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Abstract

The thesis is divided into two parts: the first presents the implementation of two
optimization algorithms based on the ALP/GraphBLAS library, the second part
analyzes the theory and implementation of an Iterative Refinement (IR) technique
for solving sparse linear systems at high precision on hardware only supporting
low-precision floating point operations.

Simulated Annealing-Replica Exchange (SARE) and Simulated Bifurcation
(SB) are two physics-inspired general optimization techniques. The first is natu-
rally expressed in a Single Program Multiple Data fashion, which naturally maps
to a multiprocess implementation. This easily combines with the multithreaded
GraphBLAS library to form a hybrid implementation. SB is naturally expressed
using GraphBLAS’ linear algebra primitives.

Both implementations are evaluated on selected problems of the G-set collec-
tion. In a single-threaded setting, these solvers show competitive performance.
Furthermore, SARE shows good scalability up to 4 nodes, while SB scales well,
quickly reaching the memory bandwidth limit.

The novel IR technique shown in this work can be seen as a combination
of classical IR methods with an Ozaki scheme. The matrix is decomposed into
low-precision parts: all are used to keep a precise estimate of the residual as
in a standard Ozaki scheme, while the update direction is computed using a
half-precision Conjugate Gradient (CG).

We evaluate this IR method on a set of Symmetric Positive Definite sparse
matrices with controlled condition numbers and densities. In this setting, the
runtime of the IR is similar to some multithreaded CPU implementations of CG
working in double precision, while reliably achieving double-precision accuracy
on well-conditioned matrices.
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Chapter 1

Introduction

The research presented in this work was done during an internship at Huawei’s
Computing Systems Laboratory in Zurich, under the supervision of Denis Jelov-
ina.

In recent years the search of more computing performance has taken a turn
towards more and more specific hardware. The challenges of miniaturization
have meant that Moore’s Law has slowed; at the same time Dennard Scaling has
stopped, meaning that smaller transistors or higher frequencies are not viable
options to increase chips’ performance.

Therefore hardware specialization and parallelism are more important than
ever to improve computational performance. Specialized hardware can make
better use of a fixed amount of silicon, by mapping the problem structure into
physical connections. Parallelism, on the other hand, is applied on many levels:
instruction-level, within a core with pipelines, thread-level, between the cores
of a Central Processing Unit (CPU), and process-level for multiple CPUs and
multiple machines.

A good example of this trend is the scale and cost of Artificial Intelligence (AI)
require the development of specialized hardware. But this trend is also apparent
across the field of High Performance Computing (HPC), where heterogeneous
systems are commonly used.

The guiding goal throughout the thesis is to develop high performance solvers
for selected optimization problems of known significance. A search for high
performance implies maximizing parallelism, attention to data movements, and
the use of specialized hardware and software frameworks.
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8 CHAPTER 1. INTRODUCTION

We explore multiple implementations of high performance solvers, but us-
ing very different techniques for different problems. First, we consider solvers
for sparse optimization problems using proven sparse linear algebra primitives.
Then we detail a novel linear systems solver that uses highly parallel hardware
to accelerate linear algebra operations.

The developed algorithms share some interesting characteristics, that exem-
plify some noteworthy trends. We detail below some of these common features
and their significance.

Iterative Many methods and algorithms are iterative in nature, since in general
it is relatively easy to find a locally good direction, solve a small part of the given
problem, or simply find an approximate solution.

In the two case studies of this thesis we explore two iterative methods. They
are similar in the fact that each iteration solves the same problem using the same
technique. At each iteration, the algorithms improve the current solution by local
optimization.

But the nature of the iterative step is different: optimization algorithms itera-
tively improve a solution on the same space, scale and objective; in linear algebra,
the idea is to refine the solution in a way that the exploration concentrates near
the solution and at a smaller scale. In linear algebra such Iterative Refinement
(IR) methods are common, as they are a simple way to achieve a solution accu-
racy higher than native hardware capabilities.

This difference is dictated by the nature of the solution space: in one case
discrete and non-monotonic, in the other continuous, smooth and convex.

Heterogeneous To get the high performance, it is necessary to effectively use
specialized hardware. But also within the single devices themselves we see spe-
cialization, and thus heterogeneity: the devices are made of multiple specialized
logic chips, and a deep memory hierarchy. Even CPUs usually contain multiple
levels of caching, a non-homogeneous communication structure or even multiple
types of cores.

A simple example of the importance of using multiple specialized devices
comes directly from an application of Amdahl’s law [3]. Amdahl’s law analyses
the runtime of a parallel algorithm by dividing its operations into a serial part
(that makes up a fraction s of the total number of operations) and a parallel frac-
tion (that makes up 1 — s of the total). The serial part is made of interdependent



operations that must be done in a specific order and thus by a single proces-
sor. The parallel part is supposed to be perfectly parallelizable. In this way the
speedup given by using P processors is:

1 f—

S(P):s—l—%(l—s) S (P-1)s+1

Therefore consider a Graphics Processing Unit (GPU), which is a highly par-
allel, throughput-oriented device, containing hundreds to many thousands of
simple cores. These can accelerate the parallel part of an algorithm down to a
very small time, as their scope is to process as much data as possible per unit
time. But the single cores operate at a relatively low frequency. So the serial part
comes to dominate the total runtime. The serial part should thus run as fast as
possible, thus using a CPU, a latency-oriented device, designed to run a series of
interdependent instructions in the least possible end-to-end runtime.

Sparse For some workloads, hardware specialization is indeed a viable path to
more performance. This is especially important in some applications where there
is a general structure that can be mapped into hardware. This is the case of dense
linear algebra: hardware such as GPUs and Neural Processing Units (NPUs) are
designed for this task. This type of workload is almost unique in the field of
HPC, as memory is not always the limiting factor.

In many other cases the structure is less regular, and the development of fo-
cused hardware is ineffective, impractical or not economically viable. One such
case is sparse linear algebra. In sparse linear algebra, the matrices and vectors
have entries that are mostly zeros. This property is common when working with
graphs, networks or in Finite Element Analysis (FEM). Therefore it is important
to exploit the nonzero structure of the matrices in order to get fast algorithms for
these specific tasks. But the nonzero structure can be highly variable, making it
difficult to develop specialized hardware for such tasks. This is exacerbated by
the inherently low operational intensity (i.e. amount of computation done per
byte moved) of the task. This means that the memory costs (latency and band-
width) quickly becomes the limiting factor. Being limited by memory movements
is a problem common to many applications. This is such an important obstacle
that it has been called “memory wall” [13]].

The two case studies in this thesis are based on distinct sparse linear algebra
primitives, which are used to build efficient routines for more high-level tasks.
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Thesis structure As anticipated, the thesis is structured around two case stud-
ies: in we study highly parallel CPU-based implementations of two
common optimization algorithms; in we consider the implementation
of a novel IR method for solving linear systems of equations in high precision,
for Scientific Computing, running on Ascend NPUs.



Chapter 2

Parallel combinatorial optimization

Combinatorial optimization is a recurring High Performance Computing (HPC)
workload, both as a target problem and as a component of larger scheduling,
mapping, and design pipelines. Among its many formulations, Quadratic Un-
constrained Binary Optimization (QUBO) and Ising models are especially rele-
vant because they capture a broad class of binary decision problems while map-
ping naturally to linear algebra. They are also attractive in practice because
heuristic solvers expose a direct tradeoff between time-to-solution and solution
quality: by changing the number of iterations, replicas, or schedule parameters,
one can tune accuracy to match a fixed compute budget. This is particularly use-
ful on large sparse instances, where exact methods quickly become impractical.

The contribution presented in this chapter consists in the expression of known
general-purpose QUBO and Ising heuristics using GraphBLAS primitives. Such
implementation is appealing for HPC because their dominant kernels are Sparse
Matrix—Vector products (SpMVs) and elementwise vector operations, which are
among the central operations GraphBLAS backends optimize for. Furthermore,
algorithms expressed using GraphBLAS can be easily ported to other platforms
by using an implementation built for the selected hardware.

We focus on two complementary heuristics: Simulated Annealing-Replica Ex-
change (SARE), also known as Parallel Tempering, and Simulated Bifurcation
(SB). SARE is naturally suited to Single Program Multiple Data (SPMD) execu-
tion because replicas can be updated independently between exchanges, while
SB is dominated by repeated vector operations and matrix-vector products. Thus
both algorithms fit well into the GraphBLAS programming model.

11



12 CHAPTER 2. PARALLEL COMBINATORIAL OPTIMIZATION

In principle these heuristics apply to any objective function f : {0,1}" —
R, but we focus on QUBO and Ising because of their practical importance and
simple algebraic structure.

2.1 Background

2.1.1 QUBO and Ising problems

The Quadratic Unconstrained Binary Optimization (QUBO) and Ising problems
are defined as follows.

Definition 2.1 (QUBO Problem). Given a symmetric matrix Q € R"*", the objec-
tive function is

folx) =x"Qx,  xe{0,1}",

and the optimization problem is to find a binary vector x* € {0,1}" that mini-
mizes fo(x).

Definition 2.2 (Ising Problem). In the Ising case, given a symmetric matrix | €
R"*" with zero diagonal and a vector i € R”, the objective function is

fi(s) =sTJs + hTs, se{-1,1}",

and the optimization problem is to find a spin vector s* € {—1,1}" that mini-
mizes fising(s).

The Ising Problem arises in Quantum Mechanics when considering a system
as a set of interdependent particles characterized by a binary magnetic spin state.

Proposition 2.3 (Equivalence of QUBO and Ising). Given a symmetric matrix Q €
R"*", there exists a symmetric matrix | € R"*" with zero diagonal, h € R",C € R
such that Vx € {0,1}":

fo(x) =x"Qx =s"Js+h's+C = fi(s) + C,

withs; =2x; —1€ {-1,1} Vie {1,2,...,n}.
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Proof. Let e € R" the vector with ¢; = 1 Vi € {1,2,...,n}; let P € R"™" and
d € R"be Pjj = Qi fori #j, P; =0and d; = Q;; Vi € {1,2,...,n} the diagonal
of Q. Then:

xTQx = jI(S +e)TQ(s+e) = 411 (sTQs +eT Qe+ 25TQ€>

1
=1 <STPS +dTe+eT Qe+ ZeTQs>

Now we get the result by setting | = 1P, h = 2eTQand C =1 (dTe+eTQe). O

Many discrete optimization problems can be reduced to these forms through
binary encodings, auxiliary variables, and penalty terms, making QUBO and
Ising useful common targets for problem-agnostic heuristics. Among those, we
highlight the Maximum cut (max-cut) problem [27].

Definition 2.4 (Max-cut problem). Given an undirected graph G = (V,E) with
weighted adjacency matrix A, i.e. we denote with A, the weight on the edge
(u,v) € E C V x V. Then the cut-value objective in binary variables is:

faut(x) = Y Auo(xu + xo — 2x,%0), x e {0,1}"],
(u,0)€E

where the term x, + x, — 2x,x, equals 1 exactly when vertices u and v are as-
signed to different sides of the partition, and 0 otherwise. The max-cut problem
is therefore to find a binary vector x* € {0,1}V] that maximizes feu(x).

Proposition 2.5 (Equivalence of max-cut and Ising). For any graph G with weighted
adjacency matrix A € R™™", there exists a symmetric matrix Q € R"*" and a constant
C such that Vx € {0,1}:

feur(x) = fo(x) +C.
Proof. We can suppose without loss of generality that A has zero diagonal, mean-

ing that G has no self-loops. This does not change the size of any cut, since a
self-loop may never connect vertices in different partitions. Observe that:

fa(x) = Y Auo(xu + x0 — 22uxp) = 2xT Ax + (eT A+ eTAT)x
(u0)€E

Now note that (e A +eT AT)x = xTdiag(eT A + e AT)x since x € {0,1}". Thus
Q = 2A + diag(eT A + T AT) makes fout(x) = fo(x) Vx € {0, 1}". O
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2.1.2 Related work

Recent work on QUBO and Ising optimization includes quantum-accelerated
methods [23], physics-inspired solvers [38], and a broad range of classical heuris-
tics [10]. This interest is driven in part by quantum and quantum-inspired com-
puting platforms, which have made Ising and QUBO formulations common com-
parison targets. However, comparisons across such platforms often depend on
embedding constraints, problem reformulations, and baseline choice, which can
obscure the capabilities of strong sparse classical baselines. At the scales targeted
by modern Ising and QUBO workloads, strong parallel scalability is essential,
since without near-linear reductions in wall-clock time even strong classical base-
lines become impractical once exact methods are no longer viable. Many special-
ized approaches are most effective only after the problem has been adapted to a
particular solver or accelerator through embedding, decomposition, or instance-
specific tuning.

There has also been prior work on parallel simulated annealing on clusters
[29, 9] and Graphics Processing Units (GPUs) [12], as well as on large-scale im-
plementations of Parallel Tempering [24].

2.2 GraphBLAS

GraphBLAS is a specification for sparse linear algebra that defines a set of oper-
ations on sparse matrices and vectors [5]. The expected use-case of GraphBLAS
is graphs: by expressing the graphs as (sparse) matrices, many common graph
algorithms can be expressed as linear algebra operations [31]].

We based the implementations on the ALP/GraphBLAS library [48| 30]. This
library offers different backends. The ones we employ are: reference (single
threaded), reference_omp (multithreaded) and nonblocking (nonblocking and
multithreaded). The backend is selected at compile-time and implements the
same algorithms and data structures while exploiting different optimization tech-
niques. Nevertheless, the presented algorithms can be implemented using other
libraries following the GraphBLAS specification [5].

In GraphBLAS, the primitives take operators as arguments. The library then
takes into account the algebraic properties (e.g. associativity, distributivity) of the
operator to generate optimized code. Some operators defined in the library are
the following: grb: :right_assign (right identity), grb: :add (addition), grb: :mul
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(multiplication), grb: :1eq (less than or equal), grb: :neq (not equal).
In the algorithms, we use the following ALP/GraphBLAS primitives:

* grb::set(a,b), with two vectors of equal length as input, it assigns a; < b;
for each index i. Alternatively b can also be a scalar, in which case it is
implicitly broadcasted to a vector.

® grb::foldl(a,b,op), which takes as inputs two vectors of equal length,
and a binary operator op. It assigns a; < op(a;, b;) for each index i where
both a; and b; contain a value (i.e. are nonzero). Also in this case, if b is a
scalar it is broadcasted to a vector.

* grb::eWiseMul(a,k,b,ring), taking as input two vectors a, b of equal length,
and a scalar k. The function assigns a; <— a; + k - b;. The last parameter, ring,
corresponds to an algebraic semiring that defines which operations are used
for + and - in the preceding assignment. This parameter appears with the
same function in the next primitives.

* grb::dot(s,a,b,ring), takes as input a scalar s and two vectors a, b of equal
length and modifies s <— s+ ); a;b;.

* grb::mxv(a,A,x,ring), takes as inputs two vectors 4, x and a matrix A of
suitable dimension and assigns a < a + Ax.

In our algorithms we used the PlusTimes semiring, corresponding to standard
addition and multiplication.

These functions can also be used in a masked manner: in this case only en-
tries of the output vector corresponding to entries of a mask vector m that are
nonzero and evaluate to true are updated. The ALP/GraphBLAS library also
supports mask inversion, denoted as —m, in which case the operation is applied
on the explicit zeros of the mask. We will denote the masked variant of the
primitives by overload of the unmasked version, e.g. grb::foldl(a,m,b,op),
grb::set(a,m,b).

The primitives can take also a compile-time descriptor template parame-
ter, which defines additional properties about the operation or its inputs. Mask
inversion is done using a descriptor, thus using an inverted mask has no addi-
tional cost. Another descriptor we used is the dense descriptor. This descriptor
is used when all input and output vectors are dense. This assumption enables
automatic optimizations by simplifying and specializing the generated code to a
dense structure.
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2.3 Simulated Annealing-Replica Exchange

2.3.1 General Algorithm

The SARE algorithm for a general function f : {0,1}" — R is summarized in

Algorithm 1|[28, 19].

The algorithm takes a number n, of replicas (states) r(l),...,r(”’) e {0,1}"
and the same number of inverse-temperatures (1), ..., (") € Ry We will
suppose that the inverse-temperatures are in decreasing order. The replicas are
updated independently in a Simulated Annealing (SA) step and then exchanged.

The two steps are described in detail in [Algorithm 1} Here we consider these
procedures to be repeated for a fixed number of iterations. In general, the proce-
dure can be halted earlier according to some convergence condition.

The exchange step (PT) stochastically exchanges neighboring replicas. The
random value a is always > 0, so if the lower energy replica is at higher tem-
perature, the swap will always be accepted. Note that the order of exchange
is important: by starting from the last replica and going down to the first, we
ensure that low-energy replicas can go to low temperature quickly, and thus be
optimized locally.

The SA step on a replica 7 is similar in structure to the PT step, but works on
the single replica: it considers changes to the individual variables, and accepts
or rejects each of them individually with a probabilistic criterion. In this case
an energy-decreasing change is always accepted. The order of update of the
variables impacts the result as well, since the change to one variable will change
the state for the subsequent variables. In this case, unlike PT, any order is equally
effective.

In both cases, our algorithms are expressed using an exponential random
variable, as that makes the GraphBLAS implementation simpler. This is non-
standard, but it is equivalent to the commonly used acceptance criterion u < e~P4
with u € Unif(0,1):

P(A < a) =min{l,e P2} = P(u < e FP).

The same equivalence holds for PT, using f = 1 and J instead of A.
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Algorithm 1 The standard SARE algorithm.

1. Input: 7,1y, Niterations € IN, B € RY, {(r@) e {0,1}*|i € {1,...,m}},f :
{0,1}" - R

2: Let U € R™ be a vector such that U; = f(r());
3: for Njterations times do

4: for each replica ) do

5: sa¢r, g0, £);

6: end for

7. PT(r, B, f);

8: end for

9: return lowest energy found, and relative replica
10: function PT(r, B, f)

11: for i = n, down to 2 do

12: Pick a random value a ~ Exp(1)

13 5 ( f (m) _ f(ru—l))) (B — Bli=1)
14: if —a < ¢ then

15: swap(r(), r(i=1))

16: end if

17: end for

18: end function

—_
NeJ

. function SA(r, B, f)

20: 0o 0

21: for each variable riinr do

22: Pick a random value a ~ Exp(p)

23: A<—f(r)—f((rl,...,l—r]-,...,rn))
24: if A < —a then

25: 1’]' —1- 7’]'

26: end if

27: end for

: end function

N
[09]
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2.3.2 GraphBLAS implementation

The implementation of the SA step is described in using GraphBLAS
primitives. This algorithm solves the QUBO problem, supposing the following
input format: the symmetric matrix Q is expressed as Q = 3] + diag(/), where
J is a symmetric matrix with zero diagonal and £ is a vector, thus minimizing
fo(x) = xTQx = 3xTJx + xTh with x € {0,1}".

Algorithm 2 The SA step expressed using GraphBLAS primitives. Objects pre-
tixed with grb: : are standard library objects, others are custom-defined.

1: function SAGRrs(hy, x, |, B)

2: Let masks be a set of independent masks forming a partition of J.
3. Lets € R" be a vector of iid random variables —s; ~ Exp(p)

4. 0o <0

5 grb::set(h, hy)

6: grb::mxv(h, |, x, PlusTimes)

7: for mask in masks do

8: grb::set(dn, mask, x)

9: grb::foldl(dn, —x, —1, grb::right assign)

10: grb::foldl(dn, h, grb::mul)
11: grb::foldl(dn, mask, s, grb::leq)
12: grb: :set(accept, dn, mask)
13: grb::foldl(x, accept, 1, grb::neq)
14: grb::set(d, accept, x)

15: grb::foldl(d, —accept, —1, grb::right_assign)

16: grb::dot(S,, &, h, PlusTimes)

17: grb::mxv(h, [, &, PlusTimes)

18: end for

19: return &, > This value is needed to keep track of fo(r) and avoid its

recomputation.

20: end function

Masking The implementation of the SA step uses a partitioning of the variables
into masks. The set of masks masks C {0,1}" is constructed such that they are
independent i.e. Vm € masks, m?Qm = 0 and form a partition of the variables i.e.
Y memasks M 1S the vector of all ones. The change to one variable in a mask does
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not affect the change of energy by flipping another variable in the same mask.
Therefore the updates of variables in a mask can be done concurrently.

The construction of such masks is equivalent to the problem of graph color-
ing on a graph with Q as adjacency matrix (ignoring self-loops). For this task we
used a randomized greedy algorithm expressed in GraphBLAS [35] Algorithm 2].
The idea of this algorithm is the following: first assign a random value to each
node; then iteratively consider nodes whose neighbors either have already been
assigned a color, or have larger value. These nodes are assigned the lowest pos-
sible color.

Multiprocess implementation

It is natural to express the SARE algorithm using an SPMD paradigm. In the SA
step each of the replicas is updated independently, making this step embarrass-
ingly parallel. Thus we can partition the replicas among multiple independent
processes, while keeping the implementation of the SA step unchanged, as stated
in

Neighboring replicas may be in different memory spaces, so the PT step has to
be changed as described in[Algorithm 3] The pseudo-code employs buffered one-
sided RDMA (Put), and assumes synchronisation has completed before the first
use of the communicated variable at the remote location. In the implementation,

we use MPI_Send/Recv. Therefore the processes are loosely coupled, with a 1d
wavefront communication scheme, as shown in

Process 0 Process 1 Process 2

OXOXONOEOEONOEGEOSORE

exchange exchange exchange

Figure 2.1: Diagram showing the replicas (circles), and their division between
processes, and required communication between them. In blue are local ex-
changes, in red exchanges between different processes.

While in the shared-memory case an exchange can be done in constant time,
exchanging replicas between different processes requires O(n) time. This is
amortized by the fact that the replicas are not always exchanged, and so it may
be sufficient to communicate the energies and the betas to evaluate J (requiring
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Algorithm 3 Pseudocode for the PT step in the multiprocess implementation.
Here m = [n,/P]. Replicas pm +1,...,p(m + 1) are local to process p.

1: function PTsrmb(r, B)
2 Let p € {0,...,P — 1} be the rank of the current process.
3 if p < P —1 then
4: Pick a random value a, ~ Exp(1)
5 j—pim+1)
6: Put fq (r(f)> , 89, a, into process p + 1
7 5« ( fo <,<]~+1>> — fo (,(j))) L(BUHD — gi))
8: if —a, < J then
Put () into process p +1

0 ) i)
11: end if
12: end if

13: PT(r, B, fo)
14: if p > 0 then

15: j 4 pm

16: Put fo <r(j+1))> , BU*V) into process p — 1

17: 5« ( fo <r(j+1)) ~ fo (ro'))) (U — Bl
18: if —a, 1 < then

19: Put rU*1) into process p — 1

20: rU+D) ()

21: end if

22: end if

23: end function
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only constant bandwidth). Nevertheless this is asymptotically negligible, since
ideally the exchange probability is constant.

Hybrid implementation

Thanks to the use of the GraphBLAS library, the multiprocess implementation
can be made hybrid simply by compiling with a multithreaded backend: the
MPI and multithreading infrastructure work together. This is a simple way to
get additional speedup in the case every process already handles a single replica,
and thus no more multiprocessing can be applied ﬂ

2.3.3 Theoretical Analysis

Let P be the number of processes; let Q be an n x n matrix with n,, nonzeros.
We analyze first the runtime of a single process, then the time required by the
communication between them.

Computation and local movements The total work and memory movements
are of the same order: O(n + n,;) in[Algorithm 2} and O(n + n,) in[Algorithm 3|
The n, replicas are balanced between the processes, so the runtime of each pro-
cess is Teomp(P) = © (% (14 nyz) 4+ n) at each iteration. The total runtime is just
the time for a single iteration multiplied by the number of iterations. Therefore
for simplicity we will consider a single iteration.

Using this bound, we can estimate the speedup:

. Tcom (1) . nr(n+nnz) _ nr(n+nnz)
(P = 222085 =@ (gt ) ~ @ (P e np)
p P

In other words the efficiency is:

E(P)=—F~ = <nr(1:$l rjj”fnP) '

IThere is a “good” number of replicas: a problem with N variables is optimized well with
approximately /N replicas [I1]. Having more replicas than this does not improve the solution
quality.
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If we suppose that the workload is balanced, with each process holding K € IN
replicas, that is n, = KP, we get:

~ 1y K(n+ny)
E(K):=E(—)=0 . 2.1
(K)=E(%) (n—l—K(n-l—nz)) @1)
Which is independent of P. This is reasonable, since the number of operations
each process does is determined only by K and not P nor #,.
We can also predict an asymptotic upper bound on the strong scaling, as
function of the number of replicas and density of the instance:

. T nr(”+nnz) o Nnz
I}E)I(}OS(P) _115206(W+n> —@(nr (1+ n >>

This result suggests that the density of the matrix Q is the more important pre-
dictor of efficiency, with denser matrices yielding better efficiency.

The memory requirement is O(n,n + n,;) per process, independently of the
number of iterations. In fact the vectors are reused, and a single matrix is allo-
cated and reused for the different replicas.

Communication Only|Algorithm 3|involves communication. Here we’ll denote

7’83 the i-th replica at iteration j. The communication pattern is described in

Figure 2.2 rE ; for i > 1,j > 0 has the following dependencies:

i
j

. rgj 1) through the SA step, which is local to each process;
. ”8:3’ as rgg might be exchanged with it before starting the next iteration;
. VE;)+1)’ as 78 might get exchanged with it at the start of the PT step.

This dependency graph is isomorphic to that of a 1-dimensional stencil of radius
1.

To quantify the total time needed for communication, we can look at two
costs: bandwidth cost W (how many words of data are moved) and synchroniza-
tion cost (maximum number of messages sent by any single process). Combining
these values with the bandwidth B and latency 7y of a system, we can estimate
the communication time T as:

max{W-B,S- v} <Tc <W-B+S-7.
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Replicas

1 (1) )
0) ") ") "' T (Nw)

Iterations

Figure 2.2: Diagram describing the data dependencies between the replicas at
different iterations. Red arrows indicate swaps that may need communication
between processes. Blue dependencies do not need communication.

From the diagram in it is easy to see that the critical path for
the algorithm is of length 7, + Niterations: Therefore this is a lower bound for
the synchronization cost of the whole algorithm. Furthermore, the synchroniza-
tion cost incured by a single process is constant at each iteration: only up to 4
synchronizations are required in 8 for blocking message-passing.
Therefore the total synchronization cost for the presented implementation is at
most max{nr + Niterations 8Niterations}-

The bandwidth cost can be estimated as O(Niterations”), as only up to O(n)
data is communicated between each pair of neighboring processes at each itera-
tion to exchange a replica between distinct memory spaces.

2.4 Simulated Bifurcation

2.4.1 General Algorithm

Simulated Bifurcation is a physics-inspired technique to optimize an Ising sys-
tem, based on the adiabatic evolution of a classical nonlinear system. For the de-
tails of the algorithm, we refer to Goto et al. [14]. The idea is to simulate an Ising
machine using a symplectic Euler method following the Hamiltonian equations
of motion. The algorithm starts with a position x(?) € [~1,1]" and momentum
y(©) € [~1,1]". Then the position and momentum are updated iteratively. The
position is updated as:

k+1) _ x(k) (k+1)

x( + Atamax]/ ’
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where A; and amax > 0 are scalar parameters. After this update, if for some

L |xi(k+1)| > 1, we set xl.(kH) = sign(xl.(kﬂ)) and y(kﬂ)

1
walls).
For the update of the momentum, Goto et al. [14] describe multiple options.
The best performing is discrete Simulated Bifurcation (dSB), in which the dis-
(k)

cretized state s ;

= 0 (perfectly inelastic

= sign(xi(k)) € {—1,1} is used in the update of the momentum:

y(k+1) _ y(k) LA ((ak — ) x® g (ls(k) n h)) .

The values A, the number of iterations Njierations, @min, Amax and co are scalar
parameters; these determine ay = amin + NL(amax Amin ). We will discuss
the specific settings of these parameters in Section 2.5.1

2.4.2 GraphBLAS implementation

The implementation of dSB, expressed using GraphBLAS primitives, is described
in[AIgorithm 4, The dense descriptor is applied to all operations in the algorithm,
as all vectors are dense.

It is worth noting that in the translation of dSB into GraphBLAS, we reuse the
matrix—vector product Js from the computation of the energy for the momentum
update in the following iteration.

To get the best performance, we express some functions by defining some
custom operators. In this way we can express with a single primitive, operations
that would otherwise require multiple steps, automatically fusing kernels and
improving memory locality. The custom operators are the following:

-1 ify <0

Sign(x,y) = {1 ify >0

. x if Jy] <1
AbsGtAssign(x,y) = .
0 ifly|>1
i <
Clip(x,y) = {y %f <1
y/lyl it fy|>1



2.4. SIMULATED BIFURCATION 25

Algorithm 4 The dSB algorithm expressed using GraphBLAS primitives. Objects
prefixed with grb: : are standard library objects, others are custom-defined.

1:
2:
3:
4:
5:
6:
7:
8:
9: grb:
10: grb:
11: grb:
12: grb:
13: grb:
14: grb:
15: grb:
16: grb:
17: grb:
18:
19: grb:
20: grb:
21 fy <s<
22: end for

Input: x,y,h € R", ] € R"*", scalar parameters Ay, ¢y, Amin, max
Let tmp € R" and s € {—1,1}" be temporary vectors of length n
grb::set(tmp, 0)
grb::set(s, 1)
grb::foldl(s, x, Sign)
grb: :mxv(tmp, |, s, PlusTimes)
for k from 0 to Niterations dO
Ak < Amin T (amax - amin) - k/ Niterations

:foldl(tmp, h, grb::add)

reWiseMul (y, A¢co, tmp, PlusTimes)
:eWiseMul(y, A¢(ax — dmax), X, PlusTimes)
reWiseMul(x, Atdmax, Y, PlusTimes)
:foldl(y, x, AbsGtAssign)

:foldl(x, x, Clip)

:foldl(s, x, Sign)

:set(tmp, 0)

:mxv(tmp, |, s, PlusTimes)

djs < 0,dp, <0

:dot(djs, tmp, s, PlusTimes)
:dot(dy, h, s, PlusTimes)

k>) « Ld; +d,

23: return fi (S(Niterations)), S
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2.5 Experimental Evaluation

2.5.1 Testing methodology

We evaluated our implementation on the systems summarized in To
test scaling beyond a single node, we employed multiple ARM and Cascade
nodes. We always pinned the processes and threads to distinct physical cores,
therefore the use of multiple nodes will be clear by the number of processes and
threads used compared to the single node. Note that in the case of Intel Central
Processing Units (CPUs) hyperthreading was enabled, but only a single thread
for each core was actually used. The interconnect between nodes is a 100 Gbps
Infiniband network with measured latencies of around 30 ps.

The ARM and Cascade machines run Ubuntu 22.04, Linux kernel 5.15.0 and
MPICH 4.0, the Comet machine runs Ubuntu 24.04, Linux kernel 6.8.0 and
MPICH 4.2.0. The compiler used was GCC, version 11.4 on Cascade and ARM,
and version 13.3 on Comet. Compilation was done using the following flags: -03
-march=native -mtune=native -funroll-loops. OpenMP affinity policy was
always set to close.

Name CPU Cores Sockets

Comet Intel Xeon W-1270 8 1

ARM | HiSilicon Kunpeng-920 96 2
Cascade | Intel Xeon Gold 6238T 44 2

Table 2.1: Systems used for benchmarking.

Baselines

We compared our implementations to the following state-of-the-art sequential
solvers:

* dwave-neal, a state-of-the-art SA implementation from the dwave-samplers

package [21].

SA mimics thermal cooling by performing stochastic single-spin flips at a
decreasing temperature to escape local minima. This is in contrast to our
implemented algorithm SARE, which runs multiple replicas of the system
at different temperatures, periodically swapping configurations to enhance
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exploration. While both methods have rigorous theoretical foundations,
they offer only weak practical convergence guarantees, as extremely slow
cooling schedules are required to ensure global optimality [18].

In practice, faster geometric schedules are typically used. SARE tends
to explore rugged energy landscapes more robustly than SA by allowing
low-temperature replicas to leap to high-temperature states via swaps [4],
though this requires tuning multiple temperatures. Recent studies [44] con-
firm that SARE can outperform SA in both solution quality and time-to-
solution on hard spin-glass benchmarks, despite the increased computa-
tional cost. Conversely, SA is simpler and can be more efficient for easier
problems.

e MQIib [10], a meta-heuristic framework that selects a solver among a se-
lection of algorithms based on input problem characteristics. The set of
solvers includes Tabu search, Genetic Algorithms, Local Search techniques,
and Simulated Annealing.

Benchmark problems

Following established practices in this field, we evaluated our implementation
using Max-Cut problems. The conversion into QUBO or Ising formulation is
done following the proof of

The benchmark graphs are drawn from the Gset collection [47]. For the
performance data we considered the following larger set of instances: G1, G11,
G21, G22, G31, G41, G51, G61, G81. In this way, we capture the performance on
a variety of sizes, as shown in

Nevertheless goal is not to average over all problem classes, but to compare
implementation quality in a regime where the selected methods perform well.
Therefore we highlighted G22 and G81 because they are highly frustrated sparse
instances where SARE is known to perform well.

Solver settings

For the SARE experiments, we used a fixed geometric temperature gradient
across the replicas, ranging from (1) = 102 to (") = 1073. While this may
limit the solution quality compared to adaptive schemes, it provides a consis-
tent basis for evaluation. In principle, adaptive temperature techniques could
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Table 2.2: Basic properties of the Gset graphs used for testing.

Name n  Number of edges Type
Gl 800 19176 random
Gl11 800 1600 toroidal
G21 800 4667 planar
G22 2000 19990 random
G31 2000 19990 random
G41 2000 11785 planar
G51 1000 5909 planar
Go61 7000 17148 random
G81 | 20000 40000 random

be integrated into our solver, since information about neighboring replicas is
already exchanged, such schemes would not require additional communication
and thus would probably not significantly impact performance. However, as this
work focuses primarily on computational performance, we did not explore these
adaptive methods further.

For the number of replicas n,, we always considered cases where 7, is a mul-
tiple of the number of processes P: in this way the workload is balanced between
the processes. In the tests we run SARE for 400 iterations for quality tests, and
200 iterations for the other tests. The number of replicas is selected to be n, is
twice the number of physical cores: 192 for ARM nodes, 88 for Cascade nodes,
and 16 for Comet. For the multinode tests we consider also 7, to be four times
the number of physical cores.

For dSB the scalar parameters A¢, 4min, @max, Co Were fixed to the following val-

Yij ]iz,j
n(n—1)

ues: At = 0.75,dmin = 0, dmax = 1,0 = 57+—~, where (J) =

NG . Motivation

for these choices is provided in [14].

In all cases the starting states were initialized as elementwise iid samples:

r](i) ~ Ber(0.5) for SARE, and xfo),ylgo) ~ Unif([—1,1]) for SB. The number of
iterations for dSB is always 10000.
In all cases, the experiments were repeated for 5 warmup runs and then 100

timed runs.
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2.5.2 Results

In general measured runtimes were fairly concentrated, with a standard devia-
tion under 1% for single node runs and up to 5% in the multinode case.

Unless specified, the tests use the reference backend, to avoid the effects of
multithreading and only measure the effect of the intended parameters. Multi-
threaded backends are evaluated in specific sections.

Solution Quality

To validate solution quality and single-threaded efficiency, we compare our im-
plementations against state-of-the-art solvers on the instances described in
All experiments in this section use a single process and thread on the
Comet machine.

The time comparisons in are intended as a proxy for the compu-
tational work required to reach a given solution quality, not as absolute per-
formance limits: all solvers could run faster on larger machines or with better
tuning. Within this controlled setting, the following observations hold.

There is a meaningful difference in quality between dwave-neal, MQLib and
GraphBLAS SARE. This is definitely to be expected, as the algorithms are the
different behavior of simulated annealing and parallel tempering. As observed
in the temperature gradient of SARE is simple and fixed, so this is
a possible explanation for the slightly worse solution quality.

The quality of dSB is in line with the results reported by Goto et. al [14],
that we were able to reproduce. The runtime reported in that work and what we
measured for our implementation was comparable, and slightly in favour of our
solver on the large sparse instances. A precise comparison doesn’t make sense
because of the use of very different hardware and their batched approach.

Performance impact of using masks

The SARE implementation uses masking to improve memory locality. To as-
sess whether this technique indeed yields better performance we compare the
presented implementation with the same algorithm, but using the basis vectors
ey, e, ..., e, as masks instead of computing masks with multiple independent
variables.
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Figure 2.3: Single-threaded solution quality and (relative) runtime for different
solvers and instances. Aggregate data of 100 runs with different random seeds.
dwave-neal and SARE used 400 iterations; MQLib had a fixed runtime budget
set close to the measured runtimes of the other solvers. Error bars are 95%
confidence intervals.

The comparison of the runtimes for the two versions is shown in
The results clearly show a speedup across all tested instances on both ARM and
Cascade. The speedup is up to 5 times for the smaller instances, but significantly
larger (up to 23) for G61 and G81.

There are probably two competing reasons at play here: one is cache size and
the other is matrix density. A higher matrix density (such as for G1, G22 and G31)
in general means sparser masks, that in turn makes the masking implementation
more similar to the unmasked one. Conversely if a graph is smaller, such as G11,
G21 or G51, more of the working data fits in cache. In this case increased memory
locality doesn’t make much of a difference since in both cases the working data
never goes out of the cache and can be accessed fast.
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Figure 2.4: Speedup given by masking use on different Gset instances on ARM
and Cascade nodes. Unmasked runs on G81 with a single process took over 30
minutes each, and thus it was unfeasible to have a reliable estimate.

Strong scaling of multiprocess SARE

In this section we evaluate the strong scaling of multiprocess SARE: we fix the
workload parameters (1,) and see how the performance change when increasing
the computational resources, the number of processes in this case. The efficiency
plots for the results of these tests are shown in

The results show that there is a consistent efficiency when operating on a
single node and with a number of processes up to the number of physical cores;
also with up to 4 nodes the runtime decreases further, but with markedly lower
efficiency. The test suggest that the multiprocessing overhead is lightly affected
by the number of processes, while clearly depending on the latency between
them. In fact the efficiency is relatively constant within a single node, while
significantly decreasing for multiple nodes.

Looking at the difference between the runs with 192 and 384 replicas (2x and
4x node size respectively) on ARM, we see a higher efficiency for the second. This
is exactly what was suggested by [Equation (2.1)l The drop in performance on the
rightmost points is probably due to the inefficiency of each process handling a
single replica. Another view on these effects comes from the following analysis
of weak scaling.
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Strong scaling on ARM nodes Strong scaling on Cascade nodes
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Figure 2.5: Multiprocess efficiency (speedup/number of processes) with a fixed
workload using the reference backend. Single process time Tj is in label. Ver-
tical dotted line indicates single-node core count. For each graph, the median of
100 runs is considered.

Weak scaling of SARE

To test weak scaling, we fix number of iterations and number of replicas per
process and vary the number of processes. Thus the total number of replicas
changes proportionally to the number of processes. The resulting efficiency for

these tests is shown in

The efficiency is basically constant as we increase the number of processes, but
with a significant difference for the single- and multi-node cases. This confirms
that the communication overhead for each process is independent of the number

of total replicas, as predicted in [Section 2.3.3

The efficiency drop also suggests that the communication performance is an
important factor for the efficiency. More specifically the latency seems to be
more important than the bandwidth, since the difference in efficiency between
G22 (n = 2000) and G81 (n = 20000) in multinode cases is relatively small,
especially for Cascade nodes.
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Weak scaling on ARM nodes Weak scaling on Cascade nodes
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Figure 2.6: Plots showing weak scaling efficiency of the SARE algorithm with the

reference backend on Gset graphs using ARM nodes with different numbers of

replicas per process K.

Hybrid SARE

To effectively run concurrently the multithreaded backends, it was necessary to
pin the processes and the threads to hardware cores. When this was not done,
the performance of multithreaded versions would be significantly worse.

Given the large number of configurations to test, the tests for hybrid SARE we
concentrate on G81. The median runtimes for this case are reported in
together with the results of the multiprocess implementation analyzed above,
that uses the reference backend.

In the nonblocking backend, a small collective is run before every execution
to assess the sparsity structure of the vectors. This operation introduces sig-
nificant overhead for the matrices used. This explains why the nonblocking is
consistently slower than reference, even with multiple threads.

On the other hand, the reference_omp backend shows some overhead com-
pared to reference, but also a faster runtime using multiple threads. Nevertheless
it is more efficient to increase the number of processes than threads: speedup
1.7-2.0 for twice the number of processes vs. 1.2-1.5 for doubling the number of
threads.
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Table 2.3: Median runtimes out of 100 runs for hybrid SARE on G81 on the ARM
machine (values in seconds). Missing values are due to either exceeding the
number of cores in a single node, or runtime exceeding 200 seconds.

Backend reference_omp nonblocking ref.
Threads per process | Threads per process
1 2 4 6 1 2 4
1 131 102 79.1 86.8 109
2 793 626 452 43.1 | 189 148 126 67.3
$ 4 414 320 232 234|789 570 454 35.1
@ 8 |[21.7 165 115 114 353 239 18.4 17.9
é 16 | 121 863 585 581|172 109  7.87 9.43
f~ 32 | 661 454 9.00 5.23 5.01
48 | 4.63 3.07 6.15 3.44 3.39
9% | 2.39 3.72 1.75

Discrete Simulated Bifurcation

The dSB algorithm consists of a simple loop of dense vector operations and sparse
matrix-vector products. Therefore its performance depends almost entirely on
the underlying GraphBLAS implementation in this favorable regime.

shows the speedup that dSB achieves with different number of
threads. The data suggests that the size of the instance impacts efficiency: while
G22 and the geometric mean show little speedup, for the larger G81 we have
good speedup up to 6 threads with both mutlithreaded backends. From then on,
the speedup plateaus or even decreases for both tested backends, as the memory
bandwidth becomes the limiting factor.

In fact, a simple roofline estimate for the Cascade node using an L2 cache
bandwidth value of 629 GB/s [42] (this is likely an overestimate) and an arith-
metic intensity of 0.25 flops/byte (working in single precision), we get an upper
bound of around 158 Gflop/s. But each core achieve a peak of around 30 Gflop/s,
so we the algorithm becomes memory bound with 6 threads, which is consistent
with the observed results for reference _omp.

The nonblocking backend outperforms reference_omp. The primary reason
for this is that, by fusing operations, it increases the cache utilization, helping
utilize better the limited memory bandwidth. Another reason for better per-
formance, especially on the smaller instances and with many threads, is that
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Figure 2.7: dSB speedup versus thread count. Time using reference backend
Tyer is in label.

nonblocking automatically limits the number of threads and other runtime pa-
rameters according to a performance estimate [30]. It is also noteworthy that in
one case (G81 on Cascade) the nonblocking backend shows slightly faster single-
threaded performance than reference.

2.6 Conclusion

In this chapter we presented some algorithms for optimization, implemented us-
ing GraphBLAS. The two algorithms, SARE and dSB, exhibit different scalability
performance, that is dictated by the characteristics of the algorithms.

SARE uses MPI to offer large-scale scalability, also across multiple nodes,
thanks to the embarrassingly parallel nature of the SA step. The implementa-
tion shows good efficiency when each individual process handles more than one
replica, thus having a good work-communication balance. The results also sug-
gest that the efficiency is significantly affected by the interconnect latency as the
multi-node efficiency is consistently lower than the single-node case.

On the other hand, dSB is limited to a single process, though in a real use-
case the solver can be run in multiple concurrent searches. The algorithm maps
naturally to GraphBLAS primitives, thus easily exploiting the optimizations in
the underlying library. This is effective also thanks to the use of only dense
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vectors, which are handled effectively by the nonblocking backend.



Chapter 3

[terative Refinement on Neural
Processing Units

In recent years there has been a clear trend in hardware design: the throughput
for low-precision floating point formats increased significantly, while it stagnates
for high-precision ones. This has been accelerated by the requirements of large-
scale Artificial Intelligence (AI) workloads, which have become a driving factor
in hardware design with many new designs being put forward in this direction
[26) 2].

In this chapter we consider the problem of solving a sparse linear system.
Given a sparse matrix A € R"*", and a vector b € R" the task is to find x € R"
such that Ax = b. The challenge is to combine in the algorithm a scheme that
emulates high-precision computations using the limited data type support of
Neural Processing Units (NPUs).

A possibility is to use an Ozaki Scheme (OS) (described in [Section 3.1.3) to
emulate high-precision operations, and run a standard algorithm. Nevertheless,
such method doesn’t exploit the additional structure neither of the OS in the
solver or, vice-versa, of the solver in the OS. Therefore, the aim of this work is to
vertically integrate the method: by exploiting and vertically integrating the struc-
ture, the hope is to get a fast solver, competitive with standard Central Processing
Unit (CPU) algorithms.

We describe the novel method in but first, we formalize, detail
and explore some useful preliminaries in finally we evaluate experi-

mentally the proposed method in

37
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3.1 Background

3.1.1 Representation of floating point numbers

The traditional way to represent floating point numbers is described in the IEEE
754 specification [20], which is implemented in virtually all existing hardware.

The idea is to use scientific notation in binary: each number is represented by
a single sign bit S, an exponent E and a mantissa M. exemplifies the
representation for the single precision case (32 total bits).

The exponent E is an integer represented as a 7,-bit unsigned integer contain-
ing the binary value E + B. The bias B is a fixed value set to 2" — 1.

The mantissa can be seen as a fractional binary value in [1,2). But only the
bits after the decimal point are stored, while the one that comes before the point
is implici

The value of a floating point number with sign S € {0,1}, exponent E and
mantissa M € [1,2) is then:

(—1)%-2F. M.

Furthermore, the minimum relative error representable is called the roundoff pre-
cision, and is equal to 27"M~ 1,

In we report the details of the main IEEE 754 standards, that we use
in this work.

Sign (1) Exponent (8) Mantissa (23)

MSB 3130|2928 (27|26 |25|24|23|22|21 (20 (19 (18|17 | 16| 15| 14|13 (12|11 (10 9 (8 |7 |6 |5 | 4 |3 [ 2

31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0

B Sign bit O Exponent bits B Mantissa bits

Figure 3.1: Scheme of IEEE 754 single precision floating point number represen-
tation.

n the case the exponent has its minimum value, there is no implicit one and the mantissa
is between 0 and 1. This is the denormalized case. Other special cases (infinity, not-a-number)
happen when exponent is at one of its extreme values and mantissa is all 0 or all 1. For simplicity
in this work we always assume values are normalized and finite.
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Table 3.1: IEEE 754 floating-point formats: bit allocation (single sign bit omitted)
and roundoff precision.

Name Format | Exponent (bits) Mantissa (bits) Roundoff precision
half precision F16 5 10 uy, =21
single precision F3 8 23 us =224
double precision | g4 11 52 ug =2

Alternative standards In recent years, other non-standard floating point data
types have been proposed. Such alternative standards have gained popularity
in recent years, due to the needs of Large Language Model (LLM) inference
and training. They still follow the same scheme described above, composed of
sign, exponent and mantissa, but differ in the number of bits assigned to each.
Among these, bfloat16 is commonly used in machine learning applications, as
it offers range equal to F1¢ while reducing the mantissa to fit in 16 bits. Also
OCP-FP8 (FP8-E4M3) is noteworthy, as it has been successfully used to emu-
late double-precision computation faster than native [Fg4 on Graphics Processing
Units (GPUs) [41].

3.1.2 Hardware Architecture
TPUs, NPUs and GPUs

The main computational task present in Al workloads is general matrix multiply
(GEMM). The TPU [22] and NPU [25] are Application Specific Integrated Circuits
(ASICs) designed for this task, but they evolved into a platform with the scope
of accelerating the whole LLM inference task by integrating also fast vector op-
erations. GPUs on the other hand were first designed for computer graphics, but
were found to be useful also for Al workloads. The GPU is more flexible than
the first two, as it contains a large number of small independent general-purpose
cores. Nowadays GPUs contain also Tensor Cores specialized in GEMM.

Another notable feature that differentiates GPUs from the first two is that they
often support double precision types, as part of their traditional general-purpose
function. This can make the implementation of mixed-precision schemes easier,
possibly with an impact on their performance. Nevertheless, in recent years the
performance of native double precision operations has increased at a significantly
slower rate than low-precision types.
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A common feature in all three designs is the use of High Bandwidth Memory
(HBM). Given the ample parallelism present in GEMM and vector operations,
to have good utilization of the compute units it is important to have a high-
throughput memory that would otherwise quickly become the bottleneck. Nev-
ertheless, many applications remain memory-bound, this is the case for irregular
memory access patterns, such as stencil, and sparse linear algebra computations.

The similarity of these architectures is apparent in the theoretical work on
the TCU model, which develops a common theoretical framework for all these
architectures [8].

Ascend 910B architecture

In this work we use Ascend NPUs to evaluate the proposed method. Therefore
the DaVinci architecture of the Ascend 910B4 deserves some special attention.

- ~
-/ e ; LOA Buffer 3 AI Cube Unit \‘
PRI

| |

G L Cube Unit LOC Buffer \

L ‘ > 11 Buffer LOB Buffer ‘

(e} | \

Bl |

[E | —>{_FP Buffer \

‘ T l L4 I

M (e FixPipe ) 1

E /
M N o o o o -
ol| - - - - - - - _ - _ -

R Al Vector Unit 1 \ 7 AI Vector Unit 2 \

Y (:—)@] Vector Unit [ : > (Scalar Unit Vector Unit !

A | A |

‘ v 1 [ l v 1 ‘

<—>‘\ [ Vector Scratchpad Memory ] [ l\ [ Vector Scratchpad Memory ] ‘

_____________ 7 —______T______/

Figure 3.2: Scheme of a single Al Core of the 910B NPU [46].

The accelerator contains 20 Al cores [25] 146]], each composed of one Al Cube
(AIC) unit and two Al Vector (AIV) units. The architecture of each Al core is
shown in Each unit contains a compute engine, a scalar unit and a
Memory Transfer Engine (MTE). The compute engine is specialized for matrix
multiplication in the case of AIC unit (Cube unit), and wide vector operations
for AIV unit (Vector unit); the scalar unit is responsible for control flow and
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scalar operations; the MTE handles memory operations independently of the
other units.

The NPU contains a Global Memory (GM), shared between all Al cores. There
is also a global L2 cache between GM and the compute cores. Each unit also has
some private Scratchpad memory. The AIC unit has additionally some levels of
buffers to maximize the utilization of the Cube unit. All memory movements are
controlled in software, except for L2 caching.

3.1.3 Ozaki Schemes

Given two matrices A € IFZ “1,B ¢ IFZW in high precision FF;, (usually double pre-
cision), the task that the Ozaki Scheme (OS) computes is a matrix multiplication
operation AB.

The main advantage of the OS is performance: by using the fast Tensor Cores
present in the hardware, the computation can be faster than native high-precision
operations. Another advantage is reproducibility: since the scheme is imple-
mented at a high level, with low-precision operations guaranteed to avoid over-
flows and rounding errors, the details of the rounding implementation in the
hardware do not change the values, guaranteeing perfect reproducibility across
platforms [32].

Let IF; be a low-precision type supported by hardware Tensor Cores. The
scheme splits the matrices into low-precision slices:

A=A +Ay+--+A, B=B +By+---+B, (3.1)

where

A, €eF™, B e Bl
for1 <i <k 1 <j </ and for some lower precision F; with I < h. Such
slices are constructed iteratively as A; = f1 (A - Z;;(l) A]-), where f1 denotes the

truncation to [F;.
Then the desired product is approximated as the sum of pairwise products:

AB=(Ay+As+ -+ A)(Bi+By+-+B) =Y AB. (32
i,j

This sum can be truncated: the size of some products A;B; is smaller than the
roundoff precision of F; [40]. Also note that the scheme has to make sure that
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the slices contain values small enough, so that the pairwise products A;B; are
guaranteed to be exact in the working precisions.

The first version of the OS [36] is also known as mantissa slicing, since the
slices are constructed by splitting the mantissa of each entry in A and B.

Ozaki Scheme I using integer matrix multiplication

The scheme described above uses low-precision floating point operations on the
slices. If not done carefully that step can easily produce overflow or inaccurate
results. A solution for these problems is to scale the slices such that they contain
small integer entries. In this regime, many operations between floating point
numbers are exact and do not incur in under- and overflow. But since the values
are small integers, the scheme can indeed use integer matrix multiplication [34].
Using integers can improve the memory efficiency of the scheme, as they avoid
keeping auxiliary bits (exponent, sign). But ultimately the best option is usually
dictated by hardware support and performance.

The scaling of the slices can be done in different ways. The more general form
is the following: we consider a scaling factor for each row of A; and column of B;.
Scaling factors are usually chosen as powers of two, so that they are guaranteed to
be exact and they can be multiplied fast. Let such values be the entries of vectors
u € Z"v € Z". Let also diag(u')) and diag(v)) be the diagonal matrices
with the same values on the diagonal. Then the matrices are scaled as A; =
diag(u))A and Bj = Bjdiag(v(f)). Thus the final pairwise products are easy to
reconstruct as:

A;B; = diag(u") 1 A;B;diag(vV)) L.

It is possible to use a scalar instead of a diagonal matrix on either side, but that
may in turn require more slices to keep the same elementwise precision in the
result.

Similar techniques are used in LLMs quantization [33]], though in that case the
goal is to minimize the memory footprint and numerical inaccuracy is acceptable.

Ozaki Scheme I1

What is described until now, is known as OS I, since a new method to solve the
same problem has been developed: the OS II, where the high-precision emulation
is done using modular techniques and the Chinese Remainder Theorem [37].
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The first step is to scale the input matrices A, B such that they have integer
entries. This is done as explained in the previous section, thus obtaining integer
matrices A = diag(u) A and B = B diag(v) After this step, the i-th slice Al s
computed as:

A](;() = Ay mod p;,
where py,...,px € IN are selected coprime integers. Similarly B is decomposed
into By, ..., By using the same moduli.

Then the products under each modulo are computed: A;B; mod py, A2B>
mod py, ..., AxBy mod pi. On these the Chinese Remainder Theorem is applied
on each entry to find the scaled result AB mod P, with P := [T*_, p;. Now if P
is large enough and P > 2|(AB); j| for all i, j, the value of (AB);; modulo P is the
same as in Z.

At this point, we can finally compute the result AB by applying the inverse
scaling, as:

AB = diag(u)~! AB diag(v) .

Of course the values pjy, ..., px have to be chosen wisely: they have to guar-
antee that their product P is large enough, maximizing the number of computed
digits in the result. But at the same time each slice has to fit in the low-precision
type, limiting the size of the individual moduli p;.

3.1.4 Iterative Refinement

The general scheme of Iterative Refinement (IR) works as described in
[43]. It works by iterating three basic steps: residual reconstruction (Sec

tion 3.1.4), subsystem solution (Section 3.1.4) and solution update (Section 3.1.4).

Algorithm 5 General Iterative Refinement scheme.
: Input: A € F"*", b, xo € F",

2: X < X

3: while not converged do
4: r<b— Ax

5: d < SOLVE(A,r)
6
7
8

—_

x<—x+d
- end while
: return x
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This scheme enables the use of low-precision computation (which often can
achieve more operations per second) for the most expensive step of the solution:
the subsystem solution. In fact each of the three steps can be done with a different
level of precision [7]. Though clearly the scheme can only converge to a solution
up to the working precision of the update.

The algorithm used for subsystem solution step can be anything. The most
popular schemes use LU decomposition, or GMRES.

3.1.5 Related Work

The idea of Iterative Refinement has been around for a long time, being first
proposed by James H. Wilkinson in the 1960s [45]. Initially, IR was motivated by
the performance gap between single and double precision. In more recent years
it has seen a renaissance due to the widespread adoption of low-precision types
in hardware. Therefore in the last years mixed-precision methods have been at
the center of research [16), [1]].

Specifically for solving linear systems, IR methods have been applied to dense
problems on GPUs [16}, [17]. This has been supported by the theoretical study of
mixed-precision techniques to understand the conditions for their convergence
[7]. The traditional limitation has been that the low-precision solution required
k(A) < u~!, but more recent work has found techniques to extend their applica-
bility [6].

On the other hand, for very similar reasons, Ozaki Schemes have recently
gained popularity. So much so that they have been used to emulate double-
precision GEMM with better performance than native operations [41].

Notation

This is a good place to introduce notation used in this section.

e Let I, be the set of (signed) integers with b bits, so the set:[—2°,2" — 1] N Z.

e Let IFj, be the set of floating point numbers with b bits. Refer to
for the specific numbers of bits and roundoff precision u of the formats.
We denote with IF; and IF;, a “low” precision and a "high” precision format
respectively. We choose the first so that it is supported natively by the NPU
hardware, but we don’t require the same for the second, which may be
arbitrarily accurate.
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* We use L1, L2 and infinity norms, for vectors:

[o]l1 :=)_ |vil, [0]l2:= /) 0%, 7]l := max |vi];
i i

for matrices, in general, given a vector norm || - || the corresponding matrix
norm is defined as:
A== max [ Aq].

vllo]=1

But the selected norms can be expressed also in more useful terms, as:

n n
1Al :==max ) [Ayl,  [lAll2:=p(A),  [|Alle:=max}_[Aj];
Ji=1 boj=1
where p(A) is the spectral radius of A i.e. the magnitude of largest eigen-
value.

Remark the following inequalities between the norms: for any v € R" it
holds that

loll2 < [lolls < nf|vf|e (33)

e We also use the max-norm of a matrix: ||A||max := max;; |A;;|, note though
that it doesn’t have a corresponding vector norm.

¢ To quantify the conditioning of a matrix, we consider the L2 condition num-
ber: k(A) := [|A[2| A7 2.
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3.2 Iterative Refinement Method

We are given a sparse matrix A € IF}*", and a vector b € F}. The task is to solve
the linear system Ax = b, finding x € IF}.

Intuition The development of the method started by considering an iterative
method where A is divided into a sum of slices A®) + AM 4+ ...+ A(Na-1),
where each is of a smaller “magnitude” than the previous ones (for some mean-
ing of “magnitude”). Similarly we assume that the solution vector x is expressed
as a sum x(© + x() ... 4 x(Nx=1) With this notation we have that:

Ax = AO20) 4 (400 L A0 D) 4 (ADO) 4 40D 4 A0)x@)) 4 ...

where the parentheses group products of similar “magnitude”. The idea now
is to iteratively find x()) by removing all the known contributions of larger or
similar magnitude, and solving the residual linear system:

PO = b~ A0 _ (AN x0) 4 4O (1) ... _ (Z Amx(i—j)) _ A0),0).
j=1

In the end this same method can be seen as a standard iterative refinement
that uses an Ozaki scheme with adaptive precision in the approximation of the
residual. Further analysis made clear that the precision in the computation of the
residual should be kept constant, to increase the quality of the next x(!). Thus we
obtained the method presented next.

3.2.1 Ogzaki Iterative Refinement

The initial step of the algorithm is to split A = A0 4 AW oo ANA-D) with
A0 A . ANA—D) ¢ IF;. This is done exactly as in the Ozaki Scheme I, but
possibly with fewer significant bits per slice. Let also A € IF, be the such that
it minimizes ||A — A||max. This is useful, since the second might have further
constraints, as we’ll see later.

In the algorithm we call a subroutine to solve a linear system Mx = b in
low-precision [F;. We denote such procedure as SOLVE(M, b, es), where eg is the
target relative forward error i.e. the output x € FF} is s.t. [[Mx — b|[2 < eg]/b].
This condition only makes sense for sufficiently big es € (0,1) and M well con-
ditioned, since the subroutine runs in low-precision. In principle SOLVE can be
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any algorithm. Given our focus on large sparse matrices, we implemented SOLVE
with a Conjugate Gradient (CG). Thus we must add the additional constraint that
A be Symmetric Positive Definite (SPD). Nevertheless, this additional condition
is otherwise not needed for the IR method to work.

The proposed algorithm is described in This is a standard itera-
tive refinement scheme, but the interesting addition is that the residual estimate
is refined with an Ozaki-like scheme.

Algorithm 6 Ozaki-based Iterative Refinement solver.
1: Input: A, AN ... ANa=1 A € FI*" b € FF, g0 € R

22 k=0

3 10 b

40—

5. while |7, > ep do

6 k< k+1

7 r0) ¢ p(k=1)

8 x®) «— soLVE(A, r), e)

9: forj=0to Ny —1do

10: if |AD||;[|x®)|; > « then
11: 1) (B — AG) x(K)
12: end if

13: end for
14: end while
15: return ELO x ()

Scaling We represent A, A1) ... ANa=1) ¢ IF}*" using a single scalar scal-
ing factor for the whole matrix i.e. A7) = 2% A0 for some A() € Z"*". This is
different from what is usually done in an Ozaki Scheme, that uses a right-hand
side multiplication by a diagonal scaling matrix. This simpler scaling is allowed
by the different precision requirement. High-precision matrix multiplication em-
ulation means aiming for elementwise precision, while for a linear solver the
standard error metric is L2 norm (or possibly infinity norm i.e. the maximum
elementwise error). Using a scalar scaling factor might result in large componen-
twise relative errors for small elements, but the large elements dominate these
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global metrics. We prove in that for L2 norm the method is well-
behaved.

Note that a row-wise/column-wise scaling of the matrix, can be seen as a
form of preconditioning, so it may be an effective way to extend the applicability
of the method. Preconditioning is not considered in this work: we therefore limit
to well-conditioned matrices.

Splitting and reconstructing The splitting of matrix A into the sum A®©) +
AW ...+ ANa=1) and the final sum Y¥_, x() are naturally implemented using
operations in [Fj,. These operations can technically be done on Ascend NPUs, but
the implementation would be complex since the hardware has no native support
for 64-bit data types. Therefore the operations would have to be implemented by
decomposing the target floating point value into mantissa and exponent, possibly
dividing again those values into 32-bit parts, in software.

Therefore, for ease of implementation, we compute these steps on the CPU.
This step takes a time on the same order as the execution of the IR, suggest-
ing that its acceleration using NPU could speed up the end-to-end runtime of
the scheme, from high-precision inputs to high-precision solution. On different
hardware, such as many GPUs, 64-bit types are natively supported, and this step
can be easily implemented on the device too.

We observed that the time to sum and move all x() from the device to the CPU
was only a small fraction of the total. This step takes from ~ 2-10~* (for n = 211)
to ~ 3-1073 seconds (for n = 219, always more than one order of magnitude less
than the overall runtime. Also a simple asymptotic consideration supports the
observations: the total runtime is O(#nonzeros in A), while the final sum takes
only O(n) time. Therefore this does not seem a limitation of this implementation
or the hardware in this context.

Representation of the residual Since the residual has to be kept with high pre-
cision, in the implementation we use a fixed-digit representation using multiple
I3, per element together with a single scalar scaling factor. In this way we can
keep an accurate residual using only II3; operations.

It is also possible, and simpler in some cases, to implement this reconstruction
using floating point numbers (e.g. F37) and without handling additional scaling
factors. Nevertheless using integers uses a smaller memory footprint and thus
smaller memory movements.
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Choice of norms The choice of using L1 norm in the inner loop is mostly for
ease of computation: computing the L2 norm of a matrix is, in general, very
expensive. On the other hand, computing the L1 norm only requires simple

sums: ||x[1 = ¥, |x@ | and ||A®)||; = 2% max; y;’ ‘Ag() ’ In the implementation,
we compute this second value offline. We validate this choice in [Section 3.2.3
Also infinity norm would work, but would give worse L2 precision guarantees,

as remarked in [Equation (3.3)!

3.2.2 Considerations on the SpMV

We have Sparse Matrix—Vector products (SpMVs) inside the SOLVE procedure and
in the residual refinement inner loop. The implementation of these on the NPU
is not trivial, and this is an active field of research. We compute these using
an algorithm developed by Soboczyk et al. [39]. We describe and analyze the
algorithm in this section.

The method takes as inputs a sparse matrix A € K"*" in Compressed Row
Storage (CSR) format and a vector x € K". The CSR format represents the matrix
by storing three vectors: A.val € K", containing nonzero values, A.col € IN"=
containing column indices and A.row € IN"*1 indicating the endpoints of each
row’s entries.

To compute y = Ax it proceeds in three steps:

1. Gather-product: compute z[i] = A.valli] - x[A.col[i]] (for each nonzero entry
in A);

2. Scan: compute s[i] = Z;::o z[j]. This is the only step that is accelerated using
the Cube unit, in addition to the vector unit.

3. Gather-diff: compute y; = s|A.row[i + 1]] — s[A.row][i]].

Future refinements of the method aim to fuse the last two steps, or simply parti-
tion the sum. This will improve the numerical stability by avoiding the compu-
tation of large sums and subtractions between them, which currently limits the
applicability of the method.

Data types Supported input data types are 3y, IF16 and Ij6, as these are the
only supported input types for vector mul operation. In the last case z needs to
be truncated to IIg to use Cube acceleration for the scan.
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The vector s has entries of type [F3; in both floating point cases, and I3, in the
integer case. The final result y has the same type as s.

Limitations In the design of the IR method, specifically in the reconstruction of
the residual, it is essential to have a good understanding of the SpMV’s precision.
Therefore let us analyze some sufficient conditions under which the computation
is exact.

Let’s call £ and h respectively the number of significant bits allowed as input
of the Scan, and as final output. To have an exact result:

* in the Gather-product step: the entries in z cannot overflow; so the number
of significant bits in the input shall be at most [¢/2];

* in the Scan step: s has h significant bits, while z has ¢ significant bits. If the
maximum number of elements in the sum is at most 2.

Subsequently, the Gather-diff step makes a single subtraction between two
h-bit numbers, requiring at most one more significant bit. Therefore the
maximum number of nonzeros has to be limited to 2/—/~1.

With these conditions, we can compute the maximum number of significant bits
that we can allow in the input, and maximum number of nonzeros so that at
each step the computations are correct. These resulting numerical values are

summarized in [Iable 3.2/ for the different possible input types.

Input type
16 F16 F3»
Scan capacity /¢ 7 11 23
Output capacity h 31 23 23
Max number of bits in input [¢/2] 3 5 11
Max number of nonzeros 2" ‘1 | 231-7-1 =223  8.10% | 211 = 2048 | 1

Table 3.2: Summary of number of significant bits at each step of the SpMV.

From these results it is clear that both [F14 and F3; are impractical given the
small number of nonzeros they can handle without error, though of course in
real cases the number is almost always larger than the given worst-case estimate.
This therefore motivates the choice of using II;¢ in the residual reconstruction.
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The use of an integer type for this SpMV is not limiting, since it is sufficient to
scale the slices AU) and x(/) to keep the desired number of significant bits.

It is possible to further refine the method by allowing the number of signifi-
cant bits in the right-hand side and left-hand side to be different, and thus make
use of one additional bit of precision. In the final version of the method we use
s4 = 3 significant bits in each A() and s, = 4 in each x\/). To guarantee s, correct
bits in x() implies that eg < 275+,

SOLVE SpMV precision The SOLVE procedure will, for virtually any algorithm,
make use of SpMV internally. Therefore it makes sense to briefly consider the
tradeoffs in the use of each data type available in this context. First, using integer
SpMV can be a valid option, but it may also imply limited precision in the rep-
resentation of A. Clearly, a scaling scheme can be used to keep high fidelity in
the representation. Nevertheless the limitations in the number of significant bits
in the entries are the same as discussed before (an overflow can be disastrous, as
it may be undefined behavior), with only up to 3-4 usable bits.

For floating point types, the situation is different from before, as we no longer
require an exact result and so can afford losing some low-value bits. In this way
the precision degradation is gradual when increasing significant bits in the input.
Therefore we only have to guard against over- and underflows. For this it is
sufficient to scale the inputs such that the largest entries are e.g. between 1 and
2.

The choice between F4 and F3; is probably not very important: in both cases
the output is single precision, and so are all the vector operations. The accuracy
of the result is similar, as both use single precision in the sums (Scan and Gather-
diff steps) and the multiplications (Gather-diff step) are stable operations. Because
of higher bandwidth used by Fas), its performance is slightly worse than half-
precision. Therefore we’ll use Fg.

Splitting parameters setting Having fixed the number of significant bits in each
Al and x1), this determines the precision that a number of parts N4 and k gives:

Ny—1

A- Y AD < 2754 Na,
i=0

max
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Therefore given ep we can set Ny = [—log, (¢0/(2n)) /s4] to have that:

Ng-1 Ng-1
leall2 := || A — AVl <nllA- AW < n275aNa < g
i=0 2 i=0 max
3.2.3 Convergence Analysis
Throughout this section we call:
o 7 .= ;:0 xU), i.e. the approximation of the solution after iteration i;

o 7 :=p— Af(i), i.e. the true residual of Y(i);

o 7(1) the estimated residual at the end of iteration i;

k the total number of iterations of the algorithm;

u the roundoff precision of ;.

Furthermore, assume that |[|Al, = O(1) and ||b|| = O(1). This assumption
doesn’t lose generality, since it is sufficient to scale the inputs to satisfy this
assumption. Also assume that x(A) is constant. This is a simplifying assumption,
but it does not decrease the value of the theorems, since they prove correctness
only with bounded condition number.

In the algorithm, the residual is updated only counting contributions of at
least a fixed size in L1 norm. Therefore we need a first result limiting the error
in L2 norm of the residual.

Theorem 3.1 (Residual correctness). If the residual is stored with enough precision, at

each iteration keeps an estimate of the residual ') such that
I =792 < O(eo)-

Proof. Let 1;; be the following indicator function:

o[ A O < a= e
v 0 otherwise.
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Then, since [|ADx@O||; < [|AD||;]|xD |1, we have:

i Ny—1 i Ny—1
>, 21 "<} )1
m=0 j=0 m=0 j=0

™y < Naka < eo.

Now, the residual can be expressed as:
i A i A
= Z 2 (1= 1y, ) AWM = p — Ax Z Z L, AV g 4% 0.
m=0j=0 7(0 m=0 j=

So a simple application of the triangle inequality yields:

”r(i) _ 7 I, <

2
i Np—

Z Z ™ HA )H2 + leax?]]2 < g0 + [leax .

Lastly we can conclude by noticing that:

lea® < flealle||A7 ] Ibll2 < leal X2 1ol < Oe0). D

1A]2

Using this result, we can prove that the whole method converges to the de-
sired precision.

Theorem 3.2 (Convergence correctness). If C := (1+ u)ux(A) +eg < 1, then
Jk = O (log(||bll2/€0)) s.t. after k iterations, the backward error converges to the
desired precision €¢, that is:

[7912 = 1A% —blla < O(eo).
Furthermore the constants inside the big-O notation only depend on C.
Proof. By construction we have that: ||A — A|lmax < #||Al/max. Hence:
1A = Alleo < u[|Allmax-

Also observe that ||Allmax < (14 u)||A||max < (1+u)||A|2 because entries are
rounded to ;.
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Note that at any iteration i, we have that 70) = 7(-1) _ Ax(), Therefore, using

Theorem 3.1
I — Ax Dy < AxD — AxOlly + | Ax® — 7 | 4 7D — 1
< A= Alpl|x® 5 + sV, + O(eo)
< (Ll Al [ A7 I+ 55D |2+ O(eo)

< (g +u)ux(A) -|-ng) 17|z + O(eo)
C

< ClIF V2 + O(e0) < 2max{C|7"" V]2, O(e0)}-
Now with a simple induction we can see that:

7 = (|70 — AxD]|, < max{(2C) |7V, O(e0)}
< max{ (2C)!||7? |2, O(eo)}-

Lastly note that if k = O (log(||b||2/€0)), then (2C)F = O(eo/||b||2) since 2C <
1. Thus we can conclude by noting that the right hand side is a max between

O(So). ]

3.2.4 Performance analysis

Let A be n x n with n,, non-zero entries. Let also N;.s be the number of parts in
which the residual is split.

Memory movement analysis For simplicity we'll consider a single iteration and
then multiply the result by the number of iterations. Thus we are ignoring pos-
sible reuse of variables between the iterations. The aim of this analysis is more
to understand the fundamental limits of the IR method, not evaluate the quality
of the implementation using details of the current SpMV or the chosen SOLVE
procedure.

We'll lower-bound the bandwidth needed by SOLVE with the amount of data
moved by a single SpMV: ((2 + 4)n,; + (4 + 2)n) bytes. This value comes from
considering int32 column and row indices, and 2-byte input and output values
(SO ]F16 or ]116)-
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Of course, this is a rough lower-bound and in practice it is quite likely that the
data is accessed multiple times, especially with iterative solvers. For the residual
reconstruction, we can count the exact number of SpMVs plus the number of vec-
tor operations done on the residual, for a total of N4 (671, + (4Nyes + 6)n) bytes.
The reconstruction of the residual in Fis and the computation of vector norms
imply O(n) additional movements. We will ignore these additional movements,
as they are asymptotically small compared to the SpMVs, which dominate the
bandwidth required with O(n,;) bytes moved.

Therefore, we can summarize the overall bandwidth lower bound across k
iterations as:

k (61, + 61+ Na (617 + (4Npes + 12)1)) bytes. (3.4)

3.3 Experimental results

3.3.1 Test problems

Random problem generation As test problems we created a set of sparse SPD
random matrices with controlled condition number and density. We start with a
sparse random upper triangular matrix U with zero diagonal and nonzero entries
independently sampled from a standard normal distribution. Then we consider
the symmetric matrix R = U + U7, and compute its maximum and minimum
(with the canonical ordering of real numbers) eigenvalues Amax and Apin. This
makes sense, since R is real symmetric and therefore its eigenvalues are real.

Finally we can compute the desired SPD matrix A as

Kk—1
A=T+ Amax — Amin (R )\mmI)/
where [ is the identity matrix of suitable dimension. Adding identity and scaling
the matrix shifts and scales the spectrum, so A has extreme eigenvalues 1 and «.
Thus it is SPD and with x(A) = 4= =  as desired.

This construction has the added benefit that the nonzero structure of the ma-
trix is independent of the desired condition number. This should allow the sep-
arate observation of the influence that the two properties have on the runtime.

The solution vector x is generated by independently sampling each entry
x; € Fgq uniformly from [0,1]. Finally the vector b is found as Ax, computed
in double precision.
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Parameter space The parameters (1,d,x), dimension, density and condition
number are chosen from a grid. We consider all tuples (n,d,x) € N x D x K,
where:

N = {2¥x € {11,12,13,14,15,16} } = {2048, 4096,8192, 16384, 32768, 65536},
D = {0.0001,0.0003, 0.001,0.003,0.01,0.03,0.1,0.3},
K ={2%|x € {1,2,...,12}} = {4,8,16,32,64,128,256,512,1024}.

These values are chosen such that they are approximately exponentially spaced in
each variable, and span a range that approximately captures all reasonable values
for each parameter. The parameter space is further limited to instances with less
than approximately 10® nonzeros and with n < 216, because of limitations in the
implementation the SpMV. Note that this limit on the number of nonzeros is

larger than the (pessimistic) theoretical limit reported in

3.3.2 Experimental setup

Baseline solvers We compare the proposed implementation of the IR method
running on NPU against the multithreaded CPU implementations of CG from
ALP/GraphBLAS [48| 30] and Eigen [15]. For the first, we use the nonblocking
backend for two main reasons: first, this backend has been observed to be often
faster than the multithreaded blocking; second, it implements an automatic tiling
mechanism, ensuring good performance without manual parameter tuning.

We measure the runtime of the solvers at a fixed relative residual L2 norm

7(i)
target, equal to ep = % = 10714

Systems The IR runs on an Ascend 910B4 with CANN 9.0.0, with host CPU an
AMD Epyc 9654. We will call this NPU system.
The CPU baselines run in double precision on the following systems:

¢ ARM: HiSilicon Kunpeng-920 CPU (2 sockets, 48 cores per socket), 512 GiB
RAM.

* Cascade: Intel Xeon Gold 6238T CPU (2 sockets, 22 cores per socket), 180
GiB RAM.

All systems run Ubuntu 22.04; The compiler used is GCC 11.4 with flags -02
-march=native -mtune=native. The kernel version is 5.15.0 for the first two, and



3.3. EXPERIMENTAL RESULTS 57

6.8.0 for the NPU system. We run the CPU baselines with the following OpenMP

settings: OMP_PLACES=cores and OMP_PROC_BIND=close. The number of threads is

set to the number of physical cores, so 44 for Cascade and 96 for ARM.
Furthermore, the runtimes will be compared also with the memory movement

time estimate using [Equation (3.4)| and the measured peak bandwidth value of
1.47TBs™! for GM.

3.3.3 Results

The measured runtimes and residuals for a selection of condition numbers is
shown in Some data points are missing: for large nonzero count and
high condition number, the construction makes the entries larger, and thus the
SpMYV less numerically unstable. Above a certain threshold the method no longer
converges, and thus no data could be gathered.

From these, we can observe a few important things: first, the nonzero count
is indeed the dominant factor in determining the runtime. Density and matrix
dimension seem to have only a minor impact. Second, the runtime of IR is slower
than the baselines for small matrices, while being comparable for larger ones.
This is definitely caused by the overhead of communication between the CPU
and the NPU. Third, while the residual is quite similar for the two CG baselines,
IR shows the error metrics are almost always smaller than CG. This is likely due
to the fact that the inner solve always solves with the same fixed precision, thus
each outer iteration produces larger steps compared to CG. Nevertheless this
does not explain the larger gap between forward errors compared to residual
errors. It is possible that the residual reconstruction scheme is more accurate
than the double precision residual kept by CG, thus making the final solution
more precise.

To better understand how the runtimes of the different solvers compare, con-
sider the speedup of the baselines against IR (i.e. the baseline runtime divided
by IR runtime). These values are reported in the last row of The fig-
ure clearly shows that IR is faster than Eigen on large instances and for a range
of condition numbers, while consistently being slower than ALP/GraphBLAS’
nonblocking baseline.

Nevertheless, IR’s runtime has the same order of magnitude as the baselines.
The runtime lower bound given by the roofline model is smaller than all base-
lines, but still more than 20 times smaller than measured runtimes. This would
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suggest that the implementation is quite inefficient. But the roofline estimate
only considers bandwidth and ignores latency and synchronization costs. Fur-
thermore some memory movements are deliberately excluded, such as the inner
workings of SpMV.

Furthermore, the plots show the runtime lower bounds given by the roofline
estimate from [Equation (3.4) These lower bounds are consistently one order of
magnitude smaller than the best measured runtime. This shows that the algo-
rithms for SpMV and IR have still room to improve. In particular, together with
improvements in NPU hardware, IR methods could make NPU acceleration of
sparse workloads a competitive option compared to established CPU solvers.

3.4 Conclusion

In this chapter we have explored a novel Iterative Refinement method, aimed at
using NPUs. We analyzed, implemented and evaluated the algorithm, observ-
ing the limitations of the hardware and approaches to work around them. This
method, based on the OS I, shows performance competitive with established
sparse solvers.

The proposed method can approximate arbitrary precision, though its com-
plexity increases quadratically: both N4 and k increase linearly. To have a linear
complexity, an idea would be to adapting the OS II. But doing solving linear
systems using modular techniques in the same way as was done with OS I is
probably harder if not impossible. The IR method works on the real numbers by
iteratively solving a low-precision version of the system. This approach works
on the real numbers, where the euclidean space has the same structure inde-
pendently of the scale, but modular spaces are fundamentally different. So a
modular technique similar to OS II needs a different approach.

Mixed precision approaches, and especially emulation schemes, show a pos-
sible paradigm shift happening in Scientific Computing. When using these tech-
niques, precision becomes a parameter that can be changed, tuned and opti-
mized. This is in stark contrast with the traditional point of view, where the
working precision is determined by the hardware’s features.
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Acronyms

Al Artificial Intelligence

AIC AI Cube

AIV Al Vector

ASIC Application Specific Integrated Circuit
CG Conjugate Gradient

CPU Central Processing Unit

CSR Compressed Row Storage

dSB discrete Simulated Bifurcation
FEM Finite Element Analysis
GEMM general matrix multiply
GM Global Memory

GPU Graphics Processing Unit
HBM High Bandwidth Memory
HPC High Performance Computing

IR Iterative Refinement
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LLM Large Language Model

MTE Memory Transfer Engine

NPU Neural Processing Unit

OS Ozaki Scheme

QUBO Quadratic Unconstrained Binary Optimization
SA Simulated Annealing

SARE Simulated Annealing-Replica Exchange
SB Simulated Bifurcation

SPD Symmetric Positive Definite

SPMD Single Program Multiple Data

SpMV Sparse Matrix—Vector product

TPU Tensor Processing Unit
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