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Abstract

Galaxy clusters are the most massive cosmic structures in the Universe, and are connected at their
peripheries to extended and complex filamentary structures, that act as funnels for the infalling ma-
terial. This network of clusters and filaments is known as the cosmic web. For this reason, matter
distribution in and around galaxy clusters is far from being isotropic, and the anisotropies are related
to the processes of structure formation, with di↵erent matter components (dark matter, galaxies and
di↵erent gas phases) being a↵ected by di↵erent physical e↵ects.

Therefore, in this work we decided to study the asymmetries in the distributions of the di↵erent
matter components from the central regions of galaxy to their outskirts. For this analysis we used the
data from the cosmological hydrodynamical simulation IllustrisTNG. To characterize the asymmetries
of the matter distribution we used two methods, both based on an harmonic decomposition of the
projected matter density: the harmonic power excess, and the � parameters, which we introduce here
for the first time.

In the first part of the work we used the harmonic power excess to study the asymmetries of galaxy and
gas distributions in and around galaxy clusters, with respect to the background distribution. We found
that, on average, matter distribution in the inner cluster regions tends to be elliptical in shape, while
the outskirts of clusters present a more complex harmonic signature, pointing towards the presence of
filamentary structures. We also observed that di↵erent gas phases trace di↵erent structures in galaxy
clusters: while the hot gas (that has been shock heated to high temperatures) is mainly found inside
clusters, and traces their elliptical shapes, the warm-hot intergalactic medium is a better tracer for
the filaments that connect to the clusters’ outskirts.

In the second part of the project we used the � parameters to quantify the level of asymmetry in dark
matter and gas distributions in clusters’ environments. We then related these quantities to the cluster
properties. We found that the level of asymmetries is correlated to the geometrical properties of the
matter density field, such as the ellipticity and the number of filaments around clusters, called the
connectivity. It also shows dependencies on the radial distance from the cluster center, on the cluster
mass, and on the cluster dynamical state.

This work shows that the harmonic decomposition of the projected matter density can be a powerful
tool to probe the departure from spherical symmetry of the matter distribution, and the level of
asymmetry of the various matter components can be used as a probe of the cluster properties.
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Chapter 1

Introduction

Being the most massive cosmic structures in the Universe, galaxy clusters lay at the interface of
astrophysics and cosmology, and are extremely interesting in both perspectives.

Galaxy clusters are multi-component objects: while most of their mass in the form of dark matter
(DM), they also contain hot and di↵use gas called the intracluster medium (ICM), and of course a large
number of galaxies, typically from a few hundreds to a few thousands (although they only contribute
to around 5% to the total mass of the cluster). Each of these matter components provide important
information on the physical processes happening inside clusters, from details about their formation
history, to thermodynamical properties of the gas, to feedback mechanisms involving supernovae and
active galactic nuclei (AGN), just to make some examples.

Furthermore, galaxy clusters are far from being isolated objects. On the contrary, they form at
the nodes of a complex, web-like structure called the “cosmic web” [6]. This network of filaments,
connecting clusters to each other, as been observed in both simulations (e.g. [6, 57]) and large galaxy
surveys [11, 13,72].

In the cluster outskirts, where the filaments connect to them and act as channels for the continuously
infalling matter, a lot more interesting physical e↵ects can be studied. For example, in these regions
a departure from hydrostatic equilibrium is expected, as well as distinctive marks of accretion physics
such as shocks and turbulent gas motion, which a↵ect the density distribution of the gas. Moreover,
a detailed description of the cluster gas up to large radii is important for better constraining cluster
properties such as the mass, which in turn are crucial for using clusters as accurate cosmological
probes. Indeed, the mass function of galaxy clusters is commonly used to constrain cosmological
parameters of the ⇤CDM model such as the matter density parameter (⌦m). [55]

In the standard picture of hierarchical structure formation scenario, galaxy clusters are formed mainly
by merging of smaller groups [65], and are therefore expected to show a spatial matter distribution
that is not spherically symmetric in general, especially the most massive ones [14, 22, 31]. Indeed,
it has been observed that they are better approximated as triaxial objects, rather than spherical
ones [21,23,35]. Furthermore, they continue to accrete galaxies, gas and smaller groups, preferentially
through the filamentary structures of the cosmic web, that connect to their outer regions [56,66]. For
this reason, matter distribution in the outskirts of galaxy clusters is expected to deviate even more
largely from spherical symmetry (see for example [19, 21,23]).

In order to characterize these asymmetries, a statistical method called “harmonic power excess” has
been developed by [23], and has been successfully applied to the dark matter [23] and galaxy distribu-
tions [21] in clusters’ environments. These studies form the basis of our work. This method consists
in a harmonic decomposition of a 2D projected density field in clusters’ environments. By averaging
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2 CHAPTER 1. INTRODUCTION

such decomposition over a large number of clusters, one can highlight azimuthal symmetries on the
cluster shape and their surroundings.

In this work we want to explore the distribution and asymmetries of the di↵erent matter components
in the environments of galaxy clusters from the cosmological simulation IllustrisTNG [45]. There are
two main questions we are interested in answering:

1. What are the asymmetries of matter in galaxy clusters with respect to the background density
field of the Universe? And do di↵erent components have the same behaviour?

2. How much does the matter distribution in galaxy clusters deviate from the spherical symmetry?
And how does the level of asymmetry correlate to the cluster properties?

We address the first question using the harmonic power excess method, in particular applying it for
the first time on the distribution of gas, and comparing our results with the previous studies of [21,23].

To try and answer the second questions we introduce a new set of estimators, which we call � param-
eters (partly inspired by [66]), which quantify the powers of the most relevant orders of the harmonic
decomposition with respect to a spherical distribution. We aim to capture in this way the level of
asymmetry, and relate it to the physical cluster properties.

This thesis is organized in the following way:

In Chapter 2 we introduce the theoretical background of our work, presenting elements of cosmology
and structure formation theory, and describing the main properties of galaxy clusters, which are the
focus of this work.

In Chapter 3 we describe the IllustrisTNG simulations, from which we extracted the dataset we then
used for our analysis. We explain the data selection and post-processing.

In Chapter 4 we detail the methods and statistical estimators used in the analysis, in particular the
harmonic power excess and the � parameters, that give us information on the asymmetry of matter
distribution.

Then, in Chapters 5 and 6 we describe our analyses and present our results with the harmonic power
excess applied on the galaxy and gas distributions, respectively.

In Chapter 7 we present the results of the analyses of the � parameters on the gas distribution, relating
it to di↵erent cluster properties.

Finally, in Chapter 8 we summarize our results and draw the conclusions of our work.



Chapter 2

Theoretical Background

In this chapter, we present the main theoretical topics that serve as a background for our work. In the
first Section 2.1 we introduce some basic notions of cosmology, together with important parameters
that will be used later in the analysis. In the second Section 2.2 summarize about the theory of struc-
ture formation, introducing the concept of gravitational instability and di↵erent methods describing
the growth of structures. Finally, in the third Section 2.3, we present galaxy clusters, which are the
object of our analysis, listing their most important properties and some observational aspects. For
writing this chapter, we mostly followed the following books and review articles: [12, 33, 53,68].

2.1 Cosmology

Cosmology aims to understand the Universe in its entirety, studying its properties, composition and
evolution, from its beginnings to the present time and beyond. The foundations of cosmology in its
standard form lie in two pillars: a theory of gravity and the “Cosmological Principle”.

Gravity is the strongest force acting on cosmological scales, and the best candidate to describe it is
Einstein’s theory of General Relativity. In this context, gravity is seen as a geometrical property of
the spacetime, which is deformed by the presence of mass.

A curved spacetime is described by the metric tensor, gµ⌫ , and the distance between two spacetime
events can be written as ds2 = gµ⌫dxµdx⌫ . The relation between the metric and the mass-energy
content is given by Einstein’s Equations:

Rµ⌫ �
1

2
gµ⌫R =

8⇡G

c4
Tµ⌫ (2.1)

where Rµ⌫ and R are respectively the Ricci tensor and scalar, which are contractions of the Riemann
tensor R↵

µ�⌫
, G is the gravitational constant, c is the speed of light, and Tµ⌫ is the stress-energy tensor.

The Riemann tensor holds information on the local curvature of spacetime, and it’s constructed
with the metric tensor and its first and second derivatives. The stress-energy tensor describes the
distribution of mass-energy in the Universe, and for a perfect fluid it can be written as:

Tµ⌫ =
�
p+ ⇢c

2
�
uµu⌫ � pgµ⌫ (2.2)

where p and ⇢ are the energy density and pressure of the fluid, and uµ is its 4-velocity.
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4 CHAPTER 2. THEORETICAL BACKGROUND

Einstein’s equations are notoriously very di�cult to solve, even in simple cases, so we need to place
some initial simplifying assumptions on the metric if we are to hope for a solution for the evolution of
the Universe. This is where the Cosmological Principle comes in.

The Cosmological Principle states that, on large scales, every comoving observer1 (at fixed time in its
reference frame) sees the Universe as homogeneous and isotropic.

From these assumptions, justified by observations (such as the Cosmic Microwave Background, or
CMB), one can easily write the metric of the Universe under these symmetries, called the Friedmann-
Lemâıtre-Robertson-Walker metric:

ds
2 = �dt

2 + a
2(t)


dr

2

1� kr2
+ r

2
�
d✓

2 + sin2 ✓d�2
��

(2.3)

given in comoving polar coordinates, where a(t) is the scale factor, which governs the expansion of
the Universe (and it is usually normalized to 1 at present time t0), and k is a constant that describes
its spatial curvature. Thereby, k = 0 describes a flat Universe and k = +1,�1 describe closed or open
Universes respectively.

In this metric, and taking the stress-energy tensor of a perfect fluid, Einstein’s equations become the
Friedmann equations:

✓
ȧ

a

◆2

=
8⇡G

3
⇢� kc

2

a2

ä

a
= �4⇡G

3

✓
⇢+

3p

c2

◆ (2.4)

where ȧ and ä are the first and second derivatives of a with respect of time. These equations depend
on three unknown functions: the scale factor a(t), and the fluid density ⇢(t) and pressure p(t). To be
solved they require the introduction of a third equation, the equation of state (EoS), relating p and ⇢.

The most relevant components of cosmological interest can be described by an EoS of the type
p = w⇢c

2, where the choice of w discriminates between the various types of fluids. The three main
components of the Universe are:

• Matter (non-relativistic): can be well approximated by a pressureless dust with w = 0

• Radiation: has w = 1/3 and includes photons and ultra-relativistic (non-degenerate) particles

• Cosmological constant ⇤: has w = �1 and is used as an approximation for dark energy

If we consider each of these components separately, as if the Universe contained only one component,
we can substitute the equation of state in the Friedmann equations 2.4. Then, assuming k = 0 (which
is consistent with the experimental result), we can solve the equations and find that:

• For a matter Universe: ⇢(a) = ⇢m(a) / a
�3

, a(t) / t
2/3

• For a radiation Universe: ⇢(a) = ⇢r(a) / a
�4

, a(t) / t
1/2

• For a ⇤ Universe: ⇢ = ⇢⇤ = const, a(t) / e
Ht

Obviously, we know that the Universe is not entirely filled with only one component, but these solu-
tions are nonetheless important because they describe well the behaviour of the Universe when one

1An observer that is at rest with respect to the source of geometry of the Universe, i.e. one that is following the
expansion of the Universe



2.1. COSMOLOGY 5

Figure 2.1: Density evolution of the di↵erent cosmological components through cosmic time: radiation, matter
and dark energy. Credits: Pearson Education.

component dominates over the others. Also, when looking at the dependence of the energy density
with respect to a, we can see that ⇢r decreases faster than ⇢m, while ⇢⇤ remains constant. This means
that, in an Universe containing these three components, we expect to have an early phase in which
the energy budget is dominated by radiation, a central era dominated by matter2, and a late phase
in which the Cosmological constant becomes the dominant component, while the other two get more
and more diluted by the expansion, as shown in Fig. 2.1, which shows the density evolution of the
three components over cosmic time.

At this point, what we need to fix in the cosmological model, are the values of the energy densities of
the various components at some reference time (usually today). To do this, it is customary to introduce
a dimensionless parameter called the “density parameter”. This is defined as the ratio between the
energy density ⇢i of the species i, and the critical energy density ⇢c. The latter is the energy density
required to have spatial curvature k = 0, and can be calculated from the first Friedmann equation 2.4
to be:

⇢c =
3

8⇡G

✓
ȧ

a

◆2

(2.5)

so the density parameter is:

⌦i ⌘
⇢i

⇢c
=

8⇡G⇢i

3

✓
ȧ

a

◆�2

. (2.6)

From this definition we can also see that the total density parameter ⌦ =
P

i
⌦i is exactly equal to 1

if the Universe is flat.

2This phase does not actually arise in all cases: if the Cosmological constant is high enough, it may already be
dominant by the time matter and radiation equal each other.
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Before talking about the current favoured cosmological model, let us introduce two important quan-
tities related to the scale factor: the Hubble parameter and the redshift. The Hubble parameter is
defined as

H(t) =
ȧ(t)

a(t)
(2.7)

and it’s a measure of the rate of expansion of the Universe. The value of H today, H0 = H(t0), is
usually written as H0 = 100h km s�1Mpc�1 where h is an adimensional parameter accounting for
the uncertainty on the value of H0 present in the literature (for a review on this tension, see for
example [15]).

The redshift z is a variable that accounts for the increase of photon wavelengths due to the expansion
of the Universe, as they travel towards us from distant sources (an e↵ect similar to the Doppler shift
that occurs when a source is moving away from the observer). It is defined as

z =
�obs � �em

�em
(2.8)

in which �obs and �em are, respectively, the wavelength of the light observed and the one emitted by
the source. If the emitter and the observer are both comoving observers, the redshift can be related
to the scale factor by the formula:

1 + z =
a(tobs)

a(tem)
(2.9)

Starting from a measure of redshift one can get an estimate of the “distance”3 of the source from our
position, once we fix the cosmological model.

Now that we have the basic ingredients, we can introduce the current standard cosmological model,
called ⇤CDM. The name comes from its two main components: ⇤ is the cosmological constant, or
dark energy, which is the energy that drives the accelerated expansion of the Universe, and constitutes
⇠ 70% of its energy budget today; while CDM stands for “cold dark matter”, in which dark refers
to a kind of matter that interacts (almost) only gravitationally with the other components, and cold
means that the dark matter particles are non-relativistic (i.e. their velocity is much smaller than c).

Dark matter (DM) makes up around 25% of the total energy budget of the Universe today, while the
baryonic4 matter (i.e. ordinary matter, which includes stars, galaxies and gas) only represents around
5% of the total energy density. In this model it is also assumed that the Universe is flat, since the
measurements of the spatial curvature from the CMB are consistent with k = 0.

The exact cosmological parameters we will use in this work are the ones extracted from the observations
of the Planck satellite, quoted in [51]: ⌦⇤,0 = 0.6911, ⌦matter,0 = 0.3089, ⌦baryon,0 = 0.0486, h =
0.6774.

3The concept of distance in cosmology is a quite broad topic that would require a lengthier discussion, which is
beyond the scope of this simple summary.

4In cosmology it is usual to refer to both baryons and leptons under the collective name of baryons, since the former
are the ones contributing the most to the energy budget today
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2.2 Structure Formation

So far, we only talked about the Universe as if it were perfectly homogeneous and isotropic, but in fact
we know that it is not exactly the case. Indeed, our Universe is only homogeneous on very large scales
(over ⇠ 100 Mpc), while below that scale it becomes highly inhomogeneous, with matter arranged
in a complex network of nodes, filaments and walls, hosting collapsed structures with sizes ranging
from stars to clusters of galaxies. This is known as the “cosmic web” [6], and it is the result of the
anisotropic collapse, under the e↵ect of gravity, of initial fluctuations in the matter density field [73].

The current favoured model for the formation of cosmic structures is the “hierarchical clustering”
model, which in brief states that the first structures to form were the smaller ones, which then
clustered, merged and accreted material to form larger and larger structures.

The story of structure formation begins in the primordial Universe, right after inflation, when small
fluctuations of the matter density field are supposed to be formed. They can be modeled as a realization
of an homogeneous and isotropic random Gaussian field (e.g. [25]). These initial fluctuations are the
seeds of all the structures we see in the Universe today. With time, these small fluctuations evolve
under the e↵ect of gravity, attracting material from their surroundings, thus becoming larger and
exerting a stronger gravitational pull, attracting more matter. This e↵ect is known as “gravitational
instability”, and it is believed to be the main driving process in the formation of structures.

Eventually, as the density fluctuations grow, some of those reach the point where the gravitational pull
becomes strong enough that the matter they are composed of starts collapsing towards the center of the
fluctuation, forming a gravitationally bound object. This process happens first at small scales forming
the first isolated structures. Later these small halos collapse in turn into larger structures, and so on
until forming the extended filamentary web-like structure we observe today (for example [11, 13,72]).

A note before proceeding: as we stated in the previous Section, when we talk about matter, the
main component we refer to is dark matter, which drives the gravitational collapse and forms the
“backbone” of the cosmic web, while baryons are mostly “dragged” into the potential wells created by
DM. For this reason, and because dark matter does not require to deal with the complicated baryonic
physics, in this Section we will mostly ignore baryons, focusing only on dark matter, which gives
already an excellent insight on the process of structure formation. The physics of baryons becomes
important for structure formation when considering galaxy clusters, for example, as we will mention
in the next Section 2.3.

2.2.1 Gravitational Instability

Gravitational instability was first studied by Jeans [28] in 1902, in the context of a static background,
to understand how stars and planets form from a cloud of gas. Applying this theory to the cosmological
case provides a good picture of structure formation, as long as the fluctuations remain small (i.e. in
the linear regime) [53].

In principle, to attack the problem of the evolution of small density perturbations, we should consider
the perturbed form of the Friedmann equations and solve them. In practice, in the limit of small
fluctuations, we can make some simplifications. We start with the assumption that dark matter can
be treated as a fluid, and that it is non-relativistic, so that the use of the Newtonian treatment is
justified. We can therefore write the fluid equations in the Newtonian setting, i.e. the continuity,
Euler and Poisson equations:
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@⇢

@t

����
r

+rr · (⇢u) = 0

@u

@t

����
r

+ (u ·rr)u = �1

⇢
rrp�rr�

r2
r� = 4⇡G⇢

(2.10)

where ⇢, u and p are the density, velocity and pressure of the fluid, respectively, while � is the
gravitational potential. These equations are written in physical coordinates r, but we want them in
comoving coordinates x. To do so, we use the relations:

r = a(t)x

u = ṙ = ȧx+ aẋ = Hr+ v

rrf =
1

a
rxf

@f

@t

����
r

=
@f

@t

����
x

�H (r ·rr) f

(2.11)

where the dot represent the total derivative with respect to time, H is the Hubble parameter and f is
a generic function. We also define v = aẋ

5. Applying these relations we obtain:

@⇢

@t

����
x

+ 3H⇢+
1

a
rx(⇢v) = 0

@(Hax+ v)

@t

����+ (v ·rx)Hx+
1

a
(v ·rx)v =

1

⇢a
rxp�

1

a
rx�

r2
x� = 4⇡Ga

2
⇢

(2.12)

At this point, what we need to do to proceed with the solution is separating the evolution of the
background fluid from the evolution of the fluctuations, which is what is actually interesting for us.
To do so, we rewrite the fluid quantities as the sum of a background term, which follows the Friedmann
equations, and a small perturbation term, that accounts for the fluctuations. After inserting them in
the equations, we will then consider only the terms that are linear in the perturbations. Before doing
that though, we make a final simplification: we neglect the pressure term in the Euler equation. This
approximation is justified if we look at scales much larger than the Jeans scale6, that determines the
scale above which the gravitational force starts dominating over the pressure forces. So, we can write
(with a slight abuse of notation for v):

⇢(x, t) = ⇢b(t)(1 + �(x, t))

v(x, t) = 0+ v(x, t)

�(x, t) = �b(x, t) + �(x, t)

(2.13)

So, substituting these quantities in Eq. 2.12 and considering only the linear terms in the perturbations,
we arrive to the set of equations we want to solve:

5The quantity ẋ, which is the velocity with respect to the comoving coordinates, is called “peculiar velocity”.
6The Jeans length is defined as �j = cs

q
⇡

G⇢b
, where cs is the sound speed in the fluid, G is the gravitational constant,

and ⇢b is the mean background density of the Universe.
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@v

@t

����
x

+Hv +
1

a
(v ·rx)v = �1

a
rx�

@�

@t

����
x

+
1

a
r · v = 0

r2
� = 4⇡Ga

2
⇢b�.

(2.14)

Manipulating these equations we finally arrive to

@
2
�

@t2
+ 2H(t)

@�

@t
� 4⇡G⇢b� = 0 (2.15)

which is our final equation, describing the evolution of a small density fluctuation in an expanding
Universe. A generic solution to this equation is of the form:

�(x, t) = �+ (x, ti)D+(t) + �� (x, ti)D�(t) (2.16)

which has a growing (+) and a decaying (�) part, where �± are the spatial distributions of the grow-
ing/decaying modes at some reference time ti, while D± are the functions regulating their evolution
which depend on the chosen cosmology. Since the decaying modes tend to disappear, it is usual to
consider only the growing ones, which are the only interesting ones for the study of structure formation.

As an example, we can see what is the result for a flat, matter-dominated Universe, for which we have:

a(t) / t
2/3

H =
2

3t
⇢b =

1

6⇡Gt2
(2.17)

Substituting into Eq. 2.15 and solving the equation we get

D+(t) / t
2/3 / a(t) D�(t) / t

�1 / H(t)

�(t) = �+ (ti) (t/ti)
2/3 + �� (ti) (t/ti)

�1
(2.18)

This result shows that there is indeed a gravitational instability and confirms the picture we drew in
the beginning: small fluctuations in the density field in the primordial Universe can grow thanks to
this e↵ect, attracting matter from their surroundings and increasing their overdensity compared to
mean density.

2.2.2 Beyond linear theory

So far, we have considered the linear evolution of perturbations, which gives very important informa-
tion in the first phase of growth, but is valid only until � ⌧ 1. When the overdensities become of
order 1, the linear theory is no longer adequate to describe them and we enter the non-linear regime.

Solving the full non-linear evolution of perturbations in the Universe is extremely complicated and in
general analytically intractable, so di↵erent strategies have been developed to follow the process of
structure formation beyond the linear regime. Here we discuss some of these methods.



10 CHAPTER 2. THEORETICAL BACKGROUND

Spherical Top-hat Collapse Model

One relatively straightforward way to obtain an analytical solution for a problem is stripping it down
to a particularly simplified form, the solution of which, although not directly comparable to the real
case, can often yield important insights on the problem. In our case, the simplest model one can
imagine for describing the collapse of structures is the so-called “spherical top-hat model”. It consists
of an isolated, spherical perturbation of constant overdensity ⇢p(t) = ⇢b(t)(1 + �p(t)) inside (which
represented in 2D would look like a top hat, hence the name), whose peculiar velocity is 0 in the
beginning. We assume that at the initial time ti, we have �i ⌘ �p(ti) > 0, and �i ⌧ 1. For simplicity
we also consider a background Universe that is flat and matter dominated (⌦m = ⌦ = 1).

The spherical symmetry of this configuration allows us to solve exactly the equations for the pertur-
bation, and one can show that it actually evolves as a separate Universe , with ⌦p(ti) = ⌦(ti)(1 + �i).
In our case this corresponds to a closed Universe (k = 1).

It can be shown that such a Universe evolves according to the following set of parametric equations
in the parameter ✓:

(
a(✓) = ai

2
⌦i

⌦i�1(1� cos ✓)

t(✓) = 1
2Hi

⌦i

(⌦i�1)3/2
(✓ � sin ✓)

(2.19)

where the subscript i refers to the initial time. From these equations we can see that a Universe like
this first experiences a period of expansion: the scale factor grows until ✓ = ⇡ which corresponds to the
“turn-around” time tTA. It then starts contracting and collapsing to a = 0 with infinite density when
✓ = 2⇡ and t = 2tTA ⌘ tc. We expect our spherical perturbation to behave in a similar way, with the
important di↵erence that it does not collapse to a point in the end: in the real case we expect that,
when the density gets high, slight departures from spherical symmetry will produce shocks, which will
convert some of the infalling kinetic energy into random thermal motion. Therefore, we will end up
in an equilibrium configuration, where the virial theorem can be applied.

The virial theorem states that 2Ekin + Egr = 0 (where Ekin and Egr are the kinetic and gravitational
energy respectively), from which we deduce that Etot = 1

2Egr. So, for the spherical overdensity at
equilibrium we will have:

Evir = �1

2

3GM
2

5Rvir
(2.20)

where M is the mass contained in the collapsed object, and Rvir is its virial radius.

On the other hand, at the moment of “turn-around”, we have that Ekin = 0, so if we ignore all the
possible losses of mass and we assume conservation of energy, the total energy is just the gravitational
one:

ETA = �3GM
2

5RTA
= Evir (2.21)

from which we derive that RTA = 2Rvir, and for the volumes VTA = 8Vvir, so that the density inside
the sphere will be

⇢(tvir) = 8⇢(tTA) (2.22)
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Using equations from the previous Section 2.2.1 we can calculate the ratio between the density inside
the virialized perturbation and the one of the background:

⇢p (tvir)

⇢b (tvir)
=

⇢p (tvir)

⇢p (tTA)

⇢p (tTA)

⇢b (tTA)

⇢b (tTA)

⇢b (tvir)
' 180 (2.23)

To summarize, we found that a spherical “top-hat” perturbation expands for some time following
the background Universe. Then after a time tTA it stops expanding and starts collapsing, ending up
in a virialized final state, after tvir ⇡ 2tTA, when it becomes a bound object with an overdensity of
�p ⇠ 180.

This last result is particularly relevant in cosmology since it has become customary, in both simulations
and observations, to quote the radius of structures based on the mean overdensity enclosed within
that radius. It is defined as the radius R� of a sphere within which the mean density is � ⇥ ⇢c(z),
where � is a number that can be chosen according to the specific use. For this reason, the rounded
up value of � = 200 for the overdensity is historically used to define a virialized structure. Actually,
for a ⇤CDM model, the virial radius of a top-hat spherical perturbation at z = 0 comes out to be
approximately R100 = 1.36R200. However, the use of R200 for the radius of structures is common in
the literature, and we will also use it in this work.

Zel’dovich Approximation

The spherical collapse model described before, although instructive, is not at all realistic, and cannot
be compared with observations. Another approach to describe the formation of structures in an
analytical way, beyond the linear regime, is the Zel’dovich approximation [73], developed by Yakov
B. Zel’dovich in 1970. This theory is a first-order Lagrangian perturbation theory, in contrast to the
first-order Eulerian theory, which is the one we developed in Sec. 2.2.1. What this means is that the
Zel’dovich approximation is a linear approximation in the displacement of particles, rather than the
density. In this picture the particles are moving on straight lines in a sort of inertial motion, dictated
by the initial density perturbations. This approximation stops being predictive once the particles
with di↵erent Lagrangian coordinates start crossing each other’s path, arriving at the same Eulerian
coordinate, thus forming regions of infinite density called “caustics”.

The great advantage of this method is that the velocity perturbations remain linear for much longer
than the density ones, especially at large scales. This means that we can follow their trajectories far
into the density’s non-linear regime. [12, p.290-292]

So, the central point of the Zel’dovich approximation is that the velocity of the particles is assumed to
remain constant, and equal to the initial value which depends on the gravitational potential generated
by the density perturbations:

v0(q) = �rq�0(q) (2.24)

where x is the Eulerian (comoving) coordinate, while q is the Lagrangian coordinate. This allows us
to write a relation between the Eulerian and the Lagrangian coordinates of a particle at time t:

x(q, t) = q+D+(t)v0(q) = q�D+(t) rq�0(q) (2.25)

where D+(t) is growth function of the perturbations in the linear regime, solution of Eq. 2.15.
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Equation 2.25 defines a unique mapping between the Lagrangian and Eulerian coordinates, as long as
the trajectories do not cross. This allows us to relate the density in the two set of coordinates, with
the relation:

⇢(x, t) d3x = ⇢0(q) d
3
q = ⇢0(q)

����
@q

@x

���� d
3
x (2.26)

where
���@q
@x

��� is the inverse of the determinant of the Jacobian of the change of coordinates. Writing the

Jacobian in components

@x
i

@qj
= �ij �D+(t)

@
2
'0

@qj@xi
(2.27)

and observing that, since the velocity is irrotational the deformation matrix @
2
'0

@qj@xi can be locally
diagonalized, we obtain the expression for the density in this approximation:

⇢(~x, ⌧) = ⇢0(q)

(
Y

i

[1�D+(t)�i(~q)]

)�1

(2.28)

where the �i are the eigenvalues of the deformation matrix.

This solution tells us that, if at least one of the eigenvalues is positive (for example �j), the local fluid
element will tend to collapse along the direction of the eigenvector relative to the positive eigenvalue,
until at some time tsc, whenD+(tsc) = 1/�j , the particles’ trajectories overlap and the density becomes
infinite. This event is called “shell-crossing” and the region in which it occurs is called a “caustic”.
The direction of the eigenvector with the highest-valued eigenvalue will be the first to collapse, so in
general we can expect to form structures that are mostly flat, oblate or triaxial, and are sometimes
called “pancakes”.

The Zel’dovich approximation matches well the predictions from numerical codes (which will be de-
scribed in the next section) until the moment of shell-crossing. After that, the particles simply continue
moving on a straight line through the overdensity, and the caustic gets dissolved immediately after it
formed.

In the real case, however, we expect the strong gravity in the overdense region to bind the particles
entering it, preventing them to escape to the other side. To account for this e↵ect, one can make an
extension of the Zel’dovich approximation, adding an artificial viscosity term, that aims to simulate
the e↵ect of gravity in the vicinity of caustics. This is called the “Adhesion model” [24].

In this model, when a particle enters a high density region, the viscous term has the e↵ect of erasing
its velocity in the direction perpendicular to the caustic, but maintains the freedom to move in the
other directions. Therefore, if the caustic is two dimensional (this kinds of structures are usually called
“walls”), the particles will move in its plane until they reach the intersection of two planes, which is
a 1-dimensional caustic (in the real world it would be a “filament”). At this point, the particles are
again forced to move only in the direction of the filament, until they arrive at the intersection between
(at least) two of them, forming a “node”.

The adhesion model proves to be quite accurate with respect to numerical simulations for overdensities
up to � ⇠ 10, and especially at large scales. Furthermore, it gives a simplified but informative picture
for the formation of the filamentary structures of the observed cosmic web, in this sense the results
from this approximate method form a sort of “skeleton” of the cosmic web, with nodes connected by
filaments and walls, surrounding large underdense regions called “voids”.
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Cosmological Simulations

While the methods discussed so far, in particular the adhesion model, can approximate quite well the
processes of structure formation in the first part of the non-linear evolution, they are not adequate to
describe the highly non-linear regime that leads to the formation of clusters of galaxies, for example.
To treat the full non-linear evolution of cosmic structures, we must resort to numerical simulations.

The basic principle of cosmological simulations is that it is possible to represent a region of the Universe
as a box containing a large number of particles, that evolve according to the laws of gravity (and,
possibly, hydrodynamics) from the linear regime to the present time. [12, p.304]

There are two big classes of simulations: N-body simulations, which treat just the gravitational
interaction, and are therefore only suited for following the dark matter evolution, and hydrodynamical
simulations, which include the full treatment of hydrodynamics, together with numerical recipes to
treat a number of small scale e↵ects that are too di�cult to include a priori, such as, for example, gas
cooling, formation and evolution of stars, di↵erent feedback mechanisms. Hydrodynamical simulations
are therefore more realistic and accurate, but that comes obviously at a higher computational cost,
compared to N-body simulations, which bounds the maximum size of the box feasible, once one fixes
the resolution. A recent review of cosmological simulations can be found in [67].

In this work, I used the outputs of a magneto-hydrodynamical simulation from the IllustrisTNG
project [45] to study the asphericity of matter distribution in and around galaxy clusters. The level of
detail required by this study, so deep in the non-linear regime, and the treatment of gas physics, are
currently impossible to achieve with analytical methods. More information on the simulations used
for this study can be found in Chapter 3.

2.3 Galaxy Clusters

As shortly discussed in Chapter 1, galaxy clusters are the most massive gravitationally bound objects
in the Universe and lie at the nodes of the cosmic web. In the hierarchical model of structure formation,
they form as the result of major mergers between smaller structures [65] as well as continuous accretion
of galaxies, gas and smaller groups from their outskirts, in particular through filaments, that funnel
material towards the clusters [33,56,66]. They are therefore complex and often still evolving mixtures
of dark matter, that makes up ⇠ 80% of the total mass, gas (⇠ 15%) and galaxies (⇠ 5%).

Observationally, the di↵erent cluster components are visible using di↵erent probes: the galaxies can
be observed in the optical band, and were historically the first probes that allowed the compilation
of galaxy clusters catalogues [1]. The hot intracluster gas can be seen through its thermal X-ray
emission [48] or the inverse Compton scattering of CMB photons on the hot electrons, called the
Sunyaev-Zel’dovich (SZ) e↵ect [52]. The dark matter component is not directly visible, but it can be
characterized through the gravitational lensing of background galaxies, that appear distorted into arcs
centered on the cluster [4]. This e↵ect is a direct probe of the total mass of the cluster, and the levels
of distortion of the background galaxies can be used to reconstruct the projected mass distribution.

Clearly, the study of galaxy clusters yields important information from a cosmological point of view.
As rare objects, their number density is especially sensitive to properties of the cosmological model
considered, such as the matter density or the amplitude of primordial density fluctuations. There-
fore, measuring it can place constraints on various cosmological parameters [47]. Additionally, the
measurement of the peculiar velocity of galaxy clusters can be an important tool to study the large
scale velocity field of the universe (e.g. [34]), that in turn provides an opportunity for probing the
underlying mass distribution. Plus, their development with redshift lets us learn about the growth of
cosmic structures, giving insights on the mechanisms of structure formation [2].
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Moreover, many characteristics such as the thermal state of the gas in clusters probe both their forma-
tion mechanism and their internal physical processes, such as cooling and energy-injection feedback in
case of the example [39]. Therefore, it becomes clear that galaxy clusters and their formation processes
are an extremely interesting field of study from an astrophysical perspective as well. Their gravita-
tional collapse can be seen as another example. It is driven by large the amount of dark matter and
creates a deep gravitational potential well inside which gas and galaxies fall turning galaxy clusters
into unique laboratories for studying the interplay of gravity and the physics of gas and plasma.

Also our own study on galaxy clusters is interesting in both perspectives. On the one hand, we look
at them as complex astrophysical objects which let us investigate the impact of dense environments
on cosmic gas properties. On the other hand, we see them as massive structures in the context of the
underlying large scale cosmic web, exploring their geometry which is closely connected to the process
of structure formation in the universe as a whole. After having outlined how we expect this process
to have happened from a theoretical point of view in this Chapter, we now turn to the description of
the cosmological simulation from which we drew our data.



Chapter 3

The IllustrisTNG simulation

For the analysis we used the outputs of the IllustrisTNG simulation1 [37, 42, 44, 45, 49, 61], a suite
of large volume, cosmological, gravo-magnetohydrodynamical simulations run with the moving-mesh
code AREPO [60,70]. These simulations follow the coupled evolution of dark matter (DM), gas, stars,
and black holes from redshift z = 127 to z = 0; using the cosmological parameters from the Planck
2015 results [51].

The suite is composed of a series of simulations that are divided by the size of their probed volumes.
Three di↵erent cubic box sizes were used: roughly 50, 100 and 300 comoving Mpc, which are referred
to as, respectively, TNG50, TNG100 and TNG300. This aim of the authors was to provide comple-
mentary sets of data for di↵erent purposes: TNG300 is best suited for studying galaxy clusters, while,
for example the smaller volume of TNG50 allows a mass resolution 100 times better than TNG300,
making it more suited for studies focusing on galactic scales.

For this work we focused only on the largest simulation box of the set, TNG300, at redshift z = 0.
This choice was made in order to have the largest possible sample of galaxy clusters, probing the range
of masses up to ⇠ 1015M�, and have a good statistics for the analysis.

For this volume, three simulations with di↵erent resolution levels are provided, labelled TNG300-1,
TNG300-2 and TNG300-3, with 1 being the highest resolution one, and the others decreasing in steps
of eight of mass resolution. A comparison between these three simulations is provided in Table 3.1.

3.1 Physical Models and Numerical Methods

The purpose of a cosmological hydrodynamical simulation is to solve the coupled equations of gravity
and hydrodynamics (and possibly, as it is the case for IllustrisTNG, electromagnetism) for dark matter

Table 3.1: Table of parameters for each of the resolution levels of the TNG300 set of simulations: physical
volume, length of cubic box side, initial number of gas cells, number of dark matter particles, target baryon
mass and dark matter particle mass in di↵erent units. Table adapted from [45].

Run Volume Lbox NGAS,DM mbaryon mDM mbaryon mDM⇥
cMpc3

⇤
[cMpc/h] � [M�/h] [M�/h]

⇥
106M�

⇤ ⇥
106M�

⇤

TNG300-1 302.63 205 25003 7.6⇥ 106 4.0⇥ 107 11 59
TNG300-2 302.63 205 12503 5.9⇥ 107 3.2⇥ 108 88 470
TNG300-3 302.63 205 6253 4.8⇥ 108 2.5⇥ 109 703 3760

1https://www.tng-project.org

15
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and baryons (gas, stars and black holes) in an expanding Universe (these equations were introduced
in Chapter 2, and are further detailed in [70]).

To do so, the IllustrisTNG simulations use the code AREPO2 [60, 70], that treats dark matter, stars
and black holes as particles, whereas the gas is modeled as a fluid on a grid. This code uses a tree-
particle-mesh approach to solve for the gravitational interaction, which combines the very high spatial
force resolution of a tree code for the short scale interactions, with the easy scalability and speed of
the particle-mesh approach for the long range interactions.

On the other hand, the equations of hydrodynamics are computed using a adaptive grid refinement
method, with a spatial discretization based on a fully adaptive, moving Voronoi tessellation of the
simulation volume. The Voronoi mesh is generated based on a set of control points that move with the
local fluid velocity. This approach allows the continuous and unrestricted adjustment of the resolution
to the local clustering, while preserving the high-accuracy treatment of shocks typical of mesh codes.
For example, when the gas falls into a gravitational potential well, the control points will follow it,
getting closer to each other, and the cells of the mesh will automatically get smaller, increasing the
resolution where it is most needed. Furthermore, the size of the cells is also adjusted so that the mass
contained in them remains close to a target mass of fixed value (see Table 3.1). This fact is very
important for our work, since it allows us to treat the gas in the simulation as a collection of particles,
rather than a continuous field, which is a great numerical advantage, as we will see in Chapter 4.

On top of the main gravo-magnetohydrodynamical evolution, a number of sub-resolution physical
models have to be introduced, which are fundamental for accounting properly for the all the astro-
physical processes that are too small or too complicated to be resolved in the simulation, but a↵ect the
large scale evolution of the gas. For the IllustrisTNG simulations, we quote here an extract from [45]
with a list of the models applied:

(1) Primordial and metal-line radiative cooling in the presence of an ionizing background
radiation field which is redshift-dependent and spatially uniform, with additional self-
shielding corrections. (2) Stochastic star formation in dense ISM gas above a threshold
density criterion. (3) Pressurization of the ISM due to unresolved supernovae using an
e↵ective equation of state model for the two-phase medium. (4) Evolution of stellar popu-
lations, with associated chemical enrichment and mass loss (gas recycling), accounting for
SN Ia/II, AGB stars, and NS-NS mergers. (5) Stellar feedback: galactic-scale outflows with
an energy-driven, kinetic wind scheme. (6) Seeding and growth of supermassive blackholes.
(7) Supermassive blackhole feedback: accreting BHs release energy in two modes, at high-
accretion rates (‘quasar’ mode) and low-accretion rates (‘kinetic wind’ mode). Radiative
proximity e↵ects from AGN a↵ect nearby gas cooling. (8) Magnetic fields: amplification
of a small, primordial seed field and dynamical impact under the assumption of ideal
magnetohydrodynamics.

The details of these models are not relevant for this work, a detailed explanation can be found in [50,69].

3.2 Cluster and galaxy catalogues

In this work, we are interested in analyzing the asymmetry of matter distribution in the environments
of galaxy clusters. So, we need to extract from the simulation a catalogue of galaxy clusters, as well as
the di↵erent matter components (dark matter, galaxies and gas), in and around them. Direct outputs
of the IllustrisTNG simulation are halo and sub-halo catalogues. Therefore, we will fist describe how
these are defined, before explaining how we obtained our set of samples from them.

2https://arepo-code.org
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3.2.1 Halo and Sub-halo catalogues provided by the simulation

The halos are derived using a friends-of-friends (FoF) algorithm run on dark matter particles, while
the other components (gas, stars, black holes) are associated to the same halo as their nearest DM
particle. The FoF algorithm works by placing any two particles with a separation less than a certain
linking length b in the same halo. The halos formed in this way are approximately enclosed by a density
contour of about ⇢ / 1/b3. Choosing b accordingly, one can, for example, tune the halo overdensities
to match the values predicted by the spherical collapse model. In IllustrisTNG the choice of the linking
length is b = 0.2.

The sub-halo catalogue is derived with the Subfind algorithm [17, 62]. It identifies locally overdense,
gravitationally bound substructures inside a “parent” FoF group, considering all particle types in the
calculation.

3.2.2 Extraction of the galaxy clusters and their matter components

The catalogue provides a list of properties for each halo and sub-halo. Among them are the position
of the center of mass, their radius R200 and the total mass contained inside that radius, called M200,
which helped us to define our own catalogues with the objects of our interest.

To do so, we considered the halos to be galaxy groups and used the two parameters R200 and M200

as proxies for their radius and their mass respectively. In this way, we could choose the groups with
M200 higher than a certain threshold (which was adapted during the analysis) to be part of our cluster
catalogue. Thereby, R200 served as reference for the clusters’ extent and the definition of their inner
and outer regions.

The galaxies can be identified with the sub-halos and therefore taken from the according catalogue.
Following [45], we selected only the sub-halos with a cosmological origin, in the sense that they formed
as a result of structure formation and collapse. In fact, some of the objects in the catalogue may have
formed as a result of baryonic processes (e.g. disk instabilities) inside already formed galaxies. These
objects are flagged in the catalogues, and we discarded them. We decided not place a threshold in
stellar mass for the galaxies, to maintain the largest possible statistics for our analysis.

Regarding the DM and Gas component around our selection of galaxy clusters, we directly extract
them from the simulation snapshot. For each cluster, we selected all the particles inside a sphere of
radius �⇥R200 centered on the center of mass of the cluster (� = 4 usually, but di↵erent choices are
also taken, and are explained in the next chapters).

3.3 Cluster properties

In our analysis we investigated the dependence of the matter asymmetries on the cluster properties
introduced in [22], namely the ellipticity, the connectivity and the relaxedness, that have been com-
puted for the clusters of TNG300 and kindly provided by the authors for this study. They will shortly
be discussed in the following.

The ellipticity allowed us to measure the anisotropy of matter distribution inside galaxy clusters. In
order to compute it, we approximated the shape of the cluster with an ellipsoid in three dimensions.
The parameters of the ellipsoid were fitted to the dark matter distribution with a method described
in [22], until they converged to within 1%. Then, the three axes of the ellipsoid, �1,2,3 (with �1 � �2 �
�3), and their sum ⌧ = �1 + �2 + �3, are could be used to compute the ellipticity, as defined in [30]:

✏ =
�1 � �3

2⌧
(3.1)
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With this definition, a large ellipticity parameter means that the dark matter particles have a shape
that is more elongated, and thus more asymmetric.

To describe the anisotropies of matter in the outskirts of galaxy clusters we used the connectivity. It
is defined as the number of cosmic filaments intersecting the surface of a sphere of radius 1.5⇥R200.
These are considered to be the filaments that are connected to that cluster. This number has been
computed by identifying filaments with the code T-Rex [8] using the sub-halo catalogue of TNG300,
and counting the ones intersecting the sphere.

Another property of galaxy clusters that we were interested in relating to the level of asymmetries
is the dynamical state. That is, whether a cluster can be considered relaxed or rather there are
dynamical processes acting within the cluster (such as, for example, a merging event). To probe this
property, the authors of [22] have used a parameter called “relaxedness” (first introduced by [26]).
This parameter is a combination of three other parameters: the center-of-mass o↵set �r, i.e. the
distance between the center of mass of the object rcm and the position of the peak of the density rc,
normalized by the virial radius. The second parameter is the subhalo mass function fsub, which is the
ratio of the sum of the masses of all subgroups inside a cluster, and the total mass of the group. The
third parameter is the virial ratio, defined as ⌘ = 2T/|W |, where T is the kinetic energy and W is the
gravitational potential energy of the cluster. Finally, these three parameters were combined to give
the relaxedness:

�DS =

vuut
3

�
�r
0.07

�2
+

⇣
fsub
0.1

⌘2
+
⇣
⌘�1
0.15

⌘2 (3.2)

Clusters with �DS > 1 were considered relaxed.

3.4 Gas phases in IllustrisTNG

In order to get a more detailed image on the e↵ect of the di↵erent matter components, we decided
to consider not only the gas component as a whole, but to analyze separately the di↵erent phases of
the gas, which can potentially highlight di↵erent structures and show di↵erent behaviours, due to the
wide range of physical processes that a↵ect the gas.

To separate the gas into phases we follow the classification of [38], which is also based on IllustrisTNG,
and whose phases are found to highlight di↵erent parts of the cosmic web. These phases are identified
placing cuts in temperature T and hydrogen number density nH . These two parameters can be
calculated for every gas cell from the outputs of the simulation using the following relations:

nH = XH

⇢

mp

(3.3)

for the number density, where XH is the hydrogen mass fraction (⇠ 0.76), ⇢ is the cell mass density
(given by the simulation) and mp is the mass of the proton. To compute the temperature we used the
internal energy u of the cells provided by the simulation:

T = (� � 1) · u
k
· µ · 1010 (3.4)

where � = 5/3 is the adiabatic index, k is the Boltzmann constant in CGS units, the factor 1010 is a
conversion factor to get the temperature in Kelvin, and µ is the mean molecular weight, calculated as

µ =
4

1 + 3XH + 4XHxe
·mp (3.5)
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with XH the hydrogen mass fraction and xe is the fractional electron number density with respect to
the total hydrogen number density (given by the simulation).

The criteria used to distinguish the phases are the following (from [38]):

• Star-forming Gas: number density nH > 0.13 cm�3, temperature T < 107 K and star formation
rate SFR> 0.

• Halo Gas: number density 10�4 cm�3
< nH < 0.13 cm�3 and temperature T < 105 K. This

phase contains ‘cool’ gas associated with the Interstellar Medium (ISM) of galaxies and with the
Circumgalactic Medium (CGM) observed in the halos of galaxies.

• Di↵use Integalactic Medium (IGM): number density nH < 10�4 cm�3 and temperature T < 105

K. The density cuto↵ selects gas at small to mild overdensities, e↵ectively capturing the typical
range associated with intergalactic gas. The temperature cuto↵s selects the phase of the IGM
in which hydrogen can be either neutral or ionized, but helium and heavier elements are not
completely ionized.

• Warm-Hot Intergalactic Medium (WHIM): number density nH < 10�4 cm�3 and temperature
105K < T < 107 K. This phase has the same characteristic density of the Di↵use IGM, but the
temperature cuto↵ is such that gas can contain a significant abundance of ionized helium and
heavier elements.

• Warm Circumgalactic Medium (WCGM): number density 10�4 cm�3
< nH < 0.13 cm�3 and

temperature 105K < T < 107 K. Dense gas in this temperature range is more e�ciently created
by shock heating and feedback processes near galaxies. For this reason, we expect the cuto↵s to
select gas in the warm CGM of galaxies and galaxy groups, hence the ‘WCGM’ label.

• Hot Medium (HM): any number density nH and temperature T > 107 K. The cuto↵s selects gas
with temperature larger than the virial temperature of massive galaxy clusters (Mvir & 1014M�).
For this reason, we are selecting gas that has been shock heated to these high temperatures in
(and near) the most massive dark matter halos in the universe.

In Figure 3.1 we show the phase diagram T over nH of the gas particles in TNG300-3, together with
the regions corresponding to the various phases we identified before, and in Table 3.2 are presented
the relative number of gas cells in the various phases. As we can see, the WHIM is the phase taking
the largest fraction of the total gas, with more than half of the cells, followed by the di↵use IGM.
According to [38], at z = 0 the most prevalent phases in galaxy clusters are the Hot Medium, due to
shock-heating, and, secondly, the WHIM. The latter is also found to be the main gas component in
filaments, while the di↵use IGM is predominant outside those regions, so in sheets and voids.

Table 3.2: Relative number of gas cells in the di↵erent phases in TNG300-3.

Phase Relative number of cells

Star-forming gas 1.82⇥ 10�4

Halo gas 0.013
Di↵use IGM 0.37

WHIM 0.52
WCGM 0.02

Hot Medium 0.07

For this reason, in our analysis we concentrate mainly on the Hot Medium and the WHIM phases,
that are the ones that make up almost the entirety of the gas in the regions of interest, i.e. in the
environments of galaxy clusters.
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Figure 3.1: Phase diagram (T, nH) of the gas particles in TNG300-3, with di↵erent phases higlighted following
[38].



Chapter 4

Methods

The aim of this project, as we introduced before, is to probe how di↵erent matter components (gas,
DM, galaxies) are di↵erently distributed in galaxy clusters’ enviroments. Beyond the radial matter
distribution, that has been extensively probed in the past [9, 18, 29, 32, 36, 43, 46, 54], exploring the
azimuthal matter distribution of cluster environments is becoming a powerful method to quantify any
departure from spherical symmetry from the shape of clusters up to their connected cosmic filaments,
so we decided to explore further in this direction.

To achieve this we used two methods, that we will present in this Chapter: the first is the “harmonic
power excess” method (developed in [23]), and the second exploits a new set of parameters that
we call the “� parameters” (partly inspired by the work of [66]). Both methods are based on the
“aperture multipole moments” method, a 2-dimensional harmonic decomposition of the projected
matter distribution, that was first introduced by [58] in the context of weak lensing. It was later used,
for example, to determine the ellipticity of galaxy clusters [10, 59] (from the quadrupole moment,
m = 2 in Fig. 4.2), but also to detect filamentary structures inside clusters [40], or a bridge of matter
between two clusters [16]. In addition, the authors of [21] have used multipole moments of the galaxy
distribution to measure the harmonic signature of cosmic filaments around clusters comparing recent
galaxy surveys to state-of-the-art simulations.

We chose to investigate the 2-dimensional, projected matter distribution, rather than the full 3-
dimensional distribution, due to the observational properties of the matter components we considered.
Indeed, almost all the observational probes that are used to study galaxy clusters do not give any
information on the distribution of the source along the line of sight. For dark matter, the e↵ect of
weak lensing is used, but with it it is possible to reconstruct only the projected matter density field.
For the hot gas observables, namely x-rays and the Sunyaev-Zel’dovich e↵ect, the quantities we are
able to measure, the flux and the Compton-y parameter respectively, are both integrated along the
line of sight. Only the galaxy observations can in principle yield information on their 3-dimensional
distribution, if we obtain an accurate estimate of their redshift. Unfortunately, precise and accurate
redshift estimations can be obtained with a spectroscopic measurement of the spectrum of the galaxy,
which is observationally time consuming. Therefore, if we want a large number of galaxies, like in our
case, we need to use also galaxies with redshift measured using a photometric approach, which is not
precise enough to resolve the 3D distribution inside a cluster.

4.1 Aperture multipole moments

Any function of the polar angle �, f(�) can be decomposed in multipole moments Qm through an
harmonic decomposition of the form:

21
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Figure 4.1: Illustration of the polar coordinate system (R,�) and a example of radial aperture �R for projected
matter distribution centred on a simulated galaxy cluster from the Illustris simulation (picture taken from [21]).

f(�) /
1X

m=0

Qm e
im� (4.1)

Aperture multipole moments are defined as the coe�cients of the harmonic decomposition of a surface
density field ⌃(R,�) integrated along the radial direction in an annulus called the “aperture”, using
the equation:

Qm =

Z

�R

R dR

Z 2⇡

0
e
im� ⌃(R,�) d� (4.2)

where ⌃ is the surface density field, and it is integrated using the polar coordinates (R,�) in the
projected plane, weighted by a complex exponential depending on m, which is the multipolar order.
The radial aperture is denoted by �R. An optional radial weight function can also be applied1, but
we will not do it here. An example of a possible aperture is shown in Fig. 4.1, together with an
illustration of the coordinate system.

Therefore, the aperture multipole moment of order m measures the “degree of similarity” between the
matter distribution we are considering in that aperture and the distribution associated with the order
m, some of which are shown as an example in Fig. 4.2. As we can see from Fig. 4.2 the number of
the multipole is connected to the angular scale of the structures in the matter distribution. We also
point out that the Qms are in general complex numbers.

If we consider a discrete distribution of particles, which is the case for all the matter components we
will analyze in this work (with the approximation for the gas described in Chapter 3), then the surface
density can be written as a sum of Dirac deltas:

⌃ =
X

j

Mj �D(R�Rj) (4.3)

1Indeed, a radial weight can be used to optimize the signal to noise ratio when computing multipole moments on
direct observations (such as on gravitational lensing map in [58]).
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Figure 4.2: Graphical depiction of the distributions associated with first eight multipolar orders of the harmonic
decomposition. Figure taken from [21].

Furthermore, if the masses of the particles are all equal, which is true for dark matter and (ap-
proximately) for the gas particles, we can safely ignore it, as it becomes just a normalization factor
common to all multipoles2. So, inserting this result in Eq. 4.2 the expression for the multipoles
simplifies greatly:

Qm =
X

j,Rj2�R

e
im�j (4.4)

This is the formula we used to compute multipole moments throughout our work.

To compute the aperture multipole moments in the environment of galaxy clusters for this work, we
place the center of the coordinate system on the center of mass on each cluster, and we consider two
apertures: one that identifies the cluster’s inside, while the second probes its outskirts. The radial
limits of the apertures are chosen to be a fixed multiple of the R200 radius of each cluster, this allows
us to compare the results between clusters with di↵erent masses and dimensions.

4.2 Harmonic power excess

The harmonic power excess [21,23] is a statistical estimator based on the aperture multipole moment
decomposition, that compares the asymmetries of matter distribution around galaxy clusters with
respect to the background matter distribution. It is defined as the ratio between the average harmonic
power spectrum centered on clusters and the same quantity computed on random positions:

gQm =

⌦
|Qcluster

m |2
↵

↵ h|Qrandom
m |2i (4.5)

We will now explain each of the quantities on the right hand side separately.

The quantity
⌦
|Qcluster

m |2
↵
is the average of the square moduli of the aperture multipole moments of

order m, centered on galaxy clusters, and we call it the “harmonic power” (we also call “harmonic
power spectrum” the collection of

⌦
|Qm|2

↵
for all orders). We considered this quantity instead of the

simple Qms because the asymmetries we are interested in identifying, in particular the ones related to
the cosmic filaments in the clusters’ outskirts, have generally a low density contrast with respect to the
background. Moreover, di↵erent clusters can have wildly di↵erent harmonic power spectra, depending
on the specific configuration of matter. For these reasons, we are interested in the mean multipole
moments, averaged over all the clusters, to highlight the average level of asymmetries around them.
But, given that the multipole moments are in general complex, averaging them directly would just
symmetrize the result, erasing the information contained in the phase of the Qm, since the clusters
have random orientations and we do not align them. For this reason, we first take the square modulus

2This fact is not true for galaxies, but we will ignore their mass nonetheless, since we treat them as tracers of the
total density field, following [21]
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|Qm|2, the power of the multipole for each order, and we average them over all clusters, preserving all
the relevant information.

Moreover, to obtain a large statistics, we first projected each cluster along the three axes of the
simulation box, and we computed the multipolar decomposition for each projection, thus e↵ectively
multiplying by 3 the number of clusters we analyzed. So in the end we obtained the quantity:

D
|Qcluster

m |2
E
=

1

3Nclusters

NclustersX

i

(|Qi,x

m |2 + |Qi,y

m |2 + |Qi,z

m |2) (4.6)

To compare harmonic power around clusters with the background density field, the same quantity⌦
|Qrandom

m |2
↵
was also computed around random locations in the simulation box. For each one of these

position an R200 is randomly assigned from the cluster catalogue, to probe an equivalent set of regions.
This procedure allows us to highlight the filamentary patterns near clusters that are in excess with
respect to the overall large-scale structures [21].

Finally, the factor ↵ is introduced to account for a boost of harmonic power, independent on m, that
was found to happen in galaxy clusters during the collapse, due to the tidal contraction of density
fluctuations, as explained in [23, Sec. 2.3]. As detailed there, this e↵ect is regarded as a first-order
change of multipole powers of clusters with respect to the background, while we are interested in the
second-order e↵ect due to the non-linear collapse and the e↵ect of the filamentary structures. That is
why we take the ratio between

⌦
|Qcluster

m |2
↵
and ↵⇥

⌦
|Qrandom

m |2
↵
.

From a practical point of view, the ↵ factor is computed, following [21], as the ratio of the average
multipole powers of clusters and random positions, above a certain threshold th, set where both curves
reach their asymptote:

↵ =

⌦⌦
|Qcluster

m |2
↵↵

m>th

hh|Qrandom
m |2ii

m>th

(4.7)

This method has been successfully applied to the dark matter [23] and galaxy distributions [21] in
clusters’ environments. What we will do in this work is to reproduce the analysis done on the galaxy
distribution, to confirm the results of [21], and then to apply the method for the first time to the gas
distribution in IllustrisTNG.

4.3 Beta parameters

To answer the second question underlying our research, that we presented in the Introduction (Chap.
1), on how the asymmetries in the matter distribution are correlated to the properties of clusters, we
decided to introduce new estimators for the level of departure from spherical symmetry.

We call these estimators the � parameters (taking inspiration from [66]). They are also based on the
aperture multipole moment decomposition. We define these parameters as

�m ⌘

s
|Qm|2
|Q0|2

(4.8)

representing the amount of asymmetry of the matter distribution in the order m, |Qm|2, with respect
to a spherical distribution, represented by the power of the order 0, |Q0|2.
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In the spirit of simplifying the analysis and the interpretation of the results, while still keeping the
most relevant information from the multipole decomposition, we decided to concentrate only on the
multipole orders that are expected to be the leading ones in the decomposition, thus containing most
of the information on the asymmetries. We chose these orders to be m = 2, 3, 4, leading to the
parameters �2, �3 and �4.

As for the previous method, for each cluster we took the three projections along the axes of the
simulation box. We then computed the three � parameters for each projection in di↵erent apertures
and related these results with the cluster parameters as introduced in Section 3.3
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Chapter 5

Harmonic power excess of the galaxy
distribution

In the first part of the project we applied the aperture multipole moments method introduced by [23]
and explained in Chapter 4 on the simulation data of IllustrisTNG300 (introduced in Chapter 3).

In this Chapter, we focus on the galaxy distribution in and around galaxy clusters, from the low-
resolution simulation TNG300-3 and the high-resolution simulation TNG300-1. Previously, the au-
thors of [21] have estimated the galaxy multipole moments on the magneticum simulation and on
galaxy observation (WISExSCOSMOS survey [5]). The comparison of our analysis with the study
of [21] will be thus discussed later in this Chapter.

5.1 Method and choice of parameters

5.1.1 Selection and decomposition of the clusters

From the halo catalogue of the TNG300 simulations we selected the Groups with massM200 > 1014 M�
as our galaxy cluster sample. As shown in Fig. 5.1 which depicts the average number of galaxies per
halo for di↵erent mass bins, the selected clusters have more than a 1000 galaxies on average while
the halos with mass ⇠ 1012 M� contain only around 10 galaxies. Due to this selection we obtain 202
clusters from TNG300-3 and 216 cluster from TNG300-1 which form the cluster catalogues used for
the computation.

To compare the inner parts with the outskirts of the clusters, we chose two di↵erent radial apertures.
For TNG300-3 and the comparison with TNG300-1 we used the intervals [0�1.5]R200 and [1.5�4]R200

in order to have a large enough number of galaxies in the inner annulus, while we changed the
separation for the final analysis with TNG300-1 to [0 � 1]R200 and [1 � 4]R200. This last choice
resulted in a better di↵erentiation of the behaviour regarding the inner parts of the clusters and their
surroundings considering that R200 ' Rvir.

Having selected the clusters and according galaxies, the next step of the procedure consisted in the
projection of the galaxies along the three axis of the simulation. As an example Fig. 5.2 shows a
projection of the dark matter particles inside 5⇥R200 around three random clusters from TNG300-3
together with the positions of the galaxies in the same region associated with the cluster. Finally we
calculated the multipolar moments decomposition for each projection using Eq. 4.4. The resulting
average harmonic decomposition of the clusters will be discussed further in the next sections.
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Figure 5.1: Average occupation number of galaxy clusters in TNG300-1 as function of their M200.

(a) (b)

(c)

Figure 5.2: Three examples of clusters from the TNG300-3 simulation. Here we show the dark matter particles
(in blue) and the galaxies (in orange) selected in a sphere of radius 5⇥R200 centered on the cluster and projected
along the z axis for three randomly selected clusters. The red circle has a radius of 1⇥R200.
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5.1.2 Masking of the background density field

In order to determine the background harmonic power, we drew ten times as many random positions as
the number of clusters across the whole simulation volume, and for each random position we selected
randomly an R200 from the cluster catalogue. Then we considered all galaxies inside the same annuli
as chosen for the inner and outer parts of the clusters around the random positions. The resulting
average harmonic decompositions of the background for Illustris-TNG300-3 are shown as red and green
curves in Fig. 5.3(a).

Figures 5.3(c) and 5.3(d) which present the final individual results for the clusters and the random
positions in linear and logarithmic scale additionally take the factor ↵ according to Eq. 4.7 into
account. Thereby Fig. 5.3(b) serves as justification for choosing a threshold at m = 15 for the
calculation of ↵ because it shows how the gradient of the clusters’ multipoles goes approximately to
zero after m ⇠ 13.

In Fig. 5.3(d) we can observe some harmonic powers of the random positions exceeding the ones
computed around the clusters. This is an unwanted e↵ect due to random positions being chosen near
or inside clusters. In this way part of the cluster’s power is incorporated in the random harmonic
profile artificially increasing the background power. In order to remove those contaminations, we
introduced a mask on the clusters when choosing the random positions.

All the regions inside 6R200 around the clusters were masked and therefore excluded during the
selection process. This choice of radius was made because the mask is removed during the multipole
analysis of the background. In this way we ensure that even if a random position is drawn very close
to the mask, the central region of the cluster falls outside the circle of radius 4R200 around the random
position. Therefore the chosen annuli lay outside the clusters.

In order to have more control over the e↵ect of this action, only the clusters with mass above a certain
threshold are masked. The choice of the threshold depends on the average number of galaxies per
cluster as function of the cluster mass, as well as the computational time needed to complete the
calculations.

Fig. 5.3(e) and 5.3(f) present the comparison between two di↵erent masks implemented in the analysis
of TNG300-3: on the left only the more massive clusters (with M200 > 1014M�) are excluded, while
on the right all clusters are masked. In both figures we can see that the harmonic power spectra of
the clusters and random positions for the inner region agree much better with each other for m > 5
due to the masking. Thereby the di↵erence of the two masks seems small considering the shape of the
multipole powers.

However, the second mask increases the relative amplitude of the clusters’ multipoles with respect to
the random positions. The e↵ect is greatly amplified in the higher resolution simulation where the
number of galaxies is much higher. This can be seen in Fig. 5.4 which compares the results obtained
from TNG300-3 and TNG300-1. Therefore we decided to set the limit for the clusters to mask at
1012 M� regarding the final results with the high resolution simulation. In this way we could ensure
to exclude the relevant clusters from contaminating the random profiles while not masking them all
which would result in much longer computation times.

5.1.3 Calculation of the harmonic power excess

Finally the harmonic power excess could be calculated by dividing the harmonic power of the galaxies
inside the clusters by the harmonic power of the background using Eq. 4.5 with ↵ from Eq. 4.7 setting
th = 15. In addition we evaluated the mean and median multipole order (weighted by the harmonic
power excess) which represent the average angular symmetry in the projected 2D galaxy distribution.

To obtain a statistical error on the harmonic power spectrum, we applied bootstrap re-sampling on
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(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Multipole analysis of galaxy distribution around clusters with M200 > 1014 M� in TNG300-3 for
two apertures: R = [0 � 1.5]R200 (blue) and R = [1.5 � 4]R200 (orange). (a) clusters’ and randoms’ multipole
powers (b) gradient of the clusters’ harmonic power spectrum (c & d) same as (a) with background harmonic
power spectrum multiplied by the factor ↵ in linear and logarithmic scale (e & f) same as (d) with masking on
the clusters with M200 > 1014 M� (left) and on all the clusters in the simulation catalogue (right).
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(a) (b)

Figure 5.4: Comparison of harmonic power excess between TNG300-3 and TNG300-1 simulations in the inner
(left column) and outer (right column) aperture.

the cluster and random multipoles. Out of the N cluster and random multipole profiles, another N

profiles were randomly selected where replacement was allowed. Then the harmonic power excess was
computed for all resampled sets. This procedure was repeated 1000 times. In this way we obtained
the average harmonic power excess and its error from the 1000 bootstrapped samples. The results are
presented in the next section.

5.2 Results

5.2.1 Comparison of low and high resolution results

The low resolution simulation TNG300-3 served as example data when implementing and adapting
the aperature multipole moments method for the purposes of this thesis project. The results which
were already partly presented in the last section confirmed the good functionality of the code. After
the successful completion of the analysis, we repeated it with the high resolution simulation which
implies a larger statistics for the multipoles analysis.

Fig. 5.4 shows the comparisons between the two simulations for the two radial apertures [0� 1.5]R200

and [1.5�4]R200 as discussed in the previous section. It can be seen how the higher resolution greatly
increases the harmonic power excess inside clusters. This is mainly due to a much larger number of
galaxies in this simulation. The clusters in TNG300-1 contain on average ⇠ 1560 subhalos, compared
to the only 45 in TNG300-3. For the outskirts of the clusters we still see an improvement (of about
30% for the m = 2 peak) up to multipole order of m = 15, but less substantial than for the inner
cluster regions. As the analysis of TNG300-1 provides a more significant harmonic signature (due
to the larger number of galaxies) we decided to use that as final result for the comparison with the
previous findings.

5.2.2 Comparison of TNG300-1 and previous results

Harmonic power excess

The final results of the galaxy harmonic decomposition analysis are shown in Fig 5.5. In the inner
region of the clusters the power excess shows a high peak at m = 2, which corresponds to the
quadrupole order. This feature implies that the projected shape of the clusters is elliptical on average.
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Beyond the dominant quadrupolar term, we see that the harmonic power of the clusters converges
quickly to the one computed around random locations form larger than ⇠ 7. The only other significant
excess is found for m = 3, 4 suggesting a low level of asymmetry or substructures in the galaxy
distribution.

Turning to the outer region with R = [1� 4] R200, we see a significant di↵erence with respect to the
inner one: the highest peak is still at m = 2, but it is lower than in the previous case, and there is a
larger power at all orders until m ⇠ 14. This shape of the power spectrum indicates a more complex
asymmetry in the distribution of galaxies, hinting at the presence of filamentary structures connecting
the clusters with the rest of the Cosmic Web.

These two main results are in strong agreement with [21]. As shown in Fig 5.6, they found also
both: a strong quadrupolar excess inside clusters, and a more complex harmonic signature at cluster
peripheries. Their results have been estimated from both Magneticum simulation (green) and for
observed galaxy distribution (black). In their case, observational issues have been take into account
such as the selection of galaxy (only massive/luminous galaxies have been selected to match with
observation). This selection of galaxies could explain the relative di↵erence between our amplitude of
harmonic power excess (1 < Qm < 15) and their results (1 < Qm < 12).

Mean and median angular scales

When computed on the outskirts of clusters, the mean and median angular scales are a way to estimate
the average number of filaments connected to the clusters (as explained in [21]). Fig. 5.7 presents our
results for R = [1� 4] R200.

The first two panels show the distributions of the means and medians of the 1000 bootstrapped samples.
These distributions look approximately normal, although the median is slightly more skewed. This
justifies the fact that we took the standard deviation of the sample as the error on the average of the
mean and median multipole order.

In Fig. 5.7(c) the mean and median are identified on the original power excess with values mmean =
4.94 ± 0.19 and mmedian = 3.87 ± 0.17. The di↵erence in the numerical values comes from the fact
that the power excess is highly asymmetric, and the mean tends to be more sensitive to this, while
the median is less a↵ected by skewed distributions as estimator of the central value. These results are
quite compatible, though a bit higher, than the ones in [21], quoted in Fig 5.6. This small di↵erence
must be due to the selection of galaxies which is applied in [21] and not in our work.

5.3 Conclusions

In this Chapter we analyzed the asymmetries in the distribution of galaxies in and around galaxy
clusters from the TNG300 simulations. We used the harmonic power excess to highlight the di↵erences
in the harmonic power spectrum of clusters compared to the background density field. From the this
analysis we found that:

• In the inner regions of clusters (inside R200) only the quadrupole has a high power excess, which
suggests that the projected galaxy distribution is elliptical on average (in accordance with other
studies [21, 35]).

• In the outer regions (up to 4R200), the power excess is distributed on larger orders, pointing
towards the presence of filamentary structures in the galaxy distribution around clusters, consis-
tently with what found in [21]. Moreover, from the mean and median angular scales we expect
to find an average number of filaments between 4 and 5 connected to the clusters.
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Figure 5.5: Harmonic power excess of galaxy distribution around clusters with M200 > 1014 M� in TNG300-1,
for two apertures: R = [0� 1]R200 and R = [1� 4]R200.

Figure 5.6: Harmonic power excess in the inner (left panel) and outer (right panel) regions of galaxy clusters,
computed using the Magneticum simulation (green) and real data (black). Figure taken from [21].
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(a) (b)

(c)

Figure 5.7: Mean and median multipole orders of the harmonic power excess in the outskirts of clusters,
R = [1� 4] R200. (a & b) distribution of the mean and median multipole orders for 1000 bootstrap samples (c)
final estimate of the mean and median superimposed to the harmonic power spectrum.



Chapter 6

Harmonic power excess of the gas
distribution

In the second part of the project we applied the aperture multipole moments method on the gas
distribution of the low resolution simulation TNG300-3 (for computational reasons). This is the first
time this method is applied on gas. So far, it had only been applied on galaxies and dark matter in
simulations [21, 23].

Studying the distribution of gas in galaxy clusters’ environments is important to have a better un-
derstanding of the processes that lead the collapse of baryonic matter into clusters. This is not so
easy to achieve with observational data, due to the faint signal that gas produces, especially in the
outskirts of clusters and in filaments. Indeed, the gas phase in filaments is expected to be less hot
and dense compared to hot plasma in cluster central regions ( [20]). In fact, only few individual
detection of massive gas filaments have been made based on X-ray or Sunyaev-Zel’dovich (SZ) e↵ect
(for example [7,63,64]). Recently statistical methods based on staking SZ or X-ray observations from
filaments are thus developed to improve the detectability of gas filaments ( [63, 64]).

In this Chapter, our aim is to understand whether the gas traces the filamentary structures in the
cosmic web in the same way as galaxies; and if so, which gas phase introduced in section 3.4 traces
them better.

6.1 Analysis on the total all gas

We started the harmonic analysis of the gas distribution centered on galaxy clusters considering all the
gas cells, without putting any threshold in temperature or density. We considered the same parameters
used previously for the galaxy distribution analysis, that are: two apertures at radii [0 � 1]R200 and
[1 � 4]R200, clusters with mass M200 > 1014 M�, and a mask on all the groups identified by the
simulation when computing the harmonic spectra of the background gas distribution.

6.1.1 An unexpected result

In Figure 6.1 the results of this first analysis are shown. We can immediately notice the stark di↵erence
between this plot and the one in Fig. 5.5, especially looking at the inner aperture. This one shows a
lot of power at all orders until m = 16, looking almost like a power law, which is in contrast with all
our expectations, that predicted a high quadrupolar peak and a sharp drop of power excess, going to
1 between m = 5 and 10. An additional problem can be seen focusing on the highest orders surveyed
(m = [18, 20]). We can see a consistent lack of power in the cluster decomposition compared to the
random one, where, instead, a match of the two is expected at high orders [21, 23].

35
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Figure 6.1: Harmonic power excess of gas distribution around clusters with M200 > 1014 M� in TNG300-3, for
two apertures: R = [0� 1]R200 and R = [1� 4]R200.

Also the profile of the outer power excess is quite unexpected. The first thing which can be noticed
is that there is no clear peak at m = 2, and instead the power of the orders m = 2, 4 and 6 is
approximately the same. Looking at the full curve we can see how it fluctuates around the same value
until around order 7, and then slowly decreases, going to 1 at m = 12.

Both these results are puzzling and di�cult to interpret, so we decided to perform a series of tests to
check if the behaviours shown here were caused by a particular choice of parameters or some kind of
error in the analysis.

6.2 Testing the anomalous results

6.2.1 Enlarging the inner radial aperture

The first idea we had was that the reason of the unusual inner power excess of Fig. 6.1 could be due
to the fact that we were probing an area too small to capture well the elliptical shape we were looking
for, since the cluster gas might spread more outwards than the galaxies do. So we decided to change
the two apertures to [0� 2]R200 and [2� 4]R200, keeping the rest unchanged.

The results are shown in Fig. 6.2(a). There are no appreciable di↵erences in the shape of the inner
power excess, while for the result in the outer region it seems that the power of the random positions
has increased compared to the one computed around the clusters. This makes the power excess
compatible with 1 at low orders, worsening the problems described in the last section. Clearly the
larger spread of the gas is not the reason for the behaviours we saw in Fig. 6.1.

6.2.2 Stacking random positions

A second test was made stacking the projected 2D positions of the gas particles collected around
random locations, with the aim of testing if the lower number of particles in random profiles a↵ected
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(a) (b)

Figure 6.2: Harmonic power excess of gas distribution around clusters with M200 > 1014 M� for the apertures:
R = [0� 2]R200 and R = [2� 4]R200. (a) using the standard procedure, (b) stacking random positions.

the average result. So, starting from the results of the previous test, we decided to stack the random
positions in groups of 20, so to have ⇠ 400 ⇥ 3 random profiles with more particles each, instead of
the ⇠ 8000⇥ 3 of the previous test.

The results are presented in Fig. 6.2(b), and from quick comparison with the Figure on its left one
can already tell that the test was unsuccessful. Indeed, this Figure shows no real di↵erence from the
previous one, signaling that the results are nearly independent of the stacking procedure.

6.2.3 Extending the analysis to higher orders

Trying to address the lack of power excess at high orders in the inner aperture, we decided to extend
the multipole analysis to higher orders, up to m = 30, and to plot also the unnormalized cluster
powers superimposed to the random powers multiplied by the ↵ factor, to have a clearer view of their
respective relation.

In Fig. 6.3(a) and 6.3(b) we see the results of this analysis using the same threshold as before to
compute ↵, namely th = 15 (so in this case the average in Eq. 4.7 is done on the orders m = [15�30]).
As we can see there is indeed a matching problem between the cluster and the random harmonic powers,
which is small but noticeable in the outer region, while in the inner one the two curves really diverge,
an additional sign that something is not quite working as expected.

To account for this problem we decided to shift the threshold for computing ↵ from order 15 to order
20, the results being shown in Figures 6.3(c),6.3(d). From there we see a much better agreement
especially for the power excess in the outskirts of clusters, it now averages to 1 from m = 18 onward.
Also in the inner region the cluster and the random spectra agree better, although there is still an
inconsistency at very high multipoles. In conclusion, the modification has the general e↵ect to shift
upwards the power excess curves, partly but not fully solving the issue.

6.2.4 Decreasing the masked regions

Continuing to focus on the apparent mismatch between the random harmonic powers and the cluster
ones in the central cluster region, we turned to reconsider their mask. One hypothesis was that we
were masking too many structures when computing the multipole moments around random locations,
and thus it may have a↵ected the steepness of the spectrum.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.3: Harmonic power spectra (left), and harmonic power excess (right) of gas distribution around clusters
with M200 > 1014 M� in TNG300-3, for two apertures: R = [0� 1.5]R200 and R = [1.5� 4]R200. Top: setting
the threshold for ↵ to th = 15. Middle: setting the threshold for ↵ to th = 20. Bottom: masking the clusters
with M200 > 1013 M�.
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To test this hypothesis we decided to mask only the clusters with M200 > 1013 M�, and to lower the
radius of the mask around clusters from 6 to 4R200. The result of this test is shown in Figs. 6.3(e),
6.3(f): comparing the first one with the one directly above (Fig. 6.3(c)) we notice indeed a slightly
steeper curve for the random positions at low orders, but definitely not enough to cure the unexpected
behaviour of the normalized power excess in the inner region.

6.2.5 New selection criteria

Trying to understand the source of the unusual steepness of the power inside the inner aperture we
realized that the method we were using to separate the two apertures was not fitted to our purposes.
In fact, up to that point we were selecting the particles based on their 3D radius, and only later
projecting them. This means that we were actually sorting the particles in spherical shells rather than
in cylinders before the projection, e↵ectively excluding from the inner annulus all the particles that
are placed behind and in front the inner cluster sphere, which is not what we wanted to obtain. This
might be the reason for the mismatch with the random profile at high orders.

For this reason we changed the selection process, first identifying in 3D space all the gas particles
inside a sphere of radius 4R200, then projecting them along the three axes, and finally sorting them by
their 2D radius in each projection. This approach is the appropriate also from an observational point
of view, since what we observe in the sky is the projection along the line of sight of the full cluster,
together with its surroundings, and there is no way to separate the inner from the outer components
along this direction.

The result of this new method is presented in Figures 6.4(a) and 6.4(b), where we focus on the harmonic
power for the inner region, since the outer one is unchanged. From 6.4(a) we see that there is a better
agreement between the cluster and the random curve at high orders, and the random power is higher
than before at low m, but still not high enough to match the cluster harmonic power spectrum for
orders lower than m ⇠ 20; this translates in Fig. 6.4(b) into a flatter power excess at high orders
(although still not converging to 1 properly), and a lower and less steep curve for m < 20 compared
to the previous cases.

6.2.6 Centering on gas distribution

In all the analyses and tests we described so far, we used the center of mass from the group catalogue
as reference point for the center of the cluster, which is computed using all particles and cells in the
group, of all types (namely dark matter, gas, stars and black holes). We decided to investigate if
there was a di↵erence between the center of mass computed with all matter and a di↵erent method
of centering based only on the gas particles; and, if so, whether this di↵erence a↵ected the multipole
analysis.

To compute the center of the gas distribution we decided to apply a variant of the shrinking sphere
method described in [23], which can be summarized as follows:

• The gas particles inside 1R200 from the center given by the simulation are selected.

• The center of mass of these particles is computed, and becomes the starting point for the
successive steps.

• At each iteration, a new center of mass is computed from the particles inside a sphere centered
on the previous center of mass and a radius 2.5% smaller than the previous iteration.

• The process is stopped when the number of particles inside the sphere gets smaller than a certain
threshold which depends on the M200 of the cluster.
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(a) (b)

(c) (d)

Figure 6.4: Harmonic power spectra (left), and harmonic power excess (right) of gas distribution around clusters
with M200 > 1014 M�, for two apertures: R = [0�1.5]R200 and R = [1.5�4]R200. Top: using the new selection
criteria described in the text Bottom: centering the analysis on the gas distribution.

Following this procedure we found that there generally is a displacement of the center of the gas
distribution with respect to the center of mass of the cluster. However, the displacement tends to
decrease with the mass of the cluster. Fig. 6.5 exemplifies this, where 2D histograms of the gas
distribution for some example clusters are shown together with the two centers.

On average, for the clusters with M200 > 1014 M�, this displacement is ⇠ 0.21 Mpc/h; while consid-
ering the clusters with M200 > 1013.5 M�, the mean displacement is reduced to ⇠ 0.16 Mpc/h.

We then recomputed the harmonic decomposition using the updated center positions, and the results
are presented in Figures 6.4(c), 6.4(d). Looking at Fig. 6.4(d), we can immediately realize that the
centering does not solve the di�culty with the inner region harmonic power excess, although it does
help the matching of the cluster and random curves at high orders, making the power excess consistent
with 1 for m > 22. Focusing on the outer region we see a much clearer signature of consistent power
excess up to order 14, which is also what we found during the analysis of the galaxies, even though it
doesn’t completely flatten to one at higher orders.

All these results seem encouraging at first, but the e↵ects are unfortunately only relevant for the high
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(a) (b) (c)

Figure 6.5: Examples of the di↵erences in center in three clusters: in blue the position given by the simulation
and in red the center found focusing on the gas distribution, the red circle has radius R200 centered on the blue
dot. The clusters have mass: (a) M200 = 12.6⇥ 1014 M� (b) M200 = 2.5⇥ 1014 M� (c) M200 = 1.4⇥ 1014 M�.

mass clusters which are low in number. As we found out performing the test described in the next
section, when considering a larger set of clusters with lower masses, these e↵ects become completely
negligible.

6.2.7 Aperture and mask comparisons

At this point, we decided to investigate and compare more in detail the e↵ects of changing the radius
of the inner aperture in combination with the masking of the clusters for the random positions choice.
We decided to analyze larger number of clusters, selecting the ones having mass M200 larger than
1013.5 M�. Then we analyzed the harmonic power distribution in a range of di↵erent radii from
the center, namely [0 � 0.5]R200, [0 � 1]R200, [0 � 1.5]R200, [0 � 2]R200, and using three di↵erent
masking thresholds for the random positions: applying no mask, therefore choosing the positions
across the whole simulation box; masking the clusters with M200 > 1013 M�; and masking all the
groups listed in the simulation catalogue. We took an aperture set on the far outskirts of the clusters
with R = [2.5� 4]R200 as a reference to compare these results. We also tried comparing the e↵ect of
changing the centers of clusters as in the previous section, but in this case the harmonic powers are
basically una↵ected by this change.

The results of these analyses can be seen in Fig. 6.6. Looking at the figures on the right one can
see that the overall shape of the power excess curves in the regions close to the clusters is more or
less the same, exhibiting an excess of power until around order 20, which is roughly independent of
the aperture and the masking. Nonetheless, some di↵erences are present: going from the smaller to
the larger aperture we see a larger dominance of the quadrupolar term, associated with an elongated
shape, and a general decrease of power in the odd orders with respect to the even ones until m ⇠ 8,
which may also suggest a slight preference towards an even distribution. However, given the large
power excess at all orders smaller than at least ⇠ 15, it is di�cult to draw any meaningful conclusion
about the projected shape of the gas distribution.

Comparing the three di↵erent masks the most evident feature is the increase of power excess in the
inner regions when masking more clusters, and it can also be seen in the left panels of Fig. 6.6, looking
at how the random power profiles get lower compared to their respective cluster power as we increase
the masking. This is due to the fact that the signature coming from structures that are unmasked gets
incorporated into the random harmonic powers, which on one hand makes them more similar to the
ones calculated around clusters. On the other hand, there is the risk to hide interesting features from
structures such as filaments, whose signal in harmonic space is rather low and spread over various
multipoles. In fact this is what happens with the “control” aperture at [2.5� 4]R200: when no mask
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(a) (b)

(c) (d)

(e) (f)

Figure 6.6: Harmonic power spectra (left), and harmonic power excess (right) of gas distribution around clusters
with M200 > 1013.5 M�, in a span of apertures (see main text). Top: putting no mask on clusters Middle:
masking clusters with M200 > 1013 M� Bottom: masking all the groups in the catalogue.
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is implemented (Fig. 6.6(b)), we cannot see any significant di↵erence between the cluster and the
random powers, apart from a lack of power in the dipole; whereas if we apply a mask on some (or all)
clusters (Figs. 6.6(d) and 6.6(f)) a relevant power excess is found in various orders from m = 2 to 10
or 12. For this reason we decided to take 1012 M� as minimum mass for the masked clusters.

6.2.8 Reconsidering the continuous approach

Another hypothesis for the source of the unexpected power distribution of the inner region multi-
poles was that of an unknown problem with the particle-based approach. To test this possibility we
considered two di↵erent methods to perform the harmonic decomposition, based on a more continuous-
oriented approach. The basic idea is to build a 2D map of the gas distribution, and use that to compute
the harmonic powers.

The first method consists in creating a 2D polar histogram, formed by 100 evenly spaced angular bins
and a variable number of radial bins, 0.1 Mpc in size. These bins are then filled with the gas particles
weighted by their mass. Then, the harmonic decomposition is computed using these bins as “pixels”
of the 2D map. Fig. 6.7(a) and 6.7(b) show the results of this method: the general shape of the
power excess using this approach is not di↵erent from the ones we analyzed before with the particle
approach. In fact, looking at Fig. 6.8, where a comparison of the di↵erent methods is shown, we see
that apart from the overall amplitude, this first method gives the same results as the particle one.

The second method also starts from computing a 2D histogram as the first one, but then interpolates
it using the Python SciPy’s function interp2d with a cubic spline. The resulting function is then
sampled on a 50⇥ 50 polar grid to compute the harmonic decomposition. The results obtained with
this method are presented in Figures 6.7(c), 6.7(d). The overall shape of the harmonic power excesses
in the two regions (right panel) seems consistent with the previous findings, thus not solving the issues
with the inner region. Moreover, when looking at Fig. 6.7(c), and we compare it with Fig. 6.7(a), we
see a strange and unexplained rise of power at high orders in basically all the four curves, which is
significantly di↵erent from all the results we saw previously.

Both methods will be applied and further investigated in the next Section.

6.3 Comparison with simulated distributions

In the e↵ort to understand the reason for the unexpected behaviour of the harmonic power excess in
the inner region of clusters, we proceeded with a series of tests in which some known 2D distribution
of particles were injected into our code, to see if it responded as we would expect.

The first step was to draw randomly a set number of particles from four di↵erent distributions: a
2D Gaussian, a pure quadrupolar (m = 2) distribution, a combination of the previous two, and a
2D elliptical distribution. The number of particles was chosen to match the average number of gas
particles inside 4R200 around clusters with mass larger than 1013.5 M�, which is roughly equal to 50000
particles. A rotation of a random angle was also applied, before computing the multipole powers with
the three methods we discussed previously in section 6.2.8. This procedure was repeated 50 times and
the results averaged.

The results of this analysis are presented in Fig. 6.9. Each row shows the results for a di↵erent
distribution. In the left column there is an example map from the ones we used for the analysis. The
column in the middle shows the harmonic powers calculated in the inner region (R = [0� 1.5]) using
the three di↵erent methods, while the one on the right contains the ones computed in the outer region
of the simulated maps (R = [1.5� 4]).

Taking a general look at the middle and right column, we see that in all pictures the results using the
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(a) (b)

(c) (d)

Figure 6.7: Harmonic power spectra (left), and harmonic power excess (right) of gas distribution around clusters
with M200 > 1014 M�, using the two continuous methods described in the text. Top: first method Bottom:
second method.

particle and the first continuous approach closely match each other, with some very small deviations,
confirming their equivalence in the harmonic powers analysis, as we argued in the previous section. On
the contrary, the second continuous approach gives a large and unexpected boost of power to small
orders in all the cases where the distribution presents a dense central core, which is very puzzling
(while the di↵erence in the baseline is not a symptom of bad behaviour).

Examining the di↵erent distributions more closely, we see that in the Gaussian case the first two
approaches give no significant feature for m � 1, as we expect for an isotropic map, while the third
method produces an unexplained signal at orders 1 and 2 in the inner region, which extends to m = 3
in the outer region. When considering a pure quadrupolar distribution, all three methods give results
that are consistent with our expectations, with a spike at m = 2 and a flat profile elsewhere. This fact
is a reassurance that the first two methods work well, while it adds to the puzzlement for the third
approach, whose behaviour we have no explanation for.

Combining the previous two distribution in the third row of Fig. 6.9, we see that the particle and
the first continuous approaches continue to behave well, showing the same features as in Figs. 6.9(e)
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Figure 6.8: Comparison of the harmonic power spectra of gas in the inner aperture around clusters, computed
using the di↵erent approaches described in the text: particle-based method (blue), first continuous method
(orange), second continuous method (green).

and 6.9(f), as the m = 2 distribution is the only one that breaks the circular symmetry. On the other
hand, the second continuous approach again shows large unexpected power at low orders. Moreover,
this power extends to larger multipoles rather than being the simple sum of the two harmonic spectra
above. All these considerations made us distrust this last approach as faithful for the harmonic
analysis, so from now on we will not consider it anymore.

Last, we tested an elliptical distribution, which is considered to be in general a better approximation
of the projected shape of clusters, from both observations and simulations (see for example [35]). In
this case an interesting feature is observed (ignoring the third approach as we argued before): in the
internal region we can again see a large power in the quadrupole term, as we would expect from an
elongated structure. In addition, we see a smaller but significant power in the m = 4 order, coming
from the fact that we are not probing a pure m = 2 distribution, but there are particles also in the
region perpendicular to the major axis of the ellipsis. The same pattern is visible in the outer region
multipoles, but extending to all even orders up to m = 10, with power decreasing as a power law with
increasing order. This very clear and recognizable pattern, coming from probing the outer part of an
elliptical distribution, will be useful to interpret one of the results in the next Section.

The result for the inner region of the elliptical distribution is perfectly compatible with what we found
in the analysis of galaxy distributions (Fig. 5.5), confirming the conclusions that we drew there, but
it is clearly very di↵erent from what we obtained analyzing the gas distribution. In light of this, given
also the limited time of my project, we decided to abandon this line of research, and concentrate on
the outskirts of galaxy clusters, where the most interesting results concerning the structure of the
cosmic web can be found.

6.4 Results for the di↵erent phases in the cluster’s outskirts

The harmonic power spectrum of the various gas phases in the outskirts of the clusters can give im-
portant information on their distribution around the collapsed structures. Therefore, we investigated
the azimuthal behaviour of the three main phases that populate the surrounding of clusters: the Hot
Medium (HM), the Warm-Hot Intergalactic Medium (WHIM) and the di↵use part of the Intergalactic
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(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 6.9: Harmonic power spectra of simulated distributions, computed with the three di↵erent methods
described in the text. On the left, an example of the simulated distribution; in the middle, the power spectra
in the inner aperture R = [0 � 1.5]; on the right, the power spectra in the outer aperture R = [1.5 � 4]. From
top to bottom: 2D Gaussian, quadrupolar (m = 2), Gaussian plus quadrupolar, elliptical distribution.
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(a) (b)

(c) (d)

Figure 6.10: Four examples of the distribution of gas around galaxy cluster in TNG300-3, coloured by phase:
Hot Medium (red), WHIM (orange), di↵use IGM (blue).

Medium (di↵use IGM), as defined in Section 3.4. As reported in [38], we expect the Hot Medium to
be concentrated mainly in the knots of the Cosmic Web, that is in the galaxy clusters. The WHIM
should represent a large fraction of the gas in filaments and clusters, while the di↵use IGM is expected
to be found predominantly in sheets and voids. In Fig. 6.10 four examples of the distribution of these
phases around clusters are shown.

The results of the harmonic analysis of the three phases are shown in Fig. 6.11; on the left the clusters’
and random positions’ multipole powers, and on the right the corresponding harmonic power excess.
For this analysis we decided to mask the clusters with M200 > 1012 M�, in order to exclude all the
clusters that might be visible in an observational study.

We start from the analysis of the HM, in Figures 6.11(a) and 6.11(b). Looking at the second panel we
immediately notice the resemblance to Fig. 6.9(l), with large power at all even orders until m = 10.
This feature clearly indicates that we are probing the outer part of an ellipsis, thus confirming that
the HM phase is indeed concentrated in the inner region of clusters and, more importantly, that it is
distributed on average following an elliptical shape.

Turning to the central row of Fig. 6.11, we see the results of the analysis of the WHIM distribution:
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in the right panel (Fig. 6.11(d)) we see that the harmonic power excess has a shape similar to the one
we found for the galaxy distribution (Fig. 5.5), with a higher peak at m = 2 and then a decreasing
power up to m = 12, proving that the WHIM phase traces the filamentary structures around clusters
in a similar way to galaxies.

In Figures 6.11(e) and 6.11(f) we finally see the result obtained with the di↵use IGM phase: surpris-
ingly, instead of having an excess of power at low orders, we have a lack of it in the clusters compared
to the background gas distribution, with the two matching only around m = 16. This result certainly
needs to be further investigated in the future, as it is not clear what could be the cause of this be-
haviour. One hypothesis is that this is a hint that the di↵use IGM is distributed outside the collapsed
structures, mainly at the edges of the region considered (as suggested by the examples in Fig. 6.10).

6.5 Conclusions

In this Chapter, we analyzed the distribution of three gas phases in the outskirts of galaxy clusters
(due to the reasons discussed before) from the simulation TNG300-3, using the harmonic power excess
to characterize statistically the patterns in harmonic space of the various components we probed.

The phases we considered were: hot medium, warm-hot intergalactic medium (WHIM) and di↵use
IGM. For these phases we found that:

• the hot gas (Hot Medium) is concentrated in the inner regions of clusters, with only its outer
parts extending beyond R200, and its projected shape is on average elliptical, as signaled by the
peculiar shape of the harmonic power spectrum;

• the Warm-hot Intergalactic Medium is the phase that better traces the filamentary structures
highlighted in the galaxy study, given that its harmonic power spectrum presents a similar shape
with respect to the galaxy one;

• the Di↵use Intergalactic Medium presents an harmonic power at low orders that seem to be lower
than the background one, this fact is di�cult to interpret and needs to be further analyzed, but
it could be an hint to the fact that this gas phase seems to sit at the edge of the region probed
and outside the filaments.

Further studies will need to explain the results with the gas distribution in the inner parts of clusters,
which we were not able to address, together with the lack of power at low orders of the di↵use IGM
phase compared to the background.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.11: Harmonic power spectra (left), and harmonic power excess (right) of the distribution of di↵erent
gas phases around clusters with M200 > 1013.5 M�, for the aperture R = [1� 4]R200. From top to bottom we
have: Hot Medium, WHIM, di↵use IGM.
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Chapter 7

Beta analysis on gas phases and DM

In the last part of the project we focused on the second question underpinning our work: how does the
level of anisotropies (with respect to a spherical distribution) in clusters’ matter distribution correlate
to the cluster properties?

To answer this question we make use of the parameters �2,3,4 defined in Section 4.3, which are meant to
represent the main contributions to the anisotropic behaviour of matter distributions. This hypothesis
is supported by previous studies on multipole moments [21,23,66], and also by the results of this work
presented in Chap. 5 and 6, where we notice that, in general, the multipole orders m = 2, 3 and 4
are the ones with the largest powers in the harmonic decomposition. Furthermore, we have already
observed that di↵erent multipole orders highlight di↵erent symmetries. Going back to Fig. 4.2, we see
that the orders m = 2, 4 probe preferentially structures with elongated shapes, while m = 3 is more
sensitive to structures in which the matter is not aligned along a single direction through the cluster.

7.1 Procedure

For this analysis, we decided to take the highest resolution simulation, TNG300-1, in order to be
consistent with the choice of [22]. As suggested in the conclusions of [22], we decided to use a
smaller sample of massive galaxy clusters with respect to that work, considering only the ones with
masses M200 > 5 ⇥ 1013M�/h, aiming to highlight the correlations between cluster properties and
the outskirts’ anisotropies. Following [22], we also decided to exclude the groups that are located
closer than 3⇥R200 from the edge of the simulation box. We therefore end up with a final catalogue
of 415 clusters. Then, as we did for the analysis of the harmonic power excess, we project the
matter distribution of the clusters along the three axes of the simulation box, obtaining 3⇥ 415 group
projections.

We then computed the three parameters, �2,3,4, were computed in di↵erent apertures, and for di↵erent
matter components. The apertures that we probed were: [0� 1]R200 and [1� 4]R200 which, as before,
are meant to di↵erentiate between the inner regions and the outskirts of clusters. We also decided to
split the outer region in two, and compute the �s on the apertures [1 � 2]R200 and [2 � 4]R200, this
choice was made in order to investigate the radial evolution of the asymmetries, from the inner part to
the far outskirts. Furthermore, the aperture [1� 2]R200 is also used to show the correlation of the �s
with the connectivity, that is computed at a radius of 1.5⇥R200, as explained in Section 3.3. As for the
matter components analyzed, we decided to focus on three components: dark matter, hot gas (HM),
and WHIM. We chose these because we were interested in seeing the di↵erence behaviours of the main
gas components’ distributions in clusters with respect to a “reference” dark matter distribution.

As we said before, our goal is then to study the relationship between the asymmetric distribution of
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Figure 7.1: Test of the influence of the number of particles in the aperture on the value of �2,3,4. For each
number of particles considered, 100 maps are sampled from the same distribution, the �s are computed on
these maps and then averaged. Here the average and standard deviation of �2,3,4 are shown as a function of
the number of particles.

matter and the cluster properties listed in section 3.3.

Before starting with the main analysis, though, we decided to test the limits of our new estimators,
performing a series of tests on simple known distributions. Since we chose to estimate the gas distri-
bution by using the center of gas cells such as “gas particles”, we have to carefully identify limitations
of beta computation on point distribution.

7.2 Tests on the beta parameters

7.2.1 Influence of the number of particles

This first synthetic analysis aims to constrain the number of minimum particles that are needed to
accurately probe asymmetries with the � parameters.

Therefore, we simulated a combination of the three distributions with annular symmetries peaked at
m = 2, 3, 4 with equal weights. In this way, when doing the harmonic decomposition of the resulting
distribution, the three � parameters return the same value. Then we sampled this distribution with
an increasing number of particles, from 1 to 104, and we computed the � parameters on the resulting
2D point distribution. The mean �2,3,4, computed on the synthetic maps, together with their standard
deviations are shown in Fig. 7.1.

As we can see from Fig. 7.1, the value of the � parameters converges to the theoretical expected
value when the number of particles used to discribe the matter distribution is closed to one hundred.
Below this number, the matter distribution is sub-sampled, and thus, beta estimator is contaminated
by shot noise in matter distribution, up to the extreme case of becoming equal to one when there is
only one particle. Following this analysis, we decide to consider that few hundred particles inside a
given aperture are needed to accurately evaluate beta without noise contamination.
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We therefore conclude that our new estimators are quite robust with respect to the number of particles.
In fact, when looking at the cases we are interested to study (i.e. matter in and around galaxy clusters
in TNG300-1), we see that for our choices of apertures and components the large majority of the
distributions have many more particles than just a few hundreds; only when we consider the hot
medium in the outskirts of clusters there are some cases where we cannot trust the values of �2,3,4.

7.2.2 Influence of clumpy matter distributions

The second question we have investigated is: what is the impact on the � parameters when the matter
is not distributed smoothly at all azimuthal angles, but it is rather concentrated in small clumps, and
absent elsewhere?

We might expect this behaviour in particular for the hot medium outside galaxy clusters. Indeed, since
the hot gas is the one that is heated to very high temperatures in shocks, it is expected to be very
subdominant in the outskirts of clusters (as we found in Chap. 6), and probably only concentrated in
subgroups massive enough to heat it.

To test the response of the � parameters to this situation, we created a toy model of the cluster
outskirts. We created “fake” maps placing small, normally-distributed clumps of particles in the
region [1 � 4] in arbitrary units, with the mean of the 2D gaussian selected randomly in the region,
and � = 5⇥ 10�3, each gaussian clumps contained 1000 particles. In order to simulate also the e↵ect
of a central cluster, we tested the maps with and without a larger gaussian placed in the center of the
coordinate system, with � = 0.25, containing 104 particles, so that the tails of the gaussian distribution
simulate the outer parts of a cluster, extending beyond the circle of radius 1. Some example maps are
shown in Fig. 7.2, together with their multipole decomposition in the aperture [1� 4].

From the examples of Fig. 7.2 we can already see that a clumpy distribution of matter has a very
important impact on the multipole decomposition, leading to very high powers at many orders, up to
very large ones. We also notice that the shape of the power spectrum varies drastically with respect
to the relative position of the clumps. These observations already seem to imply that our approach
based on the multipole orders m = 2, 3, 4 is not adequate to describe accurately this specific matter
configuration. The inclusion of the central “cluster” has the e↵ect of lowering the relative power with
respect to the order 0 of all other orders m > 0.

In order to understand better the dependence of the � parameters on the number of substructures, a
more thorough analysis was performed, varying the number of gaussian clumps in the maps from 1
to 6 and taking the average of �2,3,4 over 100 maps for each number of clumps. We also decided to
complicate slightly our toy model in order to better approximate the expected real gas distribution
around clusters. First we considered a central cluster with an elongated, elliptical shape1. Then we
added a further complication, varying the size of the external clumps, taking gaussians with random
sigmas ranging between [0.005�0.05], selected randomly using a triangular probability density function
peaked at 0.005 and linearly decreasing until 0.05. These tests are shown in Fig. 7.3.

Here we see that a clumpy distribution without central “cluster” gives values of �s that are very high
on average, although decreasing with the number of substructures. We also see that varying the size
of the clumps (Fig. 7.3(f)) leads to values of �2,3,4 that are closer to each other, especially for a large
number of clumps, while keeping the size fixed makes the values of �2 and �3 decrease faster than �4

when increasing the number of substructures. When considering also the central cluster we see that
the values of �s are significantly reduced, in particular with few clumps, but they still remain quite
high at ⇠ 0.4. Introducing an elliptical shape for the central cluster, we see that �2 becomes larger
than �3,4 for few substructures, as we would expect. Varying the size of the clumps with an elliptical

1To simulate it we used a central gaussian distribution with �x = 0.2 and �y = 0.45
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(a) (b)

(c) (d)

(e) (f)

Figure 7.2: Test of the impact of a clumpy matter distribution on the harmonic decomposition. Three examples
of synthetic distributions (left panels) with randomly placed Gaussian clumps, and the corresponding multipole
decomposition (right panels), computed in the region between R = 1 (blue circle) and R = 4 (orange circle):
(a-b) two clumps, (c-d) three clumps, (e-f ) three clumps and central “cluster”.
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(a) (b)

(c) (d)

(e) (f)

Figure 7.3: Test of the e↵ect of the number of substructures on the � parameters. On the right panels (b-d-f )
the average value of �2,3,4 are shown as a function of the number of clumps, computed in the region between
R = 1 (blue circle) and R = 4 (orange circle) with or without considering the central “cluster” (dashed and solid
lines, respectively, the colored areas represent the standard deviation). From top to bottom, three situation are
show: (1) considering a spherical central cluster, (2) an elliptical central cluster, (3) elliptical central cluster
and varying size of the clumps.
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(a) (b) (c)

Figure 7.4: Three examples of hot medium distribution in clusters from TNG300-1. The inner and outer circles
have radii of 1 and 4 ⇥ R200, respectively. The red dots are the centers of the subgroups associated with the
possible presence of hot gas, as described in the text. The values of �2,3,4 for the HM distribution in the region
[1� 4]R200 are reported in the box.

central cluster has the e↵ect of keeping the hierarchy between �2 and �3,4 consistent, independently
of the number of substructures.

Anyway, we see from Fig. 7.3 that, on average, a clumpy distribution produces values of �2,3,4 that
are always relatively high. This is an important limitation for the use of the � parameters, especially
if one tries to interpret their value as the degree of similarity to the perfect multipolar distribution
of the same order (as seen in Fig. 4.2). We have shown that this interpretation holds, and leads to
important results, in the cases where the matter is distributed more smoothly, but in a case like the
one presented here, with most of the matter concentrated in small substructures, it cannot be trusted
to give the correct picture of the underlying matter distribution.

Comparison with the simulation data

As we said in the beginning of the last section, we can expect the hot gas far from the cluster center
to be concentrated in massive subgroups, and to be almost absent outside of them. We also saw that
for this particular configuration, our method provides results that are not easily interpretable and
can lead to wrong conclusions. We therefore want to see if this expectation corresponds to the real
distribution of the hot medium in the simulation.

To assess this, we want to compare the results coming from the simulation with the ones we obtained
using our toy model, in particular the one in Fig. 7.3(f) (which we expect to be the most realistic
version of the toy model we investigated).

To do so, we have to relate the values of �2,3,4 computed of the hot medium distribution in the
aperture [1 � 4]R200, with the number of substructures hosting the hot gas. Finding this number
is not so straightforward, so we decided to use a simpler proxy: we considered the subgroups in the
Subhalo catalogue provided by the simulation, selecting the ones that are massive enough to potentially
contain some hot gas, i.e. the ones with total mass larger than 5⇥ 1012M�/h. This is quite a crude
approximation, but it seems to capture the correct behaviour at first order, as seen in some examples
in Fig. 7.4.

Having obtained a catalogue of massive subgroups, we projected their positions along the three axes
of the simulation box and associated the number of subgroups that lie in the apertures [1� 4]R200 to
the �s computed in the same aperture for the hot medium.

The result is presented in Fig. 7.5. We see that this result is actually not too distant from what
predicted by our simple toy model in Fig. 7.3(f), especially regarding the trends. This seems to
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Figure 7.5: Average values of �2,3,4 computed in the outer regions [1� 4]R200 of galaxy clusters in TNG300-1,
as a function of the number of massive subgroups, as explained in the text.

indicate that our expectations on the hot medium distribution were correct, and that indeed the
small clumps of gas dominate the distribution, leading to values of the � parameters that cannot be
interpreted with our standard interpretation.

For this reason, we decided to exclude the hot medium outside of clusters from the rest of the analysis,
keeping the results of this phase only in the aperture [0� 1]R200.

7.3 Results

We now present the results of our analysis on the TNG300-1 simulation. As we said before, we want to
study the relations between the level of asymmetry in the distribution of the various components with
other properties of galaxy clusters. We started by exploring the radial evolution of the � parameters.
Then we studied their correlation with the other probes of matter asymmetry, namely the ellipticity
and the connectivity, and finally we related them to the cluster mass and its relaxedness.

To obtain a quantitative estimate of the correlation of our parameters with the di↵erent properties,
we compute the Spearman rank correlation coe�cient

⇢sp (pi, pj) = Cov (pi, pj) / (�i�j) (7.1)

where pi and pj are the two parameters we want to correlate, �i is the standard deviation for the
parameter pi, and Cov (pi, pj) is the covariance between pi and pj . We also report the p-values of the
coe�cients, and we consider a correlation to be statistically significant if its p-value is below 0.05. All
the values of ⇢sp and the corresponding p-values are reported in Table 7.1, at the end of the Section.

For all figures, we display the mean quantity together with their associated error bars derived from
bootstrap resampling.



58 CHAPTER 7. BETA ANALYSIS ON GAS PHASES AND DM

Figure 7.6: Radial evolution of �2,3,4 computed on dark matter distribution in three apertures: [0� 1], [1� 2]
and [2� 4]R200.

7.3.1 Radial evolution

The first relationship we explored was the one between the � parameters and the radial distance from
the center of the cluster. For this reason we computed �2,3,4 for dark matter in three apertures: [0�1],
[1� 2] and [2� 4]R200, where the last one is larger in order to ensure a good statistics.

The results are shown in Fig. 7.6. Here we clearly see that all three �s grow with the radius, a sign
that the matter distribution gets more asymmetrical the further we go from the cluster center. This
confirms our results of the previous Chapters, that showed how the matter distribution becomes more
complex and less isotropic in the cluster outskirts. We also observe that in the inner regions of clusters
the distribution is almost quadrupolar, with �2 dominating over the other orders, and thus carrying
the most part of the information on the asymmetry. On the other hand, when looking at larger radii
in the outskirts of clusters, we see that, even if the order 2 is still the most important, also �3 and �4

become relevant to describe the level of asymmetry of the matter distribution.

Based on these observations, we decided to use as probes of the asymmetry level with respect to the
isotropic distribution only the �2 parameter inside of clusters (inside R200), while using the sum of the
three �s in the cluster outskirts, �2+3+4 = �2 + �3 + �4, to capture the total amount of the complex
asymmetries in these regions.

7.3.2 Geometrical proxies: ellipticity and connectivity

After having established the relationship of the �s with the radius, we wanted to relate the harmonic
asymmetries, traced by the � parameters, with the underlying geometry of the matter density field in
the two regions of interest (inside and around galaxy clusters). Inside clusters, we use the ellipticity
as tracer of the triaxial shape of clusters, and we compared it to the quadrupole moment estimator
�2 computed in the aperture [0 � 1]R200. In the cluster outskirts, on the other hand, we take the
connectivity as measure of the number of filaments connected to the cluster at R = 1.5R200, compared
to the total level of asymmetries, �2+3+4, computed in the aperture [1� 2]R200.
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(a) (b)

Figure 7.7: Comparison of the asymmetry level of matter distribution with galaxy clusters’ geometrical proxies,
for dark matter (in black), hot medium (red) and WHIM (orange). Each dot represents a cluster projection,
the solid lines are the average in bins of the cluster property. The values of the Spearman coe�cients, ⇢sp, and
relative p-values are quoted for each matter component. (Left): �2 inside clusters ([0� 1]R200) with respect to
the clusters’ ellipticity. (Right): �2+3+4 outside clusters ([1� 4]R200) with respect to the clusters’ connectivity.

In Fig. 7.7(a) we see the results of this analysis in the inner regions of clusters. We notice that �2

is strongly correlated with the ellipticity. This fact confirms our previous statements about strong
quadrupolar power, that is, the more quadrupolar is the matter distribution, the more elliptical is the
cluster shape. Looking at the di↵erent components of matter considered, we see that the dark matter
is the one with the strongest correlation, which is understandable since the ellipticity was computed
using only DM particles, but we can notice how the hot medium follows approximately the same
trend and it has a very similar Spearman coe�cient to the DM. Finally, the WHIM seems to be a
little less correlated to the ellipticity with respect to the other two components, but the correlation
is still significant. In general, we notice that the gas components have lower values of �2 than the
dark matter on average; this fact can be understood remembering that gas, unlike DM, is a↵ected
by pressure forces that tend to symmetrize the distribution, thus lowering the asymmetry level with
respect to the collisionless dark matter. From these results we can see that the hot medium, being the
dominant gas component in these regions, follows the dark matter distribution and traces very well
the ellipticity of the cluster. On the other hand, the WHIM distribution, while still strongly influenced
by the elliptical shape of the cluster, seems to be a↵ected also by other factors.

Turning to the outer parts of galaxy clusters, in Fig. 7.7(b) we see the comparison of �2+3+4 with the
connectivity. Also here we see that there is a good correlation between the two parameters for both
DM and WHIM, such that a cluster with higher asymmetry level is generally more connected to the
cosmic web, which is a confirmation that regions with more complex signatures in harmonic space can
be associated with more branched filamentary structures. This result is in agreement with [20], who
found that the gas in filaments is mainly in the phase of WHIM.

7.3.3 Dependence on the cluster mass

We then studied the relationship of the matter asymmetries with respect to the mass of the cluster.
We considered the dependence on the cluster mass both in the inner region ([0 � 1]R200) and in the
outskirts (using the aperture [1� 4]R200).

For the inner part of clusters, we show the result in Fig. 7.8(a). We see that the three matter
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(a) (b)

Figure 7.8: Comparison of the asymmetry level of matter distribution with galaxy cluster’s mass, for dark
matter (in black), hot medium (red) and WHIM (orange). Each dot represents a cluster projection, the solid
lines are the average in bins of the cluster property. The values of the Spearman coe�cients, ⇢sp, and relative
p-values are quoted for each matter component. (Left): �2 inside clusters ([0�1]R200). (Right): �2+3+4 outside
clusters ([1� 4]R200).

components we consider show three di↵erent behaviours. First of all we can see that the asymmetry
level of the dark matter seems to be almost independent on the mass of the cluster, we can see only
a slight increase with mass, confirmed by a low value of the Spearman coe�cient. On the other
hand, we can observe how the WHIM phase shows a much more significant increase with the mass,
with the average value of �2 becoming comparable with the one of dark matter in the most massive
clusters. This is consistent with our expectations and previous studies [3,14,21,22], which show that,
in general, more massive clusters are both more elliptical and more connected to the cosmic web.
Somewhat contrary to our expectations is instead the behaviour of the hot gas, which seem to be
more asymmetrically distributed in low-mass clusters than in high-mass ones. One way to interpret
this result is to remember that this gas phase gets heated to its high temperature through shocks [68],
that spread the gas over a larger volume than the DM, and symmetrizing its distribution. Since we
expect shocks to be found at the interface of clusters and filaments, a more connected cluster will have
more shocks on average, thus its infalling gas will have more opportunities to be symmetrized, with
respect to a poorly connected one. Nevertheless, other explanations are possible, so this behaviour
has to be studied in more detail in a future study.

Looking now at Fig. 7.8(b) we see the results obtained in the outskirts of galaxy clusters. Here we
see that both DM and WHIM asymmetries increase with the mass, coherently with our expectations,
with the WHIM showing a higher correlation coe�cient than the dark matter. This results confirms
the fact that more massive clusters seem to have stronger asymmetries and more complex matter
distribution in their outskirts.

7.3.4 Dependence on the cluster’s dynamical state

The last cluster property we related to the level of matter anisotropies is the relaxedness, which
measures the level of dynamical relaxation of the cluster, as explained in section 3.3.

In both panels of Fig. 7.9, we see that the level of asymmetry is anti-correlated with the relaxedness, so
that the unrelaxed clusters are the ones with higher asymmetries, while the relaxed ones tend to have
more isotropic matter distributions. This confirms the results of [22], that compared the relaxedness
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(a) (b)

Figure 7.9: Comparison of the asymmetry level of matter distribution with galaxy cluster’s relaxedness, for dark
matter (in black), hot medium (red) and WHIM (orange). Each dot represents a cluster projection, the solid
lines are the average in bins of the cluster property. The values of the Spearman coe�cients, ⇢sp, and relative
p-values are quoted for each matter component. (Left): �2 inside clusters ([0�1]R200). (Right): �2+3+4 outside
clusters ([1� 4]R200).

Table 7.1: Values of the Spearman rank correlation coe�cient, ⇢sp, and the corresponding p-values, of the
cluster parameters below with respect to the probes of asymmetries: �2 inside clusters ([0�1]R200), and �2+3+4

in the cluster outskirts ([1� 4] or [1� 2]R200).

Dark matter WHIM HM
⇢sp p-value ⇢sp p-value ⇢sp p-value

Ellipticity (R = [0� 1]R200) 0.40 4.35⇥ 10�50 0.19 6.33⇥ 10�12 0.37 1.88⇥ 10�41

Connectivity (R = [1� 2]R200) 0.18 8.67⇥ 10�11 0.25 2.82⇥ 10�19 � �
Mass inside 0.07 9.40⇥ 10�3 0.56 1.88⇥ 10�104 -0.15 6.83⇥ 10�8

Mass outside 0.09 9.26⇥ 10�4 0.22 6.99⇥ 10�15 � �
Relaxedness inside -0.19 1.77⇥ 10�11 -0.19 3.92⇥ 10�11 -0.25 8.42⇥ 10�20

Relaxedness outside -0.42 7.63⇥ 10�55 -0.31 8.53⇥ 10�29 � �

with the ellipticity and the connectivity. Looking at the di↵erent components we see that, inside
clusters, the HM distribution seems to be the one that gets most influenced by the dynamical state
of the cluster, with a higher Spearman coe�cient in modulo compared to the other components. For
DM the average �2 decreases monotonically with the relaxedness, although less drastically than the
HM. The average �2 of the WHIM distribution has a more complicated shape, but it still shows an
overall descent for higher values of the relaxedness. In the outer regions of clusters we can see that
both dark matter and WHIM are strongly anti-correlated with the relaxedness, with a similar shape
of the average �2+3+4 profile, a sign that the filamentary patterns of both WHIM and DM are strongly
influenced by the dynamical state of matter inside the clusters, consistent with the results of [22].

7.4 Conclusions

In this Chapter, we presented the results obtained analyzing how the level of anisotropy of matter
distribution in and around galaxy clusters depends on various cluster properties. To estimate the level
of asymmetries we used a new method based on aperture multipole moments decomposition, through
the use of the � parameters that we introduced in Section 4.3.
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We decided to analyze three matter components: dark matter, hot gas and WHIM. Dark matter and
WHIM were considered both inside and in the outskirts of galaxy clusters, while the analysis of the
hot medium was restricted to the region inside R200, due to the limit of our method in distinguishing
a clumpy distribution from an extended filamentary one.

The results of this Chapter are summarized below:

• We saw that asymmetries in the matter distribution grow consistently from the center to the
oustskirts of galaxy clusters. In the inner regions of clusters (up to R200), the dominant multipole
contribution is the quadrupole, in agreement with our previous results and previous studies
[21,23]. In the clusters’ outer regions (from 1 to 4R200), �2,3,4 become the three dominant orders
to describe the complex filamentary patterns in the matter distribution.

• We found a good correlation between the level of azimuthal symmetries, quantified by �2,3,4, and
other probes of matter asymmetry. We related �2 inside clusters with the ellipticity, and �2+3+4

in the outskirts with the connectivity, finding that our � parameters are good estimators of the
geometrical properties of the matter distribution.

• Relating the � parameters with the mass of the cluster, we saw that WHIM and dark matter
anisotropies grow with increasing mass, both inside and in the vicinity of clusters, although the
correlation is weak in the case of dark matter. This is coherent with previous studies’ results, for
example [3,14,21,22]. For the hot medium we found instead the opposite behaviour, with more
massive clusters having a more spherical HM distribution than low-mass ones. The explanation
for this fact is not clear yet, and it has to be further investigated.

• Finally, we studied the relationship between the level of asymmetries and the dynamical state
of the cluster, represented by the relaxedness parameter. We found that the � parameters of
all the components considered are anti-correlated with the relaxedness, both in the inner and
the outer regions of clusters. Therefore it means that more relaxed clusters tend to have more
spherical distributions, whereas newly formed, unrelaxed clusters have matter distributions that
are in general more anisotropic.
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Conclusions

In this work we investigated the distribution of di↵erent matter components in the environment of
galaxy clusters. In particular we characterised the asymmetries of the distribution of dark matter,
galaxies and di↵erent gas phases (hot medium, WHIM, di↵use IGM), in two regions: one selecting
their insides and the other focused on their outskirts. To do this, we performed a multipolar harmonic
decomposition of the projected density field in these two regions, which served as a basis for our
subsequent statistical analyses. We used the data from the cosmological hydrodynamical simulation
suite IllustrisTNG, in particular the largest simulation of the suite, TNG300, at z = 0.

We approached the project with two questions. The first one was: how is matter in galaxy clusters
distributed with respect to the background density field of the Universe? To answer this question we
computed the harmonic decomposition of the projected density field of galaxies and gas, respectively.
While the results obtained from the analysis of the galaxy distribution are mostly in agreement with
previous studies [21, 23] (see Chapter 5), the analysis of the gas proved to be more problematic.
Computing the harmonic power excess of the gas component inside 1 ⇥ R200 from the cluster center
produces a multipole distribution that we are not able to interpret at this stage. We suppose that this
peculiar shape of the harmonic power excess is due to an incorrect characterization of the background
field, maybe due to a lack of gas particles, but we have not found yet a proof for this hypothesis.
Therefore, this aspects has to be further studied in a future work. Focusing on the cluster outskirts,
we analyzed the distribution of three gas phases: hot medium, WHIM and di↵use IGM. We found that
the hot gas is situated mainly in clusters, and is a good tracer of their average elliptical shape, while
the WHIM is the phase that better traces the filamentary structures of the cosmic web connected to
the clusters, which is consistent with the results of [20]. Studying the di↵use IGM, we found that this
gas phase has lower multipolar powers around clusters than in the background field, which is again
di�cult to interpret, and needs further examination in the future.

The second question we addressed was how the level of anisotropy of the matter distribution in galaxy
clusters is related to the properties of the clusters. We therefore introduced a new set of parameters
to characterize the asymmetries of the matter distribution: the � parameters. We first analyzed the
strengths and the limitations of these parameters, to define the limits of applicability of this new
approach. We found that the � parameters are a↵ected by the shot noise of the discrete matter
distribution only when the number of particles is below ⇠ 100, and above this number they converge
to the theoretical expected value. We also discussed how a clumpy matter distribution can influence
the values of the � parameters, finding that such a distribution produces complex results that cannot
be interpreted in terms of similarity with simple multipolar distributions. Using these results as guides,
we estimated the level of asymmetries in the distribution of dark matter, hot medium and WHIM in
galaxy clusters’ environments, studying their correlation with clusters’ parameters. In general, we
saw that the matter distribution tends to become more anisotropic and more complex going from the
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clusters’ cores to their outskirts. We also found that the � parameters are well correlated with other
probes of matter asymmetries, namely the ellipticity and the connectivity, confirming the validity of
our method. Comparing the level of matter asymmetries with the cluster mass, we found that the
WHIM and (to a lesser extent) dark matter distributions tend to be less spherical in more massive
clusters (as found in other studies, e.g. [3,14]). Looking at the dependence of the asymmetry level of the
hot gas on the cluster mass, we saw an opposite trend instead, with a more isotropic gas distribution
in massive clusters than in low-mass ones. We gave a tentative explanation of this result, but it needs
to be confirmed in further studies. Finally, we found an anticorrelation between the asymmetry level
and the dynamical relaxedness of the cluster, which confirms the standard hierarchical scenario of
structure formation, with newly-formed, unrelaxed clusters being also the most asymmetrical ones
and the most connected to the large scale structures.

In conclusion, this work shows that the harmonic decomposition of the projected matter density can be
a powerful tool to probe the departure from spherical symmetry of the matter distribution. As we have
shown, the level of asymmetry of the various matter components, evaluated through our � parameters,
is correlated to clusters’ physical properties up to 4⇥R200. This approach can be therefore applied also
to real observational data, in particular to the new and upcoming high-resolution gas observations.
Indeed, future X-ray observation missions and upcoming SZ experiments will allow us to explore
the hidden gas around clusters in the coming years, such as eROSITA [41] (launched in 2019), and
XRISM [71] (launch in 2021) and Advanced-ACT [27] (ground-based telescope started in 2016).
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E. Gaztanaga, D. W. Gerdes, P. Giles, J. E. Golec, M. B. Gralla, S. Grandis, D. Gruen, R. A.
Gruendl, J. Gschwend, G. Gutierrez, D. Han, W. G. Hartley, M. Hasselfield, J. C. Hill, G. C.
Hilton, A. D. Hincks, S. R. Hinton, S. P. P. Ho, K. Honscheid, B. Hoyle, J. Hubmayr, K. M.
Hu↵enberger, J. P. Hughes, A. T. Jaelani, B. Jain, D. J. James, T. Jeltema, S. Kent, K. Knowles,
B. J. Koopman, K. Kuehn, O. Lahav, M. Lima, Y. T. Lin, M. Lokken, S. I. Loubser, N. MacCrann,
M. A. G. Maia, T. A. Marriage, J. Martin, J. McMahon, P. Melchior, F. Menanteau, R. Miquel,
H. Miyatake, K. Moodley, R. Morgan, T. Mroczkowski, F. Nati, L. B. Newburgh, M. D. Niemack,
A. J. Nishizawa, R. L. C. Ogando, J. Orlowski-Scherer, L. A. Page, A. Palmese, B. Partridge,
F. Paz-Chinchón, P. Phakathi, A. A. Plazas, N. C. Robertson, A. K. Romer, A. Carnero Rosell,
M. Salatino, E. Sanchez, E. Schaan, A. Schillaci, N. Sehgal, S. Serrano, T. Shin, S. M. Simon,
M. Smith, M. Soares-Santos, D. N. Spergel, S. T. Staggs, E. R. Storer, E. Suchyta, M. E. C.
Swanson, G. Tarle, D. Thomas, C. To, H. Trac, J. N. Ullom, L. R. Vale, J. Van Lanen, E. M.
Vavagiakis, J. De Vicente, R. D. Wilkinson, E. J. Wollack, Z. Xu, and Y. Zhang. The Atacama
Cosmology Telescope: A Catalog of > 4000 Sunyaev–Zel’dovich Galaxy Clusters. Astrophysical

Journal, Supplement, 253(1):3, Mar. 2021.

[28] J. H. Jeans. The Stability of a Spherical Nebula. Philosophical Transactions of the Royal Society

of London Series A, 199:1–53, Jan. 1902.

[29] Y. P. Jing. The Density Profile of Equilibrium and Nonequilibrium Dark Matter Halos. Astro-

physical Journal, 535(1):30–36, May 2000.

[30] Y. P. Jing and Y. Suto. Triaxial Modeling of Halo Density Profiles with High-Resolution N-Body
Simulations. Astrophysical Journal, 574(2):538–553, Aug. 2002.

[31] S. F. Kasun and A. E. Evrard. Shapes and Alignments of Galaxy Cluster Halos. Astrophysical

Journal, 629(2):781–790, Aug. 2005.

[32] A. A. Klypin, S. Trujillo-Gomez, and J. Primack. Dark Matter Halos in the Standard Cosmological
Model: Results from the Bolshoi Simulation. Astrophysical Journal, 740(2):102, Oct. 2011.

[33] A. V. Kravtsov and S. Borgani. Formation of Galaxy Clusters. Annual Review of Astronomy and

Astrophysics, 50:353–409, Sept. 2012.

[34] J. Kuruvilla and N. Aghanim. Information content in mean pairwise velocity and mean relative
velocity between pairs in a triplet. arXiv e-prints, page arXiv:2102.06709, Feb. 2021.

[35] M. Limousin, A. Morandi, M. Sereno, M. Meneghetti, S. Ettori, M. Bartelmann, and T. Verdugo.
The Three-Dimensional Shapes of Galaxy Clusters. Space Science Reviews, 177(1-4):155–194,
Aug. 2013.
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