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Introduction

The Dirac equation represents a milestone of modern physics, being able to
describe the behaviour of spin-1/2 particles in a relativistic setting. The aim of
this Master’s thesis is to study the dispersive properties of the Dirac operator, in order
to apply them to the context of general relativity.

With the term dispersion we mean, roughly speaking, the property of each
component of a wave packet to travel with different speeds. Due to this phe-
nomenon, certain physical quantities, such as energy, have the peculiar trait of
decaying locally while being conserved globally.

In Chapter|l, we present the construction of the Dirac equation, which is defined
tobe invariant under Lorentz transformations. Hence, it is not difficult to imagine
that there is a deep connection between the differential operator and the Lorentz
group. Therefore, a brief overview of this group and its spin representations is
given to better understand the derivation of the Dirac equation. Denoting with
n = diag(1l,—1,—1,—1) the Minkoswki metric, in flat spacetime (R'*3 n) , the
equation writes

Z-fyua,uw = mw )

where 1) is the unknown, m > 0 is the mass of the particle and the Dirac matrices

~* satisfy the anticommutation property {7*,7"} = 2n*” and are given by

Id2 0 . 0 O'j
0.— , T = , , forj =1,2,3,
i ( 0 —Id2> 7 (—07 O) J

where ¢/ denote the Pauli matrices

ol = 01 o? = 0~ o3 = Lo .
1 0/)° i 0] 0 —1

A crucial feature of the Dirac equation is that it squares to the Klein-Gordon

equation

Of — Dp +mP =0,

iii



iv

for which many dispersive properties are known. Therefore, it is straightforward
to infer that the Dirac flow shows the same behaviour.

However, things become much more delicate when you generalize the equa-
tion to a spacetime manifold (M, g). Indeed, many tools of differential geometry
and a new notion of covariant spinorial derivative are needed to preserve the
Lorentz invariance in this latter case. In particular, the definition of a matrix
bundle e* ,, called vierbein, is a core step to locally link the curved and the flat

spacetimes as follows
b
uv = ea,unab6 v

Thanks to the power of this formalism, the equation still maintains an extremely

elegant and compact form
Dy =map

where v# := e ,v* and D, is the new covariant derivative for Dirac spinors

1 a
D,:=0,+ gwﬂb[’ya, V)

where [, -] denotes the commutator and w is the spin connection, which writes in
terms of the affine connection I" associated to g as wi’ := ¢,%9,e"’ + ¢ /T% e .

In curved background, the squaring trick mentioned above is no longer as ef-
fective due to the spinorial structure and hence proving dispersive inequalities
is definitely a much harder task. However, it is quite reasonable to expect that
when the underlying metric is not that far from the flat one, also the solution be-
haves well. In Chapter 2, we confirm this intuition by presenting some Strichartz
estimates, proven in [CdSM23|], when the manifold (M, g) is assumed to decouple
space and time and to be static and asymptotically flat. Mathematically speaking,

glt.2) = (3 _h0<m>) ,

where h is positive and with smooth entries satisfying for any multi-index |a| < 3

this means

and all z,
|0%(hji(x) = 0jp)| < Cufa) 7177 forj k=1,2,3,

for some constants Cj, < 1 and o € (0,1). The crucial fact that is heavily used
in the proof of the theorem is the squaring property of the Dirac equation, which
now yields a spinorial Klein-Gordon equation,

1
0P — Apu — ZRhu+m2u =0,



where Ry, is the scalar curvature associated to h and Ayu = DID; = W*DyD; is
a ”spinorial” Laplacian. The strategy consists in rewriting the modified Lapla-
cian in terms of the standard Laplace-Beltrami operator. In this way, one can
take advantage of the geometric assumptions to deduce proper decay and local
smoothing estimates and thus control effectively the perturbative spinorial terms.
Thanks to these arguments, one finally obtains the following Strichartz estimates,
itD

massless case (m = 0):  [le" uol| s - (g S o0l i any)

massive case (m > 0) : HeimmuOHLgH;/%s(Mh) S Mol (my)

where D,,, denotes the Dirac operator (with D = D) and the exponents (p, s, q)
must satisfy specific admissibility conditions associated to the wave and the Klein-
Gordon flows.

These results become extremely relevant in the context of general relativity,
where the dynamics of the particles described by the Dirac equation is influenced
by gravity, whose law is governed by the Einstein equations. Coupling these two
aspects, one obtains the so-called Einstein—Dirac system.

To approach this delicate topic, Chapter [3|begins with its derivation as the Euler-
Lagrange equations of the following action

Sy, et ] = /Rg ed'z +/ [% (EZFLDMP — Dﬁﬂf_y“w) — m@z/z] ed'z,

where e = /| det g|. Computing the variations with respect to the vierbein and
the mass field, one obtains the Einstein—Dirac system
Guw+T1,=0,

Dy =map

where G, = R, — 39,u R, is the Einstein tensor and

T = 2 ($1Dut = Duibt)) + 7 (P2 Do — Dutbru)
is the energy-momentum tensor.
Moreover, by taking advantage of the first spherical harmonics, we present an
explicit form of the Einstein—Dirac system in the spherically symmetric case.
Eventually, we present some open questions related to this model that will be
addressed in future doctoral studies, such as the well-posedness issue and stability
of solutions.

Finally, Appendix[A]is devoted to the detailed study of a Dirac local smoothing
estimate [CdS19b], crucial in the second chapter. Indeed, the proof is quite instruc-
tive since it relies on techniques that are widely used in the analysis of dispersive
PDEs. In particular, we retrace the arguments to establish a virial identity and we

carefully bound its perturbative terms to deduce the result.






Chapter 1
The Dirac equation

Introducing the Dirac operator in a self-contained way and covering all the
underlying ideas needed for its construction is not an easy task. In this chapter,
we give the essential concepts of Lie groups and Lie algebras, in order to better
understand the Lorentz group and its representations. This set of transformations
plays indeed a key role in relativity theory and in the definition of the Dirac oper-
ator. Finally, we see how it generalizes to the curved case, through a new notion

of covariant derivative.

1.1 Lie groups, Lie algebras and representations

We start this first section by briefly presenting the main ingredients that are
useful to understand the inner structure of the Lorentz group. To this end, we

follow the approach given in [Woil7].

Definition 1.1 (Lie group). A Lie group is a smooth manifold G where the maps

multiplication and inverse
m:(g1,92) EGXx G qgp€G and i:g€Gr—glecd
are smooth with respect to the differentiable structure.

In our context, a Lie group is seen as a ”transformation group”, that is a group
of elements acting as geometric transformations. In particular, we especially treat

matrix Lie groups, which are hence contained in GL(n, C).

Definition 1.2 (Complex representation). Let G a matrix Lie group. Then a com-

plex representation of G is a continuous group homomorphism

7:9€G—m(g) € GL(n,C).

1



2 1.1. LIE GROUPS, LIE ALGEBRAS AND REPRESENTATIONS

The representation = is called irreducible if it has no subrepresentations, meaning
non-zero proper subspaces W C GL(n,C) such that (r|y, W) is a representation.

Furthermore, (7, V') is said to be unitary if 7(g) is unitary for any g € G.

We prefer to work with complex representations, since we can rely on many
important results and properties, for instance Schur’s lemma and diagonalization
of operators.

The differential structure of a Lie group G gives rise to another important object,
the Lie algebra g, which is the tangent space at the identity of G. Since we re-
stricted to matrix Lie groups, we can define the Lie algebra in a more concrete

way.

Definition 1.3 (Lie algebra). Let G be a matrix Lie group. The Lie algebra g of G
is the set of all matrices X € M(n,C) such that ¢"X € G forallt € R, where e*

denotes the matrix exponential.

Remark 1.1 (Lie bracket and matrix commutator). In the case of a matrix Lie group,
the Lie algebra is naturally endowed with a Lie bracket given by the matrix com-
mutator [A,B] := AB—-BAcgforA, Beg.

Remark 1.2 (Physicists’ convention). Note that we adopted the physicists’ conven-
tion of multiplying by i before exponentiating to be consistent with the notations
in Parker and Toms” book [PT09]. Below, we will refer to the elements of the Lie

algebra as infinitesimal group elements.

Another important fact is that representations of Lie groups also induce repre-
sentations at the level of their Lie algebras. This is motivated by the fact that the
homomorphism property causes the map 7 to be largely determined by its be-
haviour infinitesimally near the identity, and thus by the derivative 7. The next
theorem shows a way to define the derivative of such a map in terms of velocity

vectors of paths.

Theorem 1.1 (Lie algebra representation). Let 7 : G — GL(n,C) be a group repre-

sentation of a matrix Lie group G. Then

d

""Xegor(X)i=—
m g ™(X) dt lt=0

#(e") € gl(n, C) = M(n,C) ,
is such that
1. (™) = "' X) forallt e R, X € g;

2. @(gXg™) =m(g)m"(X)(n(9))" ", forallge G, X €g;
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3. ©'([X,Y]) = [7'(X),n'(Y)], forall X, Y € g.
A linear map satisfying the last property is called a Lie algebra representation.
Proof. See [Woil7, Section 5.4]. O

This theorem shows that every representation of a matrix Lie group gives rise
to a representation of the associated Lie algebra. For our purposes, a crucial as-
pect is understanding the reverse process. That is, what circumstances are suffi-
cient to guarantee that, given a Lie algebra representation, we have an associated
representation of the Lie group. An answer to this problem is given by the con-

nectedness and simple-connectedness properties.

Theorem 1.2 (One-to-one correspondence). Let G be a connected and simply con-
nected matrix Lie group. If 7 is a representation of g , then there exists a representation
of G such that 7 = 7' .

Proof. See [Hal00, Corollary 5.35]. O

Remark 1.3. Below, we will notice that the Lorentz group is not simply connected.
Therefore, to recover this crucial property, we will consider its double covering
SL(2,C) and study the representations of s[(2,C) .

Remark 1.4 (Complexification). It is important to stress that Lie algebras are real
vector spaces (even if they can be made of complex matrices). This property
makes the Lie algebra representation 7’ to be real, even if 7 is a complex Lie
group representation. To obtain a complex Lie algebra representation from a real

one, we define the complexified Lie algebra as
gc=g+1g.
Consequently, we can extend 7’ to a representation of gc by complex linearity
(X +1iY) = 7(X) +i7' (V).

We now give the definition of another algebraic structure, the Clifford algebra.

To simplify its statement, we will directly restrict to the case of our interest.

Definition 1.4 (Clifford algebra Cliff(1, 3, C)). The Clifford algebra Cliff(1,3,C) C
M (4, C) is the algebra generated by 1,~+* for i = 0, 1, 2, 3 satisfying the relations

{97} =2n"1dy (1.1)
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where {a, b} := ab+ ba denotes the anticommutator and 7 := diag(1, —1, —1, —1).
These elements can be chosen so that 4" is hermitian while the other 7 are anti-

hermitian.

Remark 1.5 (Sign convention). In this work, we follow the sign convention for the

Minkowski metric 7 given, for instance, in [BD64].

Remark 1.6. If (v*), and (3#), both satisfy (1.I), then there exists U € GL(4,C)

such that 3# = U~ '4*U. Hence, all families of generators are equivalent.

The choice we will opt for along this work is the following.

Definition 1.5 (Dirac matrices).

Id2 0 . 0 O'j
0.— , = , , forj=1,2,3,
K ( 0 —Id2> ! (—aﬂ o) /

where ¢’/ denote the Pauli matrices

ol = 01 o? = 0~ o3 = Lo .
1 0/)° i 0] 0 —1

We will refer to these matrices as Dirac or Gamma matrices.

In the next section, we will see how to express a representation of the Lorentz

algebra in terms of the generators of the Clifford algebra.

1.2 Lorentz group and spin representation

The fundamental principles of relativity theory are that space and time must
be treated together and that every law must be invariant under admissible changes
of frame of reference. Mathematically speaking, this leads to the definition of a
four dimensional spacetime and of the corresponding group of transformations

preserving this structure.

Definition 1.6 (Minkowski spacetime). The Minkowski spacetime is the vector space
R'*3 equipped with the inner product defined by

3
(@, 9) =2 " ny =D T

p,v=0

where (x¢, 21,22, z3) and (yo, y1, y2, y3) are the coordinates of respectively z,y €
R'*3. The metric n = diag(1, —1, —1, —1) is called the Minkowski metric.
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Definition 1.7 (Lorentz group and restricted Lorentz group). The Lorentz group
O(1,3) is the group of linear transformations preserving the Minkowski space
inner product. In other words, a Lorentz transformation A is real square matrix

of size 1 + 3 satisfying the following condition
A€ O(1,3) «— A'npA=n.

The restricted Lorentz group SO™ (1, 3) is the connected component of the identity
and it is given by proper orthochronous Lorentz transformations (i.e. Lorentz
transformations which have determinant +1 and preserve the time orientation).
Furthermore, we note that SO*(1, 3) is not simply connected (cf. [Hal00, Section
2.5]).

SO7(1,3) is a Lie group of dimension 6 and is generated by the rotations
around the three spatial axes and the boosts in the three spatial directions: for

instance, the rotation around the z-axis and the first boost are respectively

10 O 0 cosh¢g sinhg 0 0

01 0 0 sinh¢ cosh¢ 0 0
R.(0) :== , . Ba(¢) =

0 0 cosf@ —sind 0 0 10

0 0 sinf cosf 0 0 01

For a basis of its Lie algebra, one can consider

000 0 00 0 0 0
000 0 0 1 0 -1 0
Iy := ) ly = ) l3 = ’
000 —i 0 0 0 1 0
007 O 0 — 0 0 0 0
0 ¢ 00 0040 000 4
i 000 0000 0000
kl = ) k2 = X kg = ,
0000 i 000 0000
0000 0000 i 000
which satisfy the following commutation relations
iy ] = teijil » ki k] = =€l , [, ky] = denky

where ¢;;;, is the Levi-Civita symbol. These elements are respectively called in-

finitesimal rotations and boosts. Indeed, according to Theorem 1.1 exponentiating
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for instance by /1 and k;, one recovers respectively the rotation R,(f) and the
boost B,.(0).

Even if these elements give us the geometric idea of a Lorentz transformation,
for our purposes we need to define other ways to represent SO* (1, 3). To this end,
we give a brief argument showing that SL(2, C) is the double cover of SO*(1, 3),

meaning that there exists a two-to-one mapping
®: SL(2,C) = SO*(1,3) .

Idea (Construction of ®). We start by identifying R'*3 with the space of 2 by 2

complex self-adjoint matrices by

($0,l’17$2,$3) < (

To+ T3 T1— ix2>

Ty +iry To— T3

and observe that

To+ T3 X1 — 1T

det [ ° .3 ! ? =axf —af — a5 — a5 .
T, +1Ty To— T3

Hence, the Minkowski space can be seen as the space of complex self-adjoint

matrices with norm-squared the determinant of the matrix.

For Q2 € SL(2,C), let us define the linear transformation given by conjugation

To+ T3 T — 1o To+ T3 T — ixs .
— Q) Qr
r1+1x2 To— T3 r1+1Ty Tog— T3
where -* denotes the conjugate transpose. One can see that it preserves the de-
terminant, i.e. the inner product, and maps self-adjoint matrices to self-adjoints
matrices, i.e. it maps R* to R*. Furthermore, we notice that both 2 and —( in-
duce the same linear transformation above and it can be proven that all elements

of SO*(1,3) arise from a conjugation map with an appropriate 2. This gives in-

deed the double covering map ® : SL(2,C) — SO*(1,3) we were looking for.

Remark 1.7. In this digression, we avoided to present the deep motivation ex-
plaining this 2-fold property, which involves the theory of spin groups. Indeed,
we took advantage of the isomorphism SL(2,C) = Spin(1, 3) to simplify the ar-
gument. For more details, we refer to [Woil7, Chapter 40].

This doubling property emerges also at the level of the Lie algebras. To see it,

we complexify so™ (1, 3), by defining the following combinations

1 . 1 ,
Aj= g +iky) . By= ol —iky)
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which now satisfy the relations
[Ai, Aj] = i€y Ay . [Bi, Bj] = i€ B, [Ai, Bj] =0,

that are the laws defining the algebra so(3)c . This means that the Lie algebra
s07(1,3)c splits into a sum of two copies of s0(3)c. Finally, using the fact that
50(3)c = su(2)c = sl(2,C) (see [WoilZ, Section 8.1.2]), we conclude that

s507(1,3)c = sl(2,C) @ s1(2,C) = 5[(2,C)c .

Doing this allows us to classify the finite dimensional irreducible representations

of s0™ (1, 3)¢ by studying sl(2, C)¢ representations.

Remark 1.8 (Projective representations). We will take advantage of this “doubled”
version of the restricted Lorentz group to define below the so-called spin repre-
sentation. However, we stress that the 2-fold covering map o gives rise to a sign
ambiguity, preventing us from defining a true representation of SO*(1,3). Ex-
amples like this are known as “projective representations”. Nevertheless, this
aspect will not affect our analysis and thus we shall overlook this technicality. In
this way, thanks to Theorem [1.2|and since SL(2, C) is connected and simply con-
nected, we can construct its group representations by looking at the Lie algebra

representations of sl(2, C)¢.

Theorem 1.3 (Classification of s((2, C)¢ representations).
The finite dimensional irreducible representations of s\(2, C)c are labeled by (s1, s2) for
sj =0, 3,1, ... These representations are given by the tensor product representations

(781 ® oy, V' ® VSQ) )

where (ms, V*) is the sl(2, C) irreducible representation of dimension 2s + 1 and (7, V?°)

its complex conjugate. Such representations have dimension (2s; +1)(2s2+ 1) .

Proof. See [Woil7, Section 41.1]. ]

The representations of particular interests are the two half-spinor represen-
tations (3, 0) and (0, 5), which give rise to respectively to left-handed and right-
handed Weyl spinors. Since Dirac fermions are supposed to satisfy a chiral sym-
metry, we also define the bi-spinor (or Dirac) representation (1,0) @ (0, 1), that

is a four-dimensional and reducible complex representation. This choice allows
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us to describe charged, massive, 1-spin particles using Dirac spinors, that are ex-

pressed in terms of chiral eigenstates as

(Y
w_<1/)R> )

where ¢, and p are two-components wavefunctions, of left and right chirality
respectively.
Given a family of generators X, providing a matrix representation of the Lie

algebra so™ (1, 3), we can represent a Lorentz transformation A as

T(A) = exp (ie™2y) , (1.2)

where £% are the parameters characterizing the Lorentz transformation. In this

way, we can write an infinitesimal Lorentz transformation as

A%y = 6% + &%y () , T(14¢) =141y, . (1.3)

Note that, from the characterization of a Lorentz transformation A® ., A% ¢ = 1
one finds that the infinitesimal parameters satisfy ¢,, = —¢y, . Therefore, we can
assume that the generators satisfy X, = —>, .

Furthermore, we can deduce the commutation rules that any matrices that are to

represent the Lorentz algebra must obey.

Lemma 1.4 (Commutation rules of the Lorentz algebra so™ (1, 3)).
Let ¥, = —X, be the generators of a matrix representation of the Lie algebra so™ (1, 3) .
Then, they satisfy

1
[Eaba Ecd] = 5 (naczbd - 77adzbc - nbczad + 77bdzac) . (14)

Proof. Since 7 is a representation, given A and A’ two Lorentz transformations,
we have that
T(A)7(A)m(A™Y) = 7(ANAT) .

Linearizing first in A’ and 7(A’), using (1.3), we obtain
T(A)(1 4+ e (A1) = 7(A(1 +)A)
and by linearity of ,

T(A) S (A1) e® = (A L (A™)y 1) e -
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From the antisymmetry of ¢, it follows
-1 1 c -1\ d c -1\ d
m(A) (A7) = 5 (AW(A ) = A% (AT ") S
Finally, linearizing in A and 7 (A), using (1.3), the last identity rewrites
1
iECchdEab - Z-Eabgaizcd = § <€C a0b ¢ 0° 4y ¢ €404 ¢ + 044 d) Yied

- _C 1 c c c c
—1e d[zaba ch] - 5 <7]a,d8 dzcb — Mbc€ dzad — Mbd€ dEca + Nac€ dEbd) )

from which we obtain, using ¥,, = —X, ,

7

[Eaba ch] = 9

(naczbd - nadzbc - 77bczad + nbdzac> .
L]

The Dirac representation is related, as the name suggests, to the Dirac matrices
of Definition[I.5, that generate the Clifford algebra.

Definition 1.8 (Dirac representation). The Dirac representation is given by the ele-
ments
l

8[7“#’] : (1.5)

which generate the Lorentz algebra so* (1, 3) and indeed satisfy the commutation

nab . —

relations (1.4). In particular, in this representation, the infinitesimal rotations and

boosts are respectively given by

. P 1 . Lo
DU SV L , forj < kand jk=1,2.3,
8 4 0 o
0 _ _tro g _tf0 o’ for i — 1.2
) 8[%7] 4<aj e orj=1,23.

Remark 1.9 (Non-unitary representation). Note that this representation is not uni-

tary due to the presence of the boost generators ©%. For instance, if we compute

T(By(9) = ™ =" @ (%)2k1d4 + Ek: m (%)2’%1 ( 01 (;1>

& g

0 1
:cosh%ld4+sinh% <01 0()) ,

we see that it is clearly not unitary. More generally, this is a consequence of the

fact that connected simple non-compact Lie groups cannot have any nontrivial
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unitary finite-dimensional representations, see [RB86, Section 8.1.B]. The non-
compactness of the Lorentz group is indeed caused by the presence of boosts: in-
tuitively, unlike rotations, iterating a boost makes you go to infinity never bring-

ing back to the starting point and this is clearly preventing compactness.

Below we will require the solution of the Dirac equation to be invariant under

the action given by the Dirac representation of the Lorentz group.

1.3 The Dirac equation in flat spacetime

In this section, we briefly retrace the original approach that Paul Dirac fol-
lowed almost a century ago, in 1928 [Dir28]], when he stated his famous equation.
For further details regarding the historical derivation of the Dirac equation, refer
to [BD64] or [Pes18].

Dirac’s goal was to describe the motion of spin fermions in R* with the ad-
dition of relativistic corrections. Mathematically speaking, this translates in two

core properties:

* gquantum mechanics evolution: we are looking for an equation that can be writ-
ten in the form of a Schrodinger equation i0,u = Hu, where H is a Hamil-
tonian function to be determined. This condition comes from quantum for-
malism, whereby H can be interpreted as a self-adjoint differential operator

representing the “physical observable” energy;

e relativistic covariance: if a solution satisfies an equation of the form Dy = 0,
for some differential operator D, we expect that if we perform a Lorentz
transformation (i.e. basically, a rotation or a boost) the transformed solution
in the new frame satisfies the same equation. This condition comes from the
relativistic principle that laws of physics must be independent by the choice

of the frame of reference.

The transition from classical to quantum mechanics, at least at a formal level,
can be achieved by replacing the classical quantities with suitable differential op-
erators. In this way, the state of the system which is given by a pair (z(¢), p(t))
of position and momentum, is replacecd by a wavefunction ¢ (¢) representing the
density of probability associated to the particle. In particular, the “observables”

energy I/ and the momentum p of a particle are generalized as follows

E — iho; , p — —ihV, ,
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where 7 is the Planck’s constant. With this substitution, the relativistic energy—

momentum relation
E = \/c2p?* + m?c* (1.6)

where c is the speed of light and m the mass of the particle, gives the square-root

of the Klein—-Gordon equation

ihopb(t, z) = /=20, + m2ct(t, ) | for (t,z) € R'™3

where A, = 02 + 92, + 02, is the standard Laplace operator. However, the asym-
metry of space and time derivatives was not compatible with a relativistic invari-
ant description in presence of external fields. Also, squaring the equation was not
appealing since, as said above, we are looking for a first order in time evolution.
Hence, Dirac restarted again from the energy-momentum relation and linearized

it before performing the formal transition to quantum mechanics. Thus, we have

3
E = cz a;pj + pmc? = co - p+ Bmc? (1.7)

J=1

where a = (a1, as, a3) and [ are matrices determined by (1.6). Indeed, squaring
both and (1.7), the following system must be satisfied

aja + agoy = 20,1d, | forj,k=1,2,3,
;B + Ba; =0, forj=1,2,3,
52 = Idn )

where the size n of the matrices is not clear yet and ¢;;, denotes the Kronecker
symbol. At this point, performing £ — ihd; , p — —ihV, we obtain the Dirac

equation written in the form

ihow) = Db D,, = —ilica - V + Bmc? . (1.8)

To gather some information on these matrices and to discuss covariance, we
prefer to rewrite the Dirac equation in a four-dimensional notation. Therefore,
we multiply (1.8) by 5 and we define the matrices

70 =0, 7j ::Baj7
to finally obtain
iyt o ) =my (1.9)
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where we set for convenience i = ¢ = 1. In this form, we notice that the new

(7"), now satisfy a more elegant and compact anticommutation relation

{", "} =29"1d, ,

with 7° hermitian and the other 47 antihermitian. These anticommutation rela-
tions are exactly defining the Clifford algebra structure Cliff(1, 3, C). This tells us
v € My(C), and thus the solution ¢ € C(R; L*(R3; C*)).

On the other hand, as noticed in Remark the choice of the matrices +*
is, mathematically speaking, arbitrary since any (v*), and (3*),, , both satisfying
, are equivalent up to an invertible transformation U. Furthermore, if ¢ solves
iV"9,1h = map, then ¢ := U~ solves i30,¢) = m.

(However, we stress that, from a physical point of view, some choices may be
preferable to better highlight some behaviours and quantities of the observed
particle.)

Going back to the covariance requirement, we impose that our solution is in-
variant under Lorentz transformations, which means that if ¢ solves (1.9), then
Y' = 1 o A must solve i(y')"0,4" = ma)’. This is equivalent to require that the

Dirac matrices must transform under Lorentz transformations as
(Y)Y =" (A, .

Note that this condition is compatible with the anticommutation relations found

before, indeed
{0 () =y A AT (A1) 5 = 20" (A7) (A1) 5 = 20

Putting together the two aspects, in the Minkowski spacetime (R'*3,7) one
obtains a structure that assures that if 1) is a solution of the Dirac equation, then
¢ = U (A)oA is again a solution of the equation with corresponding matrices
()= U YAy U(A)(A~HH, . Indeed,

i(7)' 0ut (x) = i U HA)Y U (M) (AT, 0u(UH (M) (Ax))
U™ A (A" 0o (Ax)A7
(A0, (Ax)) = UTH(A) (map(Ax))
=my/(z) .

Note that the mapping A € SO*(1,3) — U(A) € GL(4,C) defines a group

representation (which is however not unitary, as already remarked). At this point,
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writing explicitly the Dirac equation, is a matter of choosing a family of matrices
(v*), with the desired anticommutation relations and covariance laws. We recall
that the convention we fixed in Definition [1.5/is given by

Id2 0 . 0 O'j
0.— , T = , , forj=1,2,3,
K ( 0 —Id2> ! (—0'] O) J

where ¢’/ denote the Pauli matrices

ol = 01 o? = 0~ o3 = Lo .
1 0/’ i 0/’ 0 —1

To conclude this section, we stress two important properties of the Dirac equa-

tion iv*0,¢ = my, that were indeed the starting points for our derivation:

e if we multiply by 1° the Dirac equation, we indeed obtain a Schrédinger-

type equation

iOb = Do) | D,, = —ia -V + Bm (1.10)

where o/ := 47 | §:=+" and D,, is the Dirac operator, that is now fully

determined by our choice of the Gamma matrices;

* by construction, when we square the Dirac equation, we recover the Klein—

Gordon equation (or the wave equation in the massless case),
(07 = A, +m*)p =0.

This feature becomes extremely useful (as we will see later) in the study
of the behaviour of Dirac solutions, since many properties can be thus de-

duced from the Klein—-Gordon flow.

Finally, we observe one can see that D,, is indeed self-adjoint but not bounded
from below. This mathematical fact appeared paradoxical and absurd from a
physical point of view, since it would imply that negative energy states were
admissible. Dirac interpreted these states as positive energy states associated to

some antiparticles, which indeed have been discovered experimentally years later.

1.4 Preliminaries of differential geometry

In order to generalize the Dirac operator to curved spacetime, we briefly recall
the main definitions and formulas of Riemannian and Lorentzian geometry.

We start with the geometrical object that generalizes the flat Minkowski space.
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Definition 1.9 (Four-dim Lorentzian manifold). A four-dimensional Lorentzian man-
ifold (M, g) is a smooth manifold M equipped with Lorentzian metric g, i.e. an
everywhere non-degenerate, smooth, symmetric metric tensor g with signature

(1,3) in every point p € M.

When we deal with non-flat manifolds, the presence of curvature requires
some corrections in the definition of the derivative. We recall the core object that

permits a first generalization of covariant derivative.

Definition 1.10 (Levi-Civita connection and Christoffel symbols). The Levi-Civita
connection V is the unique affine connection that preserves the Lorentzian metric

g and is torsion-free, i.e.
Vg=0 and VxY —VyX =[X,Y],forany X,Y vector fields.

Fixed a coordinate basis, the Christoffel symbols are the coefficients of the Levi-
Civita connection and they write
o} 1 (o}
Fuu = 59 P(0uGvp + 0vGpp — OpGuw) -

In coordinates, the compatibility with the metric and the absence of torsion rewrite
vaguu = aoa.g,uu - Fgugau - nggua =0 )

iy !

aB — Q(F’é,a—FZa) =0.

Thus, the Levi-Civita connection differentiates tensors as follows.

Definition 1.11 (Covariant derivative for a tensor field in coordinates). Let T" be

a (s, r)—tensor. The covariant derivative in coordinates is given by the formula

a10o...05 a10o...0 « vag...0g Qg Q..U
\4 Tﬁ11/322 =9, T/311522 +T 1TB1622 + -t F T511522 Br

a102...0g TOé1062 Qs

Nﬁl vf2...0r Mﬁr B1B2...v
We conclude this section by introducing the principal curvature tensors and

their main properties.

Definition 1.12 (Riemann curvature tensor). The Riemann curvature tensor R is a
(1, 3)-tensor defined by

R(X, Y)Z = VvaZ — VyVXZ — V[Xy]Z
and in coordinates write

R® gy = 9,025 — 9,10 + T, IV, —T2,T7, .
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Proposition 1.5 (Symmetries of the curvature tensor). The Riemann curvature ten-

sor R satisfies the following properties:

Raﬁw = _Raﬁw )
Raﬁw = _Rb’aw )
Raﬁw = Rwaﬁ )
Raﬁw + Rauﬁv + Rawﬁ =0,
Vi Rapyu + VaRayu + ValRguy, =0,

where the last two equations are respectively the first and the second Bianchi identities.

Definition 1.13 (Ricci curvature tensor and scalar curvature). The Ricci curvature
tensor Rg, and the scalar curvature R, are defined by contracting the Riemann

tensor
Rgy:= R gy Ry = gﬁuRBu :

1.5 Vierbein formalism and spin connection

This section will be devoted to the construction of another, and in some sense
more general, connection that will be crucial in the definition of the Dirac oper-
ator in curved spacetime. A more precise discussion regarding this topic can be
found in [PT09, Section 5.6].

To achieve this goal, we begin with a naive introduction of the vierbein for-

malism.

Idea (Vierbein). Given a Lorentzian manifold (M, g), if we consider some local
spacetime coordinates {z"},, we can associate a coordinate basis {dz"},, in the

cotangent space. Hence, the line element is given in local coordinates by
ds* = g, (z)dz"dz”

On the other hand, one may pass to a local orthonormal frame {e*(x)}, whereby

the line element writes

ds® = Nab ea(m)eb(x) ,

where 7 is the Minkowski metric. Since {dz*}, and {e(x)}, both span the cotan-

gent space, there exist some (spacetime dependent) coefficients such that

e’(x) = e ,(x)dzt . (1.11)
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We will call this object e* , vierbein (or tetrad). From the relations above, we de-

duce the characterizing property of a vierbein,

g#l’(‘r) = eau(x) Tab ebu(x) ; (112)
which could be interpreted, in some sense, as the “square root” of the metric.

Remark 1.10 (Global vierbein). In principle, vierbeins are defined only locally,
since in the above construction we considered local orthonormal frames. In prac-
tice, dealing with small perturbations of flat spacetime will allow us to consider
a globally defined vierbein. We conclude by mentioning that the presence of a
global vierbein is a topological requirement characterizing an important class of
manifolds, called spin manifolds (see [GLJ80, Section 1]).

Defining the dual vierbein e, " := g" nae” ,, one has
@)t (2) =0, e (2)el () = O
which allows to reverse the previous formulas
Aot = e, " (@) e*(2), T = € (2) gul) € *(2)

Hence, from (1.11), e* , can be seen as a matrix transforming the coordinate basis
dxz* of the cotangent space to an orthonormal basis, and similarly the dual e, *

behaving in the same way on the tangent space of M,

Notation (Flat and curved indices). From now on, Greek and Latin indices will be
fundamental to distiguish between the coordinate system representation and the
orthonormal frame. In particular, we will also refer to the former as flat indices
and to the latter as curved ones, and they will be raised or lowered respectively
by the metric g and 7. The power of this formalism lies in the fact that the vierbein
allows us to switch between Greek and Latin bases: indeed, for example, given a

(1,1)-tensor, we have
b
Ty =e" e Th TV =e e’ T} .

Idea (Spin connection). At this point, we notice that the standard Levi-Civita con-
nection V only interacts with curved indices. Thus, we need to extend it to a new

covariant derivative, being able to act also on flat indices, i.e.

D, X" =0,X"+w, X",
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where w,, *;, replace the standard Christoffel symbols and define the components
of a new connection to be determined: this is indeed the spin connection we want

to construct.

To gather some information about it, we start by imposing the Leibniz rule for

the covariant differentiation, i.e.
Dy X = Dy(e* , X") = (Dye® ) X" 4 €, (V. X") .

From Definition V. X" =0,X" +T},X?, and thus it follows

Dye*y=0ue", —T7 "o +w, ey, (1.13)

which relates the covariant derivative of the vierbein to the spin connection.

To completely determine w, *,, we introduce Cartan’s formalism which, roughly
speaking, approaches differential geometry through the language of differential
forms rather than tensors. For further details regarding similarities and differ-
ences between Cartan’s and Riemann’s approaches, we refer to [EGHS80].

Now, let us define the spin one-form

Wy = wy, Cpdat (1.14)

From (1.11)), the exterior derivative of the orthonormal frame is given by
de® = (Oue®, —I7,e" ) dz" Ndx” . (1.15)

Following Cartan’s approach, we state the two Cartan’s structure equations, by

defining the torsion 1-form 7 and the curvature 2-form R*, ,

T =de* +wy Ne

Rab = dw“b —i—w“c/\wcb .
These two objects should be thought of, as their names suggests, as the equiva-
lents of the torsion and curvature tensors in Riemannian geometry. In Definition
[1.10, we recalled the two conditions uniquely determining the Levi-Civita con-

nection; similarly, using Cartan’s formalism, the spin connection is now defined

imposing the two following conditions

Wabh = —Wha

T =de® +wy ANe’ =0.
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The first compatibility condition makes the spin connection coefficients antisym-
metric in the flat indices, W, = —wupe. On the other hand, the absence of torsion,
together with (1.15), determines their explicit formula

W,y = —ep" (0, — Iy, e o) - (1.16)

As a consequence, (1.13) and (1.16) imply the so-called tetrad postulate

Dye, =0. (1.17)

This property shows that covariant differentiation commutes with the conversion
of tensors to and from the local orthonormal frame, since the Leibniz rule written

before simply reduces to
D, X =D,(e" , X") =" ,(V,X").

Finally, we derived a new generalized covariant derivative that acts both on
curved and flat indices, through the Levi-Civita and the spin connections respec-

tively: for instance, we have
a a o ma a b
DT, = 8,1, —T9,T%, +w,",T", .

As a last remark, we give the formula relating the Cartan curvature form R%,
Indeed, from the definition of Ry and

explicitly computing the exterior derivative of the spin form, it follows

and the Riemann curvature tensor R}

ouv*

1
R, = 5(8uw,,ab—8unab+wﬂacwucb—wuacwucb)dﬂf“/\dmy

1
=: _§R;w “pdxt A dx” .
Using (1.16) and Definition one obtains

A
R;w ¢ b — e’ \Eb ’R

(1IN

(1.18)

1.6 The Dirac equation in curved spacetime

At this point, we are ready to present the construction of the Dirac operator in
curved background. As mentioned before, the Dirac equation represents a mile-

stone in the framework of Quantum Field Theory, describing charged massive
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particles with relativistic corrections. The extension to the curved setting is fun-

damental to study this equation in the context of general relativity, where, as we

will see later, the spacetime metric is governed by the Einstein Field Equations.
To this end, we start by pointing out a fact, quite obvious from the properties

of the frame, but definitely crucial.

Remark 1.11 (The vierbein is not uniquely determined). Let e® , be a vierbein and
A a matrix representing a local Lorentz transformation (i.e. the parameters repre-

senting the Lorentz transformation are functions of spacetime coordinates). Then

() u(x) = A"p(@)e’ u(x) | (1.19)
is again a vierbein, indeed
() uman(€) s = A e umap AP ae, = € uea €% = G -

Hence, we deduce that the metric structure characterizes a vierbein up to
Lorentz transformations. Since the spacetime metric is not affected by the differ-
ent choice of the vierbein, we expect that the same property of Lorentz invariance
should hold also for any field equation.

This principle translates into a specific law of covariance for the spin con-
nection. Consider, for instance, a vector field X*(x), whose flat components are
X* = e”,X*. Now, from what we said, X* must transform, under local Lorentz
transformations A, like

X"(2) = A" X (x) |
oz
Ox'H

where D, X = 9,X% + w, *,X? is the covariant derivative found above. These
B % 1%

D, X"(x) Ay (2)D, X (z) ,

covariance laws are compatible if the spin connection satisfies

14
'y ox

w =
12 b axlu

(A% e A1) = (@A) (AT (1.20)
So far, we defined the covariant behaviour of vector fields. We are now in-

terested in the construction of a suitable covariant derivative being able to to

preserve the invariance of the Dirac equation. Therefore, we now focus on Dirac

spinors.

Idea (Dirac spinor). A four-component field v is called a Dirac spinor if it trans-

forms under local Lorentz transformations A as

V(@) = (M) () ,

D! (a') = 2L (A @) Do)
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where 7 is the spin representation of SO*(1, 3), induced by the Dirac representa-
tion of Definition (For simplicity, from now on we suppress the component

indices of 1) and we will use a matrix notation.)

In practice, we are looking for a new covariant derivative

D;ﬂﬁ = ;ﬂvb + B,u(x)dj )

where B, is a field, to be determined, which lies in the Lie algebra representation
of s0%(1,3). This requirement comes from the fact that the covariant differentia-
tion must be defined on the tangent space and thus on the Lie algebra.

Therefore, we impose that the following map

a(x")P

F(A) e Dj = =

m(A) D, (1.21)

is identically zero. Since SO* (1, 3) is connected, it is sufficient to require that both
F and its differential are vanishing at the identity. Hence, we linearize near the
identity and choose B, such that F' is zero up to the first order. To this end, we

recall from (1.3), that infinitesimal variations of the identity write

Aab:(sab_{_gab(x)’ 7T(1—|—€):1+i€ab2ab,
where the coefficients satisfies ¢,, = —¢;, and the generators of the representation
of so*(1,3) are such that ¥, = —;,. Hence, we have

D = 0 + B = 0,(r (M) + B, (n(A))
= (Gum(M)Y + m(A) Ot + B, (m(A)y)

and, on the other hand,
D/lﬁz/ = W(A)DW = W(A)(au + Bu)@b )

where the prefactor 9(')? /0z" has been replaced with 4, since we are restricting
to infinitesimal local Lorentz transformations. From these two last relations, we
deduce that the field B, must satisfy

By, = m(A)Bum " (A) — (9 (A))m(A)
and thus using the infinitesimal form of a Lorentz transformation (1.3),

B), = B, +ic”SaB, — i Bue"Sap — 10,6 Sap = By + 1™ [Sap, By] — 10,6" Sap -
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Since B, takes values on the Lie algebra, we can express it in terms of the gener-
ators, i.e. B,(z) = Bi(x)X,. Therefore, after some manipulations of indices and
commutators,

B, = B, — "B’ [Sap, Sca] — 10" S -

By Lemma we deduce the infinitesimal law of covariance
! ab b b b b
B, =B,"+B," " — B," .7 —1i0,e" .

If we compare it with the infinitesimal form of the spin connection (1.20),

! ab b

_ ab ca a cb ab
W, ¥ =w, P tw, e —w, e e” — 0,eY

we finally conclude that

ab __ - ab
B," =iw, " .

Hence the covariant derivative of ¢ is given by

Db = 0, +iw, St (1.22)

In this formula, we see that the covariant derivative is determined by two main
factors: the spin connection, which is purely given by the geometry of the mani-
fold (and the choice of the vierbein), and the algebraic spin representation, that is
related to the nature of the particle observed.

Before stating the final form of the Dirac equation, we give an important tech-
nical lemma regarding the new covariant derivatives. Indeed, in order to pre-

serve Lorentz invariance, we sacrificed the commutativity of derivatives.

Lemma 1.6 (Commutator of covariant derivatives). Let D,, the covariant derivative

defined as in (1.22). Then
[Dm Du] - —iR#V o> Yiab (1.23)

where R, ® is the "mixed” curvature tensor given by (1.18).

Proof. The assertion follows from direct computations. Indeed,
[D,, D,] = [0, + iw, “Sap , 0 + iw, “I%4)
= i@uw,, CdEcd — z’@,,wu abEab — Wy abwy Cd[Eab, Ecd] .

Using Lemma 1.4} the last summand rewrites

1
ab cd b cd ab c a cd ab c
Wy Wy [Eab; Ecd] = _< — Wy oWy Ebd — Wy Wy aEbc — Wy Wy E(ld + Wy Wy bzac)

2
a cb

. cb
= i(wy ® ewy, @ — wy

Wy “ C)Eab )
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where in the last equality we used w4, = —w,,. Finally, from (1.18), we conclude
[D,,D,| = —i(0,w, ab _ 0wy ab _ Wy, @ cwy b4 Wy, Dy )Y ap
= —iRu " Tap -

]

We are ready to generalize the Dirac equation. We recall that in flat spacetime,

it writes i7"0,¢ = m1 . We perform the following substitution
Oy —e'"D, ,
where D, is the covariant derivative is defined as in (I.22). Thus, we find
Y "Dy = map .

We denote 1# () := e, ()7, and we call them spacetime-dependent Dirac matrices,

which satisfy the following anticommutation rules

{7"(2), 1" (@)} = 29" (2)Id, . (1.24)

Furthermore, we note that the new matrices 7# are covariantly constant: this fact
can be easily deduced from the tetrad postulate (1.17).

Theorem 1.7. The Dirac matrices Y= eg oy are covariantly constant, i.e. DAy*=0.

Proof. Using the Leibniz rule and the tetrad postulate D, e, * = 0, we have

a a a 1 C a 1 C a
DVZN = D,(e."7") = e (DY) = ea " (07" + ngb (Vo5 Vel V") = gea#wub (Yo, Yely" -

Recalling that w, ¢ = —w, ** and {7, 7°} = 21", we have

1 C a 1 C a 1 L a
Dy = 2ea’wy (e = 2w = gea’ w7} = Jea’ w17 = 0.

]

Finally, recalling the spin representation of Definition (1.8, X = —£[y* 4]

we fully determine the spinorial covariant derivative

1
Dy = 0t + By = Ot + g [y el (1.25)
which satisfies, by Lemma 1.6} the following
1
[DuuDy]w - _ng/ abh/w’Yb]w . (126)

At the end of Section we noticed that the flat Dirac equation has the re-
markable property of squaring to the Klein-Gordon equation. We will see, with
the help of the next lemma, that the same happens even in the curved (more del-

icate) case.
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Lemma 1.8 (Schrodinger-Lichnerowicz identity, [Sch32]). Let D, the spinorial co-
variant derivative defined as in (1.25)). Then

1

(ZNDH)2 = Dg + 4

R, .

where O, := D*D,, = ¢"D,D, is the d’Alembertian operator and R, is the scalar

curvature associated to g.

Remark 1.12 (Spinorial d”Alembertian operator). Before presenting the proof, let

us briefly show how [, acts in coordinates. Given a spinor ), we have

0,0 = ¢ D, Dy = gwf((a,, + B,)D — FZMDUw)
= g"(0,0,Y — 17,0,¢) + ¢ (B,0u + B,B, + 0,B, — ') B )
— 0,0 4 B"8,¢ + B*B,ap + D*B,ap

where 0, denotes the wave operator for scalar fields and D¥X p =0 X, 17, "X, .

Proof. We start by multiplying by 7#+” both sides of (1.26), obtaining

ZMZV[DIMDV] — ZMZVRMV ab['Ya,'Yb] ‘

ool —

We focus first on the right-hand side: recalling that R, “, = e ye; 7R ouvs We

have

1

—Y"Y R gy ) = —

vV _a g 1 4 (o
2 Y97 €* A€® o R 1 [Yas W] = — 27" R s %]

8

W] = 00

VA0
1 Rul//\a )

pyli

=2

where, in the last equality, we used the symmetries of the Riemann curvature
tensor, stated in Proposition Due to the first Bianchi identity, and using re-

peatedly the anticommutation properties of 1#, we obtain
PP Rune = —29"767 Ruurer -
Using again {7",7"} = 2¢"” and R,,»s = Rxou, one has
Y7 Ruvro = 20" Ruwre — 17" Ruvao = 2R05, — V'V Roop

which gives, relabeling the indices

ZuZARm/)\U - Rl)j\)\g - Rucr .
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Summarizing, the right-hand side gives

1 1 1 1 1
_gzﬂll/R/W ab[ﬁ)/aa P)/b] = —11“1”1)‘1‘71%”,,,\0 - égmjlul)\Rw/)\a =—-9""R,, = §Rg .
On the other hand, by Theorem we have that (I“Dﬂ)2 =""D,D, . Thus,

the left-hand side simply rewrites

\)

"9 (D.D, — D,D,) = (luDu)Q — (29" = 4*4")D,D,, = Q(XMDM)Q — 20, .

Hence, the identity follows

1
(ZMDM)Q = Dg + ZRQ :

]

Therefore, it is straightforward to see that squaring the Dirac equation, we

recover a curved Klein-Gordon equation
1 2
(Dg+ZRg+m Ju=0.

However, we stress once again that the wave operator L, = D*D,, is “spinorial”,
meaning that is defined by spinorial covariant derivatives. This feature, in gen-
eral, severely complicates the understanding of the curved Dirac operator. In the
following chapter, we will analyze in detail this aspect.

For later use, we conclude the paragraph by briefly introducing the adjoint

spinor, without entering in further details.

Definition 1.14 (Adjoint spinor and main properties). Denoting with -* the her-

mitian adjoint, we define the adjoint spinor ¢ of ¢ as
Pi=9m,

which transforms under local Lorentz transformations as 1/ = 7 *(A). The

action of the spinorial covariant derivative writes

— - - — 11—
Dy := Outh = 0By = Outh = 28w, [y )] -

Thanks to this construction, we can deduce the adjoint equation of the Dirac

equation.

Theorem 1.9 (Adjoint Dirac equation). If ) is a solution of the Dirac equation ir* D 1) =

map, then the adjoint spinor v solves

iD= —mi . (1.27)
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Proof. To prove the statement, we start with two properties of the Dirac matrices,
that can be easily checked recalling that 7 is hermitian while the v/, j = 1,2, 3 are

antihermitian:

70[7a7 Vb]*lyo = _I:,YHJ ’yb] and ’yo(’ya)*fyo = ,ya .

Therefore, we deduce D¢ = D, , indeed

—_ 1
Dy = (99 + B;ﬂ/))*'yo = au@D*VO + g(wu abhaa ’Yb]@zj)*'VO
— 1 — 1 _
=0 + §¢*wu ab[%a %]*70 = Oy — §¢*wu ab70[7a7 Y| = Dy .

Finally, recalling that (7%)? = Id, , we have

VDyp = (D) (") = (D) 7°7°(4*) " = Dby = Db y*

and thus we conclude
imiy = YD) = D“EZ“ .






Chapter 2

Dispersive estimates for the Dirac

equation

Now that the Dirac operator in curved background has been constructed, in
the second chapter we finally study some of its properties. In particular, we ob-
serve how things become more difficult in the curved case and show how to re-

cover, under suitable assumptions, a “dispersive” behaviour.

The main result of the chapter concerns some Strichartz estimates on asymp-
totically flat manifolds, that have been proven in the recent years by Cacciafesta,
de Suzzoni and Meng, see [CdS19b] and [CdSM23].

2.1 Dispersion in flat spacetime

Before looking at the analytical properties of the Dirac operator in curved
spacetime, let us take a step back to the flat case. In this simplified setting, we
briefly introduce the concept of dispersion, which may help understanding the

behaviour of the solution.

By dispersion we mean, roughly speaking, the property of each component of
a wave packet to travel with different speeds. This peculiar feature often yields,
on the one hand, some physical quantities (the energy, for instance) to be globally
conserved, but on the other, on every compact region a decay is observed. The
most important equations of quantum mechanics share this trait and we have

encountered them from time to time throughout this work. We are referring to

27



28 2.1. DISPERSION IN FLAT SPACETIME

the Schrodinger, the Klein—-Gordon and the wave equations,

iOph 4+ Agth = 0,

¥(0,2) = () ;

Of — Agtp +m*p =0,

¥(0,2) = vo(x) , Oh(0,2) = ¢Y1(x) ;
O — Agp =0,

¥(0,z) = vo(x) , O (0,2) = Y1 (x) ;

Schrodinger :
Klein—-Gordon :

Wave :

for (t,x) € RT x R3. In the flat case, the Dirac equation is also clearly dispersive.
Indeed, we recall from Section 1.3} that each component of a Dirac solution solves
a Klein—-Gordon (or wave) equation. Hence, exploiting this “squaring trick”, many
estimates for the Dirac flow can be easily deduced from the well-known results
for these latter equations.

For instance, let us look at the Strichartz estimates, which write respectively

Klein—-Gordon : ||eitmf||Lng Sz s
Wave : ||€it _AwaL%’Hg 5 ”f||L2 )

where by A < B we mean that A < CB, with C a constant independent of the
parameters. At this stage we omit the details regarding the exponents (p, s, q)
and the Sobolev spaces appearing in the mixed norms, since these objects will be
discussed extensively in the following sections.

As anticipated, thanks to the squaring property, one deduces immediately the

same Strichartz estimates for the Dirac flow
massive case : He“pmethng < fllze

massless case : HeithHLng Sz,

where D,,, :== —ia - V + m is the Dirac operator (with D = D).

These estimates formalize the idea of dispersion mentioned above. Indeed,
locally in time they describe a sort of smoothing effect, through a gain of integra-
bility in a L” time-averaged sense. On the other hand, globally in time, they pre-
scribe a decay effect of the spatial norm, again in some L” time-averaged sense.

However, this approach becomes extremely complicated when we pass to
curved spacetime. As we already noticed in the end of Chapter [1| the curved
Dirac equation squares to a spinorial Klein-Gordon equation, where all the com-

ponents are not decoupled anymore. Below, we will see how to deal with this
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new difficulty, starting with a digression regarding the geometric hypotheses on
the manifold.

The reason why we are interested in this family estimates is related to the
analysis of nonlinear problems. Strichartz estimates represent indeed a funda-
mental tool for many techniques used in the study of well-posedness for disper-
sive equations. For some (non exhaustive) references regarding these topics, see
for instance [Tao06] and [Str77].

2.2 Asymptotically flat manifolds

Going back to the curved context, the spinorial covariant derivative D, is de-
fined in terms of the spin connection, whose behaviour is deeply related to the
geometrical structure of the manifold. Hence, it is quite reasonable to expect a
well-behaved solution when the underlying manifold is nice: for instance, when
it is not that far from the standard flat Minkowski metric. In this section, we
formalize this intuition specifying the geometric hypotheses on the Lorentzian
manifold and we study the consequent behaviour of the Dirac operator.

We start with the following assumption, that considerably simplifies the spin

structure.

Definition 2.1 (Static and decoupling metric). Given a Lorentzian manifold (M, g),

we say that the metric g is static in time and decoupling, if it writes
1 ifu=v=0;,
() =<0 ifpr=0and p # v, (2.1)
—huw(x) otherwise ,

where © = (1,79, 23) is the space variable and h € C*(R?®) is a Riemannian

metric.

Notation (Index notation). We recall that the Latin indices a, b, ... denote the flat
components, while the Greek letters 1, v, ... denote the spacetime curved ones. In

addition, to refer specifically to the curved spatial components, we use j, k, ... .

The first important property of a metric decoupling space and time, is that the

vierbein e, reduces to a “dreibein” f* ;, satisfying

hjk(llf) = faj(x) 5ab fbk<x) )
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where all the indices belong to {1, 2,3} and 4, is the Kronecker symbol.
In particular, for a static decoupling metric, we can build a vierbein given a

dreibein in a very natural way.

Lemma 2.1. Let h be a Riemannian metric and f® ; be a spatial dreibein associated to h,
then
1 ifp=a=0;,
e’ (x) =<0 ifpa=0and p # a ,
f¢u(x) otherwise .

defines a spacetime vierbein associated to g as in Definition

Proof. We omit the proof since it is only a matter of evaluating explicitly the three

possible cases. For more details, see [CdS19b, Proposition 2.1]. ]

Furthermore, under the standing assumptions on g, we also have a clear rela-

tion at the level of the affine connections.

Lemma 2.2. Let g be a static and decoupling metric, and let @’ and T, be the affine

connection coefficients associated respectively to h and g. Then

@7, ifour #0,

Iy, =
0 otherwise .

Proof. As with the previous lemma, we omit this proof for the same reasons. For
more details, see [CdS19b, Proposition 2.2] H

Remark 2.1 (Scalar curvature). Thanks to the last lemma, we immediately deduce

that R, = — R}, , the scalar curvature associated to h.

Therefore, due to these results, it is not difficult to imagine what the behaviour

of the spin connection is.

Lemma 2.3. Let g be a static and decoupling metric, and let a; ® and w,, °° be the spin
connection coefficients associated respectively to h and g . Then
b Qp @ 1f:uab 7é 0 )
wy® =
0 otherwise .
Proof. From (1.16), we recall that w, ** = e* ,(9,e" +T"% ") . We proceed by cases:
if u =0,

b b b b
wo @ = e, (0 +T§,e7) =€ ,0,e™ =0,
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since I'j, = 0 and e® , does not depend on ¢, by Lemmas 2.2|and Hence
wo®™ =0 foranya,b.
If a = 0, and assuming p # 0,
w, =€, (0,e” + Fl”weba) = 0,e" + T?web(’ =0,

where in the first equality the sum over v gives only v = 0 and thus one concludes
using again Lemmas[2.2land 2.1l Hence

w,” =0 forany u,b.

b

Since w,, * = —w,, ", we immediately deduce the case b =0

w, =0 foranyp,a.
If piab # 0, which means ;o = j,
wj ab — ga y(ﬁjebl’ + F?aeba) =e* lc(ajeblC + F?lebl) = k(ajfbk + ¢§lfbl) =9 “
since the sums over v and o give only the spatial indices. O

We are now ready to formalize the idea of dealing with a “controlled and

decaying perturbation” of the Minkowski flat metric.

Definition 2.2 (Asymptotically flat manifold). Let (M, g) be a four-dimensional
Lorentzian manifold with g static and decoupling and geodesically complete (i.e.
maximal geodesics are defined on the whole R).

(M, g) is asymptotically flat if there exist constants Cj, and o € (0, 1) such that for

any multi-index @ € N* with |a] = a; + as + a3 < 3and all ,

0% (hjr(x) = 05)| < Cula) 177 forj, k =1,2,3, (2.2)

where 0% := 92192209 and (x) := (1 + |z|*)"/2 .

r1 Yz Cx3

Remark 2.2 (Non-trapping condition). The constant C}, plays a fundamental role
and it is strongly related to the so-called non-trapping condition on the metric g. In-
deed, to observe dispersive dynamics on non-flat manifolds, it is necessary that
the underlying metric does not confine geodesic flows in some compact and local-
ized regions. In our context, this is guaranteed if C}, is small enough and indeed

this will be an implicit requirement throughout this chapter.
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Remark 2.3 (Uniform bounds on inverse and derivatives). The asymptotically flat
condition (2.2) implies uniform bounds on the inverse h7*(z). For instance, sup-

posing C}, small enough, we can establish
|lh'(z)] <2, forallz,

where | - | denotes the matrix norm. Furthermore, regarding the bounds on the

derivatives of i, we can rewrite (2.2) in a more compact way as

W (@) < Cla)™7, W"(2)] < Cifa) 77, [B"(2)] < Cua) ™7,

where [1/(z)] := Y [0°h(x)|, [W"(x)] = Y [0°h(z)|, [ (x)] =D |0

|a|=1 |oe|=2 |oe|=3
The next lemma shows how the assumption on the metric affects both the

geometric structure and the Dirac operator.

Lemma 2.4. Let (M, g) be an asymptotically flat manifold with constant Cj, < 1. Then

there exist some geometric constants C'r and Cr such that for all ,
|Ri(2)] < CrCu(2)™77,  |T(2)] < CrCyla) ™"

Furthermore, the dreibein e exists globally and can be chosen such that there exist con-
stants Cg and C'y

|B(z)| < CpCi{x)™>7, |0B(z)| < CRCuiz)™7  forall x.

Proof. We start by estimating the the geometric quantities, not depending on the

choice of the dreibein. Recalling that the scalar curvature is given by
Ry, = W* (0T — 0% + Ty s, — Tl
we obtain, for C}, small enough,
|[Rn(2)] < CR(1OT ()| + [T (2)[*) |

where we used the uniform bound on the inverse given in Remark Hence,
recalling that ', = 31" (9;hu + Ophj — D) |

T(2)] < Crll(2)] < CrCale) ™"
On the other hand, writing (™) (z) = —h~!(x)W/ (z)h ! (x), we obtain

0T ()] < Cr(IW (@) + |1 (2)]) < CrCyla)
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Hence, we get the following estimate on the curvature
|Ri(2)| < CrCi{z) 7.

Let us now focus on the choice of a suitable dreibein, which by definition must
satisfy hj.(x) = e ;(x) bup €® 1 (z) . If we impose (€j4)1<j.a<3 to be symmetric, the
relation gives

h=eé*.
Hence, we can interpret the choice of the dreibein given the spatial metric % as the
inverse map of e € Sym(3,R) — e? € Sym(3, R), which sends symmetric matrices
to their square. Such a map is smooth, Id; = Ids and its differential at the identity
is twice the identity. Thus, by inverse function theorem, it can be reversed, in a
neighborhood of 1d;, into a smooth map F. For C}, suitably small, for any z, h(z)
takes values in the domain of definition K of F, which means that the dreibein

exists globally. In particular, we define e(z) := F(h(x)). Using the increment

theorem, we find
le(z) — Ids| < sup |DF||h(x) —1d3]| .
K

Furthermore, we can also obtain estimates on its derivatives
l€'(z)| < Sl}l(p!DFHh’(x)! :
" ()] < Sup |D*F||W (x)]* + sup | DF||h"(z)] ,
" (z)| < sup |DPF||W (x)]* + 3sup |D?F|[W ()| |2 (x)] + Sup | DF||h" (z)] .
Therefore, by the asymptotically flat assumption and Remark
le(z) — Ids| < C.Cy{z) ™17, le(z)| < C.OW{z) 27,
l¢"(x)] < CeCr(x)™77, " ()| < CeCplx)™7 .

Finally, recalling that w, ® = e®,(0,e" 4 I e") and B, = 1w, “[Ya, 7] , the

remaining estimates follow immediately
w(z)] < CoCifx) ™7, [Bx)] < CpCh(z)™7, [0B(x)| < CpChix) 7.
O

2.3 Strichartz estimates for the Dirac equation
Thanks to the previous section, we can easily deduce the explicit formulas for
the spinorial covariant derivatives,

1
DO = 8t s Dj = 33‘ + Bj = aj + gOéj abh/a,’)/b] s
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where o ab are the coefficients of the spin connection associated to h. Therefore,

the Dirac operator rewrites
"D, =iy Dy = iy°0 + iy f.' Dy |
where f,7 is the spatial dreibein linking h to the flat space metric. Finally, multi-
plying by 1", the Dirac equation rewrites
10 = (=i’ £, 7 Dj ++"m)u =: Dyu .
Coupling it with an initial datum v, we obtain the following Cauchy problem

10y — Dpyu = 0 for (t,z) e RT x R? |

2.3
u(0,z) = up(z) , forr € R® . 23)

To state the main result of this section, we recall the definition of admissible
exponents. The following conditions are, in some sense, related to the scaling

properties of the equations they are related to.

Definition 2.3 (Admissible Strichartz exponents). In dimension d = 3, a triple of

exponents (s, ¢, ) is called wave admissible if

1 1 1 1 1 1
—==-———-, 2<g¢qr<oco, r#oo, S==——+4+—.
q 2 r 2 r q
The triple (s, ¢, r) is called Klein-Gordon (or Schrodinger) admissible if
2 1 1 1
—:§—§, 2<qg<o0, 2<r<6, s=-—-—+4-.
qg 2 r 2 r q

We are are finally ready to state the theorem regarding Strichartz estimate for
the Dirac flow.

Theorem 2.5 (Strichartz estimates for Dirac, [CdSM23]). Let (M, g) be a four-dimensional
Lorentzian and asymptotically flat manifold. Then the following estimates for the Dirac
flow hold:

e massless Strichartz estimate, i.e. m =0 ,

||6itDU0||LgHT1*S(Mh) 5 ||U0||H1(Mh) ’

for any wave admissible triple (s, q,r) ;

e massive Strichartz estimate, i.e. m > 0 ,

||eitDmu0||LgH71‘/2,s(Mh) ,S ||u0||H1(Mh) s

for any Klein-Gordon admissible triple (s, q,r) with ¢ > 2 .
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Notation (Lebesgue and Sobolev norms). On (M, g) Lorentzian manifold, with ¢

static and decoupling, we define the space Lebesgue norm as

s = [ 1H@P VR 2

The homogeneous and inhomogeneous Sobolev spaces are defined via Fourier

multipliers by

) = 1202 Fll ey 0 =10 = A2l Loy -

where A}, is the standard Laplace-Beltrami operator. We recall that these spaces
are defined also for negative s by duality and for fractional s by interpolation, see

for instance [DNPV12] and [Tar(07]. Finally, the mixed spacetime norms are given
by
1/a . T8 s
i = (10N ) with X = 15 ;.

The proof of the theorem, as we will see later, is not difficult, but relies on

many important and advanced results of local smoothing estimates and Strichartz
estimates on manifolds.
At the beginning of the chapter, we emphasised how effective the squaring trick
was in deducing properties about the Dirac flow in the flat case. In general, how-
ever, this argument no longer works due to the presence of spinorial derivatives.
Hence, the strategy is to take advantage of the geometric assumptions on the
manifold to control and bound such new terms using Lemma With the help
of some additional local smoothing estimates, we will be able to prove the de-
sired results using the standard Strichartz estimates for the Klein-Gordon and
wave equations.

The next section will be devoted to presenting all the ingredients necessary
for the proof of Theorem

2.4 Preliminary estimates

We start by showing the relation between the Dirac equation (2.3) and its
square, that is a “spinorial” Klein-Gordon (or wave) equation. The result is a
straightforward consequence of Lemma 1.8/ and Remark
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Theorem 2.6 (Squared Dirac equation). If u is a (smooth enough) solution to (2.3),

then it also solves

1
O*u — Apu— -Rpu+mPu=0, or (t,z) € RT x R?® |
; nt = B for (t,x) 2.4)
u(0,2) = ug(x) , Owu(0,x) = —iDyup(x) forz € R? |
where A, = DID; = hi* Dy D;. Furthermore,
Apv = Apv + Bi9;v + lN)ijv + B'Bjv , (2.5)

where N, is the standard Laplace—Beltrami operator, DiX, =0 Xy T i X, and B7 =
hEB; .

Remark 2.4. We stress that the opposite sign of the scalar curvature term (see
[CdSM?23, Theorem 2.2]) is due to the different convention of the Riemann ten-
sor (cf. Definition and [CdSM23, Formula (10)]).

We now compare the problem above with the Klein-Gordon and wave equa-
tions defined via the standard Laplace—Beltrami operator ﬁh, for which we have

the following Strichartz estimates.

Theorem 2.7 (Strichartz estimates for wave/Klein—-Gordon). Let (M, g) be a four-
dimensional Lorentzian and asymptotically flat manifold and u be a solution to the Cauchy

problem

8t2u—£hu—|—m2u:0, for (t,r) € R x R?
u(0,z) = up(x) , Ou(0,x) =uy(z), forz € R? .

Then the following estimates hold:
e massless Strichartz estimate, i.e. m = 0 ,
ull za i) S Nuoll i ag,) + lunllzms)
for any wave admissible triple (s, q,r) ;
e massive Strichartz estimate, i.e. m > 0 ,
el s gy < Motollznragay + lelir-s72ag,)

for any Klein-Gordon admissible triple (s, q,r) .
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Proof. We omit the details of the proof.

For the case m = 0, one can look at [SW10, Theorem 1.4].

Regarding the case m > 0, we notice that an asymptotically flat manifold
in the sense of our definition, satisfies also the decay |9%(h — )| < (z)~le=1.
Hence, it is also asymptotically conic (see [HITWO05, Definition 1.1 and Remark
1.2]). Therefore, our statement is a specific case of the more general global-in-
time Strichartz estimate on non-trapping conic manifolds, [ZZ19, Theorem 1.1

with F = 0]. 0

Therefore, from Theorems 2.6/ and we see that a solution of the Cauchy
problem solves a perturbed Klein-Gordon (or wave) equation

~ 1 . -~ .
02u — Apu +m?u = Z—thu + B’0;u + D’ Bju + B’ Bju
u(0,2) = ug(x) , Owu(0,x) = —iDyup(x) .

Now, using the Duhamel formula, we can write the solution as follows

u(t, z) = e Prug = W, (H)ug — iWo () Dyaio +/0 Wi (t — s) (Ql(u)(s) + QQU(S)) ds ,

(2.6)
where
sin (t\/ m? — ﬁh> , d
Wi (t) := ;o Wh(t) .= =W,(t),
/ ~ dt
m2 — Ah
and
Qu(u) :==2B0ju, Q9:=0B;+B'B; —1V,"B; + %Rh : (2.7)

Hence, proving Theorem is clearly a matter of controlling the perturbative
terms (2.7) appearing in the Duhamel formulation.

The following local smoothing estimates will in fact do this work.

Theorem 2.8 (Local smoothing estimate for Dirac - I). Let (M, g) be a four-dimensional
Lorentzian and asymptotically flat manifold and u be a solution to the Cauchy problem
(2.3). Then, for m > 0, the following local smoothing estimate holds

||<$>_3/2_u||L3L2(Mh) + ||<$>_1/2_VU||L§L2(Mh) S 1 Pmuol| 2(my)

where \ denotes the scalar gradient and (x)°* := (x)** for n > 0 .
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Proof. The theorem can be easily deduced from the following result proven in
[CdS19Db] (see Appendix|A|for an idea of the proof),

||<$>73/27UHL§L2(M;1) + ||<I>71/27VUHL?L2(M;I) S 1Dmuol| 2(m,) - (A.1)
This estimate, together with Lemma 2.4} gives
H<5U>71/27BUHL3L2(M;L) < CBChH<$>73/27uHL?L2(Mh) S Dol 2(my) -

Therefore, recalling that the spinorial gradient V = V + B, we conclude by trian-

gular inequality

||<x>_3/2_u||L§L2(Mh) + ‘|<$>_1/2_VU|’L§L2(Mh)
< H<5€>73/27UHL§L2(M;L) + H<95>71/27VUHL$L2(M;L) + H<$>71/273UHL3L2(M,L)
N ||Dmu0||L2(Mh) :

]

Theorem 2.9 (Local smoothing estimates for wave/Klein-Gordon). Let (M, g) be
a four-dimensional Lorentzian and asymptotically flat manifold. Then, the following local

smoothing estimates hold
)~ 2™ =20 Fll ooy S 2o
forany f € L*(M,,) , and
()™ VA ) S = A0 f L2
for any f such that (1 — Ap)YVAf € L2(M,,) .

Proof. We start with the massless case m = 0, briefly retracing the argument pre-

sented in [BHQ9]]. Let us define the unitary transform
V:iue LA(M,) = L*(R?, \/det h(z)dx) — (det h(z))*u € L*(R?, dx) ,
which maps —ﬁh to
P = —VAYV ' = —(det h(z))V*Ap(det h(z)) V4.

Therefore, if we consider u 1= ¢V =21 f € L2(M, dg) and v := Vu, we obtain the

following equivalence

8fu—ﬁhu:0<:>8t2v+Pv:0.
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Hence, from [BH09, Theorem 1.3 with G = 0], we obtain the desired estimate

@)™ 2 ull 22y = 142 72 0 |2 sre) S 10(0) | z2@ey = I 122y -
Regarding the Klein-Gordon estimate, we need two more results. The first
one is [ZZ17, Formula (3.5) with V' = 0],
@)~ e ™ fllzreann S I llz2emy) -

which means that (z)~! is —A,- smooth.
On the other hand, [D’A15, Theorems 2.2 and 2.4] together imply that (z) ' (m? —

Ap)~Y*is \/m? — A,- smooth. Hence, we exactly obtain the second statement
1 it/ m2—A ~
() 1™V ™2 fllizragan, S I10m* = An)Y | z2ady) -
O]

Remark 2.5 (Dual local smoothing estimates). Once the two local smoothing esti-
mates above are proven, one can use standard 77 arguments to deduce the dual
estimates (that will actually be the ones we will use in the proof of Theorem [2.5):

H /OT =iV =Bn f(s.) ds

S @) fllzrz oy
L2(Mp)

S ) fllzzeeoms) -

|| / LoV s ) ds
0

H=1/2(My)

The last tool needed is the following lemma, which states an equivalence be-
tween the Sobolev norm and the one that is induced by the Dirac operator. The
proof is a bit technical, but it relies only on the geometric estimates of Lemma

and on the self-adjointness of —ﬁh and D,,, proven in [Che73].

Lemma 2.10 (Norm equivalence). Let (M, g) be a four-dimensional Lorentzian and

asymptotically flat manifold. For m > 0, it holds
1(m* = &)Y ull 2wy S 1Pl 2 S 10m* = An) 2l 2, -
Proof. Since —Ay is self-adjoint on L?(M},), we have for m > 0
1(m? = Ap)2ul| 2 p,) = ((m® = An)u,u)raany) -

Using that

—(Apu, ) 2,y = B (Ou, 05u) 120y
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we can rewrite
—(Apu, ) 20,y = 07(0, Dju) p2(py) + (B9 = 69) (D, Oju) 12wy -

From the asymptotically flatness condition, |4 — 6| < 1 and hence by Cauchy-

Schwarz inequality
89O, O5u) 2wy S —(Antt, ) 20ty S 07 (Oru, D) 12 (any -
We also have, using the self-adjointness of D,,,
||Dmu||%2(mh) = <<m2 - zh)ua U>L2(Mh) — (Q(u) + Q2U7U>L2(Mh) )

where D,, = m? — ﬁh — Q1 — Q,, with Q;,85 as in (2.7). Since B; are skew-

symmetric, we have
(B’E)Zu, U>L2(Mh) = —(@u, BZU>L2(Mh) s (Bl(()’u, U>L2(Mh) = —<8ZU, Biu>L2(Mh) .
Thus, by Cauchy-Schwarz inequality, we obtain

(1 (u), u) r2(my)| < Z ||3z‘u||L2(Mh)||<$>B||L°°||<$>_1U||L2(Mh) :

Thanks to the assumption on &, the norms L?(M,,) and L?*(R?) are equivalent and,

using Hardy inequality, we find

(). 1) 2| < 162) Bl | (1 = A Pullfa ) -
Let us now consider the term in {25, which gives

(o, u) 20| S (1) Dl oo (M = An) 2720, -
According to Lemma [2.4] it finally follows

[{z) Bl < 1,

. . o 1
[{2)*Qa |z < [[(2)*(8'B; + B'B; = IV ;'B; + 1l <1
and hence we conclude

1(m? = Ap)2ullZo ) S IPmtllio ) S 1M = An) 2l Z2 () -
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2.5 Strichartz estimates for the Dirac equation — Proof

We are finally ready to prove the Strichartz estimates of Theorem

Proof. We recall the Duhamel formulation of the solution

u(t, ) = Wi ()ttg — Wi (£) Dyt + /0 Wt — ) (Ql(u)(s) + QgU(S)) ds |

where —
Wot) = sin (t\/m2 _ Ah> | Wm(t) _ in(t) |
/m2 B Ah dt
and

. A _ A 1
Qi(u) =2B10ju, Q9=0B;+B'B; —17,"B; + ZRh .
We start with the massless case. Thanks to Theorem and Christ—Kiselev

Lemma [CKO1]], we only need to study the inhomogeneous term. Hence,

H /0 Wt ) ((u)(s) + ouls) ) ds

LIH}*(Mp)

/ \/—_Ah (1) (5) + au(s) ) ds

S

F

S / \/__Ah Qy(u)(s) + Qw(s)) ds

LY (M)

LZ(Mh)

Using the dual form of the wave local smoothing estimate in Theorem

H /OT e’is\/’_&”(ﬂl(u)(s) + Qw(s)) ds

S )2 (Qu(u) + Q2w izr2 ) -

L2(Mp)

Combining the local smoothing estimate for the Dirac equation of Theorem
and Lemma 2.4 we control both Q; and €2, :

)2 Q0 (W) |22 anny S 1) BIOull 212y
S ”(x>1+BHL§°||<x>_1/2_vu||L?L2(Mh) S [ Duo|| 2my)
and

) Qoull 22y S 1) Qe 1) 7wl 2 p2 ) S 1P| 2200, -

Finally, using Lemma the first case is proven

HUHLgH}. S(My) ~ ||u0||H1 My T HDUOHL2 (Mp) S HUOHHl(Mh)
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Let us focus now on the massive case. As before, thanks to Theorem
we restrict to the inhomogeneous term and we can apply Christ-Kiselev Lemma
[CKO1] since ¢ > 2. Hence,

/0 ' Wt — ) (Ql(u)(s) + QQU(S)) ds

l

L{H 75 (M)

< e /0 L i/ B, (Ql(u)(s)—l—qu(s)) ds

mQ—Ah

< /OT e—isVm* =4y, (Ql(u)(s) + QQU(S)) ds

L{H 27 (M)

H=1/2(My,)

Using the dual form of the local smoothing estimate in Theorem

H /OT emisV/m? =4y (Ql(u)(s) + QgU(S)) ds

S @) (Qu(u) + Qou) || 22y -
H=1/2(My)

Combining the local smoothing estimate for the Dirac equation of Theorem
and Lemma 2.4] we control both Q; (u) and ,:

||<$>Ql(u)||L§L2(Mh) S ||<$>Bjaju||L§L2(Mh)

S )2 Bl (@)™ Vallz iz S [ Dmtol|zzany)
and
) 0ull 22(an,y S I62)** Qallee 1) ™ ull szr2(an) S 1Dt 2y -
Finally, using Lemma and Sobolev embeddings, also the second case follows
||“||LgH3/2—S(Mh) S lwollgzivg, + IPmvoll =120,y + IPmttoll 2,y S ol () -

]



Chapter 3

Einstein-Dirac system with spherical

symmetry

The following chapter is devoted to the derivation of the Einstein-Dirac sys-
tem, which links Curved Quantum Field Theory and General Relativity. In par-
ticular, we present an explicit model describing the interaction between gravity
and Dirac particles in the spherically symmetric case. Part of the calculations
presented below were inspired by [FSY99].

The purpose of this chapter is to define the starting point for the next doctoral
studies. In fact, we intend to present a series of open problems, to be addressed in
the future, concerning the Einstein—Dirac system under this geometric assump-

tion, such as the well-posedness issue and stability of solutions.

3.1 Derivation of the Einstein—-Dirac system

So far, when dealing with the curved Dirac equation, we have treated the un-
derlying manifold (M, g) as something given a priori. However, we know thanks
to Einstein’s works, between 1905 [Ein05] and 1915 [Einl15], that matter affects
space and time. Hence, gravity is no longer treated as a force, but as inducing a
deformation of the spacetime manifold, whose curved geometry determines the
geodesic flows followed by particles.

In standard General Relativity, the coupled system describing this phenomenon
is given by the Euler-Lagrange equations associated to the Einstein—Hilbert ac-
tion S[¢, g], where g is the metric and ¢ the mass field. However, due to the spin

structure, if we want to preserve local Lorentz invariance, we need to simulta-
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neously vary the vierbein (and the related spin connection), in place of g. This

correction yields the following action (cf. [Che22] for the massless case),
S[¢> el a] = SG[e'u a] + SM[’QD? el a]

= /Rg ed'z +/ [% (EZMDMXJ - Du@luﬁj) - m@@b} ed'z,

where R, is the scalar curvature associated to g, Y = 19*~° denotes the adjoint
spinor (recall Definition and e := |det(e”,)|. Notice that, using g,, =
e® 1 Nab e’, , we recover e = \/m . (All the physical constants have been nor-
malized for readability.)

The term S¢ e/ | corresponds to the action of the gravitional field, while
Sy, et ] determines the action of the mass Dirac field. Now, to obtain the

Einstein-Dirac system, we need to compute the Euler-Lagrange equations
0eSa +0eSm =0,
dypSyu =0,
where ¢, and J,, denote respectively the variation with respect to the vierbein
and the Dirac field. We briefly outline the main computations leading to the final
system: for more details, see for instance [Yep11].
Let us begin with the variation with respect to the field ), which yields the
so-called equation of motion. Recall that, due to the skew-symmetry of D, , to

D, = D, and to the fact that the 1 are covariantly constant (see Theorem ,

we have

VY Dy = — D, 171y, for any spinors iy, ¢ .
My My

Thus, we deduce
0=0ypSu = / [5%(@'1“DN¢ —my) — (Z.D[LEIM +my)d| ed*z.

Using 6y = 61, we note that the second addend is nothing but the adjoint of the

tirst one and thus we recover, as expected, the Dirac equation

Dy —myp = 0. (3.1)

On the other hand, varying the vierbein, we obtain the Einstein equations. If

we considered 6,S¢, after standard computations we would find

1
0S¢ = —/ [R’“’ - Eg“”Rg} 59 /| det g| d*x .
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Now, from
5(e® peq”) = d(ep N ear ™) = 5(gu,\g’\”) = 5(5Z) =0,
we deduce
d(e" ) e =—€e",0(eq”) .
Hence, we can express the variation dg in terms of the vierbein as
0 = 0(€* i Nab eb v) =0(e" ) €an + €py (5(eb y) = —e 04 — deque’,
= —(gur€® 1 + gure)deq A
and consequently

0eSc = / (Ry - %&;Rg)ea u]dea® VTdet gld'a

Multiplying the quantity in round brackets by ¢*, we obtain the Einstein tensor
174 174 1 174
GM" = R*" — 59“ R, .

Regarding .Sy, assuming that ¢ satisfies the on shell condition (that is, it solves

its own equation of motion), the variation reduces to

i — —
5.8y = / = (91D — D) Seo /[ detg] d'
We define the Belifante—Rosenfeld energy-momentum tensor as
i — —
Ty =5 (07" Dutb = D0
which reads in curved indices as

1
T,uu = i(eaynabTbu—f—eaunabTbu)

= L@~ D) + S FrD ~ D).

Hence, we have found

588[20,6“@]:/[(R’;—%5’;Rg>e“#+TQA}5eaA\/|detg|d4m:O.

Since the variation of the vierbein field does not vanish in general, me must im-
pose that the quantity in square brackets is zero. Multiplying it by ¢* and noting

that e* , # 0, we deduce the Einstein equations under the Dirac action

G 4T =) . (3.2)

Finally, coupling (3.1) and (3.2), we obtain the Einstein—Dirac system
G +TH =0,
Dy =ma .
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Remark 3.1. 1f 1 solves the Dirac equation (and consequently 1 satisfies the adjoint

equation iD, 1" = —my), the trace of T can be easily computed. Indeed,

i /— _ _
T = ¢ T = 5 (wauz/; _ Duwz“z/J) ——y
Furthermore, if the Einstein equations also hold, then it follows
tr,G = ¢""G = —Ry = —tr,T,

which means R, = my1 . Note that when m = 0, the energy—-momentum tensor

is hence traceless, and consequently R, = 0.

Remark 3.2 (Einstein Vacuum Equations). In general, one can couple the Ein-
stein equations with other matter fields, obtaining different systems, such as the
Einstein-Maxwell or the Einstein—Klein—-Gordon systems.

On the other hand, in absence of an external field, the energy-momentum tensor

is zero and thus one obtains the Einstein Vacuum Equations (EVE),

R™ =0, (3.3)

We stress that the zero scalar curvature constraint, found in the previous remark,
is not sufficient to ensure that the entire curvature tensor is zero and thus it does
not imply the Einstein Vacuum Equations.

Furthermore, we mention that, although this system of equations may seem quite
simple, it is actually very rich. Indeed, in addition to the trivial Minkowski metric
n, also spacetime metrics modelizing black holes solve (3.3). For brevity, we limit

ourselves to stating the Schwarzschild metric

2M 2MN -1
gu(t,r,0,0) = (1 — —>dt2 — (1 — —) dr? — r*(df? + sin® 0 d¢?) .

T T

3.2 Spherically symmetric manifolds

In this section, we present the geometric hypotheses we make on the mani-
fold and we compute the quantities needed to explicitly write the Einstein—Dirac
system.

In particular, we assume that the Lorentzian manifold (M, g) is endowed
with a time-dependent, decoupling and spherically symmetric metric, that is (cf.
[ESY99, Section 8])

g(t,r,0,¢) = F2(t, r)dt2 — GQ(t, r)dr2 — 7’2(d92 + sin%6 d(bz) , (3.4)
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where F, G € C*(R?) . Hence, in coordinates,
G = diag(FQ(t, T), —GQ(t, r), —r?, —r?sin® 9) ,
1 1 1 1
NV:d' ( y T 7__7_—)-
g CE\F ) G2t 1) 12 r2sin’

We will see that, thanks to the spherical symmetry, raising an index simplifies the

angular dependence. Therefore, we are interested in writing the Einstein—Dirac

system in the following form
T = -GY ,
i Dy = map .
We begin by giving the formulas of the Christoffel symbols.

Lemma 3.1. Let g be a metric of the form (3.4) and T, be the associated affine connection
coefficients. Then, the non-vanishing Christoffel symbols are given by

=2, ==, =220,

P e TNR T TSR L)
2, =rI3 = % , I3, =—sinfcosf,

I % T3, =T, = coth.

Proof. 1f follows from direct computations. O

Therefore, we can now compute the Ricci curvature tensor and the scalar cur-

vature.

Lemma 3.2. Let g be a metric of the form and Rpg, be the Ricci curvature tensor.
Then, the non-vanishing components are given by
FO!F — Go}G N F(O,.1)(0,G)  (9.F)(0:G) 2F(&F)

Roo = —

G2 G3 FG rG? -’
R - _G@fG — FO*F N G(O.G)(OF)  (0.F)(9,G) 287~G
1= 2 3 FG rG ’
RQQZ—% TaTF—i—i—l,

G T FG G
R33 = SiIl2 0 R22 s
0,G
Ry = —2— .
o rG
As a consequence, the scalar curvature R, := g°° R, writes
2 (RG OF  (0,F)0.G) (9F)0,G)
Ro= (5~ - )

P Ge any o 1
ta(e ) el
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Proof. Recalling that the Ricci curvature tensor is given by

Ruy = R® o = 9,12, — 0,1%, + 12,17, — T2 T7

ovtap T Laot o
we proceed by cases. Starting from Ry, we have
Roo = 8t(F80 + F(ln) - atrgo - arrcl)o + Fgorgo + 2F(1)0F81 + Ftl)lr(ln
— To(Tgy + Tgy) = Loo(Tgy + Ty + Ty +T9;)
= 8ilgy — 0:To0 + Tgoloy + T L1 — Togloy — Loy + Ty + T73)
GG — (0,G)*  ((0,F)*+ FO*F)G? — 2FG(0,F)(0,G)

GQ G4
O.F)?  (0,6?° (OF)AG) Fo,F (0,6 2
YT tTm TG 2 <G+r>
_ GatQG — F@%F + F(arF)(arG) _ (atF)<6tG) _ QF(arF)
- G2 G3 FG rG?2

Then, passing to Ry,
Ry = 0,(I + Ty + Ty + T3) — O — 0,4y + Ty oy + Ty Iy + I Ty
+ T + T, + Tl — T91 (05 + Thg) — Ty Ty + Ty + Iy + )
= 0,(Cgy + Ty + T33) — ALY + T, Tg, + T4, Tgy + T,T7, + D0,
— Iy — Iy (T + Iy + T'5)
_ FO!F — (0, F)° 2 ((0:G)* + GO!Q)F? — 2FG(0,F)(0,G)

F2 7a2 F4
0,F)* (0,G)? 2 GOF)0,G) 0,G/0.F 2
+ F? + F? + r2 F3 G ( F + r)
B FO’F — GO2G N G(0,G) (O F) B (0,F)(0,G) B 28TG
N F? F3 FG rG

The components Ry, and Rg3 are respectively given by
Rgy = 0pT'53 — 0,y + 217,135 + D355 — Doy (T, + Ty + TF, +T3)
= 89F§’3 - aTF%Q + F%J%z + Fg?)rgs - F52(F81 + F%l + F?S)

1 27“8,,6’ n 11 4eot?f 4 ro, F N roG N 1
- sin?f G G G? FG? G G?
ro,G  ro.F 1

T trete b

Ry = —0,I'35 — 0pL'35 + 203315 + 215,155 — Dig(I0; + D'y + I'Yy + I'¥5) — [l
= —0,T33 — 0935 + 5033 + ['33155 — Tig(I0; + Ty + 5o
2rG(0,G) — G* sin? 0

= —(sin? ) o + (cos? § — sin?6) — o cos?
n rsin? 0 (&F N 0,.G N 1)
G? F G r
. 9 ro,G ro.F 1 .
= gin 0(— = +FG2+@_1):SIH ORy; .
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The non-diagonal components write
Roy = 0,(T¢ + Tgy) — 0L, — 8,05y + 415,150 + T To1 + 91 Tgy + I3y Tgy
— 0T — Dou Loy — Loy (Tgy + Ty + TF, +T3)
= 0,Tg9 — 9:T5; + T, gy — gy gy — Ty (T, + T3y)
_ FOLF — (0,.F)(0.F) B FOLF — (0,F)(0.F) n (0,G)(0,F)

2 2 FG
_@G)O.F) oG
G rG
8,G
ek

R/W:O> forﬂ#yand(uay) #(071)7(170)

From the above computations, it follows

1 1 1 1
Ry = ﬁRoo - @Rn - ﬁRm - mRzza
_ 2 (836’ _OF N (0:F)(0,G) ((%F)(atG)) N 4 (&G B 0TF> 3(1 1
FG\ F G G? F? rG*\ G F 72 G?

]

Therefore, thanks to Lemma we can evaluate the Einstein tensor G, =

1
Ry — 3RgGpuw

F20.G  F2,1

G =—2cr + 5 (g 1)
8,G

Gop = —QE ,

-k o).

_or? <8§G _2F | (0.F)(0:.G) (8tF)(8tG)> N L(&G B &F)
- FG G2\ G F /)’

G22

Foa e P2
G33 = Sin2 0 GQQ .
Raising up one index, the angular dependence in ¢ simplifies and we finally

obtain the first ingredient of the Einstein-Dirac system

Go = —28’”G+i(i—1> ,

rG3 | r2\G2
oG
0__ t
G = rf2G "’
o, F 1/1
1_ T = S
G1_27“FG2+7“2(G2 1)’ ()
1 (0?G  O*F (0.F)(0.G) (0,F)(0,G)
2 _ 3 t _Yr T T .
G =G5 = FG(F a G2 F? >
1 (@G_@TF)
rGZ2\ @G F )
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We conclude this section by presenting the choice of the vierbein and the con-
sequent behaviour of the spin connection.

In order to have a vierbein e* , satisfying g, = € , 1 e, we can choose
e’ ,(t,r,0,0) = diag(F(t, r),G(t,r),r,rsin 9) .
Therefore, defining e := e* ,dz", we obtain
d=Fdt, e'=Gdr, e=rdf, e =rsinfdo.
Writing their exterior derivatives, we have

F
de® = 0, F dr A dt = —i—G

o,G
de! = 0,Gdt N\ dr = Ft—GeO/\e1

eo/\el,

1
de2:dr/\d9:mel/\62,

1 t0
de3:sinedr/\dgb+7"cosed9/\dgb:—G61A63+—C0 e Ned.
r r

Letting w*;, := w), *,dz* be the spin-one form, we recall the the characterization

of the spin connection, given in Section 1.5,
de® +wy ANe? =0, fora=0,1,2,3.

Solving the linear system defined by this family of equations, one gets

o, F 0,G 1 1 cot 6
W = 0 9 u)12:__G62’ wly = 3 = — oS
r

FG¢ TFGE G r

Hence, passing from the orthonormal frame to the standard one and raising a flat

index with 7, we completely determine the spin connection.

Lemma 3.3. Let g be a metric of the form (3.4), e* ,, the vierbein defined as above and
w,,  be the associated spin connection coefficients. Then, the non-vanishing components
are given by

o OF 10 o 0G 10 2 L 21

Wo ——G = —Wo w1 ———F =—W , W —5——002 )
sin 6

ws B = e = —wsy3t w3 B = cosf = —w332 .

3.3 Dirac operator with spherical symmetry

Now that the spin connection has been computed, we can focus on the Dirac

equation. In this section we show how to exploit the radial symmetry of the
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spacetime to separate the variables and simplify the angular dependence. To
this end, we introduce partial wave subspaces and spherical harmonics and we
“decompose” the Dirac operator in a sum of “radial” operators. This approach is
widely discussed in [Thal3, Section 4.6], [CH96] and [CdS19al.

To implement this strategy, from now on we will opt for a different choice for

the Dirac matrices, which simply consists of a permutation of the 47 , j = 1,2,3:

=A==, =R (3.5)

Remark 3.3 (Dirac operator on S?). We will see in a moment the importance of this
change. Thanks to this choice, we will recover the Dirac operator on the sphere

—iV, for which many diagonalization results are available.

Recalling the definition of the spinorial covariant derivative

D, = 8, + $wu "[Ya, 1) , we easily obtain

1 o, F

Do = 0y + gwo a,Y) = 8 — TR
1 o0,G

Dy =0, + gwl ab[%ﬁb] =0, — ;—F%% ;

1 1
= 0p + w2 ®[Ya, ) = 06 + —=Y V0

8 2G
1 1 /sin@
Dy = 05 + gy e W) = 0+ 5 5 ( o e+ cos va)

while the spacetime-dependent Dirac matrices 1 = e, #y* are given by

t_lt r_lr 0_19 1
T=FT Z_ny’ T=50 0 1T e

Therefore, the Dirac equation iy D,1) = m1) with spherical symmetry writes

[ 0r0cs Sr) (o 25) 2o )
(0 S o) =

rsind

which yields, rearranging the terms,

[ (o) (0 5+ (050 « oo

Multiplying the equation by F' and defining o/ := ~'+7, for j = r, 6, ¢, we find

the following Schrodinger form

10 = [ Z%—GG — mrg(a,, + azrjf + %) — 25 (o/9 (39 + C02t€> + siﬁad)%) + vtFm}@b :
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If we define the angular part of the Dirac operator as

icot@) o

Ds2 = a9<—i89— 5

8¢,

sin

the Dirac equation rewrites
i0p) = (D+~'Fm)y, whereD := —i——— —ia"—

Now, if we recall the Dirac operator on the sphere S?

2

cot9> e
— 1

_.A — 1
iV = —io <89+ 5 sin&a‘z”

and recalling our choice (3.5)), we obtain as desired

i coty .o —iV
Ds> = —iav (39—1- 5 ) Zsin98¢_ (—z@ .

Therefore, we have rewritten the Dirac equation as i0;1) = Hr 1 , where

—i%% + Fm —iJSg(E) + 2L %) + %(—Z@)

Hpg = .
—io3E (@ +2E 4 ;) £(-iV) —i%8 — Fm

In this way, we managed to isolate the radial and the angular components,
which are now expressed in terms of the operator —iV. As anticipated, this allows
us to take advantage of its diagonalization properties, which are stated in [A]J02].

Indeed, we have that —iV diagonalizes into

—iVT},, = +\T7

Jmgj

where j € 1+N,m; € 2+Zwith —j < m; < jand \; = +;. The two-component

eingenfuctions Ffmj can be chosen such that
+ _ - _31F _ 3t _ F
U, = ®i0° T & —io”l = EI7,
and such that they form an orthonormal basis of L?(S?, C?),

<F61 1’*82 > — 551 626]1 325mj1 gy -

J1,Mgq 7 7 J2,Myy

Defining £/, = 75 (I}, 2L, ), we can construct an orthogonal basis of L*(S?, C*),

7,15

which is given by

Er 0 & 0
G- =17\, G, = S Foo o= P FE = .
= () o= () 5 () 5 (et
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Hence, if we define the following spaces,

M, = Vect(GF,, .G ). My, = Vect(Fy,,  Fi. ),

7,15 2,m;0 Y gmy
we obtain the orthogonal decomposition
LS, CY = DL, & M)
Jm;

As reported in [AJ02], the functions Efmj (and consequently F3.

.j7mj7

-
Gjm,) can be

expressed in terms of the spherical harmonics Y;”, up to a local rotation R, =

g3 .

[y [Ty my
+ 2 T - _ 2j4+2 T4t
Ejm- = Rl - mT ’ 8jm~ - R1 : mT ) (36)
g g—mjy g . ]+mj+1Y j
TR 242 1t

where j* = j + Jand m; =m; + 3.

01502015

Remark 3.4 (Spherical harmonics Y;™). Similarly to ™’ spanning the space of
complex-valued functions on the circle, spherical harmonics Y;"(f, ¢) define a
complete orthonormal family in L?(S* C?). They can be expressed in terms of

Legendre polynomials

2041 —m)! ,
Y,"(0,¢) = \/ 4—; El " nmlilem(ble(cos 0), forme{-l,-1+1,...,0—1,1},

where P(z) = S5 (1 — 2?)™/2 &0 (22 — 1)! . One can use these functions to

define the canonical partial wave subspaces H;m, r; , with k; = £; , in Thaller’s
book and orthogonally decompose L*(S? C*) . Thanks to (3.6), we infer that

Him, k; = (By © R)H;,,.

and for this reason, we will also call ’;fljim

, partial wave subspaces. For more
details regarding spherical harmonics and their application to the Dirac operator

on the sphere, see for instance [Thal3, Section 4.6].

The above construction is extremely useful to simplify the angular depen-
dence, but it hides a crucial subtlety, namely that in general the Dirac operator
does not preserve radial spinors. Indeed, as proven in [Cacl1, Section 5], the par-
tial wave decomposition is preserved by the nonlinear dynamics provided the
o egs cps . 7+
initial condition has an angular part belonging to one of the four #; J2.my  SPACES.

For this reason, to construct our model, we restrict to 7:21_/2 e Vec‘c(g;L/2 1729121 /2).
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We conclude this section by computing explicitly the Dirac equation in this

latter case. Using €?7 = cos 1 + i sin fo;, the rotation is given by

e _s9 .
e’z cosg e 2 smg
Ry = i a0 il 0
—e'28ing e '2cosg

Therefore,

Y70 1 1 ¢is cos ¢
Eho .=R| °]|=—=R 2
1/2,1/2 — 4 < 0 ) 2ﬁ 1 <O> 2\/_ —sm— ’

. \/Lng 1 R cosf \ ei% COS%
1212 = _\/gyll 2v7 " \e?sing) 27 \sin®

from which we deduce

(4

COS 5 0
Fons i _ain @ 0 i 0
T 121/2) _ €7 Sin 35 G- _ _ ¢z
12172 7 0 2/ 0 ’ L2172 51_/2 1/2 27 | = cos g
0 —sin?

2
Hence, the generic function ¢ € L*(F(t,r)G(t,r)r’dt dr)® ﬁf/z 1/ can be writ-
ten as

uy(t,r)cos ?

@ 0

2 | —uy(t,r)sing

t,7,0,0) == u(t, )G, | (0 L(t,7)Gy 1 5(0,0) = el ’
(t,1,0,0) = us(t,1)G) 5150, 0) +u(,7)G) )51 5(0,0) 27 | —u_(t,r) cos
—u_(t,r)sin$

Now, let us compute the action of the Dirac operator on a spinor of this type. We
start with the first addend

A*Dow = 5 (110 + Ty Yo = (00, + T2
Oyuy cos g —U_ COS g

B i —Oyu sin & N OF | u_sing

2y/mF Ot cos g 2G| —u cos g

dyu_sin g —uy sin g

The second term is then given by

7D = (70 + Ty Y = (70 + D0

2F
—0,u_ cos g Uy COS g
ie ) s 0 i 0
e'2 U_ Sin 5 0:G | —uysing
2\/mG —0ruy cos 2F | w_cos g

0
U_ Sln§
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Passing to the two angular components, we find

1 1 1 1
0 0 r 1 3
=4 )= )
v Do) ~(770 + 557 (G 7%+ 557 (0
—u_cos$ —u_cos?
e'2 u_sin 3 1 u_ sin g
- o | T 0 ’
4/mr Uy COS 5 —U4 COS 5
Uy Sin g —u4 sin g
1 sin cosf 1 sin 6 cosf
¢ _ ¢ r 9) _ ( 2 3 1)
"Dy 7“Sin€<7 ot 2G| 2 ! 4 rsmd\ ot 2G| > 7 4
—u_ sin g —U_ COS g —u_ sin g
;@ 0 . -0 0
_ e'z j U_CoS 5 sinf | u_sing + cosf —U_ COS 5
4/mrsin @ u, sin 2 G | —uscost uy sin
Uy COS g —u4 sin g —1Uy COS g
Finally, imposing ¢ to solve the Dirac equation v*D,y» = —im1, we obtain a
system of two linearly independent PDEs with no angular dependence,
1 1 oG oF 1+G
s = G- = <_ °0FG Zm)“* + <2FG LE )“— o )
18 Jr18 <8TF+1—G> +< 8tG+‘)
——0uy + =0u_ = — u - im)u_ .
G R 2FG = G T 2FG

Remark 3.5 (Comparison with the flat case). Notice that taking /' = 1,G = 1

reduces (M, g) to the standard Minkowski space. Hence, if we define

'lvb-i-(tv T) = TU+(t, T) ’ w— (ta T) = iU (ta T) ’
the Dirac equations on L?(r?dt dr) ® ﬁf/z’l /o become

28 er _ m _ar_% ¢+
o) \o-t -m J\u )

which is exactly [Thal3| Formula (4.129) with k; = —1 and null potential].

3.4 Energy-momentum tensor

The last remaining ingredient for writing the Einstein-Dirac system is the
energy-momentum tensor 7),,. Therefore, we proceed with the computation of

the non-vanishing components.
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Let us start with the component Tyy = £ (Dot — Dothy,1)) : we treat the two
addends separately

F/ L Fo.F , 4
= E (U+atU+ + u_atu_> + 2G ¢ w
oF , . o.F
Doty = F (0 + S’ Ju = F (0 + S=v%a’ v
F Fo.F , 4
= <8tu+u+ + Gtu_u_> 5o Ve (1
Hence,
TOO = ——%(K@tu_ + Eaﬂlq_) .
47

Then, let us focus on Ty, = £ (VD19 — D19yth) + £ (4, Dot — Dotvy,4)) . In this
case, computing preliminarly

s 6 * * 3

GuDt = P (0,4 950 Y = Pyae + Ayt

at 2/}* 3,¢

F .
= (u+8ru+ + u_ﬁTu_) + 5

— _ " GtG . o * tG * 3
Dyt = F (0070 + Tovta’y) = Fows + luray
F oG
= E <8Tu+u+ + a'ru—u—) + t7¢*a3¢ ?
_ oF
¥, Dot = —Gy* ( )1/1 = sz o
G
= (matu_ + mam)

— o F o F
Dot = =G (0a™y + S=v™) = —Gowa’y — Tty

= % (mu_ —+ @Tu.,.)

we obtain
Fr o G L
Tor = ——S(urdrus +u—0u_) — —(uzOpu_ +u_uy ) .
8 8

Passing to Ty1 = % (¢, D11 — D19,¢), we have

T Du = ~Gu (o0, + Y = G (09, + 2 Yo
- %(Mﬁru_ + T8, u+) — Gat b

Dyt = ~G(00%a” + ety Yyp = —G(a wa? + 90y Yy
= O (T + T - S e,
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from which we deduce
T = - S@ o, +Tou)
11 = 47]_\5‘ U_OrU4 Uy OrU—) .
Let us now compute Tay = £ (V9 Do) — Dothypt)) :
UygDaytp = —rip* <a98 + Lof)@b = —r” < 10 + ioﬁ)w
£ DYe e
. _L(x — . L * 3
= i S(Tu) — gt
s * 0 1 * T
Dy = —r(Gpa’ + 5=va” )u
1 r T
_ * 1 3 — s Cx(a— k3
= —r(Gral + 5uat v = i S @) — gevtaly

hence,

T ~—
Ty = E%(UJH) :

Similarly, computing 733 = %(EﬁDgw — Dg@ﬁl/}) , we find

_ ) sin 0 o cosf
Ve Dstp = —rsin Gy ( 204 + Teha + 5 Oz9>¢

= —rsin0y” ( 28¢+Sm9 3+—Cosea1>w
2
_ rsin®f sinf cos@ 1
=—i g S(u—uy) — (rsinf)y* <2Goz + a )7,0,
- . . sinf , . 0050
Dypypth = —rsm@(@w/) of + 5 UV o >1/)
= —rsin9< ™o + Sme@b COSH )
_ rsin®6 sm@ 5 cost
=i S(w—uy) — (rsinf)y* (2Ga 5@ >¢,
which yields
.
T33 = TSZILH Q\S(U__U_;,_) = sin2 QTQQ .
7r

Finally, raising one index to simplify the angular dependence, we obtain

1
T(? = —F%(u__ﬁtu_ +K@tu+) ,

F
1 G
F

= —8—%‘(E&~U+ +u-Ou-) — STE? S(uiOpu— +u=0uy) (*3)
1
11:_G S(w—0ruy + urOru_) ,
1
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Remark 3.6 (Trace of the energy-momentum tensor). We note that, if we impose
the two Dirac PDEs (), the first component can be rewritten as

1 /F 2F
T = —H<E%(I&u+ +ur0u_) — 7%(mu+) +mF(Ju_|* — |u+|2))
1 _ __ | m
= —R%(u,&u+ +urO0u_) + %%(u,uﬁ + E(\u+\2 —|u_?).

Hence, the trace of the energy-momentum is given by
trgT =T} = —(fus [* = [u_]*) = mip)

47

consistently with Remark

3.5 The final system and open questions

Finally, putting together (x1), (x2) and (x3)), we write the Einstein-Dirac system

! 1,1

AnF rG3 2\ G2
1 G 0,G
g SO + 0 ) = e SO + W 0s) =2 e
N _ oF 1,1
g SO W) = =2 — (= 1)
1 1 (2G OPF  (9,F)(0,G) (8,F)(9,G)
(7 — t _r T r .
47Tr\y(u_u+) FG < F G + G2 2 )
L1 <8TG - &F)
rGZ2\ @G F ]’
1 | 2,G OF 1+G
Fote — G- = (- 2FG im ) + <2FG’ JTe Ju-

1
G

o, F 1_G>+ < 0,G

1
Orus + FOu- = <2FG TG T 9FG

+ im) u_ .
As already noticed in Remark coupling the Einstein and the Dirac equa-
tions automatically guarantees an additional constraint on the trace of the energy-

momentum tensor. Therefore, the fourth equation above, which corresponds to

T3 = —Gj3 , is linearly dependent on the others and thus it can be discarded.
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Therefore, the Einstein-Dirac system with radial symmetry reduces to

1 /1
—Ld(u Ou_ +uy Oy ) = 2&—G — —<— — 1) ’

AmF rG3 2\ G2
1 G _ 8,G
_87T—F\S(U+a U + u_ (9 u_ ) 87TF2 %(u+3tu_ + U_atU+) = QW s
| _ oF 1,1

Lo~ on - (88 e+ (B 112

1 1 oF 1-G 0,G .
g o= (g g )1 (~apg Him)-
Finally, if we define the new components of ¢ as
o F(t,r) T F(t,r)
7/1+(t77”) T 8—7Tu+(t’ 7') ) Qﬂ*(ta T) =1 87 u*<t7 T) )

the Dirac spinor rewrites

V(1) cos

- — (t,r)sin ¢
W(t,r,0,0) =1, (t, T)gl/g 1/2( o)+ (t,r )91/2,1/2( )_4\/_7”\/_ Z'V,D_Jr(t,?“) COS;

2
i_(t,r)sin 2

Due to this change of variables, the Einstein—-Dirac system with spherical symme-

try slightly simplifies and it writes

8 G
S0 + P 0w ) = -2+ (o5 -1)

—8—”o<w+arw+ FUZO) — RGO o) = 20
m—”%(mw_ Fouy) = 2252 F (g 1). ()
oo ey

consistently with equations found in [FSY99, Section 8 with 7' = F~1, A = G2].
In their paper, Finster, Smoller and Yau started from these computations to nu-
merically construct linearly stable soliton-like solutions.

Throughout this work, we have tried to cover in the most self-contained way
possible the arguments and motivations that led us to the statement of the Einstein—

Dirac system with spherical symmetry. Our aim was not simply to compute the
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final equations, but also to start approaching some of the tools and techniques
useful in future doctoral studies.

We conclude by providing an overview of the state of the art in the study of
this system and by giving some ideas for the next research goals.

In fact, now that our object is determined, many questions arise and one of the
tirst ones is related to the local well-posedness of the system and the understanding
of the suitable regularity conditions for the initial data.

Furthermore, being the Minkowski metric and the null Dirac spinor (g, ) = (1, 0)
a solution to (¥), the question of its stability is natural.

For the Einstein Vacuum Equations, Lindblad and Rodnianski [LR10] showed

the stability of the Minkowski metric with a proof based on specific commut-
ing vector fields, pointwise estimates and bootstrap arguments. In [Che22] these
techniques have been adapted to prove the stability of Minkowski spacetime for
the Einstein—Dirac system with zero mass.
Regarding the massive case, we expect that additional pointwise estimates for the
Dirac operator in asymptotically flat manifolds are needed. We aim to show
them by establishing new virial identities, in the same spirit as what was done
in [CdS19b].

Finally, one can turn to the study of other geometries. Indeed, as already
mentioned, Schwarzschild metrics g also satisfy the EVE and thus the same issue
about stability applies to the pairs (g,7) = (gm,0). The focus on these mani-
folds is motivated by Birkhoff’s theorem, which states that the only asymptoti-
cally flat spherically symmetric solutions to the EVE are precisely Schwarzschild
black holes. Moreover, we notice that a metric g); can be separated into two
regions: far from the black hole the geometry is asymptotically flat, while it be-
comes asymptotically hyperbolic approaching the event horizon. Therefore, new
dispersive estimates for the Dirac operator will be needed to deal with this latter

behaviour of the metric.



Appendix A
Complements

The appendix is devoted to tracing the main ideas for the proof of a second
local smoothing estimate for the Dirac equation. We recall that this result is fun-
damental to establish Theorem 2.8

Notation. Throughout this last section, solutions to the Dirac equation are sim-
ply treated as C*-valued functions, ignoring the underlying spinorial properties.
Hence, given u a C*-valued function, u will simply denote its hermitian adjoint,
and not its spinorial adjoint. We prefer to keep the same notation, since it still

holds D;u = D;u, where D, := 0;u — %wi DU ey Vo) -

A.1 Local smoothing estimate for the Dirac equation

Theorem A.1 (Local smoothing estimate for Dirac — II, [CdS19Dbl]). Let (M, g) be a
four-dimensional Lorentzian and asymptotically flat manifold and w be a solution to the
Cauchy problem (2.3). Then, for m > 0, the following local smoothing estimate holds

1) ™ ull g2 e, + 1) ™ Vaull 2 rany) S IPmtoll 2y (A.1)
where \ denotes the spinorial gradient V = V + B.

The result is implied by the following, and slightly more general, estimate that
the authors proved in [CdS19b]]

lullyzz + IVully Lz S DmuollZz(an,) - (A.2)
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where the Campanato-type norms are defined as

1 1
||v||2 ;= sup / |v|2 = sup / |v|2\/det(h) ds
X R0 (R)? s, r>0 () Jnunsi

1 1
vl : = sup—/ [v]? = sup—/ lv|*y/det(h) dx
R>0 <R> MpNBgr Bgr

r>0 (R)

where dS denotes the surface measure, while Sy and By are respectively the sur-
face and the interior of the sphere of radius R and centered at the origin. Further-

more, we note that || - ||y is equivalent to the norm

1
ul|% = sup — ul? . A3
Jully = s [l (A3
Remark A.1 (Weaker geometrical assumption). Before outlining the proof of (A.2),
we stress that the result holds with a weaker assumption on the decay of the
asymptotically flat condition. Indeed, from now on, the power —|a| — 1 — o is
weakened to —|a| — 0. Adapting Lemma P.4/and assuming C}, small enough, one

can still choose a global vierbein and deduce the following decays

IT(2)] < CrCu{x)™177, |0r (z)| < CLCL{(z) 7277, le(x) —Ids| < C.Ch{z) 7. (A.4)

The strategy of the proof consists in using the properties of the Dirac operator
and fixing a suitable multiplier function 1 to establish a virial identity. The last
step, but still laborious, is to carefully estimate the terms appearing in both sides
of the resulting equation and finally deduce the result.

We conclude this section by defining the preliminary function from which the
virial identity will arise. For this purpose, recall from Theorem 2.6/ that squaring

the Dirac equation i0,u — D,,u = 0, we obtain
Otu+Lu=0,

where L := —A), — 1R, + m? is self-adjoint by [Che73] for the inner product

(foom=[ fg= /?g\/det(h) Bz .
My,
Then, given a a real-valued function of space 1, we define
O(t) := (Yo, Ou)p, + R((2VL — Lp)u,w)y, ,

which satisfies the following properties.
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Proposition A.2. Let u be a solution of the Dirac equation, then © satisfies
@/(t) = §R<[L7¢]u7 atu>h )
@H(t) = _§R<[L’ [Lv ¢]]ua u>h .
Proof. These identities are a straightforward consequence of the self-adjointness

of L. We start by proving the first identity.
O'(t) = (¥ O u, Byu)p + (Vyu, Ofu)n + R(2YL — L) dyu, u)p + R((2¢L — Lp)u, dyu)p .
Since w is a solution of the Dirac equation, it also solves d?u + Lu = 0 . Thus
O'(t) = — (Y Lu, Oyu)y, — (Yowu, Lu), + R((2¢YL — L) dyu, u)p, + R((2¢YL — Lp)u, yu)y,
= —2R(YLu, Opu)p, + R((2¢L — L)Oyu, u)p, + R((2¢ L — Lap)u, Oyu)y,
= —R(Owu, Y Lu)p, + R((2¢Y L — Lap)u, Oyu)p,
= —R(¢YLu, Opu)p, + R(LYu, Opu)y, = R([L, ]u, Opu)y, .

The second identity then follows by deriving again in time,

O"(t) = OR([L, Yu, Bupp = %@(([L: Ylu, Oyu)p, + (Opu, [L, w]U>h>
= S ({00100 O -+ (L, O + (@B (L, Wl -+ (O, 1L, ¥10v)
= ([L, Y]0wu, Oyu)y, — (L, Y]u, Lu), = —=R{[L, [L, ¥]]u, u), .

]

A.2 Virial identity

Finally, we can pass to the proof of the virial identity. From the last proposition
above, we see that finding the formulas for the derivatives of © is a matter of

computing explicitly the commutators.

Proposition A.3 (Virial identity). Let u be a solution of the Dirac equation, then

@, = — éR(/ (Amﬂ)ﬂ@tu + 2 Vh¢ . V_huatu> s
My

M}L

0 =— /Mh (A,%w - %vw : vth) ul? + 4 /M (DyuDiu) D2 (1)

h

1 )
- _éR ak¢leMV ﬂ[%; ’71/] Dlu )
2 Mh _—

where D? ()" := W' h*1 9,0)1p — D% 9y1p . Hence, we deduce the following virial identity
1
- / (Aiw — 5Vt vth) Jul® + 4/
My

My, My,

_ —at&e( / (Anth)TByu + 2 vhw-v_huatu) .
My,

_— - 1 .
(DruDa) D)7 — SR [ O Ry, ) Do

My,
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Remark A.2 (Leibniz rule). Before proceeding with the computations, we recall
that A, and V), denote respectively the spinorial Laplace-Beltrami operator and
the spinorial gradient. Thanks to the properties of covariant derivative and con-

nections, we have the Leibniz rule
Dj(pu) = 0;0ou+ ¢Dju,
for any real scalar function ¢ and any spinor u .

Proof. We start by proving the first identity, which involves the commutator be-
tween L = —A, — 1R, + m? and ¢ . Since ¢ trivially commutes with R, and m?,

we have
(L] = [=Ap, Y] = =App = 2Vp1p - V), (A.5)

where V,, f - V), := h(D; f, D;-)cs . Hence, the first identity follows
90 = R([L, V]u, Opu)p = R((—Aptp = 2Vp0 - Vi )u, Opud
- —éR( / (An)a By + 2 / Vi - Vit (9tu> . (A.6)
M}L Mh
Now, let us study the second commutator. Using (A.5), we obtain
1
[L, [L, ¢H = [L, —A;ﬂﬁ] + Q[Ah, V- Vh] + §[Rh, Vi - Vh] =: My + My + Mj .
The action of M in the sense of distributions, is given by
My = Ajh + 2V (D)) - Vi,

hence,
(Myu,u)p, = / Ajblul® + 2/ Vi(Apy) - Viuu .
Mh Mh

We focus our attention on the second addend. To understand its structure, we
start by computing the symmetric of V¢ -V, for any ¢ regular enough. Testing
the operator against v, w smooth, using the skew-symmetry of D; and the Leibniz

rule, we obtain
(Vi - Vv, w) = / 190, D;0w Vet h dPr = — / 7D, <\/dethhijai¢ w) P
= — /aj <\/ det hhij(")igo>@w d*r — / Vdet h h" 9,00 Djw d*x

— _/M U((Ahgo)w~l—vh90'vhw> ,



A.2. VIRIAL IDENTITY 65

since A, on scalar functions coincides with the standard Laplace-Beltrami oper-

ator. Hence, for any ¢, the symmetric operator is given by

(Ve - Vi) = =App = Vip - V. (A7)
Choosing ¢ = Ap1),

(Vi(Apy) - Viyu,u) = — /M (AF)|ul® = (u, Vi(Ap) - Viu)y

from which we deduce

R(VAB) - Vi) = =5 [ (@)l (A8)

My

Hence, going back to the contribution of M,
R(Miu,u), =0 .
Passing to M3, its action in the sense of distributions is
1
Ms = =5V - VLt ,
hence, we immediately deduce that

1
R(Msu,u)p, = (Msu,u), = —5/ Vi - Vi Ry |ul? .
My,

We now focus on My = 2[Ay,, V¢ - V|, which acts in terms of distributions as
My =2A,(Vpto - Vi) = 2(Vpth - Vi) Ay, .

Using (A.7) with ¢ = ¢ and the self-adjointness of A;, we manipulate the second

term to obtain
<M2u, u) = 2<Ah(vh¢ . Vh)u, u)h + 2(Ahu, (Ahiﬂ)u>h + 2<u, Ah(Vhw . Vh)u)h .

Taking the real part, we find

R(Mau, u), = AR(AL (Vi) - Vi )u, uhp + 2R(Apu, (App)u) - (A9)
From
(Apu, (App)u)p = —(Viu, Va((Ap)u))n

= —(Vi(Any) - Viyu,u) — /M (ApY)Viu - Viu,
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and using (A.8), the second term of (A.9) rewrites

2R(ARu, (Aph)u)p = /

(A2 [uf? — 2 / (At Vit - Vo
My,

M,
To completely determine the contribution of M5, it remains to compute the real
part of
I:=4(AL(Vry - Vip)u,u)y, .
We have
I =—4(Vp(Vpth - Vyu), Viyu)

— 4 / WD; (W9 Dy ) Dyu/dethd’a

= —4 / h30; (W™ Otp) Dyw Dyuv/det h d*x — 4 / hI Wk 9 Dy Dyu Dyuv/det h dPx .
Recalling that

1 a 1 a 17 1 v
[Dj, Di] = —g i *ar 1] = —3° € v R " [Yay 1] = —gfa” Vs 2]

we can rewrite the last term as

—4 / hI Wk Opap Dy Dyu Dyuy/ det b dx
=4 / h WK O DyDyu Diuv/det b d*x + % /M O R™™ [, v Ju Dyu
h
- 4 / hh¥ O DyDyu Dyuv/det b d®x — % y Op R vy, 4] Diu
h
= II+1IT,

where we used that [y,, V] = —[7a, V] , for a,b € {1,2,3} . Hence, we find
RI = —4R / h¥8;(h*okp) Dyu Dyuy/det h dPx — 4R / h¥ ¥ 9 Dy Dyu Dyuy/det b da
— %?R » Oph Rk [y, Y] Diw -
We are now interested in estimating the term

II = —4 / i WM Eyap DyDyu Dyu/det hd®a .

Using again the skew-symmetry of the spinorial derivative,

[1=4 / Dyu Dy (VAdeth h9h" 9y Diu) d*

— 4 / ) (m his hklﬁk@b)mDiu B —TI .



A.2. VIRIAL IDENTITY 67

Thus,
RIT =2 / ) <\/det hhijhklﬁk@D)D_juDiu &z

which yields
RI = —4R / h"0;(h¥ b)) Dyu Dyu Vdet h dPz + 2 / o) <\/det hhijh’flaw)mmu d*z

1 )
— SR [ OR™ alyy, ) Diu
2 Mh —_—

Relabeling the indices, we rewrite it as

RI=R [ (DjuDu)D()" — %é)% O R [y, 7] Diu

./Vlh Mh
where )
D)V = Oy Vdet h h ¥ — 4h™ (W™ )
(¥) T z< e k:@b) ) (W™ Opt))
Decomposing

a) (m his hklaw) — hiig, (m hklaw) + (8hY) (\/M h’flaw) ,

we have
D)7 = 2(App) R + 2hM 000 O — AR, (R Dp) .

Summarizing, recalling that ©” = —R([L, [L, ¢||u, u),, we have so far

" 1 <~ ..
e = —/ (A;Qﬂﬂ — =Vp- Vth> ul® + 2/ (Ap)Viu - Viu
My, 2 M

h

—R | (DjuDyu)D(y)" — Ly OV R™ [y, 1] Diu .
My, 2 My, -

Manipulating the two terms in the middle, we find
1 — y
0" = - / (Aiw — SVt vth) ul* +® | (DjuDu)D' ()"
./Vlh 2 Mh

1 .
- _§R akazkul/ ﬂh/pw ’711] Dzu ;
2 My, -

where

DY ()7 : = 2(App)h" — D ()"
= —2h* Opp O R + AR O, (RM D)
= 20p0(—hF O 4 21" O hRI) + 4R WM 904
Due to the real part in the second addend, we obtain a symmetry in ¢ and j, that
is
%(M DiuDl(w)ij) - ?R(D_m DjuDl(lb)ij) .
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Therefore, D' (¢)" = £(D*(¢)" + D*(¢4)’*) and
R [ (DuDwD'(w) =1 [ (DuDup*w),
My, Mp,
with
D*(4p)7 = %akw(—h“ O + WO + WO + b R 904

Recognizing the Christoffel symbols associated to &,
q)k,z] — hzl h]mq)évm — §(hkl alhm o hzlalhk] o h]lalhkz> ’
we rewrite
D)9 = — @™ gpap + W' h¥ 010, .
Finally, relating the two expressions for ©" and ©”, we obtain the virial identity

1 - ] ‘
- / (Aiw — V- vth) lu|? + 4 / (DjuDsu)D* (1) — =R O R™ [y, 7] Diu
My, 2 My, 2 My, _

_ —atére( / (Anh) a0 + 2 vh¢-v_watu) .
My,

My,

A.3 Choice of the multiplier and final arguments

Now that we have achieved the desired virial identity, we can give the explicit
definition of the multiplier ¢. Finally, we outline the remaining arguments to
obtain estimate (A.2).

Let us define,

Y

r
" / / g
o(z) = / Uo(s)ds, where ¢y(r) =<7 1
0 -
5 G2 r>1,
where we committed a small abuse of notation, not distinguishing +(x) and ¢ (r) =

Y(|z|). Finally, the multiplier is given by the rescaled function ¢ := ¢p
Yr(r) = Rwo(}%) , for R > 0 fixed.

Thanks to this choice, the multiplier and its derivatives enjoy many good proper-

ties. We limit ourselves to mentioning the one we will use most, that is

Ph(r) < % , foranyr>0. (A.10)
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At this point, the strategy of the authors of [CdS19b] is to deal with the left
(LHS) and the right (RHS) hand-sides of the virial identity of Theorem sep-
arately. In particular, one can recognize some terms as “leading” and others as
“perturbative”, depending on their contribution in the asymptotically flat case.
For brevity, we omit the details of the proof, but the goal is to obtain a chain of

inequalities of the following type
lullX + I Vhully S LHS = RHS < [ Diullfz () -

which yields, integrating in time and exchanging the integrals, the estimate (A.2).
We conclude with a final argument proving the perturbative nature of the

following term in the LHS,

1 .
IIT=—-R [ OpR™ uly,, ] D,
2" S, -

since this analysis is missing in the original article. We stress that, due to the
presence of the Riemann tensor, /1] becomes marginal as C}, < 1, therefore the
Campanato-type estimate and thus Theorem [A.1]still hold unaltered.

In particular, we bound the absolute value of /7. From the definition of the

spacetime-dependent Dirac matrices, we rewrite
1 ik L, vi|s[~a b
(< 5 | [O][RT eaer”||uly® 7] Diul -
2 My,

We proceed by estimating separately the factors appearing in the integrand. Us-
ing (A.10), we immediately have

N —

O] < W] <
and thanks to the (weakened) asymptotically flat decays (A.4),
(R eater ] S IR™ ] = (WY R | S IWHIR | S 10T + [T < CrCp(a) ™77

Therefore, noting that
|u[y*, "] Diu| < [Viullul

if we split (z)7277 = (x)~Y/279/2(2)~3/279/2 and use the Young inequality, we ob-

tain
CLCh

111 < T/M () 19nl? + (@) JuP?) (A11)

where we omit o to lighten the notation.
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Let us deal with the two terms separately. Using [CdS19b, Estimate (4.6)], it

follows

[ vl < [ @ Vil S IVl
Mh Mh

On the other hand,

/Mh<$>_3_|u|2 ) /MWBI<””>_3_'“'2 * /Mme<w>‘3—|u|2 .

Regarding the first summand, we have

1 Jul” 2
()7 Juf? S/ |u|? g/ < 4||Vul/%
/Mh”Bl Mg, [T (@) M, ]2 LA (MnnBy)

SAIVaullz = [[Vaulls

where we used respectively [CdS19b, Hardy-type inequality (4.1)] and the norm
equivalence (A.3).

The other integral can be controlled using [CdS19b, Estimate (4.8)],
2 2
= lul® S 2l -

@S [
//vrhme MyNBE z[*(x)
Finally, from (A.11), if we integrate in time, between 0 and 7', and exchange the

integrals, we find

T 1 }
(=5% [ OwR™ ) Da)dt 2 ~Ca(IVauld g + lulkz)
0 2 M, el T T

Therefore, adding this contribution to the other arguments shown in the article,

one obtains an estimate of the form
(M1 = CrisCu)lullx 2. + (Mz = CriaCh) | Vi[5 12
S Pt [72(aa,) + IPmt(O) 72,
where M; := C; —C;C}, are explicitly given in [CdS19b), Section 4.5]. Hence, for C),

small enough, the multiplicative constants are positive and the proof is concluded

by letting 7" to infinity and using the conservation of the L?>-norm of D,,u.
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