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5'#"2#5-$& 1#&"& +2!(5!+%! #" 5#? +!%%! 5'!>$&(# .# (#"!' .#(&"+#!"& @ !"-
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= e−j 2π

N

X(k) =
N−1∑

n=0

x(n) ·W kn
N dove k = 0, 1, . . . , N − 1 01234

x(n) ∈ C

5 6"7$#) !'8",) 79) +), :!' ;:"#*$"*$ &)$ k <"#',$ &" 7"#7'#",)= *'!' !)7)*>
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∗
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+ + 2 ·NR
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∗
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2. A7#%&! /'0!)# +#)-/' +'0 :'&&! *6#. 7&-0-88',+! +-%(!%-&-/- +-1-&'0-. )-%70&'
%#"(0-*# 0'/!)')# *!, (!&#,8# # "70&-(0- +- 2. -,!0&)# &'0# %*#0&' )-%70&' #%%#)#
0' (-B #C*-#,&# -, &#)"-,- +- *!"(0#%%-&> &#"(!)'0#. %# %- !(#)' *!, 7, ,72

"#)! +- *'"(-!,- (')- N = 2b. *!"# ,#0 *'%! +#0 +-%(!%-&-/! -"(0#"#,&'&!<
D, E'%# '0 ()-,*-(-!  !"#"$% %& '()%*+, $ ,#*#%%')-! %*!"(!))# 0;-,%-#"# *!2

%&-&7-&! +'10- N *'"(-!,- -, -,%-#"- (-B (-**!0-. A7-,+-. %'(#,+! *6# N $

7,' (!&#,8' 2. $ (!%%-E-0# +-/-+#)# N -, +7# -,%-#"- !1,7,! +#- A7'0- 6'
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+

N
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FG<HI

J# -0 &#"(! +- *'0*!0! '%%!*-'&! '0 ()!E0#"' *!, *')+-,'0-&> N $ (')- '

T (N) ≃ N2
'00!)'. +!(! -0 (')&-8-!,'"#,&!. '+ !1,7,! +#- +7# %!&&!-,%-#"-

*!, *')+-,'0-&> N/2 $ '%%!*-'&! 7, &#"(! +- *'0*!0! (')- ' T (N/2) = (N/2)2.
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T (N) = 2 · T
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N

2

)

+R(N) FG<LI
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#*'(*!. )! #$ #/%%$1$%& $" %/& #!**!$"#$&+$ ,!" )( #*&##( ,('%$"()$*23 4" 5/&#*!

,(#!. -&' &6&**/('& )( #/%%&**( #/%%$1$#$!"&. #$ '(77'/--("! 8'( )!'! */**$ $

,(+-$!"$ ,!" $"%$,& -('$ & */**$ 5/&))$ ,!" $"%$,& %$#-('$. $" +!%! *()& ,9&

'$#/)*$:

n =
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2 · r
2 · r + 1

;**'(1&'#! (),/"$ -(##(77$ +(*&+(*$,$. < 8(,$)& 1&'$=,('& $"!)*'& ,9& W 2
N =

WN/2 5/$"%$ %())>&#-'&##$!"& %&))( ?@A #$ '$,(1(:

X(k) =
N−1∑

n=0

x(n)W nk
N (WN = e−j 2π

N )

=

N/2−1
∑

r=0

x(2r)W 2rk
N +

N/2−1
∑

r=0

x(2r + 1)W
(2r+1)k
N

=

N/2−1
∑
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x(2r)W 2rk
N
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︸ ︷︷ ︸

G(k)

+W k
N

N/2−1
∑

r=0

x(2r + 1)W 2rk
N

2

︸ ︷︷ ︸

H(k)

= G(k) +W k
NH(k) k = 0, 1, . . . , N − 1

BC3DE

%( ,/$ '$#/)*( &1$%&"*& ,9& $) ,(),!)! %&))( ?@A #/ N ,(+-$!"$. < #*(*!

#,!+-!#*! "&) ,(),!)! %$ %/& ?@A &"*'(+F& #/ N/2 ,(+-$!"$3 A&"&"%! ,!"0
*! $"!)*'& ,9& )( ?@A < -&'$!%$,(. G(k) & H(k) #!"! (",9>&##& -&'$!%$,9& %$
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-$*! %&))>()7!'$*+! < $"8(**$ 5/&))! %$ ,(),!)('& X(k) = G(k) + W k
NH(k) &

X(k+N/2) = G(k)+W k
NH(k). ( -('*$'& %( (),/"& ,!--$& %$ ,(+-$!"$ #,&)*&
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5#0/+< 0+65!0$+!0# &#$5'2 I#J%#%.' '1%*%' .#+ 10*55+ :#0&+/!"+ .+ C*&&#0DE

*%' 6&!.+'4 +" %*$#0' .+ 6&!.+ .! #6#1*+0# ( 5!0+ ! log2 N 4 +% 8*#6&' /!6'
8*+%.+ 5!0+ ! 32
K! 5'6&! +%'"&0# *%! 5!0&+/'"!0# !&&#%A+'%# !. !"&0+ -!&&'0+ /B# /'%/'00'%' %#"

.#&#0$+%!0# +" 0+6*"&!&'L 5#0 '&&#%#0#4 !" &#0$+%# .#"")#6#/*A+'%# .#"")+%&#0' !"9

1'0+&$'4 .#+ 0+6*"&!&+ '0.+%!&+ /'00#&&!$#%&# =/+'( .! X(0) ! X(7)@4 ( %#/#69
6!0+' /B# + /!$5+'%+ 5'6&+ !"")+%10#66' .#" C"'//' .+ /!"/'"' 6+!%' 5'6+A+'%!&+

6#/'%.' *% '0.+%# .+:#06' .! 8*#""' %!&*0!"# =/+'( &#$5'0!"#@4 8*#6&' &+5' .+

'0.+%!$#%&' 50#%.# +" %'$# .+ &#()*"+%*,& " -), #&.%/0)",)2 M)&#()*"+%*,&

" -), #&.%/0)",) 50#:#.# /B# "# 5'6+A+'%+ .#+ /!$5+'%+ !"")+%&#0%' .#" :#&&'0#

/B# "+ /'%&+#%#4 :#%1!%' 6/!$C+!&# 50+$! .+ 6:'"1#0# ")!"1'0+&$'4 "# 5'6+A+'%+

+% /*+ '1%+ /!$5+'%# :! 5'6&' 6'%' .#&#0$+%!&# +%:#0&#%.' + C+& /B# /'$5'%9

1'%' "! 5!0'"! /B# +.#%&+J/! ")+%.+/# .#""! 5'6+A+'%# .+ '1%+ 6+%1'"' /!$5+'%#4

+% 8*#6&' /!6' 6+ '&&+#%#L

000 → 000 x(0) → x(0)

001 → 100 x(1) → x(4)

010 → 010 x(2) → x(2)

011 → 110 x(3) → x(6)

100 → 001 .! /*+ x(4) → x(1)

101 → 101 x(5) → x(5)

110 → 011 x(6) → x(3)

111 → 111 x(7) → x(7)
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011 → 3/3
010 → 2/3
001 → 1/3
000 → 0
111 → −1/3
110 → −2/3
101 → −3/3
100 → −4/3
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n = n1 + n2 + n3
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n1 = 2 → 010
n2 = 3 → 011
n3 = −2 → 110

.** #. #(-)*+"#52

n1 + n2 = 5

(* - 66.+ #" .!",/ . /(-1 -(7( ," - * 3 8(+ 0","#"#5 ),  !"#$ %9 #":

-+(+)",/ 3 6" #(-)*+.+ (* ,)6"# 101 → −3& ; <)"-+ 1),+ -( - 66. .*

#(-)*+.+  ++",)+ /. n1 + n2 (* !.* #" n3 = −2& =)(,/(2

{
n1 + n2 = 5
(n1 + n2) + n3 = 3

(,>.++(

1 0 1 + → −3

1 1 0 = → −2

0 1 1 → 3

?(-)*+. "!(/",+" <)(,/( 34" *@ !"#$ % 34" -( !"#(A3. ,"**. 1#(6. - 6:

6.9 !("," #(3 61",-.+ /. ), )*+"#( #"  !"#$ % ,"**. - 66. -)33"--(!.9

 ++",",/ (, <)"-+ 6 / ), #(-)*+.+ 3 ##"++ &
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X(k) = G(k) +W k
NH(k)

X(k +N/2) = G(k)−W k
NH(k)
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N = e−j 2π
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N = e−j 2π
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−
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N
k

)

+ j sin
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−
2π

N
k

)

&($#)%* 4">

{
cos (α) = cos (−α)
sin (−α) = − sin (α)
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N = e−j 2π

N
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−
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)
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−
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N
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=
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(
2π

N
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(
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N
k

)
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N

H(k) = H(k)ℜ + jH(k)ℑ

#

W k
N = cos

(
2π

N
k

)

− j sin

(
2π

N
k

)

"'*#*('

R(k) = H(k)W k
N

+% '))%#*#

R(k)ℜ =

[

H(k)ℜ cos

(
2π

N
k

)

+H(k)ℑ sin

(
2π

N
k

)]

R(k)ℑ =

[

H(k)ℑ cos

(
2π

N
k

)

−H(k)ℜ sin

(
2π

N
k

)]
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{
X(k)ℜ = G(k)ℜ +R(k)ℜ
X(k)ℑ = G(k)ℑ +R(k)ℑ

{
X(k + N

2
)ℜ = G(k)ℜ −R(k)ℜ

X(k + N
2
)ℑ = G(k)ℑ −R(k)ℑ
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X = xℜ + jxℑ
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Y = yℜ + jyℑ
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Z = X · Y
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zℜ = xℜyℜ − xℑyℑ

zℑ = xℜyℑ + xℑyℜ
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(* ) & # '%&)% ( + >*))% '? $ ,%+)$"+$'*)%#$  ,@ (( ( ?*&&% .&-%''."*;

/$%& &%& $&($A # &) 9= ($  ! <.$# +* ,%+)$"+$'*/$%& '%,"+ !!* .)$+$//*&(%

!%+*, &) )# ,%+)$"+$'*)%#$  *+'.&$ @+%''?$ !%,,*B!%))#*/$%& 1 C& ) #,$&$

,*) ,*)$'$= +-$) # '? "%#)* *++* !%+./$%& *(%))*)* 3 $+ ! <. &) D

Z = (xℜ + jxℑ) · (yℜ + jyℑ)
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p = xℜyℜ
q = xℑyℑ
r = (xℜ + xℑ) · (yℜ + yℑ) =
= xℜyℜ + xℜyℑ + xℑyℜ + xℑyℑ

*++%#*

zℜ = p− q = xℜyℜ − xℑyℑ

zℑ = r − (p+ q) = xℜyℜ + xℜyℑ + xℑyℜ + xℑyℑ−

− xℜyℜ − xℑyℑ = xℜyℑ + xℑyℜ
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$&> #$%#$ 5$& ) #,$&$ ($ 0 +%'$)M ($ '%,".)*/$%& 9 #$!" ))% * '$N '? !$ !*# @@ 

"%).)% %)) & # .)$+$//*&(% 4.*))#% ,%+)$"+$'*)%#$= ,* #$!.+)*  !! # .& @.%&

'%,"#%, !!% )#* +* #*"$($)M ($ '*+'%+%  +-%''."*/$%& ($ #$!%#! 1

 !"!# $%&'())* +,' -*+&-, , ('.,/&*/& 0),-&1-2,

 !"# $ %&'%(')

K-$&) #* !)#.)).#* E&%#* ( !'#$))*= 0$!$@$+ & ++% !'? ,* 5G$<.#* H1H9= 3 !)*)*

$,"+ , &)*)* & $ E+ !D

IO



 !"#$% &'() *+,-.% /-0 .102!30!+%21$- +1.30-441
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• 2!-'()* 5

• 2! '()* 5

67 8%4- %00% +1/!9+% /-97!2% 7-0 3%$%"$%:1 ('&';< = 42%21 3144!8!0- -42$%31>

0%$- !0 :#7?!17%.-721 @-$1 - 3$13$!1 A+!1= 8!2 % 8!2B /-00- 4!7"10- 13-$%?!17!

/% 4@10"-$- 7-00%  !""#$%&'

C- 13-$%?!17! A%$!2.-2!+,-B 4@102- 4171)

• %//!?!17-

• 4122$%?!17-

• .102!30!+%?!17-

D-$ 0- 3$!.- /#-< 717 = 42%21 7-+-44%$!1 3$-/!431$$- %0+#7 2!31 /! .1/!9+%

1 +172$1001 4#! 8!2< !7:%22! #2!0!??%7/1 #7% +1/!9+% !7 @!$"10% 944%< %//!?!17- -
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:%$- #7 4-.30!+- -4-.3!1 7-0 +%41 !7 +#! A+1.- @!421 3$-+-/-72-.-72-B b = 3
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6.0,72. /,$ ,8,-/!. .11,7,$, 1/3 = 2/3−1/3 9 8#:*!,71, 8;.0",$, #7% 8.-<
-% 3!7%$!% 1$% 010 → 2/3 , 111 → −1/3= 2% *#! $!8#01% 010 + 111 = 001 →

1/3'

>!;,$8. !7;,*, 9 !0 *%8. 2,! -.01!/0!*%1.$!= /,$ ! ?#%0! 9 81%1. 7,*,88%$!.

*.-/!,$, #7. 81#2!. /!@ %//$.A.72!1.' B -.01!/0!*%1.$! /$,8,71! 7,00% 3.%$2

./,$%7. 8# 8,"7%0! % b = 18 3!1 2! 1!/.  !"#$% *!.9 8# 7#-,$! !71,$! $%//$,8,7<
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#"%%$ . /'(&0( &","))+#($ 1#"*"2+#" (* #()'*%+%$ 3$22"#$ 1#"*"2+#" b 0"( 2 · b 4(%

0()1$&(4(*(5 + 1+#%(#" 0+ n6int6bits (& 7"&$ #()1"%%$ +**8 !" 9+,"&0$ '&

")"71($ 31"# b = 3 " n6int6bits = 15:

;( 2'$*" 7$*%(1*(,+#" −2/3 → 110 1"# 1/3 → 001

1 1 0 ·

0 0 1 =
1 1 1 1 1 0
 ! " # $ % &'()*)'+)

<+ ,'( . 1$))(4(*" #(,+2+#" (* #()'*%+%$ ,$##"%%$ 3111 → −1/35 1#"&0"&-
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 !"#$ %" %&'(!")&!& "* +,-."/-$#&-0/1 0!$ *2$*0!/ 3",00/'0/ '&#3*"(&1 %"

4,&'0" %"'3/'"0")" 5 6&-& !"(/!%$!& (7& *$ 3!&'&-.$ %&**& %,& 89: %&!")$ %$

W k
N = e−j 2π

N
k = cos

(
2π

N
k

)

− j sin

(
2π

N
k

)
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N 1 5 ',<("&-0& (7& "* -,#&!/ %" (/&<("&-0" 3!&'&-0" -&*=
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N
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1 3&!("> *& %,& 89: (/-0&-?/-/

N
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N
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7#!,* "*!"#!*,# ,*!& 7*!#)& 7%&'& 5*!7*,* 5/ /' <!& $% ,&5,# !* 5,)%'(* $% "#$%"&

BCD: )&!*,%7* *! "#&E"%&',& "*!"#!*,#=  ! '/-&)# $% %,&)*A%#'% "#-.%/,& 4
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• .&) %! "#5&'# dHout(k) = round
[
cos(2πk

N
) · (2b−n int bits − 1)

]

• .&) %! 5&'# dHout(k) = round
[
− sin(2πk

N
) · (2b−n int bits − 1)

]
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