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Chapter I

Introduction

The study of the concentration properties of automorphic forms is a beautiful subject
at the crossroad of number theory, ergodic theory, geometry and representation
theory. Among the many open lines of research, the one related to quantum unique
ergodicity has received increasing attention, thanks to striking partial results.

The quantum unique ergodicity conjecture (QUE) of Rudnick-Sarnak was in-
spired by the quantum ergodicity (QE) result of Colin de Verdière, Snirelman,
Zelditch and has its roots in the expected properties of physical quantum systems
in the semiclassical limit [RS94]. In particular, it deals with the concentration prop-
erties of eigenfunctions of the Laplacian on negatively curved compact Riemannian
spaces (X, g), in the high frequency limit. It states the following.

Conjecture I.0.1 (QUE, Rudnick Sarnak). Let (X, g) be a compact Riemannian
manifold with negative curvature, with probability measure µg induced by the Rie-
mannian metric. Let φj ∈ C∞(X) be a sequence of L2-normalized eigenfunctions of
the laplacian ∆g, with eigenvalue λj. Denote by µφj

(E) =
∫
E
|φj|2dµg, the L2-mass

probability measure on X induced by φj. If λj → +∞ then µφj
converge weak-∗ to

µg.

The problem in this form is far from being solved and, moreover, doesn’t in-
volve any arithmetic argument. However, one of the most important partial results
was obtained by Lindenstrauss in [Lin04], by restricting to suitable arithmetic func-
tions on an arithmetic surface, proving the celebrated arithmetic quantum unique
ergodicity result (AQUE). We briefly describe the setting.

Let X = Γ \ H be a compact arithmetic hyperbolic surface, with constant cur-
vature −1, for Γ = R× ⊂ SL2(R), the units of an Eichler order R of an indefinite
quaternion algebra. The space X naturally comes with a commuting family of Hecke
normal operators Tp acting on C

∞(X), for p prime, that commute with the laplacian
∆X . In this context, the Hecke-Mass eigenforms φ ∈ C∞(X) are eigenfunctions of
∆X and of all the Hecke operators Tp. Then the result states the following.

Theorem I.0.2 (AQUE, Lindenstrauss). For any sequence of L2-normalized Hecke-
Maass eigenforms (φj)j∈N, with eigenvalue λj → ∞, the sequence µφj

converges
weak-∗ to dµg.

This result gave the input to other studies of quantum unique ergodicity of arith-
metic functions, also on non-compact arithmetic quotients [HS10]. In this setting,
another prominent research line deals with the properties of the automorphic forms
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in the limit in which the volume of the arithmetic hyperbolic surface X tends to
infinity. In this context, we record the following theorem.

Theorem I.0.3 (AQUE, Nelson, Nelson-Pitale-Saha, Hu, [Nel11], [NPS13], [Hu18]).
Fix a prime p and a non-negative integer n0. Let n traverse a sequence of natural
numbers tending to ∞. Let ϕ be an L2-normalized holomorphic Hecke newform on
Γ0(p

n). Then the pushforward to Γ0(p
n0) \H of the L2-mass of ϕ equidistributes.

In this essay, we will study a p-adic analogue of this theorem, following Nelson’s
work [Nel18]. Now, we will present the setting of this problem in a special case.

Fix a prime number p and let G = GL(Qp). We consider a definite quaternion
algebra B over Q that splits at p and define the compact space X = Γ \ GL2(Qp),
for Γ = R[1/p]× ↪→ GL2(Qp), for a maximal order R of B.

The space X is modeled on the cotangent bundle of a real arithmetic hyperbolic
surface, associated to an indefinite quaternion algebra. As in the real case, it comes
with Hecke correspondences Tl, for primes l ̸= p, as defined in section VI.1. Assume
now, that

TorsΓ ⊂ {±1}. (I.1)

As in the real case, we may consider the minimal quotient Y = X/K, for the
maximal open compact subgroup K = GL2(Zp), and study the space of functions
F(Y ) which correspond to global automorphic forms. However, since X is compact
and K is an open compact, Y is finite and discrete. Thus, F(Y ) is not an interesting
space for the quantum unique ergodicity problem in Lindenstrauss’ formulation. So,
we shall look at X with a finer resolution. First, notice that

Y ∼= R[1/p]×[1/p]× \G/Z×
p GL2(Zp) ∼= Γ \ PGL2(Qp)/PGL2(Zp),

for Γ the image of Γ in PGL2(Qp). Under the assumption I.1, Y can be regarded as a
p+1-regular undirected graph, quotient of the regular tree of PGL2(Qp)/PGL2(Zp)
(see the discussion of section IV.3). Then, the analogues of Γ0(p

N) (see section
VI.1), correspond to the path spaces of the graph associated to Y .

Definition I.0.4 (Path Space). Let m,m′ ∈ Z, m ≥ m′ and consider the set
m′ . . .m = {m′,m+ 1, . . . ,m}. The path space Ym′...m of level N = m′ −m is

Ym′...m = {non-backtracking paths x = (xm′ → xm′+1 → · · · → xm) of Y }.

For m′ . . .m ⊇ n′ . . . n, the projection p : Ym...m′ → Yn′...n is the map obtained
by forgetting the part of the path with indices not contained in n′ . . . n. This map
induces a projection p∗ : L2(Ym′...m) → L2(Yn′...n), for the probability counting
measure on these finite spaces, by

f 7→ f̃ : x 7→
∑

y∈p−1(x)

f(y).

We are then interested in studying the asymptotic behavior of the eigenfunctions
for L2(Ym′...m), defined as an analogue of the classical newforms attached to real
modular surfaces.

Definition I.0.5 (Newvectors). Let Fm′...m ⊆ L2(Ym′...m) be an orthonormal basis
for the space of functions ϕ : Ym′...m → C satisfying the following conditions:
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1. the pullback of ϕ to X = Γ \ G generates an irreducible representation of
G = GL2(Qp) under the right translation action.

2. ϕ is an eigenfunction of the Hecke operators Tl, for any prime l ̸= p.

3. ϕ is orthogonal to pullbacks from Yn...n′ , whenever n′ . . . n ⊊ m′ . . .m.

Focus now, for simplicity, on the symmetric intervals −N . . .N . Fix n ∈ N and
considerN ≥ n as a parameter tending to +∞. We can associate to any ϕ ∈ F−N...N ,
a probability measure µϕ on Y−n...n by

µϕ(E) =
1

|Y−N...N |
∑

x∈Y−N...N :
p(x)∈E

|ϕ|2(x),

which is the pushforward of the measure µϕ, as in Theorem I.0.2, under the covering
p : Y−N...N → Y−n...n, as in Theorem I.0.2. In this essay, following [Nel18], we will
prove an analogue of the arithmetic quantum unique ergodicity result for principal
series for the path spaces of Y , that can be expressed as follows.

Theorem I.0.6 (Nelson). Fix n ∈ N. Let N ≥ n traverse a sequence of positive
integers tending to ∞. For any sequence of newvectors ϕN ∈ F−N...N , such that ϕN
generates an irreducible principal series representation of G, any weak-* limit of the
measures µϕ converge to the uniform probability measure µn on Y−n...n.

The proof of this result will ultimately rely on a measure classification theorem
used for the proof of Lindenstrauss’ AQUE. In particular, we will need to introduce
a p-adic version of a representation theoretic construction called microlocal lift, de-
fined in section VI.4, for which a more general setting is needed. Finally, we stress
that the statement clearly resembles Theorem I.0.3, adapted to a discrete graph
theoretic version, and so opens a possible link with quantum unique ergodicity on
large graphs [AM15].

We give a summary of the contents of the various chapters.
In the second chapter we present the classical and adelic theory of quaternion

algebras following [Vig80]. The main goal is to give the necessary background to
appreciate the construction of the p-adic space X as an adelic quotient and to un-
derstand the naturality of the definition of the p-adic eigenfunctions in this context.

The third chapter deals with the local representation theory over GL2(Qp) as
presented in [Bum97] and some lecture notes [Che] and [Tai]. In this chapter, we
try to lay the representation theoretic foundations for the proof of the main results
of the last chapter.

The fourth chapter presents the link between the regular graphs and trees and
the p-adic spaces that are quotients of PGL2(Qp) as in [Ser80]. In particular, we
introduce the Bruhat-Tits Tree of PGL2(Qp) following [Ser80]. In the last section, we
deal with analytic properties of the eigenfunctions of the tree that play an important
role for the AQUE problem.

The fifth chapter is an introduction to some topics of ergodic theory that are
useful for the understanding of the measure classication result of Theorem VI.1.13.
The discussion is based mainly on [VO15], with the last topics drawn from [Lin04]
and [Lin06].
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The last chapter will present the representation theoretic setting that generalizes
the path space construction we presented before. In this context, we will present the
main proof, following closely [Nel18]. In particular, we will try to clarify and give a
sense to some of the constructions and some details, also drawing the intuition and
explanations from the previous chapters.
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Chapter II

Quaternion Algebras

In this chapter, we will present the theory of quaternion algebras, with a particular
emphasis on the rational ones. We won’t prove the majority of the results, since it
would take too much time, but the exposition will be based on the classical work of
[Vig80]. We also acknowledge an intersection with [Dal] in the first chapters, due to
the common source.

In the first section, we will present the basic definitions and results, developing
the noncommutative analogue of the theory of commutative Dedekind domains. In
particular, we will define the concept of orders, ideals and the class number of a
quaternion algebra. Finally, we will introduce the different and discriminant.

In the second section, we will focus on the quaternion algebras over a local field.
After proving a classification, we will study their orders and the local discriminant.

The third section is dedicated to the quaternion algebras over a global field K,
specializing the discussion to K = Q. We will present a classification and study
the Eichler orders. We will define the Brandt matrices and the Hecke operators
associated to maximal orders. Then, we will pass from the global setting to the
adelic setting. We will define the automorphic forms on this setting and state the
associated strong multiplicity one result.
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II.1 Quaternion Algebras

Let K be a field of characteristics different from 2.

Definition II.1.1 (Quaternion Algebra). A quaternion algebra B over K, is a
central simple algebra of dimension 4 over K . Equivalently, a quaternion algebra B
is aK-algebra of dimension 4, such that there exists a K-basis 1, i, j, ij that satisfies:

i2 = a, j2 = b, ij = −ji a, b ∈ K×.

In this case, B will also be denoted by B(a, b) or
(
a,b
K

)
.

Any quaternion algebra comes with an involutive anti-automorphism.

Definition II.1.2 (conjugation). Let B be a quaternion algebra over K. The
conjugation is the K-endomorphism : h 7→ h̄, defined on the basis 1, i, j, ij by
a+ bi+ cj + dij 7→ a− bi− cj − dij.

Definition II.1.3. Let B be a quaternion algebra over K. The reduced trace of
h ∈ B is t(h) = h + h̄. The reduced norm of h ∈ B is n(h) = hh̄. The minimal
polynomial of h ̸∈ K is

(X − h)(X − h̄) = X2 − t(h)X + n(h).

Proposition II.1.4. Let B a quaternion algebra over K. The following hold:

1. the norm is a multiplicative homomorphism n : B → F ;

2. the trace is an additive homomorphism t : B → F ;

3. an element h ∈ B is invertible if and only if n(B) ̸= 0.

Proof. It follows from the definition of the norm and the trace by expressing their
action on the basis 1, i, j, ij. See [Vig80, Lemme 1.1].

Example II.1.5. A classical and fundamental example of a quaternion algebra over
K is given by the matrix algebraM2(K). It has dimension 4 over K and it is simple
since any principal bilateral ideal contains the identity. In this setting, the trace is
the classical trace of a matrix and the norm is the classical norm of a matrix. The

conjugation is given by

(
a b
c d

)
→
(
d −b
−c a

)
.

Proposition II.1.6. Let K be a field and let a, b, c ∈ K×. Then the following hold:

1.
(
a,b
K

) ∼= ( b,aK );
2.
(
µ2a,ν2b
K

)
∼=
(
a,b
K

)
, for any µ, ν ∈ K×;

3.
(
1,c
K

) ∼= ( b,aK );
Proof. 1) The isomorphism comes from the K-algebra endomorphism i 7→ j, j 7→ i.

2) In this case, the isomorphism is induced by i 7→ i
µ
, j 7→ j

ν2
.

3) The isomorphism is induced by

1 7→ I2, i 7→
(
0 −1
1 0

)
, j 7→

(
0 b
1 0

)
.
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II.2. Ideals and Orders

Proposition II.1.7. For an algebraically closed field K, the only quaternion algebra,
up to isomorphism, is M2(K).

Proof. Let B =
(
a,b
K

)
be a quaternion algebra over K. Fix µ, such that µ2 = a. By

Proposition II.1.6 we have that:(
a, b

K

)
=

(
µ2, b

K

)
∼=
(
1, b

K

)
∼= M2(K).

For a given field extension L ↪→ F and a quaternion algebra B over F , the tensor
product B′ = B ⊗F K is a L-algebra of dimension 4 that satisfies the equivalent
condition of Definition II.1.1, hence is a quaternion algebra over L. As a consequence
of the previous proposition, there always exists an intermediate field F ⊆ L ⊆ K, for
the algebraic closure K of F , such that B⊗F L ∼= M2(L). This argument motivates
the following definition.

Definition II.1.8. Let B be a quaternion algebra over a field F . Consider a field
extension F ↪→ L. We say that B splits over L if B ⊗F L ∼= M2(L).

Proposition II.1.9. Let B be a quaternion algebra over K. Either B is split or it
is a division algebra.

Proof. By the Artin-Wedderburn Theorem, since B is a central simple algebra of
finite dimension over the semisimple artinian ring F , we have that B ∼= Mn(D), for
a division algebra D. Moreover, dimF (B) = 4, so there are only two choices: either
n = 1 and D = B is a division algebra or n = 2 and dimF (D) = 1, i.e. D = F .

II.2 Ideals and Orders

Fix a Dedekind ring R. Denote with K its field of fractions and let B/K be a
quaternion algebra over K.

Definition II.2.1. A R-lattice L of a K-vector space V is a finitely generated
R-module on V . The R-lattice L is completeif L⊗R K ∼= V .

Definition II.2.2. An element x ∈ B is integral over K if R[x] is a R-lattice of B.

As in the commutative case of number field extensions, there is a relation between
integral elements and lattices.

Proposition II.2.3. An element x ∈ B is integral if and only if its reduced trace
and its reduced norm are elements of R ⊂ K.

In contrast with the commutative case, the integral elements do not form a ring
in general. As a consequence, we sometimes need to restrict to subsets of the integral
elements over R which form a ring.

Definition II.2.4 (Ideal, Order). An ideal of B is a complete R-lattice. An order
O of B is an ideal which is a ring. Equivalently, an order O of B is a subring of
integral elements such that:

Chapter II 9



1. R ⊆ O;

2. KO = H.

A maximal order is an order which is not contained properly in another order. An
Eichler order is the intersection of maximal orders.

To any given ideal I of B we can associate two orders:

Ol(I) = {h ∈ B | hI ⊂ I},
Or(I) = {h ∈ B | Ih ⊂ I},

respectively the left and right orders associated to I. See [Vig80, §1.4].

Proposition II.2.5. The two definitions of order are equivalent. Moreover, there
exists at least an order. Any order is contained in a maximal one.

Proof. See [Vig80, Proposition 4.2].

Definition II.2.6. An ideal I is a left ideal of Ol(I), a right ideal of Or(I). It
is bilateral if Ol(I) = Or(I), normal if Ol(I) and Or(I) are minimal, integral if
I ⊆ Or(I) ∩Ol(I), principal if I = Ogh = hOd.

There are also natural operations associated to the ideals.

Definition II.2.7. The inverse of an ideal I is I−1 = {h ∈ H, IhI ⊂ I}. The
product IJ of two ideals IJ is the ideal generated by hk for h ∈ I, k ∈ J .

Proposition II.2.8. The product of ideals is associative. Moreover, an ideal I is
integral if and only if it is contained in one of its associated orders.

Proof. See [Vig80, Lemme 4.3].

Remark II.2.9. Let I = Ol(I)b be a principal ideal. Then

1. I−1 = h−1Ol(I) = Or(I)h
−1;

2. II−1 = Ol, I
−1I = Or,

where Or = b−1Olb is the right order of I.

As in the commutative case, we can define equivalence relations between ideals.

Definition II.2.10. Let I, J be ideals of B. Then I and J are right equivalent if
and only if I = Jh, for h ∈ B. The right equivalence classes which are left ideals of
the order O are called the left classes of O. In the same way, we can define the left
equivalence between two ideals and the right classes of O.

The two similar notions are related as expected.

Lemma II.2.11. The inverse map I 7→ I−1 induces a bijection between the left
classes and right classes of an order O.

Consider an ideal J . The map I 7→ JI induces a bijection between the left classes
of Ol(I) and the left classes of Ol(J)

Definition II.2.12 (Class number). Fix an order O of B. The class number cl(O)
is the number (finite or infinite) of equivalence classes of left (or right) ideals of O.
The class number of B, cl(B) is the class number of a maximal order of B.
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II.3. Different and Discriminant

II.3 Different and Discriminant

Fix a quaternion algebra B over K and a Dedekind ring R, with field of fraction
equal to K. All the orders and ideals will be relative to R.

Definition II.3.1 (Norm). The norm of an ideal I, is the fractional ideal of R given
by

n(I) = ⟨n(h)⟩h∈I .

Definition II.3.2. The different O∗−1of an order O of B is the inverse ideal of the
dual of O, respect to the bilinear form induced by the reduced trace:

O∗ = {x ∈ H | t(xO) ⊆ R}.

Its reduced norm n(O∗−1) is the reduced discriminant of O, denoted by d(O).

Lemma II.3.3. The following is true:

1. if I is an ideal, then I∗ = {x ∈ H | t(xI) ⊆ R} is a bilateral ideal;

2. if O is an order, then O∗−1 is an integral bilateral ideal;

3. If O is a free R-module with basis (uj) and a principal ideal, then

n(O∗−1)2 = R(det(t(uiuj))).

Proof. 3) The proof is similar to the commutative case, see [Vig80, Lemme 4.7].

Corollary II.3.4. Let O,O′ be orders of B. If O′ ⊆ O, we have that d(O′) ⊆ d(O′).
Moreover, d(O) = d(O′) if and only if O = O′.

Remark II.3.5. This corollary is useful for establishing conditions on orders to
be maximal. For example, if an order O of B has the property that d(O) = R,
then automatically it must be maximal. That’s the case for the order M2(R) of the
quaternion algebra M2(K), for K the field of fraction of a Dedekind ring R.

II.4 Quaternion Algebras over Local Fields

Let K be a local field. Moreover, if K is non-archimedean, let o be its ring of
integers, fix a uniformizer ϖ and let p = (ϖ) be the unique maximal ideal of o.

Theorem II.4.1 (Classification). On a local field K ̸= C there exists a unique
quaternion division algebra B. In particular, for K non-archimedean of character-
istic different from 2, B ∼=

(
ϖ,u
K

)
, where u is a root of unity in K which is not a

square.

Proof. See [Vig80, §II.1 Théorème 1.1] and [Vig80, §II.1 Théorème 1.3].

Definition II.4.2. Let K be a field of characteristics different from 2. The Hasse
invariant of a, b ∈ K× is defined by

ϵK(a, b) =

{
1 if

(
a,b
K

)
splits;

−1 if
(
a,b
K

)
doesn’t split.
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Remark II.4.3. Since any quaternion algebra over K can be expressed as
(
a,b
K

)
,

the Hasse invariant is actually a map ϵK : Quat(K) → {±1}.

We introduce now a related number theoretical invariant.

Definition II.4.4 (Hilbert symbol). Let a, b ∈ K×. Then the Hilbert symbol is
defined as

(a, b)K =

{
1 if ax3 + by2 − z2 = 0 admits a nontrivial solution for x, y, z ∈ K;

−1 otherwise.

The two objects, in the case of a local field, are related in the following way.

Theorem II.4.5. Let K be a local field of characteristic different from 2. Then:

ϵK(a, b) = (a, b)K .

Proof. See [Vig80, §2.1].

Now, we determine the discriminant of a maximal order of a non-split quaternion
algebra over a non-archimedean local field K.

Proposition II.4.6. Let B be a non-split quaternion algebra over a non-archimedean
local field of characteristic different from 2. Then there is a unique maximal order
OM . Its reduced discriminant is d(OM) = p.

Definition II.4.7. Let B be a quaternion algebra over a local field. Then the
discriminant of B, denoted by d(B), is the discriminant of a maximal order.

Remark II.4.8. As a consequence of Remark II.3.5, for any non-archimedean local
field K, the split quaternion algebra M2(K) has a maximal order given by OM =
M2(o). Its reduced discriminant is then d(OM) = o. As a result, it’s possible to
determine if a quaternion algebra over K is non-split or split, by looking at its
discriminant. Thus, in light of the previous proposition, if B ̸∼= M2(K) we also say
that B is ramified.

Remark II.4.9. Even though there is no unique maximal order or ideal in the case
of a split local quaternion algebra B over a local field K, it’s possible to find a
standard one in the non-archimedean case. Let v be the valuation associated to the
local field K. Then the set Xp = {h ∈ B | v(n(h)) ≥ 0} is a maximal ideal and
order in B, see [Vig80, §2 Lemme 1.4].

II.5 Quaternion Algebras over Global Fields

Fix a global field K.
We present the classification of the quaternion algebras over K.

Definition II.5.1. Let B be a quaternion algebra over K and fix a place v. We say
that B ramifies at v if Bv = B ⊗K Kv is ramified. In particular if K = Q, and B
ramifies at infinity, we say that B is definite.

Proposition II.5.2. Let B be a quaternion algebra over K. Then there are only
finitely many ramified places.
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II.5. Quaternion Algebras over Global Fields

Proof. Write B as
(
a,b
K

)
, for a, b ∈ K×. Then for almost any non-archimedean place,

we have that a, b ∈ o×v and the order associated to the lattice by O = Rv + Rvi +
Rvj +Rvij has discriminant d(O) ̸⊆ pv. Hence by Proposition II.4.6, B is split.

The classification depends on local information, through the discriminant of B.

Definition II.5.3. Let B be a quaternion algebra over a number field K. The
reduced discriminant of B, denoted by d(B), is the integral ideal d(B) given by the
product of the finite ramified places.

Theorem II.5.4. Classification Let B be a quaternion algebra over a global field
K. Let Ram(B) be the set of ramified places. Then:

1. Ram(B) is a finite set of even cardinality;

2. for any finite set S of places of even cardinality there exists one and only one
quaternion algebra B′, up to isomorphism, such that Ram(B) = S.

Proof. See [Vig80, §3.3 Théorème 3.1].

Remark II.5.5. In general, 1) follows by the Hilbert reciprocity law∏
v place

(a, b)Kv = 1 =
∏

v place

ϵ(a, b)Kv .

Actually, it’s also possible to deduce this theorem as a corollary of the classification.
In the case K = Q Hilbert reciprocity becomes just quadratic reciprocity.

Remark II.5.6. In the case of K = Q, the previous theorem specializes nicely. In
fact, for any there exists one and only one quaternion algebra B over Q for a given
reduced discriminant d(B), i.e. there is a bijection between the squarefree integers
(1 included) and the quaternion algebras. The reason behind this nice form is the
existence of only one infinite place, whose splitting behaviour is then determined
by the cardinality of Ramfin(B), the set of finite ramified places. In fact, by the
previous theorem Ram(B) has to be of even cardinality.

From these results, we noticed that the properties of a global quaternion algebra
B over K are strictly related to the ones of the associated local quaternion algebras
Bv over Kv, by localization. This connection is formalized by the notions of adèles
and idèles associated to B.

First, notice that for any place v, the quaternion algebra Bv has a natural topol-
ogy, given by considering the underlying topological vector space of dimension 4
over Kv.

Fix a finite set S ⊇ S∞ of places of K, containing the archimedean ones. Denote
with VK the set of places of K.

Let AK be the ring of adèles of K and let A×
K be the group of idèles, with their

respective topologies.

Definition II.5.7. The ring of adèles of B is the topological group BA = B⊗KAK .
Equivalently, it is the restricted direct product of the topological groups Bv, for
v ∈ VK , with respect to the open compact subgroups Ov = O ⊗ Rv, for a maximal
order O of B, for v ̸∈ S.
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Definition II.5.8. The group of idèles B×
A is the restricted direct product of the

topological groups B×
v , for v ∈ VK , with respect to the open compact subgroups

O×
v = (O ⊗Rv)

×, for a maximal order O of B, for v ̸∈ S.

Definition II.5.9. The unit idèles B1
A is the subgroup of the idèles B×

A , given by
the kernel of the map induced on the idèles by the reduced norm n : B×

A → AK :

B1
A = ker((xv)v 7→ (n(xv))v∈V ).

Remark II.5.10. With these definitions, it’s possible to realize B = BK as a
subgroup of BA and B×

K as a subgroup of B×
K , by diagonal embedding.

The same holds for Bv and B
×
v , for a place v.

We report the following structural result in this setting.

Theorem II.5.11. Let B be a quaternion algebra over a number field K. The
following hold:

1. B is discrete and cocompact in BA, i.e. BA/B is compact;

2. For any place v, Bv +Bk is dense on BA.

3. B× is discrete on B×
A ;

4. if B is a division algebra, then B1
A/B

1 is compact.

Proof. See [Vig80, §3.1 Théoreme 1.4].

We end the section with the following result.

Theorem II.5.12 (Strong Approximation). Let K be a number field and B a quater-
nion algebra over K. Let S ⊇ S∞ be a finite set of places containing the infinite
ones and a non ramified one. Set B1

S =
∏

s∈S B
1
s . Then B

1B1
S is dense on B1

A.

Corollary II.5.13. Let B a quaternion algebra over a field K of class number 1.
Let H ⊃ B×

A,fin be an open compact subgroup, such that n(H) =
∏

p o
×
p , the maximal

open compact subgroup of AK,fin.

1. If B is indefinite, then B×∏
v|∞B×

v H = B×
A ;

2. If B is definite and p is a split finite place, then B×B×
p H = B×

A,fin.

Proof. 1) By strong approximation, B1
∏

v|∞B1
vH ⊃ B1

A. So, we need to prove that

n(B×∏
v|∞B×

v H) = A×
K . By multiplicativity of the norm

n(B×
∏
v|∞

B×
v H) = K×

∏
v|∞

K×
v

∏
p

o×p .

Thus, we need to prove that

|A×
K/K

×
∏
v|∞

K×
v

∏
p

o×p | = 1.

This is true since the left hand side is the class number of K.
2) Again, as a consequence of strong approximation, B×B×

p H ⊇ B1
A,fin. Arguing

as before, we need to prove that |A×
K,fin/K

×∏
p o

×| = 1. But this is just the class
number of K.

Remark II.5.14. Any Eichler order R of a quaternion algebra B over a number
field K satisfies the property that HR =

∏
p(R⊗ op)

× is an open compact subgroup

of B×
A,fin such that n(HR) =

∏
p op.
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II.6. Ideals and Brandt Matrices

II.6 Ideals and Brandt Matrices

The strong approximation theorem gives a way to translate global questions into
adelic ones, that can be attacked through local results.

Let K be a number field, with ring of integers R. Let B be a quaternion algebra
over K and fix a finite set S of places containing a non-ramified one. Denote by RS

the Dedekind domain given by

RS = {x ∈ R | x ∈ Rv, ∀v ̸∈ S},

for the ring of integers Rv of the completion Kv of K at the place v. Denote by Y
an RS-ideal of B and let Yv = Y ⊗RS

RS,v be the completion at the place v.
There is a correspondence between RS-ideals of B and local ideals, given by the

following proposition.

Proposition II.6.1. 1) There exists a bijection between the RS-ideals Y of B and
the set of local RS,v-ideals Zv of Bv, such that Zv = Xv for almost every split non-
archimedean place v ̸∈ S. The bijection is given in particular by:

Y 7→ (Yv)v∈Vk
(Zv)v∈Vk

7→ Y = {h ∈ B | h ∈ Yv, ∀v ∈ VK}.

2) The norm and discriminant of an ideal are local:

n(Y )p = n(Yp) d(Y )p = d(Yp).

3) An order O is maximal if and only if

d(O) =
∏
p fin

d(Bp),

where (d(Bp)) is the RS ideal generated by d(Bp) ∩RS.

Proof. 1) See [Vig80, §3.5A Proposition 5.1], [Vig80, §3.5A Proposition 5.1], [Vig80,
§3.5A Corollaire 5.2], [Vig80, §3.5A Corollaire 5.2].

After this proposition, it seems then convenient to associate to any order and
ideal Y of B, its adelic counterpart, denoted by YA =

∏
v Yv ⊂ BA. In particular,

to any Eichler order O, there is the associated adelic order OA, and to the group of
invertible elements O×, we associate the group

O×
A =

∏
v

(Ov)
× ⊂ B×

A .

Then the following correspondence holds.

Theorem II.6.2 (Global-Adelic correspondence). The following hold:

1. (Ideals) The right ideals of the Eichler order O are in bijection with the set
B×
A/O

×
A. The bijection preserves the norm.

2. (Ideal classes) The classes of right ideals are in bijection with B× \B×
A/O

×
A.

Proof. See [Vig80, pp.87-88].
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Corollary II.6.3. The class number cl(O) of an Eichler order O is finite.

Proof. See [Vig80, Théorème 5.4-5.5].

In the following discussion, we restrict to the field of rational numbers and thus
consider only rational quaternion algebras.

In the adelic setting, there is a family of operators acting on the smooth functions
ϕ : B×

A → C, i.e. smooth at the finite places as in Definition III.2.1 and smooth at
the infinite place as functions of a real variable. In fact, let p be a finite place of Q
and B×

v the localization of a quaternion algebra B. Then ϕ is a smooth vector for the
representation given by right translation of B×

v on the space of smooth functions
S(B×

A). Then, the Hecke algebra HB×
v

acts on S(B×
A), as defined in III.3.3. In

particular, the spherical Hecke operators T (p) are defined, for any p prime.
In the light of Theorem II.6.2, the spherical Hecke operators can be interpreted

as correspondences on the space of ideals of an Eichler order O. Let p be a finite
prime that splits a quaternion algebra B over Q, such that Op =M2(op). The adelic
Hecke operator T (pn), as defined in III.6.5, acts on spherical functions ϕ : B×

p /O
×
p
∼=

GL2(Qp)/GL2(o) → C by:

ϕ(x) →
∑
i

ϕ(xgi) for gi ∈Mpn/GL2(o),

where Mpn = {g ∈ GL2(Qp) | |g|p = pn}. Hence, this operator defines a correspon-
dence that to any (·, xp, ·) ∈ B×A/O×

A associates the formal sum
∑

i(·, xpgi, ·) for
gi ∈Mpn/GL2(o). By Theorem II.6.2 and the local property of the norm, this corre-
spondence associates to any ideal I of O the formal sum

∑
i Ji, where n(Ji) = pnn(I).

By composing the Hecke operators for distinct primes p, we can define the Hecke
operator T (n), for n ∈ N∗ and see it is well-defined. This argument explains the
introduction of the following object.

Definition II.6.4 (Brandt Matrix). Let O be an Eichler order of a quaternion
algebra B over Q, with cl(O) = h. Let [Ij], 1 ≤ j ≤ h, be representatives of the
classes of right ideals of O. Fix a positive natural number N ∈ N∗. The n-Brandt
Matrix TB(n) is the h× h matrix defined by:

TB(N)i,j = #{J ⊂ Ij | n(J) = Nn(Ij) and [Ii] = [J ]}.

In the case of definite quaternion algebras, this object has proved to be funda-
mental since its introduction in [Eic55]. In this exposition, we are however interested
in a particular property of the n-Brandt Matrix.

Proposition II.6.5. Let T (N) : B×
A/O

×
A →

∑
B×
A/O

×
A be the N-Hecke correspon-

dence. Then there is an associated map T ′(N) :
∑
B× \B×

A/O
×
A →

∑
B× \B×

A/O
×
A.

If we fix representatives [Ij] for the classes of right ideals of O, i.e. a basis of∑
B× \B×

A/O
×
A, then TB(N) = T ′(N).

Proof. The Hecke correspondence acts on an element of B×
A/O

×
A by right translation,

so it is still possible to quotient at the left by B× and the resulting map T (N) :
B× \ B×

A/O
×
A →

∑
B× \ B×

A/O
×
A is well-defined. Then it is possible to extend it

Z-linearly to a map T ′(N) :
∑
B× \ B×

A/O
×
A →

∑
B× \ B×

A/O
×
A . Once we fix

representatives [Ij] for the classes of right ideals of O, we have a matrix expression
associated to T ′(N), that matches with the definition of TB(N), the N -Brandt
Matrix.
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II.7. Automorphic Representations on Quaternion Algebras

Remark II.6.6. For a prime p that splits the quaternion algebra, the Hecke operator
T (p) acts on the space of spherical automorphic functions ϕ : B× \B×

A/O
×
A → C by

the inverse transpose matrix T−T
B (N), by interpreting ϕ as an element of the dual

(C⊗Z
∑
B× \ B×

A/O
×
A)

∗. The eigenvectors of the Hecke operator coincide with the
eigenvectors of this matrix and have an interpretation as analogues of the classical
automorphic functions for definite quaternion algebras.

II.7 Automorphic Representations on Quaternion

Algebras

Consider a quaternion algebra B over Q.

Definition II.7.1. An automophic form on B× is a function ϕ : B×
A → C that

satisfies the following properties:

1. ϕ is smooth: ϕ is continuous, ϕ is smooth at the real place and locally constant
at the finite places;

2. ϕ(γx) = ϕ(x), for any γ ∈ B×, i.e. ϕ : B× \B×
A → C;

3. ϕ(xz) = ψ(z)ϕ(x), for a continuous character ψ(z), for any z ∈ Z×
A = Z(B×

A);

4. ϕ(xg) = ϕ(x) for any g ∈ Uf , for an open compact subgroup Uf ≤ B×
A,fin;

5. ϕ is right K∞-finite, for a choice of a maximal compact subgroup of B×
R ;

6. ϕ is Z(U(b))-finite, for the center of the complex universal enveloping algebra
of the Lie group b of B×

∞;

7. ϕ is of moderate growth;

Denote the space of the automorphic functions by A(B× \B×
A). The subspace of the

automorphic functions with fixed central character ψ is denoted by A(B× \B×
A , ψ).

More details will be given in the following section.

Remark II.7.2. Since in this essay we will treat in particular automorphic functions
on definite quaternion algebras, with trivial infinite part, we will not explain the
meaning of point 6) in general, for this see [Bum97, §3.2-3.3]. By II.5.11 the only
quaternion algebra for which actually point 7) is necessary is the split one. In the
non-split case, the quotient Z×

AB
× \B×

A/UfK∞ is always compact.

Remark II.7.3. The space B×
A is locally compact and is unimodular, with Haar

measure µ, and the subgroup Z×
AB

× is closed. As a consequence, the quotient
Z×
AB

× \B×
A admits a right B×

A -invariant Radon measure µ∗, induced by the quotient
map.

Definition II.7.4. Let B× be a quaternion algebra over Q. The space of square-
integrable automorphic forms L2(B× \B×

A , ψ) is the Hilbert space obtained by com-
pleting the subspace of automorphic forms ϕ of B× such that∫

Z×
AB

×\B×
A

|ϕ|2 dµ∗ < +∞.

In the case of a split quaternion algebra B, L2
0(B

× \B×
A) is the subspace of cuspidal

square-integrable automorphic forms.
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II.7.1 Global Models

As a consequence of the definition, any automorphic form can be realised as a
function ϕ : B× \B×

A/Uf → C, for some open compact subgroup Uf ≤ B×
A,fin.

Consider the subspace of automorphic forms fixed by K∞. It has a classical
interpretation in the following way.

In the split case, let B =M2(Q), B× = GL2(Q), K∞ = O2(R). An open compact
subgroup Uf ≤ B×

A,fin is associated to the local units of an Eichler order. Moreover,
choosing an Eichler order R of B we have that, up to conjugation, SL2(Z) ⊇ R× ⊇
I(N), for some N ∈ N∗ and I(N) = ker(SL2(Z) → SL2(Z/pnZ)). By Corollary
II.5.13 with respect to the infinite place, an automorphic form ϕ of B× can be then
realised as a complex function on an arithmetic quotient

B× \B×GL2(R)Uf/UfO2(R) ∼= Γ \GL2(R)/O2(R),

where Γ = B× ∩ UfGL2(R) and the isomorphism is given explicitly by the map
π : B×

Q \B×
A → Γ \GL2(R),

π : B×
Qg 7→ πB×

A→B×
∞
(B×

Qg ∩ [GL2(R)× Uf ]),

for the standard projection πB×
A→B×

σ
of the idèle group to its local B×

∞ component. In

the case of trivial central character at infinity χϕ|BR = 1, we have the isomorphism

R \GL2(R)/R×O2(R) ∼= R \ SL2(R)/SO2(R) ∼= R \ H,

after the Iwasawa decomposition

SL2(R) ∼=
(
1 x
0 1

)(
y 0
0 y−1

)
SO2(R),

for the upper-half complex plane H, and where the action of γ ∈ R is given by the
classical

γ(z) =
az + b

cz + d
γ ∈ R, z = x+ iy ∈ H.

So, we recover the classical automorphic functions on arithmetic quotients of H.
In this setting, the moderate growth condition coincides with the moderate growth
at the cusps and the cuspidal forms are the subspace of the automorphic forms
A0(B

× \B×
A , ψ) that vanish at the cusps of R \ H.

In the case of an indefinite quaternion division algebra B, we still get a classical
automorphic function with respect to a lattice Γ ≤ SL2(Q). However, by theorem
II.5.11, Γ\H is compact and then there is no need to require the moderate condition
at the cusps in Definition II.7.1.

In both cases where the quaternion algebra is split at infinity, the action of the
center of the universal enveloping algebra of the lie algebra b coincides with the
action of the Laplacian in the global model.

In the case of a definite quaternion algebra B, we have that B×
R
∼= H×. Moreover,

H1(Q) is the finite quaternion group, so we can’t hope in the strong approximation
with respect to an infinite place. However, it’s still possible to express an automor-
phic form ϕ as a function of a quotient of a local quaternion algebra, in the case of
trivial infinity type, i.e. ϕ = ϕ|BA,fin

, in the following way. Let p be a prime such
that Bp is split. Again by Corollary II.5.13, we obtain that

B×
A,fin = B×B×

p Uf ,
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II.7. Automorphic Representations on Quaternion Algebras

where Uf =
∏

v ̸=pR
×
Qv
, for an Eichler order R. Then ϕ can be realized as a function

on
B× \B×B×

p Uf/Uf
∼= R[1/p]× \B×

p = R[1/p]× \GL2(Qp),

where the bijection is realized by B× ∩B×
p Uf = R[1/p]×.

II.7.2 Strong Multiplicity One

As we have seen, the relation with the classical theory of modular functions on
quotients of the upper-half plane is present only in the case of indefinite quaternion
algebras, while the definite case, in which we are interested in this essay, really
benefits from a representation theoretic viewpoint. In fact, from the definition of
automorphic forms, there is a well-defined action of the lie algebra b and of K∞ on
the infinite component of B×

A and an action of B×
A,fin by right translation on the

finite components of B×
A . These actions commute and make A(B× \B×

A) a (b, K∞)-
module, see [Bum97, §3.3.], and a B×

A,fin-representation (see §III.1 for the relation

between representations and left modules) that we will call a B×
A representation.

Definition II.7.5. Let K = K∞ × HR, for a choice of a maximal order R of B×

and HR =
∏

v fin(R ⊗ ov)
×. A representation (π, V ), with V ⊆ A(B× \ B×

A), of B
×
A

is admissible if:

1. every v ∈ V is K-finite;

2. for any finite dimensional irreducible representation ρ of K, the ρ-isotypic
component of V , denoted by V (ρ), is finite dimensional.

The importance of the admissible representations comes from the following result.

Theorem II.7.6 (Tensor Product Theorem). Let (V, π) be an irreducible admissible
representation of B×

A . Then there exists an irreducible admissible (b, K∞)-module
(π∞, V∞) and for each non-archimedean place v there exists an irreducible admissi-
ble representation (πv, Vv) of B

×
v such that for almost all v, Vv contains a non-zero

Kv-fixed vector ξov such that π is the restricted product tensor product of the repre-
sentations πv:

(π, V ) ∼=
⊗
v

(πv, Vv),

with respect to ξov.

Remark II.7.7. The notion of restricted tensor product is given in [Bum97, §3.3-
3.4], taken from [Fla79].

Definition II.7.8. Let (π, V ) be a smooth representation of B×
A . We say that

(π, V ) has strong multiplicity one, if, for any irreducible admissible representations
(ρ1,W1), (ρ2,W2) ⊆ (π, V ) such that

(ρ1,v,W1,v) ∼= (ρ2,v,W2,v) for almost all place v,

we have that (ρ1,W1) = (ρ2,W2) ⊂ (π, V ).

We report the two crucial results, whose proof can be found in [Bum97, §3.2-3.-4]
and [Gel75].
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Theorem II.7.9. Let B = M2(Q) be the split algebra. Then the L2-completion of
the space of cuspidal automorphic forms L2

0(B
× \ B×

A , ψ), with fixed central char-
acter ψ, decomposes as a direct sum of irreducible invariant subspaces under B×

A .
The space of K-finite vectors of any irreducible component generates an irreducible
automorphic representation in A(B× \B×

A , ψ).

Theorem II.7.10 (Strong Multiplicity One). The space A0(B
× \B×

A , ψ) has strong
multiplicity one.

Theorem II.7.11 (Strong Multiplicity One). Let B× be a quaternion division al-
gebra. Then the space L2(B× \ B×

A , ψ) decomposes into a direct sum of irreducible
admissible representations of B×

A . The space of K-finite vectors of any irreducible
component generates an irreducible automorphic representation in A(B× \ B×

A , ψ).
Moreover, strong multiplicity one holds.

Remark II.7.12. All these theorems are deep and were crucial steps in the devel-
opment of the theory of automorphic forms. The theorems in the split case rely on
the presence of cusps in the global model we built using strong approximation at
the infinite place, so they are more direct to prove. While strong multiplicity one
for non-split quaternion algebras is proved indirectly, as a corollary of the celebrated
Jacquet-Langlands correspondence, see [Gel75]. This correspondence relates bijec-
tively subsets of the irreducible components in the decomposition of the space of
cuspidal forms for the split quaternion algebra, with the irreducible components of
the decomposition of the space of automorphic forms of non-split quaternion alge-
bras. Thus, if strong multiplicity one holds in the split case, we obtain as a corollary
of the correspondence a strong multiplicity one in the non-split case.
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Chapter III

Representation Theory of GL2(Qp)

In this chapter we will focus on the representation theory of GL2(Qp).
After recalling the basic definitions, we will restrict to the category of smooth

representations over a locally compact group G, privileging the admissible ones. The
first basic results will highlight the fact that this category is better behaved than
the broader algebraic one. We will then introduce a family of averaging operators,
the Hecke Algebra. Even though defined analytically, it will embed into the endo-
morphisms of the vector space underlying the smooth representation, thanks to the
topology of G. Additionally, we will prove that a smooth admissible representation
is determined by the action of this algebra.

Starting from the second section, we will restrict to G = GL2(Qp), even though
many results generalize to GLn(Qp) or arbitrary reductive groups over Qp. The
second part will deal with the introduction of models, i.e. concrete realizations of
a representation, which are crucial for extrapolating information on certain families
of irreducible representations. These will be the Whittaker Model and the Kirillov
Model. The main result will be the characterization of irreducible representations of
G that admit such models, called generic representations, through the introduction
of the Jacquet module. As a consequence, we will obtain the existence of the local
newvector and of the conductor of an irreducible generic representation, central
notions in this thesis.

In the third section, we will study the induced representations and present a
classification of the irreducible representations in three classes: the principal series,
the Steinberg representation and the supercuspidal representations. In addition, we
will define an intertwining operator from the induced model to the Whittaker model
of a principal series representation.

In the fourth section, we will study the irreducible admissible generic represen-
tations by their conductor. In particular, we will study the zero conductor case
given by the spherical representations, classified thanks to the action of the Hecke
Algebra. Then, thanks to this classification and to a detailed study of the action
of the Hecke algebra, we will prove the uniqueness of the local newvector. We will,
in particular, give explicit expressions for the local newvectors of principal series
representations in the Whittaker and Kirillov Model.

Finally, we will present the result of Prasad on the uniqueness of trilinear invari-
ant forms, essential for relating computations involving local newvectors expressed
in different models.
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III.1 Representations

Let G be a group and V a vector space over a field F .

Definition III.1.1 (Representation). A representation (π, V ) of a group G is the
datum of a vector space V over a field F together with a group homomorphism
π : G→ GL(V ).

Given two representations of G over the same field F , it’s possible to define the
concept of morphism between them.

Definition III.1.2 (Intertwining Operator). Let (π1, V1), (π2, V2) be representations
of G, then a morphism of representations or intertwining operator is a linear map
L : V1 → V2 such that:

L(π1(g)v) = π2(g)L(v) ∀v ∈ V1, g ∈ G.

Remark III.1.3. The representations of G over F , together with the intertwining
operators, form a category denoted by RepF(G).

Given a representation (π, V ), it’s possible to associate a subrepresentation to
any given π-invariant linear subspace W ≤ V , by (π|W ,W ). A subrepresentation
is proper if the associated vector space W is a proper subspace of V . This leads
naturally to a crucial definition.

Definition III.1.4 (Irreducible Representation). A representation (π, V ) of G is
irreducible if it has no proper subrepresentations. Otherwise, it is called reducible.

On the other hand, there is an alternative definition of representation in terms
of modules of a group algebra related to G.

Definition III.1.5 (Group Algebra). Let G be a group and let F be a field. The
group algebra F [G] is the algebra whose elements lie in the free module over F
generated by the set G, with multiplication defined by:(

n∑
i=1

aigi

)(
m∑
j=1

bihj

)
=
∑
i,j

(aibj)(gihj) ∀gi, hj ∈ G, ai, bj ∈ F,

with identity given by 1g.

In this context, the natural category we shall be interested to is the category
LMod(F [G]) of left F [G]-modules, by the following proposition.

Proposition III.1.6. There is an equivalence of categories RepF (G)
∼= LMod(F [G]).

Sketch. Any representation (π, V ) induces a left F [G]-module structure on V , by
(f · g)v = fπ(g)v for all g ∈ G, f ∈ F, v ∈ V . On the other hand, by the definition
of group algebra, a left-module over F [G] is also an F -vector space V , on which G
has a left action by F -linear automorphisms, g 7→ π(g). It’s then straightforward,
by looking at the definitions, to see that these two maps induce two functors that
give an equivalence of categories. See [Lan02, §XVIII.1].
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III.1. Representations

Under this equivalence, the F -vector space V underlying a left F [G]-module
corresponds to the vector space underlying the associated representation (π, V ) and
vice versa. As a consequence, classical operations and properties of LMod(F [G])
induce equivalent ones on RepF (G). For example, to irreducible representations
correspond simple modules. While the semisimple modules are associated to direct
sums of irreducible representations.

Proposition III.1.7. Let (π, V ), (π′, V ′) be representations of G over F . Suppose
that (π, V ) is semisimple. Then HomRepF (G)((π, V ), (π′, V ′)) ̸= 0 if and only if there
exists a non-zero subrepresentation of (π, V ) contained in (π′, V ′).

Proof. Consider V, V ′ with the F [G]-module structure induced respectively by π and
π′. If V is semisimple, any quotient is isomorphic to F [G]-submodule of V . So that,
for any non-trivial map ρ : V → V ′, we have that V ⊇ V/ker(V ) ∼= Im(V ) ̸= 0 ≤ V ′.

On the other hand, any submodule W of V is a quotient. So that, if W ≤ V ′

is non-zero, then ρ = p ◦ i : V → V ′ is a non-trivial map of F [G]-modules, where
p : V → W is the projection into the quotientW and i : W → V ′ is the inclusion.

Corollary III.1.8. Let (π, V ), (π′, V ′) be irreducible representations of G over F .
Then HomRepF (G)((π, V ), (π′, V ′)) ̸= 0 if and only (π, V ) ∼= (π′, V ′).

Proof. The only nontrivial submodule of V is V . The same holds for W . As a
consequence of the previous proposition V ≤ W , hence V = W .

One of the main goals in representation theory is the complete classification
and description of irreducible representations. In general, a complete description of
RepF (G) doesn’t come only from the knowledge of the irreducible representations,
since there could exist non-semisimple ones. However, in some cases much stronger
results can be obtained.

Theorem III.1.9 (Maschke). Let G a finite group and F a field. Then every left
F [G]-module is semisimple if and only if char(F ) ∤ |G|.

Proof. See [Lan02, §XVIII.1 Theorem 1.2].

Finally, we introduce representations compatible with the analytic structure of
the associated vector space.

Definition III.1.10 (Unitary Representation). Let V be vector space over R or
over C, with respectively a positive definite or a hermitian inner product. A repre-
sentation (π, V ) of a group G is unitary if

⟨v, w⟩ = ⟨π(g)v, π(g)w⟩ ∀v, w ∈ V, g ∈ G.

Remark III.1.11. Any unitary representation (π, V ) extends to a unitary repre-
sentation of (π, V̄ ), where V̄ is the Hilbert space obtained by metric completion of
V .

We will say (π, V ) is unitarizable if it can be endowed with a π(G)-invariant
hermitian or positive definite inner product.
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Remark III.1.12. In general, unitary representations have nicer properties, since
we imposed stronger constraints on their structure. However, for this reason, it’s
usually not convenient to study directly irreducible unitary representations, since
the classification is easier in broader categories. As a consequence, it’s better to un-
derstand first the irreducible representations in a different subcategory of Rep(G).
After that, one can try to characterize the unitarizable ones inside the other sub-
category. In the case of a locally compact totally disconnected group, as GL2(Qp)
is, the good category is the one of smooth or admissible representations.

III.2 Smooth and Admissible Representations

Fix F a non-archimedean local field, o its ring of integers, p its maximal ideal and
ϖ a generator of p.

Let G be totally disconnected locally compact group. We will consider only
complex representation of G.

The category RepC(G) doesn’t account for the topology ofG and contains objects
which are not meaningful in the theory of automorphic forms. As a consequence,
we will restrict to a smaller and better-behaved subcategory.

Definition III.2.1 (Smooth and Admissible Representation). A representation
(π, V ) is admissible if the following two conditions are satisfied:

1. smoothness : for any v ∈ V there exists an open subgroup U ≤ G, such that
π(u)v = v for any u ∈ U ;

2. local finiteness : for any open subgroup U ≤ G, the space V U of vectors stabi-
lized by U is finite dimensional.

A representation satisfying (1) is called smooth.

Remark III.2.2. Since G is a locally compact totally disconnected group, any
open subgroup U contains a compact open subgroup K ≤ U . As a consequence, the
previous definitions don’t change if we restrict to compact open subgroups in the
smoothness and local finiteness conditions.

Remark III.2.3. For any representation (π, V ), the space of smooth vectors V S

defines a subrepresentation. It’s easy to verify then that the restriction to V S defines
a functor RepC(G)⇝ SmRepC(G).

The restriction to smooth representations has different advantages. First, let K
be a compact open subgroup of G. Denote with K̂ the set of equivalence classes of
irreducible representations ofK fixed by an open subgroup. Any such representation
will be finite dimensional, since it restricts to an irreducible representation of the
compact and discrete, hence finite, group K/K0, for a normal open subgroup K0

of K. For any ρ ∈ K̂, define the ρ-isotypic component V (ρ) of the representation
(π, V ) of G, as the sum of all the C[K]-submodules of V isomorphic to ρ. Then V
decomposes in the following way.

Proposition III.2.4. Let (π, V ) be a smooth representation of G. Consider a com-
pact subgroup K. Then

V =
⊕
ρ∈K̂

V (ρ).
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III.2. Smooth and Admissible Representations

The representation π is admissible if and only if each of the ρ-isotypic components
is finite dimensional.

Proof. Any vector v ∈ V is fixed by a compact open subgroup K0, that can be
chosen to be normal. Hence, the C[K]-submodule generated by V is a complex
representation of the finite groupK/K∩K0, so by Maschke Theorem it is semisimple.
As a result, v ∈

∑
ρ∈K̂ V (ρ).

We have to show that
∑

ρ∈K̂ V (ρ) is a direct sum. Consider a non-trivial relation∑n
i=1 vρi = 0, for vρi ∈ V (ρi). Then there exists a compact open subgroup K ′ that

fixes all the ρi, by taking the intersection of the stabilizers of the representations. As
a consequence, V ′ =

∑n
i=1 V (ρi) is a semisimple representation of the finite group

K/K ′ and factors as
⊕n

i=1 V
′(ρi) =

⊕n
i=1 V (ρi).

For the last statement, suppose that (π, V ) is admissible. If a ρ-isotypic com-
ponent was infinite dimensional, considering its stabilizer K ′, we would obtain that
V K′

is infinite dimensional. By the assumption that K ′ contains an open subgroup,
we obtain a contradiction with the admissibility. On the other hand, if (π, V ) is
not admissible, we can choose a normal open subgroup K ′ such that V K′

is infinite
dimensional. But then V K′

is an infinite dimensional representation of the finite
group K/K ′ and as a consequence has only finitely many equivalence classes of ir-
reducible representation. This imply that at least one of the ρ-isotypic components
of V K′

, and hence of V , is infinite dimensional.

Given a representation (π, V ), the vector space of C-linear functionals v̂ : V → C
has a natural structure of left C[G]-module defined by g · v̂(w) = v̂(g−1 ·w), for any
w ∈ V . It is called the dual or algebraic dual representation. In the context of
smooth representations, its smooth part is called the contragredient representation
and denoted by (π̂, V̂ ).

Proposition III.2.5. Let (π, V ) be an admissible representation, then there is an

isomorphism of representations (ˆ̂π,
ˆ̂
V ) ∼= (π, V ).

Proof. There is a natural injective morphism of representations given by the evalu-

ation ev : (π, V ) → (ˆ̂π,
ˆ̂
V ). We only need to verify that it is surjective.

Fix an open compact subgroup K and consider the decomposition of V in its
ρ-isotypic components. A smooth functional v̂ is fixed by an open normal sub-
group K0, which implies that it can be realized as an element of the subspace
(
⊕

ρ∈K̂/K0 V (ρ))∗ =
⊕

ρ∈K̂/K0(V (ρ))∗, since it is a finite dimensional space by the

admissibility of (π, V ). This means that V ∗ ⊆
⊕

ρ∈K̂ V (ρ)∗ and V ∗∗ ⊆
⊕

ρ∈K̂ V (ρ)∗∗.
Then, the surjectivity follows by the fact that the evaluation factors into the ρ-
isotypic components ev|ρ : V (ρ) → V (ρ)∗∗.

We see that admissible representation inherit properties of finite dimensional
representations.

Proposition III.2.6 (Schur’s lemma). Let (π, V ) be an irreducible admissible rep-
resentation of G. Let T : V → T be an intertwining operator for π. Then there
exists a complex number c such that T (v) = cv, for all v ∈ V .

Proof. If V = 0 it is trivial, with c = 0. If V ̸= 0, there exists a compact open
subgroup K such that V K is non-trivial and is finite dimensional. Then T (V K) ⊆
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V k, so that T |V K has a non-trivial eigenvector with eigenvalue c. Then, ker(T −cId)
is a nontrivial subrepresentation of V , which means that ker(T − cId) = V , since
(π, V ) is simple.

Corollary III.2.7 (Central character). Let Z be the center of G. Consider an irre-
ducible admissible representation (π, V ) of G. Then there exists a smooth character
χπ : Z → C such that π(z)v = χπ(z)v, for all z ∈ Z.

Proof. For any z ∈ Z the map π(z) : v 7→ π(z)v is an invertible intertwining operator
V → V . So it acts by multiplication by a non-zero scalar χπ(z). By the fact that
π(z)π(z′) = π(zz′) we conclude that χπ is a character.

We conclude with a strong result on admissible unitary representations.

Proposition III.2.8. Any admissible unitary representation (π, V ) of G is semisim-
ple.

Proof. It’s enough to prove that any submodule W has a complement W ′ such that
W ⊕W ′ = V . Take W ′ = W⊥. With this choice W ′ is again a submodule since
the hermitian product is G-invariant and W is a submodule. Moreover W ∩W ′ =
⟨0⟩ is trivial since the hermitian form is positive definite. We need to verify that
W ⊕W ′ = V . For a compact open subgroup K we have that V =

⊕
ρ∈K̂ V (ρ) for

finite dimensional subspaces V (ρ). Since the ρ-isotypic components are mutually
orthogonal under a K-invariant hermitian product, by the theory of characters of
finite groups, we obtain that (W ∩V (ρ))⊕ (W⊥ ∩V (ρ)) = V (ρ), so that W ⊕W ′ =
V .

III.3 Hecke algebra and Distributions

Another reason for preferring smooth representation to algebraic ones is the exis-
tence of a family of averaging operators acting as endomorphisms of the smooth
representations.

Definition III.3.1 (Smooth Functions). The space C∞(G) of smooth functions is
the space of complex locally constant functions f : G→ C.

Remark III.3.2. Since G is a totally disconnected locally compact group, f ∈
C∞(C) if and only if there exists an open compact subgroup K ≤ G such that
f(gK) = f(g) for any g ∈ G.

Suppose now that G is unimodular, endowed with a Haar measure.
The space C∞

c (G) of smooth functions with compact support has an algebra
structure, where the product is defined by convolution:

ϕ1 ∗ ϕ2 =

∫
G

ϕ1(gh
−1)ϕ2(h)dh ∀ϕ1, ϕ2 ∈ C∞

c (G).

Definition III.3.3 (Hecke Algebra). TheHecke Algebra H is the algebra (C∞
c (G), ∗).

For any compact open subgroup K0, the subalgebra of bi-K0-invariant functions
in the Hecke algebra is denoted by HK0 .

26 Chapter III



III.3. Hecke algebra and Distributions

Let (π, V ) be a smooth representation of G. Then, there is a left action of H on
V . For any ϕ ∈ H define

π(ϕ)v =

∫
G

ϕ(g)π(g)v dg.

This action is actually algebraic and well-defined since, choosing a compact open K,
small enough to fix both v and ϕ, and a compact open K ′ ⊇ Supp(ϕ), the previous
action can be written as:

vol(K)
∑

g∈K′/K

ϕ(g)π(g)v,

which is a finite sum. Additionally, it’s easy to see that

π(ϕ1 ∗ ϕ2) = π(ϕ1) ◦ π(ϕ2).

As a consequence, a smooth representation of G has a structure of left H-module.
Actually, the mapping defines a functor

F : SmLMod(C[G])⇝ LMod(H).

Moreover, since HK is a subalgebra for any compact open subgroup K, and for K ⊇
K ′ there is an inclusion HK ⊆ HK′ , we have an associated algebra Ĥ = lim−→(K,⊇)

HK ,

by inductive limit. This fact leads to the definition of a functor

F̂ : SmLMod(C[G])⇝ LMod(Ĥ)

that maps a module V 7→ V̂ = lim−→K⊆G V
K , with the inclusion V K ⊆ V K′

for

K ⊇ K ′, and the natural action of HK on V K .

Theorem III.3.4. The functor F : SmLMod(C[G]) ⇝ LMod(H) is fully faithful.
The functor F̂ : SmLMod(C[G]) ⇝ LMod(Ĥ) is fully faithful. Moreover, the func-
tors induce a bijection between the submodules of an object and the submodules of
its image.

Proof. For any vector v ∈ V , of a module V ∈ Im(F ), and any g ∈ G we have that
there exists an open compact subgroup Kv,g such that π(hgj)v = π(g)v, for any
h, j ∈ Kv,g. For example, we could take Kv,g as an open compact in the intersection
of the stabilizer of v with the stabilizer of π(g)v. With this choice, we get that

eKv,ggKv,g =
1

vol(Kv,ggKv,g)
1Kv,ggKv,g

acts as π(g) on v. Then, for any morphism of left H-modules ρ : F (V ) → F (W ),
we have that, taking w = ρ(v) and K ′

v,g = Kv,g ∩Kw,g,

ρ(eK′
v,ggK

′
v,g
v) = eK′

v,ggK
′
v,g
ρ(v) ⇒ ρ(π(g)v) = π′(g)ρ(v).

It’s straightforward to conclude the first part from this, by checking this is the
inverse map on the set of morphisms.

Notice that we only used the fact that both v and ρ(v) were smooth, so that
we could consider also mappings i : W ↪→ F (V ), for a H-submodule W of F (V ).
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By the previous reasoning, we conclude that these subspaces are also closed under
π(G).

For the second functor, notice first that V ∼= lim−→K⊆G V
K as C-vector spaces,

since V is smooth. So, any morphism ρ : V̂ → Ŵ of Ĥ-modules induces a C-linear
map on ρ′ : V → W . A careful inspection of the first part of the proof, together
with the previous observation, already provides the key result. For any v̂ ∈ V̂ , let
ŵ = ρ(v), v, w the corresponding elements in V,W . Then, for any g ∈ G there exists
an open compact subgroup K ′

v,g and an element w ∈ HK′
v,g
, such that

ρ(eK′
v,ggK

′
v,g
v̂) = eK′

v,ggK
′
v,g
ρ(v̂) ⇒ ρ(π(g)v) = π′(g)ρ(v).

This implies, after a quick check, the surjectivity of F̂ on the set of homomorphisms.
The injectivity comes directly by the first observation that F̂ (ρ) = ρ as C-linear
maps, after the identification V ∼= lim−→K⊆G V

K .

Notice again, that we only used the fact that both v and ρ(v) were smooth, so
that we could consider also mappings i : W ↪→ F (V ), for a H-submodule W of
F (V ). By the previous reasoning, we conclude that these subspaces are also closed
under the action of π(G)

Remark III.3.5. Actually, there is an equivalence of categories LMod(H) ∼= LMod(Ĥ),
since for our choice of G we have that H ∼= Ĥ as algebras.

The previous result has already interesting consequences.

Corollary III.3.6. Let (π, V ) be a smooth representation of G. Assume that V is
non-zero. Then the following are equivalent:

1. The representation (π, V ) is irreducible;

2. V is simple as a H-module;

3. V K is simple as a HK-module, for any compact open subgroup K ≤ G.

If (π, V ) is moreover irreducible and admissible, and (π′, V ′) is smooth, then (π, V ) ∼=
(π′, V ′) if and only if V K ∼= V ′K as HK-modules, for any compact open subgroup
K ≤ G.

Proof. The first part follows easily by Theorem III.3.4, since the functors F and F̂
introduced before preserve the submodule structure.

For the last statement, the direct implication is immediate. For the converse,
since V K ≡ V ′K , for any open compact K, both representations are irreducible.
Moreover, by Schur’s Lemma, since V K is finite dimensional, any such isomorphism
V K ≡ V ′K lies in a 1-dimensional C-vector space. As a consequence, by adjusting
the coefficients, we get a compatible system of morphisms ρK : V K → V ′K , hence
a morphism ρ̂ : V̂ → V̂ ′. Since the morphism is non-trivial and both modules are
simple, this implies that the corresponding representations (π, V ) and (π′, V ′) are
isomorphic.

A reason for looking actually at an action of C∞
c (G) on an admissible representa-

tion (π, V ) is the theory of characters. Any element of the Hecke algebra H acts as
an endomorphism of V with finite image, since it lies in HK for some small enough
open compact subgroup K ≤ G. As a consequence, we can define a linear functional
χ : C∞

c (G) → C, called the character of π, by χ(f) = tr(f). The following result
explains the introduction of this object.
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III.4. Whittaker and Kirillov Model

Proposition III.3.7. Let (π1, V1), (π2, V2) be irreducible admissible representations
of G. If the characters of π1 and π2 are equal, then the two representations are
isomorphic.

Proof. This result holds for finite dimensional simple R-modules N,M , for an alge-
bra R over a field of characteristic 0, by [Lan02, §XVII.3 Corollary 3.3]. Then, by
applying that theorem to R = HK and N = V K

1 , M = V K
2 , we get that if the char-

acters of π1 and π2 agree on any f ∈ HK , for any compact open subgroup K ≤ G,
then V K

1 ≡ V K
2 for any compact open subgroup K ≤ G. This is enough to conclude

that (π1, V1) ≡ (π2, V2) by the previous result.

Remark III.3.8. Looking at the proof in [Lan02, §XVII.3 Corollary 3.3], in this
setting, the previous proposition could be extended to semisimple admissible repre-
sentations, as the unitary admissible ones.

This result implies that some questions on simple admissible representations,
can be translated in terms of problems on distributions D(X) on some totally dis-
connected locally compact space X, where a distribution D is just a C-linear map
D : C∞

c (X) → C. In fact, taking X = G, we see that any character of an irreducible
admissible representation (π, V ) is a distribution, and it is zero on HK if and only
if V K is zero, for some open compact subgroup K ≤ G. This point of view can be
developed in a sheaf theoretic setting, by reinterpreting distributions as duals of a
class of C∞

C -sheaves on a totally disconnected locally compact space X. See [Bum97,
§4.3] and [BZ76] for more details.

III.4 Whittaker and Kirillov Model

From now on, we will restrict to G = GL2(F ), for a local non-archimedean field F ,
even though many results hold also on G = GLn(F ). Let ψ be a non-trivial additive
character of F . Denote with N(F ) the group of upper triangular unipotent matrices

of G. Under the isomorphism N(F ) ∼= F , such that n(a) =

(
1 a
0 1

)
7→ a, we see

that the character ψ defines a character ψN of N(F ) by ψN(n(a)) = ψ(a).
Let (π, V ) be a smooth representation of G. A Whittaker functional is a linear

functional λ : V → C such that λ(π(u)x) = ψN(u)λ(x), for all u ∈ N(F ), x ∈ V .
We assume the following theorem.

Theorem III.4.1 (Uniqueness of the Whittaker functional). Let (π, V ) be an ir-
reducible admissible representation of GL2(F ). Then the dimension of the space of
Whittaker functionals on V is at most one.

The proof of the theorem is out of the scope of this work and can be deduced by
properties of the distributions on G. See [Bum97, §4.3] for a proof.

Now we will determine which irreducible smooth representations actually admit
such a functional. In order to accomplish this, we introduce a fundamental object
called Jacquet module and the associated Jacquet functor. Let (π, V ) be a smooth
representation of the Borel subgroup B(F ) of upper triangular matrices of G. Let
VN ⊆ V be the linear subspace generated by the elements:

π(u)v − v u ∈ N(F ), v ∈ V.
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Let T (F ) be the diagonal torus of G. Since T (F ) is in the normalizer of N(F ), we
see that π(t)VN = VN , for any t ∈ T (F ). Thus, the quotient J(V ) = V/VN has
the structure of a left C[T (F )]-module, so it defines a representation (πN , J(V )) of
T (F ), that is still smooth. Then J(V ) is called the Jacquet module of V . The Jacquet
functor J : SmRep(B) ⇝ SmRep(T ) maps then V 7→ J(V ) and associates to any
morphism ρ : V → W of smooth left C[B]-modules V,W the induced quotient
morphism of T -modules, that is well-defined since ρ(J(V )) ⊆ J(W ) and T (F ) is
normalized by B(F ).

Proposition III.4.2. Let (π, V ) be a smooth representation of B(F ). Then the
following hold:

1. v ∈ VN if and only if ∫
p−n

π(n(x))vdx = 0

for sufficiently large n ∈ N;

2. The Jacquet functor is exact.

Proof. 1) First, we stress that the integral is well-defined since p−n is an open com-
pact in T (F ), totally discrete locally compact group. So that 1p−n ∈ H, the Hecke
algebra of T (F ). Since T (F ) is moreover a closed subgroup of B(F ) it’s not diffi-
cult to see that its Hecke algebra is obtained by restriction of the Hecke algebra of
B(F ), see [Bum97, §4.3]. For the first inclusion, notice that, since any v ∈ VN is a
finite sum of elements of the form π(n(a))w − w, for w ∈ V , a ∈ F , without loss of
generality, we can restrict to a generic v = π(n(a))w−w, for some a ∈ p−m, m ∈ N.
Then, we have that:∫

p−m

π(n(x))π(n(a))wdx =

∫
p−m

π(n(x+ a))wdx =

∫
p−m

π(n(x))wdx,

since a ∈ p−m. By subtracting the first and last term of the equation, we get that∫
p−n π(n(x))vdx = 0, which is the desired result. Conversely, if

∫
p−n π(n(x))vdx = 0,

let m > −n, such that v ∈ V pm . Then the integral breaks as a finite sum:

0 =

∫
p−n

π(n(x))vdx =
∑

a∈p−n/pm

π(n(a))v.

By weighting this term by q−n−m and adding v on both sides, we obtain:

v =
∑

a∈p−n/pm

q−n−mv − q−n−mπ(n(a))v,

which implies that v ∈ VN .
2) Notice that J(V ) = coker(VN ↪→ V ). Then, by an application of the Snake

Lemma, we just need to show that if

0 V ′ V V ′′ 0i p

is an exact sequence, then

0 V ′
N VN V ′′

N 0
iN pN
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III.4. Whittaker and Kirillov Model

is exact. The injectivity of the first map and the surjectivity of the last map are
straightforward. We only need to prove that im(iN) = ker(pN). One inclusion is
trivial. The other inclusion comes from the previous point. In fact, let v ∈ VN such
that pN(v) = 0, or equivalently p(v) = 0. Then v ∈ Im(V ′) ∩ VN . Thus we just
need to show that, for a given submodule M ≤ V , MN = M ∩ VN . The condition∫
p−n π(n(x))vdx = 0, for v ∈M and some n ∈ N, clearly implies that.

We can define a twisted version of the Jacquet functor. Recall that ψ is a non-
trivial additive character of F , that defined a character ψN of N(F ). Let Z(F )
be the center of G. If we denote with VN,ψ the Z(F )-submodule generated by
π(u)v − ψN(u)v, for u ∈ N(F ), v ∈ V , the twisted Jacquet module is the smooth
Z(F )-module V/VN,ψ. As before, we have the associated twisted Jacquet functor
Jψ : SmRep(B)⇝ SmRep(Z) that maps V 7→ VN,ψ.

Proposition III.4.3. Let (π, V ) be a smooth representation of B(F ). Then the
following hold:

1. v ∈ VN,ψ if and only if ∫
p−n

ψ(x)π(n(x))vdx = 0

for sufficiently large n ∈ N;

2. The twisted Jacquet functor Jψ is exact.

Proof. The proof is identical to the one of the non-twisted version.

Remark III.4.4. Consider the forgetful functor ResB : SmRep(G) ⇝ SmRep(B).
The composition Jψ ◦ResB is again called a (twisted) Jacquet functor which has the
same properties stated in the previous propositions.

Proposition III.4.5. Let (π, V ) be an irreducible representation of G and let ψ be
a non-trivial character of F . Then dimJψ(V ) ≤ 1.

Proof. A linear functional ṽ on V is a Whittaker functional if and only if ṽ(VN,ψ) = 0.
As a consequence, the linear space of Whittaker functionals can be identified with
the algebraic dual of Jψ(V ). Then, by Theorem III.4.1, it follows that dimJψ(V ) ≤
1.

Now, we are going to construct a sheaf on the totally disconnected locally com-
pact group F , whose properties will be used to determine the existence of the Whit-
taker model for a large class of irreducible admissible representation.

Let ϕ ∈ C∞
c (F ). Define the Fourier transform of ϕ by:

ϕ̂(x) =

∫
F

ϕ(x)ψ(xy)dy.

Some formal properties can be derived, see [Tat67] for the proofs:

1. for a given non-trivial character ψ, there exists a unique Haar measure dy

on F , called self-dual, such that the Fourier Inversion formula
ˆ̂
ϕ(x) = ϕ(−x)

holds for any ϕ ∈ C∞
c (F );
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2. the Fourier transform is an isomorphism of the algebra (C∞
C (F ), ∗) into (C∞

C (F ), ·),
endowed with the pointwise product;

3. if pn is the conductor of ψ, then the characteristic function 1p−k of the ideal
p−k has Fourier transform equal to Vol(p−k)1pn+k .

Remark III.4.6. The last point, together with the Fourier Inversion formula implies
that Vol(p−k)Vol(pn+k) = 1.

If we consider a smooth B(F )-module (π, V ) and we restrict it to a smooth
representation (π′

1, V ) of F by

π1(x)v = π(n(−x))v ∀x ∈ F,

we obtain an action of the Hecke algebra H of F , which coincides with (C∞
c (F ), ∗),

choosing as Haar measure the self-dual measure associated to the character ψ.

By Fourier Inversion, we obtain also a (C∞
c (F ), ·)-module. Just define:

ϕ · (v) = ρ(ϕ̂)v =

∫
F

ϕ̂(x)π(n(−x))vdx.

Any vector v is fixed by some open subgroup p−k. By the fact that F is locally com-
pact, we obtain an associated presheaf on F of C∞

c (F ) modules. Its sheafification,
in the sense of [Har77], is denoted by S(V ).

Proposition III.4.7. Let V be a smooth B(F )-module, and let a ∈ F . Then the
stalk

S(V ) ∼=

{
J(V ) if a = 0;

Jψa(V ) ∼= Jψ if a ̸= 0.

More specifically, the projection map V → S(V )a is surjective, and its kernel is VN
if a = 0, and VN,ψa if a ̸= 0.

Proof. For any given a, we first determine the elements v ∈ V such that there
exists an open subgroup pk, such that 1a+pk · v = 0. We have that 1̂a+pk =
ψ(ax)Vol(pk)pn−k(x). Thus, by definition:

0 = 1a+pk · v ⇐⇒
∫
pn−k

ψ(ax)π(n(−x))vdx =

∫
pn−k

ψ(ax)π(n(x))vdx = 0.

For a = 0, by proposition III.4.2 the condition is equivalent to v ∈ VN . While for
a ̸= 0 we recognize the condition for v ∈ VN,ψa . The isomorphism Jψa(V ) ∼= Jψ is

realized by applying π

((
a 0
0 1

))
to Jψ.

We are ready to prove the main result.

Theorem III.4.8. Let (π, V ) be a smooth representation of GL2(F ) that has no
Whittaker functional. Then π factors through the determinant map det : GL2(F ) →
F×. In particular, if π is irreducible and admissible, it is one dimensional.
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III.4. Whittaker and Kirillov Model

Proof. Recall that a linear functional Λ : V → C is a Whittaker functional if and
only if Λ(Jψ(V )) = 0. Then, the twisted Jacquet module Jψ must be trivial, if not,
since it has at most dimension 1, we would have a non-trivial Whittaker functional.
This implies, by proposition III.4.7, that the sheaf S(V ) is supported in 0. So it is
a skyscraper sheaf generated by J(V ) at 0. The restriction V → V0 to the stalk at
0 is an isomorphism, hence V ∼= J(V ) and VN = 0. As a result, any vector is fixed
by the action of N(F ), and by the action of its conjugates. Since the conjugates
of N(F ) generate SL2(F ), we obtain that π factors through the determinant and is
one dimensional, by the fact it is a smooth irreducible representation of F×.

Definition III.4.9. A smooth representation (π, V ) of G is called generic if it
admits a non-trivial Whittaker functional.

Corollary III.4.10. Let (π, V ) be a irreducible admissible generic representation
of G. Then V N(F ) = ⟨0⟩.

Proof. See [Bum97, Proposition 4.4.6]

A direct consequence of this theory is the following crucial property of generic
representations.

Proposition III.4.11. Let (π, V ) be an irreducible admissible generic representa-
tion of G, with a Whittaker functional Λ : V → C. For any non-zero vector v, there
exists a ∈ F× such that

Λ

(
π

(
a 0
0 1

)
v

)
̸= 0.

Proof. Suppose by contradiction that there exists v ̸= 0 ∈ V such that

v ∈
⋂
a∈F×

ker

(
v 7→ Λ

(
π

(
a 0
0 1

)
v

))
.

Consider the sheaf S(V ) constructed previously. The above condition is equivalent
to v ∈ VN,ψa , for any a ∈ F× by Proposition III.4.7. Then v, seen as a section of
S(V ), is supported only in 0. If we introduce then

v′ = v −
(
1 x
0 1

)
v,

for any x ∈ F , it follows that v′ has again all the stalks v′a = 0, for a ∈ F× and
moreover, by construction, a ∈ VN , so that v′0 = 0. Thus v′ = 0. As a result,
v ∈ V N(F ), which is a contradiction to Corollary III.4.10.

Consider an irreducible admissible generic representation (π, V ), with a Whit-
taker functional Λ : V → C associated to a non-trivial character ψ of F . To any
vector v ∈ V we can associate a function Wv : G→ C by:

Wv(g) = Λ(π(g)v) ∀g ∈ G.

By construction, any such functionWv is smooth, has the property thatWv(n(x)g) =
ψ(x)Wv(g) and is endowed with a left action of G by right translations

h ·Wv(g) = Wv(gh) ∀h, g ∈ G.

Chapter III 33



Let W(π, ψ) be the C-vector space of these functions. Then the map ρ : v 7→ Wv

is linear, surjective, injective by Proposition III.4.11 and G-equivariant, so it is a
bijective intertwining operator ρ : (π, V ) → W(π, ψ), which implies that (π, V ) ∼=
W(π, ψ). The space W(π, ψ) endowed with the action of G by right translations is
called the Whittaker model.

Remark III.4.12. Let W be a C[G]-submodule of the space of the complex func-
tions f : G → C endowed with the right translation. Suppose that there exists
a subset D ⊂ G, such that the restriction W |D = {f |D | f ∈ W} is injective.
Then W |D has a natural structure of C[G]-submodule given by g · f |D = (g · f)|D,
well-defined since the restriction is injective. With this action W |D ∼= W as C[G]-
modules, with intertwining operator given by the restriction. In fact, this is just a
consequence of the first isomorphism theorem for C[G]-modules.

A second model, related to the Whittaker model W(π, ψ), is obtained by the

restriction to the subgroup A =

(
a 0
0 1

)
, for a ∈ F×. In fact, by Proposition

III.4.11, the restriction W(π, ψ) → W(π, ψ)|A is injective. By the previous remark
there is a natural structure of C[G]-module induced by the restriction, such that
W(π, ψ)|A ∼= (π, V ). This model is called the Kirillov model associated to (π, V )
and is denoted by K(π, ψ). The underlying vector space is a subspace of C∞(F×).
Even though the action of G is not as easy to describe as in the Whittaker model,
a finer study of its structure can be achieved. For example, since it is a restriction
to the diagonal of the Whittaker model, it’s easy to see that:

π

((
a 0
0 1

))
ϕ(x) = ϕ(ax) π

((
0 1
b 1

))
ϕ(x) = ψ(bx)ϕ(x). (III.1)

For our scope, the next result will be sufficient.

Proposition III.4.13. Let (π, V ) be an irreducible admissible generic representa-
tion of G. Let K(π, ψ) be the Kirillov model associated to the non-trivial character
ψ of F . Then C∞

c (F×) ⊆ K(π, ψ) and corresponds to VN in this model.

Proof. We need the following lemma.

Lemma III.4.14. Let ϕ ∈ K(π, ψ), Kirillov model of the admissible irreducible
generic representation (π, V ). Then ϕ is locally constant and there exists a constant
C > 0 such that ϕ(y) = 0 if |y| > C. If moreover ϕ ∈ VN , then there exists an ϵ > 0
such that ϕ(y) = 0 when |y| < ϵ.

Proof. The smoothness is immediate, by Eq. III.1.
Since π is smooth, there exists a pk such that π(N(pk))ϕ = ϕ, which is equivalent

to
ϕ(y) = ψ(xy)ϕ(y) ∀x ∈ pk, y ∈ A.

This is possible only if ϕ(y) = 0 for |y| > C, for some C > 0, since ψ is a nontrivial
character. While if ϕ ∈ VN , it is a finite sum of elements of the form ϕ′ − π(n(x))ϕ′,
for x ∈ F . So we just need to prove the result for ϕ = ϕ′ − π(n(x))ϕ′. Again by Eq.
III.1 we see that

ϕ(y) = (ψ(xy)− 1)ϕ′(y),

for a fixed x ∈ F . This implies that for |y| small enough ϕ(y) = 0, since ψ is a
smooth character of F .
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III.4. Whittaker and Kirillov Model

From the above lemma we obtain that VN ⊆ C∞
c (F×) in the Kirillov model.

Moreover, by Corollary III.4.10, we get that there exists v ̸= 0 ∈ VN , since (π, V ) is
generic.

We just need to prove that C∞
c (F×), with the action of the group

PB(F ) =

(
a b
0 1

)
a ∈ F×, b ∈ F,

described by Eq. III.1, is irreducible. So that ⟨v⟩ = C∞
c (F×). In particular, let

ϕ ̸= 0 ∈ C∞
c (F×). We show that ⟨ϕ⟩ = C∞

c (F×), by proving that 1a(1+pn) ∈ ⟨ϕ⟩, for
any a ∈ A and sufficiently large n ∈ N .

Suppose ϕ(b) ̸= 0, for some b ∈ A. After a translation by π(A(b/a)), we may
assume ϕ(a) ̸= 0. Consider a non-zero function f ∈ C∞

c (F ). Since π is smooth,
f ∈ H(F ) and acts on C∞

c (F×) by integration. Then, for f ∈ C∞
c (F ), we have that

ϕ1 = π(f)ϕ =

∫
F

f(x)π

((
1 x
0 1

))
ϕ dx,

for dx the self-dual Haar measure on F . We may rewrite the previous expression by
Eq. III.1 as

ϕ1(y) =

∫
F

f(x)ψ(xy)ϕ(y)dx = f̂(y)ϕ(y).

Finally, since the Fourier transform is a bijective map F : C∞
c (F ) → C∞

c (F ), we

may choose f such that f̂ =
1a(1+pn)

ϕ(a)
, for any n ∈ N large enough, so that ϕ|a(1+pn) is

constant. As a result, f̂(y)ϕ(y) = 1a(1+pn). This proves the proposition.

This result, it’s crucial in the theory of automorphic forms of GL2(F ). In fact,
let’s introduce the congruence subgroups

K0(p
n) =

(
o o
pn o

)
∩GL2(o) K1(p

n) =

(
o o
pn 1 + pn

)
∩GL2(o.

For a smooth irreducible representation (π, V ), any vector v ∈ K1(p
n) is a local

analogue of an automorphic form for the congruence subgroup Γ0(p
n). It would be

useful to understand which irreducible admissible representations admit vectors in
V K1(pn).

Proposition III.4.15. Let (π, V ) be an irreducible admissible generic representa-
tion of G. Then there exists a non-zero vector v ∈ V K1(pn), for some n ∈ N large
enough.

Proof. Let K(π, ψ) be the Kirillov model of (π, V ), for nontrivial character ψ of F
which is unramified, i.e. ψ(o) = 1. Then C∞

c (F×) ⊆ K(π, ψ). Consider the function
ϕ = 1o× . Then, since π is smooth there exists a compact normal subgroup I(pn) =(
1 + pn pn

pn 1 + pn

)
that fixes ϕ, for n ∈ N big enough. Moreover, by Eq. III.1, we

have that π(A(a))1o× = 1o× , for any a ∈ o×, and π(n(x))ϕ(y) = ψ(xy)ϕ(y) = ϕ(y),
for y ∈ o× and x ∈ o. Hence ϕ is fixed by PB(o) · I(pn) = K1(p

n).

Definition III.4.16. Let (π, V ) be an irreducible admissible generic representation
of G. The conductor C(π) of the (π, V ) is the smallest non-negative integer such
that V K1(pn) ̸= ⟨0⟩. Any non-zero vector v ∈ V K1(pn) is called a local newvector.

Actually, we will prove later that a local newvector is unique up to constants.
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III.5 Parabolically Induced Representations

We still don’t have concrete examples of irreducible generic representations. A
simple way of constructing them is to induce them from representations of smaller
subgroups, which are easier to handle. In the case of G = GL2(Qp) :

G = BK0,

for the closed Borel subgroup B(F ) ≤ G and the maximal compact subgroup K0 =
GL2(o). Actually, by the Iwasawa decomposition, B(F ) can be further decomposed
as

B = NT,

for the diagonal split torus T and the unipotent group N(F ) =

(
1 ∗
0 1

)
we already

met. We will consider only smooth representations of B(F ) invariant under N(F ),
hence which come from characters of T , and obtain a smooth representation of
G. Before doing that, we should account for an important detail: B(F ) is not a
unimodular locally compact group.

Define the modular character δB : B → C as follows:

δB

((
x ∗
0 y

))
=

∣∣∣∣xy
∣∣∣∣ .

The modular character arises as the unique character with the property that
∫
B
f(ba)db =

δB(a)
∫
B
f(b)db for any smooth function f : B → C.

Lemma III.5.1. Let dbL be a left Haar measure on B, then δBdbL is a right
invariant measure.

Proof. See [Tai, §2.3].

Definition III.5.2. Let χ be the smooth character of T (F ). Extend χ to a character
of B = NT by imposing that χ|N = 1. Denote by IndGBχ the space of complex
functions f : G→ C such that:

1. f(bg) = δB(b)
1/2χ(b)f(g) for any b ∈ B(F ), g ∈ G;

2. f(gk) = f(g) for any g ∈ G and k ∈ K, for some open compact subgroup K.

The space IndGB(χ) endowed with an action of G by right translation is called a
parabolically induced representation of G. If we write χ(a1, a2) = χ1(a1)χ2(a2), we
denote by B(χ1, χ2) the associated induced representation.

Remark III.5.3. The reason behind the presence of the modular character δB in
the definition of the parabolic induction is to preserve unitarity. If χ is a unitary
character, i.e. |χ| = 1, the normalization imposed makes the representation IndGB(χ)
unitarizable, with a G-invariant hermitian product given by

⟨f, g⟩ =
∫
K0

f(k)ḡ(k)dk.

By the Iwasawa decomposition, Definition III.5.2.1 and the compactness of K0 it is
well-defined and non-degenerate. See [Tai, §2.3] for a more careful explanation and
for the proof.
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Remark III.5.4 (Line Model). By the previous remark and Definition III.5.2.1,
any v ∈ π, for a parabolically induced representation π ∼= B(χ1, χ2), is defined by
its restriction to K0. By the decomposition

g =

(
a b
c d

)
=

(
det(g)/d b

0 d

)(
1 0
c/d 1

)
,

we get that any function vector v, can be then expressed as follows:

v(g) = f(c/d)

∣∣∣∣det(g)d2

∣∣∣∣1/2 χ1(det(g)/d)χ2(d) ∀g ∈
(
a b
c d

)
∈ K0.

The function f1 ∈ C∞(Qp), defines f ∈ C∞(G) and so the linear map f 7→ f1 is
injective and we get a new model for π, called the line model. For f in the line
model, we denote by vf the corresponding function in B(χ1, χ2). Moreover, if χ1, χ2

are unitary, it follows by Remark III.5.3 that ∥v∥2 =
∫
Qp

|f |2(x)dx.

A smooth representation of G which injects into a parabolically induced one
admits then an induced model, given by Definition III.5.2. In the previous section,
we introduced the Jacquet modules and functors, with particular emphasis on the
twisted ones, that resulted very helpful in establishing the existence of the Whittaker
Model. For the parabolically induced representations the main actor is, however,
J(V ), the non-twisted Jacquet module, for the following classical result.

Proposition III.5.5 (Frobenius Reciprocity). The Jacquet functor J : Rep(G) →
Rep(T ) is left adjoint to IndGB : Rep(T ) → Rep(G).

Proof. Let (π, V ), be a smooth representation of G and (π′,W ′) be a smooth rep-
resentation of T . For any v ∈ V , denote with v̄ its image on the quotient module
J(V ). The first explicit morphism HomG(V, Ind

G
BW ) → HomT (J(V ),W ) is given

by α 7→ (v̄ 7→ α(v)(1)). First v 7→ α(v)(1) vanishes on V (N), since any f ∈ IndGBW
has the property that f(n(x)1) = δB(1)

1/2f(1). As a consequence, the morphism
we presented is well-defined. The fact it is T -equivariant is obtained from the fact
α is G-equivariant and from the construction of J(V ) and IndGBW .

The second morphism HomT (J(V ),W ) → HomG(V, Ind
G
BW ) is given by β 7→

(v 7→ (x 7→ β(π(x)v))). The G-invariance follows directly by definition.
The fact that the two maps are inverses one of the other is a formal consequence

of their explicit construction.

Corollary III.5.6. Let (π, V ) be an irreducible smooth representation of G. Assume
that J(V ) ̸= 0. Then V embeds in a representation induced from a smooth character
of T .

Proof. The smooth characters of T coincide with its smooth irreducible representa-
tions. By Frobenius reciprocity, it’s enough to prove that J(V ) admits a map of left
C[T ]-modules towards a simple left C[T ]-module W . This is equivalent to proving
that J(V ) admits a simple quotient. To infer this, let’s show that J(V ) is finitely
generated. Choose a non-zero vector v ∈ V , such that v̄ ̸= 0, and let K be an open
compact subgroup of G fixing v. As a consequence of the Iwasawa decomposition,
there exists a finite set R ⊂ G such that G = BRK. Then, V is generated by linear
combinations of π(g)v = π(brk)v = π(br)v, for some b ∈ B, r ∈ R, k ∈ K, since it
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is irreducible. If we write b = nt, for some n ∈ N , t ∈ T , then J(V ) is generated by
π(tr)v̄, hence as a left C[T ]-module it is generated by the finitely many π(r)v̄.

By a simple application of Zorn’s lemma, it’s possible to prove that any finitely
generated module M admits a maximal submodule M ′. Then M/M ′ is a simple
quotient.

The previous results suggest a classification of the smooth irreducible represen-
tations (π, V ) of G.

Definition III.5.7. Let (π, V ) be a smooth irreducible representation ofG. Suppose
it is not one-dimensional, so that it is generic. Then the following happens:

1. J(V ) ̸= 0 and (π, V ) ∼= IndGBχ, for a smooth character χ(a1, a2) = χ1(a1)χ2(a2)
of the diagonal torus T . In this case (π, V ) is called an irreducible principal
series.

2. J(V ) ̸= 0 and (π, V ) ⊊ IndGBχ for a smooth character χ(a1, a2) = χ1(a1)χ2(a2)
of the diagonal torus T .

3. J(V ) = 0, so that (π, V ) is not a subrepresentation of a parabolically induced
representation. In this case (π, V ) is called a cuspidal representation.

4. J(V ) = 0 and (π, V ) is not a subquotient of a parabolically induced represen-
tation. In this case (π, V ) is called a supercuspidal representation.

Remark III.5.8. Case 2 gives rise to the Steinberg representation, see [Bum97,
§4.5] for more details.

Actually, for GL2(Qp) any cuspidal representation is supercuspidal. This can
be seen by studying with more care the induced representations IndGB(χ). It turns
out, by the following theorem, that characterizes for which characters B(χ1, χ2) is
irreducible.

Theorem III.5.9. Let χ1 and χ2 be smooth quasicharacters of F×. Then B(χ1, χ2)
is irreducible except in the following two cases:

1. if (χ1χ
−1
2 )(y) = |y|−1 for all y ∈ F×, then B(χ1, χ2) has a one dimensional

invariant subspace and the quotient representation is irreducible;

2. if (χ1χ
−1
2 )(y) = |y| for all y ∈ F×, then B(χ1, χ2) has an irreducible invariant

subspace of codimension 1.

Moreover, B(χ1, χ2) ∼= B(µ1, µ2) if and only if µ1 = χ2 and µ2 = χ1 or µ1 = χ1 and
µ2 = χ2. Finally, χ⊗ B(χ1, χ2) ∼= B(χ1χ, χ2χ), for any character χ of GL2(Qp).

Proof. Both results are crucial and not immediate to prove, so we just give an idea,
referring to [Bum97, §4.5] for the proof. The first one can be tackled by proving
that B(χ1, χ2) always admits at most one Whittaker functional, up to scalars, see
[Bum97, §4.5 Proposition 4.5.4], so that, it’s possible to argue with the twisted
Jacquet modules. If 0 ⊊ V ′ ⊊ V = B(χ1, χ2) is a proper subrepresentation of
B(χ1, χ2), then there is an exact sequence

0 V ′ V V ′′ 0i p
,
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which induces an exact sequence of twisted Jacquet modules, since the twisted
Jacquet functor is exact,

0 Jψ(V
′) Jψ(V ) Jψ(V

′′) 0i p
.

By the uniqueness of the Whittaker functional, Jψ(V ) has dimension 1, we are left
with the case Jψ(V

′) = 0 or Jψ(V
′′) = 0. The first case can be treated by showing

it can happen only as stated in point 1) of this theorem, the second case can be
treated by dualizing and considering point 2) of this theorem.

The last assertions are proved in [Bum97, §4.5 Theorem 4.5.2].

The last part of this section is devoted to the construction of an intertwining
operator from the induced model to the Whittaker model of a principal series repre-
sentation B(χ1, χ2), for χ1χ

−1
2 (y) ̸= |y|±1. In fact, each of these concrete realizations

helps the study of the structure of these representations, for example in this way
we have two distinct realizations of a local newvector, and it would be helpful to
transport this information from one model to the other in a canonical way, by the
way unique by Schur’s Lemma.

Proposition III.5.10. Let (π, V ) ∼= B(χ1, χ2) be a principal series representa-
tion. Suppose that χ1χ

−1
2 is ramified, then an intertwining operator ρ : B(χ1, χ2) →

W(π, ψ), for an unramified non-trivial character ψ of F , is given by

ρ(f) = f ′ : g 7→ lim
n→+∞

∫
p−n

f

(
w

(
1 x
0 1

)
g

)
ψ(−x)dx, (III.2)

for w =

(
0 −1
1 0

)
.

Proof. If Λ(f) = ρ(f)(1) converges, then it is a Whittaker functional. Since

Λ(π(n(y))f) = lim
n→+∞

∫
p−n

f

(
w

(
1 x+ y
0 1

))
ψ(−x)dx

= lim
n→+∞

∫
p−n

f

(
w

(
1 x
0 1

))
ψ(−x+ y)dx.

= ψ(y)Λ(f).

To prove it is a non-zero functional, by direct computation we obtain that ρ(f) ̸= 0
for local newvector f ∈ B(χ1, χ2) as in III.5.12.

Now, we have to prove that the integral converges, in particular we have to study
the behaviour of the integral for |x| → +∞. First, notice that

w

(
1 x
0 1

)
=

(
x−1 −1
0 x

)(
1 0
x−1 1

)
.

Then by the definition of the induced model

f

(
w

(
1 x+ y
0 1

))
= f

((
x−1 −1
0 x

)(
1 0
x−1 1

))
= |x|−1χ−1

1 (x)χ2(x)f

((
1 0
x−1 1

))
.
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By the smoothness of f , there exists an integer n > 0, such that f

((
1 0
x−1 1

))
=

f(1), for x ∈ F \ p−n. Then, for any m > n, we have that:∫
p−m\p−m+1

f

(
w

(
1 x
0 1

))
ψ(−x)dx = p−mf(1)

∫
v(x)=−m

χ−1
1 (x)χ2(x)ψ(−x)dx

= χ−1
1 (ϖ−m)χ2(ϖm)f(1)

∫
o×
χ−1
1 (x)χ2(x)ψ(−ϖ−mx)dx

= χ−1
1 (ϖ−m)χ2(ϖm)f(1)G((χ−1

1 χ2)|o× , ψ̄ϖ−m),

where G((χ−1
1 χ2)|o× , ψ̄ϖ−m) is a Gauss sum. By the basic theory of Gauss sums,

reported in [Kob14, §2.2], G((χ−1
1 (x)χ2|o×), ψ̄ϖ−m) ̸= 0 only for finitely many m ∈ N,

depending on the conductor of the character χ−1
1 (x)χ2|o× , i.e. the smallest n such

that the character is trivial on the subgroup 1 + pn. So for any m′′ > m′ > n, for
some m′, we have that∫

p−m\p−m+1

f

(
w

(
1 x
0 1

))
ψ(−x)dx = 0.

This implies that the limit exists.

Remark III.5.11. The intertwining operator can also be defined for χ−1
1 χ2 unram-

ified, even though one has to pay attention to convergence issues. The idea is to
consider in block the whole family of unramified characters, parametrized by the
complex exponents (s1, s2), and treat the Whittaker functional as a holomorphic
function of s1 − s2, for ℜ(s1 − s2) > 0, where the integral expression provided in
III.2 is absolutely converging, hence well-defined. Then, by analytic continuation,
it’s possible to extend the definition for all s1 − s2 ̸= 1.

We end the section giving an explicit expression for local newvectors associated
to principal series representations in the induced model.

Proposition III.5.12. Let (π, V ) be an irreducible principal series representation.
Consider its induced model B(χ1, χ2), for smooth characters χ1, χ2 of F×. Set n1 =
c(χ1) and n2 = c(χ2). Then the conductor c(π) = n1 + n2, with a local newvector
given by

f(g) =

χ1(a)χ1(d)|ad−1|1/2 if g =

(
a b

c d

)
∈ B(F )γn2K1(p

n2),

0 if g ̸∈ B(F )γn2K1(p
n2),

where γn2 =

(
1 0
ϖn2 1

)
. In particular:

1. if χ1χ2 are ramified:

f

((
1 0
x 1

))
= χ1(x)

−11ϖn2o×(x);

2. if χ1 is unramified and χ2 is ramified:

f

((
1 0
x 1

))
= 1pn2 (x);
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III.6. Spherical Representations

3. if χ1 is ramified and χ2 is unramified:

f

((
1 0
x 1

))
=

{
χ−1
1 (x)χ2(x)|x|−1 if v(x) < 0;

0 if v(x) ≥ 0;

4. if χ1, χ2 are unramified:

f

((
1 0
x 1

))
=

{
χ−1
1 (x)χ2(x)|x|−1 if v(x) < 0;

1 if v(x) ≥ 0.

Proof. For the details and other explicit expression for local newvectors, see [Sch02].

III.6 Spherical Representations

Denote by K0 the maximal compact subgroup GL2(o) of G = GL2(F ). Fix the
Haar measure of G that assigns volume 1 to K0.

Definition III.6.1. An irreducible admissible representation (π, V ) is called spher-
ical if it contains a non-zero K0-fixed vector. Any non-zero vector v ∈ V K0 is then
called spherical.

Remark III.6.2. Consider an irreducible admissible representation (π, V ). If it is
spherical then, by definition III.4.16, any non-zero vector in V K0 is a local newvector.
Moreover, as a consequence of the definitions, we get that (π, V ) is spherical if and
only if the conductor c(π) is zero.

Consider the Hecke algebra H = (C∞
c (G), ∗) associated to (π, V ). We recall

then that V has a natural structure of H-module. It makes then sense to study the
properties of the spherical vectors in V K0 through the subalgebra HK0 , called the
spherical Hecke algebra.

Theorem III.6.3. The spherical Hecke algebra H is commutative.

Proof. The idea is to use Gelfand’s involution method, or Gelfand’s trick. First, we
have to find an involution on HK0 . Define i : C∞

c (G) → C∞
c (G), such that i(ϕ)(g) =

ϕ(gT ), where gT is the transpose matrix of G. Actually, i(ϕ) is an antiinvolution,
i.e. an involution and an anti-automorphism:

ı(ϕ1∗ϕ2)(g) =

∫
G

ϕ1(g
Th−1)ϕ2(h)dh =

∫
G

ϕ1(g
Th−T )ϕ2(h

T )dh =

∫
G

ϕ1(h
T )ϕ2((gh

−1)T )dh.

Moreover, by the p-adic Cartan decomposition of G, eϖn1 ,ϖn2
= 1K0T (ϖn1 ,ϖn2 )K0 , for

T (ϖn1 , ϖn2) =

(
ϖn1 0
0 ϖn2

)
, n1, n2 ∈ Z, is a basis of HK as a C-vector space. By

symmetry under transposition of K0T (ϖ
n1 , ϖn2)K0, we obtain that i(eϖn1 ,ϖn2

) =
eϖn1 ,ϖn2

. By linearity, then i : HK → HK is the identity. So we have that

ϕ1 ∗ ϕ2 = i(ϕ1 ∗ ϕ2) = i(ϕ2) ∗ i(ϕ1) = ϕ2 ∗ ϕ1.
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Corollary III.6.4 (Uniqueness spherical local newvector). Let (π, V ) be an irre-
ducible admissible spherical representation. Then dimC(V

K0) = 1. Hence, there
exists a unique spherical local newvector up to constants.

Proof. By Corollary III.3.6, V K0 is a simple HK0-module and, since (π, V ) is admis-
sible, it is finite dimensional. Any element of ϕ ∈ HK0 acts as an endomorphism of
V K0 that commutes with every element of HK0 . Then by Schur’s Lemma, ϕ acts
as the multiplication by a constant c ̸= 0 ∈ C. This implies that any line is a
HK0-submodule. The only possibility is that V K0 is one dimensional.

Next, it is possible to determine completely the action of HK0 on V K0 by look-
ing at the generators of this algebra. So, the next step is studying the action of
eϖn1 ,ϖn2 = 1K0T (ϖn1 ,ϖn2 )K0 . Let eK0 = 1K0 . Consider an irreducible admissible
spherical representation (π, V ) of G. Then we have the identity

π(eϖn1 ,ϖn2 )v = π(eK0)π(T (ϖ
n1 , ϖn2))π(eK0)v ∀v ∈ V,

which specializes to

π(eϖn1 ,ϖn2 )v = π(eK0)π(T (ϖ
n1 , ϖn2)) ∀v ∈ V K0 . (III.3)

Then, if we denote by R(p) the operator π(eϖ,ϖ) on V , we get by Eq. III.3 that:

R(p)v = χπ(ϖ)v ∀v ∈ V K0 ,

for the central character χπ of (π, V ). This implies in particular that eϖn1 ,ϖn2 ∗
R(p) = eϖn1+1,ϖn2+1 . As a consequence, now we only need to determine the be-
haviour of the operators eϖn,1. To achieve this we introduce the operators T (pk) ∈
HK0 .

Definition III.6.5. The operator T (pk) or T (pk) is the Heke operator defined by

T (pk) = 1M
pk
,

where Mn = {g ∈ G | g ∈ det−1(pk \ pk+1) ∩Mat2(o)}.

The Tpk operators satisfy the following relations.

Proposition III.6.6. For n ≥ 1, we have the following relation

T (p)T (pk) = T (pk+1) + qR(p)T (pk−1),

where q is the cardinality of the residue field of the local field F .

Proof. Notice that T (p) ∗ T (pk), T (pk+1), and R(p) ∗ T (pk−1) are supported on the
double K0-cosets, inside Mat2(o), with elements of determinant in pk+1 \ pk+2, i.e.
have support of the form ∪i∈IK0T (ϖ

n1 , , ϖn2)K0, for n1 + n2 = k + 1, n1, n2 ≥ 0,
thanks to the Cartan decomposition. As a consequence, to verify the result, it’s
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enough to test the inequality over elements of the form T (ϖk+1−r, ϖr), for 0 ≤ r ≤
k + 1. First, let’s compute the product T (p) ∗ T (pk):

(T (p) ∗ T (pk))(g) =
∫
G

T (p)(gh−1)T (pk)(h)dh

=

∫
G

T (p)(h)T (pk)(h−1g)dh

=

∫
K0T (ϖ,1)K0

T (pk)(h−1g)dh

= T (p)k(T (1, ϖ)−1g) +
∑

b mod p

T (pk)

((
ϖ b
0 1

)−1

g

)
,

since T (p) = T (1, ϖ)K0 ∪
⋃
b mod p

(
ϖ b
0 1

)
K0. From this last expression, we get

that

(T (p) ∗ T (pk))(T (ϖk+1−r, ϖr)) =

{
1 if r = 0 or r = k + 1;

q + 1 if 1 ≤ r ≤ k + 1.
.

it is easily verified that these values coincide with the ones obtained by evaluating
the other side of the equation.

Remark III.6.7. From the proof of the previous proposition, it’s possible to obtain
the identity eϖn1 ,1 = T (pn1)−R(p)T (pn1−1). This fact implies the following result.

Proposition III.6.8. The spherical Hecke algebra HK0 is generated by T (p), R(p)
and R(p)−1.

Proof. By proposition III.6.6, together with a simple induction, we get that T (pk), is
generated by T (p) and R(p). This implies that also eϖ,0 is generated by T (pk), R(p).
Finally, by the Cartan decomposition HK0 is generated by eϖn1 ,ϖn2 , for n2 ≥ n1,
hence by R(p)n, for n ∈ Z, and eϖm,1, for m > 0.

Thanks to these results, we can prove the following.

Theorem III.6.9 (Structure Theorem). Let (π, V ) be an irreducible admissible
spherical representation. Denote by v0 ∈ V K0 the unique, up to constants, local
newvector.

1. The evaluation ⟨π(ϕ)v0, v0⟩, ϕ ∈ HK0, defines a C-algebra morphism χ :
HK0 → C, called the spherical character.

2. Write χ(R(p)) = α1α2, χ(T (p)) = q1/2(α1 + α2). Then

χ(T (pk)) = qk/2
αk+1 − βk+1

α− β
,

for any k ≥ 1.

3. Consider the unique unramified characters χ1, χ2 of F×, with the property
that χ1(ϖ) = α1, χ2(ϖ) = α2. Then (π, V ) ∼= B(χ1, χ2), the principal series
representation generated by χ1, χ2.
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Proof. 1) For any ϕ ∈ HK0 , necessarily π(ϕ)v0 = χ(ϕ)v0, for some χ(ϕ) ∈ C. The
function χ : HK0 → C, such that ϕ 7→ χ(ϕ) is obviously multiplicative and C-
linear. Moreover we have that χ(ϕ) = ⟨v0, v0⟩, so that it coincides with the spherical
function and is independent of the choice of v0 ̸= 0 ∈ V K0 .

2) By proposition III.6.6, we know that

χ(T (p))χ(T (pk)) = χ(T (pk+1)) + qχ(R(p))χ(T (pk−1)).

Let ak = χ(T (pk)), k ≥ 1. The previous expression is equivalent to

ak+1 = a1ak − qχ(R(p))ak−1.

This is a linear recurrence. By a simple linear algebra argument, we conclude that
ak = A1(q

1/2α1)
k+B2(q

1/2α2)
k, for q1/2α1, q

1/2α2 solutions of X
2 = a1X−qχ(R(p)).

Hence a1 = q1/2(α1 + α2), R(p) = α1α2. Finally the constants are determined by
the conditions a1 = q1/2(α1 + α2) and a2 = a21 − qα1α2 = q(α2

1 + α2
2 + α1α2). Hence

ak = qk/2
αk+1
1 −αk+1

2

α1−α2
, for α1 ̸= α2. While for α1 = α2 we obtain ak = (k + 1)qk/2αk1.

3) See [Bum97, Theorem 4.6.4].

Finally, it is natural to ask what happens for irreducible admissible generic repre-
sentations of conductor greater than 0. The following result is similar to proposition
III.6.3 and the proof is due to Novodvorskii, [Nov71].

Theorem III.6.10. Let HK0(pn), be the Hecke algebra associated to the congruence
subgroup K0(p

n), for n ≥ 1. The subalgebra Ck+1 = (1 − ek) ∗ Ak+1 ∗ (1 − ek), for
Ak = HK1(pn), k ≥ 0, ek =

1
vol(K1(pn))

1K1(pn) is commutative.

The following result presented also in [Cas73a], follows as a corollary.

Corollary III.6.11 (Uniqueness local newvector). Let (π, V ) be an irreducible ad-

missible generic representation of G and let c(π) be its conductor. Then dimV K1(pc(π)
=

1.

Proof. For c(π) = 0, it is the content of Corollary III.6.4. For c(π) ≥ 1, by Theorem

III.6.10, the space V K1(pc(π)) is a simple HK1(pc(π))-module. Moreover, by the defi-

nition of conductor, we have that π(HK1(pc(π)−1))V
K1(pc(π)) = 0. Hence, the space is

also a Ck+1-simple module. But Ck+1 is abelian and V K1(pc(π)) is finite dimensional,
so, by Schur’s lemma, we conclude that V K1(pc(π)) has dimension 1.

III.7 Trilinear invariant forms

Many of the results we presented on the previous sections could be extended, with
little modification, to more general settings, like GLn(Qp) or reductive algebraic
groups over Qp. While the space of trilinear invariant forms exhibits a crucial
property for G = GL2(Qp).

Definition III.7.1. Let π1, π2, π3 be representations ofG. Then denote by HomG(π1⊗
π2 ⊗ π3) the space of trilinear forms ℓ : π1 ⊗ π2 ⊗ π3 → C that are G-invariant, i.e.

ℓ(π(g)v1, π(g)v2, π(g)v3) = ℓ(v1, v2, v3) ∀vi ∈ πi, g ∈ G.
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Example III.7.2 (Integration form). Consider the topological space X = H \ G,
for a closed subgroup H of G. Then, by [Bum97, §4.3], there exists a right invariant
Haar measure on X, that we will denote by µH . Suppose that µH(X) < +∞. Let
A(X) be the space of smooth functions on X, i.e. the functions that are smooth
vectors for the action of G by right translation. Let π1, π2, π3 ⊂ A(X) be irreducible
representations. There is a natural trilinear invariant form ℓ ∈ Hom(π1 ⊗ π2 ⊗ π3)
given by integration:

ℓ(ϕ1, ϕ2, ϕ3) =

∫
X

ϕ1(x)ϕ2(x)ϕ3(x)dµH(x).

However, we need to stress that for some choices of πi, the integration trilinear form
could be trivially zero, i.e. ℓ = 0.

Then, from Prasad’s result in [Pra90, Theorem 1.1-1.3], we obtain the following
theorem.

Theorem III.7.3 (Uniqueness of the trilinear invariant forms). Let π1, π2, π3 be
irreducible admissible representations of G such that the product of their central
characters is trivial. Then dim(HomG(π1 ⊗ π2 ⊗ π3)) ≤ 1. In particular, if at least
two among π1, π2, π3 are irreducible principal series, then there exists a non-trivial
trilinear invariant form.

Example III.7.4 (Local-Rankin Selberg integral). Let π1 be an irreducible generic
unitary representation of GL2(k) with trivial central character and let π2 = B(χ1, χ2)
be an irreducible unitary principal series representation of G, realized in its induced
model. The hypothesis of the previous theorem apply for π1, π̄2, π2. For this, define
the local Ranking-Selberg integral lRS ∈ HomG(π1 ⊗ π̄2 ⊗ π2) is defined by

ℓRS(W1, W̄2, v3) =

∫
ZN/G

W1W̄2v3 =

∫
y∈Q×

p

∫
x∈k

W1W̄2v3(a(y)n
′(x))

d×(y)

|y|
dx,

for N =

(
1 ∗
0 1

)
, a(y) =

(
y 0
0 1

)
, Z the center of G, N ′(x) =

(
1 0
x 1

)
, for v3 ∈ π,

W1 ∈ W(σ, ψ), W2 ∈ W(π, ψ), for a non-trivial unramified character ψ. Where
we used the Iwasawa decomposition to reexpress the integral. This form is well-
defined since by the analogue III.1 for the Whittaker model, multiplication by n(x)
is equivalent to multiplication by ψψ̄ and the product of the central characters is
trivial. By non-trivial results (see [MV10, §3]) the local Rankin-Selberg integral ℓRS
is a non-trivial trilinear invariant form.

As a consequence of the previous examples, for a choice of the representations
π1, π2, π3 as in Example III.7.4, we have that there always exists a constant L such
that

ℓ = LℓRS.
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Chapter IV

Trees

In this chapter, we present the theory of regular trees and the associated quotients,
as found in [Ser80] and [Cas].

After recalling the basic definitions, we will focus on the connection between the
quotient PGL2(Qp)/PGL2(Zp) and the p+ 1-regular tree, as in [Cas]. We will then
show some useful consequences of this simple geometric realization.

In the second section, we will focus on geometrical constructions associated to
regular graphs and trees, namely the quotients and the space of paths. We will
relate them to local and global quaternion algebras.

In the third section, we will review the spectral properties of the regular trees
and prove a delocalization estimate for their eigenfunctions.
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IV.1. Graphs and Trees

IV.1 Graphs and Trees

Definition IV.1.1. An (oriented) graph X consists of sets V = V (X), E = E(X)
and a map

γ : E → V × V, γ : e 7→ (o(e), t(e)).

An element v ∈ V is called a vertex of X, an element e ∈ E is called an (oriented)
edge. For any e ∈ E, the vertices o(e), t(e) are called the endpoints of e, in particular,
the vertex o(e) is called the origin of e, while t(e) is the terminus of e.

A vertex v2 is a neighbour of v1 ∈ V , v1 → v2, if (v1, v2) ∈ Im(γ). We say that
v1 and v2 are related, v1 ∼ v2, if v1 → v2 and v2 → v1.

Remark IV.1.2. We can also define an undirected graph, by composing the map
E → V × V , given in the previous definition, with the map V × V → (V × V )/ ∼,
where (x1, w1) ∼ (x2, w2) if and only if x1 = x2 and w1 = w2 or x1 = w2 and
w1 = x2. Thus, to any oriented graph X, we can associate an undirected graph X̃.

Remark IV.1.3. Given a graph, it’s possible to define a subgraph by restricting
the set of vertices and the set of edges, in a (obvious) compactible way, to create a
new graph.

Definition IV.1.4 (morphism). Let G1, G2 be two graphs. A morphism of graphs
g : G1 → G2 consists of two maps gV : V (G1) → V (G2) and gE : E(G1) → E(G2),
with the property that

1. if v1 → v2 then gV (v1) → gV (v2);

2. gV ◦ o(e) = o ◦ gE(e) and gV ◦ t(e) = t ◦ gE(e).

We denote by Im(f) the subgraph of G determined by the image of f .

Consider an oriented graph G. The set of neighbours of v ∈ V (X) is the subset of
vertices N(v) ⊂ V (X), such that n ∈ N(X) if and only if there exists an edge e ∈ E
whose endpoints are n and v. The set O(v) ⊂ E(X) of a vertex v ∈ V (X) consists
of all the edges e ∈ E(X) such that o(e) = v. Similarly, The set T (v) ⊂ E(X)
of a vertex v ∈ V (X) consists of all the edges e ∈ E(X) such that t(e) = v. We
can trivially extend the definitions to an undirected graph. The degree of a vertex
v ∈ V , denoted by d(v), is the cardinality of T (V ) ∪O(v).

Definition IV.1.5. A regular graph X of degree d is a graph with the property
that d(v1) = d(v2) = d, for any v1, v2 ∈ V (X).

To any graph G is associated a geometric realization as a topological space.
Consider the disjoint unionM = V (G)∪E(G)×[0, 1], for the unit segment [0, 1] ⊂ R
with the Euclidean topology. Then T (G) =M/R, for the finest equivalence relation
on M for which (e, 0) ∼ o(e), (e, 1) ∼ t(e), for any e ∈ E(G). The topological space
is homotopic to a bouquet.

Remark IV.1.6. Starting from the geometric realization of an undirected graph
G, together with the vertices V , it’s possible to determine uniquely G. The same
doesn’t hold for direct graphs, where the orientation of each edge has to be specified.
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Remark IV.1.7. The geometric realization is actually a functor F : Graphs →
Topp, where Topp is the category of pointed topological spaces, i.e. topological
spaces with a choice of a subset of points, the vertices.

Example IV.1.8 (Path graph). Let n ≥ 0 be an integer. The oriented graph Pn
with vertices V (Pn) = {0, . . . , n}, with edges E(Pn) = {0, . . . , n − 1}, for n > 0,
otherwise E = ∅, such that γ(i) = (i, i + 1), is called a path graph of length n. Its
geometric realization is actually a path of ”length n”.

Definition IV.1.9. A path of length n in a graph G is a morphism g : Pn → G.
The endpoints of a path are the image of 0, n+ 1 ∈ V (Pn); the former is called the
origin and the latter the terminus.

Definition IV.1.10. Let G be a graph. Two vertices v1, v2 are connected if there
exists a path whose origin is v1 and whose endpoint is v2 and a path of finite
length whose origin is v2 and whose endpoint is v1. Equivalently, two vertices in
an undirected graph G are connected if they are path-connected in the geometric
realization of G.

A graph G is connected if every couple of vertices (v1, v2) ∈ V × V is connected.

Definition IV.1.11 (Distance). Let G be a connected graph. Then we define the
distance of two vertices v, w ∈ V (G) as

d(v, w) = inf
P∈P (v,w)

length(P ),

where P (v, w) is the set of all paths starting from v and ending in w.

Remark IV.1.12. If G is an undirected graph, the distance is actually a real metric
on V (G).

Example IV.1.13 (Cyclic Graph). The cyclic graph Cn of length n ≥ 1, is the
oriented graph with vertices V (Pn) = Z/nZ, with edges E(Pn) = Z/nZ, such that
γ(i) = (i, i+ 1), where the sum is taken in Z/nZ.

Definition IV.1.14 (Cycle). A cycle (of length n) in an oriented graph is any
subgraph isomorphic to Cn. A cycle (of length n) in an undirected graph is any
subgraph isomorphic to C̃n, the undirected cyclic graph of length n.
A cycle of length 1 is also called a loop.
A graph is acyclic if it has no cycles.

Remark IV.1.15. Fix a vertex v in an undirected graph G. This choice also fixes
a point v in the geometric realization T (G). Suppose that the graph is connected,
then T (G) is path connected and we can consider its fundamental group π1(T (G), v).
The group is non-trivial if and only if there exists a loop which is not homotopically
equivalent to the trivial one p([0, 1]) = v. This happens if and only if there is a
non-trivial loop in T (G), hence if and only if G has a cycle.

IV.2 Trees

Definition IV.2.1 (Tree). A tree is an undirected connected non-empty graph
without cycles. A d-regular tree, is a tree with vertices of constant degree d, i.e.
d(v) = d for any v ∈ V .
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This definition can be restated in the following way.

Proposition IV.2.2. A graph G is a tree if and only if it has no loops and for each
couple of distinct vertices v1 ̸= v2 ∈ V (G), there exists a unique path connecting
them.

Proof. The existence is necessary for the connectedness of G. The absence of loops
leaves only the possibility for cycles of length greater than 1. Suppose by contra-
diction that there were two vertices v1, v2 connected by two non-isomorphic paths
f1 : Pn1 → G, f2 : Pn2 → G, starting at v1. We can choose v1, v2 such that
the paths have minimal length, by possibly admitting v1 = v2. Then, necessarily
f1,V (v) = f2,V (w) only for v = w = 0 and v = n1, w = n2. Thus, we get that Im(f)
is isomorphic to the cycle graph with length n1 + n2.

Corollary IV.2.3. Let G be a tree. Then there exists a unique path of minimal
length from two vertices, i.e. a unique geodesic.

Proposition IV.2.4. Let G be a tree. Then T (G) is simply connected.

Proof. First, T (G) is path connected, since G is connected. Moreover, since G is
acyclic, we have that all the loops are homotopically equivalent to the trivial one.
Hence π1(T (G)) = π1(T (G), v) = {1}, for the choice of a vertex v ∈ V (G). This
implies that T (G) is simply connected.

Let G be a finite connected regular graph of degree d. We show now that it can
be realized as the quotient of a n-regular tree, under the action of a subgroup of the
tree automorphisms.

Definition IV.2.5. Let G be a connected undirected graph with finite degree. A
graph covering consists of a connected graph G′ and a surjective map p : G′ → G,
such that pE induces a bijection O(v) ∼= O(f(v)), for any v ∈ V .

A direct consequence of the definition is the following result.

Proposition IV.2.6. Let G be a connected undirected graph with finite degree.
There is a bijection between the set of topological coverings and the graph coverings,
induced by the functor that maps each graph to its geometrical realization.

Proof. The part that is not clear from the definition is that any topological covering
can be realized as a graph covering. So, consider a topological covering P : M →
T (G), for a graph G. We claim that M it isomorphic to T (G′) for a graph G′,
with a graph covering p : G′ → G, such that p̃ = P . Consider the set of vertices
V (G) ⊂ T (G), we define the set of vertices of G′ as V (G′) = P−1(V (G)). The set
of edges E(G′) is the set of connected components of M \ V (G′). The endpoint of
an edge e ∈ E(G′) are defined by the points of the set e \ e ⊂M . Then it’s easy to
check that the map P induces a graph covering p : G′ → G.

Theorem IV.2.7. Let G be an undirected finite connected d-regular graph. Then,
for d > 1, the d-regular tree Td is the universal cover of G, i.e. its geometric
realization is the universal cover of T (G).
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Proof. We already proved that the geometric realization of Td is simply connected.
We just need to find a graph covering map p : Td → G. If d > 1, then fix a vertex
v ∈ V (G) and define Pn,G the set of distinct non-backtracking paths on G starting
from v of length n, for n ≥ 0. Set V (G′) = Pn,G. Since G is undirected, any
path f : Pk → G can be identified with the image (fV (i))0≤i≤n ∈ V (G)n+1. We
connect two vertices p1 = (v1, . . . , vj), p2 = (w1, . . . , wi) by an edge if and only if
i = j + 1 and vk = wk, for 0 ≤ k ≤ j. Then the undirected graph G′ constructed
in this way has constant degree d and it is connected since any vertex is connected
to P0 = v. The only fact we need to prove is that G is acyclic. First notice that
for any w = (v, . . . , vj) there exists only one non-backtracking path that starts at
P0 and ends at w, the one which passes through (v, . . . , vk), for 1 ≤ k ≤ j. This
defines a distance d0(w) of a vertex w from P0. So, suppose by contradiction that
there exists a path P̂ of length n ≥ 1 whose image is a non-trivial cycle C ⊂ G′.
Necessarily P0 ̸∈ C for the previous observation. Then, let w = P̂ (0) be a vertex
in C. By definition of the map d0(P̂ (i)) is stricly monotonic when i increases, but
P̂ (0) = P̂ (n), a contradiction. Hence, any cycle reduces to a single point and G′ is
also acyclic. Thus G′ ∼= T (G).

The covering map p : G′ → G is induced just by the projection w = (v, . . . , vn) 7→
vn.

Corollary IV.2.8. Let X be an undirected finite connected d-regular graph, d > 1.
Then X can be realized as the quotient H\Td for a subgroup H of the automorphisms
of Tn, i.e. the graph associated to the topological quotient G \ Td.

Corollary IV.2.9. Let H be a subgroup of the automorphisms of the regular tree
Td whose elements act without torsion elements and such that |Stab(Γ, v)| < +∞,
for any v ∈ V (Td). Then X = H \ Td is a connected d-regular graph.

Proof. The absence of torsion is necessary to ensure that the projection Td → H \Td
sends edges in edges, so that the set of vertices is the image of the set of vertices
of Td. While the bound on the elements of Γ that fix a vertex is equivalent to a
properly discontinuous action of H on the topological realization of Td.

Remark IV.2.10. If d = 1, then G consists of a vertex and a loop and p : T2 ∼=
R → S1 ∼= T (G) induces the required covering of graphs.

IV.3 The tree of PGL2(F )

Let F be a local field, with residue field k with cardinality q, and let ϖ be a
uniformizer. We denote by o the ring of integers and p = (ϖ) the unique maximal
ideal. In this section, we will see how the q+1-regular tree T arises from the lattices
of F 2 and, as a consequence, we will obtain an action of PGL2(F ) on T . This
construction is a simple but important case of a more general geometric construction,
called affine Bruhat-Tits Building associated to a reductive algebraic group, which
can be interpreted as a generalization of the real symmetric spaces to arbitrary local
fields. The geometry of these objects encodes much of the group structure, playing
a signifcant role in the representation theory of the local reductive groups. In the
case of PGL2(F ) the building coincide with the tree T , which is then called the
Bruhat-Tits tree.

Let T ′ be the undirected graph such that
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IV.3. The tree of PGL2(F )

1. its vertices V (T ′) are the equivalence classes of o-lattices on F 2, where two
lattices L1, L2 are similar if and only if L1 = cL2, for some c ∈ F×;

2. two vertices [L], [M ] are connected by an edge if and only if there exist repre-
sentatives L′,M ′ of the equivalence classes such that

ϖL′ ⊂M ′ ⊂ L′.

Remark IV.3.1. If ϖL′ ⊂ M ′ ⊂ L′, then ϖM ′ ⊂ ϖL′ ⊂ M ′ and then [L] → [M ]
implies also [M ] → [L].

Moreover, the neighbours of a vertex [L], are in bijection with the lines in
L/ϖL ∼= F 2. As a consequence, they correspond to the q + 1 points of P 1(k).

Remark IV.3.2. Any lattice L, can be defined by the choice of a basis (v1, v2) that
defines a matrix (v1 v2) ∈ GL2(F ) and vice versa any element of GL2(F ) spans a
lattice. At the same way, to any element of PGL2(F ) corresponds an equivalence
class of lattices, and the map is surjective. Under this notation, there is a well-
defined action of any g ∈ GL2(F ) on the vertices of T , defined by left multiplication,
g × [(v1 v2)] = [(g(v1) g(v2))], i.e. L 7→ g(L). The neighbours of L are so generated
by left multiplication by matrices with determinant of norm q. For this reason, T ′

is also called the Hecke tree.

Fix the lattice L0 = (e1, e2), for the standard basis e1, e2 of F 2. The action of
PGL2(F ) is transitive, and the stabilizer of L0 is PGL2(o). This implies, by the
orbit-stabilizer theorem, that PGL2(F )/PGL2(o) is isomorphic as a PGL2(F )-space
to V (T ′) with the action of PGL2(F ). So we can endow PGL2(F )/PGL2(o) with
the graph structure of T ′ and identify the two objects.

Definition IV.3.3. A chain in T ′ is a, possibly infinite, path in the graph T ′. A
chain is called simple if the path is non-backtracking. The infinite simple chain
defined by the vertices ((e0, e1), (e0, ϖe1), . . . , (e0, ϖ

ne1), . . . is called the standard
chain.

Theorem IV.3.4. Any chain may be transformed to the standard one by an element
of GL2(F ).

Proof. See [Cas, Proposition 2.1].

Corollary IV.3.5. GL2(F ) acts transitively on the space of infinite chains.

Corollary IV.3.6. The graph T ′ is a tree.

Proof. By the Iwasawa decomposition, any element in PGL2(F )/PGL2(o) is rep-

resented by (the equivalence class of) a matrix of the form

(
1 a
0 1

)(
ϖn 0
0 1

)
or(

1 a
0 1

)(
1 0
0 ϖn

)
. So, by multiplying by matrices of determinant q it’s possible to

construct a path from L0 to any other vertex.
Finally, if T ′ had a non-trivial cycle, it would also have a non-trivial chain that

can’t be transformed into a subchain of the standard one. This would be a contra-
diction to Theorem IV.3.4.
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Now that we have established that T ′ is actually a tree we can denote it directly
T or Tq+1.

Now we can study the action of PGL2(F ) on T . We will see how stabilizers
of subsets of T with natural geometric interpretation correspond to subgroups of
PGL2(F ) already met in the local representation theory.

1. The stabilizer of a vertex is a maximal compact subgroup of the form gK0g
−1,

forK0 = PGL2(o), for some g ∈ PGL2(F ), since T ∼=PGL2(F ) PGL2(F )/PGL2(o).

2. The stabilizer of an edge is called an Iwahori subgroup, and it coincides with
a conjugate of the standard Iwahori congruence subgroup

K0(p) = K0 ∩
(
ϖ 0
0 1

)
K0

(
ϖ 0
0 1

)−1

.

3. In general, the stabilizer of a finite non-backtracking path of length n ≥ 0, is
a conjugate of the standard congruence subgroup K0(p

n), which stabilizes the
subchain of length n starting at L0 of the standard simple chain. Moreover,
every such stabilizer coincides with the intersection of the stabilizers of the
endpoints of the finite path a−1K0a∩ b−1K0b, since the geodesics in a tree are
unique.

4. The stabilizer of a simple chain is a conjugate of the Borel subroup B(o) of
PGL2(o), the stabilizer of the standard chain, by the previous point.

There is still a geometric construction we have not defined: the geodesic lines.

Definition IV.3.7. An apartment on T is a doubly infinite geodesic path, i.e. an
infinite bidirectional non-backtracking path.

Proposition IV.3.8. PGL2(F ) acts transitively on the apartments of T .

Proof. See [Cas, Proposition 4.1].

As for the chains, we can define the standard apartment by considering the
bidirectional infinite path ((e1, ϖ

me2))m∈Z. Then its stabilizer is the intersection
of the upper and lower Borel subgroup of PGL2 over o. Thus, we get that the
stabilizer of every point of an apartment is a split torus in PGL2(o), a conjugate
of the diagonal subgroup, which is the stabilizer of the standard apartment. On
the other hand, the split tori over F preserve apartments translating however their
points.

Remark IV.3.9 (The tree of a local quaternion algebra). The group GL2(Qp)
corresponds to the group of units of a local split quaternion algebra Bp. Its standard
maximal order is O =M2(Zp) and the Eichler orders correspond to intersections of
two conjugates of O. Since the conjugation by an element of the center is a trivial
action, the group of units of the Eichler orders correspond then to the stabilizers
of the finite paths in the Bruhat-Tits tree and so the Eichler orders contained in O
are in bijection with the vertices of T . It’s then possible to associate a degree to an
Eichler order O′, given by the distance of O′ from O in T .
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IV.4. Spectral theory

Through the orbit-stabilizer theorem and the previous observations, it’s possible
to state the following.

Proposition IV.3.10. Let T be the Bruhat-Tits tree, G = PGL2(F ). Then:

1. the space of paths of length n, as a G-space, is isomorphic to G/K0(p
n);

2. the space of infinite simple chains is isomorphic to G/B(o);

3. the space of the apartments is isomorphic to G/diag(o), for the split diagonal
torus diag of G.

Remark IV.3.11. The result extends trivially to quotients Γ \ T of the regular
tree, provided that T → Γ \ T is a covering map.

Corollary IV.3.12. Let B be a global quaternion algebra over Q that splits at a
finite place p. Let R be an Eichler order, whose local component at p, defined as in
proposition II.6.1, is a maximal order. Then the symmetric space

A×B×
Q \B×

A/HR

has a canonical structure of finite quotient of the Bruhat-Tits Tree, where HR is
defined as the invertible elements of the global RA as in II.6.1.

Proof. Recall by section §II.7.1, that

A×B×
Q \B×

A/HR
∼= R[1/p]× \GL2(Qp)/Q×

p GL2(Zp).

This last term is isomorphic to the quotient R[1/p]× \PGL2(Qp)/PGL2(Zp), for the
image of R[1/p]× in PGL2(Qp). The finiteness is given by teh corollary of Theorem
II.6.2.

Remark IV.3.13. Recall by remark IV.3.2 that the neighbours of a lattice in L
correspond to the lattices L′ such that [L′ : L] = q. From this, we obtain that the
graph structure on A×B×

Q \B×
A/HR is also the one induced by the Brandt matrix. In

this way, we get a concrete expression of the graph R[1/p]× \PGL2(Qp)/PGL2(Zp).

Remark IV.3.14. As a consequence of the construction, unbounded subsets of the
tree are in bijection with unbounded PGL2(Qp)/PGL2(Zp).

IV.4 Spectral theory

In this section we are going to prove a delocalization property for the eigenfunctions
of the regular tree T of degree d.

Definition IV.4.1 (Adjacency matrix). Let G be an undirected graph of finite
degree, i.e. each vertex has finite degree. We denote by C(G) the set of complex
functions f : V (G) → C. The adjacency operator AG : C(G) → C(G) is the linear
operator defined by :

AGf(v) =
∑
w∼v

f(w).

The eigenfunctions of AG are called the eigenfunctions of the graph G.
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We shall be interested now in the eigenfunctions of a regular tree Tp of degree p.
Define the spherical operator Spk : C(G) → C(G) by:

Spk(f) =
∑

dTp (v,w)=n

f(w),

for the distance in dTp in Tp. Hence ATp = Sp.

Theorem IV.4.2. Assume that Spf = λf for some λ ∈ R. Then there exists a
constant c, independent of λ and p such that for all n ≥ 0,∑

0≤i≤n

∑
dTp (y,v)=i

|f(y)|2 ≥ cn|f(v)|2 ∀v ∈ V (G).

Proof. For brevity, we shall rewrite
∑

0≤i≤n
∑

dTp (y,e)=i
|f(y)|2 as

∑
Bn

|f(y)|2, for Bn

the closed ball of radius n, centered at e.
By the graph structure of tree, and since Sp = ATp we have that the following

holds:

Spk ◦ Sp = Spk+1 + pSpk−1 ∀k ≥ 2,

and Sp◦Sp = Sp2+(p+1)Id. Let λpk be the eigenvalue of f relative to Spk . Then, by
the recurrence relations, as done in greater generality in the proof Proposition III.6.6,
we have that λpk = a1r

k
1 +a2r

k
2 , for the roots in C of the polynomial x2−λx+p. We

distinguish two cases: |lambda| > 2
√
p, the untempered case, and |lambda| ≤ 2

√
p.

Consider first the untempered case. Define α ∈ R such that cosh(α) = |λ/2√p.
Then r1 = sgn(λ)

√
peα and r2 = sgn(λ)e−α. By requiring that λp = λ and that

λp2 = −p− 1 + λ2, we determine a1 and a2. After the computation we obtain:

λpk =

[
1− pe2α

p(1− e2α)
ekα +

1− pe−2α

p(1− e−2α)e−kα

]
sgn(α)pk/2.

With the convention λp0 = 1 we obtain

n∑
k=0

λp2k = pn
sinh (2n+ 1)α

sinhα
≥ (2n+ 1)pn.

Thus ∣∣∣∣∣∣
∑

dTp (e,y)∈{0,2,...,2n}

f(y)

∣∣∣∣∣∣ ≥ (2n+ 1)pnf(e).

By Cauchy-Schwarz ∑
dTp (e,y)∈{0,2,...,2n}

|f(y)|2 ≥ n2|f(e)|2.

Now, assume that |λ| ≤ 2
√
(p) and let θ = λ/(2

√
p). Again by computing λpk , we

get that ∑
k=0

λp2k = pn
sin(2n+ 1)θ

sin θ
. (IV.1)
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IV.4. Spectral theory

By Cauchy-Schwarz again:

∑
dTp (e,y)=2k

|f(y)|2 ≥

∣∣∣∑d(e,y)=2k f(y)
∣∣∣2

(p+ 1)p2k−1
=

|λp2k |2|f(e)|2

(p+ 1)p2k−1
.

Subtracting IV.1 with n = k − 1 from IV.1 with n = k we get that

λp2k = pk
[
sin(2k + 1)θ

sin θ
− sin(2k − 1)θ

p sin θ

]
.

Thus ∑
dTp (x,y)=2k

|f(y)|2 ≥ c|f(e)|2

if (2k + 1)θ ∈ [2π/5, 3π/5] mod π.
Now if n is such that n≫ 1/θ, we can assume that

|{k | 1 ≤ k ≤ n, (2k + 1)θ ∈ [2π/5, 3π/5] mod π}| > c2n,

so that the claim of the theorem is satisfied for some constant c. On the other hand,
if n is sufficiently small (n ≪ 1/θ), we have that sin(2n+1)θ

sin θ
≥ n,so that by IV.1 we

get ∣∣∣∣∣
n∑
k=0

λp2k

∣∣∣∣∣ ≥ npn.

By again Cauchy Schwartz we obtain∑
y∈B2n

|f(y)|2 ≥ cn2|f(e)|2 ≥ cn|f(e)|2.

By collecting the three cases, we can choose a constant c such that the claim holds.

Remark IV.4.3. A similar inequality holds if the operators Slk have a slightly
different definition, allowing some type of twist.

Chapter IV 55



Chapter V

Ergodic Theory

In this chapter, we present a theorem of Einsiedler-Lindenstrauss [EL08] on the
rigidity of measures on Lie Groups satisfying diagonal invariance. This measure
classification result was the key input for establishing long-sought properties on the
limit distribution of the quantum limits of arithmetic eigenfunctions on arithmetic
quotients of the hyperbolic plane in [Lin06] and [Lin04], and more generally on
locally symmetric spaces by [SV07]. In particular, we will try to give all the basic
theory necessary to appreciate the result, the proof being out of the scope of this
essay.

In the first part, we will recall some basic definitions on dynamical systems and
measures and the ergodic theory. After that, we will focus on two key concepts: the
recurrence and the entropy of a measure of a dynamical system.

In the second part, following [Lin04], we will specialize to measures invariant
by the action of a local split torus in the adelic setting. We will present the re-
sult of Einsiedler-Lindenstrauss and explain how the theorem applies to measures
associated to the mass of Hecke eigenfunctions.
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V.1. Dynamical Systems

V.1 Dynamical Systems

In this section, we recall some basic definitions.

Definition V.1.1. Let X be a set, B a sigma algebra and µ : B → R≥0 a positive
measure. The couple (X,B) is called a measurable space. The triple (X,B, µ) is
called a measure space.

In the context of dynamics systems, we usually have a measurable transformation
f : X → X which governs the evolution of the system, and we are interested in the
invariant measures.

Definition V.1.2. Let (X,B) be a measurable space and consider a measurable
function f : X → X. We say that a measure µ on (X,B) is f -invariant, or that f
preserves µ, if

µ(E) = µ(f−1(E)) for any E ∈ B.

Example V.1.3. Consider the measure space (S1,L, µ), with the Lebesgue proba-
bility measure induced by the standard projection p : [0, 1] → S1. Then any rotation
preserves mu.

Often the dynamics is not governed by a unique transformation, but by a family
depending on a continuous parameter t ∈ R.

Definition V.1.4 (Flow). Let (X,B) be a measurable space. A flow is a family
of measurable transformations f t : M → M , with t ∈ R, satisfying the following
conditions:

f 0 = id, f s+t = f s ◦ f t ∀s, t ∈ R.
We say that a measure µ on (X,B) is invariant under the flow, if µ is invariant under
f t, for any t ∈ R.

Example V.1.5. Classically, flows are associated to the solutions of differential
equations over a ”time” variable t ∈ R. Let M = Rn, or more generally a smooth
manifold, and take a section of the tangent bundle X ∈ TX. Under suitable condi-
tions on X, there is a well-defined flow f t : X → X, defined locally, both on x ∈M
and on t ∈ R, by the exponential map

f t(x) = etXx.

A dynamical system associated to a flow is also called a time-continuous dy-
namical system, while the one associated to a transformation T is also called a
discrete-time dynamical system, since the map n 7→ T n can be interpreted as a
discrete time flow.

More generally, notice that the dynamical systems we introduced were essen-
tially related to the action of the abelian group (R,+), or the semigroup (+,N),
on a measure space (X,B), by measurable functions. This suggests the following
definition.

Definition V.1.6. Let G be a group. A measurable space (X,B) is a right (left)
G-space if there is a right (left) action of G on X, such that

f g : x 7→ x · g is measurable ∀g ∈ G.

We say that a measure µ on (X,B) is right (left) G-invariant if it is invariant under
the transformation f g, for any g ∈ G.
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Remark V.1.7. Similarly, it’s possible to define a G-space (X,B) for a semigroup
G.

V.2 Ergodicity

Fix a measurable space (X,B) and let f : X → X be a measurable transformation.
When necessary, we will identify the space X with the dynamical system (X,B, f).
We will denote by µ a positive measure on X invariant by f .

Among the class of invariant measures µ on X there are some which are more
compatible with the dynamics on X.

Definition V.2.1. A dynamical system (X, f, µ) is ergodic if

lim
n→+∞

n∑
j=0

1E(f
j(x)) = µ(E) ∀E ∈ B, for a.e x ∈ X,

where 1E is the indicator function of the measurable set E.

Remark V.2.2. The function τ(E, x) = limn→+∞
∑n

j=0 1E(x) is called the mean

sojourn time. While for an integrable function ϕ ∈ L1(X) we define

ϕ̃(x) = lim
n→+∞

n∑
j=0

ϕ(f j(x)),

the time average of ϕ.

Remark V.2.3. It’s not obvious from the definition that the mean sojourn time
and the time average of an integrable function even exist. This is guaranteed by the
celebrated Birkhoff pointwise ergodic theorem, see [VO15, §3.2] for the proof and
the background.

There are different equivalent definitions.

Proposition V.2.4. Let (X, f, µ) be a dynamical system. Then the following are
equivalent:

1. (X, f, µ) is ergodic;

2. for every measurable set E ∈ B the function τ(B, ·) is constant µ-a.e.;

3. for every ϕ ∈ L1(µ) one has ϕ̃ =
∫
X
ϕdµ for µ-a.e. x ∈ X;

4. for every ϕ ∈ L1(µ) the time average ϕ̃ is constant for µ-a.e. x ∈ X;

5. for every invariant ψ ∈ L1(X) one has ψ(X) =
∫
ψdµ for µ-a.e. x ∈ X;

6. every invariant ψ ∈ L1(X) is constant for µ-a.e. x ∈ X;

7. for every invariant measurable subset A ∈ B we have either µ(A) = 0 or
µ(A) = 1;

Proof. See [VO15, Proposition 4.1.3].
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V.2. Ergodicity

Remark V.2.5. Through the last equivalent condition, the definition of ergodic
measure can be extended in the case of flows and more generally G-spaces. However,
for the theory to be non-trivial, one has to prove first that the space of G-invariant
probability measures on X is not empty. This is not usually true. A counterexample
is given by the spaces X = G, where G is a non-amenable group, like SL2(Z) with
the discrete topology.

Hopefully, there is still a large class of G-spaces that admits G-invariant mea-
sures: G a locally compact Hausdorff unimodular topological group, and X = H \G,
for a closed subgroup H. In this case, the pushforward measure on X is right in-
variant. Moreover, if the space has finite measure, we can find also a G-invariant
probability measure on X.

The ergodic systems then coincide with the ones that can’t be decomposed into
dynamically stable subspaces of non-trivial measure. This suggests that, among
the invariant measures, they could be the indecomposable elements while the non-
ergodic ones may be decomposed.

First, we restrict to the space of invariant probability measures M1(f), which is
convex since (1− t)µ1+ tµ2 is still a probability measure, for any t ∈ [0, 1]. Actually,
by interpreting positive measures as positive functionals in µ : L1(X) → R, it
is actually a compact subset of L1(X)∗ with the weak-* topology by the Banach-
Alaoglu Theorem. We record some results in this context.

Proposition V.2.6. 1) If µ and ν are invariant probability measures such that µ
is ergodic and ν is absolutely continuous with respect to µ, (ν ≪ µ), then µ = ν.

2) An invariant probability measure µ is ergodic if and only if it is not possible
to write it as µ = (1− t)µ1 + tµ2 with t ∈ (0, 1) and µ1, µ2 ∈ M1(f), with µ1 ̸= µ2.

Proof. See [VO15, Proposition 4.3.1-2].

The previous result states that the ergodic measures coincide with the extremal
points of the convex set M1(f). What we would like to achieve is then a decompo-
sition of any other invariant measure ν in terms of ergodic measures. However, only
stating the correct theorem requires some care and additional definitions. In fact, in
the most naive form we would want that ν =

∑
i∈I aiνi, with ai ≥ 0 and

∑
i∈I aiµi.

This is true in the case in which M1(f) lives inside a finite dimensional space Rn,
but this is in general not verified. We need a more advanced way of decomposing a
measure, which is called a disintegration.

Let ν a probability measure on X. Let P a partition of X into measurable
subsets. Denote by π : X → P the projection that assigns to each point x ∈M the
element P(x) of the partition that contains it, also called atom and denoted [x]P .
Then P has an induced structure of probability space given by the pushforward of
the measured space structure on P by the quotient map π. We denote by µ̂ this
pushforward measure.

Definition V.2.7 (Disintegration of a measure). Let ν be a measure on X. A
disintegration of ν with respect to a partition P of X into measurable subsets is a
family {νP | P ∈ P} of probability measures on X such that, for every measurable
set E ∈ B:

1. µP (P ) = 1 for ν̂-a.e. P ∈ P ;
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2. the map defined by P 7→ νP (E) is measurable;

3. µ(E) =
∫
νP (E)dν̂(P ).

The measures µP are called the conditional proababilities of µ with respect to P .

Without imposing conditions on the space X and on the partition P it’s not
possible to always achieve a disintegration of a given probability measure. However,
there is a large class of partitions that is actually well-behaved.

Consider a sequence partitions P1,P2, . . . ,Pn, . . . . For any m ∈ N∗ ∪ {∞},
denote by

∨m
n=1 Pn the partition whose elements are the non-trivial intersections of

the form ∩mn=1Pn, for Pn ∈ Pn. We say that the sequence is increasing if Pi ≤ Pi+1,
for all i ∈ N∗, where the order relation is defined as follows:

Pi ≤ Pi+1 ⇐⇒ ∀Pi ∈ Pi ∃ Pi+1 ∈ Pi+1 such that Pi ⊂ Pi+1,i.

Pi is called a coarser partition than Pi+1 and the latter is a finer partition.

Definition V.2.8 (Measurable Partition). Let (X,µ) be a measured space. We say
that P is a measurable partition if there exists some measurable set X0 ⊂ X with
full measure, such that, restricted to X0,

P =
∞∨
n=1

Pn

for a sequence of increasing countable partitions P1 ≤ P2 ≤ · · · ≤ Pn ≤ . . . .

Remark V.2.9. If the sequence of partitions is not increasing, we can consider
the standard increasing sequence

∨1
i=1Pi, . . . ,

∨n
i=1Pi, . . . . If the partitions Pi are

countable, then also
∨n
i=1Pi are countable.

Then the Rokhlin disintegration theorem states the following.

Theorem V.2.10 (Rokhlin disintegration theorem). Assume that X is a complete
separable metric space, endowed with the Borel σ-algebra B, and P is a measurable
partition. Then a probability measure ν admits some disintegration with respect to
P.

Proof. See [VO15, §5.2].

Remark V.2.11. Actually, a stronger result holds in the case in which the σ-algebra
is countably generated: the disintegration of ν is essentially unique, i.e. νP = ν ′P for
ν̂-a.e. P ∈ P .

Now, we have all the necessary results in order to appreciate the following theo-
rem.

Theorem V.2.12. Let X be a complete separable metric space, endowed with the
Borel σ-algebra B, let f : M → M be a measurable transformation and let µ be an
invariant probability measure. Then there exists a measurable set X0 ⊆ X of full
measure, a partition P of X0 into measurable subsets and a disintegration {µP | P ∈
P} of µ such that µP is invariant and ergodic for µ̂-almost every P ∈ P.

Definition V.2.13 (Ergodic components). With the notation of Theorem V.2.12,
the ergodic measures µP are called the ergodic components of the dynamical system
(X, f, µ).
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V.3 Entropy

The notion of entropy arose first in the context of thermodynamics, whose first
role was a quantifier of the degree of ”disorder” in a thermodynamical system in
equilibrium. Actually, through the entropy formalism, it became the main actor,
able to fully describe a system in equilibrium.

A distinct but related notion of entropy was introduced later by Claude Shannon,
in the domain of information theory. For a given finite set A, called alphabet, one
associates a probability measure µ on P(A), by assigning a frequency pa = µ({a})
to the letters a ∈ A. The mean information associated to an alphabet A is given by

I(A) =
∑
a∈A

−pa log pa,

where by convention 0 log 0 = 0.
In general, it’s possible to associate a sequence µn of probability measures on

the set An, with the compatibility requirement that for πi+1 : An+1 → An, given by
(a1, . . . , an+1) 7→ (a1, . . . , an), we have that π∗

n+1µn+1 = µn. Then the entropy of a
communication channel is defined by:

I = lim
n→+∞

1

n
I(An).

Also in the context of dynamical systems, it’s possible to introduce the notion of
entropy of a system ((X,B), f, µ). As in the thermodynamical case, we define this
quantity only under the ”equilibrium” condition that µ is f -invariant.

Fix a dynamical system (((X,B), f, µ)), for a measurable transformation f :
X → X and an f -invariant probability measure µ.

Definition V.3.1 (Entropy of a partition). Let P be a countable partition of X0 ⊂
X, measurable subset of full measure of X. Let IP : X → R be the information
function defined by

IP(x) = − log µ(P(x)).

The the entropy of the partition P is:

Hµ(P) =

∫
IPdµ =

∑
P∈P

−µ(P ) log µ(P ).

Remark V.3.2. The function ϕ : (0,∞) → R given by ϕ(x) = −x log x is strictly
concave. As a result,

ϕ

(∫
X

fdµ

)
≥
∫
X

ϕ ◦ fdµ,

for any measurable function f : X → R>0, by Jensen’s inequality.

Remark V.3.3. Since f is µ-invariant, we have the equality Hµ(P) = Hµ(f
−j(P)),

for any n ≥ 0.

Proposition V.3.4. Let P ,Q be countable partitions of X0 ⊂ X, measurable subset
of full measure of X. Then

1. if P ≤ Q then Hµ(P) ≤ Hµ(Q);
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2. Hµ(P ∨Q) ≤ Hµ(P) +Hµ(Q).

Proof. See [VO15, Lemma 9.1.5].

Let P be a countable partition of X0 ⊂ X, measurable subset of full measure of
X, with finite entropy. Denote

Pn =
n−1∨
i=0

f−1(P), for any n ≥ 1.

The sequence (Pn)n∈N∗ is thus non-decreasing. Moreover, since Pn+m = Pm ∨
f−mPn, we have that the sequence of entropies (Hµ(Pn))n∈N∗ satisfies, by proposi-
tion V.3.4,

Hµ(Pn+m) ≤ Hµ(Pm) +Hµ(f
−mPn) = Hµ(Pm) +Hµ(Pn),

hence is subadditive. As a consequence of Fakete’s Lemma, we get that the quantity:

hµ(f,P) = lim
n→+∞

1

n
Hµ(Pn)

is well-defined and equals infn→+∞
1
n
Hµ(Pn). Then hµ(f,P) is the entropy of f with

respect to the partition P .

Definition V.3.5. The entropy of the dynamical system ((X,B), f, µ) is defined by

hµ(f) = sup
P
hµ(f,P),

where the supremum is taken over all the partitions with finite entropy.

The computation of the supremum is potentially a major problem in the de-
termination of the entropy of a dynamical system. Thus, the following theorem of
Kolmogorov-Sinai is fundamental.

Theorem V.3.6 (Kolmogorov-Sinai). Let P1 ≤ · · · ≤ Pn ≤ . . . be a non-decreasing
sequence of countable partitions with finite entropy, such that

⋃∞
n=1 Pn generated the

σ-algebra of measurable sets, up to measure zero. Then,

hµ(f) = lim
n→+∞

hµ(f,Pn)

Proof. See [VO15, Theorem 9.2.1].

Corollary V.3.7. Let P be a partition with finite entropy such that the union of
the iterates Pn =

∨n−1
j=0 f

−j(P), n ≥ 1 generates the σ-algebra of measurable sets,
up to measure zero. Then, hµ(f) = hµ(f,P).

Proof. By the previous theorem, it’s enough to compute limn→+∞ hµ(f,Pn) =. But
by the definition of

hµ(f,P) = lim
n→+∞

Hµ(Pn),

we get that hµ(f,Pn) = hµ(f,P), for any n ∈ N∗.

Suppose now that X is a metric space and µ is a Borel probability measure.

62 Chapter V



V.4. Recurrence

Corollary V.3.8. Let P1 ≤ · · · ≤ Pn ≤ . . . be a non-decreasing sequence of count-
able partitions with finite entropy such that diamPn(x) → 0 for µ-a.e. every x ∈M .
Then,

hµ(f) = lim
n→+∞

hµ(f,Pn).

Corollary V.3.9. Let P be a partition with finite entropy such that we have that
diamPn → 0 for µ-a.e. x ∈M . Then hµ(f) = hµ(f,P).

Proof. See [VO15, Corollary 9.2.9-10].

The following crucial result, defines a local analogue of the entropy and relates
it to the entropy of the dynamical system.

Theorem V.3.10 (Shannon-McMillan-Breiman). Given any partition P with finite
entropy, the limit

hµ(f,P , x) = lim
n→+∞

− 1

n
log µ(Pn(x)) (V.1)

exists at µ-a.e. point.
The function x 7→ hµ(f,P , x) is µ-integrable, and the limit in V.1 also holds in

L1(µ). Moreover, ∫
hµ(f,P , x)dµ(x) = hµ(f,P).

If (f, µ)is ergodic then hµ(f,P , x) = hµ(f,P) at µ-almost every point.

Proof. See [VO15, Theorem 9.3.1].

What is left to discuss is the relation between the entropy associated to an f -
invariant probability measure µ and the ones of its ergodic decomposition, in the
case in which (X,B) is a complete separable metric space with the Borel σ-algebra
B.

Theorem V.3.11 (Jacobs). Suppose that (X,B) is a complete separable metric
space with the Borel σ-algebra B. Given any invariant probability measure µ, let
{µp | P ∈ P}, for a measurable partition P, be its ergodic decomposition. Then,
hµ(f) =

∫
hµP (f)dµ̂(P ).

Proof. See [VO15, Theorem 9.6.2].

Corollary V.3.12. Suppose that (X,B) is a complete separable metric space with
the Borel σ-algebra B. Let µ be an f -invariant probability measure, let {µp | P ∈ P},
for a measurable partition P, be its ergodic decomposition. Let Q be a partition with
finite µ-entropy. Then hµP (f,Q, x) = hµ(f,Q, x) for µ̂-almost every P ∈ P and for
µ-a.e. x ∈ P .

V.4 Recurrence

Fix a locally compact Hausdorff group G, with a right invariant metric dG, and a
locally compact metric space X, with Borel σ-algebra B. We assume that (X,B)
with the structure of aG-space, with a Radon measure µ, where the map (x, g) 7→ x·g
is assumed to be continuous, for any x ∈ X, g ∈ G. We assume moreover that the
map tx : g 7→ x · g is injective for µ-a.e. x ∈ X.
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Definition V.4.1. We say that a Radon measure µ on a G-space X is recurrent if
for every measurable B ∈ B, with µ(B) > 0, for almost every x ∈ B it holds that
t−1
x (B) is unbounded, i.e. has a non-compact closure.

The opposite of recurrence is transience.

Remark V.4.2. If G = (Z,+) with the discrete topology, the G-action is generated
by an invertible transformation f : X → X, defined by x 7→ x·1. Then µ is transient
if and only if #t−1

x (B) = ∞, for every measurable set B ∈ B, with µ(B) > 0.

The right action of G induces a foliation on X, whose leaves are the G-orbits.
We would like to achieve a disintegration of µ with respect to the partition given
by the orbits xG. However, this is unlikely a measurable partition, and we can’t
apply directly Theorem V.2.10. Nonetheless, through a more delicate limit process,
it’s possible to obtain conditional measures on the orbits. The key idea is to obtain
a disintegration with respect to measurable partitions P whose atoms are partial
orbits and ”patch” them to obtain a conditional measure on the full orbits. More
formally:

Definition V.4.3. A set A ⊂ X is an open G-plaque if for any x ∈ A:

1. A ⊂ tx(G);

2. t−1
x (A) is open in G.

Remark V.4.4. A particular example is given by measurable partitions Pr whose
atoms [x]Pr = xBr(G) for µ-a.e. x ∈ X, where Br(G) is the open ball of radius r
centered at the identity of G . The associated conditional measures µx,r on [x]Pr

can be normalized so that µx,r(xB1(G)) = 1, for µ-a.e. x ∈ X. Then, for some
particular choices of X, for µ-a.e. fixed x ∈ X, the sequence (µx,r) forms a direct
limit of measures on xG = G, that we denote by µx,G. We stress that, with this
choice, there is no direct way of obtaining a disintegration of µ with respect to µx,G.

The following holds.

Theorem V.4.5. Let X be a G-space, and µ a probability measure on X with tx
injective a.s. Then there is a Borel measurable map x,G : X →M∞(G) on G , where
M∞(G) is the space of Radon measures with the weak-* topology, which is uniquely
determined (up to -measure 0) by the following two conditions:

1. For -a.e. x, we have that µx,G(B1(G)) = 1;

2. For any measurable partition A of E, measurable subset of full measure of X,
if for every x ∈ E the atom [x]A is an open G-plaque, then for µ-a.e. x ∈ E,

t−1
x ∗µ

A
x ∝ µx,G|t−1

x [x]A
.

In addition, µx,G has the following property:

(a) There is a set X0 ⊆ X of full measure so that every x, y ∈ X0, with
y ∈ xG, and for any g ∈ G satisfying ty ◦ g = tx, we have that

g∗µx,G ∝ µy,G.
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Thus, for any disintegration with atoms given by open G-plaques, we obtain
information on µx,G. In particular, if, for a sequence of disintegrations whose atoms
are larger and larger open G-plaques, we have that the conditional probabilities
at the atom of x give to xB1(G) a volume which tends to 0, for µ-a.e. x, then
µx,G(G) = ∞ for µ-a.e. x. This is the idea behind the following crucial criterion.

Theorem V.4.6. Let µ be a probability measure on a G-space X. Then µ is G-
recurrent if and only if µx,G is an infinite measure µ-a.s.

Proof. See [Lin04, Theorem 4.2].

V.5 Unique Ergodicity

In section V.2 we saw that, in the class of dynamical systems ((X,B), f, µ), for an
invariant probability measure µ, the ergodic systems had a special role, acting as
building blocks. In this context, a much sought property is the unique ergodicity.

Definition V.5.1. A measurable transformation f : X → X is uniquely ergodic if
it admits exactly one invariant probability measure.

Remark V.5.2. By using proposition V.2.6, the unique invariant probability mea-
sure must be ergodic, since it must be an extremal point of the convex set M1(f),
which has only one element. From this observation follows the name of these special
dynamical systems.

We can extend the previous definition to arbitrary G-spaces in the trivial way.
A property related to unique ergodicity is the minimality.

Definition V.5.3. Let (X,B) be a G-space. Let Y ⊂ X be a closed measurable
set invariant under G. We say that Y is minimal if Y = xG, for any x ∈ Y .

Proposition V.5.4. If the G-space X is uniquely ergodic, then the support of the
unique invariant probability measure µ is a minimal set.

Proof. See [VO15, Proposition 6.2.1].

Remark V.5.5. The converse is not true: there could be distinct measures sup-
ported on distinct minimal sets on a single G-space. Take for example an indefinite
rational quaternion algebra B with Eichler order R. Define HR =

∏
v ̸=∞(R⊗ Zv)×.

Then the space X = A×B×
Q \ B×

A/HR is isomorphic to R×R× \ GL2(R). Now let’s
restrict to the right O2(R)-invariant measures. Then X ′ = X/O2(R) ∼= R×H, for
the upper-half plane H with the standard action of SL2(R) on it. Consider the

diagonal flow f t(x) = x

(
e−t 0
0 et

)
, for t ∈ R, associated to the diagonal split torus

A1 of PGL2(R). This flow coincides with the geodesic flow on X ′ endowed with
the standard Riemannian metric that has constant sectional curvature equal to −1.
As a consequence, any invariant probability measure µ on X, right-invariant by O2,
supported on a minimal set, corresponds to a measure µ̃ on µ which is supported in
the closure of a geodesic. Since there are non-trivial compact closed geodesics, it’s
possible to find probability measures which are supported on a minimal set distinct
from the whole space X ′.
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The most interesting cases where some kind of unique ergodicity, or similar strong
classifications of the set of invariant measures, is verified are related to algebraic
constructions, in particular to algebraic groups. In this setting, assumptions on the
entropy and recurrence of the dynamical system reveal to be essential. Thanks to
these additional hypotheses, Einsiedler and Lindenstrauss in [EL08] were able to
prove the following classification result for invariant measures on algebraic groups.

Theorem V.5.6 (Einsiedler-Lindenstrauss). Let G = G1 × G2 where G1 is a
semisimple linear algebraic group over a characteristic zero local field Kσ with Kσ

rank 1 and G2 is a zero characteristic S-algebraic group. Let ∆ ⊂ G be a discrete
group. Let A1 be a Kσ split torus of G1 and let χ be a non-trivial Kσ-character of
A1 that can be extended to CG(A1). Let M1 = {h ∈ CG(A1) | χ(h) = 1}. Let µ be
an A1-invariant, G2-recurrent probability measure on ∆ \G such that

1. almost every A1-ergodic component of µ has positive ergodic theoretic entropy
with respect to some a ∈ A1 with |χ(a)|σ ̸= 1 and

2. for µ-a.e. x the group

{h ∈M1 ×G | x · h = x}

is finite.

Then µ is a convex combination of homogeneous measures. Each of these homo-
geneous measures is supported on an orbit of a subgroup H which, after restriction
of scalars to a local subfield Fσ, contains a finite index subgroup of a semisimple
algebraic subgroup of G1 of Fσ-rank one.

Remark V.5.7. We shall explain some of the terms in the previous theorem.

First, a measure on Γ \ G is called homogeneous if it is the unique H-invariant
probability measure on a periodic H-orbit, i.e. an orbit that supports a finite H-
invariant measure.

Second, an S-algebraic group, for a finite set S, is a product of Ki-algebraic
groups, for local fields Ki, i ∈ S.

Finally, the rank of a semisimple algebraic group is the (algebraic) dimension of
a Cartan subgroup, which is just the centralizer of a maximal torus.

Remark V.5.8. One of the most important assumptions is the presence of two
commuting actions on ∆ \G. This is crucial for making the dynamical system more
rigid, see [Ber16, §9.4] for an example of this phenomenon in a simpler setting.

In this thesis we are only interested in its application in number theory, in par-
ticular for the concentration properties of automorphic forms in global quaternion
algebras. We will find out that, even though in its general form this classification
doesn’t prove a unique ergodicity result, by restricting to particular arithmetic mea-
sures we will obtain a p-Adic version of the celebrated Arithmetic Quantum Unique
Ergodicity [Lin06]. In the next section, we will see how this broad theorem can be
specialized and made more effective in the arithmetic setting.

66 Chapter V



V.6. Dynamics on Quaternion Algebras

V.6 Dynamics on Quaternion Algebras

Let B be a quaternion algebra over Q. Let σ, l be two places of Q, for a finite prime
l that splits the quaternion algebra and for another split place σ, possibly infinite.
Consider an Eichler order R of B and letHR =

∏
v ̸=σ R

×
v , where Rv = R⊗Zv, coming

from Proposition II.6.1. Then, as in section II.7.1, there is a natural identification
(and homeomorphism):

B×
Q \B×

A/HR
∼= Γ \B×

σ ,

where Γ = B×∩HR and is discrete by II.5.11 (in case B is a division algebra it is also
cocompact). The isomorphism is given explicitly by the map π : B×

Q \B×
A → Γ\B×

σ ,

π : B×
Qg 7→ πB×

A→B×
σ
(B×

Qg ∩ [Gσ ×H R]),

for the standard projection πB×
A→B×

σ
of the idèle group to its local B×

σ component.

Let X = Γ \B×
σ . With an analogue argument, we can identify:

X ∼= Γ′ \B×
σ B

×
l /R

×
l ,

where Γ′ = B× ∩
∏

v ̸=σ,lR
×
v . We can set X ′ = Γ′ \ B×

σ B
×
l . It has the structure

of a locally compact metric space, with an action of both groups B×
σ , B

×
l by right

translation. In this setting, Theorem V.5.6 takes the following form.

Theorem V.6.1. Let µ be a Z(B×
σ )-invariant probability Radon measure on X such

that:

1. µ is A-invariant, for the diagonal subgroup A of B×
σ ;

2. µ is B×
l /Z(B

×
l )-recurrent, as a measure of X ′/Z(B×

σ B
×
l );

3. almost every A-ergodic component of µ has positive entropy with respect to(
s 0
0 1

)
, for some |s|σ ̸= 1.

Then µ is the B×
σ -right invariant probability Radon measure on X, obtained by

pushforward of a Haar measure on B×
σ .

Proof. First, we can identify B×
σ
∼= GL2(Qσ) and B

×
l
∼= GL2(Ql), since they are split

local quaternion algebras. As a result, the Z(B×
σ )-invariant measure on X lives, by

pushforward, on the space:

Y = Γ \GL2(Qσ)/Q×
σ
∼= Γ̄ \ PGL2(Qσ),

where Γ̄ = (ΓQ×
σ )/Q×

σ is the group of σ-projective units of the Eichler order R, and
where we identified Z(B×

σ )
∼= Q×

σ , since Bσ is a central simple algebra.
Again by strong approximation,

Y ∼= ∆ \ PGL2(Qσ)PGL2(Ql)/R
×
l ,

for ∆ = Γ′Q×
σQ×

l /Q×
σQ×

l , the image of Γ′ in PGL2(Q×
σ )PGL2(Q×

l ), and R×
l

∼=
PGL2(Zl) the image of R×

l in B×
l /Q

×
l .

So, set G1 = PGL2(Qσ) and G2 = PGL2(Ql), and notice that ∆ is a discrete
subgroup of G = G1 ×G2. Both G1 and G2 are semisimple linear algebraic groups
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with rank one over, respectively, the zero characteristic local fields Qσ and Ql. Under
the previous isomorphisms, µ can be identified with a right PGL2(Zl)-invariant
measure on ∆ \ G. We want to apply Theorem V.6.1 for this choice of G1, G2, ∆
and for A1 = Ā, the image of the diagonal group of B×

σ on PGL2(Qσ), generated by

the image of the matrices

(
Q×
σ 0
0 1

)
. For clarity, we point out that the hypothesis

2) of being B×
l /Z(B

×
l )-recurrent, as a measure of X ′/Z(B×

σ B
×
l ) is equivalent to the

G2-recurrence of the measure on ∆ \G.
We still need to define the character χ. We choose in particular the map

χ(diag(y1, y2)) =
y1
y2
, which is trivially well-defined on A1. Moreover, CG1(A1) = A1

and by the choice of χ, we have that

M1 = {diag(a1, a2) | a1 = a2} = {1},

is trivial. Finally, the hypothesis 3) is equivalent to the hypothesis 1) on Theorem
V.6.1.

Thus, µ is invariant by some finite index subgroup H1 of some semisimple al-
gebraic subgroup of G1, that contains A1. The smallest such H1 is the image of
SL2(Qσ) in PGL2(Qσ). As a result, µ, as a measure on X, is a Radon measure right
invariant by the diagonal torus A and by SL2(Qσ), which generate GL2(Qσ). Hence,
it is the unique probability Haar right B×

σ -invariant measure on X.

We conclude the discussion by giving equivalent conditions for hypothesis 2) and
3) of the previous theorem, that are easier to check in practice. We will use the
notation of the proof of the previous theorem.

For condition 2), the B×
l /Z(B

×
l ) recurrence of µ as a measure on

Y ′ = X ′/Z(B×
σ B

×
l )

is just a PGL2(Ql)-recurrence on the action by right multiplication in the second
component of ∆ \ G. Since ∆ is discrete, the action is µ-a.s. injective. So, we
can use Theorem V.4.6 and try to prove that µx,G2(G2) = +∞, for µ-a.e. x ∈ Y ′.
Recall now that µ is right PGL2(Zl)-invariant, and that B1(G2) = PGL2(Zl). Then,
consider disintegrations with respect to a measurable partition PS whose atoms
are µ-a.e. open G-plaques Ax, of the form Ax = xSPGL2(Zl), for a subset S ⊂
Tl = PGL2(Ql)/PGL2(Zl). The conditional measures will be µ-a.s. right PGL2(Zl)-
invariant and will thus live naturally as measures µ̃x,G2 supported on the subset S of
Tl+1 == PGL2(Ql)PGL2(Zl). We already met Tl+1 as a l+ 1-regular tree in section
IV.2 and we noticed the isometry between the quotient and the regular tree metric.
So, as in the discussion after Theorem V.4.5, it’s enough to prove that the conditional
measures of the partitions PS, for SPGL2(Zl) ⊃ B1(G2) larger and larger, assign
volume µx,G(B1(G2)) that tends to zero µ-a.s. Equivalently, it’s enough to prove
that for choices of S larger ad larger in the regular tree Tl+1, we have that µ̃x,G({1})
tends to zero, µ-a.s. on Y/PGL2(Zl) = X ′, or on X due to the Z(B×

σ )-invariance
of µ. This is called a Tl-recurrence, from the operators Tl that generate the regular
graph (see §IV.3). A reasonable choice of Sr is just Br(1), the ball of radius r in Tl,
for r → +∞. This partially explains the following proposition.

Proposition V.6.2. Let µφ be a Z(B×
σ )-invariant probability measure on X, in-

duced by a L2-normalized function φ ∈ L2(X), i.e. µφ(E) =
∫
E
|φ|2dµ, for the right
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Haar probability measure µ on X. Consider finite sets {1} ⊂ Si ⊂ GL2(Ql)/GL2(Zl),
i ∈ N, such that the projection Si → Si/Q

×
l is injective. Denote by Si(x) the set

xSi, by identifying X with Γ′ \GL2(Qσ)GL2(Ql)/GL2(Zl). If Ai =
∑

y∈Si(x)
|φ(y)|2

has the property that

lim
n→+∞

|φ(x)|2

Ai
= 0,

then µφ is Tl-recurrent.

Proof. See [Lin04] for a detailed discussion.

While for the entropy, we report a criterion of Lindenstrauss for our case of X
coming from arithmetic quotients of quaternion algebras. To reduce the notation,
we will present only the case of σ = p a finite place of Q, which is the relevant case
for this work. The case σ = ∞ has an analogue definition.

Call ϵ > 0 admissible if it belongs to the image of |.| : Q×
p → R×

+. For a compact
open subgroup C of Q×

p and admissible ϵ > 0, set

B(C, ϵ) = {
(
a b
c d

)
∈ G : a, d ∈ C, |b|, |c| ≤ ϵ},

the dynamical ball of radius ϵ and support C.

Theorem V.6.3. Assume the notation of theorem V.6.2. Suppose that for each
compact subset Ω of B×

p there exists C as above and C1, c2 > 0 so that for all
admissible ϵ ∈ (0, 1) and for all x ∈ Ω, one has µφ(xB(C, ϵ)) ≤ C1ϵ

c2. Then µφ has

positive entropy on almost every A-ergodic component with respect to

(
p 0
0 1

)
.

Proof. See [Lin04, §8].

Remark V.6.4. If B is a division algebra, so that X is compact, the result directly
follows by an application of a topological version of the Shannon-McMillan-Breiman
Theorem, proved by Brin-Katok in its general form in [BK83]. The point of Linden-
strauss’ result is that it applies also to split quaternion algebras, so to non-compact
X, which is another interesting but harder setting for the Arithmetic Quantum
Unique Ergodicity problem.

Remark V.6.5. If we require that the conditions in Theorem V.6.3 and Proposition
V.6.2 hold uniformly for a sequence of L2-normalized functions φi ∈ L2(X), then
the theorems hold also for any weak-* limit of the measures µφi

, as a consequence
of the upper semi-continuity of the entropy ([VO15, §9.2.2]) and because the de-
compositions over fixed open G-plaques leading to V.4.6 converge weak-* û-a.s. See
[Lin04] for the precise results.
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Chapter VI

p-Adic Arithmetic Quantum
Unique Ergodicity on GL2(Qp)

This chapter contains the main results on this essay, proving the p-adic arithmetic
quantum unique ergodicity for a class of arithmetic quotients of GL2(Qp), coming
from definite rational quaternion algebras.

After translating the setting presented in the section I in representation theoret-
ical terms, we will prove the main results from Nelson’s paper [Nel18].
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VI.1. The setting

VI.1 The setting

As in the introduction, fix a prime number p. Let o× be the ring of integers of
Qp, and denote by p = (ϖ) its maximal ideal, generated by a uniformizer ϖ. Let
G = GL(Qp).

Let B be a definite quaternion algebra B over Q that splits at p. Fix an Eichler
order R and let Γ = R[1/p]×. Then, B ↪→ M2(Qp) and the arithmetic quotient
X = Γ \ GL2(Qp) is compact, by II.5.11 and section II.7. In fact, the space X is a
locally symmetric space isomorphic to

X ∼= B×
Q \B×

A/HR,

for HR =
∏

v ̸=pR
×
v , for R∞ = B∞.

The adelic quotient X comes with Hecke correspondences Tl, for primes l ̸= p,
as defined in Definition III.6.5 for split l. By composing them, we obtain the Hecke
operators Tn, for (n, p) = 1. These assume the explicit form

Tlφ(x) =
∑

s∈Ml/Γ

φ(s−1x) ∀x ∈ X, (VI.1)

for Ml = R[1/p]× ∩ nr−1(lZ[1/p]).
More generally, with respect to section I, we allow non-trivial central characters

for the newvectors. In this context, a direct geometric representation is less imme-
diate and the problem benefits from a more abstract representation theoretic point
of view.

Recall from section III.4 the congruence subgroups K0(p
n) for G. We will define

now a suitable generalization.

Definition VI.1.1. Define the compact subgroup Km′...m of G as

Km′...m =

(
o p−m

′

pm o

)
∩GL2(o).

Thus, we shall be interested in functions which are invariant by open subgroups.

Definition VI.1.2. Denote by A(X) the space of smooth functions on X, as a
G-module with the right translation action by G. An (Hecke) eigenfunction on X
is an element ϕ ∈ A(X) that is a Tl-eigenfunction for each prime l ̸= p and that
generates an irreducible representation of G.

Remark VI.1.3. The link with the path space interpretation is clarified by section
IV.3. In fact, there is a bijection:

X/Km′...m = Γ \G/Km′...m → Ym′...m,

for the path space Ym′...m, since Km′...m is the stabilizer of the balanced path m′ . . .m
in the standard apartment of the Bruhat-Tits Tree of PGL2(Qp). The simplifying
requirement Tors(Γ) = ±1 was then the necessary hypothesis to apply Remark
IV.3.11.
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Notation. On X there is a canonical right G-invariant Radon probability mea-
sure µH , given by pushforward of a Haar measure under p : G → Γ \ G, for the
unimodular group G, see [Bum97, §4.3] for the construction. The measure µH will
be called the uniform measure. When equipped with the uniform measure, A(G)
is a unitary (smooth) admissible representation of G, in the sense of III.2.1. So, an
element ϕ ∈ A(X) is L2-normalized if

∫
X
|ϕ|2dµH = 1. In that case, the L2-mass

of ϕ is the probability measure µϕ on X given by µϕ(Ψ) =
∫
X
Ψ|ϕ|2. A sequence

equidistributes if it converges to the uniform measure.

Definition VI.1.4. Let H ⊆ End(A)(X) be the ring generated by the right trans-
lations of g ∈ G and by the Tl operators. We denote by A(X) the set of irreducible
H-submodules of A(X), by A0(X) ⊆ A(X) the subset consisting of those that are
not one-dimensional, and by A0(X) ⊆ A(X) the sum of the elements of A0(X).

Remark VI.1.5. The 1-dimensional elements of A(X) have the form C(χ ◦ det),
for χ a character of Q×

p / det(Γ).

As a consequence of the following proposition, any irreducibleH-module inA(X)
can be safely regarded as a more simple irreducible G-module.

Proposition VI.1.6. Let π ∈ A(X). Then π is also an irreducible representation
of G. Moreover A(X) = ⊕π∈A(X)π and A0(X) = ⊕π∈A0(X)π.

Proof. Under the equivalence X ∼= B×
Q \B×

A/HR, the elements of A(X) corresponds
to irreducible automorphic representations of B×, as defined in section II.7.2. Then,
by the strong multiplicity one result, each π ∈ A(X) occurs in A(X) with multi-
plicity one. Moreover, the infinite component of the automorphic representation is
trivial, and all the local components πl are spherical for l ̸= p. Then, by strong
multiplicity one for B×, as seen in Theorem II.7.11, the restriction of π to a G-
module yields an irreducible representation of G, since the Tl eigenvalues (Satake
parameters), for l ̸= p, uniquely determine the local component πl of an automorphic
representation of B×.

Finally A(X) is an admissible and unitary (unitarizable) G-module, so it is
semisimple and the Tl operators are normal operators, with adjoint T ∗ − l = z(l)Tl
that commute with the translation by g ∈ G.

We define now the class of functions, whose quantum limits will be the object of
the p-adic quantum unique ergodicity.

Definition VI.1.7 (Generalized newvector). Let π ∈ A0(X). For integers m,m′, a
vector ϕ ∈ π will be called a generalized newvector of support m. . .m′ if |m′−m| =
c(π) and

π(g)ϕ = χπ(d)ϕ ∀g =
(
a b
c d

)
∈ Km′...m.

Remark VI.1.8. Recall that the local newvectors were already defined in section
III.4. The generalized ones are defined similarly, and are just conjugates of the
classical ones. These vectors are the local components of the classical Maass or
Hecke newforms in the classical real indefinite setting.

The main equidistribution result that we will prove is the following.
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VI.1. The setting

Theorem VI.1.9. Let π ∈ A0(X) traverse a sequence of irreducible principal series
representations B(χ1, χ2) of G, with c(χ1/χ2) → ∞. Let ϕ ∈ π be an L2-normalized
generalized newvector. Then µϕ equidistributes.

Remark VI.1.10. The condition c(χ1/χ2) → +∞ is a stronger condition than
c(π) → +∞, since c(π) = c(χ1) + c(χ2). However, it is a necessary restriction,
since for any character χ of Q×

p the twist χ(det) ⊗ π ∼= B(χ1χ, χ2χ), by Theorem
III.5.9. Then we could have possibly a sequence of irreducible principal series with
conductor tending to infinity, but such that the generalized newvectors have the
form ϕχn, for a fixed ϕ ∈ A(X) and unitary character χn. Then the quantum limit
µ = µϕ trivially and there is no equidistribution.

As in the classical case, the equidistribution results for the newvectors passes
through the introduction of a special class of measures, in these case smooth func-
tions on A(X), called microlocal lift.

Fix for each positive integerN a partitionN = N1+N2 into nonnegative integers,
with the property that N1, N2 → +∞ for N → +∞.

Definition VI.1.11 (microlocal lift). Let π be an irreducible generic representation
of G. Then v ∈ π is a microlocal lift of support −N1 . . . N2 and level N > 0 if there
exists characters ω1, ω2 of o× so that c(χ1/χ2) = N and

π(g)v = ω1(a)ω2(det(g)/a) ∀g =
(
a b
c d

)
∈ K−N1...N2 .

In that case (ω1, ω2) is the orientation of v.

In particular, for the following applications, this choice is useful: we fix N1 = N2

orN1 = N2+1. These vectors are important since their L2-mass achieve the diagonal
invariance in the following sense.

Theorem VI.1.12. Let N traverse a sequence of positive integers tending to ∞,
and let φ ∈ π ∈ A0(X) be an L2-normalized microlocal lift of level N on X with
L2-mass µφ. Then any weak subsequential limit of the measures µφ.

As in the classical case, the strategy is using Theorem V.5.6 on the weak-* limits
of the masses of L2-normalized microlocal lifts, in the form of Theorem V.6.1. With
a more friendly notation, it can be stated as follows.

Theorem VI.1.13 (Measure Classification). Let µ be a probability measure on X,
invariant by the center of G, with the properties:

1. µ is a(Q×
p )-invariant;

2. µ is Tl-recurrent for some split l ̸= p;

3. The entropy of almost every ergodic component of µ is positive for the a(p)-
action.

Then µ is the uniform measure.

Then, once proved this result, we will get the following.

Theorem VI.1.14. Let N traverse a sequence of positive integers tending to ∞.
Let φ ∈ A(X) be an L2-normalized microlocal lift of level N on X. Then µφ equidis-
tributes.

The equidistribution of the local newvectors will be then a corollary of some
local results.
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VI.2 Recurrence

Fix a prime l ̸= p that splits the quaternion algebra B. Let G = GL2(Qp) and
X = Γ \G, for Γ = R[1/p].

The aim of this section is to prove the Tl-recurrence of the weak-* limits of the
L2-masses µϕi of L

2-normalized Hecke eigenfunctions ϕi ∈ A0(X).

Theorem VI.2.1. Let µ be any sequence subsequential limit of a sequence of L2-
masses µϕ of L2-normalized automorphic forms ϕ ∈ π ∈ A0(X). Then µ is Tl-
recurrent.

Remark VI.2.2. The theorem holds also when we replace automorphic forms
with simple L2-normalized Tl-eigenfunctions. In fact, that’s the only used prop-
erty needed for the proof in the case of automorphic forms.

Recall from section V.4-6 that the Tl-recurrence is associated to an action of
PGL2(Ql) on a complete metric space invariant by PGL2(Zl). In that case, using
Proposition V.6.2 and the results on the eigenfunction of the Tl+1 tree of section IV.4,
we would get the Tl-recurrence. In this case, by strong approximation and section
II.7.2, X ∼= R[1/pl]× \ GL2(Qp)GL2(Ql)/GL2(Zl) and there is no natural action of
PGL2(Ql). However, the action is recovered by the fact that the measures µϕ are
naturally Z-invariant. So the Tl-recurrence has to be interpreted as in section V.5.
Then, the aforementioned method is still valid, as long as we find a representative of
the Hecke Tree Tl+1 in GL2(Ql)/GL2(Zl) and we deal with the presence of non-trivial
central characters. For this, we introduce the following operator.

Definition VI.2.3. Fix n ∈ N coprime to p. Let Mn = R[1/p] ∩ nr−1(nZ[1/p]×),
so that M1 = R[1/p]×. Denote by Mprim

n is the set of all primitive elements of Mn,
i.e. the ones that are not divisible inside R[1/p] by any divisor d > 1 of n. Then
Sn(x), for x ∈ X, is the formal sum

Sn(x) =
∑

s∈Mprim/Γ

s−1x.

It induces an operator Sn on A(X) given by Snϕ(x) =
∑

y∈Sn(x)
ϕ(y).

Remark VI.2.4. As a consequence of the previous definition Tn =
∑

d2|n z(d
−1)Sn/d2(x),

for z(q) the diagonal matrix qI2 that corresponds to the scalar q ∈ B×
p
∼= GL2(Qp).

By the previous remark, the image of Sln(1) in GL2(Ql)/GL2(Zl), is sent bijec-
tively into the elements of distance n in the Tl+1 Hecke Tree of PGL2(Ql)/PGL2(Zl)
by the standard projection. Thus, by Proposition V.6.2 and Remark V.6.5, the
following definition is compatible withTheorem V.4.6.

Definition VI.2.5 (Tl-recurrence). A finite Z-invariant measure µ on X is called
Tl-recurrent if for each Borel subset E ⊆ X and µ-a.e. x ∈ E, there exists infinitely
many positive integers n for which Sln(x) ∩ E ̸ 0∅.

Then, by proposition V.6.2, it’s enough to prove the following result.

Lemma VI.2.6. Let l ̸= p be a split prime. There exists c0 > 0 such that for each
automorphic form ϕ ∈ π ∈ A0(X) and x ∈ X, one has

∑
k≤n
∑

y∈Sln (x)
|ϕ(y)|2 ≥

c0n|ϕ(x)|2.
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VI.2. Recurrence

Proof. The proof is an analogue of the one of section IV.4, with the Satake param-
eters of πl , the l-th component of π, playing the same role of the eigenvalue of the
Tl-operator in the mentioned proof. We treat the tempered case, which, as in Theo-
rem IV.4.2, is the most difficult and, in this unitary setting, the only one required.
By hypothesis ϕ ∈ π ∈ A0(X) is an eigenfunction of the Tl operator and generates
a spherical irreducible representation of GL2(Ql). Then, by III.6.9.2 we have that
Tlnϕ = pn/2λπ(l

n), for λπ(l) = α + β, the Satake parameters of πl. In particular,
α, β are roots of the polynomial X2 − l1/2λπ(l)X + lθ, for the unit θ = χπ(l) ∈ C(1).
Then the tempered condition |λpi(l)| ≤ 2l1/2 implies α, β ∈ C(1), i.e. |α| = |β| = 1.
Moreover, always by III.6.9.2, recall that

λπ(l
n) =

αn+1 − βn+1

α− β
.

By Remark VI.2.4 we have that Tln =
∑

k≤n: k≡n mod 2 z(l
(k−n)/2)Slk . Conversely,

Slk = Tlk − 1k≥2z(l
−1)Tlk−2 . Thus, denoting by lk/2σk ∈ C the scalar by which Slk

acts on π, one obtains σk = λπ(l
k)− 1k≥2θl

−1λπ(l
k−2), which expands as

σk =
γ1α

k − γ2β
k

α− β
,

for γ1 = α− θl−1α−1, γ2 = β − θl−1β−1. With this expression, |γ1|, |γ2| ≥ 1/2.
Now, for Cauchy Schwarz

lm|λπ(lm)ϕ(x)|2 = |Tlmϕ(x)|2 ≤ (1 + l−1)lm
∑
y∈Tlm

|ϕ(y)|2,

lk|σkϕ(x)|2 = |Slkϕ(x)|2 ≤ (1 + l−1)lk
∑

y∈S
lk
(x)

|ϕ(y)|2.

Then, as a result of Remark VI.2.4, we have that
∑

k≤n
∑

y∈Sln (x)
|ϕ(y)|2 ≫ cπ(n)|ϕ(x)|2,

with
cπ(n) = max

m≤n
|λπ(lm)|

∑
k≤n

|σk|2.

We are left to prove that c(π)n ≫ n uniformly in π. By contradiction, suppose the
estimate fails, so that there is a sequence (πj, nj), for j ∈ N, such that nj → +∞
for j → +∞, with the property that cπj(n) = o(n), for n → +∞. Starting from
now, the asymptotic notation will be with respect to j → +∞. Up to passing to
subsequences, we need to consider two cases:

1.
1
nj

|αj−βj | = o(1);

2. |αj − βj| ≪ 1/nj.

In case 1) we have
1
nj

|1−αj β̄j |
= o(1), so expanding the square and summing we get

cπj(nj) ≥
∑
k≤nj

|σk|2 =
|γ1|2nj + |γ2|2nj + o(nj)

|αj − βj|2
≥ n/3

||αj − βj|2
≫ nj.

In case 2), one has |αj−βj|−1 ≫ nj, so the largest positive integermj ≤ nj for which
mj|αj − βj| < 1/10 satisfies mj ≫ nj and so cπj(nj) ≥ |λπ(lmj)|2 ≫ m2

j ≫ n2
j ≥ nj.

So we get the desired contradiction.

Theorem VI.2.7.
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VI.3 Strongly Positive Entropy

In this section, we prove that any weak-* limit µ of L2-normalized Hecke eigenfunc-
tions ϕn ∈ π ∈ A0(X) has positive entropy on almost every ergodic component.

Recall from section V.6 that ϵ > 0 is admissible if it belongs to the image of
|.| : Q×

p → R×
+. For a compact open subgroup C of Q×

p and admissible ϵ > 0, we set

B(C, ϵ) = {
(
a b
c d

)
∈ G : a, d ∈ C, |b|, |c| ≤ ϵ},

the dynamical ball of radius ϵ and support C. Then, by Theorem V.6.3 and Remark
V.6.5, it’s enough to prove the following.

Theorem VI.3.1. For each compact subset Ω of G there exists C1, c2 > 0 so that
for all admissible ϵ ∈ (0, 1), all L2-normalized φ ∈ π ∈ A0(X), and all x ∈ Ω, one
has µφ(xB(C, ϵ)) ≤ C1ϵ

c2, for B(C, ϵ) as in Theorem V.6.3.

Proof. For a given Ω we set C to be an open subgroup of o× such that for small
enough ϵ, one has

xB(C, ϵ)x−1 ⊆ K0 ∀x ∈ Ω, (VI.2)

gB(C, ϵ)g−1 ∩ Γ = {1} ∀g ∈ G, (VI.3)

the latter being possible since B is non-split, so that Γ is discrete in G.
We need first the following lemmas.

Lemma VI.3.2 (Bounds for Hecke returns). For all admissible ϵ ∈ (0, 1), all n ∈
Z≥1 coprime to p and satisfying n <

√
1/2ϵ−1, all m ∈ Q× with numerator and

denominator coprime to p, and all x ∈ Ω, the set S = Mn ∩ z(m)xB(C, ϵ)x−1 has
cardinality #S ≤ 6

∏
pk||n(k + 1). In particular #S ≤ 213 if n has at most 10 prime

divisors counted with multiplicity.

Proof. Recall that Mn = nr−1(nZ[1/p]×) ∩R[1/p]. By VI.2, we have that nr(Mn ∩
z(m)xB(C, ϵ)x−1) ⊆ nZ[1/p]×Q+ × Zp = {n}, since, by hypothesis, z(m) is in K.
Then S ⊆ R(n) = {α ∈ R : nr(α) = n}. We prove now that S is contained in an
imaginary quadratic field L ⊂ BQ. Equivalently, since B is non-split and definite,
it’s enough to prove that the elements of S commute, or that any commutator
u = [s, t] = sts−1t−1 is trivially equal to 1, for any s, t ∈ S. Notice first that
nr(u) = 1 and n2u = sts̄t̄ ∈ R, for the conjugates s̄, t̄ of s, t in BQ, so that tr(u) ∈
n−2Z. Now, any s ∈ S is conjugate to an element of B(C, ϵ), which, after another

conjugation by some

(
ϖi 0
0 1

)
, is contained in K0(q), for q = {x ∈ o : |x| ≤ ϵ2}.

As a consequence, any commutator u lies in the preimage of the upper unipotent
in GL2(o/q), so that |tr(u) − 2|p ≤ ϵ2. Since B is definite, tr(u)2 − 4nr(u) ≤ 0 or
|tr(u)|∞ ≤ 2|nr(u)1/2|∞ = 2. As a result, the integer a = n2tr(u) − 2n2 satisfies
|a|∞|a|p ≤ 2n2ϵ2 < 1, by hypothesis, and so must be zero, which implies tr(u) = 2.
Then the reduced characteristic polynomial of u is x2 − 2x+ 1 = (x− 1)2 and since
B is non-split we have that u = 1. So we can bound S by bounding O(n), the
elements of norm n in the ring of integers O of L′. Thus, we have

#S ≤ #O(n) ≤ #O× ·#{I ⊆ O : nr(I) = n} ≤ 6
∏
pk||n

(k + 1)
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Lemma VI.3.3 (Geometric Amplification). Let (cl)l∈Z≥1
be a finitely-supported se-

quence of scalars. Set T =
∑

l clTl/
√
l and T a =

∑
l |cl|T ∗

l /
√
l. let φ ∈ A(X),

ψ, ν ∈ C∞
c (G). Define Ψ ∈ A(X) by Ψ(g) =

∑
γ∈Γ |Ψ|(γg) and ψ ∗ ν ∈ C∞

c (G) by

ψ ∗ ν(x) =
∫
y∈G ψ(xy)ν(y). Then

∥Tϕ(ψ ∗ ν)∥L2(G) ≤ ∥ϕ∥L2(X)∥T aΨ∥L2(X)∥ν∥L2(G).

Proof. Let M = R[1/p]. Then the operator T , evaluated at ϕ, can be rewritten as
Tϕ(x) =

∑
s∈M/Γ hsϕ(s

−1x), for some finitely supported coefficients hs; as a conse-

quence of the definition, T aΨ(x) =
∑

s∈M/Γ |hs|Ψ(sx). Let I = ∥Tϕ(ψ ∗ν)∥L2(G). By
the triangle inequality and the change of variables x 7→ sx, we have

I ≤
∑
s∈M/Γ

(∫
x∈G

|ϕ|2(x)|ψ ∗ ν(sx)|2
)
.

By another change of variables, we can express ψ ∗ ν(x) =
∫
y∈G ψ(sy)ν

∗
y(x), where

ν∗y = ν(x−1y). By triangle inequality, I ≤
∫
y∈G

∑
s∈M/Γ |hs||ψ(sy)|∥ϕν∗y∥L2(G). By

the unfolding
∫
y∈G

∑
s∈M/Γ =

∑
y∈X

∑
s∈Γ\M

∑
γ∈Γ, we get

I ≤
∫
y∈X

T aΨ(y)∥ϕν∗y∥L2(G).

We conclude by Cauchy-Schwart and the identity
∫
y∈X ∥ϕν∗y∥2L2(G) = ∥ν∥2L2(G)∥ϕ∥2L2(X).

Since ϕ is a Hecke eigenfunction, we have that Tϕ = λϕ, for λ =
∑

l clλπ(l) and

we recall that, for the chosen normalizations, Tlϕ =
√
lλπ(l)ϕ. We abbreviate the

group J = B(C, ϵ). Let x ∈ Ω. Take ψ = 1xB(C,ϵ) ≥ 0 and ν = eJ = vol(J)−11J , so
that 1xB(C,ϵ = |ψ ∗ν|2. By VI.3, we have that µTϕ(|psi∗ν|2) = ∥Tϕ(ψ ∗ν)∥2L2(G), and

so by Geometric amplification we have µϕ(xB(C, ϵ)) ≤ |λ|−1∥T aΨ∥L2(X)∥ν∥L2(G).
The square ∥T aΨ∥2L2(X) is a linear combination of terms ⟨T ∗

l Ψ, T
∗
l′ ⟩ = ⟨Tl′T ∗

l Ψ,Ψ⟩.
Then by using the Hecke multiplicativity and unfolding the integrals and definition
of ψ and ν, we obtain: for m.n ∈ N≥1,

⟨z(m)T ∗
nΨ,Ψ⟩∥ν∥2L2(G) =

∫
g∈G

∑
s∈Mn

ψ(z(m)sg)ψ(g)vol(J)−1

=Mn ∩ z(m−1)xJx−1.

So, by the bounds on Hecke returns, we thereby get

µϕ(xB(C, ϵ))2 ≤ 213|λ|
∑
l,l′

|clc′l|
∑
d|(l,l′)

d/
√
ll′,

as long as Cl is supported on the integers l ≤ 2−1/4ϵ−1/2 having at most 5 primes
counted with multiplicity. Now we have to choose cl.Set L = (1/ϵ)0.1. Let L the
set of numbers l = q or l = q2, for a prime q ∈ [L, 2L]. Notice that each such q
splits B provided that ϵ is small enough. Set cl = 0 unless l ∈ L, where in that case
cl = L−1log(L)sgn(λπ(l))

−1. As a consequence of the density of primes, for L large
enough,

∑
l |cl| ≍ 1 and |cl| ≤ L−1log(L). By the Iwaniec’s trick, |λπ(q)|2+|λπ(q2) ≥

1, we have that λ ≍ 1. Then, by Cauchy-Schwarz
∑

l,l′ |clcl′| ≪ L−1 logL, while∑
d|(l,l′) d/

√
ll′ ≪ (logL)c. Then µϕ(xB(C, ϵ)) ≪ L−1/2 log(L)O(1) ≤ ϵ0.01.
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VI.4 Local Newforms and Microlocal lifts

Let G = GL2(Qp), o the ring of integers of Qp, and let p be its unique maximal
ideal, generated by a uniformizer ϖ.

We will use the following notation:

n(x) =

(
1 x
0 1

)
, n′(x) =

(
1 0
x 1

)
,

diag(y1, y2) =

(
y1 0
0 y2

)
, w =

(
0 −1
1 0

)
,

a(x) = diag(y, 1), z(y) = diag(y, y),

Km′...m =

(
o p−m

′

pm o

)
∩GL2(o), K = K0 = K0...0 = GL2(o).

Here, we introduce a generalized notion of special invariant vectors, of which the
generalized newform and microlocal lifts are a subspace.

Definition VI.4.1. Let π be an irreducible generic representation of G. Then
v ̸= 0 ∈ π has support m′ . . .m and orientation (ω1, ω2), for characters ω1, ω2 of o

×,
if

π(diag(a, d))v = ω1(a)ω2(det(g)/a)v ∀g =
(
a b
c d

)
∈ Km′...m.

The number |m′ −m| = N is called the level of v. We say that such a vector v is
maximal if the space of vectors with equal orientation and level N − 1 is trivial.

Example VI.4.2. A microlocal lift with support m′ . . .m and orientation (χ1, χ2)
is a vector of support m′ . . .m, for m′ ≍ m, and orientation (ω1, ω2), for c(ω1/ω2) =
c(π) = |m′ −m|.

In the previous definition, if c(ω2) ≥ |m′−m|, we recover a more natural definition
of orientation: in this case det(g) ≡ ad mod p|m

′−m|, so that ω2(det(g)/a) = ω2(d).
This happens, for example, when c(ω1ω2) ≥ |m′−m| and c(ω1/ω2) ≥ |m′−m|. Also
for this reason, we will find useful the following lemma, whose proof can be found
in [Cas73b] or, more explicitly, in [Sch02].

Lemma VI.4.3. Let π be an irreducible generic representation of GL2(Qp) with
ramified central character χπ. Then c(χπ) ≤ c(π) with equality precisely when π is
isomorphic to an irreducible principal series representation B(χ1, χ2) for which at
least one of the inducing characters χ1, χ2 is unramified.

As a consequence of the previous lemma, a generalized newform v ∈ π of support
m′ . . .m is a maximal vector of support m′ . . .m and orientation (1, χπ|o×), for the
central character χπ of π. This suggests a relation between maximal vectors of a
given orientation and generalized newforms.

Remark VI.4.4. The existence of a vector of support m. . .m′ and orientation
(χ1, χ2) implies the existence of a possibly infinite family of vectors with the same

level and orientation. In fact, the conjugation by

(
ωi 0
0 1

)
, for i ∈ Z, fixes level

and orientation but induces a bijection from the vectors with support m′ . . .m to
the ones with support m′ + i . . .m + i. As a consequence, when we will study the
dimension of the space of vectors with a fixed orientation and level N , we will always
refer to the dimension of the ones with support m. . .m+N , for some fixed m ∈ Z.
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Theorem VI.4.5. Let π be an irreducible generic representation of G, with con-
ductor c = c(π). The space of maximal vectors of fixed orientation (χ1, χ2) and
c(χ1χ

−1
2 ) ≤ c, is the inverse image of the space of generalized newforms under the

linear isomorphism π → π⊗χ−1
1 , given by v 7→ v⊗χ−1

1 . The bijection preserves the
support. In particular:

1. the space of these vectors has dimension 1;

2. the space of microlocal lifts of orientation (χ1, χ2) and level N > 0 is non-
trivial if and only if π ∼= B(χ1, χ2), the irreducible principal series determined
by the characters χ1, χ2, extended trivially to Q×

p . In this case, the space of
all microlocal lifts π consists of two lines, the ones of orientation (χ1, χ2) and
(χ2, χ1).

Proof. The map defined in the hypothesis naturally preserves the support of the
vectors. As a consequence, after conjugating, it’s enough to prove the assertion for
the maximal vectors of support 0 . . .m.

Let v be a local newform of the irreducible representation π ⊗ χ−1
1 . Let m =

cχ−1
1

= c(π ⊗ χ−1
1 ). By definition, we have that:

π ⊗ χ−1
1 (g)v = χπ(d)χ

−2
1 (d)v ∀g =

(
a b
c d

)
∈ K0...m

= χ2(d)χ
−1
1 (d)v ∀g =

(
a b
c d

)
∈ K0...m.

Then, denote by v′ the image of v under the inverse map π ⊗ χ−1
1 → π, such that

v 7→ v ⊗ χ1. We have that

π(g)v′ = χ2(d)χ
−1
1 (d)χ1(det(g)) ∀g =

(
a b
c d

)
∈ K0...m

= χ−1
1 (d)χ2(d)χ2(det(g))χ

−1
2 (det(g))χ1(det(g)) ∀g =

(
a b
c d

)
∈ K0...m

= χ−1
1 (d)χ2(d)χ2(det(g))χ

−1
2 χ1(ad) ∀g =

(
a b
c d

)
∈ K0...m

= χ1(a)χ2(a/ det(g)) ∀g =
(
a b
c d

)
∈ K0...m,

where we used the fact that, by Lemma VI.4.3,m ≥ c(χ1χ
−1
2 ), to rewrite χ1χ

−1
2 (det(g))

as χ1χ
−1
2 (ad).

Retracing backwards the previous proof we obtain the bijection between maximal
vectors and generalized newvectors. In particular, as a corollary of Corollary III.6.11,
we obtain that the space of maximal vectors of fixed orientation has dimension 1.

2) The generalized newvectors in π⊗χ−1
1 must have level c(π⊗χ−1

1 ) = c(χ1/χ2) =
c(χπ⊗χ−1

1
). So, by Lemma VI.4.3, π ⊗ χ−1

1
∼= B(ν1, ν2), for ν1 unramified. Then

π ∼= B(ν1, ν2)⊗χ1
∼= B(ν1χ1, ν2χ1), so that ν1⊗χ1|o× = χ1 and ν2⊗χ1|o× = χ2. More-

over, by Theorem III.5.9, we have that, for ν1χ1/(ν2χ2) ramified, B(ν1χ1, ν2χ1) ∼=
B(ν2χ1, ν1χ1), with no other additional isomorphisms with principal series induced
by different characters. Thus, the space of microlocal lifts in this case consists of
two lines, with orientation (χ1, χ2) and (χ2, χ1).
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As a direct result of the explicit expressions of the local newforms in proposition
III.5.12 and the previous result, we report the explicit expression of the generalized
newvectors and of the microlocal lifts.

Corollary VI.4.6. Let π ∼= B(χ1, χ2) be an irreducible principal series representa-
tion of G. Let v ∈ π be a generalized newvector of support m′ . . .m.

1. If χ1 is ramified and χ2 is ramified, then v = vf as in the line model of Remark
III.5.4 for f a character multiple of the characteristic function of an o×-coset,
thus f = cχ1ϖno× for some cinC, χ : Q×

p → C and n ∈ Z.

2. If χ1 is unramified and χ2 is ramified, then v = vf for f = c1a for some scalar
c and fractional o-ideal a ⊂ Qp.

Proof. This is just proposition III.5.12, for the case of support 0 . . .m′. The gen-

eral case is given by conjugation by

(
ϖm′

0
0 1

)
of the previous case and using the

properties of Definition III.5.2 of the induced model.

Corollary VI.4.7. Let π ∼= B(χ1, χ2) and ωi = χi|o×, with N = c(ω1/ω2) ≥ 1 and
N1 +N2 = N . Define f1, f2 ∈ C∞(Qp) by

f1(x) = 1pN2 (x), f2(x) = 1pN1 (1/x)|1/x|χ−1
1 χ2(x)

and v1, v2 ∈ π in the induced model on

(
∗ ∗
c d

)
∈ G by

v1(g) = vf1(g) = 1pN2 (c/d)

∣∣∣∣det gd2

∣∣∣∣1/2 χ1(det(g)/d)χ2(d), (VI.4)

v2(g) = vf2(g) = 1pN1 (d/c)

∣∣∣∣det gc2
∣∣∣∣1/2 χ1(det(g)/c)χ2(c) (VI.5)

and W1,W2 ∈ π in the Kirillov model K(π, ψ), for an unramified character ψ of Qp,
by

W1(y) = 1p−N1 (y)|y|1/2χ1(y), W2(y) = 1p−N1 (y)|y|1/2χ2(y). (VI.6)

Then v1,W1 and v2,W2 are microlocal lifts of support −N1 . . . N2 and orientations
(ω1, ω2) and (ω2, ω1), respectively.

Proof. By Theorem VI.4.5, the microlocal lifts are twists of generalized newvectors
by characters. The explicit expressions in the induced model for the local newforms
were shown in Proposition III.5.12. So, after conjugation, and multiplying by the
necessary character, we get the result. See [Sch02], also for the computations of the
Kirillov model.

VI.5 Local Results

Fix G = GL2(Qp), and let k = Qp, o
× = Zp and p = (ϖ), the maximal ideal of o×.

The aim of this section is to obtain bounds and explicit expression for the local
Rankin-Selberg trilinear form, evaluated at generalized newvectors and microlocal
lifts. These, thanks to the uniqueness of the trilinear invariant forms for G =
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GL2(Qp), will be the crucial technical step behind the proof of the equidistribution
of the microlocal lifts and of the newvectors.

First, let σ be an irreducible generic unitary representation of PGL2(k) and
let π = B(χ1, χ2) be an irreducible unitary principal series representation of G,
realized in its induced model. Recall that the local Ranking-Selberg integral lRS ∈
HomG(σ ⊗ π̄ ⊗ π) is defined by

lRS(W1, W̄2, v3) =

∫
ZN\G

W1W̄2v3,

for v3 ∈ π, W1 ∈ W(σ, ψ), W2 ∈ W(π, ψ), for a non-trivial unramified character ψ.
By section III.7 or directly by Theorem VI.5.2 in the most interesting cases for this
essay, this trilinear form is non-zero. This applies in particular when W2 = Wv, the
image of a vector v, for some v ∈ π under the intertwiner shown in III.2.

We have the following lemma

Lemma VI.5.1. Let f ∈ C∞
c (Qp). Let U1 be an open subgroup of o× for which f̄⊗f

is U1-invariant, in the sense that f̄(ux)f(uy) = f̄(x)f(y), for all u ∈ U1, x, y ∈ Qp.
Let W1 ∈ W(σ, ψ). Then

lRS(W1,Wvf , vf ) =

∫
x∈k
y∈k×
t∈k

f(x)f̄(x+ y/t)F (x, y, t;W1, U1)
dt

|t|
dxd×y,

where F (x, y, t;W1, U1) = Eu∈U1W1(a(y)n
′(x/u))χ1χ

−1
2 (ut)ψ(ut) with Ee∈U1 denot-

ing an integral with respect to the probability Haar measure on U1.

Proof. This depends on the intertwiner given in III.2. See [Nel18, Lemma 46] for
the proof.

With the previous notations, we can state the technical result.

Theorem VI.5.2. Let v ∈ π be a microlocal lift of orientation (χ1|o× , χ2|o×) and
let v′ ∈ π be a generalized newvector, both with balanced support. Let W1 ∈ σ.

1. If the level N = c(χ1/χ2) is large enough in terms of W1, then

lRS(W1,Wv, v) = cp−N/2∥v∥2
∫
y∈k×

W1(y)d
×y

where c = qN/2
∫
t∈k× χ1χ

−1
2 (t)ψ(t) dt|t| , and c ≍ 1 is a complex scalar which is

independent of W1 and whose magnitude depends only upon k.

2. One has lRS(W1,Wv′ , v
′) ≪ q−N/2∥v′∥2 with the implied constant depending at

most upon W1.

Proof. For the full proof, see [Nel18, Theorem 49]. We report here the first part. 1)
Without loss of generality, let v = vf with f(x) = 1pN2 (x), as in Corollary VI.4.6 and
Remark III.5.4. Since N2 is large enough in terms ofW1, we have whenever f(x) ̸= 0
that W1(a(y)n

′(x/u)), for all u ∈ o×. By Lemma VI.5.1 and the previous argument,
we get f(x)f̄(x+y/t) = 1pN21pN2 (y/t) and 1pN2F (x, y, t;W1, o

×) = 1pN2 (x)W1(y)H(t)
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with H(t) = Eu ∈ o×χ1χ
−1
2 (ut)ψ(ut), where Eu∈o× stands for the integral (finite

Gauss sum) with the Haar probability measure on o×. Then

ℓRS(W1, W̄v, v) =

∫
y∈k×

W1(y)

∫
x∈k

1pN2 (x)

∫
t∈k

1pN2 (y/t)H(t)
dt

|t|
dxd×y.

Then, by the properties of Gauss Sums, as in [Nel18, §5.7], W1(y)H(t) = 0 unless
|t| ≍ pN and |y| ≪ 1. Since N1 is eventually large enough in terms of W1, the fact
1pN2 (y/t) = 1 is thus redundant. Since

∫
x∈k 1pN2 (x)dx =

∫
k
|f |2 = ∥v∥2, we obtain

the required identity.

2) As the previous point, the key insight is expressing ℓRS(W1, W̄v, v) using
VI.5.1. The result follows the by using the explicit expression of VI.4.6 and station-
ary phase analysis, thanks to the appearance of Gauss sums as before. However, it
is rather technical, even tough not really long, so we refer to [Nel18, Theorem 49.2]
for the proof.

VI.6 Completion of the Proof

Recall that X = Γ \G, for G = GL2.

In this section we will prove Theorem VI.1.9 and VI.1.9, i.e. the equidistribution
of the microlocal lifts and of the local newvectors. We will start first with the
equidistribution of the microlocal lifts.

Notation. Let φ ∈ π ∈ A0(X) traverse a sequence of L2-normalized microlo-
cal lifts of level N → +∞, and balanced support −N1 . . . N2, for N1 + N2 = N
and N1, N2 → +∞. Both φ and π obviously depend on N ∈ N, but to simplify
the notation we will omit it. In place, we will say that an object is fixed if it is
independent of N and eventually will mean ”for large enough N”. The asymptotic
notation such as o(1) refers to the N → +∞ limit. We say that φ equidistribute
if any subsequential weak-* limit of the L2-masses µφ, for N → ∞ is equal to the
right G-invariant Haar probability measure µ on X, obtained by psuhforward of a
Haar measure on G, under the projection p : G → Γ \ G. Equivalently, µ is the
unique right G-invariant Radon probability measure on X.

First, by assumption π ∼= B(χ1, χ2) for some unitary characters χ1, χ2 of Q×
p ,

since π consists of smooth functions on a compact space X, with c(χ1/χ2) = N .

Second, recall that any π′ ∈ A(X) is not only an irreducible G-module but is
an irreducible module under the action of G and the Tl Hecke operators, for any
l ̸= p. In particular, this implies that the maximal vectors as in Definition VI.4.1
are eigenfunctions of all the Tl operators, being in a space of dimension 1 fixed by
the Tl operators.

Recall that the L2-mass µφ associated to φ is defined by

µφ(Ψ) =

∫
X

Ψ|φ|2dµ Ψ ∈ A(X).

As a consequence of the definition and by the fact that φ has unitary central char-
acter, the probability measure µφ is Z-invariant, for the center Z of G. Moreover,
the Tl operators for l | disc(B) are involutions and φ is an eigenfunction of them,
thus they act by multiplication by ±1 and µφ is also Tl-invariant, for l | disc(B). So
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we need to prove the invariance only for the space of functions

A+(X) =

{
Ψ ∈ A(X) :

{
TlΨ = Ψ for l | disc(B)

Ψ(xz) = Ψ(z) for z ∈ Z

}
.

Observe that this space decomposes as A+(X) = (⊕χC(χ ◦ det))⊕A+
0 (X) where

1. χ traverses the set of quadratic characters of the compact group Q×
p /Z[1/p]×,

i.e. det(Γ \G), satisfying χ(l) = 1 for l | disc(B), and

2. A+
0 = A+(X) ∩ A′(X), which decomposes further by definition as A′

+ =
⊕σ∈A+

0 (X)σ, where we recall that A0 is the space spanned by the irreducible

automorphic representations σ ∈ A(X) of G that are infinite dimensional on
G, which, by the previous argument, are the irreducible infinite dimensional
representation of G in A(X).

Remark VI.6.1. We need to prove that for any fixed Ψ ∈ A(X), any weak-*
subsequential limit ν of the µφ equidistributes. Equivalently, we just need to verify
that ν(1) = µ(1) and ν(Ψ) = µ(Ψ) = 0, for any Ψ ∈ σ ∈ A(X), σ ̸= C(1), since in
this case Ψ ⊥ 1.

Now let σ ∈ A+(X) be fixed. Denote by ℓ : σ ⊗ π̄ ⊗ π the trilinear G-invariant
form defined by integration on X, we will call it the automorphic trilinear form.
First, if σ = C(χ ◦ det), we have the following result.

Lemma VI.6.2. Suppose that σ is one-dimensional and ℓ ̸= 0. Then σ is trivial
eventually.

Proof. The existence of a non-trivial G-invariant trilinear form ℓ : σ ⊗ π̄ ⊗ π → C
is equivalent to the existence of a non-trivial intertwiner ℓ : π → (σ ⊗ π̄)∗ ∼= σ ⊗ π,
since σ is quadratic. This is equivalent to B(χ1, χ2) ∼= B(χχ1, χχ2), by Theorem
III.5.9. So, necessarily, again by Theorem III.5.9, χ1 = χ1χ, in this case χ is trivial,
or χ2 = χ1χ. But by hypothesis N = c(π) = c(χ1/χ2). So, in the second case
c(χ) = N , but Q×

p /(Q×
p )

2 is finite, hence, eventually χ2 ̸= χ1χ.

Since φ is L2-normalized, the equidistribution is verified for Ψ = 1, and σ = C(1),
the trivial character. By the previous lemma and Remark VI.6.1, then we have
verified the equidistribution for σ = C(χ ◦ det)).

We are left with the more challenging case of σ ∈ A+
0 . We want to use the

measure classification result of Theorem VI.1.13. For this, we need to prove first
the diagonal invariance, i.e. the A-invariance in the theorem. Since µφ is also
invariant by A(o×) by construction, since φ ∈ πKm′...m , it’s enough to prove the
a(ϖ)-invariance, or equivalently the a(p)-invariance.

In this case, by Theorem III.4.8, σ is generic. So, fix an unramified non-trivial
character ψ : Qp → C(1), for ψ(ω) ̸= 1 and a G-equivariant isometric isomorphism
σ ∼= W(σ, ψ), the Whittaker model of σ. Fix also an isometric isomorphism π ∼=
W(σ, ψ) and π ∼= B(χ1, χ2), the Whittaker and Induced models of π. Denote by
ℓRS : σ ⊗ π̄ ⊗ π → C the trilinear form defined in section III.7. To simplify the
notation, any ϕ ∈ π, Ψ ∈ σ will also denote their image in the other models.

Lemma VI.6.3. Eventually, there exists a constant L, depending on N , such that

ℓ = LℓRS.
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Proof. By the uniqueness of the trilinear invariant forms for σ, π̄, π, as in Theorem
III.7.3, it’s enough to prove that ℓRS is eventually non-trivial. This follows by The-
orem VI.5.2.1, choosing Ψ ∈ W(σ, ψ), such that Ψ(a(y)) = 1o×(y) ⊂ C∞

c (Q×
p ). This

choice is possible by Proposition III.4.13, since C∞
c (Qp)

× ⊆ K(σ, ψ), the Kirillov
model of σ, with unramified character ψ.

Remark VI.6.4. Actually, by the discussion of section III.7 or [MV10, §3], the
trilinear invariant form ℓRS is never trivial, for our choice of σ, π.

As a consequence of Theorem VI.5.2.1, we have that eventually

ℓRS(σ(a(p))Ψ, φ̄, φ) = ℓRS(Ψ, φ̄, φ),

since
∫
y∈k× Ψ(a(y))d×y =

∫
y∈k× Ψ(a(yp))d×y. Then, from Lemma VI.6.3, we obtain

eventually the a(p)-invariance for ℓ and any fixed ψ ∈ ω.
Since any subsequential limit of the microlocal lifts φ is A-invariant and is every

φ Tl eigenfunction, for any l ̸= p split prime, we can apply Theorem VI.3.1 and
Lemma VI.2.6. As a consequence, the hypothesis of the measure rigidity result of
Theorem V.5.6 are satisfied and any subsequential limit of the µφ equidistributes.
So, µφ, for N → +∞, converge weak-* to the µ.

As for the equidistribution of the generalized newvectors ϕ of π, again by Lemma
VI.6.2, we can restrict to proving the equidistribution for any fixed Ψ ∈ σ ∈ A+

0 . By
Remark VI.6.1, this is equivalent to proving that ℓ(Ψ, ϕ̄, ϕ) = o(1). By Lemma [ref],
this is equivalent to proving that eventually LℓRS(Ψ, ϕ̄, ϕ) = o(1). By Theorem
VI.5.2.1, we know that LℓRS(Ψ, ϕ̄, ϕ) ≪ Lp−N/2, so that we just need to prove
that L = o(pN/2). To estimate L, we can use the result we obtained with the
equidistribution of the microlocal lifts: we already know that LℓRS(Ψ

′, φ̄, φ) = o(1),
for any fixed Ψ′ ∈ σ and the microlocal lifts φ. Pick in particular Ψ′ such that its
corresponding function in the Kirillov Model K(σ, ψ) is 1o× ∈ C∞

c (Q×
p ). By Theorem

VI.5.2.1 we get that

LRS(Ψ
′, φ̄, φ) = cp−N/2∥φ∥2

∫
y∈Q×

p

1o×(y)d
×y,

so that Lcp−N/2 = o(1), since φ is L2-normalized. This concludes the proof.

Remark VI.6.5. We see that the choice of microlocal lifts with balanced support,
made the decay rate of VI.5.2.1 potentially slower respect to the unbalanced case.
This is however crucial to establish the equidistribution of the balanced generalized
newvectors. In fact, for the proof to work, the local decay rate needs to be faster
than the one of the microlocal lifts.
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