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Voids and the large-scale structure of the Universe

1 Introduction
The Cosmic Web represents the spatial organization of matter on large scale, approxi-
mately on the order of hundred of Megaparsec(1). It defines a complex spatial pattern
of intricate connected structures where the distribution of matter is non-uniform, in fact
matter is arranged in dense regions with clusters, elongated filaments and sheet like walls
and low density regions practically devoid of any bright galaxies called voids. The anal-
ysis of the Cosmic Web is one of the most interesting way to investigate the distribution
of galaxies and dark matter on the largest scales of the Universe.
In this thesis we analyse every aspect of the Cosmic Web, from the descriptions of its
components such as filaments, walls and voids to the methods designed to detect such
voids, giving particular attention to the principal approaches to estimate density fields
from a particle distribution: the Delaunay and the Voronoi tessellations.
Cosmic Voids are the major components of the large scale Universe, since they continue
increasing their dimensions dominating the volume of the Universe, while, on the con-
trary, rich dense regions increase in density but not in volume. Voids are regions with
sizes of 20 − 50h−1 Mpc(2), usually with a roundish shape (in fact, they can never be per-
fectly spherical) surrounded by filaments, walls and clusters of galaxies. Although the
geometry of Cosmic Voids with all of their subcomponents have been studied and anal-
ysed for many years, since the first galaxy surveys were compiled, today their observation
is still very difficult, first of all because we have not got a standard definition of them,
then because studying voids means estimating density fields from a particle distribution.
Generally there are two substantially different methods to extract topological information
from a discrete set of points, each of them is based on computer simulations of the den-
sity field that has to be studied; on one hand all the problems of a direct observation are
avoided, but on the other hand we have a simulated Universe and it is possible that un-
observable information can not be applied to the observed Universe. Nevertheless, these
methods are considered both valid to a first approximation:

• N-body simulations.

• Delaunay and Voronoi tessellations.

The Delaunay and the Voronoi tessellations are the basis of two void finders, two different
algorithms that find density depressions in a set of points; these two methods are called:
Zobov and the Watershed Void Finder (WVF). Although they pursue the same purpose,
the WVF is defined with respect to the Delaunay Tessellation Field Estimator (DTFE),
whereas the Zobov algorithm is defined with respect to the Voronoi tessellation, so they
have different characteristics, whose we evaluate pros and contros.
This thesis is laid out as follows: in the First Chapter we introduce the Cosmic Web,
giving the reasons of the birth of such an intricate pattern in the distribution of matter and

(1) Parsec is a unit of length used to evaluate large distances of objects outside the Solar system.
1 pc = 3.26 ly
1 Mpc = 106 pc

(2) Mpc denotes large galactic distances, such as the one between two galaxies, and it is usually expressed
in units of Mpc

h , where h = 67.8±0.9[1] is a parameter that gives the uncertainty of the Hubble constant
H for the rate of expansion of the Universe.

h =
H

100 kms−1Mpc−1
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describing its components; then in the Third Chapter we focus on the Voids, deepening
some aspects such as their shape, evolution and dynamics with respect to the cosmic
background; in the Fourth Chapter we explain in detail the Voronoi and the Delaunay
tessellations, useful in the description of the WVF and the ZOBOV methods of detecting
voids.
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2 Cosmic Web
On the largest scales of the Universe the distribution of matter is non-uniform and due
the gravitational instability is organized into an intricate network of connected structures
known as Cosmic Web.
This complicate geometry of the Universe has been known since the first galaxy redshift
surveys were observed, lately the improvement of methods such as cosmological N-body
simulations and Bayesan reconstructions of the distribution of dark matter in the Local
Universe demonstrate an even more intricate pattern.
Although it is nearly impossible to give a rigid mathematical treatment of the features of
the Cosmic Web, it is convenient to introduce some approximations. First of all, suppose
that the Cosmic Web is characterized by discrete features such as galaxies and clusters,
black holes and pulsars, objects that provide a direct link to the early epochs of the Uni-
verse; although all these features derive from a direct observation of the Cosmos, the
most prominent components of the Cosmic Web are considered the filaments.
Filaments have the size of 10 up to 100 Mpc[4], they provide a connection between re-
gions with highest density and magnitude within the texture of the Cosmic Web, called
knots; filaments are channels through which mass flows and then clusters.
Moreover, there are two objects in the pattern of the Cosmic Web that play a key role:
walls and voids.
Walls are sheet-like membranes with low overdensity matter, they are populated by dwarf
galaxies or galaxies with low magnitude and as a consequence their observation is still
very difficult.
Voids are large underdense region practically devoid of any galaxy occupying the major
volume of the Universe, in that sense these objects provide a pristine environment for the
study of the primordial Universe. The first observation of voids and, consequently, an
evidence for their existence was found in galaxy redshift studies, moreover the discovery
of the Boötes void by Kirshner et al.[2] and the CfA study by de Lapparent et al.[3] es-
tablished them as key aspects of the large scale galaxy distribution.
Since the study of the web-like pattern combined with the analysis of the matter evolu-
tion in the early epochs of the Universe has always been a cosmological aim, different
methods have been designed in order to pursue this study. The largest N-body simulation
done thus far is the Millennium Run or Millennium Simulation, a computer simulation
that used over ten billion particles to trace the evolution of the distribution of matter in a
cubic region of a simulated Universe over 2 billion light-years on a side. In Figure 1 it is
possible to see slices of this simulated Universe at four different epochs, each frame has
a size of 31.25h−1 Mpc and zooms in on the central cluster.

2.1 Evolution and dynamics of the Cosmic Web
The intricate Megaparsec web-like pattern is the greatest example of complex geometry
where the distribution of matter reaches a non-linear stage due to the gravitational insta-
bility.
The evolution of the Universe can be understood if we suppose two different epochs.

• Early Universe. The initial density field is nearly a homogeneous and isotropic
Gaussian random field. This epoch is dominated by a linear matter fluctuations.

• Epoch of the CMB emission. It is the epoch of the non-linearity, we see the growth
of large underdense regions as much as the growth of long filamentary structures.
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(a) Redshift z=18.3 (b) Redshift z=5.7

(c) Redshift z=1.4 (d) Redshift z=0

Figure 1: Frames of the Millennium Simulation of the ΛCDM taken at four different epochs of
the Universe highlight the evolution of the distribution of matter after the Big Bang due to the
gravitational clustering as well as the intricate pattern of the Cosmic Web. Observable are knots,
the filamentary geometry and then walls and voids, underdense regions[4].

In the latter period, a general density fluctuation field for a region of the Universe with
respect to the cosmic background mass density ρu can be written as follows:

δ(~r, t) =
ρ(~r) − ρu

ρu

where δ(~r, t) is also called density contrast.
When δ , 0, so when that region of the Universe has a different mass density with respect
to the cosmic background, there is the presence of a gravitational acceleration ~g(~r, t) that
can be written as the integration over space of all the gravitational attraction exerted by
all matter fluctuations of the Universe.

~g(~r, t) = −4πGρm(t)a(t)2
∫

δ(~r′, t)
(~r − ~r′)

(~r − ~r′)3
d~r′

where ρm(t) is the mean density of the mass in the Universe, G is the gravitational constant
and a(t) is the scale factor.
The expression of the gravitational acceleration comes from the relation: ~g = −5Φ

a and
the Poisson-Newton equation of the gravitational potential

52Φ = 4πGρm(t)a(t)2δ(~r, t)

Also the Hubble parameter H and the density parameter Ωm, two of the main cosmologi-
cal parameters, are related to the equation of the gravitational acceleration.
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Following the laws of the Newton Mechanics, the equation of motion of an isolated
sphere of radius R in the approximation of an isotropic and expanding universe is

d2~R(t)
dt2 = −

GM
~R(t)2

Multiplying both side of the equation above for d~R(t)
dt and integrating, this differential

equation can be written as

1
2

d~R(t)
dt

2

=
GM
~R(t)

+ K (1)

Mathematically, K is just a constant of integration, but in a physical sense it represents the
total energy of the expanding sphere. The radius of the expanding sphere ~R(t) is replaced
with a(t)r where a(t), as seen before, is the expansion factor and r is the comoving radius,
the physical radius at the epoch where a(t0)=1. Moreover the sphere’s mass is M =
4π
3 r3ρ(t)a(t)3.

Eq.(1) can be rewritten as

1
2

r2ȧ(t)2 =
4π
3

Gr2ρ(t)a(t)2 + K

and then (
ȧ(t)
a(t)

)2

=
8π
3

Gρ(t) +
2K

a(t)2r2 (2)

This equation describes not just an isolated sphere, but all spherical volumes in a homo-
geneous and isotropic Universe because of the approximation of a spherical symmetry.
In the case of the General Relativity the form of the Eq.(2) is:(

ȧ(t)
a(t)

)2

=
8π
3

Gρ(t) −
kc2

r2

1
a(t)2

With the introduction of the Hubble parameter H(t) =
ȧ(t)
a(t) and the approximation of k = 0

(the approximation of a flat universe in a ΛCDM scenario), the equation becomes

H(t)2 =
8π
3

Gρc(t)

Hence, it is possible to extract the value of the critical density ρc(t) =
3H(t)2

8πG and introduce
the density parameter Ω used in cosmology to describe the energy density of the Universe,
Ω = ρ̄m

8πG
3H(t)2 . Now, we have the equation that links together the cosmological density

parameter and the gravitational acceleration ~g(~r, t):

~g(~r, t) = −
3
2

H(t)2Ω(t)a(t)
∫

δ(~r′, t)
(~r − ~r′)

(~r − ~r′)3
dr′

The consequence of the presence of a gravitational acceleration is a perturbation of the
matter flows and that implies a perturbation of the velocity field.

~u(~r, t) =
da(t)~r

dt
= H(t)a(t)~r + ~v(~r, t)
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Voids and the large-scale structure of the Universe

The equation of motion for these velocity perturbations comes from a recasting of the
Euler equation of fluid dynamics, so

∂~u
∂t

+
(
~u · ~5

)
~u = ~g

in GR becomes
∂~v
∂t

+
ȧ
a
~v +

1
a

(
~v · ~5

)
~v = −

1
a
5 Φ

In this process, the mass conservation is guaranteed by the Continuity equation:

∂δ

∂t
+

1
a
5 · (1 + δ)~v = 0

The continuity equation shows how in large overdense region around density peaks the
gravitational attraction slows down the expansion of matter relative to the mean of the
background, whereas in large underdense region the expansion is faster. So in those
regions when the density is higher, the expansion arrives to a halt and then the matter
starts to infall and collapse on itself. This explains the birth of the characteristic structures
of the Cosmic Web.
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3 Cosmic Voids
The study of cosmic voids starts with the observation and the analysis of the first galaxy
surveys and with the discovery of the first dramatic specimen: the Boötes Void, the emp-
tiest region in the known Universe. This void is an almost spherical region of space about
250 million light years in diameter and contains just few galaxies. Since that discovery,
voids have been considered the main features of the Cosmic Web with a key role in the
spatial organization of matter in the Universe.

• Voids are a prominent aspect in the Megaparsec Universe, since they are regions
with size of 20 − 50h−1 Mpc with the lowest density mass that occupy the major
volume of the Universe. In fact, thanks to recent statistical analysis, such as the
Millennium Simulation, upon the morphological components of the Cosmic Web
in a ΛCDM scenario, scientists have come to the awareness that voids are around
the 77% of the cosmic volume and contain the 15% of the mass fraction. As a con-
sequence, voids have an average density of 20% of the Universe average density,
as illustrated in Figure 2

Figure 2: Mass and volume fractions occupied by the cosmic web features detected by the
NEXUS+ method[6].

• Voids can be also a test of the cosmological parameters and of the ΛCDM theory
because of the lack of dwarf galaxies inside them.
The ΛCDM theory is the standard model of cosmology; it is based upon the ap-
proximation of a flat Universe whose main feature is the presence of cold dark
matter, where cold stands for a non-collisional and non-baryonic matter that is in-
deed supposed to be constituted by Weakly Interacting Massive Particles (WIMP);
moreover, another main feature of this theoretical model is the presence of dark
energy represented by the cosmological constant Λ; atoms and photons constitute
just the 5% of the cosmic matter.

• Their pristine environment is useful for the study of the formation of the first ob-
jects and the evolution of matter distribution.

It is impossible to have a satisfying knowledge of the Cosmic Web without comprehend-
ing the structure and the evolution of voids.
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3.1 Formation and evolution of Voids
As already said, the reason of the main difficulties in the studying and the cataloguing of
voids is the lack of an objective definition of them.
Generally voids’ sizes depend on the magnitude of the galaxies used to define them: if
we consider a L∗ galaxy, voids defined by galaxies brighter than L∗ usually have diame-
ters of 10-20h−1 Mpc[7], whereas voids with less luminous galaxies are larger. Although
mini-voids and super-sized voids have already been seen in simulations, theoretical cal-
culations do not provide an upper or lower limit in voids’ dimension.
Voids are manifestation of the cosmic structure formation reaching a non-linear stage of
evolution, but where do they originate?
The density fluctuations of the primordial Gaussian field formed density troughs, nursery
of the first voids. From theoretical models we understand that as a consequence of their
underdensity, the gravity is weaker inside them than in other part of the Universe, this
causes an outflow of matter due to an effective repulsive force; in other words, the matter
streams out of the void faster than the Hubble flow.(3)

As matter streams out of the void, on one hand the void reaches an internal uniformity
while density decreases, on the other hand the matter accumulates outside the void where
the flow becomes slower and we see the birth of long filaments, tenuous walls and popu-
lated knots. This is what happens in a theoretical spherical and isolated voids; the reality
in some ways is similar to this approximation. In the figure below there are six frames
representing the evolution of a spherical void based on a simulation in a ΛCDM sce-
nario.
The first step is the outflow of matter from

Figure 3: Six frames present the formation of
a void at six different time steps according to
a 1283 N-body simulation. The process of the
void-in-void is clearly observable in the simula-
tion: small voids are embedded into larger ones
forming an underdense region of 25 h−1Mpc
diameter[7].

the interior of the void towards the out-
line. A spherical isolated void would asymp-
totically reach an underdensity of δ=-1,
however, in the reality, several factors af-
fect the evolution of voids. As the mass
flows out of the underdense region, the
void becomes increasingly uniform and the
matter accumulates around its edges where
the gravitational acceleration decreases and
the main features of the Cosmic Web start
forming.

(3) The Hubble flow is the motion of galaxies and of the other cosmic structures due entirely to the
expansion of the Universe. From the Hubble flow, Hubble derives the Hubble low

vrec = H0d

where H0 is the Hubble constant, an expansion parameter, and vrec is the recessional velocity.
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3.2 Shape of voids
The first approximation that makes us understand the main voids’ features is the one of
an evolving and isolated void.
When an underdense region in an Einstein-de Sitter universe reaches an underdensity of
δv = −2.81[6] it enters the shell-crossing phase where matter outflows from its interior
and accumulates near the boundaries with the formation of ridges, that are matter density
peaks. When the void evolves into an underdensity of 20% of the global cosmological
density, δv = −0.8[6], its expansion slows down with respect to the earlier linear expan-
sion. This approximation would be realistic if all the voids could be described as pure
and uncompensated bucket shaped voids, but the reality is far different from this approx-
imated theoretical model.
Since voids can not be considered perfectly spherical and isolated objects, Icke[12] pro-
posed an approximation where voids are seen as homogeneous underdense ellipsoids. It
is useful to point out that this approximation is only valid for the interior of the region,
since its boundaries are characterized by matter density peaks. Although the one of the
ellipsoidal model is just an approximation, it is good for the understanding of the main
aspects of voids.
According to the homogeneous ellipsoidal model, an object is a cosmic region with an
ellipsoidal geometry and with a homogeneous density profile with respect to a uniform
density background itself; in the case of the description of voids, ρu will be the cosmic
density background. If we suppose the general case of a tidal shear directed along the
principal axis of the ellipsoid, the subsequent expression for the gravitational acceleration
along that axis comes from the equation below:

d2Rm

dt2 = −4πGρu(t)
[
1 + δ

3
+

1
2

(
αm −

2
3

)
δ

]
Rm − τmRm + ΛRm (3)

We suppose that the ellipsoid is subjected to an external tidal field induced by a mat-
ter fluctuation in its neighbourhood[11]. At first sight, it could be a contradiction: it is
nearby impossible to have a homogeneous density object and at the same time a density
fluctuation; actually this model is self-consistent if we consider just the first approxima-
tion.
The total gravitational potential of a homogeneous ellipsoid is given by:

Φtot(~r) = Φu(~r) + Φint(~r) + Φext(~r)

There are three quadratic contributions to the total potential.
The first one is the potential distribution of the homogeneous background with cosmic
density ρu(t), it is given by:

Φu(~r) =
2
3
πGρu(t)(r2

1 + r2
2 + r2

3)

where r1, r2, r3 are the coordinates of a mass inside the ellipsoid.
The second contribution is given by the potential field of the ellipsoid:

Φint(~r) =
1
2

∑
m,n

Φint
mnrmrn

=
2
3
πG (δ − ρu)

(
r2

1 + r2
2 + r2

3

)
+

1
2

∑
m,n

T int
mnrmrn

= πG (δ − ρu)
∑

m

αmr2
m
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where δ is the ellipsoid’s density, αm are the ellipsoidal coefficients and T int
m,n is the internal

tidal shear tensor.
In the latest passage of the equation the internal tidal shear tensor is cancelled since we
consider just spherical perturbation.
The last contribute is the one of the external potential field given by:

Φext(~r) =
1
2

∑
m,n

T ext
mn rmrn

where T ext
mn is the external tidal shear tensor.

The Poisson-Newton equation says that

O2Φ = 4πGρ

In the case presented here
Φint = πGρ

∑
m

αmr2
m

In conclusion, we derive that: ∑
m

αm = 2

The gravitational acceleration of a mass point towards the principal axes of the ellipsoid
is given by the formula g = −OΦtot(~r). Hence:

d2rm

dt2 = −
4π
3

Gρurm(t) −
∑

n

Φint
mnrn(t) −

∑
n

T ext
mn rn(t) (4)

It is possible to express the coordinates of the location of the mass element at time t rm(t)
with respect to the initial proper position rk,i through the definition of a spatial matrix Rmk

dependent on the time: rm(t) =
∑
k

Rmk(t)rk,i.

Eq.(4) becomes

d2Rmk

dt2 = −
4π
3

GρuRmk(t) −
∑

n

Φint
mnRnk(t) −

∑
n

T ext
mn Rnk(t) (5)

Here, we make the assumption that the principal axis of the ellipsoid is aligned with the
principal axis of the inertia tensor Ii, j in order to prevent the occurrence of the torquing
and angular momenta. In the reality of the N-body simulations, it is observed that the
strongest tidal field component is aligned among the smallest axis of the ellipsoid, that
means a particular shape evolution of voids and other overdense regions.
In a mathematical sense the alignment of the principal axes implies the vanishing of all
the off-diagonal elements of the external tidal tensor:

T ext
mn = T ext

mmδmn

and ∑
n

T ext
mn Rnk = T ext

mmRmk

The expression of the gravitational acceleration is now given by:

d2Rm

dt2 = −
4π
3
ρuRmk − 2πGδαmRmk + 2πGρuαmRmk − TmmRmk

= −2πG
[
αmδ +

(
2
3
− αm

)
ρu

]
Rm − TmmRm

(6)
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The only difference between Eq.(3) and Eq.(6) is the fact that the first one takes into
account of the influence of the cosmological constant Λ.
Thanks to recent N-body simulations, Icke[13], beside the ellipsoidal model, pointed out
that any isolated aspherical underdensity will become more spherical as it expands, in
fact the gravitational acceleration is stronger on the shorter axis rather than on the longer
one. That means an infall acceleration of matter in overdensity regions that slowly reach
the shape of filaments and knots and an outward acceleration for underdensity ones. This
acceleration toward the longer axis has the consequence of diminishing the asphericities.
Although this tendency has been confirmed by simulations, Platen, van de Weygaert &
Jones[14] found out that voids will never be perfectly spherical due to the fact that while
expanding, voids will encounter other features of the cosmic web that will modify their
shape or they will be subject to external tidal forces.
According to the works by van de Weygaert[6], voids have a prolate shape with axes ratio
of the order of c1 : c2 : c3 ≈ 0.5 : 0.7 : 1.

3.3 Dynamics of voids
The structure and the evolution of voids are related to the tidal forces induced by the
large scale environment of the cosmic structures and also to the possibly running up of
two expanding voids.
External tidal forces can be so strong that they can make a spherical void expand anisotrop-
ically and even collapse, as it is observable in the graph below.
The figure shows two possible ways

Figure 4: Evolution and collapse of the same initial spher-
ical void. On the x axes there is the evolution parameter,
on the y one the initial density of the void ρe in unity of
the cosmic background density ρb[7].

of evolution of the same initial
spherical void. The solid line rep-
resents the case of an external tidal
force field that makes the void col-
lapse, whereas the dashed line shows
the evolution of void if no exter-
nal force is considered.
Two are the main processes, il-
lustrated in Figure 5, of the evo-
lution of voids: merging and col-
lapse.

Void merging

As already said, voids appear when the structure formation reaches a non-linear stage; in
fact immediately following the Big Bang the Universe was homogeneous and isotropic
and the first random field was a nearly random Gaussian field. Since that moment small
density fluctuations began to appear and grow and the first density troughs formed.
When two underdense regions meet up, the matter between their boundaries is squeezed
up in walls and filaments, and since the velocity of matter escape perpendicular to void’s
edges is suppressed, we see only tangential motions. After the stage of merging the
newborn void starts fading because of the outflow of matter and it reaches the mature
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stage as its internal substructure is erased. When a large and a small voids meet up, the
result of merging is the absorption of the smaller one by the larger void, that explains
why small voids are discarded in the N-body simulations.

Figure 5: Void merging (top row) and void collapse (bottom row). Each row presents three time
steps of evolving void structure in a 1283 particles N-body simulation of structure formation and
collapsing at a(t)=0.1, 0.3, 0.5; in the top row it is presented the formation of a 25 h−1Mpc diam-
eter void according to a void in void process (small voids are involved in larger ones), whereas
in the bottom row are presented three voids collapsing due to external tidal shears. The arrows
indicate the velocity vectors[7].

Void collapse

The process of collapsing voids is another process responsible for the lack of small voids.
In fact, when a small underdense region is embedded in a large overdense one, the col-
lapsing matter squeeze void’s edges and it completely vanishes. Also external tidal forces
can be the reason of the collapsing of an underdense region within the cosmic pattern.
The process of collapsing highlights the broken symmetry between over/under-density
regions, since in the primordial Universe there was a solid difference between clusters of
matter and large voids. This underlines the fact that voids represent a pristine environ-
ment useful for the inspection of the first epoch of the Universe.
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4 Geometric analysis of the Cosmic Web
In the previous Chapters we have introduced the complicated and anisotropic geometry
of the Cosmic Web with knots, filaments, walls and voids and this structure is predicted
by N-body simulations(4).
Measures of galaxies’ redshift allow the mapping of the complicated and interconnected
structures of the Cosmic Web, in that sense, galaxies are considered the main tracers of
the cosmic structure. Nevertheless, while cosmological theories describe the develop-
ment of the distribution of matter in terms of continuous density and velocity fields, our
knowledge of the cosmic geometry follows from discrete samplings of these fields.
Since both the distribution of galaxies and the particles in a N-body computer simulation
are examples of points discretely sampled and with an irregular spatial distribution, we
need to translate these discrete objects into a continuous field.
The techniques that should analyse the complex and intricate geometry of the cosmic
web with its density variations need not to lose information in terms of spatial resolution
and need to trace all the structures in an objective fashion giving the representation of
the anisotropic spatial pattern. This far, it has been impossible to extrapolate the total-
ity of the information from the cosmic web, mainly because of the limited mathematical
machine possibilities. It is indeed very difficult to quantify and describe all the aspects
of the Cosmic Web; the majority of the statistical methods introduced are based on the
description of a single aspect of the Cosmic Web. However, these techniques can not
identify all the other cosmic structures as well and they are biased towards preconceived
notions of their morphology and scale.
Neither general methods nor ad-hoc techniques are able to give an exhaustive description
of the Cosmic Web.
It has been proved that maybe the best way to study the large scale geometry of the Uni-
verse consists of a tessellation of the space along with an interpolation. In fact, data
interpolation represents a more realistic approach because interpolation is independent
from specific model assumptions and it is based on the point dependence on its neigh-
bours.
In order to pursue this aim, two main methods have been introduced and tested with suc-
cess in the field of tessellations: the Voronoi and Delaunay tessellations.
Voronoi and Delaunay tessellations are examples of spatial tessellations, whose potential
lies in the ability to divide the space into convex cells that adapt themselves to the local
density and geometry of the underlying distribution function of points. Moreover, these
two methods are the basis of the Delaunay Tessellation Field Estimator, known as DTFE,
that highlights and shows essential elements of the cosmic matter distribution, allowing
the analysis of large data set through an interpolation (natural neighbour interpolation) of
the sampling points.

(4) N-body simulation is an essential instrument in cosmology; it is a computer simulation that allows the
study of the formation of the Cosmic Web structures and main features, first of all its non-linearity.
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4.1 Spatial tessellations

Spatial tessellations are the main features of the field of Stochastic Geometry and Com-
putational Geometry.
Stochastic geometry is a branch of mathematics that studies all the geometrical structures
which can be described by random sets and solves all the problems that arise when we
ascribe a probability distribution function to a point sampling.
This is exactly what happens in the astronomical case: there is an inner contrast between
the cosmological theories that deal with density and velocity continuous fields and the
reality of the observational data coming from the redshift galaxies’ surveys or the N-body
simulations that provide just discrete samplings of this field.
This is the reason why several stochastic methods have been introduced and largely used
in cosmology, yielding the arising of the stochastic geometric field, along with the one of
the Computational Geometry.
Computational geometry deals with the research of computational procedures in order to
process large data sets.
Within this context, we see the birth of N-body simulations, an example of spatial point
process where the points in a constrained astronomical simulation are discretely sampled
and have an irregular spatial distribution. Although it is impossible to get all the val-
ues at every space point, these methods are useful tools for the study of cosmic matter
distribution. Hence, the necessity of finding stochastic instruments and algorithms that
will allow the reconstruction of continuous fields from a large set of particle distribution
and, as a consequence, the study of these fields principally through interpolations like the
Natural Neighbour Interpolation.
In this complicated stochastic context, we introduce and analyse random tessellations.
Random tessellations emerge in the process of division of a Rd space into convex cells;
using other words, random tessellation is an arrangement of polytopes (polygons in
2-D and polyedra in 3-D) fitting together without overlapping in order to cover a d-
dimensional space Rd (d=1,2,..) or a subset X⊂ Rd [8].
But, what is the mathematical translation of random tessellation?
Suppose to have a space Rd where d is the dimensional value, a tessellation is the division
of that space into a set of τ = {Xi} d-dimensional cells Xi ⊂ R

d such that, if we consider
X̃i the interior of the Xi cell:

• The interiors of the cells have to be disjoint:

X̃i ∩ X̃ j = ∅

for i , j

• The collection of the cells {Xi} is space-filling:⋃
i

Xi = Rd

• τ is a countable set of cells:

#{Xi ∈ τ : Xi ∩ B , ∅} < ∞

∀ B bounded such that B⊂ Rd
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The main random spatial tessellations algorithms used to process cosmological data are
the Voronoi and the Delaunay tessellations.
These tessellation of a Rd space constitute the first step in the construction of continuous
fields from a particle distribution.
They are largely considered sides of the same medal, since they are each other dual as it
is possible to see in the figure below.

Figure 6: After generating random numbers distributed according to an underlying distribution
function (generally a Poissonian distribution) in a square, the next step is the tessellation of the
space into convex and disjoint cells. In the figure, the dots are the generated numbers, the solid
line represents the tessellation of the space with the Voronoi method, whereas the tenuous one is
the tessellation of the 2-dimensional space according to the Delaunay tessellation.

As we will see in the next section, it is possible to infer the Delaunay tessellation from
the Voronoi one and vice versa.

Voronoi tessellation

The Voronoi tessellation of a set of point P consists of the division of space into disjunct
polyhedra with each Voronoi polyhedron consisting of the part of space closer to the
defining point than any other points[22].
Suppose a countable set of nuclei (stars or galaxies in the astronomical case) {xi} in
Rd, where {x1, x2, ..., xd} are the coordinates of the nuclei. The Voronoi region Vi of the
nucleus xi is defined as follows:

Vi = {x|d(x, xi) < d(x, x j)} ∀ j , i (7)

where x is a generic space point and d(x, y) is the Euclidian distance between x and y.
So, the Voronoi region consists of all points nearer to xi rather than to x j.
As a consequence, we can say that the boundaries of each Voronoi regions consist of the
perpendicular bisectors (2D) or the bisecting planes (3D) of the line segments that con-
nect a general nucleus xi to all the neighbouring nuclei, defining the Voronoi polyhedron.
The 3-dimensional Voronoi tessellation identify four main features: Voronoi cells, Voronoi
walls, Voronoi edges and Voronoi vertices.
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• Voronoi cells are polyhedra in the 3D Voronoi tessellation of the space, they are
the region of space closer to a nucleus i ∈ P rather than to any other nucleus of the
data sampling.

• Voronoi walls are polygons in the 3D Voronoi tessellation of the space, they con-
stitute part of the cell Vi surface since they are composed of point x of the space
equally spaced from the nuclei (i, j).

• Voronoi edges are line segments in the 3D Voronoi tessellation of the space and are
defined through a set of (i, j, k) nuclei.

• Voronoi vertices are points in the 3D Voronoi tessellation of the space and each of
them is defined by a set of four nuclei of the sampling (i, j, k, l) ∈ P. A point of the
space is considered a Voronoi vertex if it is equidistant to nuclei (i, j, k, l) and it is
closer to them than other set of four nuclei.
Moreover, each Voronoi vertex is the circumcentre of a Delaunay tetrahedron.

It has not been possible yet to derive an analytical expression for the distribution func-
tion of the volumes of Voronoi polyhedra in the case of a Poisson Voronoi tessellation.
Nevertheless, Kiang[15] carried out an extensive work on the Voronoi tessellation and he
gave a formula that represents a good approximation of the distribution.
According to Kiang, the probability distribution of polyhedra in a d-dimensional space
Rd follows a gamma distribution. The general equation of a gamma function is:

Γ(x; q) =
qqxq−1e−qx

Γ(q)

where x = VV
<VV>

, VV is the size of the Voronoi cell and < VV > is the average cell size.
The conjecture of Kiang[15] provides that the index has a value q=2d, where d is the
dimension of the space tessellation. Finally, the formula of the probability distribution
function of the volumes of Voronoi polyhedra is:

Γ

(
VV

< VV >
, q

)
=

qq

Γ(q)

(
VV

< VV >

q−1)
e−q VV

<VV> (8)

Delaunay tessellations

We know that a set of four nuclei (i, j, k, l) in a 3-dimensional space tessellation uniquely
defines a Voronoi vertex, but it also defines a unique tetrahedron, the Delaunay tetrahe-
dron. A Delaunay tetrahedron is a simplex element described by a set of four nuclei of
the generating set whose circumsphere does not contain any of the other points of the
sample.
For the countable set P of points {xi} in Rd, a Delaunay tetrahedron Dm is the simplex T
defined by (1+d) points {x1,i, ..., xi,d+1} ∈ D such that the corresponding circumscribing
sphere S m(ym) with circumcentre Cm and radius Rm does not contain any other point of
P[8].

Dm = T (xi,1, ..., xi,d+1) with d(Cm, x j) > Rm ∀ j , i1, ..., i(d + 1) (9)

Now, we want to give the expression of the distribution of Delaunay tetrahedra in d-
dimensional space.
If c is the circumcentre of a Delaunay tetrahedron and R is its circumradius, then the
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vertices of a Delaunay tetrahedron are {c + Rui} where {ui} are the unit vectors directed
toward the points. The value of the volume VD of the Delaunay tetrahedron is given by
the equation below:

VD = ∆dRd

where ∆d is the volume of the unity simplex {ui, ..., ud}.
Miles[16] and Møller[17][18] found that the distribution of the Delaunay tetrahedra for
a Poisson distribution of points in a d-dimensional space Rd is given by:

fD(D) = fD({u0, ..., ud},R) = a(n, d)∆dRd2−1e−nωdRd

where ωd is the volume of the unity sphere in a d-dimensional space (ωd = 2π in 2D,
ωd = 4π in 3D) and a(n,d) is a constant depending on number density n and on the
dimension value d.

Voronoi and Delaunay characteristics

The comparison between Eq.(7) and Eq.(9), that define the Voronoi polyhedron and the
Delaunay tetrahedron, shows the reason why these tessellations are considered each other
duals.

• First of all it is possible to infer one from the other and vice versa, since the cir-
cumcentre of the Delaunay tetrahedron’s circumsphere is a vertex of the Voronoi
tessellation. This is a consequence of the definition of Voronoi tessellation because
the set of four nuclei that defines the Delaunay tetrahedron are equally distant from
the vertex. The following image clearly shows the duality between the geometric
elements of these two tessellations.

Figure 7: Elements of the Delaunay (left) and Voronoi (right) tessellations. It clearly highlights
their duality. For example, frame (d) shows a Delaunay tetrahedron on the left, a geometric
simplex that corresponds in terms of Voronoi tessellation to the definition of a Voronoi vertex, a
point in the 3D space tessellation.

• The circumsphere of a Delaunay tetrahedron is empty and can not contain any
other point of the sampling, as we can infer from the Eq.(9), in fact this point in
the circumsphere would be nearer to the circumcentre rather than the other four
points defining the Delaunay tetrahedron. And this would be impossible for the
circumcentre to be the vertex of all the corresponding Voronoi cells.
In Figure 8 it is possible to see the dual relationship between Voronoi (solid line)
and Delaunay (dashed line) tessellations of a set of nuclei (dots).
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Figure 8: Zoom-in on the Voronoi cells Vi of nucleus i (black dots). The Voronoi cell (blue) at the
centre of the figure is surrounded by its related Delaunay triangles (2D, red). Natural Neighbours
of the central nucleus are clearly delineated.

Figure 8 also introduce a very important element in term of field reconstruction: Natural
Neighbours.
A pair of nuclei i and j whose Voronoi cells have a face in common is called contiguous
pair and contiguous pair of nuclei are each other’s natural neighbour.
We can define natural neighbours two points whose Voronoi cells have a face in common
or equally two points connected via a Delaunay tetrahedron.
The main feature of both Delaunay and Voronoi tessellation is their spatial adaptivity,
the cells coming from the tessellation of the point distribution adjust themselves to the
characteristics of the point distribution as we can clearly see in Figure 9. If the space
region is sparsely sampled, the distance between two natural neighbours increase and the
distribution of the cells reflect also the anisotropic distribution of matter in the Universe.
This is why Delaunay tessellation is considered the major triangulation method in large
computer simulations.

4.2 Delaunay Tessellation Field Estimator (DTFE)

Delaunay tessellation field estimator allows the reconstruction of a continuous density
field from a point sample through the tessellation of the space with the Delaunay tessel-
lation. DTFE is very useful in the case of large data set, like the one of a cosmological
computer simulation; its aim is to obtain local values of the density field through the use
of Delaunay tetrahedra for linear interpolation at the point location.
DTFE is largely used in cosmology because it is able to analyse and highlight essential
elements of the cosmic matter distribution.
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Figure 9: Four frames zooming-in onto the Delaunay Tessellation of a point (star) distribution in
and around a filamentary structure of the Cosmic Web. The figure shows the spatial adaptivity of
the Delaunay tessellation, whose triangles’ distribution adjust itself according to the characteris-
tics of the point distribution[8].

Figure 10: Overview of the main steps of the DTFE procedure. Given a point sample (top left),
the first step consists of the construction of its Delaunay tessellation (top right) in order to estimate
the density value at each point position as the inverse of its contiguous Voronoi cells (bottom right)
and then reconstructing the density field (bottom left) ρ(x) with the assumption that the density
varies linearly within each Delaunay simplex (triangle in 2D)[8].

The DTFE reconstruction procedures consists of different steps.

• Point sample. Suppose to have a point sample P = {x1, ..., xN} in a d-dimensional
(generally, 2 or 3-dimensional) Euclidian space. We can distinguish two cases:
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in the first one we have the value of the field { f (xi), i = 1, 2, ..N} at every point
location, in the second one we do not have the values of the field, but they can
be obtained thanks to the spatial point distribution. In the case we have the field
values, the DTFE uses the Delaunay tessellation for the multidimensional linear
interpolation of such measured values; whereas in the case we do not have any
information about the field values, Bernardeau & van de Weygaert[19] introduce
an extension of the DTFE method. In fact, DTFE is also useful to obtain local
values of the field at the location of any point sample in order to reconstruct the
underlying density field.

• Boundary conditions. The next step consists of assuming boundary conditions.
There is a plethora of possibilities, here we enunciate few:

– Vacuum boundary conditions: there are no points outside the volume sample,
in this case Voronoi cells near the boundary will have an infinite extension.
This leads to the impossibility of using these cells for a thorough field in-
terpolation since the volume of the DTFE reconstruction is smaller than the
volume of the point sample.

– Periodic boundary conditions: there is a periodic repetition of the point sam-
ple around the boundaries, this leads to a toroidal topology of the sample
volume. In this case Voronoi ad Delaunay tessellations are both sample vol-
ume filling, this is why periodic boundary conditions are very useful in the
case of a N-body computer simulation.

• Delaunay Tessellation. This is the main step of the DTFE process and consists of
the construction of the Delaunay tessellation from the point sample as it is possible
to see in Figure 9.

• Field values point sample. If we want to extrapolate, for example, the density field
value from a point distribution sample we have to use the Voronoi tessellation.
Generally, the value of the density field at each point position is the inverse of the
volume of the point contiguous Voronoi cell Wi. In the case of a computer N-body
simulation, the distribution of the point sample shows an underlying and unbiased
density field and the density value in a d-dimensional space is

ρ̂(xi) = (1 + d)
wi

V(Wi)

where wi is the weight of point i, usually the mass point.
In the case of a non-uniform sampling process, when the underlying density func-
tion is a selection function ψ(x), varying as function of redshift, depth or sky posi-
tion, the density estimate for a d-dimensional space is:

ρ̂(xi) = (1 + d)
wi

ψ(x)V(Wi)

• Field Gradient. Suppose to be in a Delaunay simplex m of a d-dimensional space.
It is important to calculate the value of its field gradient 5̂ f |m by solving a set of
linear equations for the field values at the position of the (d+1) tetrahedron vertices
in order to do an interpolation.
The requirement in this case is that the field does not strongly fluctuate in the vol-
ume sample, because in that case the linear interpolation would not be meaningful.
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• Linear Interpolation. After the tessellation of the space via Delaunay tessellation,
it is convenient to use a multidimensional linear interpolation in order to obtain the
value of a generic field f (r) from a discrete point sample. The average value of the
field f̂dt(x) at any point position obtained with Delaunay interpolation process is:

f̂dt(x) = f̂dt(xi) + 5̂ f |m · (x − xi)

where 5̂ f |m is the linear field gradient that is supposed to be constant within each
Delaunay simplex.
We can derive the field gradient from the field values fi at the vertices location ri

via the formula:

5 f =


∂ f
∂x
∂ f
∂y
∂ f
∂x

 = A−1

∆ f1

∆ f2

∆ f3

 (10)

where
∆xn = xn − x0 f or n = 1, 2, 3

∆yn = yn − y0

∆zn = zn − z0

∆ fn = fn − f0

and

A =

∆x1 ∆y1 ∆z1

∆x2 ∆y2 ∆z2

∆x3 ∆y3 ∆z3


Once the value of the field gradient 5 f has been determined for each Delaunay
tetrahedron, it is possible to derive the field value f̂ (x) at the position x via linear
interpolation within the Delaunay tetrahedron.

• Processing. This step concerns the production of images from image points and
all the operations of smoothing/filtering of these images. For the production of
the images from grid points, generally the average field value within each grid-cell
is used; however, there is a plethora of approaches to follow that gives a greater
accuracy such as the formal geometrical approach or the Monte Carlo approach,
largely discussed in ref. [9].
There are also a wide range of filter techniques, such as the linear filtering of a field
f̂ . The field f̂ is filtered by means of a convolution with a filter function W(x, y),
giving

fs(x) =

∫
dx′ f̂ (x′)Ws(x′, y′)

Filtering methods are very useful in order to obtain a "cleaner" visualization of the
image and of its significant pattern, but we have to remember also the inner spatial
adaptivity of the Voronoi and Delaunay tessellation, that means a spatial adaptivity
of the DTFE density field that is smoothed on the basis of the median value of the
densities within contiguous Voronoi cells.

For cosmological purpose, when we want obtain a continuous density field from a large
data set, it is necessary the requirement that the extrapolated density field ρ(x) must
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guarantee mass conservation. The mass of the point sample should be equal to the mass
corresponding to the density field.

M =

N∑
i=1

mi =

∫
ρ̂(x)dx = M (11)

where mi is the mass of a single sample point. Indeed, the interpolation process should
guarantee the mass conservation. However, there is another way to express the mass
conservation; the integral of Eq.(11) can be written as the sum over the number of tetra-
hedron of the volume of polyhedra D+

m.
How does it come from?
If we consider the space (x, ρ̂), in this space a Delaunay tetrahedron is the base hyper-
plane of a polyhedron D+

m. So the mass can be written as

M =

NT∑
m=1

V(D+
m)

where NT is the total number of Delaunay tetrahedra.
This volume can be also written as

V(D+
m) =

1
d + 1

(
ρ̂m1 + ... + ρ̂m(d+1)

)
V(Dm)

where the set of points {m1,m2, ...,m(d + 1)} are the nuclei vertices of the Delaunay
polyhedron D+

m. Then, the mass formula becomes:

M =
1

d + 1

NT∑
m=1

(
ρ̂m1 + ... + ρ̂m(d+1)

)
V(Dm)

=
1

d + 1

NT∑
i=1

ρ̂i

ND,i∑
m=1

V(Dm,i)

(12)

where Dm,i is one of the Delaunay tetrahedra whose nucleus i is a vertex. Since the
sum

∑ND,i
m=1 V(Dm,i) constitutes the contiguous Voronoi cells Wi of a nucleus i, the Eq.(12)

becomes:

M =
1

d + 1

NT∑
i=1

ρ̂iV(Wi)

Since mass can be expressed as

M =
∑

i

mi

the equation of the density values is:

ρ̂(xi) = (d + 1)
mi

V(Wi)
(13)

Eq.(13) shows that the DTFE density value is proportional to the inverse of the volume
of each continuous Voronoi cell, this fact can be also infer from the figure below.
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Figure 11: The image shows the inverse correlation between the density value extrapolated via
DTFE process and the volume of the contiguous Voronoi cells, specifically in the case of a tessel-
lation in and around a filamentary structure of the Cosmic Web[8].
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5 Void Finders
As said in the previous Chapters, voids are considered the main features of the Cosmic
Web and we can not understand all the information that comes from such complicate
geometric pattern if we do not precisely analyse voids. However, since there is not an
objective definition of them, is very difficult to find an algorithm that allows their recog-
nition in a particle distribution. There are several methods, called Void Finders, whose
aim is to find large underdense regions, each of them with its characteristics and proper-
ties.
In this Chapter we briefly discuss two main Void Finders’ algorithms: ZOBOV and Wa-
tershed Void Finder.

5.1 Zobov
ZOBOV is a parameter-free void-finding algorithm, whose aim is to find voids from a set
of points without strong restrictions on shape or position.
The name ZOBOV comes from an inversion of the parameter-free dark-matter-halo finder,
called VOBOZ, with the difference that ZOBOV algorithm looks for density minima in-
stead of density maxima.
First of all, Zobov does not impose any restrictions on voids’ shapes, although some the-
oretical studies show how an extending void in an homogeneous background becomes
increasingly spherical and it does not require a filtered or smoothed density field; this
means that the algorithm analyses raw data and returns voids of all shapes and types, also
dubious ones. Now, ZOBOV method introduces a statistical significance for each void
in order to distinguish in noisy data real voids from dubious ones.
The following image describes all the main passages of the Zobov algorithm.

Figure 12: The image presents the four steps of ZOBOV void finding techniques, from a point
sample to a space divided into zones with different density value[9].

• Figure 12(a,b). After the generation of sampling points distributed according to
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a Poissonian distribution, the first step consists of the density estimation at the
position of each particle x with the Voronoi Tessellation Field Estimator (VTFE)
method.
The VTFE is similar to the DTFE, the only difference is that it uses the Voronoi
tessellation instead of the Delaunay tessellation. Voronoi tessellation method di-
vides the space into convex cells; if V(i) is the volume of the cell referred to the
particle i, the density estimated at the position of this particle is:

ρi(x) =
1

Vi(x)

Voronoi tessellation of the space also provides a natural set of neighbours for each
particle that are very useful in the Zobov technique.

• Figure 12(c). The second step is called zoning and is based on the partition of
the particle set into zones around each density minimum. In fact, the ZOBOV
algorithm takes each particle and sends it towards regions with the lowest density
value, the operation is repeated for each particle until it arrives at a minimum. Two
of the key elements of ZOBOV algorithm are: the minimum’s zone, that is the
space region towards which particles flow and the zone’s core, that is the minimum
density value of the zone. After the running of the algorithm, ZOBOV will identify
several minimum-density zones, each of them is a void, but we still do not know if
they are real or noisy voids.

• Figure 12(d). The third and last step gives criteria for the identification of real
cosmological voids. Usually the process of finding a zone of deepest density within
several other density zones is compared to the behaviour of water into basins. For
each zone, we fix the water level to its minimum density value x and then we let this
water raise and flow; we see that it starts filling neighbouring zones until it reaches
a deeper zone or a zone with a density maximum. The final void corresponding to x
is defined as the set of zones containing water before it stops flowing. In the figure
we can observe the deepest void that encompasses the whole simulation except for
zones with higher density particle. At the end of the algorithm we have a single
large void, but this does not mean that ZOBOV does not detect other voids, they
are just considered sub-voids. We will see the conditions about voids’ boundaries
to avoid an infinite extension.

What is the probability that a void v observed via ZOBOV is actually a real void?
We introduce a parameter, r(v), defined as

r(v) =
ρl(v)
ρmin

where ρl(v) is the density of a particle on a ridge near a void and ρmin is the void minimum
density value.
Generally, in an Einstein-de Sitter model of the Universe ρmin = 0.2ρb, with ρb density
value of the cosmic background. We know that the Voronoi diagrams applied to a Poisson
point distribution function have been studied and understood very well, this is why the
parameter r(v) is translated into a probability parameter by comparing it to a Poisson
particle distribution.
Suppose that the probability cumulative function P(r) is the fraction of voids of a Poisson
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particle distribution with a value of the density contrast greater that r, this probability
function for a 3D Poisson simulation can be written as ([9]):

P(r) = e−5.12(r−1)−0.8(r−1)2.8
(14)

If we are in a 2-dimensional space, Eq.(14) becomes:

P(r) = e−5.12(r−1) (15)

P(r) is the fit function that best describe a set of 2563 and 2562 uniformly Poisson dis-
tributed particles.
Eq.(14) and Eq.(15) answer the question whether or not a void with such density contrast
could arise in a region with that distribution function. Voids in a data set detected by the
algorithm can be accepted until r goes below a value where there is no longer agreement
between the cumulative probability of Zobov method and the cumulative probability of
the major simulations, such as the Millennium Simulation.
We have to introduce boundary conditions to avoid an infinite extension of voids. In fact
the deepest Zobov void in a set of particles will encompass all zones except the one with
the highest density ridge separating it from other zones[9].
Three are the options in order to deal with this problem: the first one is taking the results
of Zobov method as they come without changing anything, so the result of the algorithm
will be a large void with many sub-voids in it; the second one consists of separating voids
according to their statistical significance level previously introduced; the third one con-
sists of using the density contrast of voids and sub-voids to define a probable extension
of voids.
Other problems arise when ZOBOV is applied to real data due to observational effects.
In fact, this algorithm works very well with boundary conditions, other cases will see the
birth of problems since ZOBOV will identify real density minima along with spurious
ones, because of the infinite extension of Voronoi cells near the boundaries. It may be a
solution to set the boundaries’ density values to a value higher than the interior ones or
even to introduce a buffer zone around the data set with the average density value.
In Figure 13 is possible to see the result of ZOBOV algorithm applied to the 40h−1 Mpc
AAVFCP cube.
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Figure 13: The image presents the detention of a void in the AAVFCP simulation via the ZOBOV
algorithm. The red dot in the figure is the minimum density particle in the core of the void and all
the green particles are inside that void. In the bottom frame, the void has been separated from its
sub-voids according to their significance level[9].

5.2 Watershed Void Finder (WVF)

The WVF technique is very similar to ZOBOV method, they both use tessellations to
divide space into convex and disjunct cells and they both are based on the idea of the
watershed algorithm; however, WVF algorithm uses DTFE to obtain density field val-
ues for each point instead of the VTFE. Moreover, as we will see in this Chapter, the
watershed technique uses filtering and smoothing methods applied to the density field,
whereas ZOBOV analyse raw data without any filter. The Watershed Void Finding tech-
nique is based on the Watershed Transform algorithm first introduced by Beucher &
Lantuejoul[20] and Beucher & Meyer[21] that consists of the segmentation of the image
into distinct regions and objects[10].Its procedure can be observed in Figure 14.
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Figure 14: The image presents all the steps of the Watershed process of segmentation of images
into distinct regions and objects, underlying the characteristic features of the Cosmic Web[10].

The process of segmentation of the image is based on the idea of water flooding out from
a basin (local minima). Suppose to put water in the local minima of the image that has to
be segmented (first frame of the figure). We slowly make the water rise and flood as the
level continues increasing, when two basins meet up we put a ridge between them, this
will be a void boundary (central frame of the figure). Finally, when the water covers the
entire volume, we observe a network with regions enclosed into dams. This is the pattern
of the Cosmic Web.
There are many advantages in the use of the Watershed algorithm instead of other void
finders like ZOBOV. First of all, in a realistic situation of a cosmological data set, the
WVF needs just few parameters to be set for filtering out noise and smoothing the den-
sity field, but these parameters are based on the data set itself. So, we can consider the
algorithm of the WVF an almost-free parameter algorithm. Moreover, it does not intro-
duce a preferred geometry or shape for voids and it naturally introduces closed contours,
that means that voids’ boundaries’ overlap will not be counted. Here we list the steps of
the watershed procedure within the cosmological context:

• DTFE The first step consists of the division of space into convex tetrahedra via
Delaunay tessellation and then define a continuous density field from a discrete
point sample. Obviously, the DTFE must guarantee the mass conservation of the
sample volume.

• Grid Sampling The second step is the sampling of DTFE on a grid; we repeat the
process of DTFE many times and then we take the average of the values obtained.
We have to choose the optimal grid-size, because it has to show clearly all the
features of the Cosmic Web and at the same time avoid the observation of noisy
elements, too. Grid-size are usually taken in the order of the mean particle distance.

• Rank-Ordered Filtering This step guarantees the removal of noise and all the struc-
tures emerged due to noise. In fact, after the definition of density values for each
point position via DTFE, these values are filtered via the computation of median
and max/min values of the point itself and of its natural neighbours.

• Contour levels The image is transformed into a set of discrete levels based on their
density values.

• Field minima Now, we have to identify the minima. We consider minima of the
density field those pixels surrounded by grid-cells with higher density values.

• Flooding This step corresponds to the implementation of the Watershed algorithm
whose process has already been described in Figure 14.
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• Segmentation This step involves the definition of voids’ boundaries. In fact, when
two different basins, that correspond to two different voids in the cosmological
case, both reach a pixel of the image, such pixel is considered part of their bound-
aries. This way, we underline void patches.

• Hierarchy corrections The final step consists of the elimination of the segmenta-
tions whose boundaries have a density value lower than the typical value of void
underdensity ρ = −0.8[10].

In Figure 15 it is possible to see the steps of the WVF method applied to a cosmological
data set and the results it gives.

Figure 15: Watershed Void Finding method applied to particles of a ΛCDM simulation. In the
bottom-right frame is presented the result of the WVF segmentation with ridges superimposed to
the density field.[10].
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6 Conclusions
In this thesis we introduced the Cosmic Web, the intricate and interconnected structure of
the Universe, and we thoroughly analysed its main aspects, from knots and filamentary
structures, to walls and large underdense regions, voids.
We saw how these structures evolve thanks to large data simulations and how matter or-
ganises creating underdense regions and overdense ones.
Then, we focused on voids, since their pristine environment is important for the study of
the early Universe and density fluctuations. Indeed, voids are manifestation of the cosmic
structure formation reaching a non-linear stage.
We saw how pristine density troughs can be considered nursery of the first voids and
how voids evolve after an increasingly outflow of matter. We made further approxima-
tions, first considering voids almost spherical structures, then introducing the ellipsoidal
model and finally, following the works of van de Weygaert, we assumed realistic voids
with a prolate shape. Then we talked about their dynamics and how tidal forces are the
main responsible of their merging and collapse, contributing to the creation of filamen-
tary structures of the Cosmic Web.
In the third Chapter we introduced tessellation methods and the DTFE technique, useful
when we want to compute a continuous density field from a discrete sample of particles
or galaxies (in a cosmological case).
Tessellation techniques are, finally, the basis for the developing of void-finding algo-
rithms such as ZOBOV and the Watershed Void Finder. Thanks to these algorithms we
were able to reconstruct the Cosmic Web pattern from a set of points coming from com-
puter simulation or from galaxy surveys’ observation and we were also able to have an
almost exhaustive knowledge of the Universe and its features at Megaparsec scales.
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