ❞❡✐

❣0✉♣♣✐ +❡♥③❛ &♦0+✐♦♥❡✳ ■♥ ♣❛0&✐❝♦❛❧0❡✱ ❛✛0♦♥&❡0❡♠♦ ✐❧ ❝❛+♦ ✐♥ ❝✉✐ ✐❧ ❣0✉♣♣♦

✐♥ ❡+❛♠❡ / ❧♦❝❛❧♠❡♥&❡ ♥✐❧♣♦&❡♥&❡ ✭♦ ❛♥❝❤❡ ❞✐ ❊♥❣❡❧✮✱ 0✐✉+❝❡♥❞♦ ❛ ❞❡❞✉00❡

✐♠♣♦0&❛♥&✐ ♣0♦♣0✐❡&2 ❞❡❧❧❛ +❡0✐❡ ❝❡♥&0❛❧❡ ❛+❝❡♥❞❡♥&❡ ❞❡❧ ❣0✉♣♣♦ ❞✐ ♣❛0&❡♥③❛✳

❚0❛ ✐ ✈❛0✐ 0✐+✉❧&❛&✐ ❝❤❡ &0♦✈❡0❡♠♦ +♣✐❝❝❛♥♦ ♣❡0 ✐♠♣♦0&❛♥③❛ ✐❧ ▲❡♠♠❛ ❞✐ ❷❛0✐♥

❡ ✐❧ +✉♦ ❝♦0♦❧❧❛0✐♦✳

◆❡❧❧❛ +❡❝♦♥❞❛ ♣❛0&❡ ✈❡❞0❡♠♦ ❝♦♠❡ ❝♦+&0✉✐0❡ ❣0✉♣♣✐ +❡♥③❛ &♦0+✐♦♥❡ ❛ ♣❛0&✐0❡

❞❛ ✉♥ ❣❡♥❡0✐❝♦ ❣0✉♣♣♦ ❧♦❝❛❧♠❡♥&❡ ♥✐❧♣♦&❡♥&❡✱ +❡❣✉❡♥❞♦ ❧❛ ❜0✐❧❧❛♥&❡ ✐♥&✉✐③✐♦♥❡

❞✐ ❈❛+♦❧♦ ❞✐ ✉&✐❧✐③③❛0❡ ❣❧✐ ✐+♦❧❛&♦0✐✳ ❉✐ *✉❡+&♦ +&0✉♠❡♥&♦ ❞❛0❡♠♦ ✐♥♥❛♥③✐&✉&&♦

❧❛ ❞❡✜♥✐③✐♦♥❡ ❡ ❧❡ ♣0✐♥❝✐♣❛❧✐ ♣0♦♣0✐❡&2❀ ♠♦+&0❡0❡♠♦ ❝❤❡ +✐ ✧❝♦♠♣♦0&❛ ❜❡♥❡✧

0✐+♣❡&&♦ ❛❧ ❝♦♠♠✉&❛&♦0❡✱ ❛❧❧❛ ❞❡0✐✈❛③✐♦♥❡ ❡ 0✐+♣❡&&♦ ❛✐ &❡0♠✐♥✐ ❞❡❧❧❛ +❡0✐❡

❞✐+❝❡♥❞❡♥&❡✳ ▼❡❞✐❛♥&❡ ✐❧ ❚❡♦0❡♠❛ ❞✐ I✳❍❛❧❧ ✈❡❞0❡♠♦ ❛♥❝❤❡ ❝❤❡✱ ♦❧&0❡ ❛❧❧❛

♥♦0♠❛❧✐&2✱ ❧✬✐+♦❧❛&♦0❡ ❞✐ ✉♥ +♦&&♦❣0✉♣♣♦ ♣0❡+❡0✈❛ ❧❛ +✉❜♥♦0♠❛❧✐&2✳ ❈♦♥❝❧✉✲

❞❡0❡♠♦ *✉❡+&❛ ♣❛0&❡ ♣0♦✈❛♥❞♦ ❝❤❡ ♣❡0 ✐ ❣0✉♣♣✐ +❡♥③❛ &♦0+✐♦♥❡ ❡ ❧♦❝❛❧♠❡♥&❡

♥✐❧♣♦&❡♥&✐ ❣❧✐ ✐+♦❧❛&♦0✐ +✐ ❝♦♠♣♦0&❛♥♦ ❜❡♥❡ ❛♥❝❤❡ 0✐+♣❡&&♦ ❛❧❧❡ +❡0✐❡ ❛+❝❡♥✲

❞❡♥&✐✳ ■♥♦❧&0❡✱ ♣0♦✈❡0❡♠♦ ❝❤❡ ❡+✐+&♦♥♦ ❝♦♥❞✐③✐♦♥✐ +✉✣❝✐❡♥&✐ ❛ ❞✐♠♦+&0❛0❡ ❧❛

♥✐❧♣♦&❡♥③❛ ❞✐ ✉♥ ❣0✉♣♣♦ +❡♥③❛ &♦0+✐♦♥❡ ❡ ❧♦❝❛❧♠❡♥&❡ ♥✐❧♣♦&❡♥&❡✳

✸✳✶ ●$✉♣♣✐ (❡♥③❛ -♦$(✐♦♥❡ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥✲

-✐

❈♦♠❡ ❛♥&✐❝✐♣❛&♦✱ ❝♦♠✐♥❝✐❛♠♦ ❧❛ &0❛&&❛③✐♦♥❡ ❝♦❧ ❞❛0❡ ❛❧❝✉♥❡ ♣0♦♣0✐❡&2

❞❡❧❧❡ +❡0✐❡ ❛+❝❡♥❞❡♥&✐ ❝❡♥&0❛❧✐ ❞✐ ✉♥ ❣0✉♣♣♦ +❡♥③❛ &♦0+✐♦♥❡✳

▲❡♠♠❛ ✸✳✶✳✶✳ ❙✐❛ ● ✉♥ ❣'✉♣♣♦ ❞✐ ❊♥❣❡❧ ❡ .✐❛♥♦ a, b ∈ G✱ ❝♦♥ 〈a〉G .♦11♦✲

❣'✉♣♣♦ .❡♥③❛ 1♦'.✐♦♥❡✳ ❆..✉♠✐❛♠♦ ❝❤❡ ❡.✐.1❛ 1 ≤ n ∈ N 1❛❧❡ ❝❤❡ [a, bn] = 1✳
❆❧❧♦'❛✱ [a, b] = 1✳

✷✸



❉✐♠♦$%&❛③✐♦♥❡✳  ♦✐❝❤% G & ✉♥ ❣*✉♣♣♦ ❞✐ ❊♥❣❡❧✱ ❡1✐12❡ ✉♥ 1 ≤ k ∈ N 2❛❧❡ ❝❤❡

[a,k b] = 1✳  *♦❝❡❞✐❛♠♦ ♦*❛ ♣❡* ✐♥❞✉③✐♦♥❡ 1✉ 2❛❧❡ k✳
◆❡❧ ❝❛1♦ k = 1✱ ♥♦♥ & ♥❡❝❡11❛*✐♦ ❞✐♠♦12*❛*❡ ♥✉❧❧❛✱ ✐♥ 8✉❛♥2♦ 1 = [a,1 b] =
[a, b]✳ ◆❡❧ ❝❛1♦ k > 1✱ & ❜❡♥❡ ✐♥♥❛♥③✐2✉22♦ ♦11❡*✈❛*❡ ❝❤❡ ❧✬❛11✉♥③✐♦♥❡ [a, bn] =
1 ✐♠♣❧✐❝❛ ❝❤❡ bn ∈ CG(a) ❡ ❞✉♥8✉❡ ❝❤❡ b ❛♣♣❛*2✐❡♥❡ ❛❧ ❝❡♥2*♦ ❞✐ 〈a, b〉✳ ❉❛
8✉❛12❛ ♦11❡*✈❛③✐♦♥❡ ❡ ❞❛❧ ❢❛22♦ ❝❤❡ [a, b] ∈ 〈a, b〉 ❞❡❞✉❝✐❛♠♦✿

[[a, b], bn] = 1. ✭✸✳✶✮

❙✐❛♠♦ ♦*❛ ♥❡❧❧❛ 1✐2✉❛③✐♦♥❡ 1❡❣✉❡♥2❡✿

• [[a, b],k−1 b] = [a,k b] = 1❀

• 〈[a, b]〉Ḡ & ♣*✐✈♦ ❞✐ 2♦*1✐♦♥❡ ♣♦✐❝❤% 〈[a, b]〉Ḡ ≤ 〈a〉G❀

• ❡1✐12❡ n ∈ N 2❛❧❡ ❝❤❡ [[a, b], bn] = 1✳

❆♣♣❧✐❝❛♥❞♦ ❧✬✐♣♦2❡1✐ ✐♥❞✉2✐✈❛ ❛❞ [a, b] ❡ b ✐♥ G✱ ❛❜❜✐❛♠♦ ❝❤❡ [[a, b], b] = 1✳
◗✉❡12✬✉❧2✐♠♦ *✐1✉❧2❛2♦ ❝✐ ♣❡*♠❡22❡ ❞✐ ❛♣♣❧✐❝❛*❡ ✐❧ ▲❡♠♠❛ ✶✳✶✳✽ ❡ ❞✐ ♦22❡♥❡*❡

❝❤❡ [a, b]n = [a, bn] = 1✳ ❆✈❡♥❞♦ 1✉♣♣♦12♦ 〈a〉G 1❡♥③❛ 2♦*1✐♦♥❡ ❡❞ ❡11❡♥❞♦♥❡

[a, b] ✉♥ ❡❧❡♠❡♥2♦✱ 1✐ ❝♦♥❝❧✉❞❡ ❝❤❡ [a, b] = 1✳

 *♦1❡❣✉✐❛♠♦ ❝♦♥ ❞✉❡ ❛♣♣❧✐❝❛③✐♦♥✐ ❞✐ 8✉❡12♦ ❧❡♠♠❛✳

❈♦"♦❧❧❛"✐♦ ✸✳✶✳✷✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥%❡ ♥✐❧♣♦%❡♥%❡ ❡ $✐❛♥♦ a, b ∈ G✳
❙❡ [an, bm] ❤❛ ♦&❞✐♥❡ ✜♥✐%♦ ♣❡& 5✉❛❧❝❤❡ n,m ≥ 1✱ ❛❧❧♦&❛ [a, b] ❤❛ ♦&❞✐♥❡ ✜♥✐%♦✳

❉✐♠♦$%&❛③✐♦♥❡✳ ❈♦♥1✐❞❡*✐❛♠♦ ✐❧ ❣*✉♣♣♦ 8✉♦③✐❡♥2❡ G/T ❞♦✈❡ T = T (G) & ✐❧
1♦22♦❣*✉♣♣♦ 2♦*1✐♦♥❡ ❞✐ G✳  ❡* ❝♦12*✉③✐♦♥❡✱ G/T & ✉♥ ❣*✉♣♣♦ ❧♦❝❛❧♠❡♥2❡

♥✐❧♣♦2❡♥2❡ ❡ 1❡♥③❛ 2♦*1✐♦♥❡✳ ■♥♦❧2*❡✱ ❡11❡♥❞♦ ❧♦❝❛❧♠❡♥2❡ ♥✐❧♣♦2❡♥2❡✱ G/T &

❛♥❝❤❡ ❞✐ ❊♥❣❡❧✳ ❈♦♥1✐❞❡*✐❛♠♦ ✐♥✜♥❡ ✐❧ 1♦22♦❣*✉♣♣♦ 1❡♥③❛ 2♦*1✐♦♥❡ 〈an〉GT/T ✳
■❧ ❢❛22♦ ❝❤❡ [an, bm] ❤❛ ♦*❞✐♥❡ ✜♥✐2♦✱ & ❡8✉✐✈❛❧❡♥2❡ ❛ ❞✐*❡ [an, bm] ∈ T ✱ ♦✈✈❡*♦
❝❤❡ [an, bm] = 1G/T ✳  ♦11✐❛♠♦ ❞✉♥8✉❡ ❛♣♣❧✐❝❛*❡ ✐❧ ▲❡♠♠❛ ✸✳✶✳✶ ❡ ♦22❡♥❡*❡

❝❤❡ [an, b] = 1G/T ✳ ❘✐♣❡2❡♥❞♦ ❧♦ 12❡11♦ ♣*♦❝❡❞✐♠❡♥2♦ ❝♦♥ ✐❧ 1♦22♦❣*✉♣♣♦ 1❡♥③❛

2♦*1✐♦♥❡ 〈b〉GT/T ❞✐ G/T ✱ ♣♦11✐❛♠♦ ❝♦♥❝❧✉❞❡*❡✿

[a, b] = [b, a] = 1G/T ⇔ [a, b] ∈ T (G).

❆❧2*❛ ❞✐*❡22❛ ❝♦♥1❡❣✉❡♥③❛ ❞❡❧ ▲❡♠♠❛ ✸✳✶✳✶ & ❞❛2❛ ❞❛❧❧❛ 1❡❣✉❡♥2❡ ♣*♦♣♦✲

1✐③✐♦♥❡✳

*"♦♣♦,✐③✐♦♥❡ ✸✳✶✳✸✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥%❡ ♥✐❧♣♦%❡♥%❡✳

✷✹



✶✳ ❙❡ N $ ✉♥ '♦))♦❣+✉♣♣♦ ♥♦+♠❛❧❡ ❡ ♣+✐✈♦ ❞✐ )♦+'✐♦♥❡ ❞✐ G✱ ❛❧❧♦+❛ G/CG(N)
$ ✉♥ '♦))♦❣+✉♣♣♦ ♣+✐✈♦ ❞✐ )♦+'✐♦♥❡✳

✷✳ ❙❡ G $ '❡♥③❛ )♦+'✐♦♥❡✱ ❛❧❧♦+❛ G/ζα(G) $ '❡♥③❛ )♦+'✐♦♥❡✱ ♣❡+ ♦❣♥✐ ♦+❞✐✲

♥❛❧❡ α✳

❉✐♠♦')+❛③✐♦♥❡✳ 1. ❙✐❛ b ∈ G ❡ $✐❛ 1 ≤ n ∈ N %❛❧❡ ❝❤❡ bn ∈ CG(N)✳ ❖+❛

♣♦$$✐❛♠♦ ❛♣♣❧✐❝❛+❡ ✐❧ ▲❡♠♠❛ ✸✳✶✳✶ ❛ G ❡❞ N ✱ ✐♥ 5✉❛♥%♦ G✱ ❡$$❡♥❞♦ ❧♦❝❛❧✲

♠❡♥%❡ ♥✐❧♣♦%❡♥%❡✱ 8 ❞✐ ❊♥❣❡❧✱ N = NG
8 $❡♥③❛ %♦+$✐♦♥❡ ❡ [N, bn] = 1 ❞❛%♦ ❝❤❡

bn ∈ CG(N)✳ ❆❧❧♦+❛ ❛❜❜✐❛♠♦ ❝❤❡ [N, b] = 1✱ ✐✳❡✳ b ∈ CG(N)✳ ❈✐? ♣❡+♠❡%%❡

❞✐ ❝♦♥❝❧✉❞❡+❡ ❝❤❡ G/CG(N) 8 $❡♥③❛ %♦+$✐♦♥❡✳

2. @❡+ ✐♥❞✉③✐♦♥❡ $✉ α✳
❈❛'♦ α❂✶✳ ❊$$❡♥❞♦ G ❜❛♥❛❧♠❡♥%❡ ♥♦+♠❛❧❡ ✐♥ $❡ $%❡$$♦ ❡ +✐❝♦+❞❛♥❞♦ ❝❤❡

CG(G) = Z(G) = ζ1(G)✱ ♣♦$$✐❛♠♦ ❛♣♣❧✐❝❛+❡ ✐❧ ♣✉♥%♦ ♣+❡❝❡❞❡♥%❡ ❛ G ♦%%❡✲

♥❡♥❞♦ G/ζ1(G) 8 $❡♥③❛ %♦+$✐♦♥❡✳

❈❛'♦ α ≥✶✳ ❙✐ ♣+♦❝❡❞❡ ❛♥❛❧♦❣❛♠❡♥%❡ $❡ ❛$$✉♠✐❛♠♦ ❝❤❡ G/ζα(G) $✐❛ $❡♥③❛

%♦+$✐♦♥❡✳ ❊✬ ✐♥❢❛%%✐ $✉✜❝✐❡♥%❡ ❛♣♣❧✐❝❛+❡ ✐❧ ♣✉♥%♦ 1. ❛ Ḡ := G/ζα(G) =: N̄ ♣❡+

♦%%❡♥❡+❡ ❝❤❡

G/ζα(G)

Z(G/ζα(G))
=

G/ζα(G)

ζα+1(G)/ζα(G)
∼=

G

ζα+1(G)

8 $❡♥③❛ %♦+$✐♦♥❡✳

@❡+ ❝♦♠♣❧❡%❛+❡ ❧❛ ❞✐♠♦$%+❛③✐♦♥❡ ♣❡+ ✐♥❞✉③✐♦♥❡ $✉ α✱ +✐♠❛♥❡ ❞❛ ❝♦♥$✐❞❡+❛+❡

✐❧ ❝❛$♦ ✐♥ ❝✉✐ ❧✬♦+❞✐♥❛❧❡ β 8 ❧✐♠✐%❡✳ ■♥ 5✉❡$%♦ ❝❛$♦ $✐ ❤❛

ζβ(G) =
⋃

α<β

ζα(G),

♣❡+%❛♥%♦ $❡ gn ∈ ζβ(G) ♣❡+ 5✉❛❧❝❤❡ 1 ≤ n ∈ N✱ ❛❧❧♦+❛ gn ∈ ζα(G) ♣❡+

5✉❛❧❝❤❡ α < β✳ @❡+ ✐♣♦%❡$✐ ✐♥❞✉%%✐✈❛ ❛❜❜✐❛♠♦ ❝❤❡ g ∈ ζα(G) ❡❞ ❡$$❡♥❞♦

ζα(G) ≤ ζβ(G)✱ ❛❧❧♦+❛ g ∈ ζβ(G)✳ ❆❜❜✐❛♠♦ ❝♦$F ❝♦♥❝❧✉$♦ ❝❤❡ G/ζβ(G) 8

♣+✐✈♦ ❞✐ %♦+$✐♦♥❡✳

@♦$$✐❛♠♦ ♦+❛ ❞✐♠♦$%+❛+❡ ❞✉❡ +✐$✉❧%❛%✐ +✐❣✉❛+❞❛♥%✐ ✐ $♦%%♦❣+✉♣♣✐ ♥♦+♠❛❧✐✱

❛❜❡❧✐❛♥✐ ❡ $❡♥③❛ %♦+$✐♦♥❡ ❞✐ ✉♥ ❣+✉♣♣♦ ❧♦❝❛❧♠❡♥%❡ ♥✐❧♣♦%❡♥%❡✳

▲❡♠♠❛ ✸✳✶✳✹✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ A ✉♥ .✉♦ .♦--♦❣&✉♣♣♦

♥♦&♠❛❧❡✱ ❛❜❡❧✐❛♥♦ ❡ .❡♥③❛ -♦&.✐♦♥❡✳ ❙✐❛♥♦ a ∈ A ❡ x1, ..., xn ∈ G✱ -❛❧✐ ❝❤❡
[a, x1, ..., xn] 6= 1. ❆❧❧♦&❛ ❣❧✐ ❡❧❡♠❡♥-✐ ❞✐ A✿ a, [a, x1], [a, x1, x2], ..., [a, x1, ..., xn]
.♦♥♦ ✐♥❞✐♣❡♥❞❡♥-✐✳

❉✐♠♦.-&❛③✐♦♥❡✳ ❆!!✉♠✐❛♠♦ ✐❧ ❝♦♥*+❛+✐♦❀ ❛❧❧♦+❛ ❡!✐!*♦♥♦ s ∈ N *❛❧❡ ❝❤❡ 0 ≤
s ≤ n ❡ ds, ..., dn ∈ Z ❝♦♥ ds 6= 0✱ *❛❧✐ ❝❤❡

[a, x1, ..., xs]
ds [a, x1, ..., xs+1]

ds+1 ....[a, x1, ..., xn]
dn = 1. ✭✸✳✷✮
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❖!❛✱ ❡%%❡♥❞♦ ✐❧ ❣!✉♣♣♦ X := 〈a, x1, ..., xn〉 ✜♥✐/❛♠❡♥/❡ ❣❡♥❡!❛/♦✱ ❡%%♦ 1 ♥✐❧✲
♣♦/❡♥/❡✳ 4❡!/❛♥/♦ ❡%✐%/❡ ✉♥ ✐♥/❡!♦ k ≥ 1 /❛❧❡ ❝❤❡ b := [a, x1, ..., xs] ∈
ζk(X) \ ζk−1(X)✳ ❆❧❧♦!❛

b−ds = [b, xs+1]
ds+1 ....[b, xs+1, ..., xn]

dn ∈ ζk−1(X). ✭✸✳✸✮

4❡!❝✐; 1 = [b−ds ,k−1 X] = [b,k−1 X]−ds
✱ ❞♦✈❡ ❧❛ ♣!✐♠❛ ✉❣✉❛❣❧✐❛♥③❛ 1 ❞♦✈✉/❛

❛ ✭✸✳✸✮ ♠❡♥/!❡ ❧❛ %❡❝♦♥❞❛ ❛❧ ❢❛//♦ ❝❤❡ A 1 %♦//♦❣!✉♣♣♦ ♥♦!♠❛❧❡ ❡ ❛❜❡❧✐❛♥♦✳

■♥✜♥❡✱ ♣♦✐❝❤A A 1 ♣!✐✈♦ ❞✐ /♦!%✐♦♥❡✱ %✐ ❤❛ ❝❤❡ [b,k−1 X] = 1✳ ▼❛ ❝✐; %✐❣♥✐✜❝❛
❝❤❡ b ∈ ζk−1(X) ❡❞ 1 ✉♥❛ ❝♦♥/!❛❞❞✐③✐♦♥❡✳

▲❡♠♠❛ ✸✳✶✳✺ ✭❷❛!✐♥✮✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ .✐❛ A ✉♥

.✉♦ .♦--♦❣&✉♣♣♦ ♥♦&♠❛❧❡ ❡ ❛❜❡❧✐❛♥♦✳ ❙❡ A 1 .❡♥③❛ -♦&.✐♦♥❡ ❞✐ &❛♥❣♦ ✜♥✐-♦ ❞✱

❛❧❧♦&❛

✐✳ A ≤ ζd(G)❀

✐✐✳ G/CG(A) 1 ✉♥ .♦--♦❣&✉♣♣♦ .❡♥③❛ -♦&.✐♦♥❡ ❡ ♥✐❧♣♦-❡♥-❡✳

❉✐♠♦.-&❛③✐♦♥❡✳ ■❧ ♣✉♥/♦ i. %❡❣✉❡ ❞❛❧ ▲❡♠♠❛ ✸✳✶✳✹ ❡ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ !❛♥❣♦
✜♥✐/♦ ❞✐ ✉♥ ✐♥%✐❡♠❡ ❛❜❡❧✐❛♥♦✳

4❡! G✉❛♥/♦ !✐❣✉❛!❞❛ ✐❧ ♣✉♥/♦ ii.✱ %✐ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛/❛♠❡♥/❡ ❞❛❧❧❛ 4!♦♣♦%✐③✐♦✲
♥❡ ✸✳✶✳✸ ♣✉♥/♦ 2. ❝❤❡ G/CG(A) 1 ✉♥ %♦//♦❣!✉♣♣♦ %❡♥③❛ /♦!%✐♦♥❡✳ 4❡! ♣!♦✈❛!✲
♥❡ ❧❛ ♥✐❧♣♦/❡♥③❛ 1 %✉✣❝✐❡♥/❡ ♣!♦✈❛!❡ ❝❤❡ CG(A) ≥ γd(G)✱ ✐♥❢❛//✐ ❝✐; %✐❣♥✐✜❝❛
❝❤❡ G/CG(A) 1 ♥✐❧♣♦/❡♥/❡✳ 4!♦✈✐❛♠♦ ❞✉♥G✉❡ CG(A) ≥ γd(G)✳ ❉❛❧ ♣✉♥/♦
♣!❡❝❡❞❡♥/❡ %❛♣♣✐❛♠♦ ❝❤❡ A ≤ ζd(G) ❡ ❝✐; ✐♠♣❧✐❝❛ ❝❤❡ CG(A) ≥ CG(ζd(G))✳
❘✐❝♦!❞✐❛♠♦ ❝❤❡ ♣❡! ✐❧ ▲❡♠♠❛ ✶✳✶✳✹ ✈❛❧❡ [ζd(G), γd(G)] = 1✱ ❞❛ ❝✉✐ ❞❡❞✉❝✐❛♠♦
❝❤❡ γd(G) ≤ CG(ζd(G)) ≤ CG(A)✳

4❡! ♣!♦%❡❣✉✐!❡ ❝♦♥ ✉♥ ❝♦!♦❧❧❛!✐♦ ❞❡❧ ▲❡♠♠❛ ❞✐ ❷❛!✐♥ 1 ♥❡❝❡%%❛!✐♦ ✐♥/!♦✲

❞✉!!❡ ✉♥❛ ♥✉♦✈❛ ♥♦/❛③✐♦♥❡ ♣❡! G✉❛♥/♦ !✐❣✉❛!❞❛ ✐ ❣!✉♣♣✐ ♣♦❧✐❝✐❝❧✐❝✐✳

❉❡✜♥✐③✐♦♥❡ ✸✳✶✳✻✳ ❉❛-♦ ✉♥ ❣&✉♣♣♦ H ♣♦❧✐❝✐❝❧✐❝♦✱ ✐❧ ♥✉♠❡&♦ ❞✐ ❢❛--♦&✐ ❝✐✲

❝❧✐❝✐ ✐♥✜♥✐-✐ ✐♥ ✉♥❛ .❡&✐❡ ♣♦❧✐❝✐❝❧✐❝❛ ❞✐ H 1 ✉♥ ✐♥✈❛&✐❛♥-❡ ❞✐ H ❡❞ 1 ❞❡--♦ ❧❛

❧✉♥❣❤❡③③❛ ❞✐ ❍✐&.❝❤ ❞✐ ❍✳ ❙✐ ❞❡♥♦-❛ ❝♦♥ h(H)✳

❈♦0♦❧❧❛0✐♦ ✸✳✶✳✼✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ .❡♥③❛ -♦&.✐♦♥❡✳

❙✐❛ H ✉♥ .♦--♦❣&✉♣♣♦ ❞✐ G ✜♥✐-❛♠❡♥-❡ ❣❡♥❡&❛-♦ ❡ ♥♦&♠❛❧❡✳ ❆❧❧♦&❛ H ≤
ζh(G)✱ ❝♦♥ h ❧❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐&.❝❤ ❞✐ H✳

❉✐♠♦.-&❛③✐♦♥❡✳ ❖%%❡!✈✐❛♠♦ ✐♥♥❛♥③✐/✉//♦ ❝❤❡ H 1 ✉♥ %♦//♦❣!✉♣♣♦ ✜♥✐/❛♠❡♥/❡

❣❡♥❡!❛/♦ ❞✐ G ❡ ❞✉♥G✉❡ 1 ♥✐❧♣♦/❡♥/❡✳ 4❡!❝✐;✱ ❛♣♣❧✐❝❛♥❞♦ ❧❛ 4!♦♣♦%✐③✐♦♥❡ ✶✳✺✳✹✱
H 1 ♣♦❧✐❝✐❝❧✐❝♦ ❡ ❤❛ ♣❡!/❛♥/♦ %❡♥%♦ ❝♦♥%✐❞❡!❛!❡ ❧❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐!%❝❤ ❞✐ H✳
▲❛ ❞✐♠♦%/!❛③✐♦♥❡ %✐ %✈♦❧❣❡ ♣❡! ✐♥❞✉③✐♦♥❡ %✉❧❧❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐!%❝❤ h(H)✳

✷✻



❊!!❡♥❞♦ H ♥✐❧♣♦)❡♥)❡✱ ❛❧❧♦,❛ Z(H) 6= 1✳ ■♥♦❧),❡ Z(H) / ✜♥✐)❛♠❡♥)❡ ❣❡♥❡,❛)♦✱
❞❛)♦ ❝❤❡ H / ✜♥✐)❛♠❡♥)❡ ❣❡♥❡,❛)♦ ❡ ♥✐❧♣♦)❡♥)❡✳ ❈❤✐❛♠✐❛♠♦ A := Z(H) ❡
,✐❝♦,❞✐❛♠♦ ❝❤❡ ✉♥ ❣,✉♣♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐)❛♠❡♥)❡ ❣❡♥❡,❛)♦ ❡ !❡♥③❛ )♦,!✐♦♥❡ /

!♦♠♠❛ ❞✐,❡))❛ ❞✐ ❣,✉♣♣✐ ❝✐❝❧✐❝✐ ✐♥✜♥✐)✐❀ ❞✉♥:✉❡

h(A) = rank(A). ✭✸✳✹✮

❖,❛ !✐❛♥♦ h1 = h(H/A) ❡ h2 = h(A)✱ ❛❧❧♦,❛ !❛♣♣✐❛♠♦ ❝❤❡ h1+h2 = h(H) = h
❡❞✱ ❡!!❡♥❞♦ h2 6= 1✱ ❝❡,)❛♠❡♥)❡ ❛❜❜✐❛♠♦ h1 < h✳ @❡, ✐❧ ♣,✐♠♦ ♣✉♥)♦ ❞❡❧

▲❡♠♠❛ ❞✐ ❷❛,✐♥ ✸✳✶✳✺ ❛♣♣❧✐❝❛)♦ ❛❞ A ❡ ,✐❝♦,❞❛♥❞♦ ✭✸✳✹✮✱ ♦))❡♥✐❛♠♦ ❝❤❡ A ≤
ζh2(G)✳ ❙❡ :✉♦③✐❡♥)✐❛♠♦ ♠♦❞✉❧♦ ζh2(G) ❡ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ ✧−✧ ❧❡ ✐♠♠❛❣✐♥✐
❞❡✐ !♦))♦❣,✉♣♣✐ ❞✐ G ),❛♠✐)❡ ❧❛ ♣,♦✐❡③✐♦♥❡ ❝❛♥♦♥✐❝❛ !✉❧ ❣,✉♣♣♦ G/ζh2(G)✱
❛❧❧♦,❛ H̄ = H/ζh2(G) ≤ H/A ❤❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐,!❝❤

h(H̄) ≤ h(H/A) = h1. ✭✸✳✺✮

❊!!❡♥❞♦ ✐♠♠❛❣✐♥✐ ♦♠♦♠♦,❢❡ ❞✐ G ❡ H ,✐!♣❡))✐✈❛♠❡♥)❡✱ Ḡ / !❡♥③❛ )♦,!✐♦♥❡

❡❞ H̄ / ✜♥✐)❛♠❡♥)❡ ❣❡♥❡,❛)♦✱ ❛❧❧♦,❛✱ ♣❡, ✐♣♦)❡!✐ ✐♥❞✉))✐✈❛✱

H̄ ≤ ζh(H̄)(Ḡ) ≤ ζh1(Ḡ). ✭✸✳✻✮

@♦!!✐❛♠♦ ❛❧❧♦,❛ ❝♦♥❝❧✉❞❡,❡ ❝❤❡ H ≤ ζh1+h2(G) = ζh(G)❀ ✐♥❢❛))✐ !✐ ♣✉K ♣,♦✈❛,❡

❢❛❝✐❧♠❡♥)❡ ❝❤❡

ζh1+h2(G)

ζh2(G)
= ζh1

(
G

ζh2(G)

)

✳

✸✳✷ ■$♦❧❛(♦)✐

❈♦♠❡ ❛♥)✐❝✐♣❛)♦✱ !)✉♠❡♥)♦ ❝❤✐❛✈❡ ♣❡, ❞✐♠♦!),❛,❡ ✐❧ ❚❡♦,❡♠❛ ❞✐ ❙♠✐)❤✱

!❡❣✉❡♥❞♦ ❧❡ ✐♥❞✐❝❛③✐♦♥✐ ❞✐ ❈❛!♦❧♦✱ / ❧❛ )❡♦,✐❛ ❞❡❣❧✐ ✐!♦❧❛)♦,✐ ❞✐ @✳ ❍❛❧❧✳ ■♥❢❛))✐

❡!!❛ ,❛❝❝❤✐✉❞❡ ✐♥ !M✱ ✐♥ ♠♦❞♦ ♠♦❧)♦ ❡❧❡❣❛♥)❡✱ ✐❧ ♣,♦❜❧❡♠❛ ❞❡❧❧✬❡!),❛③✐♦♥❡ ❞✐

,❛❞✐❝✐ ♥❡✐ ❣,✉♣♣✐ ❧♦❝❛❧♠❡♥)❡ ♥✐❧♣♦)❡♥)✐❀ ❝♦♥ ❝✐K✱ ✐♥ ♣,❛)✐❝❛✱ !✐ ✐♥)❡♥❞❡ ❝❤❡ ♣❡,

♦❣♥✐ ❣,✉♣♣♦ ❧♦❝❛❧♠❡♥)❡ ♥✐❧♣♦)❡♥)❡ G ❡ ♣❡, ♦❣♥✐ !✉♦ !♦))♦❣,✉♣♣♦ H✱ ✐❧ ❣,✉♣♣♦
:✉♦③✐❡♥)❡ G/IG(H) / ♣,✐✈♦ ❞✐ )♦,!✐♦♥❡✱ ❞♦✈❡ ❝♦♥ IG(H) !✐ ✐♥❞✐❝❛ ❧✬✐!♦❧❛)♦,❡
❞✐ H ✐♥ G✳ ❘✐❝♦,,❡,❡♠♦ !♣❡!!♦ ❛❣❧✐ ✐!♦❧❛)♦,✐ ♣,✐♥❝✐♣❛❧♠❡♥)❡ ♣❡, :✉❡!)❛ ❧♦,♦
♣,♦♣,✐❡)P✳

@,✐♠❛ ❞✐ ❞❛,❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐!♦❧❛)♦,❡✱ ,✐❝♦,❞✐❛♠♦ ❝❤❡ !❡ π / ✉♥ ✐♥!✐❡♠❡
❞✐ ♣,✐♠✐✱ ✉♥ ✐♥)❡,♦ n 6= 0 / ❞❡))♦ π✲♥✉♠❡%♦ !❡✱ ❡ !♦❧♦ !❡✱ )✉))✐ ✐ !✉♦✐ ❞✐✈✐!♦,✐

♣,✐♠✐ !♦♥♦ ❡❧❡♠❡♥)✐ ❞✐ π✳

❉❡✜♥✐③✐♦♥❡ ✸✳✷✳✶✳ ❙✐❛ π ✉♥ ✐♥*✐❡♠❡ ❞✐ ♣%✐♠✐ ❡ *✐❛ H ✉♥ *♦--♦❣%✉♣♣♦ ❞❡❧

❣%✉♣♣♦ G✳ ■❧ π✲✐*♦❧❛-♦%❡ ❞✐ H ✐♥ G 2 ❧✬✐♥*✐❡♠❡

IπG(H) = {x ∈ G | xn ∈ H ♣❡% 4✉❛❧❝❤❡ π✲♥✉♠❡%♦ 1 ≤ n ∈ N}.

✷✼



◆❡❧ ❝❛%♦ ✐♥ ❝✉✐ ❧✬✐♥%✐❡♠❡ π , ❧✬✐♥%✐❡♠❡ ❞✐ .✉..✐ ✐ ♣0✐♠✐✱ %♦❧✐.❛♠❡♥.❡ %✐ ♦♠❡..❡
♥❡❧❧❛ ♥♦.❛③✐♦♥❡ ❡ %✐ ♣❛0❧❛ %❡♠♣❧✐❝❡♠❡♥.❡ ❞✐ ✐!♦❧❛%♦&❡ IG(H) ❞✐ H ≤ G✿

IG(H) = {x ∈ G | xn ∈ H ♣❡0 4✉❛❧❝❤❡ 1 ≤ n ∈ N}.

❱❡❞✐❛♠♦ ♦0❛ ❛❧❝✉♥✐ %❡♠♣❧✐❝✐ 0✐%✉❧.❛.✐ ♥❡❝❡%%❛0✐ ♣❡0 ❧❛✈♦0❛0❡ ❝♦♥ ❣❧✐ ✐%♦❧❛.♦0✐✳

▲✐ ❡♥✉♥❝❡0❡♠♦ ♥❡❧ ❝❛%♦ ✐♥ ❝✉✐ ❧✬✐♥%✐❡♠❡ π ❝♦✐♥❝✐❞❡ ❝♦♥ .✉..✐ ✐ ♥✉♠❡0✐ ♥❛.✉0❛❧✐
♣0✐♠✐✱ ♠❛ ❝♦♥ 4✉❛❧❝❤❡ %❡♠♣❧✐❝❡ ❛❝❝♦0.❡③③❛ %✐ ♣♦%%♦♥♦ ❞✐♠♦%.0❛0❡ ❛♥❝❤❡ ♣❡0

✉♥ 4✉❛❧%✐❛%✐ ✐♥%✐❡♠❡ ❞✐ ♣0✐♠✐✳

▲❡♠♠❛ ✸✳✷✳✷✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥%❡ ♥✐❧♣♦%❡♥%❡❀ ❛❧❧♦&❛✱ ♣❡& ♦❣♥✐ H ≤
G✱

IG(H) ≤ G.

❉✐♠♦!%&❛③✐♦♥❡✳ ❙✐❛ H ≤ G ❡ %✐❛♥♦ x, y ❞✉❡ 4✉❛❧%✐❛%✐ ❡❧❡♠❡♥.✐ ❞✐ IG(H)✱
❛❧❧♦0❛ %❡ ❞✐♠♦%.0✐❛♠♦ ❝❤❡ 〈x, y〉 ⊆ IG(H) ♣♦%%✐❛♠♦ ❝♦♥❝❧✉❞❡0❡✳
❊%%❡♥❞♦ x, y ∈ IG(H)✱ ❡%✐%.♦♥♦ nx, ny ∈ N .❛❧✐ ❝❤❡ xnx

✱ yny ∈ H✳ ❈❤✐❛♠✐❛♠♦
m = m.c.m.(nx, ny)✱ ❛❧❧♦0❛

V := 〈xm, ym〉 ≤ H.

❙✐❛ ♦0❛ U := 〈x, y〉✳ ❊%%❡♥❞♦ U ≤ G ✜♥✐.❛♠❡♥.❡ ❣❡♥❡0❛.♦✱ ❡%%♦ , ♥✐❧♣♦.❡♥.❡

❞✐ ❝❧❛%%❡ c✳ ❉✐ %❡❣✉✐.♦ ♣0♦✈❡0❡♠♦✱ ♣❡0 ✐♥❞✉③✐♦♥❡ %✉ c✱ ❝❤❡ |U : V | , ✜♥✐.♦❀
✐♥❢❛..✐ ❝✐B ✐♠♣❧✐❝❛ ❝❤❡ 〈x, y〉 = U ⊆ IG(H)✳
❙✉♣♣♦00❡ ❝❤❡ c = 1 , ❡4✉✐✈❛❧❡♥.❡ ❛❞ ✐♣♦.✐③③❛0❡ ❝❤❡ U %✐❛ ❛❜❡❧✐❛♥♦ ❡✱ ✐♥ 4✉❡%.♦
❝❛%♦✱ ✐❧ ❢❛..♦ ❝❤❡ ❧✬✐♥❞✐❝❡ ❞✐ V ✐♥ U , ✜♥✐.♦✱ , ❝❤✐❛0♦✳

❈♦♥%✐❞❡0✐❛♠♦ ✐❧ ❝❛%♦ c ≥ 2❀ ❛❧❧♦0❛ γc(U) ⊳ U ✳ ❉✉♥4✉❡ ♣♦%%✐❛♠♦ ❝♦♥%✐❞❡0❛0❡
✐❧ ❣0✉♣♣♦ 4✉♦③✐❡♥.❡ U/γc(U) ❡ .✉..✐ ✐ %✉♦✐ %♦..♦❣0✉♣♣✐✳ ■♥ ♣❛0.✐❝♦❧❛0❡✱ ♦%✲
%❡0✈✐❛♠♦ ❝❤❡ U/γc(U) , ✉♥ ❣0✉♣♣♦ ♥✐❧♣♦.❡♥.❡ ❞✐ ❝❧❛%%❡ ❞✐ ♥✐❧♣♦.❡♥③❛ c − 1
❡✱ ❛♣♣❧✐❝❛♥❞♦ ❧✬✐♣♦.❡%✐ ✐♥❞✉..✐✈❛✱ ♦..❡♥✐❛♠♦ ❝❤❡ γc(U)V/γc(U) , ✉♥ %✉♦ %♦.✲
.♦❣0✉♣♣♦ ❞✐ ✐♥❞✐❝❡ ✜♥✐.♦✳ ❘✐❝♦00❡♥❞♦ ♣♦✐ ❛❧ ❚❡0③♦ ❚❡♦0❡♠❛ ❞✐ ■%♦♠♦0✜%♠♦✱

❛❜❜✐❛♠♦ ∣
∣
∣
∣

U

γc(U)
:
γc(U)V

γc(U)

∣
∣
∣
∣
∼= |U : γc(U)V | < +∞. ✭✸✳✼✮

❘✐❝♦0❞✐❛♠♦ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ γc(U) = [U,c−1 U ] = 〈[u1, . . . , uc] | ui ∈ {x, y},
❝♦♥ i = 1, .., c〉 ❡ ❝♦♥%✐❞❡0✐❛♠♦ ✉♥♦ ❞✐ %✐✛❛..✐ ❣❡♥❡0❛.♦0✐ ❞✐ γc(U)✱ ω =
[u1, . . . , uc]❀ ❛❧❧♦0❛ ♣❡0 ✐❧ ▲❡♠♠❛ ✶✳✺✳✷

ωmc

= [um
1 , . . . , u

m
c ] ∈ γc(U) ∩ 〈xm, ym〉 = γc(U) ∩ V.

❈✐B ✐♠♣❧✐❝❛ ❝❤❡ ✐❧ ❣0✉♣♣♦ 4✉♦③✐❡♥.❡ γc(U)/γc(U)∩V , ❛❜❡❧✐❛♥♦ ❡ ✜♥✐.❛♠❡♥.❡

❣❡♥❡0❛.♦ ❞❛ ❡❧❡♠❡♥.✐ ❞✐ ✐♥❞✐❝❡ ✜♥✐.♦❀ ❞✉♥4✉❡ , ✜♥✐.♦✳ ❆❧❧♦0❛✱ ♣❡0 ✐❧ ❙❡❝♦♥❞♦

✷✽



❚❡♦#❡♠❛ ❞✐ ■)♦♠♦#✜)♠♦✱ ❛❜❜✐❛♠♦ γc(U)/γc(U) ∩ V ∼= γc(U)V/V ❡ ♣❡#.❛♥.♦

❛♥❝❤❡ γc(U)V/V 2 ✜♥✐.♦✳ ❉❛ 5✉❡).✬✉❧.✐♠♦ #✐)✉❧.❛.♦ ❡ ❞❛ ✭✸✳✼✮ ♣♦))✐❛♠♦

❝♦♥❝❧✉❞❡#❡ ❝❤❡

|U : V | = |U : γc(U)V |
︸ ︷︷ ︸

<∞

|γc(U)V : V |
︸ ︷︷ ︸

<∞

< ∞.

❱✐ )♦♥♦ ❞✉❡ ♦))❡#✈❛③✐♦♥✐ ✐♠♣♦#.❛♥.✐ ❝❤❡ )❡❣✉♦♥♦ ❞✐#❡..❛♠❡♥.❡ ❞❛ 5✉❡).♦

#✐)✉❧.❛.♦ ❡ ❧❡ .#♦✈✐❛♠♦ ♥❡❧❧❛ )❡❣✉❡♥.❡ ♣#♦♣♦)✐③✐♦♥❡✿

 !♦♣♦$✐③✐♦♥❡ ✸✳✷✳✸✳ ❙✐❛ H ≤ G ❝♦♥ G ❣'✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡✳ ❆❧❧♦'❛

✶✳ IG(IG(H)) = IG(H)❀

✷✳ 3❡ H E G✱ ❛❧❧♦'❛ IG(H) E G✳

❉✐♠♦3-'❛③✐♦♥❡✳ ✭✶✮ ❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐)♦❧❛.♦#❡ )❡❣✉❡ ✐♠♠❛❞✐❛.❛♠❡♥.❡ ❝❤❡

H ⊆ IG(H) ♣❡# ♦❣♥✐ H ≤ G❀ ❞✉♥5✉❡ IG(H) ⊆ IG(IG(H))✳ ❆♥❝❤❡ ❧✬❛❧.#❛
✐♥❝❧✉)✐♦♥❡ 2 ✉♥❛ )❡♠♣❧✐❝❡ ❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧❧❛ ❞❡✜♥✐③✐♦♥❡✿ )✐❛ x ∈ IG(IG(H))✱
❝✐D )✐❣♥✐✜❝❛ ❝❤❡ ❡)✐).❡ ✉♥ 1 ≤ n ∈ N .❛❧❡ ❝❤❡ xn ∈ IG(H)✳ ❖✈✈❡#♦ ❡)✐).❡
1 ≤ m ∈ N .❛❧❡ ❝❤❡ (xn)m ∈ H✱ ♠❛ ❝✐D ❡5✉✐✈❛❧❡ ❛ ❞✐#❡ ❝❤❡ x ∈ IG(H)✳
✭✷✮ ❙❡❣✉❡ ❞❛ ✉♥ )❡♠♣❧✐❝❡ ❝♦♥.♦✿ )✉♣♣♦♥✐❛♠♦ H E G ❡ )✐❛ x ∈ IG(H)✱
❛❧❧♦#❛ ❡)✐).❡ 1 ≤ n ∈ N .❛❧❡ ❝❤❡ xn ∈ H✳ ❖))❡#✈✐❛♠♦ ❝❤❡ ♣❡# ♦❣♥✐ g ∈ G✱
(xg)n = g−1xng ∈ H ❡ ❞✉♥5✉❡ (xg) ∈ IG(H)✳

❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐)♦❧❛.♦#❡ ❡ ❞❛❧ ▲❡♠♠❛ ✸✳✷✳✷ )✐ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛.❛♠❡♥.❡

❝❤❡ H ≤ IG(H) ♣❡# ♦❣♥✐ H ≤ G❀ ♠❡♥.#❡ ❞❛❧❧❛ I#♦♣♦)✐③✐♦♥❡ ✸✳✷✳✸ )❡❣✉❡ ❝❤❡
)❡ H ≤ G 2 ♥✐❧♣♦.❡♥.❡ ❞✐ ❝❧❛))❡ n✱ ❛❧❧♦#❛ ❛♥❝❤❡ IG(H) 2 ♥✐❧♣♦.❡♥.❡✱ ♠❛ ❞✐
❝❧❛))❡ ❛❧ ♣✐J n✳

❉❡✜♥✐③✐♦♥❡ ✸✳✷✳✹✳ ❙✐❛ H ✉♥ 3♦--♦❣'✉♣♣♦ ❞❡❧ ❣'✉♣♣♦ G❀ ❞✐'❡♠♦ ❝❤❡ H ; ✉♥

3♦--♦❣'✉♣♣♦ ✐3♦❧❛-♦ ✭♦ π✲✐3♦❧❛-♦✮ 3❡ H = IG(H) ✭ ♦ H = IπG(H)✮✳

I#♦)❡❣✉❡♥❞♦ ❝♦♥ ❧❡ ♣#♦♣#✐❡.K ✉.✐❧✐ ♣❡# ❧❛✈♦#❛#❡ ❝♦♥ ❣❧✐ ✐)♦❧❛.♦#✐❀ ❞✐ )❡❣✉✐.♦

✐♥❢❛..✐ ✈❡❞#❡♠♦ ❝❤❡ ❣❧✐ ✐)♦❧❛.♦#✐ )✐ ❝♦♠♣♦#.❛♥♦ ❜❡♥❡ #✐)♣❡..♦ ❛❧❧❛ ❞❡#✐✈❛③✐♦♥❡

❡ ❝♦♥)❡#✈❛♥♦ ❧❡ ♣#♦♣#✐❡.K ❞❡✐ ❢❛..♦#✐ ❝❡♥.#❛❧✐✳

▲❡♠♠❛ ✸✳✷✳✺✳ ❙✐❛ G ✉♥ ❣'✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ 3✐❛♥♦ H,K ❞✉❡ 3✉♦✐

3♦--♦❣'✉♣♣✐✳ ❆❧❧♦'❛✱ ♣❡' ♦❣♥✐ 1 ≤ n ∈ N✱

✭✐✮ [G, IG(H)] ≤ IG([G,H]); ❞❛ ❝✉✐ 3❡❣✉❡ ❝❤❡ 3❡ U/V ; ✉♥ ❢❛--♦'❡ ❝❡♥-'❛❧❡

❞✐ G✱ ❛❧❧♦'❛ ❛♥❝❤❡ IG(U)/IG(V ) ; ✉♥ ❢❛--♦'❡ ❝❡♥-'❛❧❡❀

✷✾



✭✐✐✮ γn(IG(H)) ≤ IG(γn(H))❀

✭✐✐✐✮ IG(H)(n) ≤ IG(H
(n))✳

❉✐♠♦()*❛③✐♦♥❡✳ ❙✐❛♥♦ G,H,K ❝♦♠❡ ♥❡❧❧❡ ✐♣♦*❡+✐✳

✭✐✮ ■♥❞✐❝❤✐❛♠♦ ❝♦♥ M = IG([G,H])✳ ❈♦♥ ✉♥ +❡♠♣❧✐❝❡ ❝❛❧❝♦❧♦ ❞✐ ❝♦♠♠✉*❛*♦2✐

+✐ ❞✐♠♦+*2❛ ❝❤❡ [G,H] E G✱ ❛❧❧♦2❛✱ ♣❡2 ✐❧ +❡❝♦♥❞♦ ♣✉♥*♦ ❞❡❧❧❛ 42♦♣♦+✐③✐♦♥❡

✸✳✷✳✸ ❛❜❜✐❛♠♦ ❝❤❡ M E G✳ ■♥♦❧*2❡✱ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐+♦❧❛*♦2❡ ❡ ❞❛❧ ❢❛**♦

❝❤❡ 1G ∈ [G,H]✱ +❡❣✉❡ ✐♠♠❡❞✐❛*❛♠❡♥*❡ ❝❤❡ G/M < ✉♥ ❣2✉♣♣♦ +❡♥③❛ *♦2✲

+✐♦♥❡✳ ❈♦♥+✐❞❡2✐❛♠♦ ♦2❛ ✉♥ ❡❧❡♠❡♥*♦ b ∈ IG(H) ❡ +✐❛ 1 ≤ n ∈ N *❛❧❡ ❝❤❡

bn ∈ H✳ ❆❧❧♦2❛✱ ♣❡2 ♦❣♥✐ g ∈ G✱ ❛❜❜✐❛♠♦ ❝❤❡ [g, bn] ∈ [G,H] ≤ M ✳ ❖2❛✱ ❞❛*♦

❝❤❡ G/M < +❡♥③❛ *♦2+✐♦♥❡ ❡❞ ❊♥❣❡❧✱ 〈g〉G < +❡♥③❛ *♦2+✐♦♥❡ ❡ [g, bn] = 1G/M ✱

♣♦++✐❛♠♦ ❛♣♣❧✐❝❛2✈✐ ✐❧ ▲❡♠♠❛ ✸✳✶✳✶✱ ♦**❡♥❡♥❞♦ ❝❤❡ [g, b] = 1G/M ✱ ♦✈✈❡2♦ ❝❤❡

[g, b] ∈ M ✳ ■♥ D✉❡+*♦ ♠♦❞♦ ❛❜❜✐❛♠♦ ♣2♦✈❛*♦ ❝❤❡ [G, IG(H)] ≤ M ✳

✭✐✐✮ 42♦❝❡❞✐❛♠♦ ♣❡2 ✐♥❞✉③✐♦♥❡ +✉ 1 ≤ n ∈ N✳
✭❈❛+♦ n = 1✮ 4❡2 ❞❡✜♥✐③✐♦♥❡ ❞✐ +❡2✐❡ ❞✐+❝❡♥❞❡♥*❡ ❝❡♥*2❛❧❡ ❛❜❜✐❛♠♦ γ1(IG(H)) =
IG(H) ❡ IG(γ1(H)) = IG(H)✱ ❝❤❡ ❞✉♥D✉❡ +♦❞❞✐+❢❛♥♦ ❜❛♥❛❧♠❡♥*❡ ❧✬✐♥❝❧✉+✐♦♥❡✳

✭❈❛+♦ n ≥ 2✮ 4❡2 ❛❧❧❡❣❣❡2✐2❡ ❧❛ ♥♦*❛③✐♦♥❡ 2✐♥♦♠✐♥✐❛♠♦ ✐❧ +♦**♦❣2✉♣♣♦ γn(H) =:
K✳ ❙✐❛♥♦ x1, ..., xn n✲❡❧❡♠❡♥*✐ ❞✐ IG(H)✱ ❛❧❧♦2❛ ❡+✐+*❡ ✉♥ 1 ≤ m ∈ N *❛❧❡ ❝❤❡

{xm
i , ..., x

m
n } ⊂ H✳ ➱ ♦2❛ ♣♦++✐❜✐❧❡ 2✐❝♦22❡2❡ ❛❧❧✬✐♣♦*❡+✐ ✐♥❞✉**✐✈❛ ❡ ♦**❡♥❡2❡

y := [x1, .., xn−1] ∈ γn−1(IG(H)) ≤ IG(γn−1(H))✳ ❈✐I ✐♠♣❧✐❝❛ ❝❤❡ ❡+✐+*❡ ✉♥

1 ≤ t ∈ N *❛❧❡ ❝❤❡ yt ∈ γn−1(H)✳ ❉✉♥D✉❡✱ +❡ ❝♦♥+✐❞❡2✐❛♠♦ [yt, xm
n ] ❡++♦

< ✉♥ ❡❧❡♠❡♥*♦ ❞✐ K ❝❤❡ < +♦**♦❣2✉♣♣♦ ❞✐ IG(K)❀ ♦✈✈❡2♦ [yt, xm
n ] ∈ IG(K)✳

❈♦♥ ✉♥ 2❛❣✐♦♥❛♠❡♥*♦ ❛♥❛❧♦❣♦ ❛ D✉❡❧❧♦ ❢❛**♦ ♥❡❧ ♣✉♥*♦ ♣2❡❝❡❞❡♥*❡✱ ♣♦++✐❛♠♦

❛♣♣❧✐❝❛2❡ ✐❧ ▲❡♠♠❛ ✸✳✶✳✶ ❛❧ ❣2✉♣♣♦ ❧♦❝❛❧♠❡♥*❡ ♥✐❧♣♦*❡♥*❡ ❡ +❡♥③❛ *♦2+✐♦♥❡

IG(H)/IG(K) ❡❞ ❛✐ +✉♦✐ +♦**❣2✉♣♣✐ 〈yt〉IG(K)/IG(K) ❡ 〈xn〉IG(K)/IG(K)✱
♦**❡♥❡♥❞♦ ❝❤❡

[y, xn] ∈ IG(K).

❆❜❜✐❛♠♦ ❝♦+L ♣2♦✈❛*♦ ❝❤❡ ♦❣♥✐ ❡❧❡♠❡♥*♦ [y, xn] = [x1, .., xn−1, xn] ∈ γn(K) <
✉♥ ❡❧❡♠❡♥*♦ ❞✐ IG(K)✳
✭✐✐✐✮ 42♦❝❡❞✐❛♠♦ ♥✉♦✈❛♠❡♥*❡ ♣❡2 ✐♥❞✉③✐♦♥❡ +✉ 1 ≤ n ∈ N✳
❙❡ n = 1✱ ❛❜❜✐❛♠♦ ❝❤❡

IG(H)(1) =(∗) γ2(IG(H)) ≤(∗∗) IG(γ2(H)) =(∗) IG(H
(1)),

❞♦✈❡ ✐♥ (∗∗) +✐❛♠♥♦ 2✐❝♦2+✐ ❛❧ ♣✉♥*♦ ♣2❡❝❡❞❡♥*❡ ❞❡❧ ❧❡♠♠❛✱ ♠❡♥*2❡ ✐♥ (∗)
❛❜❜❛✐♠♦ +❡♠♣❧✐❝❡♠❡♥*❡ ✉*✐❧✐③③❛*♦ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❧ +❡❝♦♥❞♦ *❡2♠✐♥❡ ❞❡❧❧❛

+❡2✐❡ ❝❡♥*2❛❧❡ ❞✐+❝❡♥❞❡♥*❡✳

❙❡ n ≥ 2✱ ✐❧ *❡2♠✐♥❡ n✲❡+✐♠♦ ❞❡❧❧❛ +❡2✐❡ ❝❡♥*2❛❧❡ < ♣❡2 ❞❡✜♥✐③✐♦♥❡ IG(H)(n) =
[IG(H)(n−1), IG(H)(n−1)] = γ2(IG(H)(n−1))✳ 4❡2 ❧✬✐♣♦*❡+✐ ✐♥❞✉**✐✈❛ +✐ ❤❛ ♣♦✐

γ2(IG(H)(n−1)) ≤ γ2(IG(H
(n−1))) ❡ ❞✉♥D✉❡ ✱❛♣♣❧✐❝❛♥❞♦ ✐❧ ♣✉♥*♦ ♣2❡❝❡❞❡♥*❡

✸✵



❞❡❧ ❧❡♠♠❛✱ ♣♦((✐❛♠♦ ❝♦♥❝❧✉❞❡-❡ ❝❤❡

IG(H)(n) ≤ γ2(IG(H
(n−1))) ≤ IG(γ2(H

(n−1))) = IG(H
(n)).

➱ ❞♦✈❡-♦(♦ ♦((❡-✈❛-❡ ❝❤❡ 1✉❡(2✬✉❧2✐♠♦ ❧❡♠♠❛ 4 ✉♥ ❝❛(♦ ♣❛-2✐❝♦❧❛-❡ ❞✐ ✉♥

-✐(✉❧2❛2♦ ❣❡♥❡-❛❧❡ ❞✐ 6✳ ❍❛❧❧ ❝❤❡ ✈❡❞-❡♠♦✐ ♥❡❧ ♣❛-❛❣-❛❢♦ (✉❝❝❡((✐✈♦✳

✸✳✷✳✶ ❚❡♦'❡♠❛ ❞✐ ,✳ ❍❛❧❧

■♥♥❛♥③✐2✉22♦ ✐♥2-♦❞✉❝✐❛♠♦ ❛❧❝✉♥❡ ♥♦2❛③✐♦♥✐✳

❙✐❛♥♦ H1, H2, ..., Hn (♦22♦❣-✉♣♣✐ ❞✐ G ❡ (✐❛ θ ✉♥❛ 1✉❛❧(✐❛(✐ ♣❛-♦❧❛ ✐♥ n ✈❛-✐❛✲

❜✐❧✐✱ ❛❧❧♦-❛ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ θ(H1, ..., Hn) ✐❧ (♦22♦❣-✉♣♣♦ ❞✐ G ❣❡♥❡-❛2♦ ❞❛ 2✉22✐

❣❧✐ ❡❧❡♠❡♥2✐ ❞❡❧❧❛ ❢♦-♠❛ θ(h1, ..hn) ❝♦♥ hi ∈ Hi✱ ♣❡- ♦❣♥✐ 1 ≤ i ≤ n✳
❈♦♠❡ ❞❛ ❝♦♥(✉❡2✉❞✐♥❡✱ ❞❛2♦ ✉♥ ✐♥(✐❡♠❡ ❞✐ ♣-✐♠✐✱ π✱ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ π′

❧✬✐♥✲

(✐❡♠❡ ❞❡✐ ♣-✐♠✐ ♥❛2✉-❛❧✐ ❝❤❡ ♥♦♥ ❛♣♣❛-2❡♥❣♦♥♦ ❛ π✳ ■♥♦❧2-❡✱ ❞✐❝✐❛♠♦ ❝❤❡ ✉♥

❣-✉♣♣♦ G 4 ✉♥ π✲❣"✉♣♣♦ ✭♦ ✉♥ π′
✲❣"✉♣♣♦✮ (❡ 2✉22✐ ✐ ❞✐✈✐(♦-✐ ♣-✐♠✐ ❞❡❧ (✉♦

♦-❞✐♥❡ (♦♥♦ ❡❧❡♠❡♥2✐ ❞✐ π ✭♦ π′
✮✳

■❧ ❚❡♦-❡♠❛ ❞✐ 6✳ ❍❛❧❧ (✐ (✐♠♦(2-❛ -✐❝♦--❡♥❞♦ ❡((❡♥③✐❛❧♠❡♥2❡ ❛❧ ❧❡♠♠❛ (❡❣✉❡♥2❡✳

▲❡♠♠❛ ✸✳✷✳✻✳ ❙✐❛♥♦ A1, . . . , An *♦++♦❣"✉♣♣✐ ❞❡❧ ❣"✉♣♣♦ ✜♥✐+❛♠❡♥+❡ ❣❡♥❡"❛+♦

❡ ♥✐❧♣♦+❡♥+❡ G ❡✱ ♣❡" ♦❣♥✐ 1 ≤ i ≤ n✱ *✐❛ Bi ≤ Ai ❝♦♥ |Ai : Bi| ✜♥✐+♦✳ ❙✐❛ π
❧✬✐♥*✐❡♠❡ ❞✐ +✉++✐ ✐ ♣"✐♠✐ ❝❤❡ ❞✐✈✐❞♦♥♦ ❣❧✐ ✐♥❞✐❝✐ ❞✐ |Ai : Bi| ❡ *✐❛ θ(x1, . . . , xn)
✉♥❛ ♣❛"♦❧❛✳ ❆❧❧♦"❛

|θ(A1, . . . , An) : θ(B1, . . . , Bn)| 8 ✜♥✐+♦ ❡❞ 8 ✉♥ π✲♥✉♠❡"♦.

❉✐♠♦*+"❛③✐♦♥❡✳ 6❡- ❛❧❧❡❣❣❡-✐-❡ ❧❛ ♥♦2❛③✐♦♥❡ ❝❤✐❛♠✐❛♠♦ H = θ(A1, ..An) ❡

K = θ(B1, ..Bn) ❡ ♥♦2✐❛♠♦ ❝❤❡ K ≤ H✳ ❙✉♣♣♦♥✐❛♠♦✱ ♣❡- ❝♦♥2-❛❞❞✐③✐♦♥❡✱

❝❤❡ ❧✬✐♥❞✐❝❡ ❞✐ K ✐♥ H ♥♦♥ (✐❛ ✉♥ π✲♥✉♠❡-♦✱ ♦✈✈❡-♦

|H : K| ∈ π′
♦♣♣✉-❡ (✐❛ ∞. ✭✸✳✽✮

■♥♥❛♥③✐2✉22♦✱ ❡((❡♥❞♦ G ♥✐❧♣♦2❡♥2❡ ❡ ✜♥✐2❛♠❡♥2❡ ❣❡♥❡-❛2♦✱ ❡((♦ (♦❞❞✐(❢❛ ❧❛

❝♦♥❞✐③✐♦♥❡ ❞✐ ♠❛((✐♠❛❧✐2F ❝♦♠❡ ❡♥✉♥❝✐❛2♦ ♥❡❧❧❛ 6-♦♣♦(✐③✐♦♥❡ ✶✳✹✳✺❀ ♣❡-2❛♥2♦

❡(✐(2❡ ✉♥ (♦22♦❣-✉♣♣♦ N E G ♠❛((✐♠❛❧❡ 2-❛ ✐ (♦22♦❣-✉♣♣✐ M E G 2❛❧✐ ❝❤❡

|HM : KM | ♥♦♥ π✲♥✉♠❡-♦. ✭✸✳✾✮

6♦((✐❛♠♦ ❛((✉♠❡-❡ ❝❤❡ N = 1❀ ✐♥❢❛22✐ 4 (❡♠♣-❡ ♣♦((✐❜✐❧❡ -✐❝♦♥❞✉-(✐ ❛ 1✉❡(2♦

❝❛(♦ (♦(2✐2✉❡♥❞♦ G ❡ ✐ (✉♦✐ (♦22♦❣-✉♣♣✐ ❝♦♥ ❧❛ -✐(♣❡22✐✈❛ ♣-♦✐❡③✐♦♥❡ (✉❧ ❣-✉♣♣♦

✸✶



 ✉♦③✐❡♥'❡ G/N ✳

❈♦♥ ❧❡ ❛,,✉♥③✐♦♥✐ ❢❛''❡ ,✐♥♦.❛ ❛♥❞✐❛♠♦ ❛ ,'✉❞✐❛.❡ Z✱ ✐❧ ❝❡♥'.♦ ❞✐ G✳

3❡. ❧❛ ♠❛,,✐♠❛❧✐'4 ❞✐ N ✱ ,✐ ❤❛ ❝❤❡ Z ∩K = 1❀ ✐♥❢❛''✐ Z ∩K E G ❡ ,♦❞❞✐,❢❛

❧❛ ❝♦♥❞✐③✐♦♥❡ ✭✸✳✾✮ ❞❛'♦ ❝❤❡

|H(Z ∩K) : K(Z ∩K)| = |H(Z ∩K) : K| =
|H||(Z ∩K)|

|H ∩ (Z ∩K)||K|

=
|H||(Z ∩K)|

|(Z ∩K)||K|
= |H : K|.

✭✸✳✶✵✮

❙✉♣♣♦♥✐❛♠♦ ❝❤❡ Z ❝♦♥'❡♥❣❛ ✉♥ ,♦''♦❣.✉♣♣♦ ❝✐❝❧✐❝♦ ✐♥✜♥✐'♦✱ ❞❡''♦ Y ✳ ❆❧❧♦.❛✱

♣❡. ❧❛ ♠❛,,✐♠❛❧✐'4 ❞✐ N ✱ |HY : KY | ❞❡✈❡ ❡,,❡.❡ ✉♥ π✲♥✉♠❡.♦✱ ♦✈✈❡.♦

|HY : KY | =
|H||Y |

|H ∩ Y |

|K ∩ Y |

|K||Y |
=

|H : K|

|H ∩ Y |
π✲♥✉♠❡.♦, ✭✸✳✶✶✮

❞♦✈❡ ❛❜❜✐❛♠♦ ✉'✐❧✐③③❛'♦ ✐❧ ❢❛''♦ ❝❤❡ K ∩ Y ≤ K ∩ Z = 1✳ ❘✐❝♦.❞❛♥❞♦ ❝❤❡

♣❡. ✐♣♦'❡,✐ ✭✸✳✽✮ |H : K| ♥♦♥ G ✉♥ π✲♥✉♠❡.♦✱ ❧✬❡ ✉✐✈❛❧❡♥③❛ ❛♣♣❡♥❛ '.♦✈❛'❛

✐♠♣❧✐❝❛ ❝❤❡ H ∩ Y 6= 1✳ ❈❤✐❛♠✐❛♠♦ C = H ∩ Y ❡ ♦,,❡.✈✐❛♠♦ ❝❤❡ C G ✉♥

❣.✉♣♣♦ ❝✐❝❧✐❝♦ ✐♥✜♥✐'♦✱ ❡,,❡♥❞♦ C ≤ Y ✳ ❖.❛ ❝♦♥,✐❞❡.✐❛♠♦ ✉♥ ♣.✐♠♦ q ∈ π′

❡ ✐❧ ❣.✉♣♣♦ Cq
❣❡♥❡.❛'♦ ❞❛❧❧❡ ♣♦'❡♥③❡ q✲❡,✐♠❡ ❞❡❣❧✐ ❡❧❡♠❡♥'✐ ❞✐ C✳ ❉❛❧❧❛

❞❡✜♥✐③✐♦♥❡ ❞✐ C✱ ,❡❣✉❡ ❝❤❡ Cq ≤ C ≤ Z ❡ ❞✉♥ ✉❡ C ❡ Cq
,♦♥♦ ❡♥'.❛♠❜✐

♥♦.♠❛❧✐ ✐♥ G✳ ◆✉♦✈❛♠❡♥'❡ ♣❡. ❧❛ ♠❛,,✐♠❛❧✐'4 ❞✐ N ✱ ❛❜❜✐❛♠♦ ❝❤❡ |HC : KC|
❡ |HCq : KCq| ,♦♥♦ π✲♥✉♠❡.✐❀ ✐♥ ♣❛.'✐❝♦❧❛.❡

|HCq : KCq|
︸ ︷︷ ︸

π✲♥✉♠❡%♦

=(a) |H : KCq| = |H : KC||KC : KCq| =(b) |H : KC|q

= |HC : KC|
︸ ︷︷ ︸

π✲♥✉♠❡%♦

q
︸︷︷︸

∈π′

,

✭✸✳✶✷✮

❞♦✈❡ ✐♥ (a) ❡ ✐♥ (b) ❛❜❜✐❛♠♦ .✐❝♦.❞❛'♦ .✐,♣❡''✐✈❛♠❡♥'❡ ❝❤❡ Cq
❡ C ,♦♥♦

,♦''♦❣.✉♣♣✐ ❞✐ H✳ ▲✬✉❣✉❛❣❧✐❛♥③❛ ✐♥ ✭✸✳✶✷✮ G ✉♥❛ ❝♦♥'.❛❞❞✐③✐♦♥❡ ❡ ♣❡.'❛♥'♦ Z
♥♦♥ ♣♦,,✐❡❞❡ ,♦''♦❣.✉♣♣✐ ❝✐❝❧✐❝✐ ✐♥✜♥✐'✐❀ ♦✈✈❡.♦ '✉''✐ ❣❧✐ ❡❧❡♠❡♥'✐ ❞✐ Z ❤❛♥♥♦

♦.❞✐♥❡ ✜♥✐'♦✳ ❙✐❛ ❞✉♥ ✉❡ R ✉♥ ,♦''❣.✉♣♣♦ ❝✐❝❧✐❝♦ ❞✐ ♦.❞✐♥❡ ♣.✐♠♦ r✱ ❛❧❧♦.❛✱
♣❡. ❧♦ ,'❡,,♦ .❛❣✐♦♥❛♠❡♥'♦ ❢❛''♦ ♣❡. Y ✐♥ ✭✸✳✶✶✮✱ |HR : KR| ❞❡✈❡ ❡,,❡.❡ ✉♥

π✲♥✉♠❡.♦✱ R ∩K = 1 ❡ R ∩H 6= 1✳ ■♥ ♣❛.'✐❝♦❧❛.❡✱  ✉❡,'✬✉❧'✐♠♦ .✐,✉❧'❛'♦ ❡❞

✐❧ ❢❛''♦ ❝❤❡ R G ❝✐❝❧✐❝♦ ❞✐ ♦.❞✐♥❡ ♣.✐♠♦✱ ✐♠♣❧✐❝❛ ❝❤❡ R ≤ H✳ ❘✐❛,,✉♠❡♥❞♦✱

|HR : KR| = |H : KR| ❞❡✈❡ ❡,,❡.❡ ✉♥ π✲♥✉♠❡.♦ ❡ ❝✐O ✐♠♣❧✐❝❛ ❝❤❡ r ∈ π′
✱ ✐♥

 ✉❛♥'♦ ✈❛❧❡ ❧✬✉❣✉❛❣❧✐❛♥③❛

|H : K|
︸ ︷︷ ︸

♥♦♥ π✲♥✉♠❡%♦

= |H : KR||KR : K| = |H : KR|
︸ ︷︷ ︸

π✲♥✉♠❡%♦

r.

✸✷



 ♦✐❝❤% &✉❛♥*♦ ❛♣♣❡♥❛ ♣-♦✈❛*♦ ✈❛❧❡ ♣❡- ♦❣♥✐ ♣-✐♠♦ r ❝❤❡ ❞✐✈✐❞❡ ❧✬♦-❞✐♥❡ ❞✐ Z✱
5✐ ❤❛ ❝❤❡ Z 6 ✉♥ π′

✲❣-✉♣♣♦ ✜♥✐*♦✳ ❆❧❧♦-❛✱ -✐❝♦-❞❛♥❞♦ ❝❤❡ 5❡ ✉♥ ❣-✉♣♣♦ ♥✐❧✲

♣♦*❡♥*❡ ❤❛ ❝❡♥*-♦ ❞✐ ❡5♣♦♥❡♥*❡ ✜♥✐*♦ ❛❧❧♦-❛ ❡55♦ ❤❛ ❝♦♠❡ ♦-❞✐♥❡ ✉♥❛ ♣♦*❡♥③❛

❞❡❧❧✬❡5♣♦♥❡♥*❡ ❞❡❧ ❝❡♥*-♦✱ ❝♦♥❝❧✉❞✐❛♠♦ ❝❤❡ ❛♥❝❤❡ G ❞❡✈❡ ❡55❡-❡ ✉♥ π′
✲❣-✉♣♣♦

✜♥✐*♦ ❡ ❝✐< 6 ✐♥ ❝♦♥*-❛❞❞✐③✐♦♥❡ ❝♦♥ ❧❡ ✐♣♦*❡5✐ ❞❡❧ ❧❡♠♠❛✳

 -♦❝❡❞✐❛♠♦ ❝♦♥ ❧❛ ❞✐♠♦5*-❛③✐♦♥❡ ❞❡❧ ❚❡♦-❡♠❛ ❞✐  ✳ ❍❛❧❧✳

❚❡♦#❡♠❛ ✸✳✷✳✼ ✭ ✳ ❍❛❧❧✮✳ ❙✐❛ θ(x1, . . . , xn) ✉♥❛ ♣❛&♦❧❛✱ *✐❛ π ✉♥ ✐♥*✐❡♠❡ ❞✐

♣&✐♠✐ ❡ *✐❛♥♦ H1, . . . , Hn *♦..♦❣&✉♣♣✐ ❞✐ ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.❡ G✱
❛❧❧♦&❛

θ(IπG(H1), . . . , I
π
G(Hn)) ≤ IπG(θ(H1, . . . , Hn)).

❉✐♠♦*.&❛③✐♦♥❡✳  ❡- ❝♦♠♦❞✐*A ❝❤✐❛♠✐❛♠♦ U = θ(IπG(H1), . . . , I
π
G(Hn)) ❡ V =

θ(H1, . . . , Hn)✱ ❛❧❧♦-❛ ❞♦❜❜✐❛♠♦ ♣-♦✈❛-❡ ❝❤❡ U ≤ IπG(V )✳ ❙✐❛ θ(g1, . . . , gn)
✉♥ ❡❧❡♠❡♥*♦ ❞✐ U ✱ ❝♦♥ gi ∈ IπG(Hi) ♣❡- ♦❣♥✐ i = 1, . . . , n✳ ❉❡✜♥✐❛♠♦ ♦-❛

✐ 5♦**♦❣-✉♣♣✐ Ai = 〈gi〉 ❡ Bi = 〈gmi

i 〉✱ ❞♦✈❡✱ ♣❡- ♦❣♥✐ i✱ 1 ≤ mi ∈ N 6

*❛❧❡ ❝❤❡ gmi

i ∈ Hi✳ ❙✐❛ A := 〈A1, . . . , An〉✱ ❡55♦ 6 ✉♥ ❣-✉♣♣♦ ✜♥✐*❛♠❡♥✲

*❡ ❣❡♥❡-❛*♦ ❡ ♣❡-*❛♥*♦ ♥✐❧♣♦*❡♥*❡✳  ❡- ❝♦♠❡ ❛❜❜✐❛♠♦ ❝♦5*-✉✐*♦ A ❡ ✐ 5✉♦✐

5♦**♦❣-✉♣♣✐✱ Ai ❡ Bi✱ 6 ♣♦55✐❜✐❧❡ ❛♣♣❧✐❝❛-✈✐ ✐❧ ▲❡♠♠❛ ✸✳✷✳✻ ❞❡❞✉❝❡♥❞♦ ❝❤❡

|θ(A1, . . . , An) : θ(B1, . . . , Bn)| 6 ✉♥ π✲♥✉♠❡-♦✳ ■♥❢❛**✐✱ ♣❡- ❝♦5*-✉③✐♦♥❡✱

|Ai : Bi| = mi ♣❡- ♦❣♥✐ i ∈ π✳ ❉❛*♦ ❝❤❡ A % ♥✐❧♣♦*❡♥*❡✱ ❛❧❧♦-❛ ♦❣♥✐ 5✉♦

5♦**♦❣-✉♣♣♦ 6 5✉❜♥♦-♠❛❧❡ ❡ ❞✉♥&✉❡ θ(B1, . . . , Bn) ⊳ ⊳θ(A1, . . . , An)✳ ■♥ ♣❛-✲
*✐❝♦❧❛-❡✱ ❡55❡♥❞♦ g ∈ θ(A1, . . . , An)✱ 5✐ ❤❛ gm ∈ θ(B1, . . . , Bn) ≤ V ♣❡- ✉♥

&✉❡❧❝❤❡ m ∈ π✱ ❝❤❡ 6 ❡&✉✐✈❛❧❡♥*❡ ❛❞ ❛✛❡-♠❛-❡ ❝❤❡ g ∈ IπG(V )✳ ❉❛*♦ ❝❤❡ 5♦♥♦
❡❧❡♠❡♥*✐ ❞❡❧ *✐♣♦ ❞✐ g ❝❤❡ ❣❡♥❡-❛♥♦ U ✱ ♣♦55✐❛♠♦ ❝♦♥❝❧✉❞❡-❡ ❝❤❡ U ≤ IπG(V )✳

■❧ *❡♦-❡♠❛ ❞✐  ✳ ❍❛❧❧ ❤❛ ✉♥❛ ❞✐-❡**❛ ❝♦♥5❡❣✉❡♥③❛ ❝❤❡ 6 ♠♦❧*♦ ✉*✐❧❡ &✉❛♥❞♦

5✐ ❧❛✈♦-❛ ❝♦♥ ❣❧✐ ✐5♦❧❛*♦-✐✿

❈♦#♦❧❧❛#✐♦ ✸✳✷✳✽✳ ❙✐❛♥♦ H,K *♦..♦❣&✉♣♣✐ ❞❡❧ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.❡

G✱ ❛❧❧♦&❛
[IG(H), IG(K)] ≤ IG([H,K]).

❉✐♠♦*.&❛③✐♦♥❡✳ ▲❛ ❞✐♠♦5*-❛③✐♦♥❡ ❝♦♥5✐5*❡ ♥❡❧❧✬❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧ ❚❡♦-❡♠❛ ❞✐

 ✳ ❍❛❧❧ ❛ G,H,K ❞♦✈❡ ❧❛ ♣❛-♦❧❛ θ ❝❤❡ 5✐ ✉*✐❧✐③③❛ 6 ✐❧ ❝♦♠♠✉*❛*♦-❡ ❞✐ ❞✉❡
❡❧❡♠❡♥*✐✳ ■♥❢❛**✐✱ ❞❛*✐ H,K ≤ G✱ ❧❛ ♣❛-♦❧❛ θ ❣❡♥❡-❛ ✐❧ 5♦**♦❣-✉♣♣♦ [H,K] ❞✐
G ❡ ❞❛❧ ❚❡♦-❡♠❛ ✸✳✷✳✼ 5❡❣✉❡ ❝❤❡

[IG(H), IG(K)] = θ(IG(H), IG(K)) ≤ IG(θ(H,K)) = IG([H,K]).

✸✸



❖!!❡#✈❛③✐♦♥❡ ✸✳✷✳✾✳ ❙❡ ❛♣♣❧✐❝❤✐❛♠♦ ✐❧ ❈♦+♦❧❧❛+✐♦ ✸✳✷✳✽ ❛❞ ✉♥ 3✉❛❧4✐❛4✐

4♦55♦❣+✉♣♣♦ H ❡❞ ❛❧ 4✉♦ ♥♦+♠❛❧✐③③❛♥5❡ ✐♥ G✱ NG(H)✱ ♦55❡♥✐❛♠♦ ❝❤❡

IG(NG(H)) ≤ NG(IG(H)). ✭✸✳✶✸✮

■♥ ♣❛+5✐❝♦❧❛+❡✱ ❛❜❜✐❛♠♦ ❝❤❡ ✐❧ ♥♦+♠❛❧✐③③❛♥5❡ ✐♥ G ❞✐ ✉♥ 4♦55♦❣+✉♣♣♦ ✐4♦❧❛5♦

H ; ❛♥❝❤✬❡44♦ ✐4♦❧❛5♦❀ ♦✈✈❡+♦ 4❡ H = IG(H) ❛❧❧♦+❛

NG(H) = IG(NG(H)).

❖!!❡#✈❛③✐♦♥❡ ✸✳✷✳✶✵✳ ❆❧5+❛ ✐♠♠❡❞✐❛5❛ ❝♦♥4❡❣✉❡♥③❛ ❞✐ 3✉❡45♦ ❝♦+♦❧❧❛+✐♦ ;

❝❤❡ 4❡ H ; 4✉❜♥♦+♠❛❧❡ ❞✐ ❞✐❢❡55♦ d ✐♥ G✱ ❛❧❧♦+❛ IG(H) ; 4✉❜♥♦+♠❛❧❡ ❞✐

❞✐❢❡55♦ ❛❧ ♣✐A d✿
H ⊳ ⊳dG ⇒ IG(H) ⊳ ⊳dG. ✭✸✳✶✹✮

■♥❢❛55✐✱ ❝♦♥ ✉♥ 4❡♠♣❧✐❝❡ ❝❛❧❝♦❧♦✱ 4✐ ♣✉C ♣+♦✈❛+❡ ❝❤❡ 4❡ H = Hd ⊳ Hd−1 ❛❧❧♦+❛

❛♥❝❤❡ IG(H) E Hd−1✳

)❛++✐❛♠♦ ♦/❛ ❛❧❧♦ +1✉❞✐♦ ❞❡❣❧✐ ✐+♦❧❛1♦/✐ ❞✐ ❣/✉♣♣✐ +❡♥③❛ 1♦/+✐♦♥❡❀ ✐♥ :✉❡+1♦

❝❛+♦ < ♣♦++✐❜✐❧❡ ♦11❡♥❡/❡ ❞❡✐ /✐+✉❧1❛1✐ ♠♦❧1♦ ♣✐> ❢♦/1✐ ❞✐ :✉❡❧❧✐ ♦11❡♥✉1✐ +✐♥♦/❛✳

)/✐♠❛ ❞✐ ❡♥✉♥❝✐❛/❡ ❡ ♣/♦✈❛/❡ ✐ /✐+✉❧1❛1✐ ♣✐> ✐♥1❡/❡++❛♥1✐ ♣❡/ :✉❡+1♦ ❡❧❛❜♦/❛1♦✱

< ❜❡♥❡ ♦++❡/✈❛/❡ ❝❤❡ +❡ ✉♥ ❣/✉♣♣♦ G < +❡♥③❛ 1♦/+✐♦♥❡✱ ✐♥ 1❡/♠✐♥✐ ❞✐ ✐+♦❧❛1♦/✐✱

❝✐C < ❡:✉✐✈❛❧❡♥1❡ ❛❞ ❛✛❡/♠❛/❡ ❝❤❡ IG(1) = T (G) = 1✳

▲❡♠♠❛ ✸✳✷✳✶✶✳ ❙✐❛ G ✉♥ ❣+✉♣♣♦ ❧♦❝❛❧♠❡♥5❡ ♥✐❧♣♦5❡♥5❡ ❡ ♣+✐✈♦ ❞✐ 5♦+4✐♦♥❡✱

❡ 4✐❛ H ✉♥ 4♦55♦❣+✉♣♣♦ ❞✐ G✳ ❆❧❧♦+❛✱ ♣❡+ ♦❣♥✐ ♦+❞✐♥❛❧❡ α✱ 4✐ ❤❛

ζα(IG(H)) = IG(ζα(H)).

❉✐♠♦45+❛③✐♦♥❡✳ )❡/ ✐♥❞✉③✐♦♥❡ +✉❧❧✬♦/❞✐♥❛❧❡ α✳
❙❡ α = 0✱ ✐♥♥❛♥③✐1✉11♦ /✐❝♦/❞✐❛♠♦ ❝❤❡ ♣❡/ ❞❡✜♥✐③✐♦♥❡ ❞❡❧❧❛ +❡/✐❡ ❝❡♥✲

1/❛❧❡ ❛+❝❡♥❞❡♥1❡ ζ0(H) = 1 ♣❡/ ♦❣♥✐ H ≤ G ❡ ❧✬✉❣✉❛❣❧✐❛♥③❛ +✐ ✈❡/✐✜❝❛

+❡♠♣❧✐❝❡♠❡♥1❡✱ ✐♥ :✉❛♥1♦

ζ0(IG(H)) = 1 = T (G) = IG(1) = IG(ζ0(H))

❛✈❡♥❞♦ ❛++✉♥1♦ G +❡♥③❛ 1♦/+✐♦♥❡✳

❙❡ α ≥ 1 ❛❧❧♦/❛ ♣♦++✐❛♠♦ ❛++✉♠❡/❡ α = β + 1 ♣❡/ ✉♥ :✉❡❧❝❤❡ ♦/❞✐♥❛❧❡

β✳ ❙✐❛ K := ζβ(H) ❡ +✐❛♥♦ x ∈ IG(ζα(H)) ❡ g ∈ IG(H)✳ ❆❧❧♦/❛ ❡+✐+1♦♥♦

1 ≤ m ∈ N 1❛❧❡ ❝❤❡ xm ∈ ζα(H) ❡ gm ∈ H✱ ♦✈✈❡/♦✱ /✐❝♦/❞❛♥❞♦ ❛♥❝❤❡ ❧❛

❞❡✜♥✐③✐♦♥❡ ❞✐ +❡/✐❡ ❝❡♥1/❛❧❡ ❛+❝❡♥❞❡♥1❡✱

[gm, xm] ∈ [H, ζα(H)] ≤ ζβ(H) = K.

✸✹



❖!❛✱ ♣❡! ✐❧ ▲❡♠♠❛ ✸✳✶✳✶ ❛♣♣❧✐❝❛.♦ ❛ G/K ❡❞ ❛ 〈g〉GK/K✱ 〈xm〉GK/K✱ 1✐
❤❛ ❝❤❡ [g, x] ∈ K ≤ IG(K) ❡ ❝✐3 4 ✈❡!♦ ♣❡! ♦❣♥✐ x ∈ IG(ζα(H)) ❡ ♣❡! ♦❣♥✐
g ∈ IG(H)✳ ❉❛.♦ ❝❤❡ 1✐✛❛..✐ [g, x] ❣❡♥❡!❛♥♦ [IG(H), IG(ζα(H))] ≤ IG(K) ❡
❝❤❡✱ ♣❡! ✐♣♦.❡1✐ ✐♥❞✉..✐✈❛✱ IG(ζβ(H)) = ζβ(IG(H)) ♦..❡♥✐❛♠♦ ❝❤❡

[IG(H), IG(ζα(H))] ≤ ζβ(IG(H)).

❈✐3 ♣!♦✈❛ ❝❤❡ IG(ζα(H)) ≤ ζα(IG(H))✳ ❱✐❝❡✈❡!1❛✱ 1✐❛ y ∈ ζα(IG(H)) ❡
♦11❡!✈✐❛♠♦ ❝❤❡✱ ❡11❡♥❞♦ ζα(IG(H)) ≤ IG(H)✱ ❡1✐1.❡ ✉♥ 1 ≤ n ∈ N .❛❧❡ ❝❤❡

yn ∈ IG(H)✳ ❉✉♥=✉❡ 1✐ ❤❛ ❧❛ 1❡❣✉❡♥.❡ ❝❛.❡♥❛ ❞✐ ✐♥❝❧✉1✐♦♥✐✿

[H, yn] ≤ [IG(H), yn] ∩H ≤ ζβ(IG(H)) ∩H.

?❡! ✐♣♦.❡1✐ ✐♥❞✉..✐✈❛ 1✐ ❤❛ ζβ(IG(H)) = IG(ζβ(H)) ❡ ❞✉♥=✉❡ IG(ζβ(H))∩H =
IG(K) ∩H = IH(K)✳ ◗✉❡1.✬✉❧.✐♠♦ ❢❛..♦ ❝✐ ♣❡!♠❡..❡ ❞✐ ❝♦♥❝❧✉❞❡!❡ ❝❤❡

[H, yn] ≤ IH(K). ✭✸✳✶✺✮

❖11❡!✈✐❛♠♦ ♦!❛ ❝❤❡ IH(K) = T (H/K)✱ ❛❧❧♦!❛✱ ♣❡! ✐❧ 1❡❝♦♥❞♦ ♣✉♥.♦ ❞❡❧❧❛
?!♦♣♦1✐③✐♦♥❡ ✸✳✶✳✸✱ ❛♣♣❧✐❝❛.♦ ❛❧ ❣!✉♣♣♦ 1❡♥③❛ .♦!1✐♦♥❡ ❡ ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.❡

H✱ ♣♦11✐❛♠♦ ❛✛❡!♠❛!❡ ❝❤❡ T (H/K) = 1H/K ✱ ✐♥ ❛❧.!✐ .❡!♠✐♥✐ IH(K) = K✳
❯♥❡♥❞♦ =✉❛♥.♦ ❛♣♣❡♥❛ ♣!♦✈❛.♦ ❛ ✭✸✳✶✺✮✱ .!♦✈✐❛♠♦ ❝❤❡ [H, yn] ≤ K = ζβ(H)
❡ ❝✐3 ✐♠♣❧✐❝❛ ❝❤❡ yn ∈ ζβ+1(H) = ζα(H)✳ ❉✉♥=✉❡ y ∈ IG(ζα(H)) ♣❡! ♦❣♥✐
y ∈ ζα(IG(H)) ❡ ❝✐ ♣❡!♠❡..❡ ❞✐ ❝♦♥❝❧✉❞❡!❡ ❝❤❡ ζα(IG(H)) ≤ IG(ζα(H))✳
?!♦❝❡❞✐❛♠♦ ❝♦♥ ❧✬✉❧.✐♠♦ ❝❛1♦ ❞❛ ❝♦♥1✐❞❡!❛!❡✱ ♦11✐❛ =✉❛♥❞♦ α 4 ✉♥ ♦!❞✐♥❛❧❡

❧✐♠✐.❡✳ ?❡! ❞❡✜♥✐③✐♦♥❡ ♣♦11✐❛♠♦ 1❝!✐✈❡!❡ α =
⋃

β<α β ❡ ❝❤❡

ζα(IG(H)) =
⋃

β<α

ζβ(IG(H)) =(∗)

⋃

β<α

IG(ζβ(H))

= IG(
⋃

β<α

ζβ(H)) = IG(ζα(H)),

❞♦✈❡ ✐♥ (∗) ❛❜❜✐❛♠♦ ✉.✐❧✐③③❛.♦ ✐❧ ❢❛..♦ ❝❤❡ ❧❛ ✈❡!✐❞✐❝✐.J ❞❡❧❧✬❡♥✉♥❝✐❛.♦ ♣❡! ✉♥
=✉❛❧1✐❛1✐ ♦!❞✐♥❛❧❡ β ♥♦♥ ❧✐♠✐.❡ 4 1.❛.❛ ♣!♦✈❛.❛ ♥❡❧ ♣✉♥.♦ ♣!❡❝❡❞❡♥.❡✳

❈♦"♦❧❧❛"✐♦ ✸✳✷✳✶✷✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ .❡♥③❛ -♦&.✐♦♥❡✳

❙❡ G ♣♦..✐❡❞❡ ✉♥ .♦--♦❣&✉♣♣♦ H ❝♦♥ IG(H) = G ❡ ❝❤❡ .✐❛ ♥✐❧♣♦-❡♥-❡ ✭&✐.♦✲

❧✉❜✐❧❡✱ ✐♣❡&❝❡♥-&❛❧❡✮ ❞✐ ❝❧❛..❡ c ✭❞✐ ❧✉♥❣❤❡③③❛ ❞❡&✐✈❛-❛ d✱ ❧✉♥❣❤❡③③❛ α✮✱ ❛❧❧♦&❛
G 9 ♥✐❧♣♦-❡♥-❡ ❞✐ ❝❧❛..❡ c ✭&✐.♦❧✉❜✐❧❡ ❞✐ ❧✉♥❣❤❡③③❛ ❞❡&✐✈❛-❛ d✱ ✐♣❡&❝❡♥-&❛❧❡ ❞✐

❧✉♥❣❤❡③③❛ α✮✳

❉✐♠♦.-&❛③✐♦♥❡✳ ?!♦❝❡❞✐❛♠♦ ❝♦♥ ❧❛ ❞✐♠♦1.!❛③✐♦♥❡ .❡♥❡♥❞♦ ❛ ♠❡♥.❡ =✉❛♥.♦

♦11❡!✈❛.♦ ✐♥ ♣!❡❝❡❞❡♥③❛✿ G 4 1❡♥③❛ .♦!1✐♦♥❡ 1❡✱ ❡ 1♦❧♦ 1❡✱ IG(1) = 1✳
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❙❡ H ≤ G " ♥✐❧♣♦(❡♥(❡ ❞✐ ❝❧❛,,❡ c ❛❧❧♦-❛ γc+1(H) = 1❀ ✐♥♦❧(-❡ ♣❡- ✐❧ ♣✉♥(♦
✭✐✐✮ ❞❡❧ ▲❡♠♠❛ ✸✳✷✳✺ ❡ ♣❡- ❧✬✐♣♦(❡,✐ IG(H) = G ,✐ ❤❛✿

1 = IG(γc+1(H)
︸ ︷︷ ︸

=1

) = γc+1(IG(H)) = γc+1(G).

❉✉♥:✉❡ γc+1(G) = 1 ❡ ❝✐; ✐♠♣❧✐❝❛ ❝❤❡ G " ♥✐❧♣♦(❡♥(❡ ❞✐ ❝❧❛,,❡ c✳
❘✐❝♦-❞✐❛♠♦ ❝❤❡ H " ✉♥ ,♦((♦❣-✉♣♣♦ -✐,♦❧✉❜✐❧❡ ❞✐ ❧✉♥❣❤❡③③❛ ❞❡-✐✈❛(❛ d ,❡✱

❡ ,♦❧♦ ,❡✱ H(d) = 1 ❡ H(d−1) 6= 1✳ ❚-❛♠✐(❡ ✐❧ ♣✉♥(♦ ✭✐✐✐✮ ❞❡❧ ▲❡♠♠❛ ✸✳✷✳✺

♦((❡♥✐❛♠♦

G(d) = (IG(H))(d) = IG(H
(d)) = IG(1) = 1,

♦✈✈❡-♦ ❝❤❡ G(d) = 1 ❡ ,✐❣♥✐✜❝❛ ❝❤❡ G " -✐,♦❧✉❜✐❧❡ ❞✐ ❧✉♥❣❤❡③③❛ ❞❡-✐✈❛(❛ d✳
■♥✜♥❡✱ ,✉♣♣♦♥✐❛♠♦ ❝❤❡ H ≤ G ,✐❛ ✐♣❡-❝❡♥(-❛❧❡ ❞✐ ❧✉♥❣❤❡③③❛ α ❡ ❝♦♥

IG(H) = G✱ ❛❧❧♦-❛ ζβ(H) = ζβ+1(H) ♣❡- ♦❣♥✐ ♦-❞✐♥❛❧❡ β ≥ α✳ E❡- ✐❧ ▲❡♠♠❛

✸✳✷✳✶✶ ♣♦,,✐❛♠♦ ,❝-✐✈❡-❡

ζβ(G) = ζβ(IG(H)) = IG(ζβ(H)) = IG(ζβ+1(H)) = ζβ+1(G)

♦,,✐❛ ζβ(G) = ζβ+1(G) ❡ ❝✐; ✈❛❧❡ ♣❡- ♦❣♥✐ β ≥ α✳ E❡-(❛♥(♦ G " ✐♣❡-❝❡♥(-❛❧❡

❞✐ ❧✉♥❣❤❡③③❛ α✳

▲❡♠♠❛ ✸✳✷✳✶✸✳ ❙✐❛ G ✉♥ ❣(✉♣♣♦ ❧♦❝❛❧♠❡♥/❡ ♥✐❧♣♦/❡♥/❡ ❝❤❡ ❛♠♠❡//❡ ✉♥

1♦//♦❣(✉♣♣♦ ♥✐❧♣♦/❡♥/❡ H ❞✐ ✐♥❞✐❝❡ ✜♥✐/♦✳ ❙❡ T (H) ❤❛ ❡1♣♦♥❡♥/❡ ✜♥✐/♦✱ ❛❧❧♦(❛

G 6 ♥✐❧♣♦/❡♥/❡✳

❉✐♠♦1/(❛③✐♦♥❡✳ ❆ ♣❛((♦ ❞✐ ❝♦♥,✐❞❡-❛-❡ ✐❧ ❝✉♦-❡ ♥♦-♠❛❧❡ HG =
⋂

g∈G Hg
❞✐ H

✐♥ G ❛❧ ♣♦,(♦ ❞✐ H✱ ♣♦,,✐❛♠♦ ❛,,✉♠❡-❡ ❝❤❡ H ⊳G✳ ■♥❢❛((✐✱ ❡,,❡♥❞♦ HG ≤ H✱

❡,,♦ ❤❛ ✐♥❞✐❝❡ ✜♥✐(♦ ✐♥ G ❡❞ " ♥✐❧♣♦(❡♥(❡✳ T (H) " ♥✐❧♣♦(❡♥(❡ ❡❞ ❛♠♠❡((❡

✉♥❛ ,❡-✐❡ ❝❛-❛((❡-✐,(✐❝❛ ✜♥✐(❛ ✐ ❝✉✐ ❢❛((♦-✐ ,♦♥♦ (✉((✐ ❝❡♥(-❛❧✐ ❡ ❣-✉♣♣✐ ❡❧❡♠❡♥✲

(❛-✐ ❛❜❡❧✐❛♥✐ ♣❡- ✉♥ ♥✉♠❡-♦ ✜♥✐(♦ ❞✐ ♣-✐♠✐✳ ❙✐❛ U/V ✉♥ ❢❛((♦-❡ ❞✐ ,✐✛❛((❛

,❡-✐❡ ❡ ,✐❛ ✉♥ p✲❣-✉♣♣♦ ❡❧❡♠❡♥(❛-❡ ❡ ❛❜❡❧✐❛♥♦✱ ❛❧❧♦-❛ H ≥ CG(U/V )✱ :✉✐♥❞✐
G/CG(U/V ) " ✜♥✐(♦ ❡ ♣❡-(❛♥(♦ " ✉♥ p✲❣-✉♣♣♦✳ ❙✐ ♣✉; ❞✐♠♦,(-❛-❡ ❝❤❡ ,❡ ✉♥

❣-✉♣♣♦ Ḡ ❤❛ ✉♥ p✲,♦((♦❣-✉♣♣♦ Ā ❛❜❡❧✐❛♥♦✱ ❡❧❡♠❡♥(❛-❡ ❡ ♥♦-♠❛❧❡ ♥♦♥ ❜❛♥❛❧❡

(❛❧❡ ❝❤❡ Ḡ/CḠ(Ā) " ✉♥ p✲❣-✉♣♣♦ ✜♥✐(♦✱ ❛❧❧♦-❛ ❡,✐,(❡ ✉♥ 1 ≤ n ∈ N (❛❧❡ ❝❤❡

Ā ≤ ζn(Ḡ)❀ :✉✐♥❞✐ ❡,✐,(❡ ✉♥ 1 ≤ m ∈ N (❛❧❡ ❝❤❡ U/V ≤ ζm(G/V )✱ ❝♦♥
ζm(G/V ) (❡-♠✐♥❡ ❞❡❧❧❛ ,❡-✐❡ ❝❡♥(-❛❧❡ ❛,❝❡♥❞❡♥(❡ ❞✐ G/V ✳ ❘✐♣❡(❡♥❞♦ :✉❡✲

,(♦ -❛❣✐♦♥❛♠❡♥(♦ ♣❡- ♦❣♥✐ ❢❛((♦-❡ ❞❡❧❧❛ ,❡-✐❡ ❝❡♥(-❛❧❡ ❞✐ T (H)✱ ♣-♦✈✐❛♠♦ ❝❤❡

T (H) ≤ ζn(G) ♣❡- ✉♥ :✉❡❧❝❤❡ n ∈ N✳ ❖-❛✱ ♦,,❡-✈✐❛♠♦ ❝❤❡ T (G)/T (H) "
✐,♦♠♦-❢♦ ❛ T (G)H/H ❡❞ " ✉♥❛ ,❡③✐♦♥❡ ♥♦-♠❛❧❡ ✜♥✐(❛ ❞✐ G❀ ♣❡- (❛❧❡ ♠♦(✐✈♦

T (G) ≤ ζk(G) ♣❡- ✉♥ :✉❧❛❝❤❡ k ∈ N✳ ■♥✜♥❡✱ ✐❧ ❈♦-♦❧❧❛-✐♦ ♣-❡❝❡❞❡♥(❡ ✸✳✷✳✶✷

❛♣♣❧✐❝❛(♦ ❛❧ ❣-✉♣♣♦ G/T (G) ♥❡ ❛,,✐❝✉-❛ ❧❛ ♥✐❧♣♦(❡♥③❛ ❡ ❝✐; ✐♠♣❧✐❝❛ ❛ ,✉❛

✈♦❧(❛ ❧❛ ♥✐❧♣♦(❡♥③❛ ❞✐ G✳
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✸✳✷✳✷ ▲❡♠♠❛ ❞✐ ▼*❤,❡-

■❧ ▲❡♠♠❛ ❞✐ ▼)❤+❡, - ✉♥❛ ,❡♠♣❧✐❝❡✱ ♠❛ ♠♦❧4♦ ✉4✐❧❡✱ ❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧❧❛

❚❡♦+✐❛ ❞❡❣❧✐ ✐,♦❧❛4♦+✐ ❛✐ ❣+✉♣♣✐ ,❡♥③❛ 4♦+,✐♦♥❡✳

▲❡♠♠❛ ✸✳✷✳✶✹✳ ❙✐❛♥♦ G ✉♥ ❣'✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ ♥✉♠❡'❛❜✐❧❡✱ F
✉♥ 0♦--♦❣'✉♣♣♦ ✜♥✐-❛♠❡♥-❡ ❣❡♥❡'❛-♦ ❞✐ G ❡ M ✉♥ 0♦--♦✐♥0✐❡♠❡ ✜♥✐-♦ ❞✐ G
❝♦♥ F ∩M = ∅✳ ❆❧❧♦'❛ ❡0✐0-❡ ✉♥ 0♦--♦❣'✉♣♣♦ H ❞✐ G -❛❧❡ ❝❤❡ IG(H) = G✱
F ≤ H ❡ H ∩M = ∅✳

❉✐♠♦0-'❛③✐♦♥❡✳ ❊,,❡♥❞♦ G ♥✉♠❡+❛❜✐❧❡✱ ♣♦,,✐❛♠♦ ,❝+✐✈❡+❧♦ ❝♦♠❡ G = {xi | i ∈
N}✳ ▼♦,4+❡+❡♠♦ ❝❤❡ - ♣♦,,✐❜❧✐❧❡ ❝♦,4+✉✐+❡ +✐❝♦+,✐✈❛♠❡♥4❡ ✉♥❛ ,❡+✐❡ ❞✐ ,♦44♦✲

❣+✉♣♣✐

F = H0 ≤ H1 ≤ H2 ≤ ... ≤ Hn−1 ≤ Hn ≤ ... ✭✸✳✶✻✮

❞✐ G ✜♥✐4❛♠❡♥4❡ ❣❡♥❡+❛4✐ ❡ ❝♦♥ ❧❛ ♣+♦♣+✐❡4C ❞✐ ❛✈❡+❡ ✐♥4❡+,❡③✐♦♥❡ 4+✐✈✐❛❧❡ ❝♦♥

❧✬✐♥,✐❡♠❡ M ✳

❙✉♣♣♦♥✐❛♠♦ ❛❧❧♦+❛ ❝❤❡ ♣❡+ ♦❣♥✐ n ∈ N ❝✐ ,✐❛♥♦ n+1 ✐♥4❡+✐ ♣♦,✐4✐✈✐ m0,m1, ...,mn✱

4❛❧✐ ❝❤❡

〈F, xm0
0 , ..., xmn

n 〉 ∩M = ∅. ✭✸✳✶✼✮

❙✐❛ Hn = 〈F, xm0
0 , ..., xmn

n 〉 ❡ ❞❡✜♥✐❛♠♦ K = 〈Hn, xn+1〉✳ ❉✉♥H✉❡✱ ❡,,❡♥❞♦

K ✜♥✐4❛♠❡♥4❡ ❣❡♥❡+❛4♦✱ ❡,,♦ - ♥✐❧♣♦4❡♥4❡ ❡ ♣♦❧✐❝✐❝❧✐❝♦✳ I❡+ ✐❧ ❚❡♦+❡♠❛ ❞✐

▼❛❧✬❝❡✈ ✶✳✹✳✸✱ Hn - ❧✬✐♥4❡+,❡③✐♦♥❡ ❞✐ 4✉44✐ ✐ ,♦44♦❣+✉♣♣✐ ❞✐ K ❝♦♥ ✐♥❞✐❝❡ ✜♥✐4♦

❝❤❡ ❧♦ ❝♦♥4❡♥❣♦♥♦✳

❉❛4♦ ❝❤❡ M - ✜♥✐4♦✱ ❡,✐,4❡ ,✐❝✉+❛♠❡♥4❡ ✉♥ ,♦44♦❣+✉♣♣♦ W ❞✐ K 4❛❧❡ ❝❤❡

Hn ⊆ W ❡ W ∩M = ∅.

I❡+❝✐K ❡,✐,4❡ 0 6= mn+1 ∈ N 4❛❧❡ ❝❤❡ x
mn+1

N+1 ∈ W ✳

❖+❛✱ ,❡ ❝❤✐❛♠✐❛♠♦ Hn+1 := 〈Hn, xn+1
mn+1〉✱ ❛❜❜✐❛♠♦ ❝❤❡ F ≤ Hn+1 ❡ Hn+1∩

M = ∅✳ ■♥ H✉❡,4♦ ♠♦❞♦ ❛❜❜✐❛♠♦ ❝♦,4+✉✐4♦ ❧❛ ,❡+✐❡ ❞✐ ,♦44♦❣+✉♣♣✐ ✭✸✳✶✻✮

❝❡+❝❛4❛✱ ❝❤❡ ❝✐ ♣❡+♠❡44❡ ❞✐ 4+♦✈❛+❡ ✉♥ ,♦44♦❣+✉♣♣♦ ❞✐ G ❝♦♥ ❧❡ ♣+♦♣+✐❡4C

+✐❝❤✐❡,4❡✳ ■♥❢❛44✐✱ ,❡ ❞❡✜♥✐❛♠♦

H :=
⋃

i∈N

Hi = 〈F, xmi

i | i ∈ N〉,

,❡❣✉❡ ✐♠♠❡❞✐❛4❛♠❡♥4❡ ❞❛❧❧❛ ❝♦,4+✉③✐♦♥❡ ❝❤❡

F ≤ H , H ∩M = ∅ ❡ IG(H) = G.
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❈❛♣✐$♦❧♦ ✹

●)✉♣♣✐ N1 +❡♥③❛ $♦)+✐♦♥❡

■♥ "✉❡%&✬✉❧&✐♠♦ ❝❛♣✐&♦❧♦ /✐♣❡/❝♦//❡/❡♠♦ ♣❛/✐ ♣❛%%♦ ✐❧ /❛❣✐♦♥❛♠❡♥&♦ ❞✐ ❈❛✲

%♦❧♦ ♣❡/ ♣/♦✈❛/❡ ❝❤❡ &✉&&✐ ✐ %♦&&♦❣/✉♣♣✐ ❞✐ N1 %❡♥③❛ &♦/%✐♦♥❡ %♦♥♦ ♥✐❧♣♦&❡♥&✐✳

❊❣❧✐ &/❛%%❡ ✐%♣✐/❛③✐♦♥❡ ❞❛❧ ❧❛✈♦/♦ ❞✐ ▼:❤/❡% ♣❡/ ❞✐♠♦%&/❛/♥❡ ❧❛ /✐%♦❧✉❜✐✲

❧✐&< ❡ ❛♣♣❧✐❝= "✉❛♥&♦ &/♦✈❛&♦ ❝♦♥ ❣❧✐ ✐%♦❧❛&♦/✐✱ ❞❛♣♣/✐♠❛ ❛✐ ❣/✉♣♣✐ Un ❡✱

%✉❝❝❡%%✐✈❛♠❡♥&❡✱ ❛❧❧❛ ❝❧❛%%❡ N1 %❡♥③❛ &♦/%✐♦♥❡✳

❈♦♠✐♥❝✐❛♠♦ ❝♦♥ "✉❛❧❝❤❡ ♦%%❡/✈❛③✐♦♥❡ ❣❡♥❡/❛❧❡✳

▲❡♠♠❛ ✹✳✵✳✶✳ ❙✐❛ H ✉♥ ❣&✉♣♣♦ )❡♥③❛ ,♦&)✐♦♥❡ ❡ ♥✐❧♣♦,❡♥,❡ ❞✐ ❝❧❛))❡ c✳ ❆)✲
)✉♠✐❛♠♦ ❝❤❡ H/H ′

♣♦))❛ ❡))❡&❡ ❣❡♥❡&❛,♦ ❞❛ r ❡❧❡♠❡♥,✐✳ ❆❧❧♦&❛ ❧❛ ❧✉♥❣❤❡③③❛

❞✐ ❍✐&)❝❤ ❞✐ H ❛❧ ♣✐6 r + r2 + ...+ rc✳

❉✐♠♦),&❛③✐♦♥❡✳ ❙✐❛ A = H/H ′
✱ ❛❧❧♦/❛✱ ♣❡/ ♦❣♥✐ 1 ≤ i ≤ c✱ ❡%✐%&❡ ✉♥ ❡♣✐♠♦/✲

✜%♠♦

A⊗ A⊗ ....⊗ A
︸ ︷︷ ︸

i ✈♦❧#❡

−→ γi(H)/γi+1(H) ✭✹✳✶✮

♣❡/ ✐❧ ❚❡♦/❡♠❛ ✶✳✺✳✶✳ ❖/❛✱ ❡%%❡♥❞♦ ✉♥ ❣/✉♣♣♦ r✲❣❡♥❡/❛&♦ ❡ ❛❜❡❧✐❛♥♦✱ A ❤❛

❧✉♥❣❤❡③③❛ ❞✐ Hirsch ❛❧ ♣✐H r✳ ❙✐♠✐❧❛/♠❡♥&❡ ✱ ♣❡/ ♦❣♥✐ i ≥ 1✱ ❧✬i✲❡%✐♠❛

♣♦&❡♥③❛ &❡♥%♦/✐❛❧❡ A ⊗ A ⊗ .... ⊗ A ❤❛ ❧✉♥❣❤❡③③❛ ❛❧ ♣✐H ri✳ I❡/❝✐=✱ ♣❡/ ♦❣♥✐

1 ≤ i ≤ c✱ γi(H)/γi+1(H) ❤❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐/%❝❤ ❛❧ ♣✐H ri✳ ◗✉✐♥❞✐✱ ❞❛&♦ ❝❤❡

γc+1(H) = 1✱ H ❤❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐/%❝❤ ❛❧ ♣✐H r + r2 + ...+ rc✳

✹✳✶ ●$✉♣♣✐ ✐♥ Un

I/✐♠❛ ❞✐ ❛✛/♦♥&❛/❡ ❧❛ ❞✐♠♦%&/❛③✐♦♥❡ ♥❡❧ ❝❛%♦ ❣❡♥❡/❛❧❡✱ ❈❛%♦❧♦ ♣/♦✈= ❛❧❝✉♥✐

/✐%✉❧&❛&✐ ♣❡/ ✐ ❣/✉♣♣✐ ❝♦♥ &✉&&✐ ✐ %♦&&♦❣/✉♣♣✐ %✉❜♥♦/♠❛❧✐ ❞✐ ❞✐❢❡&&♦ ❛❧ ♣✐H n✳

❯&✐❧✐③③✐❛♠♦ ❧❛ %&❡%%❛ ♥♦&❛③✐♦♥❡ ✉&✐❧✐③③❛&❛ ♥❡❧ ♣❛/❛❣/❛❢♦ ✶✳✸ ♦♥❣✐ 1 ≤ n ∈ N✱

✉&✐❧✐③③❡/&❡♠♦ ✐❧ %✐♠❜♦❧♦ Un ♣❡/ ✐♥❞✐❝❛/❡ ❧❛ ❝❧❛%%❡ ❢♦/♠❛&❛ ❞❛ "✉❡%&✐ ❣/✉♣♣✐✳
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❖!!❡#✈❛③✐♦♥❡ ✹✳✶✳✶✳ ❉❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ Un *✐ ❞❡❞✉❝♦♥♦ ✐♠♠❡❞✐❛.❛♠❡♥.❡ ✐

*❡❣✉❡♥.✐ ❢❛..✐✳

✶✳ ❖❣♥✐ ❣4✉♣♣♦ ✐♥ Un 6 ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.❡ ❡ (n+ 1)✲❊♥❣❡❧✳

✷✳ ❙❡ ✐❧ ❣4✉♣♣♦ G ∈ Un 6 ♣4✐✈♦ ❞✐ .♦4*✐♦♥❡✱ ❛❧❧♦4❛ 6 n✲❊♥❣❡❧✳ ■♥❢❛..✐✱ *❡
❝♦♥*✐❞❡4✐❛♠♦ x ∈ G ❡ Y := 〈x〉G,n−1

✱ ❞♦✈❡✱ ♣❡4 ♦❣♥✐ n ∈ N✱ 〈x〉G,n
6

✐❧ ❢❛..♦4❡ n✲❡*✐♠♦ ❞❡❧❧❛ *❡4✐❡ ❞❡❧❧❡ *✉❝❝❡**✐✈❡ ❝❤✐✉*✉4❡ ♥♦4♠❛❧✐ ❞✐ 〈x〉❀
❛❧❧♦4❛ 〈x〉 E Y ✳ @♦**✐❛♠♦ ✐♥♦❧.4❡ ♦**❡4✈❛4❡ ❝❤❡ Y 6 *❡♥③❛ .♦4*✐♦♥❡✱

❛✈❡♥❞♦ *✉♣♣♦*.♦ G *❡♥③❛ .♦4*✐♦♥❡✱ ❡❞ 6 ❧♦❝❛❧♠❡♥.❡ ♥✐❧♣♦.❡♥.❡ ♣❡4 A✉❛♥.♦
♥♦.❛.♦ ❛❧ ♣✉♥.♦ (1)✳ ❆♣♣❧✐❝❛♥❞♦ ✐❧ ❧❡♠♠❛ ❞✐ ❈❛4✐♥ ✸✳✶✳✺ ❛ Y ❡ 〈x〉✱
♣♦**✐❛♠♦ ❛✛❡4♠❛4❡ ❝❤❡ 〈x〉 ≤ Z(Y )❀ ✐♥ ♣❛4.✐❝♦❧❛4❡ x ∈ Z(Y )✳ ❉❛ ❝✐G
*❡❣✉❡ ❝❤❡ [Y, x] = 1 ❡❞ ✐♠♣❧✐❝❛ ❝❤❡✱ ♣❡4 ♦❣♥✐ g ∈ G✱ [g,n x] = 1❀ ✐♥
A✉❛♥.♦ [g,n x] = [gn−1, x, x] ∈ [Y, x]✳

▲❛ ♣&♦♣♦(✐③✐♦♥❡ ❝❤❡ ❛✛&♦♥0❡&❡♠♦ ♦&❛ 2 ✉♥ ❝❛(♦ ♣❛&0✐❝♦❧❛&❡ ❞❡❧ ♥♦0♦ 0❡♦✲

&❡♠❛ ❞✐ ❘♦(❡❜❧❛❞❡✱ ✭(✐ ✈❡❞❛ ✐❧ ♣❛&❛❣&❛❢♦ ✷✳✶✮✳

 !♦♣♦$✐③✐♦♥❡ ✹✳✶✳✷✳ ❊*✐*.❡ ✉♥❛ ❢✉♥③✐♦♥❡ ρ0 : N → N .❛❧❡ ❝❤❡ ✉♥ ❣4✉♣♣♦ ✐♥

Un *❡♥③❛ .♦4*✐♦♥❡ 6 ♥✐❧♣♦.❡♥.❡ ❞✐ ❝❧❛**❡ ❞✐ ♥✐❧♣♦.❡♥③❛ ❛❧ ♣✐H ρ0(n)✳

❉✐♠♦*.4❛③✐♦♥❡✳ ❉❡✜♥✐&❡♠♦ &✐❝♦&(✐✈❛♠❡♥0❡ (✉ n ✉♥ ✈❛❧♦&❡ ρ0(n) 0❛❧❡ ❝❤❡✱ (❡

G 2 ✉♥ ❣&✉♣♣♦ ✐♥ Un (❡♥③❛ 0♦&(✐♦♥❡✱ ❛❧❧♦&❛ γρ0(n)+1(G) = 1✳
❈♦♠✐♥❝✐❛♠♦ ❞❛❧ ❝❛(♦ n = 1❀ ✐♥ D✉❡(0♦ ❝❛(♦ ♦❣♥✐ (♦00♦❣&✉♣♣♦ ❞✐ G 2 ♥♦&♠❛❧❡✱

♦✈✈❡&♦ 2 ✉♥ ❣&✉♣♣♦ ❞✐ ❉❡❞❡❦✐♥❞✳ ❙❛♣♣✐❛♠♦ ❝❤❡ ✉♥ ❣&✉♣♣♦ ❞✐ ❉❡❞❡❦✐♥❞ ♣&✐✈♦

❞✐ 0♦&(✐♦♥❡ 2 ❛❜❡❧✐❛♥♦❀ ♣❡&❝✐G ρ0(1) = 1✳
❙✉♣♣♦♥✐❛♠♦ ♦&❛ ❞✐ ❛✈❡& ❣✐H ❞❡✜♥✐0♦ ✉♥ ✈❛❧♦&❡ ρ0(i) ♣❡& ♦❣♥✐ 1 ≤ i ≤ n − 1
❡ ❝♦♥(✐❞❡&✐❛♠♦ ✉♥ ❣&✉♣♣♦ G ✐♥ Un (❡♥③❛ 0♦&(✐♦♥❡✳ ❆❧❧♦&❛✱ ♣❡& ♦❣♥✐ H ≤ G✱

❛❜❜✐❛♠♦ ❧❛ (❡&✐❡ ❞❡❧❧❡ (✉❝❝❡((✐✈❡ ❝❤✐✉(✉&❡ ♥♦&♠❛❧✐ (✐✛❛00❛✿

H = HG,n
E HG,n−1

E ... E HG,1 = HG
E G.

❖&❛✱ (❡ ❝♦♥(✐❞❡&♦ ✉♥ (♦00♦❣&✉♣♣♦ ❞✐ G 0❛❧❡ ❝❤❡ H ≤ K ≤ HG
✱ ❛❧❧♦&❛ HG =

KG
✳ ❉❛ ❝✉✐ (❡❣✉❡ ❝❤❡ HG,1/HG,2

❛♣♣❛&0✐❡♥❡ ❛ Un−1✳ ❙✐♠✐❧❛&♠❡♥0❡✱ ♣❡& ♦❣♥✐

♣❡& ♦❣♥✐ 1 ≤ i ≤ n− 1✱ ❛❜❜✐❛♠♦ ❝❤❡

HG,i

HG,i+1
∈ Un−i. ✭✹✳✷✮

❙❡ ♣♦♥✐❛♠♦ Hi+1 = IHG,i(HG,i+1)✱ ♣❡& ♦❣♥✐ 1 ≤ i ≤ n − 1✱ ❛❜❜✐❛♠♦ ❝❤❡

Hi+1 E HG,i
✳ ◗✉❡(0✬✉❧0✐♠♦ ❢❛00♦ (❡❣✉❡ ❞❛❧❧✬❖((❡&✈❛③✐♦♥❡ ✸✳✷✳✶✵✳ ■♥♦❧0&❡✱

❛❜❜✐❛♠♦ ❝❤❡ HG,i/Hi+1✱ ❡((❡♥❞♦ (♦00♦❣&✉♣♣♦ ❞✐ ✉♥ ❣&✉♣♣♦ (❡♥③❛ 0♦&(✐♦♥❡✱ 2

♣&✐✈♦ ❞✐ 0♦&(✐♦♥❡ ❡ ❛♣♣❛&0✐❡♥❡ ❛ Un−i✱ ✐♥ D✉❛♥0♦ HG,i/Hi+1 ≤ HG,i/HG,i+1
✳

Q❡& ✐♣♦0❡(✐ ✐♥❞✉00✐✈❛✱ HG,i/Hi+1 2 ♥✐❧♣♦0❡♥0❡ ❞✐ ❝❧❛((❡ ❞✐ ♥✐❧♣♦0❡♥③❛ ❛❧ ♣✐R
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ρ0(n− i) ❡ ❞✉♥$✉❡ ❤❛ ❧✉♥❣❤❡③③❛ ❞❡*✐✈❛-❛ [log2(ρ0(n− i))]+1✳ ❙✐❛ ♦*❛ c(n) =
∑n−1

i=1 ([log2(ρ0(n− i))] + 1)✱ ❛❧❧♦*❛

(HG)(c(n)) ≤ IG(H) ✭✹✳✸✮

❡ ❝✐7 ✈❛❧❡ ♣❡* ♦❣♥✐ H ≤ G✳ ❙❡ ✐♥❞✐❝❤✐❛♠♦ ❝♦♥ M = (HG)(c(n))✱ ❛❧❧♦*❛ M ≤
IG(H)✱ ❝❤❡ ✐♠♣❧✐❝❛ IHG(M) ≤ IG(H)✳ ❖*❛ ✐❧ ❣*✉♣♣♦ $✉♦③✐❡♥-❡ HG/IHG(M) ;
*✐<♦❧✉❜✐❧❡✱ <❡♥③❛ -♦*<✐♦♥❡ ❡ n−❊♥❣❡❧✳ ?♦<<✐❛♠♦ $✉✐♥❞✐ ❛♣♣❧✐❝❛*❡ ✐❧ ❈♦*♦❧❧❛*✐♦

✶✳✺✳✶✵✱ ❝❤❡ ❛✛❡*♠❛ ❝❤❡ ✉♥ ❣*✉♣♣♦ <❡♥③❛ -♦*<✐♦♥❡✱ *✐<♦❧✉❜✐❧❡ ❡ n−❊♥❣❡❧ ❞✐

❧✉♥❣❤❡③③❛ ❞❡*✐✈❛-❛ d ; ♥✐❧♣♦-❡♥-❡ ❞✐ ❝❧❛<<❡ ❧✐♠✐-❛-❛ ❞❛ nd−1
❀ ♦--❡♥❡♥❞♦ ❝♦<F

❝❤❡ HG/IHG(M) ; ♥✐❧♣♦-❡♥-❡ ❞✐ ❝❧❛<<❡ ❛❧ ♣✐G α(n) := nc(n)
✳

❈✐7 <✐❣♥✐✜❝❛ ❝❤❡ γα(n)+1(H
G/IHG(M)) = 1HG/I

HG (M)✱ ✐❧ $✉❛❧❡ ✐♠♣❧✐❝❛

γα(n)+1(H
G) ≤ IHG(M).

❘✐❝♦*❞❛♥❞♦ ♣♦✐ ✭✹✳✸✮ <✐ ♦--✐❡♥❡ ❝❤❡✱ ♣❡* ♦❣♥✐ H ≤ G✱ ✈❛❧❡

γα(n)+1(H
G) ≤ IHG(M);

✐♥ ♣❛*-✐❝♦❧❛*❡✱ ♣❡* ♦❣♥✐ x ∈ G, 〈x〉G ; ♥✐❧♣♦-❡♥-❡ ❞✐ ❝❧❛<<❡ ❛❧ ♣✐G α(n)✳
❖*❛ <✐❛♥♦ x1, x2, .., xα(n) ❡❧❡♠❡♥-✐ ❞✐ G ❡ ❝♦♥<✐❞❡*✐❛♠♦ ✐❧ <♦--♦❣*✉♣♣♦ ❞❛ ❡<<✐

❣❡♥❡*❛-♦ H = 〈x1, x2, .., xα(n)〉✳ ❆❧❧♦*❛✱ ♣❡* ✐❧ ❚❡♦*❡♠❛ ❞✐ ❋✐--✐♥❣✱ HG
;

♥✐❧♣♦-❡♥-❡ ❞✐ ❝❧❛<<❡ ❞✐ ♥✐❧♣♦-❡♥③❛ α(n)2✳ ■♥ ♣❛*-✐❝♦❧❛*❡✱ ❞❛-♦ ❝❤❡ H ; ❣❡♥❡*❛-♦

❞❛ α(n) ❡❧❡♠❡♥-✐✱ ♣❡* ✐❧ ▲❡♠♠❛ ✹✳✵✳✶ <❡❣✉❡ ❝❤❡ ❧❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐*<❝❤ ❞✐ H
;

g(n) = α(n) + α(n)2 + ...+ α(n)α(n)
2

≤ α(n)α(n)
2+1.

?♦<<✐❛♠♦ $✉✐♥❞✐ ❛✛❡*♠❛*❡ ❝❤❡ γα(n)+1(H
G) ❤❛ ❧✉♥❣❤❡③③❛ ❞✐ ❍✐*<❝❤ ❛❧ ♣✐G

α(n)α(n)
2+1

❡ ❞✉♥$✉❡ ♣❡* ✐❧ ❝♦*♦❧❧❛*✐♦ ❞❡❧ ▲❡♠♠❛ ❞✐ ❈❛*✐♥ ✸✳✶✳✼ ❛♣♣❧✐❝❛-♦ ❛❧ <♦--♦❣*✉♣♣♦

γα(n)+1(H
G)✱ ❛❜❜✐❛♠♦✿

γα(n)+1(H
G) ≤ ζα(n)α(n)2+1(G). ✭✹✳✹✮

❈✐7 ♣*♦✈❛ ❝❤❡ G ; ♥✐❧♣♦-❡♥-❡ ❞✐ ❝❧❛<<❡ ❞✐ ♥✐❧♣♦-❡♥③❛ ❛❧ ♣✐G α(n)+α(n)α(n)
2+1

✳

■❧ ✈❛❧♦*❡ ρ0(n)✱ ♥❡❧ ❝❛<♦ ❞✐ ❣*✉♣♣✐ <❡♥③❛ -♦*<✐♦♥❡✱ ; ♥♦-♦ <♦❧❛♠❡♥-❡ ♣❡*

n ≤ 4✱ ❞♦✈❡ ✈❛❧❡ ρ0(n) = n✳

✹✵



✹✳✷ ●$✉♣♣✐ ✐♥ N1

❈♦♥#✐♥✉❛♥❞♦ ❛ (❡❣✉✐+❡ ✐❧ +❛❣✐♦♥❛♠❡♥#♦ ❞✐ ❈❛(♦❧♦✱ ♣❛((✐❛♠♦ ❛❧❧♦ (#✉❞✐♦ ❞❡✐

❣+✉♣♣✐ N1 ❛❜❜❛♥❞♦♥❛♥❞♦ ❧✬✐♣♦#❡(✐ ❝❤❡ #✉##✐ ✐ (♦##♦❣+✉♣♣✐ (✉❜♥♦+♠❛❧✐ ❛❜❜✐❛♥♦

❞✐❢❡##♦ ❧✐♠✐#❛#♦✳ ■ ♣+✐♠✐ ❞✉❡ +✐(✉❧#❛#✐ ❝❤❡ ✈❡❞+❡♠♦ (♦♥♦ ❞♦✈✉#✐ ❛ ▼9❤+❡(✳

 !♦♣♦$✐③✐♦♥❡ ✹✳✷✳✶✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ♥♦♥ ♥✐❧♣♦*❡♥*❡✱ -❡♥③❛ *♦&-✐♦♥❡ ❡ ✐♥

N1 ✳ ❆❧❧♦&❛ ❡-✐-*♦♥♦ ✉♥ n ∈ N✱ ✉♥ -♦**♦❣&✉♣♣♦ H ❞✐ G ♥♦♥ ♥✐❧♣♦*❡♥*❡ ❡ ✉♥

-♦**♦❣&✉♣♣♦ ❞✐ H ✜♥✐*❛♠❡♥*❡ ❣❡♥❡&❛*♦ F ✱ *❛❧❡ ❝❤❡ *✉**✐ ✐ -♦**♦❣&✉♣♣✐ U ❝♦♥

F ≤ U ≤ H ❤❛♥♥♦ ❞✐❢❡**♦ ❛❧ ♣✐7 n ✐♥ H✳

■♥♦❧*&❡✱ -❡ G 9 ♥✉♠❡&❛❜✐❧❡✱ ❛❧❧♦&❛ H ♣✉; ❡--❡&❡ ♣&❡-♦ *❛❧❡ ❝❤❡ IG(H) = G✳

❉✐♠♦-*&❛③✐♦♥❡✳ ❙✉♣♣♦♥✐❛♠♦ ❝❤❡ ❧❛ ♣+♦♣♦(✐❛③✐♦♥❡ (✐❛ ❢❛❧(❛❀ ❛❧❧♦+❛ ❡(✐(#❡ ✉♥

❣+✉♣♣♦ G ❝❤❡ ♥♦♥ (♦❞❞✐(❢❛ ❧✬❡♥✉♥❝✐❛#♦ ❡ ❝❤❡ ♣♦((✐❛♠♦ (✉♣♣♦++❡✱ (❡♥③❛ ♣❡+✲

❞✐#> ❞✐ ❣❡♥❡+❛❧✐#>✱ ❝❤❡ (✐❛ ♥✉♠❡+❛❜✐❧❡✳ ▼♦(#+❡+❡♠♦ ❝❤❡ ✐♥ ?✉❡(#❡ ✐♣♦#❡(✐ ♥♦♥

@ ♣♦((✐❜✐❧❡ ❝♦(#+✉✐+❡ ✐♥❞✉##✐✈❛♠❡♥#❡ ✉♥❛ (❡+✐❡ ❛(❝❡♥❞❡♥#❡ ❞✐ (♦##♦❣+✉♣♣✐ ❞✐ G
✜♥✐#❛♠❡♥#❡ ❣❡♥❡+❛#✐ ❡ ❝❤❡ (♦❞❞✐(✜♥♦ #✉##❡ ❧❡ ❝♦♥❞✐③✐♦♥✐ +✐❝❤✐❡(#❡ ♥❡❧❧✬❡♥✉♥✲

❝✐❛#♦ ❛❞ U ✱ ♠❛ ❝❤❡ ❛❜❜✐❛♥♦ ❞✐❢❡##♦ ❛❧♠❡♥♦ n+ 1✳
❉✉♥?✉❡✱ ✜((✐❛♠♦ H0 = 1 ❡ (✉♣♣♦♥✐❛♠♦ ❞✐ ❛✈❡+❡ #+♦✈❛#♦✱ ♣❡+ ♦❣♥✐ n ≥ 1
✐♥ N✱ ✉♥ (♦##♦❣+✉♣♣♦ ❞✐ G ✜♥✐#❛♠❡♥#❡ ❣❡♥❡+❛#♦ Hn−1 ❡ x1, ..., xn−1 ❡❧❡♠❡♥✲

#✐ ❞✐ G✱ #❛❧✐ ❝❤❡ {x1, ..., xn−1} ∩ Hn−1 = ∅✳ C♦((✐❛♠♦ ❛❧❧♦+❛ ❛♣♣❧✐❝❛+❡ ✐❧

❧❡♠♠❛ ❞✐ ▼9❤+❡( ❛❧❧✬✐♥(✐❡♠❡ ✜♥✐#❛♠❡♥❡ ❣❡♥❡+❛#♦ Hn−1 ❡❞ ❛❧❧✬✐♥(✐❡♠❡ ✜♥✐#♦

{x1, ..., xn−1}✳ ■♥ #❛❧ ♠♦❞♦ ♦##❡♥✐❛♠♦ ❧✬❡(✐(#❡♥③❛ ❞✐ ✉♥ (♦##♦❣+✉♣♣♦ Kn ❞✐ G✱
❝♦♥ IG(Kn) = G ❡ #❛❧❡ ❝❤❡ {x1, ..., xn−1} ∩Kn = ∅✳
C♦✐❝❤@ ❛❜❜✐❛♠♦ (✉♣♣♦(#♦ ❝❤❡ ❧❛ ♣+♦♣♦(✐③✐♦♥❡ ♥♦♥ ✈❛❧❣❛ ♣❡+ G✱ ❞❡✈❡ ❡(✐(#❡✲
+❡ ✉♥ Hn ≤ Kn ✜♥✐#❛♠❡♥#❡ ❣❡♥❡+❛#♦✱ ❝♦♥ ❞✐❢❡##♦ ❞✐ (✉❜♥♦+♠❛❧✐#> ❛❧♠❡♥♦

n + 1 ✐♥ G ❡ #❛❧❡ ❝❤❡ Hn−1 ≤ Hn✳ C❡+#❛♥#♦ ❡(✐(#❡ ❛❧♠❡♥♦ ✉♥ ❡❧❡♠❡♥#♦

xn ∈ [G,n Hn] \Hn ❡ ❝✐D ✐♠♣❧✐❝❛ ❝❤❡

{x1, ..., xn−1, xn} ∩ Hn = ∅. ✭✹✳✺✮

❉❡✜♥✐❛♠♦ H := ∪n∈NHn✱ ❛❧❧♦+❛ H @ (✉❜♥♦+♠❛❧❡ ✐♥ G✱ ✐♥ ?✉❛♥#♦ G ∈ N1✱

❝♦♥ ✉♥ ❝❡+#♦ ❞✐❢❡##♦ ❞✐ (✉❜♥♦+♠❛❧✐#> d✳ C❡+❝✐D

∃ xd ∈ [G,d Hd] ≤ [G,d H] ≤ H ✭✹✳✻✮

❞❛ ❝✐ (✐ ❞❡❞✉❝❡ ❝❤❡ xd ∈ Hj✱ ❞♦✈❡ j > d✳ ❚✉##❛✈✐❛ ❝✐D ❝♦♥#+❛❞❞✐❝❡ ❧❛ (❝❡❧#❛
❞✐ Hj ❝❤❡ ❛❜❜✐❛♠♦ ❝♦(#+✉✐#♦ ✐♥ ♠♦❞♦ #❛❧❡ ❝❤❡ (♦❞❞✐(✜ ✭✹✳✺✮✳

❖((❡+✈✐❛♠♦ ❝❤❡ (❡ (✐ +✐❝❤✐❡❞❡ ❝❤❡ ✐❧ ❣+✉♣♣♦ A ♥♦♥ (✐❛ ♥✐❧♣♦#❡♥#❡✱ ❛❧❧♦+❛ ❧❛

C+♦♣♦(✐③✐♦♥❡ ✹✳✷✳✶ @ ✉♥❛ ❛♣♣❧✐❝❛③✐♦♥❡ ❞❡❧ ❚❡♦+❡♠❛ ❞✐ ❇+♦♦❦❡( ✷✳✵✳✸ ❞♦✈❡ ❧❛

❢❛♠✐❣❧✐❛ ❞✐ ❣+✉♣♣✐ ❝❤❡ (✐ ❝♦♥(✐❞❡+❛ @ ?✉❡❧❧❛ ❞❡✐ ❣+✉♣♣✐ ♥♦♥ ♥✐❧♣♦#❡♥#✐ ❡ (❡♥③❛

#♦+(✐♦♥❡✳

✹✶



▲❡♠♠❛ ✹✳✷✳✷✳ ✭❲✳ ▼$❤&❡(✮ ❯♥ ❣&✉♣♣♦ (❡♥③❛ 2♦&(✐♦♥❡ ✐♥ ❝✉✐ 2✉22✐ ✐ (♦22♦✲

❣&✉♣♣✐ (♦♥♦ (✉❜♥♦&♠❛❧✐ 9  ✐"♦❧✉❜✐❧❡✳

❉✐♠♦(2&❛③✐♦♥❡✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ )❡♥③❛ ,♦&)✐♦♥❡ ✐♥ N1✳ ❘✐❝♦&❞✐♠♦ ❝❤❡ ❧❛ &✐)♦✲

❧✉❜✐❧✐,6 ❞✐ ✉♥ ❣&✉♣♣♦ 7 ✉♥❛ ♣&♦♣&✐❡,6 ♥✉♠❡&❛❜✐❧♠❡♥,❡ &✐❝♦♥♦)❝✐❜✐❧❡❀ ♦✈✈❡&♦ G
7 &✐)♦❧✉❜✐❧❡ )❡✱ ❡ )♦❧♦ )❡✱ ,✉,,✐ ✐ )✉♦✐ )♦,,♦❣&✉♣♣✐ ♥✉♠❡&❛❜✐❧✐ ❧♦ )♦♥♦✳ ;❡&,❛♥,♦

♣♦))✐❛♠♦ ❛))✉♠❡&❡ ❝❤❡ G )✐❛ ♥✉♠❡&❛❜✐❧❡ ❡ ♥♦♥ )✐❛ ♥✐❧♣♦,❡♥,❡✳ ❆❧❧♦&❛✱ ❞❛❧❧❛

;&♦♣♦)✐③✐♦♥❡ ♣&❡❝❡❞❡♥,❡ ✹✳✷✳✶✱ )❡❣✉❡ ❝❤❡ ❡)✐),❡ ✉♥ n ∈ N✱ ✉♥ )♦,,♦❣&✉♣♣♦

♥♦♥ ♥✐❧♣♦,❡♥,❡ H ❞✐ G ❡ ✉♥ )♦,,♦❣&✉♣♣♦ ✜♥✐,❛♠❡♥,❡ ❣❡♥❡&❛,♦ F ❞✐ H✱ ,❛❧❡

❝❤❡ IG(H) = G ❡ ,✉,,✐ ✐ )♦,,♦❣&✉♣♣✐ U ❝♦♥ F ≤ U ≤ H ❤❛♥♥♦ ❞✐❢❡,,♦ ❛❧ ♣✐B

n ✐♥ H✳ ;&♦❝❡❞✐❛♠♦ ♣❡& ✐♥❞✉③✐♦♥❡ )✉ n ♣❡& ♣&♦✈❛&❡ ❝❤❡ H 7 &✐)♦❧✉❜✐❧❡✳

❙❡ n = 1✱ ❛❧❧♦&❛ F E G ❡ H/F 7 ✉♥ ❣&✉♣♣♦ ❍❛♠✐❧,♦♥✐❛♥♦✱ ♦✈✈❡&♦ 7 ✉♥ ❣&✉♣✲

♣♦ ❞✐ ❉❡❞❡❦✐♥❞ ♥♦♥ ❛❜❡❧✐❛♥♦✳ ;❡&❝✐F |(G/F )′| ≤ 2✳ ■♥♦❧,&❡✱ )❡ &✐❝♦&❞✐❛♠♦

❝❤❡ ♣❡& ❧❛ ;&♦♣♦)✐③✐♦♥❡ ✷✳✵✳✶ F 7 ♥✐❧♣♦,❡♥,❡✱ ♦,,❡♥✐❛♠♦ ❝❤❡ H 7 &✐)♦❧✉❜✐❧❡✳

❈♦♥)✐❞❡&✐❛♠♦ ♦&❛ n ≥ 1 ❡ ♦))❡&✈✐❛♠♦ ❝❤❡ )❡ F ≤ U ≤ FH
✱ ❛❧❧♦&❛ UH =

FH
✳ ;❡&,❛♥,♦ ,✉,,✐ ✐ )♦,,♦❣&✉♣♣✐ ❞✐ FH

❝❤❡ ❝♦♥,❡♥❞♦♥♦ F ❤❛♥♥♦ ❞✐❢❡,,♦

❛❧ ♣✐B n − 1✳ ;❡& ✐♣♦,❡)✐ ✐♥❞✉,,✐✈❛✱ FH
7 &✐)♦❧✉❜✐❧❡ ❡✱ ♣❡& ✐❧ ▲❡♠♠❛ ✸✳✷✳✺✱

N = IH(F
H) 7 ✉♥ )♦,,♦❣&✉♣♣♦ ♥♦&♠❛❧❡ ❡ &✐)♦❧✉❜✐❧❡ ❞✐ H✳ ■♥✜♥❡✱ ♣❡& ❧❛

;&♦♣♦)✐③✐♦♥❡ ✹✳✶✳✷✱ ✐❧ ❣&✉♣♣♦ M✉♦③✐❡♥,❡ H/N 7 &✐)♦❧✉❜✐❧❡ ❡ ❞✉♥M✉❡ ♣♦))✐❛♠♦

❝♦♥❝❧✉❞❡&❡ ❝❤❡ H 7 &✐)♦❧✉❜✐❧❡✳

;&✐♠❛ ❞✐ ♣&♦)❡❣✉✐&❡ ❝♦♥ ✐❧ ♣&♦))✐♠♦ ❧❡♠♠❛ ❝❤❡ 7 ✉♥ ♣❛))♦ ❝❤✐❛✈❡ ✈❡&)♦

❧❛ ❞✐♠♦),&❛③✐♦♥❡ ❞❡❧ ❚❡♦&❡♠❛ ❞✐ ❙♠✐,❤✱ 7 ❜❡♥❡ &✐❝♦&❞❛&❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐

p−❣&✉♣♣♦ ❡❧❡♠❡♥2❛&❡✳ ❯♥ p−❣&✉♣♣♦ ❡❧❡♠❡♥,❛&❡ ❛❜❡❧✐❛♥♦ 7 ✉♥ p✲❣&✉♣♣♦ ❛❜❡✲
❧✐❛♥♦ ✐ ❝✉✐ ❡❧❡♠❡♥,✐ ❤❛♥♥♦ ,✉,,✐ ♦&❞✐♥❡ ✉♥❛ ♣♦,❡♥③❛ ❞✐ p✳ ◆♦,✐❛♠♦ ❝❤❡ ✉♥

)✐✛❛,,♦ ❣&✉♣♣♦ 7 ♥✐❧♣♦,❡♥,❡✳ ❉❡✜♥✐,❛♠♦ ❛♥❝❤❡ ✉♥❛ ❢✉♥③✐♦♥❡ ❝❤❡ ✉,✐❧✐③③❡&❡♠♦

❞✬♦&❛ ✐♥ ♣♦✐✿ ❞❛,♦ ✉♥ ♣&✐♠♦ p ❡ ❞✉❡ ✐♥,❡&✐ ♣♦)✐,✐✈✐ k, n✱ ✐♥❞✐❝❤✐❛♠♦

fp(k, n) = (n+ 2)p[logpk(n+2)]+1
✭✹✳✼✮

▲❡♠♠❛ ✹✳✷✳✸✳ ❙✐❛ G = A〈x〉 ✉♥ ❣&✉♣♣♦ ♥✐❧♣♦2❡♥2❡ ✱ ❞♦✈❡ A E G 9 ✉♥

p−❣&✉♣♣♦ ❡❧❡♠❡♥2❛&❡ ❡ ❛❜❡❧✐❛♥♦✳ ❆((✉♠✐❛♠♦ ❛♥❝❤❡ ❝❤❡ ❡(✐(2❛♥♦ ✉♥ (♦2✲

2♦❣&✉♣♣♦ F ❞✐ A ❡ ✉♥ ♥✉♠❡&♦ ♥❛2✉&❛❧❡ n✱ 2❛❧❡ ❝❤❡ |F | = pk✱ ❡ ❝❤❡ ♦❣♥✐

(♦22♦❣&✉♣♣♦ H ≤ G ❝♦♥ F ≤ H (✐❛ (✉❜♥♦&♠❛❧❡ ❞✐ ❞✐❢❡22♦ ❛❧ ♣✐A n ✐♥ G✳

❆❧❧♦&❛

[A,fp(k,n)−1 x] = 1. ✭✹✳✽✮

❉✐♠♦(2&❛③✐♦♥❡✳ ;❡& ❛❧❧❡❣❣❡&✐&❡ ❧❛ ♥♦,❛③✐♦♥❡✱ )❝&✐✈❡&❡♠♦

s := fp(k, n) ❡ m := [logpk(n+ 2)] + 1.

;♦))✐❛♠♦ ❛❧❧♦&❛ &✐)❝&✐✈❡&❡ ❧✬✉❣✉❛❣❧✐❛♥③❛ ✭✹✳✼✮ ❝♦♠❡ s = (n + 2)pm❀ ✐♥♦❧,&❡
❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❧ ❧♦❣❛&✐,♠♦ ✐♥ ❜❛)❡ p✱ )❡❣✉❡ ❞✐&❡,,❛♠❡♥,❡ ❝❤❡

pm > k(n+ 2). ✭✹✳✾✮

✹✷



❙✉♣♣♦♥✐❛♠♦✱ ♣❡* ❝♦♥,*❛❞❞✐③✐♦♥❡✱ ❝❤❡ [A,s−1 x] 6= 1✳ ◗✉✐♥❞✐ ♣♦22✐❛♠♦ ❛22✉♠❡✲

*❡ ❝❤❡ [A,s x] = 1✳ ❉❛ 5✉❡2,❡ 2✉♣♣♦2✐③✐♦♥✐ ♦,,❡♥✐❛♠♦ ❝❤❡ ,✉,,✐ ✐ 2♦,,♦❣*✉♣♣✐

A, [A, x], [A,2 x], ..., [A,s−1 x], [A,s x] = 1

❞❡✈♦♥♦ ❡22❡*❡ ❞✐2,✐♥,✐ ,*❛ ❧♦*♦❀ ❛❧,*✐♠❡♥,✐ ❛✈*❡♠♠♦ ❝❤❡ [A,s−1 x] = [A,s x] =
1✳ ■♥ ♣❛*,✐❝♦❧❛*❡✱ ❛❜❜✐❛♠♦ ❝❤❡

|[A,(n+1)pm x]| ≥ ps−(n+1)pm = p(n+2)pm−(n+1)pm

= pp
m

≥ pk(n+2) = |F |n+2;
✭✹✳✶✵✮

❞♦✈❡ ❧✬✉❧,✐♠❛ ❞✐2❡5✉❛③✐♦♥❡ ❞❡*✐✈❛ ❞❛ ✭✹✳✾✮✳ ❖*❛✱ ❡22❡♥❞♦ A ✉♥ p✲2♦,,♦❣*✉♣♣♦
❡❧❡♠❡♥,❛*❡✱ ❛❜❡❧✐❛♥♦ ❡ ♥♦*♠❛❧❡✱ ♣♦22✐❛♠♦ 2❝*✐✈❡*❡ ♣❡* ✐❧ ▲❡♠♠❛ ✶✳✶✳✾

[A,n+2 x
pm ] = [A,(n+2)pm x] = [A,s x] = 1. ✭✹✳✶✶✮

■♥ ♣❛*,✐❝♦❧❛*❡✱ ❡22❡♥❞♦ F ≤ A✱ ❛❜❜✐❛♠♦ [F,n+2 x
pm ] = 1✳ ❉❛ ❝✉✐ 2❡5✉❡ ❝❤❡ 2❡

❝♦♥2✐❞❡*✐❛♠♦ ✐❧ 2♦,,♦❣*✉♣♣♦ F 〈xpm 〉
✱ ❡22❡♥❞♦ ❣❡♥❡*❛,♦ ❞❛ ,✉,,✐ ✐ 2♦,,♦❣*✉♣♣✐

❞❡❧ ,✐♣♦ [F,i x
pm ] ♣❡* ♦❣♥✐ i ∈ N✱ ❤❛ ♦*❞✐♥❡ ❛❧ ♣✐E |F |n+2

✳

❉❡✜♥✐❛♠♦ ♦*❛ H = 〈A, xpm〉✳ ❆❜❜✐❛♠♦ 2✉♣♣♦2,♦ A E G ❡ ❛❜❡❧✐❛♥♦✱ ❝✐H

✐♠♣❧✐❝❛ ❝❤❡ F 〈xpm 〉 ≤ A ❡ FH = F 〈xpm 〉
✳ ❆❧❧♦*❛ ♣♦22✐❛♠♦ ❝♦2,*✉✐*❡ ✐❧ ❣*✉♣✲

♣♦ 5✉♦③✐❡♥,❡ H/FH = (A/FH)(〈xpm〉FH/FH)✱ ❞♦✈❡ A/FH
I ✉♥ 2♦,,♦❣*✉♣✲

♣♦ ♥♦*♠❛❧❡ ❡ ❛❜❡❧✐❛♥♦✱ ❡ ❝✐H I ❞♦✈✉,♦ ❛❧ ❢❛,,♦ ❝❤❡ A E G ❡❞ ❛❜❡❧✐❛♥♦❀

♠❡♥,*❡ 〈xpm〉FH/FH
I ✉♥ 2♦,,♦❣*✉♣♣♦ ❝✐❝❧✐❝♦ ❞✐ ❞✐❢❡,,♦ ❛❧ ♣✐E n✱ ✐♥❢❛,,✐

F ≤ 〈xpm〉FH ≤ G✳ K♦22✐❛♠♦ ♦*❛ ❛♣♣❧✐❝❛*❡ ❧❛ ❣❡♥❡*❛❧✐③③❛③✐♦♥❡ ❞❡❧ ❚❡♦*❡♠❛

❞✐ ❋✐,,✐♥❣ ✶✳✺✳✻✱ ♦,,❡♥❡♥❞♦ ❝❤❡ H/FH
I ✉♥ 2♦,,♦❣*✉♣♣♦ ♥✐❧♣♦,❡♥,❡ ❞✐ ❝❧❛22❡

❛❧ ♣✐E n+ 1✳ ■♥ ♣❛*,✐❝♦❧❛*❡ ❛❜❜✐♠♦

[A,n+1 x
pm ] ≤ FH = F 〈xpm 〉. ✭✹✳✶✷✮

❈♦♠❡ ♦22❡*✈❛,♦ ✐♥ ♣*❡❝❡❞❡♥③❛✱ ❞❛,♦ ❝❤❡ A I ✉♥ p✲2♦,,♦❣*✉♣♣♦ ❡❧❡♠❡♥,❛*❡

❛❜❡❧✐❛♥♦ ❡ ♥♦*♠❛❧❡✱ ♣♦22✐❛♠♦ ❛✛❡*♠❛*❡ [A,(n+1)pm x] = [A,n+1 x
pm ]✳ ❙♦2,✐✲

,✉❡♥❞♦ ❝♦♥ 5✉❡2,❛ ✉❣✉❛❣❧✐❛♥③❛ ✐❧ ♣*✐♠♦ ,❡*♠✐♥❡ ❞✐ ✭✹✳✶✷✮ ❡ *✐❝♦*❞❛♥❞♦ ❧❛

♠❛❣❣✐♦*❛③✐♦♥❡ ✭✹✳✾✮✱ ,*♦✈✐❛♠♦ ❝❤❡

|[A,(n+1)pm x]| ≤ |F 〈xpm 〉| ≤ |F |n+2
✭✹✳✶✸✮

❝❤❡ ❝♦♥,*❛❞❞✐❝❡ 5✉❛♥,♦ ,*♦✈❛,♦ ✐♥ ✭✹✳✶✵✮✳

▲❡♠♠❛ ✹✳✷✳✹✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ )❡♥③❛ ,♦&)✐♦♥❡ ❡ ❧♦❝❛❧♠❡♥,❡ ♥✐❧♣♦,❡♥,❡✳ ❙✐❛

A ✉♥ )♦,,♦❣&✉♣♣♦ ♥♦&♠❛❧❡ ❡ ❛❜❡❧✐❛♥♦ ❞✐ G✱ ,❛❧❡ ❝❤❡ G/A )✐❛ ❛❜❡❧✐❛♥♦✳ ❙✉♣✲

♣♦♥✐❛♠♦ ❝❤❡ ❡)✐),❛ ✉♥ )♦,,♦❣&✉♣♣♦ ✜♥✐,❛♠❡♥,❡ ❣❡♥❡&❛,♦ F ≤ A ❡ ✉♥ n ∈ N✱
,❛❧❡ ❝❤❡ ,✉,,✐ ✐ )♦,,♦❣&✉♣♣✐ ❞✐ G ❝♦♥,❡♥❡♥,✐ F )✐❛♥♦ )✉❜♥♦&♠❛❧✐ ✐♥ G ❞✐ ❞✐❢❡,,♦

❛❧ ♣✐8 n✳ ❆❧❧♦&❛ G : ♥✐❧♣♦%❡♥%❡ ❡ ❧❛ )✉❛ ❝❧❛))❡ ❞✐ ♥✐❧♣♦,❡♥③❛ : ❧✐♠✐,❛,❛ ❞❛

✉♥❛ ❢✉♥③✐♦♥❡ ✐♥ (n, rk(F ))✳

✹✸



❉✐♠♦$%&❛③✐♦♥❡✳ ❊!!❡♥❞♦ ✜♥✐(❛♠❡♥(❡ ❣❡♥❡,❛(♦ ❡❞ ❛❜❡❧✐❛♥♦✱ F ❤❛ ,❛♥❣♦ ✜♥✐(♦

k = rk(F )✳ ❙✐❛ x ∈ G ❡ !✐❛ X = F 〈x〉
✐❧ ❣,✉♣♣♦ ❣❡♥❡,❛(♦ ❞❛✐ ❝♦♥✐✉❣❛(✐ ❞✐ F

(,❛♠✐(❡ 〈x〉✳ ❆❧❧♦,❛ X ≤ A ❡❞ 7 ❛❜❡❧✐❛♥♦ ✐♥ 8✉❛♥(♦ F ≤ A ❡ A 7 ✉♥ !♦((♦✲

❣,✉♣♣♦ ♥♦,♠❛❧❡ ❡ ❛❜❡❧✐❛♥♦ ❞✐ G✳ ■♥♦❧(,❡✱ X ≤ G ❞♦✈❡ G ♣❡, ✐♣♦(❡!✐ 7 !❡♥③❛

(♦,!✐♦♥❡✱ ❞✉♥8✉❡ ❛♥❝❤❡ X 7 ♣,✐✈♦ ❞✐ (♦,!✐♦♥❡✳ ❈♦♥!✐❞❡,✐❛♠♦ ✐❧ !♦((♦❣,✉♣♣♦

✜♥✐(❛♠❡♥(❡ ❣❡♥❡,❛(♦ 〈F, x〉 ❞✐ G❀ ♣♦✐❝❤? 8✉❡!(✬✉❧(✐♠♦ 7 ❧♦❝❛❧♠❡♥(❡ ♥✐❧♣♦(❡♥✲
(❡✱ 〈F, x〉 7 ♥✐❧♣♦(❡♥(❡✳ ❙✐❛ r ✐❧ ,❛♥❣♦ ❞✐ X ❡ !✐❛ Y = X2 = 〈x2 | x ∈ X〉✱
❛❧❧♦,❛✱ ♣❡, ❝♦!(,✉③✐♦♥❡✱ Y E 〈F, x〉 ❡ X/Y 7 ✉♥ ❣,✉♣♣♦ ❡❧❡♠❡♥(❛,❡ ❛❜❡❧✐❛♥♦

❞✐ ♦,❞✐♥❛ 2r✳ ■♥❢❛((✐✱ ♣❡, ❝♦♠❡ ❛❜❜✐❛♠♦ ❞❡✜♥✐(♦ ✐❧ ❣,✉♣♣♦ 8✉♦③✐❡♥(❡ X/Y ✱
❡!!♦ ❤❛ ❡!♣♦♥❡♥(❡ 2 ❡ ❞✉♥8✉❡ 7 ❛❜❡❧✐❛♥♦❀ ✐♥♦❧(,❡ X/Y 7 r ❣❡♥❡,❛(♦✱ ♣❡,(❛♥(♦
X/Y ≃ Cr

2 ❝❤❡ ❤❛ ♦,❞✐♥❡ 2r✳ ❙❡ ❞❡✜♥✐❛♠♦ ♦,❛ F̄ = FY/Y ≤ X/Y ✱ ♣❡, ✉♥
❛♥❛❧♦❣♦ ,❛❣✐♦♥❛♠❡♥(♦✱ F̄ 7 ✉♥ 2✲❣,✉♣♣♦ ❡❧❡♠❡♥(❛,❡ ❡ ❛❜❡❧✐❛♥♦ k ❣❡♥❡,❛(♦✱
♦✈✈❡,♦ F̄ ❤❛ ♦,❞✐♥❡ 2k✳ ▲✬❛✈❡, !✉♣♣♦!(♦ ❝❤❡ (✉((✐ ✐ !♦((♦❣,✉♣♣✐ ❞✐ G ❝❤❡ ❝♦♥✲

(❡♥❣♦♥♦ F !♦♥♦ !✉❜♥♦,♠❛❧✐ ❞✐ ❞✐❢❡((♦ ❛❧ ♣✐C n✱ ✐♠♣❧✐❝❛ ❝❤❡ (✉((✐ ✐ !♦((♦❣,✉♣♣✐
❞✐ 〈F, x〉 ❝❤❡ ❝♦♥(❡♥❣♦♥♦ F !♦♥♦ !✉❜♥♦,♠❛❧✐ ✐♥ 〈F, x〉 ❞✐ ❞✐❢❡((♦ ❛❧ ♣✐C n ❡ ❝❤❡
❧♦ ,✐♠❛♥❣❛♥♦ ❛♥❝❤❡ !❡ !✐ 8✉♦③✐❡♥(❛ ✐♥ Y ✳ ■♥ ❛❧(,❡ ♣❛,♦❧❡✱ (✉((✐ ✐ !♦((♦❣,✉♣✲
♣✐ ❞✐ 〈F, x〉/Y ❝❤❡ ❝♦♥(❡♥❣♦♥♦ F̄ !♦♥♦ !✉❜♥♦,♠❛❧✐ ✐♥ ❞✐ ❞✐❢❡((♦ ❛❧ ♣✐C n ✐♥

〈F, x〉/Y ❀ ❝✐D ✈❛❧❡ ✐♥ ♣❛,(✐❝♦❧❛,❡ ♣❡, X̄ = X/Y = F̄ 〈x〉
✳ E❡, ✐❧ ▲❡♠♠❛ ✹✳✷✳✸

❛♣♣❧✐❝❛(♦ ❛❧❧❛ !❡③✐♦♥❡ X̄〈x〉/Y ❞❡❧ ❣,✉♣♣♦ 〈F, x〉✱ !✐ ❤❛

[X̄,s x] = 1, ✭✹✳✶✹✮

❞♦✈❡ s = f2(k, n) − 1✳ ❙✐❛ 2h ❧❛ ♣✐C ♣✐❝❝♦❧❛ ♣♦(❡♥③❛ ❞✐ ❞✉❡ ♣✐C ❣,❛♥❞❡ ❞✐ s
✱ ❛❧❧♦,❛ [X̄,2h x] = [X̄, x2h ] = 1 ❡ ❝✐D ✐♠♣❧✐❝❛ ❝❤❡ F̄ ❤❛ ❛❧ ♣✐C 2h ❝♦♥✐✉❣❛(✐
✐♥ 〈F, x〉/Y ✳ ❉❛(♦ ❝❤❡ X̄ = F̄ 〈x〉

7 ✉♥ ❣,✉♣♣♦ ❣❡♥❡,❛(♦✱ ♣❡, ❞❡✜♥✐③✐♦♥❡✱ ❞❛✐

❝♦♥✐✉❣❛(✐ ❞✐ F̄ (,❛♠✐(❡ 〈x〉✱ ❛❜❜✐❛♠♦ ❝❤❡

2r = |X/Y | ≤ |F̄ |2
h

= (2k)2
h

⇒ r ≤ k2h.

? ❞♦✈❡,♦!♦ ♦!!❡,✈❛,❡ ❛ 8✉❡!(♦ ♣✉♥(♦ ❝❤❡ h ♥♦♥ ❞✐♣❡♥❞❡ ❞❛❧ ♣❛,(✐❝♦❧❛,❡ x
✉(✐❧✐③③❛(♦✱ ♠❛✱ ❞❡,✐✈❛♥❞♦ ❞❛ f2(k, n)− 1✱ ❞✐♣❡♥❞❡ ❛♥❝❤✬❡!!❛ ✉♥✐❝❛♠❡♥(❡ ❞❛ k
❡❞ n✳

❘✐❛!!✉♠❡♥❞♦✱ !✐♥♦,❛ ❛❜❜✐❛♠♦ ❞✐♠♦!(,❛(♦ ❝❤❡ ♣❡, ♦❣♥✐ x ∈ G✱ X = F 〈x〉
7

✉♥ !♦((♦❣,✉♣♣♦ ❛❜❡❧✐❛♥♦ !❡♥③❛ (♦,!✐♦♥❡ ❞✐ ,❛♥❣♦ r ❛❧ ♣✐C u := k2h✳ ❖,❛✱ ❞❛(♦
❝❤❡ 〈F, x〉 7 !❡♥③❛ (♦,!✐♦♥❡ ❡ ♥✐❧♣♦(❡♥(❡✱ ❡!!❡♥❞♦ !♦((♦❣,✉♣♣♦ ❞✐ G✱ !❡❣✉❡ ❝❤❡

[〈F, x〉,u x] = 1 ∀x ∈ G.

E❡, ♣,♦✈❛,❡ ❝✐D✱ 7 !✉✣❝✐❡♥(❡ ♦!!❡,✈❛,❡ ❝❤❡

〈F, x〉 = 〈F 〈x〉, x〉 ⇒ [〈F, x〉,u x] = 〈[F 〈x〉,u x], [x,u x]
︸ ︷︷ ︸

=1

〉

✹✹



❡ !✐❝♦!❞❛!❡ ❝❤❡✱ ♣❡! ✐❧ ▲❡♠♠❛ ❞✐ ❷❛!✐♥ ✸✳✶✳✺✱ F 〈x〉 ≤ ζu(G)✳ ■♥❢❛55✐✱ ❞❛

6✉❡85✬✉❧5✐♠❛ ✐♥❝❧✉8✐♦♥❡ ❡ ❞❛❧❧❛ ❝❛!❛55❡!✐③③❛③✐♦♥❡ ❞❡❧❧❛ 8❡!✐❡ ❝❡♥5!❛❧❡ ✭✶✳✶✮✱

8❡❣✉❡ ❝❤❡

[F 〈x〉, x] ≤ [F 〈x〉, G] ≤ [G, ζu(G)] ≤ ζu−1(G)

❡✱ ✐5❡!❛♥❞♦ ✐❧ !❛❣✐♦♥❛♠❡♥5♦✱ 8✐ ❝♦♥❝❧✉❞❡ ❝❤❡ [F 〈x〉,u x] ≤ [F 〈x〉,u G] = 1✳
❖!❛✱ F ≤ 〈F, x〉✱ ❛❧❧♦!❛ ♣❡! ✐♣♦5❡8✐ 〈F, x〉 ? 8✉❜♥♦!♠❛❧❡ ✐♥ G ❞✐ ❞✐❢❡55♦ ❛❧

♣✐A n✳ B❡!❝✐C✱ ♣❡! ♦❣♥✐ g, x ∈ G✱ ✈❛❧❡

[g,n+u x] = [[g,n x],u x ∈ [〈F, x〉,u x] = 1. ✭✹✳✶✺✮

❡ ❞✉♥6✉❡ G ? ✉♥ ❣!✉♣♣♦ (n + u)✲❊♥❣❡❧✳ ■♥♦❧5!❡✱ ❞❛5♦ ❝❤❡ G ♣❡! ✐♣♦5❡8✐ ?

❛♥❝❤❡ ♠❡5❛❜❡❧✐❛♥♦ ❡ 8❡♥③❛ 5♦!8✐♦♥❡✱ ♣♦88✐❛♠♦ ❞❡❞✉!!❡ ❞❛❧ ❈♦!♦❧❧❛!✐♦ ✶✳✺✳✶✵

❝❤❡ G ? ♥✐❧♣♦5❡♥5❡ ❞✐ ❝❧❛88❡ ❛❧ ♣✐A n+ u✳

❱❡❞✐❛♠♦ ♦!❛ ❧✬✉❧5✐♠♦ 5❛88❡❧❧♦ ❝❤❡ ❝✐ 8❡!✈✐!K ♥❡❧❧❛ ❞✐♠♦85!❛③✐♦♥❡ ❞❡❧ ❚❡♦!❡✲

♠❛ ❞✐ ❙♠✐5❤✱ ❝❤❡ ❝♦♥8✐85❡ ♥❡❧ ♣!♦✈❛!❡ ❧❛ ♥✐❧♣♦5❡♥③❛ ❞✐ ✉♥ ❣!✉♣♣♦ ❧♦❝❛❧♠❡♥5❡

♥✐❧♣♦5❡♥5❡ ❡ 8❡♥③❛ 5♦!8✐♦♥❡ ❛✈❡♥5❡ ✉♥ 8♦55♦❣!✉♣♣♦ ♥♦!♠❛❧❡ ❝♦♥ ♣❛!5✐❝♦❧❛!✐

♣!♦♣!✐❡5K✳

▲❡♠♠❛ ✹✳✷✳✺✳ ❙✐❛ G ✉♥ ❣&✉♣♣♦ ❧♦❝❛❧♠❡♥-❡ ♥✐❧♣♦-❡♥-❡ ❡ .❡♥③❛ -♦&.✐♦♥❡ ❡ .✐❛

N ✉♥ .♦--♦❣&✉♣♣♦ ♥♦&♠❛❧❡ ❞✐ G ♥✐❧♣♦-❡♥-❡✳ ❙❡ G/IG(N
′) 2 ♥✐❧♣♦-❡♥-❡✱ ❛❧❧♦&❛

G 2 ♥✐❧♣♦-❡♥-❡✳

❉✐♠♦.-&❛③✐♦♥❡✳ ■♥♥❛♥③✐5✉55♦ ♦88❡!✈✐❛♠♦ ❝❤❛ ❞❛❧❧❛ ❞❡✜♥✐③✐♦♥❡ ❞✐ ✐8♦❧❛5♦!❡ 8✐

❤❛ ✐♥ ❣❡♥❡!❛❧❡ ❝❤❡ 8❡ A,B E G ❝♦♥ A ≤ B ❛❧❧♦!❛ IG(A) ≤ IG(B) ❡ A ≤
IG(A), B ≤ IG(B)✳ ❘✐❝♦!❞❛♥❞♦ ✐♥♦❧5!❡ ❝❤❡ ♣❡! ✐❧ 5❡!③♦ ♣✉♥5♦ ❞❡❧ ▲❡♠♠❛

✸✳✷✳✺ IG(N
′) ≥ IG(N)′✱ ♦55❡♥✐❛♠♦ ❧❛ 8❡❣✉❡♥5❡ ❝❛5❡♥❛ ❞✐ ✐♥❝❧✉8✐♦♥✐

IG(IG(N)′) ≥ IG(N
′) = IG(IG(N

′)) ≥ IG(IG(N)′)

♦✈✈❡!♦ IG(IG(N)′) = IG(N
′)✳ ❉❛ 6✉❡85❛ ✉❣✉❛❣❧✐❛♥③❛ ❡ ❞❛❧ ♣✉♥5♦ ✷✳ ❞❡❧❧❛

B!♦♣♦8✐③✐♦♥❡ ✸✳✷✳✸ 8❡❣✉❡ ❝❤❡ 8❡ N E G ❡❞ ? 5❛❧❡ ❝❤❡ G/IG(N
′) 8✐❛ ♥✐❧♣♦5❡♥5❡✱

❛❧❧♦!❛ ❛♥❝❤❡ IG(N) 8♦❞❞✐8❢❛ ❧❡ ♠❡❞❡8✐♠❡ ❝♦♥❞✐③✐♦♥✐✳ ■♥♦❧5!❡✱ ❞❛5♦ ❝❤❡ N
? ♥✐❧♣♦5❡♥5❡✱ ♣❡! ✐❧ ▲❡♠♠❛ ✸✳✷✳✶✶ ? ♣♦88✐❜✐❧❡ ❞✐♠♦85!❛!❡ ❝❤❡ ❛♥❝❤❡ IG(N)
❧♦ ?✳ ■♥❢❛55✐✱ ❞✐!❡ ❝❤❡ N ? ♥✐❧♣♦5❡♥5❡ ❞✐ ❝❧❛88❡ c ? ❡6✉✐✈❛❧❡♥5❡ ❛ ❞✐!❡ ❝❤❡ ✐❧

5❡!♠✐♥❡ ❞❡❧❧❛ 8❡!✐❡ ❝❡♥5!❛❧❡ ❛8❝❡♥❞❡♥5❡ ζc(N) = N ❡ ❛♣♣❧✐❝❛♥❞♦ ✐❧ ❧❡♠♠❛

♣!❡❝❡❞❡♥5❡♠❡♥5❡ ❝✐5❛5♦ 8✐ ❤❛

ζc(IG(N)) = IG(ζc(N)) = IG(N)

❝❤❡ 8✐❣♥✐✜❝❛ ❝❤❡ IG(N) ? ♥✐❧♣♦5❡♥5❡ ❞✐ ❝❧❛88❡ c✳ B❡!5❛♥5♦✱ 8❡ 8✐ ❤❛ ✉♥ 8♦55♦✲

❣!✉♣♣♦ ♥♦!♠❛❧❡ N ❞✐ G ❝❤❡ 8♦❞❞✐8❢❛ ❛❧❧❡ ✐♣♦5❡8✐ ❞❡❧ ❧❡♠♠❛✱ ? ♣♦88✐❜✐❧❡ 8♦85✐✲

5✉✐!❧♦ ♥❡❧❧❛ 5!❛55❛③✐♦♥❡ ❝♦♥ ✐❧ 8✉♦ ✐8♦❧❛5♦!❡ ✐♥ G✱ ♣♦88❡❞❡♥❞♦♥❡ ❧❡ ♠❡❞❡8✐♠❡

✹✺



♣!♦♣!✐❡%&✳ (❡!%❛♥%♦✱ ❞❛ -✉❡/%♦ ♣✉♥%♦ ✐♥ ♣♦✐ ❞❡❧❧❛ ❞✐♠♦/%!❛③✐♦♥❡✱ ❛//✉♠❡!❡♠♦

❝❤❡ N = IG(N)✳ (!♦❝❡❞✐❛♠♦ ♣❡! ✐♥❞✉③✐♦♥❡ /✉❧❧❛ ❝❧❛//❡ ❞✐ ♥✐❧♣♦%❡♥③❛ ❞✐ N ✳

✭❈❛/♦ c = 1✮ ■♥ -✉❡/%♦ ❝❛/♦ N ′ = 1 ❡ ❝✐9 ✐♠♣❧✐❝❛ ❝❤❡ IG(N
′) = 1✱ ❡//❡♥❞♦ G

/❡♥③❛ %♦!/✐♦♥❡✳ (❡!%❛♥%♦ /✐ ❤❛ ❝❤❡ G/IG(N
′) = G : ♥✐❧♣♦%❡♥%❡✳

✭❈❛/♦ c ≥ 2✮ ❙✐❛ K = IN(γc(N))✱ ❛❧❧♦!❛ K E ❡ K ≤ Z(N) γc(N) E N ✳

■♥❢❛%%✐ /✐ ❤❛ ❝❤❡

[N, IG(γc(N))] = [IG(N), IG(γc(N))] ≤ IG([N, γc(N)])

≤ IG(γc+1(N)
︸ ︷︷ ︸

=1

) = 1,

❞♦✈❡ ❛❜❜✐❛♥♦ ✉%✐❧✐③③❛%♦ ♣!✐♠❛ ❧✬❛//✉♥③✐♦♥❡ ❝❤❡ N = IG(N)✱ /✉❝❝❡//✐✈❛♠❡♥%❡

✐❧ ▲❡♠♠❛ ✸✳✷✳✽✱ ✐♥✜♥❡ ❧❛ ❞❡✜♥✐③✐♦♥❡ ❞❡❧❧❛ /❡!✐❡ ❝❡♥%!❛❧❡ ❞✐/❝❡♥❞❡♥%❡ ❡ ✐❧ ❢❛%%♦

❝❤❡ G : ✉♥ ❣!✉♣♣♦ ♣!✐✈♦ ❞✐ %♦!/✐♦♥❡✳ ❉✉♥-✉❡ N/K : ♥✐❧♣♦%❡♥%❡ ❞✐ ❝❧❛//❡

❛❧ ♣✐G n − 1✳ ■♥♦❧%!❡✱ ❡//❡♥❞♦ N = IG(N)✱ /✐ ❤❛ IG(K) = IN(K) = K ❝❤❡✱

✉♥✐%♦ ❛❧ ❢❛%%♦ ❝❤❡

G/K
IG((N/K)′)

: ♥✐❧♣♦%❡♥%❡ ❡ G/K : /❡♥③❛ %♦!/✐♦♥❡✱ ♣❡!♠❡%%❡ ❞✐

❛♣♣❧✐❝❛!❡ ❧✬✐♣♦%❡/✐ ✐♥❞✉%%✐✈❛ ❡ ❞✉♥-✉❡ ❞✐ ♠♦/%!❛!❡ ❝❤❡ G/K : ♥✐❧♣♦%❡♥%❡✳ ❙✐❛

K/K = K0/K ≤ K1/K ≤ · · · ≤ Kd/K = N/K

❧✬✐♥%❡!/❡③✐♦♥❡ ❞❡❧❧❛ /❡!✐❡ ❝❡♥%!❛❧❡ ❛/❝❡♥❞❡♥%❡ ❞✐ G/K ❝♦♥ N/K ❡✱ ♣❡! ♦❣♥✐

s = 0, 1, . . . , 2d✱ /✐❛ Ts = 〈[Ki, Kj] | 0 ≤ i, j ≤ d, i + j = s〉✳ ❖!❛✱ ♣❡! ♦❣♥✐

i, j ∈ {1, . . . , d}✱ ✈❛❧❣♦♥♦ ❧❡ /❡❣✉❡♥%✐ ✐♥❝❧✉/✐♦♥✐ ♦%%❡♥✉%❡ ❛♣♣❧✐❝❛♥❞♦ ✐❧ ▲❡♠♠❛

❞❡✐ ❚!❡ ❙♦%%♦❣!✉♣♣✐ ❡ ✐❧ ❢❛%%♦ ❝❤❡ ❧❛ /❡!✐❡ ❞❡✐ Ki /✐❛ ❝❡♥%!❛❧❡✿

[Ki, Kj, G] ≤ [Kj, G,Ki][G,Ki, Kj] ≤ [Kj−1, Ki][Ki−1, Kj] ≤ Ti+j−1.

❉✉♥-✉❡ [Ki, Kj, G] = [Ts, G] ≤ Ts−1 ♣❡! ♦❣♥✐ s ≥ 1✳ ■♥ ❛❧%!❡ ♣❛!♦❧❡ G
❝❡♥%!❛❧✐③③❛ ❧❛ /❡!✐❡

1 = [K,K] = T0 ≤ T1 ≤ · · · ≤ T2d = N ′.

◆❡ ❝♦♥/❡❣✉❡✱ ❝♦♠❡ ♦//❡!✈❛%♦ ♥❡❧ ♣!✐♠♦ ♣✉♥%♦ ❞❡❧ ▲❡♠♠❛ ✸✳✷✳✺✱ ❝❤❡ G ❝❡♥✲

%!❛❧✐③③❛ ❛♥❝❤❡ ❧❛ /❡!✐❡ ❞❡❣❧✐ ✐/♦❧❛%♦!✐

1 = IG(1) ≤ IG(T1) ≤ · · · ≤ IG(T2d−1) ≤ IG(T2d) = IG(N
′).

(♦✐❝❤N✱ ♣❡! ✐♣♦%❡/✐✱ G/IG(N
′) : ♥✐❧♣♦%❡♥%❡ ❡ G ❝❡♥%!❛❧✐③③❛ ❧❛ /❡!✐❡ ❞✐ IG(N

′)✱
♣♦//✐❛♠♦ ❝♦♥❝❧✉❞❡!❡ ❝❤❡ G : ♥✐❧♣♦%❡♥%❡✳

❖!❛ /✐❛♠♦ ✐♥ ♣♦//❡//♦ ❞✐ %✉%%✐ ❣❧✐ /%!✉♠❡♥%✐ ♥❡❝❡//❛!✐ ❛ ♣!♦✈❛!❡ ✐❧ !✐/✉❧%❛%♦

♣!✐♥❝✐♣❛❧❡✱ ♥♦♥❝❤N ❢✉❧❝!♦ ❞✐ -✉❡/%❛ %❡/✐✱ ♦//✐❛ ✐❧ ❚❡♦!❡♠❛ ❞✐ ❙♠✐%❤✳

✹✻



❚❡♦#❡♠❛ ✹✳✷✳✻✳ ✭❍✳ ❙♠✐&❤✮ ❙❡ G * ✉♥ ❣.✉♣♣♦ ✐♥ N1 1❡♥③❛ &♦.1✐♦♥❡✱ ❛❧❧♦.❛

G * ♥✐❧♣♦%❡♥%❡✳
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